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Introduction

Generalised complex geometry [1–4] provides a geometric description of string theory that
makes its symmetries manifest. The generalised tangent bundle incorporates information
about the space-time geometry and the topology of the B-field and so is well-suited to
describe the on-shell supersymmetry [5, 6] and give a handle on understanding non-local
symmetries such as T-duality [7]. In fact generalised geometry provides a compact description of the full off-shell type II supergravity theories using a generalised version of
the Levi-Civita connection that encodes the geometry of NSNS fields. The geometrical description of the bosonic theory was first considered in [8–12] using the language of Double
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3 Non-Abelian gauge groups in generalised geometry
3.1 Symmetry algebra and patchings
3.2 Splittings and automorphisms
3.3 Extended generalised tangent space for G × G̃
3.4 Local data: isometries and T-duality

1
dH = α′ (tr F ∧ F − tr R ∧ R) ,
4

(1.1)

where the first term is built out of the curvature two-form R and the second of the gauge
field strength F of either the gauge group G = E8 ×E8 or G = SO(32). The word schematic
refers to the fact that we have not specified yet what connections are used in (1.1). A change
1

We shall not speak about the string loops and the gs expansion here.
In type II theories we can think of H as a curvature and of the B-field as a connection on a gerbe. For
the heterotic string this is not longer true and leads to a number of subtleties explored in particular in [28].
3
While this paper was being completed a discussion of further corrections to the generalised Lie derivative
for bosonic string theory appeared [34], now also depending on the dynamical fields. We will not comment
on the relation to the bosonic theory here.
2
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Field Theory (DFT) [13–16]. The full theory with fermions was given using generalised geometry in [17] (see also [18] for a subsequent DFT version, given to all orders in fermions).
Suitable generalisations of the basic construction, involving the exceptional groups Ed(d) ,
describe all massless fields in type II string theory and M-theory in d − 1 and d dimensions
respectively [19, 20]. The dynamics are again encoded by the corresponding generalised
Levi-Civita connections [21, 22]. That this geometry also describes the full ten- or elevendimensional theory was recently shown in [23] using the ideas of [24] and [25–27]. So far
the generalised geometrical constructions have been classical.
In this paper we shall address two natural questions concerning the extensions of the
formalism. The first question is whether it is possible to incorporate the α′ expansion in
the framework of generalised geometry.1 If so, does the result agree with the known string
theoretic corrections? The second question may be thought of as a particular case of the
first. Is there a generalised geometric description of the heterotic strings? The problem
here is that the closure of the three-form H which, as will be reviewed in section 2, is
essential for the standard construction of [1–4] is no longer satisfied.2
Our conclusion will be that to correctly describe corrections generically one needs to
extend the generalised tangent space. There can be important topological restrictions arising from the construction of the extended tangent space E. The underlying supergravity
degrees of freedom and dynamics arise from choosing the appropriate sub-structures on E
and considering compatible connections. The action takes a universal form which arises as
a generalised Lichnerowitz-Bismut theorem [29]. A key new point here is that we naturally
obtain the correct gravitational connection in the Bianchi identity. The α′ -corrected generalised geometry in the heterotic string context has previously been considered in [30, 31].
A similar construction describing heterotic α′ -corrections in the DFT formalism was presented in recent work [32]. These results can also be compared with [33], which takes
a different approach in the context of DFT by perturbing the generalised Lie derivative
and the O(n, n) metric to include higher-derivative corrections. However, in the latter
approach the extra terms are not manifestly diffeomorphism invariant and, in addition,
different generalised tensors receive corrections at different orders in α′ . As we discuss in
section 6, the correct geometrical framework to understand such corrections is as lifts into
the generalised tangent spaces described here.3
The heterotic Bianchi identity provides a natural starting point. It reads schematically

of connection will result in a shift on the right-hand side by an exact form. In a number of
applications, e.g. when determining the consistency of heterotic compactifications, one is
interested in the integrated form of (1.1), where the choice of connection is immaterial. On
the other hand, the manifest (0, 1) world-sheet supersymmetry together with the choice of
a hermitian covariant metric in space-time singles out the (torsionful) connection
1
Ω− = ω LC − H .
2

(1.2)

4

We shall denote the dimension of the space-time by n (typically n = 10 or rather n = (1, 9)). When we
talk about the backgrounds with isometries or dimensional reductions the number of compact dimensions
will be denoted by d.
5
Heterotic flux (torsionful) backgrounds provide a natural context for applying these constructions [40,
41] The role of torsionful connections (1.2) in heterotic backgrounds has been discussed in [42].
6
As will be discussed in subsection 3.4 the connection may be restricted by extra requirements, such as
T-duality covariance.
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Here ω LC is the Levi-Civita connection and H is understood as the o(n)-valued one-form
Hab = ιêa ιêb H. A priori, there is a freedom in choosing the sign of H, but this choice is
correlated with the signs in the supersymmetry transformations.
The two terms in (1.1) present one with different types of problems. The gauge part
comes with new degrees of freedom and an enlarged local symmetry. So it is clear from the
beginning that new ingredients need to be added. For an Abelian gauge group the situation
is well-understood. As we shall review in detail, by considering a backgrounds with a set of
commuting isometries and dimensional reduction of an SO(n + d, n + d) structure, one gets
the Abelian version of (1.1) with two set of U(1)d fields.4 More generally one can reduce on
a general group manifold and obtain the non-Abelian versions of (1.1). A closely related
notion, Bn generalised geometry on a bundle T M ⊕ R ⊕ T ∗ M is discussed in [35–37]. Incorporation of the non-Abelian degrees of freedom requires a new extension of the generalised
tangent bundle. Locally E ≃ T M ⊕ ad PG ⊕ T ∗ M , where ad PG is the vector bundle for
the adjoint representation of a Lie group G, that is, with fibres that are the Lie algebra g
of G. Such structures are known in the mathematics literature as transitive Courant algebroids [38, 39], and can always be constructed as dimensional reductions of conventional
generalised geometry on a group manifold.5 We refer to section 3 for explanations and
definitions. These structures were used in [30, 31] to construct heterotic actions. On the
physics side, constructing heterotic theories by reduction has been discussed in [43–45], the
form of the generalised Lie derivative and the local generalised geometry in the DFT context is given in [46], and in [47] it is shown how such generalised structures via dimensional
reduction. There are global constraints associated with the extensions of the generalised
tangent bundle (to be reviewed shortly) but as far as the consistency of the construction
goes there are no restrictions on the choice of connection in the 14 α′ tr F ∧ F factor.6
On the contrary, the gravitational contribution to (1.1) does not enlarge the symmetry
group. It is tempting and in many ways natural to consider GL(n, R) as a special case of
the gauge group (see e.g. [43, 44]), so that together with the gauge part one is considering a
group G×GL(n, R). By doing so one can correctly reproduce the heterotic Bianchi identity.
Such an approach was used to reproduce the heterotic dynamics using generalised geometry

1
/ 2 )ǫ = Sǫ + γ abcd Iabcd ǫ .
(Da Da + Dα Dα − (D)
4

(1.3)

/ Da (a = 1, · · · , n) and Dα (α = 1, · · · , dim(G))
It will not come as a surprise that D,
are the operators appearing in the supersymmetry variations of the dilatino, gravitino and
gaugini respectively. Naively the right-hand side of (1.3) contains not only a non-trivial
scalar S but also four-form I. However the latter is equal to the Bianchi identity and thus
vanishes. In section 5.3 we show that after adding an GL(n, R) factor and identifying the
O(n) × G × O(n) structure, we naturally find a composite fermion that corresponds to
the gravitino curvature. Making the variations of the composite field compatible with the
variations of the gravitino while preserving the condition that I above vanishes actually
induces a whole hierarchy of higher order α′ corrections. This is the generalised geometric
version of analysis of [48, 49].
7

Note that the Dirac operator here is not the trace of the covariant derivative. In general, the torsion
parts in the respective operators may involve different physical degrees of freedom.
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in [30, 31]. The problem however is that the new extended generalised tangent bundle
is too large and there will be unphysical degrees of freedom. In particular, the GL(n, R)
connection in [30, 31] has to be put in by hand. This is reflecting the fact that the GL(n, R)
symmetry is not independent but is the group that rotates bases for the tangent and
cotangent spaces. The solution is that when defining the dynamical degrees of freedom we
specify a more refined structure. In particular we identify an O(n) sub-bundle of GL(n, R)
and then identify this O(n) structure with one of the O(n) structures defined on the T M ⊕
T ∗ M part of the tangent space. Thus the overall structure group is simply O(n)×G×O(n).
We then require that the generalised connections which define the dynamics are compatible
with the refined structure. We find we must slightly relax the constraint that the generalised
connection is torsion-free, and demand instead that all the connections that appear in
supergravity equations be unique. Remarkably, this procedure by construction gives the
full Bianchi identity (1.1) with precisely the connection (1.2). The generalised geometric
construction moreover reproduces the known fact that the supersymmetry transformation
of the gravitino should contain a covariant derivative using Ω+ = ω LC + 21 H. All this is in
accordance with the known string-theoretic calculations, but the discussion of the way the
local data enters in the construction of the extended generalised tangent bundle is new.
Finally, we may turn to the effective actions. As shown in [8–10, 17] even though a
generalised Riemann tensor is not unambiguously defined by vanishing (generalised) torsion
conditions, the generalised Ricci tensor is. Moreover, the Ricci scalar gives the full NSNS
part of the effective action. The Ricci scalar can be constructed using the action of the
generalised connection on spinor representations [17], in a way that is closely related to a
generalisation of Lichnerowitz theorem due to Bismut [29], which states that there exists
a pair of first-order operators, a covariant derivative and a Dirac operator respectively,7
such that the difference of their squares is tensorial. The construction of the extended
generalised bundle provides us with the needed first-order operators (corrected up to order
∼ α′ ). The order α′ effective action S is schematically written as

where v ∈ Γ(T M ) is the generator of a diffeomorphisms, Λ̃ ∈ Γ(ad PGL(n,R) ) and ea is an
arbitrary section of the frame bundle.8 This states that the GL(n, R) transformations are
generated by the action of diffeomorphisms on the auxiliary frame ea . Note that due to the
appearance of the Lie derivative Lv , (1.4) does not define a subbundle of the generalised
tangent bundle. Rather, it defines a subspace in the space of sections on the original
bundle E. In section 6 we show that inserting (1.4) into the natural metric on E and
the corresponding generalised Lie derivative leads to terms that look like higher-derivative
corrections to the conventional expressions in the unextended case where E ≃ T M ⊕
T ∗ M . In fact, when restricted to coordinate frames (and hence written in non-manifestly
covariant form), these corrections match the α′ corrections recently computed in DFT [33].
However, in our context, viewing them as corrections is somewhat misleading, and not only
because manifest diffeomorphism invariance is then lost. Globally the generalised vectors
are sections of the extended generalised tangent space and not the conventional one: the
only way to make sense of these expression is in terms of the extended space. Note that
related discussions to this point recently appeared in [32, 58].
As we see the complete construction requires both global and local considerations. As
mentioned, some of the former have appeared in the maths literature, in the context of
8

Changing the choice of section ea corresponds to a gauge transformation in G̃. Therefore, the choice
of e fixes a gauge in G̃.
a
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The appearance of a generalised Lichnerowitz-Bismut theorem is not an accident. As
we discuss in section 7, it is a generic consequence of supersymmetry. We show that
one can construct a general formalism by which generalised geometry can be viewed as
an infinite-dimensional version of the embedding tensor formalism [50–54]. The generalised Lichnerowitz-Bismut theorem is then simply a result of a supersymmetric Ward
identity [55–57].
Interestingly, if one tries to apply this same set of ideas to type II theories (this
suggestion goes back to [43, 44]) and consider an extended generalised tangent bundle with
G = O(n) × O(n) and then try and identify these with the O(d)+ and O(d)− acting on
T M ⊕ T ∗ M , one finds one cannot consistently choose a generalised connection compatible
with O(n) × O(n). As will be explained in detail in appendix A depending on the allowed
choices, one either ends up with ambiguities in the effective action or in the Bianchi identity.
Hence dH = 0 is the only consistent choice. The absence of corrections linear in α′ in
theories with 32 supercharges is well known, but the exercise is instructive and shows that
the outlined procedure is restrictive.
In a slightly different direction, one can take the extended generalised generalised
tangent space E ≃ T M ⊕ ad PG ⊕ ad PGL(n,R) ⊕ T ∗ M , where we now take PGL(n,R) to be
the frame bundle and try to restrict the symmetry parameters to elements of T M ⊕ad PG ⊕
T ∗ M , that is diffeomorphisms, B-field gauge transformations and gauge transformations
of the G-connections. To do so we need to determine a GL(n, R) transformation in terms
of a diffeomorphism. This requires a lift of vectors, essentially defining the GL(n, R)
transformation via
Lv ea = Λ̃a b eb ,
(1.4)

Extensions. The first step is always to extend the generalised tangent bundle. We
have discussed here the most intuitive extension using the local gauge symmetries of the
theory. However one might expect generically a series of extensions, perhaps most naturally
mirroring the local symmetries of the hierarchy of massive states in the corresponding string
theory. The extended space always admits a conventional generalised Lie derivative that
is first-order in the derivative. In the general formalism this can be regarded as identifying
the infinite-dimensional analogue of the embedding tensor. These objects are then the main
building blocks of the construction. They in particular determine the possible corrections
to the Courant bracket.
Obstructions. The extensions are obstructed. The triviality of the total (gauge and
tangent bundle) Pontryagin class is well known and has been much used in heterotic compactifications. Yet crucially, H is not a curvature of a gerbe. In the type II case all possible
extensions preserve the gerbe nature of the B-field, and eventually result in the absence of
corrections linear in α′ . This happens due to subtle cancellations and there is no reason
that further (e.g. (α′ )3 ) corrections should not appear.
Connections. One may allow for the possibility that the extended generalised tangent
bundle may have more symmetry than needed. It is important that the connections are
compatible with the correct symmetries. This compatibility may in turn impose restrictions.
Local actions. The generalised Lichnerowitz-Bismut theorem allows the computation of
effective actions starting from the extended generalised tangent bundle. The procedure is
somewhat different from computing supersymmetric completions. It is important to note
that a particular correction to a given order in α′ may induce all order corrections in the
effective action (as is the case with the heterotic Bianchi identity [48, 49]). On the other
hand, a family of corrections (a priori all orders in α′ ) in the effective action should trace
back to a single extension of the generalised tangent bundle. A particular higher-derivative
coupling may belong to different families and be derived from different extensions.
The paper is organised as follows. After reviewing some facts on generalised geometry
in the beginning of section 2, we show in subsection 2.1 how its dimensional reductions
give rise to a non-trivial Bianchi identity. Section 3 is concerned with the incorporation of
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transitive Courant algebroids, as have aspects of the latter, though without giving a natural
explanation for the appearance of Ω− in the Bianchi identity. The extension of the construction needed to correctly cover the gravitational contributions to the Bianchi identity
and the important appearance of the local data is new. Our results for the effective action
reproduce the known α′ -corrected supersymmetric actions, but the “all-at-once” construction, based on the generalised Lichnerowitz-Bismut theorem, presented here is also original.
So far we have mostly concentrated on the heterotic Bianchi identity, with type II
just providing an illustrative example of how a complete construction may rule out certain
corrections. However we think that the main principles/ingredients should apply in a more
general discussion as well:

2

Basics of generalised geometry

We first very briefly review some basic notions in generalised geometry [1–4], which can
be thought of as giving a geometric formulation of the NSNS sector of type II theories,
namely the metric g, B-field B and dilaton φ. The bosonic symmetries of the theory are
1. diffeomorphisms

(g, B, φ) 7→ (g + Lv g, B + Lv B, φ + Lv φ) ,

2. gauge transformations

(g, B, φ) 7→ (g, B − dλ, φ).

where L is the Lie derivative. The symmetries are therefore generated by vectors v and
one-forms λ. These are combined in the generalised tangent bundle into generalised vectors.
More precisely, the generalised tangent bundle E on a manifold M is defined as a particular
exact extension of T M by T ∗ M
π

0 −→ T ∗ M −→ E −→ T M −→ 0.

(2.1)

Generalised vectors are sections of E. Locally they can be written as V = v+λ or V = (v, λ)
where v ∈ Γ(T M ) and λ ∈ Γ(T ∗ M ). In going from one coordinate patch Ui to another Uj ,
we have to first make the usual patching of vectors and one-forms, and then give a further
patching describing how T ∗ M is fibered over T M in E. The latter is given by
v(i) = v(j) ,
λ(i) = λ(j) − ιv(j) dλ(ij) .
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non-Abelian gauge groups in generalised geometry and the construction of the extended
generalised tangent bundle. In particular, in subsection 3.1 we discuss how a non-trivial
Bianchi identity arises in generalised geometry, and discuss the symmetries in subsection 3.2. In subsection 3.3 we then discuss an analogous construction for the gravitational
part of the Bianchi identity and in subsection 3.4 we discuss the importance of choice of
connections for symmetry properties, such as T-duality. The significance of such a choice
is further elaborated on in our discussion of the effective actions in section 4 where we
consider the coupling of the N = 1 ten-dimensional supergravity to Yang-Mills. We start
by identifying the physical degrees of freedom and by constructing the generalised connections in subsection 4.1, which are then used to write down the action and equations of
motion in subsection 4.2. Section 5 is devoted to the α′ corrections in heterotic strings. In
particular, in subsection 5.1 we explain why Ω− is the necessary (composite) connection for
the gravitational part of the Bianchi identity. The equations of motion up to order ∼ α′ are
discussed in subsection 5.2, while the inclusion of higher order α′ corrections in the effective
action is the subject of subsection 5.3. We also show how the consistency of the extended
generalised tangent bundle prevents the appearance of corrections linear in α′ in type II
theories. For the fluency of presentation, we have placed this discussion in appendix A.
Section 6 discusses how the construction of the extended generalised tangent bundle reflects
on corrections to the Courant bracket. In section 7 we show how to construct a general
formalism by which generalised geometry can be viewed as an infinite-dimensional version
of the embedding tensor formalism. Finally we conclude with a speculative section 8, where
the modifications of the Bianchi identity due to the presence of NS5 sources are discussed.

This corresponds to the patching
B(i) = B(j) − dλ(ij) .

(2.3)

There is a natural O(n, n) pairing on E, given by
1
1
hV, W i = ιv ρ + ιw λ ,
2
2

where V = (v, λ) , W = (w, ρ) .

(2.4)

The differentiable structure on E is encoded in the generalised Lie derivative defined as
(2.5)

[LV , LW ] = LLV W = LJV,W K ,

(2.6)

This has the Leibniz property

where the Courant bracket is defined as the antisymmetrization
JV, W K =

1
1
(LV W − LW V ) = [v, w] + Lv ρ − Lw λ − d(ιv ρ − ιw λ) .
2
2

(2.7)

The inner product (2.4) is invariant under the generalised Lie derivative, i.e.
hLV W, U i + hW, LV U i = Lv hW, U i .

(2.8)

In addition to diffeomorphisms, the action λ → λ − ιv B is an automorphism of the generalised Lie derivative if dB = 0. If however H = dB 6= 0, it transforms as
LeB V (eB W ) = eB (LV W + ιv ιw H) .

(2.9)

Note that here H = dB, and correspondingly
dH = 0 .

(2.10)

The NSNS fields define a generalised metric G. To include the dilaton, one considers
the weighted generalised tangent space Ẽ = det T ∗ M ⊗ E which admits a natural action of
O(n, n) × R+ , the R+ corresponding to a rescaling of the weighting. A generalised metric
G is an O(n) × O(n) structure. It defines an isomorphism Ẽ ≃ E together with a splitting
E = C+ ⊕ C− , with the orthonormal generalised vielbeins on C± given by

√
+
Êa+ = e−2φ −g ê+
B
,
a + ea + iê+
a

−
−
−
−2φ √
−g êā − eā + iê− B ,
Êā = e

(2.11)

ā

where ê± are orthonormal bases for g in T M and e± their duals. The two O(n) groups act
separately on Ê + and Ê − and
Êa+ , Êb+ = |volG |2 δab ,

Êā− , Êb̄− = − |volG |2 δāb̄ ,
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LV W = [v, w] + Lv ρ − ιw dλ

√
where |volG | = e−2φ −g. In the special case where the two frames are aligned, so e+
a =
−
ea = ea , it is conventional to also define generalised vielbeins of the form
!
a
e
√
.
(2.13)
ÊA = e−2φ −g
êa + ιea B
such that
ÊA , ÊB

1
= |volG |2
2

0 1
1 0

!

(2.14)

2.1

Circle reductions and Bianchi identities

From a dimensional reduction we can obtain a right-hand side to the Bianchi identity of
the form given by the contribution from (an Abelian) gauge bundle in the heterotic theory.
This will allow us to get some intuition on the concepts introduced in the next section.
Consider an (n+1)-dimensional manifold M̃ that is a circle fibration with base M . The
generalised geometry on M̃ has an O(n + 1, n + 1) structure invariant under a U(1) action
generated by a vector ∂/∂ϕ , where locally ϕ parametrises the circle fibration. If we require
all the fields to be independent of ϕ, the metric on such a background takes the form
ds2 = ds2n + eρ (dϕ + C1 )2 ,

(2.15)

G2 = dC1

(2.16)

where
gives the field strength of the fibration. Moreover, we can also decompose the field strength
H of the B-field as
H = H3 + H2 ∧ (dϕ + C1 ) ,
(2.17)
where ι∂ϕ H3 = 0.
If we started with a trivial Bianchi identity (2.10) in n + 1 dimensions, we find now
for the n-dimensional fields
dH3 = −H2 ∧ G2 ,

dH2 = 0 ,

(2.18)

i.e. a non-trivial Bianchi identity. If we define
1
F ± = (H2 ± G2 ) ,
2

(2.19)

we end up with the Bianchi identity
dH3 = F − ∧ F − − F + ∧ F + ,

(2.20)

which can be viewed as an Abelian version of (1.1). If we reduce the two-form gauge field
B itself, using
B = B̃2 + B1 ∧ (dϕ + C1 )
(2.21)

–9–
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In the next section we will see how by dimensional reduction we obtain a non-zero
right-hand side to (2.10). We will do the simple case of a circle reduction, which is enough
to understand the idea, and can be somewhat easily generalised to tori reductions.

we find
H3 = dB̃2 − B1 ∧ G2 ,

H2 = dB1 .

(2.22)

Under the redefinition (2.19) the first equality becomes
H3 = dB2 + A− ∧ dA− − A+ ∧ dA+ ,
where we defined
B2 = B̃2 + A− ∧ A+ ,

ea



 ρ

 e (dϕ + C1 )

 .
EA = 

ê
+
ι
B̃

a
ea 2 
e−ρ (∂ϕ + B1 )

(2.24)

(2.25)

Note that T-duality along ϕ just amounts to an exchange of G2 and H2 (and of course an
invertion ρ → −ρ). In other words it maps A± → ±A± , while H3 and B2 are invariant.
Recall that the B-field must be patched as in (2.3). On triple overlaps one has the
gerbe structure
Λ(ij) + Λ(jk) + Λ(ki) = dΛijk
(2.26)
−1
−1
with gijk = exp(4πα′ iΛijk ) satisfying gjkl gikl
gijl gijk
= 1 so that H is quantised. Assuming
all the gauge transformation parameters are independent of ϕ it is easy to see that this
implies that the B1 bundle is trivial, and hence the Pontryagin classes [F − ∧ F − ] and
[F + ∧ F + ] are equal in cohomology, as required by the form of (2.20).
Forgetting about the circle as a physical direction, we can view the above construction
as n-dimensional generalised geometry on M with two U(1) gauge groups. The symmetries
are now

1. diffeomorphisms ,
2. one-form transformations
3. gauge transformations

B 7→ B − dλ ,

+

(A , A− ) 7→ (A+ + dΛ+ , A− + dΛ− ) .

Geometrically, the bundle in consideration becomes T M ⊕ R ⊕ R ⊕ T ∗ M , the two R factors
corresponding to the adjoint representation of the U(1) groups, and there is a scalar product
1
1
hV, W i = ιv σ + ιw λ + Λ+ Σ+ − Λ− Σ− ,
2
2

(2.27)

where we defined V = (v, Λ+ , Λ− , λ) and W = (w, Σ+ , Σ− , σ). Furthermore, the generalised
vielbein is given by


eam



 f + + f + A+
m
M

(2.28)
EA = 
 f − + f − A−  .

m
êm
a + (ιea B̃2 )m

– 10 –
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and we have F ± = dA± .
The generalised vielbein (2.13) now reads


1
A± = (B1 ± C1 )
2

(2.23)

where f ± are some non-vanishing functions giving a basis for the two R bundles.
We find a generalised geometry whose Bianchi identity is sourced by the first Pontryagin class of two U(1) bundles. Similarly, one can also discuss the Bianchi identity with only
one U(1) bundle, giving rise to Bn generalised geometry on a bundle T M ⊕ R ⊕ T ∗ M [35–
37]. In section 3.1 we will discuss non-Abelian gauge groups in generalised geometry by
generalizing the bundle construction employed here to the non-Abelian case.
Let us now consider the generalised Lie derivative (2.5). After the circle reduction
(assuming that the generalised vectors do not depend on ϕ) we find that the generalised
Lie derivative splits into

Notably, the one-form transformation has a non-trivial contribution from gauge transformations. Note that the scalar product (2.27) obeys the relation (2.8) with this generalised
Lie derivative (2.29). The Courant bracket then gets modified to
1
JV, W K = [v, w] + Lv ρ − Lw λ − d(ιv ρ − ιw λ) + Σ+ dΛ+ − Λ+ dΣ+ − Σ− dΛ− + Λ− dΣ−
2
+
+
+ Lv Σ − Lw Λ + Lv Σ− − Lw Λ− .
(2.30)
Before dimensional reduction, shifts by B were automorphisms of the Courant bracket
if dB = 0. This together with shifts in A1 such that F2 = dA1 = 0 give the automorphisms
of (2.29), that are transformations induced by B2 and A± ,
B2 : (v, λ) → (v, λ − ιv B2 ) ,
Λ± → Λ± ,

A± : (v, λ) → (v, λ ± 2Λ± A± ∓ (ιv A± )A± ) ,

(2.31)

Λ± → Λ± − ιv A± .

From (2.9) we can also compute the transformation behavior if B2 and A are not closed,
that is
LeB2 V (eB2 W ) = eB2 (LV W + ιv ιw dB2 ) ,
+

+

−

−

LeA+ V (eA W ) = eA
LeA− V (eA W ) = eA


LV W +2(Σ+ ιv −Λ+ ιw )F + −ιv ιw (A+ ∧dA+ )+ιv ιw (dA+ ) , (2.32)

LV W −2(Σ− ιv −Λ− ιw )F − +ιv ιw (A− ∧dA− )+ιv ιw (dA− ) .

Putting everything together we can defined the twisted generalised Lie derivative

L̂V W = LV W + 2(Σ+ ιv − Λ+ ιw )F + − 2(Σ− ιv − Λ− ιw )F − + ιv ιw H3 + ιv ιw F + + ιv ιw F − ) .
(2.33)
with the correction terms combining into the gauge-invariant field strengths H3 and F ± .
The simple calculation presented here exemplifies many of the points we will see in
the more general set-up. We shall turn now to considering a non-Abelian gauge group G.
Formally one may take G to be a product group and have an GL(n, R) or O(n) factor.
Trying to identify this GL(n, R) factor with gravitational contributions to the Bianchi
identity is associated to a number of complications, the discussion of which is the essential
part of this paper.
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LV W = Lv w + Lv ρ − ιw dλ + 2Σ+ dΛ+ − 2Σ− dΛ− + Lv Σ+ − Lw Λ+ + Lv Σ− − Lw Λ− . (2.29)

3

Non-Abelian gauge groups in generalised geometry

(1)
(2)

[LU , LV ] W = LLU V W,
LU V, W + V, LU W = ιπ(U ) d V, W ,

(3.1)

(3) LV V = 2d V, V .
Using the metric one can define the dual map 12 π ∗ : T ∗ M → E, and in the last equation this
is used to interpret the one-form on the right-hand side as an element of E. The Courant
algebroid is transitive if the map π is surjective, and is exact if it is transitive and the
sequence T ∗ M → E → T M defined by π and 21 π ∗ is exact. It is crucially the third condition
that means that transitive Courant algebroids encode a non-trivial Bianchi identity for H.
In the physics literature, the reduction picture was discussed in [43–45], the form of
the generalised Lie derivative and the local generalised geometry in the DFT context is
given in [46], and in [47] it is shown how such structures appear by effectively a generalised
reduction.
3.1

Symmetry algebra and patchings

We saw in the previous section how a reduction on S 1 led to a theory with two U(1) gauge
fields, which could be described by an extension of conventional generalised geometry, with
a generalised Lie derivative given by (2.29). Necessarily the total Pontryagin class of the
bundle was zero. We now review how this extends to the non-Abelian case with group G.
One way to view the structure is again as a reduction from higher dimensions, this time
choosing a space which is a fibration with fibre G, that is a principal bundle.9 However, one
can also just construct the generalised geometry from first principles using the non-Abelian
analogues of the objects defined in the previous section, or equivalently, the symmetries
of N = 1 supergravity coupled to non-Abelian gauge theory. For simplicity this is the
9

The S 1 reduction gave U(1)2 with a trivial U(1) factor from the reduction of the B-field gerbe. In the
following, we will simply keep a single G factor.
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In this section we will discuss different aspects of incorporating non-Abelian gauge symmetries in generalised geometry. This gives the geometrical basis for describing N = 1
supergravity coupled to super Yang-Mills theory, and also α′ corrections.
We have already seen how Abelian groups can appear from a reduction on a circle. For
non-Abelian groups the basic construction is by reduction on a general group manifold. In
the mathematics literature, this is known as a “generalised reduction” [59]. The resulting
extended generalised tangent space with the corresponding generalised Lie derivative is
known as a “transitive Courant algebroid”. That such algebroids can be constructed by
reduction was first observed by Severa [39] (see also [38] for a discussion) and first discussed
in the generalised geometric context in [35, 36] and [37]. It was specifically applied to the
heterotic theory in [30, 31]. We note that a Courant algebroid is a vector bundle E with a
map π : E → T M , a Dorfman bracket (or generalised Lie derivative) LV W ∈ Γ(E) and an
(indefinite) metric U, V , with the properties

approach we will use. Again we will see that the total Pontryagin class of the gauge bundle
has to vanish. This is encoded in the Bianchi identity of the form
dH3 = tr F ∧ F ,

(3.2)

where F = dA + A ∧ A is now the field strength of some non-Abelian gauge field A. This
will be the starting point of the construction.
The non-Abelian version of (2.23) realizing (3.2) is
H3 = dB2 + ω3 (A) ,

(3.4)

Under a finite gauge transformation
A 7→ A′ = gAg −1 + gdg −1 ,
one finds

 1
3
ω3 (A′ ) = ω3 (A) + d tr g −1 dg ∧ A − tr gdg −1 .
3

(3.5)

(3.6)

The final term is closed,10 thus locally we can write

3
1
tr gdg −1 = dµ2 (g) ,
3

(3.7)

and hence to keep H invariant, one actually transforms


B 7→ B ′ = B − tr g −1 dg ∧ A + µ2 (g) .

(3.8)

Infinitesimally the three transformations are generated by vectors v for diffeomorphisms, one-forms λ and Lie algebra elements Λ.
As before, we can combine these into a single object V = v + Λ + λ such that


δV A(i) = Lv(i) A(i) − dΛ(i) + Λ(i) , A(i) ,
(3.9)

δV B(i) = Lv(i) B(i) − dλ(i) − tr dΛ(i) ∧ A(i) .

Eqs. (3.5) and (3.8) imply that the patching (2.2) is now of the form (cf. (2.31) for the
Abelian case, without diffeomorphisms)
v(i) = v(j) ,


h
i
−1
−1
dλ(i) = dλ(j) − Lv(j) dλ(ij) + 2d tr Λ(j) g(ij)
dg(ij) + d tr (Lv g(ij) )dg(ij)
+ d(ιv(j) µ2 (g(ij) )) ,

−1
−1
Λ(i) = g(ij) Λ(j) g(ij)
+ g(ij) Lv(j) g(ij)
.
10

Actually it must be since dω3 (A) = tr F ∧ F is a gauge invariant four-form.
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where the Chern-Simons three-form ω3 (A) is given by


1 3
ω3 (A) = tr A ∧ F − A
.
3

(3.3)

There is an ambiguity in integrating the second relation but we can choose it such that
v(i) = v(j) ,


h
i
−1
−1
λ(i) = λ(j) −ιv(j) dλ(ij) +2 tr Λ(j) g(ij)
dg(ij) +tr (Lv g(ij) )dg(ij)
+ιv(j) µ2 (g(ij) ) ,

(3.11)

−1
−1
Λ(i) = g(ij) Λ(j) g(ij)
+ g(ij) Lv(j) g(ij)
.

E ≃ T M ⊕ ad PG ⊕ T ∗ M

(3.12)

where ad PG is the adjoint bundle with fibres in the Lie algebra g of G. The bundle is
naturally defined as an extension using the patchings (3.11). Crucially, we have seen that
such an extension is only possible if the gauge bundle has trivial first Pontryagin class.
This space has the natural metric, invariant across patches, given by the non-abelian
generalisation of (2.27)
1
1
(3.13)
V, W = ιv σ + ιw λ + tr ΛΣ .
2
2
We note that this gives E the structure of a O(n, n + dim G) bundle, where dim G is the
dimension of G. The differential structure is given by the generalised Lie derivative (2.29)
where the last term gets an extra contribution with repect to the non-Abelian version, i.e.
we have
LV W = Lv w + Lv Σ − Lw Λ + [Λ, Σ] + Lv ρ − ιw dλ + 2 tr ΣdΛ ,
(3.14)
where V = v + Λ + λ. Similarly, the Courant bracket is given by the antisymmetrisation
JV, W K = 12 LV W − 21 LW V . It takes the form
1
JV, W K = [v, w]+Lv Σ−Lw Λ+[Λ, Σ]+Lv ρ−Lw λ− d(ιv ρ−ιw λ)+tr(ΣdΛ−ΛdΣ) . (3.15)
2
and since [LU , LV ] = LJU,V K it reproduces the algebra of the variations (3.9) by [δV , δW ] =
δJV,W K . It is easy to check that LV W satisfies the conditions (3.1) and so defines a transitive
Courant algebroid.
3.2

Splittings and automorphisms

Given the symmetries of the underlying supergravity we expect that the construction is
invariant under under combinations of diffeomorphisms, closed B-shifts, pure-gauge “Ashifts” and global gauge transformations
B-shifts:
A-shifts:
global gauge:

λ 7→ λ − ιv B
(
λ 7→ λ + 2 tr(ΛA) − tr[(ιv A)A] ,
Λ

7→ Λ − ιv A ,

Λ 7→ gΛg −1

dB = 0 ,
dA + A ∧ A = 0,
dg = 0 .
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The first two terms in the second line are the usual patching one takes for the generalised
tangent space, eq. (2.2). The last three terms are corrections which describe how the
B-patching is twisted by the gauge bundle.
We can view (3.11) as defining a generalised heterotic tangent space

These preserve the metric (3.13) and furthermore are automorphisms of the generalised
Lie derivative (3.14).
More generally, we can view generic choice of A and B as providing a splitting of the
generalised tangent space, that is, an explicit isomorphism E ≃ T M ⊕ ad PG ⊕ T ∗ M , which
allows us to take a combination of vectors, gauge parameters and one-forms and lift them
into a section of E. Writing this map as eB eA we find, for generic A and B shifts, the
generalised Lie derivative transforms as
LeB eA V eB eA V ′ = eB eA L̂V V ′ ,

(3.17)



L̂V V ′ = v, v ′ + Lv λ′ − ιv′ dλ + 2 tr(Λ′ DΛ) + 2 tr(Λ′ ιv F ) − 2 tr(Λιv′ F )


+ ιv ιv′ H + Λ, Λ′ + ιv DΛ′ − ιv′ DΛ + ιv ιw F ,

(3.18)

and where we introduced the gauge covariant derivative DΛ = dΛ + [A, Λ] and the field
strength F = dA + A ∧ A.
Note also, that there are vector duals of A-shifts, which we might call α-shifts
(
v 7→ v + 2 tr(Λα) − tr[(ια λ)α] ,
α-shifts:
(3.19)
Λ 7→ Λ − ια λ ,
which are the analogues of β-transformations (and similarly fail to preserve the bracket).
These are the complementary elements in O(n, n + dim G).
3.3

Extended generalised tangent space for G × G̃

As the first step towards understanding the gravitational contribution 14 α′ tr R ∧ R to the
heterotic Bianchi identity (1.1) let us consider an extension by a product group G × G̃,
where G̃ = GL(n, R). We will also now include explicit factors of α′ . Of course by treating
the gravitational connection ω = Ã as independent G̃ connection, we introduce unphysical
degrees of freedom. For now, let us not worry about that and simply take advantage of
the fact and in the “new” Bianchi identity
i
1 h
(3.20)
dH = α′ tr F ∧ F − tr F̃ ∧ F̃ ,
4
the gravitational contribution takes the familiar form and can be treated like a gauge one.
In particular
1
(3.21)
H = dB + α′ (ω3 (A) − ω3 (Ã)),
4

where ω3 is given by (3.4). The gauge fields A and Ã transform under gauge transformations as
A 7→ gAg −1 + gdg −1 ,
Ã 7→ g̃ Ãg̃ −1 + g̃dg̃ −1 .
(3.22)
This implies that B transforms as

 1

1 
B → B − α′ tr g −1 dg ∧ A − tr g̃ −1 dg̃ ∧ Ã + α′ (µ2 (g) − µ2 (g̃)) .
4
4
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where

For the patching of the generalised tangent bundle we find (similar to (3.11))
v(i) = v(j) ,



1  
−1
−1
λ(i) = λ(j) − ιv(j) dλ(ij) + α′ tr Λ(j) g(ij)
dg(ij) − tr Λ̃(j) g̃(ij)
dg̃(ij)
2


 1
1 ′ 
−1
−1
+ α tr (Lv g(ij) )dg(ij)
−tr (Lv g̃(ij) )dg̃(ij)
+ α′ ιv(j) (µ2 (g(ij) )−µ2 (g̃(ij) )) ,
4
4
−1
−1
Λ̃(i) = g(ij) Λ(j) g(ij) + g(ij) Lv(j) g(ij) ,

−1
−1
Λ(i) = g(ij) Λ(j) g(ij)
+ g(ij) Lv(j) g(ij)
.

(3.24)

1
1
1
V, V ′ = ιv λ′ + ιv′ λ + α′ (tr(ΛΛ′ ) − tr(Λ̃Λ̃′ )) ,
2
2
4

(3.25)

and is invariant under the patching given in (3.24). The generalised Lie derivative is given
by


1
LV V ′ = v, v ′ + Lv λ′ − ιv′ dλ + α′ (tr Λ′ dΛ − tr Λ̃′ dΛ̃)
4 h
(3.26)
i


+ Λ, Λ′ + ιv dΛ′ − ιv′ dΛ + Λ̃, Λ̃′ + ιv dΛ̃′ − ιv′ dΛ̃ .

and the Courant bracket by
q
y 


1
V, V ′ = v, v ′ + Lv λ′ − Lv′ λ − d ιv λ′ − ιv′ λ
2
1 ′
′
+ α (tr(Λ dΛ) − tr(ΛdΛ′ ) − tr(Λ̃′ dΛ̃) + tr(Λ̃dΛ̃′ ))
8
i 



 h
+ Λ, Λ′ + ιv dΛ′ − ιv′ dΛ + Λ̃, Λ̃′ + ιv dΛ̃′ − ιv′ dΛ̃ .

(3.27)

The relative minus sign between the two terms in (3.20) is a matter of trace conventions
for G and G̃ respectively and is reflected in our construction of E. However, we shall see
that once chosen this relative sign propagates to the the effective action and the F 2 and
F̃ 2 terms will also have opposite signs. This will be addressed in sections 4 and 5.
We shall now have a preliminary discussion of the effect of choosing G̃ = GL(n, R)
on the Courant brackets and how imposing extra symmetry properties, such as T-duality,
covariance may restrict the so-far unconstrained connections.
3.4

Local data: isometries and T-duality

In section 2.1 we reviewed the circle reduction in generalised geometry. We will now redo
the analysis in the extended case, and study the effect of the presence of a gauge group in
the higher-dimensional theory. Once again, the Bianchi identity (3.2) will be our starting
point and we introduce a shorthand for the right-hand side
dH = X(F ) .

(3.28)

We have already seen how the generalised geometry restricts the topology of the gauge
bundle. The reason for redoing this exercise is to study the role of the connections themselves, and see how they can be restricted by the constraint of realising of T-duality. This
leads us in to the local constructions of sections 4 and 5.
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The scalar product reads

As already explained, X(F ) is exact, i.e.
X(F ) = κdω(A) ,

(3.29)

where ω(A) in the case of X = κ tr(F 2 ) is given by the Chern-Simons term (3.4). Using
the decomposition (2.17) and
X(F ) = X4 (F ) + X3 (F ) ∧ (dϕ + C1 ) ,

(3.30)

the Bianchi identity (3.28) translates into
dH2 = X3 .

(3.31)

We can replace X4 and X3 by the components ω3 and ω2 of the Chern-Simons term ω(A),
with
ω(A) = ω3 + ω2 ∧ (dϕ + C1 ) .
(3.32)
We find that
dH3 = κdω3 − G̃2 ∧ G2 ,

(3.33)

dG̃2 = 0 ,

(3.34)

G̃2 = H2 − κω2 .

(3.35)

and
where we defined

In order to understand the properties of ω3 and ω2 , we dimensionally reduce the gauge
connection A, i.e.
A = A1 + a(dϕ + C1 ) ,
(3.36)
where A1 is the lower-dimensional connection while the Wilson lines a transform tensorially
under lower-dimensional gauge transformations, i.e.
A1 → gA1 g −1 + gdg −1 ,

a → gag −1 ,

where g does not depend on ϕ. From (3.32) and (3.4) we find


2 3
ω3 = tr A1 ∧ dA1 + A1 + tr(aA1 ) ∧ G2 ,
3

(3.37)

(3.38)
2

ω2 = tr(A1 ∧ da + adA1 + 2aA1 ∧ A1 ) + tr(a )G2 .

By defining the gauge-covariant derivative D on a as
Da = da + [A1 , a] ,

(3.39)

we can rewrite ω2 in a tensorial way as
ω2 = tr(DDa) + tr(a2 )G2 ,
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dH3 = X4 − H2 ∧ G2 ,

which means ω2 is gauge invariant and therefore globally defined, which in turn means that
G̃2 in (3.35) is globally defined. Moreover, defining
H̃3 = H3 −

1
tr(Da) ∧ G2 ,
2

(3.41)

we can solve (3.33) by
H̃3 = dB̃2 + κω(A1 ) + ω(A− ) − ω(A+ ) ,

(3.42)

In total, the Bianchi identity of the lower-dimensional three-form field strength H̃3 reads
dH̃3 = κ tr(F22 ) + tr((G− )2 ) − tr((G+ )2 ) .

(3.44)

We can now consider T-duality on the circle. This will exchange G2 and G̃2 , and we see
that the three-form H̃3 has been constructed such that it remains invariant. Furthermore,
also the gauge fields A1 must transform such that tr(F22 ) is T-duality invariant. Examples
are A1 itself being invariant or anti-invariant. The Wilson lines a on the other hand can
have a very non-trivial transformation behaviour.
If A is simply a connection in G these constraints are rather mild. However, let us now
turn to the gravitational connection Ã in G̃ = GL(n, R). The invariance of the horizontal
part of tr F̃ ∧ F̃ immediately implies that Ã cannot be the Levi-Civita connection but must
involve H, since T-duality exchanges metric and B-field components. In fact as shown
in [60] this is satisfied provided F̃ is computed using the torsionful connections
1
Ω± = ω LC ± H ,
2

(3.45)

where ω LC is the Levi-Civita connection. The torsion of Ω± is just ∓H. Note that the Tduality considerations do not fix the relative sign in Ω± but do imply that the connection
cannot be generic. As already mentioned, this is also the connection that is naturally
chosen by world-sheet supersymmetry. The goal of sections 4 and 5 is to show how the
generalised geometry singles out the choice of Ω± .

4

Action, connections and more

Thus far we have discussed how the extension of conventional generalised geometry by a
non-Abelian gauge group captures the global topology that encodes the non-trivial Bianchi
identity for H. To connect to the actual supergravity theories, we need to construct the
local dynamics.
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where A± are the gauge connections for F ± = 12 (G̃2 ± G2 ). Furthermore, the two-form
gauge field B̃2 appears in the decomposition of B as


1
B = B̃2 + tr(a)G2 + B1 ∧ (dϕ + C1 ) .
(3.43)
2

In this section we shall present an “all-at-once” construction of effective actions based
on the generalisations of the Lichnerowitz theorem. This will reproduce the standard tendimensional, N = 1 supergravity coupled to super Yang-Mills with gauge group G [61],
which has particle content
gravity multiplet:
gauge multiplet:

{g, B, φ; ψm , ρ}

{A; ζ} .

(4.1)

4.1

Local structure group

As in the previous section, we identify a generalised tangent space E ≃ T M ⊕ad PG ⊕T ∗ M ,
for a generic gauge group G whose Lie algebra is g. Given an invariant metric on g, denoted
by the trace, there is a natural interior product on E
v + Λ + λ, v ′ + Λ′ + λ′ =

 α′
1
ι v λ′ + ι v ′ λ +
tr ΛΛ′ ,
2
4

(4.2)

providing an isomorphism E ∗ ≃ E. For the weighted generalised vector bundle Ẽ =
(det T ∗ M ) ⊗ E one can then define a corresponding bundle F̃ of frames, orthonormal up
to a conformal factor. By definition, this is an O(n + dim G, n) × R+ principal bundle.
Given the fields (g, B, A, φ) one can define the set of frames11


α′
+
−2φ √
+
+
tr A ιê+
A ,
Êa = e
−g êa + ea + ιê+
B + ιê+
A−
a
a
a
4

r
√
4
+
−2φ √
′
(4.3)
tα − α tr tα A ,
Êα = e
−g
α′


α′
−
−2φ √
−
−
Êā = e
tr A ιê− A ,
−g êā − eā + ιê− B + ιê− A −
ā
ā
ā
4
where ê± are orthonormal bases in T M , e± their dual, and [tα , tβ ] = fαβ γ tγ give a basis
for g, with tr tα tβ = δαβ . We have
Êa+ , Êb+ = |volG |2 δab ,

Êα+ , Êβ− = |volG |2 δαβ ,

Êā− , Êb̄− = − |volG |2 δāb̄ ,

11

Nearly all notation and conventions follow [17].
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As usual in generalised geometry, the construction is to consider a refined structure on E
and then define the appropriate compatible generalised connection.
In the next section, we shall adapt this general construction to the specific examples of
lowest order α′ corrections in heterotic string and see the importance of the local data. A
related construction based on [17] was given in [30], see also [31]. However, when applied
to the heterotic theory, this required the Ω− connection in the Bianchi identity (1.1) to be
put in by hand. Using the construction here, as we will see in the next section, Ω− will
appear naturally.

√
where |volG | = e−2φ −g, and all other inner products vanishing. Following [30, 31], one
can view these frames as defining a generalised metric which splits E = C̃+ ⊕ C̃− , and
reduces the structure group to O(n + dim G) × O(n), with the respective frames12


 Ê + , Ê +
O(n + dim G)+
a
α
ÊA =
.
(4.5)
Ê −
O(n)−
ā

ā

−

It is in this setting that we would like to present the supergravity equations in terms of
generalised connections, much in the same way as for the type II case in [17].
In [17] it was shown that all supergravity equations can be written in terms of generalised connections which are compatible with the local O(n) × O(n) structures and are
torsion-free, and that even though there are several such connections, the supergravity
equations are uniquely determined, as they should be. In [30] a similar approach was taken
for the heterotic theory, using the local O(n + dim G) × O(n) structure discussed above.
The supergravity equations could again be formulated using torsion-free, compatible generalised connections, however, the form of the R-curvature in the Bianchi identity (1.1)
has to be put in by hand. A priori, it is the curvature of an arbitrary connection on a
generic O(n) bundle. The condition that the bundle is that coming from T M and that the
relevant connection is Ω− as given in (1.2) does not come from the construction.
To overcome this problem we will instead consider generalised connections that are
compatible with the O(n) × G × O(n) structure P̃ = P̃+ ⊕ P̃G ⊕ P̃− . The consequence is
that we can no longer require that generalised connections compatible with the reduced
structure be torsion-free, as for a generic choice of P̃ (i.e. a generic field configuration)
there exists a non-vanishing intrinsic torsion. To see this, let D and D′ be two arbitrary
compatible generalised connections. Fix D and define the tensor Σ = D′ − D. Then by
varying D′ we have that Σ spans
K = E ⊗ (Λ2 C+ ⊕ ad P̃G ⊕ Λ2 C− ),

(4.7)

where ad P̃G is the adjoint bundle with fibres in the Lie algebra g and we have used we
used ad P̃± ≃ Λ2 C± . Now the torsion of a connection is defined by the bracket (3.14) and
is an element [17]
T (D) ∈ Γ(W ), where W = Λ3 E ⊕ E.
(4.8)
12

Êa+

Note that given the O(n + dim G) frame is not generic: one could also take rotated combinations of
and Êα+ .
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We actually want to reduce the structure group on E further to disentangle G from the
O(n) inside C̃+ . In other words, we pick a substructure P̃ ⊂ F̃ of the generalised frame
bundle which is an O(n)×G×O(n) principal bundle. This further splits E = C+ ⊕Cg ⊕C−
with the respective frames

+


Êa O(n)+
.
(4.6)
ÊA = Êα+ G


Ê − O(n)

Therefore we can define the associated map for the difference of the torsions, τ : K → W ,
such that
τ (Σ) = T (D′ ) − T (D).
(4.9)
It is easy to check that the intrinsic torsion space Wint = coker τ is non-trivial,
Wint = C+ ⊗ Cg ⊗ C− .

(4.10)

gaugino: ζα ∈ Γ(Cg ⊗ S(C− )),

(4.12)

dilatino: ρ ∈ Γ(S(C− )),

where S(C− ) is the spin-bundle for the Spin(n) group on C− (we assume throughout that
our manifold is spin). The supersymmetry parameter ǫ is similarly a section of S(C− ).
Comparing with the structure of type II theories discussed in [17], we require that the
following operators are uniquely determined, since they will appear in either the supersymmetry transformations or the fermion equations of motion
γ ā Dā ρ,

D a ψa ,

D α ζα ,
ā

Da ρ,

γ Dā ψa ,

Dα ρ,

γ ā Dā ζα ,

∈ Γ(S(C− )),

∈ Γ(C+ ⊗ S(C− )),

(4.13)

∈ Γ(Cg ⊗ S(C− )).

Solving for the compatible connection we find that this implies that the torsion of T (D) is
restricted to lie in the subspace
T (D) ∈ Γ(Wrestr ),

(4.14)

where



Wrestr = Λ3 C+ ⊕ Λ3 Cg ⊕ C+ ⊗ ad P̃G ⊕ Cg ⊗ Λ2 C+ ⊕ C+ ⊗ Cg ⊗ C− ⊂ Λ3 E ⊕ E,

with the last term being the intrinsic torsion, which is independent of the choice of D.
Using the frames (4.3), we can solve explicitly for D. If ∇ = ∂ + ω + A is the covariant
13

Note that we are using the redefined dilatino ρ = γ m ψm − λ where λ is the conventional dilatino field.
Also, for the ten-dimensional theory one would need to correctly identify the chiralities of the fermion fields
but in order to keep the discussion completely general we will not be explicit about this here.
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We thus have that, for a generic structure, every compatible connection will have some
torsion. Using the frame (4.3), we can calculate the intrinsic torsion explicitly and find it
takes the form
1√ ′
(4.11)
T̂ābγ = −
α Fābγ .
2
Thus we see that requiring a torsion-free connection sets F = 0, which is too strong a
condition.
Instead of requiring the full torsion-free condition, we can take the weaker physical
conditions that the connections that appear in the supergravity equations are uniquely
determined. We consider first the fermionic fields. Using the O(n) × G × O(n) structure
we identify the fields13
gravitino: ψa ∈ Γ(C+ ⊗ S(C− )),

derivative associated with the combined Levi-Civita and gauge connection, then acting on
a Ê + + w α Ê + + w ā Ê − ∈ Γ(E), we have
a generalised vector W = w+
g α
− ā
a
b
b
Da w+
= ∇a w +
−
b
a
Dα w+
= Qα b a w +
,

 c
2
c
δa b ∂c φ − ηac ∂ b φ w+
+ Qa b c w +
,
n−1

1
b
b
c
Dā w+
= ∇ā w+
− Hā b c w+
,
2
Da wgβ = ∇a wgβ + Qa β γ wgγ ,
=

=

(4.15b)
(4.15c)
(4.15d)

β

Qα γ wgγ ,
∇ā wgβ ,

(4.15e)
(4.15f)

1
b̄
b̄
c̄
Da w−
= ∇a w −
+ Ha b̄ c̄ w−
,
2
1 √ ′ b̄
ā
b̄
α F āα w−
,
Dα w−
=−
2
 c̄
1
2
b̄
b̄
c̄
c̄
Dā w−
= ∇ā w−
+ Hā b̄ c̄ w−
−
δā b̄ ∂c̄ φ − ηāc̄ ∂ b̄ φ w−
+ Qā b̄ c̄ w−
,
6
n−1

(4.15g)
(4.15h)
(4.15i)

for any Q ∈ Γ(E ⊗ ad P̃ ) satisfying
Qab̄c̄ = 0,
Q[āb̄c̄] = 0,

Qαb̄c̄ = 0,
Qā

ā

b̄

= 0,

Qābc = 0,
Qα

α

β

= 0,

Qāβγ = 0,
Qa a b = 0,

(4.16)

and otherwise arbitrary. This means that Q will in general contribute to the torsion of
D, for instance the fully antisymmetric component Q[abc] will be in the torsion if it is
non-vanishing. In addition, again note that irrespective of the particular choice of Q, all
√
connections D will have an intrinsic torsion given by T̂ābγ = − 12 α′ Fābγ , simply due to
the fact that they are compatible with the reduced structure P̃ . Crucially, however, the
supergravity operators (4.13) are independent of the particular choice of D, since all Q
contributions will drop out of (4.13).14
4.2

Supergravity equations

We next see how the generalised connection D encodes the equations of N = 1 tendimensional supergravity coupled to super Yang-Mills [61].
We start with the bosonic action. For any spinor ǫ ∈ Γ(S(C− )), we can consider the
following Bismut-type equation:
1
γ ā Dā γ b̄ Db̄ ǫ = Da Da ǫ + Dα Dα ǫ − S − ǫ,
4
14

(4.17)

As an alternative way of stating this, while we have been thinking of the unconstrained Q as an element
of U ⊂ K = E ⊗ adP̃ , we could instead consider it as a map Q : S ⊕ J ⊕ Jg → E ⊗ (S ⊕ J ⊕ Jg ) where
S = S(C− ), J = C+ ⊗ S(C− ) and Jg = Cg ⊗ S(C− ). The linear projections in (4.13) on the other hand are
a map P : E ⊗ (S ⊕ J ⊕ Jg ) → S ⊕ J ⊕ Jg . The map Q is then such that precisely kerP = ImQ.
The space U spanned by Q is thus set by the kernel of the projection to S⊕J ⊕Jg . For the type II case, this
space coincided with the kernel of the torsion map within the metric connections space. In this case, since the
fermionic representations are smaller, the kernel of the projection is larger and includes some of the torsion.
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Dα wgβ
Dā wgβ

(4.15a)

Generically one might expect the right-hand side to contain scalar, two-form and four-form
terms of the form Tāa ...ā2n γ āa ...ā2n (since the spinors are chiral the six-form terms can be
written as four-forms). However, remarkably, provided the Bianchi identity (3.2) holds,
only the scalar term S − survives. This scalar gives the dilaton equation of motion, or
equivalently, the bosonic action
S − = s + 4∇2 φ − 4(∂φ)2 −

1 2 α′
H −
tr F 2 ,
12
8

(4.18)

1
δψa = Da ǫ = ∇a ǫ + Hab̄c̄ γ b̄c̄ ǫ,
8
1√ ′
δζα = Dα ǫ = −
α Fāb̄α γ āb̄ ǫ,
8
1
δρ = γ ā Dā ǫ = γ ā ∇ā ǫ + Hāb̄c̄ γ āb̄c̄ ǫ − (∂ā φ)γ ā ǫ,
24
while the fermionic action has the form
Z
h
1
SF = − 2 2 volG ψ̄ a γ b̄ Db̄ ψa + ψ̄ a γ b̄ T̂b̄ α a ζα + 2ρ̄Da ψ a − ρ̄γ ā Dā ρ
2κ
i
+ ζ̄ α γ b̄ Db̄ ζα + ζ̄ α γ b̄ T̂b̄ a α ψa + 2ρ̄Dα ζ α ,

(4.19)

(4.20)

where T̂ is the intrinsic torsion (4.11) which is fixed by the choice of local structure P̃ (and
independent of choice of compatible D).
The Bismut-type formula (4.17) can then be understood as a consequence of the dilatino equations of motion closing into the dilaton equation of motion under susy. The
bosonic equations of motion for g, B, A will similarly contain torsion terms, with the generalised Ricci given by
1
Rāb γ ā ǫ = [γ ā Dā , Db ]ǫ + γ ā T̂ā β b Dβ ǫ,
2
1
Rāβ γ ā ǫ = [γ ā Dā , Dβ ]ǫ + γ ā T̂ā b β Db ǫ,
2

(4.21)

and the g and B equations and A equation corresponding to the generalised Ricci flat
conditions
Rāa = 0
and
Rāα = 0
(4.22)
respectively. For the bosonic supersymmetry transformations we have
δ Êa+ = ǭρÊa+ − ǭγā ψa Ê −ā ,

δ Êα+ = ǭρÊα+ − ǭγā ζα Ê −ā ,

δ Êā−

=

ǭρÊā−

− ǭγā ψa Ê

+a

− ǭγā ζα Ê

(4.23)
+α

Note that all these equations are independent of Q as required.
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where s is the Ricci scalar for the metric g.
The supersymmetry variations of the fermion fields are given by

5

α′ corrections for heterotic strings

We shall now turn to our principal example to see how the framework introduced in the
previous section can be used to describe the α′ corrections in heterotic strings. A key
point is that we will see the Bianchi identity (1.1) appears naturally with the correct Ω−
connection. The same formalism can be used to analyse type II theory and in particular to
show why linear α′ corrections are ruled out in this case. However we put this discussion
into an appendix A for sake of fluency of the presentation.
5.1

Structures and connections

We find that (4.3) becomes
Êa+

=e

−2φ √

Êα1 1 = e

−2φ √

Êα2 2 = e

−2φ √

Êā−

−2φ √

=e


+
−g ê+
B + ιê+
A1 + ιê+
A2
a + ea + ιê+
a
a
a

−g
−g

r
r

4
t 1
α′ α


1 ′
1 ′
1
1
2
2
A + α tr2 A ιê+
A ,
− α tr1 A ιê+
a
a
4
4

√
1
′
− α tr1 tα1 A ,


√
4
2
′
t 2 + α tr2 tα2 A ,
α′ α

(5.2)


−
1
2
−g ê−
ā − eā + ιê− B + ιê− A + ιê− A
ā

ā

ā


1 ′
1 ′
1
1
2
2
− α tr1 A ιê− A + α tr2 A ιê− A ,
ā
ā
4
4

where Ai is a connection for Gi . The generalised connection becomes
 c
2
c
δa b ∂c φ − ηac ∂ b φ w+
+ Qa b c w +
,
n−1
b
a
D αi w +
= Q αi b a w +
,
1
b
b
c
Dā w+
= ∇ā w+
− Hā b c w+
,
2
i
i
i
i
Da wgβi = ∇ia wgβi + Qa β γ i wgγi ,
b
b
Da w+
= ∇a w +
−

βj

Dαi wgj = Qαi

βj

γj

γ j wgj

,

(5.3a)
(5.3b)
(5.3c)
(5.3d)
(5.3e)
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The first step is to consider the construction of the previous section with a product gauge
group G1 × G2 . We will eventually identify G1 with the gauge group G and G2 with O(n)
or GL(n, R) as in section 3.3, but, for the moment, we will keep them general. We will
write their respective adjoint indices as α = (α1 , α2 ), with corresponding generators {tαi }.
For the metric on the sum of the Lie algebras we take the indefinite form tr = tr1 − tr2
where tri tαi tβ i = ηαi i β i .
The generalised frame defining an O(n)+ ×G1 ×G2 ×O(n)− structure and corresponding
connection follow from the expressions in the previous section. The generalised tangent
space decomposes as
E = C+ ⊕ Cg1 ⊕ Cg2 ⊕ C− ,
(5.1)

i

i

Dā wgβi = ∇iā wgβi ,

(5.3f)

1
b̄
b̄
c̄
Da w−
= ∇a w −
+ Ha b̄ c̄ w−
,
2
( √
ā
− 21 α′ F 1b̄ ā α1 w−
if i = 1
b̄
,
D αi w −
=
√
1
′ F 2b̄ 2 w ā
α
if
i
=
2
ā
α
−
2
 c̄
2
1
c̄
c̄
b̄
b̄
−
δā b̄ ∂c̄ φ − ηāc̄ ∂ b̄ φ w−
+ Qā b̄ c̄ w−
,
Dā w−
= ∇ā w−
+ Hā b̄ c̄ w−
6
n−1

(5.3g)
(5.3h)
(5.3i)

O(n)+ × G1 × G2 × O(n)− ⊃ O(n)+ × G × O(n)− ,

(5.4)

where now we identify G1 = G, the heterotic gauge group. Equivalently we identify
Cg2 ≃ Λ2 C+ , that is we consider
E = C+ ⊕ Cg ⊕ Λ 2 C+ ⊕ C− ,

(5.5)

Concretely the α2 index now corresponds to an antisymmetric pair of vector indices [ab],
and writing just α for the G1 = G index we have
α1 = α,
1

α2 = [ab],

(5.6)

2

ab , the components of the generalised vector are
so, writing wgα1 = wgα and wgα2 = w+
a
α
ab
ā
W = (w+ , wg , w+ , w− ). We can then rewrite (5.3c) and (5.3f) as

b
b
c
Dā w+
= ∂ā w+
+ Ωā− b c w+
,
ab
ab
cb
ac
Dā w+
= ∂ā w+
+ A2ā a c w+
+ Aā2 b c w+
,

(5.7)

where Ω− = ω LC − 12 H, with ω LC the Levi-Civita connection.

We then make the further natural requirement that the generalised connection is compatible with the O(n)+ × G × O(n)− structure. This requires that two derivatives in (5.7)
agree, that is
1
A2 = Ω− = ω LC − H.
2
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In order to match to the α′ theory, we need to make a further reduction of the structure
group. The crucial step is that we identify the G2 structure group with the O(n)+ structure
group. In the case were G2 = O(n) we can just directly identify the two. If G2 = GL(n, R),
one can think of first reducing to O(n) and then identifying with the O(n)+ structure group.
In this latter case, the reduction O(n) ⊂ GL(n, R) specifies a “metric”, which is to be
identified with the gravitational metric g. In either case we end up with a refined structure

With this identification the generalised derivative is given by
b
b
Da w+
= ∇a w +
−
b
a
Dα w+
= Qα b a w +
,

 c
2
c
δa b ∂c φ − ηac ∂ b φ w+
+ Qa b c w +
,
n−1

b
c
Daa′ w+
= Qaa′ b c w+
,
1
c
b
b
,
Dā w+
= ∇ā w+
− Hā b c w+
2
Da wgβ = ∇a wgβ + Qa β γ wgγ ,

Daa′ wgβ = Qaa′ β γ wgγ ,

(5.9)

Dā wgβ = ∇ā wgβ ,

1
c̄
b̄
b̄
,
Da w−
= ∇a w −
+ Ha b̄ c̄ w−
2
1 √ ′ b̄
c̄
b̄
,
Dα w−
=−
α F c̄α w−
2
1√ ′
b̄
c̄
=
Daa′ w−
α R(Ω− )b̄ c̄aa′ w−
2
 c̄
1
2
b̄
b̄
c̄
c̄
Dā w−
= ∇ā w−
+ Hā b̄ c̄ w−
δā b̄ ∂c̄ φ − ηāc̄ ∂ b̄ φ w−
+ Qā b̄ c̄ w−
,
−
6
n−1

bb
where R(Ω− ) is the curvature of the Ω− connection. Compatibility means that the DM w+
expressions follow directly from those for DM wb , namely
′

 cb′
2
cb′
δa b ∂c φ − ηac ∂ b φ w+
+ Qa b c w +
n−1
2
′
′  bc
′
bc
−
δa b ∂c φ − ηac ∂ b φ w+
+ Qa b c w +
,
n−1
′
cb′
bc
= Qα b c w +
+ Qα b c w +
,

′

′

bb
bb
Da w+
= ∇a w +
−

bb
Dα w+

′
′

′

(5.10)

′

bb
cb
bc
+ Qaa′ b c w+
,
Daa′ w+
= Qaa′ b c w+
1
1
′
bb′
bb′
cb′
bc
Dā w+
= ∇ā w+
− Hā b c w+
− Hā b c w+
.
2
2

As before the undetermined parts of that connection satisfy
Qa a b = 0,
5.2

Qā ā b̄ = 0,

Qα α β = 0,

Qac c b = 0.

(5.11)

Supergravity equations

As before the supergravity equations of motion and supersymmetry variations all follow
from the generalised connection D defined in (5.9). The action comes from the Bismut-type
equation (4.17). Specialising to the case at hand of a product group G1 × G2 = G × O(n)
with tr = tr1 − tr2 , gives
1
γ ā Dā γ b̄ Db̄ ǫ = Da Da ǫ + Dα Dα ǫ − Dab Dab ǫ − S − ǫ,
4
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Dα wgβ = Qα β γ wgγ ,

where we have fixed the normalisation of the O(n) trace tr taa′ tbb′ = δab δa′ b′ . As before,
this equation only defines a scalar S − if the corresponding Bianchi condition holds. Here
this reads

1 
dH = α′ tr F ∧ F − tr R(Ω− ) ∧ R(Ω− ) ,
(5.13)
4
reproducing the α′ corrected condition with the correct connection Ω− . Calculating the
scalar S − , one finds the α′ corrected bosonic action (or equivalently the dilaton equation
of motion)
1 2 1 ′
1
H − α tr F 2 + α′ tr R(Ω− )2 ,
12
8
8

(5.14)

with again the appropriate curvature-squared term.
The supersymmetry variation of the fermion fields follow as before from the set of
uniquely determined operators
1
δψa = Da ǫ = ∇a ǫ + Hab̄c̄ γ b̄c̄ ǫ,
8
1√ ′
α Fāb̄α γ āb̄ ǫ,
δζα = Dα ǫ = −
8
1
δρ = γ ā Dā ǫ = γ ā ∇ā ǫ + Hāb̄c̄ γ āb̄c̄ ǫ − γ ā (∂ā φ)ǫ.
24

(5.15)

The formalism naturally has, in addition, a “gaugino” ψab ∈ Γ(Λ2 C+ ⊗ S(C− )) for the
G2 = O(n)+ gauge group. The corresponding variation is
δψab = Dab ǫ =

1√ ′
α R(Ω− )āb̄ab γ āb̄ ǫ.
8

(5.16)

The obvious interpretation is that ψab is the standard composite “gravitino curvature” [48,
49], given to leading order in the fermions by


1√ ′
1 + pq
1 + pq
ψmn =
α ∂m ψn − ∂n ψm + Ωmpq γ ψn − Ωnpq γ ψm .
(5.17)
2
4
4
Calculating the corresponding variation one finds [48, 49]
δψab =

1√ ′
α R(Ω+ )abāb̄ γ āb̄ ǫ = Dab ǫ + O(α′ ).
8

(5.18)

as required, where we have used the fact that
1
Rmnpq (Ω− ) = Rpqmn (Ω+ ) − dHmnpq = Rpqmn (Ω+ ) + O(α′ ).
2

(5.19)

We will discuss briefly the question of the higher order α′ corrections to (5.18) in the next
section.
For the bosonic variations we have
δ Êa+ = ǭρÊa+ − ǭγā ψa Ê −ā ,
δ Êα = ǭρÊα1 − ǭγā ζα Ê −ā ,

δ Êā−

=

ǭρÊā−

− ǭγā ψa Ê

+a

(5.20)
α

ab

− ǭγā ζα Ê + ǭγā ψab Ê ,
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S − = s + 4∇2 φ − 4(∂φ)2 −

and for the O(n) basis
δ Êab = ǭρÊab − ǭγā ψab Ê −ā ,

(5.21)

which is equivalent to variation of the composite object
1√ ′ −
α δΩmab = −ǭγm ψab + O(α′ ),
2

(5.22)

where the intrinsic torsion terms are given by
T̂ābγ = −

1√ ′
α Fābγ ,
2

T̂ābcc′ =

1√ ′
α R(Ω− )ābcc′ .
2

(5.24)

The bosonic equations of motion then come from varying the corresponding fermionic
equations and are given by vanishing of the components of the corresponding generalised
Ricci tensor, defined by
1
′
Rāb γ ā ǫ = [γ ā Dā , Db ]ǫ + γ ā T̂ā β b Dβ ǫ − γ ā T̂ā cc b Dcc′ ǫ,
2
1
Rāβ γ ā ǫ = [γ ā Dā , Dβ ]ǫ + γ ā T̂ā b β Db ǫ,
2

(5.25)

1
Rā,bb′ γ ā ǫ = [γ ā Dā , Dbb′ ]ǫ − γ ā T̂ā c bb′ Dc ǫ.
2
The full set of independent bosonic field equations are then
S − = Rāb = Rāβ = 0,

(5.26)

while the composite equation Rā,bb′ = 0 follows identically from the previous to zeroth
order in α′ , a well-known result from [48, 49].
5.3

Higher orders in α′

In [48, 49] a quartic action with (α′ )3 corrections was derived, and in fact an iterative
procedure that can in principle be used to generate an entire family of corrections with
arbitrarily high powers of α′ was pointed out. The procedure is based on the supersymmetric completion of the heterotic Bianchi identity (1.1), and the key observation is that an
identification of the auxiliary O(n) Yang-Mills gauge fields with the gravitational degrees
of freedom is possible.15 However, in order to make such an identification one has to equate
15

Note that only the corrections to the Bianchi identity considered in [48, 49] are linear in α′ . The Bianchi
identity itself does not change and is used in the process of iteration.
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which indeed follows from the other variations. We are reproducing the standard result [48,
49] that (ψmn , Ω−
m ) indeed transform as a gauge multiplet.
Finally we can also write the fermionic action including higher derivative terms for ψm
following (4.20), as
Z
h
1
SF = − 2 2 volG ψ̄ a γ b̄ Db̄ ψa + 2ρ̄Da ψ a − ρ̄γ ā Dā ρ + 2ρ̄Dα ζ α − 2ρ̄Dab ψ ab
2κ
(5.23)
+ ζ̄ α γ b̄ Db̄ ζα1 − ψ̄ ab γ b̄ Db̄ ψab
i
+ ζ̄ α γ b̄ T̂b̄ a α ψa − ψ̄ ab γ b̄ T̂b̄ c ab ψc + ψ̄ a γ b̄ T̂b̄ α a ζα − ψ̄ a γ b̄ T̂b̄ bc a ψbc ,

the “gaugino” with the gravitino curvature (5.17). On the other hand, as we have already
seen, this identification is not quite consistent with supersymmetry variation we had for
the gaugino so far — in fact it only works to order α′
δψab = Dab ǫ + O(α′ ).

(5.27)

With this change, though, supersymmetry no longer closes on the action. Indeed,
in [48, 49] it was found that in order to restore supersymmetry it is necessary to introduce corrections to the supersymmetry transformations of the “fundamental” (i.e. noncomposite) fields at order (α′ )2 , and add new quartic terms to the action at order (α′ )3 .
The resulting theory is then supersymmetric, but only up to order (α′ )3 since the corrections to the gravitino variation mean that (5.28) would get new (α′ )3 corrections —
which would then break supersymmetry again and require new higher-order corrections to
the variations and the action, and so on. Clearly this is a process that can, in theory, be
repeated to generate ever higher α′ corrections.
In our context these issues can be viewed in a slightly different manner. Let us denote
the corrected variation δψab = Dab ǫ + O(α′ ) = D̂ab ǫ. Our guiding principle for writing
bosonic actions is the Bismut formula
1
(5.29)
γ ā Dā γ b̄ Db̄ ǫ − Da Da ǫ + Dα Dα ǫ + Dab Dab ǫ = − S − ǫ.
4
However, if we were to simply replace Dab with D̂ab , the equation will no longer define
just a ((α′ )3 -corrected) scalar S − , but it would also generate on the right-hand side a
two-form and a four-form at order (α′ )2 . (This is just an equivalent, and somewhat more
straightforward way of seeing that the action is no longer supersymmetric.) We would then
be naturally led to also modify the supersymmetry rules (5.15) at order (α′ )2 and introduce
corrected operators D̂a ǫ and γ ā D̂ā ǫ such that they precisely cancel the two-forms and fourforms in the Bismut formula, at least to order (α′ )2 . As in [48, 49], this procedure would
give rise to an iterative rule for generating higher α′ corrections. We hope to provide some
results in this direction in upcoming work.
We would like to emphasise that these all-orders-in-α′ corrections to the effective action originate from a single extension of the generalised tangent bundle, that captures
the contribution of the heterotic Bianchi identity (5.13) linear in α′ . This aspect of our
construction is fully concordant with the construction of [48, 49].

6

α′ corrections and brackets

Our starting point for deriving the possible α′ gravitation corrections has been to view
O(n) or GL(n, R) as a “gauge group”, build an appropriate extension of the generalised
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This is a consequence of the heterotic Bianchi identity (1.1), since in order to make the identification of the gaugino one has to use the relation Rmnpq (Ω− )−Rpqmn (Ω+ ) = −12dHmnpq .
Explicitly, the correction to the variation of the gravitino curvature is then


1√ ′ 1 ′
−
−
δψab = Dab ǫ +
α
α [tr F ∧ F − tr R(Ω ) ∧ R(Ω )]abāb̄ γ āb̄ ǫ.
(5.28)
8
8

in terms of a basis of GL(n, R) generators ûb a which are given in terms of the frame êa by
ûb a = eb ⊗ êa . Note that (6.1) depends on the choice of a particular frame ea . However,
changing to a different frame corresponds to a global GL(n, R) transformation which just
transforms the generators ûb a into each other. Therefore, the choice of frame is part of the
gauge choice, and the construction will not depend on it.
The idea now is to take the gravitational gauge bundle P̃ to have gauge group G̃ =
GL(n, R) and identify it with the frame bundle. We can then restrict the corresponding
gauge parameter in the generalised tangent space to being of the form Λ̃ = Lv.
Let us then discuss how this can be accomplished in more detail. For simplicity we will
ignore for the moment the gauge group G, which we already know how to handle, and keep
the focus on just the frame bundle. Generic infinitesimal G̃-equivariant automorphisms of
F can be understood in terms of the bundle A = T F/G̃ ≃ T M ⊕ ad F (that is, the Atiyah
algebroid for F ) which inherits a Lie algebroid structure from the Lie bracket algebra on
T F itself. Elements of A are simply combinations of vectors v and gauge parameters Λ̃
patched just as in (3.11). In fact, the extended generalised vector space E is often thought
of as an extension T ∗ M → E → A.
Given a vector v ∈ Γ(T M ) there is then a natural lift to an element ṽ ∈ Γ(A) given
locally by
ṽ = v + Lv,
(6.2)
where the components of the gauge part (Lv)a b are precisely the ones given in (6.1). This
]
has the property that [v,
w] = [ṽ, w̃], where [ṽ, w̃] is the bracket on the Lie algebroid A. One
can check that the gauge part Λ̃ = Lv indeed patches correctly. Note that one cannot think
of ṽ as being a section of some sub-bundle of A, since its definition involves derivatives of
v itself. It is merely an element of the subspace of sections of A defined to consist of those
(v, Λ̃) for which the condition Λ̃ = Lv with (6.1) holds.
As always, one needs a splitting to identify the isomorphism A ≃ T M ⊕ ad F , which
here is given by an arbitrary choice of GL(n, R)-connection ω for the frame with the associated covariant derivative ∇. Using the identity ιêb Lv ea = (∇b v a ) − ιv ω a b we write
ṽ = (v − ιv ω) + (∇b v a )ûb a ,
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tangent bundle, and hence enlarge the set of symmetries parametrised by the generalised
tangent space. The additional symmetries are simply local changes of frame.
However, one could also consider a different parametrisation, where the additional
frame rotation symmetries are induced by diffeomorphisms, and so are not independent
parameters. This is particularly interesting when flows and the related Lie algebroids are
considered.
Vector fields generate diffeomorphisms by generating flows on manifolds. These diffeomorphisms in turn induce a GL(n, R) action on the frame bundle of the manifold F . To
see this, choose a frame ea and its dual êb . Under the flow generated by some vector field
v the frame ea will be rotated by an element in GL(n, R), which to leading order is just
given by its Lie derivative along v. Therefore, if we call the generator of this rotation Lv,
we find for its components
(Lv)a b = ιêb Lv ea ,
(6.1)

1
1
V, V ′ = ιv λ′ + ιv′ λ + tr(LvLv ′ ),
2
2

(6.4)

while the generalised Lie derivative (or equivalently the Courant bracket) becomes




1
LV V = v, v ′ + Lv λ′ − ιv′ dλ + α′ tr(Lv ′ )d(Lv) + Lv, Lv ′ .
4

(6.5)

Naively the Lv terms in (6.4) and (6.5) look like higher-derivative corrections to the
inner product and generalised Lie derivative on the conventional, unextended generalised
tangent space E ′ ≃ T M ⊕ T ∗ M . However, this interpretation is misleading precisely
because V = v + Lv + λ is really part of a larger generalised tangent space. Crucially, the
one-form components λ are patched in a way that depends non-trivially on the G̃-bundle
patching. They are not the same objects that appear in the conventional generalised
tangent space E ′ .16 We see that the only way to make sense of such higher-derivative
corrections, both from a diffeomorphism-invariant perspective and from the patching, is to
realise that they really come from the extended bundle E.
One should note that working in a local coordinate frame where êa = δaµ ∂µ we have
Lv a b = ∂b v a and strikingly (6.4) and the vector and one-form part of (6.5) become exactly
the DFT α′ -corrected expressions given in [33]. The above construction gives a description
of how to realize these α′ -corrected generalised Lie derivatives and inner products on a general curved manifold, and suggests that corrections linear in α′ have to be of the described
kind.
Another variation is to consider taking G̃ to be the full O(n, n) group and lift not
vectors v but conventional generalised vectors V = v + λ ∈ Γ(E ′ ) into O(n, n) gauge
transformations. This possibility was first pointed out in section 4.2 of [32] in a DFT
16

Of course we have the isomorphisms E ′ ≃ T M ⊕ T ∗ M and E ≃ T M ⊕ T ∗ M ⊕ ad F . Thus given a choice
of splitting for each bundle, that is a B-fields B ′ for E ′ and B for E (with different patching properties and
Bianchi identities!) it is possible to map between objects in E ′ and E, but there is no such natural choice.
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and identify ∇b v a as the element of ad F . This is just an example of the gauge shifts we
observed in (3.16).
One might wonder whether the same reparametrisation can be achieved for a choice
G̃ = O(n), that is considering instead the orthogonal frame bundle P ⊂ F with fibre
O(n). However this does not work since P does not admit natural lifts of vectors on M .
The closest related notion, the Kosmann lift [62] v K corresponding to lowering an index
of (6.1) and taking the antisymmetric part, does not satisfy [v, w]K = [v K , wK ], where
v K , wK ∈ Γ(T P/O(n)) are the Kosmann-lifted vectors, unless either v or w are Killing (i.e.
the Kosmann lift actually provides an homomorphism from the Lie algebra of infinitesimal
isometries of M to infinitesimal automorphisms of P ). For a discussion see for example [63].
The construction that we have described so far can be easily embedded into the construction of E as described in section 3. In particular, we can reproduce the inner product (3.25) and the generalised Lie derivative (3.27) after lifting to A and subsequently to
E. From the identification Λ̃ = Lv, we take generalised vectors of the form V = v + Lv + λ
and find for the scalar product

context. Taking E ≃ T M ⊕T ∗ M ⊕ad F̃ , where F̃ with fibre O(n, n) is the generalised frame
bundle, they defined the lifted vector V +Λ ∈ Γ(E) with ΛM N = 21 (∂N V M −∂ M VN ). Again
this is a coordinate-dependent expression, but nonetheless substituting into, for instance,
the definition of the scalar product, they obtained terms like

Ṽ = V + LV,

(6.7)

(LV )AB = ÊB , LV ÊA .

(6.8)

where LV = (LV )AB Û AB with17

One then finds, for example, that there is a generalised Lie derivative on E induced from
that on E ′ , given by
^
LṼ W̃ := L
V W = LV W + [LV, LW ] + V, d(LW ) − W, d(LV ) .

(6.9)

Although one still has [LṼ , LW̃ ] = LL W̃ and LŨ Ṽ , W̃ = LŨ Ṽ , W̃ + Ṽ , LŨ W̃ , cruṼ
cially the third condition in (3.1) required for (6.9) to define a Courant algebroid is not
satisfied. This is precisely because the terms of the form 2 tr LW d(LV ) are missing. This
is the same problem mentioned above: there is no natural map from E ′ ≃ T M ⊕ T ∗ M to E
respecting the generalised Lie derivative structures on each. Nonetheless the existence of
the lift LV from E to the generalised frame bundle F̃ is perhaps worthy of further study.
In addition, it is interesting to note that the E7(7) generalised Lie derivative [21, 22] also
fails to satisfy the corresponding condition, but nonetheless defines the correct structure
to describe the relevant truncations of eleven-dimensional and type II supergravities.
Returning to our original reparametrisation, we again stress that the relation between
gauge transformations Λ̃a b = (Lv)a b of G̃ and diffeomorphisms does not define a subbundle
of the bundle defined by (3.24), as it involves derivatives of the section. Note also that
all the discussion in this section refers to the underlying differential structure before one
introduces any of the dynamical degrees of freedom. For this reason it gives no information
relating to the particular choice of connection Ω− that appears in the gravitational part of
the Bianchi identity.
17

Note that the form of the generalised Lie derivative means that LV is actually only an element of the
Lie algebra of the geometric subgroup Ggeom ⊂ O(n, n), corresponding to gl(n, R) transformations combined
with B-shifts.
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1
1
1
′
(∂N V M − ∂ M VN )(∂M V ′N − ∂ N VM
) = (∂N V M − ∂ M VN )(∂M V ′N ) = (∂n v m )(∂m v ′n ),
4
2
2
(6.6)
where the last equality follows from the “strong constraint” of DFT. This term then matches
the GL(n, R) transformation we considered and hence also gives the α′ correction discussed
in [33].
Again we can try and make this description properly covariant by introducing the
generalised geometric analogue of the Lv lift defined above. If Û AB = Ê A ⊗ Ê B is a basis
for ad F̃ defined by the generalised frame ÊA , then we define the lifted object

7

General formalism

where Ψµ are the gravitinos in the theory and χ the other spin- 21 fermions, and A and B
are generic matrices. There is then a supersymmetric “Ward identity” [55–57] that relates
these variations to the potential V , namely
B † B − A† A = V 1,

(7.2)

which reminiscent of the Bismut-type formulae. These relations are actually best described
using the embedding tensor formalism [50–54] (for a review see [55]).
As we will now show, all generalised geometric constructions can actually be rephrased
as very particular infinite-dimensional versions of the embedding tensor formalism. In this
framework, the Bismut-type relation follows directly from the supersymmetric Ward identity (7.2). It also provides a formalism for addressing how these objects might be generalised
to describe higher-order corrections. That there is a relation between generalised geometry
and the embedding tensor was already observed in [21, 22], and the formalism also played a
crucial rôle in the reformulations given in [25–27], and in the discussions in [64, 65]. Here,
though, we go a step further and show that generalised geometry can be viewed precisely
as an infinite-dimensional version of the embedding tensor construction.
We start by recalling the basic ingredients of the formalism. One begins with an
ungauged supergravity theory in n dimensions with a global symmetry group G and an
R-symmetry H, and (at least) the following content
scalars:
Abelian gauge fields:
gravitinos:
1
spin- fields:
2
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M ∈ G/H,

Aµ ∈ E,

Ψµ ∈ S,
χ ∈ J,

(7.3)
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Our general philosophy has been that α′ corrections are naturally encoded by first considering further extensions of the generalised tangent space with a corresponding generalised Lie
derivative, then defining a particular class of generalised connections, and finally using a
Bismut-type formula to write the action. A test of the construction would be its usefulness
in ordering higher α′ terms. The first observation is that at the very first step of defining
the extended generalised tangent space there can be obstructions. To leading order in the
heterotic theory these were that the Pontryagin classes of the tangent and gauge bundle
cancelled. At higher (α′ )n order, simply on dimensional ground one would expect obstructions involving classes in n + 1 powers of the curvature. Since dH is a four-form it is hard
to envisage any higher order obstructions involving the Bianchi identity. Interestingly, at
order (α′ )3 though one might though have an obstruction encoding the B ∧ X8 terms.
More generally one might ask whether there is a general framework for describing
such extensions and in particular if the Bismut-type formulae (4.17) and (5.12) are generic
features. One approach is motivated by the structure of gauged supergravity theories.
Generically the gauging modifies the supersymmetry transformations, adding new fermionic
variations of the form
δǫ′ Ψ = A · ǫ,
δǫ′ χ = B · ǫ,
(7.1)

where E is a G-representation and J and S are H-representations. In general there may
also be higher-rank p-form fields. The gauged theory is determined by the embedding
tensor X. This is a map
X : E → ad G,
(7.4)
where ad G is the adjoint representation of G. Supersymmetry requires that the map
satisfies
(1)
(2)

[X(U ), X(V )] = X(X(U ) · V ),

(7.6)

where X(U ) · V is the adjoint action of X(U ) on V . Note that the first condition means
that X makes E into a Leibniz algebra.18
The tensor X completely determines the gauged theory. It generates a potential for
the scalars and mass terms for the fermions, and it describes the gauging of the kinetic
terms and also the corrections to the supersymmetry transformations. In particular, it
determines the matrices A ∈ S ⊗S ∗ and B ∈ J ⊗S ∗ appearing in (7.1). In fact, for maximal
supergravity theories the representation constraint on X is that, decomposing under H,
only the A and B representations appear. In other words, A and B are uniquely determined
by X and (for the maximal case) vice versa. The potential then follows from (7.2).
Let is now see how generalised geometry falls within this framework. For concreteness
we will consider O(d, d) × R+ formulation of type II theories but the same ideas work
equally well for the full Ed(d) × R+ formulations [21, 22] of d-dimensional truncations of
type II or eleven-dimensional supergravity. The idea is to imagine “dimensionally reducing”
the theory on a d-dimensional manifold M without actually truncating any of the modes,
following the original idea of de Wit and Nicolai [24] (see also [66–69] in the context of
generalised geometry). Thus our set of “moduli” is an infinite-dimensional space formed of
arbitrary choices of metric, B-field and dilaton tensor fields on M , since these all transform
as scalars from the point of view of the lower-dimensional theory.19
We can formally describe this moduli space as a coset G/H where we define
G = group of diffeomorphisms and local O(d, d) × R+ gauge transf,

H = subgroup of local O(d) × O(d) gauge transf.

(7.7)

Mathematically we consider an (arbitrary) O(d, d) × R+ principal bundle F̃ over M . The
group G is then the group of bundle isomorphisms, that is equivariant diffeomorphisms,
those which preserve the group action on the fibre. Identifying the subgroup H is equivalent
to identifying an O(d) × O(d) sub-bundle P ⊂ F̃ . The group H is then the group of bundle
automorphisms of P . Each choice of P ⊂ Ẽ is equivalent to giving the generalised metric
function G(x) (more precisely this is a section of the corresponding vector bundle), which
18

The relation (7.5) is more usually written in explicit indices: viewing ad G ⊂ E ∗ ⊗ E, if elements of
E have components V M then the embedding tensor can be written as XM N P , with (7.5) taking the form
[XM , XN ] = −XM N P XP .
19
Note that one is also keeping an infinite set of spin-two, and spin- 23 fields in the lower-dimensional theory,
so this framework describes the gauging of a very unconventional lower-dimensional supergravity theory.
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a particular restriction on G-reps appearing in X,

(7.5)

is equivalent to specifying the functions g(x), B(x) and φ(x). Thus G/H is an infinitedimensional space of sections.
To define E, we start with E the vector bundle over M defined by the 2d-dimensional
fundamental representation of O(d, d) with zero weight under the R+ factor. Then the
space of sections of E forms a representation of G, since any section is mapped to another
under diffeomorphisms and gauge transformations. Thus we define E
E = Γ(E),

space of sections of E.

(7.8)

X(V ) = LV ,

(7.9)

with the understanding that by definition X relates E to the generalised tangent space
E ≃ T M ⊕ T ∗ M and F̃ to the corresponding generalised frame bundle. From the explicit
expression (2.5) we see that LV is indeed the combination of an infinitesimal diffeomorphism
and an infinitesimal O(d, d) × R+ gauge transformation as required. From the Leibniz
property (2.6) we see that the condition (7.5) is identically satisfied.
The representation constraint connects X to modifications to the supersymmetry variations (7.1). For O(d, d) × R+ generalised geometry the spin- 12 fermions χ in the “dimen± , while
sionally reduced” theory come from the internal components of the gravitinos ψm
the variation of the non-compact gravitinos Ψµ actually gets related to the variation of the
internal dilatinos ρ± . Thus we can identify the corresponding infinite-dimensional spaces
S ± = Γ(S(C± )),

J ± = Γ(C∓ ⊗ S(C± )).

(7.10)

If | volG | is the density defined by the generalised metric G, then we have the inner products
on S ± and J ±
Z
Z


′±
± ′±
±
′±
|volG | ψ̄ ± · ψ ′± ,
(7.11)
ǫ, ǫ
=
|volG | ǭ ǫ ,
ψ ,ψ
=
M

M

ψ̄ +ā ψā′+

where ψ̄ + · ψ ′+ =
and ψ̄ − · ψ ′− = ψ̄ −a ψa′− . From the generalised geometry construction we can then read off the operators A and B that appear in (7.1). We find
A+ = γ a Da ,

Bā+ = Dā ,

A− = γ ā Dā ,

Ba− = Da .

(7.12)

Thus these four unique operators can be viewed as the decomposition of X = L into H
representations. To see this one replaces LV = LD
V , which is possible because D is torsionfree, and then, because D is compatible with the generalised metric, one can decompose
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Note that the O(d, d) metric U, V can be thought of as defining an equivariant map
between representations of G. Specifically it defines a map E ⊗ E → C ∞ (M ) where C ∞ (M )
is the space of smooth functions on M .
It is important to note that thus far there is no requirement that E or F̃ have anything
to do with the conventional generalised tangent space T M ⊕ T ∗ M , for the moment they
are completely general O(d, d) × R+ bundles. However, let us now turn to the embedding
tensor. Remarkably, this is none other than the generalised Lie derivative

into H representations. Put another way, given the data of L (to define a notion of torsion)
and G, we know that the operators A± and B ± are unique. Finally, in the type II theory
we have the two Bismut relations [17]
1
Da Da ǫ− − γ ā Dā γ b̄ Db̄ ǫ− = S − ǫ− ,
4
1 + +
ā
+
a
b
+
D Dā ǫ − γ Da γ Db ǫ = S ǫ ,
4

(7.13)

8

Comment on NS5-branes

We would like to conclude with some brief comments about how NS5-brane sources might
be treated within the generalised geometry framework.
The modification of the Bianchi identity due to the fivebranes is another instance where
H is no longer a curvature of a connection on a gerbe.20 In the presence of fivebranes the
Bianchi identity (5.13) changes to

1 
dH = α′ tr F ∧ F − tr R(Ω− ) ∧ R(Ω− ) + 2πδ,
4

(8.1)

where δ is a four-form which integrates to one in the directions transverse to the fivebrane
and has delta function support on the fivebrane. This means in particular that in compact
geometries one does not need to balance the gravitational contribution to (8.1) by instantons only but may use NS5-branes. Topologically we can think of δ as representing the cohomology class [W ] that is Poincaré dual to the collection W = W1 +· · ·+Wn of the individual
cycles Wi on which each fivebrane is wrapped. In cohomology the Bianchi identity implies
1
p1 (M ) = c2 + [W ],
2

(8.2)

where c2 is the second Chern class of the gauge bundle.
20

Indeed, as explained in [70, 71] the global treatment of the branes requires nontrivial transition functions
that are a combination of antisymmetric tensor gauge transformations and diffeomorphisms.
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where S + = S − is the Lagrangian for the NSNS fields. We see that these are precisely the
supersymmetric Ward identities (7.2), with the appropriate conjugate operators (A± )† and
(B ± )† defined using the norms (7.11).
Formally, one can consider the full ten-dimensional theory as a reduction to zero dimensions on a ten-dimensional manifold M . The ungauged theory is completely trivial
since there are no kinetic terms in zero dimensions. The whole theory appears via the
gauging, so that, for example, the “potential on the internal space” actually gives the full
NSNS Lagrangian. But this immediately raises the point that this gives a general formalism for describing general supersymmetric theories, and in particular the α′ corrections.
In fact, the description of the heterotic theory given in section 5 is exactly of this type.
The corrections appeared as extension of the generalised tangent space (and how the coset
structure appeared). One might, of course, also consider modifications of the embedding
tensor — that is, in the this context the generalised Lie derivative. This might be the way
one can relate to the construction from the previous section.
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A central point of the discussion in this paper is that the standard heterotic Bianchi
identity is precisely captured by the generalised geometry on the extended tangent space
E. In particular, it is encoded in the transitive Courant algebroid structure defined by the
generalised Lie derivative. It is then very interesting to understand if the same structures
can be used to encode the fivebrane terms as well. One might simply add an additional
auxiliary gauge bundle with second Chern class equal to [W ]. This would at least capture
the correct topology, but one then requires local data that there are no corresponding gauge
fields, and a singular delta function source.
There are two different simple situations were aspects of the source contribution to (8.1)
are particularly interesting. The first is when the fivebrane embedding (i.e. the normal
bundle) is nontrivial. The local n-dimensional geometry near the brane can be viewed
as a transverse space given by a ball with a sphere boundary S n−7 fibered over the sixdimensional world volume W of the fivebrane. The second case is when the manifold is a
product M ×K such that K is a compact space transverse to the fivebranes. The source contribution is cohomologically equivalent to the (non-trivial) volume element on K. In both
cases, one can consider decomposing the SO(n) symmetry to SO(6)×SO(n−6). This breaking can introduce some novelties into our previous construction. We shall not try to address
the general case but consider the simplest interesting example where K is a K3 compactification of heterotic string. The fivebranes are points on K and have a trivial normal bundle.
It is well-known that, while in absence of the branes, the cohomology condition (8.2) for
the K3 background requires the instanton number for the internal part of the gauge field
to be 24, in the presence of Q5 fivebranes the required instanton number becomes 24 − Q5 .
We can then make a minimal identification of the relevant gauge bundles and obstructions involved. Over K we have a non-trivial gauge theory with group H ⊂ E8 × E8 or
SO(32) and corresponding bundle PH . We also have the frame bundle which reduces to an
SU (2)-bundle PSU (2) since K3 has SU (2) holonomy. Over M , there is a bundle PG for the
“unbroken” part of the gauge group (that is the commutant of H in E8 or SO(32)) and the
frame bundle FM . Over M the extension gives a non-trivial Bianchi identity in six dimensions, dependent on PG and FM , the construction of which has already been explained.
Over K, in the absence of fivebranes, one finds a topologically-trivial internal part to the
Bianchi identity, which depends on the PH and PSU (2) bundles, and whose integrated version is the c2 (PH ) = 24 condition. One could have come up with a more elaborate version
of the construction, but in the absence of NS5-branes this minimal version captures the
essential ingredients.
If we include fivebranes we have a new ingredient, a four-form V (K) ≃ Λ4 T ∗ K, cohomologically equivalent to a volume form on K3 and denoting the fivebrane charge. The
construction over M is unchanged, but we now have an obstruction on K3, given by cohomology condition (8.2) which integrates to c2 (PG ) + Q5 = 24 and the generalised tangent
space and generalised Lie derivative on K is determined by PH , PSU (2) and V (K). One
possibility is to represent V (K) by another bundle P5 with c2 (P5 ) = [V (K)], but somehow
restrict this to be non-dynamic and have a localised field strength. Alternatively, one could
relax the third condition (3.1) so that the Courant algebroid is no longer transitive, and the
original Bianchi identity need not hold. However, this relaxation must be in a controlled
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A

Type II theories

In section 5.1 we developed the formalism for a generalised tangent bundle with structure
group O(n)+ × G1 × G2 × O(n)− , and proceeded to show that by identifying G2 with the
O(n)+ we obtain the supergravity limit of the heterotic string to first order in α′ . One might
then wonder what would happen if we also identified G1 with O(n)− (a similar idea has
already been proposed in [43, 44]). The generalised tangent bundle E = C+ ⊕Cg1 ⊕Cg2 ⊕C−
then becomes
E = C+ ⊕ Λ 2 C− ⊕ Λ 2 C+ ⊕ C− ,
(A.1)
which would bring the local symmetry group down to just O(n)+ × O(n)− . This is the
structure group of the generalised tangent bundle of (the NSNS sector of) type II supergravity, so does this correspond to an alternative generalised geometric description of type
II? Note that the Bianchi identity (5.13) becomes
1
dH = α′ [tr R(Ω+ ) ∧ R(Ω+ ) − tr R(Ω− ) ∧ R(Ω− )],
4

(A.2)

but this is simply an unusual way of writing the type II Bianchi dH = 0, since we are just
taking the difference of two different representatives of the same characteristic class.
The gravity multiplet of type II contains twice as many fermions, so now not only
does C− have an associated spin-bundle S(C− ), but we must also introduce an associated
spin-bundle S(C+ ) to C+ as well (these spin-bundles would then have to be decomposed
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way that depends on the class [V (K)]. One might imagine for example further extending
the generalised tangent space by Λ4 T ∗ K, however V (K) plays the role of charge rather
than a gauge parameter and so this is not the most natural approach to take. Geometrically the quantised fivebrane is captured by a sort of singular 2-gerbe (the charge is a
four-form rather than a three-form) perhaps best described using sheaves.
The discussion here is rather sketchy and speculative, and it would be interesting to
have a more complete description of NS5-branes in generalised geometry, notably away from
the small-instanton limit. It also makes no attempt to capture aspects of the theory on the
fivebrane itself. It may also be of some interest to work out a more complete description
of six-dimensional (0, 1) theories and the higher-derivative α′ couplings in this formalism.

into their different chirality components to distinguish IIA from IIB but that will not affect
this discussion). Therefore equation (4.12) describing the representations of the fermion
fields gets extended to
gravitini: ψa−

+
ζāā
′
−
ζāā′
+

2

−
ζaa
′
+
ζaa′
−

“gaugini”:

ψā+

∈ Γ(C+ ⊗ S(C− )),

∈ Γ(Λ C+ ⊗ S(C− )),

∈ Γ(Λ2 C+ ⊗ S(C+ )),

dilatini: ρ

∈ Γ(S(C− )),

ρ

∈ Γ(C− ⊗ S(C+ )),

∈ Γ(Λ2 C− ⊗ S(C+ )),

∈ Γ(Λ2 C− ⊗ S(C− )),

(A.3)

∈ Γ(S(C+ )),

γ ā Dā λ− ,

D a ϕ−
a,

′

−
Dāā ξāā
′,

D a λ− ,

γ ā Dā ϕ−
a,

Daa′ λ ,
Dāā′ λ− ,
Dā ϕ+
ā ,

′

+
Dāā ξāā
′,

Dā λ+ ,
Dāā′ λ+ ,
Daa′ λ+ ,

−
γ Dā ξaa
′
−
b̄
γ Db̄ ξāā′
′ +
Daa ξaa
′,
a
+
γ Da ϕā ,
+
γ a Da ξāā
′
+
b
γ Db ξaa′
ā

−

γ ā Dā λ+ ,

′

−
Daa ξaa
′,

∈ Γ(S(C− )),

∈ Γ(C+ ⊗ S(C− )),

∈ Γ(Λ2 C+ ⊗ S(C− )),

∈ Γ(Λ2 C− ⊗ S(C− )),
∈ Γ(S(C+ )),

(A.4)

∈ Γ(C− ⊗ S(C+ )),

∈ Γ(Λ2 C− ⊗ S(C+ )),

∈ Γ(Λ2 C+ ⊗ S(C+ )).

It is now clear that we have a far more constrained system than in the heterotic case. In
fact, if, following (4.13), we try to solve for a generalised connection compatible with the
reduced structure, we find that we no longer have the necessary freedom to consistently
make the identification (A.1).
To see this explicitly, let us solve the constraints (A.4) but not yet impose compatibility
with the reduced O(n)+ × O(n)− structure, i.e., let us just require that the connection is
O(n)+ × G1 × G2 × O(n)− . Then we obtain the solution
 c
1
2
b
b
c
c
Da w+
= ∇a w +
− Ha b c w +
δa b ∂c φ − ηac ∂ b φ w+
+ Qa b c w +
,
−
6
n−1
( √
1
a
α′ F 1b a α1 w+
if i = 1
b
D αi w +
= 2 √
,
1
2b
a
′
− 2 α F a α2 w+ if i = 2
1
c
b
b
,
Dā w+
= ∇ā w+
− Hā b c w+
2
i
i
Da wgβi = ∇ia wgβi ,
βj

Dαi wgj = Qαi
βi

βj

γj

γ j wgj

(A.5a)
(A.5b)
(A.5c)
(A.5d)

,

(A.5e)

βi

Dā wgi = ∇iā wgi ,

(A.5f)
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where, as for the heterotic case, the “gaugini” are to be thought of as composite fields and
must eventually be related to the gravitini.
Now, as in (4.13), we must identify the differential operators which are constructed
from generalised connections and preserve the representations of the fermion fields. These
will depend on certain components of the connection which we will then demand be fixed
unambiguously since we expect them to feature in the supergravity theory. They are

1
c̄
b̄
b̄
,
Da w−
= ∇a w −
+ Ha b̄ c̄ w−
2
( √
ā
− 21 α′ F 1b̄ ā α1 w−
if i = 1
b̄
D αi w − =
,
√
1
′ F 2b̄ 2 w ā
α
if
i
=
2
ā
α
−
2

where

(A.5g)
(A.5h)

 c̄
2
1
c̄
c̄
b̄
b̄
−
δā b̄ ∂c̄ φ − ηāc̄ ∂ b̄ φ w−
+ Qā b̄ c̄ w−
,
Dā w−
= ∇ā w−
+ Hā b̄ c̄ w−
6
n−1

(A.5i)

Q[abc] = 0, Q[āb̄c̄] = 0, Q[αi ,β i ,γ i ] = 0,
Qā ā b̄ = 0,

Q αi α

i

βi

= 0.

This should be compared with (5.3). Note that far more components get fixed, and in
particular equations (A.5d) and (A.5f) no longer have any dependence on the unconstrained
Q tensors. So if we were to perform the identification (A.1) so that
α1 = [āā′ ],

α2 = [aa′ ],

(A.6)

we find that there is no solution for a compatible connection — say we identify one of the
equations (A.5d), corresponding to
′

′

′

′

b̄b̄
b̄b̄
c̄b̄
b̄c̄
Da w−
= ∂a w−
+ A1a b̄ b̄ w−
+ A1a b̄ b̄ w−
,

(A.7)

b̄
b̄
b̄
c̄
Da w−
= ∂a w−
+ Ω+
a c̄ w− .

(A.8)

with (A.5g),
This would mean taking

1
A1 = Ω+ = ω LC + H.
2
But then we have a contradiction, since (A.5f) now reads
′

′

′

(A.9)

′

b̄b̄
b̄b̄
c̄b̄
b̄c̄
Dā w−
= ∂ā w−
+ A1ā b̄ b̄ w−
,
+ A1ā b̄ b̄ w−
1
1
′
c̄b̄′
b̄c̄
b̄b̄′
+ Hā b̄ c̄ w−
,
+ Hā b̄ c̄ w−
= ∇ā w−
2
2

(A.10)

which is inconsistent with (A.5i)
 c̄
1
2
b̄
b̄
c̄
c̄
= ∇ā w−
+ Hā b̄ c̄ w−
Dā w−
−
+ Qā b̄ c̄ w−
,
δā b̄ ∂c̄ φ − ηāc̄ ∂ b̄ φ w−
6
n−1

(A.11)

for any Q. We are forced to conclude that there is no solution for a generalised connection which is both compatible with the structure resulting from the identification
G2 → O(n)+ and G1 → O(n)− and which satisfies the supergravity constraints (A.4)
(unless H = dφ = 0).
If we nevertheless press on without making the identification, we could then try to
use solution (A.5) to construct an action, using the Bismut-type formula (4.17). However,
since we now have two spin-bundles S(C± ) we actually have two equally valid equations
defining a scalar
1
1
2
γ ā Dā γ b̄ Db̄ ǫ− − Da Da ǫ− − Dα Dα1 ǫ− + Dα Dα2 ǫ− = − S − ǫ− ,
4
1 + +
a
b
+
ā
+
α1
+
α2
+
γ Da γ Db ǫ − D Dā ǫ + D Dα1 ǫ − D Dα2 ǫ = − S ǫ ,
4
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Qa a b = 0,

where the signs in the “gaugino” terms were chosen so that right-hand side is just a scalar
(a necessary requirement for a supersymmetric action) — in general there would also be
four-form terms, but with this sign choice these turn out to just be the Bianchi for H,
which vanishes identically. We have thus defined two a priori different scalars
S ∓ = s + 4∇2 φ − 4(∂φ)2 −

1 2 α′
α′
H ∓
tr1 (F 1 )2 ±
tr2 (F 2 )2 .
12
8
8

(A.13)
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