On a three-dimensional model for MEMS
with hinged boundary conditions

Von der Fakultat fiir Mathematik und Physik
der Gottiried Wilhelm Leibniz Universitat Hannover

zur Erlangung des Grades
Doktorin der Naturwissenschaften

Dr. rer. nat.

genehmigte Dissertation von

M.Sc. Katerina Nik

2020



Referent Prof. Dr. Christoph Walker

Korreferenten Prof. Dr. Joachim Escher

Dr. habil. Philippe Laurencot

Tag der Promotion 15.05.2020



Abstract

We study a free boundary problem arising from the modeling of an idealized electrostat-
ically actuated MEMS device. In contrast to existing literature, we consider a three-
dimensional device involving a hinged elastic plate. The model couples the electrostatic
potential to the displacement of the elastic plate, which is caused by a voltage difference
that is applied to the device. The electrostatic potential is harmonic in the free domain
between the elastic plate and a rigid ground plate. The elastic plate displacement solves
a fourth-order parabolic equation with hinged boundary conditions and a right-hand side
proportional to the square of the trace of the gradient of the electrostatic potential on the
elastic plate. We establish local and global well-posedness of the model in dependence of
the applied voltage difference and show that only touchdown of the elastic plate on the
ground plate can generate a finite time singularity. Next, we consider stationary solutions
and prove that such solutions exist for small voltage values and do not exist for large
voltage values. To prove the nonexistence result, we show that the fourth-order elliptic
operator with hinged boundary conditions satisfies a positivity preserving property and
has a positive eigenpair.

Keywords: MEMS, free boundary problem, hinged plate, well-posedness, positivity pre-
serving property, nonexistence.
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Chapter 1

Introduction

A free boundary problem consists of one or more partial differential equations (PDEs)
which have to be solved in a domain with a boundary that is partly unknown a priori; this
part is accordingly named a free boundary. Thus, in addition to the standard boundary
conditions that are needed to solve the PDEs, an extra condition must be prescribed on
the free boundary. One then wishes to determine both the free boundary and the solution
of the PDEs. As the behavior of the free boundary depends on the solution, the problem
as a whole is going to be a nonlinear problem which greatly complicates the analysis. The
theory of free boundary problems has seen great progress in the last forty years. Moreover,
many problems in physics, chemistry, biology, mechanics, and other areas can be described
as free boundary problems.

The present thesis deals with a free boundary problem that arises in the modeling
of microelectromechanical systems (MEMS), that is, integrated electromechanical devices
with a size on the order of micrometers. Richard Feynman, in his famous 1959 lecture
“There’s Plenty of Room at the Bottom” [21], predicted that MEMS will become an
important and indispensable field of scientific research in the 21st century:

“It is a staggeringly small world that is below. In the year 2000, when they
look back at this age, they will wonder why it was not until the year 1960 that
anybody began seriously to move in this direction.”

Nowadays, there are a wide variety of applications for MEMS to report on: MEMS are
commonly used as microsensors or microactuators, they appear in accelerometers and
gyroscopes, they have commercial applications, e.g., in radio frequency (RF) switches,
micropumps for inkjet printer heads and micromirrors for projection displays, and are
even used in the medical field, e.g., to measure blood pressure within the body. Many
more examples can be found in [65, 74, 85]. A number of different sensing and actuation
properties like piezoelectric, piezoresistive, electrostatic, thermal, electromagnetic, and
optical have been used in MEMS [65]. Of these, electrostatics is often the preferred
technique.

Most of the electrostatically actuated MEMS devices consist of an elastic plate sus-
pended above a rigid ground plate and operate in a similar fashion: Holding both plates
at different voltages induces an electric field and hence a Coulomb force, resulting in a
mechanical deformation of the elastic plate. When a sufficiently large voltage difference is
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applied, the elastic plate may touch down on the rigid plate, creating a so-called “pull-in
instability”. This instability may limit the effectiveness of some devices such as micromir-
rors and microresonators but be essential for the operation of others such as switches
and microvalves. Such pull-in instability was first experimentally observed by Taylor [82]
and Nathanson et al. [67]. Understanding and quantifying this instability is a topic of
technological and mathematical interest.

An introduction to the mathematical theory of MEMS devices can be found in [74].
Recently, the following idealized model for an electrostatically actuated MEMS device
has been proposed, see [19, 53, 74]: There is a thin elastic plate that is clamped on its
boundary and lies above a rigid grounded plate. Let D C R"™ with n = 1,2 be a bounded
smooth domain representing the identical shapes of the two plates and consider a function
u(t,z) of time ¢t > 0 and = € D with u > —1. The MEMS device will be modeled by the
(n + 1)-dimensional domain

Qu(t)) = {(z,2) eR"™™ . 2 € D, -1 < 2z < u(t,z)},

and its two horizontal boundary components will be denoted by &, = {2z = u(t,z)}
and &_; = {z = —1}. The function u models the n-dimensional displacement of the
elastic plate from &y when a positive voltage difference is applied to the device ©(0). The
electrostatic potential in the region between both plates is denoted by 1 and it satisfies
Laplace’s equation, equals to one on the upper and vanishes on the lower plate, and is
assumed to be an affine function of z on the lateral boundary components. The evolution
of the elastic plate starts from its initial position u(0,z) = u%(z) at its initial velocity
Oyu(0,2) = ul(z) and is described by a fourth-order damped wave equation with a right-
hand side that depends on the square of the trace of the gradient of the electrostatic
potential on the elastic plate. By rescaling, there is a parameter ¢ > 0 called the aspect
ratio of the device, that is, the ratio between the vertical and horizontal length scales.

Let V' and A’ denote the gradient and the Laplace operator with respect to € D for
functions of x and z. Then, the problem reads

2N + 02 =0 in Qu), t>0 (1.1)
1+2
Y = T on 09Q(u), t > 0, (1.2)
?Ofu+ O+ BA%u — TAu = — M| V'Y|* + (9.9)%} on B,,t >0, (1.3)
u=0d,u=0 on 0D, t > 0, (1.4)
u(0,-) =u°, Bwu(0,) =u in D, (1.5)

2 is a ratio of inertial

with v denoting the outward unit normal on 9D. The parameter «
terms and a damping constant, while 5 > 0 and 7 > 0 are related to bending and stretching
of the elastic plate, respectively. The Dirichlet boundary conditions (1.4) mean that the

elastic plate is clamped. Note that (1.1)-(1.5) is a free boundary problem since the domain
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Q(u) and its boundary component &,, are a priori unknown and depend on the solution
(u, ). For this reason, equations (1.1) and (1.3) are strongly coupled.

In (1.3), A > 0 is a tuning parameter proportional to the square of the applied voltage
difference. Accordingly, the pull-in instability is expected to take place if A is large enough.
This, though, is rather well-understood for the “vanishing aspect ratio model”, obtained
by formally setting e = 0 in (1.1)-(1.5). Such an assumption is often made in MEMS and

allows one to explicitly solve for the potential, that is, v = (14 2)/(1 4+ u) in Q(u), t > 0,
thus reducing the free boundary problem to the singular evolution equation

A

Oégatzu + atu + BAQU — TAU = —m

in D, t>0, (1.6)
subject to (1.4) and (1.5) solely involving u. A serious difficulty for its study is caused by
the lack of a maximum principle in general for the fourth-order operator A% — 1A with
Dirichlet boundary conditions. But if one restricts one’s attention to the unit ball, then
one does have a positivity preserving property (PPP) for the bilaplace operator A2 due
to Boggio [9]. That is, BA2%u > 0 implies u > 0. Boggio’s result was recently extended in
[49] to the operator BA2 — 7A in radial symmetry.
On the contrary, in the case of Navier boundary conditions, i.e.,

u=Au=0 ondD, (1.7)

BA? — 7A enjoys a PPP in arbitrary smooth domains. This fact has been applied in
[19, 34, 60] to prove the existence of a threshold value \* of A so that there is at least one
stationary solution to (1.6)-(1.7) for 0 < A < A* and no stationary solution for A > A\*.
Concerning the evolution equation (1.6) subject to Navier boundary conditions (1.7), it is
shown in [32] that there exists a A such that, if 0 < A < A < \*, the solution exists globally
in time, while, if A > A\*, then the solution must touch down to u = —1 at some finite time
T*. In addition, some other interesting results have also been obtained by these authors.

When D equals the strip (—1,1) C R or the unit disk B; C R2, then some results are
also available for (1.6) under Dirichlet boundary conditions (1.4). See [19, 47, 61]. The
results, however, are less complete and there are still open questions.

When the upper component of the device is modeled by a membrane rather than a
plate, that is, when 5 = 0, (1.6) reduces to a second-order evolution equation that has been
studied extensively in recent years, and there are now many established results concerning
the behavior of solutions. See [10, 19, 22, 57] and the references therein for a thorough
account. Several variants of the second-order model have also been studied in [73, 75, 58].

Far less is known about the free boundary problem (1.1)-(1.5) with ¢ > 0, which, due
to the present coupling of u and 1, turns out to be even more involved. For this case, the
literature is particularly sparse. A few recent papers, however, take a first step towards
demonstrating the presence of the pull-in instability; i.e., there is a number A* > 0 such
that when A > A*, (1.1)-(1.5) possesses no stationary solutions and will touch down to
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u = —1 in finite time. See [52, 48] for the case when D is the strip (—1,1) and [45, 51]
for the parabolic (v = 0) version with a two-dimensional convex domain D. It should be
mentioned here that the nonexistence result of [51] is limited to the unit disk By due to
the absence of PPP in general geometries.

Much more literature can be found on the second-order parabolic (a« = 3 = 0) equiva-
lent of (1.1)-(1.5) and variants thereof. See [11, 15, 18, 55, 40] and the references therein.

The present thesis offers the following new contributions to the topics introduced so far:
There is a rigid ground plate of shape D C R? and a thin elastic plate of the same shape
at rest which is suspended above the rigid one. We assume here that the elastic plate is
hinged at its boundary, that is,

u=0 ondD, (1.8)

but unlike the clamped case, we do not prescribe d,u = 0 on dD. In that case, the function
u additionally satisfies a natural boundary condition, namely

Au—(1—-0)kd,u=0 on dD, (1.9)

with Poisson ratio o € (—1,1) and boundary curvature x. These boundary conditions are
sometimes called “Steklov” due to their first appearance in [79] and may be considered
as an intermediate situation between Navier and Dirichlet boundary conditions. A free
boundary problem for an idealized electrostatically actuated MEMS device involving a
hinged upper plate is derived in detail in Chapter 2. The model consists of a fourth-order
parabolic equation with Steklov boundary conditions for the elastic plate displacement
u which is coupled to an elliptic equation for the electrostatic potential v in the free
domain between the elastic and the ground plate. In particular, this model corresponds to
the problem (1.1)-(1.5) with @ = 0 and Steklov boundary conditions (1.8)-(1.9) instead of
Dirichlet boundary conditions (1.4). To the best of our knowledge, this model has not been
discussed in the literature up to now. In analogy to the model with Dirichlet boundary
conditions, we assume that D C R? is a bounded and convex domain with a sufficiently
smooth boundary. In Chapter 3, we show that our model is locally well-posed in time and
that solutions exist globally for small values of A. A criterion for global existence implying
that a finite time singularity can only result from touchdown of the elastic plate on the
ground plate is obtained in Chapters 4 and 5. In Chapters 6 and 7, we show that the
operator BA? — 7A, subject to the boundary conditions (1.8)-(1.9), satisfies a PPP in D
and further establish the existence of a positive eigenpair. Founded on these results, we
derive the existence of an asymptotically stable stationary solution for small values of A
and the nonexistence of stationary solutions for large values of A\. This is done in Chapter
8. Appendices A and B collect proofs of auxiliary results and Appendix C contains an
alternative proof of the nonexistence result for stationary solutions. At the end of Chapter
2 we give a short overview of the main results and address some open problems.



Chapter 2

A mathematical model for electrostatic MEMS
with a hinged top plate

In this chapter, we propose a new mathematical model for the study of the stationary and
dynamical behavior of an idealized electrostatically actuated MEMS device. The geometry
of the MEMS device is sketched in Figure 2.1.

<)
|||—

PN elastic plate

l(]

ground plate

Figure 2.1: Geometry of the idealized MEMS device

The type of MEMS device under consideration consists of a rigid ground plate and a
thin elastic plate which is suspended above the rigid one and hinged on its boundary. Both
plates are perfect conductors and a dielectric medium, generally air or vacuum, fills the
space in between. When a positive voltage difference is applied to the device, an electric
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field is created in the space between the elastic plate and the rigid plate and a Coulomb
force causes a mechanical deformation of the elastic plate, thereby changing the geometry
of the device. The induced Coulomb force is varied in strength by varying the applied
voltage difference. In practical applications, however, the applied voltage difference has
an upper limit, beyond which the electrostatic attractive force is not balanced by the
mechanical restoring force in the elastic plate that eventually snaps and touches down
on the rigid plate, and the MEMS device collapses. This phenomenon, known as pull-in
instability, is a key limiting factor in the effectiveness of our device, and the corresponding
voltage is called pull-in voltage. Thus, for designing and manufacturing purposes of the
device it is important to know the precise value of the pull-in voltage. The applied voltage
difference will appear in the model as a parameter.

The modeling of the above-described MEMS device involves the electrostatic potential
between the two plates and the deformation of the elastic plate, which is assumed to be
small and only in the vertical direction. To be more specific, let us consider a rigid ground
plate of shape D C R? and a thin elastic plate with the same shape D at rest and being
made of a homogeneous isotropic material; see Figure 2.2 for a cross section of the geom-
etry of our MEMS device. The plates are assumed to be perfectly electrically conducting
and are separated by air or vacuum as a dielectric (i.e., the relative permittivity is one).
The ground plate is located at height 2 = —H and held at zero voltage, while the elastic
plate at rest is located at z = 0. When a voltage V' > 0 is applied to the top plate, an elec-
tric field is generated causing a deformation of the top plate from rest whose displacement
in the z-direction is modeled by the function u = u(z) for = = (z1,22) € D.

The elastic plate is assumed to be hinged, meaning that the vertical position at the
boundary is fixed. This gives

u(z) =0, x € 0D.

Moreover, we shall see in Section 2.2 below that the hinged plate additionally satisfies a
natural boundary condition. Next, let ¥, = 1, (z,2) denote the electrostatic potential
defined in the region

Qu) :={(xz,2) e DxR; —H < z < u(z)}

between the two plates. In order to avoid the top plate touching the ground plate and
thus making the region (u) disconnected, we presuppose that u(x) > —H for x € D.
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: \ elastic plate

Q(u)

: / ground plate D

Figure 2.2: Cross section of the idealized MEMS device

The remainder of this chapter is organized as follows. In the section below, we formu-
late the equations governing the electrostatic potential .

In Section 2.2, we derive the governing equations for the vertical displacement u of the
elastic plate by applying a variational principle to the total energy £ of the MEMS device.
Then, assuming that u is a function of time ¢, i.e., u = u(¢,z), we present the equation
describing the motion of the device.

In Section 2.3, we combine the equations for the potential and the plate displacement
to get a free boundary problem. It couples a fourth-order semilinear parabolic equation
for the displacement u of the elastic plate with the Laplace equation for the electrostatic
potential v, in the device. Finally, we rewrite the free boundary problem in a non-
dimensional form.

In Section 2.4, we provide a short outline of the subsequent chapters.

2.1 Governing equations for the electrostatic potential 1,

By virtue of Gauss’s law, see [37, Section 1.7], the electrostatic potential 1), for a given
displacement u solves the Laplace equation

0 A, =0 in Q(u), (2.1)
along with the boundary conditions

%(% _H) =0, wu(xvu(x)) =V, reD,
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where the constant gg is the vacuum permittivity. The boundary conditions of v, given a
priori only on the ground plate and on the elastic plate are continuously extended to the
vertical sides of Q(u) by

ul, 2) = W v €dD, ¢ (—H,0),
and hence
V(H+ =z
Yu(z,2) = H(—l—’tj(:r))’ (x,2) € 00(u). (2.2)

2.2 Governing equations for the plate displacement u

2.2.1 Involved energies

In this subsection we give all the energy contributions involved in the MEMS device aiming
to derive the Euler-Lagrange equation. The total potential energy £ of the MEMS device
is the sum of the mechanical energy &, and the electrostatic energy &, i.e., for a given
displacement u, it holds

E(u) :=Em(u) + E(u).

Electrostatic energy of the MEMS device

According to [56, Section 2.1], the electrostatic energy is given by

€
Eelw) :=—5 | [Vyud(z,2), (2.3)
Q(u)
where 1), is, for a sufficiently smooth u : D — (—H,00), the maximizer of the Dirichlet
integral
- %0 (V9|2 d(z, 2) (2.4)

in the set of functions ¥ € W3 (2(u)) satisfying the boundary condition (2.2).

Clearly, we have & (u) < 0. Let us note that the functional £ depends on the dis-
placement u not only via its domain of integration Q(u), but also via the potential 1),
which itself depends implicitly on u. We further remark that, given a displacement w,
equations (2.1)-(2.2) for the electrostatic potential can be obtained by using the fact that
it is a critical point of the functional (2.4) with respect to ¥.

Mechanical energy of the MEMS device

The mechanical energy &, of the device is composed of two terms. The first term cor-
responds to the energy due to bending and torsion of the plate and the second term is
determined by the change of the surface area of the plate.
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The Kirchhoff-Love model [39, 62] for the energy corresponding to bending and torsion
is given by

1
B/ <2 (KT + K3) + UK1K2> dz, (2.5)
D

where K7 and K» are the principal curvatures of the graph of u. See also [12, p.250],
[24, Section 1.1.2], and [64, Chapter 6]. The parameter o denotes the Poisson ratio, that
is, the ratio between bending and torsion. It is a physical constant that depends on the
material of the plate and is usually positive, although auxetic materials have a negative
Poisson ratio, see [20]. The Poisson ratio for metals is close to 0.3, see [62, p.105], while
for concrete it ranges from 0.1 to 0.2. In any case, see also [20, 62], it always holds true
that —1 <o < % From a mathematical point of view, it suffices to assume that

-1<o<l1.

The parameter B defines the flexural rigidity of the plate, a measure of its resistance to
deformation. For physical reasons it holds that B > 0; see, e.g., [84, Section 2.3].
For a small displacement u, the following approximations hold:

(K1+ K3)*  (Au)?
2 2

and K K> ~ det(VZu) = 02 u02,u — (03,05,u)°,
where V2u is the Hessian matrix of u. Therefore,

(Kl + K2)2
2

zlAuz—i— 1—0)((0p, 00 1) — 0% ud> u (2.6
2 2 1 X1 T2

(K12+K22)+0'K1K2: —(1—0)K1K2

N

and thus (2.5) becomes

B/D {%(AU)Q (1= 0)(Drayu)” — 2, ud,u) ) o

Next, prestressing the plate and then fixing the horizontal displacement at the boundary

PL(W—l)dw,

which we may call the stretching energy. Here, P € [0,00) is the (pre)stress parameter.

results in the term

This term is a result of the larger surface area for nonzero u compared with v = 0. For a
small displacement u, the approximation /1 + [Vu|2 — 1 & |Vu|?/2 leads to the Dirichlet

integral
P
/ |Vul|® da.
2 Jp

Consequently, for a small vertical displacement u, the mechanical energy of the plate D
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approximately equals

u) = B/D {% (Au)? + (1 — U)((E)mazlu)Q — 8§1u8§2u)} dz + g /D |Vul*dz. (2.7)

Let us make a few comments on the mechanical energy (2.7).

Remark 2.2.1 The mechanical energy is nonnegative. In fact, since P > 0, we have
g Ip |Vu|>dz > 0. By applying Young’s inequality and by using o € (—1,1) and B > 0,
we easily obtain that

B/ { (Au)? + (1 — 0) ((Opy Oy u)? — 8§1u8§2u)] dx

:B/ %
zB/ %(a
(1

> B/ 2D (@2 012 + @2,002) + (- o) (amaxlu)?] da

1
(0, u)® + B (3§2u)2 +(1- cr)(@mzélvlu)2 + a@%w@éu] dz

2
2

WP 5 O+ (1= )0y = 1 (02,07 + @E?) | o

= 1;|0|) / [(ailu)Q + (8§2u)2 + 2(3x28$1U)2] dz > 0,
D

and so, Ep(u) > 0.

For large deformations of the elastic plate, we cannot simply start with the combination
(2.5) of curvatures, but have to consider an energy formulation that takes into account
the displacements in all three directions. Let us note:

Remark 2.2.2 For large deformations, we do not have linear strain-displacement rela-
tions resulting in (2.6). Consider a thin plate — a three dimensional body of uniform
thickness h > 0 that is small compared to the other two dimensions — having a mid-
dle surface dividing the thickness. Prior to its deformation, the plate’s middle surface is
assumed to occupy the region D in the x1xo-plane. Assuming moderately large deforma-
tions and considering the Kirchhoff-Love hypothesis, we get the (von Karman) nonlinear
strain-displacement relations (see [43, Section 1.5] or [76, Section 3.3])

e11 = Oyyw + 1(3 u)? — z@%lu
€92 = Op,¥ + 5 (3x2u) z@%Qu (2.8)
€12 =3 L (0w + 0y v + Oy U Opytt — 220,05, 1)
e13 =¢e3 =0,
where w = w(z), v = v(z), and u = u(x) denote the components (in the xi, x2, and z
directions respectively) of the displacement vector at a point x = (x1,x2) of the middle

10
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surface D. According to [4,3, (1.7)] the mechanical energy reads

h/2

2 / / (8%1 —{—20811822—{—6%2 +2(1 —U)(6%2+5%3+€%3)) dxdz,
2(1-o n/2JD

where E is Young’s modulus. Using the strains (2.8) and carrying out the integration with

respect to z, we find the following expression for the mechanical energy, see [/3, Section
1.5.]:

B /D [;(AU)Z + (1= 0)((Byuyu)’ — 8§1u8§2u)] do

Eh

gt f (o 500 s (s o) e

20 (00,04 5(0007) (90 + 5030%) + 15 % (Ons 00,0+ 0u)

2

We note that there is a coupling between the stretching components v, w and the vertical
component u. The first term in (2.9), containing the second order derivatives of u, corre-
sponds to pure bending and torsion of the plate and has already been computed in (2.7).
The second term is the interaction of u with the stretching components v and w.

In this thesis, however, we are not interested in describing the behavior of the MEMS
device under large deformations and thus restrict ourselves to (2.7).

Total energy of the MEMS device

Summarizing, by recalling both (2.3) and (2.7), the total potential energy for a given
displacement u is

50

E(u) = |V¢u| d(z, z)
- B/ { + (1= 0)((02,0,0)* — aﬁluaizu)} dz + g /D |Vul|? d.

2.2.2 The Euler-Lagrange equation

We derive the Euler-Lagrange equation and the accompanying natural boundary condition
by applying variational principles to the energy functional &£, that is, by finding its critical
points. We need to compute the first variation of £ and to find u such that

0€(u;v) := diig(u +70)|p=0 =0 for all v.

Since the elastic plate is supposed to be hinged, an appropriate space in order to look for
critical points is {v € C*®(D); v =0 on dD}.

11
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In the following, we assume that D is a bounded domain in R? with a sufficiently smooth
boundary, such that the exterior unit normal v and the curvature s of 9D are well-defined
and continuous. For example, 9D € C?.

Formal derivation of the first variation of the electrostatic energy

Here, we follow the same approach as the one discussed in [56]. Let us fix a smooth defor-
mation u : D — R such that u = 0 on dD and u > —H in D. Let 1, be the corresponding
solution to (2.1)-(2.2). Note that according to (2.1) the potential 1), depends nonlocally
on u. Next, let v € C°°(D) with v = 0 on D be arbitrary and set u, := u + rv for
—rg < r < rg, where rg > 0 is chosen sufficiently small so that

u, >—H in D forallr e (—rg,rg).

Since u is fixed, we shall write ¢ and € rather than 1, and Q(u) in the sequel. In order
to compute 6&(u;v), we introduce, for r € (—rp,r9), the transformation ®(r) by

H+ =z
) = _ Q 2.1
(r)(z, 2) (m,z + rv(m)H n u(:v)) , (z,2) € Q, (2.10)
and notice that

TV

H+u

Quy) =2(r)(Q) and  det(VP(r)) =1+ > 0.

Next, let ¢(r) be the solution to (2.1)-(2.2) in Q(u,), that is,

{ Ap(r) =0 in Q(u,),

Y(r)(z,z) = V#t?ar)’ (x,2) € 0Q(uy).

(2.11)

Then, we have 1(0) = 1. Let us now compute the derivative of

Eelu) == | VU dla 2)

with respect to r. By the Reynolds transport theorem, see, e.g., [36, Theorem 5.2.2] or [7,
XII.Theorem 2.11], we deduce that

d
dr

Eutwllmo = =20 [ {ve-vo00+an (I " 0.20)) | d,2),

An integration by parts gives

d

2
L& (ur) oo = 0 /Q A 9,1(0) d(z, 2) — o /a ) <a7«¢<0>vw LVl

2

o a@(o)) - ngq ds,

12



Chapter 2. A mathematical model for electrostatic MEMS with a hinged top plate

where ngq is the outward unit normal to 9€2. Using that Ay = 0 in €2, we observe that

2
%Ee(ur)]r:() = —£ /69 (&A/J(O)Vi/} + ‘V;M BTCID(O)> “ngo dS. (2.12)
From (2.10), we see that
0, 0(0)(, 2) = <0,v(m) m> (2,2) €O, (2.13)

and thus 9,®(0) = (0,0) on D x {—H}. It also holds that 9,4(0) = 0 on D x {—H}.
Since v = 0 on 9D, 9,®(0) and 9,1 (0) vanish on 0D x (—H,0). Then, (2.12) reduces to

d e
£ £olun)lrmo = —o /@ <aT¢(0)w+‘ ;“ 3@(0)) ng dS,
where
ne =~ (—Vu(z),1), zeD
© T VIt [Vu@)P e ’

denotes the outward unit normal on the upper boundary & := {(x,u(z)) ; = € D}. Hence,

el = a0 [ (0000, u() V(. u(a)

| Ve, u(a))P

5 8T<I>(O)(x,u(x))> (=Vu(z), 1) de. (2.14)

If we put V' := (9;,,0s,) and differentiate the boundary condition ¥ (z,u(z)) = V with
respect to x, we obtain

V'ih(z,u(z)) = —Vu(z)d.(z,u(z)), z e D. (2.15)
Now recalling from (2.11) that
U(r)(z,up(z)) =V,  x€D,re(=roro),

it follows that
r1p(0)(

;u(w)
This, together with 0,®(0)(x, u(z)

() = =09 (z,u(z)) v(x), z € D.
) = (0,v(z)), x € D, and (2.15), then yields that

el =P [ (14 Va(@)P) (e u(@)? (o) do.

By (2.15) again,

(1 + Vu(@)?) @:4(x,u()))* = Vi (z,u(@))]’, €D,

13



Chapter 2. A mathematical model for electrostatic MEMS with a hinged top plate

and hence
d

age(ur)]r:[) = %0 /D \Vop(z, u(z)) > v(z) de. (2.16)

Remark 2.2.3 We observe that the above calculations are formal since we did not specify
the regularity of ¥ (r), neither with respect to r nor with respect to (x,z) € Q(u,).

Derivation of the first variation of the mechanical energy

Fix v € C*®(D) with u = 0 on 9D and u > —H in D. Let v and u, be as above. We
calculate 0&, (u; v) for an arbitrary v as follows: First, we observe that

d

dr gm (ur) |r=0

= B/ [Au Av + (1 = 0) (205,00, 03y 03 v — cﬁlu 8221) - 8§2u821v) } dx
D
+ P/ Vu - Vudz. (2.17)
D

Then, we rewrite the right-hand side using integration by parts. Let us start with the
second term in the first integral. Two integrations by parts and the boundary condition
on u yield that

2/ Oy O U Oy O v dx = / Oy 02, U Opy Oy v da + / Oy 02, U Opy O v d
D D D
= / V9 Oy Oy U Oy dw + / (02,02 v) udx
oD D
—I—/ V1024 Og U Oyt dw +/ (89%28§1v)udx
oD D
= / 02,02,V (V2 Oz u + 11 Opyu) dw + 2/ (02,02 v) udz
oD D

with v = (11, 2) denoting the exterior unit normal of dD. Again by integration by parts
and u|gp = 0, we get

—/Dﬁilu(?ivda::—/aDmBin@xludw—L(@gzailv)udx

and
/Dﬁiuﬁilvd:ﬁ:/aDygaglvamudw/17(8228glv)ud:n.

Hence, it follows that

/D (202402, U Dy Oy v — (ﬁlu@ggv — Biu 832311)) dx

14



Chapter 2. A mathematical model for electrostatic MEMS with a hinged top plate

= / (V1 02,0, 0 Oyt + V2 Oy Oy 0 Dy — 13 02 0 Dyt — 11 D20 Oy 1) duw.
oD

With the counterclockwise oriented tangent vector s = (s1,s2) on 9D and the fact that
Or ttlop = 110yu + $105u, Opyulogp = v20,u + s20su, and Jsulsgp = 0 since ulgp = 0, we
obtain

/ (1/1 Oz 02,0 Ogot + V2 03, Op, U O U — 12 ailv Oz, — 1/16521) 3x1u) dw
oD
= / (201 O3y Oy v — va 8:317) — v} 8:%21)) Oyu dw
oD

= / (20115 O3y Oy v + 17 02 0 + 13 02,0 — Av) Dyudw
oD

= / (8311 — Av) dyu dw.
oD

In the last step we used 02v = v 92 v + 13 92,0 + 2v1 12 05,05, v. Using the relation
Av = 02v + 0%v + KOy, see, e.g., [78, Section 4.1], and dsv = d?v = 0 on ID since
v|lgp = 0, we get

/ (831) - Av) O,udw = —/ Kk O,V Oyu dw.
oD oD

Here, the function x denotes the signed curvature of the boundary dD. Consequently, we
deduce that

/ (20,00, D, Oy v — D2 u D2 0 — D2, w2 v) dx = — / K Oy Oyu dw. (2.18)
D oD

Integrating the first term on the right-hand side of (2.17) by parts twice and using the
boundary condition on v gives

/AuAvd:U: Au@l,vdw—/VAu-Vvdaz
D oD D

= Au 0yv dw —|—/ v A%udz. (2.19)
oD D

An integration by parts again shows that
P/ Vu-Vuvdr = —P/ v Audx,
D D

and together with (2.18) and (2.19), we finally obtain

icﬁ’m(u,ﬁ)|,ﬂ:0 = / (BA2u — PAu)vdz+ B (Au— (1 —-0)kdyu) Opvdw. (2.20)
dr D oD

Remark 2.2.4 The identity (2.18) can be proved under weaker regularity assumptions on

15



Chapter 2. A mathematical model for electrostatic MEMS with a hinged top plate

u and v. See appendix A for details.

The Euler-Lagrange equation and boundary conditions

Gathering (2.16) and (2.20), we get
58 (us0) = 6 (s 0) + Enn(u5v))

= / (BAzu —PAu+ 2 \un(ac,u(x))]2> vdz
D 2
+ B/ (Au — (1 — o)k Oyu) Oyv dw, (2.21)
oD

where v was an arbitrary function in C® (D) such that v|sp = 0. Setting the first variation
equal to zero results in

€0

0 :/ (BAQu— PAu+
5 2

Vb (z, u(x))\2> vdr + B (Au— (1 — o)k dyu) Oyv dw
oD

for all v € C*°(D) with v = 0 on 9D, and by the fundamental lemma of calculus of
variations, first in D and then on 9D, it follows that

0= —BA2 + PAu — %0 Vi (z, u(z))]> in D, (2.22)

uw =0 ondD,

{ B(Au—(1—-0)sdyu) =0 ondD. (2.23)

Let us point out that the first boundary condition in (2.23) is an a priori boundary
condition, whereas the second boundary condition arises as a natural boundary condition
for the energy functional £.

Remark 2.2.5 In the case where D is a polygonal domain, which is commonly used in
engineering, the hinged (or Steklov) boundary conditions (2.23) lead to the Navier boundary
conditions u = BAu = 0 on 0D with some singularity at corner points (due to “k = o0”).
For more details, we refer the reader to [68], where the authors study the linear hinged
plate boundary value problem

A*u=f inD, u=Au—(1—0)kdyu=0 on 90D,

for the special case of a rectangular plate and for the general case of a plate with corners
of arbitrary opening angle.

Remark 2.2.6 Let us briefly consider the case in which the top plate is clamped instead
of hinged on the boundary. This means that both the vertical position and the angle at the
boundary are fized, that is,

u=0,u=0 on 0D. (2.24)
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Chapter 2. A mathematical model for electrostatic MEMS with a hinged top plate

In this case, we infer from (2.18) that
/D (0,0, u)? — 02 w02 u) da =0,

and thus the mechanical energy (2.7) simply becomes

B

P
Sm(u):Q/D(Au)Qd:L‘+2/D|Vu|2dx.

The corresponding Fuler-Lagrange equation together with the clamped boundary conditions
(2.24) read

0= —BA*u+ PAu— ¢ |[Vipy(z,u(x))|* in D,

u=0,u=0 on 0D.

Note that the Poisson ratio o plays no role for clamped boundary conditions.

2.3 Governing equations for (u,,,)

Stationary case

Combining the equations for the electrostatic potential ¥, and the displacement u, we
arrive at the following system of equations:

Atpy, =0 in Qu), (2.25)
Yu(@,2) = V m , (2, 2) € D), (2.26)
0= —BA*y+ PAu — %0 Vb (z, u(z))|? in D, (2.27)
(u=B(Au—(1-0)kdyu) =0 on dD. (2.28)

Observe that (2.25)-(2.28) is a free boundary problem as the domain ©(u) and its boundary
component &, := {(z,u(z)); x € D} have to be determined together with the solution
(u,1y). At an equilibrium state of the MEMS device, the mechanical force is equal to the
electrostatic force. Regarding the right-hand side of (2.27) as forces on &,,, i.e.,

mechanical force = —BA?u+ PAu  and electrostatic force = —%0 Vb (z, u(z))|%,

the equilibrium configurations of the device are given by the solutions to the system (2.25)-
(2.28), which in turn are the critical points of the total energy &.

17



Chapter 2. A mathematical model for electrostatic MEMS with a hinged top plate

Dynamic case

Finally, assume that u also depends on time ¢, i.e., u = u(t,z). Applying Newton’s second
law, we obtain that the sum of all forces equals ﬁ 0?u (inertial force), where m denotes
the mass of the plate. With a damping force of the form —dd;u, where d > 0 is the
damping constant, the evolution equation for the displacement u reads

m

D) O*u + doyu + BA*u — PAu = —%O ]Vzﬁu(t)(:v,u(t,x))P in D, t>0, (2.29)

supplemented with hinged boundary conditions
u=B(Au—(1—-0)kdyu) =0 on 9D, t>0, (2.30)
and some initial conditions. The electrostatic potential 1, = ¥y (7, 2) satisfies
Ay =0 in Qu(t)), t>0, (2.31)

along with the nonhomogeneous Dirichlet boundary condition

H+z

m ’ (‘T? Z) € aQ(u(t))v t>0. (2.32)

wu(t) (‘Ta Z) =V

Rescaled equations for the free boundary problem (2.29)-(2.32)

Now, we introduce dimensionless variables in equations (2.31)-(2.32) for ¢, and (2.29)-
(2.30) for u. We scale time based on the strength of damping, the variable x with a
characteristic length L of the device, both z and u with the size of the gap H between the
ground plate and the undeformed elastic plate, and the electrostatic potential v, with the
applied voltage V; so, we define

- t ~ x ~ z ~ U - Py

ti= — == = — = — §i= —
v YT fTm YTwm YTy

and the aspect ratio € := H/L > 0 of the device. We introduce the sets
D:={zeR?; Lie D}, Q) :={{2eDxR; -1<z<u(lz)}
and define the parameters

2
L
2 >0, B:=B>0, 7:=PL*>0, A:A(e)::g‘g;

o= >0
" |D|SL* ‘

We then substitute these relations into (2.29)-(2.32) to derive dimensionless equations.
Dropping the tilde symbol, we get for the dimensionless displacement of the elastic

18



Chapter 2. A mathematical model for electrostatic MEMS with a hinged top plate

plate the evolution equation

@?02u + Opu + BA*u — TAu
= MV ugy (@, ult, )+ Octhugy(@,ult, )}, we D, t>0, (2.33)

where V' := (04, 0z,). In this thesis, we shall assume that « << 1, meaning that the
damping force dominates over the inertial force. Rewriting equations (2.30)-(2.32) in terms
of dimensionless variables and dropping again the tilde in all expressions, we end up with
the following system of equations

€2A/”¢u(t) + (fwu(t) =0, (x,2) € Qu(t)), t >0, (2.34)
e (&, 2) = Hlj(:x) (2,2) € 09(u(t)), t >0, (2.35)
ou + BA%u — TAu
= —A{gz\V'wu(t) (z, u(t,x))\2 + (3z¢u(t) (x,u(t,x)))Q}, xeD, t>0, (2.36)
u=Au— (1—-0)kd,u=0, x € 0D, t>0, (2.37)
[ u(0,2) = u’(2), x €D, (2.38)

where A" := 831 + 8%2. Here, o € (—1,1) is the Poisson ratio as described in Section 2.2
and u"(z) is the initial position of the elastic plate. This is the system describing the
dynamics of an idealized MEMS device with hinged boundary conditions that
we will consider throughout this thesis. The rescaled total potential energy of the device
for a given displacement u is

E(u) == En(u) — Ae(u)
with rescaled mechanical energy
1
Em(u) = B/ {2 (Au)? + (1 — U)((8x28x1u)2 - 8§1u8§2u) } dx + % / |Vu|? de
D D

and rescaled electrostatic energy —A&c(u), where
et = [ {LI90P + @00} d2).

Let us emphasize that the system (2.34)-(2.38) features a strong coupling between the un-
knowns u and 1,. In fact, the source term in (2.36), governing the evolution of u, is
proportional to the square of the gradient trace of ¥, on the elastic plate. The electrostatic
potential in turn solves an elliptic boundary value problem on a domain moving according
to the evolution of u. Thus, the source term in (2.36) depends in a nonlocal and nonlinear
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way on u.

Furthermore, let us point out that (2.34)-(2.38) is only well-defined as long as the top
plate does not touch down on the ground plate, that is, the displacement u stays above
—1. In fact, if u reaches the value —1 somewhere in D at some time ¢ > 0, the region Q(u)
gets disconnected. In addition, the vertical derivative 0,1, appearing in (2.36) becomes
singular at such touchdown points as ¢, = 1 along z = u while ¥, = 0 along z = —1
(due to (2.35)). This singularity is tuned by the parameter A which is proportional to the
square of the applied voltage V and thus plays an important role in the pull-in instability,
which in turn is related to the existence of stationary solutions and to global existence
of solutions to (2.34)-(2.38). That will be the topic of the next section. But first let us
remark on the vanishing aspect ratio model.

Remark 2.3.1 We now derive a simplified model from (2.34)-(2.38) by letting the aspect
ratio € = H/L go to zero, meaning that the vertical dimension of the device is much
smaller than its horizontal dimension. Setting formally ¢ = 0, the system (2.34)-(2.35)
can be solved explicitly, yielding the potential

1+ 2

wu(t)(x,z) = m;

(z,2) € Qu(t)) UoQ(u(t)), t > 0.

In view of the evolution equation (2.36) with the hinged boundary conditions (2.37) and
the initial condition (2.38), we arrive at the vanishing aspect ratio model

A
Au—1Au=——-"— D 2.
oru + BA“u — TAu Atuto)?’ r €D, t>0, (2.39)
u=Au—(1-o0)kd,u=0, x€dD, t>0, (2.40)
u(0,z) = u’(z), x € D. (2.41)

In the limit e — 0, the coupled problem (2.34)-(2.38) is thus reduced to a single semilin-
ear parabolic equation for the displacement u with a nonlinear source term which is still
singular when the top plate touches down on the ground plate, but no longer nonlocal. Let
us point out that for Navier boundary conditions

u(t,x) = pAu(t,xz) =0, x€dD, t>0,

there are several studies of the vanishing aspect ratio model, including a characterization
of the pull-in voltage. We refer to [19, 32, 33, 61] and the references therein. The inertial
force was also taken into account. It is worthwile to note that the above computation is
formal. To give a rigorous justification of the vanishing aspect ratio model, by showing that
the solution of the MEMS model (2.3/)-(2.38) with € > 0 converges towards the solution
of the vanishing aspect ratio model (2.39)-(2.41) as € — 0 is a task for future research.
For D = (—1,1) C R and clamped boundary conditions

u(t,£1) = Boyu(t,£1) =0,  t>0,
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this has been established in [5/].

2.4 Brief overview

The free boundary problem for MEMS with clamped boundary conditions, which is system
(2.33)-(2.38) with u = d,u = 0 on 0D, t > 0, instead of (2.37), has been studied in [45, 51]
and in [48, 50, 52] for the one-dimensional setting D = (—1,1). A detailed overview can
be found in [53]. In contrast to this situation, our MEMS model with a hinged top plate
has not been discussed from the mathematical point of view so far and the challenging
task is to refine and extend some of the arguments in the abovementioned literature for
the clamped plate as well as to introduce some new methods.

The main contents of this thesis are divided into two major parts.

Part I: Dynamic case

The first part of this thesis is devoted to the dynamics of the plate displacement and the
electrostatic potential. In Chapters 3 to 5 we shall establish the following results for the
dynamic free boundary problem (2.34)-(2.38):

e Local-in-time well-posedness. For any )\, there exists a unique solution (u, )
on a maximal interval of existence [0, Tina,) With regularity

u € C([0, Tinaz), W24(D)) N Cl([O’Tmam)a Ly(D)),
bu(ey € W3 (Q(u(t))),

satisfying u > —1, provided the initial value u € Wi(D) satisfies u® > —1 in D and
the hinged boundary conditions. We refer to Theorem 3.1.1 in the next chapter for

a more precise statement under weaker regularity assumptions on .

e Global solutions. The solution (u,1,) exists globally in time, i.e., Tyer = 00,
provided A and «° are sufficiently small. In particular, neither touchdown of the top
plate on the ground plate nor a norm blow up of the displacement occurs.

e Finite time singularity. If 7},,, < oo, there is touchdown of the top plate in the
sense that
lim inf min u(t) = —1.
t/ Tmaz D
It remains an open problem whether a finite time singularity occurs when A is large enough,
as is expected on physical grounds.
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Part II: Stationary case

The second part of this thesis focusses on the stationary case of problem (2.34)-(2.38). In
Chapters 6 to 8 we shall show the following results:

e Existence. For sufficiently small A, there is a stationary solution that is asymptot-
ically stable.

It remains an open problem whether there is more than one equilibrium configuration of
the device, as is physically expected.

e Positivity preserving property. The boundary value problem for a hinged plate

with stress
{ A%y —7Av = f in D,

v=Av—(1—0)kd,v=0 on 0D,
is strongly positivity preserving, meaning 0 Z f > 0 implies v > 0.

This general result will be used to prove the following:

e Nonexistence. There is an upper threshold for A above which no stationary solution
exists.

The last statement makes sense physically: If the electrostatic attractive force is increased
by increasing the applied voltage A and if that force is greater than the mechanical restoring
force, then the equilibrium configuration is lost and the elastic plate might collapse on the
lower rigid plate.
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Chapter 3

Local and global well-posedness of the MEMS

model

Our aim in this chapter is to study the parabolic MEMS model introduced in Chapter 2,

i.e., the system

1+2
wu(t)(xv Z) =

ou + BA%u — TAu

u(0,z) = ul(z),

with

Qu(t)) :={(z,2) e D xR; -1 < z < u(t,x)},

&2 Ay + 02by ) = 0,

1+ u(t,z)

(z,2) € Qu(t)), t >0, (3.1)

(z,2) € OQ(u(t)), t >0, (3.2)

= MV Yu @, ult, ) + Othu (@ ut.2)?}, zeD t>0,  (33)
u=Au—(1—-0)kd,u=0, x € 0D, t>0, (3.4)

x €D, (3.5)

V' := (0y,,0n,), and A’ := 02 + 92,. Throughout the chapter, we assume that D C R?
is a bounded and convex domain with a C*-boundary dD. The function & is the signed
curvature of the boundary 9D, taken positive on strict convex boundary parts, and v is

the exterior unit normal of dD. The parameters

>0, 7>0,A>0,e>0,0€(-1,1)

and their physical meaning were discussed in Chapter 2. In order to deal with the hinged
boundary conditions (3.4), we introduce, for ¢ € [1, 00|, the function spaces

Wi (D),

Sp(D) =S {veWHD);v=0o0ndD},

{ve W(D); v=Av—(1-0)kd,v=0on oD},
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Chapter 3. Local and global well-posedness of the MEMS model

Here, we show that (3.1)-(3.5) is locally well-posed in time for any voltage value and that
solutions exist globally for small voltage values.

3.1 Main result

The main result in this chapter is:

Theorem 3.1.1 (Well-posedness) Let 4¢ € (%,4) \{2}. Consider an initial value u° €
W;gB(D) such that u® > —1 in D. Then, the following holds:

(i) (Local existence) For any A\ > 0, there is a unique solution (u,),) to (3.1)-(3.5)
on the mazimal interval of existence [0, Tinay) in the sense that

u € C([0, Tinaz), Wa'5(D)) N C((0, Trnaz), Wa 5(D)) N CH((0, Tinaa), La(D))  (3.6)
satisfies (3.3)-(3.5) together with

u(t,z) > -1, (t,z) € [0, Tmae) X D,

and

Yu(ry € W3 (Qu(?))) (3.7)
solves (3.1)-(3.2) in Q(u(t)) for each t € [0, Tynaz). In addition, if u® € W24,B(D),
then

u € C([0, Tinas ), W3, 5(D)) N CH([0, Tinas), L2(D)).
(i7)) (Norm blow up or touchdown) If T, < oo, then

iimsup ||u(t)||W§g(D) =00 or }in%inf (minu(t, z)) = —1. (3.8)

/Tmaz / IED

(iii) (Global existence) Given p € (0,1/2), there are A« = Ai(p,e) > 0 and m :=
m(p,e) > 0 such that the solution (u,v,,) exists globally in time, i.e., Tyae = 00,
provided that X € (0, \y), ||UOHW4§(D) <m, and u® > —1+2p in D. In this case,

2

U € Lo (0,00, Wy% (D))

with

inf u(t,z) > —1.
(t,z)€[0,00) x D

The first part of this theorem ensures the existence of a unique solution (u, v, ), defined
on a maximal time interval [0, T)nq4z), with uw > —1 and the regularity specified in (3.6)-
(3.7) for any A > 0. Part (iii) shows that this solution exists globally in time provided
that both A\ and the initial value u° are sufficiently small. The second part of the theorem
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states that the finiteness of T},4, implies touchdown of the top plate on the ground plate
or blow up of the displacement in VV24 g(D). Physically, only the former seems possible. In
Chapter 5, however, we will mathematically exclude the norm blow up in finite time.

The proof of Theorem 3.1.1 is based on the following idea: In a first step, the free bound-
ary problem (3.1)-(3.5) is transformed into a problem on a fixed reference domain. For a
given displacement wu(t), one can uniquely solve the transformed elliptic subproblem for
the potential ;. Then, rewriting the transformed evolution problem for u as an ab-
stract semilinear Cauchy problem, one obtains a solution from the variation of constants
formula and the fixed point theorem for contraction mappings.

3.2 The elliptic problem

In this section, we focus our attention on the elliptic problem (3.1)-(3.2) for v, and
investigate its solvability for a given function u(t). We first transform the problem (3.1)-
(3.5) on the a priori unknown domain Q(u(t)) into a corresponding problem on the fixed
domain Q := D x (0,1). In order to do so, we follow the lines of [51, Section 2]:

Let g € (2,00] be given and let v € W;B(D) be an arbitrary function that takes val-

ues in (—1,00). We introduce a transformation of coordinates T, : Q(v) — Q by setting

(L2 2.2) € Q0
Ty(z, z) := <a:, 1+v(az)>’ (z,2) € Qv). (3.9)

It is easily seen that T, is a diffeomorphism Q(v) — Q with the inverse

Tv_l(x777) = (z, A +v(@)n-1), (x,n) €

z=0 ] n=1
T,
Q(’U) Q=D x (07 1)
Tt
D D
=-1 n=0

Figure 3.1: Transformation onto a fixed domain

Note that €(v) is a Lipschitz domain and that  is convex. Under this transformation
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of coordinates, the rescaled Laplace operator from (3.1) becomes

Vo(x) L+ |Vo(@)? o
1+ v(z) (I+v(x)? "

[Vo(z)[? Av(z)
+ &% (2(1 o @E 1T U(x)> Opw. (3.10)

Low := >N w — 27 V0w +

The subproblem (3.1)-(3.2) is then equivalent to

{ (ﬁu(t)¢u(t)) (xa 77) =0, (xﬂ?) €Q,t>0, (311)
¢u(t) (CC, 77) =1, (33,77) €00, t >0, (312)

for ¢y(r) = Yu) © TJ(%)' Furthermore, (3.3)-(3.5) become

1+ &% Vu(t,z)|?
(1+u(t,x))?

u=Au—(1—-0)kdyu=0, x€0D, t>0, (3.14)

u(0,z) = u®(z), x € D, (3.15)

ou + BA M — TAu = —/\{ (Gnqbu(t) (x, 1))2} ,x€ D, t>0, (3.13)

where we have used
V,Qf)u(t)(l', 1) = (O’O)a zeD, t>0,

due to ¢y (z,1) =1 for z € D, t > 0, by (3.12). Next, for p € (0,1), we define the set

1
Sq(p) == {v € W(?,B(D); v>—1+pinD and |Jvllwzp) < p}’ (3.16)

which is open in W; (D). The closure of S,(p) denoted by S,(p) is given by

<= 1
Sq(p) = {v € W(iB(D); v>—1+pin D and H’UHW;(D) < p}'

The next step is to solve the subproblem (3.11)-(3.12) for u(t) € S,(p) given and to discuss
some useful properties of the right-hand side of (3.13).

Theorem 3.2.1 Let g € [3,00] and p € (0,1). Then, for each v € Sy(p) there is a unique
solution ¢, € WZ(Q) to

{ (£v¢v) (93777) =0, (90777) €,
¢v(.%',77) =, (x>77) € 09,
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and there is a constant C' > 0 only depending on p, €, and D such that

dor = Pusllwz () < Cllvi = vallwzy: 1, v2 € Sq(p)-
Moreover, the mapping

1+ &2|Vo?

(1+v)? (Bybu(-1))?

ge : Sq(p) = La(D),

1s analytic, bounded, and globally Lipschitz continuous.

Remark 3.2.2 We observe that the functions v € ?Q(p) in Theorem 3.2.1 satisfy the
boundary condition v = 0 on D. In [51], this theorem is proved for v € Sy(p) with
v =0, =0 on dD, but the arguments are exactly the same in our case. For the sake
of completeness we present the proof of Theorem 3.2.1, with some minor modifications, in
Appendiz B.

Theorem 3.2.1 implies in particular that, if u(t) € S3(p), then ¢,y belongs to W3 (Q(u(t)))
and solves (3.1)-(3.2).

3.3 The semilinear abstract evolution equation

In Lo(D), (3.13)-(3.15) is formulated as the following Cauchy problem:

O + Au = — X , t>0,
{ v A 9e() (3.17)

u(0) = u°.
Here, the operator A € K(WiB(D), Ls(D)) is given by
Av:= (BA? —7A)v, v € dom(A) = W24,B(D)'

Observe that the hinged boundary conditions (3.14) are incorporated in the domain of A.
Since C2°(D), the space of C°°(D)-functions having compact support in D, is dense in
Lo(D) and since C°(D) C W;{B(D), we have that W24,B(D) is dense in Ly(D). Hence,

d
Wy (D) < Ly(D).
Note that once (3.17) is solved, we obtain a solution 1, to (3.1)-(3.2) by Theorem 3.2.1.

Below we formulate some important properties of A.
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3.3.1 Some properties of the fourth-order operator

Let us first look at the following property of A.

Lemma 3.3.1 It holds that
A € H(W5 p(D), Lao(D)),

meaning that —A is the generator of a strongly continuous analytic semigroup {e t4; t >
0} on Lo(D).

Proof. We want to apply [5, Remark 4.2 (b)]. Let Dy := —id,, and Dy := —i0,,. We
can rewrite the operator A as

2 2
Av =2 Z DiDv + TZD,%’U.
k=1 k=1

The principal symbol of A is given by
an(€) == BlE, € R (3.18)
Let S; be the unit sphere in R?. Since 8 > 0, the spectrum o (a,(£)) satisfies
o(az(§)) C{z€C;Rez >0} forall £€8S;.

This means that A is normally elliptic (see [5, p.18] for a definition). Furthermore, it
follows from (3.14) that the system B of boundary operators is B := (By, B2) with

2 2
Biv =trv, Byv=— Ztr Div— (1 - U)iHZUk tr Dy, (3.19)
k=1 k=1

for v € VVQL{B(D)7 where tr denotes the trace operator on dD. Since 9D € C*, we have
v € C3(0D) and k € C%(dD), and hence

(1—o0)iry, € C*0D,C), k=1,2.
Next, the principal boundary symbol of B is given by
br(€) == (1, —l€"), € €R% (3.20)

Recall from [5, p.18] that (A, B) is said to be normally elliptic if A is normally elliptic and
B satisfies the normal complementing condition with respect to A. The latter condition
is also called the Lopatinskii-Shapiro condition and requires that, for any = € 9D, ¢ € R?
with € - v(xz) = 0 and any p € C with Rep > 0 and |pu| + [£] # 0, zero is the only
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exponentially decaying solution of the initial value problem on [0, c0):

{ (1 + ax(§ +v(z)id)]v =0, (3.21)

br(&+v(x)idy) v(0) = 0.

From [5, Remark 4.2(b)] we obtain A € ”H(WQZ{B(D), Ls(D)) provided that (A, B) is nor-
mally elliptic. So, it remains to check the normal complementing condition. Notice that
(3.21) can be written as

e+ B (1P = 97) o) =0, t>0, (3:22)
v(0) = 62v(0) = 0. (3.23)

If 4 = 0, then the general solution to (3.22) is
v(t) = (C + Cot)el¥lt + (Cs 4 Cut)e KL, >0,

with C € R, 1 < k < 4. In this case £ # 0. Since the solution v must decay exponentially,
we must have C; = Cy = 0. Imposing that v also satisfies the initial conditions (3.23), we
get C3 = Cy = 0 and hence v = 0.

When p # 0, the characteristic equation of (3.22) is given by

22?4 (gt 4 % — 0.

— \5]2ii£, 1<k<4

We recall that the square root of a complex number has a nonnegative real part. Now
we write \/u = a, + ib, with a,, b, € R, a;, > 0 and note that Rey > 0 implies a, > 0.
Therefore,

Its roots are

b b
T173::l: <|£‘2_\/%> +Z:;%7 T2,4::l: <|£|2+\/%) _’l\a/%v

with r; and 7y having positive real part. Moreover, since each root has multiplicity one,
the general solution of (3.22) is given by

4
u(t) = Z Ckerkt, t>0,
k=1

with Cp € R, 1 < k < 4. Since v must decay exponentially, C; = Co = 0. Invoking (3.23),
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we find
0=v(0)=C5+Cy, 0=0%(0)=Csr2+ Cyr?.

The initial-value problem (3.22)-(3.23) has for (£,u) € R? x {z € C; Rez > 0} with
|| + |€] # 0 only the trivial solution v = 0 if

ri—r3=(ra+r3)(ra —r3) #0. (3.24)
Since r4 # +r3, condition (3.24) is fulfilled. Therefore, (A, B) is normally elliptic. ]

In the next lemma we show that the spectrum of —A is contained in the left half-plane
{z € C; Rez < 0}.

Lemma 3.3.2 We have
o(—A) C {z € C; Rez < 0}.

Proof. Since WéB(D) embeds compactly in Ly(D) and A € ”H(W;{B(D),LQ(D)), the
operator —A has compact resolvent. For the compact embedding we refer to [1, Theorem
6.3]. In view of [38, Theorem 6.29], the spectrum of —A consists only of isolated eigen-
values of finite multiplicity. If 4 € C is such an eigenvalue of —A with a corresponding
eigenfunction ¢ € W247 (D, C), then multiplying the equation

—BA* +TAp = g
by © and integrating the product in D gives

2 AA2 _
,u/D|<p| dac—/D( BA o+ TAp) pda. (3.25)

Here, p(x) = ¢(z) is the complex conjugate of p(x). We write ¢ : D — C in terms of its
real and imaginary parts, say

o(z) =a(z) +ib(x), a(x),b(x) € R.
Note that
Vo> = [Val* + [Vb2,  |0y0” = (8va)® + (3u0)%,  |Ap|* = (Aa)® + (Ab)%.  (3.26)
Using integration by parts twice and the boundary conditions for ¢, we get
—,6/ (A2<p)¢dat :ﬂ/ VAyp - Vedr
D D
= ﬂ/ Ap 0,pdw — 6/ Ap Apdx
oD D

= 51— 0) /8 ol do 5 /D Apf? dr.
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Integrating by parts and using p|op = 0, yields
7'/ (Ap)pdx = —7‘/ |Vg0|2dac
D D
and thus

i [ 1ePde=p-a) [ wlosePdo—5 [ 18gPdo—r [ [VeP s,
D oD D D

Moreover, it follows from Lemma A.0.1 that
B(1— a)/ K (9ya)% dw
oD
=—-208(1—o0) /D ((8,328551@)2 - 8§1a 83%2@) dx
— _B(1—-0) / ((82.@)? + (82,a)? + 2(Bry s, )’ — (A0)?) da (3.27)
D
and analogously
B1-0) / 1 (O,0)2 dew = —B(1—0) / ((82,5)°-+ (82, )+ 2(02, 00, b)2 — (A)?) da. (3.28)
oD D

Thus, by (3.26),

" /D o2 de = —B(1 — o) /D (162, 012 + 102,02 + 200,021 o) d

—BU/ \A<,0|2dm—7'/ |V|? da.
D D

By Young’s inequality, we have

1 .

§(Aa)2 < (83%1&)2 + (8§2a)2 + 2(93,0p,a)? in D (3.29)
and 1

5(Ab)2 < (02,b)% + (02,b)* + 2(02,05,0)* in D, (3.30)
so that

p [ IePde<-380-0) [ 8pPde—po [ ApPde -7 [ [VePda
D 2 D D D
_ _1/3(1+0)/ A@]Qdm—T/ Vl2 da. (3.31)
2 D D
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Since (1 + o) > 0 and 7 > 0, we deduce

n [ IoPds <o,
D

and hence p < 0. It remains to show that p < 0. If g = 0, then, due to (3.31),

1
—ﬁ(1+0)/ IAsDIQdfc—T/ Ve|* dz =0,
2 D D

and since 7 > 0, it follows that

- %ﬁ(l +0) /D |[Ap[? dz = 0. (3.32)

So, Ap =0 in D. Since ¢ = 0 on 0D, we conclude that ¢ = 0, which is a contradiction.
Thus, p < 0. [

Thanks to this lemma, it follows from [72, Theorem 4.4.3] that the semigroup {e *4; ¢t >
0} has exponential decay, that is, there are M > 1 and w > 0 such that

le™ | £(ro(pyy < Me ™", t>0.

Moreover, it satisfies the following regularizing properties.

Lemma 3.3.3 There exists w > 0 such that the following holds true: If 0 < v < a <1
with 4o, 4y ¢ {%, %}, then

—tA —wotyy—
e ey, yawigy oy = Me™7%, >0,

for some number M > 1 depending on o and ~y.

In the following, we denote by [-, -], the complex and by (-, -)e’q, 1 < g < oo, the real
interpolation functor for 0 < 6 < 1. We refer to [6, Section 1.2] for a summary of interpo-
lation theory and to [83] for more details and proofs.

Proof. 1t is easily seen that the system of boundary operators B := (B, Ba) given
in (3.19) forms a normal system in the sense of [83, Definition 4.3.3 (1)]. Let 6 € (0,1).
Then, by [83, Theorem 4.3.3 (a)], we have

(La(D), Wy (D)), = Wy'p(D)  if 46 ¢ {; ;} (3.33)

where
(, ) L ('7 ')9,2 if 46 ¢ {17273}7
0T [, if 40 € {1,2,3).
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Let Ey := La(D), E1 := W3 (D), and put

Ey:= (La(D), Wy (D)), = Wa's(D), 46 ¢ {; g} .

In view of Lemmas 3.3.1 and 3.3.2, we can apply [6, Theorem V.2.1.3] to conclude that
there are wo > 0 and M > 1 such that

e o,y < M0, £ >0,

where 0 < v < a <1 with 4a, 47 ¢ {%, %} The constant M depends on « and ~. [

Remark 3.3.4 Let p € (1,00) and 6 € (0,1). Repeating the same arguments as in the
proof of Lemma 3.3.3, we obtain that

(Zo(D). W (D),
[LP(D), W;{B(D)]e WD) if 40 € {1,2,3}.

= Wphs(D) if 40 € (0.9\(5,1,2,2+ 1.3},

We close this subsection with a result concerning maximal Lo-regularity.

Theorem 3.3.5 Let 4¢ € (2,4)\{3} and 0 < T < co. Then, for every
(f.u") € La(0,T; Ly(D)) x Wy'y(D),

the Cauchy problem
{ du+ Au=f(t), 0<t<T,

u(0) = u°
has a unique solution u € Lo(0, T W;B(D)) NW3(0,T; Lay(D)) and we have the estimate
oo 7200 H19etl 0 7000 HI AU L0 12200 < € (1 zat02:20)HIw g 1))

with C > 0 independent of f and u°. This means that A has mazimal Lo-regularity on
[0, T7].

Proof. We want to apply [6, Theorem I11.4.10.8]. Let us show that its assumptions hold.
Since A € H(W3 5(D), La(D)) with

s(—A) :=sup{Rep; pco(-A)} <0,

we infer from [6, Theorem I.1.4.3] that A satisfies condition [6, IT1.(4.10.1)]. We next verify
that A is self-adjoint and positive definite, that is, A = A* > m for some m > 0. We know
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that A is densely defined on dom(A) = W247 (D). Moreover, by integration by parts, we
have, for vq,v9 € W;B(D, C),

(AU1,02>L2(D) = / (Bszl - TAvl) Ty dx
D
= —B/ VAv, - Vg dx —|—7’/ Vi - Vg dx
D D

:B/ Avi Avgdr — 8 Avl&,vgdw—T/ v1 Ay dz,
D oD D

where we used v |gp = 0 and v3|sp = 0. Again, using integration by parts and v1|sp = 0,
the first integral in the right-hand side can be rewritten in the form

ﬁ/ Avi Avgdr = Avg&,vldw—l—ﬂ/ ’U1A2’U72d$,
D oD D

and hence

<AU1,U2>L2(D) =R (AT3 0,v1 — Avy 0,73) dw —I—/ vy (5A272 — TA@) dz.
aD D

Taking into account the second boundary conditions for v; and v3, we obtain that

(Avy, U2>L2(D) - /D vl (ﬁAQU? - TAT?) dx = (uv1, AU2>L2(D) ‘

So, A is a symmetric operator in Lo(D). Lemma 3.3.2 shows that im(A) = La(D).
Thus A is self-adjoint in La(D) and hence 0(A) C R. By Lemma 3.3.2, we even have
o(A) C (0,00).

By the same reason as above, we have, for v; € Wg‘jB(D, C),

<Av1,v1>L2(D) :ﬁ/ |Av1\2d:1:—ﬁ/ Avl&,vldw—i—T/ \Vv1]2da;.
D oD D

Using the second boundary condition for vy, we get

(o 01}y = B [ 18w = 5-0) [

K \31,1)1\2 dw + T/ ]Vv1|2 dz.
aD D

Then, we can argue in a similar way as in the proof of Lemma 3.3.2. Writing v; in terms
of its real and imaginary parts, say

vi(x) = a(z) +ib(x), a(x),b(x) € R,
it follows from (3.26)-(3.28) that

(Avi,v1) p, (py

36



Chapter 3. Local and global well-posedness of the MEMS model

- 5/D |Avi|? dz + B(1 — o) /{m (102, 01> 4+ 102,017 + 2|03y Opy v1]* — |Av1|?) da
+T/ |V |? da
D
81— a)/ (12 012 + (02,012 + 2|00y By 01 |?) dez + ﬁa/ Avy 2 da
oD D
+T/ |V |? da.
D
Then, due to (3.29)-(3.30),
1—
(Avi,v1)p,py = M/ !Av1|2dx—|—ﬁa/ |Avy |2 da:+7'/ |V |? da
2 D D D

p+o) / |Avy |? da.
D

Y

2

This, together with [28, Theorem 3.1.2.1] (since D is convex), yields that
<AU1’ U1>L2(D) >c Hvl”%/[/;(p) >c ||/UlH%2(D)’ V1 € W;,B(D’C)a

where ¢ > 0 depends only on 3, o, and D. Thus, A is a positive definite self-adjoint
operator. Therefore, by [6, Examples I11.4.7.3 (a)] it follows that A € BZP(1,0). We
refer to [6, Section II1.4.7] for a definition of the bounded imaginary powers (BZP) of an
operator. Furthermore, according to (3.33) and [6, Section 2.5],

W,5%(D) = (La(D), W3 B(D));2 .

Now the theorem follows from [6, Theorem I11.4.10.8]. [

We can now proceed to the proof of Theorem 3.1.1.

3.4 Proof of Theorem 3.1.1

Our proof more or less follows the lines of [51]. Fix 4¢ € (£,4) \{5} and consider an initial
value u® € W24 éB (D) such that «° > —1 in D. By the continuous embedding of I/V24 $(D) in
W32 (D) and in C(D), there are p € (0, 3) and a constant ¢; > 1 such that

4
lolwzp) < erllolyae ) v € WyS(D),

and
1

u’ € S3(2p) with HuOHW4
2
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Furthermore, by Lemma 3.3.3, we have

—tA —tA —wot
1™z, on 1™ Mooy, oy < M 20 (3.35)

Let po := 3 € (0,p). Recall from Theorem 3.2.1 that, for vi,vs € Ss(po),

192 (v1) = ge(v2)l| Lo (p) < Cllvr = v2llwz (D), (3.36)

and that
||gg(v)||L2(D) <(Cp forallve Sg(po) (3.37)

with constants C'r, > 0 and Cp > 0, depending only on p, €, and D.

Part (i): We want to apply the fixed point theorem for contraction mappings. For
0 < T < oo, we introduce
VT = C([Ov T]) 53(100))

and observe that this set is a nonempty complete metric space. For v € Vp, we define a
function on [0,T]

A@)(E) = e~y — /O =94 5 (4(s)) ds. (3.38)

We want to show that, for any A > 0, A is a contraction mapping from Vr into itself,
provided that T is sufficiently small, and that the fixed point of A is the desired solution
of (3.17).

Let us verify that A(v) € Vr for every v € Vp. Let v € Vp and 40 € (£,4€)\{3}.
Then, according to [6, Theorem I1.5.3.1], there is a constant ¢ > 0, independent of T,
such that, for 0 < s <t < T,

IA@)E) = A, (o) < ealt =) (10l )+ A=) 0, 1200p)- (3:39)

Fix € (0,& — 6). Observing the continuous embedding W3?(D) < W2(D) with embed-
ding constant, say, cs > 0, and using (3.39), (3.34), and (3.37), we obtain

e 1
A0 = A gy < c2caT (5 +ACi) (0= o).
Hence, if T' > 0 is sufficiently small, then
IA@)E) — A@) ) lwapy < (E— 5, 0<s<t<T. (3.40)

Similar arguments yield that

IA®)Ollwzeo) < esIA@llwas, o) < s (IA@)E) = A)O) o,y + 10l was, )
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<epeg T (HUOHWg*fB(D) + H/\ge(v)HLDO((o,t),LQ(D))> + esllu’llwge ()

C1

1
< coe3T¢? <+/\CB> + =, 0<t<T.
2p 2p

Moreover, since u® > —142p in D and since W3 (D) is continuously embedded in L, (D)
with embedding constant denoted by ¢4 > 0, it follows from (3.39) that, for 0 < ¢ < T,

A)(1) = u° — (A@)(0) = Aw)(1) > u® — [A@)(0) — AW)(D)] ()
> u® — el A(0)(0) = Aw)(B) g, )

1
>—14+2p— T A < + )\CB)
2p
in D. Hence, A maps Vr into itself, provided that T > 0 is sufficiently small.

Let us show that A is a contraction mapping of C([0,T], W2(D)). Let v; € Vr, i = 1,2.
Applying [6, Theorem I1.5.2.1] (or using (3.35)) together with WQZLE(D) — W2(D), we see
that there exists a constant cs > 0, independent of T', such that, for 0 <¢ < T,

1A (&) = Alv2) Dllwz(p) < eallAw)(t) = Av2) Dl )
<crest' oA |ge(v1) = ge(v2) oo ((0.0),L2(D)) -

This together with (3.36) then yields that

1A (1) = Aw2)leommwzpy < e1es T ACLllvr = vallogorywz (py)»

which shows that A is a contraction in C([0, T], W (D)), provided that T > 0 is sufficiently
small.

Let T := T(p,A\,e) > 0 be small enough to make the mapping A : Vr — Vpr a con-
traction and (3.40) to be satisfied. Then, there exists a unique fixed point u € Vr of A.
This means that u is a mild solution of (3.17) on [0,7]. Moreover, by (3.36) and (3.40),
we know that g.(u) belongs to C"(]0,T], L2(D)). Hence, the linear theory in [5, Theorem
10.1] implies that

u € CH((0,T7, La(D)) N C((0, T, Wi 5(D)) N C([0,T], Wy (D))

is a solution to (3.17), which then clearly can be extended to some maximal interval of
existence [0, Tyaz) with Tpes € (0, 00].

We notice that, if we assume that u® € W247 (D), then it follows from [5, Theo-
rem 10.1] that u belongs to C([0, Thaz), WQL{B(D)) and thus by (3.17) and the property
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ge(u) € C([0, Trnaz), L2(D)) that u € CY([0, Thnaz ), L2(D)).

Finally, we observe that 1) = @y) © Ty belongs to W2(Q(u(t))) and solves (3.1)-
(3.2) for each t € [0, Thnaz)-

This proves part (i) of Theorem 3.1.1.

Part (ii): Assume (3.8) is false. Then, there is a p € (0,1) and a sequence t; converging
to Thaz < oo from below such that

and wu(t;) >—14+p inD

=

e

for all j. One easily verifies that there exists a time 1" > 0, independent of j, such that the
solution on [0, ;] can be extended to [0,¢; + T'|. By choosing t; such that t; > Tyqe — T,
it follows that the solution can be extended beyond T4, which contradicts the definition
of Thax-

Part (iii): We use a similar argument as in the proof of part (i). We choose A, :=
A«(p,€) > 0 such that

1
Ase Clef_lr(l — {) max{CB,CL} <1l< g
0
and
A c6M @10 (1 — €)Cp < %7

where I'(-) is the gamma function and ¢ > 0 denotes the embedding constant for the
continuous embedding of W24§(D) in Loo(D). Take m := m(p,e) > 0 such that

1
mcﬁ(M—i-l)S% and moM < —.

2po

We show that, if ||u0||W4 y<m and if A < A, then A maps Vr into itself and is a con-
2

(D

traction with respect to the C([0, T], W2(D))-norm for any T' > 0. Let T be any positive
time.

Let v € Vp. First, let us observe that thanks to [6, Theorem II.5.3.1], we have A(v) €
C([O,T},W;%(D)). Furthermore, using the continuous embedding W24£(D) — WZ(D),
(3.35), and (3.37), we obtain

IA0) Oz < e TAC)Olyse
t
—tA 0 —(t—s5)A
<cile HLZ(WS{%(D))”” HW;‘EB(D) ‘|‘Cl/0 e (t=2) ||g(LQ(DLW;’ﬁB(D))dSH)‘gs(v)||Loo((0,t),L2(D))
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Chapter 3. Local and global well-posedness of the MEMS model

t
< et M|l e ) + 1M /0 e =) (t — $) 7 ds | Age (0)]] Lo ((0.0) Lo (D))
< er M[u| e o+ M@ IT(1 - 6N 0<t<T.
2,B
By similar arguments, we observe that

0 < 0 e-1p(] _
IA@)E) = 0l py < OF + DIy ) + M T(1 = OACE,

for 0 <t < T. It then follows from the continuous embedding of W24 $(D) in Lso(D) and
u® > —142pin D that, for 0 <t < T,

A@)(t) = u” = (u” = A()(1)) > u® = col|A(W) () = u’ll e
25(D)
> —1+2p—cg(M + 1)|yu0||W§§B(D) — cgMw* 01— &)ACp

in D. Thus, if ||UOHW4€ (py ™M and A < )., then A maps the set Vr into itself. Next, let
2,B

v; € Vp, i = 1,2. It follows from (3.35) and (3.36) that

1A (1) () = Alv2) )z ) = erllA(vn)(8) = Aw2) (@)l )
t
< —(t—s)A ds | (ge — g
_c1/0 ¢ H£<L2<D>7W§FB<D>> s 1A (ge(v1) = gl 0.0, 22(0)

t
< CIM/O e (1 — 5) " ds || A (g-(v1) — 9eW2))l Lo (0,0),L2(D)
S Cleg_lF(l — 6))\0[,”’01 — U2||C([O,T],W32(D))7 0 S t S T.

This shows that A is a contraction in C([0,T], W#(D)), provided A < \.. We have thus

shown that the map A : Vp — Vp is a contraction for any 1" > 0, provided that A < A,

and HUOHW4§ (D) < m, and consequently A possesses a unique fixed point u € Vr for any
2,B

T > 0. According to the definition of Vp, this implies part (iii). ]
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Chapter 4

The energy equality

In this chapter, we will prove a technical theorem about the total potential energy of our
MEMS device, which will be used to prove the main theorem of Chapter 5 stating that
touchdown of the top plate on the ground plate is the only finite time singularity.

We first recall from Chapter 2 that the total potential energy of the MEMS device is

given by
E(u) = En(u) — X (u).

It includes the mechanical energy
Em(u) = 6/ {1(Au)2 —(1-o0) det(V2u)} dx + T/ |Vu|? da
p 2 2Jp
and the electrostatic energy —AE(u) with
Ee(u) = / {82 \Vlwu\Q + (azzpu)2} d(z, 2).

Here, V2u denotes the Hessian matrix of u and V’ := (9,,, 0, ). The parameters 3,0, T, \, €,
are the same as in the previous chapters. As in Chapter 3, we assume that D C R? is a
bounded and convex domain with 9D € C*.

4.1 Main result

The following theorem states the energy equality for solutions (u,1),) of Theorem 3.1.1.

Theorem 4.1.1 (Energy equality) Under the assumptions of Theorem 3.1.1,
! 2 0
5(u(t)) +/0 Hatu(s)HLQ(D) ds = g(u )7 le [Ovaaz)-

The energy equality shows that the evolution problem (3.1)-(3.5) is the Lo-gradient flow
for £, a fact which is also indirectly and formally contained in the model derivation.
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Chapter 4. The energy equality

The idea of proving Theorem 4.1.1 is taken from [48], but in our case the proof is
more delicate, since here we are dealing with an arbitrary two-dimensional domain D and
hinged boundary conditions on 9D.

One of the difficulties in the proof of Theorem 4.1.1 is the computation of the derivative
d&c(u(t))/dt. This is due to the fact that the underlying domain Q(u(t)) varies according
to u(t). In Proposition 4.2.1 presented below we use the transformation Ty(t) introduced
in Chapter 3 to convert & (u(t)) to an integral over the fixed cylinder © := D x (0, 1).

Another difficulty arises from the fact that the time regularity of u as stated in The-
orem 3.1.1 is not sufficient for a direct computation of the derivative d€(u(t))/dt. This
difficulty can be overcome by using an approximation argument based on Proposition 4.2.1.

Now, let us prepare the proof of Theorem 4.1.1.

4.2 A preliminary result on the electrostatic energy

As in [48], in order to prove Theorem 4.1.1, we first establish a preliminary result:

Proposition 4.2.1 Let T > 0, 4¢ € (,4)\{3} and let v € C((0,T], W, (D)) be such
that
o(t,z) > -1, (t,z) €[0,T] x D. (4.1)

Then,
£.(0(2) — £.(0(1)
== [ D + Out )P Bl dods (42
Jor0<t, <ty <T.

Here, we recall from Section 3.2 that

52 |V/¢U(S)(" U(S))|2 + (8Z¢U(s)(" U(S)))2

£2|\Vu(s)|?
- W@v%ﬂw 1)? = g-(v(s))- (4.3)

In the case of a one-dimensional interval D = (—1,1) and clamped boundary conditions
on 9D, Proposition 4.2.1 has been proved in [48, Proposition 2.2].

We now give the proof for the two-dimensional case D, by following similar steps as
those in [48]: First, we rewrite the electrostatic energy & (v(t)) as an integral over the
fixed domain €. The resulting electrostatic energy is thus expressed in terms of ¢, ). We
next verify the differentiability of ¢, in t. With this result, we show that the transformed
electrostatic energy is differentiable in ¢t and compute its derivative. Finally, we transform
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Chapter 4. The energy equality

the obtained derivative back to the original coordinates to get (4.2).

We note that the proof of Proposition 4.2.1 uses only the first boundary condition of
4
W,5%(D).

Proof. Let v € Cl([O,T],WfB(D)) satisfy (4.1). Since W24£(D) embeds continuously
in W(D) and in C(D), there is p € (0,1) such that v(t) € S3(p) for all t € [0,T],
and hence Theorem 3.2.1 can be applied. In order to simplify notation, let, for each
t € [0,T], ¢(t) = dyry € W5(Q) be the solution to (3.11)-(3.12) associated to v(t) and
P(t) = Py € WE(Q(v(t))) be the corresponding solution to (3.1)-(3.2) also associated to
v(t). For (t,x,n) € [0,T] x £, we put

@(t,.’I},n) = ¢(t, ;E,Tl) -, V(t,.ﬁ(}) — V’U(t,$)

T (4.4)

and denote the components of V' by Vi and V2. We recall that ¢(t) = ¢(t) o Ty,(;), with the
transformation T, as in (3.9). Then, by the change of variables (z, z) — (z,7), € (v(t))
is rewritten in the form

o 2
wl) = [ 9600 = 00,00 VO 0+ o) dien) + [ 0 de). (09

Next, we set WQQ’B(Q) =W2(Q)N WZI’B(Q) with
Wy p(Q) == {weW;(Q);w=0 on 0Q}.

It follows from (4.4) that, for 0 <t < T, ®(t) € WQ%B(Q) solves

{ —ﬁv(t)(p(t) = f(t) in Q, (46)

o(t)=0 on 01,

where
f(t,z,n) = e*n [[V(t,m)]Q —divV(t,z)|, (t,z,n)€]0,T] x Q.

The operator L, ;) is given by
Lypw = o1 (t) A'w + (aa(t), az(t)) - V'Ojw + au(t) agw + (as(t) + a(t)) Opw.
Here, A" := 92 + 92, and
2

ay(t,z,n) =%, ao(t,x,n) = —25277 Vilt,z), as(t,z,n):= —25277 Va(t, ),

1 2,2 2 2 2
t = + t t =2 t
ay(t,x,n) e e |V(t,z)|*, as(t,x,n) e“n |V (t,x)|*,
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9 Au(t,z)

B A t 0.7 x Q.
M o(ta)’ (t,x,m) €[0,T] x

ag(t,z,m) = —¢

For later use, we write £, in divergence form:

Lypw = div (a(t)Vw) + b(t) - Vw,

where
al(t) 0 042(15)/2
a(t) == 0 ar(t)  as(t)/2
az(t)/2 as(t)/2  oult)
and b(t) := (b1(t), ba(t), b3(t)) with
bi(t,z,m) =2 Vi(t, z), bo(t,x,m) := 2 Va(t, z),
bs(t,x,m) == —e*n |V (t,z)]?, (t,z,m) € [0,T] x Q.

Let us next verify the differentiability of ® in t. We start by briefly recalling some proper-
ties of L,); for further details and proofs see Section B.2. We introduce a bounded linear
operator A(t) € E(W227B(Q), Ly(92)) by setting

Alt)w == —L,pyw, weE WQQ,B(Q), t€[0,T7.

For each t € [0,T], it is seen that A(t) is invertible and that ®(t) = A(t)~ 1 f(¢t).
Furthermore, from the time regularity of v, the fact that v(t) € S3(p), and the embed-
dings
Wy(D) = W3(D) = C'(D),

it follows by direct computation that
g, a3, g, a5 € CY[0,T], Lo(Q)) and ag € C([0,T], L3(Q)).

So, we easily see that
A€ CH[0,T], L(W3 5(2), L2 (1))

and that
f e CY[0,T], Ly (). (4.7)

Since the map taking an invertible operator to its inverse is continuously differentiable on
the space of bounded operators, the mapping

[t A) 7' [0,T] = L(L2(Q), W3 5(R))

is continuously differentiable and hence |.A(t)~!|| L(La()W2 () < C for some constant
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C > 0. Together with (4.7), this implies
® e CH([0,T), W3 5(Q))
with derivative
@ (t) = A(t) ! (Btf(t) — O A(t) cp(t)) € Wip(Q), telo,T].
Therefore, in view of (4.4), we have
o€ CH[0,T],Wi(Q)) with 0;6(t) = 9,®(t), te[0,T]. (4.8)

Let us now again consider (4.5). By direct calculations, we can verify from the fact that
v e CH[0,T], W, (D)) and (4.8) that &.(v) € C1([0,T]) with derivative

d
%86 (U(t))
=22 [ [(V'6(t) = n0,0() V(0) - (V'210(0) = 00,000 0V (1)

—10,06(8) V(1)) ] (1 + v(t)) d(z.)

b e? /Q IV6(8) — nd,6(t) V(0)]? 0o(t) dla, ) 439)
+2/9Wd(x,n)—/g(8n¢(t))z%d(x,n), t e [0, 7).

We want to write equation (4.9) in a simpler form. For this purpose, we multiply

Lywye(t) = 0 in Q by (1 + v(t))0:é(t) and integrate the product over Q. Then, for
0<t<T,

0= / (14 () Di(t) Loy d(8) d(z, 7). (4.10)
Q

Using the divergence form of L), integration by parts, and the fact that d;¢(t) = 0 on
09, we deduce from (4.10) that

0=~ [ v+ 00 09(0) - (o)) V(t) (w1
+ /Q(l +o(t)) Op(t) b(t) - Vo(t) d(x,m), te€][0,T]. (4.11)
By the definitions of b;(t), i = 1,2, 3, and V(t), we observe that

/Q (1-+0(t)) () b(t) - Vo(t) d(z, )
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_ 52/Qat¢(t) Vo(t) - (V'é(t) —10,6(t) V(2)) d(z,n). (4.12)

By the definitions of «;(t), 1 <i <4, and V(t), we have that
= [ 9(+ ele) 060 - (@t o(0) dan)
Q
=2 [ (@16(0) Volt) + (14 0(6) VO8(0) - (T'0(6) ~ n8,6(8)V (1) d(o.)

+¢? /Q n(1+v(t)) 9,0i0(t) V(t) - (V'p(t) —ndyo(t) V(t)) d(x,n)

IMOLe(t) Oy (t)
—/Q"er(f)d(:vm)’

and together with (4.12), (4.11) becomes

0= —¢2 /Q(atgb(t) Vo(t) + (1 +v(t) V'Or(t)) - (V'é(t) — none(t) V(t)) d(z,n)

+e? /Q 1 (1+0(t) 9p0ep(t) V(1) - (V6 (t) — nOpo(t) V(1)) d(z,m)

09 (t) Ono (1)

w2 [ 900 Volt) - (V'6l0) = n0,0() V(1)) (..

Rearranging yields

0= [ (1) (V'8 =n0,0(0) V(1) - (V'01(t) = 10,010 V(1) d(z.)

OnOrp(t) On(t)
_/Q 1+ o(t) d(z,n).

Combining this with (4.9), we get
d 2 !
ptelv(t)) = —2¢ /Q(V G(t) = nOyd(t) V(1)) - 9V (t) By(t) m (1 + v(t)) d(x,m)
42 [ (960 = 02,000 VO 0r0(0) d(a )
Q

o Ow(t)
_/9(877@5(75)) TEIO)E d(z,n), te][0,T].
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Using the transformation T, to write d&(v(t))/dt in terms of ¥ (t), we easily obtain

ﬂ56(1;(75)) — 92 / (14 2) 8:2(t) V' (t) - 8,V (t) d(x, 2)
dt Q(u(t))

8{0(15)
14 w(t)

+/ (52|V’¢(75)|2 — (8Z¢(t))2) d(z,z), tel0,T]. (4.13)
Q(u(t))

We next observe that, for 0 <¢ < T,

OV (t) =9 (Vin(1+u(t)) =V <1ai”1()2)> .

Then, using integration by parts and d;v(t) = 0 on 9D, the first integral on the right-hand
side of (4.13) is rewritten in the form

g2 / (14 2) 0.0(0) V(1) - 9V (1) d(x, 2)
Q(v(t))

_ 9¢2 / (1 -+ 2) [06(0) A() + V(1) - V41
Q(v(t))
+ 252/ v (t) Duab(t, -, v(t)) V'a(t, -, v(t)) - Vo(t) d.
D
Since 2V'1(t) - V'O, (t) = 9. (|[V'¢(¢)|?), we have

P / (14 2) .0(8) V'b(t) - OV (8) d(w, 2)
2wt

= [ (1) 2000 A0 + 0. (V' w(0)P)]
2(u(t)

P / p0(t) (2, -, 0(t)) V(- v(t)) - Vo(t) da.
D
Therefore, we obtain from (4.13) that, for 0 <t < T,

d

Ee(v() = /Q oy 1 25 A1) D:0(0) + € 0.1V (1)) | {7 RGR
21 2 2\ 9w(t) v
# g (FITROR — 000)?) 71 o)

+2€2/Datv(t) D,ab(t, -, v(t)) V'a(t, -, v(t)) - Vo(t) d.

49



Chapter 4. The energy equality

Since e2A"p(t) + 924(t) = 0 in Q(v(t)), it follows that, for 0 <t < T,

d o / 8151}(75)
G0 = [ 142000 + 21TV 1 )
219 2 2\ Ow(t) .
g (FITVOR = 000)?) £ i)
+ 262 / Oyo(t) Dutp(t, - v(£)) V't -, v(t)) - Vo(t) da. (4.14)
D
By integration by parts,
_ 2 £2 / 2 Opv(t) .2
L) ([0 (0:000) + 20160 75 42
_ 2|9 2 2\ Ow(t) -
= [y TP~ @:0) 7 e

+ [ (V00O — @:0(t,-,o(0)?) Dro(e)da
D
Hence, for 0 <t < T, we have

d
L (1) = /D (229"t v () = @0t~ 0(1)))?) Oo(t) da

4222 / (1) (2, -, 0(8)) Vb (1, -, v(t)) - Vo(t) da.
D
Finally, we use the identity
V'(t,z,v(t)) = —=0.0(t, x,v(t)) Vou(t), (t,z)€[0,T] x D,

which follows from differentiating the boundary condition (¢, z,v(t)) = 1, x € D, to
deduce that

C‘;tge(v(t» - —/D (142 Vo(®)[2) (Dt - v(t)))2 Byu(t) da
== [ ARVt v O)F + @t 0(0)} () do, ¢ 0.T)

Integrating this equality in [¢1, 2], we obtain that

E.(v(ts)) — E.(v(tr)) = —/t2/D{62|V'1/J(s,-,v(s))|2+(3,21!1(8,-,11(5)))2}@1}(8) dz ds,

for 0 <t <ty <T, and the proposition is proved. [
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Remark 4.2.2 An alternative approach to compute the derivative d€.(v(t))/dt and to
investigate differentiability properties of &, is presented in [/}, Section 4]. This approach
is based on a transformation that maps Q(w(t)) onto Q(v(t)) instead of the transformation
Tyt to a fized cylinder. Doing this transformation allows one to rewrite E.(w(t)), for each
w(t) in a neighborhood of v(t), as an integral over Q(v(t)) and then to study the behavior
of E(w(t)) — Ec(v(t)) as w(t) — v(t).

We are finally in a position to prove the main theorem of this chapter.

4.3 Proof of Theorem 4.1.1

Under the assumptions of Theorem 3.1.1, let (u, 1) be the solution to (3.1)-(3.5). We first
notice that we cannot apply Proposition 4.2.1, since we only have u € C1((0, Tynaz ), L2(D)).
To get around this problem, we shall use an approximation argument:

We define the Steklov average ugs of u by

t+0
ugs(t, z) == 5/ u(s,z)ds, t€[0,Thaz), z€D, 0€(0,Tna —1t).
t

Now, we fix T € (0, Tinaz), and let § € (0, Tinaz — T). Since u € C([0,T + 0], W, 5(D)), we
get by the fundamental theorem of calculus that
t+68) —u(t
us € C([0,T), Wy (D)) with  dpus(t) = w te0,T]. (4.15)

Moreover, for 0 < ¢ < T, it holds that

t+0
Jos(0) = u s iy = |5 [ (ate) = ute)as

W% (D)
< seIﬁ%i(é] |lu(s) — u(t)HWQ“fB(D) — 0 as 0\,0
and thus
us —u in C([0,T],W,5(D)) as §\,0. (4.16)

We next note that, for any ¢ty € (0,7), we have u € C([to,T + 5],W§B(D)). Then, the
estimate

Jus(t) =) g0y < e fu(s) =) g 0
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proves that, as 0 N\, 0, us(t) converges to u(t) in W24, (D) uniformly on [tg, 7] for any
to € (0,T). Since tg is arbitrary,

us —u in C((0,T],W55(D)) as &6 \,0. (4.17)

Since u € C([tg, T + 8], Lo(D)) for every to € (0,T), it follows from (4.15) that

1 [t+o
o) = / du(s)ds,  te [to,T].
t

This implies that
1005 () — @)l ymy = 0 as 6,0,

uniformly in ¢ € [to, T], for each to € (0,7"). Since ty is arbitrary,
dus — Opu in C((0,T], La(D)) as 0 \(0. (4.18)

Recall next that the mechanical energy with respect to us(t) is given by

5/ { (Aus(t))?> — (1 — o) det(Vzu(;(t))} dx + ;/ Vs (t)? da.
D
By direct calculations, it is easily verified from us € C*([0, T, W; EB (D)) that

Em(us) € CL([0,T])

with derivative

q
dt

— ﬁ/D Augs(t) Adyus(t) dx

Em (us(t))

+ B(1 — o) /D (2 Oy Oy s () Oy O, Oyus(t) — 02, us(t) 02, Oyus(t) — 02 us(t) 8§2atu5(t)> dx
+ T/1)VU6(t) -Vowus(t)dz, te€[0,T].

On account of Lemma A.0.1, we obtain that
B(1-0) /D (2 OOy 15 (1) Doy D, Drtis(t) — 02, us(1) 02, Dpus () — 02, s (1) aiﬁtua(t)) dz

=—p(1-o0) /8D K Opus(t) 0, Opus(t) dw.
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So,

%Em(u(g(t)) _5 /D Aus(t) Adyus(t) do + /D Vus(t) - Voyus(t) da

- B(1— 0)/ K Opus(t) 0y 0rus(t) dw, te[0,7T).
oD
Applying integration by parts to the first two terms and using dyus(t) = 0 on 9D, we have

%&n(ua(f)) = B/DAQW(??) Opus(t) dx — T/DAua(t) Opus(t) dx

+8 (Aug(t) —(1- o)k auug(t)>(9y8tu(;(t) dw, te(0,T].
oD

Therefore, in view of the second boundary condition for us(t) (due to us(t) € W247 (D) for
t € (0,7]), we deduce that

d

agm(u(;(t)) =0 /D A2ugs(t) Oyus(t) da — T/D Aug(t) Opus(t) dx, t e (0,T).

Integrating this equality on [t1, t2], we obtain that
Em(us(ta)) — Em(us(t))
to to
=/ / A2ugs(s) Oyus(s) da ds — T/ / Aus(s) Orus(s) dx ds (4.19)
t1 D t1 D
for 0 <ty <ty <T.

We are now concerned with the limit of (4.19) as 6 N\, 0. By (4.17) and (4.18), we see
that, for any 0 < t; <ty < T, the right-hand side of (4.19) converges to

3 : /D A2u(s) Bypu(s) da ds — 7 /tt /D Au(s) yu(s) da ds (4.20)

as 0 N\, 0. On the other hand, due to (4.16) and the continuous embedding W;E(D) —
WZ2(D), we observe that

|Em (us(ty)) — Em(u(ty)) — 0 as 0 \,0,

tr €10, 7], k =1,2. Together with (4.19) and (4.20), we obtain
Em(ults)) — Em(ulty)) = /t : /D (BA%u(s) — 7Au(s)) Bu(s)duds  (4.21)

for 0 < t; <ty < T. Furthermore, since u € C([0, 7], W;%(D)) and since
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W24§(D) — W2(D), we conclude that
Em(u(ty)) — En(u®) < 0o as  t1 (0.

This then shows that (4.21) is valid for ¢; = 0.

Next, consider the electrostatic energy. Thanks to Proposition 4.2.1 and (4.3), we have

Ee(us(ta)) — Ee(us(tr)) = — /tt2 /Dgg(u(;(s))(‘)tu(g(s) deds, 0<t; <ty <T. (4.22)

We are then interested in the limit of (4.22) as § N\, 0. Since u(t) > —1 in D, it follows
from (4.16) that u(t) and us(t) belong to S3(p) for some p € (0,1) and for t € [0,7] and
0 € (0,dp) with dp > 0 sufficiently small. Hence, Theorem 3.2.1 yields

1ge(us)(t) = ge(u) ()| LoDy < CL us(t) — u(®)llwz(p)

< Cpey||lus(t) — u(t) 0<t<T,

”WS*FB(D)’

where C7, is the constant occurring in (3.36) and ¢; > 0 denotes the embedding constant
for the embedding W245(D) < WZ(D). Then, by using (4.16), we have

9=(us) — ge(u) in C([0,T], L2(D)) as 0 \(0. (4.23)
From (4.23) it follows that
g=(us) = ge(u) in L9(0,T; La(D)) as 6 \,0.
Using this together with (4.18) and Holder’s inequality, we deduce that, for any to € (0,7),
ge(ug) Opus — ge(u) Oyu in  Li(to,T; L1(D)) as 0 \,0.

Thus, for any 0 < t1 <ty < T,

/tQ/D[Qa(Ué(S))atua(S) —ga(u(s))ﬁtu(s)] drds| — 0 as §\,0. (4.24)

In terms of the coordinates (x,7n) € 2, the electrostatic energy reads

E(us(t)) = 2 /Q V' 65(t) — 1 95 (t) Us(O)|* (1 -+ us(®)) d(z, m)

+/ ((9,7¢5(t))2 d(x,n), (4'25)
Q

1+ U5(t)
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Chapter 4. The energy equality

where Vus(t)
Uus
= = T .
¢5(t) ¢u5(t) and U5(t) 1+ U5(t)7 le [07 ]
Finally, we show that
|Ee(us(tr)) — Ee(ulty))] — 0 as N0, (4.26)

tr €10,7], k =1,2. From Theorem 3.2.1 we know that

165(t) = ¢ llwz() < Cllus(t) —u®)llwzp), 0<t<T,

with a constant C' > 0 only depending on p, €, and D. Using the continuous embedding
W24§(D) — W2(D) and (4.16), we conclude that

ps — ¢ in C([0,T],WZ(Q) as & \0. (4.27)
Again, by (4.16) and the embeddings W24§(D) — W2(D) — CY(D), we have that
Us—U in C(]0,T], Loo(D)) as 0 \0.
This, together with (4.27), implies
V'gs —n0yps Us = V'o —ndypU in C([0,T7],La(2)) as 0\ 0;
hence, by Holder’s inequality and (4.16),
V' b5 — 1 0yd5 Us|” (14ug) — |V'¢ —ndgs U|> (14+u) in C([0,T],L1(Q))  as §\,0.
Furthermore, from (4.16) and (4.27) it follows that

(8,7¢5)2 - (6n¢))2
1+ us 1+u

C(0,T],L1(Q))  as 3§ \0.

Thus, (4.26) is obtained. Therefore, (4.22), together with (4.24) and (4.26), yields that
to
Ee(u(ta)) — Eelul(tr)) = —/ / ge(u(s)) Opu(s)deds, 0<t; <ty <T. (4.28)
t1 D

Now, since u € C([0, T, VV24 EB (D)), we can repeat arguments quite similar to those above
to prove that
Ee(u(ty)) — E(u®) < o0 as t1 \,0.

Thus, equation (4.28) also holds true for ¢; = 0.
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Chapter 4. The energy equality

In this way, we have verified that
£(u(t)) — £(u(h)) = En(u(t2)) — En(u(t) — A[E(u(t2) — Ec(u(tr))]
_ /: /D {8 A2u(s) — 7 Au(s) + Age(u(s))} Qpu(s) dx ds
= - /tQ 10su(s) |7,y ds, 0 <t1 <t <T,

t1

where in the last step we used the equation (3.3). We have thus accomplished the proof
of Theorem 4.1.1. ™

Theorem 4.1.1 provides a crucial step in the proof of the improved criterion for global
existence, which we will discuss in the next chapter.
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Chapter 5

Touchdown is the only finite time singu-
larity

In this chapter it is our aim to improve part (ii) of Theorem 3.1.1 by showing that u
cannot blow up in I/V24 5(D) in finite time and hence touchdown of u on the ground plate
is the only possible finite time singularity.

5.1 Main result

We assume that D C R? is a bounded convex domain with 9D € C*" for some v € (0, 1).
The main result in this chapter is:

Theorem 5.1.1 (Touchdown) Under the assumptions of Theorem 3.1.1, let (u,1),,) be
the unique solution to (3.1)-(3.5) defined on the maximal interval [0, Tinaz). Assume that
there are Ty > 0 and po € (0,1) such that

u(t) > —=14+py inD, t€][0,Tna)N|0,To. (5.1)

Then, Thar > To.
Moreover, if, for each T > 0, there is p(T) € (0,1) such that

u(t) > -1+ ,O(T) m D, t e [0, Tmax) N [O7T]a

then Trae = 00.

In the case of clamped boundary conditions on 0D, this theorem has been proved by
Laurengot and Walker in [48] for a one-dimensional interval D and in [45] for a two-
dimensional convex domain D.

We follow the proof given in [45]. The idea is to use the lower bound (5.1) on u to
obtain a lower bound on the total potential energy of the device. The energy equality from
Chapter 4 then gives an upper bound on the mechanical energy which in turn implies a
W2 (D)-bound on u(t) for t € [0, Tnaz) N [0,7p]. This leads to an Ly (D)-bound on the
right-hand side of equation (3.3). We then use semigroup theory and embedding properties
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Chapter 5. Touchdown is the only finite time singularity

of Besov spaces to derive a Wy (D)-bound on u(t) for ¢t € [0, Tjnee) N [0, Tp], which is
independent of T},4,. Part (ii) of Theorem 3.1.1 finishes the proof.

5.2 Proof of Theorem 5.1.1

The second statement follows by applying the first to an arbitrary Ty > 0. So, we restrict
our attention to the first.

Let the assumptions of Theorem 3.1.1 be satisfied and let (u,1),) be the solution to
(3.1)-(3.5) defined on [0, Taz)- Let po € (0,1) and Ty > 0 be such that (5.1) is satisfied.
We want to show that

Hu(t)|’W24€(D) S C(p07T0)7 t € [Ovaaz) n [07T0]7 (52)

with some constant ¢(pg, Tp) > 0 independent of T},,4,. Then, Theorem 3.1.1 (ii) will imply
Tmaa: > TO-

To verify estimate (5.2), we first recall that ) € W3(Q(u(t))) for all t € [0, Tiaz)
and that Q(u(t)) is a Lipschitz domain. Hence, due to [69, Theorem II.5.5], we have
[ = Vb (z,ult, 2))] € W;/Q(D) — L4(D) and therefore quantity

Gu(t))(z) := 52|V’1/)u(t)(x,u(t,:U))|2+(821/Ju(t)(a:,u(t, )2, (t,z) € [0, Thnaz) XD, (5.3)

which appears in the right-hand side of (3.3), belongs to La(D) (or see Theorem 3.2.1).
Moreover, since

vlwu(t)(l‘?u(tvm)) = _azdju(t)(l‘au(t’x)) Vu(t,:n), (ta :E) € [Ovaax) x D,
due to (3.2), (5.3) becomes
G(u(t))(2) = (1 +*|Vu(t, z)*) (9:4bu(r) (x, ult, 2)))*.

We also need the following two results from [45]. The first lemma provides us with the
key estimate on the Li(D)-norm of G(u(t)).

Lemma 5.2.1 ([45, Corollary 3.5]) Let p € (0,1), and let v € W3 (D) be such that
v>—14+pinD. Then,

2
IGO0 < (4+ ¥ )\D| 42Vl )

For the next lemma, we recall the total potential energy £(v) = &, (v) — A (v) with

6/{ — (1 —0)det(V* )}da:+ /|Vv|2dx

o8
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Chapter 5. Touchdown is the only finite time singularity

where V2v is the Hessian matrix of v, and electrostatic energy —\&.(v), where

&@):/' (21960 + (0.00)2 } d(, 2) (5.4)
Q(v)
Lemma 5.2.2 Let p € (0,1), and let v € W:?’B(D) be such that v> —1+ p in D. Then,

1
E(v) 2 En(v) = BV}, ) — A (4 T2 ) o

Proof. We observe that the electrostatic energy in (5.4) is precisely the same as in [45].
Thus, by applying [45, Lemma 3.6], we find that

E(v) =En(v) — Ne(v) = En(v) — A|D| + )\/Dv (1+ 52|Vv\2) 0.0y (-,v) dx

Now we can estimate the last term in the right hand-side by using exactly the same
arguments as in the proof of [45, Corollary 3.7]. ]

Since W24 $(D) embeds continuously in W2(D) and since (5.1) holds, we can apply the
above two lemmas with v = u(t).

For the remainder of this section, ¢ denotes a positive constant which depends only on pg,

Ty, u’, B, o, A, €, and D, and may vary from occurrence to occurrence. We emphasize
that the constant c¢ is independent of T},,4.

5.2.1 Auxiliary estimates on the plate displacement

We begin with an La(D)-bound on u(t).

Lemma 5.2.3 There is ¢ > 0 (depending on Tp) such that

[u)llLop) <€t € [0, Timax) N[0, To).

Proof. We multiply equation (3.3) by u(¢) and integrate the product in D. Then,

—{/G
2 dt ( d:c—i—ﬂ/ (A%u(t))u(t) dx—T/D (Au(t))u(t)dz, t € (0,Tmaz). (5.5)

Two integration by parts and the boundary conditions for u(t) yield

—/\/DG(u(t))u t)dx
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Chapter 5. Touchdown is the only finite time singularity

1d 2 2 2
2dt/ u(t) daz+B/D(Au(t)) dxﬂ(la)/aD/i(&,u(t)) dw

T/ V()| da.
D

Applying Lemma A.0.1, we obtain that

_)\/ G(u dx—%iﬂ u®)]?,py + 26m(ut), t€ (0, Tna).  (5.6)

Since u(t) > —1 in D and since G(u(t)) > 0 in D, it follows that

A [ Gty ut) e < NGO 1oy ¢ € 0. Tr) (57)
In addition, by Lemma 5.2.1,
IG@®) L) < e (1+IVa@I3,p)) s €D Tua) NO.T). (58)
Furthermore, by integration by parts and Hoélder’s inequality, we obtain
IVa(®)2,0 = — /D (Au®)u(t) dz < [Au®llyo) W@y (5:9)
Moreover, the inequality
%(Até(lf))2 < (02,u(t))? + (92,u(1)? + 2(00, 0y u(t))? in D

implies that

28m (u(t))

_ 3 / {(Qu(®)? + (1= 0) [200000, (1)) + (02, u(t))* + (22,u(t))? — (Au(t))?] }dz
+T/ Vu(t) de

> P Al ) 1€ 0. T (510)

The estimate just established, together with (5.8), (5.9), and Young’s inequality yields

GO o) < 3 Emu®) e (14 [0yp)) € 0 Taa) N0, T6]. (5.11)

Therefore, by (5.6), (5.7) and (5.11),

3 MO ) + Enul) < ¢ (14 JuOlyip)) > € (0, Tonar) 0 (0,T5),
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and thus %% ||u(t)||2L2(D) <ec (1 + ||u(t)\|%2(D)>. Solving this differential inequality, we
conclude that
Hu(t)”%g(D) <c¢, t€[0,Thnaz) N[0, To].

]
With the aid of Lemma 5.2.2 we obtain the following result:
Lemma 5.2.4 There is ¢ > 0 such that
1
E(u(t)) > iim(u(t)) —c¢, t€0,Tma) N[0, Tp].
Proof. By Lemma 5.2.2 and (5.9),
1
EQult) > En(u(t) = D [8u ) Oy ~ NP (44 505 ) (512
0

for t € [0, Thnaz) N[0, To]. In view of (5.10) and Young’s inequality, we get from (5.12) that

1
E(t) = 5En(u(®) = (1+ [u®)lFyp)) ¢ € [0, Tmaz) 0 [0, T
The assertion now follows from Lemma 5.2.3. ]

Using the energy equality discussed in Chapter 4, we can prove the following estimate.

Corollary 5.2.5 There is ¢ > 0 such that

B(1+0o)

t
- rmww;@+énwmw@m@s@ t € [0, Thnar) N[0, T,

Proof. According to Theorem 4.1.1, we have

St + [ 1)y ds = E@). ¢ 0T

By virtue of Lemma 5.2.4, it then follows that

1 t
£ > L Enult) - c+/0 100u(5) 12,y 45t € [0, Tna) 1[0, T,
and the assertion follows from (5.10) and the fact that £(u%) < oo. [

We can now prove the following important corollary.

Corollary 5.2.6 There is ¢ > 0 such that

G Lyp) < ¢, t €0, Tinaz) N[0, T0].
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Proof. By [28, Theorem 3.1.2.1] (since D is convex) and Corollary 5.2.5, we deduce that
Hu(t)H%/VQQ(D) < ¢, te [OaTmax) N [OaTO]'

The assertion then follows from Lemma 5.2.1. ]

Next, we are going to show that the Li(D)-bound of G(u(t)) obtained in Corollary 5.2.6
implies

||u(t)HW24g(D) <e¢, te0,Thae) N[0, (5.13)
However, first we require an auxiliary result. In what follows, we assume that 4§ € (%, %)

and fix a € (4€ — %, 0). The cases 4¢ € (%, %) and 4¢ € [%,4) can be treated in the same

way. From now on, we allow the constant ¢ to depend also on £ and «, but still not on
Tnaz- We explicitly indicate the dependence on any additional parameter.

5.2.2 An auxiliary result on the fourth-order operator in Besov spaces

We first recall that 9D € C*7, v € (0,1). For s € (—3 —~,4 +7)\{1,3}, we introduce
B; | (D), i.e., Besov spaces By | (D) which incorporate the boundary conditions (3.4):

B (D), s€(=3—71),
Bi 1 p(D):=1< {v € B{;(D);v=0o0n oD}, s € (1,3),
{veBj (D);v=~2Av—(1-0)kdv=0on OD}, s€(3,4+7).
We want to show that the operator — A, given by
—Av = —(BA* =AW, wve Bi1%(D),

generates a strongly continuous analytic semigroup {e~*4; ¢ > 0} on B (D) which sat-
isfies the regularizing property stated in Lemma 5.2.7 below.

In Lemma 3.3.1 and 3.3.3, we have shown that —A restricted to W247 (D) generates a
strongly continuous analytic semigroup {e™*4; ¢ > 0} on Lo(D) satisfying

—tA
e s, oy = M> £ 20.

We can argue in a similar way as in Lemma 3.3.1 to obtain the following result.

Lemma 5.2.7 It holds that

Ae ?—[(Bfiojg(D), t1(D)). (5.14)

Moreover, given 6 € (0,1) with 6 ¢ {(11(1), (320‘) }, there is a constant c(0) > 0 (depending
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on Ty but not on Tnaz) such that, fort € (0,Ty],

e | £(Bg ()8 by < c(0) =Y. (5.15)

1,1,B

Proof. To prove (5.14), we want to apply [29, Theorem 2.18]. We first note that a €
(4¢ — 1,0) € (=1,1). Let us check that assumptions (m), (n), and (o) of [29, Theorem
2.18] are satisfied. Assumptions (m) and (n) are verified in the same way as in the proof
of Lemma 3.3.1. Assumption (o) requires that, for any = € 9D, ¢ € R?, r > 0 with
¢-v(z) =0and ((,r) # (0,0), and any ¥ € [~7, 5], zero is the only bounded solution in
[0,00) to

=8¢ =33)° =re?] v =0,
v(0) = 9?v(0) = 0.

But this has already been proved in Lemma 3.3.1. Hence, we can apply [29, Theorem 2.18|
and conclude that —A generates a strongly continuous analytic semigroup {e~*4; ¢ > 0}
on By (D). It remains to prove (5.15). By [30, Proposition 4.13], we see that

(Bf1(D), Bii%(D)),, = BIYT5(D), 46 € (0,4)\{1 —,3—a},

where (-,-)p,1 denotes the real interpolation functor. Then the desired result follows from
[6, Lemma I1.5.1.3]. n

5.2.3 Proof of Theorem 5.1.1

According to [31, Section 4] or [5, Section 5], we have the continuous embeddings
Bﬁijg(D) — B}, p(D) = B(l),l(D) — L1(D) < B(l),oo(D) — Bf1(D)
for s € (0,44 «)\{1,3}. This, together with Corollary 5.2.6, implies
1G(u®)llBg, 0y < ¢, t €0, Tmax) N0, To]. (5.16)
We next fix 6 € (0,1) and 4&; € (4€,4)\{3} so that
40 + o > 46 +1 > 46+ 1.

In view of [5, Section 5], we observe that

B3 (D) = By 5(D) = W, (D) = W,5(D). (5.17)

Using the variation of constants formula

t
u(t) = e Ml — )\/ e DA G(u(s))ds, te 0, Tnaz),
0
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we derive from (5.15), (5.16), (5.17), and Lemma 3.3.3 (letting ¢y > 0 denote the corre-
sponding embedding constant) that

@)l e, )
t
—tA, 0 —(t—s)A
< el )+ A [ e IGUD y  8
t
< ”eftAHE(W;FB(D)) ||UOHW24’§B(D)+)\CO/O ||67(t78)AG(u(8))HBigft—g(D) ds

t
0 —(t—s)A N
< My 0+ 360 | 16 e ) oy | GO, )
<),  t€0,Tmas) N[0, T0).

So, we have verified (5.13). Theorem 3.1.1 (ii) completes the proof of Theorem 5.1.1. m

We have just proved that the top plate certainly touches down on the ground plate when
Traz < 00.
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Stationary case
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Chapter 6

Positivity preserving property for a hinged
convex plate with stress

6.1 Introduction

This chapter is an adaptation of

e G. Sweers and K. Vassi, Positivity for a hinged convex plate with stress, SIAM J.
Math. Anal., 50 (2018), pp. 1163-1174.

In this chapter, we restrict ourselves to the analysis of the following boundary value
problem for a hinged plate with stress:

A*u—7Au=f in D, u=Au—(1—-0)kd,u=0 on 9D. (6.1)

We will prove that this problem is positivity preserving on convex domains, meaning f > 0
implies u > 0. This task is motivated by the absence of a general maximum principle for
fourth order elliptic equations. The proof relies on optimal estimates for a weighted first
Steklov eigenvalue and on an application of the Krein-Rutman theorem for an auxiliary
problem.

For convenience, we briefly recall the derivation of (6.1) from Section 2.2.

The model

The energy of a hinged thin plate under the action of a vertical force density f: D — R
approximately equals to, by a suitable normalization,

1 1
E(u) = /D {507 + (1= 0) (0000w — 02,ud,u) + o7 IVul* ~ fu}dz, (6.2
where D C R? describes the shape of the plate and u : D — R its vertical displacement
from the rest position. The first two terms in [E form the energy that one may describe as

bending respectively torsion. Fixing the vertical position at the boundary gives u|gp = 0.
Fixing the horizontal direction at the boundary introduces the term %7’ ]Vu|2, a stress
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term due to an increasing surface for nonzero u. The parameter 7 that appears is taken
in [0, 00); the parameter o is the Poisson ratio of the plate and satisfies —1 < o < 1. For
more details, see Section 2.2. The last term is the potential energy from a downward force.
Friedrichs [23] was among the first to study the variational formulation for thin plates.

Weak and strong solution

The solution uys, that we are looking at, for example, for f € Ly(D), is a minimizer of E
on the space
W := W3 (D) N Wy (D),

where, as introduced in Chapter 3,
Wp{B(D) ={ve Wpl(D); v=00ndD}, pe(1,00).

We assume that © is a bounded domain in R? with 9Q € C?!. One may show, see [23, 68],
that E hence has a unique minimizer on the Hilbert space W, which satisfies

0E(u; ) =0 forall p e W (6.3)
with
(HE(U; 90) = /I; {AUA90 + (1 - 0) (28m28x1uax26$1(p - 8£1U8§290 - a%guagl <P)
+7Vu -V — fnp}da:.

Integration by parts with smooth functions u, ¢ € W shows that (see Lemma A.0.1),

SE (5 ) = (1, @) — /D fodr, (6.4)

where

(U, @)y, 1= / (AulAp +7Vu- Vo) dr —(1— J)/ K Opu Oy dw.
’ D oD

Here « is the signed curvature of the boundary, which is taken positive on strict convex
boundary parts, and v is the exterior unit normal of D. If u € W and Au € W2(D) holds
and u is such that 0E(u;p) = 0 for all ¢ € W, then two integration by parts, starting
from (6.4), lead to

0= dE(uig) = [

(A2u —71Au— f)pdr+ / (Au— (1 — o) kOyu) Oy dw,
D

oD

and by the fundamental lemma of calculus of variations, first in D and then on 90D,
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we obtain
A%y —TAu = f in D,
Au=(l—-0)k0u ondD, (6.5)
u=0 on 0D.

Note that the boundary condition u|sp = 0 follows from u € VV21 (D).

Definition 6.1.1 A function u € W satisfying (6.3), we call a weak solution of (6.5).

When 9D is smooth enough, a weak solution of (6.3) is a strong solution, i.e., lies in
Wi(D). If also f is smooth, then it will be a classical solution of (6.5), i.e., lies in C*(D).
See [24, Theorems 2.20 and 2.19].

Setting v = —Au, we may formally rewrite (6.5) as

{ ~Av+Tv=f in D, ad{—Au—v in D, (6.6)

v=—(1-0)kdyu ondD, u=0 ondD.

For 9D € C%! and f € Ly(D), we will prove in Proposition 6.3.4 that u, Au € C(D).
With v € C(D), one finds u € W2 (D) for all p € (1,00) and hence, through embedding,
that u € C*(D) for p > % Thus, d,u lies in C%7(9D) for all v € (0,1).

The problem
First, we fix the following positivity conventions.
Notation Let A C R™. For functions ¢ € C(A), we set
e © >0 when (x) >0 for all v € A;
e >0 when ¢(x) >0 forallx € A and ¢ Z0 in A;

o © >0 when ¢(x) >0 for all x € A.
For La(A)-functions the (in)equalities hold almost everywhere.
The operator T : C(A) — C(B) with A, B C R", we call

e positive if ¢ > 0 implies Ty > 0;

e strictly positive if T is positive and if o > 0 implies T > 0.

We will use a notion of strong positivity. The definition will need a precise setting and is
given later on.

The question that we are interested in is the following. Supposing that w is a solution of
(6.5), we ask
Does f > 0 imply u > 07

This is the so-called “positivity preserving property”, namely, the property which ensures
that if the force density f is of one sign, then also the vertical displacement w has this
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same sign. For 7 = 0 and D convex with 9D € C*!, Parini and Stylianou in [71], using
[25], showed that (6.5) is strongly positivity preserving, namely, f > 0 implies v > 0. In
[77], Romani considered a semilinear version of (6.2). We will consider 7 > 0 and the
following theorem is the main result of the present chapter.

Theorem 6.1.3 Let D C R? be a bounded and convex domain with a C*'-boundary D.
Suppose that f € Lo(D) satisfies f > 0. Then the unique minimizer ug of E in W satisfies
ug >0 in D. Moreover, uy € C*V(D) for all vy € (0,1) and —0,us > 0 on OD.

6.2 Positivity in a second order system

With the system setting in (6.6) one finds that v is coupled with 9,u through the boundary
and u with v as a source. For a bounded domain D € R? with 9D € C?7 for some
v € (0,1) and 7 > 0, both boundary value problems in (6.6) have well-defined solutions in
Holder as well as in Sobolev space settings for given right-hand sides in the appropriate
spaces. When the functions involved are pointwise defined and assuming that D is a
convex domain, hence k > 0, one finds from the maximum principle that

—0y,u>0on dD,

f>0in D }:>v201nD:>uZOinD:>—8Vu200n8D. (6.7)
>0 in

Moreover, an inequality that is strict, i.e., >, implies strong inequalities, i.e., >. However,
for k > 0 the chain of inequalities in (6.7) shows that the coupling in (6.6) is cooperative
in nature (see [66]), which means that by Krein-Rutman we have the positivity preserving
property, whenever we stay below the first “eigenvalue”. Such an ordered setting was
employed in [25].

Since our approach strongly depends on properties of the solution operator, it will be
convenient to fix the following operators and recall some of their properties:

e We write w = G, f for the solution of

(6.8)

—Aw+Tw=f in D,
w=20 on 0D,

and set Co(D) := {v € C(D); v =0 on dD}.

Lemma 6.2.1 Let D C R? be bounded and 0D € C%7. Then for all f € C(D), there
exists a unique solution u € Co(D) NW2(D) of (6.8) for all p € (1,00). Moreover, setting
u = G, f one finds that

G, : C(D) — C'(D) (6.9)

1s a well-defined compact linear operator.

Proof. Indeed, by [26, Theorems 9.13 and 9.15, Lemma 9.17] there exists for 7 > 0 a
solution operator S, for (6.8) from Ly (D) to WZ(D) N W;B(D), and moreover, there is a
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constant ¢ > 0 depending only on 7, p, and D, such that
1S Fllwzpy < llfllL,py for all f & Ly(D).

Denoting by I : C(D) — Ly(D) the trivial embedding and by I : W2 (D) N Wpl’B(D) —
C17(D) N Cy(D) the compact embedding that is guaranteed by a Sobolev embedding
whenever p > 1%7, one finds that G, = IS, 1; has the desired properties. For the compact
embedding we refer to [1, Theorem 6.3]. ]

e We write w = K,4 for the solution of

{ —Aw+Tw=0 in D, (6.10)

w =1 on 0D.

Lemma 6.2.2 Let D C R? be bounded and 0D € C*7. Then for all ¢y € C(OD), there
exists a (unique) solution w € C(D) N C?*7(D) of (6.10). Moreover, setting w = K. one
finds that

K, :C(0D) — C(D) (6.11)

1s a well-defined bounded linear operator, which is even strictly positive.

Proof. Since D € C?7 the Perron method [26, Theorem 2.14] and the maximum princi-
ple yield a continuous solution operator for 7 = 0. The same holds true for 7 > 0. See [26,
Theorem 6.13]. The maximum principle implies [[K;¢[| o) = max{|[¢(z)|;z € 0D} =
¥l copy and also that if ¢ > 0, then K74 = 0 holds. ]

e Finally, set Nw = — (v-Vw)|gpp. For D € C?7, one has v € C(0D) and
k € C%7(0D). So, for w € C*Y(D) one finds kNw € C*Y(dD) and

kN : CY (D) — C(0D) (6.12)
is well-defined.
With these operators one finds that the system in (6.6) turns into
u=Gov = GoG,f + (1 — ) GoKxNu. (6.13)

Moreover, if the spectral radius g, := 7 ((1 — 0) GoC-kN) is less than 1, then

uw=(Z—(1—-0)GoKscN) " GoGrf = Z (1 = o) GokKr kN GoG- 1. (6.14)
k=0
Since GokCr kN : C1Y(D) — C17(D) is compact, its spectrum consists of eigenvalues with

0 as the only possible accumulation point. So 7(GoKrkN) = sup |p| holds with p an
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eigenvalue of Go/KC, kN, i.e.,
GoKr kN = pp (6.15)

for some eigenfunction ¢ € C17(D). Moreover, such an eigenfunction yields an eigenfunc-
tion ¢ := K,.kNp € C(D) of
KreNGop = pap (6.16)

and vice versa. Hence, in order to have rg, < 1, it will be sufficient to find that the in
absolute sense largest eigenvalue for (6.16) lies in (0, %] In fact, it will be more convenient
to consider

T, = K;kNGy: C(D) — C(D). (6.17)
The first positivity result we collect is as follows.

Lemma 6.2.3 Let D C R? be bounded and OD € C*7. Then NGy € L(C(D),C(0D)) is
such that
w >0 implies NGow > 0.

Proof. This is a direct consequence of Hopf’s boundary point lemma and the regularity
of dD. ]

For 0D € C?7 and D convex, we have x > 0 and with Lemmas 6.2.2 and 6.2.3, the
operator 7 in (6.17) is strictly positive. Next, we will show that 7, satisfies a property
called “strongly positive”.

Definition 6.2.4 Let T € L(C(D)) be a positive operator.

o We call0 < ug € C(D) a unit for T if for each 0 < u € C(D), there exists a constant
cy > 0 such that Tu < cyuyg.

o We call T strongly positive with respect to the unit ug if for each 0 < u € C(D),
there exists a constant c;, > 0 such that Tu > cjuq.

Proposition 6.2.5 Suppose that D C R? is a bounded convex domain with 0D € C?7
for some v € (0,1). Then, the operator T, in (6.17) is compact and strongly positive with
respect to the unit ug := Krkl.

Proof. By Lemmas 6.2.1 and 6.2.2 and the definition of kA in (6.12) it follows that
T, = K-kNGg is compact. Since K, and kNG are strictly positive, so is 7.

We first show that ug is a unit. For u € C(D) with u > 0 the boundedness of NGy
implies NGou < ¢,1 for some ¢, € (0,00) and hence, using £ > 0 and the positivity of K,
one gets

Tru=K:6NGou < Krk (ey1) = cyuo, (6.18)

which implies ug is a unit.
For the strong positivity, let v € C(D) with « > 0. One finds by Lemma 6.2.3 that
NGou > 0 and, since dD is compact, that NGou > ¢ 1 for some ¢, > 0. From Lemma
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6.2.2, we know that IC; is positive and since k > 0, we find
Tru=K::NGou > c; Kkl = ¢ ug, (6.19)

which shows that 7, is strongly positive with respect to ug. [

Corollary 6.2.6 Suppose the conditions of Proposition 6.2.5 hold. Then the spectral ra-
dius is the in absolute sense largest eigenvalue of (6.17) and is the only eigenvalue with a
positive eigenfunction.

Proof. Set up := K-x1. Since Trug > cup for some ¢ > 0, it follows that HTT"HZ/(Z(E)) >c

and hence that r(7;) > ¢ > 0. So, the Krein-Rutman Theorem implies that the spectral
radius is the in absolute sense largest eigenvalue, i.e., u1 = r (7;), all other eigenvalues p;
of T, satisfy |u;] < p1, and py corresponds to a positive eigenfunction 1, € C(D):

Tr1 = pin

(see [42], [80, Appendix 1], [41, Chapter 11]). To find uniqueness of the positive eigen-
function and that the eigenspace is one-dimensional, one uses that for all u > 0 one gets

coug > Tru > ciug > 0 in D.

This implies that 7, is irreducible on C(D) as described in [80, Appendix 1]. Alternatively

as in [3, 2] or [41] and note that 7, (C(D)) C Cy, (D). [ |

Cuy(D) := {u e C(D); HuHuO = sup
zeD

6.2.1 An auxiliary first eigenvalue is small enough

In order to prove that the series in (6.14) converges, we have to show that the spectral
radius of (1 — ) GoCr kN is less than 1 as r(GoKCrkN) = r(T7) = p1 by (6.15) and (6.16).
In view of Corollary 6.2.6, it suffices to verify that p; < ﬁ, where p7 is the principal
eigenvalue of GoK,xkN. Since ﬁ > %, it is sufficient to show that p; < % Note that
GoK-6N @1 = p1py from (6.15) corresponds with

(A2 — TA) w1 =0 in D,
o1 =0 on dD, (6.20)
~Ap1 = pit Kk (—0yp1) on OD.

For the case 7 = 0, 0 € (—1,1), and D convex with 9D € C%!, this has been done by
Parini and Stylianou in [71] using sharp estimates for the corresponding “weighted first
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Steklov eigenvalue” d; := d; 9. More precisely, it was proved that §; > 2 holds. In [8] it
was shown that this bound is sharp, since for D = By := {x € R?; |z| < 1} one finds
01 = 2. The same proof applies for 7 > 0. Indeed, following [71], we define

S ._/D<(Au)2—|—TVu|2> dx
1,7:= in (u) for R(u):= (6.21)

OFueW / K (O,u)? dw
oD

and the convention that R (u) = +oco whenever [, x (d,u)? dw = 0.

Proposition 6.2.7 Suppose that D C R? is bounded and convex with a C*'-boundary.
Then for all 7 >0 and o € (—1,1), one finds that 6, ; > 2.

Remark 6.2.8 If we allow arbitrary 7 > 0 and o € (—1,1), then 2 is optimal. For each
lo| <s <1 and T >0 one obtains 61 > ¢(s, ) > 2.

Proof. Using the fact that 7|Vu|> > 0 and [71, Proposition 2.7], we conclude that
6177- > 2. |

Corollary 6.2.9 With the assumptions of Proposition 6.2.7, 7 > 0, and o € (—1,1), we

have

r((1—0)GoKkN) < 1.

Proof. Let y; > 0 be the principal eigenvalue of GokC kA and let 1 € CY7(D) be its
associated eigenfunction, i.e.,
golCT/{./\/’@l = H1¥1- (6.22)

Then ¢; € W. Using (6.22) and integration by parts, we obtain
i [ (Ao 47 Ver) da
D
= / ((=Ap1) (KiaN@1) +7Vp1 - V(GoK 6N ¢1)) da
D

:—/ (Kr6Np1) 0yo1 dw—l—/ VgOl'V(/CTﬂN(pﬂdl’-i-T/ 01 (KysN 1) dz.
aD D D

Here we used ¢1 |9 = 0 and the definition of Gy. Integrating by parts once more and using
©1]lop = 0 and the definitions of K, and N, yields

" / (a1 +71Ver[?) dar = - / (KriNo1) D1 dos + / o1 (—A +7) Ko iNprde
D oD D

= /aD K (By1)? dw. (6.23)
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We find from (6.21) that ¢; satisfies
/ ((Agpl)Q +7 |Vg01|2) dx = 5177/ K (By1)? dw. (6.24)
D oD

On account of (6.23) and (6.24), we obtain pu; = 51_i From Proposition 6.2.7 it follows
that 1 < 3. Since o € (—1,1), we have r (1 — o) GoKrkN) < 1. |

Remark 6.2.10 Instead of estimating the weighted first Steklov eigenvalue as done in
[71], one may also try to find a special positive supersolution @, that is, & € C* (D) with
>0 and

> (1—o0)GoK kNa.

This means that the solution u* of

{ U—Av +710* =0 in D, and { —Au* =v* in D, (6.25)

—-(1-o0)kdya on oD, u* =0 on 0D,

satisfies 4 > u*. In general it is hard to find such a function. For a disk, however, this
can be done. See Section 6./.

6.3 Proof of Theorem 6.1.3

Proposition 6.3.1 Suppose that D C R? is a bounded convexr domain with a C?*'-
boundary. Take ug := Gol. Then

i 1—0)Gok,kN)* Gy : (D) — C(D) (6.26)
k=0

s a strongly positive operator with respect to the unit ug.

Remark 6.3.2 Note that G, : C(D) — C(D) is also strongly positive with respect to
the unit ug == G;1. See [2, Lemma 5.3]. Moreover, the operator G; : Lay(D) — W is
well-defined and W is embedded in C(D). By the mazimum principle it even follows that
0 < f € Lao(D) implies G- f >0 in D. Thus,

> (1 = 0) GokriN)* GoGyr : La(D) — C(D)
k=0
18 a positive operator and satisfies

f20inD = > ((1-0)GoK-uN)* GoG-f >0 in D.
k=0

This, together with (6.14), immediately implies u > 0 in D when f > 0.

75



Chapter 6. Positivity preserving property for a hinged convex plate with stress

Proof. Observe that

D (1 =0)GokrkN ) Go = Go > (1 — o) K-kNGo)" .
k=0 k=0

Since r ((1 — o) K;kNGg) = rgp < 1 holds due to Corollary 6.2.9, the series converges.
Since Gy and (1 — o) K,kN G are strongly positive operators in the appropriate senses, so
is the combination in (6.26). ]

Before stating the next proposition, let us specify the notion of a C-solution to (6.5).

Definition 6.3.3 For f € Lo(D) we say that u is a C-solution of (6.5) if u € C(D)
satisfies

w=Go(Z—(1-0)KkNGo) G, . (6.27)

Proposition 6.3.4 Suppose that D is a bounded convex domain in R? with 0D € C?1.
If f € Ly(D), then a C-solution u of (6.5) exists. Moreover, u € W2(D)NCY(D) for all
€ (1,00) and v € (0,1) and u is also a weak solution.

Proof. For f € Ly(D), one finds G, f € W, which is embedded in C(D). Since
r((1—0)K:kNGp) <1

the following series converges and it holds that

2= (T —(1—-0)K:kNGo) ' G f = i (1 —0) K-kNGo)* G- f € C(D) c L*(D).

k=0
Furthermore, we note that
QOZ((l—a)IC K;Ngo Z 1—0)GoK; fi/\/') GoG-.
k=0 k=0

Then, it follows from (6.14) that v = Gpz. Regularity results for second order elliptic
problems imply that u = Goz € W and even that u € W2(D) N C*7(D) for all p € (1,0)
and v € (0,1). Owing to 7 ((1 — o) K:kNGp) < 1, we can rewrite u = Gpz in the form

u=GoG,f + (1 —0)GoKrkNu.

For such u and for any ¢ € W we have

/ (AulAp +7Vu-Vo)dx

D

- / ((—ng — (1 0) KrkNw) Ap + 7V (GoGr f + (1 — o) GoKrkNw) w) dz.
D
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With two integration by parts, ¢|sp = 0, and the definitions of G, K, and N/, we obtain
- [ @navda= [ VGp) Veds
D D
—— [ (8.1 pds
D

and
—(1- a)/ (KreNu) Apdr = (1 — 0)/

D 0

=(1- U)/ K Oyudypdw — (1 — 0)/ (AK-kNu) ¢ dx.
oD D

K Oyud,pdw+ (1 — J)/ V (KrkNw) - Vo dz
D D

Moreover, an integration by parts, ¢|sp = 0, and the definition of Gy yield

r / V (GoG-f) - Vpdr =1 / (G.1) pdz
D D

and
7(1— U)/ V (GoKrkNu) - Vodr =7 (1 — U)/ (KreNu) pde.
D D
Hence,
/ (AuAp +7Vu- Vo) dx
D
=(1- 0)/ K Oy Oy p dw +/ (A +7)G:f) pdx
oD D
+(1—-o0) / (A +7)Kr6Nu) pdx
D
= (1—0)/ mﬁyual,godw+/ fpdx,
oD D
which shows, together with Lemma A.0.1, that u is a weak solution. [

Corollary 6.3.5 Suppose that D is a bounded convex domain in R? with 0D € C>'. If
f € La(D) satisfies f > 0 in D, then the C-solution u satisfies u > 0 in D and —d,u > 0
on 0D.

Proof. Since the operator in (6.27) satisfies Go (Z — (1 — o) K;kNGo) ' G-f > 0 in D
when f > 0, one finds v > 0 and « > 0 in D. With v > 0 on the right hand side of (6.6),
it follows from Hopf’s boundary point Lemma that —0,u > 0 on 9D. |

7



Chapter 6. Positivity preserving property for a hinged convex plate with stress

6.4 The case of a disk

In the case that 7 = 0, one finds an explicit formula for the first eigenfunction ¢; of
GoKokN on By, namely,

pi(x) = 3(1 - |=*).
Since k = 1, it is immediately obvious that kN = 1 and KorN¢; = 1. So
0" (x) := GoKorN g1 (z) = L (1 — |z[*).

One indeed finds ¢* = %gpl and hence, with §; from Subsection 6.2.1,

o1(x) 1 1
01 = =2 d = - .
T o) md m=ss1,

Even in the case 7 > 0, the auxiliary eigenfunction and eigenvalue can be computed in
the case of the disk. Recall that the first eigenfunction ¢ and the Steklov eigenvalue 61 ~
correspond to (6.20)-(6.21).

Lemma 6.4.1 Let D =Bq and 7 > 0. Then @1 can be written by using Iy, the modified
Bessel function of the first kind:

() = /)= TPl

Moreover, it holds that

t Io(?)
L(t)

and a(0) = 2. Here I, is the nth modified Bessel function of the first kind. The function
a € C*(R) is strictly increasing on (0, 00).

61 = a(\/T) with «aft) = (6.28)

Proof. We take a function @ with kAN = 1. A direct computation gives

_ _ (VT l)
KreNu=K:1 = 7fo(ﬁ)

with .
1 ry 2m
IO(T) = Z (m')2 (5)
m=0 :
Then,
@) : L @D (VT (el
©* () :== (GoKruNT) (z) = (v mzzo T I <<2> B ( : >
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oz (09 (9)°)
- TIo(v/7)
_ Io(vV7) = Io(V7 |2))

71o(V/7) '

Note that we did not fix @ except for the normal derivative at the boundary. So we may

take
Io(vT) — Io(vV/7|2|)
VTh(yT)
which, since I} = I; holds, satisfies kN'@ = 1. Since now @ is a multiple of ¢*, we have
found the first eigenfunction and

u(x) =

5 i) _ thiy7)
T @) Vrh(VD

The last claims concerning « follow from

Oz(t) _ t I[)(t) _ 22;’;:0 (ml!)2 (%)Qm_i,_l
Il (t) Zoo )2m+17

1 (;
m=0 (m!)?(m+1) \2

1
(m!)

where

1
7 > 2t D) for all m > 1. ]

Remark 6.4.2 Indeed, this confirms the estimate for the auziliary eigenvalue in the case

. B . L(v7) . .
of the disk for all 0 € (—1,1), since T — Fro(v7) is decreasing and

I (V1) 1 1

lim ———=-<

T\Oﬁfo(ﬁ) 2 1—0

See Figure 6.1.
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Figure 6.1: The eigenvalue py = d; i of GoK-kN for the unit disk as a function of 7
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Chapter 7

The eigenvalue problem

In this chapter, we study the eigenvalue problem

BA2p —TAp = pup in D C R,
v=0 on 0D, (7.1)
Ap=(1—-0)k0,p on 0D

with parameters § > 0, 7 > 0, and o € (—1,1). Here, again, x denotes the signed cur-
vature of the boundary 9D, positive on strict convex boundary parts, and v the exterior
unit normal on 0D.

We are interested in the existence and uniqueness of y € R for which (7.1) admits a

positive eigenfunction ¢. This fundamental result will be derived by combining the posi-

tivity preserving property established in Chapter 6 with the Krein-Rutman theorem.
Before stating the main result, let us recall the notation:

Wé:B(D) ={veWy(D);v=Av—(1-0)xd,v=0o0ndD}.

Theorem 7.0.1 Let D C R? be a bounded convex domain with 0D € C*. The eigenvalue
problem (7.1) admits a unique eigenvalue py € R which has a positive eigenfunction .
The eigenvalue py is positive and simple. Moreover, p1 € WQL{B(D) and dy,p1 <0 on OD.

Proof. Consider the problem (7.1) with f = f(x) as a right-hand side, i.e.,

BA2p —TAp = f in D,
=0 on 0D, (7.2)
Ap=(1—0)k0yp ondD.

Then, by [24, Theorem 2.20], there exists a solution operator S for (7.2) from Ly(D) to
WQ‘{ (D) and moreover, there is a constant ¢ > 0, only depending on 7, 3, and D, such
that

IS fllwapy < cllfllLypy  forall f € Ly(D).

Since the embedding I3 : Wy 5(D) — Lo(D) is compact due to [1, Theorem 6.3], one finds
that L := SI3 is a compact endomorphism of Wy 5(D). The Banach space Wé{ (D) is an
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ordered Banach space with positive cone:
(W3p(D))+={veWig(D);v=>0in D}.
For the terminology, see [3, 13]. Next, set
CY(D):={ve ' (D); v=0o0ndD}

and observe that Wg{ (D) is continuously embedded in C}(D). It is well-known that the
space C’é (D) has a positive cone with nonempty interior. The interior points are given
by those functions v € C}(D) satisfying v(x) > 0 for all x € D and 9,v(z) < 0 for all
x € 0D (see, e.g., [3] or [13, Chapter 12]). This implies, in particular, that (VV;{B(D))Jr
has a nonempty interior. It is easy to see that the interior of (W24 5(D))+ is given by

int((WZL{B(D))J'_) ={ve WiB(D); v>0in D and d,v < 0 on 0D}.
Let us now show that L((W247B(D))Jr \ {0}) C int((WQZ{B(D))Jr), ie.,
for any 0 < f € Wy (D) it holds that Lf >0 in D and 8, (Lf) <0 on 0D.

But this follows directly from Theorem 6.1.3. The sharper version of the Krein-Rutman
theorem (see [3, Theorem 3.2] or [14, Theorem 19.3]) then applies to L. Hence the assertion
follows. u

Remark 7.0.2 Assuming that 0D € C*7 for some v € (0,1), one can show that o1
additionally belongs to C*V(D); see [24, Theorem 2.19].
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Chapter 8

Stationary solutions of the MEMS model

In the following two sections we will discuss the stationary version of (3.1)-(3.5). It is
given by the following system of equations

e? Ay, + 029y, = 0, (z,2) € Qu), (8.1)
(@, ) = llju(z) (x,2) € 0Q®w),  (8.2)
BA%y — TAu = —)\{EQIV'wu(x,u(x))F + (Dol u(m)))Q}, zeD, (8.3)
u=Au—(1—o0)kd,u=0, x € 0D. (8.4)

We first prove the existence of a stationary solution for small values of the parameter A,
i.e., for small voltage values. Next, we complement this result by a nonexistence theorem
for large voltage values.

8.1 Existence of stable stationary solutions

In this section, it is our aim to prove that, for A sufficiently small, the problem (3.1)-(3.5)
possesses a unique stationary solution with u € Ss(p) for some p € (0,1). We recall
that the set S3(p) is defined in (3.16). We also show that this stationary solution is
exponentially stable. The following theorem is the analog of [51, Theorem 1.2] and [48,
Theorem 1.7].

Theorem 8.1.1 (Existence) Suppose that D C R? is a bounded convexr domain with
0D € C*. Let p € (0,1) be fived.

(i) There are 6 = d(p,e) > 0 and an analytic function [0,5) — Wg{B(D), A= Uy, such
that (Ux, Uy, ) is for each A € (0,9) the unique stationary solution of (3.1)-(5.5)
with Uy, € S3(p) and ¥y, € WZ(Q(Uy)). Moreover, —1 < Uy <0 in D.

(ii) Let X € (0,0). There are wo,r9, R > 0 such that for each initial value u® € WéB(D)
satisfying u® > —1 in D and ||u® — Uxllwa(py <o, the associated solution (u, ) to
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(3.1)-(3.5) exists globally in time with

u € C([0,00), W3 (D)) N C*([0,00), La(D)),
Yuwy € W3 (Qu(t))), >0,

and u(t) > —1 in D for each t > 0. Moreover,

lu(t) = Unllwg(py + 10u(®) | ooy < Re™™"|[u” = Unllwapy: t20.  (8.5)

The proof of Theorem 8.1.1 relies on the implicit function theorem for part (i) and the
principle of linearized stability for part (ii).

Proof. The proof goes in the same spirit as that of [16, Theorem 3|. To prove (i), we note
that Wi (D) is continuously embedded in W2(D) and recall that g. defined in Theorem
3.2.1 is an analytic map S3(p) — L2(D). According to Lemma 3.3.2 (or alternatively [24,
Theorem 2.20]), the operator A = BA? — 7A € E(WQ%B(D), Ls(D)) is invertible. Hence,
we find that the map

F:Rx (Wig(D)NSs(p)) = Wyp(D), (A\v)—v+ A" g(v)
is well-defined and analytic. Moreover, we have
F(0,0) =0 and D,F(0,0) = IdWé,B(D)'
In view of the implicit function theorem, there is § = §(p, ) > 0 and an analytic map
(A= Ux] 1 [0,6) — Wy 5(D)

such that Uy = 0 and F(X\,Uy) = 0 for A € [0,0). For A # 0, let ¥y, be the potential
associated with Uy. Then (Uy, ¥y, ) is the unique stationary solution to (3.1)-(3.5) satis-
fying Uy € WQZ{B(D) N S3(p) and ¥y, € WE(Q(Uy)) when X € (0,6). The nonpositivity of
U, follows from the fact that g.(Uy) > 0 in D and the positivity preserving property for
the hinged plate (see Theorem 6.1.3).

We now prove part (ii). Let A € (0,9) and write v = u—U,. From the analyticity of the
map g and the continuous embedding Wy (D) < W3 (D), we infer that By := ADg.(Uy)
is a well-defined bounded linear operator from W247 p(D) to La(D). If we linearize the
Cauchy problem (3.17) around the stationary solution Uy, we obtain

{ drv + (A + Bx)v = GA(v) == =X (9=(Ux +v) — g-(Ux) — Dg-(Up)v), >0,
v(0) =Y,

where, according to Theorem 3.2.1, the map G € C*°(O,, L2(D)) is defined on a neigh-
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borhood O, of zero in W24,B(D) such that Uy + Oy C S3(p). Moreover, we find
GA(0) =0 and DG,(0) =0.

From Lemmas 3.3.1 and 3.3.2 we know that —A is the generator of a strongly continuous
analytic semigroup on Lo(D) with a negative spectral bound. Hence, since

IBAl 2w (D), La()) = 05 as A =0,

it follows from [6, Proposition 1.1.4.2] that —(A + B, ) is again the generator of a strongly
continuous analytic semigroup on Lo(D) with a negative spectral bound, provided A is
sufficiently small. Applying [63, Theorem 9.1.2] and making § > 0 smaller if necessary,
part (ii) follows and the proof of Theorem 8.1.1 is complete. ]

The following is an immediate consequence of (8.5) and the Lipschitz continuity of ¢,
obtained in Theorem 3.2.1:

Corollary 8.1.2 Assume that the conditions of Theorem 8.1.1 hold. Then ¢ converges
exponentially to ¢y, ast — oo, i.e.,

[u(y — Uy llwzi) < Rye” ™! u’ — Uxllwapy, t=0,

with a positive constant Ry.

8.2 Nonexistence of stationary solutions

We show that there is a threshold for the parameter A above which no solution to (8.1)-(8.4)
exists. We recall that, by Theorem 7.0.1, the operator A% — 7A with hinged boundary
conditions has a positive eigenvalue pu; > 0 with a corresponding positive eigenfunction
Y1 € W247 (D). The proof of the following theorem relies on the positive eigenpair (1, ¢1).

Theorem 8.2.1 (Nonexistence) Let D C R? be a bounded conver domain with OD €
C*. Suppose that X > ui. Then there is no stationary solution (u, ) to (3.1)-(3.5) such
that u € WéB(D), Py € WE(Q(u)), and u(x) > —1 for x € D.

Proof. Consider a stationary solution (u,,,) to (3.1)-(3.5) with regularity u € W2473(D),
¥y, € W2(Q(u)), and satisfying v > —1 in D. In order to simplify the notation, we set

Ye(x) = 00 (x,u(z)) and G(z):= (1 —|—52|Vu(x)|2)'ye(1:)2, z € D.

Using the identity
V't (z,u(z)) = —Vu(z)ve(z), =z € D, (8.6)

which follows from differentiating the boundary condition v, (z,u(x)) = 1, x € D, the
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function u solves
BA%u — TAu = -G in D,
u=0 on 0D, (8.7)
Au—(1—-0)kOyu=0 on 9D.

Since v, € W2(Q(u)) implies that [z + Vb, (z,u(z))] € WQI/Q(D) — Ly4(D), we get that
G € Lyo(D), and since G > 0, we obtain by Theorem 6.1.3 that

u<0 in D.

We next provide upper and lower bounds for the potential ,,.

Lemma 8.2.2 For (z,2) € Q(u),

0 < tu(w,2) <1

Proof. The function (z,z) +— m clearly solves (8.1) for m = {0,1}, and furthermore, it
holds that 0 < ¢, <1 on 9Q(u) since u = 0 on dD. The maximum principle then implies
that 0 < ¢, < 1 in Q(u). ]

The following lemma is the main ingredient in the proof of Theorem 8.2.1.

Lemma 8.2.3 For (z,z) € Q(u), define M(z,z) := 1+ z —u(z). Then
Yu(z,2) < M(x,2), (x,2)€ Qu), (8.8)

and
Oy (z,u(x)) > 1, x € D. (8.9)

For D = (—1,1) C R, 8 =0 in (8.3), and for clamped boundary conditions, that is,
when wu solves

82u(z) = /\{52(8z¢u(x,u(x)))2 + (8Z¢u(x,u(x)))2}, e (=1,1),  u(£l)=0,

such a result has been proved by Laurengot and Walker in [46]. In this case, u is clearly
convex and the proof then follows from the maximum principle.

A somewhat different approach is needed to prove Lemma 8.2.3. Fortunately, the
combination of the boundary conditions for u allows us to rewrite the fourth-order problem
(8.7) as a second order system.

Proof. Since u|gp = 0, the function M obviously satisfies
M(z,z) =142z =1y,(x,2), xz€0dD,ze(-1,0)

and
M(z,u(z)) =1 =¢y(z,u(x)), x€D. (8.10)
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Due to the nonpositivity of u, it also satisfies
M(z,—1) = —u(z) > 0=1y(x,—1), z€D,
so that M > 1, on 9Q(u). In addition, for (z,z) € Q(u), we have
—e?AN'M(x,2) — 0*°M(z, 2) = e Au(x).
To verify that Au > 0 in D, we rewrite (8.7) as the coupled system

{ ~BAv+To=-)G WD, { —Au=v inD, (8.11)

v=—(1—-0)kdyu ondD, u=0 onD.
Since D is convex, hence k > 0, we find that
u<0inD = —(1—0)kdyu<0ondD,

and it follows from —AG < 0 in D and the maximum principle (for the problem on the
left in (8.11)) that v <0 in D. Thus, Au > 0 in D. Hence, as

—e?A'M(z,2) — 0°M(x,2) > 0= —?A'tpy(x, 2) — 02y (x, 2), (x,2) € Qu),

we can apply the maximum principle to conclude that M > v, in Q(u). This, together
with (8.10), yields that, for x € D and z € (—1, u(x)),

bu(@,2) = Yu(z,u(@)) _ M(z,2) — M(z, u(z))

2z — u(w) - 2z —u(x) =1

Sending z to u(x), we see that 0,9, (z,u(z)) > 1 for all z € D. ]

Lemma 8.2.3 implies
G(x)>1, zeD,

so that by Theorem 6.1.3 we even have u < 0 in D. Moreover, we infer by (8.7) that
— BA*u+TAu> N in D. (8.12)

Multiplying (8.12) by the eigenfunction ¢; and integrating over D gives

)\/ prdx < / (—,BAQU + TAu) p1dz.
D D

Integrating by parts and using ¢1]|sp = 0, yields

/ (—ﬁA2u + TAu) prdxr = B/ VAu -V dr — 7'/ Vu -V de.
D D D
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With two integration by parts, and taking into account that w = 0 on 9D, we further
obtain

/ (—,BAzu + TAu) p1dx
D
=4 (Audy,p1 — Ap1 dyu) dw + 6/ Vu-VAp de + 7'/ u Ay dx.

oD D D

From this, using again integration by parts and u|sp = 0, we infer that
/ (—ﬁAQU + TAu) w1 dx
D
=4 (Audyp1 — Ap1 Oyu) dw + / (—ﬁAQCpl + TAgol) udx
aD D
— / (—=BA2%p1 + TAP1) udz.
D

The last step follows from the second boundary condition for u and ¢;. Then

)\/ @1 dx S/ (—=BA% 1 + TAp) udz = —Ml/ p1udr <N1/ p1 dx,
D D D D

since u > —1in D. So A < u1, and this completes the proof. [

Remark 8.2.4 An alternative proof of Theorem 8.2.1 is contained in Appendix C. It is
based on the construction of an appropriate auxiliary problem rather than on the lower
bound for 0,1, (x,u(x)) provided by Lemma 8.2.3. More precisely, we will show that for

/6 2
T #( (0 5)e)
e<eni= |z and AZ
7||A - 2\ 2 ’
1AP1 (D) 20,8 (1 B g>

e2

*

there exists no stationary solution. Here, a. := min{1,e?} and K; is a positive constant
such that Ky > 2. This result is weaker than Theorem 8.2.1 since one easily verifies that

2

(o (s22)0)
2
a3

Howewver, it may be that a modification of the estimates in the proof of Theorem C.0.1
could lead to a better outcome.

> 1.
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Appendix A

An important identity

In this appendix we prove identity (2.18) under weaker assumptions.

Lemma A.0.1 ([81, Lemma A.1]) Let D C R? be a bounded domain with 0D € C*! and
let k be its signed curvature. Then for

u, o € W3 (D) ﬂWQ{B(D) = {v e WZ(D); v=0 on dD}
it holds that
/ (20240, Oy Oy u — 8£1g0632u — 33290 8§1u) dr = — / K Oytp Opu dw,
D 8D
where v is the outward unit normal on 0D.

Proof. For 9D € C*!, the functions {v € C*(D); v =0 on dD} lie dense in W3 (D) N
VV21 5(D). Indeed, one may locally rectify a boundary section by a C*7-diffeomorphism
and use a reflection argument. Hence we may assume that u € W2(D) N W21 (D) and
¢ € C(D) with ¢ = 0 on D, and so we may use the same arguments as for (2.18). In
fact, integrating by parts and using u|sp = 0, one finds that

/ (20,0, p Oy Oy — 02 p 02 u — 02,0 02 ) da
D
= / (y1 Oy Oy P Oyl + 19 O3y Oy Oyt — 12 Oglgpﬁxzu -1 8§2g0 Oxlu) dw.
oD
With the counterclockwise oriented tangent vector s = (s1,$2) on 9D and using the fact

that Oy, ulop = v1dyu + $10su, Op,ulop = v20,u + s20su and that dsulspp = 0 due to
u|pp = 0, one gets

S—

i (202,00, Oy Oy u — ﬁglcp 3§2u - 8g2<p aﬁlu) dx

/ (2V1V2 Oy Oy 0 — 13 &%ﬁ& -2 85290) Oyu dw
oD

/ 201V Dy Oy p + V2 6§1g0+ V3 8:%2@ — Ap) dyudw.
oD
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Taking into account that 02¢p = V702 ¢ + 1302, ¢ + 201120,,0., ¢ and Ap = 82¢ + 03¢ +

T

kO, (see [78, Section 4.1]), one has
/D (20,0, p O3y Oy u — 02 4 02 u — 02,0 02 ) da
= / (aftp — Ap) dyudw
oD
= / (—02¢ — Kyp) Oyudw.
oD

Since 05 = 02 = 0 on D when p|sp = 0, the proof is complete.
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Proof of Theorem 3.2.1

This proof follows that of [51, Proposition 2.1] with minor changes.

By Cp,CL,C,Cs, ..., we will denote positive constants that depend on p,e,q, D only.
These constants are allowed to vary from line to line.

B.1 Some preliminary lemmas

In order to prove Theorem 3.2.1 we need some preliminary lemmas. In this section, we
consider the Dirichlet problem

{ —L,o=F in ), (B.1)

d=0 on 0,

where 2 := D x (0,1) and £, is defined in (3.10). We have the following existence and
uniqueness result.

Lemma B.1.1 Let p € (0,1) and q € (2,00]. For each v € Sy(p) and F € Ly(R), there
1S a unique solution

NS WiB(Q) ={we W3(Q):; w=0 on o0}

to the boundary value problem (B.1). Furthermore, if v € Soo(p), then ® € WQQ’B(Q) =
WE(Q) N W, 5(Q).

Proof. It follows from the definition of S,(p) and Sobolev’s embedding theorem that
there is C; > 0 such that
Cq
@) 2o 2€D ol < - (B.2)

for all v € S,(p). Writing —L, in divergence form,

—Lyw = —div (a(v)Vw) — b(v) - Vw,
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where, for (z,n) € Q,

52 0 _ 52 n laji 1;((‘2))
a(v) = 0 g2 —8277183?1;((2))
Oy v(x) Op,v(z) 14 &2n?|Vou(z)|?
e e (@)

and

 (2000@) 5 0u0(@) o |Vo(@)
b(v) := (821+v($)’€21+v(;g}’ E277(1+v(ﬂ:))2>

one easily verifies that —L,, is strictly elliptic with an ellipticity constant depending on p
and € but not on v. Moreover, by the definition of S,(p) and (B.2), one gets

3 3
S Nl )@ + 310 o) < Co,  for all ve Sy(p),
ij=1 i=1

where a;;(v) denotes the (7, j)-entry of a(v) and b;(v) the components of b(v). Then, [26,
Theorem 8.3] ensures that (B.1) has a unique weak solution ® € W21 ().

Next, let v € Soo(p) and set G := F + b(v) - V®. Since ® € W217B(Q), one has G € Ly(Q).
Furthermore, since ;j(v) € WL (), 1 <i,j < 3, and since  is convex, [28, Theorem
3.2.1.2] implies that the problem

{ —div(a(v)V¥) =G inQ, (B.3)

U=0 on 052,

possesses a unique solution ¥ € W2 5(Q2). From [26, Theorem 8.3], one deduces that (B.3)
also admits a unique weak solution in W21 5(€), and, hence, according to the definition of
G, ® and ¥ are both weak solutions to (B.3). Thus, ® = ¥ € W2 5(Q). ]

What remains to show is that, for v € S,(p), the weak solution of (B.1) has higher
regularity and that, in fact, it belongs to I/V22 (€2). For this purpose, we proceed in two
steps. First, we derive a uniform estimate for ® in the anisotropic space

X(Q) = {w € W) 5(Q); dyw € W)},
and then, using this information, we show that ® € W2(Q).

Lemma B.1.2 (Improved regularity: step 1)
Let p € (0,1) and q € (2,00]. For each v € Sy(p) and F € Ly(Q), the weak solution
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NS WQ’B(Q) to (B.1) belongs to X (), and there exists C3 > 0 such that

[@llw1 ) + 1On®llwi () < CsllFll o) (B.4)

Proof. Since W2 (D) embeds continuously in qu(D), we prove the lemma only for
v € S,(p) with q € (2, 00).

Let ® € W217B(Q) be the weak solution to (B.1). We first estimate the W3 (€2)-norm

of ®. Using the divergence form of —L, and taking (1 + v) ® as a test function in the
weak formulation of (B.1), we obtain

/(1+v)<I>Fd(x,n):/V((1+v)<1>)-(a(v)v<1>) d(:p,n)—/ (1+v)®b(v)-VOd(z,n).
Q Q Q

The definition of a(v) implies that
/ V(1 +0)®) - (a(v)V®) d(z,n)
Q
2 ! ' Vo
=c / (@Vv+ (1+v)V'®) - (VCD —77877@) d(z,n)
Q 1+v

Vv Vv (
e 0 (V- po,d /
€ /Qn(l—l—v)&7 TTo (V n Oy 1+v>d(l‘,77)+ ;

and by the definition of b(v), we have

—/Q(lJrv)(I)b(v)'V‘Pd(fE,U) = —52/9‘I’VU‘ <V/<I> —noy® IVJ:}U> d(z,m).

Hence,

/(1+v)<I>Fd(a:,n):52/(1+v) VP — 50,
0 1+’U

Q

Using Holder’s inequality, we get
/Q (I+v)@Fd(z,n) <[|(1+v)@F|, @ <11+ v]1m Pl 1Fl Ly

and it follows from (B.2) that

vo |? (8, )2
2 & n
£ /Q(l—i—v) V'o 7]877<I>1+U d(a:,n)—i—/Q T+o d(x,n)
Vo |2 (8,P)?
> 2 / - n .
_p/g)(s V'd n@n(I)l+U +(1—|—v)2 d(xz,n)
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Combining the above relations, we infer that

[

and, by (B.2) and Young’s inequality, that

[

Using (B.2), it is easy to see by an elementary computation that there exists a constant
m(p7 5) S (07 %) such that for any ¢ = (Cla (2, C3) S R37

2 C 2
+<1jv> in O (B.6)

Vv
1+wv

2
(0,2)?
* (1 Z— v)?

V'® —no,®

1
) d(z,n) < ’ 11+ 0l Lo () 12| o) 1 F | 22 (2) 5

Vo
1+wv

2 (0,9)?
Tty

V'd —10,d

) d(z,n) < Cy (H‘I’H%Q(Q) + HF”%Q(Q)> - (B.5)

Vv

m(p,e) [¢|* < & o

(C1,¢2) =1 ¢3

(see also [17]). Setting ¢ = V® in (B.6) and integrating the inequality over 2, we deduce

1 2 (0,9)?

(1+wv)?
which combined with (B.5), gives

Vv
1+wv

V'® —no,®

12llwia) < Cs (12lLo0) + 1 Fll o) -

Actually the above estimate can be improved to

1wz 0) < Cs 1Fll o) (B.7)
by arguing in the same way as in the proof of [16, Eq.(19)].
Let us next estimate the W3 (Q)-norm of 8,®. We first assume that v € S,(p) N W2 (D).

Then ® € W227B(Q) by Lemma B.1.1. Setting ((z,,Cz,) := V'O ® and ¢, := 8,2]@, multi-
plying (B.1) by ¢, (with £, as in (3.10)), and integrating over €2, we get

/@Fﬂmm
Q
=/@ummm
Q

/ \Y%
:EQ/QCT]ACI)d(%n)—QgQ/QnCnl_:)U.(Cxl’cm)d(l,’n)

14 52772|VU|2 9 9 2‘VU|2 — Av (1 + U)
+/Q ((1+U)2> Gn dl@,m) +-e /Qn< (1+v)2 >8n<1>§nd(a:,n),
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In [51] Laurencot and Walker have shown that for ® € VV22 5(Q),

/8§i<1>8,2]<1>d($,77) :/(8xi877<1>)2d($,77), i=1,2.
Q Q

From this fact, we deduce that

- /Q ¢ Fd(x,m)
2 2 2 6.2 Vo
=c /Q(Cxﬁém)d(x,n) 2¢ /annlﬂ) (Cers Can) (1)

1+52772‘VU|2 9 9 2|VU‘2—A’U (1+’U)
+/Q <(1—{—1})2) & d(x,n) +e /977< 1 +0)2 )877(I>Cnd($,n),

and a rearranging of terms leads to

_/Q(an(x,n)—/Q(Ez 2+<1€’:v>2) d(z,mn)

2|Vo|? — Av (1
+52/Qn< ‘ v\(1+:)g +v)>anq)§nd(fc,n).

\Y
(Cqu&:z) - 77(77 Hivv

Using the fact that 9, ¢, = 0, ((677<I>)2) /2 and integration by parts one easily verifies that

62/17 (2\V@]2 _Av(1+v)> 0, ¢ d(z,m)
Q

1+ )2

and hence

\Y
(Gorr o) =Gy Ty

/Q<€2 2+<1i7-]v>2> d(x,n)

_ g2 2|Vu|? — Av (1 4 v)
= —/QCWFCZ(-%'U) + 2/Q < a +v)2 > (871(1))2 d(z,n)
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i 2|Vo2 — Av (1 +v) 9
£ /D< T )(a,,cp(x, 1))2 da. (B.8)

Next, let ¢’ := o1 € (1,2). By (B.2), Holder’s inequality, and the trace estimate for

q
—
Op®(-,1) (see [51, Lemma 2.4]), we obtain that

_s;/D <2|Vv|2(—Av(1+v)> (0,0, 1))2 da
2

1+v)?
£

< o0 @IV = 801+ ) @,(,1

2
Doy
2
E 2 2
< 27 12/Vol* — Av(1 +v)HLq(D) [0, ®(, 1)||L2q/(D)
&
202

IN

(2”VUHLOO(D)”VUHLC,(D) + {11+ UHLOO(D)HAUHLQ(D)> 10,@(, 1)\\%2(1,(13)

3¢ —2 2—¢’ q+2 q—2

< Co 10,215 0 1921 gy = Co 10,73 10521, 2
q+2 q—2

= G (10112 00 + IVO,® 13,00 ) ™" 10011 (B.9)

From the inequality (B.6), it follows that

1 Vv
V0, @17, < m(p)/Q ('(angm) N T,

2+ <1i7v>2> d(z,n). (B.10)

Inserting this into (B.9) and using Young’s inequality yields

622/]3 (2|w‘2_m(1+v)> (6,000, 1))" dz

(1+v)?
2

9 g2 Vv
< C’7 Han(I)HLQ(Q) + 4/Q (€$17C$2) - 77C77 m d(ﬂ”,ﬁ) (Bll)

+111/Q <1€:v)2d(””’")'

To estimate the second integral on the right-hand side of (B.8), we again use (B.2), Holder’s
inequality, and the Gagliardo-Nirenberg inequality [70, Theorem 1], since 2 is a bounded
Lipschitz domain. We get

g2 2|Vol?2 — Av (1 +v)
2/9 < (1+v)?

) (0,2)? d(z.7)

62

< o 1@V = Av(1+0)(@,2)° o

98



Appendix B. Proof of Theorem 3.2.1

62

2
< o1 (1ol el ) + 11+ vl e ) 18012, 10021,

2q—3

3
< G 08Il g 190211

2q—3

3 _
= Cs (1002130 + 1IV0, 213 1)) ™ 194@11
Then, arguing as above, we conclude that

g2 2|Vol2 — Av (1 +v)
2/9 < (14 v)2

) (0,2)? d(z, )

2
d(x,n) (B.12)

g2 Vo
< C’9 ”877(1)"%2(9) + 4/(2 ‘(Cma(m) - 77C?7 m

+z11/9 (15;7@)261(95,77).

From Holder’s and Young’s inequalities and (B.2), it follows that

1 G 2
< F|? + L d .
| < Choll HLQ(Q) 4 / (1 v) (z,m)

This, combined with (B.8), (B.11), and (B.12) implies

AC

and since

1
VOBl < o [ (<
H n ”LQ(Q) m(p7€) Q(

according to (B.6), we have

Gy
1+v],

- /Q Gy Fd(w,m) < |1+ ) Fll @)

2(

Vv
(<$17<12) _77(77 1+’U

N 2
¢ 2 7
+ (1 jv) > d(x,m) < Cn (HF”LQ(Q) T HG”CDHLQ(Q)> ’

\Y
(Gorr o) =G Ty

E <1€:v>2> dlz,m)

190,812 0 < Crz (IF I3 + 10210y ) -

Thus,
10,2123y < (1+ C2) (I1F 13,0 + 10,213,
and together with (B.7), this gives (B.4).
We have just shown that, if v € S,(p) N W2 (D), then ® € X(Q2) and (B.4) holds. Let

now v € S4(p). Since W2 (D) is dense in I/Vq2 (D), there exists a sequence (vy,), in W2 (D)
that converges to v in WqZ(D) as n — oo, and since WqQ(D) < C1(D), we may assume
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that v, € gq(HTp). Then

(aij(vn),bi(vn)) — (aij(v),bi(v)) in C(Q)

for all 1 < ,7 < 3. Denoting the solution to (B.1) with v, instead of v by ®,, it follows
from the above discussion that ®,, € X () satisfies

[Pnllwi) + 107 Pnllwi ) < Cs|Fl L)

Since X (2) is a Hilbert space, there exists a subsequence, again denoted by (®,,),, and a
U e X(9) such that
o, =¥ in X(Q).

Hence, [|¥| x(q) < liminf, o [|®nllx (@) < Cs[[F]|1,(0)- Combining the previous conver-
gences and letting n — oo in the weak formulation for —2, ®, = F shows that ¥ is
a weak solution to (B.1). Consequently, thanks to Lemma B.1.1, ¥ coincides with the
unique weak solution ® to (B.1). ]

To show the W2(Q)-regularity of our weak solution ®, we need to assume higher
regularity of v.

Lemma B.1.3 (Improved regularity: step 2)
Let p € (0,1) and q € [3,0¢]. For each v € S,(p) and F € Lo(Q), the weak solution
¢ c WQ’B(Q) to (B.1) belongs to W3(R), and there is a constant C13 > 0 such that

1@llwz) < CusllFllL,@)- (B.13)

Proof. Let ¢ € WQ’B(Q) be the weak solution to (B.1). For (z,n) € Q, we set

v\ 22 v\xr 2
J(z,n) = 2% 121(;(5)0) -V'0,®(z,n) + <1 1 —F(ffi(v;); ) > 8%(1)(3:,77)
[Vo(z)[? Av(z)
e <2(1 To@)? 1+ v(x)) (@, n).

Then, @ is also a weak solution of

ENO+P=J—-F inQ,
d=0 on 0f2.

Thanks to Lemma B.1.2, (B.2), and, since W2(D) < C'(D) and W3 () — Lg(€), it
follows that J € La(€2) with

[ L2(0) < Cral|0n®llwa () < CrsllFllLy)- (B.14)

Applying [28, Theorem 3.2.1.2], we conclude that ® € W22 5(€2). Moreover, [28, Theorem
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3.1.3.1 and Lemma 3.2.1.1], together with an inspection of the proof of [28, Theorem
3.2.1.2], yield the result that there is a positive constant Cg such that

[@llwz) < Cuelld = Fllry0),

and, hence, by (B.14), we get (B.13). |

B.2 Proof of Theorem 3.2.1

The next result states that, for a given displacement u(¢), the transformed problem (3.11)-
(3.12) on the fixed domain 2 has a unique solution ¢, € W3 (Q).

Proposition B.2.1 Let p € (0,1) and q € [3,00]. For each v € S,(p), there exists a
unique solution ¢, € W2(Q) to the boundary value problem

{ (Lodo)(x,m) =0, (z,1) €9, (B.15)

bo(x,m) =1, (z,m) € 0.

Proof. Setting

Vo@)[? _ Av(z)

folx,n) == Lon =€y <2(1 @) 1t U(x)> , (z,m) €9, (B.16)

it follows from the continuous embedding W2 (D) < C'(D) and (B.2) that the function
fv belongs to Lo(2) with
[ foll o) < Crr. (B.17)

So, by Lemmas B.1.1 and B.1.3, we deduce that the problem

Ly,®, = [y in Q,
P, =0 on 01},

admits a unique solution ¢, € W22 5(€) such that

1®ollwz(0) < Cusll foll Lo (B.18)

and, hence, the function

¢U(x777) = ‘I’v(l’ﬂ?) +n, <$777) €1,

solves (B.15). Moreover, it follows from (B.17) and (B.18) that

[6ullwzi0) < [Pollwzo) + Inllwz@) < Cus. (B.19)
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We next show that ¢, depends Lipschitz continuously on v € gq(p).

Proposition B.2.2 Let p € (0,1) and q € [3,00]. Then there exists a constant Cig > 0
such that, for all vi,v2 € S4(p),

@01 = Puallwza) < Crollvr — v2llwz(p)- (B.20)

Proof. For v € S,(p), we define a second order linear operator A(v) € E(WZ%B(Q), Ly(Q))
by setting
A)w := —Lyw, weE W%B(Q).

Thanks to Lemma B.1.3, A(v) is invertible and its inverse A(v)™! € £(La(9), W;B(Q))
satisfies

HA(U)_I||£(L2(Q),W22’B(Q)) < Ci3. (B.21)

For non-zero w € W22 5(Q) and v1,v2 € Sy(p), we get, by Hélder’s inequality and the
continuity of the map L,(Q) - W3 () < L2(Q) with embedding constant, say, C' > 0,

[A(v1)w — A(UQ)U)”Lz(Q)

lwllwz )
< 92 Vo Vi H 1+ e2n? |V |2 1+ £2n?|Vus|?
- L+vr T4waflp (py (1+wv1)? (1+v9)? Loo(9)
4 9e? [Voi? [Vuef? Lo Avi Aw ‘
(IT+v1)*  (IT+v2)?lp) L+ovr  L4wvzf]y (p)

In view of property (B.2) and the continuous embedding of qu(D) in Lo (D), we observe
that the terms on the right-hand side can be bounded by a positive constant, depending
only on p,e,q, and D, times |jv; — v2||qu(D). Thus,

A1) = A(v2)ll 2(20(2) w2 () < Coollor = vallwz(p),
and, hence, due to (B.21) and the second resolvent identity, i.e.,
A1) ™ = Alvz) 7 = A(v1) 7 (A(vz) = A(v1)) Alv2) ™, 01,02 € Sg(p),
we have
| A(v) ! = A(UZ)_I||£(L2(Q),W22’B(Q))
< ||A(Ul)71Ha(LQ(Q),W;B(Q))||A(U2) - A(Ul)Hc(WiB(Q),LQ(Q))||«4(U2)71Hc(LQ(Q),W;B(Q))

< Cly || A(va) — A(Ul)Hﬁ(WiB(Q),Lg(Q))
< Oty Coo [Jor = vallwz (- (B.22)
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By similar arguments, one finds that

for = foollLa(@) < Cot llvr = vallwzpy,  v1,v2 € Sg(p),

where f, is defined in (B.16). This estimate, together with (B.17), (B.21), and (B.22),
implies

1$0, = busllwzi) = 1Por = Pusllwz i) = MA@ ™ for = A2) ™ fus lwz o)
< (A ™ = A(v2) ™) for lwz ) + 1A @) ™ (for = fo) lwz
< O |1 = v2llwz(p)
for v1, vy € Sy(p). ]

Next, we prove that the transformed right-hand side g. depends analytically and Lip-
schitz continuously on v.

Proposition B.2.3 Let p € (0,1), ¢ € [3,00] and v € Sy(p). Let ¢, € WZ(Q) be the
associated unique solution to (B.15). Then the mapping g : Sq(p) — Lo(D) defined by

1+ Vol

Fragp @)

ge(v)

18 analytic, bounded, and globally Lipschitz continuous.

Proof. Since Q) is a bounded Lipschitz domain, it follows from [69, Theorem I1.5.5] that,
for v € Sy(p),
1050 (s D2y < Clidwllwz ey, (B.23)

which combined with (B.20), gives
1Op P01 (-, 1) = Bndug (s D12y < Crollvr — vallwz (o),

for v1,v2 € Sq(p), and, hence, the mapping

= 1/2

Sq(p) — Wy (D), v 877¢v(’7 1)
is globally Lipschitz continuous. We infer from the continuity of pointwise multiplication

W, 2(D) - W,"*(D) — La(D), (B.24)

guaranteed by WQI/Q(D) — L4(D), that

gq(p) — LQ(D)v V= (877¢v(" 1))2
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is globally Lipschitz continuous. Using the continuity of the pointwise multiplications

W, (D) - W, (D) = W, (D), Wy (D) Wi (D) < W, (D)

(see e.g. [4, Theorem 2.1]), one finds that the mapping

1+ &%|Vo|?

S4(p) = W, (D), —

is globally Lipschitz continuous. Since
W, (D) - Lay(D) = La(D)

(due to qu(D) — Lo (D)), one obtains the global Lipschitz continuity of g.. Together
with the fact that 0 € Sy(p), this gives
19e (V)| LoDy < 19e(v) = 9(0) || o) + 19(0) || 2o (D)
< Cr [[vllwz oy + @0 (-, D) o)

for v € Sy(p). It follows from (B.19), (B.23), and (B.24) that

1@n0(- 1))l La(p) < Cas

and hence,

C _
9 (V) LoDy < 7L + Co3 =:Cp forall v e Sy(p).

To prove that g. is analytic, we observe that Sy(p) is open in Wq% (D) and that the
mappings

At Sq(p) = LWFE(Q), La(Q))  and  [v+> fu]  Sg(p) = La(Q)

are analytic. Noting that the map taking an invertible operator to its inverse is an-
alytic on the space of bounded operators, we deduce that [v — A(v)*l] : Sqelp) —
L(Lx(92), W5 5(€)) is analytic, and thus [v = ¢,] : Sy(p) — W5 (Q) is analytic. This and
the above results on pointwise multiplication imply that g. : Sy(p) — L2(D) is analytic.
|
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An alternative proof of Theorem 8.2.1

This appendix presents an alternative proof for the nonexistence of stationary solutions;
it is based on an auxiliary oblique derivative problem.

Theorem C.0.1 Suppose that D C R? is a bounded convexr domain with 0D € C*Y for
some vy € (0,1). There are e, > 0 and a function A : (0,e4) — (0,00) such that there is
no stationary solution (u,1,) to (3.1)-(3.5) for e € (0,e,) and A > A(e).

The idea of the proof comes from Laurencot and Walker [48].

Proof. Let (u,1,) be a stationary solution to (3.1)-(3.5) with u € Wg{B(D), Yy €
W2(Q(u)), and u(z) > —1 for z € D. Set

Ye() := Oy0y(z,u(x)) and G(x):= (1 +E2|Vu(:v)]2) 76(33)2

for x € D. Then u solves

BA*u — TAu = —-\G inD (C.1)
with hinged boundary conditions (8.4), and by the nonnegativity of G and the positivity
preserving property one finds that

—1<u<0 inD. (C.2)

Let (1 be the positive eigenfunction of BA%? — 7A in C’é'y(ﬁ) = C*(D) N WiB(D)
satisfying d,¢1 < 0 on dD and normalized by |[|¢1]lr,(py = 1, and let 1 > 0 be the
corresponding eigenvalue; see Chapter 7.

Let us now modify the calculations in [48]. We begin with the following inequality:
Lemma C.0.2 One has

1 2
dx < 0:1py)” d(z, 2).
| irtes [ o

Proof. Let x € D, it follows from the boundary conditions for ,, and Holder’s inequality
that

1 =y (x,u(x)) — Py (z,—1)
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u(x) u(z) 1/2
= / 0y (x, 2)dz < (/ |04y (2, 2)|? dz) V1+u(x),
-1

-1
and since u > —1 in D,

1

u(e)
—F— < z¥Vu ) 2 9 D .
1+u(x)_/_1 Otbu(z, 2)2dz, o€ (C.3)

Multiplying both sides of (C.3) with ¢; and integrating over D, we obtain the assertion.
]

The next result is a consequence of (8.1)-(8.2).

Lemma C.0.3 One has
/ 01 (1 + €2|Vu|2) Ve dx
D

2
— [ e @l 0 e - [ Apde2)
Q( Q(u)

u)

g2 g2

/ uAgpldx—i-/ Ay dx.
2 Jp 6 Jp

Proof. We multiply (8.1) by the function 19, and integrate over Q(u) to get

_l’_

0= / (A62) @10 d(z, =) + / (%) 10w d(, 2).

Q(u)

Integrating the last integral by parts and using the boundary conditions both for ¢; and
Yy, yields

0= /Q () pvud(e,2) - /Q o1(0:0)? d(, 2) + /D 1 (- ) d,

(u)

which can be rewritten as

0= 52/ p1 div' (¥, V') d(, 2) — / Y1 (52’V/¢u|2 + (az¢U)2) d(, 2)
Q(u)

Q(u)

+ /D o1 0utu(-, ) da.

Again, using integration by parts on the first integral, ¢i|gp = 0, and ¢, = 1 on &, =
{(z,u(z)); x € D}, we find

0=—¢ / Yo V'iby - Veor d(z, 2) — / o1 (2| V' Yul* + (0:40)7) d(x, 2)
Q(u) Q(u)

—82/ o1 V'l/}u(-,u)-Vudx—i—/ 01 0,y (-, u) dx,
D D
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and, due to (see (8.6))
V't (z,u(z)) = —Vu(x)v.(z), z€ D,

we have

_ 2 . B o) ,
0=—¢ /Q(u)lﬁuV%L Vi d(z, 2) /Q e1 (E2|V'Yul® + (0:400)7) d(z, 2)

(u)

+ / e1 (14 52|Vu|2) Ve de.
D
Since ¥y, V', = %V' (¥2), an integration by parts in the first integral gives
2 g2 2 g2
—€ Yy Vb - Vi d(z,2) = — Vi Aprd(z,z) + — / V1 - Vudz
Q(u) 2 Jow) 2 Jp
2
- i 8,,(,01 dw,
6 Joap
where we used (8.2). Furthermore,
2 2
5[ amdo=-% [ Apdn
6 Jap 6 J/p
and
g2 g2
/ Vi1 - Vude = —/ uApq dx.
2 Jp 2 Jp
Hence,
2 g2 2 g2
—& / Yy V' - Vi d(z,2) = — Vi Aprd(z,z) — — / u Ay dx
) 2 Ja) 2 Jp
2
—— [ Apjdx.
6 /D p1azx
Inserting this in (C.4) yields the desired result.
We next consider the auxiliary boundary value problem
—AU+cU=u in D,
V1 -VU =0 on 0D,

(C.4)

(C.5)

where ¢ € (2,00) is a constant coefficient. Since 9,1 < 0 on 9D, Vi is nowhere tangen-
tial to 9D, that is, (C.5) is an oblique derivative problem (see [59]). Then, according to
[28, Theorem 2.4.2.7], (C.5) admits a unique solution U € W(D). Since 9D € C*7 and

@1 € C*Y(D), [28, Remark 2.5.1.2] implies that U lies in W (D).
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Since AU — c¢U = —u > 0 in D, it follows from the maximum principle (see [59, Lemma
1.6] or [35, Corollary 11.2.2]) that U < 0 in D. Similarly, since u > —1 in D, we get that
—% < U in D. Hence,

1
~1<-5<U<0 inD. (C.6)

Next, taking into account that 0., ¢1lop = 110v1 + $10sp1, On,pilop = 120,01 +
s90sp1, where s represents the counterclockwise oriented tangent vector on 0D, and that
Osp1lop = 0 due to ¢ = 0 on 9D, we deduce that

0=V¢1-VU =0,019,U on ID. (C.7)

As 0,1 < 0 on 9D, (C.7) implies that 0,U = 0 on 9D, and since D is convex, we can
apply [28, Theorem 3.1.1.1] (or [27, Theorem 2.1]) to obtain

/\AU!dez/ DU da, (C.8)
D D

where |D2U|? := (82,U)*+ (92,U)*+2(85,0,,U)*. An integration by parts, together with
(C.5) and 9,U = 0 on 0D, shows that

/uUd:E:/ (—AU+cU)Ud:z::/ |VU|2da:+c/ |U|? de,
D D D D

and applying Holder’s inequality we infer that

/D VU da + ¢ /D U dz < [full oy [T o)

Thus,
V) a0 < < Il oo, (C9)
and
IVUI 0 < = luliaco) (€10)
Combining (C.8)-(C.10), we get
10z < (23 + 3 ) Il 0y + 1AVTE (C11)

Thanks to Young’s inequality, (C.5), and (C.9),

IAUZ,py = AU = U + U7, () < 2 <HAU —cUl7,p) + HCUH%Q(D)) <4 |lull7, ),
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and hence (C.11) entails

11 1/2
ez < (35 +4) el (©12)
Let a € (0,1] be a constant which will be determined later. We now multiply (C.1) by

the function ¢ (1 + aU) and integrate over D. Three integrations by parts, and using
¢1lop = 0 and u|sp = 0, yield

)\/ (1+al)p1 Gdx
D
= / (1+aU) ¢ (—BA%u + TAu) d
D
= B/ V((1+aU) 1) - VAudz — 7'/ V((1+aU) 1) - Vudz
D D
= (1+aU) dyp1 Audw—ﬁ/ A((1+aU) ¢1) Audz
oD D
+T/ A((1+aU) 1) udz
D
=0 (l—l—ozU)(?,,golAudw—B/ A((1+aU) ¢1) Oyudw
oD oD
—I—ﬂ/ VA((1+aU)¢1) -Vudm+7'/ A((1+aU) ¢1) udz.
D D
We note that
A((1+aU) ¢1) = api AU +2aVU - Vo, + (1 + al)Ap;. (C.13)
This, together with (C.5), integration by parts, and u|sgp = 0, implies
B/ VA((1+aU)¢) - Vudz
D
= aﬁc/ V({Uepi) - Vudr — aﬁ/ ©1|Vu|? dz
D D
- aﬁ/ uVu -V dr — B/ <2aA(VU V1) + A((1+ o) Agpl)) udx.
D D
Again, by (C.5),
7'/ A((1+al) 1) udz
D

= 7-/ (acULpl —apru+2aVU -V, + (1 4+ aU)Agpl) udx.
D
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So,

/\/ (1+al) 1 G de
D

=81 (1+aU)dyp1 Audw—p A((1+aU) ¢1) Oyudw
oD oD

+ozﬁc/ V(Ucpl)-Vudm—aﬁ/ <,01|Vu|2d:1:—a,6’/ uVu -V do
D D D

_ 5/1) <2aA(VU-Vg01) —|-A((1 + aU) AS"l)) wdr

+ 7'/ (acngl —apru+2aVU -V + (14 aU) Ag01> udx.
D

(C.14)

We can simplify the right-hand side of this equation by integration by parts. Taking into

account that u|sp = 0 and (C.5), we deduce

ozﬁc/ V({Uepi) - Vudr = —aﬁc/ A(Upr) udz
D D

- —aﬁc/ <¢1AU L OVU -V + UAcpl) wdz

D
= —aﬂcQ/ 01 Uudx—i—ozﬁc/ V1 u? dx
D D
— 2aﬁc/ uVU -V dx — aﬁc/ UulAyp de,
D D
and
o

—046/ uVu-Voyde = —— V(uQ)-chldm:aﬁ/ u? Ay de.
D 2 Jp 2 Jp

Furthermore, by (C.5) and (C.16), we find that

—2046/ A(VU -Voi)udx
D
- —2a5/ (VAU V1 + VU - VA,
D

+ 2(0%1[]821901 + aana%g‘Pl + 26123“(]0902&%1(,01)) udz

(C.15)

(C.16)

:204Bc/ uVU-Vgoldxaﬁ/ u2A<,01dﬂ:2aB/ uVU -VAyp; dz
D D D

— 4af / (92,U 92 1 + 02,U 02,01 + 203,05, U 03,0, 1) ud.
D
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Again by (C.5) we find that
—ﬂ/ A((1+ aU)Ap1) udz
D
= B/ <(1 + al) A%p; + aAU Apy + 2aVU - VAgpl) udx
D
= —5/ u (1 —i—ozU)Angldx—aﬁc/ UuAnplda:—i-ozﬂ/ u? Apy de
D D D
- 2046/ uVU - VAp; dz. (C.18)
D
Moreover, using (C.5), (C.13), and the boundary conditions for both u and 1, yields

B/ (1+aU)0yp1 Audw — 8 A((1+aU) ¢1) Oyudw
oD oD
= B/ (1+ aU) (81 Au — dyuApy) dw = 0. (C.19)
oD

Therefore, by combining (C.14)-(C.19), we get

)\/(1+aU)<P1de
D
——ac(cﬁ—r)/ <p1Uuda:+oz(cﬂ—T)/g01u2dx
D D
—204(260—7‘)/ uVU-Vgpldx—%zﬂc/ UuApde
D D
—aﬁ/ (pl\Vude—i—aﬂ/ uzAtpldx—4a6/ uVU - VA dz
D 2 Jp D
~4aB /D (2,0 2,01 + 32,0 82,01 + 200,01 D2y 01w

— 1 / (1+aU) ¢y ude, (C.20)
D

where we have used the fact that (BA2 — 7A)p; = 11 in D. Next we need to estimate
the integrals on the right-hand side of (C.20). From (C.2), (C.6), and the positivity of ¢1,
it follows that

QcT

—ac(cf — T)/ p1Uudr < ac7‘/ p1rUudr < % o1l oy = - (C.21)
D D

and
a(cf — T)/ pru?dr < ac,B/ pru?dr < acB le1lln, (py = acB. (C.22)
D D
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Similarly, we get

—2a8c /D Uudgyde < afe|Bgilln,p) < 208D gilwapy,  (C-23)
and

—m / (1+alU)prude < —Ml/ prude < i lleillz, o) = m- (C.24)
D D

y (C.2), we see that
G [ aendo < 5 18l < @810 iy (C.25)
By virtue of (C.2), Young’s inequality and (C.12), we have
—20 (2Bc— 7')/ uVU -V dz
<2a(2Bc+T1

]VU Vi |dzx

)
2
a(2c +7) (HVUHLQ + IV, )
T

1 2
V(54 1+4) Wl + Il

1
V(23 +4) 101+ el )- (C26)

By the same arguments, we find that
—4a6/ 82 U821<,01 + 82 U822g01 + 28x28$1U8$28$1<p1) u dx

< 4a/3/ 02 U 02 1 + 02,U 02,1 + 203,05, U 9y, 0, 01| da

< 208 (|D2U13, ) + ID%01 13 1)
11
< 208 ((02 +-+ 4) lullZ, ) + Hw!%v;(m)
1 1
< 208 <<c2 -+ 4) D] + ||<P1H3v24<p>> 7 (C.27)

and that
—4aﬁ/ uVU - VAp; dx
D

< 4055/ VU - VAp;|dx
D
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< 208 (IVU IR0 + IVAG1IE, 1)
1 1 2 2
< 2083 <(C2 +-+ 4> lullzy(py + 2”301||W24(D)>
1 1
<zop((Griea)il+laliyp) . ©29
c c 2
Inserting (C.21)-(C.28) into (C.20) gives

/\/D(l +al) o1 Gdx < puy + aKq — aﬂ/D ©1|Vul? de, (C.29)
where
Kii= (/24 ) + (28 (c+2) +7) -+ +4) IDI+ D128 2e + Dllealwo
+(28(c+3)+7) ”‘;01”31/24([))
is a positive constant independent of u. This, combined with the fact that

<l1-=-<14aU in D,

(0%
9 =

N =

due to (C.6), shows that
A
2/ 1 Gdr < )\/ (1+alU)p1 Gdr < p1 + aKq — aﬁ/ ©1|Vul? dz. (C.30)
D D D

We next give a lower estimate for %fD w1 Gdzx. Let 6 > 0 be a small number to be
determined later. By applying Young’s inequality we get

1) 1
/ ¢1 (1+ €% Vul?) ye dz < / o1 Gdx + / ¢1 (1+ €% Vul?) dz
D 2/p 26 Jp

and hence that

A A A
/mez/wﬂ+gWWMﬂw—1+g/wwwm.

Using Lemmas C.0.2 and C.0.3, we further obtain

A A
A / oGz =2 [ 2 / o1 Vb d(z, 2) + / o1 (D:00)? d(z, 2)
2Jp 0 Q(u)

Q(u)

82

2 2
—/ nggpld(:v,z)+€/ uA<p1d1‘+€/ Ay dx
2 Ja) 2 Jp 6 Jp

A
- — 1+52/¢1Vu2dx>
Y ey
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A 01 Ae? 9 Ae?
> 2 dx — 25 Apid A N
>3 [ P [ VA + 35 | udpde

)\62/ A ( 9 9 )
+ — Aoy de — — 1—1—5/ Vul“dx | .
65 J, 7" 202 eVl

So, thanks to (C.2), Lemma 8.2.2, and using the positivity of 1, we deduce that

A A A2 Ae2 Ae2
9 /DS01 Gdr > 5 9 HA<P1HL1(D) Y HA@lHLl(D) Ty HA@lHLl(D)
A Ae? 9
‘z(sz‘w/ﬂ'w' da

A 7, 1 Ae? 9
=5 (1- 22180l - 55) - 5 [ ilvuias

This, combined with (C.30), yields

A 7, 1 Ae? 5
w + oKy > 5 (1 —f A1z, Dy — 2(5) + <0z6 - 252) /D<,01|VU\ dx,

and choosing § = ¢,/ ﬁ shows that

2a 7 o
w1+ oKy > - s <1—652HA<,01HL1(D)> \/X—?f
Finally, taking o = . := min{1,&?} € (0, 1], we end up with

7
%aﬂ <N1 + <K1 + 52) a5> > <1 — 652 ||A901HL1(D)) V. (C.31)

From this we readily infer that A cannot exceed a threshold value, depending on ¢, provided

6
EC Ey = —_— .
\ TIAP Ly ()

Especially, for 0 < ¢ < min{1,e,/2}, we conclude from (C.31) that

8 (1 + K1 + B)*
93 ’

which is independent of €. u

A<
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