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Abstract

Quantum systems are subject to dissipation as perfect isolation from the
surrounding environment is impractical. Though this might wash out the
intriguing quantum features that are absent in classical systems, proper en-
gineering of dissipation, by contrast, opens up the possibility to not only
prepare resilient quantum states but also attain dynamical properties un-
reachable in closed systems. The former provides a robust source for universal
quantum computation and the latter transcends the conventional equilibrium
physics bringing on genuinely new many-body phenomena.

This work utilizes novel variational techniques to explore many-body ef-
fects in strongly correlated and/or interacting open quantum systems. After
introducing these techniques in Part I, innovative solutions to several chal-
lenging problems in the context of non-equilibrium steady states are pre-
sented in Part II. In this part, we first address the issue of having genuine
bistability in the steady state of open quantum systems. To this end, we
develop a powerful framework to analyze stability in the long-time limit of
a generic dissipative process with or without the detailed balance condition.
The study of Toom’s majority voting model in the presence of quantum fluc-
tuations paves the way for engineering bistability using chiral jump operators.
In a second step, we extend our variational method to approach otherwise
intractable problems in the context of strongly interacting dissipative spin
systems. Our method enables the estimation of steady-state properties across
phase transitions. We exemplify this by simulating long-range interacting
Rydberg gases undergoing different kinds of dissipation.

In Part III, we turn our attention to dynamical properties of open quan-
tum systems. We mainly focus on the classification of dynamical behaviors in
quantum systems building upon the notion of elementary cellular automata
(ECA). A master equation embedding of ECA dynamical rule 110 being ca-
pable of universal computation reveals the existence of a phase transition
between chaotic and unpredictable behavior. We then complement the dy-
namical system with a second process in such a way that unpredictability
coexists with quantum entanglement even in the long time limit. Finally,
we demonstrate an efficient realization of many-body interactions required
for such systems relying on a variational quantum simulation scheme that
employs available qubit technologies.
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Part I

Introduction
In the modern world view, dissipation has taken over one of the
functions formerly performed by God: It makes matter transcend the
clod-like nature it would manifest at equilibrium, and behave instead in
dramatic and unforeseen ways, molding itself, for example, into
thunderstorms, people, and umbrellas.

— Charles Henry Bennett
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Chapter 1

Preliminary remarks

1.1 Motivation

What do we gain from studying open quantum systems? First of all, open sys-
tems are fundamentally different from the closed systems as their dynamical
properties go beyond the conventional condensed equilibrium matter lead-
ing to genuinely new many-body phenomena. This essentially comes from
the fact that in open systems conservation of energy and the microscopically
detailed balance can be broken and hence a thermal statistical description
is ruled out. There are in fact several ways to originate non-equilibrium
behavior in open systems such as strong coupling to non-thermal bath, or
different thermal bath. However, the most well-established way relies on the
notion of driven-dissipative many-body systems in which quantum particles
are weakly coupled to an environment and the system is driven out of thermal
equilibrium by external fields.

Moreover, these systems provide a novel approach in quantum state prepa-
ration which is highly required in different branches of quantum science in-
cluding quantum information and computation [1], quantum simulation [2],
and quantum metrology [3, 4]. The so-called dissipation-assisted quantum-
state engineering is based on the idea of tailoring specific dissipation channels
and coherent interactions such that the steady state of the corresponding
dynamics becomes the desired quantum state [5, 6, 7, 8]. Importantly, dissi-
pative state preparation is experimentally easier and more robust compared
to ground-state preparation in closed systems [9].

Spin-1/2 models are one of the most important classes of quantum many-
body systems due to their correspondence with qubits in the context of quan-
tum computation and quantum information. Also from the experimental
point of view, recent advancements in implementing ultracold atoms have
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Chapter 1. Preliminary remarks

attracted more attention to the spin-1/2 models as they can be effectively
described by two-level systems in certain regimes. Particularly, laser-driven
ultracold atoms in the presence of controlled dissipation is an implemen-
tation of the aforementioned driven-dissipative systems which open up the
possibility to explore far-from-equilibrium phenomena. However, there are
numerous open questions in this field which makes it necessary to undertake
novel theoretical studies alongside experimental observations.

1.2 Overview of the dissertation

In this thesis, we will explore different collective behavior of driven-dissipative
spin-1/2 models by developing classical and quantum variational methods. In
Part I, we cover the basic concepts and required tools to study the aforemen-
tioned models. Chapter 2 overviews the theory of open quantum systems
especially in the Markovian regime and variational techniques for analysis of
these systems are presented in Chapter 3.

Having introduced the variational approach for open systems, in Part II
we study two different aspects of steady states. First, inChapter 4 we inves-
tigate bistability in steady states using the notion of nucleation process in the
presence of thermal and non-thermal fluctuations. To this end, we establish
a Gutzwiller approach employing the variational principle for open systems.
Using this approach in combination with a theory of metastability, we show
that predicted hysteresis behavior in conventional dissipative systems only
appears in the vicinity of phase transitions. Importantly, we demonstrate
a genuine bistability building upon a quantum variant of a majority-voter
model known as Toom’s model for which we present a variational Langevin
formalism.

As another aspect, we develop our variational method to compute long-
range correlations in the steady of strongly interacting dissipative spin mod-
els. In Chapter 5, we present the variational results for the non-equilibrium
steady state of dissipative Rydberg gases with strong long-range interac-
tions, an intriguing model whose numerical simulation is very challenging.
Specifically, we find a dissipative variant of the Rydberg blockade in the pair
correlation function, a particular regime in which any simultaneously bipar-
tite excitation within a so-called blockaded radius is inhibited. In addition,
we investigate the interplay between coherent driving and dissipation. This
setting gives us the chance of detecting a first-order quantum phase transi-
tion in a two-dimensional setup with the density of Rydberg excitation as
the order parameter.
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1.2 Overview of the dissertation

In Part III, we focus on the dynamical properties of open quantum sys-
tems, especially searching for unpredictable behavior in contrast to chaotic
behavior being statistically predictable in a coarse-grained level. In Chap-
ter 6, we propose a master-equation embedding of an unpredictable class
of elementary cellular automata (ECA) which are conjectured to be Tur-
ing complete and capable of universal computation. The embedding makes
it possible to demonstrate a phase transition between chaotic and unpre-
dictable dynamical behavior. Moreover, we explore the interplay between
quantum entanglement and unpredictability by adding a set of quantum op-
erators that drive the system to highly-entangled states. Strikingly, we show
that by tailoring proper many-body interactions, entanglement can get along
with unpredictability. Chapter 7 of this thesis proposes a hardware-efficient
experimental realization of the required interactions. The realization relies
on an open system version of a variational quantum estimation algorithm.

Finally, Part III sums up the content of this thesis by summarizing the
results and outlining possible directions for future research in Chapter 8.
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Chapter 2

Theory of open quantum systems

2.1 Density operator formalism

The non-commutative algebra of observables in quantum mechanics boils
down to an operational definition of quantum states living in the Hilbert
space (an abstract complex vector space with an inner product). Basically,
a general quantum state, the complete state-of-knowledge about a quantum
system, can be represented by a non-negative operator which serves as a
probability density over all possible states. The so-called density operator (or
density matrix ) represents both classical uncertainty of a quantum system
(which typically originates from errors of state preparation) and quantum
uncertainty which is an inherent feature of quantum systems.

A spectral representation of a density operator in terms of projection
operators, an outer product of a vector ∣ψ⟩ and its dual vector ∣ψ⟩

†
= ⟨ψ∣, is

given by
ρ =∑

i

pi∣ψi⟩⟨ψi∣, (2.1)

which shows a statistical ensemble over possible quantum states ∣ψi⟩ weighted
by probabilities pi adding up to one, ∑i pi = 1. In other words, the mean value
of any observable O (a Hermition operator O† = O) in a physical system (for
instance the polarization of a light beam) is given by a probabilistic average
of measuring O in quantum states ∣ψo⟩ (polarization states in this example),

⟨O⟩ =∑
o

po⟨ψo∣O∣ψo⟩ = Tr{Oρ}. (2.2)

The so-called expectation value ⟨O⟩ is the statistical information of observable
O that the theory of quantum mechanics ultimately describes. Crucially, it
can only predict probabilistic outcomes of statistical experiments where the
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Chapter 2. Theory of open quantum systems

probabilities come from an average over repeated individual measurements.
Therefore, a density operator encapsulates measurement information of a
statistical ensemble, not an individual system.

It is now straightforward to extract the general properties of the density
operator from Eq. (2.1), namely

• Hermiticity: ρ† = ρ;

• Positivity: ⟨ψ∣ρ∣ψ⟩ ≥ 0 for any ∣ψ⟩;

• Unit trace: Tr{ρ} = 1.

The purity of a density operator is also out of importance. If the spectral
decomposition Eq. (2.1) has only one non-zero probability, ρ = ∣ψ⟩⟨ψ∣, the
state is called pure and otherwise mixed. From a different point of view,
a pure state is the extremum of a convex set of all states, i.e. it cannot
be written as a convex combination of other states, λρ1 + (1 − λ)ρ2 where
λ ∈ (0,1). Therefore, an immediate measure for purity is represented by
Tr{ρ2} which is upper-bounded by 1 for ρ being pure and lower-bounded by
1/d for the maximally mixed state ρ = I/d, where I is a d-dimensional identity
matrix.

Generally, the diagonal elements of a density matrix are called populations
as they represent the probabilities of a system being measured in the given
basis and the off-diagonal elements encode coherences which determine the
quantumness of the underlying state. That is why a maximally mixed state
is solely a classical or incoherent mixture of all possible states.

2.1.1 Effective spin-1/2 description

The simplest form of a density operator corresponds to a two-level quantum
system or a qubit that can be represented in terms of Pauli matrices plus the
identity matrix,

ρ0 =
1

2
(I + ∑

i∈{x,y,z}
αiσi) =

1

2
(

1 + αz αx − iαy
αx + iαy 1 − αz

) , (2.3)

where

I = (
1 0
0 1

) , σx = (
0 1
1 0

) , σy = (
0 −i
i 0

) , σz = (
1 0
0 −1

) .

Since Pauli matrices are Hermitian and trace-less, the conditions of Hermitic-
ity and unit trace are already satisfied. However, for the positivity condition,
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2.1 Density operator formalism

we need to add an additional constraint on Eq. (2.3), that is α2
x +α

2
y +α

2
z ≤ 1.

In the following chapters, we will employ this constraint for variational es-
timation of density matrices. In fact, from the numerical point of view, it
is enough to ensure that the least eigenenergy of a given density matrix is
positive.

A geometrical representation of Eq. (2.3) on the well-known Bloch sphere
demonstrates how a classical bit differs from a qubit. To be specific, the
latter can additionally include superposed states, i.e. all the non-polar points
on the surface of the Bloch sphere. It is evident that all the unital vectors
pointing on the surface, i.e. α2

x + α
2
y + α

2
z = 1, represent pure states while

the non-unital vectors inside the sphere show all possible mixed states for a
qubit.

Qubits can be used to model different physical systems with two distinct
states. For example,

• A Spin-1/2 particle like an electron: ∣0⟩ = ∣spin down⟩ and ∣1⟩ = ∣spin up⟩;

• A two-level atom like an effective Rydberg atom: ∣0⟩ = ∣ground state⟩
and ∣1⟩ = ∣Rydberg state⟩;

• A cellular automaton: ∣0⟩ = ∣dead cell⟩ and ∣1⟩ = ∣live cell⟩;

• Polarization of a photon: ∣0⟩ = ∣horizontal polarization⟩ and
∣1⟩ = ∣vertical polarization⟩;

Also, for general d-dimensional systems, qudits, the Bloch sphere parametriza-
tion can be still applicable using the notion of generalized Pauli matrices, e.g.
Gell-Mann matrices for 3-level systems or qutrits [10, 11].

2.1.2 Composite quantum systems

So far, we have only looked at the quantum states of individual quantum sys-
tems. However, more intriguing properties of quantum states come into the
picture when we deal with composite systems. A density operator describing
a composition of individual systems is then defined on the tensor product
of the individual Hilbert spaces. Now, a bipartite state ρAB defined on the
total Hilbert space HA ⊗HB is separable (or classically correlated) if it can
be written as

ρAB =∑
i

λiρ
(i)
A ⊗ ρ

(i)
B ,

with positive λi as well as ρ
(i)
A and ρ(i)B being defined on HA and HB, respec-

tively. Otherwise, ρAB is called entangled [12].
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Chapter 2. Theory of open quantum systems

To understand the concept of quantum entanglement, let us first define
the notion of partial trace. The mathematical recipe to discard some part
of a composite system and obtain a description of the remaining subsystem,
say ρA, is provided by the partial trace. The so-called reduced state ρA
is determined by tracing the total density matrix only with respect to the
discarded Hilbert space,

ρA = TrB{ρAB} =∑
b

(IA ⊗ ⟨ψb∣)ρAB(IA ⊗ ∣ψb⟩),

where the set of {∣ψb⟩} forms a basis on HB and is IA the identity oper-
ator in HA. An important implication for bipartite systems is that if the
composite state is pure and the reduced density matrix on either system
is maximally mixed, the total state is a maximally entangled state, e.g.
ρAB = (∣00⟩⟨00∣ + ∣11⟩⟨11∣)/2. In other words, the mixedness of a reduced
density matrix indicates the existence of entanglement in the original pure
state. This feature is useful to measure entanglement in pure bipartite state
in terms of the von Neumann entropy of the reduced density matrix on either
subsystem,

SA = −Tr{ρA lnρA}. (2.4)

The so-called entanglement entropy of a 2k-qubit system is then bounded as
SA ∈ [0, k ln 2] with A containing half of the total qubits.

However, the bipartite entanglement obviously cannot describe all kinds
of entanglement which might appear in many-body quantum systems. To
give some examples, here are the most well-known pure states that are highly
entangled and yet non-biseprable,

∣GHZ⟩ =
∣00...0⟩ + ∣11...1⟩

√
2

,

∣W⟩ =
∣100...0⟩ + ∣010...0⟩ + ... + ∣000...1⟩

√
N

.

The above states are defined for a general system with N qubits. In general,
to compute multipartite entanglement in a generic mixed state, one can use
the so-called quantum negativity [13] being defined as

N (ρ) =
∥ρTA∥1 − 1

2
, (2.5)

where ρTA is a partial transpose with respect to the subsystem A and ∥O∥1 =

Tr
√
O†O is the trace norm which is the sum of the absolute values of the

eigenvalues. The negativity is equivalent to the absolute sum of the negative

10



2.2 Quantum operation

eigenvalues of ρTA which is based on the fact that the partial transpose of a
separable state has no negative eigenvalue.

In general, deciding whether a quantum state is separable has been shown
to be NP-hard [14]. A more useful definition for the correlation’s content of
density matrices is such that if a state can be written as

ρp =
N

∏
i=1

ρi = ρ1 ⊗ ρ2 ⊗ ...⊗ ρn, (2.6)

then the state is a product state and otherwise it’s classically or/and quantum
correlated. Accordingly, a generic correlated density matrix describing N
particles can be expanded in terms of single-particle density matrices ρi and
correlation matrices Cij..., that is

ρc = ρp+∑
ij

RCij + ∑
ij≠kl
RCijCkl + ...

+∑
ijk

RCijk + ∑
ijk≠lmn

RCijkClmn + ...

+∑
ijkl

RCijkl + ...,

+...

(2.7)

where R converts every Ii into the single-particle density matrices ρi, i.e.
RI =∏i=1 ρi. In the rest of this thesis, we will widely use the above expansion
to describe many-body systems.

2.2 Quantum operation

Operators as matrix-like objects act on vector-like states to produce new
states. When it comes to pure states of quantum systems, unitary opera-
tors, i.e. UU † = U †U = I, are relevant as they preserve the total probabilities
of the state which are acted upon. According to the famous Schrödinger
equation, unitaries describe the time translations of closed quantum sys-
tems being completely isolated from the surrounding environment. Since
the time translation is unitary, there exists a Hermition operator, known as
the Hamiltonian operator H† = H, which represents the total energy of the
system. Therefore, the time evolution of a closed system is expressed as

ih̵
d

dt
∣ψ(t)⟩ =H ∣ψ(t)⟩→ ∣ψ(t)⟩ = e−iH(t−t0)/h̵∣ψ(t0)⟩, (2.8)

11



Chapter 2. Theory of open quantum systems

where U = e−iH(t−t0)/h̵ represents a unitary time-evolution operator or a prop-
agator with H acting as a time-translation generator. Basically, U can be
thought of as a complex rotation matrix that can diagonalize the associated
Hermitian operator. Here, the time-transnational symmetry of the dynamics
is a consequence of the energy conservation of the generator which is encoded
into the Hamiltonian. From now on, for the sake of simplicity, we set h̵ = 1.

2.2.1 Operator-sum representation

A transformation of a density matrix, in turn, can be represented by a su-
peroperator or a quantum operation as an operator-to-operator map, i.e.

ρf = E(ρi).

General evolution of a quantum system from an initial state ρi to a final
state ρf imposes certain features to the quantum operation E . First of all,
this map must be linear (since quantum mechanics is a linear theory), trace-
preserving and positive, i.e. generates only positive states. Moreover, since
a generic quantum state might be a sub-state of a larger system, the map of
the latter must be also positive. This asserts more restrictions on the map
of the state of interest as the partial trace of the larger map, that is known
as being completely positive. It turns out that a valid quantum operation
for an N-dimensional system is completely positive if and only if it can be
formulated as follows

E(ρ) =∑
n

KnρK
†
n, (2.9)

where ∑nK
†
nKn = I. The so-called operator-sum representation includes

(maximally) N2 operators Kn which are referred to as Kraus operators [15].
From a more intuitive perspective, the non-unitary evolution of a quan-

tum systems can be obtained from a unitary evolution of a larger system. In
other words, our system of interest S is coupled to another (larger) system
E over which we might have no control, resembling an open system inter-
acting with the surrounding environment. Following the definition of the
Schrödinger equation for a closed system, one can reach the equation of mo-
tion for the density matrix of an open system, or the von Neumann equation,
that is given by

d

dt
ρSE(t) = −i[HSE, ρSE(t)], (2.10)

where HSE =HS+HE+Hint denotes the total Hamiltonian of the open system
and its environment including an interaction term Hint. Therefore, given the
total initial state ρSE(t0), the state of the system S at an arbitrary time t
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2.2 Quantum operation

can be obtained as

ρS(t) = TrE{U(t, t0)ρSE(t0)U
†(t, t0)}, (2.11)

where U(t, t0) = e−iHSE(t−t0). Now, considering an uncorrelated initial state
ρSE(t0) = ρS(t0)⊗ρE(t0), we can retrieve the explicit form of Kraus operators
using a spectral decomposition of ρE(t0) = ∑i λi∣ψE⟩⟨ψE∣,

ρS(t) =TrE{U(t, t0)ρS(t0)⊗∑
i

λi∣ψE⟩⟨ψE∣U
†(t, t0)}

=∑
ij

√
λi⟨ψj ∣U(t, t0)∣ψi⟩ρS(t0)

√
λi⟨ψi∣U

†(t, t0)∣ψj⟩

=∑
ij

Kij(t, t0)ρS(t0)K
†
ij(t, t0).

Amore general derivation including initial correlation can be found in Ref. [16].
Importantly, any kind of time evolution in quantum systems can be expressed
by the Kraus decomposition. In the next section, we will specifically focus
on an important set of quantum operations that describe continuous time
evolution with the following condition,

E(t2, t0) = E(t2, t1)E(t1, t0), (2.12)

known as divisibility condition. This condition enforces a time-local evolution
of a quantum state with a short memory on its history, paving the way for
defining a quantum analog of classical Markovian processes.

2.2.2 Quantum Markovianity

In order to gain more insight about the notion of Markovian processes in
quantum systems, let’s first look at a real implementation of the same. In
quantum optics, an open quantum system refers to a quantum system that
is coupled to a large environment, resembling the canonical ensemble in sta-
tistical mechanics where a mechanical system is coupled to a heat bath. In
this setup, the system of interest is often a group of qubits that on its own
undergoes a coherent evolution with a frequency scale of ωS, and a typical
quantum-optical environment is represented by a bath of harmonic oscillators
hence a set of bosonic modes.

A microscopic description of a general open quantum-optical system in
most cases can be determined by making two approximations (for a detailed
derivation see Appendix A). First of all, the well-known rotating wave ap-
proximation is considered to neglect the fast-oscillating terms in the Hamilto-
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nian of interaction between the system and environment. The approximation
takes place in an interaction picture of the model considering a rotation with
the system to simplify time dependency of the evolution [17]. Secondly, it is
usual to assume a weak system-environment coupling and a fast relaxation
rate of the environment compared with the typical time associated with the
dynamics of the system. This leads to the Born-Markov approximation in
perturbation treatment of the dynamics. In other words, we can describe the
time evolution of the system by a Markovian process of Eq. (2.12), as the
memory length of the environment is assumed to be relatively short. A more
general description of open quantum systems beyond the Markovian regime
is discussed in Refs. [16, 18, 19].

Derivation of the Markovian master equation, a linear differential equa-
tion describing the time evolution of an open quantum system, requires com-
puting the time derivative of ρ(t). Making use of the operator-sum represen-
tation in Eq. (2.9) for an infinitesimal time interval dt we have,

d

dt
ρ(t) = lim

dt→0

ρ(t + dt) − ρ(t)

dt

= lim
dt→0

E(t + dt,0) − E(t,0)

dt
ρ(0)

= lim
dt→0

E(t + dt, t) − I

dt
ρ(t),

where in the last line we utilized the Markov approximation by considering
a divisible generator E(t + dt,0) = E(t + dt, t)E(t,0). The resultant differen-
tial equation can be further simplified using the rotating wave approximation
leading to the famous Lindblad master equation [20, 16]. The Markovian evo-
lution of a generic quantum state ρ can then be represented by the Liouvillian
superoperator which is given by ∂tρ = L(ρ),

L(ρ) = −i[H,ρ] +∑
j

(cjρc
†
j −

1

2
{c†jcj, ρ}) , (2.13)

where H is the Hamiltonian of the system and the set of cjs denotes the jump
operators or collapse operators originated from environment couplings. The
first term in the Lindblad master equation is exactly equivalent to the von
Neumann equation describing the coherent part of the evolution whereas the
second term expresses the dissipative part.

Table 2.1 summarizes various types of dissipative processes that can occur
in two-level systems. The corresponding jump operators are usually classified
in terms of their locality, ranging from a single-body operator to a fully
collective operator. In this range, any intermediate multi-body jump operator
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decay pumping dephasing

local σ
(i)
− σ

(i)
+ σ

(i)
z

correlated* P
(i−1)
1 σ

(i)
− P

(i+1)
1 P

(i−1)
0 σ

(i)
+ P

(i+1)
0 P

(i−1)
0 σ

(i)
z

collective ∑i σ
(i)
− ∑i σ

(i)
+ ∑i σ

(i)
z

Table 2.1: Dissipative processes in open quantum systems and the jump
operators generating them in the case of two-level systems. Here σ− = σ†

+ =

∣1⟩⟨0∣ denotes a depopulation of the excited state and Pα = ∣α⟩⟨α∣ is a projection
onto ∣α⟩ (*the correlated jump operators are only given as examples).

is called correlated, as a jump on a given site becomes conditional upon
quantum operations on some other sites. In the rest of this thesis, we will
employ local and correlated jump operators for state preparation.

The Markovian evolution typically features stationary behaviour in the
long-time limit of the underlying system. In this limit, it is often the case
that a unique steady state emerges irrespective of the initial configuration.
The steady state,

ρss = arg lim
t→∞
L(ρt),

corresponds to the null space of the associated Liouvillian, i.e. L̂(ρs) = 0.
However, in rare cases, dependency on the initial configurations may result
in multiple steady states. We will elaborate on such cases in Chapter 4.

2.3 Phase transitions and criticality

So far, we have talked about the behavior of quantum systems on a micro-
scopic scale where we have access to the inter- and intra-particle interactions.
Although the microscopic description of interacting particles provides insight-
ful information about the underlying system, it doesn’t directly justify the
appearance of macroscopic phases of matter, i.e. the collective behavior of
many-body systems in the thermodynamic limit, N → ∞. Moreover, clas-
sification of the so-called thermodynamic phases and non-trivial transitions
between them requires a systematic treatment that goes beyond the micro-
scopic description. In the following, we first describe the fundamental physics
behind phase transitions in classical systems, i.e. matter in the presence of
thermal fluctuations, based on the theory of classical thermodynamics. Next,
we introduce the notion of phase transition in quantum systems in the limit
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of absolute zero temperature.

2.3.1 Classical phase transition

A many-body system undergoes a phase transition by varying an external
control parameter such as temperature or magnetic fields. In other words,
within a phase, the underlying system evolves smoothly in terms of its macro-
scopic properties. However, crossing a critical value of the control parameter,
a dramatic change in the system properties can occur which results in a qual-
itatively different phase. The resultant phase transitions are often charac-
terized by ordering and symmetries. For example, disordered liquids (often)
freeze into crystalline solids upon lowering temperature like in the water-
ice transition. Although the liquid phase exhibits translational symmetry,
the solid phase is no longer translational invariant due to the crystalline
structure. As another example, magnetic materials like iron exhibit a phase
transition from a magnetically ordered phase, i.e. ferromagnetic with a par-
allel orientation of the spins, at low temperature to a disordered phase with
rotational symmetry, i.e. paramagnetic with random orientations, above a
critical temperature called Curie temperature.

The underlying symmetry-breaking phenomenon in the aforementioned
examples is an indication of a wide variety of phase transitions involving crys-
tallization, magnetism, superconductivity, etc. To quantify a phase transi-
tion, the notion of order parameter has been introduced as a thermodynamic
variable that is zero on the symmetric phase and nonzero on the symmetry-
broken phase. For example in the case of the ferromagnet-paramagnet tran-
sition, the magnetization is the order parameter that is vanishing (finite) in
the paramagnetic (ferromagnetic) phase.

According to classical thermodynamics, the order parameter and in gen-
eral all the macroscopic quantities, all measurable quantities of a system in
the thermodynamic limit, can be deduced from the Helmholtz free energy F
and the partition function Z,

F = −kBT logZ with Z =∑
i

e
− Ei
kBT ,

where T is the temperature of the system with energy levels Ei. In fact, the
order parameter can be obtained as some derivative of F . On the other hand,
since the order parameter is zero for a finite range of the control parameter
and non-zero for the other side of a transition, it can not be an analytic
function. This implies that F becomes also non-analytic when it comes to a
phase transition. However, we have to mention that the transition-induced
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non-analyticity in F and Z can only appear in the thermodynamic limit
where the number of energy levels goes to infinity. In a more physical sense,
a phase transition arises from a competition between the entropic part and
the energetic part of the free energy. According to classical thermodynamics,
the contributions of these two parts in the free energy is given by

F = U − TS,

with U as the internal energy of a system U and S as the entropy. This
relation demonstrates how temperature can control a system’s behavior as
it changes the entropic contribution of F . In other words, the system would
exhibit an ordered phase provided that the thermal fluctuations are low. The
order can be then broken in the presence of large enough fluctuations. The
resulting thermal phase transition (TPT) is mainly the mechanism behind
the phase transition at finite temperatures.

Phase transitions are often classified according to the nature of the bro-
ken analyticity (the lowest derivative of the free energy with respect to some
thermodynamic variable). A transition is referred to as a first-order phase
transition provided that a first derivative of the free energy is discontinu-
ous at the transition, like solid/liquid/gas transitions. However, if the first
derivative of the free energy is continuous and higher derivatives exhibit
discontinuity, the corresponding transition is called a continuous phase tran-
sition. The ferromagnet-paramagnet transition is a well-known example of
a second-order phase transition as the second derivative of the free energy
with respect to the magnetic field, i.e. magnetic susceptibility, shows a sud-
den change at the transition.

Ginzburg-Landau theory

In general, we do not know the explicit mathematical form of the free energy
as it is a complicated function of the order parameter. As a solution to this
issue, Landau’s remarkable proposal was to expand F in a power series of the
order parameter in proximity to the critical point. This expansion is based
on the assumption that the order parameter is uniform and small close to the
critical point. In the Landau theory, the expansion is restricted to the terms
which don’t violate the symmetry of the system and the highest order term
must be chosen such that it has an even exponent and a positive coefficient
to guarantee a stable state [21]. However, a drawback of this theory is that
the order parameter is free of any temporal and spatial fluctuation that is
required for an accurate description of a thermodynamic phase. This is why
the Landau-Ginzburg theory is developed by adding fluctuation into the free
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energy in the form of some gradients, leading to the so-called Ginzburg-
Landau functional

F = ∫ drf[Φ(r)] + ∫ drg[∇Φ(r)], (2.14)

where f and g represent power series of the order parameter in the form of a
spatial field Φ(r), and the gradient terms respectively. Using the Ginzburg-
Landau functional, one can obtain a differential equation for the order pa-
rameter relying on the extremum principle, δF = 0, similar to the Lagrange
equations in classical mechanics. Moreover, The Ginzburg-Landau equation
can be extended to describe the time evolution of a system in terms of a
time-dependent field. In Chapter 4 we will investigate the time-dependent
theory in more detail.

Universality

Now, let us to look at a specific example of the Ginzburg-Landau functional
that can describe the second-order ferromagnet-paramagnet transition. The
functional is given by

F = ∫ dr[u2Φ2(r) + u4Φ4(r) + v2[∇Φ(r)]2], (2.15)

that in which the odd terms disappear due to the assumption of having the
reflection symmetry φ → −φ. The critical point is then determined when
the quadratic term changes sign, i.e. u2 = 0. Significantly, a wide variety
of phase transitions can be characterized using the so-called φ4-theory only
based on the symmetry and dimensionality. This brings us to the notion
of universality in the sense that the critical behavior of a continuous phase
transition makes the underlying system insensitive to the microscopic details.
In a mathematical point of view, all the observables become scale invariant.
This implies that the dependency of observables on the system’s scale can
be described by power laws. To clarify further, when a system approaches
a critical point, spatial and temporal fluctuations of the order parameter
exhibit long-range correlations. In other words, the fluctuations take place
in all scales as the correlation length ξ and correlation time τc diverge in the
following form

ξ ∝∣t∣−ν ,

τc ∝ξ
z ∝ ∣t∣−νz,

18



2.3 Phase transitions and criticality

where ν (z) denotes the correlation length (dynamical) critical exponent with
t representing a dimensionless distance from the critical point. The diver-
gence in correlation lengths ξ and τc is the mechanism behind the surprising
phenomenon of universality. In fact, one can completely determine different
universality classes based on the values of the critical exponents. There-
fore, a large number of distinct physical systems can be labeled by the same
universality class with certain critical exponents.

2.3.2 Quantum phase transition

A quantum phase transition (QPT), or phase transition at absolute zero
temperature, i.e. T = 0, is rather driven by quantum fluctuations due to
energy fluctuations arising from the uncertainty principle. Typically, QPT
is discussed in terms of the ground states of closed systems. The Ground-
state phase transition (GSPT) is associated with a non-analyticity in the
ground-state energy induced by a small change in the coupling constants of
the Hamiltonian. The Steady-state phase transition (SSPT) also happens in
a similar fashion that its comparison with GSPT and TPT is presented in

TPT GSPT SSPT

system
operator

Hamiltonian Hamiltonian Liouvillian

H† =H H† =H L-Lindblad

relevant
quantity

free energy energy eigenvalues Lindblad eigenvalues

F (ρ) = ⟨H⟩ρ − T ⟨S⟩ρ Eψ ∶H ∣ψ⟩ = Eψ ∣ψ⟩ λρ ∶ Lρ = λρρ

state

Gibbs state ground state steady state

ρT = argmin
ρ≥0,Tr(ρ)=1

[F (ρ)] ∣ψ0⟩ = argmin
∥ψ∥=1

[⟨ψ∣H ∣ψ⟩] ρss = argmin
∥ρ∥1=1

[∥Lρ∥1]

ρT ∝ exp[−H/kBT ] [H −Eψ0]∣ψ0⟩ = 0 Lρss = 0

phase
transition

non-analyticity in gap closing gap closing

F (ρT ) Eψ1 −Eψ0 → 0 max[Re(λρ)]→ 0

Table 2.2: Comparison of different types of phase transitions, namely the
thermal phase transition, the ground-state phase transition, and the steady-
state phase transition [22].
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Table 2.2. There are of course other types of QPT such as dynamical and
excited-state phase transitions which won’t be covered in this thesis.

To gain a better understanding of QPT, it is instructive to look further
into the notion of GSPT. Suppose the total Hamiltonian H of our quantum
system is parameterized as H = λH0 + (1 − λ)H1 with H0 and H1 being non-
commuting Hamiltonians with distinct ground states, i.e. [H0,H1] ≠ 0. Let’s
assume that the unitary operator U is a symmetry of H, i.e. U †HU = H.
Now, by varying 0 ≤ λ ≤ 1, the Landau’s symmetry-breaking phase transition
occurs if U leaves the ground state of H0 but not H1 invariant, i.e. U ∣Ψ0⟩ =

∣Ψ0⟩ and U ∣Ψ1⟩ ≠ ∣Ψ1⟩. Symmetries in open systems can be similarly defined
in terms of the Lindbladian. In this context, U is a symmetry if it commutes
with the Hamiltonian and all the collapse operators, i.e. [H,U] = [ci, U] = 0
for all i [23].
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Chapter 3

Variational simulation of open
quantum systems

3.1 Classical simulation methods

The description of (non-integrable) driven-dissipative many-body systems is
one of the most challenging problems in condensed-matter physics in terms
of theoretical and numerical approaches. The first issue with these systems
comes from their dissipative nature. Crucially, the computational complexity
of a full density matrix of an open many-body system scales as O(d2N) with
N being the number of d-level particles. The factor 2 in the exponent comes
from the matrix description of mixed states in contrast to the vector form
of the pure states. Moreover, the non-equilibrium nature of these systems
emerging from the interplay between dissipation and coherent dynamics is
also intractable as the vast toolbox of equilibrium physics is not applicable
anymore. There are several analytical and numerical approaches to circum-
vent these challenges that in the following we will address the most successful
ones in the context of spin models, summarized in Table 3.1.

Mean-field treatment

Among the theoretical approaches in describing non-equilibrium many-body
systems, the mean-field method is widely used as it is easy to implement.
The main ingredient in the mean-field method is a derivation of an effective
local Liouvillian by decoupling a system of interest from the rest [24, 25, 26].
This is possible by taking a partial trace of the Lindblad master equation
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resulting in the following single-body equations

ρ̇i = Tr/i{−i[H,ρ] +D(ρ)} = −i[H̃i, ρi] + D̃i(ρi),

where H̃i and Di represent the effective mean-field terms. This set of equa-
tions can be then solved for both the dynamics and the steady state. While
the mean-field treatment of closed systems is exact in the limit of infinite
dimensions, it is not always the case for dissipative systems [27]. Also, the
mean-field solutions for open systems sometimes exhibit non-physical bista-
bility in the steady state, known as steady-state bistability. This artifact
comes from the non-linearity of the mean-field equations of motion that is at
odds with more sophisticated methods [28].

Keldysh non-equilibrium field theory

Amore systematic approach originates from a field-theoretical method known
as Keldysh non-equilibrium field theory [29]. The basic idea behind the
Keldysh formalism is to map the master equation, formulated in terms of
second-quantized operators (using bosonic creation-annihilation representa-
tion of spin operators), into a Feynman path integral formulation (based on
a backward-forward Trotterization of the time propagator). The resulting
Keldysh action in the basis of coherent states is then treated by the powerful
field-theoretical machinery giving access to a macroscopic description of the
system. In particular, regarding the non-equilibrium steady states, extrac-
tion of a classical Langevin equation for the corresponding field fluctuations
makes it possible to calculate the stationary properties [30].

Keldysh formalism demonstrates a successful application of the field the-
ory to driven-dissipative systems leading to an analytical macro-description
of the non-equilibrium problem in terms of symmetries and dimensionality.
Also, it gives access to critical exponents and the determination of the uni-
versality class of the underlying critical behavior. However, this method is
restricted to long-wavelength fluctuations in the vicinity of phase transitions
where a mapping from the model of interest to a continuum-field theory is
applicable.

Monte-Carlo wave-function method

As discussed earlier, a mixed state in the form of a density matrix is essen-
tially a statistical ensemble of pure states. This allows breaking the quadratic
complexity of a density matrix by decomposing it into (several) wave func-
tions as their complexity is linear in terms of the Hilbert space dimension.
Therefore, instead of evolving the whole density matrix through time, one
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can evolve individual pure states ∣ψi⟩ to a desired time and then compute the
expectation values of the observables according to ⟨O⟩ = ∑pi⟨ψi∣O∣ψi⟩ where
pi’s are obtained by standard Monte-Carlo sampling.

The main challenge in the Monte-Carlo wave-function (MCWF) method
is the way that the individual trajectories should be evolved [17]. To this
aim, we rewrite the Lindblad master equation in the following form,

L(ρ) = −i(Heffρ − ρH
†
eff) +∑

j

cjρc
†
j, (3.1)

where Heff =H − i
2 ∑j c

†
jcj represents an effective non-Hermition Hamiltonian

describing the dissipative dynamics of the open system. Now, to implement
the trajectory propagation using the effective Hamiltonian, one can follow
the steps below:

1. Pick an initial pure state ∣ψ(t0)⟩;

2. Choose a random number r ∈ [0,1], standing for the occurrence prob-
ability of a quantum jump;

3. Evolve the state using the effective Hamiltonian, ∣ψ(t)⟩ = e−iHefft∣ψ(t0)⟩,
up to a time tj where ⟨ψ(tj)∣ψ(tj)⟩ = r. Here, tj denotes the time that
a specific jump occurs, say cn;

4. In order to determine cn, calculate the probability Pn = δpn/p with n
being the smallest value satisfying Pn ≥ r, δpn = ∑nk=1⟨ψ(tj)∣c

†
kck∣ψ(tj)⟩,

and p = ∑k=1⟨ψ(tj)∣c
†
kck∣ψ(tj)⟩;

5. Calculate the after-jump state, ∣ψ(tj+δt)⟩ = cn∣ψ(tj)⟩/⟨ψ(tj)∣c†ncn∣ψ(tj)⟩
with δt→ 0;

6. Replace ∣ψ(t0)⟩ with the new state ∣ψ(tj + δt)⟩ and repeat the steps.

In other words, in each iteration of the above algorithm (also known as
quantum jump formalism), we first evolve an initial state using the effective
Hamiltonian until a certain time when the norm of the evolved state becomes
equal to a chosen random number. Exactly at this specific time, the state
undergoes a quantum jump which abruptly changes the evolved state. Av-
eraging over a large number of trajectories is then equivalent to the master
equation.

Regarding the statistical errors arising from Monte-Carlo sampling, since
the random numbers used in the algorithm are statistically uncorrelated and
hence the independency of the trajectories, the error in the expectation value
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of an observable O scales as O(1/
√
Ntraj) with Ntraj being the number of

trajectories Ntraj ≫ N . For local observables in open systems, setting Ntraj =

500 is enough to have a good statistical convergence. In particular, the largest
system which has been studied so far, using highly parallel implementation of
MCWF method, consists of 20 spin-1/2 sites with two-body interaction [31].
In Chapter 6, using the same technique we will present MCWF calculations
for 22 spins in a purely dissipative setup (H = 0) with 3- and 6-local jump
operators capable of generating long-range entanglement. In this thesis, for
the numerical implementation of the MCWF method, we have used the open-
source quantum toolbox in Python (QuTiP) [32].

Tensor network methods

Tensor network methods are one of the most powerful and versatile numerical
methods for both closed and open quantum many-body systems. Within the
tensor network family, matrix product state (MPS) demonstrates a highly
accurate description of one-dimensional closed systems due to its connection
with the notion of the density matrix renormalization group (DMRG) [33].
MPS is given by

∣Ψ⟩ =
D

∑
s1,...,sN=1

Tr{
N

∏
i=1

Asii }∣s1, s2, ..., sN⟩, (3.2)

where Asii represent matrices with dimension D, known as bond dimension,
corresponding to the site i and the associated basis ∣si⟩.

It is instructive to look at the entanglement entropy of MPS, as it pro-
vides a measure of the simulation efficiency of a quantum state on a classical
computer. The entanglement entropy of a subsystem ρA in terms of the bond
dimension reads as S(ρA) ≤ 2 logD which is totally independent of the system
size. On the other hand, it has been shown that the typical ground states in
one-dimensional systems (where the Hamiltonian is gapped and local) satisfy
a constant entanglement entropy. This is in harmony with the MPS which
enforces an upper bound on the amount of entanglement entropy. General-
ization of MPS to mixed states is also possible by enlarging the Hilbert space
using well-known techniques such as vectorization or purification [28].

Having said that, implementation of tensor network method for higher
dimensions is challenging. This can be also understood by entanglement
analysis. In general, the entanglement entropy satisfies the following area
law,

S(ρA) ≤ A(ρA),

where A(ρA) represents the surface area of the subsystem. Consequently,
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extended versions of MPS to higher dimensions are faced with intrinsic re-
strictions [34, 35, 36]. Particularly, this is more pronounced in the case of
open systems in the presence of weak dissipation [37].

Variational methods

Variational simulation is a versatile tool widely used to describe complex
systems using an approximated but tractable parameterization of the states.
In the context of open quantum systems, this refers to a parameterized den-
sity matrix in terms of a set of variational parameters, known as variational
ansatz, which is chosen from the most relevant subset of the exponentially
large Hilbert space. The variational parameters are then tuned in order to
minimize a suitable variational functional resulting in an approximated de-
scription of the system. This formalism is justified according to the notion
of variational principle which we will further discuss in the next section. Al-
though the variational treatment is restricted to the structure of the given
ansatz, it can provide a non-trivial estimation of both dynamical and static
properties of open systems. Also, in spite of the conceptually simple struc-
ture of the variational methods, it sometimes outperforms very sophisticated
methods.

There are several implementations of the variational treatment for open
systems such as variational tensor network methods, variational quantum
Monte-Carlo methods (reviewed in Ref. [28]) and even variational methods

Advantages Disadvantages

Mean-Field
computational simplicity wrong prediction of bistability,

wrong critical exponents

Keldysh
access to critical restricted to critical regions,
exponents challenging for spin systems

Monte-Carlo
exact for large number limited to small system sizes
of trajectories

Tensor Network
works well for issues with dimensionality,
inhomogeneous systems fails for weak dissipation

Variational
access to thermodynamic ansatz dependent
limit

Table 3.1: Comparison of classical simulation methods for driven-dissipative
systems.
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using artificial neural networks [38]. In the rest of this chapter, we will only
focus on a specific version of the variational methods proposed in 2015 [39].
Developing this variational method will enable us to study different complex
dissipative spin models with short- and long-range interactions.

3.2 Variational principle

Physics owes a lot to the extremum principles in nature. Initiated from
Fermat’s principle of least time in optics,

T = ∫

rf

ri

1

v
dr → stationary,

where a light ray travels with the speed v a path from ri to rf in the shortest
time. In a precise mathematical sense, the functional of time between two
spacial points associated with the light path becomes stationary, or variations
in the time functional vanishes δT = 0. Similarly, the motion of a physical
system between two temporal points manifests itself in Hamilton’s principle
of stationary action in classical mechanics, i.e.

S = ∫

tf

ti
L[x(t),

dx(t)

dt
, t]dt→ stationary,

where L is the corresponding Lagrangian of the system. Here, the action
integral becomes stationary, i.e. δS = 0. This has preceded a significant
breakthrough in the twentieth century leading to the famous Schrodinger
equation in quantum mechanics inspired by de Broglie’s wave-particle duality,
and keeping up with the Feynman’s path integral formulation inspired by
Dirac’s idea of infinite quantum trajectories.

Extremum principles have opened up the possibility of variational for-
mulation of complex problems in different branches of physics. Particularly
in quantum mechanics, several variational principles have been developed to
tackle computationally hard problems of describing exponentially large quan-
tum states using approximated solutions. In the context of closed many-body
systems, there are two different classes of variational principles associated
with the static problem of finding a ground state and simulation of the real-
time coherent dynamics. The former is addressed by Rayleigh-Ritz method
as a minimization of the following energy functional

⟨ψv ∣H ∣ψv⟩→min .

The ground state is then chosen such that it minimizes this functional. In-
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deed, due to the exponential growth of Hilbert space, ψv is designed as a
subset of the whole Hilbert space. For the simulation of the time evolution,
one can employ the time-dependent variational principle, extracted using an
application of the Euler-Lagrange equation over the following Lagrangian,

L = ⟨ψv ∣(
d

dt
+ iH)∣ψv⟩,

that essentially minimizes a norm defined over the Schrödinger equation [40].
The rest of this chapter is dedicated to the notion of the variational principle
for open quantum many-body systems.

3.2.1 Gutzwiller theory for open systems

The basic idea for establishing a variational principle for open quantum sys-
tems is to take a variational trial state and compute the approximated dy-
namics it will generate by computing its time derivative ρ̇ = Lρ according to
the underlying quantum master equation [39]. In analogy to closed systems
where the ground states are out of interest, steady-state properties of open
systems are often prior to the dynamical properties. To this aim, a varia-
tional functional is needed to be minimized for steady states ρss ≡ limt→∞ ρ(t).
This functional arises from a variational principle for the steady states [39]
equipped with a suitable norm of the corresponding Liouvillian, i.e.

ρss = arg min
ρ

∥Lρ∥ . (3.3)

To approximate ρss, we consider a Gutzwiller variational ansatz for a N -body
system given by

ρvar =
N

∏
i=1

ρi, (3.4)

in which all the correlations are neglected to decrease the complexity of the
underlying many-body problem. Any local density matrix in this ansatz, i.e.
ρi, is then decomposed in terms of suitable orthogonal matrices. This enables
a systematic variational treatment of the ansatz by treating the coefficients
of these matrices as a set of variational parameters. In the case of spin-1/2
systems, ρi is expanded in terms of Pauli matrices σµ as in Eq. (2.3). Now the
state of each spin-1/2 particle ρi, can be determined by three independent
variables,

αααi = {⟨σ
(i)
x ⟩, ⟨σ

(i)
y ⟩, ⟨σ

(i)
z ⟩} = {α

(i)
x , α

(i)
y , α

(i)
z }. (3.5)

27



Chapter 3. Variational simulation of open quantum systems

These parameters can be obtained by minimizing a suitable variational norm
∥Lρ∥. Particularly, we will focus on two popular matrix norms namely 1-norm
or trace norm,

∥A∥1 = Tr[
√
A†A],

and 2-norm or Hilbert-Schmidt (HS) norm,

∥A∥2 =

√

Tr[A†A].

The trace norm is equivalent to the sum over eigenvalues of
√
A†A whereas

the HS norm is simply the square root of the trace of A†A. The former is
computationally unfavorable due to the cost of matrix diagonalization, and
the latter is biased toward maximally mixed state [39]. However, the bias of
the HS norm can be cured using normalization by the purity similar to the
approach introduced in Ref. [41]. In this thesis, we mostly use the HS norm
as its advantage compared to the trace norm is threefold; (i) The HS norm
is easier to compute since no diagonalization is needed, (ii) It’s possible to
obtain it analytically due to its definition, (iii) and most importantly it can
capture continuous phase transitions while the trace norm is favoring first-
order transitions. In the following, we will first estimate the variational cost
function for homogeneous systems and then we will derive an upper bound
of the function for a general Inhomogeneous system.

Homogeneous systems

Here, we consider a cost function being derived from the inner product
⟨⟨L†(ρ)∣L(ρ)⟩⟩ where ∣A⟫ denotes a mn × 1 vector contained by flattening
a m × n matrix A. The inner product of vectorized operators is compatible
with the HS norm according to the following relation

Tr{A†B} = ⟨⟨A†∣B⟩⟩, (3.6)

which means ∥L(ρ)∥2
2 = ⟨⟨L†(ρ)∣L(ρ)⟩⟩. Crucially, to circumvent the bias of the

HS norm, we normalize the inner product by the total purity Tr[ρ2] = ⟨⟨ρ∣ρ⟩⟩,
i.e.

Fv =
⟨⟨L†(ρ)∣L(ρ)⟩⟩

⟨⟨ρ∣ρ⟩⟩
. (3.7)

For a given (uniform) Liouvillian we can express the numerator as an expan-
sion of its individual terms. These terms comprise the geometrical different
configurations as it is shown in Fig. 3.1, that in turn can be factorized by
some N - and N2-dependent coefficients. The N -dependent configurations
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3.2 Variational principle

correspond to the overlapping terms in ⟨⟨L†(ρ)∣L(ρ)⟩⟩, and the N2-dependent
configurations represent non-overlapping terms. In addition, these coeffi-
cients also encode the lattice dimensionality via their dependency on the
coordination number z. As a further step to have a scale-independent vari-
ational norm, we treat these coefficients on the same footing, rescaling the
N -dependent terms to N2 and then normalize the whole function by N2.

As a result, the variational norm can be cast into the form

fv =∑
ij

⟨⟨L̃
†
i(ρ)∣L̃j(ρ)⟩⟩

⟨⟨ρ0∣ρ0⟩⟩
nij , (3.8)

where a uniform solution ∏ρ0 is assigned to the many-body state assuming
translational invariance in the underlying system (ρi = ρj for all i and j).
Also, L̃i’s denote the individual terms in the Liouvillian, similar to what is
depicted in Fig. 3.1, and the denominator represents the local purity ⟨⟨ρ0∣ρ0⟩⟩

to the power of nij being the total dimension of the terms in the numerator.
Notably, in the case of having uniform couplings in the Lindblad master

equation, analytical evaluation of the variational norm fv is possible even in
the thermodynamic limit. This resembles a similar treatment in the context
of closed quantum systems where the ground-state energies can be estimated
by Gutzwiller energies [42]. It is worth mentioning that following the same
procedure using the more natural trace norm imposes additional approxima-
tions which we will discuss shortly.

Figure 3.1: Spatial configurations corresponding to a 2-local Liouvillian ap-
pearing on a 2D lattice with the coordination number z = 4. The black
2-dot lines labelled with i represent ⟪L̃

†
i(ρ)∣ and the gray lines labelled with

j represent ∣L̃j(ρ)⟫ in the HS norm.
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Chapter 3. Variational simulation of open quantum systems

In Chapter 4, we will show how this conceptually simple approach en-
ables us to resolve the controversial issue of steady-state bistability in open
quantum systems.

Inhomogeneous systems

As shown in the previous section, the variational function for short-range
interacting open quantum systems is predominately determined by the semi-
local configurations, depicted in Fig. 3.1. Intuitively, this allows finding an
upper bound of the variational function by recasting the many-body system
in terms of local batches of the whole system. This idea has been proposed
in Ref. [39] for the steady state of dissipative systems which outperforms the
mean-field-like methods in detecting steady-state phase transitions. In the
following, we will briefly review this treatment.

Starting from the variational principle in Eq. (3.3), we want to approx-
imate the true steady state using a variational ansatz by minimizing the
following cost function

∥Lρ∥ = ∥−i[H,ρ] +D(ρ)∥→min,

which indeed vanishes in the case of having an exact ansatz including all
the possible correlations. however, we again employ the Gutzwiller ansatz
described in Eq. (2.3) to approximate the exact state. Now, substituting
Gutzwiller ansatz on the right-hand side of the equation yields

∥Lρ∥ =
XXXXXXXXXXX

∑
i

Rρ̇i +∑
⟨ij⟩
RĊij

XXXXXXXXXXX

, (3.9)

where ρ̇i ≡ Tr/i{Lρ} defines the time derivative of a single-site density matrix
and Ċij denotes the time derivative of the nearest-neighbour two-body cor-
relations. Here, the underlying assumption is that the Liouvillian is at most
2-local, although generalization to more than 2-local cases is straightforward.
Also, we have to mention that the appearance of Ċij is only because of the
master equation, despite the lack of any correlation in the ansatz. Evaluation
of the full norm in Eq. (3.9) is still an exponentially hard problem. In order
to circumvent this issue, the norm can be upper bounded by a computable
function in the following form

∥Lρ∥ ≤∑
⟨ij⟩

∥R (ρ̇i ⊗ ρj + ρi ⊗ ρ̇j + Ċij)∥ =∑
⟨ij⟩

∥Rρ̇ij∥ .

After considering the unbiased trace norm and two-time application of the

30



3.2 Variational principle

triangle inequality (fully discussed in Ref. [43]), one can obtain the variational
norm as follows

fv =∑
⟨ij⟩

∥ρ̇ij∥1 . (3.10)

The operators on the right-hand side of this inequality act on exponentially
small subspaces of the full Hilbert space which is why it can be efficiently
minimized using standard numerical techniques.

Regarding the variational ansatz, one can also add short-range correla-
tions into it leading to tighter upper bounds using a similar derivation. How-
ever, while including correlation for short-range interacting systems might
change the position of phase transitions, it usually does not alter the quali-
tative behavior of them [39]. Therefore, the usage of the Gutzwiller ansatz is
justified as it can describe phase transition up to quantitative uncertainties.

The upper-bound treatment makes it possible to also look at the dynam-
ics of open systems. Similar to closed systems, numerical integration of the
master equation gives rise to an operational definition of the time-dependent
variational principle for open systems [44] that in the case of implicit mid-
point integration has the following form

∥ρ(t + τ) − ρ(t) −
τ

2
L[ρ(t + τ) + ρ(t)]∥→min .

The error generated from the time-step integration scales as O(τ 3), that can
be improved using higher-order methods such as Runge-Kutta. This method
has been used for the investigation of both short- and long-range interacting
open systems which are covered in Refs. [43, 45].

3.2.2 Beyond Gutzwiller treatment

Here, we extend the variational principle for dissipative many-body systems
to the regime of long-range interactions and correlations. Regarding the vari-
ational ansatz, we only include two-body long-range correlations and ignore
higher-order correlations. This is justified according to the BBGKY hierar-
chy (Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy) for correlation op-
erators [25] asserting that in dissipative dynamics higher-order correlations
decay faster than two-body terms. The variational ansatz is given by

ρvar =
N

∏
i=1

ρi +∑
i<j
RCij, (3.11)
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Chapter 3. Variational simulation of open quantum systems

where Cij = ρij − ρi ⊗ ρj denotes long-range correlations. We now express
the generic form of ρi and Cij in terms of variational parameters αµ and
variational ansätze ζij(µ, ν) respectively

ρi =
1

2
(1i + ∑

µ∈{x,y,z}
αµσ

(i)
µ ), (3.12a)

Cij =
1

4
∑
µ,ν∈
{x,y,z}

ζij(µ, ν)σ
(i)
µ σ

(j)
ν , (3.12b)

where σµ’s represent the Pauli matrices. Crucially, one has to define varia-
tional functions ζij(µ, ν) such that they preserve long-range effects of corre-
lations but with the minimum number of variational parameters in order to
reduce numerical complexity of the minimization. Therefore, when it comes
to long-range interacting systems our variational functions become model-
dependent. An explicit form of these functions for a dissipative variant of
Rydberg gases will be presented in Chapter 5. Regarding the variational
norm, we again exploit the inner-product representation of the HS norm, i.e.

∥ρ̇var∥
2
2 =⟪L

†(ρvar)∣L(ρvar)⟫

≈Gp(N − 4)∑
i<j
∑
k<l

⟪L
†
ij(ρ

(ijkl)
var )∣Lkl(ρ

(ijkl)
var )⟫, (3.13)

where Gp(N) = ⟪ρvar∣ρvar⟫ is the total purity of the steady state and

gp = ⟪ρ0∣ρ0⟫ = (1 + α2
x + α

2
y + α

2
z)/2, (3.14)

is the single-site purity. The approximation in Eq. (3.13) comes from the
exclusion of the marginal correlations, i.e. we assume ρ(ijklm)var = ρ

(ijkl)
var ⊗ ρ

(m)
var .

Next, we define our variational cost function similar to Eq. (3.7) that reads
as

Fv(α) ≡
∥Lρ∥2

Gp(N)
. (3.15)

To find a computable variational norm fv, we expand the Liouvillian in terms
of local and interacting terms, i.e. Lij = ∑i L̃i+∑i<j L̃ij, where in the latter for
the sake of simplicity we assume binary interactions. Finally, the (squared)
variational norm can be expressed as in the following form,
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f 2
v = g

−2
p ∑

1≠j
⟪ρ
(1j)
var ∣L̃

†
1L̃1 + L̃

†
1L̃j ∣ρ

(1j)
var ⟫

+ g−3
p ∑

1≠j≠k
⟪ρ
(1jk)
var ∣2L̃†

1L̃1j + L̃
†
1L̃jk∣ρ

(1jk)
var ⟫

+ g−4
p ∑

1≠j≠k≠l
⟪ρ
(1jkl)
var ∣

1

2
L̃

†
1jL̃1j +

1

2
L̃

†
1jL̃jk +

1

2
L̃

†
1jL̃1k +

1

4
L̃

†
1jL̃kl∣ρ

(1jkl)
var ⟫,

(3.16)

where here we made the approximation that Gp(N) ≈ Gp(N − n)gnp which is
valid for N ≫ n. Here, n denotes the dimension of the variational states ρvar
appearing in the variational norm.

Evaluation of fv in the thermodynamic limit is still not feasible. How-
ever, one can instead perform finite-size scaling as it is consistent with the
fact that long-range interactions typically decay by a power-law form. Impor-
tantly, As we will show in Chapter 5, the non-analyticity of the variational
norm at the phase transition appears even for finite sizes. This is because
the system size in this context is, in fact, corresponding to the size of an
infinitely repeated array of a finite batch or cluster of sites. In this sense,
the variational method can be thought of as a cluster-based approach, see
e.g. [46]. From a geometrical point of view, we try to minimize the estima-
tion error in the bulk of the clusters while neglecting the error arising on the
surfaces. The latter is justified in the limit of a large cluster size. Therefore,
our variational method in combination with a proper finite-size analysis can
be utilized to approximate the non-equilibrium steady states of long-range
interacting quantum systems, especially to detect phase transitions.

3.3 Quantum simulation

Until now, we have only talked about numerical simulation methods using
a classical computer. However, the ultimate goal in the field of quantum
simulation is to take advantage of controllable quantum simulators to emulate
another quantum system. There are essentially two different approaches
that are widely used in this regard. Analogue quantum simulation is the
first approach where a quantum simulator should be specifically engineered
such that it can imitate the physical behavior of the model of interest. This
of course requires a direct realization of the model’s Liouvillian given the
available quantum resources. Clearly, this approach cannot be used for a
general simulation due to the typically restricted quantum resources.
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Chapter 3. Variational simulation of open quantum systems

The second approach which does not suffer from this issue is the so-called
digital quantum simulation. Here, the corresponding time propagator of the
desired model is broken down into a long sequence of gate operations. This
process is usually called Trotterization due to the Suzuki-Trotter approxima-
tion of a global evolution operator H = A +B, i.e.

e−iHτ = e−iAτ/2e−iBτe−iAτ/2 +O(τ 3), (3.17)

where here the individual terms of the H do not commute, [A,B] ≠ 0. Trot-
terization is shown to be efficient to simulate local quantum systems provid-
ing small (digital) time steps τ [47]. The advantage of this approach is that
in principle all the resulting digitized propagators can be recast into a set
of semi-local universal gates, leading to universal quantum simulation. In
addition, error correction schemes can also be applied in each time step for
fault-tolerant computations. The main challenge for digital simulation is the
implementation of high-fidelity universal gates since many repetitions of the
gates are required.

In general, the analog/digital simulation of complex quantum systems
might be challenging via the available quantum resources also known as noisy
intermediate-scale quantum (NISQ) devices comprise 50-100 noisy qubits
[48]. Considering the current situation in terms of quantum computational
devices, neither Liouvillian engineering for analog simulation is generally pos-
sible, nor arbitrarily long sequences of digital logic gates with high fidelity
are within reach. However, recently developed techniques for the variational
preparation of quantum states [49, 50, 51], also known as variational quantum
simulation (VQS), opens up the possibility of overcoming this challenge.

Within the VQS scheme, a hybrid classical-quantum machine is employed
to approximately reproduce variant quantum states without explicit real-
ization of the corresponding unitaries. In other words, VQS is a combined
analogue-digital quantum simulation in which a shallow parameterized quan-
tum circuit generates some trial states by minimizing a corresponding cost
function of some measurement outputs on a classical computer. Basically,
a classical processor performs the minimization procedure in the variational
simulation while the trial variational states are generated by accessible quan-
tum hardware (also known as quantum co-processor) in the form of a circuit
ansatz.

3.3.1 Dissipative variational quantum simulation

Here, we present an adapted VQS scheme to be able to realize Markovian
evolution of arbitrary large open quantum many-body systems. To this end,
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we employ the Lindblad quantum master equation in the Heisenberg picture,
i.e.

dO

dt
≡ LHO = i⟨[H,O]⟩ +

N

∑
i

⟨Li
†OLi −

1

2
{L†

iLi,O}⟩, (3.18)

which describes the time evolution of an observable O caused by a Hamilto-
nian H and a set of jump operators {Li} modeling the target open system.
The strategy behind our dissipative variant of VQS is to prepare the state
ρ(t+τ) at time t+τ using a parameterized circuit ansatz, given the state ρ(t)
evolving according to the Lindblad master equation. The circuit ansatz gen-
erates different trial states that among them the desired state is determined
by minimizing a proper cost function. This is similar to the procedure in-
troduced in Section 3.2.1 and other relevant studies both in the Schrödinger
picture [44] and in the Heisenberg picture [52]. Similarly, we introduce a
variational cost functional FH based on the implicit midpoint integration of
Eq. (3.18), given by

FH ≡∑
i

∣⟨Oi(t + τ)⟩ − ⟨Oi(t)⟩ −
τ

2
LH[Oi(t) +Oi(t + τ)]∣, (3.19)

where the sum runs over all orthogonal observables including non-local op-
erators. However, we use a truncation scheme by ignoring the terms for
high-order observables. Achieving accurate results using a subset of observ-
ables has been numerically verified [52].

Within a classical variational treatment, we need a trial (mixed) state to
compute the expectation values of the observables that appear in the cost
function. Crucially, due to the exponential growth of Liouvillian space by
increasing the system size, classical simulation of the corresponding quantum
state is not generally possible when it comes to large system sizes. Here, VQS
comes into the picture as a quantum co-processor capable of generating trial
states given a set of variational parameters which is calculated on a classical
computer by minimizing the relevant cost function. During this feedback
loop, if the convergence conditions are satisfied, then the last trial state is
the solution.

The quantum co-processor is basically a variational quantum circuit com-
posed of multiple layers of unitary and non-unitary propagators with tem-
poral phases treated as variational parameters. A parameterized layer n out
of d layers, known as circuit depth, with a vector θθθn evolves an input state
according to ρn = Gθθθn(ρn−1) where G denotes a quantum operation given by

G =
N

∏
k=1

[DakR
x,y,z
k ]Ug. (3.20)

35



Chapter 3. Variational simulation of open quantum systems

As it is shown in Fig. 3.2, the quantum circuit consists of global propagators

Ug(ρ) = e
−iH0θρe+iH0θ, (3.21)

which can generate entanglement depending on the quantum resource Hamil-
tonian H0. Additionally, the variational state can undergo general local ro-
tations (for example by controllable focused laser beams in trapped ions)
denoted by

Rαk(ρ) = e
−iσ(k)α θρe+iσ

(k)
α θ, (3.22)

with α ∈ {x, y, z}, or

Rx(θ) = e
−iσxθ =(

cos θ −i sin θ
−i sin θ cos θ

) , (3.23a)

Ry(θ) = e
−iσyθ =(

cos θ − sin θ
sin θ cos θ

) , (3.23b)

Rz(θ) = e
−iσzθ =(

e−iθ 0
0 e−iθ

) . (3.23c)

In fact, just having only two of the three Pauli rotations is sufficient to cover
the whole surface of the Bloch sphere. Even in particular cases, one Pauli
rotation suffices as in the experiment reported in Ref. [51]. Typically, the
local rotations are chosen in such a way to preserve the symmetries of the
target model. So far, the variational circuit is only capable of producing
pure states. Here, we extend the scope of the variational elements by incor-
porating non-unitary operations so that even mixed states become accessible.
In particular, we take into account the conventional local dissipative chan-
nels which are mostly realizable even with the available quantum resources.
Similar to the case of unitary rotations, the type of the channels will be de-
termined according to the target problem. Here, as an example, we equip the
circuit with the ordinary amplitude damping channel Dd. The corresponding
operator-sum representation is given by

Dd(ρ) =
1

N

N

∑
j=1

[D
(j)
1 ρD

(j)
1

†
+D

(j)
2 ρD

(j)
2

†
], (3.24)
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with

D1 =(
1 0

0
√
e−γτ

) , (3.25a)

D2 =(
0

√
1 − e−γτ

0 0
) , (3.25b)

where D(j)2 describes an increase in the ground state of a resource qubit j via
a decay process σ− = ∣0⟩⟨1∣ with a rate γ whereas D(j)1 leaves the ground state
invariant while de-populating the excited state. The factor 1/N appears due
to the completeness relation of Kraus operators so that the channel becomes
trace-preserving. As mentioned before, the temporal phases τ appearing in
all the circuit operations are treated as (different) variational parameters. In
Chapter 7, we will explicitly determine the circuit architecture for particular
models.

a
v
e
ra

g
e

Quantum Co-Processor Measurement  
Outcomes

Initial State

Classical Computer

Figure 3.2: A diagram of the variational quantum simulation scheme. The
quantum co-processor generates a trial quantum state for N qubits given a
product initialized state ρin =∏N

i=1∣ψ0⟩⟨ψ0∣ and a set of variational parameters
θ encoded into the temporal phases of the variational circuit’s ingredients,
i.e., global resource unitary, Ug(θ), local Pauli rotations R(θ), and local
dissipation channels Dd(θ).
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3.3.2 Quantum simulation platforms

We now briefly review the relevant properties of the most promising quantum
platforms for variational quantum simulation. Here, we only address those
simulators capable of individual controllability, tunable coupling and high-
fidelity read-out which are necessary for variational treatment. In particular,
we focus on only three distinctive platforms namely superconducting circuits
(SC), trapped ions, and Rydberg atoms, see the Table 3.2. Crucially, in all
the following quantum platforms, long-range Ising-type interactions can be
engineered to be used as the global entangling propagator in VQS. Indeed
there are also other types of simulators with promising advances such as
photonic-based platforms [49, 53] that are still under development.

Superconducting circuits

Superconducting circuits being coupled by electrical resonators are basically
the electric-circuit analog of cavity quantum electrodynamics where the inter-
action between matter and quantized electromagnetic fields is studied using
natural atoms and optical cavities. Although there are several implemen-
tations of SC qubits, the main ingredient in all of them is a connection of
superconducting islands via the so-called Josephson junction where a thin
insulating film is sandwiched between two superconducting electrodes. This
allows a quantum tunneling of the so-called Cooper pairs of electrons, formed
in superconducting electrodes, through the insulating barrier. As a result,
SC (as a macroscopic object) show discrete energy levels which are used to

Rydberg Trapped Superconducting
atoms ions circuits

Qubit
highly excited states electronic energy charge states in super-

of alkali atoms levels of ions conducting islands

Coupling
dipole-dipole Coulomb-coupled electrical resonance

motion
Readout optical pumping optical pumping electrical resonator

Advantages
programmable geometries, long coherence time, fast gate operation,

scalability tunable interactions on-chip fabrication

Challenges
short coherence time, restricted to 1D, limited connectivity,

lifetime barrier intrinsic scalability requires extremely
issues low temperature

Table 3.2: Comparison of available experimental platforms for variational
quantum simulation.
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encode quantum information. The manipulation of circuits is then possible
by applying voltages (typically in micro-volts) and currents.

The typical resource Hamiltonian for charged qubits in SC engineered for
spin models [54] reads

HSC = −∑
i

∆iσ
z
i −∑

i<j
Jijσ

x
i σ

x
j , (3.26)

where ∆i is the qubit splitting and Jij is the interaction strength between
qubits i and j. This resource Hamiltonian has been recently employed on a
12-qubit superconducting quantum processor for variational quantum prepa-
ration of many-body eigenstates [55]. Also, a first-time variational realization
of a non-Abelian gauge theory has been conducted using IBM superconduct-
ing quantum computer [56]. Other variants of the Hamiltonian have been
also used to estimate ground state properties of simple molecules using 6
qubits [57, 58].

The advantage of SC qubits is that they can be fabricated on a large
scale on electronic chips adopted from well-developed techniques and tools in
micro-electronics. The first experimental realizations of quantum supremacy
have been conducted using the SC platform [59, 60]. However, one of the
main challenges of this platform is the requirement of extremely low temper-
ature that is necessary to maintain superconducting features. In addition,
since controlling and coupling SC qubits usually need dense current-carrying
wiring, connectivity of qubits in superconducting chips at large scales is an
intrinsic issue.

Trapped ions

Trapped ions are one of the most controllable and coherent quantum simu-
lation platforms. This platform is originally proposed in a seminal work in
1995 as a realistic physical implementation of a quantum computer [61]. The
first experimental realization of this proposal has been accomplished in 2003
to implement a CNOT gate [62]. This is still a highly active field of research
in quantum simulation that at the moment 50-qubit trapped ion platforms
with high-fidelity operations are constructed [63, 51]

Cold trapped ions (such as Al+, Ca+, Mg+) are basically laser-driven ions
being stored in electromagnetic traps. Experimentally, first, hot vaporized
atoms are guided into a vacuum chamber and get ionized by electron bom-
bardment. The resulting atomic ions are then confined using electromagnetic
fields generated by a set of nearby electrodes. Next, laser cooling of the ions
takes place to suppress thermal fluctuations. This results in a localized crys-
talline structure where the repulsive Coulomb forces cancel out the external
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trapping forces.

Specific degrees of freedom of trapped ions can be manipulated using
external interventions. Particularly, driving the ions into different internal
electronic states is possible by appropriate laser irradiation. Typically, these
electronic states are chosen to be either hyperfine levels corresponding to
atomic s-orbital states or optical levels corresponding to s- and d-orbital
levels. Both hyperfine qubits and optical qubits are scalable as long as there
are no inhomogeneities in terms of electromagnetic fields which might modify
the energy levels. In addition to the internal states, the ions have external
degrees of freedom which correspond to their motions inside the trap. This
is due to the momentum transfer as a result of photon absorption of the ions.
Elimination of the collective vibrational modes (phonons) with high energies
clears the way to have an effective spin-1/2 description of the ions.

Now, to perform a simulation, the qubits should be first initialized, then
interact, and finally be measured. For both initialization and read-out, op-
tical pumping is employed. Here, a qubit state (say ∣1⟩) is resonantly driven
to some short-lived excited p-states. Exploiting additional laser drive, these
states spontaneously decay to some ground states except ∣0⟩ due to specific
spin selection rules. Ultimately, the qubit will be initialized into ∣0⟩ and the
emitted photons can be detected by CCD cameras as a read-out process.
Regarding the interaction of the qubits, the Coulomb interaction between
ions couple the qubit states to the phonons which makes it possible to ma-
nipulate the coupling through laser driving of individual ions. Manipulation
of individual ions (by optical addressing techniques) is also doable thanks to
the micrometer distances between ions in a typical ion trap.

The effective spin model arises from this setup is described by an approx-
imated XX Hamiltonian with long-range interaction in the following form

Hion =
B(t)

2
∑
i

σ
(i)
z + J0∑

i<j

σ
(i)
x σ

(j)
x

rαij
, (3.27)

where B indicates an effective magnetic field, J0 denotes the strength of
long-range interactions with a tunable power-law exponent, i.e. 0 ≤ α ≤ 3,
and rij is the spatial distance between the qubits i and j. In the regime
of B ≫ J0, the Hamiltonian can be approximately converted into an XY
Hamiltonian using perturbation theory, which has been used as the resource
Hamiltonian in a variational quantum simulation of a one-dimensional lattice
gauge theory [51]. In general, different variety of interacting spin models have
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been implemented using trapped ions like the Heisenberg model

HHeis =∑
i<j

∑
µ∈{x,y,z}

Jµijσ
(i)
µ σ

(j)
µ ,

from which different sub-classes like XXZ (Jxij = J
y
ij) and XY (Jzij = 0) can be

extracted, reviewed comprehensively in Ref. [64].
Although trapped ion simulators demonstrate long coherence time and

high-fidelity in initialization, localization, and measurement of qubits, they
suffer from several limitations. Firstly, they are mostly restricted to one-
dimensional lattices due to the specific shape of the Paul traps. Extension
to higher dimensions is very challenging as the ions can sit out of the radio
frequency null of the traps giving rise to less technical controllability. But,
efforts in utilizing other possible trapping technologies are in progress [65, 66].
Secondly, the current trapped-ion simulators have intrinsic scalability issues
arising from the fact that the qubit-phonon coupling degrades by increasing
the number of ions which in turn slows down two-qubit operations. However,
several solutions have been proposed to overcome these challenges, described
in more detail in Ref. [67].

Rydberg atoms

Rydberg atoms are neutral (usually alkali) atoms in which one electron is
excited close to the ionization threshold where principal quantum number n
is very high (n > 20). This is associated with a huge expansion of the size
of Rydberg atoms (relative to ground-state ones) which results in several
exaggerated features. The main features consist of a long radiative lifetime
of Rydberg states scaling as n3, high sensitivity to electrical fields due to
strong polarisability scales as n7 and giant van der Waals interaction which
its rate scales as n11. The scaling laws in Rydberg atoms are summarized
in Table 3.3 (more details in this regard can be found in Ref. [68]).

Although the study of Rydberg atoms dates back to the early days of
atomic physics at the 1890s, harnessing their properties took several decades
when the advanced techniques of laser tuning were established in the 1970s.
Building upon the advancement in laser technology, gigantic (ultracold) Ryd-
berg atoms can be loaded into optical lattices (periodic optical potential gen-
erated by interfering laser beams) with a lattice spacing of a few micrometers
where optical addressing is possible [2]. Another popular platform instead
of the optical lattices is the arrays of optical tweezers which are basically
tightly-focused dipole traps and are more flexible at large scales [70]. The ul-
tracold Rydberg atoms in lattices or the so-called frozen Rydberg gases (first
realization dates back to the end of twentieth century [71, 72]) feature ex-
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Property Scaling

Level spacing ñ−3

Energy levels ñ−2

Orbital radius ñ+2

Radiative lifetime ñ+3

C3 coefficient ñ+4

Polarizability ñ+7

C6 coefficient ñ+11

Table 3.3: Scaling laws in Rydberg atoms with effective principal quantum
number ñ [68, 69].

treme prevention of simultaneous excitation of adjacent Rydberg atoms into
their Rydberg states, known as Rydberg blockade, due to the strong dipole-
dipole interaction. This property has been massively exploited in the fields
of quantum computation and quantum simulation.

Regarding the experimental preparation of Rydberg atoms, some techni-
cal aspects should be mentioned here. First of all, similar to trapped ions,
a cloud of alkali atoms are guided through a vacuum chamber and then be-
come laser-cooled and loaded into optical lattices or arrays of optical tweezers,
described in more detail in [68, 73]. Now, to prepare Rydberg atoms, ground-
state atoms (in s states) get excited to the ionization threshold (ns/nd) which
is usually accomplished by two-photon excitation schemes. Single-photon ex-
citation is more challenging due to some technical restrictions for the required
high-frequency lasers and fundamental limitations corresponding to the se-
lection rules. Instead, atoms are initially excited to an intermediate state
(like 5p) by off-resonant lasers with large detuning; Afterwards, the excita-
tion toward the desired state takes place. Here, the large detuning ensures
the effective two-level description of this three-level scheme. Rydberg atoms
can be also manipulated using electric and magnetic fields installed in the
vacuum chamber. Similar to the trapped ions, the read-out process is also
performed by optical pumping where fluorescence imaging shows the number
of emitted photons as a measure of the state population.

The conventional frozen Rydberg gas can be described by interacting spin-
1/2 particles undergoing excitations from an external laser. Interestingly, the
resource Hamiltonian in the rotating frame of the laser excitation resembles
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the conventional quantum Ising model with long-range interaction,

HRyd = −
∆(t)

2
∑
i

σ
(i)
z +

Ω(t)

2
∑
i

σ
(i)
x +C6∑

i<j

P
(i)
r P

(j)
r

r6
ij

, (3.28)

where in which Ω is Rabi frequency, ∆ is detuning, C6 denoted the van der
Waals coefficient, and P

(i)
r = (1 + σ

(i)
z )/2 is the projection onto the Ryd-

berg state. In the Rydberg blockade regime C6 ≫ Ω, Rydberg atoms are
shown to be capable of simulating a large variety of many-body phenom-
ena including topological phases, lattice gauge theories, and quantum scars
[74, 75, 76]. Moreover, If the atoms in this setup are prepared in two differ-
ent Rydberg states, then the resulting Hamiltonian became an XY-type with
the dipole-dipole interaction, i.e. C3/r3 [73]. Also, engineering other types of
Hamiltonian such as PXP, XXZ, etc. using Rydberg atoms has been studied
both theoretically and experimentally where a good review in that regard
is [77]. Other variants of variational treatments using Rydberg atoms have
been also proposed as a possible direction to obtain a quantum advantage in
the context of optimization problems [78].

Rydberg-atom simulators are currently of the most promising neutral-
atom-based platforms which underwent fast developments in recent years.
This platform is highly flexible in terms of lattice geometry and dimensional-
ity (contrary to trapped ions) thanks to the optical tweezers. Rydberg atoms
are also in a fast race of scalability compared with other platforms as recently
setups with several hundreds of qubits have been implemented [79, 80]. Re-
garding the lifetime of the Rydberg states, the idea of Rydberg dressing, i.e.
admixing a small fraction of the Rydberg state to the ground state, has been
proposed and implemented that can lengthen the lifetime [81, 82]. More
technical aspects of challenges in Rydberg atoms with possible solutions are
presented in Ref. [77].
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Part II

Collective Effects in Steady States
A good theoretical model of a complex system should be like a good
caricature: It should emphasize those features which are most important
and should downplay the inessential details.

— Michael Ellis Fisher
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Chapter 4

Bistability in steady states

4.1 Introduction

Non-equilibrium physics provides many exotic phenomena beyond reach in
equilibrium physics. Among them, of predominant importance is the emer-
gence of multistability, where multiple phases coexist in stationary distribu-
tion, without the restricting Gibbs phase rule in equilibrium systems. How-
ever, the characterization of non-equilibrium steady states is challenging due
to the absence of a notion of the partition function. The theoretical challenges
get intensified in the context of quantum many-body systems due to the ex-
ponential growth of Hilbert space with system size. Consequently, many
theoretical and experimental studies have been performed to overcome these
issues and explore important questions especially regarding asymptotic dy-
namics of open quantum systems [39, 83, 84, 85, 86, 87, 88, 89]. In particular,
while mean-field calculations predict steady-state bistability over an extended
parameter range for many different systems [90, 91, 92, 93, 94, 95, 96, 97],
more elaborate methods falsify these findings [39, 98, 84, 30, 37, 31]. The
failure of the mean-field theory comes from the fact that, in contrast to equi-
librium systems, mean-field solutions for open systems do not describe the
physics above the upper critical dimension [30, 99]. Consequently, it is still
unclear to what extent open quantum systems can exhibit bistability.

To address this question, we present a generic framework to investigate
steady-state bistability based on a novel variational treatment of the Lind-
blad master equation. This provides a quantitative analysis of stability in
the long-time limit of generic dissipative dynamics, distinguishing long-lived
metastable states from truly steady states in the thermodynamic limit of infi-
nite size. In this chapter, we first demonstrate how to evaluate the relaxation
rate associated with the steady-state solutions obtained by minimization of
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a suitable variational norm. We then apply our variational formalism to
a dissipative Ising model exhibiting mean-field bistability [90, 92]. We will
show that the bistability is only observable at the vicinity of a phase transi-
tion while away from that the thermodynamically unstable solution decays
rapidly.

However, the situation is fundamentally different when it comes to dis-
sipative dynamics undergoing non-thermal fluctuations. Building upon the
possibility of recasting the steady state problems in terms of effective free
energy functionals [99], we will establish a variational Langevin approach to
study these systems. Particularly, we investigate an intriguing probabilistic
cellular automaton with a finite range of bistability in its two-dimensional
parameter space. We will present a mater-equation embedding of the so-
called Toom’s voting model in terms of chiral jump operators. Crucially,
we observe that bistability persists even in the presence of quantum fluctua-
tion, giving rise to the first demonstration of genuine bistability in an open
quantum many-body system.

4.2 Thermally-activated nucleation processes

One important byproduct of the Gutzwiller approach is that the variational
function is directly connected to thermal fluctuations in the underlying open-
system steady state, as it quantifies deviation of the exact steady state from
the variational product ansatz [99]. This in turn comes from the fact that
in driven-dissipative systems all correlations near a critical point obey the
classical fluctuation-dissipation theorem at low frequencies, hence indicating
a scale-independent effective temperature [30, 100]. As a result, we can
employ the vast toolbox of classical statistical mechanics to investigate the
stationary properties of open quantum many-body systems. Particularly,
the statistical theory makes it possible to investigate the process of non-
equilibrium relaxation dynamics of metastable states [101]. In this approach,
we can quantify the stability of (possibly multiple) variational steady-state
solutions via relaxation rate in a thermally-activated nucleation process.

To gain a better insight about such processes, let us first review the ba-
sic concepts in the classical nucleation theory. Nucleation is basically the
mechanism behind a first-order phase transition [102]. We know that a ther-
modynamically stable phase of a physical system lives at the lowest possible
point in the landscape of the free energy. However, changing a control pa-
rameter such as temperature can destabilize the system by making it stuck in
a local minimum. Such a state is not totally unstable but rather metastable,
since any perturbation increases the free energy. However, the system can
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reach a more stable state if it overcomes an energy barrier. A jump to this
global minimum can be initiated by fluctuations in the system parameter,
e.g. thermal fluctuations. While the fluctuations create small droplets of the
more stable state, due to the surface tension they shortly decay in size and
eventually disappear. Nevertheless, for certain value of the control parame-
ter, these droplets reach a critical size so that their bulk energy overcomes the
surface tension facilitating the growth of the droplets. Eventually, the sys-
tem forms the new equilibrium phase through such a growth and nucleation
process.

4.2.1 Arrhenius law for open systems

Thermally-activated processes can be viewed through the Arrhenius law,

I ∝ exp(−Ea/kBT ), (4.1)

which basically gives the rate of a chemical reaction as a function of some
activation energy Ea and absolute temperature T . The same law can explain
the relaxation of metastable states in the underlying nucleation process. A
standard formulation of the associated relaxation rate can be extracted from
a probability equation describing the time evolution of a generic dissipa-
tive system in the presence of thermal fluctuations [101]. The steady-state
solution of this equation based on a saddle-point approximation yields the
following relaxation rate

I = ∣κ∣V (
kBT

2π∣e1∣
)

1/2
e−Fa/kBT , (4.2)

where Fa denotes the excess free energy of the critical nucleus, V is the volume
of the system, κ represents the growth rate of the unstable mode started from
the saddle point, and e1 is the negative eigenvalue of the Hessian matrix of
Fa (with respect to the system’s momenta) at the saddle point.

In the context of the steady state of an open quantum system, the varia-
tional norm fv resembles the free energy exhibiting two energetically uneven
minima, a stable state corresponding to the lower minimum and a metastable
state corresponding to the higher minimum. Therefore, the nucleation pro-
cess in combination with the variational norm can be employed to analyze the
stability of the steady states, see Fig. 4.1. Consequently, the relaxation rate
(per volume) of a metastable state can be assessed by the following relation

I = fuv (
fmv
2πλ

)
1/2
e−Ẽa/f

m
v , (4.3)
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Figure 4.1: Thermally-activated nucleation process in non-equilibrium steady
states described by the variational norm.

where fmv (fuv ) is the value of variational norm of the metastable state (un-
stable state which is a saddle point separating the two minima). Correspond-
ingly, fmv serves as thermal-like fluctuations kBT and the activation energy
Ẽa is interpreted here as the variational cost of a critical droplet or nucleus.
By considering a square-shaped nucleus with the length `,

Ea = −`
2(fmv − f sv ) + 4`(fuv − f

m
v ),

which respectively consists of volume energy of the nucleus and surface ten-
sion of its domain wall [21]. Ẽa is then defined as the maximized activation
energy with the critical length `∗ = 2(fuv − f

m
v )/(fmv − f sv ). Concerning the

surface tension, we consider a localized sharp kink, in the order of the lat-
tice spacing, separating the stable nucleus from the rest. In fact, a smooth
kink as in Ref. [21] using a gradient term does not result in any significant
change as we have investigated it within our variational method. Finally,
λ = 2(fmv − f sv ) > 0 is defined as the second derivative of Ea with respect to `
[101].
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4.2 Thermally-activated nucleation processes

4.2.2 Application: Dissipative Ising model

We now start investigating a concrete model using our variational formalism.
The paradigmatic Ising model is obviously the first choice as it provides a
minimal description of phase transition and has been extensively exploited to
study various many-body phenomena. Particularly, we choose a dissipative
variant of the transverse-field Ising model shows a first-order liquid-gas tran-
sition with a controversial region of bistability in its phase diagram of the
non-equilibrium steady state [90, 103, 104, 92, 39, 98, 105, 87]. The coherent
part of the dissipative Ising model on a two-dimensional lattice of spin-1/2
particles can be described by the following Hamiltonian

H =
g

2
∑
i

σ
(i)
x +

J

4
∑
⟨ij⟩
σ
(i)
z σ

(j)
z ,

where g (J) indicates the strength of a transverse field (inter-particle interac-
tion). Dissipation is incorporated by adding spin flips in the form of quantum
jump operators ci =

√
γσ
(i)
− with the rate γ.

Within the variational approach, we can obtain approximated steady-
state solution(s) by minimizing the corresponding variational norm fv in
Eq. (3.8). Close to the transition, the variational results exhibit a two-
basin structure corresponding to the two possible phases in the long-time
limit and the thermodynamic limit of the dissipative Ising model. One of
the basins always has a lower value of the variational norm except at the
phase transition. Figure 4.2 illustrates the two minima corresponding to the
competing phases at the first-order phase transition where a saddle point
separates them as a Landau free-energy barrier. This observation already
invalidates the mean-field prediction of a finite region of bistability as the
two distinct states only appear close to the phase transition.

As a more comprehensive analysis of bistability in the system, we compute
the relaxation rate defined in Eq. (4.3) to have a quantitative assessment of
the long-time stability of the two phases. As shown in Fig. 4.3, far from the
phase transition only one of the phases is dynamically stable (as log(I)→ 0).
In other words, the metastable state decays in finite time 1/I as nucleation
fluctuations can overcome the energy barrier. However, for a narrow width
of g/γ, the relaxation rate of the two states radically decreases, and close to
the phase transition they vanish supporting the occurrence of a first-order
phase transition.
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Figure 4.2: (a) Numerical results for the variational function fv in logarithmic
scale regarding the dissipative Ising model at a first-order phase transition
(J/γ = 5, g/γ ≈ 5.35) in a plane of variational parameters constructed out
of two minima (red circles) and an intermediate saddle point (yellow circle).
The left minimum corresponds to a gaseous phase of up spins and the right
minimum denotes a liquid phase.

These results that are remarkably in good agreement with other numerical
calculations [39, 98, 30, 37, 31], unravel the metastability induced by phase
transition in the dissipative Ising model. To be explicit, in a real experiment,
a magnetic hysteresis in the steady state is expected due to the extremely
large values of the relaxation time in the vicinity of the transition. In fact,
the hysteresis behaviour is already observed in relevant experiments with
Rydberg gases, see e.g. [103].
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Figure 4.3: (a) The log of relaxation rates log10(I) and (b) the critical length
`∗ of the two phases as a function of g/γ demonstrates ergodicity in the
steady state except for a small region around the critical point (dotted line
with J/γ = 5, g/γ ≈ 5.35).
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4.3 Non-equilibrium kinetics of nucleation

So far, we have discussed transition-induced bistability in steady states aris-
ing from thermally-activated processes. However, a generic multistability re-
quires non-thermal fluctuations to break the uniqueness of the steady state.
Crucially, a basic understanding of non-ergodic behavior in irreversible quan-
tum dynamics can be built upon the well-studied probabilistic cellular au-
tomata. Among them, Toom’s majority voting model has received consider-
able interest because of its ability in solving the majority problem, finding the
majority state of a many-body system with local interactions, by suppress-
ing small minorities [106, 107, 108, 109]. This model exhibits an intriguing
phase diagram including a finite region of bistability within its 2-dimensional
parameter space.

To unfold the non-equilibrium charterer of Toom’s model, we will em-
ploy the Langevin formalism giving access to a mesoscopic description of
the dynamics using a time-dependent stochastic differential equation. As
mesoscopic Langevin equations underpin the study and analysis of non-
equilibrium processes, it is crucial that these equations are typically phe-
nomenological and hard to be verified. Extracting the phenomenological
parameters from the corresponding microscopic Liouvillian is generally dif-
ficult. To overcome this challenge, we convert the variational function to a
Ginzburg-Landau-like functional (discussed in Ref. [99]) which its stationary
solution gives rise to an effective Langevin equation.

4.3.1 Toom’s majority voting model

Before discussing further, we briefly review the main features of Toom’s
model. The model basically consists of two-level cells located on a square
lattice evolving probabilistically in a discrete time according to a three-site
neighborhood majority. We can represent this model as a spin-1/2 system
via conditional updates using a set of (eight) collective jump operators acting
on a North-Center-East (NCE) neighborhood, i.e.

cj = {
√

ΓP
(j+N)
0/1 σ

(j)
−/+P

(j+E)
0/1 }, (4.4)

where σ(j)− = ∣0j⟩⟨1j ∣ (σ
(j)
+ = ∣1j⟩⟨0j ∣) is the lowering (raising) operator acting

on the site j on a periodic square lattice depending on the population of its
northern and eastern sties, k ∈ {j + N, j + E}, encoded into the projection
operator P (k)s = ∣sk⟩⟨sk∣ with s ∈ {0,1}. Moreover, lower indices and Γ are
then chosen according to the Table 4.3.1. The transition rate γµ = − ln(µ)/td
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4.3 Non-equilibrium kinetics of nucleation

NCE state 101 111 110 011 010 100 001 000

Operation σ+ σ− σ− σ− σ− σ+ σ+ σ+

rate γν γ̄ν γ̄ν γ̄ν γµ γ̄µ γ̄µ γ̄µ

Table 4.1: Ruleset and the corresponding transition rates for Toom’s model
indicating how the central site is updated according to the North-Center-East
state.

(γν = − ln(ν)/td) denotes the rate of depopulating (populating) the central
site, determined by some probability µ (ν) over a duration time td, if the
neighborhood majority is in the ∣0⟩ (∣1⟩) state. In the same way, γ̄µ = − ln(1−
µ)/td and γ̄ν = − ln(1 − ν)/td represent the transition rate in favor of the
minority votes.

While the deterministic limit of Toom’s model, i.e. µ = ν = 0 has readily
the ability of elimination of minority islands, Toom has rigorously proved that
this ability persists even in the presence of small values of µ or ν, which can
be thought of as some noise occurring in the implementation of the updating
rules [106, 110]. This makes Toom’s model a fault-tolerant error correcting
model for a finite range of noise. Although Toom’s theorem is only relevant
to the discrete-time and synchronous updates, it has been shown that the
argument also holds for a generalized Markovian process [111].

The Toom’s model is usually characterized in a two-parameter space of
noise with amplitude T = µ + ν, analogous to temperature and with bias
H = (ν − µ)/(µ + ν), analogous to the symmetry-breaking magnetic field in
the Ising model. In the case of an unbiased noise H = 0, the model be-
haves like the zero-field Ising model with a continuous transition at a critical
temperature. However, in the presence of biased noise, the model, in con-
trast to the Ising model, undergoes a first-order transition between a bistable
phase and a unique ergodic phase. This behavior arises from the chirality
of the jump operators (4.4), as they don’t contain the west and south sites
[112, 113]. Basically, any chiral updating rule violates the detailed balance
which is generally a sufficient condition for a dynamical system to reach a
unique steady state described by the Boltzmann distribution [109].

4.3.2 Mesoscopic Langevin formalism

To analyze the non-equilibrium behavior of the Toom’s model, we construct
a Langevin equation based on a field-theoretical treatment of the variational
norm. First, we introduce an order parameter φ = ⟨σz⟩ in the Gutzwiller
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ansatz which undergoes spatial fluctuations as a classical field. We can then
extract a Ginzburg-Landau-like functional from the homogeneous variational
norm fv in addition to an inhomogeneous term gv which incorporates the
fluctuations, i.e.

F[φ] =∑
i

fv(φi) + gv(∇φi). (4.5)

The full description of gv(∇φi) is discussed in Appendix B.1.

Derivation of the Langevin equation

let us first derive the time dependency of the classical field. Rewriting a
generic density matrix at time t around a small perturbation of the field φ,

ρt =
1

2
[ρ(φt + ε) + ρ(φt − ε)]. (4.6)

The structure of the Lindblad master equation implies that the variational
norm corresponds to a decay rate of the density matrix, or ρt+τ = eL̂τρt ≡
e−fvτρt. Therefore,

ρt+τ =
e−fv(φt+ε)τρ(φt + ε) + e−fv(φt−ε)τρ(φt − ε)

e−fv(φt+ε)τ + e−fv(φt−ε)τ
.

After multiplying both sides of the equation by σz and taking the trace one
obtains

φt+τ =
e−fv(φt+ε)τ(φt + ε) + e−fv(φt−ε)τ(φt − ε)

e−fv(φt+ε)τ + e−fv(φt−ε)τ
.

Now performing a Taylor expansion around φ up to the second order yields

∂

∂t
φ = −ε2

dfv
dφ
. (4.7)

Interestingly, this equation resembles the deterministic part of the Langevin
equation corresponding to the so-called relaxational model A describing the
dynamics of a non-conserved field [114],

∂

∂t
φi = −

dF
dφ

∣φ=φi + ξi, (4.8)

The stochastic part of the Langevin equation is governed by a white Gaussian
noise ⟨ξi⟩ = 0, whose correlation function incorporates an effective temper-
ature, i.e. ⟨ξi(t)ξj(0)⟩ = Teffδi,jδ(t). In our case, the effective temperature
can be estimated by the value of the variational norm at the less-stable
state (value of the higher minimum in the two-basin variational landscape),
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4.3 Non-equilibrium kinetics of nucleation

Teff ≡ fmv (φi). Finally, the Langevin equation of Toom’s model takes the
following form

∂

∂t
φi = −[

∂fv
∂φi

− a − (b − b′)∇φi − 2b′φi − c∇
2φi] + ξi, (4.9)

where the gradient terms indicate discrete lattice differences and are defined
as follows

∇φi =φi+N + φi+E − 2φi

∇2φi =φi+N + φi+S + φi+W + φi+E − 4φi.
(4.10)

The equation (4.9) differs from that of the conventional Ising model due to
the appearance of a linear gradient term with coefficient (b − b′) > 0 which
captures the chirality of the jump operators. In fact, a sufficiently large (b−b′)
ensures the shrinkage of minority islands of either state. It is also important
to mention that in Eq. (4.9), we have expanded gv up to the second-order
term around φ = 0 which makes the equation only valid close to criticality.

Phase diagram of Toom’s model

We have estimated the phase diagram of Toom’s model in T −H plane by
solving the Langevin equation for a 20 × 20 lattice and averaging over 100
samples initialized in a majority of the less-stable state (See Appendix B.2).
Figure 4.4 shows a finite region of bistability which has no counterpart in
the corresponding equilibrium system. It is worth mentioning that due to
the asynchronicity of quantum jumps in contrast to Toom’s original updating
rules, the phase diagram quantitatively differs from that of the original model
[107].

According to the numerical simulation close to criticality, two first-order
lines separate the bistable region from the ergodic one ending up to an Ising-
type critical point of continuous transition which takes place at Tc = 0.777 ±
0.001 on the line of H = 0 as it is shown in the inset of Fig. 4.4. In the case
of finite bias, we extrapolated the first-order lines described by a power-law
equation ∣H ∣ ∝ (Tc − T )β with the exponent β = 1.280 ± 0.008 which differs
slightly from its mean-field value of 3/2. The latter can be obtained from the
uniform solution of the Langevin equation [112].
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Figure 4.4: Phase diagram of Toom’s model showing two first-order lines
of phase transition (black lines) from a bistable (gray) region to an ergodic
(white) phase meeting at a critical point Tc = 0.777±0.001 (black dot) where
the Ising continuous transition takes place. The inset shows how the orienta-
tion of stationary magnetization (starting from a majority of the less-stable
state) changes in different zones close to criticality.

We also investigate the non-ergodic behavior of the classical Toom’s model
in the presence of quantum fluctuations. To this end, we incorporate the so-
called PXP Hamiltonian in the form of

HPXP = Ω∑
ij

[P
(j+N)
0 σ

(j)
x P

(j+E)
0

+P
(j+N)
1 σ

(j)
x P

(j+E)
1 ],

to the original Toom’s Liouvillian. The projection operators are chosen such
that quantum fluctuations appear when the neighborhood’s votes are identi-
cal. Thus, the Hamiltonian also acts against a local majority as a new source
of noise in addition to the classical noise. Moreover, since the PXP Hamil-
tonian is invariant under conjugation by σx, it only couples ⟨σy⟩ and ⟨σz⟩
while keeping ⟨σx⟩ intact. This in turn allows us to generalize the definition
of the classical field to z; Here, θ = arctan(αy/αz) denotes a proper rotation
around x-axis such that it converts ρ(αy, αz) to a single variable density ma-
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trix ρ(φ). The orthogonal field φ⊥ is then a gapped one whose functional
contains only a quadratic term excluding any criticality. This means that
even in the presence of quantum fluctuations, the Langevin equation is still
able to describe the model by an effective classical field.

To estimate the phase diagram we first calculate the homogeneous vari-
ational norm fv in terms of αy and αz giving access to the rotational angle
of the field as well as the effective temperature which is required for the
white noise in the Langevin equation. Figures 4.5(a,b) respectively exhibit
the variational landscape deep in the bistable phase and the ergodic phase.
Having the variational field-theoretical approach tuned to study the effect of
quantum fluctuations in the long-time limit of the model, we have computed
the phase diagram at T = 0.75 (close to the critical point) as a function of
Ω and H, shown in Fig. 4.6. First of all, it is noticeable that Toom’s bista-
bility persists even in the presence of quantum fluctuations. Basically, in
the bistable region, Fig. 4.5(a), relatively small thermal-like noise does not
destroy the Toom-like behavior leading to two thermodynamically stable so-
lutions. However, by increasing Ω, Fig. 4.5(a), the valley in the variational
landscape shallows hence facilitating nucleation of the more stable state. Fur-
thermore, the long-time limit of bistability meets the thermodynamic limit
of phase transition where the relatively strong quantum fluctuations become
dominant showing a similar critical point as that of the classical case.

This procedure exemplifies the application of classical cellular automata
to engineer exotic multiple steady states in the context of quantum many-
body systems. In a broader picture, cellular automata can be considered
as the parent models to design non-ergodic open quantum systems. For in-
stance, while Ref. [115] asserts that D = 2 is the lower critical dimension
for bistability in typical spin systems, intricate cellular automata such as in
Ref. [116] demonstrate non-ergodicity even in one dimension which can be
possibly used to devise the same feature in 1D quantum systems. Moreover,
the physical realization of correlated jump operators required for the updat-
ing rules of such systems is feasible using (for example) ultracold Rydberg
atoms trapped in optical lattice, see Appendix C. Particularly, a recent pro-
posal on quantum cellular automata [117] has fully addressed this problem
suggesting a scheme for designing unitary and non-unitary interactions based
on multi-frequency (de-)excitation of Rydberg states.
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Figure 4.5: Bistability in the variational steady state of Toom’s model in the
presence of quantum fluctuation. Variational norm (in logarithmic scale) is
depicted as a function of αz and αy for H = T = 0.15 deep in (a) the bistable
phase with Ωtd = 0.15 and (b) the ergodic phase with Ωtd = 2.0. The dotted
lines show the axis of the effective classical field.
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Figure 4.6: Phase diagram of Toom’s model in the presence of quantum
fluctuations at T = 0.75 showing gradual shrinkage of the bistable region by
increasing Ω ending up with a critical point (black square) at Ωctd = 0.39±0.02
similar to the classical case.

To summarize, we have developed a method for assessing bistability in the
steady state of open many-body systems with Markovian evolution. Our pro-
posal relies on the notion of the nucleation process among multiple minima
appearing in a variational subspace of the fixed states of Linbladians. We note
that our method applies to a wide range of dissipative many-body systems to
verify any predicted multistability. In particular, we have demonstrated how
the controversial bistability in the dissipative Ising model emerges only in
proximity to a phase transition refuting any genuine bistability. Moreover,
we have investigated a probabilistic cellular automaton featuring genuine
bistability in the presence of both classical and quantum fluctuations. There-
fore, we conclude that our variational Gutzwiller theory provides a powerful
framework to analyze stability in the steady state of dissipative quantum
many-body systems.
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Chapter 5

Stationary long-range correlation

In chapter 3, we briefly introduced the exaggerated properties of large Ryd-
berg atoms (atoms with an outer electron promoted to states close to ioniza-
tion threshold in comparison to ordinary ground-state atoms) summarized in
Table 3.3. These properties scale with an effective quantum principal num-
ber ñ ≡ n − δl where δl denotes a modification term called quantum defect
as a function of the angular momentum number l. This is because Rydberg
atoms can be basically described as hydrogen-like atoms using quantum de-
fect theory where the atom’s core includes low-lying electrons in addition to
the hydrogen nucleus.

Ultracold Rydberg atoms attributed with these properties are especially
desirable for quantum simulation. In this chapter, we elaborate on the prepa-
ration of stationary long-range correlation in a dissipative variant of Rydberg
atoms. We first review the collective effects of Rydberg atoms specifically
in the presence of strong long-range interactions. Next, we will study the
interplay between these effects and different dissipation channels. Notably,
we will be able to obtain a steady-state phase diagram where the long-range
correlation plays a major role.

5.1 Strong Rydberg-Rydberg interaction

Rydberg atoms are billion times larger than atoms in their electronic ground
state. The excited valence electron in a Rydberg atom can travel microns
away from the atomic nucleus which is typically femtometers in size. Equipped
with such an extended orbital radius, a long range of nearby atoms are in
access to a Rydberg atom. This leads to a powerful dipole-dipole interac-
tion when the electron of a nearby atom is also in a Rydberg state. The
so-called Rydberg-Rydberg interaction is orders of magnitude stronger than
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Chapter 5. Stationary long-range correlation

that between ordinary atoms. Furthermore, the Rydberg interaction poten-
tial is considerably tunable ranging from dipole to van der Waals (vdW) and
attractive to repulsive. Numerical calculation of the potential is possible by
efficient diagonalization of the corresponding Hamiltonian matrix for which
also an open-source software is available [118].

5.1.1 Van der Waals interaction

The powerful Rydberg-Rydberg interaction is worth further investigation,
specifically at its extreme where it exhibits strong vdW character. To gain
more insight, we begin with two Rydberg atoms separated by the internuclear
distance vector R. The interaction potential between these two atoms con-
sisting of the cores labeled as A and B, and the respective Rydberg electrons
numbered as 1 and 2 has the following form

Vint =(
1

∣R∣
+

1

∣r12∣
−

1

∣r1B ∣
−

1

∣r2A∣
)

=(
1

∣R∣
+

1

∣R − (r1A − r2B)∣
−

1

∣R − r1A∣
−

1

∣R + r2B ∣
) ,

(5.1)

where the negative (positive) terms indicate electrostatic attraction (repul-
sion). Now, if the electronic wavefunctions (Rydberg orbits) of the two atoms
are not overlapping, i.e. R > r1A + r2B, one can perform a multidimensional
Taylor expansion in R which (in leading order) yields the dipole-dipole in-
teraction potential [119]

Vdd =
µ1A ⋅µ2B − 3(µ1A ⋅ n)(µ2B ⋅ n)

R3

= (1 − 3cos2θ)
C3

R3
,

(5.2)

where µi = −eri denotes the dipole moment operator, n = R/R represents
the interatomic axis, and C3 = µ1Aµ2B is known as dipole-dipole interaction
coefficient which scales as ñ+4.

Let’s now suppose that the atoms are in the state ∣ψ⟩ ≡ ∣r1, r2⟩ where r
stands for the four quantum numbers. The state ∣ψ⟩ can be then coupled to
another state ∣ψ′⟩ ≡ ∣r′1, r

′
2⟩ via the dipole-dipole potential Vdd represented in

the following interaction Hamiltonian (in the basis of {∣ψ⟩, ∣ψ′⟩})

H = (
0 Vdd
Vdd δ

) , (5.3)
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5.1 Strong Rydberg-Rydberg interaction

where δ ≡ E(∣ψ′⟩) −E(∣ψ⟩) denotes energy difference between the two states
being known as energy defect. The eigenenergies of the interaction Hamilto-
nian being

E(R) =
δ ±

√
δ2 + 4V 2(R)

2
, (5.4)

discriminate two different regimes depending on the ratio of Vdd/δ. In the
case of short distances, we have Vdd ≫ δ which results in an energy shift in
the form of C3/R3. However, at long distances compared with the critical
distance, i.e.

Rc ≡ (
C3

δ
)

1/3
, (5.5)

where Vdd ≪ δ, the interaction turns into the vdW character C6/R6 with

C6 ≡
C2

3

δ
, (5.6)

known as van-der-Waals coefficient. which can be tuned by changing δ. Con-
sidering the fact that δ ∝ ñ−3 for neighbouring state, C6 varies as dramatically
as ∝ ñ11. That’s why the vdW interaction is extremely strong reaching tens
of megahertz for interatomic distances of several micrometers. Moreover, the
vdW interaction can also be repulsive, since for certain combination of states
δ is negative.

5.1.2 Rydberg blockade effect

The strong vdW interaction in Rydberg atoms has dramatic effects among
which the suppression of simultaneous excitation of two nearby atoms to
the Rydberg state has attracted specific attention. The so-called Rydberg
blockade between two individual atoms was initially observed in 2009 ([120,
121]), and has been exploited to generate entangled states (reviewed in [73]).

Let’s consider the simple case of two Rydberg atoms being shined by a
resonant laser field (with a Rabi frequency Ω) so that the ground state ∣g⟩
of each atom is coherently coupled to a Rydberg state ∣r⟩. As a result, the
corresponding Hamiltonian can be represented in the following form

H =
Ω

2
(∣r⟩⟨g∣⊗ I + I⊗ ∣r⟩⟨g∣ +H.c.) +

∣C6∣

R6
∣rr⟩⟨rr∣. (5.7)

Within the blockade regime where ∣C6∣/R6 ≫ Ω, the doubly excited state ∣rr⟩
goes out of reach as its energy shoots up by the quantity ∣C6∣/R6 (see Fig. 5.1).
In other words, starting from the doubly ground state ∣gg⟩, the field drives

65



Chapter 5. Stationary long-range correlation

a

Interatomic distance

E
n
e
rg

y
 l
e
v
e
ls

b

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝟐𝑹𝑩 
Blockade No Blockade 

Figure 5.1: (a) Energy levels of two driven atoms with a laser coupling of Ω
between an electronic ground state and a Rydberg state. The associated van
der Waals interactions make double-excited state ∣rr⟩ out of resonance. (b)
Blockade effect in a 2-dimensional array of Rydberg atoms where the gray
(orange) dots represent atoms in the ground (Rydberg) state. The range of
the effect is quantified by the Rydberg blockade radius RB.

the system to reach to the individually excited state ∣+⟩ = (∣gr⟩ + ∣rg⟩) /
√

2
with a coupling

√
2Ω. The excitation requires no energetic cost in terms of

the interaction term. However, this is not anymore the case for transition
from ∣+⟩ to ∣rr⟩. Here, the interaction strongly prohibited the transition
hence decoupling the doubly excited state from the dynamics.

This mechanism can be extended to an ensemble of Rydberg atoms lead-
ing to a many-body blockade effect within a volume with the blockade radius
Rb being defined as

Rb = (
∣C6∣

Ω
)

1/6

. (5.8)

Having a system size larger than Rb gives rise to excitation of multiple Ryd-
berg atoms resulting in a complex many-body dynamics enriched by various
entanglement patterns.

5.2 Driven-Dissipative Rydberg gases

The interaction between a quantum system and its surrounding environ-
ment induces decoherence and degrades quantum correlations. As a re-
sult, the underlying dissipative system becomes effectively classical. How-
ever, an external coherent drive is a game-changer especially when it comes
to weakly dissipative systems. Notably, this enables quantum correlations
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5.2 Driven-Dissipative Rydberg gases

to survive through dissipative dynamics giving rise to stationary entangled
states. Moreover, such states in contrast to their counterparts in thermal
equilibrium possess non-equilibrium features putting them under the spot-
light for extensive studies.

Ultracold Rydberg atoms loaded into optical lattices are an ideal plat-
form to study strong correlations and/or interactions in the presence of con-
trollable dissipation. To this end, the Rydberg atoms can be addressed
individually and collectively using laser fields. In particular, the so-called
driven-dissipative Rydberg gases give access to the experimental realization
of open many-body systems with highly-correlated non-equilibrium steady
states. The rest of this chapter is therefore dedicated to studying the sta-
tionary properties of this model using our suggested variational technique in
Chapter 3.

To have a suitable microscopic description, we here employ the spin 1/2
representation. In other words, we express the effective two-level states of
driven-dissipative Rydberg gases simply in terms of spin down and spin up
corresponding to an electronic ground state ∣↓⟩ ≡ ∣g⟩, and a highly excited
Rydberg state ∣↑⟩ ≡ ∣r⟩ respectively. In this representation, the conventional
frozen Rydberg gases driven by a coherent laser with Rabi frequency Ω (via
two-photon scheme) and frequency detuning ∆ can be described by the fol-
lowing Hamiltonian (in the rotating wave approximation)

HRyd = −
∆

2
∑
i

σ
(i)
z +

Ω

2
∑
i

σ
(i)
x +C6∑

i<j

P
(i)
r P

(j)
r

r6
ij

, (5.9)

where P (i)r ≡ ∣ri⟩⟨ri∣ denotes a projection of the site i onto the Rydberg state.
Here, we assume that the Rydberg states are identical such that the two-body
interactions become vdW repulsion. Concerning the experimental setup, we
consider a square optical lattice trapping Rubidium-87 atoms with a lattice
spacing of a = 0.532µm at a temperature in the order of a few microKelvin.
We also consider a strong repulsive interaction by setting ∣C6∣ = 20MHzµm6

which in turn can be obtained by an appropriate choice of states like ∣↓⟩ =

∣5S1/2⟩ and ∣↑⟩ = ∣31P3/2⟩. The discussions henceforth will be concentrated on
the implementation of the numerical method while a detailed description of
the experimental platform can be found in Ref. [69] and references therein.

Regarding dissipation in Rydberg gases, we consider local dissipators as-
sociated with the population decay of Rydberg states and an effective single-
site dephasing where the former corresponds to the amplitude damping chan-
nel and the latter correspond to the phase damping channel quantified by
the dissipation rates γa and γp respectively. The dephasing we consider here
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Chapter 5. Stationary long-range correlation

effectively describes different experimental sources of noise such as atomic
motions, finite laser linewidth due to spatial fluctuations of the driving field,
and the decay of the intermediate state in the two-photon excitation scheme
[122].

In typical experiments, the dissipation rates are relatively small com-
pared to the frequency difference between electronic states. Consequently,
the Markovian quantum master equation in the Lindblad form suits describ-
ing the time evolution of driven-dissipative Rydberg gases. In this form, the
quantum jumps

c
(i)
a ≡

√
γa∣gi⟩⟨ri∣ =

√
γaσ

(i)
− ,

c
(i)
p ≡

√
γp (∣ri⟩⟨ri∣ − ∣gi⟩⟨gi∣) =

√
γpσ

(i)
z ,

(5.10)

represent single-site decay and dephasing processes. Formulation of the Lind-
blad master equation vividly exhibits a competition between the driving-
induced coherent dynamics and the preceding dissipative processes which
possibly gives rise to steady-state phase transition [98]. Also, the master-
equation description has another advantage as it gives direct access to the
steady state of the dynamics, i.e. the null eigenvector of the Liouvillian.
This hugely decreases the cost of numerical simulation which is especially
exploited in our variational treatment.

5.3 Implementation of the variational
technique

In Section 3.2.2, we introduced an operational variational principle for the
steady states of strongly interacting driven-dissipative quantum systems.
The resulting variational norm captures non-trivial contributions of corre-
lation in the Lindblad master equation which goes beyond mean-field treat-
ments (see Ref. [39]). It also outperforms the typical semi-classical meth-
ods using rate equations which have been extensively used in the context of
driven-dissipative Rydberg gases [123, 87]. In the following, we will fine-tune
the method for the preceding Rydberg model using a density-matrix ansatz
including two-body long-range correlations.
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5.3 Implementation of the variational technique

5.3.1 Variational correlation functions

The interaction-induced blockade effect manifests itself in the two-body cor-
relation among Rydberg states qualified by the well-known pair correlation
function or a g2 function which reads

g2(r) =
∑i≠j g2(i, j)δ(rij − r)

∑i≠j δ(rij − r)
, (5.11)

with

g2(i, j) =
⟨P
(i)
r P

(j)
r ⟩

⟨P
(i)
r ⟩⟨P

(j)
r ⟩

. (5.12)

The g2 function vanishes within the blockade volume where no simultaneous
Rydberg excitation can take place, i.e. ⟨P

(i)
r P

(j)
r ⟩ = 0 if rij < Rb. On the other

hand, for long enough distances the (Rydberg density-density) correlation
vanishes, i.e. ⟨P

(i)
r P

(j)
r ⟩−⟨P

(i)
r ⟩⟨P

(j)
r ⟩ = 0, and g2 = 1. Due to the strong vdW

interaction, this function exhibits a sharp blockaded-uncorrelated transition
which roughly resembles a step function [68]. Instead, we here suggest an
analytical g2 function where the step-like behavior is replaced by a quadratic
transition. Our ansatz for the g2 function is

g2(r) ≈
r̃6

r̃6 + α
(1)
zz + α

(2)
zz r̃ + α

(3)
zz r̃2

, (5.13)

where r̃ ≡ α(4)zz r in which α’s are the corresponding variational parameters.
This function scales as r6 for r ≪ rb and goes to 1 for r ≫ rb. Using this simple
analytical function we can estimate the long-range correlations in driven-
dissipative Rydberg gases while keeping the number of variational parameters
as low as possible. In particular, tweaking the parameter α(4)zz generates
different values for the blockade radius and the remaining parameters shape
the transition form.

Now, one can easily express the zz correlation function, i.e. ζij(z, z) ≡

⟨σ
(i)
z σ

(j)
z ⟩ − ⟨σ

(i)
z ⟩⟨σ

(j)
z ⟩, by expanding the definition of g2(rij) in terms of σz.

Crucially, we exploit the translation invariance of the state as in our case
αz = ⟨σ

(i)
z ⟩ ≃ ⟨σ

(j)
z ⟩. As a result, our variational ansatz for zz correlation

function is given by

ζij(z, z) = [g2(rij) − 1](αz + 1)2. (5.14)

Using Heisenberg equations of motion (see Eq. (3.18)) we can further
decrease the number of variational parameters. Especially, in the case of our
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correlation
function

variational
parameters

variational
ansatz

ζij(x,x) α
(1)
xx , α

(1)
xx α

(1)
xx exp[−α

(2)
xx rij]/r2

ij

ζij(y, y) α
(1)
yy , α

(1)
yy α

(1)
yy exp[−α

(2)
yy rij]/r2

ij

ζij(z, z) αz,α
(1)
zz , α

(2)
zz , α

(3)
zz , α

(4)
zz [g2(r) − 1](αz + 1)2

ζij(x, y) α
(1)
xy , α

(1)
xy α

(1)
xy exp[−α

(2)
xy rij]/r2

ij

ζij(x, z) α
(1)
xz , α

(1)
xz α

(1)
xz exp[−α

(2)
xz rij]/r2

ij

ζij(y, z) αz,α
(1)
zz , α

(2)
zz , α

(3)
zz , α

(4)
zz (γa + γp)[g2(r) − 1](αz + 1)2/Ω

Table 5.1: Varitional ansätze for two-body correlation functions in two-
dimensional driven-dissipative Rydberg gases.

model one can find closed relations between some variational parameters by
solving the corresponding Heisenberg equations for the steady state solution,

d

dt
⟨σ
(i)
z ⟩ = 0→ αy =

γa
Ω

(αz + 1),

d

dt
⟨σ
(i)
z σ

(j)
z ⟩ = 0→ ζij(y, z) =

γa + γp
Ω

ζij(z, z),

d

dt
⟨σ
(i)
x ⟩ = 0→ αx =

γa(αz + 1)

Ω(γa + 4γp)
[2∆ −C6(αz + 1)∑

j≠i

g2(rij)

r6
ij

] ,

(5.15)

Since we ultimately look for a steady state phase transition in the un-
derlying two-dimensional lattice, we construct our ansatz in a way that the
remaining two-body correlation functions resemble Ornstein-Zernike’s expo-
nential form which is used for transition points [124]. In Table 5.1 all the
aforementioned ansätze are presented. Therefore, in total we have formu-
lated the variational many-body state in terms of 13 parameters neglecting
all the higher-order correlations.

It is worth mentioning that our variational ansatz is mostly expanded
around the diagonal elements of the density matrix. This is because all the
variational correlation functions are exponentially decaying with the distance
except the zz and yz correlation functions that only contribute to diagonal
and semi-diagonal elements respectively (see Table 5.1). This is consistent
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with the reported Monte-Carlo simulation of the model’s dynamics showing
that the dissipative processes destroy quantum correlation while augmenting
classical correlation [122]. As a result, the long-time limit of the total density
matrix is nearly diagonal.

5.3.2 Minimization constraints

Having the variational steady state configured, we have to choose a proper
minimization method to be able to find the optimal solution for the associ-
ated steady state. In this specific model, since the variational landscape is
not extremely nasty, we make use of a fast-converging local non-linear op-
timization method based on the gradient-descent scheme. In particular, we
use SLSQP Optimization subroutine of SciPy library in Python [125]. The
implemented SLSQP method supports constrained optimization which is nec-
essary for the variational method as it will shortly discussed. However, for
a larger number of variational parameters or in the cases where the required
initial guess for the parameters is not well-estimated, one can exploit global
non-linear optimization methods using open-source packages such as NLopt
[126]. Since the computational time in global optimization is usually very
long, combined global-local optimization schemes are highly recommended.

We also should mention that the minimization of the variational norm is
constrained by two inequalities. The first inequality ensures the positivity
of the quantum state. In addition, we impose a second inequality constraint
that is exclusively for the Rydberg model. Explicitly, these inequalities are
given by

1. Positivity of the density matrix ρ: As the variational norm consists of
bipartite reduced density matrices, we only have positivity constraints
on all these matrices

⟨⟨ρij ∣Ψ⟩⟩⩾ 0 for any ∣Ψ⟩,

that ρij = Tr
�ij
[ρ]. From numerical point of view, this constraint is

equivalent to the positivity of the smallest eigenvalue of ρij,

E1[ρij] ⩾ 0 for all ρij.

2. Normalization condition: In equilibrium, normalization condition of
the pair correlation function g2(r) leads to ∫ dr[1 − g2(r)] = ⟨Pr⟩−1

[127]. In the non-equilibrium case, this equality condition turns into
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the following inequality constraint

∑
i≠j
rij[1 − g2(r)] ⩽

1

⟨Pr⟩
.

5.4 Liquid-gas phase transition

Driven Rydberg gases in the absence of any dissipation are a manifestation
of quantum criticality originating from a competition between the strong
vdW interaction and quantum fluctuations associated with the driving field
[127]. For positive values of detuning, ∆ > 0, the system exhibits a ground-
state continuous transition from a crystalline phase of excited atoms into
a paramagnetic phase corresponding to a relatively large Rabi frequency
(reported in Ref. [128]).

However, in a more realistic case where the system lives in the presence
of dissipation, the surrounding environment induces extra fluctuations (ther-
mal or even non-thermal) and steers the system to a non-equilibrium steady
state. The corresponding steady-state phase transition thereby might not
have the same properties as that of the ground state. In our model, it turns
out that a first-order phase transition takes place between a gaseous phase
of low-density Rydberg excitations and a liquid-like phase with high density.
Crucially, the is a result of the interplay between the coherent and the dissi-
pative dynamics as the former enforces extensive correlation while the latter
degrades it. Moreover, since the Ising-universal liquid-gas transition does
not exhibit any phase transition in one dimension (having the lower critical
dimension of one), we hereby consider a two-dimensional model.

In the following, we will proceed with the variational technique providing
a detailed quantitative analysis on how local dissipative channels affect long-
range order and phase transition.
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5.4 Liquid-gas phase transition

5.4.1 Coherent drive vs decay

As we mentioned in Chapter 3, our variational method for long-range in-
teracting systems is based on an infinite repetition of a fixed-size cluster of
sites in the underlying lattice using periodicity in the boundary condition. A
finite-size analysis is then performed to obtain the phase diagram. However,
before getting to the numerical simulations, we outline the basic mechanisms
which lead the system to the expected steady state. First of all, the driving
field generates a coherent superposition of the ground state and the Rydberg
state of each atom. Secondly, due to the large C6 coefficient, the blockade
effect is in place resulting in anti-correlation between Rydberg states. How-
ever, the strength of the blockade effect can be reduced by having positive
detuning which decrease the interaction-induced energy shift of ∣rr⟩ states.
In the extreme case, a large enough detuning can fully compensate for the en-
ergy shift being known as the facilitation or anti-blockade regime [129, 130].
Thirdly, the local decay of Rydberg states on its own steers the system to the
ground state ∣ggg...g⟩. Finally, we have dephasing which destroys quantum
coherence and guides the system to a maximally mixed state.

Initially, we investigate the interplay between the coherent driving field
and the decay. To this end, we set γa/2π = 1MHz and γp = 0. Now, we
can quantify the phase transition in terms of Ω and ∆. In fact, since the
steady-state phase transition manifests itself in terms of a non-analyticity
in the variational norm, we can see an abrupt change in the gradient of
the variational norm (see Fig. 5.2(a)). This non-analyticity corresponds to a
crossing of the values of two local minima in the variational norm. Fig. 5.2(b)
shows the Rydberg density, i.e. (⟨σz⟩+1)/2, displaying first-order transitions
between these two solutions for different values of ∆.
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Figure 5.2: Variational results for the steady state of 2D driven-dissipative
Rydberg gases with γa/2π = 1MHz. (a). Numerical gradient of the variational
norm ∂fv/∂Ω exhibits discontinuity for different values of detuning ∆. (b)
The corresponding first-order transition is shown in terms of Rydberg density.
(c) Pair correlation function g2 demonstrates decrease in Rydberg blockade
radius by increasing ∆ at Ω/2π = 50MHz (In these calculations cluster size
is 9 × 9).
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Figure 5.3: Steady-state phase diagram for driven-dissipative Rydberg gases
obtained by finite-size scaling of the variational results. (a) Color-coded
Rydberg density and (b) lattice liquid-gas phases in the ∆-Ω plane (the
step-like discreteness in (a) is only because of the numerical resolution).

As it can be clearly seen in Fig. 5.2(b), for low Ω the Rydberg density
is extremely small implying a very dilute gas of Rydberg excitations. This
comes from the strong blockade effect being combined with the decay of the
Rydberg excitations which makes it different from the anti-ferromagnetic
phase appearing in the short-range interacting case [98]. However in the liq-
uid phase, the Rydberg density ramps up with an asymptotic tendency to the
maximally-mixed state for a very large Ω. Also, due to the facilitation mech-
anism arising from positive detuning, Rydberg density in the liquid phase
increases by increasing ∆. This is associated with a reduction in the Ryd-
berg blockade radius demonstrated in Fig. 5.2(c) where the pair correlation
function is plotted for varying detuning and a fixed value of Ω/2π = 50MHz.

Now, we are in the position to evaluate the phase diagram in the ther-
modynamic limit of the model. To this end, we perform a finite-size scaling
of the variational results for three cluster sizes of 5 × 5, 7 × 7, and 9 × 9. The
choice of odd numbers is twofold; First, this makes it easier for the numerical
calculation of the variational norm as it can be constructed around a site at
the center of the lattice. Second, the finite-size scaling should be performed
on either even-number sizes or odd-number sizes since they have different
scaling of interparticle distances.

Finally, we present the phase diagram in the ∆-Ω plane in Fig. 5.3. To
get an impression of the density of each phase, a contour plot of the Rydberg
density is shown in Fig. 5.3(a). One clearly observes that the liquid phase
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Chapter 5. Stationary long-range correlation

contains a wide range of Rydberg density as a function of the coherent field.
Fig. 5.3(b) displays an evaluation of the phase diagram for relatively large
values of ∆ and Ω. As a matter of comparison, in these calculations, the
nearest-neighbor interaction strength is C6/a6 ≈ 882MHz.

Within our method, the minimization of the variational norm yields a
global minimum indicating that the steady state is always unique. In other
words, the phase diagram shows no finite region of bistability similar to
the case of the dissipative Ising model studied in the previous chapter. In
the same way, a narrow band of bistability is expected due to the thermal
nucleation around the first-order line.

An important take-away from the phase diagram is that the phase tran-
sition of the model resembles that of the dissipative Ising model with short-
range interaction as in Chapter 4 (detailed analysis can found in Ref. [39]).
This indicates that the dissipative Ising model with proper values of the pa-
rameters effectively describes phase transitions in driven-dissipative Rydberg
gases. In other words, following the discussion in Appendix D one can ex-
pand the interaction Hamiltonian in Eq. (5.9) in terms of σz. This leads to
a long-range Ising-type interaction with power-law decaying and a specific
value of ∆. The long-range coupling can in turn be captured by an effective
short-range factor as well as a longitudinal field depending on a cutoff radius
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Figure 5.4: Variational results for the steady state of an effective dissipative
Ising model with a cutoff radius of rc =

√
5. Increasing the Rabi frequency Ω

induces a sudden change in the magnetization ∑Ni=1⟨σ
i
z⟩/N signaling a first-

order phase transition. The inset reflects the corresponding non-analyticity
in the variational norm fv.
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5.4 Liquid-gas phase transition

rc, i.e.

Heff = hz(rc)∑
i

σ
(i)
z +

Ω

2
∑
i

σ
(i)
x + Jeff(rc)∑

⟨ij⟩
σ
(i)
z σ

(j)
z . (5.16)

We can verify this correspondence by performing the numerical simulation
of the effective model. As an instance, we choose a moderate value of hz =
Jeff/2 ≈ 14.3γa by setting rc =

√
5. The corresponding variational results are

shown in Fig. 5.4 that confirm the existence of a first-order phase transition
very similar to that of the original Rydberg system. We conclude that in
Rydberg gases, the long-range vdW interaction doesn’t alter the nature of
the underlying dissipative phase transition.

5.4.2 Coherent drive vs dephasing

Let us now turn on the phase damping channel via having a finite dephasing
rate γp > 0 in addition to the decay process with a fixed rate of γa/2π = 1MHz.
In this case, the variational norm is altered up to a contribution of dephasing
in the Lindblad master equation on top of the associated modification in
coefficients appearing in Heisenberg equations (5.15).

Crucially, it is well known that strong dephasing significantly increases
the population of Rydberg excitation being extensively employed to create
blockade-assisted artificial super atoms [131, 122]. To be more precise, de-
phasing degrades the symmetrically populated state of the Rydberg Hamil-
tonian via populating asymmetric states giving rise to an enhancement of the
Rydberg density [132]. In a more experimental point of view, the broadening
in linewidth of the driving field caused by technical noise gives access to more
energetic states containing a higher fraction of the Rydberg state.

Fig. 5.5 demonstrates the interplay between dephasing and the driving
field in terms of Rydberg density. It clearly confirms the enhancement of
the Rydberg population by increasing γp. Notably, it reveals how rising
dephasing decreases the height of the first-order jump in Rydberg density
leading to a critical point beyond which any quantum phase transition is
eradicated. This is in sharp contrast with the effect of an strong decay in
which the phase transition disappears due to the enhancement of the ground
state ∣ggg...g⟩. Moreover, this is a way to access criticality in dissipative
Rydberg gases [92].

In summary, we have analyzed the stationary properties of strongly inter-
acting Rydberg gases using a proper many-body ansatz capturing long-range
correlations. In particular, the interplay between local dissipation sources
and a coherent driving field has been studied. We found that while the pres-
ence of a decay process is associated with a first-order phase transition, a
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Figure 5.5: Stationary Rydberg density in the presence of weak decay γa/2π =

1MHz and different rates of dephasing γp.

rather strong dephasing process can eradicate it.
Our method, in principle, can be applied to any long-range dissipative

spin model provided that the required ansatz is properly constructed. Al-
though the variational approach might not be quantitatively accurate, we
re-emphasize that it makes it possible to approach those regimes which are
beyond the access of more sophisticated numerical methods such as tensor
network method.
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Part III

Dissipation-Assisted
Unpredictable Dynamics

After Turing, it seemed to me, one could assert with confidence that all
our hopes, fears, sensations, and choices were just evanescent patterns
in some sort of cellular automaton.

— Scott Aaronson
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Chapter 6

Dissipative cellular automata

In Part II, we have mainly focused on the stationary properties of open many-
body systems by introducing the notion of genuine bistability in Chapter 4
and analysing long-range correlations in Chapter 5. In this part, we turn
our attention to the dynamical behavior of open many-body systems. In
particular, we would like to implement different classes of dynamical behavior
building upon the irreversibly in dissipative systems.

In this chapter, we specifically investigate open many-body systems with
unpredictable dynamics in the sense that a state of such systems at an arbi-
trary time t is unknown unless the corresponding dynamics is fully simulated
from the beginning to the time t. Our study is conducted in the framework
of cellular automata, conceptually simple systems yet exhibiting different dy-
namical behaviors including unpredictable behavior [133, 134, 135, 136]. We
first introduce a master-equation embedding of irreversible cellular automata
in contrast to the commonly quantum version of cellular automata which are
reversible due to their unitary dynamics [137, 138, 139, 140, 141]. While
the latter requires fault-tolerant quantum computers with more than 10000
qubits which are at least a decade away to reach, the former seems to be
more promising as they are intrinsically more robust against noise [142, 117].
In particular, our setting allows controlling the dynamical behavior of the
underlying open system in terms of a cycle time introduced by the embed-
ding giving rise to a phase transition between predictable and unpredictable
behavior. We proceed by introducing a competing process which induces
quantum fluctuations and dissipatively drives the system to highly entangled
states. Interestingly, we show that under the right conditions, entanglement
and unpredictability can coexist even in the long time limit.
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Chapter 6. Dissipative cellular automata

6.1 Elementary cellular automata

The elementary cellular automata (ECA) are one-dimensional dynamical sys-
tems known to be the minimal model exhibiting unpredictable behavior. An
elementary cellular automaton contains an array of cells with two possible
values, say 0 and 1, as well as updating rules depend on the current states of
each cell and its nearest neighbors. This 3-site neighborhood consists of 23

binary configuration which in total gives rise to 223 = 256 ECA with different
updating rules, each of which can be indexed with a decimal number of its
8-bit binary set of rules. The discrete-time evolution of ECA is then obtained
by starting with a binary array in the first row, the next generation based
on the corresponding rule in the second row, and so on. For instance, rule
11010 = 011011102 which is depicted in Fig. 6.1 demonstrates how individual
sites evolve through a discrete-time based on the corresponding conditional
rule. Simply, a site’s state at the next time depends on the state of the 3-site
neighborhood at the current time.

6.1.1 ECA classification

The discrete space-time outcomes of ECA illustrate structurally different
patterns given a specific rule and an initial state. Crucially, while the ini-
tial state changes the resulting pattern, the rule itself essentially determines
the intrinsic nature of the patterns. The fundamental dynamical proper-
ties of these ECA rules are accordingly categorized into four distinct classes,
also known as Wolfram’s classification [143, 144]. These classes are usually
labeled in the following order,

1. Class I (uniform): Systems with fast evolution toward a homogeneous
steady state.

2. Class II (periodic): Systems evolving periodically generating repeated
patterns.

3. Class III (chaotic): Systems evolving in a chaotic fashion resembling
random patterns.

4. Class IV (complex): Systems whose evolution encompasses non-trivial
emerging structures coexisting with the patterns of the previous classes.
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6.1 Elementary cellular automata

Figure 6.1: Updating ruleset of ECA rule 110 = 011011102.

a
Class I: rule 128

Space

Ti
m
e

b Class II: rule 10

c Class III: rule 126 d Class IV: rule 110

Figure 6.2: Wolfram’s classification of elementary cellular automata consists
of (a) class I with uniform steady states, (b) class II with periodic patterns,
(c) class III with chaotic behavior, and (d) class IV with complex dynamics.
In each pattern, the first bottom row corresponds to a randomly chosen initial
state evolving upwards in time.
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Chapter 6. Dissipative cellular automata

In a broader sense, this classification captures the dynamical properties
of translation-invariant systems including cellular automata [145]. Figure 6.2
illustrates the four classes in terms of space-time patterns given some rules
and random initial states. As seen in Fig. 6.2(a), ECA rules of Class I such
as rule 128 quickly reach a homogeneous stationary state similar to the time
evolution of ordinary dissipative systems. In rules of Class II like rule 10
in Fig. 6.2(b), the evolution is however periodic with limit-cycle oscillations.
In Class III, systems are chaotic in a sense that the associated evolution
gives rise to positive Lyapunov exponent [146] and large constant value of
entropic measures after a relatively short time. Taking into account the
difficulty of generating random numbers from a deterministic system, ECA
rules belonging into Class III (as shown in Fig. 6.2(c) for rule 126) give
access to (pseudo-)random binary patterns while the underlying updating
rules are totally deterministic. Last but not the least, Class IV refers to
dynamical systems with diverging transient times [147] and emerging non-
trivial patterns in the evolution space, known as self-organization, signaling
a complex behavior.

A specific example of Class IV is rule 110 showing complex pattern as
it is depicted in Fig. 6.2(d). Rule 110 is the simplest cellular automaton
which has been proven to be Turing P-complete [135, 136]. This implies
that, in principle, it can simulate any Turing machine in polynomial time.
The computational power of rule 110 comes from the frequent appearance
of self-perpetuating localized structures in the spatio-temporal evolution. As
seen in Fig. 6.3, these structures which are known as gliders are simply a
sequence of triangular tiles whose interactions/collisions can be employed to
perform computations. Noteworthy, rule 110 can be thought of as the one-

a Tiles b Gliders

Figure 6.3: Blocks of binary cells in ECA rule 110 with emerging (a) micro
triangular Tiles and (b) sequences of tiles known as Gliders.
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6.1 Elementary cellular automata

dimensional counterpart of the well-known Conway’s game of life which is a
Turing-complete cellular automaton in 2D [148].

It is conjectured that the Class IV systems are computationally universal
[143], being capable of doing any generic computation. This implies that
it is undecidable to determine the behavior of such systems given an initial
state unless the dynamics are simulated from the beginning to the end. The
undecidability of Class IV is a corollary of the generic decision problem in
computability theory, also known as halting problem, asserting that it is im-
possible to write a program that could predict whether any other program
with a given input terminates or will run forever [149]. Moreover, very in-
teresting similarities have been found between the computational power in
Class IV and critical behavior in systems near phase transitions [150]. From
this point of view, ECA rules under Class IV are sometimes called edge of
chaos cellular automata since they manifest themselves as critical phases at
the edge between regular periodic and chaotic behavior.

6.1.2 Complexity classes and unpredictability

The fuzzy notion of complexity as “the amount of information needed to
describe everything interesting about the system”[151] makes it very difficult
to be quantified. That is why we need to narrow down the definition to
something graspable in context. In particular, Class IV behavior is said to
be complex in the sense that the underlying individual binary cells interact in
a way that results in an unpredictable collective behavior, also being referred
to as emergent phenomena. The quantitative identification of such behavior
is not possible using the conventional measures exploited for the other classes.
For instance, while entropic measures or Lyapunov exponents can capture the
randomness in the dynamics of the Class III systems, they fail to identify the
emergent group dynamics in Class IV.

One possible treatment of such systems with discrete variables is to an-
alyze the computational strings encoding the state of the system from an
algorithmic information perspective. Crucially, the algorithmic complexity
of any string of data S is defined as the length of the shortest computer pro-
gram coded to output S, also known as Kolmogorov complexity K(S) [152].
While it is impossible to compute Kolmogorov complexity itself (recognized
as a no-go theorem), there are however commutable upper bounds to K(S)
providing practical application [153]. In particular, one of these bounds is
given by the compression length C(S) satisfying

C(S) = Cc(S) + C0 ≥ K(S), (6.1)
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Chapter 6. Dissipative cellular automata

where here Cc(S) denotes the compressed length of S computed by a compres-
sion program with the length of C0 being identical for all strings S. Having
said that, the crude application of Kolmogorov complexity (or the compres-
sion length) is not sufficient for classifying dynamical systems. Specifically,
this is very challenging when it comes to Class III and Class IV systems as
they both exhibit large values of K(S).

However, a key difference between Class III and Class IV makes it possible
to differentiate them from each other. Crucially, while the chaotic Class III
systems are known to be highly sensitive to small changes in the initial state
irrespective of the state itself, the latter is not true in the Class IV systems
[154, 144]. In other words, differential measures of Kolmogorov complexity
for Class IV systems are finite, (in contrast to vanishing values for Class III),
since in these systems the Kolmogorov complexity behaves differently for
different initial states. This is related to the universal computing capabilities
of Class IV systems as one can encode a program in terms of the initial state.
While some programs may result in complicated computations showing a high
Kolmogorov complexity, others can lead to relatively simple results.

This instability can be defined based on a generalization of the notion of
Lyapunov exponent to algorithmic complexity so that it captures the sensi-
tivity in compressibility of the ECA’s patterns due to small changes in the
initial state [154]. We refer to this as the characteristic compression exponent
which is given by

δn(t) =
n−1

∑
j=1

∣Cc(Sj(t)) − Cc(Sj+1(t))∣

n − 1
, (6.2)

where Sj(t) indicates space-time outcomes of all the sites evolving from an
initial state j until an arbitrary (discrete) time t; The initial state is cho-
sen from n ordered configurations according to the Gray code enumeration
scheme [155]. Using this scheme, one can order binary strings in such a way
that the two successive strings differ in only one of the digits (see Fig. 6.4).
This is the least possible amount of change in the initial state (Hamming
distance of 1) which ensures that the variations in the compression lengths
are only due to the dynamical rules, not the initial condition [154]. Re-
garding the compression algorithm, we use an implementation of the lossless
DEFLATE algorithm [156] using zlib.compress function in Python 3.6.9..
It would be also very interesting to use quantum compression algorithms
[157, 158, 159, 160] for Class IV systems, but we leave it as an outlook for
future studies.

In Class IV systems, the characteristic exponent δn(t) is increasing in time
in a linear form for sufficiently large n and t, sometimes referred to as the
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6.2 Embedding of elementary cellular automata

Figure 6.4: The first 20 binary configurations in the Gray code enumeration
scheme. Here, the right side of each configuration consists of an arbitrarily
long array of white cells.

second law of complexity [161]. Importantly, the slope of the characteristic
exponent, i.e.

Sδ ≡
dδn(t)

dt
, (6.3)

vanishes for Class III systems while being positive for Class IV systems.
Therefore, one can use Sδ as a computable quantity to identify Class IV
behavior. We here employ the notion of unpredictability to describe the com-
plex behavior in Class IV systems. By this we mean, while one can predict
statistical properties of chaotic Class III systems in the long time limit at a
coarse-grained level [162], Class IV is unpredictable even by granularization.
Unpredictability is closely related to what is called sophistication in com-
puter science which is a generalization of Kolmogorov complexity to capture
“neither simple nor random” behavior estimated by compression length of
coarse-grained representation of states [151].

6.2 Embedding of elementary cellular
automata

ECA rules are mostly irreversible. This can be simply seen in the underlying
rulesets which are defined as a map from three input bits to one output bit.
Consequently, a direct implementation in a quantum system is not possible if
the operations are unitary. Here, we instead need to make use of a dissipative
quantum channel VECA generating the desired state at time t + 1 given the
state at the previous time, i.e.

ρ(t + 1) = VECAρ(t). (6.4)
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Chapter 6. Dissipative cellular automata

The quantum channel itself requires a generator that can be expressed in
terms of a purely dissipative Lindblad operator,

Lρ ≡
d

dt
ρ = γ∑

i

(ciρc
†
i −

1

2
{c†ici, ρ}) , (6.5)

with ci being jump operators encoding the local ruleset of the ECA rule of
interest and γ denoting the characteristic rate of the dynamics. Here, we can
retrieve the desired channel VECA in the infinite time limit of the dissipative
dynamics leading to the state ρ(t + 1) in the form of a steady state.

Now, let us elaborate on the underlying open quantum system. We here
propose a two-ring setting with N sites on each ring under the periodic
boundary condition. We have to mention that while the periodicity is de-
sirable for pattern formation, it is not a necessary condition as one can also
consider proper fixed boundary conditions in the case of practical imple-
mentation of the setting [163, 164]. Withing the two-ring setting, each site
represents a qubit with ∣0⟩ shown as a white cell and ∣1⟩ shown as a black
cell. Consequently, the jump operators cci required to implement the channel
take the following form,

cci =∑
k

oī,kQi,k, (6.6)

where Qi,k = ∣k⟩⟨k∣ demonstrates a projection operator acting on the sites i−1,
i, and i + 1 of what we call the input ring, while oī,k is a single-site operator
acting on the corresponding central site i on the output ring. The index k
runs over all eight basis states on the 3-site neighbourhood. Table 6.1 shows
the eight states k and the corresponding operation oī,k according to ECA
rule 110. The structure of cci is such that an annihilation/creation of an alive
cell occurs in site i attaching to the output ring provided that the states
of the corresponding site on the input ring and its neighboring sites lead to
non-vanishing ⟨Qi,k⟩, see Fig. 6.5(a). In other words, the required quantum
jump operators are quasi-local, i.e. 3-site projection operator plus a single-
site annihilation/creation operator, which makes them highly desirable for

State k at t 111 110 101 100 011 010 001 000

Operation ok σ− σ+ σ+ σ− σ+ σ+ σ+ σ−

Table 6.1: Jump operators for ECA rule 110 indicating how the central site
on the output ring undergoes an operation ok depending on the state k on
the input ring. The ruleset for the corresponding rule 137 can be found by
inverting all inputs and outputs.
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6.2 Embedding of elementary cellular automata

practical implementation purposes.
Within this setting, we first initialized both rings with a desired Gray

code configuration. We then run the dissipative dynamics by setting one of
the rings as the input ring and the other as the output ring. The role of the
rings is reversed after a cycle time tc, see Fig. 6.5(b). Finally, the associated
space-time pattern of the underlying rule can be reproduced in the limit of
infinite tc. The pattern is captured in terms of the expectation values ⟨P

(1)
i ⟩

on the output ring at the end of each interval, see Fig. 6.5(b).
It is also worth looking at the case of finite cycle time tc, which implies

that the time evolution of the corresponding ECA rule becomes probabilistic
hence generating computational errors. However, we expect that the Turing-
complete Class IV systems can tolerate a finite amount of errors, similar to
error correction codes which can clean up noisy data introduced by corrupted
classical systems. This of course won’t hold in the limit of tc → 0 where the
noise becomes dominant. As a result, varying the cycle time tc in the two-ring
setting may simply alter the dynamical features of the underlying system. In
the next section, we make us of the cycle time tc as a control parameter to
detect a phase transition between predictable and unpredictable behavior.

a

b

Initial
State

Preparation

Figure 6.5: Master equation embedding of ECA rules (a) on two rings of
sites (b) using a periodic application of 4-site jump operators generating the
space-time pattern of the rule of interest with finite cycle time tc.
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6.3 Cycle time phase transition

In this section, we will show some numerical results obtained from Monte-
Carlo simulation of the master equation embedding of rule 110 with finite tc
and also in the presence of quantum fluctuation.

6.3.1 Purely classical dynamics

Here we investigate how the duration of the cycle time tc affects the dynam-
ics of ECA rule 110. Note that the dynamics of the ECA rules are purely
classical leading to fully diagonal density matrices. In order to simulate
the master equation, we hereby make use of Monte-Carlo sampling which
performs efficiently for classical dynamics. Fig. 6.6 summarises the corre-
sponding numerical results. Notably, our tunable implementation of rule 110
shows an significant change in the slope of the characteristic compression
exponent Sδ at a finite value of tc, depicted in Fig. 6.6(a). This indicates
a phase transition from a chaotic phase (Fig. 6.6(b)) with vanishing Sδ to
an unpredictable phase (Fig. 6.6(c)) with finite Sδ. While it has been shown
that different statistical measures of complexity can be used to detect variant
phase transitions in both classical and quantum systems [165, 166, 167, 168],
the observed phase transition in complexity (i.e. unpredictability) itself is
novel.

Importantly, we observe that the value of Sδ grows in a non-trivial way
by the system size N . This is because the emergent glider structures are
much larger than the three-site unit cell of the ECA [135]. For instance,
N = 11 is the smallest system size in which the gliders appear. Fortunately,
by choosing specific system sizes we can still perform finite-size scaling of Sδ,
see the inset of Fig. 6.6(a). More precisely, we only take into account those
system sizes at which Sδ is at a local maximum. Similar techniques have been
employed in the context of systems with strong incommensurability effects
[128, 169]. According to the finite size analysis, the phase transition takes
place at tc = 5.80 ± 0.08 in the thermodynamic limit. We should mention
that while it has been shown that the finite-size scaling theory breaks down
when it comes to the extrapolation of unpredictability in the thermodynamic
limit [170], detection of a chaotic-unpredictable phase transition is feasible as
the chaotic phase has the computable value of Sδ = 0 in the thermodynamic
limit (in contrast to the unpredictable phase which deviates from Sδ = 0 by
increasing the system size).
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Figure 6.6: (a) Cycle time phase transition in ECA rule 110 captured by the
slope of the characteristic compression exponent Sδ. Finite size scaling (inset)
points to a value of γtc = 5.80± 0.08 for the transition in the thermodynamic
limit. (b) Typical trajectory of the rule 110 for a relatively short cycle time,
tc = 4/γ, evolving from a single alive (black) cell resembles a chaotic Class
III behavior. (c) For larger cycle time (here tc = 10/γ) the unpredictable
phase appears with emergence of gliders in the space-time pattern. In these
calculations, we set n = 50 and t = 300 to obtain convergence in Sδ. For each
initial state, 100 Monte-Carlo samples were taken.
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We have successfully shown that our setting has the ability to replicate
the unpredictable Class IV behavior which is highly interesting due to the
universal computing capabilities. Also, the chaotic phase that appears within
this setting, displays rich dynamics which resembles an ongoing pattern gen-
eration with environment-assisted innovations. Interestingly, such behavior
is out of relevance in studying biological mechanisms [171]. Moreover, the
two-ring setting allows us to look at dynamical behaviors in the presence of
quantum fluctuations. It is out of interest to study how quantum proper-
ties like quantum superpositions and entanglement co-occur with both Class
III and Class IV behavior. Therefore, the rest of this chapter goes in this
direction.

6.3.2 Competition with entanglement

To address the effect of quantum fluctuations on the unpredictable dynam-
ics, we need to briefly introduce the concept of quantum cellular automata
(QCA). QCA (in analogy to classical cellular automata) are commonly de-
fined as an array of qudits which evolve under a unitary propagator in a
discrete time (see some examples in Refs. [137, 138, 139, 140, 141] and recent
reviews in Refs. [172, 173]). Unitary QCA are originally devised to model
quantum computations. However, experimental realization of such systems
using NISQ devices is of course challenging. Alternatively, there are different
proposals to realize dissipative variants of QCA [142, 117] building upon the
established theory of open quantum systems. Non-unitary QCA are specif-
ically out of relevance here as they are intrinsically more aligned with their
classical counterparts.

Here, as we wish to study the competition between quantum entanglement
and unpredictability, we suggest a dissipative QCA through an interpolation
of the classical ECA dynamics generated by Lc with a non-unitary dynamics
generated by Lq. We define Lq such that it also satisfies the purely dissipative
Lindblad form of Eq. ((6.5)). The full Liouvillian is then given by

L = sin2 (φ
π

2
)Lc + cos2 (φ

π

2
)Lq, (6.7)

where φ ∈ [0,1] denotes the interpolation parameter being lower (upper)
bounded in the case of fully quantum (classical) dynamics.

Regarding the quantum dynamics, we will be interested in a case that Lq
generates highly entangled states as its fixed point. To this aim, we choose the
highly entangled Rokhsar-Kivelson (RK) states also discussed in the context
of lattice gauge theories, for which their dissipative preparation by correlated
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6.3 Cycle time phase transition

State k at t 111 110 101 100 011 010 001 000

Operation Ok µ σ− µ µ µ µ µ µ

Table 6.2: Ruleset to prepare the highly entangled Rokhsar-Kivelson state
∣ψRK⟩. The required operator Ok is conditional to the k state on the input
ring. Ok becomes either a 3-body operator µī = Pī−1∣−⟩⟨+∣̄iPī+1 acting on the
three sites surrounding ī on the output ring, with ∣±⟩ = (∣0⟩± ∣1⟩), or it takes
the form of a single-site annihilation operator σ− acting only on the site ī.

jump operators is recently proposed [174]. The RK state is basically an equal-
weight superposition of all states excluding any simultaneous excitation in
adjacent qubits, i.e.

∣RK⟩ =
1

√
Z

N

∏
k

(1 − Pk−1σ
k
+Pk+1)∣00⋯0⟩, (6.8)

where Pk = ∣0⟩⟨0∣k is a projection onto 0 state and Z is a normalization
constant. The jump operators cqi required to prepare ∣RK⟩ can be tailored in
analogy with conditional updates in ECA, as follows

cqi =∑
k

Oī,kQi,k, (6.9)

where Oī,k is a 3-body operator (in contrast to the local operator in the
classical case) acting on the sites i − 1, i, and i + 1 on the output ring. The
operators inside the sum are defined such that the RK state becomes a typical
dark state of the dynamics, i.e. cqi ∣RK⟩ = 0.

It will be helpful to align the two competing dynamics with each other, as
we want to observe the interplay between unpredictability and entanglement,
For this, we particularly choose ECA rule 137 = 100010012 which is equivalent
to Rule 110 under a 0⇌ 1 transformation of the ruleset and the states. This
is justified by the fact that both dynamics are biased toward the 0 state. In
other words, one can simply see that while the space-time patterns in rule
110 contain more black cells (1 states), the rule 137 is reversely generating
those patterns via white cells. Similarly, the RK state ∣RK⟩ is also biased
in favor of the 0 state as a result of the action of the projection operators
Pk. Moreover, to have more alignment of the two competing dynamics, we
divide in half the dynamics which is tc long (see Fig. 6.7). During the first
part, i.e. t ≤ tc/2, both the classical part Lc and the quantum part Lq are
active. At the time tc/2 we evaluate all necessary observables. Subsequently,
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Chapter 6. Dissipative cellular automata

Initial

State
Preparation

Figure 6.7: Cyclic setting in the proposed quantum cellular with cycle time
being tc/2 for the RK dynamics and tc for ECA rule 137.

the second part begins where only the classical rule is acting on the system.
In fact, the second part is needed to recover the unpredictable pattern which
is affected by quantum fluctuations in the first part.

Now we turn to a numerical investigation of the competition between
the classical rule 137 dynamics Lc and the quantum dynamics Lq preparing
the RK state. To simulate the master equation in Eq. (6.5), we employ the
wave-function Monte-Carlo approach [32] for 22 sites via massively parallel
computations. Noteworthy, this is a slight improvement over the previously
reported largest system size (up to 20 sites) for simulations retaining the
full Hilbert space [31]. To compute the characteristic compression exponent
δn, we require binary strings Sj to avoid difficulties in loss-less compression
of floating-point data. Here, the Monte-Carlo sampling is especially helpful
since the ith bit in the string Sj can be set as the most likely measurement
result over many trajectories. In other words, we convert the expectation
values to binary data such that 1 corresponds to ⟨P

(1)
i ⟩ ≥ 0.5 and 0 otherwise.

The unpredictability of the system in terms of the slope Sδ of the charac-
teristic compression exponent is shown in Fig. 6.8(a) as a function of the cycle
time tc and the interpolation parameter φ. It can be seen that in the case of
the classical limit φ → 1, the expected transition to an unpredictable Class
IV phase is recovered. However, in the quantum limit φ = 0, while highly en-
tangled RK states are prepared, the unpredictability is totally destroyed due
to the strong quantum fluctuation. Importantly, in the intermediate region,
the transition persists even away from the classical limit. Crucially, this is
accompanied with entanglement as seen in Fig. 6.8(b) where negativity (see
Eq. (2.5)) remains finite for sufficiently low values of φ. This implies that
quantum entanglement and unpredictability can coexist in the system due
to the proper design of the Lindblad generators. The depicted diagram in
Fig. 6.8(a) is therefore an evidence that our QCA exhibits two dynamical
phases with distinct degrees of unpredictability.
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Figure 6.8: Competition between classical rule 137 and a dissipative quantum
process. (a) Slope Sδ of the characteristic compression exponent as a function
of the cycle time tc and the interpolation parameter φ for N = 11 sites on each
ring, showing an extended region of unpredictable Class IV behavior even in
the presence of quantum fluctuations. (b) A blurry space-time pattern by
averaging over 50 Monte-Carlo samples of a single initial configuration for
γtc = 10 and φ = 0.6. The corresponding states inherit multi-partite quantum
entanglement calculated by quantum negativity N between even- and odd-
numbered sites. The negativity shows a rapid increase over time and remains
finite in the long time limit.
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Chapter 6. Dissipative cellular automata

While the proposed QCA makes it possible to study novel dynamical
behaviors in the context of open quantum systems, realizing such correlated
jump operators is challenging in the NISQ era. We will show in the next
chapter that how variational quantum simulation gives an alternative solution
to this issue. Specifically, in section 7.2, we will demonstrate an efficient
realization of the QCA unpredictable dynamics using a quantum co-processor
based on ultracold Rydberg atoms with high fidelity.
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Chapter 7

Quantum simulation of complex
models

Variational quantum simulation (VQS) is an example of practical simulation
using low-depth circuits with a high level of expressibility compared with
synthesized digital circuits containing an extensive number of gates. These
circuits are particularly of interest when it comes to the simulation of exotic
and previously unexplored models with engineered multi-body interactions
and correlated jump operators such as the models introduced in the previous
chapters. It is worth mentioning that while it has been already studied how
to engineer high-order interactions in digital quantum simulators [7, 175],
VQS seems a promising approach in simulating complex quantum models
using available NISQ devices without explicit realization of the corresponding
interactions [49, 50, 51].

In this chapter, we especially concentrate on the variational simulation of
complex open quantum systems using different quantum co-processors. We
first propose a scheme for dissipative preparation of the entangled RK states
using trapped-ion as the quantum co-processor similar to the experiment in
Ref. [51]. Later on, we make use of a particular Rydberg-atom platform
to simulate the unpredictable time evolution of the QCA introduced in the
previous chapter.

7.1 Dissipative quantum state preparation

Our starting point is a variational quantum simulation of a purely dissipative
time evolution (H = 0) which is designed to reach the RK state as the fixed
point given any initial state.
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Chapter 7. Quantum simulation of complex models

7.1.1 Rokhsar-Kivelson state

As we already mentioned in Section 6.3.2, the RK state is a highly entan-
gled state that is largely exploited in the context of lattice gauge theories
and high-temperature superconductivity. The RK state is basically a ground
state of a frustration-free Hamiltonian [176], a sum of quasilocal projection
operators so that the ground state of the full Hamiltonian is equivalent to the
lowest energy state of the individual terms. While it is possible to engineer
such ground states in the steady state of dissipative dynamics [177], it often
requires implementing correlated jump operators which might be challeng-
ing. Although there are limited protocols for realization of correlated jump
operators (e.g. Appendix C), the VQS scheme makes it possible to realize
any generic quantum operation. Moreover, from the perspective of quantum
simulation in the NISQ era, it is highly desirable to perform useful tasks using
today’s qubit technologies. To this end, we propose a few-qubit simulation of
dissipative dynamics toward RK state under experimental constraints over
the types of measurements.

The correlated jump operators for dissipative preparation of RK states
(for ≥ 3 qubits) can be represented as

cRKi = P
(0)
i−1 (∣−⟩⟨+∣)iP

(0)
i+1 +∑

βββ

P
(β1)
i−1 (∣0⟩⟨1∣)iP

(β2)
i+1 , (7.1)

where P (a)i = ∣ai⟩⟨ai∣ is a projection operator and βββ ∈ {(0,1), (1,0), (1,1)}.
The resulting RK state for 3 and 4 qubits are respectively

∣RK3⟩ =
1

√
4
(∣000⟩ − ∣100⟩ − ∣010⟩ − ∣001⟩),

∣RK4⟩ =
1

√
7
(∣0000⟩ − ∣1000⟩ − ∣0100⟩ − ∣0010⟩ − ∣0001⟩ + ∣1010⟩ + ∣0101⟩),

(7.2)

where no adjacent excitation is possible (see Fig. 7.1(a,b)). It is also possible
to engineer the RK state, given only two controllable qubits. By modifying
Eq. (7.1) into the following form

cRKi = P
(0)
i (∣−⟩⟨+∣)i+1 + P

(1)
i (∣0⟩⟨1∣)i+1, (7.3)

one can prepare the following entangled state,

∣RK2⟩ =
1

√
3
(∣00⟩ − ∣01⟩ − ∣10⟩), (7.4)
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which is a subset of the many-body RK state, depicted in Fig. 7.1. In the
following, we will explore the realization of Eq. (7.3) using trapped ions.

a

〈1, 1|

〈1, 0|

〈0, 1|

〈0, 0|

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

b

〈1, 1, 1|

〈1, 1, 0|

〈1, 0, 1|

〈1, 0, 0|

〈0, 1, 1|

〈0, 1, 0|

〈0, 0, 1|

〈0, 0, 0|

−0.2

−0.1

0.0

0.1

0.2

c

〈1, 1, 1, 1|
〈1, 1, 1, 0|
〈1, 1, 0, 1|
〈1, 1, 0, 0|
〈1, 0, 1, 1|
〈1, 0, 1, 0|
〈1, 0, 0, 1|
〈1, 0, 0, 0|
〈0, 1, 1, 1|
〈0, 1, 1, 0|
〈0, 1, 0, 1|
〈0, 1, 0, 0|
〈0, 0, 1, 1|
〈0, 0, 1, 0|
〈0, 0, 0, 1|
〈0, 0, 0, 0|

−0.10

−0.05

0.00

0.05

0.10

Figure 7.1: Density-matrix representation of Rokhsar-Kivelson state with (a)
2, (b) 3 and (c) 4 qubits.
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7.1.2 Trapped-ion co-processor

As discussed in Section 3.3.2, trapped ions supplies a well-established quan-
tum co-processor for variational simulation of one-dimensional systems. Here,
we also envision an array of ions (such as 40Ca+) confined in a linear Paul
trap. The valence electron of each ion is laser-driven such that it effectively
represents a qubit. The native form of such a system can be described by an
XX model [178] with the Hamiltonian

H0 = B
N

∑
i

σ
(i)
z + J0

N

∑
i≠j

σ
(i)
x σ

(j)
x

rαij
.

The (possible) entangled states generated by this Hamiltonian can be de-
formed by engineering local rotations and dissipations in VQS so that they
resemble the dynamics induced by Eq. (7.3). The selected local rotations in
this setting are Rx and Ry being realized by off-resonant laser beams, and the
dissipator is set to be an amplitude damping channel realized by dissipative
optical pumping of the qubit states (see Fig. 3.2).

Regarding the cost function Eq. (3.19), we take into account the Heisen-
berg equations for local Pauli matrices

d

dt
⟨σ
(i)
x ⟩,

d

dt
⟨σ
(i)
y ⟩,

d

dt
⟨σ
(i)
z ⟩,

as well as the identical binary terms

d

dt
⟨σ
(i)
x σ

(j)
x ⟩,

d

dt
⟨σ
(i)
y σ

(j)
y ⟩,

d

dt
⟨σ
(i)
z σ

(j)
z ⟩.

The choice of identical terms is due to fact that they are experimentally
easier to be measured compared with the other binary terms.

In Fig.7.2, we provide numerical simulation results for two qubits evolving
from a product initial state ρ0 = ∣++⟩⟨++∣ toward the RK state. The corre-
sponding quantum circuit is also initiated by the same state ρ0. Moreover,
we here consider identical variational parameters for the local terms (4 pa-
rameters per layer) and the circuit depth of d = 2. Figure 7.2(a) shows time
evolution of the variational norm FH and and the error probability ε between
the exact density matrix ρ and variational state ρv(θ) at time t. The latter
is defined in terms of the fidelity F as follows

ε = 1 − F = 1 −

⎡
⎢
⎢
⎢
⎢
⎣

tr
√√

ρv(θ)ρe
√
ρv(θ)

⎤
⎥
⎥
⎥
⎥
⎦

2

. (7.5)
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Figure 7.2: Benchmarking of the VQS approach for preparation of Rokhsar-
Kivelson state for a system of two trapped ions. Variational norm FH , error
probability ε (a), expectation value of the observable σx and quantum con-
currence C (b) as a function of time. In these calculations, the parameters are
J0 = 100γ and B = 10γ with γ being the dissipation rate of the corresponding
jump operators.

Figure 7.2(b) exhibits the corresponding results for the time evolution of ⟨σx⟩
and quantum concurrence as a measure of two-qubit entanglement in mixed
states,

C(ρ) = max(0, λ1 − λ2 − λ3 − λ4), (7.6)

where λ1 > λ2 > λ3 > λ4s are the ordered eigenvalues of the following Hermi-
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tion matrix
M =

√
√
ρ
√

(σy × σy)ρ∗(σy × σy)
√
ρ,

in which the middle term denotes a spin-flip state of a complex conjugated
ρ.

The benchmarking with exact numerical results in Fig. 7.2 clearly shows
that the error probability ramps up immediately after the initial time re-
flected as a discrepancy in concurrence. This is mostly due the fact that
the cost function does not include all the binary terms. However, for larger
values of time, the fidelity increases ending up in the RK state with ε < 0.02.
Therefore, these results, although preliminary, demonstrate that the avail-
able few-body qubits even with experimentally constrained measurements
are useful to emulate dissipative dynamics toward entangled steady states.

7.2 Quantum simulation of unpredictable
evolution

Having the VQS demonstrated quantum preparation of entangled states, we
can proceed by looking at a case where the time evolution itself is unpre-
dictable and rich in exotic entangled states. In this regard, the demonstrated
QCA dynamics induced by the Lindblad generator in Eq. (6.7) is out of inter-
est as its experimental simulation using the current experimental resources
is very challenging.

7.2.1 Circuit architecture

Considering the two-ring setting of the QCA, we require some modification
in the circuit introduced in Section 3.3.1. First of all, we here consider
single-ring global propagators (U r1g and U r2g ), and two-ring global propagators
(U r12

g ) as seen in Fig.7.3. We also include two separate quantum channels
corresponding to a decay process (Dd) and a dephasing process (Dp). The
operator-sum representation of the two channels are given by

Dµ(ρ) =
1

N

N

∑
j=1

[D
(j)
µ1 ρD

(j)
µ1

†
+D

(j)
µ2 ρD

(j)
µ2

†
], (7.7)
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Variational State Preparation Measurement  
Outcomes

Initial
State

Figure 7.3: Sketch of a variational Quantum circuit for simulation of an un-
predictable QCA. The circuit generates a quantum state given an initialized
state ρin and a set of variational parameters θ = {θn}dn=1 for d layers encoded
into the phases of the variational circuit’s ingredients.

where µ ∈ {d, p} and

Dd1 =
√

1 − e−θdσ−, (7.8)

Dd2 =P0 + e
−θd/2P1, (7.9)

Dp1,p2 =

√
e−θp/2

2
±

√
(1 − e−θp)

2
σz, (7.10)

The total quantum operation of each layer of the quantum circuit can
then be written as

G = U r1g U
r2
g U

r12
g

2N

∏
k=1

[DakD
p
kR

z
kR

y
k], (7.11)

in which the local rotations include Ry and Rz. In addition, since the un-
predictable QCA is a nonhomogeneous system, the phases θ appearing in all
the circuit operations are treated as independent variational parameters.
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7.2.2 Rydberg-atom co-processor

Rydberg atoms trapped in arrays of optical tweezers have been demonstrated
as a successful multi-dimensional platform with a high level of controllability
and local addressability [179, 79, 80]. Basically, in this setup the initialized
atoms (in the ground state ∣g⟩) get illuminated with laser pulses to couple the
Rydberg state with the ground state [73, 79]. The laser pulses can be tuned
by time-dependent Rabi frequency Ω(t) and detuning ∆(t). This leads to
the Rydberg Hamiltonian required for VQS (see Eq. (3.28)). Here, we neglect
the time dependency assuming that the pulses are square-shaped.

We also need to implement independent local rotations and dissipators
for the variational circuit. However, this is challenging in the Rydberg setup
since local operations involving Rydberg states can activate unwanted dipo-
lar couplings. A possible solution is to exploit Rydberg dressing widely used
to study many-body physics [180, 181, 182, 183, 184]. This mechanism basi-
cally relies on the idea of off-resonant coupling of the ground state ∣g⟩ with
the Rydberg state ∣r⟩ such that the resulting interaction becomes more ten-
able with the expense of lower interaction strength. This is allowed in the
regime of large detuning, ∣∆∣ ≫ Ω, so that a perturbative treatment on the
light-coupling Hamiltonian can be employed [185, 186]. A repulsive vdW
interaction with red-detuned laser field gives rise to a characteristic soft-core
interaction potential [181]

Vd(r) =
V0

1 + (r/ξc)6
, (7.12)

where the potential height V0 and the cut-off distance ξc are given by

V0 =2∆β4,

ξc =(
C6

2∣∆∣
) ,

(7.13)

with β = Ω/2∆ being called the admixture parameter.
In the Rydberg-dressed regime, the bare Rydberg state ∣r⟩ is replaced by

a dressed state ∣d⟩ depending on the admixture fraction of Rydberg excitation
to the ground state, i.e.

∣d⟩ ≡ ∣g⟩ + β∣r⟩. (7.14)

Consequently, optical control makes it possible to turn on/off the Rydberg-
dressed interaction in contrast to the bare Rydberg interaction which is al-
ways present. This allows us to have local operations on the atoms by switch-
ing off the unwanted interactions.
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Using a Ramsey sequence of the dressing laser and microwave pulses we
end up with a slightly different resource Hamiltonian compared to the original
Rydberg Hamiltonian, i.e.

H0 = −
δAC
2
∑
i

σ
(i)
z +

ωMW

2
∑
i

σ
(i)
x +∑

i<j

Vd(∣ri − rj ∣)
2

P
(i)
d P

(j)
d ,

being expressed in the basis of {∣g⟩, ∣d⟩} integrating out the bare Rydberg
state [69]. Here, ωMW indicates a microwave Rabi frequency, δAC = Ω2/4∆ is
the light shift induced by the dressing laser, and P

(i)
d denotes a projection

onto the Rydberg state of the atom i. Regarding the coefficients, ξc in the
order of several lattice spacing a. Also, the admixture parameter is very
small β ≪ 1 as a result of weak optical dressing.

Now, we are in a position to numerically investigate the performance of
the proposed Rydberg VQS and discuss its ability to imitate unpredictable
dynamics. As a proof of principle, we perform numerical simulations of a
minimal version of the complex QCA with N = 3 sites on each ring. The
small system size is due to the limitation of numerical simulation of the
whole circuit. However, even a three-qubit QCA is capable of producing a
triangular pattern as well as entangled states.

Finally, we present the corresponding numerical results in Fig. 7.4. In
our simulation, the parameters are also chosen according to a relevant ex-
periment reported in Ref. [184]. To be more precise, ∆/2π = 5.0MHz and
Ω/2π = 2.0MHz. This corresponds to β = 0.2, V0/2π = 16.0kHz and δAC/2π =

200.0kHz. Also, the microwave Rabi coupling is of the strength ωAC/2π =

10.0kHz and we pick a proper value for C6 such that ξc = 2a. Furthermore,
the variational circuit is shallow with the circuit depth of three, d = 3, which
is initialized with the previous optimized state. Regarding the measurement
procedure, we assume that measuring Pauli operators up to 3-local operators
per site, i.e. 43 = 64 observables, is feasible.

In these calculations, we have employed a sequential quadratic program-
ming algorithm [187] to optimize the variational cost function which is highly
non-linear. Noteworthy, since in such problems the variational landscape
sometimes becomes flat in a wide region, known as the barren plateaus, the
gradient-based minimization methods might fail [188]. However, we circum-
vent this issue by optimizing the circuit in a layerwise fashion. We must men-
tion that in a real experiment where the measurement results are unavoidably
noisy, derivative-free minimization methods are more recommended as they
don’t get affected by the fake gradient descents induced by the measurement
noise [51].
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Figure 7.4: Benchmarking of the VQS approach for the quantum rule 137
for a system of N = 3 particles on each ring. Variational norm FH , error
probability ε (a) and quantum negativity N (b) as a function of time for the
first two time steps with nφ = 0.5 and γtc = 10. The inset shows a minimal
triangular tile appearing in the output ring at the middle of the steps.
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Figure 7.4(a) demonstrates variational norm FH and probability error for
nφ = 0.5 and γtc = 10 where unpredictability and quantum entanglement
coexist. The results indicate an overall error of less than 2% for almost
all data points. Figure 7.4(b) shows that entanglement measured in terms
of the negativity verifying good quantitative agreement between the VQS
results and the exact dynamics.

To sum up, our numerical results demonstrate the expressibility of the
variational quantum circuit for the experimental realization of arbitrary cor-
related operations using present-day qubit technologies. Notably, we showed
that even unpredictable dynamical systems with 6-body correlated jump op-
erators can be efficiently realized via the VQS scheme. Considering the severe
challenges in the classical simulation of these systems [28], their quantum
simulation with variational circuits opens up the possibility to observe a
quantum advantage in the NISQ era.
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Part IV

Conclusion
Imagination and intuition are vital to our understanding. ... Even
physics, the strictest of all applied sciences, depends to an astonishing
degree upon intuition, which works by way of the unconscious (although
it is possible to demonstrate afterward the logical procedures that could
have led one to the same result as intuition).

— Carl G. Jung
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Chapter 8

Summary and outlook

8.1 Summary

In this thesis, we have reported on the numerical simulation of several types
of open quantum systems under Markovian evolution. In Part I, we briefly
reviewed the main features of open quantum systems and we outlined the
relevant numerical simulation methods. We have particularly focused on
variational methods which have shown promising results specifically for sim-
ulation of driven-dissipative systems. Building upon the recent advances in
this direction, we have developed a novel variational treatment that provides
a powerful framework especially for the detection of steady state phase tran-
sitions. We have also extended the variational quantum simulation scheme
to a full-time simulator of open many-body systems suggesting a quantum
advantage via available noisy quantum devices.

In Part II, we studied the properties of non-equilibrium steady states.
Crucially, we investigated several challenging issues in this context. First, in
Chapter 4, we have developed a variational method for assessing bistability in
the steady state of open many-body systems. Our proposal relies on the no-
tion of nucleation process among multiple minima appearing in a variational
subspace of the fixed states of Linbladians. We note that our method applies
to a wide range of dissipative many-body systems to verify any predicted
multistability. In particular, we have demonstrated how the controversial
bistability in the dissipative Ising model emerges only in proximity to phase
transitions refuting any genuine bistability. Moreover, we have investigated a
probabilistic cellular automaton featuring genuine bistability at the presence
of both classical and quantum fluctuations. Second, in Chapter 5, we have
tried to overcome the challenge of quantifying the stationary properties of
strongly interacting dissipative spin models. We demonstrated a successful
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application of our variational approach by investigating driven-dissipative
Rydberg gases with long-range van der Waals interactions. Importantly, the
interplay between coherent driving and dissipation, namely the spontaneous
emission and a dephasing process, clarified how a first-order phase transition
appears.

In Part III of the thesis, we turned to dynamical properties of dissipative
systems. Our work in Chapter 6 establishes an irreversible quantum cellular
automata based on programmable jump operators leading to a novel dy-
namical class of open quantum many-body systems featuring unpredictable
evolution. Strikingly, we have shown computational unpredictability can co-
exist with quantum entanglement for a long time, despite the intrinsic bias
of entanglement toward predictable behavior. In Chapter 7, we numerically
simulated dissipative variational circuits and demonstrated that they can
be deployed to emulate non-trivial dissipative dynamics with high fidelity.
Notably, we suggested a protocol for constructing variational circuits for
multi-dimensional systems based upon the notion of Rydberg dressing which
is perfectly compatible with the present-day Rydberg technology.

8.2 Outlook

At the final section of this thesis, we outline possible directions for future
studies corresponding to the content of chapters 4,5,6 and 7.

• Multistability in non-equilibrium steady states: The master
equation embedding of Toom-like behavior opens up the possibility to
elaborate on non-ergodicity in the context of driven-dissipative quan-
tum systems. Geared up with the variational Langevin formalism, one
can also classify probabilistic cellular automata in terms of their steady-
state stability. This can in turn give rise to novel models with multi-
stable steady states, initiating concrete applications in various quantum
technologies such as self-correcting quantum memories [189, 190, 191].

• Criticality in strongly interacting dissipative systems: Consid-
ering the success of the variational principle for the steady state of
strongly interacting Rydberg gases, it would be interesting to further
study the appearance of dissipative phase transition in the presence of
long-range interactions and different dissipation sources. Particularly,
investigation of criticality under the aforementioned scenario is a very
exciting subject of research, as there are many open questions to be
answered. A variant of the dissipative Ising model is a good candidate
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in this regard as its steady-state phase diagram exhibits multi-critical
behavior in contrast to its equilibrium counterpart [99].

• Unpredictability in quantum cellular automata: While our pro-
posed QCA is spatially (quasi-)one-dimensional, the setting has the
advantage of easily be extended to higher dimensions by adding ad-
ditional rings. It would be interesting, for instance, to construct a
dissipative analog of the quantum game of life [140] attaining a higher
level of unpredictability in quantum dynamical systems. Moreover, we
expect that the additional rings can also be useful for embedding his-
toric memory which permits to access non-Markovian dynamics in a
controlled way.

• Data analysis using variational quantum circuits: Building upon
the flexibility of VQS scheme, it would be interesting to design hardware-
efficient platforms for computational purposes as well. Particularly,
within the active field of quantum machine learning, it would be useful
to further investigate the experimental realization of relevant setups
such as quantum neural networks for quantum/classical data classifi-
cation [192, 193], quantum autoencoders to handle noisy data [194],
etc.
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Part V

Appendices
Quantum mechanics can be appreciated, to some degree, on a purely
qualitative level. But mathematics is what brings its beauty into sharp
focus.

— Leonard Susskind
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Appendix A

Microscopic derivation of
Lindblad equation

Here we will discuss, in more detail, the required conditions for the derivation
of the Lindblad master equation (2.13). In the following, we will focus on a
limiting case where the system-environment interaction is weak, also known
as the weak-coupling limit. This limit arises naturally in many practical
situations where the environment is extremely large compared to the system
size, and also the system of interest is, to some extent, isolated. It is worth
mentioning that the weak-coupling limit is only a sufficient condition for
quantum Markovianity. Other cases are discussed in, e.g. Refs.[16, 19].

A.1 Born-Markov approximation

Let us start from the von Neumann equation of a system S and its environ-
ment E as a whole, i.e. Eq. (2.10) where the total Hamiltonian is

HSE =HS +HE +Hint. (A.1)

In order to employ a perturbative treatment, it is helpful to go to the inter-
action picture such that

d

dt
ρ̃SE(t) = −i[H̃int(t), ρ̃SE(t)], (A.2)

with
Õ = ei(HS+HE)tOe−i(HS+HE)t.
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A. Microscopic derivation of Lindblad equation

After integrating the Eq. (A.2) and inserting it back to the same equation,
one can obtain the following relation

d

dt
ρ̃SE(t) = −i[H̃int(t), ρ̃SE(0)] − ∫

t

0
dτ[H̃int(t), [H̃int(τ), ρ̃SE(τ)]].

Now, tracing out the environment gives

d

dt
ρ̃S(t) = −TrE (∫

t

0
dτ[H̃int(t), [H̃int(τ), ρ̃S(t)⊗ ρ̃E]]) , (A.3)

where we here assumed that not only the system and environment are initially
uncorrelated, i.e. ρ̃SE(0) = ρ̃S(0)⊗ ρ̃E, but also the total state has the form of
ρ̃SE(τ) = ρ̃S(t)⊗ρ̃E(0). The latter assumption is twofold. First, building upon
the weak-coupling limit we have applied the so-called Born approximation by
replacing the total state by a product state that is

ρ̃SE(τ) = ρ̃S(τ)⊗ ρ̃E(t).

Secondly, we employ the following approximation, known as the Markov ap-
proximation,

ρ̃S(τ)⊗ ρ̃E(t)→ ρ̃S(t)⊗ ρ̃E,

which implies that the memory inherited in Eq. (A.3) (as ρ̃S(t) depends on
all the previous states) is neglectable as long as the correlation time of the
environment is relatively small (short-memory environment). Next, using the
substitution τ → t − τ and extending the integration in Eq. (A.3) to infinity,
we get

d

dt
ρ̃S(t) = −TrE (∫

∞

0
dτ[H̃int(t), [H̃int(t − τ), ρ̃S(t)⊗ ρ̃E]]) . (A.4)

The above relation demonstrates a time-local equation featuring a fully Marko-
vian generator.

A.2 Secular approximation

Having said that, reaching the Lindblad form of the master equation re-
quires further considerations. To this end, let us decompose the interaction
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A.2 Secular approximation

Hamiltonian H̃int as follows

H̃int =∑
n

S̃n(t)⊗ Ẽn(t)

=∑
n,ω

e−iωtSn(ω)⊗ Ẽn(t),

where S̃n(t) = ∑ω e−iωtSn(ω) denotes an expansion in terms of the eigenfre-
quencies of the system Hamiltonian. Inserting the decomposition back into
Eq. (A.4) yields

d

dt
ρ̃S(t) = ∑

m,n
∑
ω,ω′

ei(ω
′−ω)tgmn(ω) [Sn(ω)ρ̃S(t), S

†
m(ω′)] + h.c., (A.5)

with

gmn(ω) = ∫
∞

0
dτTr (eiωτ Ẽn(t)Ẽn(t − τ)ρ̃E)

=
1

2
γmn(ω) + χmn(ω),

(A.6)

being the correlation function of the environment decomposed into Hermitian
and non-Hermitian terms. In the weak-coupling limit, we are allowed to
neglect the fast-rotating terms in the Eq. (A.5) and only keep the resonant
interactions, i.e. ω′ = ω. The so-called secular approximation is equivalent to
the rotating-wave approximation widely used in quantum optics. Eventually,
utilizing these quantities and going back to the Schrödinger picture yields the
Lindblad generator of the Markovian dynamics,

L(ρS(t)) = − i[HS +H
′
S, ρS(t)]

+∑
m,n
∑
ω

γmn(ω) (Sn(ω)ρS(t)S
†
m(ω) −

1

2
{S†

m(ω)Sn(ω), ρS(t)}) ,

(A.7)

where
H ′

S = −∑
m,n
∑
ω

χmn(ω)Sn(ω)S
†
m(ω).

The additional Hamiltonian H ′
S commutes with HS and hence making only

a total shift in the energy levels of the system. A comprehensive derivation
of the Lindblad master equation is available in Refs. [20, 16].
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Appendix B

Characterization of Toom-like
bistability

Toom-like bistability enforces inhomogeneity in the time-dependent states
as it is necessary to recover multiple (homogeneous) steady states via de-
nucleation of minority islands in the initial states. Here we investigate
the required inhomogeneity by incorporating spatial fluctuations into the
Gutzwiller ansatz. This allows us to obtain a simple non-equilibrium variant
of the time-dependent Ginzburg-Landau equations in the form of a Langevin
equation which captures the mesoscopic behavior of the model near critical-
ity.

B.1 Ginzburg-Landau variational functional

We start by formulating a Ginzburg-Landau-like functional from the vari-
ational norm within the Gutzwiller theory for open systems. We consider
the functional as a discrete sum over lattice sites including the homogeneous
variational norm fv as well as an inhomogeneous term gv to incorporates
spatial fluctuations, i.e.

F[φ] =∑
i

fv(φi) + gv(∇φi), (B.1)

where gv is constructed by the overlapping terms of the Liouvillian (see
Fig. B.1) such that gv(∇φi → 0) = 0, hence

gv(∇φi) =∑
j

⟨⟨L̃
†
i(φi,∇φi)∣L̃j(φi,∇φi)⟩⟩−⟨⟨L̃

†
i(φi)∣L̃j(φi)⟩⟩

⟨⟨ρ0(φi)∣ρ0(φi)⟩⟩
nij , (B.2)
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B. Characterization of Toom-like bistability

Figure B.1: Spatial gradients corresponding to Toom’s model. Here, the
black L shape represents ⟪L̃

†
i ∣ and the gray L shapes represent ∣L̃j⟫ as a

function of φi and its spatial gradients δx and δy.

with j running over the given site itself, say site i, and all the neighbouring
sites whose associated terms in the Liouvillian overlaps with that of the site i.
In fact, we express gv in terms of the localized field φi and spatial fluctuations
around it, i.e. ∇φi = δxx̂ + δyŷ, with

δx =(φi+E − φi) = −(φi+W − φi)

δy =(φi+N − φi) = −(φi+S − φi).
(B.3)

where the capital letters indicate cardinal neighbours. Now, performing a
Taylor expansion of gv(φi) around φi = 0 up to the second order yields

gv =
a

2
[δx + δy] + bδxδy + b

′φi[δx + δy] + c[δ
2
x + δ

2
y]. (B.4)

These coefficients will be then calculated to construct the Langevin equation.

B.2 Domain-wall kinetics in Toom’s model

Bistability in Toom’s model is caused by the chiral updating rules enabling a
majority phase to eliminate the minority phase. This can be simply explained
in terms of surface-energy dependency on the orientation of the underlying
domain walls separating the two phases. Suppose we have a minority is-
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land (of either ∣↑⟩ or ∣↓⟩ states) in the form of an isosceles right triangle. As
seen in Fig. B.2(a), one can estimate local surface tension σθ -with θ denot-
ing the interface orientation- in terms of the corresponding 3-site variational
norm. More precisely, we define σθ as the “energy” difference between the
north-center-east state at the current time and after a spin-flip operation on
the central site (similar to the form of updating rules). For the noiseless
updates, i.e. µ = ν = 0, while the surface tension on the hypotenuse is pos-
itive, that is σ45○ = F∣↓↑↓⟩, the surface tension of the vertical and horizontal
interfaces vanish. Since the system tends to lower the surface tension, the
hypotenuse moves toward the southwestern direction while the legs stay mo-
tionless. Eventually, this wipes out the minority island of either phase giving
rise to the expected bistability.

The above argument holds even in the case of having sufficiently small
noise where σ45○ > σ0○ +σ90○ . In other words, the domain-wall kinetics can be
effectively described as

∂R

∂t
∝ − (σ45○ − σ0○ − σ90○) , (B.5)

where R denotes the radius of a fictitious circular droplet inscribed in the
triangular island. Crucially, if the r.h.s of the equation is negative, the droplet
constantly shrinks irrespective of its size. In Fig. B.2(b), we illustrate the
shrinkage process by solving the Langevin equation for a lattice of 20 × 20
sites using the Euler-Maruyama method [195]. As the initial state in the
simulation, we consider a square-shaped minority island with a length of 10
whose state is favored by the bias and the bulk being in the unfavored state.
We observe that in the case of zero white noise, the square-shaped island
gradually turns into a triangle, and then the aforementioned shrinkage takes
place. It is worth mentioning that according to the variational calculations,
the white noise is very small in the bistable region. Therefore, the overall
dynamics is roughly consistent with the mentioned geometrical argument.

Concerning the numerical estimation of the phase diagram, we thereupon
considered a minority island in the form of an isosceles right triangle with
the length of 10 sites sitting in the middle of a 20 × 20 lattice with periodic
boundary condition. Next, we solved the Langevin equation by averaging
over 100 samples. Finally, to assess the steady state we have calculated
the averaged value of the order parameter ⟨φ⟩ in the long-time limit of the
dynamics.
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a

b
t/td = 0 t/td = 10

t/td = 20 t/td = 30

Figure B.2: (a) Orientational surface tension on a triangular minority island
circumscribing a droplet of radius R. (b) Time evolution of a 10×10 minority
island of the stable state encircled by the less-stable state on 20 × 20 square
lattice with T = 0.75, H = 0.001, and zero white noise.
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Appendix C

Correlated jump operators in
Rydberg atoms

C.1 Adiabatic elimination

In the context of open quantum systems, while studying the full system-
environment is usually impossible, an effective description of the system it-
self is feasible in specific cases such as the weak-coupling limit of the system-
environment interaction. Similarly, given a quantum system with several
interacting subsystems, one might be only interested in obtaining the dy-
namics of a particular subsystem of interest. This is possible if the subsys-
tem of interest is weakly coupled to the other subsystems and has relatively
lower dissipation rates. The so-called adiabatic elimination is highly useful
to engineer many-body interactions. Building upon this technique, we are
interested in tailoring 3-body correlated jump operators. In the following,
we exemplify that using 3-level Rydberg atoms under proper conditions.

C.2 Tailoring correlated jump operators

We assume that we have three Rydberg atoms with three levels for each,
{∣gi⟩, ∣pi⟩, ∣ri⟩}. Here is the corresponding Hamiltonian

HRyd = ωaux

3

∑
i=1

∣pi⟩⟨ri∣ +H.c. + ωp
3

∑
i=1

∣pi⟩⟨pi∣ + Vrr∑
⟨ij⟩

∣rirj⟩⟨rirj ∣, (C.1)

since we are interested in the open boundary condition there is no inter-
action between site 1 and site 3, i.e. ⟨ij⟩ ∈ {12,23}. We also consider a
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C. Correlated jump operators in Rydberg atoms

spontaneously decay from the intermediate state ∣pi⟩ to the ground state ∣gi⟩,
i.e.

ci =
√
γ∣gi⟩⟨pi∣, (C.2)

where γ denotes the decay rate. Now, in order to proceed with the adiabatic
elimination of {∣pi⟩}, we divide the Hilbert space of our model into a ground-
state subspace Hgr, and an excited-state subspace He. Accordingly, one can
decompose the Hamiltonian as follows

HRyd = (Pgr + Pe)HRyd(Pgr + Pe)

= PgrHRydPgr + PeHRydPe + PeHRydPgr + PgrHRydPe,

≡Hgr +He + V+ + V−,

(C.3)

where V = V+ + V− couples the subspaces and the projection operator Pgr =
1 − Pe is defined as Pgr = 1

(1)
gr ⊗ 1

(2)
gr ⊗ 1

(3)
gr with 1

(i)
gr ≡ ∣gi⟩⟨gi∣ + ∣ri⟩⟨ri∣. The

next step is to to diagonalize the ground-state Hamiltonian Hgr in the form
of Hgr = ∑lElPl yielding

P0 = ∣ggg⟩⟨ggg∣, E0 = 0,

P1 = ∣rgg⟩⟨rgg∣, E1 = 0,

P2 = ∣grg⟩⟨grg∣, E2 = 0,

P3 = ∣ggr⟩⟨ggr∣, E3 = 0,

P4 = ∣rgr⟩⟨rgr∣, E4 = 0,

P5 = ∣rrg⟩⟨rrg∣, E5 = Vrr,

P6 = ∣grr⟩⟨grr∣, E6 = Vrr,

P7 = ∣rrr⟩⟨rrr∣, E7 = 2Vrr.

Let us to express V+ in terms of the basis Pl such that V+ ≡ ∑l V l
+ ≡ ∑l V+Pl

where

V 0
+ = 0,

V 1
+ = ωaux∣pgg⟩⟨rgg∣,

V 2
+ = ωaux∣gpg⟩⟨grg∣,

V 3
+ = ωaux∣ggp⟩⟨ggr∣,

V 4
+ = ωaux(∣pgr⟩ + ∣rgp⟩)⟨rgr∣,

V 5
+ = ωaux(∣prg⟩ + ∣rpg⟩)⟨rrg∣,

V 6
+ = ωaux(∣gpr⟩ + ∣grp⟩)⟨grr∣,

V 7
+ = ωaux(∣prr⟩ + ∣rpr⟩ + ∣rrp⟩)⟨rrr∣.
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C.2 Tailoring correlated jump operators

Following the procedure in Ref. [196], one can obtain an effective Hamil-
tonian and effective jump operators as follows

Heff = −
1

2
V−∑

l

[(Ol
NH)

−1 + ((Ol
NH)

−1)
†
]V l

+ +Hgr, (C.4)

c
(m)
eff = cm∑

l

(O
(l)
NH)

−1V l
+, (C.5)

where O(l)NH is a non-Hermitian operator which is defined as

O
(l)
NH =He − i/2∑

k

ckc
†
k −El

O
(l)
NH =

3

∑
m=1

(ωp −El − i
γ

2
)∣pm⟩⟨pm∣⊗ 1gr ⊗ 1gr

+ Vrr∣prr⟩⟨prr∣ + Vrr∣rrp⟩⟨rrp∣.

The effective process consists of an initial excitation V l
+ from ground state

l, an intermediate propagation ONH in the excited subspace, and eventually
either a de-excitation V− to the ground state subspace corresponding to the
effective Hamiltonian, or a decay ck to ∣gm⟩ representing the effective jump
operators.

In or case, the effective Hamiltonian takes the following form

Heff =Vrr ∑
<ij>

∣rirj⟩⟨rirj ∣⊗ 1gr

− ω2
aux∣rm⟩⟨pm∣∑

m

[ωp + (δ̃∣f⟩ − δ̃
′

⟨i∣)Vrr]

[ωp + (δ̃∣f⟩ − δ̃
′

⟨i∣)Vrr]
2

+ γ2/4
(∣pm⟩⟨rm∣⊗ 1gr ⊗ 1gr),

where

δ̃∣f⟩ =

⎧⎪⎪
⎨
⎪⎪⎩

1 if ∣f⟩ ∈ {∣prr⟩, ∣rrp⟩},

0 otherwise,

and

δ̃
′

⟨i∣ =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

2 if ⟨i∣ = ⟨rrr∣,

1 if ⟨i∣ ∈ {⟨grr∣, ⟨rrg∣},

0 otherwise.

Also, the effective jump operators can be written as

c
(m)
eff = ∣gm⟩⟨pm∣

ωaux
√
γ

ωp + (δ̃∣f⟩ − δ̃
′

⟨i∣)Vrr − iγ/2
(∣pm⟩⟨rm∣⊗ 1gr ⊗ 1gr), (C.6)
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which represents the following effective jump operators

c1
eff = ωaux

√
γ[λ1∣ggg⟩⟨rgg∣ + λ1∣ggr⟩⟨rgr∣ + λ2∣grg⟩⟨rrg∣ + λ2∣grr⟩⟨rrr∣],

c2
eff = ωaux

√
γ[λ1∣ggg⟩⟨grg∣ + λ2∣rgg⟩⟨rrg∣ + λ2∣ggr⟩⟨grr∣ + λ3∣rgr⟩⟨rrr∣],

c3
eff = ωaux

√
γ[λ1∣ggg⟩⟨ggr∣ + λ1∣rgg⟩⟨rgr∣ + λ2∣grg⟩⟨grr∣ + λ2∣rrg⟩⟨rrr∣],

where

λ1 = (ωp − iγ/2)
−1,

λ2 = (ωp − Vrr − iγ/2)
−1,

λ3 = (ωp − 2Vrr − iγ/2)
−1.

To further simplify the effective operators, we assume a strong Rydberg-
Rydberg interaction, i.e. Vrr ≫ 1, and a resonance condition of ωp = 2Vrr.
Consequently, the three jump operators are reduced to a single operator, i.e.

c1
eff = 0,

c2
eff = i2ωaux/

√
γ∣rgr⟩⟨rrr∣,

c3
eff = 0.

Finally, we can describe the original 3-level Rydberg atoms in terms of 2-level
atoms with the following effective Hamiltonian and effective jump operator

Heff =Hgr = Vrr ∑
<ij>

P
(i)
r P

(j)
r , (C.7)

ceff = i
2ωaux
√
γ
P
(1)
r σ

(2)
− P

(3)
r . (C.8)

The complex coefficient corresponds to an effective decay rate that is given
by

γeff = ∣⟨rgr∣ceff∣rrr⟩∣
2 =

4ω2
aux

γ
. (C.9)

Therefore, we demonstrated a successful engineering of a typical correlated
jump operators using the technique of adiabatic elimination. More advanced
protocols can be found in Refs. [174, 117].

128



Appendix D

Frozen Rydberg gases and the
Ising model

In this section, we analyze the structure of the Rydberg Hamiltonian includ-
ing long-range vdW interactions by converting it into Ising-type interaction.
Moreover, we will show that the resulting characteristic values of the laser
detuning don’t change the expected liquid-gas phase transition.

D.1 Rydberg vs. Ising Hamiltonian

Rydberg Hamiltonian resembles the transverse-field Ising Hamiltonian with
long-range interactions, i.e.

HIsing =
Ω

2
∑
i

σ
(i)
x + V ∑

i<j

σ
(i)
z σ

(j)
z

∣ri − rj ∣6
, (D.1)

being a more well-known model. However, there are two differences between
these two Hamiltonians. First, the Ising interaction σ

(i)
z σ

(j)
z does not ex-

clude ground state interactions as the Rydberg-Rydberg interaction does.
Second, the Rydberg Hamiltonian contains additional terms proportional to
σ
(i)
z which corresponds to a longitudinal magnetic field in the spin language.
However, by expanding Rydberg interactions in terms of σz, one can

obtain Ising interactions and cancel out the longitudinal field by an effective
detuning. Having said that, reducing Rydberg interactions to Ising ones may
kill the particular properties of Rydberg gases such as the blockade effect.
Therefore, the trick is to keep the Rydberg form of the Hamiltonian within
a length greater than blockade radius, rc > rb, and apply the reduction to
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Ising model for larger values of the so-called cutoff radius rc as follows

HRyd = −
∆

2
∑
i

σ
(i)
z +

Ω

2
∑
i

σ
(i)
x +

C6

a6 ∑
rij≤rc

P
(i)
r P

(j)
r

r6
ij

+
C6

4a6 ∑
rij>rc

σ
(i)
z + σ

(j)
z

r6
ij

+
C6

4a6 ∑
rij>rc

σ
(i)
z σ

(j)
z

r6
ij

+
C6

4a6 ∑
rij>rc

1(i)1(j)

r6
ij

,

(D.2)

where rij = ∣ri − rj ∣. Since the last term only shifts the total energy of the
system, we can ignore it. Hence, we have

HTrans =( −
∆

2
+ ṼIsing)∑

i

σ
(i)
z +

Ω

2
∑
i

σ
(i)
x

+
C6

a6 ∑
rij≤rc

P
(i)
r P

(j)
r

r6
ij

+
C6

4a6 ∑
rij>rc

σ
(i)
z σ

(j)
z

r6
ij

,

(D.3)

where
ṼIsing =

C6

4a6 ∑
rij>rc

1

r6
ij

. (D.4)

As mentioned before, we can cancel out the longitudinal field by an ap-
propriate choice of the detuning, i.e., ∆(rc) = 2ṼIsing(rc). Crucially, at the
extreme case of rc = 0, the resulting value of detuning ∆(rc = 0) is very large
such that it compensates for the energy shift by the strong vdW interaction,
leading to the anti-blockade regime. However, we are interested in the regime
of finite rc where the blockade effect is under control. From now on, we call
to these values of detuning as transverse points. To obtain these points, let
us first calculate the value of ṼIsing, ie.e

ṼIsing =
C6

4a6

⎡
⎢
⎢
⎢
⎢
⎣

+∞

∑
′

rij=−∞

1

r6
ij

− ∑
rij≤rc

1

r6
ij

⎤
⎥
⎥
⎥
⎥
⎦

, (D.5)

where the primed sum indicates that the zero point is excluded. Using the
notion of Dirichlet series, the first term of the above equation describing
distances on a square lattice, is equivalent to

+∞

∑
′

−∞

1

r6
ij

=

+∞

∑
′

−∞

1

(i2 + j2)3

= 4ζ(3)β(3),

(D.6)

where β(x) is the Dirichlet β-function and ζ(x) is the Riemann ζ-function
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rc ṼIsinga6/C6 ∆

0 ζ(3)β(3) 2055.0144

1 ζ(3)β(3) − (1) 290.6422

√
2 ζ(3)β(3) − (1 + 1

8
) 70.0957

2 ζ(3)β(3) − (1 + 1
8 +

1
64
) 42.5274

√
5 ζ(3)β(3) − (1 + 1

8 +
1
64 +

2
125

) 14.2974

√
8 ζ(3)β(3) − (1 + 1

8 +
1
64 +

2
125 +

1
512

) 10.8514

3 ζ(3)β(3) − (1 + 1
8 +

1
64 +

2
125 +

1
512 +

1
729

) 8.4311

Table D.1: Transverse points of the laser detuning in the Rydberg Hamilto-
nian for C6 = 20MHzµm6 and a = 0.532µm.

[197]. We recall that β(3) = π3/32 and ζ(3) ≈ 1.202057 is the sum of the
reciprocals of the positive cubes which is known as the Apery’s constant.
Therefore, we can express Eq. (D.5) as follows

ṼIsing =
C6

a6

⎡
⎢
⎢
⎢
⎢
⎣

ζ(3)β(3) − ∑
rij≤rc

f(i, j)

r6
ij

⎤
⎥
⎥
⎥
⎥
⎦

, (D.7)

where

f(i, j) = {
2 if i ≠ 0 and i ≠ j,
1 otherwise.

In Table D.1, we present the transverse points of the laser detuning for 0 <

rt < 3 and the vdW coefficient of C6/a6 = 882MHz.
To further proceed, it is possible to have an effective low-energy descrip-

tion of the aforementioned model with HTrans and the associated cutoff radius
rc. A short-range Ising model can be served as the effective model with the
following Hamiltonian,

Heff = hz(rc)∑
i

σ
(i)
z +

Ω

2
∑
i

σ
(i)
x + Jeff(rc)∑

⟨ij⟩
σ
(i)
z σ

(j)
z , (D.8)

with hz(rc) = −∆/2+ ṼIsing and Jeff(rc) = ṼIsing. Now, considering two consec-
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rc1 rc2 ∆∗

0 1 509.2595

1
√

2 112.9505

√
2 2 52.9374

2
√

5 21.4002

√
5

√
8 12.3383

√
8 3 9.4893

Table D.2: Midpoints of the laser detuning in the Rydberg Hamiltonian for
the same value of C6 as in Table D.1.

utive cutoff radii, say rc1 and rc2 , we want to find a specific value of detuning
∆rc1

< ∆∗ < ∆rc2
such that the corresponding effective descriptions become

equivalent, i.e.

∣hz(rc1)∣

Jeff(rc1)
=

∣hz(rc2)∣

Jeff(rc2)
→∆∗ =

2∆(rc1)∆(rc2)

∆(rc1) +∆(rc2)
. (D.9)

We refer to these values as midpoint of the laser detuning, see Table D.2.

D.2 Numerical simulation

We are now in a position to investigate if the transverse points and/or the
midpoint of the laser detuning can change the nature of the expected liquid-
phase transition. Figure D.1(a) demonstrates the expected first-order phase
transition for different values of the laser detuning including transverse points
and midpoints. As seen in the inset, the first-order line remains intact even
at the characteristic values of detuning. Crucially, similar to the previous
results in Section 5.4.1, this is associated with a persistent blockade effect,
as shown in Fig.D.1(b). Indeed, here also the blockade radius decreases by
increasing ∆.
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Figure D.1: Variational results for the steady state of 2D driven-dissipative
Rydberg gases with γa/2π = 1MHz. (a) A first-order transition is shown
in terms of Rydberg density for different values of detuning ∆ including
transverse points and midpoints. The inset shows the first-order line in the
plane of ∆ − Ω. (b) Pair correlation function g2 demonstrates a decrease
in Rydberg blockade radius by increasing ∆ at Ω/2π = 40MHz (In these
calculations cluster size is 9 × 9).
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