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Abstract

Laser spectroscopy is a versatile tool to investigate the internal structure of

atoms, molecules and nuclei. High precision spectroscopy requires laser cooling

to reduce Doppler broadening and Doppler shifts. Sympathetic cooling extends

these advantages to species which do not have an appropriate transition for laser

cooling and allows precision spectroscopy of previously inaccessible species using

the quantum logic technique. The original implementation of quantum logic spec-

troscopy relies on the long lifetime of the excited spectroscopy state to realize a

transfer sequence. Precision spectroscopy of transitions with a short-lived excited

state is typically performed using laser induced �uorescence or laser absorption

spectroscopy. Neither of these methods has reached the fundamental quantum

projection noise limit and are rather limited by photon shot noise.

For these situations, we develop the technique of photon recoil spectroscopy as

an extension of quantum logic spectroscopy to broad transitions. The common

motion of a sideband-cooled two-ion crystal is excited by photon recoil during

photon absorption on the spectroscopically investigated ion. This motional ex-

citation is transferred to an internal state excitation on the co-trapped ion of a

di�erent species and detected with high e�ciency. We demonstrate the technique

on the 2S1/2 ↔ 2P1/2 transition of the 40Ca+ ion and resolve the line center to

1/300 of its observed linewidth. The simplicity and versatility of the technique

promises applications to other previously inaccessible species.

A variation of the technique is proposed for rotational state preparation of

molecular ions. A moving optical lattice is employed to exert a state-dependent

force on the molecule. This would allow the detection of the rotational state of the

molecular ion and therefore enable precision spectroscopy of speci�c rovibrational

transitions in the molecule.

keywords: sideband cooling, photon recoil spectroscopy, quantum logic tech-

nique



Zusammenfassung

Laserspektroskopie ist ein vielseitiges Instrument zur Untersuchung der in-

ternen Struktur von Atomen, Molekülen und Atomkernen. Hochpräzise Spek-

troskopie erfordert Laserkühlung um Dopplerverbreiterung und Dopplerverschie-

bungen zu reduzieren. Coulomb-Kühlung erweitert diese Vorteile auf Spezies, die

keinen passenden Übergang zur Laserkühlung aufweisen und ermöglicht Präzi-

sionsspektroskopie von bisher unzugänglichen Spezies mit Hilfe der Quantenlogik-

Technik. Die erste Realisierung der Quantenlogik-Spektroskopie erfordert jedoch

eine lange Lebensdauer des angeregten Spektroskopie-Zustandes um die Anre-

gung auf ein in der selben Falle gefangenes Logik-Ion zu übertragen. Präzisions-

spektroskopie von Übergängen mit einem kurzlebigen angeregten Zustand wird

in der Regel mittels Laserinduzierten Fluoreszenz oder Absorptionsspektroskopie

durchgeführt. Keine der beiden Methoden erreicht das fundamentale Limit des

Quantenprojektionsrauschens, sondern sind durch das Photonenschrotrauschen-

limitiert.

Für diese Situationen entwickelten wir die Photon-Rückstoÿ-Spektroskopie als

eine Erweiterung der Quantenlogik-Spektroskopie zu breiten Übergängen. Die

gemeinsame Bewegung eines Seitenband-gekühlten Zwei-Ion-Kristalls wird durch

Photonenrückstöÿe während der Absorption des spektroskopierten Ions angeregt.

Diese Anregung des Bewegungszustandes wird in eine Anregung des internen

Zustandes des mitgefangenen Ions einer anderen Spezies umgewandelt und mit

hoher E�zienz detektiert. Wir demonstrieren die Technik auf dem 2S1/2 ↔ 2P1/2

Übergang des 40Ca+ Ions und lösen die Übergansfrequenz bis auf 1/300 ihrer

beobachteten Linienbreite auf. Die Einfachheit und Vielseitigkeit der Technik

ermöglicht Spektroskopie vieler anderer zuvor unzugänglicher Spezies.

Eine Variation der Technik wird zur Preäparation eines spezi�schen Rotations-

zustandes von molekularen Ionen vorgeschlagen. Ein sich bewegendes optisches

Gitter wird verwendet, um eine zustandsabhängige Kraft auf das Molekül auszu-

üben. Dies würde die Detektion des Rotationszustandes des molekularen Ions und

daher die Präzisionsspektroskopie bestimmter Rotationsschwingungsübergänge

im Molekül ermöglichen.

Schlagworte: Seitenbandkühlung, Photon-Rückstoÿ-Sepktroskopie, Quanten-

logik-Technik
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Chapter 1

Introduction

Spectroscopy has played an important role in the investigation of the internal

structure of atoms, molecules, and nuclei. In atomic physics, precision spec-

troscopy of hydrogen atoms permits the unique confrontation of experiment and

theory (Hänsch, 2006). Precision spectroscopy of molecules allows one to infer

an improved value of the proton-to-electron mass ratio (Koelemeij et al., 2007b)

and some molecules such as H+
3 are of great importance for astrophysics and

interstellar chemistry (Geballe et al., 2006). The nuclear structure is revealed by

isotope-shift measurements (Nörtershäuser et al., 1998a; Batteiger et al., 2009;

Lee et al., 2013) or precision spectroscopy of exotic species like muonic hydrogen

(Antognini et al., 2013).

Since the �rst demonstration of laser cooling (Wineland et al., 1978; Neuhauser

et al., 1978), trapped ions became the ideal system for precision spectroscopy. Re-

duced Doppler broadening and shifts allow high-resolution investigation of optical

transitions revealing the natural linewidths (Drullinger et al., 1980) and promise

application as potential ultimate laser frequency standard (Dehmelt, 1982). This

inspired physicists working on neutral atoms to use the technique of laser cooling

to decelerate an atomic beam (Phillips et al., 1982) and cool a cloud of atoms

to the Doppler cooling limit (Chu et al., 1985). The development of new cool-

ing techniques allows cooling the atoms to below the Doppler cooling limit using

Sisyphus cooling (Lett et al., 1988; Dalibard et al., 1989) and below the recoil

limit using velocity-selective coherent population trapping (Aspect et al., 1988)

or Raman cooling (Kasevich et al., 1992). This led to the creation of a new state
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1. INTRODUCTION

of matter, the �Bose-Einstein condensate� (Anderson et al., 1995). For trapped

ions, the technique of resolved sideband cooling (SBC) allows physicists to bring

a singly trapped charged particle to the absolute ground state of the con�ning po-

tential (Diedrich et al., 1989; Monroe et al., 1995b). Later on, this technique has

also been implemented to cool the collective motion of a two-ion crystal (King et

al., 1998; Rohde et al., 2001). Besides conventional SBC, a new cooling technique

using electromagnetically induced transparency (EIT) (Harris et al., 1990; Boller

et al., 1991; Field et al., 1991; Fleischhauer et al., 2005) promises simultaneous

cooling of multiple modes (Morigi et al., 2000; Roos et al., 2000; Schmidt-Kaler

et al., 2001; Lin et al., 2013a). Other cooling schemes such as Stark-shift cooling

(Retzker et al., 2007) allowing low �nal temperatures and superfast laser cooling

(Machnes et al., 2010) allowing fast cooling rates have recently been proposed.

The ability to sideband cool a single ion or an ion crystal opens the door to

a whole new world by exploiting the quantum nature of the ion's motion in the

trap. Shortly after Monroe et al. (1995b) realized the SBC of a singly trapped

ion along all three directions, experiments which demonstrated the generation of

non-classical states of motion (Meekhof et al., 1996a) including the creation of a

Schrödinger cat state (Monroe et al., 1996) and the implementation of the CNOT

gate (Monroe et al., 1995a) con�rmed the �intrinsic appeal� of placing a bound

particle in its ground state of motion (Wineland, 2013).

These advantages of laser cooling were limited to species that possess suitable

cooling transitions. The technique of sympathetic cooling (Larson et al., 1986)

removes this limitation and allows the implementation of quantum logic spec-

troscopy (Schmidt et al., 2005). The �rst demonstration using a 9Be+ ion as the

logic ion enabled the spectroscopy of a narrow transition in the inaccessible 27Al+

ion. Later on, quantum logic spectroscopy of the clock transition of the 27Al+

ion achieved an unprecedented inaccuracy up to 8.6× 10=18 (Rosenband et al.,

2007; Rosenband et al., 2008; Chou et al., 2010). This implementation of the

quantum logic technique on the two-ion crystal of 9Be+ and 27Al+ ions requires

a long lifetime of the excited spectroscopy state to implement the internal state

transfer sequence between the spectroscopy ion 27Al+ and the logic ion 9Be+.

There are many interesting transitions where the excited states have sub-

microsecond lifetimes. Spectroscopy of such broad transitions is typically im-

2



plemented by detecting scattered photons in laser induced �uorescence (LIF)

(Drullinger et al., 1980; Herrmann et al., 2009; Batteiger et al., 2009) or ab-

sorbed photons in laser absorption spectroscopy (LAS) (Wineland et al., 1987a).

The signal-to-noise ratio (SNR) of these techniques is limited by the small pho-

ton collection e�ciency and the small atom-light-coupling e�ciency, respectively.

This poses a challenge, especially for transitions where only a limited number of

photons can be scattered. These include transitions in metal ions of the transi-

tion elements, molecular ions and highly charged ions, which are important for

answering fundamental questions in many �elds of physics.

Through a comparison between astrophysical and laboratory spectroscopy

data of metal ions, tests for a possible variation of the �ne structure constant

α over cosmological time length scales can be performed (Savedo�, 1956; Dzuba

et al., 1999). Such a comparison relies on the existence and the accuracy of the

laboratory data, so that precision laboratory data on the transition frequencies

and isotopic shifts of such ions (e.g. Si+, Ti+, Fe+, Ni+) are desirable (Berengut

et al., 2011b; Murphy et al., 2014). A similar comparison can be performed

for the rotational and vibrational transitions in molecules (Murphy et al., 2008).

The frequencies of those transitions depend on the proton-to-electron mass ratio

µ = mp/me (Dunham, 1932) and therefore allow for a test of its possible vari-

ation (Thompson, 1975). Highly charged ions provide an ideal playground for

precision tests of quantum electrodynamics (QED) in strong �elds (Epp et al.,

2007; Nörtershäuser, 2011; Blau, 2012).

The subject of this thesis is the extension of the original quantum logic tech-

nique to broad transitions for a variety of ionic systems which do not meet the

prerequisites of direct laser cooling. In comparison to conventional spectroscopy

methods like LIF and LAS, the common motion of the two-ion crystal is employed

to transfer the spectroscopic information. Clark et al. (2010) have demonstrated

this idea on a Doppler cooled two-ion crystal using sympathetic heating spec-

troscopy and were able to detect the heating generated by observing a reduction

of �uorescence of less than 1500 scattered photons from the co-trapped cooling

ion. By applying short spectroscopy pulses synchronous with the ions' motion in

the trap, Lin et al. (2013b) were able to detect the seeded motion from around 150

absorbed photons after a motional ampli�cation scheme. The ultimate sensitivity

3



1. INTRODUCTION

has been achieved using an interferometric sequence on a Schrödinger cat state

of motion, demonstrating the detection of the photon recoil from a single photon

(Hempel et al., 2013). These works paved the way for applying the quantum logic

technique to broad transitions in atomic ions, and demonstrated the applicability

of the technique to spectroscopy of these transitions. We demonstrate in this

thesis for the �rst time precision spectroscopy of broad transitions in atomic ions

using the quantum logic technique.

Compared to the atomic systems molecules have a much richer level structure.

This limits the techniques of laser cooling currently to a small number of species,

which have diagonal Franck-Condon factors (Shuman et al., 2010). Sympathetic

cooling with a co-trapped laser cooled atomic ion has been demonstrated to bring

the translational degrees of freedom of the molecular ion to a temperature below

100mK (Bowe et al., 1999; Mølhave et al., 2000), but leaves the molecules in a

thermal equilibrium distributed over di�erent rovibrational states via coupling

to the blackbody radiation (BBR) at room temperature. Before precision spec-

troscopy of rovibrational transitions in single molecular ions can be performed,

it is necessary to prepare these ions in a pure quantum mechanical state. For

this purpose, several approaches have been pursued. Staanum et al. (2010) and

Schneider et al. (2010a) have demonstrated BBR-assisted rotational cooling using

optical pumping on dipole-allowed transitions. A fractional population of 36.7%

and 78% in the rotational ground state have been achieved on 24MgH+ and HD+,

respectively. On apolar molecules, state-selective threshold photoionization has

been employed to produce N+
2 ions in selected rotational states (Tong et al., 2010).

In another approach using He bu�er-gas cooling, both the internal and external

degrees of freedom of molecular ions are cooled (Gerlich, 1995; Kreckel et al.,

2005; Trippel et al., 2006). A combination of the two techniques allows cooling

the rotational degrees of freedom to a temperature of 7.5K (Hansen et al., 2014).

We propose here the preparation of a single molecular ion in a pure quantum

mechanical state by detecting a selected rotational state of the molecular ion on

the co-trapped atomic ion using the quantum logic technique. A successful detec-

tion reveals the ion's rotational state and allows precision spectroscopy of speci�c

rovibrational transitions in the molecular ion as the next step.
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The thesis is structured as follows. We introduce the basic theory for ion-laser

interaction in Chapter 2. In Chapter 3, the principle of ion traps and the current

experimental setup are discussed. The basic properties of the logic ion 25Mg+

along with the available experimental tools are discussed and the measurement

principles using a single ion are introduced. In Chapter 4, an optimized SBC

scheme is developed. We demonstrate the scheme on a singly trapped 25Mg+ ion

and on a two-ion crystal of 25Mg+ and 24MgH+. Starting with ions in the motional

ground state, coherent states of motion are generated using electric modulations

at the axial trap frequency in Chapter 5. In an inverse approach, these coherent

states are used as signal to determine the axial trap frequency. In Chapter 6

we extend the quantum logic technique to broad transitions of atomic ions. A

new spectroscopy scheme, photon recoil spectroscopy (PRS), is developed and an

absolute frequency measurement on the 2S1/2 ↔ 2P1/2 transition of the 40Ca+

ion is performed. A possible implementation of the quantum logic technique

for rotational state preparation of molecular ions is discussed in Chapter 7. A

summary and outlook of the project is provided in Chapter 8. Several appendices

providing more details of the experimental and theoretical considerations are

listed at the end of the main text.
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Chapter 2

Theory

In this chapter, the interaction of a trapped ion with monochromatic light is

discussed. In Sec. 2.1, we introduce the Hamiltonians describing the interaction

of a laser with a trapped particle in a semi-classical treatment and discuss the

coupling strength in Sec. 2.2. The reader is referred to (Cohen-Tannoudji et al.,

1992; Wineland et al., 1998; Leibfried et al., 2003b; Foot, 2005) for further details.

2.1 Ion-Laser interaction

Consider an ion as a two-level system with transition frequency ω0 between the

ground |g〉 and the excited state |e〉 con�ned in a one-dimensional harmonic poten-

tial with the trap frequency ωT. The total Hamiltonian describing the interaction

of the ion with a monochromatic light source with frequency ωL can be written

as (Leibfried et al., 2003b, p. 290)

Ĥ = Ĥ(m) + Ĥ(a) + Ĥ(i), (2.1)

where Ĥ(m), Ĥ(a) and Ĥ(i) correspond to the Hamiltonians for the ion's motion in

the trap, for the electronic states, and for the atom-light-interaction, respectively.
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2. THEORY

These three terms take the form

Ĥ(m) = ~ωT(â†â+
1

2
) (2.2)

Ĥ(a) =
~ω0

2
σ̂z (2.3)

Ĥ(i) =
~Ω0

2
σ̂+ exp

[
iη(â+ â†)

]
e−iωLt + h.c. , (2.4)

where σ̂z = |e〉 〈e|− |g〉 〈g| is a Pauli-matrix, σ̂+ = |e〉 〈g| is the spin-�ip operator,

â is the annihilation operator of the motion and Ω0 is the Rabi frequency of the

laser. The Lamb-Dicke parameter η

η := kz0 = 2π
z0

λ
, (2.5)

gives the ratio of the spatial extent z0 of the atomic wave packet in the ground

state of the harmonic potential, where k is the wave number of the laser. The

total Hamiltonian Ĥ can be transformed into di�erent frames according to

Ĥ(R) = Û †ĤÛ − i~ · ∂Û
†

∂t
Û (2.6)

with Û = exp
[
−i/~ · Ĥ(R)

0

]
as the unitary operator for the transformation and

Ĥ
(R)
0 is the Hamiltonian in the reference frame.

In the rotating frame with respect to the atom and the trap (Leibfried et al.,

2003b, p. 291), the total Hamiltonian becomes

Ĥ(AT )(t) =
~Ω0

2
σ̂+ exp

[
iη
(
âe−iωTt + â†e+iωTt

)]
e−iδt + h.c. , (2.7)

where δ = ωL−ω0 is the detuning of the laser from the atomic transition frequency.

In the Lamb-Dicke approximation to 1st order, the Hamiltonian takes the form

Ĥ(AT )(t) ≈ ~Ω0

2
σ̂+

[
1 + iη

(
âe−iωTt + â†e+iωTt

)]
e−iδt + h.c. , (2.8)

which shows three resonances for δ = 0,±ωT:

• Carrier transition With δ = 0, the Hamiltonian simpli�es after the ro-

tating wave approximation (RWA) to

Ĥcarr =
~Ω0

2
σ̂+ + h.c. , (2.9)
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2.1 Ion-Laser interaction

which couples the two states |g, n〉 with |e, n〉. In a carrier transition, the

motional number is not changed and the e�ective Rabi frequency between

the two states is given in the Lamb-Dicke approximation to 1st order by

Ωn,n = Ω0.

• 1st blue sideband With δ = ωT, the Hamiltonian

Ĥbsb = i
~Ω0

2
ησ̂+â

† + h.c. , (2.10)

drives a transition |g, n〉 ↔ |e, n+ 1〉 on the 1st blue sideband (BSB). Si-

multaneous to absorption of a photon, the motional quantum number is

increased by one. The e�ective Rabi frequency for a transition between

|g, n〉 and |e, n+ 1〉 is given by Ωn+1,n = ηΩ0

√
n+ 1 and is reduced com-

pared to the carrier transition by a factor of η
√
n+ 1.

• 1st red sideband With δ = −ωT, the Hamiltonian

Ĥrsb = i
~Ω0

2
ησ̂+â+ h.c. , (2.11)

becomes equivalent to the Jaynes-Cummings Hamiltonian (Jaynes et al.,

1963) and drives a 1st red sideband (RSB) transition |g, n〉 ↔ |e, n− 1〉.
In such a transition, one quantum of motion is removed as the ion goes to

the excited state. The e�ective Rabi frequency between the two states is

given by Ωn−1,n = ηΩ0

√
n, which vanishes for the motional ground state

|g, n = 0〉.

In the rotating frame with respect to the laser, the total Hamiltonian

Ĥ(L) = Ĥ(m) − ~δ
2
σ̂z +

{
~Ω0

2
σ̂+ exp

[
iη
(
â+ â†

)]
+ h.c.

}
(2.12)

becomes independent of time, and is therefore useful for numerical simulations.

In the Lamb-Dicke approximation to 1st order, the Hamiltonian in Eq. (2.12) can

be further simpli�ed to

Ĥ(LD) = Ĥ(m) − ~δ
2
σ̂z +

{
~Ω0

2
σ̂+

[
1 + iη

(
â+ â†

)]
+ h.c.

}
. (2.13)
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2. THEORY

Without the presence of the laser, the system evolves under the Hamiltonian

Ĥ0 =Ĥ(m) − ~δ
2
σ̂z . (2.14)

The Hamiltonians in Eqs. (2.13) and (2.14) are used in Sec. 6.3.5.1 for the nu-

merical simulation of photon recoil spectroscopy.

2.2 E�ective Rabi frequencies

Besides the carrier and �rst order sideband transitions, the interaction Hamilto-

nian also gives rise to a coupling between two arbitrary motional states |g, n〉 and
|e, n′〉. The e�ective Rabi frequency between the two states can be calculated

according to (Cahill et al., 1969; Wineland et al., 1979)

Ωn′,n = Ω0

∣∣〈n′| exp[iη(a+ a†)] |n〉
∣∣

= Ω0 exp

[−η2

2

]√
n<!

n>!
η|n
′−n|L|n

′−n|
n>

(η2)
(2.15)

with n< (n>) as the lesser (greater) of n′ and n and Lαn as the generalized La-

guerre polynomial. Fig. 2.1 shows the e�ective Rabi frequencies as a function of

the motional quantum number n for the �rst three RSBs. With a Lamb-Dicke

parameter of η = 0.3, the e�ective Rabi frequencies of the 1st RSB shows a zero

crossing at around n = 40. The e�ect prohibits SBC using only 1st order RSB

and will be discussed in detail in Chapter 4.

For an ion string with L ions, there are altogether 3L motional modes and

we choose one of the 3L modes as the logic mode k for transferring the informa-

tion. The e�ective Rabi frequency for driving a transition between the two states

|↓, nk, {np 6=k}〉 and |↑, n′k, {np 6=k}〉 on the jth ion equals

Ωj
n′k,nk

({np 6=k}) = Ωj
n′k,nk

∏
p 6=k

Sp , (2.16)

where Ωj
n′k,nk

= Ω0

∣∣∣〈n′k| exp[iηjk(ak + a†k)] |nk〉
∣∣∣ is the Rabi frequency for a transi-

tion between |↓, nk〉 and |↑, n′k〉 under the in�uence of the e�ective Lamb-Dicke

parameter ηjk of the jth ion on the kth mode, as if the other 3L− 1 modes were

not present and
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Figure 2.1: E�ective Rabi frequencies. E�ective Rabi frequencies as a

function of the trap levels calculated with η = 0.30. The e�ective Rabi fre-

quencies for di�erent RSB orders have zero crossings at di�erent trap levels.

solid/dashed/dotted : 1st/2nd/3rd order RSB.

Sp =
∣∣〈np| exp[iηjp(ap + a†p)] |np〉

∣∣
= exp

[
−(ηjp)

2

2

]
L0
np

[
(ηjp)

2
]
,

(2.17)

is the Debye-Waller factor for each companion mode (Wineland et al., 1998).

Eq. (2.16) shows that the e�ective Rabi frequency for driving a transition in

the ion string does not only depend on the motional quantum number nk of the

logic mode, but also on the motional quantum numbers {np 6=k} of the companion

modes, although no state change occurs for them. The Debye-Waller factor is only

present if the companion modes have a non-vanishing Lamb-Dicke parameter, or

in other words if the k-vector of the laser has a non-vanishing component along

the direction of the companion modes. Consider a two ion crystal undergoing

a transition driven by a laser aligned, e.g. along the axial direction. The exact

Rabi frequency of the transition between |↓, nip, nop, {nr}〉 and
∣∣↓, n′ip, nop, {nr}

〉
with altered quantum number nip → n′ip for the in-phase mode along the axial

direction does not depend on the quantum numbers {nr} of the radial modes,

but indeed on the exact quantum state nop of the out-of-phase mode. We discuss

the in�uence of the Debye-Waller factors on SBC further in Chapter 4.
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Chapter 3

Experimental setup

In this chapter, a description of the basic experimental setup is provided. In

Sec. 3.1, we discuss the principle of ion traps. For more details about ion traps

and the design of the trap used in the experiment, the reader is referred to Paul,

1990; Ghosh, 1995; Major, 2005; Berkeland et al., 1998; Hemmerling, 2011. In

Sec. 3.2, we introduce the level scheme and the laser systems for the magnesium

ion. With these laser systems, coherent manipulation of the internal and exter-

nal degrees of freedom of 25Mg+ ions can be performed. We introduce di�erent

experimental methods, which allow us to extract the state information of the

system. For a detailed description of the experimental setup, the reader is re-

ferred to Hemmerling et al., 2011; Hemmerling et al., 2012; Hemmerling, 2011;

An der Lan, 2008; Nigg, 2009.

3.1 Ion trap

The ions are con�ned using a linear Paul trap. A schematic of a linear Paul trap

is shown in Fig. 3.1. The two endcaps are supplied with a DC voltage U . Two

of the radial electrodes are supplied with a voltage oscillating at radio frequency

(RF) V (t) = V0 cos(Ωrft), while the other two are connected to the electric ground

as depicted in Fig. 3.1b. The total electric potential generated by the DC and

RF electrodes is given by (Berkeland et al., 1998)

Φ(x, y, z, t) =
κU

z2
0

[
z2 − x2 + y2

2

]
+
V0

2

[
1 +

x2 − y2

r2
0

]
cos(Ωrft) , (3.1)

13
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a b

V=V cos( t)0 rfW

y

x

z

K

T

Figure 3.1: Linear Paul trap. (a) The four radial electrodes (blades K) and the

two axial electrodes (endcaps T) produce a three-dimensional pseudo-potential

con�ning the ion/ions in the center region of the trap. (b) One pair of opposing

radial electrodes are supplied with a voltage at high frequency RF, while the

other pair is grounded. The coordinate system in the �gure serves only as a

demonstration of the spatial dependence of the electric potential/�eld generated

by the trap electrodes and di�ers from the coordinate system used in the other

parts of the thesis.

where κ is a geometric factor, z0 is the distance from the trap center to the endcap

and r0 is the distance from the trap axis to the RF electrodes. The electric �eld

from the trap electrodes reads

E = −∇Φ =
κU

z2
0

 x
y
−2z

+
V0

r2
0

−xy
0

 cos(Ωrft) . (3.2)

The motion of an ion with charge q = e and mass m under the in�uence of

the electric �eld is given by (Ghosh, 1995)

üi +
Ω2

rf

4
[ai + 2qi cos(Ωrft)]ui = 0 (3.3)

where u =
(
ux uy uz

)T
denotes the ion's position. The stability parameters ai,

qi of the trap are given by

ax = ay = −1

2
az = − 4eκU

mz2
0Ω2

rf

, (3.4)

qx = −qy =
2eV0

mr2
0Ω2

rf

, qz = 0 . (3.5)
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3.1 Ion trap

After a variable transformation ν = Ωrft/2, Eq. (3.3) takes the form of a Mathieu

equation
d2ui
dν2

+ [ai + 2qi cos(2ν)]ui = 0 . (3.6)

The ion remains in the trap if Eq. (3.6) has bound solutions for all three directions.

In the parameter regime |ai| � 1, |qi| � 1, Eq. (3.3) has a stable solution

(Berkeland et al., 1998; Major, 2005), which takes the approximate form

ui(t) ≈ u1i cos(ωit+ φi)
[
1 +

qi
2

cos(Ωrft)
]

(3.7)

with the amplitude u1i and the phase φi determined by the initial conditions and

the frequency ωi given by

ωi =
Ωrf

2

√
ai +

q2
i

2
. (3.8)

The ion's motion in the trap along a certain direction i consists of a harmonic

oscillation at the frequency ωi, called secular motion, and a fast oscillation at the

trap drive frequency Ωrf , called micromotion. The amplitude of the micromotion

is much smaller than the amplitude of the secular motion (|qi| � 1). Neglecting

micromotion, the motion of the ion is identical to the motion of the particle in

the pseudo-potential (Dehmelt, 1968; Major, 2005)

Ψ(x, y, z) =
m

2

(
ω2
xx

2 + ω2
yy

2 + ω2
zz

2
)
. (3.9)

In the presence of an additional static electric �eld Edc, the ion will be moved

out of the �eld-free regime and oscillates around the new equilibrium position

u0i =
eEdc · êi
mω2

i

(3.10)

with êi as the unit vector along the dierection i = x, y, z. The motion of the ion

in the trap is described in this case by (Berkeland et al., 1998)

ui(i) ≈ [u0i + u1i cos (ωit+ φi)]
[
1 +

qi
2

cos(Ωrft)
]
. (3.11)

This additional term proportional to u0i corresponds to a change of the equilib-

rium position and a fast oscillation at the trap drive frequency Ωrf . Since this

part of the micromotion can be avoided by applying additional compensation

voltages, it is called �excess micromotion�, while the residual micromotion even

at the �eld-free position as in Eq. (3.7) is called �intrinsic micromotion�.
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3. EXPERIMENTAL SETUP

3.2 Magnesium system

3.2.1 Laser system and beam con�guration

In all the experiments presented in this thesis, we use 25Mg+ ions as the logic ion

species, over which we have full control in terms of internal and external degrees

of freedom. A simpli�ed level scheme for the 25Mg+ ion is shown in Fig. 3.2. The

electronic ground state 2S1/2 has a hyper�ne splitting of 1.789GHz (Itano et al.,

1981). We choose the two electronic states

|2S1/2, F = 2,mF = 2〉 ≡ |↑〉
|2S1/2, F = 3,mF = 3〉 ≡ |↓〉

(3.12)

as the qubit states, on which information of interest is stored. A frequency-

quadrupled �ber laser system1 with a typical output power of 60mW UV light at

280 nm is employed to perform cooling, coherent manipulation and state detec-

tion. In order to ful�ll all these requirements, the �ber laser itself is ∼ 9.2 GHz de-

tuned from the 2S1/2 ↔ 2P3/2 transition and an electro-optical modulator (EOM)

generates sidebands at ±9.2GHz via phase modulation on the green light at

560 nm (Hemmerling et al., 2011). By switching the EOM, we switch the �ber

laser between the resonant and o�-resonant con�guration. The resonant part

corresponding to the 1st order sideband of the EOM is used for Doppler cool-

ing and state detection on the |↓〉 ↔
∣∣2P3/2, F = 4,mF = 4

〉
transition. The

o�-resonant light is split into two beams with their frequencies shifted apart by

∼ 1.789 GHz using acousto-optical modulators (AOMs). These two beams, called

σ-Raman and π-Raman beam, are used to drive Raman transitions between the

qubit states.

A schematic of all the laser beams and their orientation with respect to the

vacuum chamber is shown in Fig. 3.3. In the experiment, a bias magnetic �eld B

of ∼ 5.8× 10−4 T is applied to lift the degeneracy of the Zeeman sub-levels. The

direction of the magnetic �eld, which de�nes the quantization axis for the ions,

is tilted by 45◦ with respect to the trap axis (z-axis in Fig. 3.3). The Doppler

cooling beam and the σ-Raman beam are circularly polarized and aligned along

1Koheras BoostikTM System Y10/Menlosystem
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3.2 Magnesium system

Figure 3.2: Level structure of Magnesium ion. The two hyper�ne states |↑〉
and |↓〉 of 25Mg+ ion separated by 1.789GHz are used as qubit states to store the

information of interest. These two states can be coherently manipulated through

RF and Raman spectroscopy, and are distinguished using the electron shelving

technique.

the direction of the magnetic �eld to drive a σ+-transition on the 25Mg+ ion. The

linearly polarized π-beam is aligned perpendicular to the magnetic �eld B with

the electric �eld vector of the laser co-linear with the magnetic �eld B to drive a

π-transition. The photoionization laser for magnesium ions is aligned along the

axial direction of the trap.

In the following chapters, extensions of this base setup to meet the requirement

of each experiment are described in detail. In Chapter 4, a second frequency-

quadrupled �ber laser (2P1/2 laser in Fig. 3.3) is employed to implement quasi-

continuous sideband cooling (SBC) on 25Mg+ ions. In Chapter 6, a spectroscopy

laser at 397 nm and a repump laser at 866 nm (spectroscopy and repump laser in

Fig. 3.3) are used for photon recoil spectroscopy (PRS). In Chapter 7, a pair of

counter-propagating beams (lattice laser in Fig. 3.3) is used to generate a moving

optical lattice for the state preparation of molecular ions.
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Figure 3.3: Top view of the experimental setup. The quantization axis (z′-

axis) for the ions is de�ned by the direction of the magnetic �eld B, which is tilted

by 45◦ from the trap axis (z-axis). The Doppler cooling beam (DC) and the σ-

Raman beam are co-linear with the magnetic �eld and circularly polarized, while

the π-Raman beam is perpendicular to the magnetic �eld with linear polarization

in the plane of the �gure. The photoionization laser beam (PI) enters the chamber

along the axial direction. The 2P1/2 laser for quasi-continuous sideband cooling

enters through the same path as the Doppler cooling laser. The spectroscopy and

repump lasers for photon recoil spectroscopy and a pair of counter-propagating

beams (lattice laser) for state preparation of molecular ions enter the chamber

from the axial direction. The �gure is reproduced based on Hemmerling, 2011.

3.2.2 Measurement principle

In the experiment presented in this thesis, a single 25Mg+ ion or an ion crystal

consisting of a 25Mg+ ion as logic ion and a second spectroscopy ion is trapped

in the linear Paul trap. A typical experimental cycle consisting of state prepara-

tion, state interrogation, state manipulation and state detection is illustrated in

18
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Preparation Interrogation Manipulation Detection

Time

Figure 3.4: Typical experimental sequence. A typical experimental sequence

consists of periods of state preparation, state interrogation, state manipulation

and state detection.

Fig. 3.4. During the state preparation, the ion or the two-ion crystal is initial-

ized to a speci�c state ρinit, typically using di�erent cooling techniques combined

with optical pumping. This target state can be a mixed state, a pure quantum

mechanical state, a superposition, or an entangled state. In the interrogation

period, a series of operations are applied to the ions and the state of the ions is

changed. The e�ect of these operations must be veri�ed experimentally. These

changes include a change in motional energy, a change of internal states or a re-

duced coherence between the internal states. In order to detect these changes, the

quantum states of the 25Mg+ ion are manipulated using some well-characterized

operations based on the detailed theory of the ion-laser interaction was described

in Sec. 2.1.

• Radio frequency transitions The two qubit states |↑〉 and |↓〉 can be

coupled using a RF radiation at 1.789GHz, which drives a magnetic dipole

transition between the two states. Hyper�ne qubits can exhibits long co-

herence time (Langer et al., 2005) and can be driven with a high �delity

(Brown et al., 2011). The former property allows investigation of the loss of

coherence between the two internal states induced during the interrogation

period (Clos et al., 2014), while the latter can be used to improve the �-

delity of state detection of hyper�ne qubits (Hemmerling et al., 2012). The

long wavelength of RF radiation leads to small Lamb-Dicke parameters, so

that only carrier transition can be driven with free propagating RF radi-

ation, while strong magnetic �eld gradients generated in the near �eld of

microwave current allows sideband transitions (Ospelkaus et al., 2011).
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3. EXPERIMENTAL SETUP

• Raman transitions A coherent transition between the two qubit states

can also be achieved by driving two-photon stimulated Raman transition.

As a result of non-zero Lamb-Dicke parameter, a Raman transition can

change not only the internal state but also the external state of the ions.

A carrier transition induces only a spin-�ip between the |↓〉 and |↑〉 states,
while a blue (red) sideband transition increases (decreases) the motional

quantum number of the ions, as the ion goes to the excited state |↓〉 → |↑〉.
In the resolved sideband regime, the type of transition can be chosen by the

frequency di�erence of the two Raman lasers from the two qubit resonance

frequency. The transition strength depends on the type of the transition

and the exact quantum number of the motional states (Wineland et al.,

1998). These state-dependent excitation strengths allow determination of

the population (Meekhof et al., 1996a) of and the coherence (Leibfried et

al., 1996) between motional levels.

• Stimulated Raman adiabatic passage (STIRAP) The motional state

dependence of the coupling strength of Raman transitions can be avoided

using the technique of stimulated Raman adiabatic passage (STIRAP). A

state-independent transfer is achieved by adiabatically sweeping the fre-

quency of the laser (Wunderlich et al., 2007) or ramping the power of the

lasers (Sørensen et al., 2006) during the transfer pulse. A spin-�ip between

the |↓〉 and |↑〉 state independent of the motional levels has been imple-

mented on the 25Mg+ ion using the latter method. Tuning the Raman

lasers to the 1st red sideband e.g. allows transferring all the population in

the motional excited state from |↓〉 to |↑〉 without a�ecting the population

in the |↓, n = 0〉 state (Gebert, 2015). This provides an e�cient method

to detect the depletion of the motional ground state induced by excitation

during the interrogation period.

The task of the state manipulation period is to transfer the signal from the refer-

ence onto the two qubit states. A �nal internal state discrimination is performed

via the electron shelving technique. Resonant laser pulses coupling the |↓〉 state
to the

∣∣2P3/2, F = 4,mF = 4
〉
state result in a high scattering rate for the |↓〉 state

and a low scattering rate for the |↑〉 state. From the number of photons collected
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on the photomultiplier tube (PMT) as shown in Fig. 3.3, the internal state of the

ion can be determined. An improved �delity for the internal state discrimination

of hyper�ne qubits can be achieved using the π-detection technique (Hemmerling

et al., 2012). We can assign a result to a single experiment depending on the

internal state of the 25Mg+ ion

|↓〉 → 0

|↑〉 → 1 ,
(3.13)

typically also indicating if the operations during the interrogation period have

changed the initial state or not. The quantum mechanical probability for the
25Mg+ ion to be in the |↑〉 state is extracted by repeating the experiment Ncycles

times.
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Chapter 4

Quasi-continuous sideband cooling

In this chapter, we introduce quasi-continuous sideband cooling (SBC), which we

developed for e�cient sideband cooling of a single 25Mg+ ion and sympathetic

cooling of the molecular ion 24MgH+. We review the previous SBC techniques

and discuss the challenges of SBC of an ion crystal in Sec. 4.1. In Sec. 4.2, we

introduce quasi-continuous SBC for a single 25Mg+ ion and extend the scheme

to a two-ion crystal consisting of 25Mg+ and 24MgH+ in Sec. 4.3. In Sec. 4.4,

we demonstrate the applicability of the technique at low trap frequencies. In the

last section, we discuss possible applications of the technique. The results of this

chapter ahve been summarized in Wan et al., 2015.

4.1 Introduction

Coherent control of quantum systems has been a dream pursued in a wide range

of �elds in physics and chemistry. The ability to control internal and external

degrees of freedom of quantum systems promises application such as quantum

computation (Monroe et al., 1995a; Leibfried et al., 2003a), quantum metrology

(Schmidt et al., 2005; Rosenband et al., 2008) and ultracold chemistry (Willitsch

et al., 2008a; Willitsch et al., 2008b; Staanum et al., 2008). The control over

the internal degrees of freedom of the atomic species is often accomplished by

optical pumping followed by coherent laser pulses from a narrow linewidth laser,

while the external degrees of freedom are typically controlled with various laser

cooling techniques. One possibility is the so-called resolved sideband cooling,
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|↑〉

|↓〉

| 〉n-1 | 〉n | 〉n+1| 〉n=0
| 〉n-1 | 〉n | 〉n+1| 〉n-1 | 〉n | 〉n+1

a cb

w
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w
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Figure 4.1: Principle of resolved sideband cooling. (a) Resolved SBC re-

quires the linewidth of the transition to be smaller than the trap frequency, so

that individual transitions (carrier, red sideband (RSB), blue sideband (BSB))

can be selectively driven. With the cooling laser tuned to the RSB, one quantum

of motion is removed from the system simultaneous to each absorption event. In

the Lamb-Dicke regime, the decay back to the |↓〉 state happens dominantly on

the carrier transition. The two-level system can be pumped down to the motional

ground state, which is a dark state for the cooling laser. (b-c) The achievable n̄ is

limited by o�-resonant excitation on the carrier followed by a decay on the BSB

(b) and o�-resonant excitation on the BSB followed by a decay on the carrier

transition (c).

which has been demonstrated in various systems from single trapped ions in Paul

traps (Diedrich et al., 1989; Monroe et al., 1995b; Roos, 2000; Eschner et al.,

2003) to neutral atoms in optical lattices (Hamann et al., 1998; Vuleti¢ et al.,

1998) or optical tweezers (Thompson et al., 2013) and micromechanical oscillators

(Schliesser et al., 2008; Park et al., 2009).

The principle of SBC is illustrated in Fig. 4.1. Consider a two-level system

con�ned in a one-dimensional harmonic potential. The separation ω0 of the two

internal states is much larger than the spacing ωT between the eigenstates of

the harmonic oscillator. The joint system consists of a set of motional levels on

top of each internal state. At the beginning of the SBC sequence, the ion is

assumed to be located in a certain trap level |n〉. For the technique of SBC to be

applicable, the linewidth of the transition Γ used for cooling must be smaller than
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the trap frequency ωT (Γ � ωT) so that the individual sidebands are resolved.

In this case, carrier, RSB and BSB transitions can be selectively driven. With

the cooling laser tuned to the RSB transition, one quantum of motion is removed

from the system simultaneous to each absorption event (Fig. 4.1a). In the case

that the trap frequency is much larger than the recoil frequency so that the

strong con�nement from the trap prevents recoil heating during the spontaneous

emission process (Lamb-Dicke regime), the two-level system decays back to the

|↓〉 state pre-dominantly on the carrier transition (Morigi et al., 1999), which

provides the necessary dissipation for cooling. In this way, the two-level system

can be pumped down to the motional ground state, which is a dark state for the

cooling laser. O�-resonant excitation on the carrier followed by a decay on the

BSB and o�-resonant excitation on the BSB followed by a decay on the carrier

transition (Fig. 4.1b and c) limit the achievable n̄ with the technique to

n̄ ≈
(

Γ

2ωT

)2
[(

η̃

η

)2

+
1

4

]
(4.1)

with η and η̃ as the Lamb-Dicke parameters during absorption and spontaneous

emission, respectively (Wineland et al., 1987b; Schulz et al., 2008). A small

�nal n̄ can be achieved by choosing transitions with narrow linewidths (Roos,

2000) or by making use of Raman transitions (Diedrich et al., 1989). Using the

technique of SBC, �nal ground state populations ranging down to 99.9% have

been demonstrated with trapped ions (Roos, 2000).

Besides the �nal temperature, the total duration of SBC is a crucial param-

eter describing the performance of the cooling. Here we distinguish two cases:

continuous and pulsed SBC.

Continuous SBC Under continuous SBC, one understands that the sponta-

neous decay process happens simultaneously with the RSB excitation so that

more than one photon is absorbed on the cooling transition within one pulse and

therefore multiple phonons are removed from the system within one pulse. For

the simplest case where only one long pulse is applied, the total duration of SBC

is identical with the time spent on the RSB excitation. The total time scale for
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4. QUASI-CONTINUOUS SIDEBAND COOLING

cooling is determined solely by the cooling rate W , which ful�ls the equation

d

dt
n̄(t) = −Wn̄+ A+, (4.2)

and can be expressed in the low intensity case (Ω0 � Γ) as

W = η2(A− − A+) ≈ η2Ω2
0

Γ
(4.3)

with A+ and A− denoting the transition rates upwards and downwards on the

motional ladder and Ω0 as the carrier Rabi frequency between two electronic

states (Stenholm, 1986; Cirac et al., 1992).

This method allows for simple implementation, since a single cooling pulse

assures sideband cooling independent of the initial motional state of the ion. The

Rabi frequency and the decay rate between the two states |↓〉 and |↑〉 have an

in�uence on the total cooling time.

In systems where the transition linewidth Γ is too small to allow a large

cooling rate, the excited electronic state can be quenched to the ground state.

This establishes an e�ecitve Γeff which can be tuned to optimize cooling speed

and �nal n̄ (Roos et al., 1999; Diedrich et al., 1989; Marzoli et al., 1994).

Pulsed SBC In case of pulsed SBC, the experimental sequence consists of a

series of interleaved pulses for RSB excitation and dissipation, where the latter is

typically realized by a repumping pulse followed by spontaneous emission. The

cooling laser drives Rabi oscillations between |↓〉 and |↑〉. At most one photon

is absorbed from the cooling laser during a single pulse. The total duration

of SBC is the sum of the time spent on the RSB excitation and the time for

repumping. Typically a sequence as demonstrated in Hemmerling et al., 2011

is used to achieve the maximal cooling speed. The pulse duration t of the SBC

pulses is adjusted for each state |↓, n〉 to ensure a complete spin-�ip

Ωn−1,nt = π , (4.4)

where Ωn−1,n is the e�ective Rabi frequency between the two states |↓, n〉 and
|↑, n− 1〉. This ideal situation can in principle be implemented for SBC of a single

ion, where only one mode along the direction under consideration is present and
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4.2 SBC of a single ion

the e�ective Rabi frequency can be calculated according to Eq. (2.15). Assuming

that each RSB pulse transfers the population completely, the cooling rate for the

target state |↓, n〉 equals

Weff(n) =
∆n

∆t
· 1

n
≈
√
nηΩ0

π
· 1

n
, (4.5)

where ∆n is the number of quanta removed during the RSB excitation, ∆t =

π/Ωn−1,n is the duration of the π-pulse and the Lamb-Dicke approximation is

used in the second step.

For an ion string with L ions, the e�ective Rabi frequency for driving a tran-

sition between two states |↓, nk, {np 6=k}〉 and |↑, n′k, {np 6=k}〉 depends not only on

the quantum number nk and n′k, but also the quantum number of the companion

modes {np 6=k} (see Debye-Waller factor in Sec. 2.2). This additional factor for

the e�ective Rabi frequency in the case of multiple ions makes the prediction of

the exact pulse length for the state |↓, nk〉 impossible without the knowledge of

the quantum numbers of the companion modes.

Furthermore, the e�ective Rabi frequency for any order RSB Ωj
n′k,nk

shows zero

crossings at certain trap levels (Fig. 2.1). A cooling sequence with only 1st order

RSB can not transfer the population in the trap levels beyond the zero crossing

down to the ground state (Hemmerling et al., 2011), and therefore higher order

sidebands with a zero crossing at a higher trap level are necessary.

In the following sections, we implement a quasi-continuous SBC, in which we

combine the advantages of continuous and pulsed SBC by introducing a condi-

tional decay channel. We demonstrate this on a single trapped 25Mg+ ion and

on a two-ion crystal of 25Mg+/24MgH+. We show that our approach enables fast

SBC with high stability against variations in experimental parameters like Rabi

frequency or pulse lengths.

4.2 SBC of a single ion

4.2.1 Cooling scheme and laser con�guration

Based on the scheme developed in Monroe et al., 1995b, a pulsed SBC scheme

using a single laser system for cooling 25Mg+ in a weak magnetic �eld (Hem-
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Figure 4.2: Relevant level structure for SBC of a 25Mg+ ion. In addi-

tion to the Doppler cooling laser and the Raman lasers coupling the 2S1/2 ↔
2P3/2 transition, a second �ber laser system is employed for repumping the

|2S1/2, F = 3,mF = 2〉 state via the the 2S1/2 ↔ 2P1/2 transition.

merling et al., 2011) was demonstrated. We trap a single 25Mg+ ion in a linear

Paul trap with an axial and radial trap frequency of 2.21MHz and ∼ 5MHz.

The relevant levels for SBC of a single 25Mg+ ion are shown in Fig. 4.2. A sin-

gle frequency-quadrupled �ber laser (2P3/2 laser in the following) provides laser

beams for Doppler cooling, coherent control and state detection on the 25Mg+

ion as described in Sec. 3.2.1 and Hemmerling et al., 2011. This scheme how-

ever requires the precise knowledge of the Rabi frequency of the Raman lasers

to be able to predict the correct pulse length to implement a π-pulse on the

RSB transition. After each RSB pulse, multiple repump pulses are necessary to

bring the population in the |↑〉 state back to the |↓〉 state. The ion can decay

to the |aux〉 state during the repump process, so that additional radio frequency

(RF) coupling |aux〉 and |↑〉 is necessary to bring the population in |aux〉 back
to the |↓〉 state. The cooling speed is mainly limited by the weak RF coupling

used for repumping. We extend the scheme by employing a second �ber laser1

1Koheras BoostiKTM System Y10/Menlosystem
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4.2 SBC of a single ion

Figure 4.3: Full experimental sequence. Full experimental sequence consist-

ing of Doppler cooling, sideband band cooling, RF π-pulse, STIRAP pulse and

detection pulse.

system as a repumper to speed up the SBC sequence. This second �ber laser

with maximal output power of 1W at 1121 nm is frequency quadrupled and pro-

vides an optical power of 16mW at 280 nm, which is far more than necessary in

the experiment. The experimental sequence (see Fig. 4.3) starts with Doppler

cooling on the |2S1/2, F = 3,mF = 3〉 ≡ |↓〉 ↔
∣∣2P3/2, F = 4,mF = 4

〉
transition

for 400µs followed by the SBC sequence. After Doppler cooling, a n̄ of around

16(5) is achieved (Hemmerling, 2011). A pair of Raman lasers provided by the
2P3/2 laser is employed for SBC with an e�ective Lamb-Dicke parameter of 0.3

(Hemmerling et al., 2011). During the SBC cycle, we �rst apply a series of 2nd

order RSB pulses followed by a series of 1st order RSB pulses. After each SBC

pulse a short optical repumping pulse with the Raman σ-laser tuned to reso-

nance by switching on the electro-optical modulator (EOM) and the 2P1/2 laser

are applied to clear out the population left in |2S1/2, F = 3,mF = 2〉 ≡ |aux〉 and
|2S1/2, F = 2,mF = 2〉 ≡ |↑〉. In contrast to the pulsed SBC scheme described in

Hemmerling et al., 2011, we apply simultaneously with the Raman SBC pulses

the RF coupling the |aux〉 and |↑〉 state and the optical repumper with the 2P1/2

laser tuned to be resonant with the |aux〉 ↔
∣∣2P1/2, F = 3,mF = +3

〉
transition.

The RF and the optical repumper together open up an additional decay channel

for the |↑〉 state with a controllable decay rate. After SBC, the population in the

excited motional states is probed by driving a RF π-pulse between |↑〉 and |↓〉
followed by a stimulated Raman adiabatic passage (STIRAP) pulse on the 1st

BSB (Gebert et al., 2014b). These combined detection pulses are used instead of

a simple STIRAP pulse on the RSB because of technical limitations. After the

SBC, the population in the motional ground state ρn=0 and the excited motional
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4. QUASI-CONTINUOUS SIDEBAND COOLING

states ρn>0 go through the path

ρn=0 : |↓, n = 0〉 RF−−−−→
π−pulse

|↑, n = 0〉 STIRAP−−−−−→
BSB

|↑, n = 0〉

ρn>0 : |↓, n > 0〉 RF−−−−→
π−pulse

|↑, n > 0〉 STIRAP−−−−−→
BSB

|↓, n− 1〉 ,

respectively.

As an alternative SBC scheme, we keep the RF repumper and the 2P1/2 laser

on during the Raman cooling cycle, but tune the 2P1/2 laser to be resonant with

the |↑〉 ↔
∣∣2P1/2, F = 3,mF = +3

〉
transition. However, this scheme fails es-

pecially in the case of long SBC pulses, where o�-resonant excitation from the

Raman lasers leads to decay into other Zeeman sub-levels of the F = 3 hyper�ne

states and therefore induces loss of population from the cooling cycle.

4.2.2 SBC sequence

In the following we describe a parametrized SBC pulse sequence that allows us

to optimize the time spent on various parts of the sequence.

The sequence for SBC of a single 25Mg+ ion is illustrated in Fig. 4.4. Depend-

ing on the pulse length of the 1st and 2nd order RSB pulses tR1/tR2, we apply NR2

2nd order and NR1 1st order RSB pulses

NR2 =

⌊
αTc

tR2

⌋
(4.6)

NR1 =

⌊
(1− α)Tc

tR1

⌋
(4.7)

with the sign bxc = max{n ∈ Z, n ≤ x} denoting the �oor function and α as the

time scaling factor, which divides the total cooling time1 Tc into parts for the 2nd

and 1st order RSB. Short RSB pulses for compensating the remaining time (with

pulse length of αTc −NR2tR2 and (1− α)Tc −NR1tR1 respectively) are added at

the end of each RSB pulse group. After each RSB pulse a repumping pulse with

duration tr = 3µs is applied. In the experiment the actual elapsed time between

two SBC pulses equals t′r = 5 µs caused by delays from the control electronics.

The total duration spent on the SBC cycle is then expressed as

Ttotal = Tc +Nr · t′r. (4.8)

1Time spent on driving Raman RSB pulses
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Figure 4.4: Sequence for SBC. Sequence for SBC on a single 25Mg+ at an axial

trap frequency of 2.21MHz.

with

Nr =

⌈
αTc

tR2

⌉
+

⌈
(1− α)Tc

tR1

⌉
(4.9)

as the total number of repumping pulses and dxe = min{n ∈ Z, n ≥ x} as the
ceiling function.

To optimize SBC with respect to cooling time, we probe the population in

the motional ground state with the STIRAP sideband pulse for di�erent SBC

times Tc. Assuming a constant cooling rate W during the SBC cycle, the mean

occupation of the motional states decays exponentially (Stenholm, 1985) as

n̄(t) = n̄f(1− e−Wt) + n̄ie
−Wt (4.10)

where n̄i and n̄f is the initial and �nal mean occupation and W as the cooling

rate. Assuming a thermal distribution with mean occupation of n̄(t) after SBC

for a duration t, the population in the motional ground state can be expressed as

P0(t) =
1

1 + n̄f(1− e−Wt) + n̄ie−Wt

=
1

1 + n̄f + (n̄i − n̄f)e−t/T0
.

(4.11)
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A complete set of experimental data1 is �tted with this model function to deter-

mine the time constant T0 = 1/W for SBC as in Fig. 4.5d, where n̄i and n̄f are

common parameters. We investigate the dependence of the cooling time constant

T0 as a function of di�erent experimental parameters in the following section.

4.2.3 Optimization of experimental parameters

Using the procedure described in Sec. 4.2.2, we optimize the experimental param-

eters such as pulse length of the RSB pulses, the time scaling factor α and the

optical power of the 2P1/2 laser with and without this laser and RF applied during

the SBC pulses. A numerical simulation based on the optical Bloch equation is

provided in Appendix C.

Pulse length of RSB pulses Here we vary the pulse length of the 1st and

2nd order RSB pulses. For each parameter set, a scan of the SBC time Tc is

performed, which allows us to derive the corresponding cooling time constant.

In Fig. 4.5a and 4.5b, the experimentally determined cooling time constant T0 is

plotted against the pulse lengths used in the corresponding sequence. The optimal

pulse length for the RSB pulses lies around 10µs, which gives the smallest T0.

The optimal pulse length corresponds to the mean π-time of the dominating RSB

pulse for each trap level n weighted by the thermal occupation of the initial states.

The fact that a constnat pi-time is su�cient for e�cient cooling is a consequence

of the relatively small variation of the Rabi frequencies of the dominating RSB

pulse in the relevant range of motional levels as can be seen from Fig. 2.1.

For short pulses SBC is limited by the reduced transfer e�ciency due to the

mismatch of the pulse length to the π-time. More precisely, the mean excitation

rate decreases for short SBC pulses as illustrated in Fig. 4.5. Additionally the

acousto-optical modulators (AOMs) become less e�cient because of their limited

switching speed. This is considered in the numerical simulation (Appendix C)

by reducing the length of every individual pulse by 1µs. As the duration of each

single pulses gets longer, the additional decay channel induced by the RF and the

1One set of experimental data consist of a certain number of scans with only one parameter

changed in di�erent scans, e.g. pulse length of RSB pulses, time scaling factor α, etc.
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Figure 4.5: Dependence of the cooling time constants on experimental

parameters. (a): The cooling time constants are examined as a function of the

pulse lengths of the 2nd order RSB pulses with tR1 = 8µs and α = 0.5. (b):

The cooling time constant as a function of the pulse length of the 1st order RSB

with tR2 = 10µs and α = 0.5. (c) The cooling time constant as a function

of the time scaling factor with tR2 = 10µs and tR1 = 10µs. blue point/red

square: Experimentally determined cooling constants with the 2P1/2 laser and RF

repumper on/o� during the Raman cooling period. The 2P1/2 and RF repumper

together induces a decay rate of 42ms=1 from the |↑〉 state to the |↓〉 state.
blue solid line/red dashed line: Simulation curves with the 2P1/2 laser and RF

repumper on/o� during RSB pulses. (d): Residual motional excitation as a

function of the total cooling time Tc. The line is the �t to tht experimental data,

which gives the cooling constant T0.
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optical repumper allows scattering of more than one photon within one pulse so

that the scheme becomes quasi-continuous SBC.

Time scaling factor. The time scaling factor α in Eq. (4.9) scales the SBC

time Tc into the time spent on the 2nd RSB TR1 = αTc and on the 1st RSB

TR2 = (1 − α)Tc. Because of the dependence of the Rabi frequency on the

motional quantum number as in Fig. 2.1, the 2nd RSB pulses are more e�cient

to cool the population in the high trap levels at the starting stage of the SBC

cycle. For the low trap levels, the 1st RSB pulses become more e�cient, so that

an α that is too large also reduces the SBC e�ciency (Fig. 4.5c).

4.2.4 E�ect of repumping during Raman SBC

As mentioned in the previous section, repumping via the RF and the 2P1/2 laser

during the SBC cycle enables SBC even for long Raman pulse lengths. When

these repumpers are switched o� during the Raman SBC cycle, the current scheme

turns back into the pulsed SBC scheme. In this case, the cooling constant depends

strongly on the pulse length of the RSB pulses as indicated by the red points and

dashed lines in Fig. 4.5a and 4.5b, since the pulse lengths need to be optimized

to achieve an optimum cooling rate. Simultaneous application of the RF and

optical repumper with the Raman SBC pulses opens up a new decay channel for

the population in the |↑〉 state with adjustable decay rate. In the experiment,

this decay rate is adjusted to about 42ms=1 or a decay constant of about 24µs

to achieve the highest cooling rate. The e�ect of the repumpers is negligible and

the scheme becomes equivalent to pulsed SBC. For the long RSB pulses, the ion

in the |↑〉 state can decay through the new channel back to the |↓〉 state. The ion
can cycle between the |↓〉 and the |↑〉 state and therefore more than one phonon

can be removed within a single SBC pulse. The scheme thus becomes equivalent

to continuous SBC. This makes the scheme insensitive to the exact pulse length

of the RSB pulses and thus provides high stability against intensity/pointing

�uctuation of the Raman lasers.
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4.2 SBC of a single ion

4.2.5 Cooling results

The �nal n̄ after SBC is extracted from the red and blue sideband excitation.

Assuming that the ion stays in a thermal distribution after SBC, the ratio of

excitations on 1st red and blue sideband ful�lls the following relation (Turchette

et al., 2000b)

Q :=
ρrsb(t)

ρbsb(t)
=

n̄

1 + n̄
(4.12)

with ρrsb(t) and ρbsb(t) as the excitation on the 1st red and blue sideband at time

t. With the SBC sequence described in Sec. 4.2.2, we achieve

n̄ =
ρrsb

ρbsb − ρrsb
≈ 0.01(2) (4.13)

as shown in Fig. 4.6a-c after a cooling time of Tc = 500µs, where we subtracted

the background from the o�-resonant excitation of the Raman lasers to derive

the �nal n̄. The �nal n̄ speci�ed here is limited by the detection uncertainty.

Although the calculated n̄ reaches a level on the order of 0.01, the uncertainty of

the detection error, especially on the RSB, leads to an error on the same order

of magnitude for the �nal n̄. In our case, a quantum-projection noise limited

detection error (Itano et al., 1993) of around 0.02 is expected, which propagates

to an uncertainty of the �nal n̄ on the order of 0.02. Fig. 4.6d-e show stimulated

Raman Rabi oscillations on the carrier, RSB and BSB transitions. The decay

of the Rabi oscillations is dominated by o�-resonant coupling of the two Raman

lasers with the 2P3/2 states. This o�-resonant excitation rate for an ion initialized

in the |↓〉 (|↑〉) state has been determined by measuring the depumping rate to the

|↑〉 (|↓〉) state induced by Raman lasers detuned between the carrier and 1st BSB.

These measurements have veri�ed qualitatively that the o�-resonant excitations

from the |↓〉 and |↑〉 states set a boundary for the highest achievable contrast of

the Rabi oscillation (dashed orange and dashed black lines in Fig. 4.6). A larger

detuning of the lasers from the 2P3/2 state will improve the contrast of the Raman

Rabi oscillations.
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Figure 4.6: Sideband cooling of a single magnesium ion. (a-c) Frequency

scans of Raman transitions over 1st RSB (red), carrier (black) and 1st BSB (blue)

transitions after SBC of a single 25Mg+. (d) Raman Rabi �op on carrier (e)

Raman Rabi �ops on blue and red sideband after SBC performed on a single
25Mg+ ion. The dashed orange line indicates the boundary set by o�-resonant

excitation from the dark state and the dashed black line indicates the boundary

set by o�-resonant excitation from the bright state.

4.3 SBC of a two-ion crystal

The SBC scheme is also demonstrated for a two-ion crystal of 25Mg+ and 24MgH+.

Here we use the same laser con�guration as in Sec. 4.2.1, but with a modi�ed

pulse sequence. In contrast to cooling a single 25Mg+, we need to cool the in-
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4.3 SBC of a two-ion crystal

phase (ip) and the out-of-phase (op) modes along the axial direction with trap

frequencies ωip
T = 2π × 2.21 MHz and ωop

T = 2π × 3.85 MHz. The two Raman

lasers give e�ective Lamb-Dicke parameters of ηip = 0.21 and ηop = 0.16 on the
25Mg+ ion. With these Lamb-Dicke parameters, the e�ective Rabi frequencies

show no zero-crossings over the range of trap levels with signi�cant population

after Doppler cooling and therefore no higher order RSB pulses are necessary. An

interleaved pulse sequence for SBC employing only 1st order RSB on the ip and

the op mode is used as shown in Fig. 4.7. Depending on the time scaling factor

α, which in this case scales the total SBC time Tc into time spent for RSB on the

ip mode (1− α)Tc and time for RSB on the op mode αTc, we apply

Nip =

⌊
(1− α)Tc

tip

⌋
(4.14)

Nop =

⌊
αTc

top

⌋
(4.15)

full pulses on the ip and the op mode, respectively. Here tip, top are the pulse

lengths of the RSB pulses on the ip and the op mode. In the case Nip > Nop

(Nip < Nop) we start the SBC cycle with Nres = |Nip−Nop| pulses on the ip (op)

mode, followed by Nop (Nip) pulses on the ip and the op mode in an interleaved

fashion. At the end of the SBC sequence, short pulses are applied to compensate

the residual time. After every single SBC pulse, a repumping pulse with the

Raman σ-laser and 2P1/2 laser is applied to clear out the |↑〉 and |aux〉 states.
Similar optimization processes as for a single 25Mg+ are performed to reduce the

total duration of the SBC cycle.

Pulse length of 1st RSB on ip/op mode. The pulse length of the RSB

pulse on the ip (op) mode is optimized by setting the frequency of the STIRAP

pulse to be resonant with the 1st BSB of the ip (op) mode. This way we separate

with the STIRAP pulse the population in the motional ground state and the

higher motional states nip > 0 (nop > 0). The best cooling performance with

respect to cooling speed is observed with a pulse length of 15 µs (20 µs) for the

RSB on the ip (op) mode as shown in Fig. 4.8a. With a π-time of T (ip)
π ≈ 21µs

and T
(op)
π ≈ 26.5µs for the 1st RSB on the n = 1 state, the Rabi frequency
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Figure 4.7: Sequence for SBC on a two-ion crystal. Sequence for SBC on a

crystal of 25Mg+ and 24MgH+ at an axial trap frequency of ωip
T = 2π × 2.21 MHz

and ωop
T = 2π × 3.85 MHz for the in-phase and out-of-phase mode, respectively.

of the dominating RSB weighted by the thermal occupation of initial motional

distribution results in a mean π-time of 14µs and 25µs for the ip and op mode.

Time scaling factor. The time scaling factor in SBC sequence for cooling a

two-ion crystal divides the total cooling time Tc into the time spent on cooling

the ip mode and the op mode. Setting the frequency of the STIRAP pulse to be

resonant with the 1st BSB of the ip (op) mode, we determine the cooling constant

for SBC as a function of α (Fig. 4.8b). Although an α that is too small (large)

accelerates the cooling of the ip (op) mode, it demands a longer time for cooling

the opposite mode. The optimal value for the time scaling factor α ≈ 0.5 is

determined by the point where SBC of both the ip and op mode are achieved

with the shortest total duration of the SBC cycle.

Results. The �nal n̄ is determined from the red and blue sideband excitations

as described in Sec. 4.2.5. After SBC on the ip and the op mode along the axial

direction, we reach a n̄ of 0.06(3) for the ip mode and 0.03(3) for the op mode.

In conclusion, the SBC scheme developed here requires a shorter total duration

compared to an extension of the previously used scheme published in Hemmerling
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Figure 4.8: Dependence of the cooling time constant on experimental

parameters for SBC on a two-ion crystal. (a) The cooling time constant

as a function of the optimal pulse length of the Raman RSB pulses on ip (blue

circles) and op (red squares) mode. (b) The cooling constant as a function of the

optimal time scaling factor α.

et al., 2011 to two modes and a high stability against �uctuations of laser intensity

and thus simpli�es the optimization procedure in the experiment.

4.4 SBC at low trap frequency

In the last sections we demonstrated SBC at a single-25Mg+ axial trap frequency

of 2.21MHz. A lower axial trap frequency leads to a larger Lamb-Dicke parame-

ter, so that a stronger coupling between the internal and external states can be

achieved (Wan et al., 2014). At the same time the in�uence of motional heating

from electric �eld noise (Deslauriers et al., 2006) and o�-resonant excitation on

the carrier and BSB transitions become more signi�cant, and therefore e�cient

SBC can be challenging. We extend our SBC scheme to lower trap frequencies

and develop a guideline for the more general case.

At a trap frequency of 1MHz and a temperature of 1mK achieved with

Doppler cooling on a 25Mg+ ion, the accumulated population in trap levels

n > 120 amounts to less than 0.3% (Fig. 4.9a). At a trap frequency of 1MHz, the

Lamb-Dicke parameter is 0.45. The e�ective Rabi frequency for RSB transitions
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Figure 4.9: E�ective cooling rate at low trap frequency. (a) Distribution

over the motional levels at the trap frequency of ωT = 1 MHz and a temperature

of T = 1 mK corresponding to the Doppler cooling limit of 25Mg+ ion. Less than

0.3% of the population are in the trap levels n > 0. (b) At this trap frequency,

the Lamb-Dicke parameter is η = 0.45. E�ective Rabi frequencies at η = 0.45 for

di�erent RSB orders are shown as a function of the trap levels. For ions located in

higher trap levels, RSB pulses of higher orders β(n) are more e�cient for cooling.

depends on the trap levels and shows several zero crossings over the range of trap

levels with signi�cant population. Employing pulses on the 2nd order sideband

as in the scheme for a single 25Mg+ is no longer su�cient. Instead, we employ a

scheme which uses as many higher order sidebands as necessary. Although the

relative Rabi frequencies for the higher order sidebands are lower than for the

1st or 2nd order RSB for the population in low trap levels, they become stronger

than the 1st or 2nd order RSB for the population in high trap levels (Fig. 4.9b).

Moreover, pulses on the higher order sidebands can be more e�cient with respect

to the e�ective cooling rate as indicated in Eq. (4.5), since each absorbed photon

removes β(n) phonons from the mode (Fig. 4.9b). For simplicity, we split the

total cooling time Tc equally between all the sideband orders and apply to all of

them the same pulse length as shown in Fig. 4.10. Simultaneous to each RSB

pulse, the 2P1/2 laser and the RF are switched on to introduce the weak decay

channel. After each RSB pulse, a repumping pulse of the Raman σ-laser and the
2P1/2 laser is applied.
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Figure 4.10: Sequence for SBC at low trap frequency. Sequence for SBC

on a single 25Mg+ at low trap frequency. Higher order sidebands are applied for

e�cient cooling of population in high trap levels. For simplicity, the total SBC

time is split equally between all applied sideband orders and the pulse lengths of

di�erent sideband orders are chosen to be the same.

The optimal number of applied sideband orders is determined experimentally,

where we measure the cooling constant as a function of the applied sideband

orders (Fig. 4.11a). In the optimal sequence, we need to apply sideband pulses

up to the 8th order, which con�rms the prediction of Fig. 4.9b.

More generally, with known Lamb-Dicke parameter and motional distribution

after Doppler cooling, a corresponding SBC strategy can be used to achieve the

most e�cient cooling as illustrated in Fig. 4.11b. For a selected trap level and

a known Lamb-Dicke parameter, the sideband order with highest cooling rate

is plotted. With a Lamb-Dicke parameter of 0.45 and signi�cant population in

trap levels up to n = 120, RSB pulses up to the eighth order are necessary, in

agreement with the experimental �ndings.

4.5 Discussion

The SBC scheme developed here is not only applicable to the system with 25Mg+

as logic ion, but also other hyper�ne qubits such as 9Be+. A variation of the
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Figure 4.11: Determination of the maximum sideband order. (a) The

cooling constant as a function of applied sideband orders. The optimal number

for the sideband orders determined experimentally con�rms the prediction shown

in Fig. 4.9b. (b) RSB orders with highest e�ective cooling rate as a function of the

trap level and the Lamb-Dicke parameter. With known Lamb-Dicke parameter

and motional distribution a corresponding SBC sequence can be adopted.

scheme can be applied to other systems like 40Ca+, 24Mg+ in high magnetic �eld

or optically trapped neutral atoms. The developed scheme is robust against varia-

tions of the Rabi frequency and therefore provides high stability against intensity

and pointing �uctuations of the laser, which reduces signi�cantly the optimiza-

tion required for optimum cooling. In case of large Lamb-Dicke parameters or

high initial temperature, the discussed SBC scheme with higher orders of side-

bands is applicable. This is e.g. the case, when a high coupling strength between

the internal and external degrees of freedom is desirable such as in photon recoil

spectroscopy as described in Chapter 6 or only a limited trap frequencies are

achievable as for optically trapped neutral atoms.
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Chapter 5

Mass spectroscopy in the ion trap

In this chapter, we introduce a modulation technique to control the motional

degrees of freedom of the ions and discuss its application to mass spectroscopy.

In Sec. 5.1, we summarize di�erent techniques for the manipulation of the ions'

motion and their relation to mass spectroscopy. In Sec. 5.2, we introduce the

modulation technique, which implements a displacement operator for the motion

of the ions. The response of a single ion and an ion crystal to the modulation

pulse is discussed. The e�ect of o�-resonant modulation pulses is discussed in

Sec. 5.3. With the basic principle and features of motional excitation described

with single- and two-ion crystals initially cooled to the ground state in the pre-

vious sections, we apply the modulation technique to precise measurements of

the axial trap frequencies starting either with Doppler or sideband cooled ions in

Sec. 5.4 and 5.5, respectively. In the last section, we discuss possible applications

of the techniques.

5.1 Introduction

Resolved sideband cooling as described in the previous chapter provides a method

to prepare a single ion or an ion crystal in a fully characterized quantum mechan-

ical state corresponding to the ground state of the system |n = 0〉. Starting from
this state, one can prepare di�erent kinds of classical and non-classical states of

motion of the ions. Higher Fock states can be created by applying a sequence

of π-pulses on blue sideband (BSB), red sideband (RSB) and carrier transitions
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5. MASS SPECTROSCOPY IN THE ION TRAP

(Meekhof et al., 1996a). The �delity of the process is limited by the accumulated

transfer e�ciency of all single pulses. A coherent state of motion can be created

using an oscillating electric �eld or an oscillating optical dipole force (Meekhof

et al., 1996a). We will discuss the former method in the following sections in

some detail and the latter method in Sec. 7.4.3. A Schrödinger cat state has been

created using a state-dependent dipole force (Monroe et al., 1996), where two

motional wave packets in an internal-state superposition are displaced from the

center of phase space subsequently by an oscillating optical lattice. By changing

the phases of the two displacement pulses, the separation of the two wave pack-

ets can be controlled and the coherence of the two wave packets is veri�ed. A

vacuum squeezed state of motion has been demonstrated by applying an oscillat-

ing optical dipole force modulated at twice the trap frequency (Meekhof et al.,

1996a). Since the generation of di�erent motional states requires modulations at

the trap frequency or twice the trap frequency, we can use these motional states

as properties to infer the trap frequency.

The trap frequency itself depends on the parameters of the hardware generat-

ing the trap, like the endcap voltage, the RF power for the radial trap, the trap

drive frequency and the trap geometry (Berkeland et al., 1998), but also the mass

of the particles in the trap. For a two-ion crystal with mass ratio µ = mS/mL ≥ 1,

the axial trap frequencies of the in-phase (ip) and out-of-phase (op) mode equal

(Morigi et al., 2001; Wübbena et al., 2012)

ωγT = ωL
T

√
1 +

1

µ
∓
√

1 +
1

µ2
− 1

µ
, γ = ip, op , (5.1)

where ωL
T is the axial trap frequency for a single ion with massmL in the trap. The

mass ratio of the two ions can be extracted from the ratio of the trap frequencies

ωγT/ω
L
T. With the knowledge of the trap frequencies for the two di�erent modes,

no reference frequency is necessary to determine the mass ratio of the two ions. In

the following sections, we describe the techniques we developed to determine the

axial trap frequencies with a statistical uncertainty on the order of a few Hertz,

ultimately limited by the instability.
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5.2 Coherent state with uniform classical driving �eld

5.2 Coherent state with uniform classical driving

�eld

Consider a single ion initialized in the motional ground state with sideband cool-

ing (SBC) as described in Chapter 4. A coherent state of the ion's motion can

be generated with a spatially uniform classical drive �eld (Heinzen et al., 1990;

Meekhof et al., 1996a). The uniform electric �eld can be produced by applying

a modulation at frequency ωM on the two endcaps, which are 180◦ out of phase

with each other. This leads to a periodically modulated electric force on the ion

F = qEẑ, or equivalently, an additional potential V = −qE0z cos(ωMt−φ) along

the axial direction, where q is the charge of the ion, E0 and φ are the ampli-

tude and phase of the modulation �eld E. The interaction Hamiltonian in the

interaction picture of motion reads

Ĥint = −qE0z0(âe−iωTt + â†eiωTt) cos(ωMt− φ)

≈ −qE0z0

[
âei(δωt−φ) + â†e−i(δωt−φ)

]
,

(5.2)

where in the second step the rotating wave approximation (RWA) is applied

and δω = ωM − ωT is the detuning of the modulation frequency from the axial

trap frequency. For the resonant case δω = 0 the Hamiltonian becomes time-

independent and the system evolves according to the propagation operator

Û(t) = exp

[
− i
~
Ĥintt

]
= exp

[
i

~
qE0z0

(
âe−iφ + â†eiφ

)
t

]
= D̂(Ωdt)

(5.3)

where

D̂(α) = exp
(
αâ† − α∗â

)
(5.4)

is the displacement operator (Glauber, 1963) and

Ωd = i/~ · qE0z0e
iφ (5.5)

is the displacement strength. After an excitation time t, the ion will be displaced

to a coherent state

|α〉 = D̂(Ωdt) |0〉 = |Ωdt〉 . (5.6)
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5.2.1 Coherent drive on a single Magnesium ion

Following Meekhof et al. (1996a), we verify that the generated state is indeed

a coherent state by driving Rabi oscillations between the two electronic states

of the ion. For this purpose, we load a single 25Mg+ ion in the trap and cool

the axial mode to the ground state with Doppler cooling and pulsed SBC as

described in (Hemmerling et al., 2011). In this way, we initialize the ion to the
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Figure 5.1: Rabi oscillation of a coherent state. (a) Rabi oscillation between

the |↑〉 and |↓〉 states of the 25Mg+ ion driven by the Raman lasers. The ion is

prepared in the motional ground state using pulsed SBC. A single modulation

pulse displaces the ion to a coherent state. The motional distribution after the

modulation pulse is probed with Raman spectroscopy. A displacement of α =

1.03(3) is derived from the �t (green line) to the experimental data. For a coherent

state with |α = 3〉, the Rabi oscillation (red line) decays so fast, that the �tting

procedure can not be applied to derive the displacement α of the corresponding

state. (b) The motional distribution for the coherent state |α = 1.03〉 in the basis

of Fock states.
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state |↓, n = 0〉. An electric modulation at a frequency around the axial trap

frequency ωM ≈ ωT is applied additionally to the 2000 V on the two endcaps

for a duration of t = 5µs and at a power level of =25 dBm1. The motional

distribution of the ion after the modulation is probed with the Raman lasers.

Fig. 5.1a shows the Rabi oscillation on the carrier transition between the |↑〉 and
|↓〉 states of the 25Mg+ ion after applying the displacement. We observe collapse

and revival, which is characteristic for a coherent state. The displacement of the

ion is determined to be |α| = 1.03(3) with the corresponding distribution

Pα(n) =
|α|2ne−|α|2

n!
(5.7)

shown in Fig. 5.1b. The parameter |α| is extracted from a �t of the experimental

data to the model function (Meekhof et al., 1996a; Meekhof et al., 1996b)

P↑ =
1

2

[
1−

∑
n=0

Pα(n) cos (Ωn,nτ) e−γnτ

]
(5.8)

with only α as the �t parameter and τ as the probe time. The e�ective Rabi

frequency Ω0,0 and the decoherence rate γ0 for the ground state are derived from

the Rabi oscillation of the Fock state |n = 0〉 in an independent measurement.

For higher trap levels, we calculate the e�ective Rabi frequencies according to

Eq. (2.15). The decoherence rates γn describing the decay of the Rabi oscillations

are set to be the same for all the trap levels, since the decoherence is, in our case,

mainly caused by the o�-resonant excitation of the Raman lasers as described in

Sec. 4.2.5.

5.2.2 Calibration of modulation strength

The procedure described in the last section can be used to calibrate the amplitude

of coherent states with small |α| (Turchette et al., 2000a). In case of strong

modulation, where the ion is displaced to a coherent state with large |α|, the Rabi
1The necessary power level to generate a certain coherent state depends on the electronic

circuits before the trap and the trap geometry. The absolute power level is therefore speci�c for

our trap, but the scaling between the applied power P, the peak modulation voltage V0 on the

endcap and the amplitude E0 of the oscillating electric �eld is �xed, namely
√
P ∝ V0 ∝ E0.

47



5. MASS SPECTROSCOPY IN THE ION TRAP

Electric field amplitude (a.u.)

|α
|

 

 
a

0 0.02 0.04 0.06
0

2

4

6

8

10

|α|

P
op

u
la
ti
on

in
|↑

〉

b

0 5 10 15 20
0

0.2

0.4

0.6

0.8

1

a1 a2

da

df

x

y

Figure 5.2: Calibration of electric drive. (a) Calibration of coherent drive for

a single 25Mg+ (blue) and a two-ion crystal of 25Mg+ and 40Ca+ (red). The ampli-

tude of a single displacement |α| = |α1| = |α2| is calibrated using two modulation

pulses with durations of 5µs each, where the �rst pulse displaces the ion/ions out

of the ground state by |α1|, while the second pulse with displacement amplitude

|α2| moves the ion/ions close to the origin of phase space. The amplitude of a

single displacement is determined from the residual displacement and the phase

di�erence between the two pulses. The amplitude of the modulation depends as

expected on the amplitude of the oscillating electric �eld. (b) Displacement with

two pulses out of phase demonstrated on a single 25Mg+ ion. After two modu-

lation pulses with exactly the opposite phase, the ion initialized in the motional

ground state is displaced out of and afterwards back to the origin of phase space.

A Raman RSB pulse after the modulation can not transfer the population from

|↓〉 to |↑〉 state.

oscillation decays so fast that one can not extract enough information about the

motional states. As shown in Fig. 5.1a, the Rabi oscillation of a coherent state

with |α| = 3 is damped completely after one oscillation period. In order to

calibrate the amplitude of coherent states with large amplitudes, we apply two

subsequent modulation pulses on the two endcaps with the same amplitude and

duration, but di�erent phases. The e�ect of the two modulation pulses is additive
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up to a phase factor (Leibfried et al., 2003a; Gerry et al., 2004)

D̂(α2)D̂(α1) |0〉
= ei Im(α2α∗1)D̂(α2 + α1) |0〉
= ei Im(α2α∗1) |α2 + α1〉 ,

(5.9)

and the ion is displaced to the coherent state |α2 + α1〉 after the two pulses. If

the two modulation pulses have exactly the opposite phase α2 = −α1, the ion is

displaced back to the origin and a Raman RSB pulse can not cause any population

transfer as depicted in Fig. 5.2b. If their phase di�erence φ2−φ1 is slightly away

from π, a residual displacement |δα| = |α2 + α1| is present. We adjust the phase

di�erence1δφ := φ2 − φ1 − π of the two pulses in such a way, that the amplitude

of the residual displacement |δα| equals approximately 1 and extract the residual

displacement δα from the Rabi oscillation. The absolute amplitude |α| = |α1| =
|α2| of the two displacements is derived from the residual displacement δα and

the phase di�erence δφ of the two modulation pulses according to

|α| = |δα|/2
sin (δφ/2)

(5.10)

as illustrated in the inset of Fig. 5.2a. We calibrate the displacement α of a single

pulse as a function of the amplitude of the modulating electric �eld, which shows

a linear dependence as predicted in Eq. (5.5) with a slope proportional to

k ∝
∣∣∣∣q · z0t

~

∣∣∣∣ . (5.11)

5.2.3 Coherent drive on a two-ion crystal

In case of a two-ion crystal, the oscillating electric �eld exerts periodically mod-

ulated forces

F =

(
qE0

qE0

)
cos(ωMt− φ) (5.12)

on both ions with the jth component of the vector F indicating the force on the

jth ion along the z-direction. Following the argumentation in Appendix B, in the

1The phase di�erence δφ is de�ned relative to a phase π.
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normal mode picture it is equivalent to consider each mode γ as an independent

harmonic oscillator with a virtual mass m =
∑

jmj. We apply a force

F̃γ(t) =
∑
j

βγj Fj(t) =

(∑
j

βγj qE0

)
cos (ωMt− φ) (5.13)

on each of the modes γ. The transformation matrix βγj converts the coordinates

from the normal mode frame into the laboratory frame, while the virtual mass

m depends on the normalization of βγj and de�nes the size of the wave packet

in the motional ground state zγ0 =
√

~/2mωγT. The e�ect of the force on the ip

mode of the ion crystal is a displacement operator D̂(Ωip
d t) with the displacement

strength

Ωip
d = i/~ ·

(∑
j

βip
j qE0

)
zip

0 e
iφ . (5.14)

We demonstrate the modulation technique on a two-ion crystal consisting of
25Mg+ and 40Ca+. After Doppler cooling and pulsed SBC, a short modulation

pulse at around the trap frequency of the ip mode ωM = ωip
T is applied. The

displacement |α| is measured with Rabi oscillations as a function of the ampli-

tude E0 of the modulating electric �eld. As expected, the displacement grows

linearly with the modulation strength E0 as depicted in Fig. 5.2a. The slope is

proportional to

kip ∝
∣∣∣∣∣
(∑

j

βip
j q

)
zip

0 t

~

∣∣∣∣∣ . (5.15)

The ratio of the two slopes determined from the experiments equals kip/k =

1.38(16) in agreement with the theoretical prediction of 1.29.

The displacement strength for the op mode is similarly given by

Ωop
d = i/~ ·

(∑
j

βop
j qE0

)
zop

0 e
iφ . (5.16)

Since the two ions oscillate in this case exactly out of phase but with di�erent

amplitudes, the e�ects of the oscillating electric �eld on the two ions are cancelled

to some extent. Mathematically the components βop
j of the transformation matrix

have di�erent signs. For the two-ion crystal 25Mg+ and 40Ca+ at the axial trap
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5.3 Non-resonant modulation pulses

frequencies of 1.92MHz and 3.50MHz for the ip and op mode, respectively, the

displacement strength of the ip mode is by a factor of Ωip
d /Ω

op
d ≈ 3.8 larger

than the displacement strength of the op mode. The power of the modulation

pulse needs to be increased by more than 10 dB to create the same magnitude of

displacement.

5.3 Non-resonant modulation pulses

Consider a single ion in the trap initialized in a motional state described by the

density matrix ρi. A modulation pulse with duration t at the frequency ωM that

di�ers from the axial trap frequency ωT results in a time-dependent interaction

Hamiltonian. We can split the total modulation duration into an in�nite number

of short intervals [τ , τ + dτ) and consider the interaction Hamiltonian inside each

interval as time-independent. Inside each interval, the modulation pulse leads to a

displacement D̂(dα) and the total e�ect of the modulation pulse after repeatedly

invoking Eq. (5.9) becomes (Leibfried et al., 2003a)

D̂total = D̂

(∫ t

0

dα

dτ
dτ

)
eiΦ , (5.17)

with

Φ = Im

[∫ t

0

dα

dτ
α∗(τ) dτ

]
. (5.18)

At a �xed modulation frequency ωM, the total displacement and its amplitude

simplify to

α(δω, t) =

∫ t

0

Ωde
−iδωτ dτ = Ωdt ·

i [exp(−iδωt)− 1]

δωt
, (5.19)

|α(δω, t)| =
∣∣∣∣Ωdt · sinc

(
δωt

2

)∣∣∣∣ , (5.20)

where sinc(x) = sin(x)/x is the sinc-function. Eq. (5.19) expresses the displace-

ments as a function of the detuning δω = ωM − ωT and the modulation duration

t. At a non-zero detuning, Eq. (5.19) is the parametric form of a circle on the

complex plane with the center at −iΩd/δω and the radius |Ωd/δω|. After a mod-

ulation duration t2π = 2π/δω, the ion is displaced back to the origin of phase
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Figure 5.3: Frequency dependent displacement. With a single 25Mg+ ion

initialized in the state |↓, n = 0〉, the modulation pulse with a duration of 5µs

generates a frequency dependent displacement. On resonance ωM = ωT, the ion

is displaced to a coherent state |α ≈ 2.2〉. At the detunings δω = ±200 kHz, the

ion runs through a circle in phase space and returns back to the origin at the

end of the modulation pulse. The motional excitation from the modulation pulse

is detected with a STIRAP pulse on the RSB, which transfers the motionally

excited population from the |↓〉 to |↑〉 state.

space. For a �xed modulation duration, the frequency dependent displacement is

given by Eq. (5.20).

In Fig. 5.3, we demonstrate the frequency dependent displacement on a single
25Mg+ ion. The 25Mg+ ion is initialized in the state |↓, n = 0〉 with Doppler

cooling followed by SBC. We apply the modulation pulse for a duration of t = 5µs

at a power level of =20 dBm. On resonance, the modulation pulse displaces

the ion to a coherent state |α ≈ 2.2〉. We detect the motional excitation with a

stimulated Raman adiabatic passage (STIRAP) pulse, which transfers the excited

population

Pexc = 1− exp
[
−|α(δω, t)|2

]
(5.21)

from the |↓〉 to |↑〉 state. As we scan the modulation frequency over the axial

trap frequency, the motional excitation reaches the maximum at the axial trap

frequency and disappears at the detunings |δω| = n ·2π/t with n being an integer
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5.4 Laser �uorescence mass spectroscopy

number. For a pulse duration of 5µs, the �rst excitation minima appear at the

detunings ±200 kHz as illustrated in Fig. 5.3. At those detunings, the ion runs

through a circle in phase space and is displaced back to the origin after the

duration of the modulation pulse.

A single modulation pulse together with the STIRAP detection technique

provides a high resolution method to determine the axial trap frequency. The

linewidth of the resonance curve is fundamentally limited by the modulation du-

ration t. With a modulation duration of 5µs and a modulation strength below

saturation, the resonance in Fig. 5.3 has a linewidth of ∼ 200 kHz. Increasing

the modulation duration by a factor 100 will reduce the linewidth by the same

amount. At the same time, it's necessary to reduce the modulation power by

104, or equivalently 40 dB, to avoid saturation of the motional excitation. In

fact, the sideband cooled ion together with the STIRAP detection technique is

an extremely sensitive method to detect modulations/noise at the trap frequen-

cies. We observe on the measured spectrum in Fig. 5.3 already a �at top, which

corresponds to a complete depletion of the ion out of the motional ground state.

In the next section, we apply the modulation technique to Doppler-cooled ions

and infer the in�uence of the modulation pulses directly from the �uorescence of

the ion.

5.4 Laser �uorescence mass spectroscopy

One of the techniques often used to identify the mass of the ions in the trap is laser

�uorescence mass spectroscopy (LFMS). The technique has �rst been applied in

Penning traps to indirect measurements of the proton-to-electron mass ratio and

the electron gJ factor of the 9Be+ ion (Wineland et al., 1983) and later on in

RF traps with the purpose of identi�cation of molecular ions (Baba et al., 1996;

Drewsen et al., 2004). The basic idea of the technique is to excite the ions'

motion by an external oscillating �eld around the trap frequency. After heating

the ions by such a modulation pulse, the optical transition of the ions is Doppler

broadened, resulting in a reduction of the �uorescence scattering induced by a

slightly red-detuned or resonant detection laser. It is worth mentioning here that,

with the detection laser several linewidths red-detuned with respect to the atomic
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5. MASS SPECTROSCOPY IN THE ION TRAP

transition, the electric modulation can also give rise to an increase in �uorescence

rate (Je�erts et al., 1995).

A simple model can be established to describe the line pro�le of LFMS.

Consider a single ion initialized in a thermal distribution ρth achieved with e.g.

Doppler cooling, which can be expressed in the Glauber-Sudarshan P -representation

(Gerry et al., 2004) as

ρth =

∫
Pth(β) |β〉 〈β| d2β (5.22)

with

Pth(β) =
1

πn̄
e−|β|

2/n̄. (5.23)

The external modulation exerted on the ion applies a displacement D̂(α) in phase

space and leads to a �nal density matrix

ρf = D̂(α)ρthD̂
†(α)

=

∫
Pth(β)D̂(α) |β〉 〈β| D̂†(α) d2β

=

∫
Pth(β)eiIm(αβ∗) |β + α〉 〈β + α| e−iIm(αβ∗) d2β

=

∫
Pth(β − α) |β〉 〈β| d2β .

(5.24)

The e�ect of the external modulation pulse is therefore displacing the whole

distribution function Pth(β) in phase space by α = |α| exp (iφα) with φα as the

phase of the displacement. The displaced thermal state described by the P -

distribution Pth(β − α) has the same momentum as the coherent state |α〉

〈p̂〉 =

√
~mωT

2
· 2|α| · sinφα . (5.25)

In the laboratory frame, the ion oscillates in the trap at a velocity

v(τ) =
1

m
·
√

~mωT

2
· 2|α| · sin(ωTτ + φα)

= v0 sin(ωTτ + φα)

(5.26)

with v0 as the maximum velocity during the oscillation in the trap. If we probe

the optical transition of the ion with resonant light after the modulation, the
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5.4 Laser �uorescence mass spectroscopy

transition frequency is Doppler shifted depending on the velocity of the ion and

the scattering rate is modi�ed to

Γsc =
Γ

2

s

1 + s+ [2kv(τ)/Γ]2
, (5.27)

where s is the saturation parameter and Γ the scattering rate of the probed

transition. For detection pulses much longer than the oscillation period T =

2π/ωT of the ion in the trap, the detected �uorescence rate is an average over

many oscillation periods during which the velocity of the ion varies according to

Eq. (5.26)

Γsc =
1

T

∫ T

0

Γ

2

s

1 + s+ [2kv(τ)/Γ]2
dτ

=
Γ

2

s√
[1 + s2]

[
1 + s2 + (2kv0/Γ)2]

=
Γ

2

s

1 + s2

1√
1 + [b sinc(δωt/2)]2

,

(5.28)

where the coe�cient b takes the form

b =
4k

Γ
√

1 + s2

√
~ωT

2m
· Ωdt . (5.29)

We demonstrate the technique of LFMS on a single 25Mg+ ion. The experi-

ment starts from a Doppler cooled ion, which has a n̄ of about 16(5) (Hemmerling,

2011). After Doppler cooling, an electric modulation pulse with a duration t is

applied on the two endcaps to excite the ion's motion. The resonant detection

laser at 280 nm probes the |↓〉 ↔
∣∣2P3/2, F = 4,mF = 4

〉
transition of the 25Mg+

ion for a duration of 8µs. As we scan the frequency of the modulation pulse

over the axial trap frequency, the �uorescence rate from the probed transition

shows the resonance curve depicted in Fig. 5.4. In the experiment, we apply the

modulation pulse for 1000µs at a power level of =27 dBm, which corresponds to

a displacement of about α ≈ 200 at the resonance ωM = ωT, extrapolated from

the calibration line (see Fig. 5.2). With such a high displacement amplitude, the

ion oscillates in the trap with a maximum speed v0 ≈ 50 m/s and an oscillation

amplitude of 4µm. The Doppler shift at maximum speed equals 130MHz. On
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Figure 5.4: Laser �uorescence mass spectroscopy. After Doppler cooling,

a single 25Mg+ ion is modulated for a duration of 1000µs at a power level of

=27 dBm. After the modulation, the cycling transition of the 25Mg+ ion is probed

with a resonant laser for a duration of 8µs (blue points). At the resonant modu-

lation frequency ωM = ωT, the ion is excited to high motional states. The optical

transition becomes Doppler broadened and the scattering rate drops. The green

line is the �t of the theoretical model to the experimental data using Eq. (5.28).

the camera, the ion smears out along the axial direction (Drewsen et al., 2004)

while the ion shows stronger �uorescence at the turning points and weaker �u-

orescence at the center. The experimental data is �tted with Eq. (5.28) The

linewidth of the resonance is limited by the modulation duration t. With a pulse

duration of 1ms, the linewidth of the spectrum is about 1 kHz. In this way, we

determine the axial trap frequency for a single 25Mg+ in the trap from the �t with

an uncertainty of 6 Hz, which only includes the statistical error. The day-to-day

variations of the endcap voltage, RF power and thermal e�ects from the ovens,

which are slightly changing the geometry of the trap electrodes, will lead to a

variation of the measured value of up to 1 kHz.

In Sec. 6.4.3 and 7.5.1, we used the technique of LFMS to identify the com-

ponents of the ion crystal in the trap before proceeding with quantum logic spec-

troscopy on the atomic and molecular ions.
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5.5 Ramsey sequence

5.5 Ramsey sequence

The technique of LFMS allows us to determine the axial trap frequency with a

linewidth determined by the spectroscopy duration t. With a typical spectroscopy

time of t = 1 ms, a linewidth on the order 1 kHz is attainable. A higher resolution

can be achieved using a Ramsey sequence based on the coherent excitation of

a sideband cooled ion crystal and subsequent detection using a STIRAP pulse

on the 1st RSB as described in Sec. 5.3. This results in a smaller linewidth

of the resonance curve for the axial trap frequency, and thus a higher sensitivity

compared to LFMS for the same probe time. A saturation of motional excitation,

which appears by detecting the depletion of the motional ground state using a

STIRAP pulse as described in Sec. 5.3, is also avoided in the Ramsey sequence.

At the beginning of the sequence, the ion is initialized to the motional ground

state. The Ramsey sequence consists of a displacement pulse, a waiting pe-

riod with duration T and a second displacement pulse. The �rst displacement

pulse moves the ion out of the origin to a coherent state |α(δω, t)〉 according
to Eq. (5.19). The waiting time T together with the second modulation pulse

imposes a displacement on the ion with a varying phase. The two displacement

pulses have the same duration t and are at the same strength, so that the residual

displacement equals

δα = α(δω, t) + α(δω, t)ei(φ2−φ1−δω T ) (5.30)

The ion can be displaced back to the origin of phase space under the condition

φ2 − φ1 − δω T = π , (5.31)

which also depends on the detuning of the modulation pulses δω and the wait-

ing time T . Choosing the phase di�erence of the two modulation pulses to be

φ2 − φ1 = π, the minimal motional excitation will appear on resonance δω = 0,

independent of the waiting time T . The amplitude of the residual displacement

simpli�es to

|δα| = 2

∣∣∣∣Ωd sin

(
δω T

2

)
sinc

(
δω t

2

)
t

∣∣∣∣ . (5.32)

The pulse sequence with two displacement pulses has the advantage over a single

displacement pulse, that the motional excitation can be kept small, so that a
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Figure 5.5: Mass spectroscopy using Ramsey sequence. (a) In a Ramsey

sequence, the ion is displaced back to the motional ground state at an appropriate

phase, which depends on the detuning δω of the modulation pulses and the waiting

time T . This compensating phase is a linear function of the waiting time T and

the slope gives the detuning of the modulation pulses from the trap frequency.

(b) Frequency scan of the coherent drive frequency ωM around the axial trap

frequency ωT in a Ramsey sequence with a waiting time of T = 1000µs. The

modulation pulses have a duration of 20µs and are at a power level of =20 dBm.

A single modulation pulse generates on resonance a displacement |α| = 8.7. The

linewidth of the resonance curve is determined by the waiting time T and the

amplitude of a single displacement |Ωdt|.

saturation of the motion as observed while detecting with a STIRAP pulse can

be avoided without reducing the amplitude |α|. The signal extracted from the

STIRAP detection pulse equals

Pexc = 1− exp
(
−|δα|2

)
. (5.33)

We demonstrate the Ramsey sequence on a single 25Mg+ ion initialized in

the electronic state |↓〉 and the motional ground state |n = 0〉 with SBC. The two

modulation pulses generate a residual displacement δα and we detect the motional

excitation with the STIRAP pulse. With the detuning δω approximately at zero,

we determine the phase of minimal excitation as a function of the waiting time
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as depicted in Fig. 5.5a, which show a linear dependence with an o�set π as

predicted in Eq. (5.31). The slope of the line gives the deviation of the modulation

frequency from the axial trap frequency. After �xing the phase di�erence of

the two modulation pulses to π, we scan the modulation frequency ωM over the

axial trap frequency ωT with a modulation duration t = 20µs and a modulation

strength of =20 dBm. A single modulation pulse induces a displacement of |α| ≈
8.7 on resonance. The linewidth of the spectrum

∆ωFWHM ≈ 2π ×
√

ln 2

π
· 1

Ωdt
· 1

T
(5.34)

is in this case not only determined by the waiting period T , but also the amplitude

of a single displacement Ωdt. With a displacement of Ωdt ≈ 8.7 from the single

modulation pulse and a waiting time T = 1000µs, we achieve a linewidth on the

order of 40Hz with a corresponding statistical uncertainty of 0.6Hz as shown in

Fig. 5.5. A similar technique has been developed independently in the context of

mass spectroscopy of the electron in Penning traps (Sturm et al., 2014).

5.6 Discussion

With a statistical uncertainty down to 1Hz, the modulation techniques can be

used to distinguish the components of an ion crystal. In the isotope shift mea-

surement using photon recoil spectroscopy (Gebert et al., 2014a), a single 25Mg+

is trapped together with di�erent isotopes of Ca+ ions. The di�erent isotopes

with mass numbers 40, 42, 44 and 48 have axial trap frequencies that di�er on

the order of 30 kHz and are clearly distinguishable using LFMS. A similar task

appears in Sec. 7.5.1, where identi�cation of the ion crystal consisting of 25Mg+

and 24MgH+ is necessary.

Besides the frequency di�erence introduced by the mass, the presence of a

permanent dipole moment in the molecular ion will in�uence the trap frequency.

A molecular ion with a permanent dipole moment p experiences in addition to

the con�nement from the trap and the Coulomb interaction between the ions,

two additional terms:
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• Coupling of the permanent dipole moment to the electric �eld

Vdipole = −pz · Ez(zi) = −pz ·
(
−u0

e
zi

)
, (5.35)

where pz is the projection of the dipole moment along the axial direction,

u0 is the spring constant of the trap, zi as the position of the molecular ion

and e is the elementary charge. This term has a linear dependence on the

position zi of the molecular ion. Therefore it only changes the equilibrium

position of the ion crystal, but does not in�uence the trap frequency (Morigi

et al., 2001).

• Ion-dipole interaction

Vion−dipole = −
∑
j 6=i

1

4πε0

pz · e
|zi − zj|2

, (5.36)

where zj are the positions of the ions.

In our case with an axial trap frequency of ωT = 2π×2.21 MHz for a single 25Mg+

ion, the spring constant equals u0 = mω2
T ≈ 7.8× 10−12 kg/s2 and the two ions

are separated by Morigi et al., 2001

d =

(
2e2

4πε0u0

)1/3

≈ 3.9µm . (5.37)

For 24MgH+ in the electronic ground state with a permanent dipole moment

on the order of 3Debye (Aymar et al., 2009). In this scenario, the ion-dipole

interaction is 5 orders of magnitude smaller than the ion-ion interaction. By

comparing the axial trap frequency of a single 25Mg+ with the axial trap frequency

of the ion crystal 25Mg+ and 24MgH+, the in�uence of the permanent dipole

moment on the axial trap frequency could be detected with the Ramsey sequence

described above, which allows to determine the axial trap frequency with a relative

uncertainty of 3 · 10−7.

In contrast to mass ratio measurements, absolute mass measurements would

require precise calibration of the trap potentials. For any of the techniques de-

scribed above for precision mass ratio measurements, a detailed investigation of

systematic e�ects beyond the scope of this thesis is required.
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Chapter 6

Photon recoil spectroscopy

In this chapter, we demonstrate photon recoil spectroscopy (PRS) on the 2S1/2 ↔
2P1/2 transition of the 40Ca+ ion. In Sec. 6.1, we discuss di�erent techniques

for laser spectroscopy. We introduce the technique of PRS as an extension of

quantum logic spectroscopy in Sec. 6.2 and develop theoretical models explaining

PRS in Sec. 6.3. We provide an illustrative picture and a full master equation

simulation for the experiment. The latter allows us to estimate a systematic

frequency shift inherent to the technique. The experimental setup is described

in Sec. 6.4. In Sec. 6.5, the experimental results of PRS are presented and the

in�uence of systematic e�ects are evaluated in Sec. 6.6. In the last section, we

discuss possible applications of the technique. Parts of this chapter have been

published in Wan et al. (2014).

6.1 Introduction

Laser spectroscopy is one of the most powerful tools to investigate the internal

structure of atoms, molecules and nuclei. Through comparison with astrophysical

data, precision laboratory data of the atomic and molecular level structure allows

to probe for a possible variation of fundamental constants, like the �ne structure

constant α (Webb et al., 2011) or the proton-to-electron mass ratio β = mp/me

(Reinhold et al., 2006; Flambaum et al., 2007; Murphy et al., 2008). Isotope

shift measurements allow to determine the in�uence of the nuclei on the atomic

transition frequencies and gives insight into the details of the nuclear structure
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(Nörtershäuser et al., 1998a; Nakamura et al., 2006; Takamine et al., 2009; Lee

et al., 2013; Blaum et al., 2013). Combined with the technique of laser cooling,

trapped ions are the ideal candidates for precision laser spectroscopy. Laser-

cooled ions stored in a �eld-free environment are not subject to Doppler shift and

systematic shifts caused by external �elds can be reduced at a minimum. Provided

a narrow spectroscopy transition, the electron shelving technique promises a SNR

limited by the quantum projection noise (QPN). Using such systems, optical

clocks with record inaccuracies have been realized with e.g. a single trapped

Hg+ ion (Rosenband et al., 2008), 171Yb+ (Huntemann et al., 2012) and 88Sr+

ion (Madej et al., 2012). These realizations require that the target species has a

narrow spectroscopy transition and appropriate transitions, which allow for laser

cooling, state preparation and state detection. The quantum logic technique

(Schmidt et al., 2005) extends laser spectroscopy to atomic and molecular species

(Rosenband et al., 2008; Chou et al., 2010), to which direct laser cooling is

not applicable. The spectroscopy ion is sympathetically cooled by a co-trapped

logic ion, on which laser cooling, coherent manipulation, and state detection are

performed.

In comparison, spectroscopy on transitions with short-lived excited states is

typically implemented via detection of scattered photons in laser induced �uo-

rescence (LIF) (Drullinger et al., 1980; Herrmann et al., 2009; Batteiger et al.,

2009) or detection of absorbed photons in laser absorption spectroscopy (LAS)

(Wineland et al., 1987a). Both methods cannot reach the fundamental quantum

projection noise limit due to small photon collection e�ciency in the former case

and small atom-light-coupling e�ciency in the latter case.

Instead of direct detection of scattered or absorbed photons, the ions' motional

degrees of freedom can be used as the logic channel to transfer the spectroscopy

signal to the logic ion. The transfer is based on the coupling of the internal and

external degrees of freedom during absorption/emission of laser light. Photon

recoil in�uences the ions' motion due to absorption or emission of photons. This

e�ect has been used to macroscopically heat a Doppler-cooled two-ion crystal us-

ing a resonant spectroscopy laser and detect this motional heating on the logic ion

via a reduction of the �uorescent rate (Clark et al., 2010). This technique, sym-

pathetic heating spectroscopy, allows to detect the heating from less than 1500
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scattered photons, which is below the typical �uorescent detection limit. Similar

to a driven harmonic oscillator, the ions' motion can be e�ciently excited by ap-

plying short spectroscopy pulses synchronous with the secular frequency (Drewsen

et al., 2004). The seeded motion of a single Doppler-cooled ion from around 150

photons has been measured by Doppler velocimetry (Biercuk et al., 2010) after a

motional ampli�cation scheme (Lin et al., 2013b). The highest photon sensitivity

has been achieved using an interferometric sequence on a Schrödinger cat state of

motion (Hempel et al., 2013), where a single scattered photon was detected with

a signal-to-noise ratio (SNR) of around 0.34.

In this chapter, we demonstrate a method for performing precision laser spec-

troscopy on broad transitions. As an extension of the quantum logic spectroscopy,

photon recoil spectroscopy (PRS) uses a common mode of the two-ion crystal to

transfer the spectroscopic information from the spectroscopy ion to the logic ion.

Sympathetic cooling extends the applicability of the technique to a broad range

of atomic and molecular species, while e�cient state detection on the logic ion

using the electron shelving technique promises a QPN limited SNR.

6.2 Principle & implementation

The principle of photon recoil spectroscopy (PRS) is illustrated in Fig. 6.1. A

single spectroscopy ion is trapped together with a single logic ion in the linear

Paul trap. At the beginning of the sequence, the two-ion crystal is prepared

in the ground state of the axial modes using resolved sideband cooling (SBC)

(Fig. 6.1a). During absorption of photons from the spectroscopy laser, the ions'

motion becomes excited due to photon recoil (Fig. 6.1b). E�cient excitation of

motion is achieved via synchronous application of the spectroscopy laser with

the oscillation of a chosen normal mode (spectroscopy mode). This motional ex-

citation is shared by both ions because of the strong Coulomb interaction and

converted into an internal excitation of the logic ion via a stimulated Raman adia-

batic passage (STIRAP) pulse on the red sideband (Fig. 6.1c). The spectroscopy

signal is obtained from a detection pulse, which determines the internal state of

the logic ion using the electron-shelving technique (Fig. 6.1d).
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Figure 6.1: Principle of photon recoil spectroscopy. Photon recoil spec-

troscopy is performed on a single spectroscopy ion co-trapped with a laser-cooled

logic ion. A single experimental cycle is split into four di�erent periods with the

typical timescales for the experimental implementation shown in the bottom part

of the �gure. The excitation of the internal and external degrees of freedom in

each period is shown in the top part of the �gure while the Wigner representation

of the spectroscopy mode in phase space is depicted in the center part. (a) The

two-ion crystal is initialized to the motional ground state via sideband cooling

(SBC) on the logic ion. (b) Spectroscopy ion absorbs photons from the pulsed

spectroscopy laser and the common motion of the two-ion crystal becomes ex-

cited due to photon recoil. Due to synchronous application of the spectroscopy

laser with the oscillation of the spectroscopy mode, the motional displacements

from the subsequent absorption events are additive and the motional distribution

is displaced out of the origin of phase space. (c) The population in the excited

Fock states |n > 0〉 indicated by the red moon-shaped disc are distinguishable

from the population in the motional ground state |n = 0〉. They are transferred

to an internal state excitation of the logic ion via a stimulated Raman adiabatic

passage (STIRAP) pulse on the red sideband (RSB). (d) A �nal detection pulse

determines the internal state of the logic ion using the electron shelving technique

and provides the spectroscopy signal.
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Figure 6.2: Level scheme of the calcium ion. Photon recoil spectroscopy is

demonstrated on the 2S1/2 ↔ 2P1/2 transition of the 40Ca+ ion at 397 nm. The

excited 2P1/2 state after typically 7 ns decays into the 2S1/2 and 2D3/2 state with

a branching ratio of 14.5 : 1. A repump pulse at 866 nm after each spectroscopy

pulse brings the ion back to the 2S1/2 state.

We implement photon recoil spectroscopy on a single 40Ca+ ion (spectroscopy

ion) co-trapped with a single 25Mg+ ion (logic ion) and perform an absolute

frequency measurement of the 2S1/2 ↔ 2P1/2 transition in the 40Ca+ ion. The

relevant level scheme of the 25Mg+ and the 40Ca+ ion is depicted in Fig. 3.2

and Fig. 6.2, respectively. We cool the two-ion crystal with Doppler cooling

followed by resolved sideband cooling along the axial direction as described in

(Hemmerling et al., 2011). The in-phase (ip) and out-of-phase (op) modes with

trap frequencies ωip
T = 2π × 1.92 MHz and ωop

T = 2π × 3.51 MHz reach a residual

mean occupation number of n̄ip ≈ 0.07 and n̄op ≈ 0.02, respectively. With the

spectroscopy laser aligned along the axial direction, the ip and op modes have

a Lamb-Dicke parameter of ηip
S = 0.108 and ηop

S = 0.051 for the spectroscopy

ion, respectively. We choose the ip mode as the spectroscopy mode because of

its larger Lamb-Dicke parameter. In each experimental cycle, typically Npulses

spectroscopy pulses are applied. Each spectroscopy pulse has a duration of τ ,

corresponding to a duty cycle d = τ/T where T = 1/ωip
T is the oscillation period

of the spectroscopy mode. Once the 40Ca+ ion is excited to the 2P1/2 state, it

decays after typically 7 ns (Gosselin et al., 1988; Jin et al., 1993) into the 2S1/2

state and the metastable 2D3/2 state with a branching ratio of 14.5 : 1 (Ramm
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et al., 2013). It is therefore necessary to apply a repump pulse after each spec-

troscopy pulse to clear out the population in the 2D3/2 state. The application

of the spectroscopy laser is synchronized with the oscillation of the ip mode to

enhance the sensitivity to photon recoil. The motional excitation on the ip mode

is converted into an internal excitation of the 25Mg+ ion via a STIRAP pulse on

the RSB, which is realized with two Raman lasers coupling |↓〉 |n〉 and |↑〉 |n− 1〉
states. The STIRAP pulse with a typical duration of 100µs transfers the popu-

lation in the motional excited states |↓〉 |n > 0〉 to |↑〉 |n− 1〉 independent of the
motional state |n〉 with more than 80% transfer e�ciency, while the population

in the motional ground state |↓〉 |n = 0〉 is left untouched (Gebert et al., 2014b).

The two internal states of the 25Mg+ ion are distinguished by applying resonant

light at 280 nm coupling the |↓〉 state with the
∣∣2P3/2, F = 4,mF = 4

〉
state using

π-detection technique (Hemmerling et al., 2012). The PRS signal corresponds to

the population in the electronic excited state |↑〉 of the 25Mg+ ion.

6.3 Models

In this section, we establish theoretical models for PRS. We provide an intuitive

picture for the emergence of photon recoil excitation in Sec. 6.3.1 and 6.3.2. A

simpli�ed picture based on a two-level system is valid, since in the low intensity

regime the number of scattered photons in a single spectroscopy-repump-cycle is

much less than 1 and the repump pulse after each spectroscopy pulse brings the
40Ca+ ion back to the spectroscopy cycle. The photon emission statistics for a

two-level and a three-level system is discussed in Sec. 6.3.3 and its in�uence on

the photon recoil excitation is discussed in Sec. 6.3.4. In Sec. 6.3.5, full numerical

simulations of two-level system and eight-level system are presented.

6.3.1 E�ect of a single absorption-emission cycle

Consider an ion in the absolute ground state |ψ0〉 = |g, n = 0〉 at time t = 0

under the in�uence of a short pulse with duration τ . At time t1 (0 < t1 < τ)

the �rst spontaneous emission happens. The system evolves under the e�ective
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Hamiltonian

Ĥeff = Ĥ − i~Γ

2
σ̂+σ̂−

= Ĥ(m) − ~δ
2
σ̂z +

[
~Ω0

2
σ̂+D̂(iη) + h.c.

]
− i~Γ

2
σ̂+σ̂− (6.1)

to an un-normalized state∣∣ψ(t−1 )
〉

= exp

[
− i
~
Ĥefft1

]
|ψ0〉

≈
(
1− i

~
Ĥefft1

)
|ψ0〉 ,

(6.2)

where the approximation in the second step is justi�ed by the assumption of short

pulses and weak excitation (less than one absorption/emission event per cycle)

and t−1 indicates the time immediately before the spontaneous emission. Within

the Lamb-Dicke regime, the spontaneous emission happens predominantly on the

carrier transition. The �nal state after the spontaneous emission reads∣∣ψ(t+1 )
〉

=

√
Γσ̂−

∣∣ψ(t−1 )
〉

‖
√

Γσ̂−
∣∣ψ(t−1 )

〉
‖

= |g, α = iη〉 ,
(6.3)

where |g, α = iη〉 denotes the ion in the electronic state |g〉 and a motional coher-

ent state |α = iη〉 and t+1 indicates the time immediately after the spontaneous

emission. The e�ect of a single absorption event during a short pulse followed by

spontaneous emission is equivalent to a displacement of the ion's motion in phase

space by iη. This coherent state of motion |α = iη〉 has the momentum

〈α = iη | p̂ |α = iη〉 = i

√
~mωT

2

〈
α = iη

∣∣ (â† − â)
∣∣α = iη

〉
=

√
~mωT

2
· 2η

= ~k

(6.4)

and the energy〈
α = iη

∣∣∣ Ĥ(m)
∣∣∣α = iη

〉
=

〈
α = iη

∣∣∣∣ ~ωT(â†â+
1

2
)

∣∣∣∣α = iη

〉
= ~ωT

(
η2 +

1

2

)
=

~2k2

2m
+

~ωT

2
.

(6.5)
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After one absorption-emission cycle (AEC), the momentum and the energy of the

system is increased by the momentum of a single photon ~k and the recoil energy

Erecoil = ~2k2/2m, respectively.

6.3.2 Momentum transfer on a single ion and two-ion crys-

tal

In the following, the previous treatment of a single ion after a single AEC is

extended to a two-ion crystal after multiple AECs. We discuss �rst the e�ect of

multiple AECs and provide a consistent view in both the classical and quantum

mechanical pictures. After that, the momentum transfer in a two-ion crystal is

discussed, where only one of the two ions is excited by the laser.

In the classical picture, we consider a single ion in the trap with the spec-

troscopy laser aligned along the axial direction. We synchronize the application

of the spectroscopy laser with the ion's motion in the trap at the frequency ωT.

If an absorption event happens during the spectroscopy period, the ion receives

a momentum kick of ~k where ~ is the reduced Planck's constant and k is the

wave vector of the spectroscopy laser. Assuming that the spectroscopy pulse τ is

short compared to the period of the ion's oscillation in the trap (τ � 2π/ωT), the

momentum kicks from subsequent absorption events are additive, so that after N

absorption events the ion has a total momentum of p = N · ~k.
In the quantum mechanical picture, the interaction Hamiltonian describing

the coupling between the laser and the ion in the rotating frame of the laser

reads

Ĥint =
~Ω0

2
σ̂+e

ikẑ + h.c. (6.6)

In case of a single ion, there is only a single mode available along the z-direction.

The interaction Hamiltonian becomes

Ĥint =
~Ω0

2
σ̂+D̂(iη) + h.c. (6.7)

In the extreme of ultrashort pulses, the e�ect of a single absorption event fol-

lowed by a spontaneous emission is displacing the ion's motion in phase space by

iη. Starting from the motional ground state, the synchronous application of the

spectroscopy laser ensures that the subsequent displacements are along the same
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direction in phase space. After N AECs, the ion is in the coherent motional state

|α = N · iη〉 with total momentum

〈α = N · iη | p̂ |α = N · iη〉 = N · ~k (6.8)

as predicted from the classical picture.

Consider now that we have an ion string in the trap. For simplicity we limit

ourselves to an ion string consisting of two ions of di�erent species. Absorption

from the spectroscopy laser can only happen on the spectroscopy ion, which

receives a periodic momentum kick of ~k. In the normal mode picture, the

motional dynamics of the two ions can be described as two independent harmonic

oscillators with a virtual mass m (Appendix B). Although the momentum kick

is only exerted on the spectroscopy ion, this kick is e�ective in the normal mode

picture on both modes with reduced amplitudes

pγ = βγS~k, γ = {ip, op} (6.9)

with the transformation matrix β de�ned and normalized in Eqs. (B.5) and (B.8).

The subscript S indicates that the momentum kick ~k stems from the spec-

troscopy ion. The synchronization is only possible for one of the normal modes.

If we synchronize the application of the spectroscopy laser with e.g. the ip mode,

the momentum kicks from subsequent absorption events are additive for the ip

mode, so that after N AECs, the momentum accumulated in the ip mode equals

pip = N · βip
S ~k , (6.10)

while the excitation in the op mode is much less e�cient than in the ip mode. In

the case of an ion string the interaction Hamiltonian becomes

Ĥint =
~Ω0

2
σ̂+ exp

[
ik
∑
γ

βγS q̂γ

]
+ h.c.

=
~Ω0

2
σ̂+

∏
γ

D̂ (iηγS) + h.c.,

(6.11)

where in the �rst step we transform from the laboratory coordinate into the

coordinate of normal modes q̂γ. η
γ
i denotes the Lamb-Dicke parameter of the i-th
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ion on the mode γ and takes the form

ηγi = βγi · kzγ0 (6.12)

with zγ0 =
√

~/2mωγT as the spatial extension of the motional ground state of the

mode γ at the frequency ωγT and m =
∑

imi as the virtual mass. Starting from

the motional ground state |n = 0〉, a single absorption event followed by a spon-

taneous emission displaces the ion to |αip = iηip
S , αop = iηop

S 〉. The synchronous

application of the pulses at the ip mode frequency ensures the phase coherence of

the subsequent displacements on the ip mode. After N AECs, the ion is displaced

to the motional state |αip = N · iηip
S , αop〉. The momentum in the in-phase mode

is accumulated to

pip =
〈
αip = N · iηip

S

∣∣∣ p̂ip

∣∣∣αip = N · iηip
S

〉
= N · βip

S ~k
(6.13)

in agreement with the classical picture as given in Eq. (6.10). Unlike the dis-

placements in the ip mode, the �nal state |αop〉 depends on the exact timing of

each AEC event and is therefore di�erent for each single trajectory. Consider

the displacements on the op mode as randomly distributed, the mean momentum

accumulated in the op averages to 0 and the variance of the momentum scales as

〈
αop

∣∣ p̂2
op

∣∣αop

〉
∝ N , (6.14)

where the overline denotes the average over di�erent trajectories.

6.3.3 Statistics for photon scattering events

In the following, we discuss the photon emission statistics for a two and three

level atom and discuss the in�uence of the photon distribution on the photon

recoil spectroscopy signal in the next section.

6.3.3.1 Photon emission statistics for a two-level atom

Consider a two-level atom driven by a monochromatic light with a Rabi frequency

Ω0 and a detuning δ. In a time interval [0, t], the probability that the atom scatters
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N photons follows certain statistics P(N, t). For the resonant case, this statistics

is sub-poissonian as demonstrated for a single trapped ion (Diedrich et al., 1987),

characteristic for non-classical light. Photon anti-bunching is due to the quantum

nature of scattering: after excitation of the atom, it �rst needs to decay before

any subsequent absorption is possible (Walls et al., 1995). In the limit of weak

excitation, Mandel's Q factor after long counting time

Q(∞) ∝ Ω2
0

2

δ2 − 3
4
Γ2

Ω2
0

2
+ δ2 + Γ2

4

→ 0 (6.15)

approaches 0 (Arnoldus et al., 2012). The time between subsequent absorptions is

long compared to the time scale of spontaneous emission and therefore the e�ect

of photon anti-bunching is less dominant. In this case, photon emission statistics

for a two-level system approaches a Poisson distribution.

6.3.3.2 Photon emission statistics for a three-level atom

For a three-level system in Λ-con�guration as in the case of the 40Ca+ ion, where

the decay rate ΓSP on the 2P1/2 → 2S1/2 transition is much larger than the decay

rate ΓDP on the 2P1/2→ 2D3/2 transition, the photon emission statistics under the

in�uence of a laser resonant with the 2S1/2 ↔ 2P1/2 transition, can be considered

as follows. At a certain time t, we distinguish two cases, depending on whether

a decay to the 2D3/2 state has happened or not.

No decay to 2D3/2 state In case there is no decay to the 2D3/2 state at time t,

the system is equivalent to a two-level system and the photon emission statistics

is described by a Poisson distribution

PS(N, λ(t)) =
λNe−λ

N !
(6.16)

with mean number of scattered photons N = λ(t). The probability distribution

function is normalized to 1 according to

∞∑
N=0

PS(N, λ(t)) = 1. (6.17)
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Decay to 2D3/2 state In case that a decay to the 2D3/2 state has already

occured at time t, the photon emission statistics can be expressed analytically. We

assume that N decay events occur during the time interval [0, t], which indicates

that N − 1 decay events happen on the 2P1/2 → 2S1/2 transition and one decay

event happens on the 2P1/2 → 2D3/2 transition. For long excitation time, where

an unlimited number of photons can be scattered in a single experiment and the

ion falls down to the 2D3/2 state with a probability of 1, the statistics for emitted

photons is given by the geometric distribution

PD(N, ξ) = (1− ξ)N−1ξ (6.18)

with 1 − ξ and ξ as the probability of decaying from 2P1/2 into the 2S1/2 state

and the 2D3/2 state, respectively. The total probability for scattering di�erent

number of photons is normalized to 1

∞∑
N=1

PD(N, ξ) =
ξ

1− (1− ξ) = 1. (6.19)

The average number of scattered photon equals

〈N〉D =
∞∑
N=1

PD(N, ξ) ·N =
1

ξ
(6.20)

6.3.4 Photon recoil excitation

As described in Sec. 6.3.2 N consecutive AECs in a synchronized experimental

sequence lead to a displacement of N ·iη in phase space. For an ion in the coherent
state |N · iη〉, the population in the motional excited states is given by

Pexc (N) = 1− e−N2η2 . (6.21)

This corresponds to the excitation where N AECs happened. Since the number

of absorbed/emitted photons in a single experiment follows a certain distribution

P(N,N) as described in Sec. 6.3.3, the PRS signal is obtained after averaging

over the distribution P(N,N)

SPRS(N) =
∞∑
N=0

Pexc(N)P(N,N). (6.22)
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Figure 6.3: Photon recoil excitation depending on photon distribution.

The calculated PRS signal SPRS is plotted as a function of the mean number of

absorbed photons N for Poisson (blue) and geometric (red) distributions. The

insets show the corresponding photon distributions for N = 15.5. Because of the

exponential scaling with the square of the number of absorbed photons, the pho-

ton recoil excitation depends not only on the mean number of absorbed photons,

but also the distribution of the absorbed photons. In the calculation, η = 0.1084

is used.

Note that the motional excitation Pexc(N) after N AECs does not depend on the

number of absorbed photons in a linear way, so that the photon recoil spectroscopy

signal is not simply determined by the average number of absorbed photons but

rather depends on the actual photon statistics.

Consider two photon emission statistics, one Poisson distribution

Pcoh(N, λ = N) =
λNe−λ

N !
(6.23)
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and one geometric distribution

Pgeom(N, p =
1

N
) = (1− p)N−1p (6.24)

with the same average number of absorbed photons N . The Poisson distribution

is used to approximate the photon emission statistics for a two-level system or

a three-level system with repumping, while the geometric distribution represents

the photon emission statistics for a three-level system without repumping and

after long excitation time. The PRS signal SPRS is plotted in Fig. 6.3 as a

function of the average number of absorbed photons. The exponential scaling

with the square of the number of absorbed photons given in Eq. (6.21) favors the

Poisson distribution. After e.g. N = 15.5 AECs on average, the photon recoil

excitation reaches a level of ∼ 0.9 with a Poisson distribution and ∼ 0.6 with a

geometric distribution.

6.3.5 Master equation model

6.3.5.1 Two level system

The full dynamics of the system is modelled with a master equation in 1st order

Lamb-Dicke approximation using the quantum optics toolbox for Matlab (Tan,

1999). We split a single spectroscopy-repump-cycle into a period of spectroscopy

and a period of free evolution. During the spectroscopy pulse, the system evolves

according to

ρ̇(t) = − i
~

[Ĥ(LD), ρ] +
Γ

2
(2σ̂−ρσ̂+ − σ̂+σ̂−ρ− ρσ̂+σ̂−) , (6.25)

where the Hamiltonian Ĥ(LD) is de�ned in Eq. (2.13) and Γ is the linewidth of

the 2S1/2 ↔ 2P1/2 transition. During free evolution, the system evolves according

to

ρ̇(t) = − i
~

[Ĥ0, ρ] +
Γ

2
(2σ̂−ρσ̂+ − σ̂+σ̂−ρ− ρσ̂+σ̂−) , (6.26)

where we use the Hamiltonian in Eq. (2.14). Starting from the absolute ground

state ρ0 = |g, 0〉 〈g, 0|, the system evolves according to Eq. (6.25) for a short time

τ corresponding to a duty cycle of d = τ/T with T = 1/ωT as the period of the

ions' oscillation in the trap. The density matrix ρ̃1 at the end of the pulse is used
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as the input density matrix for the free evolution according to Eq. (6.26) for a

duration T − τ . The procedure is iterated for Npulse spectroscopy-repump-cycles

and the motional excitations are extracted. The results from the density matrix

simulation allow us to investigate di�erent properties of the system.

Dependence on excitation time In Fig. 6.4a, the motional excitation is plot-

ted as a function of the e�ective spectroscopy time Tspec = Npulse ·τ with the laser

on resonance. The motional excitation increases with the e�ective spectroscopy

time and saturates at 1. The simulated result is �tted with

SPRS =
∞∑
N=0

Pexc(N, η)Pcoh(N,ΓeffTspec) (6.27)

with the e�ective decay rate Γeff as the only �t parameter. The result from

the density matrix simulation is in agreement with the model considering the

averaging over the photon distribution described in Sec. 6.3.4 with a maximum

error of less than 0.01. For a comparison, the PRS signal ignoring the averaging

over the photon distribution

Pexc = 1− exp
[
−(ΓeffTspec)

2η2
]

(6.28)

is plotted as a red line in Fig. 6.4 with the same e�ective scattering rate Γeff .

Resonance line The resonance line is produced by repeating the density matrix

simulation at di�erent laser detunings. The motional excitation for the di�erent

laser detunings are extracted and plotted in Fig. 6.4b. The simulation result is

�tted with the model in Eq. (6.27), where we replace the e�ective decay rate Γeff

with a detuning-dependent expression

Γeff →
Γeff

1 + (2δ/Γ0)2 . (6.29)

The e�ective width of the transition Γ0 is used as the only �t parameter and the

value for Γeff is taken from the �t of the excitation strength in the last paragraph.

The linewidth of the transition extracted from the �t equals Γ0 ≈ 26 MHz and

is larger than the natural linewidth (≈ 22 MHz) of the investigated transition,

which is caused by the Fourier broadening due to 125 ns short pulses.
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Figure 6.4: Excitation strength and resonance line. The dynamics of pho-

ton recoil spectroscopy is simulated using the master equation for a two level

system. blue dots : density matrix simulation, green line: A �t to the result

of master equation simulation using the model including the averaging over the

photon distribution according to Eq. (6.27), red line: simple model ignoring the

averaging over the photon distribution according to Eq. (6.21) using the same

e�ective scattering rate Γeff resulted from the green line. (a) The motional ex-

citation extracted from the density matrix simulation is plotted as a function of

the e�ective spectroscopy time. The laser is on resonance with the optical tran-

sition. The excitation di�erence of the density matrix simulation and the model

including the averaging over the photon distribution is smaller than 0.01. (b) The

motional excitation for di�erent detunings after an e�ective spectroscopy time of

4µs are extracted from the density matrix simulation to produce the resonance

curve (blue dots). The linewidth of the optical transition extracted from the �t

(green line) using the model including the averaging over the photon distribution

is broader than the natural linewidth of the investigated transition, which re�ects

the Fourier broadening of the 125 ns spectroscopy pulses. The parameters used

in the simulation are the natural linewidth of the transition Γ = 140× 106 /s,

the trap frequency of the ip mode ωip
T = 2π × 1.92 MHz, the Rabi frequency

Ω0 = 2π× 5 MHz corresponding to a saturation parameter of s = 0.1, the Lamb-

Dicke parameter of the spectroscopy on the ip mode ηip
S = 0.1084 and the duty

cycle d = 0.24.
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Figure 6.5: PRS signal dependence on the duty cycle. The density matrix

simulation for photon recoil spectroscopy is performed on a two level system for

di�erent duty cycles d. (a) The motional excitations are plotted as a function of

the e�ective spectroscopy time Tspec. For large duty cycles, the phase coherence

of subsequent displacements is less ensured, which leads to a smaller excitation

strength. (b) The mean excitation rate Ωd drops for large duty cycles. But

the maximum of the mean excitation rate appears at around d = 0.2 instead of

in�nitely short pulses.

Dependence on duty cycle The procedure described in the last two para-

graphs is carried out for di�erent duty cycles d. As described before, the applica-

tion of synchronized short pulses ensures the phase coherence of the subsequent

displacements. For large duty cycles, the subsequent displacements point along

di�erent directions in phase space, so that the excitation rate is reduced. In

Fig. 6.5a, the motional excitation is plotted as a function of the e�ective spec-

troscopy time Tspec for four di�erent duty cycles d. In order to describe the

excitation strength for di�erent duty cycles, we introduce a mean excitation rate

Ωd. After an e�ective spectroscopy time Tspec = 1/Ωd, the motional excitation

reaches the level 1 − e−1. In Fig. 6.5b, the mean excitation rate is plotted as a

function of the duty cycle. As expected, the mean excitation rate Ωd drops for

large duty cycles. The maximum shows up at around d = 0.2 instead of in�nitely

short pulses, re�ecting the quantum Zeno e�ect (Itano et al., 1990), which starts
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to play a role for short excitation pulses.

6.3.5.2 Eight level system

In order to include the e�ect of Zeeman broadening and repumping from the
2D3/2 state, we perform numerical simulations using QuTip (Johansson et al.,

2013) including eight relevant electronic levels depicted in Fig. 6.6.

In a multi-level atom, not only the frequency but also the polarization of the

lasers in�uence the dynamics of the system. The spectroscopy and the repump

laser enter the vacuum chamber along the axial direction (z-axis). Both lasers are

linearly polarized with the electric �eld vector lying in the plane spanned by the

k-vector of the laser and the magnetic �eld B. In the x′y′z′-coordinate system

depicted in Fig. 3.3, in which the magnetic �eld B points along the z′-direction,

the polarization vector for both lasers reads

ε̂ =
1√
2
x̂′ − 1√

2
ẑ′ . (6.30)

with x̂′ and ẑ′ as the unit vectors of the x′ and z′-axis, respectively. In the

spherical basis

ε̂1 = − 1√
2

(x̂′ + iŷ′) , (6.31a)

ε̂0 = ẑ′ , (6.31b)

ε̂−1 =
1√
2

(x̂′ − iŷ′) , (6.31c)

the polarization vector ε̂ =
∑

q ε
qε̂q has the components (Auzinsh et al., 2010)

ε1 = − 1√
2

(εx − iεy) = −1

2
, (6.32a)

ε0 = εz = − 1√
2
, (6.32b)

ε−1 =
1√
2

(εx + iεy) =
1

2
. (6.32c)

which indicates the presence of all three possible polarizations. The spectroscopy

and repump laser contain equal amount of σ+ and σ− (|ε| = |ε−1|), which is

78



6.3 Models

40 +

Ca

2

S
1/2

m =
J

2

P
1/2

2

D
3/2

+1/2-1/2 +3/2-3/2

1/3 2/3 2/3 1/3

1/6 1/6

1/3 1/3 1/21/2

Figure 6.6: Level scheme of Calcium ion including Zeeman sublevels. The

density matrix simulation including eight relevant electronic levels of the 40Ca+

ion are performed using QuTip. The spectroscopy and the repump laser contain

all three possible polarizations symmetrically (|ε1|0|ε−1|) and can therefore drive

the transitions indicated with the blue and red arrows, respectively. The widths

of the arrows and the corresponding numbers are the square of the Clebsch-

Gordon coe�cients |
〈
JS/D,mJ ; 1, q

∣∣ JP,mJ + q
〉
|2 of the transitions |S/D,mJ〉 ↔

|P,mJ + q〉.

important for a symmetric lineshape during spectroscopy. The master equation

is modi�ed to

ρ̇(t) = − i
~

[Ĥ8l, ρ] +
∑
i

1

2

(
2 ĉiρĉ

†
i − ĉ†i ĉiρ− ρĉ†i ĉi

)
, (6.33)

where the Hamiltonian Ĥ8l = Ĥ0 + Ĥint + ĤB expressed in the rotating frame of

the two lasers contains three terms:

• Hamiltonian for the unperturbed system

Ĥ0 = Ĥ(m) − δ

2

(∑
mJ

|P,mJ〉 〈P,mJ | −
∑
mJ

|S,mJ〉 〈S,mJ |
)
, (6.34)

where Ĥ(m) is the Hamiltonian describing the ion's motion in the trap

(Eq. (2.2)), δ is the detuning of the spectroscopy laser, and mJ is the

magnetic quantum number.
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• Hamiltonian for ion-laser-interaction

Ĥint =
~ΩSP

2

1∑
q=−1

εqÂ(SP )
q + h.c. , (6.35)

with ΩSP is the Rabi frequency of the spectroscopy laser. The operators

Â
(SP )
−1 , Â(SP )

0 and Â(SP )
1 are the corresponding spin-�ip operators

Â(SP )
q =

JS∑
mJ=−JS

〈JS,mJ ; 1, q | JP,mJ + q〉 |S,mJ〉 〈P,mJ + q| (6.36)

for σ−, π and σ+ transitions, which include the Clebsch-Gordon-Coe�cients

〈JS,mJ ; 1, q | JP,mJ + q〉 of the transition.

• The term for Zeeman splitting

ĤB = µBBgJmJ , (6.37)

where µB is the Bohr magneton, B is the amplitude of the magnetic �eld,

and gJ is the Landé g-factor.

The spontaneous emission back to the S states and to the metastable D-states is

implemented with 6 collapse operators

ĉ =
[√

ΓSPÂ
(SP )
−1 ,

√
ΓSPÂ

(SP )
0 ,

√
ΓSPÂ

(SP )
1 , ... (6.38)√

ΓDPÂ
(DP )
−1 ,

√
ΓDPÂ

(DP )
0 ,

√
ΓDPÂ

(DP )
1

]
, (6.39)

where ΓSP and ΓDP are the linewidth of the 2S1/2 ↔ 2P1/2 and 2D3/2 ↔ 2P1/2

transition, respectively. In the experiment, a single spectroscopy-repump cycle is

separated into a spectroscopy period with duration τ and a repump period with

duration T − τ with T = 2π/ωT as the period of the ions' oscillation in the trap.

During the spectroscopy period, the system evolves from the initial state

ρ0 =
1

2
|S,mJ = −1

2
〉 〈S,mJ = −1

2
|+ 1

2
|S, J = +

1

2
〉 〈S,mJ = +

1

2
| (6.40)

according to Eq. (6.33) to a �nal state ρ̃1, which is used as the input density

matrix for the repump period. The interaction Hamiltonian during the repump

period reads

Ĥint =
~ΩDP

2

1∑
q=−1

εqÂ(DP )
q + h.c. , (6.41)
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where ΩDP is the Rabi frequency of the repump laser. We repeat the numeri-

cal integration for Npulse cycles and extract the motional excitation as the PRS

signal. The results of the numerical simulation are presented together with the

experimental results in Sec. 6.5.

6.4 Experimental setup

6.4.1 Laser systems

The spectroscopy light at 397 nm is provided by a frequency-doubled external

cavity diode laser (ECDL)1. The blue light is transmitted from the laser labora-

tory through a 35-meter single mode �ber2 to our setup. The frequency of the

infrared light at 794 nm is referenced to a frequency comb3. The repetition rate

and the o�-resonant frequency of the comb is locked to 10MHz from one of the

hydrogen masers of PTB using standard techniques (Diddams et al., 2000). For

the repumping from the 2D3/2 state via 2P1/2 back to 2S1/2, we use an ECDL4

operating at 866 nm, which is sent through a 35-meter single mode5 �ber from

the laser laboratory to our setup.

The frequency of the spectroscopy laser is locked to the frequency comb.

The schematics for the lock is shown in Fig. 6.7. The output port of the fre-

quency comb with radiation at around 1458− 1588nm is frequency-doubled with

a periodically-poled Lithium Niobate (PPLN) crystal in one of the comb mod-

ules. The beat signal of the infrared part of the spectroscopy laser with the

frequency-doubled comb is measured with a fast photodiode. The beat signal

at around 70MHz is mixed with a 30MHz sine-wave from a direct digital syn-

thesizer (DDS) board. The resulting signal at around 40MHz is split into two

parts. One of the signals (line a in Fig. 6.7) is mixed with a second DDS board

at 40MHz to DC and used as the error signal for a fast proportional-integral

(PI) controller. The output of the PI controller is fed back into the laser diode

1Toptica TA-SHG pro
2OZ Optics QSMJ-3A3A-400-3/125-3-35
3MenloSystems FC1500
4Toptica DL pro
5Thorlabs 780HP-CUSTOM
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through a CC-coupled fast current modulation port. The second signal (line b)

is fed together with the 40MHz signal from the same DDS board as for the �rst

path into a phase frequency comparator (PFC). The output of the PFC is used

to correct the laser frequency through the piezo actuator for the grating of the

laser with a slow feedback bandwidth. The quality of the lock is monitored by

measuring the frequency after the mixer M1 using a frequency counter1.

6.4.2 AOM setup

The spectroscopy beam from the laser laboratory is further frequency shifted

in the experimental laboratory with two additional acousto-optical modulators

(AOMs) as depicted in Fig. 6.8. The �rst AOM2 (AO397-1) is set up in a double-

pass con�guration and used for frequency scanning. It is supplied with a contin-

uous RF-source at around 200MHz extending over the experimental cycle with

duration of typically 20ms. The frequency shifted beam is transmitted through a

single-mode polarization maintaining �ber (F397-1), which transforms the point-

ing variation of the beam, e.g. while scanning the frequency, into a power varia-

tion. The beam is sampled after the �ber after a polarizing beam splitter (PBS)

cube and the power is stabilized through a feedback loop. The second AOM3

(AO397-2), driven at around 413MHz is used to generate the spectroscopy pulses.

With a trap frequency ωT on the order of 2MHz, the synchronization condition

requires spectroscopy laser pulses synchronized to the period (2π/ωT ≈ 500 ns)

of the ions' oscillation in the trap, with a pulse duration much shorter than this

period. In the experiment, we use pulse durations between 50�125ns. The short

pulses are generated by switching the continuous wave from a frequency genera-

tor4 with an RF-switch5, which has a typical rise/fall time of 5 ns. The switching

time of the AOM is limited by the sound speed of the acoustic wave and the

diameter of the beam in the AOM crystal. For a beam diameter of 35µm inside

1K+K Messtechnik GmbH Phasenmess-Karte K+K FXE
2Brimrose Corp. TEF-200-50-397
3Brimrose Corp. QZF-450-100-280
4Marconi Instruments 2024
5Mini-Circuits ZASWA-2-50-DR+
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Figure 6.7: Frequency lock for spectroscopy laser. The beat signal of the

infrared part of the spectroscopy laser at 794 nm with the frequency comb at

around 70MHz is mixed down to DC in two steps with two DDS boards at 30MHz

and 40MHz, respectively, and appropriate �ltering (F1-F3) to produce the error

signal using a proportional-integral controller and a phase frequency comparator.

The error signal is fed back to the DC-coupled fast current modulation of the

laser diode head (path a) and the grating of the spectroscopy laser (path b). In

order to monitor the quality of the lock, the signal after the mixer M1 at around

40MHz is measured with a frequency counter. PD: photodiode. F1-F3: �lters.

M1-M2: mixers. S1-S3: RF splitters. Amp: apmpli�er.

the AOM, the switching time is estimated to be 6 ns. A typical delay of < 1µs is

not relevant, since it delays the entire probe sequence.

The repump laser is also frequency shifted with a double-pass AOM, which

is driven with a frequency generator at 200MHz and switched by an RF-switch.

It is important to adjust the timing of the radio frequency (RF) pulses applied

to the AOMs to prevent overlap of the spectroscopy and repump pulses. Both

the spectroscopy and the repump laser are sent into the chamber along the axial

direction. A Glan polarizer in front of the chamber ensures the desired linear

polarisation for both beams.
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Figure 6.8: AOM setup for spectroscopy laser and repump laser. The

short spectroscopy pulses at 397 nm are generated using two AOMs, where the

�rst AOM (AO397-1) in a double-pass con�guration is used to control the fre-

quency and stabilize the power of the spectroscopy laser. The second AOM

(AO397-2) is switched by a fast RF switcher to produce the short pulses. After

each spectroscopy pulse, a repump pulse at 866 nm is applied. Both the frequency

and the duration of the repump pulses are controlled using a double-pass AOM

(AO866). PBS: polarizing beam splitter. L: lense. λ/2: half-wave plate. λ/4:

quarter-wave plate.

6.4.3 Loading of a two-ion crystal

In order to prepare a two-ion crystal consisting of 25Mg+ and 40Ca+ ions, we

�rst load a single 25Mg+ ion into the trap. A 25Mg-enriched oven is supplied
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with a current of 4A by a computer-controlled power supply1. Photoionization

is implemented via a two-photon process with the �rst photon provided by a

frequency-quadrupled diode laser at 285 nm and the second photon by the same

laser at 285 nm or the Doppler cooling laser at 280 nm (Kjaergaard et al., 2000).

The oven typically takes several minutes to heat up. In the mean time, we keep

the Doppler cooling laser for magnesium ions on and monitor the photon count

rate detected by the photomultiplier tube (PMT). Once a 25Mg+ ion appears

in the trap, the count rate rises up above a threshold (∼ 200 kcounts/s), the

oven power supply is switched o� and a mechanical shutter blocks the photon

ionization laser automatically.

For additionally loading a single 40Ca+ ion into the trap, we ramp down the

endcap voltage to 200V and the RF power to ∼ 1.5 W, which corresponds to

an axial trap frequency of 795 kHz and a radial trap frequency of ∼ 2.5 MHz

for a single 25Mg+ ion. A second computer-controlled power supply provides

a current of 4.2A for the calcium oven. The photoionization is achieved with

simultaneous irradiation of two photoionization lasers at 423 nm from a frequency-

doubled diode laser2 and 375 nm from a diode laser (Lucas et al., 2004). The

loading process takes on average several minutes and is mainly limited by the

thermal conductivity of the oven. In contrast to the magnesium ions, which

can be observed from the �uorescent light after being trapped, the 40Ca+ ions

are not visible with our detection setup. The presence of the second ion in the

trap is indicated by a sudden change of position of the bright 25Mg+ ion on the

camera. As an alternative method, we monitor the �uorescence rate from the
25Mg+ ion on the PMT while loading 40Ca+ ions, while at the same time an

electric modulation at the trap frequency of the ip mode for the target crystal

(ωip
T ≈ 2π × 688 kHz) is applied to the endcaps. This electric modulation does

not change the �uorescence rate for a single 25Mg+ in the trap, but will heat up

the two-ion crystal via a coherent drive and therefore reduce the �uorescence rate

of the 25Mg+ ion. The appearance of the 40Ca+ ion in the trap is indicated by a

sudden reduction of the count rate down to a level lower than a preset threshold.

1EA Electro-Automatik EA-PS 2042-06B
2Toptica DL Pro
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After trapping the second ion, the power supply for the Calcium oven is ramped

down and a mechanical shutter blocks the photoionization laser at 423 nm.

We ramp up the endcap voltage and the RF power back to 2000V and ∼
5 W. The components in the trap are veri�ed by measuring the trap frequencies

with the modulation technique and with Raman spectroscopy. With the two-ion

crystal of 25Mg+ and 40Ca+ in the trap, the axial trap frequencies of the ip and

op modes become ωip
T = 2π × 1.92 MHz and ωop

T = 3.50 MHz.

6.5 Experimental results

6.5.1 Resonance line

Using photon recoil spectroscopy, the resonance curve for the 2S1/2 ↔ 2P1/2

transition of the 40Ca+ ion is measured by scanning the frequency of the double

pass AOM (AO397-1) in the range of 175− 225MHz while the single pass AOM

(AO397-2) is used for generating the pulses. The �nal resonance averaged over

12 scans corresponding to the curve is depicted in Fig. 6.9. In a single scan, the

frequency of the AOM is tuned in a random order to one of the 50 scan points

and a single experimental cycle is repeated on each scan point for 250 times.

Typically 70 spectroscopy pulses are applied. The measured resonance curve has

a full width at half maximum (FWHM) of ∼ 34 MHz, which is caused by the

Fourier broadening of the 50 ns short spectroscopy pulses and the Zeeman broad-

ening in the presence of a bias magnetic �eld of 5.84(1)× 10=4T. Additional

line broadening from the saturation e�ect associated with the complete deple-

tion of the motional ground state is avoided by choosing an appropriate number

of spectroscopy-repump-cycles Npulses, so that the excitation on resonance corre-

sponds to approximately 80% of the maximum excitation.

The experimental data is compared with the result of the numerical simula-

tion of the eight level system described in Sec. 6.3.5.2. The motional excitation

extracted from the numerical simulation is corrected for experimental imperfec-

tions by a reduced signal amplitude of around 0.85 and a signal o�set of around

0.15 re�ecting deviation of the maximum excitation from one and non-zero ex-
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Figure 6.9: Resonance curve. The resonance curve for the 2S1/2 ↔ 2P1/2

transition averaged over 12 scans (blue dots). The green line is the result of a

numerical simulation of the eight level system and has been adjusted in amplitude

by 0.93 and in o�set by 0.15 to account for experimental imperfections.

citation at large detunings, respectively. Both e�ects are caused by o�-resonant

excitation of the Raman lasers during the 100µs STIRAP pulse.

6.5.2 Photon sensitivity

We investigate the sensitivity of photon recoil spectroscopy using the branching

ratio of an excited ion decaying into the 2S1/2 or the 2D3/2 state. In Fig. 6.10,

the motional excitation is taken as a function of the spectroscopy-repump-cycles

with the spectroscopy laser on resonance. The spectroscopy pulse has a duration

of ∼ 125 ns corresponding to a duty cycle of d = 0.24 to ensure the highest

excitation rate as described in 6.3.5.1. Here we distinguish two cases:

With repumper With a repumper pulse after each spectroscopy pulse, the

population decayed into the 2D3/2 state will be pumped back to the 2S1/2 state

before each new spectroscopy pulse starts. The motional excitation increases with

the number of pulses and the population is depleted out of the motional ground

state. The PRS signal stops increasing if all the population is in the motional
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Figure 6.10: Photon sensitivity of PRS. The sensitivity of PRS is probed

using the branching ratio for an excited ion decaying into the 2S1/2 and 2D3/2

state. With the spectroscopy laser tuned on resonance, the PRS signal is plotted

as a function of the number of spectroscopy-repump-cycles Npulses. The motional

excitation increases in the presence of the repumper (blue dots, left axis). Without

the presence of the repumper (red squares, left axis) the PRS signal ceases growing

at a signal level of around 0.5, since the ion absorbs on average 15.5 photons before

it decays to the 2D3/2 state. The comparison with numerical simulations of the

eight level system (solid lines) allows extracting the Rabi frequency Ω0 of the

spectroscopy laser and deriving the integrated number of absorbed photons with

and without the repumper (blue and red dashed line, respectively, right axis).

excited states. This e�ect leads to a saturation broadening of the resonance line

if too many spectroscopy pulses are used.

Without repumper In case there is no repumper pulse after each spectroscopy

pulse, the metastable 2D3/2 state becomes a dark state. The population accumu-

lates in the 2D3/2 state until the next initialization pulse of a new experimental

cycle. An excited ion decays into the 2S1/2 and 2D3/2 state with a branching ratio

of 14.5 : 1 (Ramm et al., 2013). After a signi�cant spectroscopy time, the ion has

absorbed N = 15.5 photons on average. This number of photons will not give

rise to a motional excitation of 0.94 as predicted by the simple model Eq. (6.21),

88



6.5 Experimental results

but a lower excitation level of ∼ 0.5 depicted as red squares in Fig. 6.10. The

lower excitation level is caused by the geometric distribution of absorbed pho-

tons in the absence of the repumper as described in Sec. 6.3.4. With the precise

knowledge of the number of absorbed photons in a single experiment, this curve

is used to calibrate the intensity of the spectroscopy laser. The experimental data

(red squares) is compared with the result of the numerical simulation described in

Sec. 6.3.5.2. Similarly, the simulation result is corrected for experimental imper-

fections as described in the last section. A Rabi frequency of Ω0 = 2π× 5.6 MHz

for the spectroscopy laser is extracted.

From the numerical simulation, the mean number of scattered photons is

calculated according to

N(t) = ΓSP

∫ t

0

pP(t′) dt′ , (6.42)

where pP(t) is the population in the 2P1/2 state. With the repumper switched

on, the mean number of scattered photons increases linearly with the number

of spectroscopy pulses (blue dashed line in Fig. 6.10). After absorbing 9.5(1.2)

photons, a signal level of 0.5 corresponding to a SNR of 1 is achieved. Without

the presence of the repumper, the mean number of scattered photons saturates

at 15.5 (red dashed line in Fig. 6.10).

6.5.3 Two-point sampling

An absolute frequency measurement is performed on the 2S1/2 ↔ 2P1/2 transition

using the two-point sampling technique. The atomic excitation is probed with

the spectroscopy laser at frequencies (νl = νprobe − ∆νFWHM/2, νr = νprobe +

∆νFWHM/2), where ∆νFWHM is the full width at half maximum of the spectrum.

At these frequencies, the motional excitation reaches approximately a level of

pl,r = p(νl,r) ≈ 0.5. In every single scan the experiment is repeated at both

frequencies for Ncycles = 5 × 250 times. The π-detection method with threshold

at 0.5 is used for state discrimination on the 25Mg+ ion (Hemmerling et al., 2012).

This method reduces the e�ective number of cycles to a typical value of N ′cycles =

1039(12). This leads to a quantum projection noise for the detected excitation

probability of σ(p) =
√
p(1− p)/Ncycles ≈ 0.0155. The excitation di�erence at
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Figure 6.11: Frequency discriminant. The excitation probability is probed in

a small frequency range at the left and right slope of the resonance line (black

circles). From linear �ts (red and blue lines) to these excitation probabilities (red

squares and blue dots), the frequency discriminant D is derived.

the two probing frequencies δp = pr − pl is used as an error signal to steer the

probing frequency νprobe in the following scan

ν
(i+1)
probe = ν

(i)
probe + kPδp

(i) + kII
(i) , (6.43)

where kP and kI are the proportional gain and the integral gain, respectively and

I(i) is the integrated error until the ith measurement point

I(i) =
i∑

j=1

δp(j) . (6.44)

The superscript i indicates individual scans. The uncertainty for the quantity δp

rescales to σ(δp) =

√
σ

(p)
l + σ

(p)
r ≈ 0.0220.

The excitation di�erence δp is converted into an absolute frequency ν through

the frequency discriminant D according to

ν = νprobe −D · δp . (6.45)

We determine the frequency discriminant experimentally for each single mea-

surement day. The excitation probability is probed in a frequency range of about
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4MHz around νl and νr (red squares and blue dots in Fig. 6.11). Linear �ts of

the two sets of data give the slopes (k1, k2) of the resonance curve at around νl

and νr, from which the frequency discriminant is derived

D =
1

|k1|+ |k2|
. (6.46)

The in�uence of the control loop on the frequency measurement is minimized by

setting the parameters of the PI controller to be much smaller (typically kP =

1 MHz and kI = 0.63 MHz) than the frequency discriminant, which is typically

on the order of 20 MHz. While converting the excitation di�erence to frequency,

the uncertainty propagates according to

σν = D|δp|
√(

σ(δp)

δp

)2

+

(
σD

D

)2

, (6.47)

where the �rst term contains the quantum projection noise and the second one

the calibration error σD for the frequency discriminant.

6.5.4 Distribution tests

The validity of the data is checked against statistical tests using the Statistics

Toolbox of Matlab. The reader is referred to textbooks for statistics e.g. Lehmann

et al. (2005) for further details. The general procedure for a distribution test is

as following

• Assert a null hypothesis H0 about a population that you would like to test,

e.g. H0: the sample comes from a normal distribution with unknown mean

and variance.

• Assert an alternative hypothesis H1 which is against the null hypothesis,

e.g. H1: the sample does not come from a normal distribution.

• To conduct the hypothesis, the test statistic T based on the sample is

computed. Under the null hypothesis, the distribution of the test statistic

T should be known.
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Figure 6.12: Normality of data. The normality of the data is tested using

the Kolmogorov-Smirnov test. The empirical cumulative distribution function

(CDF) F (x) of the data (blue dots) is plotted together with the CDF G(x) of the

hypothesized standard normal distribution (green line).

• Calculate the p-value of the test, which is the probability, under the null

hypothesis H0, of obtaining a value of the test statistic as extreme or more

extreme than the value computed from the sample.

• Once the p value of the test is less than a certain signi�cance level α, the

test rejects the null hypothesis. If the p value is greater than α, there is

insu�cient evidence to reject the null hypothesis.

6.5.4.1 One-sample tests

In the �rst step, we verify that the result from the two-point sampling represents

a normal distribution. For this purpose, statistical tests (Kolmogorov-Smirnov

test, Lillifors test, Jarque-Bera test, Shapiro-Wilk test) are performed on the data

obtained on each single measurement day.

The Kolmogorov-Smirnov test is conducted to decide if the sample X comes

from a standard normal distribution N (X). As test statistic (KS-statistic), the

di�erence between the empirical cumulative distribution function (CDF) F (x) of
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the data and the CDF

G(x) =

∫ x

−∞
N (X) dX (6.48)

of the hypothesized distribution is evaluated

TKS = max
x

(|F (x)−G(x)|) . (6.49)

The empirical cumulative distribution function F (x) gives the probability that

the sample X is smaller or equal than a threshold value x. Before conducting the

Kolmogorov-Smirnov test, the results ν(i) from two-point sampling are converted

to

X(i) =
ν(i) − ν
σ(ν)

, (6.50)

with ν and σ(ν) as the mean and the standard deviation of the sample, respec-

tively, so that the new sample X(i) has the mean value 0 and a standard deviation

of 1. The empirical CDF of the sample X and the CDF of the hypothesized dis-

tribution is depicted in Fig. 6.12. The test statistic calculated for the sample

in Fig. 6.12 equals TKS = 0.058, indicating a small di�erence between the two

CDFs. The p-value gives in this case the probability that the KS-statistic calcu-

lated from a new sample Y of a standard normal distribution (null hypotheses) is

greater or equal than the KS-statistic TKS = 0.058 calculated for the test sample

X. With a p-value of 0.98 larger than the chosen signi�cance level α = 0.05,

the Kolmogorov-Smirnov test does not provide enough evidence to reject the null

hypotheses that the sample X comes from a standard normal distribution.

Similar procedures are applied on the data using Lilliefors test, Jarque-Bera

test and Shapiro-Wilk test. All data on 7 di�erent measurement days passed the

normality tests.

6.5.4.2 Two-sample tests

In addition to the normality tests, the compatibility of measurements on di�erent

days is checked using two-sample tests (two-sample Kolmogorov-Smirnov test,

two-sample t-test), which verify if those measurements arise from the same normal

distribution. We perform the tests on each possible combination of two data sets

from in total 7 measurement days. The numbers of rejections at a signi�cance
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Table 6.1: Compatibility of data. The compatibility of data sets measured

on di�erent days is checked using two-sample tests. The number of rejections for

each data set compared with the other data sets are listed in the table.

data set 1 2 3 4 5 6 7

# of rejections
two-sample KS-test 2 0 1 0 2 0 1

two-sample t-test 3 1 1 0 3 1 1

level α = 0.05 for each data set compared with the other 6 data sets are listed

in Tab. 6.1. The two-sample tests reject the compatibility of data set 1 and 5

with the other measurements. We suspect that the data was contaminated by

drifts in the experimental parameters, such as STIRAP and ground-state cooling

e�ciency and calibration of the pulse spectrum. After excluding the data sets 1

and 5, all the other sets pass the two-sample tests.

6.5.5 Absolute frequency

6.5.5.1 Probe frequency

We derive the probe frequency of the spectroscopy laser from the beat mea-

surement of the undoubled spectroscopy laser at 794 nm with a frequency comb

(Sec. 6.4.1). Including the frequency doubling and the two AOMs, the probe

frequency of the spectroscopy laser at 397 nm is given by

νprobe = 2× (ncombνrep + νoff + νbeat) + 2× νAO397−1 + νAO397−2 , (6.51)

where ncomb = 1510443 is the comb tooth number of the frequency comb, νrep =

250, 000, 076.25 Hz and νoff = 40 MHz are the repetition rate and o�set frequency

of the comb, respectively, νbeat = 70 MHz is the beat frequency of the infrared

spectroscopy laser at 794 nm with the frequency comb, νAO397−1 and νAO397−2 are

the frequencies of the double pass AOM (AO397-1) and the single pass AOM

(AO397-2), respectively. The factor 2 in front of the parenthesis considers the

frequency doubling of the spectroscopy laser from 794 nm to 397 nm.
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6.5.5.2 Final frequency

From the data that passed the distribution tests, the weighted average of all the

frequencies measured on a single day is computed according to

ν =

∑
i

w(i)ν(i)∑
i

w(i)
; (6.52)

with the weight given by w(i) = 1/(σ
(i)
ν )2. The variance of the mean equals

σ2
ν =

1

N

∑
i

w(i)(ν(i) − ν)2∑
i

w(i)
(6.53)

with N as the number of scans on that measurement day. A weighted �t of

the center frequencies from di�erent measurement days with the weights 1/σ2
ν as

depicted in Fig. 6.13a gives a center frequency ν = 755, 222, 765, 896 kHz with a

statistical uncertainty of 42 kHz.
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Figure 6.13: Absolute frequency measurement. (a) From the results on 5 dif-

ferent measurement days (blue dots), the absolute frequency for the 2S1/2 ↔ 2P1/2

transition is derived (red line), while the black dash-dot lines and the green dashed

lines give 68.3% prediction bounds for the measurement and the mean, respec-

tively. (b) From the concatenated data of all the measurements, the overlapped

Allan-deviation for the fractional frequency is derived (blue dots). This results in

an inferred instability of 5.1× 10=9 for an averaging time of 1 s.
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Concatenating individual measurements ν(i) performed on di�erent days, the

Allan-deviation for the fractional frequency

y(i) =
ν(i) − ν

ν
(6.54)

is derived (Fig. 6.13b). This gives an instability of 5.1× 10=9 for an averaging

time of 1 s. From the quantum projection noise limit for the excitation di�erence

σ(δp) in Sec. 6.5.3, the corresponding quantum limit for the fractional frequency

is derived to be

σQPN
y =

Dσ(δp)

ν

√
T = 5.8(9)× 10−9

√
s , (6.55)

with T = 70.5 s as the time for repeating the experimental cycles forNcycles = 1250

times. This indicates that quantum projection noise is the limiting noise source

of the measurement.

6.6 Systematic shifts

Several e�ects that can introduce systematic shifts are discussed in this section.

6.6.1 AC-Stark shift

In the presence of the spectroscopy laser, the atomic levels will be shifted via an

AC-Stark coupling, which depends on the frequency, intensity and polarization

of the laser. This shift was determined experimentally by measuring the center

frequencies at three di�erent laser intensities. While changing the power of the

laser we increase the number of pulses at the same time to maintain the mo-

tional excitation. The intensity of the spectroscopy laser on the ion is extracted

from the intensity calibration curve as described in Sec. 6.5.2. We performed

frequency measurements at three di�erent intensities with saturation parameters

s = (0.074, 0.13, 0.21), corresponding to Rabi frequencies of the spectroscopy laser

Ω0 = 2π× (4.3, 5.6, 7.3) MHz. The center frequencies for di�erent laser intensities

are determined with the two point sampling technique as described in Sec. 6.5.5.2
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Figure 6.14: Stark and Zeeman shifts. (a) Stark shift measurement. (b)

Zeeman shift measurement. The center frequency of the 2S1/2 ↔ 2P1/2 transition

is determined with the two point sampling technique at di�erent laser intensities

and di�erent magnetic �eld strengths. A linear �t is used to extract the Stark and

Zeeman shift (red solid line) with the corresponding errors (green dashed line)

derived from the 68.3% prediction bound of the �t.

with corresponding error bars shown in Fig. 6.14a. A linear �t with two param-

eters y = ax + b gives a shift of 60 kHz at the intensity level s = 0.13 with an

uncertainty of 44 kHz corresponding to the 68.3% prediction bound of the �t.

The repump laser can cause a similar shift on the spectroscopy transition.

An interleaved sequence separating the spectroscopy pulses from the repumping

pulses leaves the relevant levels of the spectroscopy transition unperturbed from

the AC Stark e�ect of the repump laser.

6.6.2 Zeeman shift

In the experiment, a weak magnetic �eld de�ning the quantization axis is used.

The 2S1/2 and 2P1/2 states are split to several Zeeman sublevels, therefore in-

troducing Zeeman-shifted line components. An excitation imbalance of di�erent

line components will introduce a lineshape asymmetry and therefore a shift of

the observed center frequency. Such an imbalance can result from an imbalanced

97



6. PHOTON RECOIL SPECTROSCOPY

σ+/σ− polarization of the spectroscopy and repump lasers. In the experiment,

we choose the polarization of the spectroscopy and repump lasers to be linearly

polarized at the entrance window, so that there are all three polarization compo-

nents in these lasers with the same amount of σ+ and σ− light. This will cause a

symmetric line-broadening, but no shift of the center frequency. A polarization

distortion at the entrance window could cause imbalance of σ+/σ− polarized light

and therefore could lead to a shift of the center frequency.

In order to determine the shift induced by the Zeeman e�ect, the transition

frequency is measured at three di�erent magnetic �elds 0.387(2)mT, 0.584(1)mT

and 0.779(3)mT with the two-point sampling technique. The center frequencies

for di�erent magnetic �eld strengths with corresponding error bars as shown in

Fig. 6.14b. A linear �t with two parameters y = ax + b gives a shift of =8 kHz

at the magnetic �eld 0.584mT with an uncertainty of 59 kHz given by the 68.3%

prediction bound of the �t.

6.6.3 Spectroscopy laser envelope shift

The spectroscopy pulse with a duration of 125 ns is Fourier-broadened to 8MHz.

The switching AOM (AO397-2) has a limited bandwidth. The center frequency

and the limited bandwidth of the AOM together de�ne a frequency-dependent

e�ciency function of the AOM (response function), which depends on the align-

ment of the beam/AOM. For the typical application, where the AOM is driven

with a continuous RF source, the response function manifests itself in a frequency-

dependent variation of the e�ciency. In our case, where the AOM is driven with

short RF pulses, the AOM does not imprint the spectrum of the RF source di-

rectly onto the optical carrier frequency ωL, but rather multiplies every frequency

component with the response function. This e�ectively deforms the spectrum of

the RF source and therefore shifts the center of the original spectrum. We deter-

mine this shift by measuring the beat signal of the unshifted spectroscopy laser

with the 1st di�raction order of the AOM transmission as shown in Fig. 6.15.

The spectrum of the beat signal has a comb structure with a spacing determined

by the repetition rate of the spectroscopy pulses. Since the spontaneous emis-

sion rate of the ion is much larger than the repetition rate of the spectroscopy
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Figure 6.15: Optical setup for envelope shift measurement. The envelope

shift of the spectroscopy laser is determined from a beat measurement of the

unshifted spectroscopy laser with the 1st di�raction order of AOM transmission.

The focusing lenses before and after the AOM are omitted here for clarity.

laser, the atom actually sees only a single spectroscopy pulse and the coherence

between subsequent pulses does not play a role. Therefore the atomic response

is rather determined by the envelope of this comb structure, corresponding to

the Fourier transform of a single pulse. In order to measure the center of the

envelope of the beat spectrum, we reduce the repetition rate of the spectroscopy

pulse by a factor of 10 (from 1.92MHz to 192 kHz) to reduce the spacing between

the individual comb teeth without changing the spectral width of the envelope

and increase the number of pulses to engage a better SNR. The envelope of the

dense comb spectrum is extracted and smoothed afterwards to remove electronic

noise peaks in the spectrum. This envelope function is �tted with

y = a · sinc2

[
π(f − f0)

σ

]
+ o, (6.56)

which allows us to determine the imprinted center f0 by de�ecting through the

AOM. The envelope shift

∆νenv = f0 − νdrive (6.57)

against the drive frequency νdrive depends to 1st order linearly on the drive fre-

quency as shown in Fig. 6.16b. We choose the drive frequency in such a way that
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Figure 6.16: Envelope shift. (a) The periodically repeated spectroscopy pulses

form a comb structure (blue line) with the spacing of the comb teeth determined

by the repetition rate of the spectroscopy laser. The envelope of this spectrum

is extracted followed by smoothing with the method of moving average (black

line). The smoothed envelope is �tted using a squared sinc-function to determine

the center of the envelope (green line). (b) The frequency-dependent response

function of the AOM shifts the spectrum of the short spectroscopy pulses. These

envelope shifts depend to 1st order linearly on the drive frequency of AOM.

the envelope shift is close to zero. The residual shift, which lies typically within

±50 kHz, is determined with the beat measurement on a day-to-day basis, while

an uncertainty of 15 kHz for each individual measurement is derived from the

standard deviation of ten subsequent beat measurements performed on a single

day.

6.6.4 Photodiode calibration

The photodiode-ampli�er-spectrum analyser chain used to measure the beat of

the unshifted spectroscopy laser with the �rst order of di�raction of the AOM

has also a frequency dependent response. This is measured using two frequency-

doubled neodymium-doped yttrium aluminum garnet (Nd:YAG) lasers. Consider

two CW lasers with constant power. The strength of the beat signal depends

on the power, polarization and wavelength of the two lasers, and the response
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function of the photodiode. Keeping all the laser parameters �xed, the strength

of the beat signal is proportional to the response function of the RF detection

chain at the frequency of the beat. In the calibration process, we lock one of

the two lasers to an iodine absorption line. The frequency di�erence of the two

lasers is swept continuously and the maximum value of the beat signal during the

sweeps are recorded (Fig. 6.17a). An independent power measurement indicates

that the power of the two lasers is not changing during the sweep, so that the

recorded maximum of the beat signal re�ects the frequency response function of

the detection chain (black dots in Fig. 6.17b). The response function of the

photodiode to RF frequency is determined with lasers at 532 nm, we have to

assume that the RF response of the photodiode is independent of wavelength and

apply it to derive a detection-chain induced shift for the spectroscopy laser at
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Figure 6.17: Calibration of photodiode. (a) Optical setup for calibrating the

photodiode used for the beat measurement. The maximum value of the beat

signal of the two lasers is recorded with a spectrum analyzer while sweeping their

frequency di�erence. (b) The RF spectrum imprinted onto the spectroscopy

laser (blue dashed line) is measured with a photodiode. The photodiode itself

has a slightly frequency-dependent response (green solid line) corresponding to

a positive slope here and therefore shifts the center of the beat signal to higher

frequency (solid red line). The inset shows a zoom in into a smaller frequency

range indicating a shift of the maximum of the spectrum to higher frequency.
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397 nm.

In a small frequency range, the response function is approximated with a linear

�t and the induced shift is modelled by multiplying a squared sinc function with

the linearized response function. The new maximum of the resulting spectrum is

interpreted as the new center and the shift against the original sinc-function is

determined to be 22.0(3) kHz.

6.6.5 Doppler shift induced damping and anti-damping

The spectrum of the investigated transition is generated via detection of motional

excitations. This results in a line-distortion if the motional excitation is not

symmetric with respect to the detuning of the spectroscopy laser as in the case

for photon recoil spectroscopy. A blue detuned laser excites the motion with

higher probability than a red detuned laser with the same magnitude of detuning

|∆| because of Doppler shift induced damping and anti-damping. The measured

center frequency shifts to the blue side. The shift is explained in the following

with a simple model derived by K. Hammerer (Wan et al., 2014).

Under the e�ect of synchronous spectroscopy laser pulses, the momentum of

the ion increases from pulse to pulse. The drift moment for the momentum

dp(∆) = 〈pn〉 − 〈pn−1〉 (6.58)

describing the change of the mean momentum in a single cycle is a function of

the detuning of the laser from the atomic transition. Ignoring the Doppler shift,

the drift moment of the momentum is an even function of the detuning and it

transfers the atomic spectrum to the ions' motion without shifting the center.

When including the Doppler shift, every variable that depends on the detuning

of the laser now carries an implicit dependence on the momentum. This can be

considered by replacing the detuning of the laser with a Doppler shifted detuning

∆→ ∆dop = ∆−
√

2ηωT · p . (6.59)

The momentum p here is given in units of
√
~mωT. The drift moment of the
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momentum including the Doppler shift becomes

dp(p,∆) = dp(∆−
√

2ηωT · p)
≈ dp(∆)− g · p ,

(6.60)

with dp(∆) denoting the drift moment of the momentum ignoring the Doppler

e�ect and the function

g(∆) =
√

2ηωT
∂dp
∂∆

(6.61)

describing a Doppler shift induced damping and anti-damping rate at the detun-

ing ∆. It takes a positive value for a red detuned laser and a negative value for

a blue detuned laser in accordance with Doppler cooling and heating. Eq. (6.60)

indicates that depending on the sign of the detuning the drift in momentum per

cycle gets accelerated or decelerated compared to the value ignoring the Doppler

e�ect. Eqs. (6.58) and (6.60) set up an implicit equation for the momentum, so

that the mean momentum of the ion after a spectroscopy time s is given by

〈p(s)〉 =
1− e−gs

g
dp ' dps−

dps
2

2
g , (6.62)

where s = t/T is the spectroscopy time given in units of the period of the spec-

troscopy mode. Eq. (6.62) shows that the mean momentum of the ion consists

of two terms: the momentum kicks proportional to the spectroscopy time s and

a Doppler shift induced correction. Since the correction of the drift moment in

momentum is proportional to the mean momentum of the ion, for a positive g

(red detuned laser), the fast moving part of the wave packet gets more decel-

erated than the slow moving part indicating a narrowing of the wave packet in

momentum space. Similarly the wave packet becomes spread for a blue detuned

laser. It can be shown using a Focker-Planck equation (Wan et al., 2014), that

the variance of the momentum evolves according to

vp(s) = e−2gs +
1− e−2gs

g
Dpp ' 1 + 2(Dpp − g)s , (6.63)

whereDpp is the di�usion coe�cient in momentum. The Doppler shift contributes

to the mean momentum quadratically and to the variance of momentum linearly

in time s. In the parameter regime considered here, the contribution from the

di�usion Dpp is negligible compared to g and we set in the following Dpp = 0.
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In the experiment, the spectroscopy signal is based on a STIRAP detection

pulse, that separates the population in the motional ground state from the pop-

ulation in the motional excited states. The excitation probability including the

di�usion of the wave packet becomes

Pexc(s) = 1−
[

2

1 + vp(s)

]1/2

exp

[
− 〈p(s)〉

2

1 + vp(s)

]
' P exc(s) + δPexc(s) , (6.64)

where

P exc(s) = 1− exp

[
−d

2

ps
2

2

]
(6.65)

δPexc(s) = − exp

[
−d

2

ps
2

2

]
gs

2
(6.66)

correspond to the excitation probability ignoring the Doppler e�ect and the �rst

order correction in g, respectively. The �nal excitation of motion has two contri-

butions: one corresponds to the momentum kicks during the AECs and the second

term describing the e�ect of Doppler shift induced damping and anti-damping.

The correction term is negative for a red detuned laser and positive for a blue

detuned laser. For short spectroscopy times, the correction term scales linearly

with s, while the drift term scales quadratically with time. At the starting stage

of the cycle, the Doppler-induced heating is the dominant source contributing to

the signal, while with more and more pulses, the drift in momentum becomes

more dominant.

The shift of the center of the spectrum Pexc from the unperturbed one P exc is

given by

∆ν = − δPexc

∂P exc

∂∆

=
ηωT√
2 dps

(6.67)

With the two point sampling technique, the frequencies on the left and right side

of the spectrum reaching a certain signal level pl,r are determined. The necessary

spectroscopy time to reach this signal level is to zeroth order in g determined

by pl,r = P exc(s) or, equivalently, dp =
√
−2 log(1− pl,r). We can rewrite the

104



6.6 Systematic shifts

Probe level

F
re
q
u
en

cy
sh
if
t
(M

H
z)

0.2 0.4 0.6 0.8
0

0.1

0.2

0.3

0.4

Figure 6.18: Doppler shift induced damping and anti-damping. A Doppler

induced damping and anti-damping for red and blue detuned laser leads to an un-

symmetric excitation of motion and therefore a distortion of the line pro�le. The

systematic shift caused by the e�ect is modelled using a full numerical simulation

of the eight level system using the experimental parameters (black line). In

comparison, the predicted shift using the simple model according to Eq. (6.68)

is plotted as blue dashed line and the result of from a full analytical model is

plotted as in red dash-dot line.

Doppler induced shift measured with the two point sampling technique at the

signal level pl,r as

∆ν =
ηωT

2

[
log

(
1

1− pl,r

)]−1/2

(6.68)

The shift induced by the Doppler e�ect is also derived using an analytical model

using Fokker-Planck equation including all the drift and di�usion coe�cients

(Wan et al., 2014) and from the density matrix simulation of the eight level

system (Fig. 6.18). The Doppler induced shift from the simple model according

to Eq. (6.68) and from the density matrix simulation is plotted in Fig. 6.18 as a

function of the probe level. The result from the simple model is in agreement with

the numerical models for excitation level between 0.1 and 0.9. For the typical

signal level of pl,r = 0.5, the shift induced by the Doppler e�ect is extracted

from the numerical simulation to be 151 kHz. With a conservatively estimated
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�uctuation of motional excitation of ±0.1, we attribute an uncertainty of ±20 kHz
to this shift.

6.6.6 Other shifts

Although the ion trap provides an ideal environment for precision spectroscopy,

the presence of excess micromotion can lead to 2nd order Doppler shifts and a

distortion of the line pro�le. In case of a large crystal, an uncertainty as large

as 1.2MHz for the investigated transition has been determined experimentally

in a di�erent setup (Wolf et al., 2008). In our case, the e�ect of excess mi-

cromotion can be minimized through micromotion compensation using di�erent

techniques. We compensate the micromotion for a single 25Mg+ ion using the

sideband modulation technique as described in (Ibaraki et al., 2011). A modula-

tion index β = 0.005 for the residual excess micromotion is determined from the

ratio of the Rabi frequencies of the �rst micromotion sideband and the carrier

transition (Hemmerling, 2011), driven between |↑〉 ↔ |↓〉 states of the 25Mg+ ion.

The residual modulation index corresponds to an amplitude of the micromotion

of u′z = β/keff ≈ 0.16 nm (Hemmerling, 2011) and a displacement of the ion's po-

sition from the optimal point by u0z = 2u′z/qz ≈ 50 nm along the axial direction

(Berkeland et al., 1998), where keff is the e�ective vector of the Raman lasers and

qz is the trap parameter given in Appendix A.2. In case of two ions, both ions

are shifted away from the position with minimum micromotion. For the two ion

crystal of 25Mg+ and 40Ca+ in the same potential as a single 25Mg+, both ions

are shifted aside by approximately 1.93µm. The modulation index for both ions

is increased by a factor of around 40 to β ≈ 0.2.

The second-order Doppler shift and the Stark shift induced by the residual

excess micromotion are given by

∆νD2

ν
' −

(
Ωrf

ck cos θµk

)2(
β

2

)2

, (6.69)

νS ' 2σS

(
mΩ2

rf

ek cos θµk

)2(
β

2

)2

, (6.70)

where Ωrf is the trap driving frequency and k is the wave number of the spec-

troscopy laser, θµk is the angle between the laser and the direction of the micro-
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Table 6.2: Evaluation of systematic shifts and uncertainties. The given

uncertainties correspond to 1σ errors. The envelope shift of the spectroscopy

pulses is measured on a daily basis and included in the individual measurement,

while the uncertainty for the envelope shift contains the contributions from the

envelope shift and the photodiode chain calibration.

e�ect shift (kHz)

Zeeman −8 ± 59

AC-Stark spectroscopy laser 60 ± 44

AC-Stark repumper 0 ± 0

spectroscopy pulse envelope shift 0 ± 16

lineshape 151 ± 20

second-order Doppler shift 0 ± 0

RF Stark e�ect 0 ± 0

statistics 0 ± 42

total 203 ± 88

motion and σS is the static Stark shift constant (Arora et al., 2007). With the

modulation index for the two-ion crystal, the second-order Doppler shift and the

Stark shift are estimated to be smaller than 1Hz.

A summary of all the systematic e�ects with their corresponding uncertainties

is shown in Tab. 6.2. Considering all the contributions as independent from each

other, uncertainties from di�erent e�ects add up according to

σ =

√∑
k

σ2
k , (6.71)

which results in a total uncertainty of 88 kHz containing 78 kHz from systematic

e�ects and 42 kHz from statistics. Compared with the previous measurement of

the same transition using laser induced �uorescence on a cloud of ions (Wolf et

al., 2008), an improvement of almost a factor of 20 in uncertainty is achieved,

rendering our measurements one of the most accurate measurements of a broad

transition.
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6.7 Discussion

The high photon sensitivity and the absolute accuracy of photon recoil spec-

troscopy promise applications in a broad range of atomic and molecular species.

Its high photon sensitivity enables spectroscopy of transitions that are not closed

or have intrinsically low scattering rates. Such transitions appear in molecu-

lar ions (Lien et al., 2011; Nguyen et al., 2011b; Nguyen et al., 2011a), astro-

physically relevant metal-ions (Webb et al., 2011; Rahmani et al., 2012; Berengut

et al., 2011b) and highly-charged ions (Nörtershäuser, 2011). For the �rst two

cases, the complicated level structure opens up multiple-decay paths and there-

fore limits the number of scattered photons, while for highly-charged ions the

intrinsically narrow linewidth on the order of several kHz demands a sensitive

spectroscopy technique. The sensitivity of the technique could be further im-

proved by employing other non-classical states of motion, like higher Fock-state,

squeezed state or Schrödinger cat states (Hempel et al., 2013). These non-classical

states of motion have a larger spatial extent compared to the motional ground

state, which leads to an increased e�ective Lamb-Dicke parameter and a higher

photon sensitivity. For a squeezed vacuum state of motion |ξ〉 = Ŝ(ξ) |0〉 with
Ŝ(ξ) as the squeeze operator and ξ = r eiθ as the squeeze parameter, the ratio of

the uncertainties of the two quadratures is given by β = e2r (Gerry et al., 2004).

For θ = π, the spatial extent of the ion is increased by a factor of
√
β

∆x =
√
〈(∆x̂)2〉 = x0

√
β (6.72)

compared to the motional ground state with a spatial extension of x0 (Gerry et

al., 2004). Such a squeezed motional state with β = 40(10) has been created using

a periodically oscillating dipole force at twice the trap frequency (Meekhof et al.,

1996a). An increase of e�ective Lamb-Dicke parameter and photon sensitivity by

a factor of ∼ 6.3 could potentially be achieved.

Besides the high photon sensitivity, PRS provides a background-free detection

by separating the spectroscopy sequence with the detection period. This increases

the SNR in direct frequency comb spectroscopy (Marian et al., 2004; Diddams

et al., 2007), XUV (Jones et al., 2005; Gohle et al., 2005) and x-ray spectroscopy

(Epp et al., 2007; Bernitt et al., 2012), where the number of photons per spectral

bandwidth is limited.
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Chapter 7

State preparation of molecular ions

In this chapter, we describe the proposed scheme for state preparation of molecu-

lar ions using the quantum logic technique. After a short introduction of previous

experiments aimed at production of rotationally cold molecular ions in Sec. 7.1,

the basic properties of our molecular ion 24MgH+ are discussed in Sec. 7.2. In

Sec. 7.3, we introduce the principle of rotational state preparation, where we use

an optical lattice to distinguish di�erent rotational states of the molecular ion.

The coupling of an optical lattice to an ion is discussed in Sec. 7.4. Here we

investigate the in�uence of a moving optical lattice on the 25Mg+ ion and on the

molecular ion. In Sec. 7.5, the optical lattice is employed to produce a coherent

state on a two-ion crystal of 25Mg+ and 24MgH+. In the last section, an outlook

for the current experiments is presented.

7.1 Introduction

Cold and ultracold molecules provide the ideal test �elds from fundamental

physics to ultracold chemistry (Carr et al., 2009). A comparison of astrophysical

and laboratory spectroscopy of rovibrational transitions of molecular ions allows

the test of a possible variation of fundamental constants (Murphy et al., 2008).

The large e�ective electric �eld within a molecule (Sandars, 1965) allows to probe

the existence of an electron electric dipole moment (Meyer et al., 2006). Studies

of molecular collisions at low temperature allow detailed investigation of quantum

mechanical description of chemical reactions (Willitsch et al., 2008b; Willitsch et
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al., 2008a; Staanum et al., 2008). All these intriguing applications raise interests

in the study of cold neutral molecules and molecular ions.

Molecular systems have a much richer level structure compared to atomic

systems. Besides the electronic levels, the relative motion between the atoms

composing the molecule leads to vibrational and rotational bands lying on top of

the electronic structure. This complexity in the internal level structure forms the

challenge of coherent control of molecules. In recent years, various approaches

have been pursued for generating cold molecular ions. One of the general methods

to cool the external degrees of freedom of charged particles is sympathetic cool-

ing. For this, molecular ions are trapped together with laser-cooled atomic ions.

Through the Coulomb interaction between the atomic and molecular species, the

translational degrees of freedom of the molecular ion is sympathetically cooled

to a temperature of below 100mK (Bowe et al., 1999; Mølhave et al., 2000).

Because of the large energy separation between the rovibrational energy and the

motional energy, the internal degrees of freedom of the molecular ion are decou-

pled from the external motion (Vogelius et al., 2002; Bertelsen et al., 2006). The

distribution over the internal states are strongly in�uenced by blackbody radi-

ation (BBR) from the environment. The cooling of internal degrees of freedom

of translationally cold ions has been demonstrated on polar molecular ions like
24MgH+ (Staanum et al., 2010) and HD+ ion (Schneider et al., 2010b) using op-

tical pumping on dipole-allowed transitions, resulting in a fractional population

of 36.7% and 78% in the rotational ground state, respectively. On apolar molec-

ular ions, state-selective threshold photoionization has been applied to produce

an accumulation of N+
2 molecules in selected rotational states (Tong et al., 2010).

As an alternative method, bu�er-gas cooling has been demonstrated on various

systems as an e�cient method of cooling both internal and external degrees of

freedom of molecular ions using cryogenic He bu�er gas (Gerlich, 1995; Kreckel

et al., 2005; Trippel et al., 2006). Very recently, using a combination of sym-

pathetic cooling and He bu�er-gas, a rotational temperature of ∼7.5K has been

demonstrated on 24MgH+ ions (Hansen et al., 2014).

In these experiments, the cooling of molecular ions has been demonstrated on

a cloud of molecular ions. The state detection of di�erent internal states is per-

formed via destructive methods, such as resonance-enhanced multi-photon disso-
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ciation (Bertelsen et al., 2006; Roth et al., 2006; Koelemeij et al., 2007a; Staanum

et al., 2010; Schneider et al., 2010b; Hansen et al., 2014) or laser-induced charge

transfer with Ar atoms (Schlemmer et al., 1999; Tong et al., 2010), which lead

to dissociation of the molecular ions. We propose in this chapter an alternative

method to prepare a single molecular ion in a pure quantum mechanical state.

The method is based on the non-destructive detection of the rotational state of

the molecular ion 24MgH+ using the quantum logic technique.

7.2 Properties of Magnesium Hydride

7.2.1 Level scheme

Fig. 7.1a shows the potential energy curves for the lowest two electronic levels

X 1Σ+ and A 1Σ+ of the 24MgH+ molecule (Jørgensen et al., 2005). The transition

frequencies between the two lowest vibrational bands of these electronic states lie

at around 281 nm (Balfour, 1972). The electronic ground state X 1Σ+ has a
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Figure 7.1: Potential energy curves of magnesium hydride. (a) Potential

energy curves for the lowest two electronic levels of 24MgH+. In each electronic

level, there is a series of rovibrational bands indicated with green lines. (b) The

lowest two vibrational bands in the electronic ground state. At room temperature,

more than 99% of the population stay in the vibrational ground state, but more

than ten rotational levels are �lled with a population of more than 1%.
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Figure 7.2: Equilibrium distribution of rotational levels. The equilibrium

distribution of 24MgH+ in di�erent rotational states of the electronic and vibra-

tional ground state at T = 4 K (blue), 77 K (green) and 300 K (red).

vibrational constant of 1699 cm=1 (Balfour, 1972; Aymar et al., 2009). At room

temperature (T = 300 K), the splitting in the vibrational states is much larger

than the thermal energy (kBT =̂ 6.25 THz =̂ 208 cm−1), so that more than 99% of

the population is in the electronic and vibrational ground state.

Through incoherent coupling to the BBR, the rotational levels in the electronic

and vibrational ground state reach a thermal equilibrium on a typical timescale

of 10− 100 s with a population

P(J) =
1

Z
· gJ e−EJ/kBT (7.1)

in the rotational state |X 1Σ+, ν ′′ = 0, J ′′〉 ≡ |J〉X, where Z =
∑
J

gJ e
−EJ/kBT is

the canonical partition function, kB is the Boltzmann constant and EJ , gJ =

2J+1 are the energy and degeneracy of the rotational level |J〉X in the electronic

and vibrational ground state of the molecule. Fig. 7.2 shows the equilibrium

distributions of rotational levels in the electronic and vibrational ground state

for three di�erent temperatures. At room temperature T = 300 K, rotational

levels up to J = 12 have a population of more than 1%, while at liquid helium

temperature of T = 4 K, more than 95% of the population are in the rotational

ground state.
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7.2.2 Transition frequencies between electronic states

Consider that we drive a direct transition between the two electronic states

|X 1Σ+, ν ′′ = 0, J ′′〉 ≡ |J ′′〉X and |A 1Σ+, ν ′ = 0, J ′〉 ≡ |J ′〉A of the molecular ion.

Note that we use a double-prime (ν ′′, J ′′) to indicate the quantum number of the

electronic ground state and a single prime (ν ′, J ′) for the electronically excited

state. The possible transitions are limited by the selection rule ∆J = J ′−J ′′ = ±1

for a transition between two Σ-states (Ellis et al., 2011, Chap. 7). The transition

frequencies for the P- and R-branch, with J ′ = J ′′ ∓ 1 respectively (Fig. 7.3b),

are given by

νP,R(J ′′) = ν(ν′,ν′′) +B′J ′(J ′ + 1)−B′′J ′′(J ′′ + 1)

=

{
ν(ν′,ν′′) − (B′ +B′′)J ′′ + (B′ −B′′)J ′′2 for P-branch

ν(ν′,ν′′) + (B′ +B′′)J ′ + (B′ −B′′)J ′2 for R-branch ,

(7.2)
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Figure 7.3: Fortrat diagram. (a) The transition frequencies between

|X 1Σ+, ν ′′, J ′′〉 and |A 1Σ+, ν ′, J ′〉 show typically a quadratic dependence on the

rotational quantum number J ′′. For 24MgH+ with B′ < B′′, the R-branch bends

towards lower frequencies with increasing rotational quantum number J ′′. (b)

The possible transitions are limited by the selection rules ∆J = ±1 for a Σ→ Σ

transition to P- and R-branches, while transitions in the Q-branch with ∆J = 0

are not allowed.
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where ν(ν′,ν′′) denotes the band origin corresponding to the transition frequency

between |J ′′ = 0〉X and |J ′ = 0〉A and B′′ ≈ 6.4 cm−1, B′ ≈ 4.4 cm−1 are the

rotational constants for the electronic ground and excited states, respectively.

The transition frequencies between the two rotational states |J ′′〉X and |J ′〉A show

in general (B′′ 6= B′) a quadratic dependence on the rotational quantum number.

This is illustrated in a Fortrat diagram (Fig. 7.3a), where the rotational quantum

number J ′′ is plotted against the transition frequency νP,R(J ′′) referenced to the

band origin νν′,ν′′ . For 24MgH+ ions, the equilibrium distance between the two

nuclei in the excited state R′e is larger than in the electronic ground state R′′e ,

leading to a smaller rotational constant for the electronically excited state B′ <

B′′. The R-branch bends in this case towards lower frequencies with increasing

rotational quantum number J ′′, corresponding to a non-monotonic change of the

transition frequency as a function the rotational quantum number J ′′.

7.2.3 Dynamics of rotational degrees of freedom

With a cloud of the molecular ions in the trap, the incoherent coupling to the BBR

leads to a statistical distribution of the ions in di�erent rotational states of the

electronic and vibrational ground state. With a single molecular ion in the trap,

the coupling to the BBR results in incoherent jumps between di�erent rotational

states. We model in this section the dynamics between the rotational states

using Master equation simulation and the Monte Carlo wave-function (MCWF)

method.

7.2.3.1 Master equation model

The free evolution of the rotational degrees of freedom coupling to a thermal

reservoir at a temperature T is described by the master equation (Meystre et al.,

1999; Lambropoulos et al., 2007)

ρ̇ =
∑
J

[
AJ
2

(n̄J + 1)
(

2 σ̂Jρσ̂
†
J − σ̂†J σ̂Jρ− ρσ̂†J σ̂J

)
+
AJ
2

gJ+1

gJ
n̄J

(
2 σ̂†Jρσ̂J − σ̂J σ̂†Jρ− ρσ̂J σ̂†J

)]
,

(7.3)
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Figure 7.4: Thermalization of rotational states. Starting from a pure rota-

tional state |J = 0〉X, the incoherent coupling to the BBR at T = 300K redis-

tributes the molecular ion(s) between di�erent rotational states towards a thermal

equilibrium within 100 s. The population of the lowest four rotational states are

plotted as a function of time. Density matrix simulation: dashed lines. Monte

Carlo simulation with 1000 trajectories: solid lines.

where σ̂J is the spin-�ip operator

σ̂J = |J〉XX〈J + 1| , (7.4)

AJ is the Einstein coe�cient and

n̄J =
1

exp
(

~νJ
kBT

)
− 1

(7.5)

is the mean number of quanta of BBR in the mode of the transition frequency

νJ between the two states |J〉X and |J + 1〉X. The double primes are omitted

here, since only the electronic ground state is relevant. We introduce the collapse

operators

ĉJ,k =

{√
AJ(n̄J + 1)σ̂J for k = −√
AJ

gJ+1

gJ
n̄J σ̂

†
J for k = + ,

(7.6)

describing the quantum jump for the transition |J + 1〉X → |J〉X and the inversed

transition, respectively. The master equation is rewritten in Lindblad form to

ρ̇ =
∑
J

∑
k

1

2

(
2 ĉJ,kρĉ

†
J,k − ĉ†J,kĉJ,kρ− ρĉ†J,kĉJ,k

)
. (7.7)
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Starting from the rotational ground state |J = 0〉X, the equilibrium between dif-

ferent rotational states is reached within less than 100 s as shown with dashed

lines in Fig. 7.4. The �nal distribution in thermal equilibrium is in agreement

with Eq. (7.1). The Einstein coe�cients and the transition frequencies used in

the simulation are taken from Højbjerre, 2009 and Balfour, 1972, respectively.

7.2.3.2 MCWF method

In order to model the time evolution of the rotational degrees of freedom of a

single molecular ion, we use the MCWF method (Molmer et al., 1993). We

summarize the basic procedure for the MCWF method applied to the rotational

evolution in a single molecular ion. The reader is referred to Molmer et al., 1993;

Carmichael, 1993; Plenio et al., 1998; Carmichael, 2008 for further details.

From a certain initial state |φ(t)〉 , e.g. |J = 0〉, the rotational states of a molec-

ular ion evolves under the e�ective Hamiltonian

Heff = −i~
2

∑
J

∑
k

ĉ†J,kĉJ,k , (7.8)

for a short time δt to an un-normalized state |φ(t+ δt)〉 with the square of the

norm 〈
φ(t+ δt)

∣∣φ(t+ δt)
〉

= 1− δp , (7.9)

where

δp = δt
i

~

〈
φ(t)

∣∣∣ Ĥeff − Ĥ†eff

∣∣∣φ(t)
〉

=
∑
J,k

δpJ,k (7.10)

δpJ,k = δt
〈
φ(t)

∣∣∣ ĉ†J,kĉJ,k ∣∣∣φ(t)
∣∣∣ 〉 (7.11)

are the total loss of population and the losses from each channel in the time

interval δt, respectively. In the second step, a random number ε between 0 and 1 is

chosen. If the random number ε is larger than δp, then no quantum jump between

the states has occured and the normalized wave function becomes (Molmer et al.,

1993; Leth et al., 2010)

|φ(t+ δt)〉 =
|φ(t+ δt)〉
(1− δp)1/2

if δp < ε . (7.12)
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Figure 7.5: Single trajectory for evolution between rotational states. (a)

Because of the incoherent coupling with BBR, the molecular ion jumps between

di�erent rotational states. The presence in certain rotational states is indicated

as a square function in the �gure. (b) The accumulated duration (red bars) that

the ion has stayed in a certain rotational state follows the Boltzmann distribution

(blue bars) at the temperature of BBR. The deviations are caused by the limited

evolution time. (c) The mean dwell time for the ion to stay in a certain state is

longer for a low rotational state than for a high rotational state (green bars).

If ε < δp, the initial state |φ(t)〉 is projected at random with a weight δpJ,m/δp

to

|φ(t+ δt)〉 =
ĉJ,k |φ(t)〉

(δpJ,k/δt)
1/2

if δp > ε . (7.13)

It can be shown that the solution from MCWF method is equivalent with the

result of the master equation (Molmer et al., 1993). In Fig. 7.4, the result of the
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master equation (dashed lines) is compared with the result of the Monte Carlo

(MC) simulation (solid lines) averaged over 1000 trajectories starting from the

same initial condition |φ(t = 0)〉 = |J〉X. They match within small �uctuations,

which is limited only by the number of trajectories used in the MC simulations

(Molmer et al., 1993).

Fig. 7.5a shows the evolution of rotational states in a single trajectory. The

incoherent coupling to the BBR results in jumps of the ion between di�erent

rotational states. It can only be found in one of the rotational states at a time.

Although the accumulated duration during which the molecular ion to stay in one

of the rotational states in this single trajectory is proportional to the population

predicted by the Boltzmann distribution given in Eq. (7.1) (Fig. 7.5b), the mean

dwell time for the ion to stay in the low lying states is longer than in the higher

rotational states (Fig. 7.5c).

7.3 Principle of rotational state preparation

The principle of rotational state preparation is illustrated in Fig. 7.6. The 25Mg+

ion is initialized to the |↓〉 state, while the molecular ion stays in the electronic

and vibrational ground state |X 1Σ+, ν ′′ = 0〉 with more than 99% probability, but

jumps between di�erent rotational states |J ′′〉X as illustrated in Fig. 7.5. We cool

the two-ion crystal of 25Mg+ and 24MgH+ ions to the motional ground state with

resolved sideband cooling (SBC) as described in Sec. 4.3 (Fig. 7.6a). During the

interrogation period, we apply a pulse of two counter-propagating laser beams

forming a moving optical lattice for a duration t. The lattice beams at around

281 nm are produced using a frequency-doubled dye laser1 and are aligned along

the trap axis to provide the largest Lamb-Dicke parameter for the axial modes

(Fig. 3.3). The frequency di�erence of the two lattice beams is detuned to the

axial trap frequency of the in-phase (ip) mode, while the frequency of each lattice

beam is tuned close to the resonance of a direct electronic transition νP,R(J ′′)

between |X 1Σ+, ν ′′ = 0, J ′′〉 and |A 1Σ+, ν ′ = 0, J ′′ ∓ 1〉. If the molecular ion is

in the target rotational state |J ′′〉X, the moving optical lattice excites the ions'

1Radiant Dyes Laser & Accessories GmbH Active stabilized CW dye ring laser
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Figure 7.6: Principle of rotational state preparation. (a) At the begin-

ning of the sequence, the logic ion 25Mg+ is initialized in the |↓〉 state via optical
pumping and the molecular ion 24MgH+ decays to the electronic and vibrational

ground state, but jumps between di�erent rotational states via incoherent cou-

pling to the BBR at room temperature. Using resolved SBC, the two-ion crystal

is cooled to the motional ground state of both axial modes. (b-i) A moving

optical lattice is used to excite the motion of the two-ion crystal with the fre-

quency of the lattice beams tuned close to resonance of the electronic transition

|X 1Σ+, ν ′′ = 0, J ′′〉 ↔ |A 1Σ+, ν ′, J ′′ ∓ 1〉. If the molecular ion is in the target

rotational state |J ′′〉X, the moving optical lattice excites the motion of the ion

crystal. (b-ii) If the molecular ion is in another rotational state, the lattice beams

are far-detuned from the closest electronic transition and the ions' motion will

not be in�uenced. (c) The potentially generated motional excitation is shared by

both ions and is converted into an internal state excitation of 25Mg+ via a STI-

RAP pulse on the RSB. (d) The two internal states of 25Mg+ are distinguished

using a resonant detection pulse. A molecular ion in the target rotational state

|J ′′〉X is identi�ed by a 25Mg+ ion in the |↑〉 state.

motion into a coherent state through an optical dipole force oscillating at the trap

frequency (Fig. 7.6b-i). If the molecular ion is not in the target rotational state

|J ′′〉X, the lattice beams are far-detuned from the closest electronic transitions

(Fig. 7.6b-ii) and no motional excitation is generated. The motional excitation is

shared by both ions because of the strong Coulomb interaction and is converted

into an electronic excitation on the 25Mg+ ion via a stimulated Raman adiabatic
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passage (STIRAP) pulse on the red sideband (RSB) (Fig. 7.6c). A detection

pulse coupling |↓〉 with the 2P3/2 state of the 25Mg+ ion distinguishes the |↓〉 and
|↑〉 states and provides information about the rotational state of the molecular

ion 24MgH+ (Fig. 7.6d).

7.4 Interaction of an ion with an optical lattice

7.4.1 Light shift

Consider a two-level system with transition frequency ω0 in the �eld of a far-

detuned laser with frequency ωL. The full Hamiltonian of the system in the

frame of the laser reads

Ĥ =
~
2

(
∆R ΩR

ΩR −∆R

)
(7.14)

where

ΩR =
|d ·E0|

~
(7.15)

is the resonant Rabi frequency, ∆R = ωL−ω0 is the detuning of the laser from the

investigated transition, d is the electric dipole moment and E0 is the amplitude

of the oscillating electric �eld E = E0 cos(ωLt) at the position of the ion. The

presence of the far-detuned laser perturbs the energy levels of the ion. The

eigenvalues of the Hamiltonian read

λ± = ±~
2

√
Ω2

R + ∆2
R ≈ ±~

(
∆R

2
+

Ω2
R

4∆R

)
, (7.16)

where the second step the detuning is valid for large detuning (ΩR � ∆R). The

�rst term corresponds to the eigenvalue of the unperturbed system in the rotating

frame of the laser and the second term gives the light shift induced by the far-

detuned laser. The ground and the excited state are shifted by the same amount

but towards di�erent directions. For an ion located in the ground state, this shift

reads

Vls =
~Ω2

R

4∆R

, (7.17)

which takes a positive value for a blue detuned laser and a negative value for a

red detuned laser. Making use of the relation between the electric dipole moment
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d and the spontaneous emission rate Γ0 of the excited state (Hilborn, 1982)

Γ0 =
ω3

0

3πε0~c3
|d|2 (7.18)

and the relation between the electric �eld amplitude E0 of the oscillating �eld

E = E0 cos(ωLt) and the time-averaged intensity I

I =
ε0c

2
|E0|2 =

~ω3
0

6πc2

Ω2
R

Γ0

, (7.19)

we rewrite Eq. (7.17) as

Vls(r) =
3πc2

2ω3
0

Γ0

∆R

I(r). (7.20)

The dipole potential possesses a spatial dependency caused e.g. by the intensity

pro�le of the far-detuned laser. A red-detuned laser shifts the energy level down-

wards and therefore exerts an attracting force on the ion towards the regime with

high laser intensity. A blue-detuned laser lifts the energy level up and exerts a

repelling force pushing the ion out of the laser �eld.

The scattering rate of the ion from the excited state |e〉 at the detuning ∆R is

given by the product of the population ρee in the excited state and the spontaneous

emission rate Γ0

Γsc = Γ0ρee =
Γ0

2

Ω2
R/2

∆2
R + Ω2

R/2 + Γ2
0/4

, (7.21)

where in the second step the steady state solution for ρee is used (Foot, 2005). In

case of large frqeuency detuning (∆R � Γ0, ΩR) the expression simpli�es to

Γsc ≈
Γ0

4

Ω2
R

∆2
R

=
3πc2

2~ω3
0

Γ2
0

∆2
R

I(r) . (7.22)

Both the light shift and the scattering rate scale linearly with the laser intensity,

but they have di�erent scaling with the laser detuning. The scattering rate drops

faster with 1/∆2
R at large detuning, while the dipole potential decreases according

to 1/∆R.

The light shift can also be derived from second-order perturbation theory

Grimm et al., 2000. Consider the atom in the ground state and with n photons
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in the light �eld. The total energy of the system consisting of the atom and the

light �eld equals Ei = n~ωL. The atom gets excited after absorbing a photon

under the interaction Hamiltonian Ĥint = −d ·E0/2 in the rotating frame of the

laser, so that the �nal state has the total energy of Ef = ~ω0 + (n− 1)~ωL. The

energy level of the atomic ground state is shifted according to the second-order

perturbation theory by

∆Ei =
| 〈e| Ĥint |g〉 |2
Ei − Ef

=
| 〈e|d |g〉 |2

~∆R

|E0|2
4

=
3πc2

2ω3
0

Γ0

∆R

I(r), (7.23)

where we used Eqs. (7.18) and (7.19) in the last step.

For a multi-level atom with sub-levels, the energy shift of a speci�c ground

state |gi〉 is calculated by summing up the contributions from all the excited states

|ej〉 (Griesmaier, 2007)

∆Ei =
1

2ε0~c
∑
j

∑
q

| 〈ej| εqdq |gi〉 |2
ωL − ωij

I(r) , (7.24)

where εq are the components of the polarization vector and dq are the components

of the dipole-moment vector in the spherical basis (Auzinsh et al., 2010) and ωij

are the transition frequencies between |gi〉 and |ej〉.

7.4.2 Interference of counter-propagating �elds

Consider a pair of laser beams counter-propagating along the z-axis ez with the

frequencies ω1, ω2 and the wave vectors k1, k2. The two laser beams are linearly

polarized along the x-axis ex. The electric �elds of the two laser beams are

E1 = exE1 cos(k1z − ω1t) (7.25)

E2 = exE2 cos(k2z − ω2t) (7.26)

The total electric �eld generated by the two laser beams is

E = E1 +E2

= ex [E1 cos(k1z − ω1t) + E2 cos(k2z − ω2t)] .
(7.27)
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7.4 Interaction of an ion with an optical lattice

The time-averaged intensity (averaged over the fast oscillations at frequency ω1

and ω2) with the presence of both lasers is given by

I(z, t) = ε0c 〈|E|2〉
= ε0c

[
〈|E1|2〉+ 〈|E2|2〉+ 2 〈E1 ·E2〉

]
= I1 + I2 + 2

√
I1I2 cos(δkLz − δωLt),

(7.28)

where I1 and I2 are the intensities of every single laser beams, δωL = ω1 − ω2 is

the frequency di�erence of the two lasers and δkL = |k1 − k2| is the di�erence

of the two wave vectors. The two counter-propagating laser beams generate a

moving optical lattice that moves with the speed vL = δkL/δωL.

7.4.3 Displacement and o�-resonant excitation from opti-

cal lattice

The optical lattice generated by two counter-propagating laser beams possesses

besides the spatial dependence from the intensity pro�le of the laser also a spatial

dependence along the direction of the laser beam caused by the interference of

the two laser beams. In addition it introduces a time-dependence caused by the

frequency di�erence of the two lasers. After inserting Eq. (7.28) in Eq. (7.20), we

see that the optical lattice produces an additional potential at the position of the

ion

V ′lattice =
3πc2

2ω3
0

Γ0

∆R

[
I1 + I2 + 2

√
I1I2 cos(δkLz − δωLt)

]
. (7.29)

The �rst two terms in the square brackets produce a constant shift of the potential

and can be merged into the de�nition of the ground state energy, while the last

term introduces a periodic modulation on the ion. After replacing z = z0 (â+ â†)

and de�ning the Lamb-Dicke parameter for the lattice ηL = δkLz0, we express

the potential as

V ′′lattice =
3πc2

2ω3
0

Γ0

∆R

√
I1I2

[
eiηL(â+â†)e−iδωLt + h.c.

]
. (7.30)
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After an unitary transformation into the frame of the trap frequency, we write

this potential as

Vlattice =
3πc2

2ω3
0

Γ0

∆R

√
I1I2

[
eiηL(âe−iωTt+â†eiωTt)e−iδωLt + h.c.

]
≈ 3πc2

2ω3
0

Γ0

∆R

√
I1I2

[
iηL

(
âe−iωTt + â†eiωTt

)
e−iδωLt + h.c.

]
≈ 3πc2

2ω3
0

Γ0

∆R

√
I1I2

[
iηLâ

†e−iδωt + h.c.
]

= ~
Ω1Ω2

4∆R

[
iηLâ

†e−iδωt + h.c.
]
,

(7.31)

where in the �rst step Lamb-Dicke approximation is made and in the second step

rotating wave approximation is made. In the last step we replace the intensity

of the two laser beams with the corresponding Rabi frequencies using Eq. (7.19).

The detuning δω = δωL − ωT gives the deviation of the frequency di�erence of

the two lattice lasers from the trap frequency ωT. The optical lattice causes an

interaction Hamiltonian of the same form as in Eq. (5.2) for the classical driving

�eld and therefore has the same e�ect as the classical driving �eld and displaces

the ion's motion. A simple comparison with Eq. (5.2) reveals the displacement

strength for the optical lattice

Ωd = η
Ω1Ω2

4∆R

. (7.32)

With δω = 0, the ion is displaced to a coherent state |α = Ωdt〉 after an interaction
time t and the population in the motional excited states is given by

P0 = 1− exp
(
−|Ωdt|2

)
. (7.33)

With an excitation to the coherent state |α = 3〉, the population left in the mo-

tional ground state is less than 0.01%.

The optical lattice induces at the same time an o�-resonant excitation. Insert-

ing Eq. (7.28) into Eq. (7.22) we derive the scattering rate from the two lattice

lasers

Γ′sc(z, t) =
3πc2

2~ω3
0

Γ2
0

∆2
R

[
I1 + I2 + 2

√
I1I2 cos(δkLz − δωLt)

]
, (7.34)
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7.4 Interaction of an ion with an optical lattice

which has a spatial and time-dependence. At the position of the ion (z = 0), the

time-averaged scattering rate over the period of 2π/δωL is given by

Γsc = Γ′sc(0, t) =
3πc2

2~ω3
0

Γ2
0

∆2
R

[I1 + I2] =
Γ0

4

[
Ω2

1

∆2
R

+
Ω2

2

∆2
R

]
. (7.35)

As can been seen here, the total scattering rate corresponds to the sum of the

o�-resonant excitation rates of the two individual lattice lasers.

The ratio between o�-resonant excitation and coherent excitation by the op-

tical lattice is given by

Γsc

Ωd

=
Γ0

η∆R

Ω2
1 + Ω2

2

Ω1Ω2

≈ 2Γ0

η∆R

, (7.36)

where we assumed that the two lattice lasers have about equal amount of inten-

sities on the ion (Ω1 ≈ Ω2).

7.4.4 Coupling strength for magnesium ion

The lattice laser used to generate a state-dependent force on the molecular ion is

at around 281 nm, which is not far away from the

D1 : |2S1/2, J
′′ = 1/2〉 → |2P1/2, J

′ = 1/2〉
D2 : |2S1/2, J

′′ = 1/2〉 → |2P3/2, J
′ = 3/2〉

transitions of the 25Mg+ ion at around 280 nm. In this section, We calculate the

displacement strength Ωd exerted on the 25Mg+ ion. For this, we consider �rst

the transition strength for a direct dipole transition. Using the Wigner-Eckart-

Theorem, the transition dipole matrix element for a 25Mg+ ion between the two

states |ξ′′L′′J ′′F ′′m′′F 〉 and |ξ′L′J ′F ′m′F 〉 can be expressed as (Auzinsh et al., 2010)

〈ξ′J ′F ′m′F | dq |ξ′′J ′′F ′′m′′F〉

= (−1)F
′−m′F

{
F ′ 1 F ′′

−m′F q m′′F

}
3j

× (−1)J
′+I+F ′′+1

√
(2F ′′ + 1)(2F ′ + 1)

{
J ′ F ′ I
F ′′ J ′′ 1

}
6j

× 〈ξ′J ′ ‖ d ‖ ξ′′J ′′〉 ,

(7.37)
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7. STATE PREPARATION OF MOLECULAR IONS

where ξ stands for the atomic quantum numbers other than J , I, F and mF .

Similarly as for the molecular ions, we use double primes to denote the quantum

numbers of the electronic ground state and single primes to denote the quantum

numbers of the electronic excited state. The factor in the �rst line gives a cor-

rection due to the coupling to di�erent Zeeman sub-levels and the factor in the

second line gives the correction due to the hyper�ne structure. The absolute-

value-squared reduced dipole matrix element |〈ξ′J ′ ‖ d ‖ ξ′′J ′′〉|2 in the J-basis is

related with the linewidth of the upper state according to (Corney, 2006; Auzinsh

et al., 2010)

Γ0 =
ω3

0

3πε0~c3
· 1

2J ′ + 1
| 〈ξ′J ′ ‖ d ‖ ξ′′J ′′〉 |2. (7.38)

This allows us to calculate the reduced dipole matrix elements of the D1 and D2

lines in the 25Mg+ ion from the experimental values of the spontaneous emission

rate:

µJ ′=1/2 =

∣∣∣∣〈ξ′, J ′ = 1

2

∥∥∥∥ d∥∥∥∥ ξ′′, J ′′ = 1

2

〉∣∣∣∣ = 2.36 ea0 (7.39)

µJ ′=3/2 =

∣∣∣∣〈ξ′, J ′ = 3

2

∥∥∥∥ d∥∥∥∥ ξ′′, J ′′ = 1

2

〉∣∣∣∣ = 3.35 ea0 (7.40)

Including all the contributions from the two closest electronic states |2P1/2〉 and
|2P3/2〉, the displacement strength of the optical lattice exerted on the 25Mg+ ion

in Eq. (7.32) becomes

Ωmg
d = η

E1E2

4~2

∑
J ′

∑
F ′

∑
m′F q

|εq 〈ξ′J ′F ′m′F | dq |ξ′′J ′′F ′′m′′F 〉|2
∆J ′

= η
E1E2

4~2

∑
J ′

 µ2
J ′

∆J ′

∑
F ′

∑
m′F q

SMQ
F ′m′F q

SJI
F ′


= η

E1E2

4~2

∑
J ′

(
µ2
J ′

∆J ′
SJ ′

)
,

(7.41)

where we considered the detuning of the lattice lasers ∆J ′ to be large compared

to the hyper�ne and Zeeman splitting and therefore to be only dependent on the
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7.4 Interaction of an ion with an optical lattice

Table 7.1: Geometric factor for magnesium ion. The geometric factors for

the D1 and D2 transitions in 25Mg+ ion including the e�ect of polarization.

J ′ 1/2 3/2

SJ ′

unpolarized 1/6 1/6

σ+-polarized 0 1/4

ε1 = −1
2
, ε0 = − 1√

2
, ε−1 = 1

2
1/6 1/6

quantum number J ′. We introduced coe�cients to simplify the notation

SMQ
F ′m′F q

=

∣∣∣∣∣εq
{

F ′ 1 F ′′

−m′F q m′′F

}
3j

∣∣∣∣∣
2

(7.42)

SJI
F ′ = (2F ′′ + 1)(2F ′ + 1)

∣∣∣∣∣
{
J ′ F ′ I
F ′′ J ′′ 1

}
6j

∣∣∣∣∣
2

. (7.43)

With a 25Mg+ ion initialized in the |↓〉 = |2S1/2, F
′′ = 3,m′′F = 3〉 state, the dis-

placement strength exerted on the 25Mg+ ion depends on the detuning of the

lattice laser ∆J ′ and the geometric factor SJ ′ . For unpolarized light with(
ε1
)2

=
1

3
,
(
ε0
)2

=
1

3
,
(
ε−1
)2

=
1

3
, (7.44)

the geometric factor simpli�es to

SJ ′ =
∑
F ′

∑
m′F q

SMQ
F ′m′F q

SJI
F ′ =

1

3

1

2J ′′ + 1 (7.45)

using the sum rules of the Wigner coe�cients resulting a geometric factor of 1/6

for both states |2P1/2〉 and |2P3/2〉. With the optical lattice entering the chamber

along the axial direction and linearly polarized in the plane de�ned by the k-

vector and the quantization axis, the polarization vector has the components

ε1 = −1

2
, ε0 = − 1√

2
, ε−1 =

1

2
. (7.46)

The geometric factors for the two states |2P1/2〉 and |2P3/2〉 are listed in Tab. 7.1.
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7. STATE PREPARATION OF MOLECULAR IONS

7.4.5 Coupling strength for molecular ion

In order to calculate the displacement strength exerted on the molecular ion, we

investigate �rst the transition strength for a direct electronic transition between

the two states |ξ′′ν ′′J ′′m′′JΛ′′〉 and |ξ′ν ′J ′m′JΛ′〉 with Λ as the projection of the

angular momentum on the molecular axis. We explicitly include the quantum

number Λ here, since it is necessary in the following calculation. In case of a

Σ→ Σ transition, we have Λ′ = Λ′′ = 0. The transition dipole moment of such a

transition in a molecule is given by (Dai et al., 1995)

〈ξ′ν ′J ′m′JΛ′| dq |ξ′′ν ′′J ′′m′′JΛ′′〉

= µXA

√
SFC(ν ′, ν ′′)SHL(J ′,Λ′; J ′′,Λ′′)Sgeom(J ′,m′J ; J ′′,m′′J) .

(7.47)

The transition dipole matrix moment µXA ≈ 1.7 ea0 at the equilibrium distance

of the X 1Σ+ state is extracted from Aymar et al., 2009. The Franck-Condon

factor describing the overlap of the wave functions of the two vibrational ground

states

SFC(ν ′ = 0, ν ′′ = 0) =

[∫
ψ∗ν′=0ψν′′=0 dr

]2

≈ 0.091 (7.48)

is listed in Balfour, 1972. The Hönl-London factor describing the dependence of

the transition strength on the rotational quantum numbers is given by (Hansson

et al., 2005)

SHL(J ′,Λ′ = 0; J ′′,Λ′′ = 0) = max(J ′, J ′′). (7.49)

The geometric factor describing the addition of total angular momentum of the

molecule and the angular momentum of the photon is given by

Sgeom
m′Jq

(J ′m′J ; J ′′m′′J) =

∣∣∣∣∣εq
{

J ′ 1 J ′′

−m′J q m′′J

}
3j

∣∣∣∣∣
2

(7.50)

The displacement strength exerted from the optical lattice on the molecular
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7.4 Interaction of an ion with an optical lattice

Table 7.2: Geometric factor for the molecular ion. For the molecu-

lar ion initialized in the state |X 1Σ+, ν ′′ = 0, J ′′ = 1,m′′J〉, the geometric fac-

tors in the displacement strength of the optical lattice coupling via the state

|A 1Σ+, ν ′, J ′ = 0,m′J〉 are listed as an example here for di�erent polarizations.

m′′J -1 0 1

Sgeom

unpolarized 1/9 1/9 1/9

σ+-polarized 1/3 0 0

ε1 = −1
2
, ε0 = − 1√

2
, ε−1 = 1

2
1/12 1/6 1/12

ion starting from a speci�c rotational state |ξ′′ν ′′J ′′m′′J〉 is given by

Ωmol
d = η

E1E2

4~2

∑
m′J

∑
q

|εq 〈ξ′ν ′J ′m′J | dq |ξ′′ν ′′J ′′m′′J〉 |2
∆

= η
E1E2

4~2

µ2
XA

∆
SFCSHL

∑
m′J

∑
q

Sgeom
m′Jq

= η
E1E2

4~2

µ2
XA

∆
SFCSHLSgeom

(7.51)

For unpolarized light, the geometric factor simpli�es to

Sgeom =
∑
m′J ,q

∣∣∣∣∣εq
{

J ′ 1 J ′′

−m′J q m′′J

}
3j

∣∣∣∣∣
2

=
1

3
· 1

2J ′′ + 1
. (7.52)

For the molecular ion in the state |X 1Σ+, ν ′′, J ′′ = 1,m′′J〉, the geometric fac-

tor in the displacement strength of the optical lattice coupling via the state

|A 1Σ+, ν ′, J ′ = 0,m′J〉 are listed as an example for di�erent polarizations in Tab.

7.2.

The scattering rate of the molecular ions via a direct excitation by the lattice

lasers can be calculated from Eq. (7.36)

Γsc =
2Γ0

η∆R

Ωd, (7.53)

where for Γ0 the scattering rate for the upper electronic state

Γ0 =
ω3

0

3πε0~c3
µ2

XA (7.54)
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Figure 7.7: Displacement strength of Magnesium and Magnesium hy-

dride. (a) Because of the additional factors in the transition matrix for a molec-

ular transition, the displacement strength of the Magnesium ion (blue lines) over-

takes the displacement strength of the molecular ion (black lines) as soon as the

lattice lasers are detuned by tens of gigahertz from the molecular transition. In

the calculation, the molecular ion is considered to be in the magnetic sublevel

|m′′J = J ′′〉 and the resonances from the R-branch are omitted for clarity. (b) Close

to a molecular resonance, the displacement strength from the molecular ion be-

comes dominant but the scattering rate (red lines) via a direct excitation becomes

comparable with the displacement rate. Intensities of I1 = I2 = 7× 105 W/m2

corresponding to a power of 350µW in each beam focused to a waist of 18µm

are used for the two lattice lasers.

is used. This corresponds to a linewidth of 39.5MHz or a lifetime 4.0 ns for the

electronic excited state A 1Σ+ (Højbjerre, 2009).
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The calculated displacement strengths exerted on the 25Mg+ ion (blue lines)

and the molecular ion (black lines) are plotted in Fig. 7.7 as a function of the

detuning of the lattice lasers from a chosen resonance of the molecular transition.

The two resonances resulting from the Magnesium ions correspond to coupling

via the 2S1/2 ↔ 2P1/2 and the 2S1/2 ↔ 2P3/2 transitions. The resonances from

the molecular ions correspond to coupling via transitions between the two states

|X 1Σ+, ν ′′ = 0, J ′′,m′′J = −J ′′〉 and |A 1Σ+, ν ′ = 0, J ′ = J ′′ − 1〉, while the reso-

nances from the R-branch are omitted here for clarity. Here a speci�c magnetic

sublevel |m′′J = −J ′′〉X of the electronic ground state is taken as an example, while

all the contributions from di�erent magnetic sublevels of the electronic excited

state are summed up. Because of the additional factors which reduce the strength

of a molecular transition, the displacement strength from the 25Mg+ ion becomes

dominant as soon as the laser is far-detuned from the molecular resonance. If

the lattice laser is tuned too close to the molecular resonance, the o�-resonant

scattering rate (red lines) becomes strong compared to the displacement rate

(Fig. 7.7b).

7.5 Experimental results

7.5.1 Loading of molecular ions

The preparation of a two-ion crystal consisting of a single 25Mg+ and a single
24MgH+ starts from loading a single 24Mg+ in the trap. For this, the Doppler

cooling laser is slightly red detuned from the 2S1/2 ↔ 2P3/2 transition, while the

photoionization laser is shifted on resonance with the 1S0 ↔ 1P1 transition of

neutral 24Mg atoms (Salumbides et al., 2006). For additionally loading a 25Mg+

ion, we keep the frequency of the Doppler cooling laser unchanged, while shifting

the frequency of the photoionization laser to be resonant with the neutral 25Mg

atoms. If the trap frequencies are lowered during loading of the 25Mg+ ion, the

presence of the 25Mg+ ion in the trap is indicated by a sudden jump of the bright
24Mg+ ion on the camera. In contrast to loading an additional 40Ca+ ion into

the trap as described in Sec. 6.4.3, we can actually check the presence of the
25Mg+ ion by tuning the Doppler cooling laser on resonance with the 25Mg+

131



7. STATE PREPARATION OF MOLECULAR IONS

Mod. frequency ωM/2π (MHz)

C
o
u
n
t
ra
te

(1
/
m
s)

 

 

2.2 2.22 2.24 2.26 2.28
50

100

150

200

250

300

350

400

450

Figure 7.8: Veri�cation of molecular ions. After each loading step, laser

�uorescence mass spectroscopy is performed to check the components in the trap.

The measured trap frequencies are in agreement with the predicted values for a

single 24Mg+ (red), a crystal of 24Mg+ and 25Mg+ (blue), and a crystal of 25Mg+

and 24MgH+ (black).

transition. For the production of molecular ions, we leave the Doppler cooling

laser slightly red detuned with respect to the cooling transition of 24Mg+ and leak

in hydrogen gas through the leak valve, until the pressure of the vacuum chamber

rises up typically from less than 1× 10=11mbar to 1× 10=9mbar. The hydrogen

gas reacts with the electronically excited 24Mg+ according to

24Mg+(3p) + H2 → 24MgH+ + H , (7.55)

while the 25Mg+ ion in the electronic ground state cannot form a molecular ion

with the hydrogen gas as shown in Mølhave et al., 2000. After the formation of

the molecular ion, we shift the cooling laser to the cooling transition of 25Mg+

and ramp up the trap potentials.

As an additional check of the species in the trap, laser �uorescence mass

spectroscopy (see Sec. 5.4) is performed after each loading step with the trap

parameters at the values of standard operation. The measured trap frequencies

for a single 24Mg+ ion (red), a crystal of 24Mg+ and 25Mg+ (blue), and a crystal
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of 25Mg+ and 24MgH+ (black) are in agreement with the predicted values based

on the axial trap frequency for a single 25Mg+.

7.5.2 Displacement using a moving optical lattice

The technique for generating motional coherent states using an optical lattice is

demonstrated on a two-ion crystal consisting of 25Mg+ and 24MgH+. The ex-

perimental sequence is illustrated in Fig. 7.9. Starting with Doppler cooling and

SBC, we cool the two-ion crystal to the motional ground state of the axial mode.

With the frequency di�erence of the two lattice beams δωL resonant with the

axial trap frequency of the ip mode, a pulse of the moving optical lattice with a

duration t displaces the ion to the coherent state |α = ΩDt〉 with the correspond-

ing motional excitation given in Eq. (7.33). In the experiment, the lattice lasers

have a power of 290µW and 430µW respectively, and are about 1.2GHz detuned

from the |J ′′ = 4〉X ↔ |J ′ = 3〉A transition of the molecular ion, corresponding to

a detuning of =3.4THz and =6.2THz with respect to the D1 and D2 transitions

of the 25Mg+ ion, respectively. In order to detect the motional excitation gener-

ated by the optical lattice, we use a combination of radio frequency (RF) π-pulse

and a STIRAP pulse on the BSB instead of a simple STIRAP pulse on the RSB

because of technical limitations. The population in the |↓〉 state of 25Mg+ after

the transfer pulses (RF and STIRAP) corresponds to the motional excitation

generated by the optical lattice as described in Sec. 4.2.1. Fig. 7.10a shows the

detected motional excitation using STIRAP as a function of the frequency di�er-

ence of the two lattice lasers δωL. The maximum excitation is reached at around

the axial trap frequency ωip
T . With the relative detuning of the two lattice lasers

DC SBC

L
attice

R
F

S
T
IR

A
P

D
E
T

Time

Figure 7.9: The experimental sequence for generating a coherent state of motion

using a moving optical lattice.
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Figure 7.10: Displacement using a moving optical lattice. The motional

excitation generated with a moving optical lattice is detected using a RF π-pulse

followed by a STIRAP pulse on the blue sideband (BSB). The lattice lasers have a

power of 290µW and 430µW respectively, and are about 1.2GHz detuned from

the |J ′′ = 4〉X ↔ |J ′ = 3〉X transition of the molecular ion. (a) The frequency

di�erence δωL of the two Raman lasers is scanned over the axial trap frequency.

The maximum motional excitation is achieved with δωL = ωip
T . (b) With the

relative detuning of the two lattice beams on resonance, the motional excitation

is probed as a function of the excitation time. A displacement strength of Ωd =

24(1) ms−1 is extracted from the �t dominated by the contribution from the 25Mg+

ion.

on resonance, a displacement strength of Ωd = 24(1) ms−1 is extracted from a

scan of the lattice time (Fig. 7.10b). We attribute this displacement strength to

the background signal produced by the 25Mg+ ion (blue lines in Fig. 7.7), since

the excitation signal presents no stochastic character.

7.6 Discussion and outlook

In order to observe the quantum jumps between the rotational states, the detun-

ing of the lattice laser from the electronic transition of the molecular ion needs

to be controlled, so that the displacement strength from the molecular ion over-
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7.6 Discussion and outlook

whelms the displacement strength from the 25Mg+ ion and the scattering rate

via the electronic transition in the molecule. Alternative experimental sequences

could be employed to reduce the e�ect from the 25Mg+ ion.

The second factor is the delay time between the subsequent detections using

the optical lattice. Each time the moving optical lattice is applied, the rotational

state of the molecular ion is probed. The delay time between the subsequent

probes is determined by the duration of a single experimental cycle, which is

typically on the order of 5− 10ms. The experimental cycles need to be repeated

by typically Ncycles = 50 − 100 times to reduce the quantum projection noise

(QPN), so that it takes several hundred milliseconds to extract a distinguishable

detection result. A longer dwell time in a speci�c rotational state would be

advantageous for a signi�cant detection. This would be e.g. the rotational states

|J = 0〉X and |J = 1〉X, which have a mean dwell time of longer than 2 s (Fig. 7.5).

With the molecular ion 24MgH+ prepared in the electronic, vibrational, ro-

tational, and motional ground state |X 1Σ+, ν = 0, J = 0, n = 0〉, spectroscopy of

the pure vibrational transition

|X 1Σ+, ν = 0, J = 0〉 ↔ |X 1Σ+, ν = 1, J = 0〉

can be performed. Comparison of these spectroscopy data with atomic transitions

would allow the test of variation of the proton-to-electron mass ratio (Kajita et

al., 2011).
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Chapter 8

Summary and outlook

In this thesis, we have demonstrated the universality of the quantum logic tech-

nique originally implemented on the narrow transition of an aluminum ion co-

trapped with a laser-cooled beryllium ion (Schmidt et al., 2005) by extending

its range of applicability to spectroscopy of broad transitions in atomic ions and

towards state preparation of molecular ions.

A quasi-continuous sideband cooling (SBC) scheme has been implemented.

The technique has been demonstrated on a single 25Mg+ ion and on a two-ion

crystal of 25Mg+ and 24MgH+, resulting in a �nal n̄ of 0.01(2) for a single 25Mg+

ion and 0.06(3) and 0.03(3) for the in-phase and out-of-phase mode of the two-

ion crystal, respectively. The technique does not depend on the speci�c choice of

individual pulse lengths and therefore provides a high stability against variation

of experimental parameters, like intensity and pointing �uctuations of the laser.

Employing a direct optical repumping scheme reduces the required time for SBC

in comparison to the RF-assisted repumping scheme used in Hemmerling et al.,

2011 from tens of milliseconds to the millisecond timescale. A short duration

of single experimental cycles has been shown to be advantages for reducing the

averaging time in absolute frequency measurements (Gebert et al., 2014a) or even

inevitable for detection of physical e�ects happening in seconds or even shorter

timescales as shown in Chapter 7.

SBC prepares an ion in the ground state of the harmonic potential. Starting

from this state, coherent states of motion have been generated by applying an

oscillating electric �eld at the axial trap frequency. This e�ect has been used to
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determine the axial trap frequency of the ion and therefore allows us to infer the

mass of the co-trapped ion. Using a single displacement pulse as demonstrated in

laser �uorescence mass spectroscopy, we have determined the axial trap frequency

with a fractional uncertainty of 3× 10=6 from a single resonance curve contain-

ing only the statistical error, while this uncertainty has been further reduced to

3× 10=7 using a Ramsey sequence.

A new spectroscopy technique, photon recoil spectroscopy (PRS), has been

developed to perform precision spectroscopy on broad transitions of metal ions.

High precision laboratory spectroscopy data of metal ions and their isotopes would

allow to probe for a possible variation of the �ne structure constant α through

comparison with astrophysical data (Berengut et al., 2011a). But the accuracy

of the analysis relies on high precision laboratory data of selected metal ions such

as Ti+ and Fe+ which are either missing or not accurate enough (Berengut et al.,

2011b; Murphy et al., 2014). Conventional spectroscopy methods for trapped ions

like laser induced �uorescence and laser absorption spectroscopy, which are based

on the detection of scattered or absorbed photons, the signal-to-noise ratio (SNR)

is limited by the low photon collection e�ciency or the small atom-light-coupling

e�ciency, respectively. PRS circumvents these problems by transferring the spec-

troscopy information from the spectroscopy ion through the common motion of

the two-ion crystal to the internal state of the logic ion. The SNR is in this case

limited by the quantum projection noise (QPN) appearing during state detection

of a two-level system. We have demonstrated PRS on the 2S1/2 ↔ 2P1/2 transition

of the 40Ca+ ion. The high sensitivity of ground state cooled ions achieved via

resolved SBC on the logic ion 25Mg+ is combined with synchronous spectroscopy

pulses to enhance the sensitivity to photon absorption events. A motional exci-

tation of 0.5 corresponding to a SNR of 1 has been achieved after absorption of

9.5(1.2) photons. Absolute frequency measurements of the investigated transition

have been performed. From the consecutive measurements using the two-point

sampling technique, an instability of 5.1× 10=9 for an averaging time of 1 s was

inferred in accordance with the predicted instability of 5.8(9)× 10=9 derived from

the QPN limit for the state detection. Including systematic e�ects, the center

frequency for the 2S1/2 ↔ 2P1/2 transition of 40Ca+ ions has been determined to
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ν = 755, 222, 765, 896 kHz with a total uncertainty of 88 kHz containing 78 kHz

from systematic e�ects and 42 kHz from statistics.

PRS has recently been applied to measure the isotope shift of the 2S1/2 ↔
2P1/2 transition at 397 nm and the 2D3/2 ↔ 2P1/2 transition at 866 nm of di�erent

isotopes of Ca+ ions (Gebert et al., 2014a). High precision spectroscopy data of

di�erent isotopes could allows to investigate the in�uence of nuclear structure on

the atomic transitions (Nörtershäuser et al., 1998a; Palmer et al., 1984; Batteiger

et al., 2009; Lee et al., 2013), while calcium isotopes containing two �double-

magic" nuclei raised huge interest in the study of nuclear charge distribution both

in neutral atoms (Brandt et al., 1978; Träger, 1981; Andl et al., 1982; Palmer

et al., 1984; Nörtershäuser et al., 1998b) and singly charged ions (Maleki et al.,

1992; Kurth et al., 1995; Alt et al., 1997; Mortensen et al., 2004).

The sensitivity of PRS could be increased using quantum mechanical states

of motion, like Schrödinger cat states (Hempel et al., 2013) or squeezed states.

Using the optical lattice described in Chapter 7, a squeezed state of motion with

an increased spatial extension could be produced and single photon sensitivity

would be attainable.

We have proposed to use the quantum logic technique for rotational state

preparation of molecular ions based on rotational state dependent dipole forces

oscillating at one of the motional frequencies. The dipole force is implemented

through an optical lattice. Blackbody radiation induced quantum jumps be-

tween di�erent rotational states have been modelled using the Monte Carlo wave-

function method, which indicates that the total dwell time of the molecular ion

in di�erent rotational states follows a Boltzmann distribution. The mean dwell

time is longer for molecules in a low rotational state than for those in a high

rotational state. Through the comparison of the coupling strengths of the op-

tical lattice with the atomic ion 25Mg+ and the molecular ion 24MgH+, it has

been shown that careful control of the detuning of the optical lattice from the

electronic transition of the molecular ion is crucial for the detection of quantum

jumps between the rotational states.

As an alternative way to produce a ground state molecule, rotational cooling

using a frequency comb could be implemented (Leibfried, 2012; Ding et al., 2012).

Frequency combs which span about 30THz are able to address all rotational states
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8. SUMMARY AND OUTLOOK

populated at room temperature. This allows e�cient pumping of population from

the rotational state |J〉X to |J − 2〉X via a Raman transition, while SBC on the

co-trapped atomic ion provides the necessary dissipation for the cooling process.

After successful implementation of the rotational state preparation of molec-

ular ions, spectroscopy of the pure vibrational transition |X 1Σ+, ν = 0, J = 0〉 ↔
|X 1Σ+, ν = 1, J = 0〉 could be performed. It has been predicted that the fre-

quency uncertainty could be reduced down to the order of 1× 10−16 (Kajita et

al., 2011). Comparison of the vibrational transition frequency with atomic transi-

tions would allow to probe for a possible variation of the proton-to-electron mass

ratio.

140



Appendix A

Stability parameters of the trap

Here we give a summary of the trap used in the experiment. From the experi-

mentally determined axial and radial trap frequencies, the stability parameters

of the trap are derived. The reader is referred to (Hemmerling, 2011) for further

details.

A.1 Axial trap frequencies

The axial trap frequencies are measured with the modulation techniques as de-

scribed in Sec. 5.4. Fig. A.1 shows the axial trap frequency as a function of the

endcap voltage. As expected we observe a square root scaling of the axial trap

frequency with the applied endcap voltage plus a shift to the negative side of the

voltage axis (blue curve)

ωT(U) = 2πζ
√
U + U0 (A.1)

with ζ = 0.0487 MHz/
√

V as a scaling factor and U0 = 67 V as the o�set along the

voltage axis. The shift here is caused by an additional ∼6V and ∼126V on the

two endcap electrodes used for micromotion compensation. With the additional

compensation voltage switched o�, the residual o�set approaches U0 = 0 V shown

as red curve in Fig. A.1. Comparing Eq. (A.1) with Eq. (3.8) for the axial trap

frequency, one can relate the scaling factor ζ with the geometric factor κ

2πζ =

√
2eκ

mz2
0

, (A.2)
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Figure A.1: Axial trap frequencies. Axial trap frequency determined by the

modulation technique as a function of the endcap voltage. blue: The axial trap

frequency is measured with an additional 120V on one endcap for micromotion

compensation. red : The axial trap frequency is measured with the compensation

voltage o�.

and derive a geometric factor of κ = 0.076 using the distance between the two

endcaps 2z0 = 5 mm.

A.2 Radial trap frequencies

The radial trap frequencies are measured by modulating the amplitude of the trap

drive at the frequency ωM (Ibaraki et al., 2011). The �uorescence rate detected by

the photomultiplier tube (PMT) decreases if the modulation frequency is around

the radial trap frequency as shown in Fig. A.2. A splitting of the radial modes by

∼60 kHz is observed at a RF power of ∼5W. The splitting can be explained by

the extinction of the radial electric �elds into the axial direction, which causes a

symmetry breaking for the two radial directions. Due to the �nite length of the

radial electrodes, the electric potential due to the radial electrodes is modi�ed to

ΦR(x, y, z, t) =
V0

2

[
1 +

x2 − (1− β)y2 − βz2

r2
0

]
cos(Ωrft) , (A.3)
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Figure A.2: Radial trap frequencies. Radial trap frequencies measured with

the modulation technique at the RF power of ∼ 5W with a single 25Mg+ in the

trap. The two radial modes are split by ∼ 60 kHz caused by the extinction of the

radial �eld into the axial direction.

where r0 is the perpendicular distance from the trap axis to the radial electrodes

and Ωrf is the radio frequency (RF) frequency generating the trap (Berkeland

et al., 1998). This leads to a modi�ed stability parameters of the trap

ax = ay = −1

2
az = − 4eκU

mz2
0Ω2

rf

, (A.4)

qx =
2eV0

mr2
0Ω2

rf

, qy = −(1− β)qx , qz = −βqx , (A.5)

which are related to the secular frequencies by Eq. (3.8). From the experimentally

determined secular frequencies, we can derive the parameters ai and qi using a

least-square approach. Consider ax, qx and β as free parameters, we can minimize

the squared di�erence

y =
∑
i

[ωexp
i − ωi(ax, qx, β)]2 (A.6)

between the measured trap frequencies and the predicted trap frequencies, where

ωi(ax, qx, β) is the predicted trap frequencies using Eq. (A.4), (A.5) and (3.8).

This results in the trap parameters at the endcap voltage of 2000V and the RF
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A. STABILITY PARAMETERS OF THE TRAP

power of ∼5W

ax = −0.0159 , ay = −0.0159 , az = 0.0318 , (A.7)

qx = 0.572 , qy = −0.566 , qz = −0.00626 . (A.8)

and the extinction

β = 0.0109 . (A.9)
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Appendix B

Coupled harmonic oscillators

Consider two harmonic oscillators with masses m1, m2, spring contants k1, k2

and a coupling constant κ. The dynamics of the system is given by

m1
d2x1

dt2
+ k1x1 + κ(x1 − x2) = 0 (B.1)

m2
d2x2

dt2
+ k2x2 + κ(x2 − x1) = 0. (B.2)

The system of linear equations can be written in matrix form

T ẍ+ V x = 0 (B.3)

with

T =

(
m1 0
0 m2

)
,V =

(
k1 + κ −κ
−κ k2 + κ

)
,x =

(
x1

x2

)
. (B.4)

The linear equations are solved by tranforming into the normal mode basis ac-

cording to

x = βq (B.5)

with

β =
(
β1 β2

)
(B.6)

and β1, β2 as the non-trivial solutions of the equation system

(V − λγT )βγ = 0. (B.7)
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B. COUPLED HARMONIC OSCILLATORS

The amplitude of the vectors βγ are chosen that they ful�l the orthogonality

relations

(βγ
′
)T · T · βγ =

{
0 if γ′ 6= γ ,

m if γ′ = γ ,
(B.8)

where m =
∑

imi is the sum of all the masses1. This normalization indicates

that the transformation matrix β is proportional to
√
m. The transformation

matrix β ful�ls the matrix equations

βTTβ = mE , (B.9)

βTV β = mΛ , (B.10)

with E as the identity matrix and Λ as a diagonal matrix

Λ =

(
λ1 0
0 λ2

)
. (B.11)

Note that Eq. (B.9) results in the relations

TββT = mE , (B.12)

ββTT = mE , (B.13)

which are useful for transforming the coordinates from normal modes back into

the laboratory frame. Transformation into the normal modes leads to the new

equation system

Tβq̈ + V βq = 0. (B.14)

Multiplying Eq. (B.14) from left side with βT results in a simple equation system

for the new variables q

mq̈ +mΛq = 0. (B.15)

Eq. (B.15) shows that the dynamics of the system evolves under the equations

q̈γ + λγqγ = 0 , (B.16)

1In principle, the choice of this normalization factor is arbitrary. Choosing the normalization

factor to be m makes the de�nition of the transformation matrix β identical to the de�nition

in Morigi et al., 2001.
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so that that the transformation into the normal modes leads to 2 uncoupled

harmonic oscillators with the frequencies Ωγ =
√
λγ. Using Eq. (B.9), a trans-

formation back to the laboratory coordinate is given by

q =
1

m
βTTx . (B.17)

Consider that we apply an additional force F (t) on the two oscillators. The

system of linear equations describing the dynamics (Eq. (B.3)) is modi�ed to

T ẍ+ V x = F (B.18)

The transformation into the normal modes as performed above gives the new

equation system

mq̈ +mΛq = βTF (t), (B.19)

which indicates that each of the normal modes can also be considered as an

independent harmonic oscillator with a virtual mass m and the e�ective force on

each normal modes is given by

F̃γ(t) =
∑
i

βγi Fi(t). (B.20)

If we apply the force on only one of the oscillators F (t) =
(
F1(t) 0

)T
, Eq. (B.19)

indicates that this force acts simultaneously on both of the normal modes with

corresponding amplitudes

F̃γ(t) = βγ1F1(t) (B.21)

These relations are used in Sec. 5.2.3 to derive the excitation strength for a

two-ion crystal using electric modulation and in Sec. 6.3.2 for the discussion of

the momentum transfer in photon recoil spectroscopy. It is worth mentioning

here, that although the normalization factor in Eq. (B.8) changes the scaling

between the normal modes and the laboratory frame, the parameters determining

the dynamics of the systems like the excitation strength in Eq. (5.14) or the

Lamb-Dicke parameter in Eq. (6.12) do not depends on this normalization, since

the mass dependence in the transformation matrix β and in the ground state

extension z0 =
√

~/2mωT of the harmonic oscillator cancel out.
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Appendix C

Numerical simulation for SBC

The dynamics of the system during quasi-continuous sideband cooling (SBC) is

modelled using the optical Bloch equations, where two electronic states |↑〉 and
|↓〉 and 80 trap levels (Fig. C.1) are considered. The Raman RSB pulses are

included as a resonant coupling between |↓, n〉 and |↑, n− β〉 with β indicating

|↑〉

|↓〉
| 〉n=0 | 〉n=1 | 〉n=2 | 〉n=3 | 〉n=4

1-x:x
1-x:x

1-x:x
1-x:x

Figure C.1: Relevant levels for numerical simulation of the dynamics

during the Raman SBC cycles. The Raman lasers are tuned to be resonant

with the βth order red sideband (RSB) (β = 1 in graph). Through the dissi-

pative channels either from o�-resonant excitation or via a repumping process

followed by spontaneous emission, the ion falls down to the |↓〉 with a decay rate

of 0.006 s=1 and 0.07 s=1 respectively. The spontaneous emission happens on the

carrier transition with a probability 1 − ξ and the remaining small fraction ξ

happens on the RSB transitions.
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the sideband order used. The spontaneous decay during the Raman cooling cycle

via the auxiliary states1 is implemented with an e�ective decay rate determined

experimentally. Outside of the Raman cooling cycle, the repumping is assumed

to be complete and a simple projection of the population is performed. Within

the Lamb-Dicke approximation, a branching ratio of 1− ξ : ξ for the spontaneous

decay is assumed to include the heating process during repumping and sponta-

neous emission. Here ξ is on the order of 2 · η̃2 ≈ 0.1. In this way the ion in

the state |↑, n〉 decays into the state |↓, n〉 with probability 1 − ξ and into the

state |↓, n+ 1〉 with probability ξ. Combining all the ingredients above, we end

up with the following optical Bloch equations

ρ̇gn,gn = i
Ωn−β,n

2

[
ρgn,e(n−β) − ρe(n−β),gn

]
+ (1− ξ) · Γρen,en

+ ξ · Γρe(n−1),e(n−1) (C.1)

ρ̇gn,e(n−β) = i
Ωn−β,n

2

[
ρgn,gn − ρe(n−β),e(n−β)

]
− Γ

2
ρgn,e(n−β) (C.2)

ρ̇e(n−β),gn = i
Ωn−β,n

2

[
ρe(n−β),e(n−β) − ρgn,gn

]
− Γ

2
ρe(n−β),gn (C.3)

ρ̇e(n−β),e(n−β) = i
Ωn−β,n

2

[
ρe(n−β),gn − ρgn,e(n−β)

]
− Γρe(n−β),e(n−β) (C.4)

with the density matrix elements de�ned as

ρgn,gn = 〈g, n| ρ |g, n〉 (C.5)

ρgn,e(n−β) = 〈g, n| ρ |e, (n− β)〉 (C.6)

ρe(n−β),gn = 〈e, (n− β)| ρ |g, n〉 (C.7)

ρe(n−β),e(n−β) = 〈e, (n− β)| ρ |e, (n− β)〉 (C.8)

and Ωn,n−β as the e�ective Rabi frequency coupling the two states |↓, n〉 and
|↑, n− β〉. Introducing the new variables

un = ρgn,e(n−β) + ρe(n−β),gn (C.9)

vn = i(ρe(n−β),gn − ρgn,e(n−β)) (C.10)

wn = ρgn,gn − ρe(n−β),e(n−β) (C.11)

pn = ρgn,gn + ρe(n−β),e(n−β). (C.12)

1The spontaneous decay during the Raman cooling cycle is either caused by the o�-resonant

excitation from the Raman lasers or via the RF coupling and the 2P1/2 laser.
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allows us to tranform the di�erential equations above to

u̇n = − Γ

2
un (C.13)

v̇n = Ωn,n−βwn −
Γ

2
vn (C.14)

ẇn = − Ωn,n−βvn + (1− ξ)Γ
(
pn+β − wn+β

2
+
pn − wn

2

)
+ ξΓ

(
pn+β−1 − wn+β−1

2
+
pn − wn

2

)
(C.15)

ṗn = (1− ξ)Γ
(
pn+β − wn+β

2
− pn − wn

2

)
+ ξΓ

(
pn+β−1 − wn+β−1

2
− pn − wn

2

)
. (C.16)

These di�erential equation systems are solved numerically to produce the evolu-

tion during a single Raman cooling pulse.

For every set of parameters (Tc, α, tR1 and tR2), the evolution during the

pulse sequence as in Fig. 4.4 is computed by repeatedly solving the equations

above. The actual evolution time for the atomic system during each pulse is

reduced by 1µs from the chosen pulse lengths to include the switching delay of

the direct digital synthesizer (DDS) boards and the acousto-optical modulators

(AOMs). The �nal population in the motional ground state is considered as

the signal detected by the stimulated Raman adiabatic passage (STIRAP) pulse

and corrected by an amplitude a = 0.7 and an o�set b = 0.23 reduction due to

experimental imperfections according to

y = a× (ytheory − b). (C.17)

A scan over the SBC cooling time Tc reproduces the experimental data, which

are processed in a similar way as described in Sec. 4.2.2.
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