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M. Planck Inst. Physics (W. Heisenberg Inst.), Föhringer Ring 6, München D-80805, Germany;
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We outline a geometric method of constructing generic off–diagonal and diagonal cosmo-
logical solutions of effective Einstein equations modeling modified gravity theories with
two non–Riemannian volume forms and associated bimetric and/or biconnection geomet-
ric structures. Such solutions are determined by generating functions, effective sources
and integration constants and characterized by nonholonomic frame torsion effects. In
the physical Einstein frame, the constructions involve: (i) nonlinear re–parametrization
symmetries of the generating functions and effective sources; (ii) effective potentials for
the scalar field with possible two flat regions which allows unified description of locally
anisotropic and/or isotropic early universe inflation related to acceleration cosmology
and dark energy; (iii) there are “emergent universes” described by off–diagonal and di-
agonal solutions for certain nonholonomic phases and parametric cosmological evolution

resulting in various inflationary phases; (iv) we can reproduce in two measure theories
massive gravity effects.

Keywords: Modified and massive gravity; two measure theories; bi–metrics and bi–
connections; effective Einstein gravity; off–diagonal cosmological solutions; nonholo-
nomic dynamical Weyl–scale symmetry breaking; (anisotropic) inflation, dark energy;
reconstructing procedure.

Modern cosmology has a very important task to provide a theoretical description of

many aspects of observable universe with exponential expansion (inflation), particle

creation, and radiation, acceleration and dark energy / matter effects. The physical

community almost accepted the idea that the Einstein gravity and standard particle

physics have to be modified in order to elaborate self–consistent quantum gravity

theories and describe existing experimental and observational data in modern cos-

mology. In result, a number of modified gravity theories, MGTs, and cosmological

scenarios have been elaborated in the last 15 years. In this paper, we summa-

rize our recent results on geometric methods in constructing exact inhomogeneous

cosmological solutions in MGTs1–6.

MGTs can be constructed as geometric models using two independent non–

Riemannian volume–forms 1Φ(A) and 2Φ(B) as in two measure theories, TMTs,

which can be related to be–metric, ĝαβ gαβ , and be–connection theories, and more

general functional for modification, of type εf(R̃), than εR2 if D̂→ ∇. For instance,
the Lagrange density functional f,μL = F(R̃) is determined similar to a modified
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massive gravity by a mass–deformed scalar curvature a

R̃ := R̂+ 2 μ2(3− tr
√

g−1q− det
√
g−1q),

where μ is the graviton’s mass and q = {qαβ} is the so–called non–dynamical

reference metric.

Applying such a calculus to actions on generalized non–Riemannian spaces,
F,μS+ mS, where mL is the Lagrangian for matter fields, with 1F(R̃) :=

dF(R̃)/dR̃, see details in5–8, we obtain the modified gravitational field equations

R̂μν = F,μΥ̂μν , (1)

where F,μΥ̂μν = mΥ̂μν + fΥ̂μν + μΥ̂μν , for

m
Υ̂μν =

1

2M2

P

m
T̂αβ ,

f
Υ̂μν = (

F

2 1F
−

D̂
2 1

F

1F
)ĝμν +

D̂μD̂ν
1
F

1F
, (2)

μ
Υ̂μν = −2μ2[(3− tr

√
ĝ−1q− det

√
ĝ−1q)−

1

2
det

√
ĝ−1q)]ĝμν

+
μ

2

2
{qμρ[(

√
ĝ−1q)−1]ρν + qνρ[(

√
ĝ−1q)−1]ρμ}.

The field equations for massive gravity (1) are constructed as nonholonomic bi–

connection deformations of the Einstein equations for the Levi Civita connection

when the source Υ̂ βγ → F,μΥ̂μν , with generalized sources (2).

We can integrate in very general forms the effective Einstein equations consid-

ering bi–metric structures

ĝαβ = Θgαβ, for Θ = 1χ− 2χε 1f( 1L+ 1M,μ);
efL = Θ−1

{
1L+ 1M + 2χΘ−1

[
2L+ 1M + ε 1f( 1L+ 1M,μ)

]}
.

It is possible to generate in explicit form integral varieties of systems of PDEs of

type (1) via frame and coordinate transforms and parameterizations with r a time

like coordinate y4 = t (i′, i, k, k′, ... = 1, 2 and a, a′, b, b′, ... = 3, 4), when

ĝ = ĝα′β′e
α′ ⊗ eβ

′

= gi(x
k)dxi ⊗ dxj + ω2(xk, y3, t)ha(x

k, t)ea ⊗ ea, (3)

e3 = dy3 + ni(x
k, t)dxi, e4 = dt+ wi(x

k, t)dxi,

for nontrivial

{gi′j′} = diag[gi], g1 = g2 = eψ(xk
); {ga′b′} = diag[ha], ha = ha(x

k, t);

N3

i = ni(x
k, t);N4

i = wi(x
k, t);

and Υ̂α′β′ = diag[Υi; Υa],

for Υ1 = Υ2 = Υ̃(xk) = ef Υ̃(xk) + mΥ̃(xk) + f Υ̃(xk) + μΥ̃(xk),

Υ3 = Υ4 = Υ(xk, t) = efΥ(xk, t) + mΥ(xk, t) + fΥ(xk, t) + μΥ(xk, t).

aThere are various ambiguities and controversies in different approaches to massive gravity when
modifications by mass terms are postulated for different Lagrange densities; in this paper, we
consider a “toy model” when terms of type f(R̃, μ) and/or f(R) + μ... can me modeled by the
same MGT but for different classes of nonholonomic constraints and different classes of solutions.
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We use parameterizations g1 = g2 = eψ(xi
) and ha(x

k, t) for i, j, ... = 1, 2 and

a, b, ... = 3, 4; and N–connection coefficients N3
i = ni(x

k, t) and N4
i = wi(x

k, t).

Introducing brief denotations for partial derivatives like a• = ∂1a, b
′ = ∂2b, h

∗ =

∂4h = ∂th and defining the values

αi = h∗3∂i�, β = h∗3 �∗, γ =
(
ln |h3|3/2/|h4|

)
∗

for a generating function � := ln |h∗3/
√
|h3h4||, we shall also use the value Ψ := e�.

Using ansatz (3), we transform (1) into a nonlinear system of PDEs with decou-

pling property for ψ(xi), ha(x
k, t), wi(x

k, t), ni(x
k, t) (un–known functions),

ψ•• + ψ′′ = 2 Υ̃, �∗h∗3 = 2h3h4Υ, n∗∗i + γn∗i = 0, βwi − αi = 0.

This system can be solved in very general forms with dependence on generating, Ψ,

and integration functions and posses another very important property which allows

us to re–define the generating function,

Ψ←→ Ψ̃, when Λ(Ψ2)∗ = |Υ|(Ψ̃2)∗

and ΛΨ2 = Ψ̃2|Υ| + ∫
dtΨ̃2|Υ|∗, for Ψ̃ := exp �̃ and any prescribed values of

effective (for different types of contributions ef,m, f, μ) cosmological constants in

Λ = efΛ + mΛ + fΛ + μΛ associated respectively to

Υ(xk, t) = efΥ(xk, t) + mΥ(xk, t) + fΥ(xk, t) + μΥ(xk, t)

and effective source

Ξ :=

∫
dtΥ(Ψ̃2)∗ = efΞ+ mΞ + fΞ + μΞ,

when efΞ :=
∫
dt efΥ(Ψ̃2)∗, mΞ :=

∫
dt mΥ(Ψ̃2)∗, fΞ :=

∫
dt fΥ(Ψ̃2)∗.

Different types of inhomogeneous cosmological solutions are determined by cor-

responding classes of and effective sources

generating functions: ψ(xk), Ψ̃(xk, t), ω(xk, y3, t)

effective sources: Υ̃(xk); efΞ(xk, t), mΞ(xk, t), fΞ(xk, t), μΞ(xk, t),

or efΥ(xk, t), mΥ(xk, t), fΥ(xk, t), μΥ(xk, t)

integration: integration cosmological constants: efΛ, mΛ, fΛ, μΛ

integration functions: 1ni(x
k) and 2ni(x

k)

We can generate solutions with any nontrivial efΛ, mΛ, fΛ, μΛ even any, or all,

effective source efΥ, mΥ, fΥ, μΥ can be zero.
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Example: Massive gravity modifications of flat regions. We can integrate

in generic off–diagonal form such TMT systems as subclasses of solutions, when

ds2 = a2(xk, t)[η1(x
k, t)(dx1)2 + η2(x

k, t)(dx2)2]

+a2(xk, t)ĥ3(x
k, t)[dy3 + ( 1ni + 2ni

∫
dt

(Ψ̃∗)2

Ψ̃3( efΞ + μΞ)
)dxi]2

−[dt+ ∂i(
efΞ + μΞ)

( efΞ + μΞ)∗
dxi]2,

for efΞ :=
∫
dt efΥ(Ψ̃2)∗, μΞ :=

∫
dt μΥ(Ψ̃2)∗. We write Ψ̃ → Ψ, when the

generating function is chosen to satisfy the conditions

a2ĥ3 = ω2h3 =
h3

|h4| =
Ψ

2| efΞ + μΞ|
4( eμΛ)(Ψ

∗

)2
.

In general, such nonhomogeneous locally anisotropic configurations are with non-

trivial nonholonomically induced canonical d–torsion which can be constrained to

be zero for corresponding subclasses of generating functions and sources.

We study off–cosmological solutions depending only on time like coordinate when

ã(xk, t) � ã(t) and Ψ̃(xk, t) � Ψ̃(t) and the generation function Ψ̃(t). The formula

relating variations of eμΥ(t) to the variation of the second auxiliary 3–index

antisymmetric d–tensor field Bαβγ in 2Φ(B), a particular case is given by

2Φ(B)/
√
|ĝ| = 2χ = 2χ̃+ μχ = const,

where the constant μχ is zero for μ = 0 and | μχ| � | 2χ̃|. Another assumption is

that we can formulate a TMT theory corresponding to “pure” μ–deformations of

GR even ε = 0. Such formulas have to be generalized for nontrivial μ, when

1f( 1L+ 1M + μM,μ) =
df(R̂, μ)

dR̂
|
R̂= 1L+ 1M→ 1U − 1M − μM

is a version of generalized Starobinsky relation and approximations of type R̃ �
R̂+ μ̃2.

The resulting formulas for effective potential contain additional μ–terms

eμU =
( 1U − 1M − μM)2

4 2χ̃[ 2U + 2M + ( 1U − 1M − μM)2]

� eμU =

{
[−]U = (

1a)2

4( 2χ̃+ μχ) [ 2a+ε( 1a)2] for ϕ→ −∞
[+]U = (

1M+
μM)

2

4( 2χ̃+ μχ)[ 2M+ε( 1M)2]
for ϕ→ +∞

∣∣∣∣∣ .
The A– and B–functions can also contain contributions of μ–terms,

A �
{

[−]A =
2a+ 1

2

2b 1a
2a+ε( 1a)2

[+]Ã =
2M

2M+ε(1M+ μM)2

∣∣∣∣∣
and B �

{
[−]B = − ( 2χ̃+ μχ)

2b/4−ε( 2a+ 2b 1a)
2a+ε( 1a)2

[+]B = ε ( 2χ̃+ μχ)
2M

2M+ε(1M+ μM)2

∣∣∣∣∣ ,
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when [−]A is not modified. We conclude that solutions with nontrivial generating

functions for nontrivial massive gravity terms modelled as effective TMT theories

may also describe non–singular “emergent universes” with corresponding modifica-

tions.
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