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Let g be a pseudo-Riemanian metric on a manifold V with conventional n+n dimensional
splitting, n > 2, for a nonholonomic (non-integrable) distribution A and consider a
correspondingly adapted linear metric compatible connection D and its torsion '?-, both
completely determined by g. We prove that there are certain generalized frame and/or

jet transforms and prolongations with (g, V) — (g, V) into explicit classes of solutions
of some generalized Einstein equations Ric = Ag, A = const, encoding various types
of (nonholonomic) Ricci soliton configurations and/or jet variables and symmetries, in
particular, subject to the condition T = 0. This allows us to construct in general form
generic off-diagonal exact solutions depending on all space time coordinates on V and
its jet prolongations, via generating and integration functions and various classes of
constants and associated symmetries. We consider an example when exact solutions are
constructed as nonholonomic jet prolongations of the Kerr metrics, with possible Ricci
soliton deformations, and characterized by generalized connections.

Keywords: Nonholonomic manifolds and jets; geometric methods and PDE; Ricci solitons
and Einstein spaces; exact solutions and modified gravity.

1. Nonholonomic jets and (pseudo) Riemannian manifolds

Jets are certain equivalence classes of smooth maps between two manifolds
M,dim M = n, and @,dim @ = m, when maps are represented by Taylor poly-
nomials”. One writes this as f,g: M — @Q: a r-jet is determined at a point v € M
if there is a r-th order contact at u. Two curves v, : R — V have the r-th contact
at zero if for every smooth function ¢ on M the difference ¢ oy — ¢ o § vanishes
to r-th order at 0 € R. In this case, we have an equivalence relation v ~,. 6 when
r = 0 means v(0) = §(0). If v ~,. §, then fo~y ~, fod for every map f:b— Q.
Two maps f,g: V — @ are said to determine the same r—jet at x € M, if for
every curve v : R — V with v(0) = « the curves f o~ and g o v have the r-th
order contact at zero. In such a case, we write jIf = jrg, or j" f(x) = j"g(x). An
equivalence class of this relation is called an r-jets of M into @. The set of all r—jets
of M into @ is denoted by J"(M,Q); for an element X = jof € J"(M,Q), the
point x := aX is the source of X and the point f(z) =: SX is the target of X.
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One denotes by 77,0 < s < r the projection jI f — j5f of r—jets into s—jets.
All r—jets form a category, the units of which are the r—jets of the identity maps
of manifolds. By JI(M,Q), or J7(M,Q),, we mean the set of all r-jets of x onto
Q@ with source z € M, or tangent y € @, respectively, and we write J, (M, Q), =
JI(M, Q)N JL(M,Q), and L7, = J5(R™,R™)o. In local coordinates z*, we write

o:f = % as the partial derivative of a function f : U C R” — R, with a
multi-index i of range n, which is a m-tuple i = (i1, ..., 4, ) of non-negative integers.
We use [i| = iy + ... + in, with ! = i1lis!...i,!, 0! = 1, and 2% = (z!)™... (™)™ for
x = (2!, 22,...,2") € R™.

In this work, we study nonholonomic jet prolongations of the geometric ob-
jects in J"(V, V')—framework, where boldface letters are used for spaces and ob-
jects adapted to certain non-integrable constraints, with local coordinates u®s =
(z%,ye, gg;___dr) = (a%,y?, (%). We use the label s in order to perform a conventional
splitting of dimensions, dim *V =4+4+2s =242+ ...+ 2 > 4;s > 0 for conven-
tional finite dimensional (pseudo) Riemannian space *V. The jet coordinates vgi &
are re—grouped in oriented two shells which allows us to apply the AFDM and to
construct exact solutions for generalized Einstein equations and metrics ®g with ar-
bitrary signatures (£1,41,+1,...4+1). Such shells are determined by nonholonomic
data which transforms into iji &, With symmetric low indices if the constructions
are performed in coordinate bases. Let us establish conventions on (abstract) indices
and coordinates u® = (z's,y?), for s = 0,1,2, 3, .... labelling the oriented number
of two dimensional, 2-d, "shells” added to a 4-d spacetime. For s = 0 (in a conven-
tional form), we write u® = (2%, y®) and consider such local systems of coordinates:
s=1:u" = (2% = u®0v") = (2',y?,(M); s =2 : u*® = (29 = ™, %) =
(2,9, ¢1,(%2); s = 3 1 u® = (292 = u®2,v®) = (2%,y*, (™, (%2,(%),... for
i, 7, ... = 1,2;a,b,... = 3,4;a1,b1... = 5,6;a2,bs... = 7,8; as,bs... = 9,10, ... and
01,71, ... = 1,2,3,4; 42, jo,... = 1,2,3,4,5,6; i3,73,... = 1,2,3,4,5,6,7,8; ... In brief,

we write u = (z,y); 'u=(u, () = (z,y, '), *u=("'u, %) = (z,y, '¢, %(), ..

2. Jet prolongated Ricci soliton and Einstein equations

A map jf : M — J"(M,Q) is called a r-th jet prolongation of f : M — Q. The
set J"Q of all r—jets of the local sections of Y is called the r—th jet prolongation of
Q and J"Q C J"(M, Q) is a closed submanifold. Any N—connection structure N on
V determines a r—th jet prolongated N—connection *N on J"(V,V’) as Whitney
sum

SN:T*V=hVauVae WWae 2Ve..a vV,

for a conventional horizontal (h) and vertical (v) “shell by shell” splitting.
r—th jet prolongations induce on J"(V,V’) a system of N-elongated bases/ par-
tial derivatives, e,. = (e;,,¢€,.), and N-adapted differentials, e/s = (e, e?*),with
e, = 22— — N{0a,, €a, = 0a, = 84%’ e's = da's,e" = d(% + Nj*dz',

s Eroe s
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satisfying anholonomy relations
ea.s€5.] = Ca,e5, — €500, = W2
eas ) eBs - eas eBs eﬂs eas - asfs e'Ys )

when W‘bfas = &lsNib: and Wi = TN where the Neijenhuis tensor, i.e. the

T sls 1s]s”

curvature of the r—th jet prolongated N—connection, is
J s — s s
N5 =ej, (Ni*) —ei, (Nj*).
On J"(V, V') with prolongation of geometric objects from V, we define linear
connection structures in N—adapted form. There are distinguished connection, d—
connection, structures,

‘D ={D,.},D = (hD;vD), 'D = ( 'hD; *vD), ...,
s—lD _ ( s_2hD; s_l’UD), SD = ( S_lhD; S,UD)’

preserving under parallelism the N—connection splitting. There are natural r—th jet
prolongations of the torsion, 7% = {To‘gs %}, and curvature, RO‘B: = {RO‘SBS - 5.1
tensors °D defined on a prime V and elongated in N-adapted form on J"(V,V’). In
standard r—jet coordinates for J"(V, V'), u%s = (2%, y?, Cé‘:i...@r), additional contrac-
tion of up-down indices and symmetrization result in very cumbersome coefficient
formulas. A metric structure on *V can be written as a distinguished metric

8= gij.("u) € ®e 4 gan, (Cu)e™ e’

In nonholonomic N—-adapted r—jet variables on natural prolongations from V on
J"(V, V'), the gradient canonical Ricci jet—solitons are defined by equations®

R 3.4, + DDy k= Agg. .- (1)

Our goal is to elaborate on a geometric method for decoupling the equations (1),
which for certain classes of nonholonomic constraints transforms into systems of
nonlinear PDE with possible zero torsion conditions. We are able to find general
classes of solutions when k is parameterized in such forms that3*

Ry = "T(2")gij,

Rab = UT(Ik,ya)gab, for Jet shells: ﬁasbs = SUT(xk7ya7 <a17 () CGS)gasbs7
R, =0, for g # 7, Rg,,, =0, for Bs # 7.

3. Exact solutions and nonholonomic jet prolongations

The Boyer—Linquist coordinates for the Kerr metric were introduced as (r, 9, ¢, t),
where r = mo(1 + pZ1),Z2 = cos¥. The parameters p, g are related to the total
black hole mass, my and the total angular momentum, amg, for the asymptotically
flat, stationary and axisymmetric Kerr spacetime. The formulas mo = Mp~! and

! when p? + ¢? = 1 implies m2 — a? = M?, resulting in

a= Mqp~
’ ’ —_— ’ —_— _—2 — 7
ds%o] = (dz")? + (d2z* )* + A(e* )? + (C — B JA)(e* )?,

¥ = dt +dpB/A=dy* — 0u(5* + ¢B/A)da" " = dy" = do,
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where ' (r,9), 2% (r,9), ¥ =t + 7% (r,0,9) + B/A,y* = ¢, 9,5° = —B/A4,
for which

(dz')? + (da?)? == (A7 dr? + dv?),
when the coefficients are

A=-E"YA-da’sin®¥), B =Z""asin® ¥ [A — (r* +a?)],
C =="tsin?9 [(r* + a®)* — Aa®sin 19]

A =72—2mo+a% Z=1r?+a®cos? V.

Kerr Ricci soliton deformations and effective vacuum r—jet prolongations:
There are classes of solutions with jet variables describing vacuum ellipsoid space-
time configurations prolongated on two shell jet variables when the source is of type
Y = A e(A+ A) =0, with effective gravity mass term “]\:ug| Al, resulting in el-
lipsoidal off-diagonal configurations in GR. For such metrics, e = — #A/(A+A) < 1
can be considered as an eccentricity parameter. The corresponding models of off-
diagonal jet interior gravitational interactions are with f-modifications when A
compensates nonholonomic contributions via effective constant A and relates the
constructions to massive gravity deformations of a Kerr solution. This subclass of
solutions for e—deformations into vacuum solutions is parameterized by

ds? = ! (1 4 ex(@))[(dx?)? + (da? )2

2 ’ R — /
ff;i[ exalldy® + (90 nia’) - 057 + oB/A)) da* P

(9,9)*n = B - ’
+iA7Q)24(C j)[1+€X4/][dap+(8i/A+58i/ 1A)d177' }2
1<I)2
+~7
4(A+A)

252

o 7 2 ]2

+———|d¢" + (O n)du''| +
4(A+A)[C (Or, ") ]

5 1y, r]? (9 ') 6 15y 7>
[dg + (8r 'n)du ] t i 182 [d{ + (0, A)du]
(@78 [dgs + (0 2A)duﬁ]2
(A+A) 202
The jet components are generated by functions 1$, 2® and N-coefficients mod-
ified effective jet prolongated sources, A — A + A. This result shows that inte-
rior jet interactions can mimic e-deformations in order to compensate contribu-
tions from f-modifications and even effective vacuum configurations for the 4-d
horizontal part!?#. In general, such effective vacuum metrics encode possible jet
modifications/ polarizations of physical constants and coefficients of metrics under
nonlinear polarizations of an effective 8-d vacuum distinguishing 4-d nonholonomic

configurations and Ricci soliton or massive gravity contributions?.

Jet variables
and f—modified contributions are described by terms proportional to eccentricity €.

Future research on extended on jet variables (super) gravity and cosmological
solutions in modified gravity theories a planned following recent works on supersting

gravity and modified gravity theories®?°.
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