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For quantum lattice systems with local interactions, the Lieb-Robinson bound serves as an alternative
for the strict causality of relativistic systems and allows the proof of many interesting results, in particular,
when the energy spectrum exhibits an energy gap. In this Letter, we show that for translation invariant
systems, simultaneous eigenstates of energy and momentum with an eigenvalue that is separated from the
rest of the spectrum in that momentum sector can be arbitrarily well approximated by building a
momentum superposition of a local operator acting on the ground state. The error satisfies an exponential
bound in the size of the support of the local operator, with a rate determined by the gap below and above
the targeted eigenvalue. We show this explicitly for the Affleck-Kennedy-Lieb-Tasaki model and discuss
generalizations and applications of our result.
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Over 50 years ago, Zimmermann used the general principles of relativistic covariance and causality to show that
the distinction between elementary excitations and bound
states in relativistic quantum field theories is artificial and
dependent on the formalism [1]. While it is tempting to call
excited states ‘‘elementary’’ when they can be connected
to the one-particle excitations of the free theory by adiabatically switching off the interaction terms, in the fully
interacting theory all discrete eigenstates of the energymomentum operator P are equivalent in that they can be
created by acting on the vacuum with local operators
satisfying the principle of microscopic causality.
In nonrelativistic quantum many body physics, such as
quantum lattice systems, Zimmermann’s result does not
apply. Even for systems with translation invariance, there is
no Lorentz boost to transform the energy spectrum and
eigenstates in one momentum sector to a different momentum sector. Consequently, the complete energy-momentum
diagram and the set of excitations are often much more
complex. In addition, in many strongly correlated systems,
there is no obvious free theory that can serve as a starting
point to define the structure of elementary excitations.
However, for systems with only local interactions in the
Hamiltonian, the famous Lieb-Robinson (LR) bounds [2]
can replace strict causality in, e.g., Fredenhagen’s proof of
the exponential clustering theorem [3], which then results
in a proof for the exponential decay of correlations for the
ground state of any local gapped Hamiltonian [4]. The LR
bounds were also used in proving the area law for entanglement entropy of one-dimensional systems [5] and recent
extensions thereof [6].
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In this Letter, we extend the list of applications of the LR
bounds by proving an analogue of Zimmermann’s result
for quantum lattice systems. For a translation invariant
Hamiltonian, we show that an excitation energy that is
separated by a gap from the rest of the spectrum within a
given momentum sector corresponds to an eigenvector that
can be approximated by the momentum superposition of a
local operator acting on the ground state, with an error that
is exponentially small in the size of the support of the
operator. The picture to have in mind is sketched in
Fig. 1. We target an energy eigenstate jp; i with momentum p and an energy Ep; that is separated from the other
energy eigenvalues at momentum p by a gap that does not
vanish in the thermodynamic limit. Because of the lack of
Lorentz transformations, we cannot boost this state to any
other momentum and have to treat each momentum sector

FIG. 1 (color online). Sketch of the energy-momentum diagram. The points illustrate the eigenvalues of the Hamiltonian
for a finite periodic system, whereas the lines and band illustrate
the distribution of eigenvalues in the thermodynamic limit.
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independently. In particular, the resulting operator that is
used to build an approximation of jp; i can itself depend
on the momentum p. We also discuss possible extensions
and applications of our result and provide a numerical
illustration for the Affleck-Kennedy-Lieb-Tasaki chain.
Let us consider a d-dimensional lattice , which for
simplicity we assume to be finite, cubic, and periodic, i.e.,
  ZdN . Arbitrary lattice sites are denoted by x; y    2
. Sets of sites are denoted by X; Y; . . . ; the cardinality of
a set X is denoted as jXj. Let kxk denote the distance of
a lattice point x 2  to the origin o 2 , with k  k a
suitable distance measure on ZdN . The distance between
two lattice points is distðx; yÞ ¼ ky  xk; the distance
between two sets X, Y is defined as distðX; YÞ ¼
minx2X;y2Y distðx; yÞ; and the diameter of a set X is defined
as diamðXÞ ¼ maxx;y2X distðx; yÞ. The Fourier transform of
a lattice function f: ! C is defined as
1 X ipx
e
fðxÞ
FðpÞ ¼ pﬃﬃﬃﬃﬃﬃﬃ
jj x2
for any momentum vector p 2 B, where the Brillouin
zone B of a cubic lattice is given as B ¼ ð2=NÞ. The
inverse transformation is given by
1 X
fðxÞ ¼ pﬃﬃﬃﬃﬃﬃﬃ
FðpÞeipx :
jj p2B
To all lattice sites x 2 , we associate identical finitedimensional Hilbert spaces
NH x ; the Hilbert space of the
whole system is H  ¼ x2 H x . For all x 2 , we
define the space translation operator
P Tx . The Hamiltonian
of our system is given by H ¼ X HX , where the terms
HX are supported on X  . H is assumed to be translation invariant: 8 x 2 : ½Tx ; H  ¼ 0. This is guaranteed by HXþx ¼ Tx HX Txy . Furthermore, we assume that
there exist constants , s > 0 for which
X
kHX kjXj exp½diamðXÞ  s < 1:
X3x

This allows us to use the LR bounds [2,7]
k½eiH t AX eiH t ;BY k
 2kAX kkBY kjXjexp½distðX;YÞ½expð2sjtjÞ1
(1)
for two operators AX and BY supported on disjoint sets X
and Y. For simplicity, we first assume that H has a unique
ground state j0 i 2 H  that is necessarily translation
invariant (i.e., momentum p ¼ 0). The energy scale is
chosen such that the ground state energy is zero. We
discuss the case of ground state degeneracy further on.
Important is the existence of a spectral gap E that separates the ground state energy from the rest of the energy
spectrum and does not vanish in the thermodynamic limit.
All other eigenstates of H are denoted as jp; i with
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energy Ep;  E, where p 2 B labels the momentum
sector and the index  labels all eigenstates within a given
momentum sector. They are assumed to be normalized
such that hp; jp0 ;0 i ¼ p;p0 ;0 .
As a last preliminary, we introduce two more definitions
before stating the main theorem. The Fourier transform of
an operator O, denoted as OðpÞ, is defined by
1 X ipx
OðpÞ ¼ pﬃﬃﬃﬃﬃﬃﬃ
e Tx OTxy :
jj x2
For every bounded operator O with support in the compact
set X and with zero ground state expectation value
(h0 jOj0 i ¼ 0), we can define a momentum eigenstate
jp ½Oi with momentum p by
1 X ipx
jp ½Oi ¼ OðpÞj0 i ¼ pﬃﬃﬃﬃﬃﬃﬃ
e Tx Oj0 i:
jj x2

(2)

The exponential decay of connected correlation functions
set by the spectral gap E makes it straightforward to show
that the norm of jp ½Oi remains finite in the thermodynamic limit. In particular, for an operator OX supported on
X  , the following bound follows from [4]:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kjp ½OX ik  diamðXÞ þ jXj=kOX k;
(3)
with  E independent of the lattice size. In the formulation of our main result below, we use the notation
B‘ ðXÞ for the set of sites x for which distðx; XÞ  ‘.
Theorem 1.—Let jp; i be a normalized momentum p
eigenstate of H with a nondegenerate eigenvalue Ep; ,
such that in the thermodynamic limit jj ! 1,
jEp;  Ep; j  E

8  Þ :

In addition, we assume there exists an operator O with
h0 jOj0 i ¼ 0 and support in X, such that its Fourier
transform OðpÞ has a nonzero spectral weight
jhp; jOðpÞj0 ij  fkOk, with f > 0 independent of jj.
We can then define a new operator Oð‘Þ with support in
B‘ ðXÞ, such that jp ½Oð‘Þ i, defined in Eq. (2), satisfies


jhp; jp ½Oð‘Þ ij
E

1p
ð‘Þexp

‘
(4)
F¼
X
2vLR
kjp ½Oð‘Þ ik
for ‘ sufficiently large, a polynomial pX ð‘Þ DX ð‘Þf1
with DX ð‘Þ defined in Eq. (8) and vLR ¼ ðE=2 þ 2sÞ=.
Hence, we can approximate the excited state by acting
with the momentum superposition of a localized operator
Oð‘Þ with an error that is exponentially small in the linear
size of the support of the operator. Before continuing to the
proof, some comments are in order. We assume that a local
operator O can be found for which jhp; jOðpÞj0 ij 
fkOk is nonzero. This factor appears as the strength of
the isolated pole ! ¼ E in the (Fourier-transformed)
dynamic correlation function
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Dðp; !Þ ¼ h0 jOðpÞy

by taking the normalized partial trace over the spins in
 n B‘ ðXÞ. From the LR bounds in Eq. (1), we obtain

1
OðpÞj0 i:
!  H þ i

These poles appear as  singularities in the spectral function Sðp; !Þ ImDðp; !Þ. The nontriviality of our result
is in the fact that f can be an arbitrarily small fraction
and most of the spectral weight can be distributed at other
isolated poles or at a continuum in the thermodynamic
limit, as sketched in Fig. 1(b). The rate of exponential
convergence of F ! 1 as a function of ‘ does not depend
on the magnitude of f. The importance of connecting
excitations of the system to the spectral function of local
operators is that this is the main observable from which
information about excitations can be obtained in experiments. Note that we are only considering isolated singularities of Sðp; !Þ, which correspond to eigenstates of the
Hamiltonian. We are not considering quasiparticles in the
sense of strong resonances in the continuum distribution
of the spectral function, which are superpositions of many
eigenstates with slightly different energies and thus only
have a finite lifetime [8].
Proof.—We start by applying an energy filter to
define O1 ,
1 Z þ1 iHt þiHt iE;p t ðt2 =2qÞ
e
Oe
e
e
dt; (5)
O1 ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2q 1

2X
kOð‘Þ  O2 k  pﬃﬃﬃﬃﬃﬃﬃﬃﬃ kOk expð2sT  ‘Þ:
s 2q
P
Moreover, we have O2  Oð‘Þ ¼ n‘ ðOð‘þ1Þ  Oð‘Þ Þ,
ð‘Þ
ð‘þ1Þ  O k þ kO  Oð‘Þ k 
with kOpð‘þ1Þ
2
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ O k  kO
ð4jXj=s 2qÞkOk expð2sT  ‘Þ. Together with the
bound (3), from the telescoping sum we get
X
kjp ½O2  Oð‘Þ ik 
kjp ½Oðnþ1Þ  OðnÞ ik

so that the state jp ½O1 i satisfies

 ½DX ð‘Þ=fe2sT‘ gfkOk:
P
Define the seminorm kjik0 ¼ ð Þ jhp; jij2 Þ1=2 ,
which satisfies kjik0  kjik. Then,

jhp; jp ½O1 ij ¼ jhp; jp ½Oij  fkOk;
and for any  Þ ,

n‘



 DX ð‘ÞkOke2sT‘ ;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with CðYÞ
diamðYÞ þ jYj=,  E, and
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DX ð‘Þ jXjCðB‘þ1 ðXÞÞ=ðs 2qÞ:
jhp; jp ½Oð‘Þ ij  jhp; jp ½O2 ij
 jhp; jp ½Oð‘Þ  O2 ij
 f1  ceðT

 ðeðqE =2Þ þ ceðT
2

 ðeðqE =2Þ þ ceðT
2

Þjhp; jp ½Oij


F  1þ

ÞfkOk;

and for  Þ ,
jhp; jp ½O2 ij  jhp; jp ½O1 ij

1

þjhp; jp ½O2 O1 ij
 ðeðqE =2Þ þceðT =2qÞ Þjhp; jp ½Oij;
R
2
2
with c such that ðÞ1=2 jtj>T et dt  ceT . Finally, we
replace O2 by its localized version Oð‘Þ ,
O

¼ TrH nB

2 =2qÞ

Since we are trying to construct a lower bound
for the fidelity F from Eq. (4), we can upper bound
the denominator by kjp ½Oð‘Þ ik  jhp; jp ½Oð‘Þ ij þ
kjp ½Oð‘Þ ik0 so that

 jhp; jp ½O2  O1 ij

ð‘Þ

Þkjp ½Oik

þ DX ð‘Þe2sT‘ ÞkOk:

jhp; jp ½O2 ij  jhp; jp ½O1 ij

2

2 =2qÞ

þ kjp ½O2  Oð‘Þ ik

Using the triangle inequality, we obtain the bound

 ð1  ce

2 =2qÞ

kjp ½Oð‘Þ ik0  kjp ½O2 ik0 þ kjp ½Oð‘Þ  O2 ik0

By restricting the time integration in the energy filtering,
we obtain a new operator O2
1 Z þT iHt þiHt iE;p t ðt2 =2qÞ
O2 ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
Oe
e
e
dt:
(6)
2q T

ðT 2 =2qÞ

(8)

Using the above bound,

2

2 =2qÞ

CðBnþ1 ðXÞÞkOðnþ1Þ  OðnÞ k

n‘

jhp; jp ½O1 ij  eðqE =2Þ jhp; jp ½Oij:

 ð1  ceðT

X


kjp ½Oð‘Þ ik0 1
jhp; jp ½Oð‘Þ ij

kjp ½Oð‘Þ ik0
:
jhp; jp ½Oð‘Þ ij

2

‘ ðXÞ

O2 ;

Using an upper bound for the numerator of the second term
and a lower bound for its denominator, we get

(7)
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We now set T ¼ ‘=vLR , q ¼ T=E, and vLR such that
  2s=vLR ¼ E=2vLR in order to reproduce Eq. (4),
F 1




1 þ c þ DX ð‘Þ
1 E‘=ð2vLR Þ
e
;
1  ½c þ DX ð‘Þ=feE‘=ð2vLR Þ f
(9)

with ‘  ‘0 , where ½c þ DX ð‘Þ=feðE=2vLR Þ‘0  1=2. h
It is easy to generalize the result above in the case where
the energy eigenvalue Ep; is (nearly) degenerate, or overlaps with other eigenvalues, but where we can isolate it by
restricting to a sector with specific quantum numbers corresponding to additional symmetries of the Hamiltonian.
For example, to approximate an isolated spin-J multiplet
of excitations of an SU(2) symmetric Hamiltonian, we
can use a set of operators Om (m ¼ J; . . . ; þJ) that
also transforms as the spin-J irreducible representation
under SU(2).
The case of a degenerate ground state is more subtle and
requires an approach in terms of operator algebras and
their representations. Similar developments in the context
of the Haag-Kastler framework of local quantum theory
[9] do reproduce the locality of excitations [10], but it was
also found that some excitations require the introduction
of nonlocal fields in stringlike regions [11]. Indeed, for
every ground state of the system, the Gelfand-NaimarkSegal construction provides a Hilbert space in which we
can apply the same formalism, with possible modification
to account for the fact that the ground state might not be
translation invariant. Note that the construction above
survives the thermodynamic limit, the only complication
being that momentum eigenstates can no longer be normalized to 1 and should satisfy a  normalization instead.
However, there might be additional representations that
do not correspond to a single ground state and which
define unitarily inequivalent Hilbert spaces, known as
superselection sectors, in which to look for excitations.
These stringlike excitations appear as kinks in systems
with symmetry breaking [12], as electric charges in gauge
theories [13], or as anyonic excitations in systems with
topological order [14,15].
The main application of our result is that it validates
constructions such as the Feynman-Bijl Ansatz [16] or the
single mode approximation [17] as variational Ansätze for
excitations. Given the exact ground state j0 i, we can try
to determine the spectrum of isolated excitations by building a linear space of states jp ½Oi, where the variational
parameters are encoded in the operator O with support on a
compact set X. That this even works with an approximate
~ 0 i was illustrated within the framework of
ground state j
matrix product states (MPSs) [18,19]. For the particular
example of the Affleck-Kennedy-Lieb-Tasaki model [20],
which has an exact MPS ground state with bond dimension
D ¼ 2, we illustrate the exponential convergence of the
excitation energy of a trial state of the form

n2Z s
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eipn Tn vyL    As0 Bs1 s2 ;...;s‘ As‘þ1    vR jsi;

(10)

where s ¼ ðs0 ; s1 ; . . .Þ with sk ¼ f1; 0; þ1g, the matrices
Ask encode the ground state, the tensor B acts on a block of
‘ sites and contains the variational parameters, jsi ¼   
jsn i jsnþ1 i    is the direct product basis, and vL;R are
boundary vectors which disappear in the thermodynamic
limit. The variational space spanned by this Ansatz is
equivalent to the set of states jp ½Oi where O acts on ‘
sites. Figure 2(a) shows the lowest threefold degenerate
excitation energy across momentum space, whereas
Fig. 2(b) shows the convergence of this energy as a function of ‘. For the selected momenta p > 0:4, the variational energy converges exponentially fast as a function of
the block size ‘. Momentum p ¼ 0:4 is a borderline case,
as it is hard to predict from the numerics whether the gap
between the single-magnon dispersion curve and the multimagnon continuum is still open. Indeed, the absence of
Lorentz boost symmetries allows excitations to only exist
in certain subdomains of momentum space. Figure 2(c)

FIG. 2 (color online). Lowest variational excitation energies
ð‘Þ
obtained with the Ansatz from Eq. (10). (a) Shows the Eð‘Þ
Emin
min
as function of the momentum p for ‘ ¼ 1; . . . ; 5, as well as the
approximate position of the two-magnon and three-magnon
continuum based on the numerical results for the one-magnon
dispersion relation with ‘ ¼ 5. (b) Illustrates the exponential
ð‘Þ
ð‘þ1Þ
by plotting Eð‘Þ
for different
convergence of Emin
min  Emin
values of p [as indicated by vertical lines in (a)]. Inset
(c) shows, as a function of p, the energy gap above the magnon
dispersion and the two- or three-magnon continuum, as well as
the exponential rate of convergence of the variational energy,
corresponding to the slope of the lines in (b) (but also for
additional values of the momentum).
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illustrates the qualitative proportionality between the exponential rate of convergence of the variational energy [21],
which was given by E=ð2vLR Þ according to Eq. (4), and
the energy gap E between the single-magnon excitation
and the two- or three-magnon continuum.
If the ground state of some Hamiltonian H is an exact
MPS, one can use the injectivity property of MPS [18] to
show that minimizing the energy with respect to a local
operator O acting on ‘ sites is equivalent to finding energy
eigenstates of the same Hamiltonian on a lattice of ‘ sites
with two added boundary sites and corresponding boundary terms. One can then show the existence of local operators O with the required properties by bounding the energy
of the special boundary terms [22]. Note that Theorem 1
also allows us to conclude that—in the thermodynamic
limit—the entanglement entropy of isolated excitations
equals that of the ground state plus logð2Þ, corresponding
to the excitation being to the left or right of the cut. The
contribution of the terms spanning the cut vanishes in the
thermodynamic limit, in agreement with Ref. [23].
In conclusion, we have shown that excited states of translation invariant lattice Hamiltonians for which the energy
eigenvalue is isolated within a given momentum sector,
and which can be detected in the spectral function of local
operators, can be arbitrarily well approximated by the
momentum superposition of a local operator acting on the
ground state. By identifying these ‘‘elementary’’ excitations
with single-particle states, we will show in a later publication that—in the thermodynamic limit—we can then build
a Hilbert space of multiparticle excitations starting from
the fully interacting vacuum and, in particular, that we can
formulate the scattering problem for such excitations [24].
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[14] J. Fröhlich and P. A. Marchetti, Lett. Math. Phys. 16, 347
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