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Abstract

In this thesis we study a nonlinear partial differential equation which models the time
evolution of a population with age- and spatial-structure. In an abstract setting, this model
reads

O+ Oqu+ Ala)u = —p(u,a)u, t>0,a€(0,am),
u(t,0) = / " b(u, a)u(t,a)da,  t>0, (0.1)
0
u(0,a) = wo(a), a € (0,am),

where u : [0,7) — Eo is interpreted as the density function of the population, taking values
in an appropriate function space Eo, b = b(u,a) > 0 and p = p(u,a) > 0 are the birth and
mortality rates, and A(a) : E1 C Eo — Ep is a closed operator on the real Banach lattice
Ey, for each a € J := [0,am). In our considerations to follow we fix p € [1,00) and set
EQ = Lp(.], Eo)

In the first part we consider the semilinear model of age- and spatial-structured popula-
tion dynamics, which is obtained when the birth law is assumed to be linear. Put differently,
the birth rate in problem is supposed to be a function of the age-parameter only, i.e.
b = b(a). Assuming A generates a parabolic evolution operator, it is then shown that this
semilinear structure allows to formulate problem as a semilinear Cauchy problem in the
Banach space Eq. In particular, we can study mild solutions, their asymptotic behaviour,
and convergence to equilibria, and we will see that the stability analysis can be reduced to
the linearised problem. In a subsequent step, the spectral theory of positive compact opera-
tors is applied to this linear problem, and as a result we will see that the stability behaviour
is completely determined by a single quantity, namely the spectral radius of an associated
operator. It should be noted that essential ingredients for this result are the assumptions of
maximal Ly-regularity of the spatial diffusion operator A, and the positivity of the parabolic
evolution operator generated by A.

In a subsequent part, we introduce a weak solution concept for problem . Assuming
A generates a parabolic evolution operator, these so called integral solutions are constructed
for the linearised problem in a first step. In the second step we apply a fixed-point argument
in order to establish existence of integral solutions for the nonlinear problem. Furthermore
we carry out a detailed analysis of the linear inhomogeneous problem, which serves as a
preparation for the last part.

In the final part we study the stability behaviour of equilibria to problem . It
has to be pointed out that the birth rate is now allowed to depend on the density, i.e.
b = b(u, .), and consequently we lose the semilinear structure, as considered in the first part.
In particular, mild solutions are not available any longer, and this is where the integral
solutions of the foregoing part come into play. More precisely, we will prove that problem
is well-posed within this framework. Finally, it is shown that a principle of linearised
stability is available within this setting.

Evolution operator - Stability - Well-posedness
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1 Introduction

An interesting problem which arises in biology is the study of the dynamical behaviour of a given
population. If one can find a model which is capable of describing this process and at the same
time is accessible to a thorough mathematical analysis, it is possible to draw conclusions about
the dynamical evolution of the population.

Historically, the first structured population models were introduced during the first quarter of
the 20th century. They focused on age-structured populations and did not yet incorporate spatial
distribution. Amongst them, the models of Sharpe and Lotka [30] in 1911, and of McKendrick
[22] in 1926 have to be mentioned. These models assumed linear mortality- and birth-processes
for the underlying population, which made them more accessible from a mathematical point of
view, but less appropriate for the description of biological populations. In 1974, Gurtin and
MacCamy [14], and Hoppensteadt [I7] introduced the first nonlinear models for age-structured
populations. These models allow for effects like crowding or limitation of resources, and admit
nontrivial equilibrium states, in contrast to the linear models. Around the same time, Gurtin
[13] proposed a linear model for age-structured populations with spatial distribution, which in
turn lead to research on corresponding nonlinear models, see e.g. [8], [I5], [20]. Subsequently,
the particular and challenging mathematical structure of these models caused increased interest
and activity within the research community, and the development of different approaches, cf. [4],
[18], [26], [27], [31] [40], though this list is far from exhaustive.

Let us turn to the model and explain the underlying mechanisms. For simplicity, we neglect
spatial structure for the moment, i.e. we consider a population where individuals are distin-
guished solely by age. The time-evolution of a single-species population is then described by a
density function

w:[0,T) % [0,am) — Ry
(t,a) —  u(t,a),

where ¢ is the time-parameter, a denotes the age-parameter, and a,, € Ry U{oc} is the maximal
age. Accordingly, the total population P at time ¢ is then given by

P(t) = /Oam u(t,a) da.

In order to obtain an equation for the density function, we consider all individuals of some fixed
age a € [0,00). The number of those individuals at time ¢ € [0,T) is given by u(t,a) € Ry. After
some time-increment h > 0, their number amounts to u(t+h,a+ h), and therefore the difference

u(t+h,a+h) —u(t,a)

tells us how the size of this cohort has changed during the time-increment. The balance-law of
population dynamics says

u(t+h,a+h) —u(t,a) =~ —hp(a) u(t,a), for 0 < h < 1,

where p = u(a) > 0 denotes the mortality rate. Assuming the density is sufficiently regular, this
leads to the relation

O (t,a) + Ou (t,a) = —p(a)u(t,a), t>0,a€c (0,an), (1.1)

also known as the McKendrick-von Foerster equation. On the other hand, one would like to allow
for reproductory processes, which is achieved by introduction of the so called birth law

u(t,0) = /Oam b(a)u(t,a)da, t>0, (1.2)



where b = b(a) > 0 denotes the birth rate. Lastly, one prescribes an inital age-distribution,
u(0,a) = ugp(a), a € (0,am). (1.3)

The system of equations — constitute the classical model of linear age-structured
population dynamics of Sharpe-Lotka-McKendrick.

In a next step, this model can by extended by allowing for spatial structure of the population,
which is important in the description of, for instance, tumor growth or epidemiology. To be more
precise, we assume that spatial movement of individuals is governed by a linear diffusion process.
Considering furthermore the nonlinear nature of mortality- and birth-processes, the prototypical
model of age- and spatial-structured population dynamics takes the form

Opu + Ogu — divy(d(a, z)Vau) = —plu,a,z)u, t>0,a € (0,a,), z € Q,
u(t,0,2) = / ’ b(u,a,x)u(t,a)da, t>0,x¢€Q,
0
du(t,a,z) = 0, t>0,a€(0,an), € 0,
w(0,a,2) = ¢(a,z), a€(0,anm), x €N,

where Q@ C R™ is a bounded domain, a,, € Ry U {co} denotes the maximal age, and
w:[0,T) X [0,a,) xQ — Ry
(t,a,z) —  u(t,a,x),

is the density function of the population. Accordingly, the number of individuals at time ¢, with
age between a; and as, in the area 2 C 2, is given by the integral

/[u(t,a,x)dxda.
al Q

Subsequently, we want to formulate this model in a more general framework. The corresponding
analysis will then also be carried out in an abstract setting, and it will be convenient to have the
above prototype model in mind. More precisely, we consider the abstract problem

Ou+ dgu+ Ala)u = —plu,a)u, t>0,a€(0,an),
u(t,0) = / K b(u, a)u(t, a) da, t>0, (1.4)
0
U(O’ CL) = UO (CL), a 6 (07 am)v

where u : [0,T) — E is interpreted as the density function of the population, taking values in an
appropriate function space Eq, b = b(u,a) > 0 and g = p(u,a) > 0 are the birth and mortality
rates, and A(a) : By C Ey — Fjy is a closed operator on the real Banach lattice Fy, for each
a € J:=[0,a,). In our considerations to follow we fix p € [1,00) and set Eg := L, (J, Ep).

After having declared the problem of interest, let us give an overview of the forthcoming
studies. In section [2| we begin with a compilation of the required theoretical background.

In section [3| we consider the semilinear model of age- and spatial-structured population dy-
namics, which is obtained when the birth law is assumed to be linear. Put differently, the birth
rate in problem is supposed to be a function of the age-parameter only, i.e. b = b(a).
Assuming A generates a parabolic evolution operator, it is then shown that this semilinear struc-
ture allows to formulate problem as a semilinear Cauchy problem in the Banach space



Ey. In particular, we can study mild solutions, their asymptotic behaviour, and convergence to
equilibria, which are determined by the equations

aa¢ + A(a)¢ = 7:“’((;57 a)¢7 ac (07 am)a
00) = [ Ha)oa)da.

The existence of nontrivial equilibria poses a separate problem and was considered in [34], [37].
As regards their qualitative behaviour, we will see that the stability analysis can be reduced to
the linearised problem, which was studied in [36]. In a subsequent step, the spectral theory of
positive compact operators is applied to this linear problem, and as a result we will see that the
stability behaviour is completely determined by a single quantity, namely the spectral radius of
an associated operator, cf. Theorem It should be noted that essential ingredients for this
approach are the assumptions of maximal L,-regularity of the spatial diffusion operator A, and
the positivity of the parabolic evolution operator generated by A.

In section [4] we introduce a weak solution concept for problem (1.4)). Assuming A generates a
parabolic evolution operator, these so called integral solutions are constructed for the linearised
problem in a first step. In the second step we apply a fixed-point argument in order to establish
existence of integral solutions for the nonlinear problem. The remaining part of this section is
devoted to a detailed analysis of the linear inhomogeneous problem and serves as a preparation
for section Bl

In section We study the stability behaviour of equilibria to problem . Observe that the
birth rate is now allowed to depend on the density, i.e. b = b(u,.), and consequently we lose the
semilinear structure, as considered in section In particular, mild solutions are not available
any longer, and this is where the integral solutions of section [4 come into play. More precisely,
we will prove that problem is well-posed within this framework. Subsequently it is shown
that a principle of linearised stability is available within this setting, cf. Theorem [5.11}

1.1 Method of characteristics

In the following we formally derive a formula for the solution of equation ([1.4)), which will
be fundamental for our subsequent studies. To this end we integrate the equation along the
characteristics a = ¢+ t, where ¢ > 0 is some constant. Let us define

w(t) :=ult,c+t), t>0

and denote by II(a,0), 0 < 0 < a < a,,, the parabolic evolution operator generated by A, i.e.

d
%H(a, o)xzg = —Ala)(a,0)xg, 0<o0 <aq,
I(o,0)xg = x0, w0 € En,

see section [2.6] for a precise definition. Furthermore, we set

F:D(F) CEy— E, F(u) = —p(u, .)u. (1.5)
Using the first equation in (1.4]), we obtain the differential equation
d
ﬁw(t) = —A(c+t)w(t) + F(u(t,.))(c+ 1) (1.6)

in the Banach space Fy. This equation leads us to the Ansatz

w(t) =(c+t,c)x(t),



where z(t) is to be determined. With this Ansatz we have
d
dt
Now let us set h(t) := F(u(t,.))(c+t) for the moment. Comparing the two previous equations
we conclude I(c + ¢, ¢)x(t) = h(t), and the fundamental theorem of calculus therefore yields

w(t) = —A(c+ t)w(t) + I(c+ t,c)z(t).

M(c+tc)a(t) = H(c+t,c)x(0)+/0 T(c+ £, c)i(s) ds

= I(c+t,c)z(0) + /Ot II(c +t,c+ s)h(s) ds.

Thus we conclude that
w(t) =I(c+t,c)w(0) + /Ot II(c + t,c+ s)h(s) ds.
Now let @ > t and choose ¢ = a — t to obtain
u(t,a) =I(a,a — t)up(a —t) + /Ot M(a,a —t+ s)F(u(s,.))(a—t+s)ds, 0<t<a. (1L.7)
In an analogous way we can proceed to obtain a formula for the case 0 < a < t. To this end let

v(a) :==u(c+a,a), a>0.

As before we obtain p
%v(a) = —A(a)v(a) + F(u(c+a,.))(a),

and consequently
a
v(a) = U(a,0)v(0) + / I(a, s)F(u(c+s,.))(s)ds.
0
Now choose ¢ =t — a to obtain

u(t,a) =I(a,0)u(t — a,0) + /Oa I(a, s)F(u(t —a+s,.))(s)ds, 0<a<t. (1.8)

Combining (|1.7)) and (|1.8)) leads us to the following definition:

Definition 1.1. Let u : [0,7] — Eg be continuous. We say that the function w is an integral
solution to (1.4) on [0, 7], if for all ¢ € [0, T

 J(a,a —t)up(a — 1)
ult,a) = {H(a,O)B(t —a)

n {fot M(a,a —t+ s)F(u(s,.))(a—t+s)ds, fora.a. a€(t an)
Jo (a,s)F(u(t —a+s,.))(s)ds, fora.a. ac (0,t), a< am,

where B(t) = u(¢,0) satisfies an associated integral equation, which is induced by the age-

boundary condition in (1.4):

B(t) = /0 b(u, a)u(t,a)da + /ta b(u, a)u(t,a) da.

After having declared a solution concept it is natural to ask whether the problem is well
posed. This question will be addressed in section [5.2



2 Definitions and general results

In this section we review some definitions and general results, which will be required in the course
of the forthcoming investigations.

2.1 Linear operators
Let (E,||-||g), (F,] - ||r) be normed vector spaces over the field K = R or K = C, we define
L(E,F):={T: E — F|T is K-linear and continuous},

and equip it with the uniform operator topology. In the special case F' = K, one obtains the
dual space of E, also denoted by E' = L(F,K). We write L;(E, F) if L(E, F) is given the simple
convergence topology, induced by the family of seminorms

{T— ||Tz||F : v € E}.

2.2 Banach lattices

Recall that we have formulated the population model from section [I]in the more general frame-
work . Since we are interested in positive population densities, we have to generalise the
concept of positivity to the abstract setting. To this end, we recall the notion of a Banach lattice
and state the basic results which will be needed. We folllow the exposition in [29] chapter II].

Definition 2.1. A vector space E over R, endowed with an order relation <, is called an ordered
vector space if the following axioms are satisfied:

r<y = x+z2z<y+z foraluzxy,zeckF,
r<y = ar<ay, forallz,yecF andacR,.

If (F, <) is an ordered vector space, the subset E; := {x € E: 0 < z} is called the positive cone
of F; elements x € E are called positive. If x € F, \ {0}, we write 0 < z.

For a subset M C FE, the supremum sup M € E is defined as the smallest upper bound of M.
More precisely, sup M = s € E if and only if m < s for all m € M, and if 5 is such that m < s for
all m € M, then s < 5. Analogously, one defines the infimum inf M as the largest lower bound
of M.

A wector lattice is an ordered vector space such that x V y := sup{z,y} and = Ay := inf{z,y}
exist for all z,y € E.

Let (E,<g), (F,<r) be ordered vector spaces. A linear operator A : E — F is called positive,
if it is compatible with the order structure, i.e. if 0 <g x implies 0 <gp Ax. The set of positive
continuous linear operators from F to F is denoted by £, (FE, F), the set of positive continuous
functionals on E by E', .

Let E be a vector lattice. For all z € E, we define x4 := zV0, z_ := (—z) V0, |z| ;= zV(—x).
x4, z_ and |z| are called the positive part, the negative part, and the modulus (or absolute value)
of =, respectively.

Now, the following identities hold (see [29] for proofs):

r = Ty —T_.
x| = x4 +z_.
©=0&c = 0, l|az|=lallal, |z +y| < |z +|yl-
r+y = xVy+zAuy.



Definition 2.2. Let (F, <) be a vector lattice. A norm |.|| on E is called a lattice norm if
|z| < |y| implies ||z|| < |ly|| for all z,y € E. If ||.|| is a lattice norm on E, the pair (E,||.||) is
called a normed (vector) lattice; if, in addition, (E, ||.||) is norm complete it is called a Banach
lattice.

Remark 2.3. The positive cone E is called total, if £, — F, = E. Let us introduce the
relation
o<y =y -2 eF, 'y € F,

on the dual space E’, then it is not difficult to prove that (E’, <) becomes an ordered vector
space if F is total.

Furthermore, if F is a Banach lattice, with E total, then E’ becomes a Banach lattice, cf. [29]
Proposition I1.5.5].

Finally we remark that on a normed vector lattice E, the map = — x4 is continuous, which
implies the closedness of the positive cone E, cf. [29, Proposition I1.5.2]. O

Definition 2.4. Let E be a Banach lattice with positive cone E;. An element = € F is called
quasi-interior if 0 < (x’,x) for all 2’ € E' with 0 < 2.

A linear operator A : E — E is called strongly positive if 0 < x € E implies that Az is quasi-
interior.

Proposition 2.5. Let E be a Banach lattice with total positive cone E4, and S,T : E — E
positive, linear operators. Then the implication

Sz < Tz, Yz >0 =[S <4]T|
holds.

Proof. We argue as in the proof of [0, Lemma 12.2]. Tt is well known, that S, T are continuous,
cf. [29, Theorem I1.5.3]. By the Hahn-Banach theorem,

IS|l= "~ sup ~ [(a',Sx)|.

lzl <1,[l="[[<1

Since E’ is a Banach lattice, cf. Remark we can split the vectors z, x’ in their positive and
negative parts, and estimate

sup  |(z/,Sz)] < 4 sup (o, Sz)
el <Ll <1 el <LoeEy o’ |<1a' e B,
< 4 sup (', Tx)
|2l <1,0€Ey |2/ <10 € B,
< 4|11,
and the claim follows. O

2.3 Spectral theory

Let A be a closed linear operator on a complex Banach space E (if F is a real Banach space,
consider its complexification). We denote by o(A) and o,(A) the spectrum and point spectrum
of A, respectively. The essential spectrum o.(A) consists of of those spectral points A of A
such that the image im(A — A) is not closed, or A is a limit point of o(A), or the dimension
of the kernel ker(A — A) is infinite. The peripheral spectrum oo(A) is defined as o¢(A4) =
{Ae€a(A4):ReX =s(A)}, where s(A) :=sup{Re X : X € 0(A)} denotes the spectral bound of A.
The resolvent set C\ o(A) is denoted by p(A). For a more detailed exposition, we refer e.g. to
[38, Section 4.3].



2.4 Semigroups

Many evolution equations can be formulated as an autonomous initial-value problem in an ap-
propriate Banach space:

d
U = —Au+ F(u), t>0,
u(0) = wo,

where —A : D(—A) C E — E is a closed operator on a Banach space E, and F : D(F) C E — E
is continuous. In order to solve this equation, one would like to introduce the formal exponential
of the unbounded operator — A, which leads to the mathematical concept of strongly continuous
semigroups:

Definition 2.6. A strongly continuous semigroup S(t),t > 0, on the Banach space FE is a one-
parameter family of continuous operators S(t) € L(E), such that

1. S(0) = Idg,
2. S(t)S(s) =S(t+s), forallt,s>0,
3. im0, S(t)x ==, forallze E.
Definition 2.7. Let S(t),t > 0, be a strongly continuous semigroup on the Banach space E.

The generator of the semigroup is defined as

CAz = lim (St — ),

t—04 t
with D(—A) :={z € E : limy_,0, 1(S(t)z — ) exists in E}.

Remark 2.8. Every strongly continuous semigroup obviously induces a uniquely determined
generator. Conversely, it is well known that for a given generator, its associated semigroup is
uniquely determined. Hence, the notation e~*4 = S(¢),t > 0, is justified and used to stress the
generator under consideration. O

Given a semigroup S(t),t > 0, on the Banach space E, its growth bound is defined by
1
wo = lim ~log [S(1)]|
and its a-growth bound by
1
wy = lim n log (a(S())),

where « denotes Kuratowski’s measure of non-compactness (cf. [38, Section 4.3]). We also write
w; = w;(—A), i = 0,1, to stress the generator under consideration.

Proposition 2.9 (Bounded perturbation of semigroups). Let (—A, D(—A)) be the generator of
a strongly continuous semigroup e~ 4t >0, on the Banach space E, satisfying

e7 ™4 < Me*t,  t>0,
for somew € R, M > 1. If B € L(E), then the operator
—(A+ B) with D(—(A+ B)):=D(—A)
generates a strongly continuous semigroup e tA+B) ¢ >, satisfying

”e_t(A-i-B)H < ]\46@-)4—1\/{“3“)757 t>0.



For a proof of Proposition we refer to [11, Thm ITI.1.3].

In our considerations we will need the following result, a proof of which can be found in [39,
Prop. 2.5]:

Proposition 2.10. Let S(t),t > 0, be a strongly continuous semigroup of positive bounded linear
operators with infinitesimal generator —A on the Banach lattice E. If s(—A) > wi(—A), then

oo(=A) = {s(-4)}
2.5 Differential equations in Banach spaces

In the following we collect some results about abstract semilinear Cauchy Problems, i.e. differ-
ential equations of the form

%u = —Au+F(u), t>0, (2.1)
u(0) = wo,

where —A generates a strongly continuous semigroup S(¢),t > 0,on E and F': D(F)C E —» E
is continuous.

Definition 2.11. A function v € C([0,T),E) N C*((0,T), E) with values u(t) € D(—A) N
D(F) for all ¢ € (0,T) and satisfying pointwise is called a strong solution on [0,T).

A function u € C([0,T), E), with u(t) € D(F) for all t € [0,T), is called a mild solution to
on [0,T), if it satisfies

u(t) = S(t)ug +/O S(t — s)F(u(s))ds, tel0,7). (2.2)

In order to gain a better understanding of strong solutions, it is reasonable to consider mild
solutions first. Every strong solution is a mild solution, but the converse is not true in general.
The existence of mild solutions is well known and can be obtained by an application of Banach’s
fixed point theorem:

Proposition 2.12 (Existence of solutions). Let —A be the generator of a strongly continuous
semigroup S(t),t > 0, on E, and F': D(F) C E — E be Lipschitz continuous on bounded sets,
with D(F') open in E.

Then for every uy € D(F) there exists a mazimal T = T(ug) > 0 such that there is a
unique mild solution u = u(-,ug) on [0,T). Furthermore, if D(F) = E and T < oo, then
1imt/T ||u(t,U())H = Q.

The introduction of mild solutions rises the question of their asymptotic behaviour, and one
defines:

Definition 2.13. An element ¢ € D(—A)ND(F) C E is called an equilibrium of equation (2.1)
if it satisfies

— A¢+ F($) = 0. (2.3)

Definition 2.14 (Stability). An equilibrium ¢ € E of equation is called stable if for each
€ > 0 there exists § > 0 such that for every ug € E with [Jug — ¢|| < ¢, the mild solution
exists for all £ > 0 and satisfies ||u(t) — ¢|| <€, for t > 0.

An equilibrium ¢ € F is called asymptotically stable if it is stable and there exists § > 0 such



that for every ug € E with |lug — ¢|| < d, the mild solution satisfies lim;_, o ||u(t) — @] = 0.
An equilibrium ¢ € F is called exponentially asymptotically stable if it is asymptotically stable,
and there exists § > 0, w > 0 and K > 0 such that for every ug € FE with ||ug — ¢|| < d, the mild
solution satisfies ||u(t) — ¢|| < Ke “||lug — ¢||, for ¢ > 0.

If § can be chosen arbitrarily large in any of these last two definitions, then the corresponding
property is said to be global.

The following well known result is essential for the principle of linearised stability and will
be used frequently.

Lemma 2.15 (Linear shift of the generator). Let ug € E and B € L(E), assume f:[0,T] = E
is continuous and u : [0, T] — E satisfies

u(t) = e ug + /t e~ =94 (Bu(s) + f(s)) ds, te[0,T]. (2.4)
0

Then .
u(t) = e HA=B)y, +/ e~ t=3)(A=B) £(4) ds, t e [0,T7.
0

Proof. We only give a sketch of the argument, which relies on the observation that, due to (2.4)),
u is a mild solution to
d
st = —Au+ Bu+ f, te€(0,7),
u(0) = wup.

In a next step the assertion is verified for regular data, i.e. ug € D(—A), f continuously differ-
entiable. The general case is proven by a density argument and Gronwall estimate (cf. proof of
[38, Prop. 4.17] for details). O

Theorem 2.16 (Principle of linearised stability). Let —A be the generator of a strongly con-
tinuous semigroup on the Banach space E, let F' : Br(¢) C E — E be Lipschitz continu-
ous and Fréchet-differentiable at ¢, and suppose ¢ is an equilibrium of equation . Setting
—A=—A+ F'(¢), the following hold:

1. if wo(—A) <0, then ¢ is exponentially asymptotically stable.

2. if wo(—A) >0 and w1 (—A) <0, then ¢ is unstable.

Proof. The result is classical in the theory of ordinary differential equations, cf. [5], and the
corresponding argument can be adopted in the semigroup context, cf. [24, Theorem E]J. O

Proposition 2.17 (Positivity of solutions). Let S(t),t > 0, be a strongly continuous semigroup
of positive bounded linear operators on the Banach lattice E, with infinitesimal generator —A .
Assume that the nonlinearity F' : D(F) C E — E is Lipschitz continuous on bounded sets and
satisfies

F(u)4+cu >0, Vue D(F)NEL,

where ¢ € R is some constant. Then, for positive initial data ug € int(D(F)), the corresponding
mild solution remains positive.



Proof. The result is well known, for convenience of the reader, we provide the argument.

Given our assumptions, short time existence of mild solutions follows from an application of
Banach’s fixed point theorem. Regarding the positivity assertion, we first observe that the
problem

d
pr + Au F(u),
w(0) = wo
is equivalent to
d
ﬁu—k(A—kc)u = F(u)+cu,
u(0) = wpg.

This equivalence also holds in the category of mild solutions, which can be seen as follows:

Let us denote by S(t),t > 0, the semigroup generated by the operator —(A + ¢), then we have
the relation S(t) = e~“S(t),t > 0.

Let u; be the unique mild solution to the first equation and wus the unique mild solution to the
equation with the shifted operator. By definition, this means

ug(t) = S(t)ug + /0 S(t — 5) (F(ua(s)) + cua(s)) ds.

By Lemma [2.15] we can shift the linear part cus into the generator, yielding

uz(t) = S(t)uo + /0 S(t — s)F(ua(s))ds.

Due to uniqueness of u;, we therefore obtain u; = wus, which proves the claim.

Let us now continue with the positivity statement. As already pointed out, we have the relation
S(t) = e=°*S(t),t > 0. In particular, the semigroup S(t),t > 0, is positive as well. Recall that
the mild solution u satisfies

t

u(t) Stug+ | St —s)F(u(s))ds

S@mwﬁéga—sﬂFw@»+cw$ym

and is obtained by a fixed point iteration. We observe that the assumed lower bound on F' guar-
antees that for any initial value ug € int(D(F)) N E4, the corresponding approximate solutions
of the iteration procedure are positive as well, and the claim follows. O

Remark 2.18. Even though the assumption concerning the lower bound in Proposition [2.17
can be weakened, it cannot be dropped in general, even for linear, continuous F' : F — E with
arbitrarily small operator norm, cf. Example [

Example 2.19. We consider the space E = C([0,1],R), equipped with the supremum norm
and the natural ordering induced by (R, <). It is not difficult to see that E is a Banach lattice.
Furthermore we introduce the operator

—A:=aldg € L(E),
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where a € R is fixed. Then —A generates the positive semigroup S(t) = e!*Idg,t > 0, on E.
Next we choose ¢ € E and define

1
F:E—E, F(u ::—/0 u(a) da ¢.

Obviously F' is linear and continuous, with ||F||zg) = ||#||g. In the following we consider the
Cauchy problem

%u—i—Au = F(u),
u(0) = up,

and investigate positivity of the corresponding mild solutions. By the variation of constants
formula we have

t
u(t) = S(t)ug — /0 S(t—s) F(u(s))ds,
which easily implies )
t
e~ tu(t) = ug — / / e"*u(s,a)dads . (2.5)
o Jo

Integrating both sides with respect to a then leads to
1
/ e"*u(s,a)da = fe 7%,
0
1 1 . . - .
where 8 = fo uo(a) da, v = fo ¢(a) da. Inserting this identity into equation lb we conclude
eou(t) = u + L (e ~ 1),
Y

and from this formula it is easy to see that positive initial data uy does not necessarily lead to
a positive solution u. O

Proposition 2.20 (Growth rate comparison). Let e*4 ¢t > 0, be a strongly continuous semi-
group of positive bounded linear operators on the Banach lattice E, with total postive cone E .
Furthermore let B € L(E) such that

0<Bx<czx, Vx>0,

for some constant ¢ > 0. Then the semigroup e "A+5)

,t >0, s positive as well and we have
wo (=(A+ B)) < wo(—A).

Proof. Tt is well known that for any bounded operator B the relation
t
e HATB) p — o=tAy / e =)ABe=s(A+B) p s >0
0
holds, for all x € E (cf. [II], Corollary II1.1.7]).

Let us assume for the moment, that the semigroup e *A+5) ¢ > 0, is positive as well. Then
the relation above, in connection with the positivity of B and the semigroups, leads to

e tA+B) 4 < €_tA$, Vi >0, x> 0.

11



Consequently, Proposition [2.5] implies ||e=*AF8)|| 5y < 4|e7*4| z(g), Vt > 0. The claim now
follows from the definition of the growth bound wy.

It remains to prove the positivity of the semigroup e *4+5) ¢ > 0. To this end observe that
by assumption we have —Bz + cx > 0, Vx > 0, hence the assertion follows from Proposition

214 O

Remark 2.21. From the proof of Proposition [2.20] we see that the condition Bx < cz, Va > 0,
can be replaced by the weaker assumption that the semigroup e~ *(4*+5) t > 0, be positive. [

2.6 Evolution operators

In the case of non-autonomous intial-value problems, strongly continuous semigroups are not
applicable anymore. Instead, one has to work with evolution operators, which will be introduced
in the following (note that the independent variable is replaced by ¢t — « in this section, which
is due to the structure of problem )

Let (Eo, || - |l&,) be a Banach space, J C R a closed interval of the form

J_ [ag, am], if 0 <ap < ay, < oo,
1 [ao, 0), it 0 <ap < ap =o0.

In the following we consider a family of operators {A(a) : a € J} in Ey such that

D(A(a)) = Eq, forallaeJ, (2.6)
where Fj is a linear subspace of Ey, equipped with a norm || - || g, such that
(E1, |l - ||lE,) is complete and Ey %N Ey. (2.7)
Furthermore, we suppose
A e C(J,L(Ey, Ey)). (2.8)

Remark 2.22. Recall that for a closed linear operator Ay : D(A4p) C Ey — Ey, we can equip
its domain with the graph norm

2]l 4y = NIzl zo + | Aoz 5o & € D(Ag),

and by the closed graph theorem, (D(Ap), || - ||4,) is a Banach space.
Let us consider a family of operators {A(a) : a € J} in Ey, such that (2.6) holds, define

(B - le) = (B - lAcao)) » (2.9)
and assume the operator A(ag) to be closed. Then (E1,| - ||z, ) is complete, and by construction

FE1—E.
Suppose the induced graph norms on F; satisfy

|- 1la@) < el lacao)s
for a € J, where ¢ = ¢(a) > 0, then we immediately obtain

A(a) € l:(El, Eo).

12



Furthermore, if the operators {A(a) : a € J} are closed in Ep, then the norm ||-|| 4(q) is equivalent
to the norm || - [| 4(4,) by the open mapping theorem.
Conversely, suppose A(a) € L(E1, Ey), then by definition

[A(a)z]| 5, < |A(@)] ez B0 (2]l Bs + [[Ala0)zl|By) @ € En,

and consequently
I a@ < @+ 1A@ ez, m0) 1T - la@o)-
O

Remark 2.23. In case we have to distinguish between two operators, it is reasonable to stress
the domain under consideration. More precisely, if {B(a):a € J} is another one-parameter
family of linear operators in Ey, satisfying the corresponding conditions — , we denote
the associated Banach space in by (Eg,| - |B), and write

Ae C(J,L(El,Eo)), Be O(J,;C(EB,EQ))

After introducing the notation
Aj:={(a,0) eI xJ:0<a}, Ay :={(a,0) e Jx J:0 <a},
we define
Definition 2.24. A two-paramter family of linear operators
IT: Ay — L(Ep), (a,0) — I(a,0)

is called an evolution operator on Ey, if the following two properties are satisfied:

1. e C(Ay, Ls(Ep))

2. I(a,a) =1dg,, H(a,o) = (a, 7)II(7,0) for all 0 < 7 < a with (a,0) € Aj.

Two important subclasses of evolution operators are the so called hyperbolic and parabolic
evolution operators, see e.g. [23]. The latter class will be of particular importance for our
purposes:

Definition 2.25. A parabolic evolution operator for the operator A € C(J, L(E1, Ep)) is a map
II: Ay — L(Ep)
satisfying the following properties:
1. L€ C(Ay, L(Eo)) N C(Ag, L(Eo, Ev))
2. (a,a) =1Idg,, U(a,o) = U(a, 7)II(1,0) for all 0 < 7 < a with (a,0) € A.
3. [(a,0) — A(a)Il(a,0)] € C(A s, L(Ey)) and

sup  (a — 0)[|A(a)l(a, o) £(m,) < o0
(a,0)EA
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4. II(-,0) € C*(J N (0,00), L(Ey)) for each o € J, and for all a € J N (0,00) :
0.01(a,0) = —A(a)(a, o),
H(a,) € Ct(JN[0,a),Ls(E1, Eg)) for each a € J, and for all ¢ € J N0, a) :
0,U(a,0)r =U(a,0)A(0)x
for all z € E;.

Remark 2.26. At this point it is natural to ask for sufficient conditions which guarantee that
an operator A generates a parabolic evolution operator.

Suppose A satisfies (2.6)) — (2.7)), and assume
Ae LOO(J,,C(El,Eo)), o+ A€ CP(J,H(EhEo;KJ,I/)),

for some p, v > 0,k > 1,0 € R. Here H(E1, Eg;x,v) C L(E1, Ep) consists of all negative
generators —A of analytic semigroups on Ey with domain E; such that v+ A is an isomorphism
from F; to Ey and

_ )\"FA).T”E
et < 0 <k, zecB\{0},Rer>r.
IAlllzll o + ]l &, '

Then A generates a parabolic evolution operator IT4(a, o), 0 < 0 < a < ay,, on Ey with regularity
subspace E; according to e.g. [2] II.Cor.4.4.2], and there are constants M > 1 and @ € R such
that

Ta(a, o)l (e + (@ — 0)* P [ Ta(a,0)| cimy m) < Me™ =),
0<o<a<an,

for0 < By <fB<a<lwithf; <pBif 8 >0, see [2, I1.Lem.5.1.3]. Here we have set

Ey := (Eo, E1)p,
for 6 € [0,1] \ {1 — 1/p}, with (-,-)g being any admissible interpolation functor, cf. [2| Section
1.2.11). 0

2.7 Maximal regularity

In the following, we introduce the concept of maximal L,-regularity. To this end we consider a
fixed operator
Ae C(Ja ‘C(ElaEO))’

which is such that conditions (2.6) — (2.7)) are satisfied. Let p € (1, 00) be fixed, set ¢ := ((p) :=
1-1/pand
E¢ = (E07E1)C,P7

(+,*)¢p being the real interpolation functor. Define the Banach spaces
Eo := Ly(J, Ey),  Ei:=Ly(J,E1) "W, (J, Ep),
and recall that
E, — BUC(J, E¢),
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see e.g. [2, Theorem I11.4.10.2], where BUC' denotes the space of bounded and uniformly con-
tinuous functions. In particular, the trace

’}/0:]E1 — EC
u —  u(ap)

is well defined and vy € L(Eq, E¢).
Definition 2.27. An operator A € C(J, L(E1, Ey)) is said to have mazimal L,-regularity, if
(Oa + A, %) : Ey = Eg x E¢ is an isomorphism.
An operator A € C(J, L(E1, Ey)) is said to have inhomogeneous mazimal Ly-regularity, if
(0a + A, %) : E1 Nker(yo) — Eg x {0} is an isomorphism.

The class of operators having maximal L,-regularity is denoted by MR, (J, E1, Ey), the inhomo-
geneous class is denoted by MRg(J, E1, Ey).

Definition 2.28. Consider an operator A € C(J, L(E1, Ey)), and let (f,z) € Eq x E¢ be given.
An element u = u(-, A, f,z) € E, is called an L,-solution, if it satisfies

Ouu+ A(a)u(a) = f(a), for a.a. a € J,

u(ag) = =.

Remark 2.29. In order to show that an operator A has maximal Ly-regularity, it suffices to
verify that there exists a constant C' > 0, such that for every pair (f,z) € Eq x E¢ there exists
a unique Ly-solution u = u(-, 4, f,z) € E; satistying

lullz,(s8) + ”uHWpl(J,Eo) < C ([lzllz + Hf”Lp(J,Eo)) .
This is an immediate consequence of the open mapping theorem. O]

Remark 2.30. Suppose Ay : D(Ay) C Ey — Ey generates an analytic semigroup on Fy. Let
6 € (0,1), p € (1,00) be fixed, and consider the real interpolation space (Ey, E1)g, p, where
(E1, ]|l - ||, ) is the Banach space defined in (2.9). Then it can be shown that

1
I dt\?
o=l + ([l aaetoatp )
0

is an equivalent norm on (Ey, E1)g p, cf. [32] 1.14.5]. In particular, if § = { :=1—1/p, then

2

1
o0 P
(/ ||AoetA°ac||pdt) <|lzl¢p, for x € E¢.
0

If, in addition, the function ¢t — etz is p-integrable, we obtain

[t > etox] € L,((0,00), E1) N Wpl((O,oo),Eo), for x € E¢.
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In the following it is shown how the property of maximal L,-regularity can be formulated as
an operator theoretic problem. This formulation has the advantage that it allows for perturbation
arguments wich preserve the property of maximal L,-regularity. For the autonomous case, this
approach is carried out in [9], and we will adopt this approach in order to establish a perturbation
result for non-autonomous operators, cf. Proposition below.

So let us consider an operator A € C(J, L(E1, Ep)), then we can introduce an unbounded
operator in the space L,(J, Ey):

A: D(A) - LP(Ja EO) - LP(J7E0)7
u =  Au, (2.10)
with D(A) = {u € L,(J,E1) : Au € L,(J, Ey)}, where we have set (Au)(a) := A(a)u(a),a € J.
Furthermore, define
D, :D(D,) C L,(J,Ey) — Ly(J, Ep)
u = Ouu,
with D(D,) := {u € Wpl(J, Ep) : u(ap) = 0}.
Let (f,0) € Ey x E¢ be given, then v = u(-, A, f,0) is an Lp-solution (cf. Definition [2.28) if

and only if u € D(D,) N D(A) and
Dyu+ Au = f.

If the operator D, + A is boundedly invertible on L,(J, Ey), we denote this inverse by

M :L,(J,Ey) — Ly(J, Ey),
f = u=u(,A/fD0). (2.11)

Observe that for every operator A € MR?,(J, Ey, Ey), its inverse M € L(L,(J, Ep)) is well
defined. It turns out, that also the converse is true:

Lemma 2.31. Let A € C(J,L(Ey, Ey)) satisfy (2.6) — (2.7), then:
A € MR)(J, E1, Ey) if and only if

D,+ A:D(D,)ND(A) = L,(J, Ep)
is invertible with inverse M € L(Ly(J, Ep)).

Proof. Notice that we have the inclusion
(D(Dq) N D(A)) C (E1 Nker(yo)) .

IfAe MR?,(J, E4, Ey), then by definition there exists C' > 0, such that for every f € L,(J, Ey)
there is a unique Ly-solution u = u(-, 4, f,0) € E; Nker(yy) satisfying

lullL, (7,50 + 1ullwi ) < C Nz, (7,50)-
Furthermore, since A(-)u = f — 0,u € Ly(J, Ey), it follows u € D(D,) N D(.A) and

Dau+ Au = f, lullz, (720 < ClfllL, B0

which proves the claim.
Conversely, suppose
D,+ A:D(D,)ND(A) — L,(J, Ep)
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is invertible with inverse M € L(L,(J, Ey)), i.e. there exists C' > 0, such that for every f €
L,(J, Ey) there is a unique v € D(D,) N D(A) satisfying

Dou+ Au = f, lullz, (7.20) < ClfllL, 80
It remains to show that there exists C' > 0, independent of f,u, such that
[l 2.0) + 10atill 1y (1.20) < C N F Ly (1,20 - (2.12)
To this end, we set
Xo = Ly(J, Ep), lullo = [lullz, (1,50
and introduce the normed space
X1:=D(A),  ullr:=llullr, e + 1AC)ullL, 2,80

Let us assume for the moment that (Xi,|| - |1) is complete, then we are in the following
situation:
By assumption, M : Xy — X is bounded and M(Xy) C X7, which gives rise to a map

M1 :XQ—>X1.

Since we have the inclusion X; < X (because E; < Ejp), it is an easy consequence of the closed
graph theorem (for which the completeness of X is required) that M; is bounded. Therefore,
there exists a constant C' > 0, such that for every f € L,(J, Ep) there is a unique u € D(D,) N
D(A) satisfying

Dyu+ Au = f, lullz, (.20 + AUl L, (150) < ClfIL,.5)-
Now use the identity d,u = f — A()u, and estimate (2.12)) follows.
In order to conclude the proof, we have to verify the completeness of (Xi, || ||1). Consider

the map
A:D(A) C L,(J, E1) = L,(J, Ey), u— A()u,

and observe that its graph is closed in L, (J, E1) X L,(J, Ey): indeed let =, € D(A) be a sequence
such that
zn, — x in L,(J, Ey), Az, — yin L,(J, Ep).

Then we can extract a subsequence, which we again denote by x,,, such that
Zn(a) = z(a) in Ey, for a.a. a € J, A(a)zn(a) = y(a) in Ey, for a.a. a € J.
Since A(a) € L(En, Ey), for a € J, it follows
A(a)xn(a) — A(a)z(a) in Ey, for a.a. a € J,

and consequently, z € D(A), with Az = y. The closedness of the graph then immediately implies
the completeness of (X1, - ||1).
O

After these considerations, let us recall Remark [2:23 and formulate the perturbation result:
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Proposition 2.32. Let A € C(J, L(E1, Ey)) satisfy l) lb and suppose A € JV.I'R?,(J7 Eq, Ey),
with p € [1,00). Let B € C(J,L(Eg, Ey)) be a one-parameter family of operators in Ey such
that

1. 1 — Ep
2. da,B R, ||Bla)z| g, < allz|g, + BllA(Q)z||E,, € E1,VaelJ
3. Mz, (.80 + BIAM (L, (1.80)) <1,
where M, AM are defined as in — . Then
A+ B € MR)(J, Ey, Ey).

More precisely, there exists a constant C > 0, such that for every f € L,(J, Ey) there is a unique
L,-solution u =u(-,A+ B, f,0) € L,(J,E1) N W;(J, Ey) satisfying

lullz, e + HUHW;}(LEO) < Clfllz,(1,B0)-
Proof. First we observe that the first condition implies the operator
(A+ B) € C(J,L(E1, Ey))
to be well defined, and by Lemma [2.31] it suffices to show that
D,+ A+ B:D(D,)ND(A) — L,(J, Ey)

is well defined and invertible with inverse in £(L,(J, Ey)).
The remaining part of the argument is analogous to [9, Theorem 6.1], for the sake of com-
pleteness we present it here. Let us recall the definition of the operator A in (2.10]),
A:D(A)C L,(J,Ey) — Ly(J, Ep)
u > Au,

with D(A) = {u € L,(J,E1): Au € L,(J, Ey)}, and introduce

B: D(B) - LP(Jv EO) - LP(Jv EO)
u +— Bu,
with D(B) = {u S LP(J, EB) : Bu e Lp(J7 Eo)}

Since D(D,+.A) C D(A), the first and second condition imply D(D,+.4) C D(B). Furthermore,
for all u € D(D, + .A) we can estimate

1BullL, 1m0 < allullr, .z + BIlAulL, 5,5
allullz, 1,5, + BIAM(Da + A)ull L, (1,E0)
allulln, 1,z + BIAM £z, (1B | (Da + A)ull L, (1,E0)-

IN

Since also the third condition is satisfied, we are in the situation of Theorem[AT]] with R = D,+.A4
and S = B, so that
Du+ A+ B:D(D,) N D(A) = L,(J, Eo)

is invertible with bounded inverse.
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Definition 2.33. For a closed suberinterval I C J, we can consider the restriction of an operator
A € C(J,L(E, Ep)), which is denoted by

A = A|] S C(I,L(El,Eo))

Lemma 2.34 (Maximal regularity on subintervals). Suppose there exists a parabolic evolution
operator for A € C(J, L(Ey, Ey)), let - hold, and A € MRO(J,Ey, Ey). If I C J is
any closed subinterval, then

Ar € MR)(I, Ey, Eyp).

Proof. Let us consider the case a9 = 0,a,, = oo, i.e. J = [0,00), and note that the other
cases can be treated analogously. Without loss of generality, let the subinterval have the form
I = [a1,0), with a; > 0. Consider the Cauchy problem
Oqu+ Ar(a)u = fr(a), acl,
u(ay) = =z,
where f; € L,(I,Ey), x € E;. Suppose v = u(-,a1, Ay, fr,x) € L,(I,E1) N Wpl(I,Eo) is an
L,,-solution, then it has to coincide with the mild solution, i.e.

u(a,a1, A, fr,z) = HA(a,al)x—i—/ MMa(a,s)fi(s)ds, a€l, (2.13)

cf. [2, Proposition III.1.3.1], in particular it is unique. Thus, it remains to show existence of an
L,-solution.

To this end, set x = 0, fix an element f; € L,(I, Ep) as above and let f; € L,(J, Ey) denote its
extension to the interval J, i.e.

f1@) {0, aeJ\I

fi(a), a€l
Since € MRg(J, Ey, Ey) by assumption, the Cauchy problem
Ogu+ Aj(a)u = fy(a), a € J,
u(0) = 0,
has a unique solution u = u(-,0, Az, f7,0) € L,(J, E1) N Wz}(‘]’ Ep). Furthermore, by [2, Propo-
sition II1.1.3.1], this solution is given by

u(a,0,Ay, f7,0) = /OGHA(a,s)fJ(s)ds

/a I4(a,s)fr(s)ds.

1

Consequently,

ulasan, Ar, f1,0) = [ M, s)fi(s), ael,

ay
is the desired L,-solution.
Furthermore, as a direct consequence of this construction we obtain

lu(-s a1, Az, f1,0) |, (1,50) + lu(-; ar, Az, f1,0)lwi (1,0
= [lu(,0, Ay, f7,0)[L,(7,51) + (-0, Ag, £7,0)lw (7,0
< Cyllfillz, 780

= Cillfrllz, 1,50
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where the inequality is an immediate consequence of the assumption
Ae MRg(J7 Ey, Ey). Together with Remark this completes the proof. O

Remark 2.35. Let the assumptions of Lemma hold, then we conclude that A; € MRg(I7 Ey, Ey),
for any closed subinterval I C J. Let My € £(L,(I, Ey)) denote the inverse associated with the
operator Ay (cf. ), then we see from the proof of Lemma that there exists a positive
constant C'y, which depends on J but not on I, such that we can estimate

IMrllzL, 1,80 < C-
Furthermore, let A; denote the operator in L,(I, Ep) induced by A; (cf. (2.10)). Given f €
Ly(I, Eo), let u = u(-, Az, f,0) € Ly(I, E1) N W, (I, Eo) denote the corresponding L,-solution.

In particular, we have the identity Aju = f — d,u € Ly(I, Ep), and from the proof of Lemma
234l we obtain

I fllz,r.50) + 10aullL,(1,E50)
A+ CHIf Nz, 1,20

|Arullp, (1,59 <
<

which leads us to
lAMill iz, 1,80 <1+ Cy.

O

The following result shows that the property of maximal regularity can be reduced to the
inhomogeneous case (in the sense of Definition [2.27)).

Proposition 2.36. Suppose there exists a parabolic evolution operator for A € BC(J, L(E1, Ey)),
let (2.6) — (2.7) hold, and A € MR)(J, Ey, Eg). Then A € MRy(J, E1, Ep).

Proof. Consider the Cauchy problem
Ouu+ Ala)u = f(a), a € J,
u(ag) = =,
then we have to show that for all f € L,(J, Ey), * € E¢, there exists a unique solution v =
u(-, ag, f,x) € Ly(J, E1) N W) (J, Eg), which depends continuously on f and z.
Recall from ([2.13)) that this solution necessarily coincides with the mild solution, consequently is
uniquely determined. Furthermore, we have A € MRg(J, E1, Ey) by assumption, hence, by the
superposition principle, it remains to verify the claim for the case f = 0.
Without loss of generality assume a,, = oo, i.e. J = [ag,00), with ag > 0, then we have to solve
Ogu+ A(a)u = 0, a € (ag, 00),

u(ag) = =. (2.14)

To this end, we proceed as in the proof of [3, Lemma 2.2]: choose w € Ly(J, E1) N W (J, Ey)

such that w(ag) = = (such an element w exists due to the trace method characterisation of the
interpolation space E;, see e.g. [2I, Corollary 1.14]), and set

f(a) := —0,w — A(a)w, a € (ag, 00).

Since A : J — L(E1, Ey) is bounded by assumption, it follows f € L,(J, Ey). Therefore, there
exists a unique solution v € Ly(J, E1) N W, (J, Eo) to

8GU + A(CL)’U = f7 a € (a07 00)7
v(ag) = 0,
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where we used that A € MRg(J, Ey, Ey). Setting u := v + w yields the desired solution.
As a result, we obtain a mapping

Ec — Ly(J,E))NW,(J, E)

T = U(',(IQ,O,iE),

which associates to each initial value x € E¢ the unique solution u = u(-,ap,0,z) to (2.14). In
the remaining part we will verify that this mapping is bounded. Let us consider sequences

T, — x in E,
u(-,a0,0,2,) — u in Ly(J, E1) N W, (J, Eo),

then there exists a subsequence of u(-, ag, 0, x,), which converges pointwise almost everywhere
on J, without loss of generality

u(a, ag,0,z,) = u(a) in Ey, for almost all a € J.
On the other hand, since II is a parabolic evolution operator, we have
I(a,ap)z, — (a,ap)x in Ey, for all a € J.

Together with (2.13)), this implies u = u(+, ag,0,z), and the closed graph theorem yields the
claim. O

The following result is an applier-friendly instance of [I2] and was established in [28§]:

Proposition 2.37 ([28] Local to global regularity). Let Eg be a Banach space, 1 < p < 00, 4y, €
(0,00], and {A(a) : a € [0,an]} a family of boundedly invertible sectorial operators in Eqy satis-
fying

1. D(A(a)) = D(A(0)), a € [0, an,].

2. The mapping A : [0, a.,) — L(D(A(0)), Ey)) is continuous, where D(A(0)) is endowed with
the graph norm.

3. A(a) = A(am) in L(D(A(0)), Ep)), as a = am, .
4. For each a € [0,ay,], the operator A(a) has mazimal L,-regularity.

Then the operator A has mazimal Ly-regularity.

tor for A € C(J, H(E1, Eo; k,v)), let 1 ) hold, and A € MRO(J E1, Ey). In case J is un-

bounded, i.e. a,, = 00, assume wo(— ) < O for all a € [0,a,,). Then A(a) € MRg(J, Eq, Eyp)
for every a € [0, an,).

Proposition 2.38 (Global to local re i arlt . Suppose there exists a parabolic evolution opera-

Proof. Since A € MRg(J7 E1, Ep) by assumption, it follows that for each a € [0, a,,) there exists
d = d(a) > 0 such that we have

A(ZL) S MRP([O, 5], El, Eo)

To be more precise, let @ € [0, a,,) be fixed, and § > 0 such that I :=[a,a —|— (5] C J. Recall that
the operator Ay € C'(I, L(E1, Ey)) induces an operator A; in L, (I, Ey), cf. . From Lemma,
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it follows that A; € MRS(I, E4, Ey), with corresponding inverse M; € L(L,(I, Ep)) (see
(2.11))). Setting By(a) := A(a) — As(a), for a € I, we can write

A(@) = Ar + By € C(I1, L(Er, Ey)),

and estimate

[Br(a)z]g, < [A(a) = Ar(a)llzce. e lzlle
< JA@) = Ar(a)ll 2z, po) £ 1I(v + 0 + Ar(a))z]| g,
< lA@) — Ar(@)ll (e, B0 K1V + ol |2l 2,
+  [1A@) — Ar(@)ll (e, Bo) £ [ Ar(@) ]|z,

for a € I, x € E;, where we used the resolvent estimate for the second inequality, cf. Remark
Since Aj : [a,a + 0] — L(E1, Ey) is continuous by assumption, we see that the conditions
of Proposition are fulfilled, if we choose § = §(a) > 0 sufficiently small (observe that
the norms ||[M|[, |A;M;| cannot blow up as § — 0, see Remark [2.3F)), and consequently
Aa) € MRg(I, E1, Ep). A simple shift argument (the operator A(a) is autonomous) then yields

A(a) € MR)([0,6(a)], B, Ey).
In the case of finite a,,, i.e. J = [0, a,], we therefore obtain
Aa) € MRg(J, Ey, Ey), for every a € [0, ap,),
by [9, Cor 5.4]. In the case a,, = oo, this property remains true, since the semigroup e~*4(®) t >
0, is assumed to decay exponentially, cf. [0 Thm 5.2]. O
3 Semilinear stability

In this section we consider a simplified instance of problem (1.4]), where the birth rate b is assumed
to be independent of the density wu, i.e.

Ou+ dgu+ Ala)u = —plu,a)u, t>0,a€ (0,am),
u(t,0) = / " b(a)u(t,a)da, ¢ >0, (3.1)
0
u(0,a) = wupla), a € (0,am).

If also the mortality rate p was independent of u, we would recover the linear problem, which
was studied in [36], [37] and serves as a basis for the forthcoming considerations of this section.
As a first crucial observation we remark that the linear structure of the birth rate allows to
interpret as a semilinear Cauchy problem in an appropriate Banach space. The question of
stability then reduces to the analysis of the corresponding linearised problem. Assuming maximal
Ly-regularity of the diffusion operator A, this will enable us to obtain a characterisation of the
stability behaviour. Note that in particular we assume p € (1, 00) throughout this section.
To be more precise, we would like to think of as a problem of the form

%u = —Au+F(u), t>0, (3.2)
U(O) = Uo,
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with a suitable linear operator —A that incorporates the age boundary condition w(¢,0) =
Jo " bla)u(a) da in its domain D(—A) C Eo. This operator should act as

—Adp=—0.0— Ap, ¢€ D(-A).

As regards the existence of a solution to , it would furthermore be desirable that —A gener-
ates a strongly continuous semigroup on the Banach space [Ey. To this end, an obvious approach
would be trying to apply classical results like the Hille-Yosida criterion, with the disadvantage
that, in general, one does not know the semigroup. In order to circumvent this issue, we will
take a different approach, carried out e.g. in [40], [33], which can be summarised as follows:
analogous to section one integrates the linear instance of problem . It can be shown
that this gives rise to a strongly continuous semigroup on Eg, and it is natural to conjecture
that the corresponding generator agrees with the operator —A sketched above. In some sense,
we have shifted the difficulties: instead of verifying the conditions for the Hille-Yosida (or some
related) criterion, we now have to determine the domain of the generator of a semigroup. It
turns out that the latter difficulty can be overcome if one imposes maximal L,-regularity on the
diffusion operator A (this assumption is not too restrictive and satisfied in many relevant cases).
Observe that in contrast to the alternative approach we now also have an explicit formula for
the semigroup, which is crucial for the subsequent considerations of section [3]

Let us start with the analysis outlined above and take a look at the linear instance of problem

BD):

O+ Ou+ A(a)u = 0, t>0,a€(0,anm)
u(t,0) — / " ba)ult,a)da,  t>0 (3.3)
0
u(0,a) = wg(a), a € (0,am).

Here we assumed without loss of generality a vanishing mortality rate p = p(a) = 0, since
otherwise it can be absorbed by the linear operator A. Equation was studied in [36], in
the following we collect some of the results obtained therein. To this end, we first clarify the
conditions that are imposed.

3.1 Assumptions

Throughout this section, Fy denotes a real Banach lattice with closed, total cone E . Note that
we do not distinguish Ej from its complexification in our notation as no confusion seems likely.
Let Eq be a densely and compactly embedded subspace of Ey. We fix p € (1, 00), set ¢ := ((p) :=
1 —1/p, and introduce

EC = (E03E1>C,p7 Eg = (E’](),Ejl)g7

for 6 € [0,1] \ {1 —1/p}, with (-,-)¢,, being the real interpolation functor and (-,-)s being any
admissible interpolation functor, cf. [2| Section 1.2.11]. Analogous to sections set

J:{ [0,am], ifam < oo (3.4)

[0,00), if ay =00

and define
Eo = L,(J, Ep), Ey = L,y(J, E1) N W, (J, Ep).

Furthermore, we denote by EJ those functions in Ey which take values in Ej almost everywhere
and remark that Eg becomes a Banach lattice.

23



As regards the operator A, we suppose that {A(a) : a € J} is a one-parameter family of linear
closed operators in Fy such that

D(A(a)) =Ey C Ey, forallaeJ
In accordance with [36], we suppose
Ae LOO(J,ﬁ(El,Eo)), O'—|—A € Cp(J,H(El,Eo;KJ,V)), (35)

for some p, v > 0, k > 1, 0 € R. Recalling Remark|2.26| this assumption implies that A generates
a parabolic evolution operator Il 4(a,0), 0 < 0 < a < a,, on Ey with regularity subspace E;
and there are constants M > 1 and @ € R such that

ITa(a, 0)ll2(Ea) + (@ — 0)* P Tala, o)l o(py,p.) < Mm@,
0<o<a<an, (3.6)

for 0 < 1 < B <a<1with 8 < g if 8> 0. We further assume that I14(a, o) is positive for
0<o<a<ay,and

w>0 if ap =oc. (3.7
Moreover, we suppose that
for each A > —w, a € J, the operator (3.8)
Ax(a) = XA+ A(a) has maximal L,-regularity, ’

and in the case a,, = 0o, we additionally assume

A(00) 1= limy_yq,, A(a) exists in L(E1, Ey),
for each A > —@, the operator (3.9
Ax(00) := A+ A(o0) has maximal L,-regularity.

Finally, we require

be BC(J,L(Ep)) N Ly (J,L(Ey)), 6 € [0,1],
b(a) € L4 (FEp) a.e. in J, (3.10)
limg_yq,, b(a) =0, if a,, < 00,

where p’ = p/(p — 1) is the dual exponent of p, and that

b(a)Ta(a,0) € L (Eo) is strongly positive, } (3.11)

for a in a subset of J of positive measure.

We remark that condition (3.11)) does not hold, if b = 0. In particular, Theorem below is
not applicable in this case.

Remark 3.1. In [36], condition (3.8)) is assumed to hold for all A € C, such that Re A > —@. At
a later stage, we will apply the stability result [36, Theorem 3.5]; it is straightforward to check
that it remains true under the weaker assumption (3.8]). O

3.2 Auxiliary results

As a first consequence of these assumptions we obtain

24



Corollary 3.2. Let A € C(J,L(F1,Ep)) satisfy (3.5) — (3.9). Then for each A > —@, the
operator
Ay=)A+A

has mazimal L,-regularity.

Proof. Let us start with the case a,, = co. Fix A > —@ and let a € J U {a,,}, then assumptions

(3-8) — (3-9) imply
OJO(A)\(G)) <0,

see [9 Corollary 4.2]. In particular, these operators are boundedly invertible and sectorial,
Proposition [2.37] then yields the claim.

Now let a,, < co. Fix A > —@©, then the uniform resolvent estimate in assumption (cf.
Remark implies the existence of a constant ¢ > 0, such that

wo (—(c+ Ax(a))) <0, VaelJ

In particular, these operators are boundedly invertible and sectorial. Furthermore, assumption
(3.8) in combination with a simple shift argument (cf. [9, Theorem 3.3]) leads to

¢+ Ax(a) € MR)(J, By, Ey), Va € J.
Proposition [2.36] and Proposition then imply
¢+ Ax € MR, (J, Eq, Ey).
With another application of the shift argument we conclude
Ax € MR)(J, E1, Ey),
and Proposition then yields the claim. O
Remark 3.3. Observe that instead of conditions — (3.9), we could have imposed

for each A > —w, the operator
Ax = A+ A has maximal L,-regularity.
Proposition m (together with some additional technical assumptions) then shows that —
is necessary. O
Analogous to sectionone can formally integrate equation in order to obtain a formula

for the solution:

3.12
IT4(a,0)By,(t —a), 0<ac<t, ( )

where B, (t) = u(t,0) satisfies, due to the age-boundary condition in (3.3]), the Volterra equation

u(t, a) = {HA(a,a —tugla—t), 0<t<a

Bu(t) — /0 b(a)TLa(a, 0) Buy (t — a) da
+ /am b(a)l4(a,a — t)ug(a —t)da, t > 0.

Since we are assuming (3.10)), there is a unique solution B,, € C([0,00), Ey) (see Lemma
below), hence we set
(S(t)uo) (a) == u(t, a), (3.13)

where u is the solution to (3.12]). As has already been pointed out in [36, Theorem 2.2], one can
argue along the lines of [40, Theorem 4] to obtain:
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Theorem 3.4. Assume the operator A satisfies conditions (3.5) — (3.7)), (3.10). Then S(¢),t > 0,
gwen by (3.13) is a strongly continuous semigroup on Eq with

sup e"©|S(1)]| (e,) < 00,

>0
where ¢ = MIbllL_(Jc(Ey))- If the evolution operator 114 is positive, then the semigroup
S(t),t >0, is positive.

In Corollary we have shown that the operator A + A has maximal L,-regularity. This
property is used in [36, Theorem 2.8] to characterise the generator

—A: D(*A) C Eo — EO
of the semigroup S(¢),t > 0:
Theorem 3.5 ([36]). Assume the operator A satisfies conditions (3.5) — (3.11)). Then ¢ € Eq
belongs to the domain D(—A) if and only if ¢ € Ey with

6(0) = / " b(a)é(a) da.

Furthermore, A¢ = Ou¢p + A for ¢ € D(—A).
In light of Theorem we can formulate problem (3.1)) as a semilinear Cauchy problem:
d

St = —Au+ F(u), t>0, (3.14)
u(0) = wup,
where we have set
F:D(F) CEy — E, F(u) = —p(u, - )u. (3.15)

Remark 3.6. Observe that in (3.15)), we implicitly assumed the element F'(u) = p(u, -)u € Eq to
be well defined. In general this cannot be expected, rather one has to impose proper conditions

on the mortality rate u, see (3.19) — (3.21)) below. O

Recalling Definition a function u € C([0,T),Eop) is said to be a mild solution to (3.14) on
[0,T), if u(t) € D(F) for all t € [0,T) and

u(t) = S(t)up + /Ot S(t — s)F(u(s))ds, te[0,7). (3.16)

If the nonlinearity is sufficiently regular, namely
F : D(F) C Eg — Ey is Lipschitz on bounded sets, with D(F) open, (3.17)

then Proposition guarantees the existence of mild solutions:

Proposition 3.7 (Existence of solutions). Assume the operator A satisfies conditions (3.5) —

(13.7), (3.10), and the nonlinearity F in (3.15)) fulfills condition (3.17). Then for every uy € D(F)

there exists a mazimal T = T(ug) > 0 such that there is a unique mild solution u = u(-,ug) to

(3.14) on [0,T). Furthermore, if D(F) =E¢ and T < oo, then lim; »p ||u(t, uo)|| = oo.
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Proof. Assumptions (3.5) — (3.7), (3.10) on the operator A guarantee that the semigroup S(t),
t > 0, is well defined, cf. Theorem 3.4L Since the nonlinearity F' satisfies condition (3.17)), we
can apply Proposition 2.12] and the claim follows. O

After having assured the existence of mild solutions, we can study their asymptotic behaviour,
in particular the convergence to equilibrium states:

Definition 3.8. An element ¢ € D(—A)ND(F) C Ey is called an equilibrium of equation (3.14])
if it satisfies
— A+ F(¢) =0. (3.18)

3.3 Stability of the trivial equilibrium

In the following we study the semilinear Cauchy problem , in particular the stability be-
haviour of the trivial equilibrium ¢ = 0, cf. Definition In order to employ the method of
linearisation, some regularity conditions have to be imposed on the nonlinearity , which
we clarify below.

We consider a nonlinear mortality rate

pw:DxJ — Li(Ep)
(u,a) +—  p(u,a), (3.19)
where D C Eg is an open neighbourhood of ¢ = 0, assume a continuity condition
a — u(u,a)v € C(J, Ep), Yu € D,v € Ey, (3.20)
and existence of a constant i € Ry, such that for arbitrary (u,a) € D x J we have
w(u,a)v < v, Vo e E;. (3.21)
Furthermore, we impose that
(a— p(0,a)) € C°(J,L(E1, Ey)), (3.22)
with Holder exponent p from .

Remark 3.9. The growth assumption is justified if we recall the single-species model from
the introductory section: in that model we have a spatial variable x € Q@ C R™ and the mortality
modulus p = p(u,a, ) is a real nonnegative scalar. The condition 0 < p < 1 then means that
the portion of deceasing individuals cannot be greater than the actual population. Furthermore,
if we want to allow for a spatial dependence of the mortality modulus or a population consisting
of several subspecies (e.g. predator-prey models), we have to interpret p as a bounded positive
operator rather than a scalar in the abstract setting. O

Given assumptions (3.19) — (3.21), we see that the nonlinearity gives rise to a well defined
map

f:DCEy — L, (Ep)
u = (.,

where (u(u,.)v) (@) = p(u,a)v(a),a € J, v € Ey, and with Proposition we conclude
| f(u)llz@g,) < 4f. Observe that condition (3.20) guarantees the strong measurability of the
function

J —= E
a — plu,a)v(a),
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for u € D,v € By (cf. proof of Lemma [A.4). We assume
f:D CEy — L(Ey) is Lipschitz continuous (3.23)
and define

F:DCE, — K
u — —f(u)u.

Then we have
F : D C Eq — Eg is Fréchet differentiable at ¢ = 0,

with derivative F'(0)u = —f(0)u, u € Eo, (3.24)
and Lipschitz continuous on bounded subsets of D,

which is an immediate consequence of the estimates
| = fwu+ f(O)ullg,
1S (w) = FO)l 2eo) Il

o([lullg, ),

[1E(u) — F(0) + f(0)ullg,

IN

and

[ (u) = F(v) g I1f () = F(0)ll 2o llulle,

<
+  f @) 2@y lu— vk,

Remark 3.10. Observe that property (3.24]) allows to apply Proposition and therefore
yields existence of mild solutions to equation (3.14)). Furthermore, the growth assumption (|3.21))

implies

F(u)+fu>0in Ef, Yu e Ef ND,
Proposition therefore guarantees that a positive initial datum uy € D leads to a positive
mild solution. O

After having declared the main assumptions, we can start the analysis of the stability be-
haviour for the equilibrium ¢ = 0. According to the principle of linearised stability from Theorem
m it suffices to analyse the semigroup generated by the operator —A + F’(0). This generator
acts as

(—A+F'(0)Y = —Av — u(0,.)%, &€ D(-A).

To this end, we define A
A(a)v := A(a)v + p(0, a)v, v € Fy, (3.25)

and denote by Il j(a,0), 0 < o < a, the parabolic evolution operator generated by A, the exis-
tence of which will be verified in Lemma [3.11] Observe that in the special case of commutativity
of A with u(0,.), the evolution operator is given by the formula

Ij(a,0)=e" J7 10:8)ds11 4 (4, 0), 0<o<a.

Before we inspect the perturbed operator A in Lemma [3.11] we have to impose a final as-
sumption. Namely, in the case a,, = co, we assume

#(0,a.,) = lim pu(0,a) exists in L(E1, Ep). (3.26)

a—rQm,
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Lemma 3.11 (Perturbation lemma). Assume the operator A fulfills conditions — , and
the mortality rate p_satisfies (3.19) — (3.22). Then, conditions — remain true for the
perturbed operator A in @I}

Assume, in addition to the previous assumptions, the operator A fulfills conditions - ,
and in the case a;, = 00, let also hold. Then, conditions - remain true for the
perturbed operator A.

Proof. Let us start with condition (3.5)). As already pointed out, we have [|1(0,a)| (g, < 4,
due to assumption (3.21), and since ¢ : By — Ejp is bounded, we obtain [|u(0,a)|lz(z,,5,) <
4fie]lz(py,Bo)- Thus, we see that

A€ Loo(J, L(Ey, Eyp)).

Next we consider some fixed a € J and recall that —A(a) generates an analytic semigroup on
Ey. Since p(0,a) is a bounded operator on Ey by (3.19)), we conclude that

A(a) € H(Ey, Ey), YaelJ

(cf. [II Prop I11.1.12], alternatively we can argue that 1(0,a) o¢: Ey — Ejy is compact, hence
A(a) generates an analytic semigroup by [7, Thm 1]).
Together with this implies that condition 1} remains true for the operator A.

In the next step we verify and , i.e. we have to control the growth bound of
the evolution operator corresponding to A. Essentially this means that we have to establish
proper resolvent estimates for the perturbation. However, classical “bounded perturbation” type
estimates in the sense of e.g. Proposition 2.9 are not sufficient for our purpose, since they do not
guarantee that the growth bound does not increase (or remains negative) in the perturbation
process, as required in . To resolve this issue we will apply maximum principle techniques,
for which the positivity of the perturbation term u(0,.) will be crucial. To this end we observe
the relation

a

II;(a,0)v =T4u(a,0)v — / ITa(a, s)p(0, s)IT 4(s, 0)v ds, (3.27)

o

(cf. proof of [2, Lem. IL.5.1.4]). Now let us assume for the moment that with II4 also II; is
positive. Since u(0,.) is a positive operator by assumption, the relation above implies,

II;(a,0)v <Ia(a,0)v, Yo >0,
and Proposition [2.5] then yields [|TI ;(a, 0)|| < 4|[IL4(a,0)|. Together with assumption (3.6)), this
implies
L4 (a,0)l|2(m) + (a = 0)* P 4(a,0) | £(my,m0) < 4Me™ 277,
0<o<a<an, (3.28)
Thus, we see that (3.6)) and (3.7) hold and it remains to show the positivity of II ;. This can
be achieved with an argument like in the proof of Proposition for the sake of completeness

we present it here:
Essentially, we want to show that the solution to the problem

diilu = —A(a)u,
u(o) = wveE,
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is positive. To this end, we rewrite the problem in two successive steps. First, we interpret the
zero order term in A as an inhomogeneity:

d

—u = A —

Tl (a)u — (0, a)u,
u(c) = veE].

In the second step we add and substract the zero order term fiu, writing Az = A + fi¢, then
yields:

d
= —Ap(a)u+ (—p(0,a) + L) u,
u(c) = veE]f.

Now we observe that IT4, (a,0) = e~ M=) 4 (a, o) is positive and the solution u can be obtained
by a Banach fixed point iteration. The growth assumption guarantees that the iterate
solutions are positive, hence the claim follows.

Next, we examine the maximal regularity conditions — . More precisely, we assume
the operator A satisfies — , then we have to verify

for each A > —w, a € J, the operator
Ax(a) == XA+ A(a) has maximal L,-regularity,

and in the case a,, = o0,

A(00) :=limg_,q, A(a) exists in L(E1, Ep),
for each A > —w, the operator
Ax(00) := X+ A(c0) has maximal L,-regularity.

To this end, we fix A > —@ and consider the case a,, < oo first. Recall that for each a € [0, a,],
we have p(0,a) € L(Ey), in combination with maximal L,-regularity of the operator A + A(a)
this implies
A+ A(a) € MRY(J, E1, Eg),  Va € [0,am),

see e.g. [9 Theorem 6.2]. Proposition then yields the claim.

Now let a,, = co. Observe that assumption together with implies existence of
the limit

A(c0) := lim A(a) in L(Ey, Ep).

a—r A,

Let us fix a € J U {ay}, then maximal L,-regularity of the operator A + A(a) implies that
the growth bound of the associated semigroup is negative, i.e. wo(—(A + A(a))) < 0. Since
1(0,a) € L(Ep) by assumption (3.19), we conclude as in the first part of the proof

wo(—(A + A(a))) < 0.
2 0 L. .
Consequently, A + A(a) € MR, (J, By, Ep) by [9, Theorem 5.2]. Proposition then yields the
O

claim.

Let us suppose, the operator A fulfills conditions — , and the mortality rate p is
such that — hold.
Then it was shown in Lemma that conditions — remain true for the perturbed
operator A in . If, in addition, is satisfied, this perturbed operator induces a one-
parameter family of operators S (t),t > 0, via formula (where the evolution operator II4
is replaced by II ;). Furthermore, Theorem is applicable, and we conclude that S (t),t >0,
is a strongly continuous semigroup on Ey. To sum up, in analogy to Theorem we have:

30



Corollary 3.12 (Perturbed semigroup). Assume the operator A fulfills conditions (3.5) — (3.7),

li and the mortality rate pi satisfies |D — || Then the operator A in (3.25)) induces
a semigroup S(t),t > 0, on Eq, with

sup e “~ VS (t)| £y < 00,
t>0

where ¢ = 4 M||b||1.. If the evolution operator I14 is positive, then the semigroup S(t),t > 0, is
positive.

Proof. The existence of the semigroup S (t),t > 0, has already been clarified in the motivation
preceding the statement. As regards the estimate, we observe that the assumed conditions were
used to establish estimate in the proof of Lemma An application of Theorem [3.4] to
the operator A then yields the claim.

In the proof of Lemma [3.11] it was shown that the positivity of the evolution operator I1,4, in
combination with assumption , implies the positivity of II ;. The positivity of the semigroup

S(t),t > 0, is then an immediate consequence. O

Subsequently, we introduce a one-parameter family of operators Ay =M+ A, with A € C,
and their corresponding parabolic evolution operators

HA/\(G,O') = e_)‘(a_”)HA(a,a), 0<o<a<ay.

Finally, for A € C, with Re A\ > —@ if a,, = o0, we define linear operators Qy, Qx € L+ (Ep) by

Oy = /O " b(@)TLa, (a, 0)da,

Oy = /Oamb(a)HAk(a,O)da, (3.29)

and denote by T(Q)\),T(Q)\) € R, the corresponding spectral radii. Observe that the bound-
edness of these operators is a direct consequence of assumptions , . Furthermore, the
parabolicity of the evolution operator II4 (in the sense of ), together with the compact
embedding F1 — Fjp, implies the compactness of Qx € L4 (Ey), cf. [36, Lemma 2.4]. This
observation, in combination with the crucial assumption (3.11)), was used in [36] to employ the
Krein-Rutman Theorem and conclude:

Lemma 3.13 ([30]). Assume the operator A fulfills conditions — [B11). Let X € R, with
A > —w if ay = 00. Then the spectral radius r(Qy) is positive and a simple eigenvalue of
Qx € L(Ey) with an eigenvector in Ey that is quasi-interior in Ear. It is the only eigenvalue of
Q\ with a positive eigenvector.

Lemma 3.14 ([36]). Assume the operator A fulfills conditions (3.5) — (3.11). Then the mapping
A= r(Qr)] : [0,00) = (0,00)
is continuous, strictly decreasing, and limy_ o, r(Qx) = 0.

Lemma 3.15 ([36]). Assume the operator A fulfills conditions (3.5) — (3.11). Let A € C with
ReX > —w if ap, = 00 and let m € N\ {0}. Then A € 0,(—A) with geometric multiplicity m if
and only if 1 € o,(Qx) with geometric multiplicity m.
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Lemmata allow us to show that the operator QO encodes the stability behaviour of
the trivial equilibrium ¢ = 0 (recall formulation ([3.14) and Definition [3.8):

Theorem 3.16. Assume the operator A fulfills conditions (3.5)) — (3.11)), the nonlinearity F' in
(3.15) satisfies (3.19) — (3.23), and in the case a,, = oo, let also (3.26) hold. Lastly, suppose
A fulfills condition () Then the asymptotic behaviour of equation li 1s characterised as
follows:

1. If the spectral radius r(@o) is strictly smaller than 1, then the growth bound wy(—A+ F'(0))
is negative. In particular, the equilibrium ¢ = 0 is exponentially asymptotically stable.

2. If the spectral radius T(Qo) is strictly greater than 1, then the equilibrium ¢ = 0 is unstable.

Proof. Observe that the operator A in fulfills conditions — by Lemma

condition obviously remains true and condition holds by assumption. Therefore, we
can apply the results obtained in [36] to the induced semigroup S(t),t > 0, from Corollary (3.12
and its generator —A. By Theorem this generator is given by —A = —(9,4+A4) = —A+F'(0),
where we used for the last equality. In particular, if 7(Qg) < 1 holds, then [36, Theorem
3.5] implies that the growth bound wy(—A) is negative. Theorem m then implies the first
assertion.

In [36l, Lemma 3.2] a negative upper bound for the a-growth bound w;(—A) is established.
The perturbation A satisfies — , , so we can apply the aforementioned lemma
to the operator —A and see, that also wyi(—A) is negative. In the next step we will show that
wo(—A) is positive, Theorem then implies that the equilibrium ¢ = 0 is unstable. In order
to see that the growth bound of —Ais positive, we will apply some results of [36]. To this end,
we consider the one-parameter family of operators Qy € L(Ep), for A > 0, introduced in .
By assumption, T(QO) > 1 holds, so Lemma implies that there is some A > 0 such that
T(Q,\) =1. By Lemma ’I“(QA)\) =1 is an eigenvalue of Q. Now we can use Lemmamto
conclude that A is an eigenvalue of —A. Since \ is positive, we see that the growth bound has
to be positive as well. This finishes the proof. O

Remark 3.17 (Interpretation). By Theorem [3.16] stability of the equilibrium ¢ = 0 is encoded
by the compact operator

Qo= [ o i(a.0)da € £4(Ew)

which allows an intuitive interpretation: If the operator Qo is small, e.g. if the birth rate b is
small or the diffusion operator —A = —(A + 1(0,-)) has large sinks (meaning there is a spatial
drain of population), then a small population will become extinct. O

Example 3.18. In the following we will work out a more concrete example and demonstrate
an application of the theory we have developed so far. We consider the example introduced in
section [T}

Ou + Oqu — divy(d(a, z)Veu) = —plu,a)u, t>0,a € (0,a,), z € Q,
u(t,0,x) = / b(a,z)u(a)da, t>0,z €€,
0
du(t,a,z) = 0, t>0,a€(0,an), € 0,
w(0,a,2) = ¢(a,z), a€ (0,an), x € Q,
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where Q2 C R" is a bounded domain of class C? (cf. [1]).
We want to formulate this problem in the abstract framework (1.4). To this end, we fix
q € (1,00), and set

Eo:=Ly(Q), E:=WZg:={pecW;(Q):9,¢=0}

with Fy ordered by its positive cone of functions that are nonnegative almost everywhere. Fur-
thermore, we introduce for each a € [0, a,,) the operator

A(a) B = EQ,
(A(a)v) () = —divy(d(a,z)V,v), for v e Ey,z € Q.

At this point we have to make some assumptions on the coefficient of the above differential
operator. Recalling definition (3.4)) , we require the ellipticity condition

d(a,z) >¢>0, V(a,z)eJxQ,
where c¢ is some positive constant, and a regularity condition, for simplicity e.g.
d € BC*(J x Q).

In the following we verify that the required assumptions of Theorem hold.

Let us start with the family of operators A(a),a € J. Note that our ellipticity and regularity
assumptions on the coefficient imply that for a € J fixed, (A(a), B) constitutes a regular elliptic
boundary value problem as studied in [I] (with the symbol B denoting Neumann boundary
conditions). As in [T, Sect. 7] we therefore conclude that —A(a) generates an analytic semigroup
on Fy, together with the prescribed regularity of the coefficient this implies that condition
is satisfied.

As has already been pointed out in , there exist constants M > 1, @ € R such that

Ta(a, o)l (e + (@ — 0)* P [Ta(a,0)| cimy.m) < Me™ ),
0<0o<a<anm,

for 0 < 51 < <a<1with 51 < g if 8 > 0. Note that condition will not hold in general
(consider the constant family of operators A(a) = —A, a > 0, which admit the eigenvalue A = 0).
For this reason, we will translate the differential operator A(a) by a zero order term, i.e. for
7 < 0 fixed, we introduce the operator

—A; = —A+ T,

where ¢ : E1 — Fy, and observe that our initial problem can be formulated as

Ou+ du+ Ar(a)u = —(7+ p(u,a))u, t>0,a€(0,anm)
u(t,0) = / " ayu(a)da, >0 (3.30)
0
u(0,a) = wo(a), a € (0,am).

The idea is that we continue our analysis with the A,.-formulation instead of the natural A-
formulation. It is easy to see, that condition (3.5) is still satisfied. Let II4,114  denote the
evolution operators associated with A and A, then we have the identity

M4 (a,0) = e @14 (a,0), 0<0<a<ap.
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Now we multiply estimate (3.6) for the evolution operator II4 with the factor e™(®=%) to obtain

T4, (a,0) ]| c(p.) + (a— 0)* T4, (a,0)l|c(5,,5.) < MeT2)N07),
0<o<a<ay,,

and for 7 sufficiently small we can achieve 7 — @ < 0 if a,, = oo, hence the operator A, satisfies

condition .

Let us now turn to the verification of condition for A,, i.e. we want to show that for
each A > 7 — @, a € J, the operator A + A.(a) has maximal L,-regularity. So let us fix some
A > 7—w, a € J, and note that [I Thm 11.1] implies that —A(a) is the generator of a contraction
semigroup on Ej (observe that the scalar structure of the diffusion term d implies 63&’& =0 in [T}
Thm 11.1]). In particular we see that for A > 7 — & we have

wo(—(A+Ar(a))) =7 = A4+ wy(—A(a)) <@ <0,

where the last inequality is a consequence of [2, Thm II1.5.1.1] (alternatively, after inspecting es-
timate (3.6), we see that we can decrease @ until we have a negative sign). Thus, — (A + A-(a))
generates for each a € J a contraction semigroup on Ey with negative growth bound. Further-
more, the operator is selfadjoint on L2(Q2) and by [I, Sect. 7] resolvent positive. Hence we are
in the situation of [2, Ex. II1.4.7.3(d)], and conclude

A+ Ar(a) € BIP(Ey,0), with 6 = 0(q) € [0,7/2).
Now we can apply [2) Thm I11.4.10.7] to obtain that
A+ A;(a) € L(E, Ep) has maximal Ly-regularity.
For the case a,, = oo let us assume that the coefficients
d(a,.), Vzd(a,.) converge in (C(Q),]].|ls) as a — oo.

Then also the limit, denoted by (A(o0), B), constitutes a regular elliptic boundary value problem
in the sense of [I], and as before we conclude

A+ A, (o0) € L(E1, Ep) has maximal L,-regularity.

Hence we see that conditions — are fulfilled.
Condition is an assumption on the asymptotic behaviour (and the sign) of the birth
rate b, and is assumed to be satisfied in the following.
Finally, let us assume
q>n+2,

so that [0, Cor. 13.6] implies that II14_(a,0) € £4(Ep) is strongly positive for a > 0. Therefore,
condition is satisfied if b(a) > 0 € R for a in a subset of J of positive measure, what is
true unless b = 0, since b is continuous by .

At last it remains to scrutinise the nonlinearity. Observe that in formulation (3.30), the
corresponding nonlinearity is given by

pir (u, ) = plu, -) + 7, (3.31)

and we have to show that conditions (3.19) — (3.23), (3.26) of Theorem hold. This is for
instance the case, if y is of the form

W) B Ry ) = ol " k(a) u(a) da),
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with ¢ € BCY(R,R,) such that infyeg g(\) > —7, and k € L,(J, Ey’), where p’ is the dual
exponent of p.

In light of the foregoing considerations, the linearised term takes the form u,(0,.) = u(0,.)+7,
and the perturbed operator A, is given by

A@y = (Ar(a)+ pr(0,0))v
= (A(a) + p(0,0))v
= (A(a) + g(0))v,

for v € E1,a € J. Consequently, also the operator A, satisfies condition 1b and we see that
all assumptions of Theorem [3.16] are fulfilled. O

In the remaining part of this section we study the stability behaviour of the equilibrium ¢ = 0
for the treshold value (@) = 1, cf. Theorem To this end we will need the following general
result (cf. (24b) in [24)):

Proposition 3.19. Let E be a Banach space and —A the generator of a strongly continuous
semigroup S(t),t >0, on E. Assume the following conditions are fulfilled:

1. wi(—A) <w(—A).
2. Every eigenvalue A of —A with Re A = s(—A) is simple.
Then there is a constant M > 1 such that the estimate
ISl ey < Mexp(s(=A)t), >0
holds.
The positivity of the semigroup S(t),t > 0, together with Proposition [3.19] allow us to derive:

Proposition 3.20. Assume the operator A fulfills conditions (3.5) — (3.11)), the nonlinearity F
m satisfies — 1) and is such that 1) holds. Letug € By be an arbitrary initial
value and u( .;ug) : [0,Ty,) — Eo the corresponding mild solution to equation . Suppose
the spectral radius of the operator Qo € L(Ey) is equal to 1. Then there is a constant M>1
such that the estimate R

l[u(t; uo)llg, < Mlluolle,, — t € [0,Th,)

holds. In particular, if the nonlinearity is such that D(F) = Eq, then the trivial equilibrium is
stable within the cone E{ .

Proof. Assumptions - guarantee that F' : D(F) C Eg — Eg is well defined, cf.
Remark Furthermore, condition implies that Proposition is applicable, and we
obtain the existence of a unique mild solution v = u(-, ug), defined on a maximal interval [0, T, ).

Since the semigroup S(t),t > 0, and the solution ¢ — wu(t;ug) are positive (here we used
assumption (3.21)), c¢f. Remark [3.10)), we can combine the formulae for the mild solution
and the nonlinearity (3.15) to conclude

0 < u(t;up) < S(t)ug, 0<t<Ty,.
Because Ej is a Banach lattice, this in turn implies

lu(t;uo)l[e, < [IS(H)uolley, 0 <t < T (3.32)
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Let us recall the definition of the operator @)y in , then we know from Lemmathat the
spectral radius r(Qq) is an eigenvalue of Q. Furthermore, we have r(Qp) = 1 by assumption.
Thus we can apply Lemma [3.15] to conclude that 0 € oy, (—A).

In particular, we must have wo(—A) > 0. Since the a-growth bound w;(—A) is strictly
negative by [36, Lemma 3.2], we see that the first condition of Proposition is fulfilled.

In the following we verify the second condition of Proposition [3.19] To this end we remark
that for the essential spectrum, the estimate

sup Re A <w;i(—A) (3.33)
A€o (—A)

holds (cf. [38, Proposition 4.13]). Now let us assume there exists A € o(—A) with Re A > 0. In
particular we have the strict inequality

s(—A) > wi(—A),

where s(—A) = sup Re o(—A) denotes the spectral bound. Applying Proposition we obtain
that the peripheral spectrum contains exactly one element, namely the spectral bound:

oo(—A) = {s(-A)}. (3.34)

Estimate implies, that s(—A) cannot lie in the essential spectrum and therefore is an
eigenvalue of —A (cf. [38, Proposition 4.11]). This in turn implies that 7(Qs—a)) > 1, by Lemma
But, since 7(Qg) = 1 by assumption, this yields a contradiction to the monotonicity of the
spectral radii in Lemma [3.14]
To sum up, we have shown
s(—A) =0,

and it is easy to see that identity (3.34) remains valid. Furthermore, [36, Lemma 3.6] tells us
that 0 is a simple eigenvalue of —A (here we again used the assumption 7(Qg) = 1).
Thus we see that Proposition is applicable and obtain

ISl ey <M, t>0.
This estimate, together with (3.32)), leads to
u(t; uo)lle, < Mlluollzy, ¢ €[0,Tuy)-
Furthermore, if D(F) = Eo, then Proposition [3.7]implies T}, = co, and the proof is complete. [

The following result gives, in combination with Theorem [3.16] a rather complete characteri-
sation of the stability behaviour of the equilibrium ¢ = 0 in terms of the spectral radius of the
operator gy € L(Ey) defined in 1|

Theorem 3.21. Assume the operator A fulfills conditions (3.5) — (3.10), the nonlinearity F in

(13.15) satisfies (3.19) — (3.22), and is such that (3.17) holds. In the case a,, = 0o, let (3.26]) hold.
Lastly, suppose A fulfillls condition l)

Let ug € E§ be an arbitrary initial value and u(.;ug) : [0,Tu,) — Eqo the corresponding mild
solution to equation 1] Suppose the spectral radius of the operator Qo € L(Ey) is equal to 1
and p(v,.)v > (0, v, Yo € D(F)NES. Then there is a constant M > 1 such that the estimate

[|u(t; uo)llE, < MHUOH]ED7 te€0,Ty,)

holds. In particular, if the nonlinearity is such that D(F) = Eq, then the trivial equilibrium is
stable within the cone Ear.
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Proof. Assumptions - guarantee that F' : D(F) C Ey — Eg is well defined, cf.

Remark Furthermore, condition implies that Proposition is applicable, and we

obtain the existence a unique mild solution u = u(-, up), defined on a maximal interval [0, T, ).
Next we observe that the Cauchy problem is equivalent to

%u = —Au-— (n(u,.) = p(0,.))u, >0,
U(O) = Uop,

where —A := —A — (0,.) = —(8, + A). We would like to argue as in the proof of Proposition

3.20} so we first verify that the reformulated problem satisfies the corresponding prerequisites:

Our assumptions guarantee that Lemma [3.11] is applicable, and we conclude that the operator
i

A satisfies conditions 1} — 1' Observe that the remaining conditions || — ) hold

by assumption.

Next we recall from Corollary that A induces the semigroup S(t), t >0, on Eqg, and by
Theorem its generator is —(9, + A) = —A. Since we have r(Qg) = 1 by assumption, we
obtain as in the proof of Proposition [3.20] the estimate

1S@)l 2ro) < M, t>0.

Furthermore, we have

) = (0o~ |5 =) (1(20) = u0) u(s) .

cf. Lemma [2.15] Together with the assumed monotonicity of u, this leads as in the proof of
Proposition to the estimate

lu(®)lzy < 15 (t)uollz, < Mlluolles, — t € [0,Tu,).

Finally, if D(F) = Eg, then Proposition implies T),, = 0o, and the assertion follows. O

3.4 Stability of nontrivial equilibria

In the following we investigate the stability behaviour of nontrivial equilibria of equation (3.14]).
More precisely, we consider a fixed element

¢ € D(-A)ND(F) CEy, ¢#0,

which is such that
—Agp+ F(¢) =0, (3.35)

cf. Definition [3.8] In order to employ the method of linearisation, we have to impose some
conditions on the nonlinearity F' in (3.15]), which are specified below.
First of all, in analogy to (3.19), we suppose that it is of the form

pw:DxJ — Li(Fy)
(u,a) +—  p(u,a), (3.36)

where D C Eq an open neighbourhood of ¢, assume a continuity condition

a— p(u,a)v € C(J, Ep), Yu € D,v € Ey, (3.37)
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and existence of a constant i € Ry, such that for arbitrary (u,a) € D x J we have
plu,a)v < fiv, Vv e Ef. (3.38)
Furthermore, we impose that
(a = u(¢,a)) € C*(J,L(E1, En)), (3.39)

with Holder exponent p from (3.5)).
Recall from section that assumptions (3.36) — (3.38]) give rise to a well defined map
f : D C EO — £+ (Eo)
u = (.,

with || f(u)| z&,) < 4 1. We assume

f:D CEy— L(Eg) is Lipschitz continuous

and Fréchet differentiable at ¢, (3.40)

and define

F:DCE, — K
u — —f(u)u.

Then we have
F: D CEy— Eg is Fréchet differentiable at ¢,

with derivative F'(¢)u = — (f'(¢)u) ¢ — f(P)u, u € Ey, (3.41)
and Lipschitz continuous on bounded subsets of D,

which is an immediate consequence of the estimates

1F(u) = F() + (f'(¢)(u— ¢)) ¢+ f(¢)(u — ¢)l|k,

= (= f(w) + f(#)d+ (f(&)(u—9)d+ f(¢)(u—¢) — f(u)(u—¢)llk,
< f(w) = £(9) = F(D)(w = D)l cceo) 19lleo + 1 (1) = (D)l 2ces 1 — Pl
= o(lu = ¢llg, ),

and

[E(u) = Fo)llg, < [[f(w) = f(0)llc@o) llullg,
+ e e = vl

Remark 3.22. Observe that property (3.41)) allows to apply Proposition and therefore
yields existence of mild solutions to equation (3.14]). Furthermore, as already pointed out in
Remark a positive initial datum ug € D leads to a positive solution of (3.14]). O

Remark 3.23. In many concrete applications, the nonlinearity u +— p(u,.) depends in a nonlocal
manner on u, and the corresponding linearisation therefore gives rise to an integral operator.
Hence, the first term of F'(¢) in (3.41) can be expected to define a compact operator on Eg, cf.

Example [3:24] Theorem [3.31] O
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Example 3.24 (Nonlocal dependence). Recall Example where we considered

pO) B >Ry ) = o[ k) uta) da),
with ¢ € BCY(R,Ry), and k € L,(J, Ey'), with p’ the dual exponent of p. It is not hard to

verify that

FZEO — EO
u = —ulu)u

is well defined and conditions (3.36]) — (3.40|) are satisfied. For instance, for the Fréchet derivative

we have

Fow = ¢ ( /Oamuaw(a)da) | @y v@ans

([ k@ oty da) .

with operator norm [|F'(¢)|lz(x,) < l9ll 5o (1 + ||k||Lp,(J7E0/)||¢H]EO>. O

Example 3.25 (Local dependence). In the following we consider a nonlinearity which depends
in a local way on u € Eg. More precisely, let g € BC*(R,R,),v € Ey" and set

/J’(UH CL) = g(<U7 u(a)>Eo)7 /J,(’U,7 ) : (07 am) — Ry
Since g is continuous and bounded by assumption, the map

F:Ey — Eg
u = —ulu,.)u,

is well defined. It turns out that the differentiability condition in (3.40) is problematic, we do
not know if it is satisfied at all. However, we claim that F' is Gateaux-differentiable at ¢ € Eq,
with Gateaux derivative

SF(¢)0 = —g'((v, () k) (0,90 ()) o ¢ — 9((vs 6( ) E) ¥, ¢ € Eo.

In order to verify this claim, introduce an auxiliary function,
G:Eo =Ko,  G(u):=g({v,u())) o

By the dominated convergence theorem, GG is Gateaux-differentiable, with derivative

3G () = lim =+ (Glu+ 1) — G(u)) = ¢ (0, w9} 6, 6 € Bo,

and [|0G (u)| 2y < 19]lBcr [|9lo [V]| 2y, Where we used ¢ € Ey <= Loo(J, Ep), cf. [2, Theorem
I11.4.10.2]. Now we can write

(P64 1) F(6)) = 1 (G(o+ 1) — G() + g((v, 6+ 1) 1)
and consequently

OF(0)y = —g' (v, 0())) {0, ()) & — g((v,¢(-)) ¥, ¢ € Eo,
with [|6F()l|ce,) < llgllser (19lloo 0]l 2er +1)- H

39



Returning to the general case, let us set
—Ap =AY+ F'(¢)v, ¥ € D(-A), (3.42)

where —A denotes the generator of the semigroup S(t),¢ > 0, cf. Theorem [3.4] & As regards
the stability behaviour of equation (3.14), Theorem tells us that it suffices to analyse the
semigroup generated by the operator —A. This generator acts as

—Ap = —AY — (f (DY) 6 — (e, ), 1 € D(-A),
due to .

So far, we have proceeded analogous to the trivial equilibrium case, but in the next step a
new difficulty arises. To be more precise, one would like to continue the analogy and define an
operator fl(a) € L(Ey, Ey), a € J, pointwise, i.e. for every v € E;. However, the (f'(¢).) ¢
part of the linearsation —A cannot be defined pointwise in general, since it might depend in a
nonlocal way on 1 € Eg, cf. Example [3.24]

One way around this difficulty is to separate the local part from the (potentially) nonlocal

one: set

Alocw = A¢+H(¢7)¢, wGD(fA)a
By = (f(o))¢, 1€y,

then, by definition, . R
—A=-A).—B on D(—A), (3.43)

with B € L(Ep) due to assumption (3.40]).
For the local part we can continue the analogy and define, cf. (3.25)),

A(a)v := A(a)v + p(e, a)v, v € By, (3.44)

and denote by II;(a,0), 0 < 0 < a < ap, the parabolic evolution operator generated by fl, the
existence of which can be shown as in the trivial equilibrium case (cf. Lemma [3.11)):

Lemma 3.26 (Perturbation lemma). Assume the operator A fulfills conditions (3.5) — (3.7), and
the mortality rate p_satisfies (3.36) — (3.39). Then, conditions (3.5) — (3.7) remain true for the

perturbed operator A.
Assume, in addition to the previous assumptions, the operator A fulfills conditions (3.8) — (3.9),
and in the case am = 00, let the analogue of (3.26)) (replace 0 with ¢) hold. Then, conditions

(3.8) — (3.9) remain true for the perturbed operator A.
In analogy to Corollary we can conclude:

Corollary 3.27 (Perturbed semigroup). Assume the operator A fulfills conditions (3.5)—(3.7), (3.10),
and the mortality rate p satisfies 1' — 1D Then the operator A in 1’ induces a semi-
group S(t),t > 0, on Eq, with

sup e “ VS (1) £y < 00,
t>0

where ¢ = 4 M||b||;.. If the evolution operator 14 is positive, then the semigroup S(t),t > 0, is
positive.
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Finally, we define the operator Qo € £L(Ep),

Oy = /0 " b(a)TL 4 (a, 0)da,

and formulate a first stability result (cf. Theorem [3.16)):

Theorem 3.28 (Stability of small equilibria). Assume the operator A fulfills conditions (3.5 —
, the nonlinearity F in satisfies — , and in the case ay, = oo, let the
analogue of (replace O with ¢) hold. Lastly, suppose A fulfills condition . Then we
have:

If the spectral radius T(Qo) is strictly smaller than 1, then the growth bound wo(—Aloc) is negative.
Furthermore, if the operator B € L(Eg) in is “sufficiently small”, then the equilibrium ¢
from 18 exponentially asymptotically stable.

Proof. Observe that the operator A in fulfills conditions — by Lemma

condition obviously remains true and condition holds by assumption. Therefore, we
can apply the results obtained in [36] to the induced semigroup S (t),t > 0, from Corollary
and its generator. By Theorem his generator is given by —(9, + A) = —Ape. Furthermore,
if 7(Qo) < 1 holds, then [36, Theorem 3.5] implies that the growth bound wy(—A,.) is negative,
and the first claim is proved.

Let us write e~ thtoe = S’(t),t > 0, cf. Remark and wq 1= wo(—Aloc). By definition of the
growth bound, for every € > 0 there is a constant C'(¢) > 1 such that

[le™ e || < C(e) etote). (3.45)
An application of Proposition [2.9] then yields

et AroctB) | < O(e) etwote+C (o) IBI) t>0.
In particular, if B € L(Eg) is such that

~(en +0)
B < <55,

then wo(—(Ajo.+B)) < 0 (recall that wy is negative, so we can choose € > 0 such that —(wo+e€) >
0). Theorem then implies the assertion. O

Remark 3.29. In the stability statement of Theorem the equilibrium is assumed to be
“sufficiently small”. If a more quantitative description of this smallness assumption is desired,
it is necessary to refine estimate . Depending on the depth of the corresponding analysis,
this endeavour can become more or less involved. One of the simpler approaches can be carried
out as follows:

Let us write e *Aoc = §(¢),¢ > 0, cf. Remark As in Corollary one can show that there
exists a constant C' > 1 such that

||e—t1§zoc <C et(f—@)7

where ¢ = 4M||b|1_ (in particular, wo(—Ae) < ¢ —@). An application of Proposition then
yields X X
||e~tBeetB)|| < O et @HCIBID, t>0.
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In particular, if B € L(Eg) is such that

W C
]B s —

then wo(—(Aje + B)) < 0, and Theorem yields stability of the equilibrium. Note that this
approch only makes sense if w — ¢ > 0, i.e. 4M ||b]|L., < @. O

Remark 3.30. In [34] the existence of a smooth branch of nontrivial equilibria, emanating from
the trivial equilibrium ¢ = 0, is shown. In light of Theorem [3:28] it is reasonable to conjecture
stability of these equilibria. O

Let us consider a nonlinearity p = p(u, a), which depends in a nonlocal way on u, cf. Example
As already pointed out in Remark the nonlocal part of linearisation (3.43) can be
expected to be compact in this case, i.e.

[ = By = (f'(9)¥) ¢] € K(Eo), (3.46)

leading to the following result:

Theorem 3.31 (Stability for nonlocal dependence). Assume the operator A fulfills conditions

(13-5) — (3.11)), the nonlinearity F in (3.15)) is of the form described in Example with k €
L, (J, L1 (Ep,R)), and in the case a,, = 0o, let the analogue of (3.26]) (replace 0 with ¢) hold.

Lastly, suppose A fulfills condition 1’
Consider the linearised operator —A in 1D and assume the following conditions hold:

1. s(—h) € ay(—h)\ {0},
2. ¢ (f;™ k(a) ¢(a) da) >0,
3. peEJ.

Then wo(f[&) is negative. In particular, the equilibrium ¢ from lj s exponentially asymp-
totically stable.

Proof. Due to the assumed form of the nonlinearity, it is not hard to verify that conditions
(3-36) — (3.40), (3.46)) hold, with

Rt = Av+g( /O““k(a)¢(a>da)¢, ¥ € D(—A),

B oz¢/0 " k(a)¢(a)da ¢, ¥ € By,

where we have set oy := ¢’ ([ k(a) ¢(a) da).

From Lemma it follows that the operator A in || fulfills conditions — ,
condition obviously remains true and condition (3.11]) holds by assumption. Therefore
we can apply the results obtained in [36] to the induced semigroup S (t),t > 0, from Corollary
and its generator. By Theorem this generator is given by —(9, + 121) = —Ajpe, and 136,
Lemma 3.2] implies that the a-growth bound wy(—A;,.) is negative.

Recalling decomposition , we arrive at

wl(—A) = wl(—Aloc) < 0,
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where the equality holds since the operator B € L(Eg) is obviously compact (cf. [38, Proposition
4.14]). Hence, in order to finish the proof it suffices to establish a negative upper bound for the

point spectrum of —A.
To this end we suppose there is an eigenvalue A > 0 with a corresponding eigenvector i €
D(*A) C El, ie.
—Ayp =N,
and since A € R, we can assume w.l.0.g. that ¢ is real (in particular we can ask whether ¢ (0) is
positive). Then Theorem and the variation of constants formula imply

¢<a) = HA+)\<a7 0)w<0) - /Oa HAH(%U)(BW(U) do, (3-47)

cf. (2.13)). In the next step we use that ¢ € D(—A) is an equilibrium, i.e. (A+ u(¢))¢ = 0. More
precisely, by another application of Theorem we obtain

¢la) = I4(a,0)¢(0), (3.48)
/0 " b(a)T 4(a, 0) da $(0). (3.49)

<

—~
o

=
Il

Consider the operator
Qx ;:/ b(a)I 4, (a,0)da € L (Ep),
0

then due to 1) (and ¢(0) # 0, by 1) we have T(Qo) > 1, and since ¢(0) € Ef by
3.13

assumption, equality must hold by Lemma|3.13] i.e. r(Qo) = 1. The monotonicity of the spectral
radii, see Lemma [3.14] implies ]
T(Q,\) < 1.

Our next aim is to simplify (3.47)). To this end combine (3.48)) and Definition 2 to conclude

1— e—)\a

/ 4 (0, 0)6(0) do = L 4(0,0)000),
0

plugging this into ((3.47) then yields
Pla) = M4y,(a,0)%(0)

1— 67)\a

_ %A/Oam k(a)i(a) daTl ;(a,0)(0). (3.50)

In the following we will use this formula to obtain additional information about . First, com-
bining the age boundary condition (¥ € D(—A)) with formula (3.50) results in

¥v(0) = /0 " b(a)I 4, ,(a,0) dats(0)
% o a a) da o a —67)\& (a a
)\/0 kajp(a)d /O b(a)(1 = 7)1 4(a, 0) da (0),

or equivalently



Withous loss of generality we may assume

A%kmwwwmzm

since otherwise we can pass to the eigenvector —1 (recall that foam k(a)(a) da € R). Then the
previous equation implies

Ef  ifas <0,
—Ef ifay>0.

e

Next, multiply (3.50) with k(a) and integrate with respect to a to obtain
/ k(a)(a) da (1 + %/ (1 — e *k(a)I 4(a, 0) da¢(0)>
0 0
= / k(a)e™ I 4(a,0) da(0).
0

Since @ > 0 by assumption, we have ¢ (0) < 0. Therefore, the right hand side in the foregoing
equation is negative, on the other hand the left hand side is obviously positive, consequently

[ Haystayda=o.
0

and (3.50) in turn implies ¥(a) = I1 5, ,1(0), with ¢/(0) # 0. This means that ) is an eigenvalue
of —A,. (with corresponding eigenvector ), hence 1 € JP(Q)\) by Lemma contradicting
r(Qy) < 1, for A > 0.

This shows that all real eigenvalues of —A are non-positive. Since the spectral bound is an
eigenvalue and distinct from zero by assumption, we conclude that it is strictly negative. O

Remark 3.32. 1. The essential step in the proof of Theoremis to show that the (nonlocal)
operator —A admits no positive eigenvalues. Condition (1) on the spectral bound s(—A) is then
used to complete the proof.

2. If the semigroup e~ t(hectB) ¢ > 0 is positive and 0 # s(—A) > w;(—A), then condition (1)
holds by Proposition |2.10 O

Theorem 3.33 (Instability for nonlocal dependence). Assume the operator A fulfills conditions

3.5) — (3.11), the nonlinearity F in (3.15)) satisfies (3.36) — (3.40) and compactness condition
3.46)), and in the case a,, = 0o, let the analogue of (3.26)) (replace 0 with ¢) hold. Lastly, suppose

A fulfills condition (3.11)).

Consider the linearised operator —A in lD then we have:

If wo(—A) > 0, then the equilibrium ¢ from (3.35) is unstable.

Proof. Recall decomposition (3.43) and observe that

wi(—A) = wl(—Aloc) <0,

where the equality holds because of compactness assumption (3.46)) (cf. [38, Proposition 4.14]),
and the inequality can be shown as in the proof of Theorem [3.31
Thus, by an application of Theorem the assertion follows. O
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In the following we establish another type of stability result. To this end we impose an
additional condition, namely we assume existence of a constant ¢ > 0 such that the first term in

linearisation ([3.41)) satisfies
0< (f'(9)v) ¢ <ep, Vo €Ef, (3.51)
and emphasize that this condition cannot be expected to hold for nonlocal nonlinearities:

Remark 3.34. Condition (3.51)) is generally not satisfied if the nonlinearity u = p(u, a) depends
in a nonlocal way on u. To see this, we continue with Example [3.24] i.e.

W) E Ry ) = ol " k(a) u(a) da),

with ¢ € BCY(R,R,), k € L,(J, Ey’), and p’ the dual exponent of p. Recall that we have set
f(w) = p(u) and calculated

o= ([ Has@an) [ H@v@dis v ek

Now it is not difficult to see that condition (3.51)) would imply ¢ = 0, which has been excluded
for this section. O

As for the previous stability results, define the operator QO € L(Ey) by

Qo := /Oam b(a)Il 4(a,0)da,

then we have:

Theorem 3.35. Assume the operator A fulfills conditions (3.5) — (3.11), the nonlinearity F in

(3.15) satisfies (3.36) — (3.40]), (3.51), and in the case ay = 0o, let the analogue of (3.26]) (replace
0 with ¢) hold. Lastly, suppose A fulfills condition l) Then we have:

If the spectral radius r(Qo) is strictly smaller than 1, then the growth bound wo(—A) 18 megative.
Furthermore, the equilibrium ¢ from (3.35) is exponentially asymptotically stable.

Proof. Observe that the operator A in fulfills conditions - by Lemma

condition obviously remains true and condition holds by assumption. Therefore, we
can apply the results obtained in [36] to the induced semigroup S(t),¢ > 0,, and its generator.
By Theorem this generator is given by — (9, —|—A) = —Ayoe. In particular, if T(QO) < 1 holds,
then [36, Theorem 3.5] implies that the growth bound wo(—Aje.) is negative. With assumption
we are in the situation of Proposition and conclude wo(f(Aloc +B)) < wo(fAloc) < 0.
Theorem then implies the assertion. O

4 The integral equation

In this section we investigate the solvability of problem . Observe that in contrast to the
simplified problem in section |3] we do not have a semilinear structure anymore, due to
the additional nonlinearity occurring in the age-boundary condition. In particular, semigroup
theory and mild solutions are not available any longer. It is therefore necessary to introduce a
new solution concept, an undertaking which will constitute a big portion of the present section.
To this end, we resume the approach from section [1.1} where we formally derived a formula for
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the solution by the method of characteristics. More precisely, we want to construct solutions in
the sense of Definition [1.1} with p = 1, i.e. we set

Eo = L1(J, Ep)

throughout this section, with J C R4 as in below. A quasilinear, homogeneous version of
this problem was studied in [35]. For the non-diffusive case, an exposition can be found in [38|
Chapter 2].

Another purpose of the present section is to lay the basis for the upcoming section [b| where
we study the stability of equilibria to problem . The corresponding results are established
in subsection 4

4.1 Assumptions

Throughout this section, FEy denotes a real Banach space. Note that we do not distinguish Fj
from its complexification in our notation as no confusion seems likely. We set

[ 0,an], ifam <o
J= { [0,00), if am =00 (4.1)

and define
Eo = L1(J, Ey).

As regards the operator A, we assume
Ae LOO(J,E(El,Eo)), o+ A€ Cp(J,H(El,Eo;H,V))7 (42)

for some p, v > 0, k > 1, 0 € R, where F; is a densely and compactly embedded subspace of Ej.
Recalling Remark this assumption implies that A generates a parabolic evolution operator
M4s(a,0), 0 <o < a< an, on Ey with regularity subspace E; and there are constants M > 1
and @ € R such that

TLa(a,0)||z(m) < Me @@= 0<0<a<an. (4.3)

Remark 4.1. Let us point out that the results of sections[4 and [f| remain true under the weaker
set of assumptions

A€ C(J,L(Ey, Ey)) generates an evolution
operator I14(a,0),0 <o < a < am,, on Ey,

there are constants M > 1 and @ € R such that
ITa(a, o) cimy) < Me @), 0<0<a<an,
and for arbitrary puz, € BC(J, L(Ey)), the operator A := A + uy, induces an evolution operator
II;(a,0),0 <o <a< ap,on Ey, via the formula
II;(a,0)v =4(a,0)v — / Ma(a, s)pr(s)IL4(s,0)vds, v e Ep,

cf. (3.27). To be more precise, the smoothing property of a parabolic evolution operator is not
required. In particular we can allow hyperbolic evolution operators, cf. [23], or autonomous
operators which generate a strongly continuous semigroup (not necessarily analytic). O
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4.2 The linear inhomogeneous equation

Let us consider the linear inhomogeneous version of (1.4)),

w4+ 0w + Ala)w +vyw = —pr(a)w+ f(t,a), t>0,a€ J,
w(t,0) = / b (t, a)w(t,a)da + h(t), t >0, (4.4)
0
w(0,a) = wp(a), a€J,

with w : [0,T] x J — Ep and v € R.
In section we assume the operator A fulfills conditions (4.2) — (4.3]), we consider a birth
rate

br, € BC([0,T] x [0,00), L(Ep)), supp(br) C [0,T] x J, (4.5)
and a mortality rate
wur, € BC(J, L(Ey)), (4.6)
which is such that
(a— p(a)) € CP(J, L(E, Ey)), (4.7)

with Holder exponent p from (4.2). We introduce the notation

A(a)v = A(a)v+ pr(a)v, ve€ Ey,
A(a)v = Ala)v+yv, v€E, (4.8)
A(a)yw = A(a)v+pur(a)v+yv, ve By,

and recall from the proof of Lemma that conditions (4.6) — (4.7) imply existence of the
parabolic evolution operator II ;(a,0),0 < 0 < a < a,, which satisfies

a
II;(a,0)v =M4(a,o)v —/ Oa(a,s)prn(s)i(s,0)vds, v € Ep.

g

By assumption there are constants M > 1, @ € R, such that
ITa(a, o)l £z < Me=“la=a) 0<o<ac<an,
and without loss of generality we can assume
ITL4(a,0)|ceme) < Me @7 0<o<a<ap. (4.9)

In contrast to section 3] we do not require any sign condition on @, cf. (3.7).

Analogously to section [I| we can formally integrate (4.4]) along characteristics to obtain a
formula for the solution:

II; (a,a —t)wo(a —1

w(t,a) = 4, Jwol )

I, (a,0)B(t —a)

N ngAw(a,s—l—a—t)f(&s—i—a—t)ds, 0<t<a<an
fttfaHAw(a,eraft)f(s,s+a7t)ds, 0<a<t, a<an,

(4.10)
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where B(t) = w(t,0) solves the integral equation
B(t) — / " bu(t, @)w(t, @) da + h(t)
0
t
= / br(t,a)ll; (a,0)B(t —a)da
0 Y
t t
+ / bL(t,a)/ I, (a,s+a—t)f(s,s +a—t)dsda
0 t—a 7
+ / "ot ) (a,a — twola —t) da (4.11)
t 2l

Ao t

+ / bL(t7a)/ II; (a,s+a—t)f(s,s+a—t)dsda
¢ 0 K

+ hb).

Remark 4.2. 1. The integrals appearing in (4.10]) & (4.11]) have to be interpreted as Bochner
integrals. This will be made more precise in the following.
2. In the case a,, < oo, we have fta’" br(t,a)...da = 0 for t € [am,,T], due to assumption

(4.5). O

As already pointed out in the introductory section, we hide the age variable a in the function
space Eg = L1(J, Ep). Thus, we interpret the function w in as a curve/trajectory in the
phase space Eq:

w:[0,T] = Eg, t— w(t).

Requiring furthermore that this curve be continuous, it can be identified with an element in the
space L1 ((0,T) x (0,an,), Ey) by Lemma[A.3] and we write w(t)(a) = w(t, a). These observations
lead to

Definition 4.3. Let w : [0,T] — Eq be continuous, with w(-,0) € C([0,T], Ey). We say that w
is an integral solution to (4.4]) on [0, T if

I. For all t € [0,T] : (4.11) holds
II. For all t € [0, 77 : (4.10]) holds for a.a. a € (0, an,).
We then write
w=w)hH" B = B):/h
wo ? wo

to stress the dependence on the data wq,~, f, h.

At this point it is not clear, whether an integral solution exists. Imposing proper conditions
on the data, this situation is resolved by the following

Proposition 4.4. Assume the operator A satisfies (4.2) — (4.3), and conditions (4.5) — (4.7)), (4.9)

hold. Let wg € Eg, v € R, and suppose that
feC(0,T),Ey), heC(0,T],Ep).
Then there exists a unique integral solution w};"" to (4.4) on [0,T].

For the proof of Proposition [4:4] the following lemma is essential:
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Lemma 4.5. Assume the operator A satisfies (4.2]) — (4.3)), and conditions (4.5) — (4.7), (4.9)
hold. Let wg € Eg, v € R, and suppose that

fe€C(0,T],Ep), heC(0,T],Ep).
Then there exists a unique solution BY;7"" € C([0,T), Ey) to (4.11). Furthermore we have
N B < (MIblleTel T o
+ Mlllolwolle, + €T ]l ) €M1
Proof. Let us consider equation (4.11)):
t
Bt) = / bu(t, )Ly (a,0)B(t — a) da+ g(t) + h(t),
0
where we have set
t t
g(t) = / bL(t,a)/ HAW(a,s +a—t)f(s,s+a—t)dsda
0 t—a
+ / br(t,a)ll; (a,a —t)wo(a —t)da
t al
A t
+ / bL(t,a)/ HAw(a,s—i—a—t)f(s,s—l—a—t)dsda.
t 0
= 91(t) + g2(t) + gs(1).
Define Ja := {(t,a) € J x J : a <t} and introduce the integral kernel

k—y : JA — E(Eo)
(t,a) w— bp(t,t—a)ly (t—a,0),

then we see that the integral equation can be rewritten as
t
B(t) = / k. (t,a)B(a)da + g(t) + h(t),  t€[0,T].
0

In the following we verify that the functions g1, g2, g3 : [0,7] — Ep are well defined and con-
tinuous, Proposition then implies existence of a unique solution B = BJ:/" € C([0,T], Ey).
Recall that f € Ly1((0,T) x (0,am), Eg), by Lemma We formally calculate

t ot
at) = // br(t,a)ll; (a,s+a—1t)f(s,s+a—1t)dsda
0 Jt—a 7
t ot
= // br(t,a)ll; (a,s+a—1t)f(s,s+a—1t)dads
0 Jt—s K
t s
= //bL(t,a—i—t—s)HA (a+t—s,a)f(s,a)dads.
o Jo v

Observe that the function

(0,6) % (0,am) = Bo.  (s,0) = bi(t,a+t — )y (a+1t—5,a)f(s,a)
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is strongly measureable by Lemma[A:4] Furthermore, it is integrable, since
lbr(t,a+t =) (a+t—s,a)f(s,a)llm < [brll. Me™ @I f(s,a)| g,

where we used (4.5) & (4.9). Hence, by Fubini’s theorem, the corresponding iterated integrals
exist, and we see that the formal calculation above becomes rigorous (in particular, g;(t) is well
defined). Consequently, the function

[O,T] %Eo, tl—>gl(t)

is continuous by the dominated convergence theorem.
As regards the term g3, a formal calculation gives

Am t
g3(t) = / / bL(t,a)HAW(CL,S+a*t)f(575+a7t)d5da
t 0

t Am
/ / br(t,a)ll; (a,s +a—1t)f(s,s+a—t)dads
0 Jt K

t am+s—t
/ / bL(t,a+t—S)HAw(a—&-t—s,a)f(s,a)dads,
0 s
and as before we conclude that
0,T] = Eo,  t+ g3(t)

is well defined and continuous (in the case a,, < 00, set gs(t) = 0 for t > a,).
Concerning the remaining term, we have

g2(t) = /mbL(t,a)HA (a,a — t)wp(a —t)da
t Y
A —t
= / br(t,a+t)II; (a+t,a)we(a)da,
0 v

and analogous arguments show that
[0, T] — Eo, t— gg(t)

is well defined and continuous (in the case a,, < 00, set ga(t) = 0 for t > ap,).
Let us turn to the claimed estimate. By (4.11)), we have

t
BRI @) < Mllblloo/0 e NI B SR (a) || da
t et )
+ M”b”oo// e~ @HNE=9)| f(s, 5 + a — t)|| dads
0 t—s
+ M]bls / e @ wy(a — t)|| da
t

t Qm

M”b”oo/ / e_(w+7)(t_s)||f(s,s—|—a—t)||dads
0o Jt

A,
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or equivalently

eI BRI (1))

IN

t
M{[bl]oo / @0 BI(a)]| da
t t -
+ MHb”oo/ / e(“’+7)5||f(5,s+aft)Hdads
0 t—s
Am
b M[b]e / lwola — £)]| da

t QAm

+ M\|b||oo/ / 6(@+7)5||f(3,3—|—a—t)Hdads
0 Jt

+ YR

Hence, we have

t
CEBEIO] < Mlble | S BL )] do
t —
+ MllbIIOO/ D f(5) g, ds
0
+  M|bll lwolle,
+ IR
t
< Mlple [ =B )] da
0
+ Ml Tel* T £l
+ M|blloolwollzy + €T oo,
and the estimate is a consequence of Gronwall’s inequality. O

Proof of Proposition [/} By Lemma [4.5| there exists a unique solution By;/"" € C([0,T], Ey) to

(4.11). For t € [0,T], define w);/"(t) via formula (4.10)), i.e.

I, (a,a — t)ywo(a —t)
I, (a, 0)BLT(t — a)

wo

w(t)(a) = { (4.12)

N ngAw(a,s+aft)f(s,s+a7t)ds, 0<t<a<apn
ftiaHAv(a,S+a—t)f(s,s+a—t)ds, 0<a<t a<apy.
In the following we will show that
w:[0,T] = By, t+— w(t)

is well defined and continuous. This yields the existence claim, uniqueness is a consequence of
Lemma

First we observe that the integrals appearing in are well defined (in the measure-
theoretic sense, i.e. for almost all a € (0,a,,)). To see this, fix t € [0,T), and consider the case
0 <t <a. Let us set c:= a —t, then one shows as in Lemma that

(0,t) x (0,00), (s,¢) — HAw(t—l—c,s +c)f(s,s+¢) (4.13)
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is strongly measureable (in case a, < o0, set the function value to zero for s + ¢ > an,),
furthermore we have

s (¢ + e s +0)f (5,8 + )y < MeEFIE | f(s,5 4+ 0)| -

With Lemma (and a substitution of variable) we see, that the function on the right is
integrable. Therefore, the function (4.13)) is integrable, and by Fubini’s theorem, the function

t
(0,00) — Ej, c»—>/HAw(t+c,s+c)f(s,s+c)ds
0

is integrable. Now resubstitute ¢ = a — ¢, and the assertion follows. The case 0 < a < t can be

treated analogously.
In the next step we show that w(t) € Eg. Let t € [0,T] be fixed, then

Me= @M wg(a —t) || g
t < _ °
el = {ﬂfe<w+”“.BgfﬁuamEo

L (I Me G f(ss ta—Dllp,ds. 0<t<a
fttfa M67(5)+7)(t75)||f(8,8+aft)||E0 ds, 0<a<t,

where a < a,,, and consequently

]Qt|zu<t><a>Eo<ia-+-]{a”'|u«t><a>nEo(hz

[w(®) I,

IN

t
| e @ B = a) g, da
t ot )
+ // Me= @9 f(5 5+ a —t)| g, dsda
0 t—a
b [ ae e (a0, do
¢

am t
+ / / Me=@NE=9)) f(s s+ a —t)| g, dsda.
¢ 0

The first term in the estimate above is finite, since the integrand is continuous by Lemma [4.5
For the next three terms we observe that they have the same structure as the terms g; in the
proof of Lemma hence an analogous argument shows that they are well defined and finite.

It remains to verify the continuity of w : [0,T] — Eo. Let ¢ € [0,T] and ¢ € (0,T) such that
0 <t <t Then

() — wd)e, = /WWme—w®mwmm

0
= | )@ - w(t)(a)| g, da

+ [nwmw—wmwmwa

+([|mm@—w®wEwa
= Jl —|—J2 +J3
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Let us consider the term Jy:
t t
/0 HHAW(a,O)BZ;Of’h(t —a) +/t_aHAv(a,s+a —t)f(s,s+a—t)ds
i
- HAW(a,O)BZUBf’h(f—a) — /fiaHAw(a,s+a—f)f(s,s+a—f) ds||E0 da.
Observe that

¢
lim/ HHAW (a, O)B;%f’h(t —a)— I, (a, O)B;’jbf’h(f - a)HE0 da =0,

i—tJo

since B} Of " [0,T] — Ey is continuous. Now assume 0 < { — ¢ < ¢, then an estimate analogous
to [38, Prop. 2.2] gives (we write ||.|| instead of ||.||g, for readablhty).

/H/ 1 a5+a—t)f(s7s+a—t)ds

‘/ I (a5 +a=)f(s,s+a—)ds| , da
t—a
i—t t

g/ </ IT4 (0 +a—t)f(s.5+a— 1) | ds
0 t—a
i . .

+[ 4 (a5 +a—8)f(s,5+a—1D|ds) da
t—a

t t—a
+/ (/ I (a5 +a — )/ (s, +a—1)] ds
t—t t

a

—|—/ HH (a,s+a—t)f(s,s+a—1t)

—T (a5 +a—Df(s,s+a—H) ds
t
+/ IN4 (a5 +a—D)f(s,5+a— )] ds) da
/ / M4 (a,s+a—1)f(s,s+a—t)|dads
o2t—1t Jt
t—t A )
+/ / T4 (a,s+a—1)f(s,s +a— 1) dads
t t—s
t i—s
+/ / T4 (a,s+a—1)f(s,s+a—t)|dads
2t—t Jt—t
2t—1
/ / T4 (a,s+a—1)f(s,s+a—t)|dads
t t
t—t
+/ / T4 (a,s +a—t)f(s,5+a— )] dads
0 t—s
t t
+/ / HHAW(G’S"‘CL_t)f(S78+a—t)
t—t Jt—s
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— T4 (a,5+a—)f(s,5+a—f)||dads
t ot

[ s s+ a Bp(s,s +a- )] dads
t t—t
t ffs

:/ / T4 (a,s +a—1t)f(s,s +a—t)| dads
t—t Jt—s
i—t pt

+/ /”HA (a,5+a—1)f(s,s +a—t)| dads
0 t—s v
t ot R A

+// T4 (a,s+a—1)f(s,s +a—0)| dads

/ / HH (a,s+a—t)f(s,s+a—1t)
(a s+a—1t)f(s,s+a—1t Hdads

it
S/ / |14 (a+t—s,a)f(s,a)|dads
i—tJo 7

i—t S
+/ / ||HAW(a—|—t—s,a)f(s,a)Hdads
0 0

it pstt—t .
[ [ M et i s 5.0 dads

/tt/ttHH (a+t—s,a)f(s,a)

a+t—s,a+t—1)f(s,a+t—1) Hdads

The first integral tends to zero as ¢ — t by the dominated convergence theorem, since the
integrand converges to zero pointwise and is dominated by

t—t
/ T4, (a+1t—s,a)f(s,a)||da < Me™ DI £(s)]|g, .
0 v

An analogous estimate shows that the second and third integral converge to zero by continuity
of f:]0,T] — Eg. The fourth integral can be estimated by

/tlt /:t HHAW(CL—Ft— s, @) (f(s,a) — f(s’a+t_£))

—|—(HAA/(a—i—t—s,a)—HAW(a—i—t—s,a—&—t—tA)) f(s,a+t—f)’|dads
t

< Me—@ﬂ)@—s)/ 1f(s,a) — f(s,a+ ¢ —f)] dads

t—t

s+t— t
/ / i a—|—t—sa—|—t—t)
i—tJo

_H/H (a+1t— s,a)) s,a)H dads,

and the first term converges to zero as ¢ — ¢t by Kolmogorov’s compactness criterion in Ey =
Li(J, Ep) (here we used that {f(s): s € [0,T]} is compact in Eyp), cf. [16, Thm A.1], the second
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term tends to zero by the dominated convergence theorem (applied on the product measure
space). Thus, we see that J; approaches zero as [t —t| — 0, if 0 < t —t < ¢, and a similar
argument holds for t = 0. Next, we consider the term Js:

Ja

IN

_|_

t t
/ HHA (a,a—t)wo(a—t)—i—/ II; (a,s+a—1t)f(s,s+a—1t)ds
t v 0 K
~ t A, A
HAw(a,O)B;’Of,h(t—a)—/i I, (a,5+a—1)f(s,s+a—17)ds|/da
i—t
Me~ @t / (@) da
0
t ot B
M/ / e~ @) f(s, 5+ a —t)|| dsda
M/ @B a) da

wo

M/ / e~ @9 f(s, 5+ a — D) dsda,
t t—a

and as |t — | — 0, the first term tends to zero, since wy is integrable, and the third term goes to
zero due to continuity of By fsh 0, T] — Ep. Regarding the second and fourth term, we remark
that the integrands are mtegrable on the product measure space (see the lines following (4 ),
hence those integrals converge to zero as |t — #| — 0 by the dominated convergence theorem.
Finally, we turn to the term Js:

Js

IN

IA

/t HHAW(a,a—t)wO(a—t)+/OtHAW(a,s+a—t)f(s,s+a—t)ds
M4 (a,a— i)wola—9) /OtHAv(a,s+af)f(s,s+af)ds||da
[ (o= ) (wola = ) wofa - ) [ da

(M a0~ T a0 ) wa(a - D) da

/ /HH (a,s+a—t)f(s,s+a—1)
i (a s+a—1)f(s,s+a—1) )|| dsda

am
/ / D4 (a,s+a—1)f(s,s+a—1)|dsda
i t K

am—t
Me_(“"”)t/ lwo(a+t —t) —wo(a)|| da
0

Ay —1
/ I (T (et Ea+ i 8) = T4 (a+i,a)) wola)] da
0
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// HH (a,s+a—1t)f(s,s+a—1)
I (a,s+a—1)f(s,s+a—t)| dads

N am-i-s—t
/ Me~(@tn(t=s) / | £(s,a)| dads.
t s

As |t — £| — 0, the first term tends to zero, since translation is continuous on Ey. The second
term converges to zero by the dominated convergence theorem (use (4.9) to obtain an integrable
majorant), the fourth term vanishes because f : [0,7] — Eg is continuous. The third term can

be estimated by
S+am—t
// HH (a+t—s,a)f(s,a)

+i—t

—1II; a—|—t s,a+t—1)f(s,a+t—1)| dads

S+am,—t
// I (a+t—s,0) (F(s,a) — f(s,a -+ — D)) | dads

+i—t
s+am—t
// i (a—l—t—s,a)
it
*HAW(ath*Sva+t*f))f(S,a+t7tA)||dads,

and, as before, for the term J; we conclude that the first integral tends to zero by Kolmogorov’s
compactness criterion, the second integral converges to zero by the dominated convergence the-
orem (after a substitution of variable a = a +t — t). O

4.3 The nonlinear equation

In the following we consider a generalised version of problem (|1.4)), namely

Ou+ Ogu+ Ala)u +vu = F(t,u(t))(a), t>0,acJ
u(t,0) = / " b(u(t), a)u(t,a) da + h(t), t>0
0
u(0,a) = wp(a) acJ. (4.14)

We assume the operator A fulfills conditions (4.2)) — (4.3),

F :[0,Tr] x Eg — Eg is continuous, there is an
increasing function cp : [0, 00) — [0, 00), such that

”F(t’¢1) ( 7¢2)H]E0 < CF( )”¢1 - ¢2||]E07
for all ¢ € [0, Tr], 41, 2 € Eo with |1 ||z, |f2]le, < T

(4.15)

and

b:Ey x [0,00) = L(Ep) is bounded, continuous,

with supp(b) C Eg x J, there is an

increasing function ¢ : [0,00) — [0, 00), such that (4.16)
Hb((bl? ) - b(¢27 )Hl:(Eo < Cb(’l“)||¢1 - ¢2||]E07

for all a € [O, OO)7 ¢1, ¢2 S Eo with ||¢1||E07 ||¢2||E0 <.

56



Recall (4.8)), where we have set
A, (a)v=A(a)v+yv, wve E,
and let 114 denote the corresponding parabolic evolution operator.

Remark 4.6. We point out that the nonlinearity F : [0,Tr| x Eg — Eq is given, and therefore

equation (4.14)) only makes sense if
0<t<Tp,

which will be assumed throughout section without further notice. O

Definition 4.7. Let u : [0,T] — Eg be continuous, with u(-,0) € C([0,T], Ey). We say that the
function w is an integral solution to (4.14) on [0, 77, if for all ¢ € [0, T

B 4. (a,a —t)ug(a —t)
ulha) = &MAQMB@—@

n fot 4 (a,s+a—t)F(s,u(s))(s +a—t)ds, fora.a. ac(t,anm)
j;t_a 4 (a,s+a—t)F(s,u(s))(s+a—t)ds, fora.a.ac(0,t),

where a < a.,, and B(t) = u(t,0) satisfies, for ¢ € [0, T], the associated integral equation

t

B(t) = b(u(t),a)lla, (a,0)B(t — a)da

t t

b(u(t),a) /t_ Ma, (a8 +a—t)F(s,u(s))(s +a—t)dsda

b(u(t),a)la, (a,a — t)uo(a —t)da

+
— 5 —

QAm t
+ b(u(t),a)/ 4 (a,s+a—1t)F(s,u(s))(s +a—t)dsda
t 0
+ ht). (4.17)

Remark 4.8. For the sake of brevity, we introduce the notation

[ulloc == sup_|u(s)][g,, for u € C([0, T}, Eo),
s€[0,T

and analogously for b € BC(Eq x [0,00), L(Ep)). Furthermore, we write

(Fou)(t) == Fu(t)) :== F(t,u(t)).

Let u € C([0,T],Eq) be fixed, then the function
[03 T] — EO? = F(t7 U(t))
is continuous by assumption (L.15) (cf. Remark [£.6]), and

br, : [0,T] x [0,00) = L(Ep), (t,a) — b(u(t),a)
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is continuous by assumption (4.16)), with supp(b) C [0,T] x J. Let
ug € Eo, v € R, h e C([0,T], Ev)
be given, then by Lemma [4.5] there exists a unique solution
B =Bprowh e 0([0,T), Eo)

to equation (4.17)).

After these considerations we can establish the following technical lemma, which will be
required in the proof of Theorem

Lemma 4.9. Assume the operator A satisfies (4.2)) — , and conditions | - - ) hold.
Let ug € Eg, v € R, h € C([0,T), Ep) be given. Furthermore, let r > 0 be fized and uy,us €
C([0,T],Eq), such that ||u1llec, [uzllec < 7.

Then there exists a positive constant cg = cg(r,T), such that the solutions BZ(’)Foul’h, B;’(’)FO“Z’

to (4.17) satisfy the estimate

1Bt (t) — B (t)||g, < cp sup [ur(s) —ua(s)llg,,  t€[0,T].
se|0,

h

Proof. In the case b = b(a), the claimed estimate is a straightforward consequence of and
Gronwall’s inequality. If b = b(u,a), the situation becomes more involved and we provide the
details in the following.

In a first step we use (4.17) to estimate

t
||B’Y,Fouz, o < MHb”oo/O e—(w+7)(t—a)||B;/(’]F°“2’h(a)\|da

t t
+ Ml\blloo// e @HENE=9) | F(u(s))(s + a — t)|| dads
0 t—s

© M) / @ ug(a — 1) da

+ Mbl / | e ) s+ - 0] dads
+ ||h(t)

< M| / |BLFowh (a) da

L M[bfaed I ( / 1 () s, ds + ||uo||EO) e

and by (4.15) we have || F'(u(s))| < cp(r)||u(s)||+]|F(0)||. Consequently, we can apply Gronwall’s
inequality to conclude the existence of a constant ¢ = ¢(r,T'), independent of us, such that

||BZ(’)F°“2’h(t)|| <c(r,T), for ¢ € [0, T7. (4.18)
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Next observe that by (4.17)

For the first term

@)l

,Foui,h ,Foua,h
By ot (t) = Byt (1)
t
= (/ b(ui(t),a)lla, (a,O)BZ(’)FO“I’h(t —a)da
0

b(ua(t), a)l4. (a,0)BLE*""(t — q) da)

|
S~

_|_

/N

/ b(uq (t),a) / 4, (a5 +a—1t)F(ui(s))(s +a—t)dsda
0 t—a

b(us(t), a) /ti T (0,5 +a—t)F(us(s))(s + a—t) dsda)

|
c\ﬁ
e
¥

+ /t " (b (8), @) — blus(t), a))ILa. (aya — Huo(a — t) da

/t (s (1), a) /0 TLa (a5 +a— £)F(ui(s)(s +a — ) dsda

+
/N

-/ b(ug(t),a)/o HAw(a,s—i—a—t)F(uQ(s))(s—i—a—t)dsda)

=t i (t) + Io(t) + I5(t) + Lu(t).

we estimate

t
< [ I @0 (a0 (BL ¢ - a) B¢~ ) da
0

/0 1(b(us(2), @) = b(ua(t), a))TLa, (a,0) BL,"">"(t — a)|| da

+

IN

t
M[bl]oo / ¢~ (@) (t=0)| g.Foush(g)  BiFoush(q)|| dg

t
+ MCb(T)Ilm(i)*U2(t)||/O e~ @A grFeeet(a)| da

IN

t
M{[bl|ce® 17T / | BYFow () — BLFow (a)]| da

+ MTeH T e(r, Ty (r) ua (t) — uz (1))

where we used (4.16]) in the second inequality and (4.18]) in the third one.
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For the second term one has

TACTIE H/lmn / M (a5 +a—t)(Fluy(s))
—  F(ux(s))(s+a—t)dsdal|

+ /0 (b(us(t), a)

~ b(us(t), ) /t_ Ta (a5 +a — £)F(ua(s))(s + a — t) dsdal

< M bl [ (P 0)) = Fua(9) s+ = 1)] dads
el o (2 lug () — s e us(8))(s +a — ads

LM o () s (1 mnAtLﬂww (5))(s + a— 1)) dad

< MW”WWMAHFM@»—NW@WmM

MG ) s ()~ )] [P (a(s)] s

< MT@‘QJF’YlTHbHOOCF(T’)Hul — U2||oo
+ MTe ey (r) (e (r)r + [ F(0)]]) [Jua () — ua(t)])-

It is not hard to see that the term I can be estimated completely analogous. For the remaining
term we have

[13(8)]]

IN

MeleHT / 16(u(t), @) = b(uz(t), a)llc (k) luo(a — 1)l 2, da
t

Ml g, () s (t) —ua(t)]]-

IN

Combining the previous estimates, we see that there is a constant é = é(r, T') such that

1B (t) — Bt (1)

uo
< M{[bloo '“’”‘T/ 18,7 (a) — BFo"= " (a)|| da
+ &llur — uzlo,
hence the claim follows from Gronwall’s inequality. O

Theorem 4.10 (Local existence). Assume the operator A satisfies — , and conditions
(4.15) — (4.16) hold. Let v € R, h € C([0,T], Ep) be given, and r > 0 be fized. There exists
T =T(r) € (0,T] such that if ug € By and ||ug||lz, < 7, then there is a unique integral solution
to on [0,T).

Proof. The argument is based on Banach’s fixed point theorem. To this end recall that for given
u € C([0,T),Eg), there exists a unique solution B = BJ(’)FO“JL € C([0,T], Ey) to 1} by Lemma
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Subsequently, we use this solution to introduce the map
(Ku)(t,a) (4.19)

4. (a,a —t)ug(a —t)
4, (a,0)B(t —a)

N fot 4 (a,s+a—t)F(s,u(s))(s +a—t)ds, fora.a. ac(t,am)
f:_a Ha,(a,s +a—t)F(s,u(s))(s+a—t)ds, foraa.ac(0,t),

where a < a,,, and observe that
K: C([OvT]v]EO) — C([O7T]7EO)7

is well defined by Proposition [£.4] The integral solution we are looking for corresponds to a fixed
point of K. Let ug € Eo, with |luo|lg, < r, and introduce the set

S = {u e C([0,T],Eo) | |[ullos < 2Mr}.

In the following we will show that for T" > 0 sufficiently small, K is a contraction from .S into S.
For u € S, we estimate

/0 |(Fu)(t, )| da
t
< / ITLa, (¢ — a,0)BL " (a)]| da
0
t t
+/ / 1T, (a5 +a— t)F(s,u(s))(s + a — ¢)]| dsda
0 t—a
A —t
+/ HHAV(a—l—t,a)uo(a)Hda
0

—I—/t /0 I, (a,s +a—t)F(s,u(s))(s +a—t)| dsda

t
< [ Mem @D prret )| da
0

t t
+/ Me= @) P(s,u(s)) (s + a — t)|| dads
0

t—s

Ay —1t
+ / Me= @ lug(a)| da
0
t Am ~
+/ / Me= @9 F(s,u(s))(s + a — 1) dads
0 t

t t

< MelohIT </ HBJ[;F"“’h(a)HdH/ 1F(s,u(s))l|z, ds + IuOIIEo)
0 0

< Mel*NT(T c(2Mr, T) + T(cp(2Mr)2Mr + | F(0)]) + ),

where we used (4.18)) in the last inequality. Consequently, K maps the set S into itself, if we
choose T > 0 sufficiently small (observe that the factor ¢(2Mr,T) from (4.18) remains bounded
as T tends to zero).
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Consider uj,up € S, and let ¢ € [0,T] then we have
[(Ku1)(t) — (Kuz)(t)][g,
= [ )0 = () 0) @ da

< /t T4, (a,0) (BLF“"(t — a) — BY:Fo">"(t — a)) || da
0
+/0 /t_ LA, (a,s +a—t) (F(s,ui(s)) — F(s,uz2(s))) (s + a — t)| dsda

Aoy t
+/ / 4, (a,s+a—1t)(F(s,ui(s)) — F(s,uz(s))) (s + a —t)[ dsda
t 0
t
< / Mef(aﬂr’y)(tfa)”BzéFoul,h(a) _ BgéFOu%h(a)H da
0

+/ Mem 0| (F(s,u(s)) — F(s, us(s))) (s + a — 1)|| dads
0

t—s

t Qo
+/ / Me= 00| (F(s,u(s)) — F(s,uz(5))) (s + a — £)]| dads
0 t
t
) T ,Foui,h ,Foua,h
< Mo+ / | BYF () — BRFoush (a) da

t
+M€|@+7|T/ | F(s,u1(s)) — F(s,uz(s))| ds
0
< MTel“ T (cp(2Mr, T) lur — us|oo + cr(2M7)|Jur — usz|o0).

where we used Lemma in the last inequality. Hence, K is a contraction on S, if we choose
T > 0 sufficiently small (observe that the factor cg(2Mr,T) from Lemma remains bounded
as T tends to zero). O

Proposition 4.11 (Global uniqueness). Assume the operator A satisfies (4.2) — (4.3)), and con-
ditions (4.15) — (4.16) hold. Let ug € Eg, v € R, h € C([0,T], Eo) be given. Then there exists at
most one integral solution to (4.14]) on [0,T).

Proof. Suppose we have two integral solutions, say
(u1, B1), (u2, Ba) € C([0,T),Eo) x C([0,T], Ey),
where we have set B;(t) = u;(¢,0),t € [0,T], for i = 1,2. Let us recall the map
K C([0,T],Eo) — C([0, T, Eo)

from the proof of Theorem [£.10} then, by assumption, Ku;, = u;, for i = 1,2. Furthermore,
resuming the notation of Theorem , we have B; = BJ{;Foui’h, for i = 1,2. We set

z(t) = || B(t) — Ba(t)l|mo, t €[0,T],
then we have as in the proof of Lemma

2(t) < L@z + 12Oz + M)z + a5 ¢ < [0,T].
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From the proof of Lemma we see that there is a positive constant ¢(7), such that we can
estimate

1)l < e(T) (/0 2(a)ll g, da+ [ua (t) — ua2(t)lls, )

IN

H2(8)]m, < e(T) (/0 [[ur(s) — ua(s) |5, ds + [Jua (t) — u2(t)]lg, )
3], < e(T) [Jur (t) = ua(t)]|x,

Ha(®)]| 2 C(T)(/O l[ur(s) = ua(s) |5, ds + [Jua (t) — u2(t)lls, ),

IA

and consequently there is a positive constant, again denoted by ¢(T), such that
t
1) < @m/ (@) da+ s (1) — ua(t) |
/ s (s) — wn(s)e, ds), ¢ € 0.7].

Gronwall’s inequality then implies
t
) = o) (Jua(®) ~ wa®lle, + [ o) = ua(o)]z, ds)
0
t s
@) [ () = o)l + [ lurlr) = ua(r)e, dr) ds,
0 0
and therefore we conclude that there is a positive constant, again denoted by ¢(T'), such that

t
o(t) < o) (Jlur(®) — w0z, + [ r(s) — wa(o)lsods), t€ 0.7 (420)
0
In the proof of Theorem we obtained the estimate

() (O~ (K@), < o(7) [ 2(a)da
7) [ 1P (5) = Pls. ) e, s,

estimate ([4.20) and assumption (4.15]) then lead to (with ¢(7T") adapted in every step)
[(Ku)(t) — (Kug)(t)]g,

<c@0/¢0wx>—ux Mo + [ a(s) ~ ua(6) e ds) da

/Hm ) — u(s) [, ds

ﬂAHm@—w®hM&t€Mﬂ

Since u1, up are fixed points of the map K, we conclude

[[ur () — ua(t)||gy < o(T) /0 lur () — ua(s)llg, ds,

and Gronwall’s inequality implies u; = us. O
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4.4 Further properties

In the following we continue the analysis of equation and establish some results which will
be needed in section Observe that we allowed the birth rate by, to be time-dependent, cf. ,
which was crucial to establish existence of solutions to the nonlinear equation, see Theorem [4.10
In the present section however, the birth rate must not depend on the time parameter, since we
want to translate equation into the language of semigroup theory (observe that Theorem
need not hold anymore, if the birth rate depends on time).

After these considerations, let us formulate the assumptions for the present section: we
assume the operator A fulfills conditions — , consider a birth rate

by, € BC([0,00), L(Ey)), supp(br) C J, (4.21)
and a mortality rate
Hr € BC(‘L ‘C‘(EO))7 (422)
which is such that
(a— p(a)) € CP(J, L(E, Ey)), (4.23)

with Holder exponent p from (4.2)). Recalling definition (4.8), we see as in section that the
parabolic evolution operator II 4(a,0),0 < 0 < a < @y, is well defined and satisfies

I ;(a,0)v =14(a,0)v — /a Ma(a,s)prn(s)i(s,0)vds, v € Ep. (4.24)

g

By assumption we have constants M > 1, @ € R, such that
IIa(a, o)l z(ey) < Me=@(a=a), 0<o<a<an,
and as in section we can assume without loss of generality
ITL4(a,0)|lz(z) < Mef“j(a*")7 0<o<a<a,. (4.25)
Finally, as in Lemma[4.5] we require
wg € By, veR, feC(0,T],Ey), heC(0,T],Ep). (4.26)

To start with, let us recall Definition [I.3] and observe that the linear structure of equation

(4.11)), together with Lemma implies
20 ,0,h ;
Bt = YO0 + By M0 + B0 in €([0,T], Eo),
consequently the integral solution (4.10)) decomposes as
Wit = w0 4w 4w %" i ([0, T), Eo). (4.27)

In the next step we will show how each term on the right side of (4.27)) can be reformulated in
the context of semigroup theory.
Consider the integral solution

I (a,a—thw(a—t), 0<t<a
I (a,00B3°(t—a), 0<a<t,

w%,OO,O(t a) = {
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where B:jj’oo’o(t) solves the corresponding Volterra equation 1) Setting
(S (t)wo) (a) := wi(t, a), (4.28)

we can argue along the lines of Theorem and conclude that S,(t),t > 0, is a strongly
continuous semigroup on Ey with

sup €t(@+7_<)||5w(t)Hz:(]Eo) < 00,
>0
where ¢ = M||b]|0o-
For the second term in (4.27) we have
Proposition 4.12. Assume the operator A satisfies (4.2]) — (4.3]), and conditions (4.21]) — (4.23)),
[@.25) — (4.26) hold. Then for allt € [0,T]:

w0t 0) = (/ St — 5)f(s) ds) (@), foraa a€(0,am). (4:29)

Proof. By definition,
0
7150
t =
'UJO ( 7(1) {HA’Y(GJ’O)B(’)Y,f,O(t_a)
N fOtHAw(a,s—i—a—t)f(s,s—i—a—t)ds, 0<t<a<an
ftt_aHAv(a,s—i-a—t)f(s,s—l—a—t)ds, 0<a<t, a<an.

On the other hand, by defintion of S,

HAv(a,a—(t—s))f(&a—(t—s)), 0<t-s<a

I (a,O)B}QgSO((t —s)—a), 0<a<t-—s,

(Sy(t—5)f(s))(a) = {
where a < a,,,. Let us consider the case t < a. In particular t — s < a — s < a, and therefore

/(Sv(t—s)f(s))(a)ds:/HAW(a,s—&—a—t)f(s,s—i—a—t)ds,
0 0

which proves one half of the claim (here we also use the last assertion in Theorem |A.2)).
In the case a <t we have

/O(Sv(t—s)f(s))(a)ds = /0 HAW(a,O)B;{&g’)O((t—s)—a)ds
+ / HAw(a,s—|—a—t)f(s,s+a—t)ds,

and we see that the second term on the right agrees with the formula for w(] o ’O(t, a). It remains
to show the identity
t—a
B0t —s—a)ds =Bl (t—a), fora<t,

6!

which is proven in Lemma O
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Finally, for the third term in (4.27]), we have

0, 0<

,0,h ) =
wg (taa) = ,0,h

(t—a), 0<a<t,a<anm,

where B] 01 gatisfies the integral equation
t
BYOM(t) = / br(t — a)ll; (t —a,0)B]""(a)da + h(t).
0 Y

In section [5, we want to express the h-dependence of wa”o’h. To this end, let us introduce the
integral kernel
ky(t,a) :=bp(t —a)ll; (t —a,0), (4.30)

then the integral equation can be written as
¢
B = [ k(6B (e da o)
0

= (k7 * Bg’o’h> (t) + h(t).

In order to solve this equation, we require the resolvent kernel corresponding to the integral
kernel k.. Introduce Ja := {(t,a) € J x J : a < t}, then by Lemma there exists a unique
resolvent kernel r, € C(Ja, Ls(Ey)) (cf. section 2| for notation), and consequently

BYYM(t) = (ry % h)(t) + h(t).

Putting everything together leads us to

wl M (t,a) = 0, t
0 ) HAw(a,O)((rv*h)(t—a)—|—h(t—a)), 0<a<t,

(4.31)
where a < ap,.

Remark 4.13. In the case a,, < oo, the kernel k has to be cut off at t — a = a,,,. Therefore,
it will generally not be strongly continuous anymore, hence Lemma |4.21| cannot be applied.
Assumption (4.5) guarantees that this technical difficulty can be excluded. O

Subsequently, we introduce for ¢ € [0, T] the linear operator

V,(t) : C([0,T], Eo) — Eo
ho— wl%Mt, ),

which is well defined by Proposition Furthermore, by (4.25) and (4.31) we have

t
IV (6)hlg, < M / e~ @D (1 % h)(a) + h(a)| g, da,
0
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using Lemma we can estimate the first term on the right by
M/ ~(@+7)(t=a / 7+ (a, s)h(s)| &, dsda
gM/ ef<w+v><tfa>/ My ae 12 I =51~ () | 5 dsda
0 0
t ¢
:M2||bL||oo/ 6—(®+v)te—(MHbLHw—w—'y)s||h(8)||EO/ eMlbrllea 14ds
0 s
¢
< M/ ef(mv)tef(MHbLHoofwfv)seMllbLHoot”h(s)”Eo ds,
0
and therefore we obtain
¢
IV (0)hlle, <208 [ eOeleE (s g, s, (432)
0

Combining (4.27) — (4.29) and (4.31)) leads to

wz),of,h( D) = t)wo +/ Sy (t—s)f(s)ds + V,(t)h. (4.33)

Lemma 4.14. Assume the operator A satisfies (4.2) — (4.3)), and conditions (4.21)) — (4.23)),
[@.25) — (4.26) hold. Then for allt € [0,T]:

1. BLfR(0) = e By 1R

J

2. [y By (t—s)ds = BYTO(t).
Proof. Ad 1: Observe that (4.8)) implies
HAw (a,0) = e—’y(a—o)HA(a, o), 0<o<a,

combining this with (4.11]) yields
¢
BZ,’Of’h(t) = et /0 br(t —a)Il;(t — a, O)engj’Of’h(a) da
t t
+ e_'yt/ bL(a)/ IIi(a,s +a—t)ef(s,s+a—t)dsda
0 t—a
+ e / br(a)Il 4(a,a — t)wo(a —t)da
¢

Am, t

b [T hala) [ Mifas+a -0 (s 4 a ) dsda
t 0

+  h(t).

The claim follows from the unique solvability of integral equatlon |D
Ad 2: The integral is well defined, since the integrand s — B7’ f(s) "(t — s) is continuous. To see
this, consider two convergent sequences

Sn — s in [0,T7, w, — wy in Ko,
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then one has
IBLY(s) = B2 (sn)llmy < 1By (s) = By (sn)llzo + 1BL" = B2 oo,

and by Lemma [£5] the first term on the right tends to zero. For the second term, we observe
B0 — By 00 = BZ}OO Ow by linearity and uniqueness, hence the estimate of Lemma |4.5|implies

that this term converges to zero as well. This proves the claimed continuity.
By definition, BO’ 0 satisfies

t
B = / bu (@)L (a,0)B*(t — @) da
0
¢ ¢
+ / bL(a)/ HAW(a,eraft)f(s,eraft)dsda (4.34)
0 t—a
Ay t
+ / bL(a)/HA (a,s+a—1t)f(s,s+a—t)dsda.
t 0 v
On the other hand,
t—s
B0 —5) = /O bu(a)L; (a,0)B20(t — s — a) da

+ /tam b(@)ll; (a,a— (t — ) f(s,a — (t — 5)) da,

—S

and consequently

/ tB;Z((Z)O(t—s)ds - / / 4 (@,0)B120(t — s — a) dads
n //t a(a,a—(t=s)f(s,a— (t - s)) dads
_ /O bo(a)TT4_(a,0) /0 T B0 0 s)dsda
+ /OtbL(a)/tiaHAw(a,s—i—a—t)f(&s—f—a—t)dsda
. /tam bL(g)/OtHAW(a,S+a—t)f(s,s+a—t)dsda.

Hence, t — fot B;&O (t — s) ds satisfies equation 1) and by uniqueness the claim follows. [

Proposition 4.15. Assume the operator A satisfies (4.2]) — (4.3), and conditions (4.21]) — (4.23),

(4.25) — (4.26) hold. Then for allt € [0,T):

WGl = el )
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Proof. By definition of wZ;Of b and Lemma we have
W = I (a,a — t)wo(a —t)
o IT; (a, 0)BY M (t — a)

fta i (a,s+a—t)f(s,;s+a—t)ds, 0<a<t

_ {e'ytHA(a, a—t)wg(a —t)

N {fo i(asta—t)f(s,;s+a—t)ds, 0<t<a

e 1 4(a,0)e (=D BY e feTh(t — q)

N e'tho i(a,s+a—1t)ef(s,s+a—t)ds, 0<t<a
e“’tft ila,s+a—t)e*f(s,s+a—t)ds, 0<a<t,
where a < a,,, and the claim follows. O

Remark 4.16. Let us recall the definition of the semigroup S,(t),t > 0, in (4.28). As an
immediate consequence of Proposition we have

Sv(t)wo = e_"’tSo(t)wo, Yt >0, wy € Eg.

O

Proposition 4.17 (y-shift). Assume the operator A satisfies (4.2)—(4.3]), and conditions (4.21)—
(4.23), (4.25) — (4.26) hold. Let w € C([0,T],Eo), then the following equivalence holds:

{HAW (a,a — t)ywo(a —t)
II; (a,0)B(t —a)

w(t,a)

fo i a3—|—a—t)f(s)(s—&—a—t)als7 for a.a. a € (t,an)
* j;a i, (@, s+a—t)f(s)(s+a—t)ds, fora.a ac(01),

where a < ay,, with B(t) = [} br(a)w(t,a) da + h(t), t € [0,T), if and only if

w(t,a)
_ {HA(a, a—t)wo(a —t)
IT;(a,0)B(t — a)

{fo (a,s +a—1t)(—yw(s)+ f(s) (s+a—t)ds, fa.a a€(t anm)
ft Jila,s+a—t) (—yw(s)+ f(s)) (s+a—t)ds, fa.a. ac(0,1),
where a < ap,, with B(t) = [} br(a)w(t,a) da + h(t), t € [0,T].

Remark 4.18. Recalling the notation of Definition 4.3] Proposition 4.17] says that for w €
C([0,T),Eq), we have

w_w'yfh w_wO 'yw+fh

Proof of Proposition[{.17 Let us consider the equation

’LU—’UJO 'yw+fh

(4.35)
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and observe that this is a coupled integral equation for (w,B) € C([0,T],Eq) x C([0,T), Ep),
cf. Deﬁnition Suppose there exist two integral solutions (w1, By), (we, B2) € C([0,T],Eq) x
C([0,T], Ep), then we can consider the difference

(0, B) := (w1 — wy, B; — By) € C([0,T],Eq) x C([0,T), Eo),
and the uniqueness in Lemma [4.5] implies that this difference satisfies
W= wg’_'m’o.
Proposition then yields
t
B(t) = — / Solt — syi(s)ds, e [0,T),
0
which in turn leads to

t
[o() e, <[] CewT/ [a(s)lle, ds, ¢ €[0,T],
0

where C,w € R are chosen such that [|So(t)|zm,) < Ce*', t > 0. Gronwall’s inequality then
implies @ = 0, and consequently B = 0. Hence, there exists at most one integral solution

(w,B) € C([0,T],Eo) x C([0,T], Eo) to equation (4.3F).

On the other hand, by Proposition and Lemma (w)Hh BRHMy e C(10,T],Eo) x
C([0,T], Eo) is well defined. In the following we show that (w/*", BY7"") satisfies , by
uniqueness the claim then follows.

In order to simplify notation, we write w” := wz;gf +_ In the case t < a, use formula to
conclude:

— Y
wiyy "N () (a)

=1I,(a,a —t)wo(a —t)

—l—/o HA(a,s—l—a—t)(—’yw'y(s)—|—f(s))(s+a—t)ds

=1 (a,a —t)wo(a —t)

Jr/t(’Y)HA(aaSJrat)HAW(S+at,at)w0(at)ds

0

+/t(_7)HA(a,8+a—t) (/SHAW(S+a—t,r+a—t)f(7",7“+a—t)dr) ds
0 0

t
+/ Oj(a,s+a—1t)f(s,s+a—t)ds
0

=1 (a,a —t)wo(a —t)

t
+/ (—y)e " 4(a,a — t)wo(a —t) ds
0
t s
+/ / (=y)e "I 4 (a,r +a — ) f(r,r + a — t) drds
0 0

t
—|—/ IIi(a,s +a—1t)f(s,s+a—t)ds.
0
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Observe that the first two terms after the last equality can be simplified to
e "Ml 4(a,a — t)ywo(a — t),

whereas for the third term, we can change the order of integration, yielding
t t
/ " i(a,r+a—t)f(r,r+a—t) (/ (=vy)e™* ds) dr
0 T

t
= /0 (e*V(t*T) - 1) IIi(a,r+a—t)f(r,r+a—t)dr.
Putting everything together, we arrive at
way TR (a)

:HAW(C%a‘_t)wO(a_t)‘i‘/o HAW(a,r+a—t)f(r,r+a—t)dr
=wY(t)(a), t<a, (4.36)

where we used formula (4.10)) in the last step.
Let us turn to the case t > a, where we have:

0,—yw”+f,h

w7 (t) (a)

=114(a,0)BY 7" /(¢ — a)
t

+/ My(a,s+a—1t)(—yw(s,s +a—t)+ f(s,s +a—t)) ds.
t—a

Using formula (4.10), we obtain for the second term
t
H ila,s+a—1t)(—yw(s,s+a—1t)+ f(s,s+a—t)) ds

\

IIi(a,s +a—t)(— W)HAW(S—l—a—t,O)BZ,’Of’h(t—a)ds

+

i(a,s+a—t) (( 'y)/ HAW(s—i-a—t,r-i—a—t)f(r,r—i—a—t)dr) ds
t—a

+

IIi(a,s +a—t)f(s,s+a—t)ds

/.
.
.
[

JeV(sta= t)HA(a, O)BZ]’Of’h(t —a)ds

+

/ Y)e VI 4 (a, 7 4+ a — ) f(r,r +a —t)drds
t—a Jt—a

+

(a,s+a—1t)f(s,s+a—t)ds

eV dse @I (a, 0)BLI"(t —a)

+

Je ¥ dse" I 4(a,r +a—1t)f(r,r+a—t)dr

_|_

[
/
[
/ ila,s+a—1t)f(s,s+a—t)ds,
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and after integration with respect to s, we arrive at

/t Mi(a,s +a—t)(—yw'(s,s +a—t)+ f(s,s +a—1t)) ds
¢

=1, (a,0)BL/"(t —a) =1 4(a,0)By " (t - a)
t

+/ HAw(a,r—Fa—t)f(r,r+a—t)dr, t>a
t—a

or equivalently
t
I1;(a,0)BL " (t —a) + / Mj(a,s+a—t)(—yw(s)+ f(s))(s+a—t)ds
t—a

t
= HAw(a,O)B;YUvah(t —a)+ / I (a,r+a—1)f(r,r+a—t)dr
t—a
=w'(t)(a), t>a. (4.37)
Identities (4.36) and (4.37) lead to
BT
t A
= / br(a)w?(t,a)da + / br(a)w?(t,a)da + h(t)
0 ¢
t
_ / bi (@)1 (a,0) B (¢ — a) da
0
¢ ¢
+/ br(a) (/ Mji(a,s+a—t)(—yw(s)+ f(s))(s+a—t) ds) da
0 t—a

+ /tam br(a)II 4(a,a — t)wo(a —t)da

—|—/am br(a) (/tHA(a,s +a—t)(—yw(s)+ f(s))(s+a— t)ds> da
—l—h(tt), te [0,72],
that is, Bg;of b satisfies the integral equation corresponding to Bg;(; ywi+fh - Therefore, Lemma
[4.5] implies Bt _ B%O_quf,h’
using this equality in , we conclude
wﬁ;o*“‘ﬂ*f’h(t, a) =w(t,a), for0<a<t.

This, together with (4.36)), proves the claim. O

Proposition 4.19 (p-shift). Assume the operator A satisfies (4.2) —(4.3)), and conditions (4.21)—
(4.23), (4.25) — (4.26) hold. Let (w,B) € C([0,T],Eq) x C([0,T], Ey), then

wita) — II;(a,a —t)wo(a —t)
(t.a) {HA(a,O)B(t—a)

N fot Hi(a,s+a—1t)f(s)(s+a—t)ds, foraa. ac(t anm)
ftt_a Mi(a,s+a—1t)f(s)(s+a—t)ds, fora.a. ac/(0,1),
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where a < ap,, with B(t) = [} br(a)w(t,a) da + h(t), t € [0,T], if and only if

w(t,a)
4(a,a —t)wo(a —t)
4(a,0)B(t —a)

N fot Ma(a,s+a—1t) (—pr(Hw(s)+ f(s) (s+a—1t)ds, fa.a a€(t anm)
[r Ta(a,s+a—1t) (—up(w(s) + f(s)) (s +a—t)ds, fa.a ac(0,1),

where a < ap,, with B(t) = [ br(a)w(t,a) da + h(t), t € [0,T].

Remark 4.20. Observe that due to assumption (4.22)), the mortality rate induces an operator
nr() € L(Eo) by

(1()6)(@) i= p(@)(a), for a e J, ¢ € Eo.
In particular, given w € C([0,T7],Eg), the function
pr(Hw : [0,T) = Eg
is well defined and continuous. O

Proof of Proposition[{.19 The argument is analogous to the proof of Proposition but in-
stead of the relation

HAA7 (a,0)v = e_"’(“_U)HA(aJ)v, vE Fy,0<o<a,
we require identity (4.24). To be more precise, let us consider the equation
w(t,a)

M4(a,a —t)wo(a —t)
IT4(a,0)B(t —a)

n {fot Ma(a,s+a—1t) (—pr()w(s)+ f(s)(s+a—1t)ds, faa. aé€ (t,a)
ftt_a Da(a,s+a—t)(—pL(Hw(s)+ f(s)) (s+a—1t)ds, fa.a.ae€(0,t),

where a < ap,, with B(t) = [ br(a)w(t,a)da + h(t), t € [0,T].

As in the proof of Proposition we conclude that there exists at most one solution (w, B) €
C([0,T],Eq) x C([0,T],Ep). On the other hand, consider the equation

. JH4(a,a —t)wo(a —t)
b(t,a) = {Hz(a, 0)B(t — a)
N fot Oj(a,s+a—t)f(s)(s+a—t)ds, faa. ac(tam)
ftt_a Oi(a,s+a—t)f(s)(s+a—t)ds, faa. aec(0,1),

where a < ay,, with B(t) = foa’" br(a)w(t,a)da+ h(t), t € [0,T].
By Proposition and Lemma [4.5, (0, B) € C([0,T],Eo) x C([0,T], Eo) is well defined. In

the following we verify that (w, 3) also satisfies the first equation, by uniqueness the claim then
follows.
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Let 0 <t < a, then a computation as in the proof of Proposition together with formula

(4.24)), leads to

(a,a — t)ywo(a —t)

/HAas+a—t)( pr()w(s) + f(s))(s+a—1t)ds
IT;

4la a—t)wo(a—t)+/0HA(a,r—i—a—t)f(nr—i—a—t)dr
w(t,a), t<a, (4.38)

cf. (4.36). In the case t > a, another lengthy computation and application of formula (4.24])
yields

/t_ Ma(a,s +a—t)(—pp()o(s)+ f(s))(s+a—t)ds
= _/O‘LHA(a,s)ML(s)HA(s,O)B(t_a)ds
+/t i(a,r+a—8)f(r,r+a—t)dr, t>a.

Using formula (4.24)), this is equivalent to

t
+/ IOi(a,r+a—t)f(r,r+a—t)dr
t

= w(?ja), t>a, (4.39)
cf. - Identities and - ) lead to
B(t)
/ br(a)id(t, a) da + /am br(a)i(t, a) da + h(t)
t

(=)

/bL )A(a,0)B(t — a)da

(=)

+/0 br(a (/ Ma(a,s+a—t)(—pr(.)d(s)+ f(s ))(s-i—a—t)ds)da
+/ a,a — t)wo(a — t)da
+/t (/ 4(a, s+a—t)(—uL(.)w(s)+f(s))(s+a—t)ds) da
+h(t), € [0,T7,
and we see that (w, ) solves the first equation, as claimed. O
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4.5 The resolvent kernel

In this section we establish an existence- and uniqueness result for a Volterra integral equation.
More precisely, we set Ja := {(t,a) € J x J: a < t}, introduce the integral kernel

ky:Jda — L(E)

(t,a) — bp(t,t— a)HAW (t —a,0), (4.40)
and consider the equation
B(t) = /t k+(t,a) B(a)da + h(t)
0
=: (ky*B)(t)+ h(t), t 10,7, (4.41)

with h € C([0,T7], Ey) given.
In case k., € C(Ja, L(Ep)), it is well known that there exists a unique solution B € C([0,T], Ey)
to . However, we only have ky € C(Ja, Ls(Ep)), since the evolution operator II A, is only
strongly continuous. In the following we verify that existence and uniqueness still hold in this
setting.

In order to show existence of solutions, we first construct the resolvent kernel:

Lemma 4.21 (Resolvent kernel). Assume the operator A satisfies (4.2), and conditions (4.5) —
(4.6) hold. Let the integral kernel ky be defined as in (4.40). Then there exists a resolvent kernel
ry € C(Ja, Ls(Ep)), uniquely determined by the equation

t
ry(t,a) = / ky(t,s)ry(s,a)ds + ky(t,a), (t,a)€ Ja.
a
This resolvent kernel satisfies
I (t, @) £y < Mbrl|oce™IPrle=@=n =) g < <4,
and the y-dependence is expressed by
ry(t,a) = 677@7(1)1"0(15, a).

Proof. For n =1,2,... we recursively define

t
foa(faa) = by (6,0), ks (t ) = / ke (t, )k m(s,a) s, (t.a) € Ja.

Observe that k. is strongly continuous (since by, is continuous), i.e. k, € C(Ja, Ls(Ep)). By an
induction and dominated convergence argument we conclude that all products k., ,, are strongly
continuous as well.

It is well known from the theory of Volterra integral equations that the resolvent kernel is

given by the formula
o0
Ty = Z ks
n=1

hence we have to verify the convergence of the series. We estimate

[By1(t @)l 2oy < lbLlloo Me™@FEma))

(0]



and inductively

t—a) 1 o —a
et @) Loy < M [or s E= L m@ =)

(n—1)!
which yields the claim. The estimate for r, is now an easy consequence. Observe that the
estimate, together with the Weierstrass M-test, implies the strong continuity of r,. As regards
uniqueness of the resolvent kernel, fix a € J, v € Ey, and assume r € C(Ja, Ls(Ep)) satisfies

r(t,a)v 2/ ky(t, s)r(s,a)vds, t €[0,T].
Then r(-,a)v € C([a,T], Ey) and

t
(¢ a)vlle, < /”k’y(tvS)”L(Eo)”r(’s’a)vHEods

IN

t
/ Ll Me= @+ n(s Yol ds ¢ € [a,T],
a

consequently r(-,a)v = 0 in C([a,T], Ep) by Gronwall’s inequality. Since a € J, v € Ey can be
chosen arbitrarily, the claim follows.
Regarding the y-dependence, observe that k., (t,a) = e~ 7= o (t,a), hence

t t
k’Y,2<tv a) = / k"/ (t? s)k’Y,l(sv a) ds = / e_y(t_S)kO(tv 5)6_7(8_(1) kO (8, a) ds

= 6_7(75_&)]60,2(% a),

and inductively
by n(tya) = e VD (t a).

The claim now follows from the power series representation of the resolvent kernels. O

Proposition 4.22. Assume the operator A satisfies (4.2)), and conditions (4.5) — (4.6) hold. Let
the integral kernel k~ be defined as in (4.40). Then for every h € C([0,T], Ey) there exists a
unique solution B € C([0,T], Ey) to equation (4.41)).

Proof. Let ry € C(Ja, Ls(Ep)) denote the resolvent kernel from Lemma and set

B(t) := /t ry(t,a)h(a)da + h(t)
= (:7 * h)(t) + h(t), te[0,7T).
Then B € C([0,T1], Ey) by the dominated convergence theorem, furthermore
(ky* B)(t) = (ky*(ry*xh+h))(t)
= ((ky 7y + ky) % h)(2)

= (ryxh)(?)
= B(t) —h(t),

for ¢t € [0, T], which proves the existence claim. Uniqueness is a simple consequence of Gronwall’s
inequality (cf. proof of Lemma [4.21)). O
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5 Nonlinear stability

In section |3| we analysed the simplified instance of problem , with the nonlinearity
appearing in the mortality process. More presicely, only the mortality rate p was assumed to
depend on the density u, which allowed to formulate as a semilinear Cauchy problem.
Subsequently the principle of linearised stability was applied, thereby reducing the stability
analysis of equilibria to a linear problem.

In the present section we consider the nonlinear problem, where also the birth rate b is allowed
to depend on the density u, i.e.

Ou+ dgu+ Ala)u = —p(u,a)u, t>0,aeJ
u(t,0) = / " b(u, a)u(a) da, t>0 (5.1)
0
U(Oa a) = uO(a)v a € Ja

with J C Ry as in . As a first important observation we note that this additional nonlin-
earity appearing in the age-boundary condition destroys the semilinear structure. In particular,
semigroup theory and mild solutions are not available any longer, and it is therefore necessary
to introduce a new solution concept. To this end, we will resort to the results of section [d] where
the theory of integral solutions was developed. After declaring the assumptions for the present
section, we will see that problem is well-posed within this framework. In a subsequent
step we will study the asymptotic behaviour of this solutions and convergence to equilibria. An
equilibrium of problem , denoted by ¢ in the following, is determined by the equation

Oa® + Ala)d — (¢, a)o, acJ
4(0) / b($, a)¢(a) da. (5.2)

The question of existence of nontrivial equilibria poses a separate problem and was considered
in [34], [37].

In the spatially homogeneous case, a first stability result was obtained by Gurtin & MacCamy
[14] by means of Laplace-transform techniques. Another stability result was established by
Priif [25] via a semigroup approach. He showed that the corresponding problem induces a
semilinear evolution equation and the principle of linearised stability is applicable. A streamlined
argument was given by Webb [38, Theorem 4.13]. In the following we will take a similar approach
to obtain a stability criterion for .

5.1 Assumptions

First, we declare the technical assumptions, which are assumed to hold throughout this section.
To this end, let ¢ € Ey denote some fixed equilibrium of (a precise definition will be given
in Definition [5.6)).

Throughout this section, Ey denotes a real Banach lattice with closed, total cone Ea' . Note
that we do not distinguish Fy from its complexification in our notation as no confusion seems
likely. We recall

J— [0,am], ifam <o
[0,00), if a, =00

and define
E() = Ll(J, E())
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Furthermore, we denote by EJ those functions in Ey which take values in Ej almost everywhere
and remark that Eqg becomes a Banach lattice.

Let Ey be a densely and compactly embedded subspace of Ey. As in section [4] we assume
the operator A fulfills conditions — , furthermore we suppose the parabolic evolution
operator I14(a, o) is positive for 0 < o < a < a,, and

w>0 if ap =o0. (5.3)
We consider a birth rate
be BC(Eq x [0,00),L4(Ep)), supp(b) C Eg x J,
and a mortality rate

w:EyxJ — Li(FEy)
(u,a) +—  p(u,a). (5.4)

For the mortality rate we assume a continuity condition,
a— p(u,a)v € C(J, Ey), Yu € Eg,v € Ep, (5.5)
and existence of a constant i € Ry, such that for arbitrary (u,a) € Eg x J we have
pw(u,a)v < o, Vv e Ef. (5.6)
Furthermore, we impose
(a — p(¢,a)) € CP(J, L(E1, Ep)), (5.7)

with Holder exponent p from (4.2)).
In analogy to (4.8)), we introduce the notation

Ala)o = Ala)o+ p(¢,a)v, v € By,
Ay(a)v = A(a)v+~yv, v€ Ey, (5.8)
Ay(a)v = A(a)v+ p(¢,a)v+yv, v e By,

and conclude as in section that the parabolic evolution operator II ;(a,0), 0 < 0 < a < an,
is well defined and satisfies

a

II4(a,0)v =y(a,0)v — / ITa(a, s)p(o, s)IL;(s,0)vds, v € Ey.

o

By assumption we have constants M > 1, @ € R, such that
I, 0) gy < Me@@2), 0< o <a<am,
and since pu(¢, a) € L(Ey) for all a € J, we conclude as in Lemma [3.11]
L4 (a,0)|lz(ey) < Me=@la=a), 0<o<a<an. (5.9)
Recall from section [3| that assumptions — give rise to a well defined map
fiEo — Li(Eo)

u =y,
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with || f(u)]|zg,) < 4. We set
F:Ey — Eg
u = —f(u)y,
and assume

F : Ey — Eq admits an increasing function
¢ [0,00) — [0,00), such that

[F(¢1) — F(¢2)lle, < cr(r)||dr — P2k,
for all ¢1, @2 € Eg with [|¢1]|g,, [|p2]lr, <,

(5.10)

and

b:Ey x [0,00) = L4 (Fp) is bounded, continuous,
with supp(b) C Eg x J, there is an
increasing function ¢ : [0,00) — [0, 00), such that (5.11)

6(¢1,a) — b(P2, )|l £(Ey) < c(r)|d1 — b2l
for all a € [0,0), ¢1, 2 € Eg with ||d1]g,, [|d2/lg, < 7.

Furthermore, we suppose that the nonlinear terms in (5.1) are Fréchet differentiable at the
equilibrium ¢ € Ey. More precisely,
F(u) = F(¢) + F'()(u— ¢) + Rp(u—¢), u€ R, (5.12)
where F'(¢) € L(Ep), and Rp : Eg — Eg is continuous such that
1Rr (W), < dr(r)llulle,, for [[ulg, <,
and dp : [0,00) — [0,00) is an increasing continuous function with dp(0) = 0 (cf. [38, Proof of
Theorem 4.13]). In addition, we assume

such that B, € L(Eo).
Regarding the birth rate, we assume b : Ey X [0,00) = L(FEy) is Fréchet differentiable with
respect to the first variable at ¢ € [Eg. More precisely,

b(u, Ju = b(g, )o+ (Dub(é,.)(u— )0
where D,b(¢,a) € L(Eg, L(Ey)) for all a € [0,00), and Ry : Eg — Eg is continuous such that
IRy @)llz, < do(r) ey, for [lule, < 7,

and dj : [0,00) — [0, 00) is an increasing continuous function with d,(0) = 0. Finally, we suppose
the existence of b, € BC([0, 00), L(Ey)), with sup(by) C J, such that

am

/ " (Dub(6, a)w)é(a) da = / bo(a)w(a)da, w € Eo. (5.15)
0 0

Remark 5.1. Since the dependence u — b(u,-) is nonlocal in general, the same is true for the
derivative w +— Dyb(¢, )w, cf. Expample In particular, it cannot be expected to be of the
form

(Dub(¢, a)w)(a) = by(a)w(a), a €0, am),
with by(a) € L(Ep) for a € [0,a,,). However, upon passing to the integrals it is reasonable to

assume the existence of by, € BC([0, am), L(Ep)), such that (5.15) holds, cf. (5.16) in Expample
[-2] This formulation will allow us to apply the theory from section [4 O
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Example 5.2 (Birth rate). Let 3 € BC?(R% R, ), and consider
b:EyxJ =Ry, blu,a):=p(Ku,a),
where Ku := [ r(a) u(a) da, with k € BC(J, Ey'). We compute

0
B
D,b(¢, a)w = %(qu, a) Kw, w € Ey,

and, for a € [0, a,,) fixed,

Ra(u - (b)
= b(u, a) — b((b, a) - Dub(¢7 a)(u - (b)

- / Dyb(¢+ 5(u — 6), a) ds (u— ) — Dyb(6, a)(u — ¢)

_ /0 (Dub(é+ 5(u— ), a) — Dub(e,a)) ds (u — ¢)

- /01 (/01 diig—i(l((d)—l-rs(u— qs)),a)dr) ds K(u — ¢)

-/ 1 ( CR (o rslu—0).0) s K(u— 0)dr ) ds Ku— ),

hence, R, : Eqg — R satisfies

|Ra(u = @) < I8l o= 1K1 ]lu — ¢IIZ,-

Furthermore, we can estimate

buya) — b(d,a)| = | / Dub(6+ 5(u— ¢), a)(u — ¢) ds|

1Bl Ber 1K lw = bl

IN

and consequently

[ Ro(uw — ¢) &,
= [|b(u, .Ju — b(¢,.)p — (Dub(e,.)(u— ¢))d — b(¢,.)(u — &) ||k,

< /am 1(b(u, @) — b(6, a)) (u(a) — ¢(a))|l 5, da
0

+ / (bt a) — (6 a) — Dub(, @) — ) b(a)]| da
< sup [bura) —b(g.a)] fu—dles + sup |Ra(u—6)| [l

a€l0,am) a€l0,am)

< Bl llEN lu = ¢lI, + 18Il sc= 1K1 llu = 8lIE, I6Ile,

which means that
[Ry(u)|| < dp(r)|ull, for [[ull <,
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with dy(r) = Cr, for some postive constant C, i.e. condition (5.14]) is fulfilled . Furthermore,

setting v := Oa"‘ %(qu, a) ¢(a) da € Ey, we have for w € Eo:

" = am% a w a a
/0 (Dub(¢, a)w)d(a)da = /O oo (K¢,a) Kwé(a)d

= vKuw
_ /O bs(a)w(a) da, (5.16)

where by(a) := (vk(a)) € L(Ey). O

5.2 Well-posedness

After declaring the technical assumptions, we introduce a solution concept for equation (5.1)), cf.
Definition 7t

Definition 5.3. Let I C R, be an interval, with 0 € I. Let u : I — Egy be continuous, with
u(-,0) € C(I, Ey). We say that the function u is an integral solution to (5.1) on I, if for all t € I

~ JTLa(a,a —t)ug(a — 1)
ut.a) = {HA(a,O)B(t ~a)

N fot My(a,s+a—t)F(u(s))(s+a—t)ds, fora.a. a€ (t,am)
f:ﬁa Ma(a,s+a—t)F(u(s))(s+a—t)ds, fora.a. ac(0,t),

where a < a,,, and B(t) = u(t,0) satisfies, for ¢ € I, the associated integral equation

B(t) /0 b(u(t),a)lla(a,0)B(t —a)da

+ /0 b(u(t),a) /ti Ma(a,s+a—t)F(u(s))(s+a—t)dsda
+ /t T b(u(t), a)Ta(a, @ — tyug(a — ) da
+ /t b(u(t),a)/o Ma(a,s+a— ) F(u(s))(s +a — t) dsda.

Theorem 5.4. Assume the operator A satisfies (4.2) — (4.3), and conditions (5.10)), (5.11)) hold.

Let ug € Eg be given, then there exists a unique mazimal integral solution w = u(.;ug) : [0, Ty,) —
Eo to (5.1). Furthermore, if T,, < oo, then limsup,_,, |lu(t)||g, = oc.

Proof. Let us set
Ty, = sup{T € R, |there exists an integral solution to (5.1) on [0,T7]},

and observe that T, is positive by Theorem [£.10] Furthermore, it follows from Proposition [£.11]
that the integral solution
u=u(.;up) :[0,Ty,) = Eo

is unique. Finally, let T}, < oo, and suppose u remains bounded. Then we can set r :=
sup, ., |lu(t)||g, + 1, and an application of Theorem shows that u can be extended beyond
T.,, which contradicts the definition of T, . O
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Proposition 5.5 (Positivity). Assume the operator A satisfies (4.2) — (4.3)), the evolution oper-
ator T4 1is positive, the mortality rate p fulfills (5.4) — (5.6), and conditions (5.10)), (5.11)) hold.

Then for given initial value ug € IES', the corresponding mazimal integral solution u = u(.;ug) :
[0,T.,) — Eo to (5.1) is positive.
Proof. Recall that

F:Ey — Eg
w = —f(w)w,

with f(w) = p(w,.) € L4 (Ep), then assumption (5.6) yields
Fu(w) := F(w) 4+ pw > 0, Vw € Ed.
Since u is an integral solution to (5.1)), we see from Proposition that u satisfies

{HAu (a,a —t)up(a —t)

D= 1y (a,0)B( — a)

N fot M4, (a,5+a—1t)Fy(u(s))(s+a—t)ds, fora.a. ae (t,an)
ftt_a Ha,(a,s+a—1t)Fa(u(s))(s+a—t)ds, foraa. ac(0,1),

where a < a,, and B(t) = u(t,0) satisfies, for ¢ € [0, T], the associated integral equation
t
| bttt
0
t
+ [ b,
0
Am
+ / b(u(
t

+ / b(u(t),a)/ Ma (ays +a— ) Fyp(u(s))(s +a — t) dsda.

t 0

B(t) t),a)la,(a,0)B(t — a)da
)

a /7 Ha,(a,s+a—1t)Fa(u(s))(s +a—t)dsda

t),a)la,(a,a —t)up(a —t)da

As in the proof of Theorem we introduce the map K : C([0,T],Eq) — C([0,T7],Eo),
(Ku)(t, a)

_JHa,(a,a = thug(a — 1)
‘ 4, (a,0)B(t —a)

N fot Ha,(a,s+a—t)Fa(u(s))(s+a—t)ds, foraa. ac(t amn)
fttfa Ha,(a,s+a—1t)Fa(u(s))(s+a—t)ds, foraa. ac(0,1),

where a < a,,, and we see that u is a fixed point of K. In the proof of Theorem [£.10]it was shown
that K gives rise to a contraction mapping, if 7" > 0 is chosen sufficiently small. Furthermore
we note that for ug € EJ fixed, K maps the cone C([0, 7], E{) into itself: the integral kernel

kn(t,a) = b(u(t),t —a)lla, (t —a,0), 0<a<t,

is positive, given u € C([0, T], Ef) we therefore obtain B € C([0,T], E), cf. section which
in turn yields Ku € C([0, 7], E{).

Thus, it follows from Banach’s fixed point theorem that the fixed point Ku = w is positive.
A standard argument then shows u € C([0,Ty,), EJ). O
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5.3 Linearised stability

In the following we will show that a principle of linearised stability is available within the frame-
work of integral solutions. To this end we consider some fixed equilibrium ¢ € Eqy of (5.1),
which is determined by equation (5.2). Let II; denote the evolution operator generated by

A(a) = A(a) + 11(¢, a), then ¢ has to satisfy
¢la) = M4(a,0)0(0), acJ
¢(0) Q(#)(0), (5.17)

where

Q) = / " b6, )14 (a,0) da € £(Eo),

cf. Walker [34]. In (5.11) we supposed the boundedness of b, hence assumption (5.3) together
with property (5.9) implies that the operator Q(¢) is well defined.

Definition 5.6. An element ¢ € Eg is called an equilibrium of (5.1)), if it satisfies (5.17)).

Remark 5.7. Let us recall the relation

a

II;(a,0)v =1 (a,0)v — / a(a,0)pu(p,0)ll4(6,0)vds, v € Ey,

o

then we see that the first equation in (5.17)) is equivalent to

o(a) = TLa(a,0)6(0) — / "I (a,8)4(6, 5114 (3,0)(0) d.

O

Definition 5.8 (Stability). An equilibrium ¢ € Eq of is called stable if for each € > 0 there
exists d > 0 such that for every ug € Ey with ||ug — ¢|| < 0, the integral solution u = u(.;up) to
(5.1) exists for all t > 0 and satisfies ||u(t) — ¢|| <€, for ¢ > 0.

An equilibrium ¢ € Eq of is called asymptotically stable if it is stable and there exists 6 > 0
such that for every ug € Eq with ||ug — ¢|| < d, the integral solution u = u(.;ug) to satisfies
limy_ o0 |Ju(t) — @] = 0.

An equilibrium ¢ € Eq of is called exponentially asymptotically stable if it is asymptotically
stable, and there exists 6 > 0, w > 0 and K > 0 such that for every uy € E¢ with [jug — ¢|| <,
the integral solution u = u(.;ug) to (5.1)) satisfies ||u(t) — ¢|| < Ke “!||ug — ¢||, for ¢t > 0.

If § can be chosen arbitrarily large in any of these last two definitions, then the corresponding
property is said to be global.

The following observation will be essential for the linearisation process:
Proposition 5.9. Let ¢ be an equilibrium of (5.1), in the sense of Deﬁm'tion and T > 0.
Then for all t € [0,T]:

HA(CE, a— t)¢(a - t)

HA(G, 0)¢(0)

N fOtHA(a,sqLaft)F((;S)(era—t) ds,  for a.a. a € (t,am)
ftt_a Ma(a,s +a—t)F(¢)(s+a—t)ds, fora.a. ac(0,t),

¢(a)

where a < Q.
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Proof. Let a € (t,a,,), then by formula and Remark it follows

M4(a,a—t)p(a—t)
~Ma(aa =) (Ta(a=00)60) + [ Mafa = t.0)F(@)()do)
= M@000) + [ Maa.0)F(0)o)do

0
— $(a) - / | Ta(a.o)P@)(e)do
— $(a) - / Ma(a,s+a—t)F(6)(s +a—t)ds.

0

Now let a € (0,t), then by (5.17) and Remark

4 (a, 0)6(0)

= $(a) + / TLs(a, 6)1(6, 5)TTy(5,0)6(0) d&
0

= $(a) - / Mx(a, 6)F(6)(5) d&

= ¢(a) — /t_ My(a,s+a—t)F(p)(s+a—t)ds,

and the claim follows. O

At this point we are prepared to start the stability analysis. To this end, let uy € Eg be
an arbitrary initial value, and u = u(-;ug) : [0,T,,) — Eo the corresponding maximal integral
solution to (5.1). For given equilibrium ¢ € Eq of (|5.1]), Proposition then leads to

u(t,a) — ¢(a)

_ {rma,a—t) (uo — ¢) (a — 1)
ILa(a,0) (B(t — a) — 6(0))

n {fot Ma(a,s+a—t)(F(u(s)) — F(¢)) (s+a—t)ds, faaac/(tan)
f:_a Ma(a,s +a—1t)(F(u(s)) — F(¢)) (s+a—t)ds, fa.a. ac(0,t),

where a < a,,. Let us introduce

w(t) = ult)—¢, te€]0,Ty,),
wy = ug— ¢,
fu@) = Rp(w()), tel0,Ty,),
hy(t) = / Ry(w(t))(a)da, t€]0,Ty,),
0
bp(a)v = l~)¢(a)v +b(p,a)v, veE Ey, acl0,anm),

with l~)¢ from assumption lj

Remark 5.10. Obviously, w : [0,Ty,) — Eg is continuous, consequently the functions f, :
[0,Tu,) — Eo, hy : [0,T,,) = Ep are continuous by assumptions ([5.12]), (5.14)). O
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Using the linearisations (5.12)), (5.14]), we arrive at

w(t,a)
_ Ma(a,a —t)wo(a —1t)
HA(av O>Bw (t - a)

N {fg Ma(a,s+a—1t) (F'(P)w(s) + fuw(s)) (s+a—1t)ds, a€ (t,am)
' Ta(as+a— ) (F/(6)u(s) + fuls)) (s +a—t)ds, a€ (0,6),

where a < a,, with

- /0 " b(u(t), a)u(t) — b(¢,a)¢(a)da
_ /0 " (Dub(¢, a)w(t))p(a) + b(¢, a)w(t, a) + Ry(w(t))(a) da
= Aam b¢(a)w(t, CL) da + hw (t)a

where we used assumption (5.15|) for the last equahty
In the next step, let us recall the definition of A in , then assumption 1' and Propo-

sition imply
w(t,a)

_ {HA(a,a —two(a —t)
1T ;(a,0)By,(t — a)

{fo ala,s+a—t)(—Byw(s) + fu(s))(s+a—t)ds, a€ (t,am)
fta as—|—a—t)(—IB§¢w(s)+fw(s))(s—|—a—t)ds, a € (0,1),

with

By (t) = /Oam bo(@)w(t, a) da + hu(t).

An application of Proposition then leads to

w(t, a)
HA7 a,a —t) wo(aft)
HA’Y t—a)

_|_

{ i (a s+a7t)(fyw(5) —Byw(s))(s+a—t)ds
ft Ji (a,s+a—t)(yw(s) — Byw(s))(s +a—t)ds

N as—|—a—t)fw( Y(s+a—t)ds, a€(t,am)
fta i as—l—a—t)fw( Y(s+a—t)ds, a€(0,t),

with

Bu(t) = /O " bs(a)w(t a) da + hot).
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Let us set pg(a) :== u(p,a),a € J, and recall that the linearised problem

Ow + dgw + Ala)w+yw = —pyla)w, t>0,acJ,
am
w(t,0) = /b¢(a)w(t,a) da, t>0,
0
w(07a) = wO(a)a a € Ja

induces a semigroup Sg ~(t),t > 0, on Eq, cf. (4.28). Consequently, formula (4.33) yields

w() =SM@W+AEMWwwm@—mw@+M@Ns
+ Vi(t)hw,
or equivalently,
w(t) — Vi (t)h,

= e_”’tS(ﬁ’O(t)wo
¢
[ e Salt = (0 (05) = Vo 6)h) ~ Balu(s) = Vaohha) ds
t
+Aeﬂw®%drﬂﬂﬂwﬂm—BMMWM+M@D®,
where we used Remark [L.16] Let
—Aqg : D(—A¢> C Eyp — Eg

denote the generator of the semigroup Sy o(t),t > 0, and write Sy o(t) = e "¢, ¢t > 0. By
Lemma 2.15] we are led to

wt) = e thotBo)yg 4V (8)hy,

t
- /O e~ (=) BoFBe) (4 V. (8)hy — BV, (8)ha + fu(s)) ds. (5.18)

After these preparations we can adopt the argument in [38, Theorem 4.13] and establish a
principle of linearised stability:

Theorem 5.11 (Principle of linearised stability). Assume the operator A satisfies (4.2)) — (4.3)),

the evolution operator 114 is positive, and conditions (5.3) — (5.7)), (5.10) — (5.15)) hold. If the equi-
librium ¢ € Ey of (5.1) is such that wo(—(As +By)) <0, then ¢ is exponentially asymptotically
stable.

Proof. We proceed as in the proof of [38, Theorem 4.13]. Choose v > M ||bs||cc — @, and set
o = Mlbglloe — @ — 7.

By assumption, wo(—(Ay +By)) < 0, hence there exist constants M > 1 and w € (a, 0) such that
[[e=thetBo)|| £ 5 ) < Me®t for all £ > 0.
Choose r > 0 such that

w—«

B
(2M+ 2MM|7|+H¢|> db(r) JerF(T) =:0< 7%,

86



set € = /M, let ug € Eo with [lug — ¢[|g, < €, and let ¢t; < T, be the largest extended real
number such that
u(t) = @llg, <7,  0<t <ty

where u : [0,T,,) — Eq denotes the maximal integral solution to (5.1]) with initial value wug, cf.
Theorem [5.41
Let 0 <t < t1, and set w(t) = u(t) — @, wo = ug — ¢. Since hy, : [0,Ty,) — Ep is continuous,

cf. Remark we can apply (4.32)) to obtain

IA

t
IV ()Pl o 2M/ eMllbslloe=E= =) . (5)] g, ds
0
t Qm
< 2M/ e(M“”q’““’w’”(t’s)/ | Ry(w(s))(a)|l g, dads
0 0
t
< oM / eMlbollec === (=) gy (1) (s) ||, dis,
0

where we used assumption (5.14]) for the last inequality.
Combining this estimate with (5.18) leads to

e lw®) s, < Miwole,

t
b 2M el g () / = (s)]|s, ds
0
t S
© MM (] + [Bol)db(r) / ( / ea<“>||w<f>||modv) s

t
n Mdp(r)/ =% [w(s) [, ds.
0

Regarding the third term, observe that

t s
/ </ e et |w (1) ||k, dT) ds
0o \Jo

t s ot
/ (/ elo—ws ds) e~ w(T)||g, dT
0 T

t
1
| o e ol ar
0

w—
1 t
- / e (7)1, d,

w—«

hence we arrive at

t
@)z < Mluwolle, +2M dy(r) / (@) E=) =8 () |5, ds
0
+|IB b
+ (2MMde(T)+MdF(T)>/ e ||lw(s)|lg, ds
- 0
t
< Miwolz, +0 / e w(s) |, d.
0

From Gronwall’s lemma it follows that

e~ w(t) g, < Mlwollze™, 0 <<ty
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and consequently
lu(t) = dlle, < Milug — ¢,/ <ret/2, 0 <t <ty

Therefore we must have t; = T,,, Theorem then implies t; = T,, = oo. Hence, ¢ is
exponentially asymptotically stable. O

5.4 Stability of the trivial equilibrium

In the following we concretise the results of section for the trivial equilibrium ¢ = 0 € E,.
To this end recall that the linearised problem

Ow+ O,w+ Ala)w = —p(0,a)w, t>0,ac€ J,
w(t,0) = / b(0,a)w(t,a)da, t >0,
0
’U)(O,CL) = ’LUO(G), ac Ja

induces a semigroup Sy(t),t > 0, on Eo, cf. (4.28). Let
7A0 : D(*Ao) - ]EQ — EO
denote the generator of the semigroup Sy(t),t > 0, then we have:

Theorem 5.12. Assume the operator A satisfies (4.2) — (4.3), the evolution operator T4 is
positive, and conditions (5.3) — (5.7), (5.10) — (5.15) hold for ¢ = 0 € Ey. If the equilibrium
¢ =0¢€Eq of (5.1) is such that wo(—Ag) < 0, then ¢ =0 € Eq is exponentially asymptotically
stable.
Proof. For ¢ =0 € Ey, assumption (5.13)) simplifies to

F/(O)’l/) = 7:”‘(07 )1)[}’ ’l,[} S EOa

ie. Bg = 0 € L(Ep). Furthermore we observe that assumption l) implies by = 0 €
BC([0,00), L(Ep)), and consequently

bo(a) =b(0,a) € L(Ep), a€J
Thus, the result is an immediate consequence of Theorem [5.11 O
Remark 5.13. Recall that for this section we have set
Ey := L,(J, Ep), with p=1.

Assuming maximal L,-regularity of the operator A + u(0,.), with p > 1, it was shown in [30]
that the operator

Qo := / b(o’a)HAJ’,M(O,')(a’O) da € £+(E0)
0

encodes the asymptotic behaviour of the semigroup e~*40 ¢ > 0, on L,(J, Eg). More precisely,
if the spectral radius of the operator Qg is strictly smaller than 1, then wo(—Ap) < 0, cf. [36]
Theorem 3.5]. O
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A  Appendix

Theorem A.1. Let R and S be linear operators in a Banach space E such that R has bounded
inverse and S is R-bounded, i.e. D(R) C D(S) and there exist a,b € Ry such that

[Sz]| < allzl| + bl|Re]|, =€ D(R).

Furthermore, suppose that a||R™1|| +b < 1. Then R+ S is closed and invertible, with bounded
1muerse.

A proof of Theorem can be found in [19, Theorem IV.1.16]

Theorem A.2. Let (S,Xgs,pu) and (T, Xr,\) be two positive, o-finite measure spaces, and let
(R,XR,p) be their product. Let 1 < p < oo and let F be a p-integrable function on S to
L,(T, %1, \ E), where E is a real or complex Banach-space. Then there is a p-measureable func-
tion f on R to E, which is uniquely determined except for a set of p-measure zero, and such that
f(s,-) = F(s) for u-almost all s € S.

Moreover,  f(-,t) is p-integrable on S for A-almost all t, and the integral
Js f(s,t)u(ds), as a function of t, is equal to the element [¢ F(s)u(ds) of Ly(T, X1, A, E).

A proof of Theorem can be found in [I0| p. 198, Theorem 17].

Lemma A.3. Let a,, € (0,00) U{o0},T > 0, and f € C([0,T),L1((0,an), Eo)). There is a
unique element in L1((0,T) x (0, an,), Fo) (which we also denote by f) such that

for each t € [0,T), f(t,a) = f(t)(a) for almost everywhere a > 0,

T T froo
[ e = [ [Tistols, wa
oo T
= [ [ W, do
0 0

- / 17t a) |, d(t, a).
[0,T]%(0,am)

Lemma follows from Theorem and an application of Fubini’s theorem (cf. Webb [38]
Lemmata 2.1] for details).

and

Lemma A.4. Let a,, € (0,00) U{o0},T >0, and suppose
br, € BO([0,T] x [0,am), L(Ey)), [ € C([0,T),L1((0,am), Ep))-

Let t € [0,T] be fized and define Ty := {(s,a) : 0 < s <t <s+a}.
Then the function

'y — Ey, (s,a) = br(t,a)ll(a,s+a—1t)f(s,s+a—1)
is strongly measureable. The same is true for the function

(0,t) x (0,am) — Eo, (s,a) = br(t,a+t—s)y(a+t—s,a)f(s, a).
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Proof. We give a proof for the first function, the argument for the other function is analogous.

We consider the element f € L1((0,T) x (0,am), Ep), provided by Lemma In particular
f:(0,T)x(0,a,,) = Eqy is strongly measureable, i.e. there exists a sequence of simple functions
converging to f pointwise a.e. in (0,7 x (0, a,,). Consequently, the function

Ft_>lEIO; ft(57a’) = f(S,S—‘rG,—t)

is strongly measureable as well (for simple functions this is not hard to see, since (s,a) —
(s, s+a—t) is a homeomorphism on R?, the general case is an immediate consequence). Therefore,
there exists a sequence (f,,) of simple functions such that

n11_>11010 | frn(s,a) = fi(s,a)|g, =0, a.e. in I'y,
and by continuity
lim bz (t,a)lIy(a,s+a—1t)(fn(s,a) — fi(s,a)) ||z, =0, (A1)
n—oo

a.e. in T'y. Now let us consider the simplest simple function (s,a) — e xp(s,a), where e € Ej,
and D C I'; is measureable. Then

(S7a’> = bL<taa)H’Y<a'78+a’_t)(e 'XD(Sva'))
= (bL(ta a)H’Y(a75+a_t)e) XD(Sva)
is the product of a continuous, FEjy-valued function and the characteristic function yp, and
therefore strongly measureable. Together with (A.1) we conclude that (s,a) — br(¢,a)Il, (a, s +

a—t)fi(s,a) is the pointwise limit of a sequence of strongly measureable functions, and therefore
strongly measureable. O
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