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ABSTRACT

We establish an original framework referred to as “unified approach” that
seeks to generalize the existing theory of integration. For this purpose, we
introduce the concept of semimartingale fields and develop the related
stochastic integration theory. Meanwhile, we prove that our framework
includes the Walsh stochastic integral, integrals with respect to an infinite
dimensional Wiener process and the Poisson random measure. As an ap-
plication, we study the infinite dimensional stochastic partial differential
equations (SPDEs) driven by random fields and investigate the stability
and regularity properties of their solutions. In particular, we are interested
in the LP-existence of mild and weak solutions to SPDEs with general Co-
semigroups, where the driving noise is a continuous martingale field with

independent increments.

Keywords: Unified Approach, Random Fields, Stochastic Partial
Differential Equations, Mild and Weak Solutions, Stochastic Integration
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ZUSAMMENFASSUNG

Wir werden einen “universellen Ansatz” zur Verallgemeinerung der beste-
henden Integrationstheorie ent-wickeln. Dazu fithren wir das Konzept von
Semimartingalfeldern und eine zugehorige stochastische Integrationstheo-
rie ein. Wir beweisen, dass unser mathematischer Rahmen das Walsh’sche
stochastische Integral, Integrale beziiglich unendlich dimensionaler Wie-
nerprozesse und das Poisson’sche Zufallsmafs umfasst. Als Anwendung
untersuchen wir unendlich dimensionale stochastische partielle Differenti-
algleichungen (SPDEs), die durch Zufallsfelder angetrieben werden, und
bestimmen die Stabilitdts- und Regularitdtseigenschaften der Losungen.
Insbesondere sind wir an der LP-Existenz milder und schwache Losungen
von SPDEs mit allgemeinen Cp-Halbgruppen interessiert, bei denen der
treibende Storterm ein stetiges Martingalfeld mit unabhédngigen Zuwéchsen

ist.

Schliisselworter: Einheitlicher Ansatz, Zufdlliges Feld, Stochastische
partielle Differentialgleichung, Milde und schwache Losungen,

Stochastische Integration
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LISTINGS

a). We start by giving all different abbreviations for the word writing:
* i.e.: stands for that is
* w.r.t. : stands for with respect to
* e.g.: stands for for example
* as.: stands for almost surely
* resp.: stands for respectively
* SDE: stands for stochastic differential equations
e SPDE : stands for stochastic partial differential equations

b) We establish basic notations that will be used through the dissertation.

Let (QQ, 3, (T¢)t>0,P) be a stochastic basis that satisfies the usual hypo-
thesises of completeness and right-continuity. Let (H, || - ||) and (U, || - [[u)
be separable Hilbert spaces, (X, X) be a measurable space and (E,Z) be a

Blackwell space. Let T > 0 be a fixed horizon time. We denote and define:

1. #: the counting measure; 8 : the Dirac measure sitting at the point x.
2. A: the Lebesgue measure on R .

3. LT, (A;H) : the space of all predictable processes f: Q x R, x H — H

)
p _
P (JO L 1£(s, )P ds < oo> 1.

4. LP(Q;H) = LP(Q,J,P;H) is a Lebesgue space with the standard

such that

norm

1/
Ml a.uy = E [IIMIF] 77

We shall write LP = LP(Q; R) for all p > 0.
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5.

10.

11.

12.

13.

14.

15.

Listings

O (resp. P) : the optional (resp. predictable) o-fields on Q x R, that
is generated by all cadlag (resp. cag) adapted processes on () x R...

. V* (resp. V) the class of all real-valued adapted and cadlag processes

N having a non-decreasing path t — N¢(w) (resp. a finite variation

over finite interval of the form [0, t] for t € R, ) and Ny = 0.

The variation process Viy of N on [0, t] is
n
Vn(t)(@) = lim > Nye/n(w) =Nige1y/m(w)l, forany w € Q.

n—oo
k=1

At (resp. A) the set of all N € V* such that E[Ny] < oo (resp. N € V
such that E[VN (o0)] < o).

. M the space of all real-valued integrable martingale processes.

. H? the space of all real-valued square-integrable martingale processes.

(M, N) the predictable process belonging to V so that MN — (M, N) €
Mioc, for any M, N € K2

loc*

§ : the class of all real-valued semimartingale processes Y of the form:

Y=M+N, withMe& My, NeV.

L, (U, H) the space of Hilbert-Schmidt operators from U and H.

Pt the predictable o-fields on Q x [0, T], while P the predictable o-
fieldson QO x R,..

M2 (H) the space of all square-integrable cadlag martingales Y : Q x

[0, T = H, where indistinguishable processes are identified.

Gioc(1) the space of all P ® Z-measurable real-valued functions h on
QO x R4 x E such that the stochastic integral h * (1 — v) exists in the
sense of [47] (see Page 72) for any random measure p on R x E with

its dual predictable projection v.



INTRODUCTION

Stochastic partial differential equations (SPDEs) are increasingly playing
an important role in applications to finance, numerical analysis, physics,
and biology. In literature, the theory of SPDEs developed from the work
of Walsh [96] on one hand and the from studies on stochastic evolution
equations in Hilbert spaces H (such as [22], [16] and [34]) on the other hand.
These two approaches led to the development of two distinct methods of
understanding SPDEs, based on different theories of stochastic integration.
Walsh theory emphasizes integration with respect to a set of functions
called “martingale measures” (see [96]) whereas the theory of integration in
a Hilbert space H is with respect to H-valued processes such as Q-Wiener
processes (see Da Prato and Zabczyk [22]).

Motivated by the above two arguments, we propose and develop a noval
integration theory based on a semimartingale field. Walsh describes a
random field as an [?-valued and o-finite martingale measure on a Lusin
space (see [96]). In contrast, we define a random field as mapping on Ry x %,
viewed as a process in the direction of time and a random premeasure on X
for some Blackwell space (E, Z). First, we shall introduce the generalized
Bochner integral with respect to finite variation fields and then build the Itd
stochastic integration with respect to a martingale field. We shall establish
the unified approach for stochastic integrations and show that our integrals
are related to both stochastic integrations cited above.

According to Da Prato and Zabczyk [22], SPDEs can be viewed as sto-
chastic perturbations of partial differential equations. In other words, some
factor of randomness (e.g. a infinite dimensional Wiener process) is added
to a (semi-linear) PDE to obtain a stochastic partial differential equation

(SPDE) of the form

duy = [Aug + o(t,u)] dt + o(t, uy) AWy, ug € H. (0.1)

xi



Listings

for some 0 : QO x H — H and a separable Hilbert space H. The existence and
uniqueness as well as stability and regularity conditions of solutions have
been studied in general cases. For instance in the case of cylindrical-Wiener
process (see [16] or [34]) or non-Gaussian Lévy noise (see [71]). Further
developments led to jump-diffusions SPDEs in Hilbert spaces (see [1] or

[31]) of the form

duy = [Aue + a(t, ug)] dt + ot ue) AWy +J Y(t, ug, x)u(dt, dx), up =&,
B

(0.2)

for some infinite dimensional Wiener process W and compensated Poisson
random measure 1. The type of SPDE given in (0.2) includes a large class of
equations driven by H-valued Lévy noise. According to [31], the existence
and uniqueness of mild and weak solutions to SPDE (0.2) can be established
through a “moving frame” approach. This consists of a time-dependent
transformation of the given SPDE to an SDE that is relatively easier to solve
then obtain results to the original SPDE through a pull-back transformation
of the results to the SDE.

In this dissertation, we are interested studying stochastic partial differen-
tial equations of the form:

dutzAuthJ B(t e, X(dt dx), wo =& (0.3)
E

for some Blackwell space (E, L), generator A of Cy-semigroup (S¢)t>0 and a
semimartingale field X. By means of the moving frame approach, introduced
by [31], we prove the existence and uniqueness of mild and weak solutions
to the SPDE (0.3) with cadlag paths. In addition, we investigate the stability
and regularity dependence on the initial data for the solutions. Meanwhile,
we show that the SPDE (0.2) is a particular case of (0.3). At the end, we
examine the case where (S¢)¢>0 is a general Cp-semigroup and X is a
continuous martingale field. We derive the LP-existence and uniqueness of
solutions.

The rest of the dissertation is as follows: In Chapter 1, basic definitions
and concepts related to the random fields are given, starting with finite

variation fields and the definition of the Bochner integral followed by the

xii
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martingale fields and the related stochastic integration. We present the
concept of semimartingale field which is a combination of finite variation
and martingale field. Then define the stochastic integration with respect to
semimartingale field and introduce the unified approach. For each class of
random fields, we also present illustrative examples to aid understanding
of the concepts. In Chapter 2, we investigate the SDE induced by the SPDE
(0.3) when A = 0. In particular, we study the existence and uniqueness of
strong solutions, making a fixed point argument on a specific Banach space.
The stability and regularity of solutions are also discussed. Chapter 3, starts
with the establishment of the concepts of strong, weak and mild solutions
followed by the transfer of all results from Chapter 2 to show the existence
and uniqueness of mild and weak solutions to the SPDE (0.3), for the case of
pseudo-contractive Co-semigroup, including stability and regularity. Next
we show that the SPDE (0.2) is a fundamental example of our framework
and then present the full theory of LP-estimates for solutions of SPDEs,

with general Cy-semigroup, driven by continuous martingale.

xiii



RANDOM FIELDS AND INTEGRATION THEORY

Random fields play a crucial role in the development of stochastic integrals
or stochastic differential equations. In this chapter we aim to describe
the unification approach to semimartingale fields. For this propose, we
introduce the notion of semimartingale fields. Likewise for the classical
semimartingale processes, we define a semimartingale field as sum of a
finite variation (FV) field and a martingale field. We present the related
integral theory for each class of these random fields and finally, discuss the
main result of this Chapter arising from our unified approach.

This chapter is organized as follows. In Section 1 we introduce the basic
notation and terminology concerning random fields. In Section 2 we des-
cribe the concept of finite variation fields and present some fundamental
examples. This is followed by the definition of Bochner integrals w.r.t. FV
fields. Section 3 is an introductory section focusing on martingale fields
including several examples under different settings. The notion of bracket
process for martingale fields and the integration theory shall be revisited.
Section 4 is devoted to describing the semimartingale field and its basic
properties. We then derive the integrability condition of a stochastic integral
w.r.t. a semimartingale field. We present the unification framework which
consists of combining two stochastic integrals w.r.t. different semimartingale

fields to derive a single integral process.

1.1 PRELIMINARIES

In the existing literature, there are several definitions of random fields but
we shall adopt the one where a random field is viewed as a set function,

precisely a premeasure.



1.1 PRELIMINARIES

Let (Q, 7, (Ft)t>0,P) be a (continuous-time) stochastic basis satisfying
the usual hypothesis of completeness and right-continuity. In the sequel,
let (E,X) be a Blackwell space (e.g. N or a Polish space), i.e., there is a
countable semi-ring € on E such that it contains an exhausting sequence

(En)nen (.. B, " E)and Z = ¢(&).

Definition 1.1.1 A mapping @ : O x Ry x & — R is said to be random field
on R, x & if

1. D(w;0,A) = D(w;t,0) =0foreach w e Q,(t,A) e R, x &.
2. (w,t) = O®(w;t,A) is an adapted stochastic process for each A € €.

3. A— O(w;t, A) is a signed o-finite premeasure on (E, €) for w, t fixed.

Definition 1.1.2 A random field ® is continuous (resp. cadlag) if the map-
ping t — @(w;t, A) is continuous (resp. cadlag) for any fixed A € € and

w € Q.

Throughout this work, we set Ay is the set of countable disjoint unions
of semi-open intervals (a, b] with 0 < a < b. It can be verified that Ay is
an algebra and o(Ap) = B(Ry) (see e.g. [85]). Let @ be a random field on

R4 x & We are now ready to define the increment process associated to @.

Definition 1.1.3 The increment process of @ is a random signed premeasu-

re Ip on (Ry x E, Ag x &) such that
Ip((s,t] xA) = D(t,A)—D(s,A), forall Aeé, (s, t] e A.
Furthermore, for each A € £, we say that ® has

1. independent increments: if I ((s, t] X A) is independent of J, for

every (s,t] x A € Ap x €.

2. stationary increments: I¢((s,t] X A) has the same distribution as

O(t—s,A), for every (s, t] x A € Ag x €.

Remark 1 As far as stochastic integration w.r.t a random field is concerned later
on and since & is not a o-algebra, it is important to point out that in order to define

stochastic integrals one has to extend the premeasure A — $(-, A) to a measure



1.2 FINITE VARIATION FIELDS

on (E,X). First, if ¢ takes positive value, then by Lemma A.1.2 there exists a
unique positive random field ® on Ry x £ such that the mapping O(w;t, )
defines a measure on (E, X) and the restriction of dA)hR+ «e = @. In the case where
d(w;t, ) is a signed o-finite premeasure for each (w,t) € Q x R then one needs
some extra conditions. In other words, if ¢ is a signed random field, one first
take o = &b — &~ where &~ and G are positive random fields. To avoid the
problem of having oo — oo, one should ensure for instance that ¢ + ¢~ < oo and
then for each (w,t) € Q x R the extension procedure for the signed premeasure
d(w; t, ) makes sense after extending respectively both premeasures ¢~ (w;t, -)
and ¢ (w;t, ) to measures E]S‘(w;t, ) and (1A>+(w; t,-) on (E, X). Therefore, we
also obtain the extended signed measure A +— CT)(-, A) = dAfr(-, A)— (/j\)*(-,A) on
(E, X) so that the mapping D defines a random field on R x L and the restriction
of DIR,xe = .

Moreover, note that the construction of integral processes is not affected by the
choice of countable generator €. Indeed, this is due to the fact that if two different
countable semi-rings €1 and €, are both generators of X (i.e. L = 0(€1) = o(&2)).

Then they should lead to the same unique mapping D by the extension argument.

1.2 FINITE VARIATION FIELDS

Let N be a cadlag random field on R x €. To begin, we briefly present
the definition of variation process of N. Let TTy = {8 ={tg < 1 <
---} | ¥ is a partion of [o,t]} for t > 0. For any fixed A € L, denote by
Vn(w, t, A) = Vy (., a)(w,t) the total variation process of N(-, A) up to time
t and for w € Q. Then define

VN(w;t,A):sup{ Z ‘N(w;tiH,A)—N(w;ti,A)|}. (1.1)

mEMe { ty b em
ti<t<tipg

1.2.1 Basic Properties

We consecutively introduce few notions.
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1.2 FINITE VARIATION FIELDS

Definition 1.2.1 A random field N: Q x R, x & — R is called an increa-

sing field if the following are satisfied
1. For each A € &, the process (N(t, A))¢>0 belongs to V*.
2. For any (w,t) € O x R4, N(w;t,-) is a o-finite premeasure on (E, £).

Denote by V{ the set of all increasing fields on R x €. Note that, since
N(-,A) € VT for any A € &, then the process N(-, A) coincides with its
variation process up to evanescent set, i.e., VN (t,A) = N(t,A) forall t € Ry

almost surely.

Example 1 Recall that (E, L) is a Blackwell space such that ¥ = o(SG) with §
is a countable ring. Let F be a positive o-finite measure on (E,Z). Then there is
(An)nen be an increasing sequence of sets in L such that £ = |J,,cy An and

F(Ay) < oo for all n € IN. Construct the countable® ring:

&= U{BﬂAn:BES},
neN

so that X is countably generated by €, i.e. 0(€) = X. Define the field
N(t,A) =A([0,t]))F(A), forallte Ry.

Hence N is an increasing field. Indeed, since A is a Lebesgue measure for each
A € &, then N(-,A) € V*. One the other hand, we also have N(w;1t,-) is a
o-finite premeasure on (E, L) for every (w,t) € Q x Ry as F is a o-finite measure

on (E,X).

Definition 1.2.2 A random field N : O x Ry x & — R is called a finite
variation (FV) field if

1. For each A € &, the process (N(t, A))¢>0 belongs to V.
2. Forany (w,t) € QO xRy, Vn(w;t, ) is a o-finite premeasure on (E, £).

Denote by V¢ the set of all finite variation fields on R x €.

By construction, € is a ring. Since the set {BN Ay, : B € G} is countable for any n € IN, then
its countable union is also countable. Moreover, o(€) is separable and o(€) C X thus it

follows ~ = ¢(€&).

4



1.2 FINITE VARIATION FIELDS

Since, by definition, any increasing stochastic process is obviously a finite
variation process. Then the same holds for increasing and finite variation
fields. The following result shows the decomposition of finite variation

field.
Lemma 1.2.1 For every countable semi-ring € on E with £ = o(&), then we have
Ve =VEioVE, P-almost surely,

i.e. for each N € V¢, there exist unique N1, N, € Vg such that N = N7 — N>
and Vi = N7 + Na.

Proof Let N € V¢.To prove the next point it is sufficient to prove that N
can be written as N = N7 — N, with a unique pair (N1, N;) of increasing
fields up to a IP-null set. For any fixed A € &, by a path-wise argument,
we obtain the existence of two unique pair (Nj(-,A),N2(:,A)) of processes
which are cadlag, with N1(0,A) = N;(0, A) = 0 and non-decreasing paths,
such that N(-,A) = Nq(-,A) —=N3(-,A) and Vn(-,A) = Ny(,A) + N3 (-, A)
almost surely (see [47], Proposition 3.3). Namely, one can construct both

processes by the following way

VN (-, A)+N(,A)
2

VN (/A) — N(/ A)

N]('/A): 2

and Nj(-,A) =

for any A € €. Lastly, since € is countable, then we deduce that

U ({w € Q:N(w;t,A) #Nq(w;t,A) —Na(w;t,A),t € II{+}
A€EE

U {w € Q:Vn(w;t,A) #Nq(w;t,A)+ Na(w; t,A), te ]R+})
is a IP-null set. This completes the proof. |
Remark 2 For every FV field N € V¢, we define the jump process associated to
N(-, A) for any fixed A as follows
AN(t,A) =N(t,A) —N(t,A), forallt>0,
where

N(t7,A) =1limN(s,A).
sTt



1.2 FINITE VARIATION FIELDS

We now present a canonical example of FV fields in the following lemma.

Lemma 1.2.2 Assume that E = IN and set £ = o(&) where
& ={A C E: A is a finite set}.
Let (Ni)ien be a family of processes from VT and define the random field as
N(t,A)= ) Ni(t), for Acé&telo,T],
ieA

which is a finite variation field on R4 x €.

Proof To prove this lemma, one need to verify that Definition 1.2.2 is
fulfilled for the field N. But before proceeding, it is important to say that €
is a countable ring by construction. Next we have by construction:

(1) without of lose of generality, let n € IN and take A ={1,...,n}. Then,

by formula 1.1, we compute

D Niltiyr) —Nilty)

}, for each t > 0.
keA

VN (L, A) = sup { Z

TElT tytigem
i<t

~ Y sup { S [Nk(tm)—Nk(tiJ]}

keATEM (¢t en
i<t

=) Vn(t)=) Ni(t)<oo, foreacht>0.
keA keA

(1.2)

This implies that N(-,A) € V for any fixed set A € &, i.e. each path
t — N(w;t,A) has a finite variation over each interval [0,t] for every
w € Q.

(2) Next we show that N(w;t,-) is a premeasure on (E, £) for any (w, t) €

Q x R, . Indeed, we have:

* by construction, Vn(t,0) =0 almost surely;



1.2 FINITE VARIATION FIELDS

e for every sequence (An)nen of pairwise disjoint sets from & with
Unen An € € (ie. there is ng € N such that A, = ¢ forn > ny) and

by equation (1.2) we get

WN(tUnenAn) = > Nit)= ) Ni(®)+--+ Y  Ni(t)

iEUneNAﬂ iEA] iE/A'nof1
=) > Nilt)=)> WA, as
nelNieA, nelN
(1.3)
]

Example 2 Let A > 0 and (Nj)icN be a family of Poisson processes with intensity
A (see e.g. [47]). Let us take E = IN. As Ny € V* for any i € N, thus by Lemma
1.2.2, the field associated to the collection (Ni)icN defined as follows
N(t,A) = > Ni(t), for A CNisfinite,t € [0,T],
i€A

is a finite variation field on Ry x € where € ={A C IN : A is a finite set}.

1.2.2  Bochner Integral

This subsection aims to define the integral process with respect to a finite
variation field. To this end, we first start with the construction of the so-
called Bochner integral with respect to a non-decreasing field. Then we
extend it to the class of finite variation fields.

1. Let assume that N € V{. In order to perform the construction of the
integral process we first need to show that, for any fixed w, the mapping
(t,A) = N(w;t,A) induces a random premeasure on (R x E, Ay x &).
Then we use the Carathéodory extension theorem (see Lemma A.1.2) to get

a random measure on (R x E,B(R;) ® X).

Lemma 1.2.3 For every increasing field N, there exists an unique optional and

o-finite random measure { on (R4 x E, B(Ry) ® ) such that
C((s,t] xA) =N(t,A) —N(s,A), foreach (s, t] x A€ Agx§,

Conwversely, every such random measure defines an increasing field in V.



1.2 FINITE VARIATION FIELDS

Proof We want to show that there is one-to-one correspondence between
the class of finite premeasure on Ay x £ and the class of increasing fields
V{. The proof is done by two steps.

(@). Let N € Vz. For any (s,t] x A € Ap x &, let us define a set function 1

as follows

D N(t, Ad) = N(si, Ai) if (s,8] x A = [+ (si, 1] x A
n ((S/t] X A) == i=1

N(t,A) —N(s,A) otherwise
(1.4)

for some sequence ( (si,ti] x Ai) , of pairwise disjoint rectangles in

i=1,...,
Ao x €. Note that n is well-defined and additive. For the proof of countable
additivity of n, it suffices to observe that if {(sn, tn] X An}nen is an increa-
sing sequence of rectangles in Ay x & whose union (s,t] x A is an element

of Ag x € as well. Then we have

n((s,tl x A) = Lim n((sn, tn] x An),

n—oo

that is, by Lemma A.1.1, this is equivalent to say that

T]( U (an, bnl x Bn) = Z N((an, bnl x Byn),
n=1

neN
whenever sequence of pairwise disjoint rectangles {(an, bn] x Bn} C Ap x E.
Indeed, by the continuity of the process N(:,A) for any A € & and the

continuity of the premeasure N(w;t,-) for (w,t) € Q x R, we can write

hm T]((Sn/tn] X ATI) = hm N(tn/An) *N(Sn/An)

n—o0 n—oo

=N(t,A) = N(s,A) =n((s, t] x A),

where tn, Tt,snd s, An T A, (sn,tn] X A T (s,t] x A € Ap x €. Next, fix
A € &, by definition N(:, A) is an increasing adapted process then follows
directly n((u,v] x A) is Fi-measurable for any t > 0 and (u,v] C (0, t]. That
is, 11 is an adapted® premeasure. Moreover, it is optional because N(:, A) is

O-measurable for each A € &. Lastly, it remains to show that 1 is o-finite.

2 A random measure ( is said to be “adapted” if (-, B) is F'¢-measurable for any B C [0,t] x E

forall t > 0.
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By definition, for each w, t, the premeasure N(w;1t, ) is o-finite then there
exists a sequence A,, increasing to E such that E [IN (w;t, An)l] < 0o. That
implies that [E [In( w; (0,t] x An)l] < oo and thus by Definition A.2.4 we get
1 is o-finite premeasure.

Conversely, let v be an optional and o-finite random premeasure on
(R4 x E,Ap x &) with v({0} x A) = 0 for any A € &. Define a random field

N as follows
N(t,A) =v((0,t] x A), forallte R ,A €é&. (1.5)

We want to show that N € V;f. Fix A € &, we have from its definition that
N(:,A) is an increasing process and N(0, A) = 0. Moreover, by construction
it follows that N(-, A) is adapted for each A € €. Next, by the countable
additivity of v, if {t,} is a sequence in R such that t, Tt € Ry and

(0,tn] x A € Ag x € then we obtain

Iim N(t,A) = lim v((0,tn] x A) =N(t,A) and lim N(t,A) =0,

n—oo n—oo t—0

that is, N(-, A) is cadlag process and belongs to V*. One the other hand, fix
(w,t) € QO x R4, again by the o-additivity of v if {A,} is a sequence in
such that A,, T A€ &and (0,t] x A, 1(0,t] x A € Ay x €. Hence

lim N(t,An) = lim v((0,t] x An) =v((0,t] x A) =N(t,A),

n—oo n—oo
with N(t,0) = 0. This means that the mapping A — N(w;t, A) is a o-finite
premeasure on (E, £), in particular N defines an increasing field on R4 x €.

At the end, we get the uniqueness due to the fact that one can define
V((S/ t] x A)=N (t/ A) —N (S/A)/

whenever (s, t] x A € Ag x €. If N satisfies equations (1.4) and (1.5) then it
follows directly n = v.

(b). Since B(Ry) ® X = o(Ap x &) (see Lemma A.1.4), then by Lemma
A.1.2, we can uniquely extend the random o-finite premeasure n to a

random o-finite measure, denoted by ¢, on (R} x E, B(R4}) ® X) such that
C((s,t] x A) =N(t,A) —N(s,A), forany (s, t] xA e Ay xE.

This completes the proof. |
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As result, we can now define the Bochner integral w.r.t an increasing
field that we denote by f- N or [ [ f(s,x)N(ds,dx) for some H-valued

functions f.

Definition 1.2.3 For each (w,t) € QO x R and for every H-valued optional

process f such that
t
J| [t s v(esds,ax < oo, (16)

we define the integral process f - Ny as

t

f-Ni¢(w) = Jt JE f(w,s,x)N(w,ds,dx) = J

J flw,s,x)C(w,ds,dx), (1.7)
0 0JE

and if f is an elementary function of the form
f=fal(qgpixa, (a,b]xACRy XE,
with f, is an H-valued bounded and F,-measurable random variable, then
f-N¢=fq (N(tAb,A)=N(tAaA)), t=0.
Next, we give some properties of the integral process f - N.

Proposition 1.2.1 Let N be an increasing field and h be a H-valued optional

process satisfying condition (1.6). Then the following properties are satisfied:

i. (f-N(t))t>o0 is a H-valued, adapted and cadlag process with finite variation

path, namely, for v € Q

sup > ||f-N(w, tk/n) —f-N(w, t(k—1)/n)|| < oo, forallt>0.

ii. A(f-N)=1f-AN.
iii. If f and N are predictable, then - N is predictable.
iv. The mapping h — f- N is a linear.

. (f-X)™ = (flyo)) - X, for each stopping time T with P(t < T) =1.

Proof (i). Despite the fact that f is an optional function and N(-,A) € V*

for any A € &. It follows if f - N is well-defined then it is also cadlag with

10
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f-N(0) = 0 almost surely. On the other hand, fix t > 0, the set function
Y(w;ds x dx) := N(w;ds,dx)1s<y; for each w defines a premeasure on
[0,t] x E, such that y(-; A x B) is Fi-measurable for each Cartesian product
A x B C [0,t] x E. Moreover, f(w,s,x) is Ft ® B([0,t]) ® Z-measurable on
Q x [0,t] x E, and thus by Fubini’s Theorem for transition measures we
deduce that f- Ny is Fi-measurable for any t > 0.

Last, the finite variation path comes from relations (1.1) and (1.6) where
n t%

for all n € N, and which leads to

t
J If(w,s,x)|IN(w;ds,dx) <J J If(w,s,x)||Vn(w;ds,dx),
E 0Je

B
sup 3" [ [ s, 0N (@3, ) < o

—1

(ii). To prove A(f-N) = f- AN, we first consider f is an elementary

function of the form
f=1folip,aixa, [0,alxA CRy xE,
where fg is a H-valued bounded and Fy-measurable. Then it follows
f-N¢=~1oN(tAaA)

with fj is an H-valued bounded, Fy-measurable random variable and we

compute
A(f-N)g=Ff-N¢—f- N =fo[N(tAa,A) =Nt~ Aa,A)l =f-ANq.

Thus, the result is also true if f is a simple function. To complete the
proof, we use the limit approximation argument. More precisely, let f be
an optional function satisfying (1.6) and let {f,,} be a sequence of simple
functions such that A(f,, - N) = f,, - AN and ||f, — f|| = 0 as n — oco. Noting
that if ||f, —f|| — O then follows f,, - N — f- N as, by Definition 1.2.3, we

have

Therefore, we deduce that

JtJ [fn(s,x) —f(s,x)IN(ds, dx) thJ IIfn (s, x) —f(s,x)||Vn(ds,dx).
E 0JE

0

A(f-N) = A( lim fn-N) = lim A(fn-N) = lim fn-AN = f-AN.

n—oo n—oo n—oo

11
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(iii). By [47, Proposition 2.6, p.17] and (i), f- N_ is predictable as f - N is
an H-valued cadlag and adapted process. Similarly, by (ii), we also have
A(f-N) = f- AN is predictable as f and N are predictable. Therefore, we
deduce that f- N =f-N_ + A(f- N) is predictable.

(iv). Let f, g be H-valued optional processes satisfying respectively condi-
tion (1.6) and c be a real constant. Since f + cg is also optional, so it holds
that

t
J J IIf(s,x) +cg(s,x)||Vn(ds,dx) < oo,
0JE

as ||f(s,x) +cg(s,x)|| < [[f(s,x)|| +lcl]|g(s,x)| for (s,x) € Ry x E. Then the
integral process of f + cg w.r.t N is well-defined and we have

t t t
J J [f+cgl(s,x)N(ds,dx) = J J f(s,x)N(ds, dx) —i—cJ
oJE oJE 0
(v).Let t € [0, T], w € Q be arbitrary. If f is an elementary function of the
form

f:fo]l[o,a]xA/ 0,a] x ACR, xE.

then, w-by-w, we have

tAT(w)
(f-N)F(w) :Jo L f(w, s, x)N(w;ds,dx)

= fo(w) [N(w; t AT(w) Aa,A) — N(w;0,A)],

and
t
(FLjo,e) - Ne(w) = JO L F(w, 5,%) Ljo (@, $)N(w; ds, dx)

ZJtJ fo(w) LA (X)Tjo,cna](w, s)N(w;ds, dx) (1.9)
0JE

= fo(w) [N(w; t AT(w) Aa,A) = N(w;0,A)],

This implies that (f- N)* = (fljo]) - N for f an elementary function. Then

by the limit approximation (as in (ii)), we obtain

(f~ N)T = lim (fn : N)T = lim (fnﬂ[[o,’r]]) -N = (ﬂl[[o,"c]]) -N.

n—oo n—oo

This completes the proof |

J g(s,x)N(ds,dx).
E

12
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Remark 3 For any a € H such that (f,a),; >0, (f- N, a), belongs to V* and
(f-N,a)y (t) :== ((f,a)yy - N)¢ = (f, @)y - N is the real-valued Bochner integral.

Indeed, we compute that

t

(N, @)y (1) = |

J (f(w,s,x)N(w,ds,dx), a)y
0JE

= rJ (f,a)y (w, s, x)N(w,ds,dx) = (f, a),; - N(t).
oJE

By Proposition 1.2.1, we obtain that (f-N,a)y is cadlag and adapted with
(f-N,a)y (w;0) = 0 for w € Q. Since the process (f,a)y, is optional with
(f,a)yy = 0 and N is an increasing field, thus it follows that (f- N, a), still

remains an increasing process. This implies that (f- N, a);; € V.

2. At end, we now extend this definition of the Bochner integral to the
class of FV fields. Let N € V¢ such that we can uniquely write N = N* —N~
(by Lemma 1.2.1). We next give the definition of the Bochner integral

I8 [ f(s,x)N(ds, dx).

Definition 1.2.4 Let f be H-valued optional process and N is a finite varia-

tion field such that
t
J J IIf(w,s, x)||Vn(w,ds,dx) < oco.
0JE

Thus, for all (w, t) € QO x R, the Bochner integral f - N exists and is defined

f-N(w;t) == Jt JE flaw, s, x)N™ (w; ds, dx) - Jt

J flw, s, x)N™ (w;ds,dx),
oJe

(1.10)
where both integrals in right side are defined as in Definition 1.2.3.

Similarly to the increasing field, all results in Proposition 1.2.1 can be
extended to the class of finite variation fields. In other words, the integral
process f - N is a H-valued, adapted and cadlag process with finite variation

path and satisfies all properties in Proposition 1.2.1.

Remark g4 For any arbitrary p > 1. For T > 0, we define LY (N; H) as the space
of all predictable processes f : O x Ry x H — H such that

T
E J J IIf(s,x)||PVn(ds,dx)| < oo.
0 JE

13
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Furthermore, we extend the space LY (N; H) to LT (N;H) the space of all predic-
table processes f : QO x Ry x H — H which satisfies

-
P (J J If(s,x)]|P VN (ds,dx) < oo> =1, forall T>0.
0 JE

Note that this can be performed by the so-called localization procedure, (see

Section 1.3.4), and the stopping time result in Proposition 1.2.1.

Proposition 1.2.2 Let a: Q x Ry — H be an optional and A-integrable mapping.

Then there exists a Borel space (E, L) and a function f € LY _(N;H) so that

loc

t t
J a(s)ds:J J f(s,x)N(ds,dx), forallte R,.
0 0JE

Proof For the existence of space E, we take (E, L) as any arbitrary Blackwell
space such that E # (). Let n) be a finite measure on (E,XZ). For t € [0, T],

x € Eand A € X, we define

f(t,x):=a(t) and N(,A):= A([O,t])w,
n(E)

Then N is a finite variation field by construction. The Bochner integral f- N
is well-defined and it holds

t

J: LE f(s,x)N(ds,dx) = Jo J]E a(s)ds n0E)

1.3 MARTINGALE FIELDS

In this section, we describe the class of martingale fields and then we

perform the associated integration theory.

1.3.1 Definitions and Properties

Let M is a random field on R x € (or Ry x X) such that (M(t,A))¢>0 is a
locally square-integrable martingale process for all A € € (resp. X). Let us

introduce the concept of quadratic variation or bracket process associated to

14
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M(-,A). Fix A € € (resp. L), by the standard argument (see [47], Theorem
4.2), there exists an unique predictable process (M)(t, A) := (M(:, A)); with
(M)(0,A) = 0 a.s that makes M(-,A)? — (M(-,A)) a local martingale.

Remark 5 Later on, we perform the stochastic integration w.r.t martingale fields
by following the Itd construction, i.e. we use the It6 isometry to construct the
stochastic integrals and then we formulate the integrability condition in terms of
the quadratic variation. As € is not a o-algebra, so again we shall need to extend the
premeasure induced by the increasing random field A — (M)(-, A) to a measure

on (E, L) (see Remark 1).

Before we start, it is important to point out that there are two different
types of martingale fields, namely, cylindrical martingale field and true-
martingale field. The difference between both fields lies on the space where

they are defined.

Definition 1.3.1 a) A cylindrical martingale field is a random field M on

R, x & which satisfies

2
loc®

1. For each A € &, the stochastic process (M(t, A))¢>0 belongs to I

2. there is a predictable non-decreasing field B on Ry x € such that

(M)(-,A) = B(-,A), up to an evanescence set, for all A € E.

Then (M)(:, A) is called the quadratic variation process of M(-, A) for each
A € &, while the covariance functional of M(t, -) is a premeasure on (E, €)
with

(M)(t, ANB) := (M(-,A), M(-, B))+,

for any fixed t > 0 and for all A,B € &. By polarization, we define the

co-variance process of two martingale fields M, N by the following process:
(M,N)(t,A) = % [((M+N)(t,A)— (M —N)(t,A)], forany A €, t>0.

Denote by M¢ the class of cylindrical martingale fields defined on R x €.
b) A true martingale field is a cylindrical martingale field on Ry x Z, i.e.
€ =%, and the mapping A — B(-, A) is a measure on (E, ). We denote by

Ms the class of true martingale fields.

15
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It is clear that My C Meg. In the sequel, without lose of generality,
for simplicity we use the name “martingale field” to refer a cylindrical

martingale field.

Proposition 1.3.1 For every M € Mg, the field B is unique up to a P-null set.

Proof Fix A € € and let B and B’ two predictable increasing fields on
R, x € such that respectively (M)(-,A) = B(-,A) and (M)(-,A) = B’(:,A)
up to evanescent sets (denote respectively by Na and N;\). By Theorem
4.2 [47, p38-39], for all the bracket process (M)(:,A) is unique up to an
evanescent set (denote by N;/\). This implies that both processes B(:, A) and

B’(-,A) coincide in the sense that
{w € Q: B(w;t,A) #B'(w;t,A) for some t € 1R+} =Na UN;\ UNZ\

is a P-null set.

It follows from the countability of € that the set, defined as

N = U {weQ:B(w;t,A);éB’(w;t,A) for sometE]R+}, (1.11)
Acé

is also a IP-null set. This completes the proof. [
Let us introduce new definitions.

Definition 1.3.2 Let M, N € M¢. All equalities are up to evanescence.

a) M and N are called orthogonal if, for each A € &, their product
M(-,A)N(:, A) is a local martingale or equivalently (M, N)(t,A) = 0.

b) M is orthogonal to itself if, for any two disjoint sets A and B in ¢,
(M)(t, ANB) = (M(t,A), M(t,B)) = 0.

¢) A martingale field M is called a purely discontinuous martingale field
if M(0,-) = 0 and (M, N)(:,A) = 0, for any continuous martingale
tields N and A € €.

Lemma 1.3.1 Suppose that M has independent and stationary increments. Then,
for A € € fixed, the quadratic variation process (M)(-, A) is deterministic up to

evanescent set, i.e. (M) (-, A) is uniquely determined by

(M)(t,A) = E [IM((O,t] x A)2|, fort>o.

16
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Proof Fix A € €. Since M(-,A) € U{%OC, we have
E [M(t,A)2 — M(O,A)Z} —E [IM((O, 1] x A)Z} .
As M(-,A)2 — (M)(-,A) is a martingale, then it follows
E [IM((s,t] X A)Zm} —E [(M)(t,A) — (M)(s,A)|F,], forany0<s<t.
If M has independent increments, then we obtain

E [In((s,t] x A)?| = [(M)(t, A) = (M) (s, A)IF]

this means that (M) (-, A) is deterministic and it holds , by the tower property

of conditional expectation, that

(M)(t,A) = E [IM((O, 1] x A)Z} _E [M(t,A)z - M(O,A)z] .

Since we are more interested in martingale fields having independent

and stationary increments. Then we assume all martingale fields, that shall

be used throughout the thesis, have independent and stationary increments.

1.3.2 Fundamental Examples

We next provide divers example of martingale fields.

Definition 1.3.3 An (extended) Poisson field on R x &, relative to the

Filtration F, is an integer-valued martingale field M which satisfies
1. A — m(,A) = E[M(-,A)] is o-finite premeasure on (E, £).
2. Im((s,t] x A) is independent of JF, for any (s,t] x A € B(Ry) x €.

The premeasure m is called the intensity of M.

Example 3 (Compensated Poisson field) Let (E, X) be a Blackwell space such
that ¥ = o(G) with G is a countable semi-ring. Let F be a positive o-finite measure

on (E, X), namely, there is (An)neN be an increasing sequence of sets in X such

17
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that B = Jpen An and F(An) < oo for all n € IN. Construct the countable
semi-ring:

&= J{BNA.:BeGL
neN

Let w be a homogeneous Poisson random measure on R x E with intensity

measure v(dt x dx) = dt ® F(dx). We define a Poisson field on R x € as

t

M, (t,A) :J

J 1a(x) [u(ds x dx) —dsF(dx)] , forallA e & t>0.
0JE

(1.12)

Note that the integral process in (1.12) is well-defined as it is a stochastic integral
of the form 15 * (L— ) (see [47, p.71]).

To prove the above claim, we make the following two steps:

(a). Fix A € E. The compensated random measure yw— v is by definition an
integer-valued random measure, so M, also takes its values in IN. We also have
w—v is integrable (see [17, 1.1.6]) and 1A * (uw— V) is a local martingale as
1A € Gioc(p). Define C(1a) as in [47, 1.1.31] and compute:

t

C(la): = ﬂ%*V:J

J 1A (x)% dsF(dx) = tF(A) < oco.
0JE

Therefore, we have C(15) € AT and then by [47, 1.1.33.(b)] we obtain 15 *

(h—v) € 3 and (My)(t,A) = (Ta * (L—v),Ta* (k—V))¢ = C(la)e.

Namely, the process M (-, A) € H? and there is a non-decreasing field B such
that B(t, A) := tF(A). This shows that M, is a martingale field> on R, x €.
(b). Next, we prove that (1) and (2) in Definition (1.3.3) are fulfilled. Since F be a
o-finite premeasure on (€, E) and by the integrability of w— v, so we obtain A
EM,(t,A)] = E[u((0,t] x A) —tF(A)] is a premeasure on (E, E). Moreover, as
w(-; (s, t] x A) is independent of Fs, for any s > 0 and (s,t] x A € B(R;)® €
with (s,t] x A C Ry x E, so also is I, ((s,t] x A) independent of Fs. This

means that M, is a Poisson field.

There is very little to say about discrete-space martingale fields. We

consider the case where E C IN and £ = £ (E).

3 If F is finite measure then M,, becomes a true martingale field as we can take & = L.

18
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Lemma 1.3.2 Let I C N finite and (M;)ic1 be a family of local square integrable
martingale processes with (M, Mj)¢ = 0 for i # j. Then the field defined as
M(t,A) =) M;(t), for A CN finite,t € [0,T],
ieA

is a martingale field on R4 x & where € is a collection of all finite subsets of IN.

Proof First, consider € ={A C IN : A is a finite set}. Fix A € &, by construc-
tion, M(:, A) defines a square-integrable local martingale process. Moreover,
we obtain that there is a non-decreasing field B on IN x € such that

B(A) = (M)(,A) =Y (Mi)+ > (M, M) =) (My).

i€A ijEA i€A
17

It is clear that B(-, ) = 0. Next we shall show that A — B(-,A) is a premea-
sure on (IN, £). Indeed, if (An)nen a sequence of disjoint sets in & with

UneNAn € € (i.e. there is ng € IN such that A,, =0, for any n > ny). Then,

we have
no
B(,UnenAn) = Y (Mi)= D (Mi)+--+ Y (Mi)=) B(,An),
i€UneNnAn 1€EA, 1€EAR, n=1
this implies the o-additivity of A — B(:,A) as
no
Z B('/An) = Z B('/An)-
n=1 nelN
This completes the proof. |

Definition 1.3.4 A Gaussian martingale field is a martingale field G on

R x &€ such that:
a) G(0,-) = 0 up to evanescence;

b) for each A € &, G(+,A) is a Gaussian process*.

Example 4 (Finite dimensional Wiener processes) Let d be a positive inte-

ger number with d > 1 and W = (Wy,...,Wq) be a d-dimensional Wiener

4 That is the distribution of any finite family, (G(t{,A), -, G(tn,A)) is Gaussian.
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process. Consider E ={1,...,d}and £ = Z(E). Then, by Lemma 1.3.2, we can
construct a true Gaussian field > G associated to W as follows
G(t, A=) Wi(t), forAcZandtcRy,
i€A
with the quadratic variation
(G)(t,A) =) (Wi)y=t#(A), for AcLandtecR,.

ieA
Example 5 (Cylindrical Wiener processes) Let W be a cylindrical Wiener pro-
cess on U on some separable Hilbert space U, and {ei}ien be an orthonormal basis
of U. Namely, the sequence (W(ei))icN is a sequence of independent standard
Wiener process.

By taking E = IN with £ = &?(IN), and setting € ={A C IN : A is a finite set}.
Then we can associate a martingale field M to the family (W(ei))ien by the
following way:

M(t,A) = Z Wi(ei), forallte Ry, A€é. (1.13)
i€A
Moreover, M is a Gaussian martingale field with
(M)(t, A) = Y (Wlei))r =t#(A), forAcEandteR,.
i€A
Indeed, it follows from Lemma 1.3.2 that M is a Gaussian martingale field on

IN x € as (W(ei))ica is a family of Gaussian martingale processes.

Last, we provide the definition of Lévy random field.

Definition 1.3.5 A martingale field L on R, x € is said to be a Lévy field if

the following conditions are fulfilled:
b) L has independent and stationary increments.

Example 6 Let (An)nenw C Ry be a sequence with ) . cnAn < oo and let

1z, ¢, '>1§) be a Hilbert space consisting of all weighted sequences

13 := {(V“)neN CR: Z Anv™? < oo} and <u/">1§ = Z Apu™v™,
neN neN

5 The Gaussian field G is characterised by: G(0, A) = 0; G has independent and stationary
increments; G(t, A) ~ N(0, t#A).
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Let Q € L(li) be a self-adjoint, positive definite trace class operator. Let {e} }nen
be an orthonormal basis of 13 that consists of eigenvectors of Q with corresponding

eigenvalues (An)neN such that
Qe) =Ane), foralln € N.

Let X be an \3-valued square integrable Lévy martingale with covariance operator
Q (see Tuppe [92]). Namely, X is a Lévy martingale with E[||X(t) ”%%} < oo and
E[X(t)] =0, and we have

E [(X(s),xhi(X(t),yhi = (sADQx Y, xyeltseR,.

According to [92, Proposition 5.4, (X, ef,‘l)li is a sequence of standard Lévy pro-
cess for every n € IN. That is, it consists of square-integrable martingales with
(X, e{‘>172\,<X, 6]-?‘>1§\>t = &y -t forall i,j € N,t > 0. Here &;; denotes the
Kronecker delta.

Again let E = IN with £ = Z(E). In the following, we derive two different
examples of martingale fields from the process X.

a) Set &€ ={A C E: A is finite} and define

1
Li(t,A)= ) ——(X(t),e))z, forAc&teRy. (1.14)
neA )\n i

Note that Ly is well-defined and is a Lévy (cylindrical) martingale field on R x €.
Indeed, since {(X, ei})li Hnen defines a standard Lévy process, then the sum in

(1.14) converges for all A € €. Moreover, it holds:

1. as (X, eﬁ)li has independent and stationary increments for any n € IN, so

also is the field L given in equation (1.14) and L1(0,E) =0;

loc

2. by definition, (X, ei})l% € HZ, . for each 1. € IN, then any finite sum

1
Z \TO(’ eﬁ}li, for any fixed A € €,
neA n

2
loc*

belongs to H
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3. Fixt > 0and A € €. Since ((X, e{‘)li, (X, e;\>1§>t = 0 for i # j, then we

compute

LA = 3 S0 e, (X eblghe

neA n
2
+ —— (X, el (X, e}
nkZEA \/)T)\k« n>l% < k>l§>t (1.15)
n#k
t
= Z —(Qe], el 2 = th(A) < co.
neA }\n *

This shows that (t, A) — (L1)(t, A) is a non-decreasing field on Ry x €. In

other words, Ly is a cylindrical martingale field.
b) Now set € = £ = Z(E) and define a Lévy field L, : O x Ry x X — R,

L(t,A)= ) (X(t), ep)z, for A€ Landte Ry, (1.16)
neA

which is a true martingale field. Likewise to example (a), we indeed have:

1. by construction, L, (-, A) has independent and stationary increments;
2. foreach A € Z, L;(-, A) belongs to HZ, .;

3. Fixt > 0and A € L. We compute and obtain

(L2)(t,A) = ) t(Qef, el + > 2t(Qel, )
neA n,keEA
n#k

:tZAn:tocA<oo,
neA

where x A defines a measure on (E, X). This yields that (t, A) — (Lz)(t, A)

is a non-decreasing field on R x L.

1.3.3 Stochastic Integration

In this section, we present the Itd stochastic integral with respect to mar-
tingale fields. Then we shall investigate the some special cases in which
we show the possible connection of our stochastic integral with the classic
integration theory in the standard textbooks.

In what follows, let H be a real-separable Hilbert space and M be a martin-

gale field on R x €. Denote by f - M the integral process [ [ f(s,x)M(ds, dx).
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1.3.3.1 Definition of the Stochastic Integral

Let us fix the time horizon T > 0 and define
L2(M;H):=L2(Q x [0, T],Pr @ L, P ® (M); H),

the space of all predictable mappings f: Q x [0, T] x E — H for which:

T
E (J J Hf(s,x)H2<M>(ds,dx)> < 00. (1.17)
0 JE

Notice that the space L%(M; H) is a real Hilbert space equipped with the

norm || - |1 defined by:

0

. 1/2
ol =E (J L ’¢(S,X)H2<M>(d81dx)> , for ¢ € L3(M;H).

Definition 1.3.6 For each t € [0, T], a predictable process f is M-integrable
if f e L%(M;H) and we write
t

f-M(w;t) ::J

J flw,s,x)M(w,ds,dx). (1.18)
0JE

Moreover, if M is a continuous then f - M is continuous .

Let us give here a short explanation regarding to the construction of the

integral.

1. Let &7(M; H) denote the space of H-valued elementary functions adap-
ted to the filtration (JF¢)¢<T that are of the form

n

b= Z Gil (¢, t,,1xA;, forsomen €N, (1.19)
i=0

where {to, ..., tn}is a partition of [0, T], Ao, ..., A are pairwise disjoints
setsin & with (ti, ti 1] x A; CIR. xEfori=0,...,n, and ¢; is a H-valued,

bounded and J;,-measurable random variable with <c|)i, bj >H =0 fori#j.

2. The stochastic integral of ¢ with respect to M is canonically defined as

n
G- M=) OiM((tAt, tALti],A;), forallte (0,T].  (1.20)
i=0

Next, we shall find the properties of the stochastic integral.
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Theorem 1.3.1 Let M be a martingale field and f, g € & (M; H). The following

proprieties are satisfied:
(i) The mapping f +— f- M is a linear isometry from & (M; H) into M2 (H).
(ii) For any stopping time Twith P(t < T) =1, (f-M)T = (flpo,«p) - M.

(iii) For any u,v € H, the covariance process of f - M is determined by
t

(F- M, W, (- M, V)t :J

J (f(s,x), wWn(g(s,x),v)n(M)(ds,dx).
0JE

(1.21)
Proof Letf,g € &(M;H) be arbitrary such that
f="1ol0,aqjxa and g=golopxp, for (0,alxA,(0,b]xBC[0,T]xE

where fp and go are respectively H-valued, bounded and Jy-measurable

random variables.

(i) First, we show that f - M is a H-valued square-integrable martingale.

Let h € H be arbitrary. Then, for 0 < s < t, we compute

E[(f- Mg, h)y [Fs] = E[ (fo, ) Im ((0, t A al, A) |Fs]
= (fo,h)y Im ((O,s/\a],A) = (f-Ms, h)y

proving that the process f- M is an H-valued martingale.

Next, using the independent increment property of M, we compute

E [IIf-M]12] = E [[[folm ((0,tAdl,A) |]
= E [(M(tAa,A) = M(©0,A))? ol
E [M(tAa,A) = M(0,A)2[Fo] [Ifol?]

~E|
—E[ (M)A a,A) — (M), A)) [[fol]]

=E

J J I1f(s, x)II>(M >(ds,dX)] =[IlI%,
0JE

which shows the isometry property and if f satisfies (1.17) then we obtain

f-Me M-zr(H). Moreover, if « € R is an arbitrary constant then we have

1T+ aglle < |Ifl]t +d||gllt < oo, forallt>0.
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This means that f + «g is M-integrable and we obtain

t
(f+ xg) - My = JO L(foﬂ(wms,x) 1 g0l (0,615 (5,x))M(ds, dx)

and the linearity of stochastic integral follows.

(ii) Let t € [0, T], w € Q be arbitrary. By definition, w-by-w, we write:
tAT(Ww)

(£ M)F(w) = |

J f(w, s, x)M(w;ds,dx)
0 E

(1.22)
= fo(w) [M(w; t AT(w) Aa,A) — M(w;0,A)],

and

t
(Fljo) - Me(w) = JO L f(w, 5, Lo« (w, s)M(w; ds, dx)

t
=[], fole) At 10 nap(e, M wids, ) (129
0oJe

= fo(w) [M(w; t AT(w) A a,A)—M(w;0,A)],
This implies that (f- M)™ = (f1[o ) - M.

(iii) First, we compute ©

E L (f(s,x),w), (g(s,x),v),, (M)(ds,dx)
= (fo,u)py (go, Vi [(MYEAQAD ANB)— (M)(0,ANB)]  (1:24)
= (fo, W)y (9o, V)1t (M(- A @, A), M(- A b, B))r.

Equation (1.24) yields

(f- My, Uy (g My, V) — Jo L (f(s,x),w), (g(s,x),v),, (M)(ds, dx)

= (fo, u)p (9o, V)i (IM(tAa, A)M(tAb,B) — (M(-Aa,A), M(- Ab,B))¢
—M(0,A)M(tAb,B) —M(0,B)M(t Aa,A) — M(0,A)M(0,B)),
(1.25)

which is a martingale as M is a martingale field. Therefore, by definition of

quadratic covariation of real-valued process, we must have

JO L (£(5,%), )y (905,50, V) (M)(ds, dx) = ((F- M, )y, (g - M, V).

6 (M)(-Na/Ab,ANB) is the bracket process of both processes M(- A\ a,A) and M(-A\b, B).
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In order to extend this definition to the larger space L% (M; H), one may
use the fact that the class of bounded elementary processes &1 (M; H) is

dense in L%(M; H) and then apply the limit approximation argument.

Lemma 1.3.3 Let f € L%(M;H), then there exists a sequence fy in &1(M; H)
approximating f in L%(M; H). That is,

:
[t — |2 = E (J J £ (5,%) —f(s,x)H2<M>(ds,dx)> Ny
0 JE

as n — oQ.

Proof We follow the idea in [96]. We aim to show that & (M; H) is dense
in L2 (M; H).

(1) Let f € L%(M; H) and define a sequence of bounded functions

f(t,x) if ||f(t,x)]| <n
fu(t,x) =

0 otherwise.

Then
,
|fn —f||% =E (J J £ (s,x) —f(s,x)||2(M>(ds,dx)> -0
0JE

by monotone convergence theorem, as n — co. This implies that bounded
functions are dense in L%(M; H).

(2) We assume now that f is bounded and predictable. We construct
w-by-w

1 [k/2"
fu(t,x, w) = J f(s,x,w)ds, ifte {

kK k+ 1)
2" Jk—1y/2m

'
Then |fn — f[|> — 0 by Lebesgue dominated convergence theorem. This
shows that the space of simple functions dense in the bounded functions.
(3) By definition, it is clear to see that &7(M; H) is dense in the space of
simple functions. This implies that &7(M; H) is dense in L-ZF(M; H).
(4) Next, we use the isometry property of f — f- M to obtain the existence

of approximating sequence. By Lemma A.4.2, the map f — f-M has a
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further extension to the space L#(M; H). Namely, there exists a sequence

{fn} € & (M;H) and

.
E (J J an(s,x)—f(s,x)Hz<M>(ds,dx)> —0, asn—oo. (1.26)
0 JE

To conclude the proof, by analogous reasoning if {f;, } C &7(M;H) is another
sequence satisfying (1.26) then both sequences lead to the same function
f. That is the definition of stochastic integral f - M does not depend on the

choice of approximating sequence. [ |

At the end, for every f € L%(M;H), the stochastic integral f- M or
o J& f(s,x)M(ds, dx) is thus well-defined and we write

t t
- My :J J f(s,x)M(ds,dx) = lim J J fu(s,x)M(ds,dx), te[0.T],
E E

0 n—oo 0

where {f,} is a sequence of functions in &1(M; H) and by Lemma 1.3.3, all

properties in Theorem 1.4.1 hold true for any function f € L-ZF(M; H).

Remark 6 Note that for any predictable function f € L%(M;H), the integral
process [§ [ f(s,x)M(ds, dx) has cadlag sample paths.

1.3.3.2 Special Cases

In the following, we provide the connection between stochastic integra-
tion w.r.t martingale fields developed previously and those already exis-
ting in literature that is used to study SPDE’s: (1) stochastic integral w.r.t
Hilbert-space-valued processes; (2) stochastic integral w.r.t Poisson random
measures.

1) Fix T > 0 and suppose that E is countable and £ = Z?(E). Define
€ = {A C NN : Ais finite} such that Z = o(€). Let M be a martingale
field on R} x € and H be a separable Hilbert space. For k € E, we set
Mk (t) := M(t,{k}) and according to Definition 1.3.1, My(t) is a square-

integrable martingale process. Moreover, we have:

M(,A):= > M(-) and (M)(-,A) = > (My), forall A€ €. (1.27)
keA keA

Before going further, we consider the following result.
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Proposition 1.3.2 Let f: Q x [0, T] x E — H be such that f € L%(M,‘ H). Then
f is Myc-integrable for each k € E and it holds

” f(s,x)M(ds, dx) = > r (s, k)M*(ds).
E

0 keE Y0

Proof Let k € E. By definition (My) is an increasing process, then we can
write
t t
IEHO ||f(s,k)\|2<Mk>(ds)} <> IEUO \|f(s,n)\|2<Mn>(ds)} (1.28)
nek
Since f € L%( M; H), and by equation (1.27), we have
t t
5 IEU Hf(s,n)HZ(Mn>(ds)] :15“ J Hf(s,x)\|2<M>(ds,dx)] < .
nekt 0 0JE

This yields that the It6 integral f(.) f(s, k)M (ds) is well-defined since

t
E| [ rts, P Mtas)] < o,
Now let f be an elementary function of the form
f:fa]l(a,b]xA/ (a,b] x A C[0,T] XE,

where f, is a H-valued and F,-measurable random variable. On one hand,

the stochastic integral f - M is given by

f- My = fo[M(tAD,A)—=M(tAqA)] = ) falMn(tAb)—Mn(tAa)l.
neA
(1.29)

One the other hand, we also have f is My-integrable for each k € E, with
t
J f(s,k)Mn(ds) = foa[Mn(tAD) —Mp(tAa)l (1.30)
0

Thus combining equations (1.29) and (1.30) yields

t

£ M = Jt L (s, x)M(ds, dx) = ZJ (s, k)Mn (ds).

0 neg 0
Finally, by Lemma 1.3.3, the result holds true for any predictable process
f € L2(M; H). n

Thanks to the above result, we next present the equivalence between
stochastic integrals w.r.t a cylindrical Wiener process on some separable

Hilbert space and w.r.t a martingale field.

28



1.3 MARTINGALE FIELDS

Let U be a separable Hilbert space and W be a cylindrical Wiener process
on U. Let {fi}iew be an orthonormal basis of U. We recall that for any

predictable ® € L, (U, H), i.e.

E

t
JO 1O ()IF, () ds] < oo, forallt>0,

we denote @ - W = f:) @ (s)W(ds) and we define the H-valued stochastic
integral f(t) @, dW; as in [22] and [34]. That is, we can define @ - W by the
following serie representation (see e.g. [34, Lemma 2.8]):

oo °

[ oswias) = 3 [‘@orr aws(ri). (131)

0 = Jo

Note that the sum in (1.31) does not depend on the chosen orthonormal

basis.
Proposition 1.3.3 If ® € L, (U, H), then there exists f € L%(M;H) such that

J: O, dW, = E LN f(s,x)M(ds, dx), (1.32)

where

f(t,i) = O(t)e;, forte[0,T], ieIN.

Proof By equation (1.13), we can construct a sequence of standard inde-

pendent Wiener processes {M;}ien such that
Mi(t) == Wq(fy), forallt>0,ie N,

and we define a martingale field M(t,{i}) := M;(t). Then we obtain

J. D(s) dW; = ZJ' [@(s)f;] M (ds). (1.33)
0 i=1v0

According to Proposition 1.3.2, there is a mapping f : O xRy x X — H

associated to ® with
f(t,i) = O(t)f;, foranyte [0, T],ie N,

which is Mi-integrable and satisfies

Xt

EE@mﬂwmm:ZJ

i—170

f(t,i)Mi(ds) = Jt

J f(s,x)M(ds, dx).
0JN
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This concludes the proof. |

As a consequence, we also compare our random field integral to the
infinite-dimensional stochastic integral as established in [22]. Let Q € L(U)
be a positive, definite, symmetric, linear trace-class operator. If W is a Q-
Wiener process on U, there is a natural way to associate to it a cylindrical

Wiener process on U (for more details see [22] and [34]). Namely, we set

o0

We=W;0Q'/2:=> /AW(ei)e;, forallt>0. (1.34)

i=1
where the serie converges in L?(Q; C([0,T];U)) and the A; are the eigenva-
lues of Q, each e; is an eigenvector corresponding to A; (i.e. Qe; = Ajey).

We denote by L, (Ug, H) the space of all predictable processes ¢ satisfying

E

t
J ()L, ug,m) ds] < oo, forallt>0,
0

here Ug = Q'/?Uisa separable Hilbert space with an orthonormal basis

{v/Aieilien and is equipped with the scalar product

— |
(Wyiue = —7=(weiulveiu.
uqu ;mueuveu

We recall that the serie representation of the stochastic integral ¢ - W in
terms of ordinary It integrals of real-valued processes as in [22] and [34].
The integral process can be written in the form:

00 e

| otonwids) = 3 | t@ise s, (e (135)

0 3o

Corollary 1.3.1 If ¢ € L2(Ug, H), then there exists g € L-ZF(M; H) such that
J bs dWy :J J g(s,x)M(ds, dx), (1.36)
0 0JN

where

g(t,i) = d(t)ey, fortel0,Tl, ieN.

Proof The proof follows directly from Proposition 1.3.3. Indeed, we first
obverse that (Wy, (e;))y defines a sequence of standard independent Wiener
processes. Since k — W, (k) = (W, k)y is a Cylindrical Wiener process on

U and Ws(ei) = (Ws, (eq))u for all i € IN. Therefore, by Proposition 1.3.3
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and equation (1.35), we have the existence a mapping g € L#(M; H) such

that
g(t,i) = d(t)ey, forte [0, T], i€,
and
- W=3 | [ols)e] AW, (ehu= | | glsxIMids, av).
= Jo 0JN
This completes the proof. n

2) Now, we assume that (E, X) is a Blackwell space such that there is
a countable ring € with ¥ = o(€). We recall that M, is a compensated

Poisson field R x € as in Example 3, that is

t

Mu(t,A) = |

J Ia(x)[u(ds xdx) —v(ds xdx)], forAeé&, t=0,
0JE

where v(ds x dx) = dsF(dx) is the intensity of homogeneous Poisson
random measure p. Fix T > 0 and for every predictable functions f that

satisfies

IE”OT L I[£(s, %) || 2F(dx) ds] <0 (1.37)

both stochastic integrals f * (L —v) and f - M, are well-defined. Note that
first f * (L —v) is defined as in [93] (i.e. the extension of stochastic integral
w.r.t random measures developed in [47] to Hilbert-space-valued functions).
The aim is to prove that stochastic integral w.r.t Poisson random measures is
in fact captured by the stochastic integration w.r.t martingale fields. Namely,

we have the following equivalence

T

JT L f(s,x)My(ds,dx) = J

J f(s,x)[u(ds x dx) — F(dx) ds].
0 0 JE

Proposition 1.3.4 Let f be a predictable function satisfying condition (1.37). Then
it holds f* (n—v) = f- My, (up to indistinguishability).

Proof By extending the stochastic integration in [47], we first denote by

GH

loc

(1) the space of all H-valued predictable functions f such that the
process C(f) = ||f||? v € AT, that is

IE”OT L I1£(s, %) || 2F(dx) ds] < 0.
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One the other hand, we have seen in Example 3 that M, is a martingale
field with
(M) (t,A) =tF(A), forallt>0,A €é.

Hence, by Defintion 1.3.6, f is M,-integrable if and only if the following

condition is fulfilled

E ”OT L 1£(s, )] (M) (ds, dx)} — ]E”OT L I1£(s, %) ||*F(dx) ds] < oo.

H

loc (1) and L%(MH;H) coincides and we

This implies that both spaces G
have f* (L—v) =f-M,. |

1.3.4 Extension of the Stochastic Integral by Localisation

In this section, we conclude the construction of the stochastic integral
by extending Definition 1.3.6 to the class of integrands satisfying a less

restrictive assumption on the integrability condition.

2

Furthermore, we denote £{, .

f: QO xRy xH — H such that

(M; H) the space of all predictable processes

-
P (J J Hf(s,x)”z (M) (ds,dx) < oo) =1, forallT>0.
0 JE

We can relax the integrability condition (1.3.6) by showing that L%(M; H) is

dense in L%OC(M; H).

2
loc

Lemma 1.3.4 Let f € £{_.(M;H) be arbitrary. Then there exists an approximati-

on sequence fy, € L%(M;H) such that

t
f-My = lim J J fn(t,x)M(ds, dx),
E

n—oo 0

Proof Letfc £Z (M;H)and T > 0 be arbitrary. We define

loc
t
Tp 1= n/\inf{t e[0,T]: J J [h(s, )| (M)(ds,dx) > n}, (1.38)
0JE
where 1., T T as 1 — oo and wet set

fn(w, t,x) =flw,t,x)1[or,)(t,w), forteRi,xeE weQ. (1.39)
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Then T, is a sequence such that

t 5 t .
e ], [ tnts e owias o] <[, [ it omonat s o] <

(1.40)

This implies that the stochastic integral (f1jo ) - M is well-defined and
fn="Fljox,] € L%(M;H) for all n € IN.

Now define
f My = (flo,)-Mt, te€[0,T], (1.41)

where n € N is arbitrary such that t,, > t. Observe that if we take arbitrary

Tm = t and m > n then by Proposition 1.4.2 we have P-a.s
(fLjo,cmg) - Mt = (fljor,)) - M™ = (flpox,]) - Mt

On the other hand, if T/, T T another sequence of stopping time satisfying
1.40 thus both (f1g ;1) - M and (f1o r,]) - M lead to the same process f- M
IP-a.s. This means that the definition in (1.41) is consistent and does not
depend on the choice of sequence of stopping times.

As result, we conclude that the stochastic integral of any function f €

LZ

loc

(M, H) with respect to M is determined by

t t
f-M¢ = lim J J fn(t,x)M(ds,dx) = lim J J flii<r,yM(ds, dx).
E E

Remark 7 We conclude this section by pointing out that analogous approach has
been developed in [96]. In fact, let (E,X) be a Lusin space (see [91] or [19]), on the
one hand the Walsh’s terminology assumes that there is a ring A and an increasing

sequence By, such that
*E= Une]N ETI
* In= Z|En CA

Walsh defines his set function M on Q) x R x A as a martingale measure, namely,

P-almost surely

1. M¢(A) is square-integrable martingale with My (A) = 0, for every A € A.
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2. M{(AUB) = M¢(A)+ M(B), forall t > 0 and all disjoint A, B € A.
3. M(A), M(B) are orthogonal martingales for all disjoint A, B € A.
4. sup {E[|[M¢(A)[|?],A € £} < oo forall t > 0.

Moreover, Walsh [96], if M is a martingale measure then there exists a random

o-finite positive measure v on R x E such that
(M(A)), = V(0] xA), t>0A€L,

Since the Lusin set E has the Blackwell property (see [86]) and if we consider a
countable ring

&= U{AﬁEn:AGZ},
neN
then the martingale measure M meets Definition 1.3.1. More precisely, M is a

martingale field on Ry x € with B(t,A) =v((0,t] x A) forall t > 0,A € E.

On the other hand, Walsh follows the It6 spirit to construct his integration
theory. However, in order to perform the stochastic integration, one need to assume
that the martingale measure is worthy, i.e., the existence of a dominating measure
(see [96, p.291]). In contrast, our approach do not require such condition and we
only works with fairly easy integrability conditions. This shows that by choosing
the measure induced by field B as a dominating measure we obtain that Walsh
integral shall coincide with our It6 stochastic integral.

Moreover, as shown in [26], stochastic integrals w.r.t cylindrical and Q-Wiener
processes coincide with the Walsh's stochastic integral. However, Proposition 1.3.3
and Corollary 1.3.1 also prove that the stochastic integral constructed in Subsection
1.3.3.1 captures both integral processes w.r.t infinite dimensional Wiener processes.

This means that again Walsh'’s stochastic integral meets our stochastic integral.

1.4 SEMIMARTINGALE FIELDS

In this section, we begin with new concepts and notions. That is the des-
cription of the semimartingale field, that combines both class of fields seen
previously, as well its properties. The stochastic integration w.r.t. semimar-
tingale fields shall be the main focus, including the Fubini’s theorem and

the unification result of two stochastic integrals.
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1.4.1 Definitions

Definition 1.4.1 A semimartingale field on R x € is a random field X of
the form X = M + N where M € M¢ and N € V¢. If the set A is fixed, we
have S(-, A) defines a semimartingale process which admits a decomposition
S(-,A) =M(-,A) + N(-, A). We denote by S¢ the class of all semimartingale
fields on R x €.

It is clear that the decomposition in Definition 1.4.1 is not unique. Howe-
ver, under some conditions, there is at most one decomposition if the field

N is in addition predictable as the following result shows.

Theorem 1.4.1 Any semimartingale field X admits a unique decomposition up to

an evanescence set if its finite variation part is a predictable finite variation field.

Proof Let (M,N),(M’,N’) € Mg x V¢ such that they satisfy respectively
the decomposition X = M + N in Definition 1.4.1. On the one hand, we

define

N1 = U {w € Q: X(w;t,A1) #M(w;t, A1)+ N(w; t,Aq), tG]R+},
A€E

NZ = U {(U €Q: X(w,t,Az) 7& M/(wltlA'z) +N/(w;trA2)/ te ]R"—}I
Aj€e&

are respectively IP-null sets. One the other hand, we set
N=N;UN,

which is a IP-null set. Indeed, for any fixed A € &, one can check that
N’(-,A) =N(-,A) = M(-,A) —M'(-,A) = 0 (up to an evanescent set) due
to the fact that this difference process is a predictable local martingale
belonging to V (see [47, Corollary 3.16]). Now let w € N¢. It follows that
forany A € &

M(w;t, A) —M'(w;t,A) = N'(w;t,A) —N(w;t,A) =0, foreacht>0.

This shows the uniqueness of the decomposition.
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This result leads to the following definition.

Definition 1.4.2 A special semimartingale field is a semimartingale field X
which admits an unique decomposition X = M + N where M is a martingale
field and N is a predictable finite variation field. We denote by S the set of

all special semimartingale fields.

Remark 8 Here are some other properties of both spaces S¢ and S¥:

1. 8¢ and 8% are stable under stopping. That is, if X € S¢ (resp. X € 8%) (T)
is a localizing sequence of stopping times, then the stopped semimartingale

field X" € 8¢ (resp. X € 8%).
2. (8¢)ioc = 8¢ and (Sg)loc = SE-
Example 7 In the following, we provide diverse examples of semimartingale fields.

a. Since Ve and Mg are in 8¢, there are many examples of semimartingale

fields.

b. Recall respectively both finite variation and martingale fields in examples 1

and 5. Let A C IN be a finite set and define

S(t,A) =) Ni(t)+ > Wi(e), fort>0.

icA ieA
If we denote & ={A : A C IN and is finite}, the field S is a (special) semimar-

tingale field on R x € as all Poisson processes (Ni)icN are predictable.

c. Take E be a countable set. It is also interesting to recognize any family of
semimartingale processes of the form S = So + M+ N (as in [47, Definition
4.21]) defines a semimaringale field. Namely, let t > 0 and (Si)icE be a
family of semimartingale processes such that by Corollary 4.16 in [47] we
have a decomposition

St =S5 +M'+ N,
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where M € Mioc, Ny € V and S}) is a real-valued Fy-measurable random
variable for each i € IN. Let A C E be a finite set and set
S(LA)=) St=) Mi+) [S§+Ni]
icA ieA ieA
=M(t,A) +N(t,A),
where M and N define respectively martingale and finite variation fields
on Ry x & with € = {A : A C E, finite set}. Thus, we obtain S is a

semimartingale field on R4 x E.

1.4.2  Stochastic Integration

In this subsection, we proceed to constructing the stochastic integral of
predictable processes with respect to a semimartingale field.
Let f : O xRy x E — H predictable mapping and denote by f - X the

integral process defined as

t
Xt —J J f(w, s, x)X(w;ds,dx).
oJe

1. Note that if X is a semimartingale field on R4 x & and when f is
simple enough, then the integral process f - X has only one definition (even

if X(ds, dx) is not well-defined), namely:
f- Xy =fa(X(tAb,A)=X(tNa,A)), iff=F1(qpxa, t€l0,T], (1.42)

where (a,b] x A C [0, T] X E, fq is an H-valued bounded and F-measurable

random variable. To show the existence of the stochastic integral f - X, for the

general case, we use the density property of the space of simple functions.

Therefore, we get

t
f-X¢ = lim J J fn(s,x)X(ds,dx), fort> 0.
E

n—o00 0
for some approximation function f,, from the space of simple functions
such that f, — f and the integral process f;, - X converges (in sense of

equation (1.42)).

2. As we have seen in the two previous sections, the stochastic integral

f- X can be defined when X belongs to one of the following two classes of

fields:

37



1.4 SEMIMARTINGALE FIELDS

a. if X € V¢ and for every optional process f satisfying the following:

JtJ 1f(s, x)|[Vx(ds,dx) < oo.
0JE

b. if X € Mg and for every predictable process f satisfying the following:

E H 1£(s,%)]|?(X)(ds,dx) | < oo.
0JE

Putting these two classes together we obtain the following definition.

Definition 1.4.3 An H-valued process f is said to be locally integrable

with respect to a semimartingale field X, if there exists a decomposition

X = M + N such that both integrals f- M and f - N are defined as above.

Namely, f satisfies
t t 2
E H |, 1t 01, a0 + <J |, 1t Vs, dx)> } < oo,
0Je 0Je
(1.43)
In this case, we define the stochastic integral f - X by
f-X=f-M+f-N. (1.44)

where f € Lt(N;H) and f € L%(M; H). Denote by L%(X; H) the space of all

predictable processes that satisfied condition (1.43).

Remark 9 Note that the definition of stochastic integral in (1.44) is independent
of the decomposition of X. Moreover, the stochastic integral w.r.t to semimartingale

field does not preserve the isometry property but instead one has the following

t 2 ¢
2
E ' Jo L_ flsx)X(ds, dx)]| | <E Ho L [£(s, )] <M>(ds,dx)}
t 2
+E [(L L (s, x)[|[VN (ds,dx)> } )
(1.45)

Remark 10 If f € L3(N;H) and f € L3(M;H), then by Cauchy-Schwartz

inequality the following condition is sufficient to make f integrable w.r.t. X:

E

t
J J (s, x)||? ((M)(ds, dx) + Vn (ds,dx))] <oo, tel[0, Tl (1.46)
oJE
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It is clear that (1.46) implies (1.43). In this case, we can define a non-decreasing
field [X] := (M) + VN up to indistinguishability for every semimartingale field
X = M + N. Then we shall use L4 ([X]; H) instead L2(X; H).

3. We now can extend the space L-zr(X;H) to the space £Z__.(X;H) con-

loc

sisting of all predictable processes f : QO x Ry x E — H such that for all
TeR,

T T 2
IP(J J ||f(s,x)||2<M>(ds,dx)+(J J ||f(S,X)HVN(ds,dx)> <oo> _1.
0 JE 0 JE

This is always possible because by condition (1.43) we can define
LG H) = Lr(N; H) N LE(M; H),

and by Remark (4) and Lemma (1.3.4) we can respectively extended Lt (N; H)
to L1oc(N; H) and L%(M,‘ H) to L%OC(M;H). Therefore, we extend L%(X;H)
to L2 (X;H) where

loc

L%OC(X;H) = L10c(N; H) NnL (M;H).

loc

4. Last, we state various properties of the stochastic integrals.

Proposition 1.4.1 Let X be a semimartingale field and f be an H-valued predicta-

ble process satisfying 1.43. Then the following statements hold:
1. f+— f-Xis linear.
2. - X is an H-valued semimartingale process 7.

3. (f-X)T = (fljoq) - X, for each stopping time T with P(t < T) = 1.

Proof We proceed according to the following steps:
1. The linearity follows directly Propositions 1.2.1 and 1.4.2.

2. By Decomposition (1.42), together with Propositions 1.2.1 and 1.4.2,
we obtain f- X = f- M+ f-N is a sum of H-valued martingale and

finite variation processes.

7 A H-valued semimartingale process is any process of the form S = M + A where M is an

H-valued martingale process while A is an H-valued finite variation process
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3. By Propositions 1.2.1 and 1.4.2, we compute

(F-X)T = (F-M)T+(f-N)* = (flpo,«p) - M+ (fljog) - N = (fljo ) - X.

This completes the proof. n

1.4.3 Stochastic Fubini Theorem

Here we shall present a form of stochastic Fubini’s theorem which can be
adequate for our later needs. Let X = M 4 N be a semimartingale field on
R4 x € and (U, U,n) be a finite measure space.

Let us fix T > 0 and let L%(X,n;H) be the real Hilbert space of all
P ® £ ® U-measurable functions f : Q x [0,0) x E x U — H for which

|IfllTn < oo, where

.
1f]]1 =E Hu (JO L ||f(s,x)|]2<M>(ds,dx))n(du)]

T 2
+1EH (J | ||f(s,x)|rvN(ds,dx)) n(du)}
u 0 JE

Theorem 1.4.2 Let f be in L%(X,n; H). Then for each t € [0, T],

Ju U: L f(s,x, u)X(ds, dX)] n(du) = E L Uu f(s,x, u)n(du)] X(ds, dx).
(1.48)

(1.47)

Proof First it is important to note that if condition (1.47) is fulfilled then
both integrals in equation (1.48) are well-defined.

1) Assume f is an elementary function, i.e.,
f="1ol(0,ajxaxB, (0,alxAxBCI0,TIxExU,

where f( is a bounded Jp-measurable random variable. Note that by com-

puting both integrals in (1.48), lead to the same process
folx((0,t Aal, An(B),

that is the result holds true.
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2) In a second step, we use the limit approximation argument to show
the result for L%(X,n; H). Let (fn)nen be a sequence of simple function

converging to some function f € L%(X,n;H), ie, [[fn —flltn = 0asn —
—+00.
2]

2
Vx(ds, dx))

a. To do so, we first assume X € V¢, then

!
<= (L.

t 2
<1E<J | ] an(s,x,u)—f(S,X,u)Hn(du)Vx(ds,dX)>
EJU

0

rJ <J [fr(s,x,u) —f(s, x,u)]n(du)) X(ds, dx)
E u

J [fn(S; X, U) — f(s,x,u)}n(du)‘
u

<|ffn—flltn =0 asn — +oo0.

Next, we estimate

t 2
E ’J (JJ [fn(s,x,u)—f(s,x,u)]X(ds,dx))n(du)
u \JolJE
2
<E J th [fn(s,x,u)—f(s,x,u)]X(ds,dx)) n(du)
ullJoJe

0

2
t
<E (J N an(s,x,u)—f(S,X,u)HVx(dS,dX)ﬂ(du)>
u E
<|fn—flltn =0 asn — +oo0.

Therefore, we deduce that

[ s

N t
= lim U J fn(s,x,u)X(ds,dx)] n(du)
u E

n—oo J 0

(1.49)

rt

= lim J U fn(s,x,u)n(du)} X(ds, dx)
E LJu

Tl—)OOuO

= Jt L Ju (s, x, u)n(du)] X(ds, dx).

0
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b. A similar argument to prove that the result also holds true if X € Me.

By Itd isometry (1.4.2), we estimate

‘ “tJ <J [fn(s,x,u)—f(S,X,u)]n(du)) X(ds,dx)
E u

Jo
[t
-£|| |
[Jo JE

t
<E J J J H[fn(s,x,u)—f(s,x,u)]Hzn(du) (X) (ds,dx)]
JoJeJu

2]

2
(X) (ds, dx)]

J [fr(s,x,u) — f(s,x,u)|n(du)
u

<fn—flltn =0 asmn — +oo.

and
' 2
. H (J J [fn(s""u)—f(s,x,u)]X(ds,den(du) ]
u \JoJe
' 2
<E J ‘JJ [fn(s,x,u)—f(s,x,u)]X(ds,dx)> n(du)]
ullJoJe

0

<1E<J ” an(s,x,u)—f(S,x,u)Hz<X) (ds,dX)n(du)>
ulJoJe

<|fn—flltn =0 asn — +oo.

Then using the limit approximation yields

Ju U: L (s, x, u)X(ds, dx)] n(du) = J: L Uu f(s,x, u)n(du)] X(ds, dx).
(1.50)

Finally, we use the decomposition X = M + N together with equations

(1.49) and (1.50) to conclude that for any semimartingale field X and f €
L%(X,n; H) it holds that

Ju U: L (s, x, u)X(ds, dx)] n(du) = J: L Uu f(s,x, u)n(du)] X(ds, dx).
(1.51)

1.4.4 Unification Framework

Recall H is an Hilbert space and let (Ej,Z7), (E2,X2) be two Blackwell

spaces such that there are respectively two countable semi-rings €1, £, with
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Y1 =0(&1) and X; = o(&,). We consider two semimartingale fields X; and

X2 based respectively on Ry x €1 and R4 x &€;.

Theorem 1.4.3 Let ¢ and @ be respectively two mappings belong to L2, (X7;H)

loc

and L%OC(XZ; H). There exist a Blackwell space (E, X) with £ = o(&), a semimar-
tingale field X on Ry x € and a mapping ¥ : L%OC(XUH) X L%OC(XZ;H) —
L%OC(X;H) such that

J: L1 $(s,%x)Xq (ds, dx) + J: JEz @(s,y)Xz2(ds,dy) = J: L Wg (s, 2)X(ds, dz),

(1.52)

with ¥§ = ¢p1g, + @1lE,.

Proof The proof is done in three steps:

1. Let T be an abstract point that is not respectively in both sets Eq, E;. We
extend respectively E; to E1 = EjU{t}and E4 to Ez := E» U{T} by adjoining
the cemetery point T. Both semi-rings €1, £, are respectively extended ana-
logously to E1 =& U {{T}},Ez =& U {{T}} so that (E, G(E] )), (Ez, O'(Ez))
are Blackwell spaces as well. We can now define a new set E = E1 X Ez and
a countable semi-ring & := 51 X Ez on E such that (E, ) is Blackwell space

with X := 0(51 X gz) (see Lemma A.2.1).

2. Next, we construct a semimartingale field X on R x € from X; and
X>. First, we denote by 6% the Dirac premeasure on (EZ, Ez) and we extend

the premeasure A — X (t,A) to a premeasure X7 on (E , E] ), that is:

Xi(-,A) ifAeé&,
X] ('/ A) =
0 else.
Since both 6% and X; are o-finites, therefore for each t > 0 the set function

Xi(t,): € —=[0,00, X;(t,CxD)=X;(t C)s2(D),

defines (uniquely) a premeasure (E, £) (see A.1.5). Note that for any decom-

position X7 = M7 + N7y, we get

X1(t,C x D) = M;(t,C)82(D) + Ni(t,C)82(D), forallt>0,CxD €&,
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and here the field (t,C x D) — M;(t,C)52(D) belongs to Mg as if My €
Mg, then it follows that:

a) Mi(-,C)82(D) € H?, foreach C x D € €.

b) (t,C x D)~ (M182)(t,C x D) = 62(D)(M;)(t, C) exists and belongs

+
to V.

On the other hand, we also obtain that (t, C x D) — N1 (t, C)82(D) belongs
to Ve since 6% is a finite measure and N7 € V¢, . This implies that )21 is a
semimartingale field on R x &.

Analogously, by symmetry and repeating the same arguments, if 5! is
the Dirac measure on (E ,§1 ) and X3 (4, -) is the extended premeasure of
Xo(t,-) = Ma(t,-) +Na(t,-) on (EZ,EZ) for any t > 0. Then it can be verified
that the field defined by

X5(t,C x D) =8 (C)M,(t,D) + 81 (C)N1(t,D), forallt>0,CxD€é&,

is actually a semimartingale field on Ry x € as respectively 61(-)1\42(-) €
Me and 8} (-)N2(-) € Ve.
Finally, combining these two semimartingales fields, we can define the

field X as follows: X = )~(1 + )N(Z.

3. After constructing the semimartingale field X, now we shall show that

(X2; H) — £2(X;H) such that

loc

there is a mapping V¥ : L2 (X1;H) x L2

loc loc

for any ¢ € L2 (X1;H), ¢ € L2 _(X3;H) it holds that

loc loc

E L] (s, %)X (ds, dx) +E Lz o(s,y)X2(ds, dy) = J: L W (s, 2)X(ds, dz).

(1.53)

Indeed, let ¥ : (b, @) — we be a mapping from L2 (X1;H) x L2

loc loc

(X2; H)

into £2 (X;H). This implies that for all t > 0 the stochastic integral

loc
fé Je W (s,z)X(ds, dz) is well-defined and we have
t

E L Y$(s,2)X(ds, dz) = E JE Y (s,2)X1 (ds, dz) + L

(1.54)

In order to have the equivalence between relations (1.53) and (1.54), the

following conditions must be satisfied

J YE (s, 2)X2(ds, dz).
E
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i- [0 [£, dls,x1)Xq(ds, dx) = [ [¢ WQ(s,2)X (ds,dz) = WE - X (1),

ii- [ ¢, @(s,%2)Xa(ds, dy) = [ [¢ Yo,0(s,2)Xa(ds,dz) = WE - X, (t).

Since X (t,{t}) = Xz(t,{t}) = 0, so by Fubini’s theorem we respectively

compute

Jo. s ystiayX s o = | | gt x s a)

e
ESAS]
>
Il
o °
Lﬂl

<

v =] | L]%(s,x,y)sl(dx)xz(ds,dy)=L JEZW$(S,T,1J)X2(d8,dy)

(1.55)

and combining both expressions in (1.55) with conditions (i) and (ii) yields

YP(s,x, 1) =d(s,x) and ¥(s,t,y)=o(s,y), foranys>0. (1.56)
Now to construct ¥, intuitively, we suppose that ¥ is defined as,

Yt xy) =o(t,x)+olty), ifxekyyeks (1.57)

Furthermore, if we combine the expression of ¥ in (1.57) with equation
(1.53) and then we identify the result with (1.54). So we obtain ¢ - X, =
Q- % = 0, namely,

d)'XZZJ;JEZ i

and

0

ﬁ q>(s,x)51(dx)] Xz(ds,dg):rj ¢ (s, T)Xa(ds,dy) =0
Eq E2

x|,
oJEs |

This justifies the convention that any function takes value O at the cemetery

Xi(ds,dx) = J
0

j~ o(s,y)52(dy)
E

J @(s,7)X7(ds,dx) = 0.
Eq

point because the natural way to extend ¢ (resp. @) to E1 (resp. Ez) is
by taking ¢(t,t) = 0 (resp. @(t,T) = 0). This means that we must have
‘l’$(t, T,7) = 0 which shows that v is well-defined on R x E and the

mapping V¥ is defined as

Ye = d)]lE] + (p]lEz.

As a consequence, we examine its real application in the existing integra-

tion theory. Let Q be a self-adjoint, positive, symmetric, definite trace class
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operator on U and {ex}xen be an orthonormal basis in U diagonalizing
Q. Let W be a Q-Wiener process taking value in U. Let u —A® F be a
compensated Poisson random measure defined on R x E with intensity

dt x F(dx).

Corollary 1.4.1 Let f € L[;(Ug,H) and g € thjc(p). Then there exists a space
A := N x E, a countable semi-ring Ex on A, a Lévy martingale field L on
R x EA and a mapping V¥ taking value in S(L) such that

J. f(s)W(ds)+J

J g(s,x)[u(ds x dx) —dsF(dx)] = J.J V¢ 4(s,z)L(ds,dz),
0 0JE 0JA

(1.58)

where L = Myy + M, for some martingale fields Myy, M, on Ry x Ep,
with lyf,g('/xly) = d)(lx):ﬂ'N(X) + g(/y):ﬂ-lE(y) such that

o(t,x) =f(t)ex, foranyt>0,x €N,

and N (resp. B) is the completion of N (resp. E) by adjoining an arbitrary cemetery

point.

Proof This follows directly from Proposition 1.4.3 combined with Proposi-
tion 1.3.4 and Corollary 1.3.1. Indeed, Proposition 1.3.4 and Corollary 1.3.1
lead respectively to the existence of two martingales fields Myy, M, where
Muw (t,{x}) = (W, ex)u and My(t,A) = 1A * (L —v)¢. Then we define the
set A := N x E and a countable semi-ring Ep = E]N X EE as in Proposition
1.4.3. Simultaneously, we also extend respectively both fields My, M, to
MW,MH on R x €A so that we can define a Lévy random field L with
L = My + M,, by Proposition 1.4.3. To complete the proof, we just apply
Proposition 1.4.3. |

To conclude this chapter, we highlight that the main purpose is to esta-
blish the unified approach for multiple stochastic integrals with respect
to semimartingale fields. For this end, we introduced the concept of finite
variation and martingale fields. We developed integration theory related
to both class of fields. From then, we introduce the definiton of semimar-
tingal field and the related stochastic integrations. Concurrently, we also

examined the relationship between our approach and the existing ones in
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literature. For instance we showed that we can derive a unified integral
from both stochastic integrals with respect to a Q-Wiener and a Poisson

random measure.



GENERALIZED HILBERT SPACE-VALUED SDES

In this chapter, we study a generalized SDE version of SPDE of the kind
(0.3) by taking A = 0. Typically, we consider a SDE problem in infinite
dimension on a Hilbert space. The study of Hilbert space-valued SDEs is
not something new in the related literature. Moreover, several approaches
and results already exist on the existence and uniqueness of solutions.
However, the idea of introducing a Hilbert-space valued SDE driven by
random fields is not yet well-established and it is worth exploring. This
motivated us to implement our random field framework to study Hilbert-
space valued SDE apart the fact it is essential later on.

The Chapter is organized as follows: In Section 1 we introduce the prelimi-
naries and notations. In Section 2 we prove existence and uniqueness results
for strong solutions to Hilbert Space-Valued SDEs driven semimartingale

fields. In Section 3 we discuss the stability and regularity of solutions.

2.1 PRELIMINARIES

This section provides the required preliminaries and notations. We assume
that a probability space (), J,IP) together with a filtration IF = (F¢)¢>0 are
given.

Let T > 0 be arbitrary the time horizon and (H, || - ||) be a separable Hilbert
space. We denote by B(H) the Borel o-fields on the separable Hilbert space
H. Let (E, X) be a Blackwell space such that there is a countable semi-ring &
with X = o(&). We recall that 8¢ the space of all semimartingale fields X of
the form X =M + N.

For any fixed & € L2(Fo; H) = L?(Q, Fo,P; H), we consider the stochastic

differential equations, on [0, T] in H, of the kind:

dy¢ :J b(t,y¢, x)X(dt,dx) and yo =§, (2.1)
E
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where b: QO xR, x HXxE — Hand X € S¢.
Now we define the space where we want to find the solutions. We define
H2 as the Banach space of all H-valued predictable processes (§+)c(o,T]

for which

sup E [Hq)tuz} < .
te(0,T]

The typical norm of IH% is

1

Il = sup (E[I00?] )"

te€l0,T]
To deal with SDE (2.1), we proceed as follow: we show directly, using the
extended Banach fixed point theorem, the existence and uniqueness of
strong solution on the Banach space H%. In a second step, we shall prove
that the solution has a cadlag modification which solves the stochastic

convolution equation

t

UtZE—i-J

J b(s,ys—,x)X(ds,dx), forallt e [0,T], P-a.s.

0JE

Remark 11 For simplicity, we study our SDE on [0, T]. Nevertheless it is always
possible to extend all results on a larger space H? consisting of H-valued adapted
processes & such that for each T € IR the restriction of ¢ to Q x [0, T] belongs to
H2. Indeed, if y € H# is a solution for SDE (2.1) then one can always construct

Y € H? such that y = Y|o 7). For instance, consider the stopped process Y :=y .

Remark 12 In our framework, we allow space dependent coefficients which may
depend on the randomness w, the time t and the state of the path of the solution
in order to capture a wide class of SDEs. In addition, the continuous drift term
does not appear in our SDE (2.1) because it is already incorporated in the driving
noise X (see the proof of Theorem 3.4.1). In fact, this is always possible by means of
unified approach developed in Chapter 1.

2.2 EXISTENCE AND UNIQUENESS OF SOLUTIONS TO HILBERT SPACE-

VALUED SDES

In this section, we next establish existence and uniqueness of strong soluti-

ons to Hilbert space-valued SDEs of the type (2.1).
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Definition 2.2.1 A processy € H2 with lifetime T is called a strong solution

for SDE (2.1) if yo = & € £2(Q,Fp;H)and b € L%OC(X;H) such that
t
Yy = E+J J b(s,ys,x)X(ds,dx), forallte [0,T], P-a.s. (2.2)
0JE

Remark 13 Note that the stochastic integrals at the right-side of SDE (2.2) is
well-defined up to indistinguishability. That implies that the uniqueness of solutions
for SDE (2.1) is also meant up indistinguishability on R, as explained in the

following definition.

Definition 2.2.2 We say that uniqueness of strong solutions to SDE (2.2)
holds, if Z, Z’ are respectively two strong solutions to SDE (2.2) with initial

conditions z, z(’) and lifetime T then we have up to indistinguishablity

2N yy=z0) = (Z) Ly p=zp)- (2.3)

We shall study the existence and uniqueness problem under standard

regularity assumptions on the coefficients of SDE (2.1) that include:
Assumption 1 - bisa P ® B(H) ® X— measurable.

Assumption 2 - Lipschtiz continuity:

a- b is Lipschtiz function, i.e there is a non-decreasing function L : R, — R,

such that for all hy,hy € Hand t € [0, T], P-a.s,
L Ib(t, hy, %) — bt i, x)[[ Vg (t, dx) < L(t)[[y — ]

(2.4)
Lnb(t,m,) b(t, Rz, X) |2 () < L2 [y —hal .

b- L€ L3, (N H) and denote by Lt = sup L(t)2
tel0,T]

Assumption 3 - b(-,0,) € L2(X;H), i.e, for t € [0, T] we have

t 2 +
E (L L Hb(s,O,x)HVN(ds,dx)) +LJ Ib(s,0,%) |2 (M) (ds, dx) | < oo.
(2.5)

Before, we state the main result for the existence and uniqueness of

solutions we need the following lemmas.
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Lemma 2.2.1 For every y € H3, if Assumptions (2) and (3) are fulfilled. Then

the functions
t 2
t»—>IE[<JO L Ib(s,ys, %)|| VN (ds,dx)> } (2.6)
t—E U J \b(s,ys,x)Hz(M)(dS,dX)] (2.7)
oJE

are well-defined and continuous on R .

Proof First, let us fix y € H2. For simplicity, we define respectively the
mappings q1,q2 : QO xRy —H,

2

t
fo i) — (L [RECTEIE (ds,dx)> 2.8)

t—qa(t) = Jo L Hb(s,ys,x)H2<M>(ds, dx) (2.9)

1. By the growth estimate (2.4) and Assumption (2-b), for every cadlag
process y € II—I% and t € [0, T], we have:
t

E [q:(t)] < ZJ L(s)? sup E [Hyer} ds +2E
0 relo,s]

t
E [q2(t)] <2J L(s)? sup E [||gr\|2} ds + 2
0 rel0,s]

yielding, by condition (2.5),

t

E[q1(t)] <2 sup E [||yr||2H L(s)2ds +2Cy < 0o
rel0,t] 0

(2.10)

t
E[q2(t)] <2 sup E [||yr||2H L(s)2ds +2C; < 0.
T€[0,t] 0

for some positive real constants C; and C,. This implies that both functions

(2.6) and (2.7) are well-defined.

2. The proof of continuity is done by applying the Lebesgue dominated
convergence on the mapping (w, t) — qi(w, t), for any i € {1, 2}. Likewise

for equation (2.10), we estimate

T T 2
qi(t) <2 sup HUrHZJ L(s)*ds+2 sup (J J ]b(s,O,x)HVN(ds,dx)>
T€[0,T] 0 relo,T] \JOJE

T T
qz2(t) <2 sup HyTHZJ L(s)?ds+2 sup J J Ib(s,0,x)||?(M)(ds, dx).
T€l0,T] 0 relo,T]JO JE

t 2
<J J Hb(s,O,x)HVN(ds,dx)) ]
0JE

t
J J ]b(s,O,x)|]2(M>(ds,dx)]
0JE
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(2.11)

Hence by the dominated convergence theorem, if (t,,)nen is an arbitrary

sequence with t,, — t asn — oo. Then it follows qi(tn) — qi(t), ie.

lim E {qi(tn,)} =E [qi(t)], foreachie{1,2}.

n—oo

This implies the continuity of both functions (2.6) and (2.7). |

Next, let us fix & € L?(Fo;H), t € [0, Tland y € ]H%. Then we define the
process Iz (y) by:
t

(Ie(y)e = £+J

J b(s,ys, x)X(ds, dx), (2.12)
0JE

and by Lemma 2.2.1, this process is well-defined, mean-square continuous

and Iz (y) € ]I—I%. Therefore, it induces a mapping I : L2(Fo; H) x ]I—I% — II—I%.

Lemma 2.2.2 For any & € 1%(Fo; H), if b is a Lipschitz function then there is

no € IN such that the mapping 17° is a contraction on H2.

Proof LetY,Z € H% and t € [0, T] be arbitrary. For any t € [0, T], we

denote by
t 2
gn(t) = (Jo L IIb(s,Ys,x) —b(s, Zs,x)||Vn(ds, dx)) (2.13)
t
qm (t) :J J Ib(s, Ys,x) —b(s, Zs,x)||*(M)(ds, dx) (2.14)
0JE

Combining Holder’s inequality, Assumption (2) and equation (1.45) yields

\ 2]

2E [qN(t)] + 2E [qm(t)]

t
E [Ite(Y)e — 16(2)e)] = || | ] (s, o) = bls, 2o, x)IX(dls,
E

0

N

<4E

t
J L2(s)||Ys — Zs|)? ds]
0

t
<4 sup L*(r)E J HYS—Zslzds]
0

rel0,T]
t
<4L4E J IV, — Z|2 ds
0
t
<4ly L E [HYS . ZSH ds.
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(2.15)

Thus, altogether, we obtain that for a certain constant C, we have

1

'k [HYS —Z, Hz] ds> ° (2.16)

sup} (IE [”IE(Y)t — Ia(z)tHZD; <C (Jo

tel0, T

Next, by induction for every n € IN and using inequality (2.16), we iterate:

T 7
IME(Y) = IE(Z) g2 < (C Jo E [HIE*] Ve, =127 1(2)y, HZ} dt1>

]

T T
<|e. (JO E (I 2(V), — 22200 )] dtz> dtr | <o

i T T T T
< Cﬂ‘j j j j E [[1e(V)e,  — L@, 2] dtn 1 dtn 2 ...dt;
I 0 Jo 0 Jo
i T ,T T T 0T %
< CnJ J J J J ]E[]YS—ZSHZ}dsdtn1dtn2...dt1]
i 0 JoO 0 JO0 JO
T T (T T ,T 3
< CnJ J J J J dsdt_1dth_>...dty
- JoJo 0 Jo Jo
1/2
n
<[ sup B[ v -z
n! P
© tel0,T]

N

1
™2
CRNIE
(2.17)

leading to, 1i_r>n [T (Y) — IE(Z)H]H% = 0. More precisely, there exists an
n—oo

index ng € IN such that 120 is a contraction on II—I-Zr. |

Theorem 2.2.1 Suppose that Assumptions (1), (2) and (3) are fulfilled. Then for
each & € L?(Fo; H) there exists a unique cadlag strong solution y € H% for SDE
(2.1) on [0, T] and

E | sup |y(t)]?| <oo, forall T>0. (2.18)
tel0,T]

Moreover, the mapping 1(-,y) : L2(Fo;H) — ]H% is Lipschitz continuous for all

y € H2. In this case, the Lipschitz constant does not depend on y.

N=
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Proof The proof of theorem is done in three steps:

a) Using Lemma 2.2.2, the existence and uniqueness of strong solution
y(&) € ]H% of SDE (2.1) with initial condition & € L?(Fo; H) follows by the
extension of the Banach fixed point theorem (see Corollary A.4.1) on the
mapping I(&, ) = I¢(-). Namely, we get the unique fix point y(&) € H2
such that

I(&y(&)) = y(&),

for every & € L2(Fo; H) fixed, y := (Y(&)t)tero,1) is the solution of (2.1). Next,
we discuss the path regularity of the solution. By Remark 6 and Proposi-
tion 1.2.1, both stochastic integral processes f:) i £ b(s,ys,x)M(ds,dx) and
f:) fE b(s,ys,x)N(ds, dx) have respectively cadlag paths on [0, T]. Moreover,
the integral process

t

J: JE b(s,ys,x)M(ds, dx) + Jo

JE b(s,ys,x)N(ds,dx),

is adapted and mean-square continuous (by Lemma 2.2.1), then by Lem-
ma A.4.3 the stochastic integral f(t) fE b(s,ys,x)X(ds, dx) has a predictable
version on [0, T] which is cadlag. This implies that the solution process
(Yt)te[o,1) admits a predictable modification with cadlag paths on [0, T] that
solves the stochastic convolution equation

t

UtZE—i-J

J b(s,ys—,x)X(ds,dx).
0JE

b) Fixy € H—I%. For any t € [0, T], we estimate

2

t
] < zuay%z] || btssyemx(as,ax)

2 (219)

J; L b(s,ys,x)X(ds, dx)

sup [y(t)]|* < 2[|&]|* +2 sup
te[0,T] te[0,T]
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Noting that, for any t € [0, T], we can estimate

t 2 t 2
’ J J b(s,ys,x)X(ds,dx) <2‘ J J b(s,ys,x)M(ds,dx)
oJe oJE
t 2
+2 J b(s,ys,x)N(ds,dx)
t“no £ 5 (2.20)
<4J b(s, ys, x)M(ds, dx)
0JE
cT 2
+2|: J ||b(S/Us,X)”VN(dS/dX)}
Jo JE

and by Doob’s martingale inequality, this leads to

2 2

JT L b(s,ys,x)M(ds,dx)

Jt Lb(s,ys,x)X(ds,dX) ,

0

sup
tel0,T]

<4

2

!
+2H | rb(s,ys,x)HvN(ds,dx)]
0 JE

(2.21)

Combining Lemma 2.2.1 and Proposition 1.4.1 with equations (2.19) and
(2.21) yields
-
E| sup (0] <2(el?+8E| [ [ Ib(s,ye0)12 (M) (a5,
]

tel0, T (2.22)

T 2
+4IE[<J J Hb(s,ys,x)HVN(ds,dx)> ] < 00.
o JE

¢) To conclude the proof, we show that I(-,y) : L?(Fo;H) — ]H% is

Lipschitz for any fixed y € H2. For any & € L?(F,; H) we compute:

1T(&1,9)e — L(E2,y)el|? = ||&1 — &2]?, forallt €[0,T], (2.23)

which leads to ||I(&1,y) — I(E,z,y)H]H% = l&1 — &2lli2 (51, 1 I(5y) is

Lipschitz function for any y € H2.

2.3 STABILITY AND REGULARITY OF HILBERT-SPACE VALUED SDES

In this section, we deal with the stability theory of stochastic differential
equations (2.1). This followed by the regular dependence on initial data for

SDE (2.1).
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2.3.1 Stability of Solutions for SDE

Stability of a system is the ability of the system to resist a small influence
or perturbation unknown beforehand. In practice, one talks about stability
of the solution y?, t > 0, [lyt —y?|| could be made small enough if some
reasonable conditions are imposed, for instance, that the initial disturbance
scale [[yo —y3|| is very small. Indeed, we shall be interested with H-valued

SDE of the form
dy{l = J bn(tr y?*lx)x(dtl dX), with U(T)1 = 50’ te [O’ T]’ (2'24)
En

for each n € IN, and we want to establish a stability result for solutions of
the SDE (2.1) under appropriate regularity conditions.

We assume by Theorem 2.2.1, there is a unique (particular) solution
(Yt)t>0 of the SDE (2.1). One the other hand, for each n € IN, there exists a
unique solution y™ € II—I% for the SPD (2.24). However, in order to assume
the existence and uniqueness result (as in Theorem 2.2.1) for equation (2.24),
we need to make the following regularity assumptions on the coefficients

of (2.24) for each n € IN:
Assumption 4 - Foreachn € IN, by, is a P ® B(H) ® Z— measurable.

Assumption 5 - For each n € IN, there is a non-decreasing function L : R, —

Ry, such that for all hy, hy € Hand t € [0, T], P-a.s,
L a1, %) — byt Fa, ) [Viu (8 dx) < L(8)[[Ry — ha .
L b (t, hy,X) — b (£, ha, )2 (M) (t, dx) < L3[Ry — ha|2.

Assumption 6 - For eachn € N, by, (+,0,:) € L%(X;H), ie., foreach t € [0, T]

we have

t 2 t
E (J J \bn(s,o,x)rvN(ds,dx)> i J J [bn (5,0, 2(M)(ds, dx) | < oo.
0JE 0JE

In addition, we also consider the following assumption to obtain the

convergence of solutions.

Assumption 7 - Forany Y € HZ, we assume that, when n — oo,
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a- En — E;
b- we have

E [ J tj lon(s, Yo ,x) — b(s, Yo ,x)|2 (M) (ds, dx)} 50
0JEn

t 2
E[(J J ||bn(s,Ys,x)—b(s,Ys,x)||VN(ds,dx)) ] — 0.

0JEn
Under these assumptions, we now investigate the stability problem for
the solution (y¢)¢e[o,1) of the SDE (2.1). More precisely, one says that a
particular solution y for SDE (2.1) is stable if, for every sequence {ynnen
of (unique) solutions for SDE (2.24), ||&n —&|| — 0 as n — oo then |[yn —

y||]H% — 0 as well.

Theorem 2.3.1 Suppose that Assumptions (1), (2), (3) and (4), (5), (6), (7) are
fulfilled. Then there exists a positive constant K such that

sup E [Hy? —yt||2} < K(T) [||an —&|Z;+en(M], forallneN,T>0,
te[0,T]

(2.25)

where cn (T) — 0 as 1 — oo. Note that here K and cy, only depend on T and the

Lipschitz function L.

Proof The proof is done by the two following steps:

1. First, we shall show the existence of constant c¢,, which converges to
0. Computing y™ —vy, for any n € IN and t € [0, T}, yields

t

t
Yt — Yt = En—EJrJ J bn(s,y’s‘_,x)X(ds,dx)—J
En

J b(s,ys—, x)X(ds,dx),
0 0JE

(2.26)

and we compute

t

” b“(S'U?IX)X(dS,dX)_J

J b(s,ys-, x)X(ds, dx)
0 n 0JE

t

- Jt J bn(s,yr,x)X(ds, dx) —J

J bn(s,ys—,x)X(ds,dx)
0oJE. 0JE,

t

+ r J bn(s,ys—,x)X(ds,dx) —J

0JEn 0

J b(s,ys—, x)X(ds,dx)
E

J b(s, ys—, x)X(ds, dx)

t

+ Jt J b(s,ys—, x)X(ds,dx) —J

0JEn 0
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which leads to

r Ln bn(s,ye-, x)X(ds,dx) — r L b(s,ye, x)X(ds, dx)

0 0

t
= J J [brn(s, Yy, x) —bn(s,ys—,x)1X(ds, dx)
0JEn

¢ (2.27)
] ] alsye 0= blsye xxids, dx)
0JEn
t
—i—J J b(s,ys—, x)X(ds,dx).
En\E
Then we obtain the following inequality
t 2
HJ J (s,y™,x )X(ds,dx)—J J b(s,ysf,x)X(ds,dx)H ]
. 07t (2.28)
2
< zm“ J J [bn(s,y;‘_,x)—bn(s,ysf,x)]X(ds,dx)H ]—i—ch(t)
0JEn
where we define
t 2
cnlt) ;:E[M J [bn(s,ys—,x)—b(s,ys—,x)]X(ds,dx)H }
0 JEn (2.29)

+E [ E JEH\E b(s,ye,x)X(ds, dx) m

Next, we shall successively estimate each term of (2.28).

A) By the growth estimate in Assumption (5) and equation 1.45 we

obtain

t 2
[ ]tz %)= ats,ue s o)

@EU L L alsy™,x —bn(s,yS,X)]M(ds,dx)Hz}

N 2
J J syt )—bn(s,ysf,xﬂN(dS,dX)H ]

0

<2E[ [ [ onts v 0= Bals,ye x| (M) (s, )]

0
+2E (LJ [bn Sy?—,X)—bn(s,ys,X)HVN(dSIdX))Z]
rt

t
<41E[ s)zwy;‘—ysuzds] <4 L6 sup E[Hy?—yrnz] ds
Jo 0 r€l0,s]

t
<A™ —ylg | TP
(2.30)
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Therefore, if |[y™ —y ||1H% — 0 as n — oo, so we deduce

t 2
J J [bn(s,yg‘f,x)—bn(s,ysf,x)]X(ds,dx)H ] —0, asn — oo.
0JEn

sup E “
telo,T]

(2.31)

B) We shall show that ¢, (T) — 0 when n — oo. Indeed, we first estimate:

JE[H”E b (s, ys- ,x)—b(s,ys,x)]X(ds,dx)Hz]
[HJ J [bn(s,ys—,x) — b(s,ys,x)}M(ds,dx)Hz] (2.32)

“E[HL L [bnts,ys—,x)—b(s,Us—fxﬂN(ded")Hz]

where, by triangle inequality and Itd isometry, we have

E|

<E I:JtJ ||bn(S,ysf,x) _bn(S,O,X)HZ <M> (dS,dX):|
0JEn

[o ], ontsiuex1=bls, s ximtas x|

0JEn

(2.33)

Jr]EHtJ [br(s,0,%) —b(s,0,x)||* (M) (ds, dx)]
0JEn

—HE“ J |Ib(s,0,x) —b(s,ys—,x || (M) ds,dx)].

0JEn
Noting that, by the uniform convergence in Assumption (7-b), there is a

constant CM > 0 such that

E [H n(5,0,x) — b(s,0,x)[12 (M) (ds, dx)} <cM, (230
0JEn

Moreover, by Lipschitz continuity of by, and b combined with relation 2.33,

for all t € [0, T] we estimate

[ ][], tnts uer 0= bis,ue ximias )]

t
\ZIE“ (s)llys- 117 ds| +C}* <2 sup IE[HyrHZ” L?(s)ds +CM
0 relo,T] 0

(2.35)

Since the right-hand side of this last inequality does not depend on n € IN,

so we deduce from Lesbesgue’s dominated convergence theorem

t 2
J J [bn(s,ysf,x)—b(s,ysf,x)]M(ds,dx)H } —0, asn — co.
En

sup E[( O

tel0,T]
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(2.36)
Analogously, we proceed with the same manner with
‘ 2
E U J J [br(s,ys—,x) —b(s,ys—,x)IN(ds, dX)H }
O n
t 2
<E { (J J [bn(s,ys—, x) —bn(s,0,x)[|VN (dS,dx)> }
0JEL
2 (2:37)

t
—HE[(JJ ||bn(s,0,x)—b(s,O,x)HVN(ds,dx)> ]
0JE,

t 2
“EWJ ||b(s,o,x)—b(s,ys,x)nvN(ds,dx)) ]
En

0

where under the Assumptions (7-b), (2) and (5), there is a constant cN>o0

and we also obtain
‘ 2
]E[HJO L lbals,ys %)~ b(s, s, XIN(ds,dx] }

t
<2 sup ]E[HyrHZ]J' L%(s)ds +CN
rel0,T] 0

and by Lesbesgue’s dominated convergence theorem, it follows

t 2
H [bn(s,ys,x)—b(s,ys,x)]N(ds,dx)M%o, as m = oo,
En

sup IE“ .
(2.38)

te[0,T]

This shows that, by equations (2.29) and (2.32), cn(T) — 0 when n — oo,

for all T > 0. This is because by Assumption (7-a) the integral

t
J J b(s,ys—, x)X(ds,dx) — 0.
0 JEL\E

2. By growth estimates (2.28),(2.30) and equation (2.26), we can write

sup | [y7 ~ e | <2E" ~ el + 263(T)
s€[0,t]
(2.39)

t

+ 16J L%(s) sup E [Hy? —yer] ds,
0 r€(0,s]

To get explicitly the constant K, we use the Gronwall Lemma (see A.4.1)

to the function t — sup E [Hy? —Ys Hz] . Namely, by equation (2.39), we
se[0,t]
have

ty2
sup E[Iy2 sl | <2 (e~ g + (1) ' BEE,
NSA
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Therefore, we deduce that

.
ly™ = yllgz <K (€™ = &llpz +c2(T)),  with K =2¢e1¢Je L2 (),

As result of Theorem 2.3.1, if ||E™ — E'HlHé — 0 as n — oo, thus follows
y™ —vy ||IH% — 0 as well. Then we obtain the stability of solution y for SDE

(2.1) relative to any (perturbed) solution y™, n € IN.

2.3.2  Regularity of Solutions for SDE

In this subsection, we study regular dependence on initial data for SDEs.
More precisely, in sequel with the stability problem in Subsection 2.3.1,
we shall prove the differential and continuity dependence of the solution
of SDE (2.1) with respect to the initial data. Motivated by ideas from [31],
we extend the regularity approach in [31] to our regularity problem of

solutions.

1) We begin by fixing the curve of initial data ¢ — c(&) which is smooth
enough (i.e. differentiable everywhere) such that its derivative c’(e) €
L2(FFo, H). Now we consider two solutions that can solve the SDE of the kind
(2.1). Namely, under Assumptions (1), (2), (3), we consider (yi)ieo,1] € IH%

the unique solution for
dyi :J b(t,y¢—,x)X(dt,dx) and yo ==& =c(0), (2.41)
E

While we denote by (y)c(o,1) € H% the unique solution for SDE of the

form
dyg_J b(t,ys ,0X(dt,dx) and y§ = c(0), (2.42)
E

under some regularity conditions to ensure the existence and uniqueness.
For ¢ # 0, but belongs to a neighborhood of 0, we define the variation

process relative to both solutions (y¢,y)

e _
A = Yt . yt, t > 0. (2.43)
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which is indeed the unique solution of the following SDE

4t = [ Toltye +eat 0 -blyye x] Xiddx), 45— S0
E

(2.44)

Therefore, the study of regular dependence solution of SDE (2.1) reduces to
a problem of stability (as in Theorem 2.3.1) between A® and the following

process determined by

dJlyl(v)e = L Dy (Jlyl(v) (t, Tyl (v) -, x)X(dt, dx),  Jlyl(v)o =vo, (2.45)

where y is the unique solution to SDE (2.41) and Dy (v) is the Fréchet
derivative at the point b into direction v. In [31], such process J[yl(v) is
defined as the first variation process at point y (the unique solution to SDE

(2.41)) in direction v with the following properties:

Lf—yanmwmnm.

2. v Jyl(v) is a linear map from L2(FFp; H) into H% and additionally

it is continuously depending * on v.

Note that those results follow from the following theorem.

Theorem 2.3.2 Let ¢ — c(¢) be a curve of initial values. Suppose that Assumpti-
ons (4), (5),(6) are respectively satisfied for SDE (2.44). We assume furthermore
that

® b(-, h,-) is Fréchet differentiable in H.

® when ¢ — 0, then

b('r [y + 5][9] (V)]—r ) _b(‘/y—/ )
£

in L2([X]; H). Here we have Jyl(v)_ = (Jiy] (V)¢ )eso-

1 Continuously depend means: if for any sequence {vn Jnen with [V —v|| — 0 then

sup E [|]ly)(v) — Jyl)[1?] — 0.
te(0,T]
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If we also assume conditions (1), (2),(3) for SDE (2.45) with v = ¢’(0), then in a
neighborhood of 0, we have

c(e) —c(0)||?

£

c'(0) -

sup E [[Jy)(v)e — Af 7] < X ( +cgm2> , T>0,
te(0,T]
(2.46)

where

+ce(T)2 >0, ase— 0.

Proof First, as mentioned above, the regular dependence on initial data
for SDE (2.24) is equivalent to a stability problem relative to both processes
(Jyl(v), A®). Therefore, in an analogously fashion, the proof can be thought
as a corollary of Theorem 2.3.1. Here as we are allowed use the analogy
because we do not deal with almost-sure convergence and all necessary

conditions in Theorem 2.3.1 are fulfilled. |
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HILBERT SPACE-VALUED SPDES DRIVEN BY
SEMIMARTINGALE FIELDS

In sequel with Chapter 2, we aim to study the SPDE of the kind (0.3) in
the case of pseudo-semigroup. By mean of the “moving frame” approach
we prove successively the existence, uniqueness, stability and regularity of
solutions for (0.3). Later on, we consider an infinite dimensional SPDE with
a general Cp-semigroup and driven by continuous martingale.

This Chapter is organized as follows. In Section 1, we provide all basic
notations. In Section 2, we introduce the different concepts of solutions.
In Section 3, we prove with the existence and uniqueness of solutions for
SPDE (0.3). In Section 4, we deal with stability of solutions. In Section 5, we
present some fundamental examples in which we discuss the advantage of
our framework compared to the existing literature. Last Section is devoted

for the real application of our approach in interest rate modeling.

3.1 NOTATIONS

In this section, we recall the SPDE type that we are going to deal with. Let
T > 0 be arbitrary the time horizon and (H, || - ||) be a separable Hilbert
space. We assume that a probability space (Q, F, (F¢)t>0,P) is given.

Let (S¢)t>0 be a Cp-semigroup on the Hilbert space H with infinitesimal
generator A : D(A) C H — H such that there are constants M > 1 and
¢ € R and we have

[S¢|| < Me®t, fort > 0.

Note that both domains D(A) and D(A*) are dense in H (see Appendix
A.3), where A* is the adjoint operator of A. Recall that 8¢ the space of all

semimartingales fields on R x €.
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Let & be a H-valued and Fp-random variable. Given an initial data ug = &,
we consider the following SPDE on [0, T] in H:
duy = Auy dt+J B(t, ui—,x)X(dt,dx), (3.1)
E

where B : Q xR, x HxE — Hand X € 8¢ of the form X =M + N.

3.2 CONCEPT OF SOLUTIONS

This section is devoted to study and review all concepts solutions (i.e.
strong, mild and weak solutions) related to SPDE (3.1). We then establish
their possible connections.

Before we define all the three solutions concepts, we point out that
uniqueness of solutions for (3.1) up to indistinguishability on the interval

t € [0,00).

Definition 3.2.1 A process u € H2 is called a strong solution to (3.1), if

up = & and for any t € [0, co) we have:
1. P(ug € D(A)) =1;

2. Au € Lo (M H)and B € £2. (X H);

loc

t t

3. ut=£+J

Aug ds —I—J
0

J B(s,us—,x)X(ds,dx), P-a.s.
oJe

Definition 3.2.2 A process u € IH% is called a weak solution to (3.1), if g = §

and for any ¢ € D(A*), t € [0, 00) it holds that:

1. Au € Lige(MH) and B € £2 (X; H);

loc

2. and we have, P-a.s,

t t

(b, e = <¢,uo>H+J

0

(A*d, us)nlds +J

J (b, B(s, us—,x))pX(ds,dx).
oJE
Definition 3.2.3 A process u € H2 is called a mild solution to (3.1), if

1. Au€ Lioc(MH) and B € £2,.(X; H);

t
2. up = Siug —|—J J St_sB (s, us—,x)X(ds, dx).
0JE

Next, we give the connection between these solutions.
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Lemma 3.2.1 Let u € H% with uy = & Then if wis a strong solution (resp. a
weak solution) of SPDE (3.1), so w is also a weak solution (resp. a mild solution) of

SPDE (3.1).

Proof 1) Consider u is a strong solution of equation (3.1) and let ¢ € D(A*).
Since uy € D(A) for any t > 0, then (A*d, ut)1 = (b, Auy)y and it follows
that (IP-a.s):

t t
(b, )1 =, uo) +j (b, Ats) s +J j (b, B(s, s, x))1iX(ds, dx)
0 0OJE
t t
:<¢/UO>H + JO <A*¢/ us)H dS + JO JE <¢/ B(SluS*IX»HX(dS/ dX)

This implies that u is a weak solution.
2) We assume that u is a weak solution of equation (3.1). For any t > 0 and

¢ € D(A*) we obtain S§_,¢$ € D(A*) and by Definition 3.2.2 we compute:

t

(ST uehn =(ST_. b, o) + L (A*ST_ b, us)p ds

t
# [ ] (5t Bls,us XS, )
0OJE

:<SI_5(|>,U0 + E L Bls, us-,x)X(ds, dx)>H

and as the set D(A*) dense in H we deduce that
t
uy = Syug —i—J J St—sB(s, us—,x)X(ds,dx), P-a.s,
0JE

namely u is a mild solution . This completes the proof. |

Remark 14 Under some regularity conditions, the converse of above statements
hold true as well. In other words, if w is a mild solution (resp. a weak solution and
u € D(A)) of SPDE (3.1) with

2

t t
E (J j \rs(s,us—,xwvmds,dx)) + j J 1B(s, e, X)|2(M)(ds, dx) | < oo,
0OJE 0OJE

(3-2)

then w is a weak solution (resp. a strong solution). We make the proof in two steps.
a) Let u be a mild solution of SPDE (3.1). To prove that w is also a weak solution,
we proceed analogously with the same technique used in [72, Theorem 9.15]. We

recall the mild solution that

t
ue = StUo +J J St—sB(s, us—,x)X(ds,dx),
0JE
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and for simplicity we denote by the Bochner integral Ay = fé (A*d,ug)p ds.
Thanks to condition (3.2) we can use the Fubini Theorem in 1.4.2 so that one
can perform the change of order on integration for the stochastic integral w.r.t. the

field X such that

At :J: <A b, S uo—i—JOJ Se_+p (U, x)X(dr, dx)>Hds
(A% J Seuo dHJo EJ 1Se B (T, ur,x)X(dr, dx) ds>H
:<A*¢,J s uods+Jt n -rﬂms]( )Se_ rds][%(r,ur,x)X(dr,dx)>
0 0JE 0 H

t rt

<A*¢,J S ds L
(

5409+, L
<

*d),“ o Tds][i(r,ur,x)X(dr,dx)>

t t

A*d),J Ssup ds +
0 JoJE

J St _A*dds, B(r,u—,x )X(dr,dx)>

H

yielding, as dC}[ =S{Axand A <J S xds) =Six—x,
0

t t
Ac {0, Stuo — o) + | L(J [(fsszrcb] ds,e(r,ur,x)X(dr,dx)>

0 T H

t
:<d)/ Stuo _uO>H + JO JE <St—r¢ — ¢, B(r, up—,x)X(dr, dX)>

H

t
:<d)l Stu0>H - <¢/ uO>H + <¢)1 JO JE St—TB(TI uT*lx)X(drl dX)>H

JtJ <¢,B(r,uT,X)X(dT/dX)>
oJe H

and then

H

t t
J <A*d)/ LLS>H dS :<(I)/ StuO + J’ J Stfrﬁ(rr u-rf,X)X(dT, dX)> - <¢/ u0>H
0 0JE H

_JtJ <q>,[3(r,ur_,x)X(dr, dx)>

0JE H

We conclude that, P-a.s,

t t
(b, ueyn =(d,uo)y, + Jo (A*b,us)pds+ Jo L <cl), B(r, u—,x)X(dr, dx)> )

H

That is w is a weak solution because it holds for any ¢ from the dense set € D(A*).
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b) Let ¢ € D(A*) be arbitrary. Again since uy € D(A), so (A*d,up)y =

(b, Aut)n and we compute:

t

t
(b, ut)1 =(d, uo)nt +J (A", ug)p ds + Jo L((b, B (s, us—,x))nX(ds,dx)

0
=(d,uo)n + Jo (b, Aug)plds + Jo L<d), B (s, us—, x))pX(ds,dx)

:<¢, uo + J: Augds + Jt L B (s, us—, x)X(ds, dX)>H

0
As D(A*) is dense in H, and therefore we obtain

t t

Augds —|—J

ut:uo+J
0

J B(s,us—,x)X(ds,dx), P-a.s.
0 E

Remark 15 For the sake of completeness, it is also worth it to mention (without
a detailed proof) that if the semigroup S is norm continuous, i.e. Sy = e, for
all t > 0. Then we have the equivalence between those three concept of solutions.

Namely, we obtain:

Strong solution <= Weak solution <=  Mild solution.
Indeed, by Lemma 3.2.1, it is already clear that

Strong solution =  Weak solution =  Mild solution.

It remains to prove that a mild solution is also a strong solution. First, we consider

the mild solution

t

u = e ug +J

J et 9B (s, us, x)X(ds,dx), t=0,
0oJe

and the process

t
Zi - J j e AR (s, s, )X(ds, dx), 30,
0OJE

then it follows that P-a.s,
_ tA
u=e (up+7Zy), t=0,

The proof can be done by using Ito-formula on the function g : R4 x H — H with
g(t,x) = e*Ax, and also the fact that

t
eMx —x = J Ae?xds,
0

in order to get

t t

Aug ds +J

LLtZU.o"‘J'
0

J B(s e ,)X(ds,dx), t30.
0 E
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3.3 HILBERT SPACE-VALUED SPDES

In this section, we establish the existence and uniqueness of mild solutions
to Hilbert space-valued SPDEs of the type (3.1) by using the moving frame
approach. To this end, we firstly introduce the moving framework and then
establish existence and uniqueness of strong solutions to the transformed
SDEs. Secondly, we proceed with the existence and uniqueness results for
mild solutions to SPDEs by using the pull-back method from the moving

frame.

3.3.1 Moving Framework

We first introduce the concept of the moving frame. For an SPDE, the
moving framework is described as the time-dependent transformation from
the original differential equation to a SDE in which the non-continuous
drift term disappears. The methodology of the moving frame consisted of

three steps:

1. Jump to the moving frame:
Apply the time-dependent transformation u; — y¢ = S_juy =

U_¢lu; to reduce the SPDE (3.1) to SDE problems

2. Solve the transformed SDE:

Use the framework developed in Chapter 2 to solve the derived SDE

3. Leave the moving frame:
Deduce a mild solution of the original SPDE by pulling-back the
solution process for the transformed SDE by y¢ — uy = Siy¢ =

il ly¢, as the following diagram shows,
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Uy

Ho Ho

1 7T

H H

St

Abbildung 3.1: Leaving frame diagram

for some Cp-group (U¢)ter on separable Hilbert space 3y, and conti-

nuous linear operators 1 € £L(H, Hy), m e L(Ho, H).

Remark 16 As argued and showed in [31], such diagram is always possible if the

semigroup S is assumed to be pseudo-contractive.

To get the existence and uniqueness of a mild solution on [0, T] we make

the following assumptions.
Assumption 8 - (3 is P ® B(H) @ X— measurable.
Assumption 9 - Lipschtiz continuity:

a- There is a non-decreasing function L : R, — R4, such that for all hy, h, €

Hand t € [0, T, IP-a.s,

J IB(t, hy,x) — B(t, ha, x)[[VNn (L, dx) < L(t)|[hy —hy].
. (3-3)
L 1B(t, R, x) — Bt ha, X2 (M) (, dx) < LH2[hy — ha|

b- L e L2 _(AH).

Assumption 10 - 3(-,0,) € L%(X; H), i.e., for t € [0, T], IP-a.s we have

t 2 t
(J J \B(s,o,x)HVN(ds,dx)> +J J 1B(s,0,%)||*(M)(ds,dx) | < oco.
0JE 0

(3-4)

E

Assumption 11 Assume S is pseudo-contractive semigroup. Then there exists

always another separable Hilbert space Ho, a Co-group (Uy)ier on Ho, and

70



3.3 HILBERT SPACE-VALUED SPDES 71

continuous linear operators 1 € L(H, Hy), m € L(Ho, H) such that we have the

leaving frame diagram 3.1, i.e.
nUilh =S¢th and S_th=U_¢lh, forallte R ,heH,
where 1 = 1* and there is constants M > 1, ¢ € R such that

[U¢]| < MeCtl, forall t € R.

Remark 17 Note that the pseudo-contractive property of S is sufficient to have
the existence of Ho, U, | and m as in Diagram 3.1. Indeed, this follows from
the Szokefalvi-Nagy Theorem on unitary dilations (see [90]). Precisely, if S is
pseudo-contractive then there is ¢ > 0 such that e~ 'Sy, t > 0 is contractive and
by Szokefalvi-Nagy Theorem there are another separable Hilbert space Ho and a
unitary Co-group U on Ho such that

Ul =e 'Sy, forallt>0,

with 1 € L(H, Ho) is an isometric embedding, m = 1* € L(Ho, H) is the orthogonal

projection from Hy into H.

Let ¢ be a H-valued and Fy-random variable. Since we are interested in

finding mild solutions then we recall the stochastic convolution equation

t

ut:St£+J J St_sP(s,us—,x)X(ds,dx) with ugy==¢&.
0JE

Then applying the time-dependent transformation y; = S_{u; to the above

SPDE leads to the dynamics of the transformed SDE, namely,

Ye=vo-+ | bltye xX(dtdy) and yo =uo, G5
or equivalently

dyt = L b(t, y¢—, x)X(dt, dx), (3.6)
where b: Q x R, x Hx E — H such that

b(t, h,x) == U_13((t, mlh, x)). (3.7)
Indeed, if we have

t
ut:St6+J J St—sB(s,us—,x)X(ds,dx) with wup =2E&.
oJE
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By replacing u = ml,ly and S = mlU,1, we obtain
t

ﬂutlyt = ﬁUtlE, + J
0

J il s1B (s, mUs-lys—, x)X(ds, dx)
E

and then we deduce that

t

Yt ZE-i-J J miU_¢ 1B (s, mUs-lys—, x)X(ds, dx)
0JE

t
=E,+J J U_1B(s, mUslys—, x)X(ds, dx)
0JE

Therefore, solving SPDE (3.1) is equivalent to solve the following SDE
dyi :J U_¢13(s, mUily—, x)X(dt, dx) with yo =&.
E

Remark 18 If 3 is P ® B(H) ® X-measurable, then it follows that b is P ®
B(H) ® Z-measurable because the mapping x — Uy x is continuous. Moreover, it is
important to point out that the structure uw = 1l4ly preserves the path reqularity
between both processes w and y. In other words, if the process y has a cadlag path

then the same for u due to the continuity property of the mapping (t,x) — Ugx.

The main concern is now to solve the SDE in fashion way as in Chapter 2.

Lemma 3.3.1 If 3 is Lipschtz as in Assumption (9) and assume that Assumption

(11) is fulfilled. Then b is Lipschitz function and Assmuption (2) is satisfied.
Proof For any hy,hy € H, t € [0, T], we compute

||b(t/ h]/X) - b(t/ hZ/ X)H — ||u—tlﬁ(t/ ’nuth’]lx) - u—tlB (tl T[uch/X)H

< ||u*tl‘H ||B(t/ T[uth1zx) - B(t/ T[uch/ X)H
(3.8)

1. On one hand, we start with Vy and we use equation (3.8) and

Assumption (9) to estimate
J, 1t a0 = b o v 1)

<y L 1B (t, Uk, x) — B(t, MUy ha, x) [V (t, dx) o

< U eY[L(t)[[elehy — mliha || < [U-eL[[|7ele [L() R — ha]|

< Il iUel?fULe) g — ha].

72



3.3 HILBERT SPACE-VALUED SPDES
2. On the other hand, with (M), by equation (3.8) we estimate

[b(t, h1,x) —b(t, ha, x)[|* (M) (t,dx)

i

< U2 L 1B(t, mUeThy, %) — B(t, s Tha, x) |2 (M) (t, dx)

< UL lchy — aUcha|2 < [U- Il PLEO2 Ry — he |2
< 2 e LR — ha|2.
(3.10)

By Assumption (11) and taking into account both equations (3.9) and (3.10),

we deduce that there exists a non-decreasing function L7 : R4 — R such

that for all h;,h, e Hand t € [0, T,

J Ib(t, b1, x) — blt, ko, %) Vix (t, dx) < L (8)][hy — ha].
E

(3.11)
L Ib(t, T, x) — bt i, ) [2(M) (1, ) < L (0% [y — a2,
where the new Lipschitz function is given by
L (t) = MZe2Ym|||[U|L(t), forallt > 0.
This completes the proof. n

3.3.2 Existence and Uniqueness of Solutions for SPDEs
We shall deal with the existence and uniqueness of solutions for SPDE (3.1)

using the moving frame framework.

Theorem 3.3.1 Suppose that Assumptions (8), (9), (10) and (11) are fulfilled for
SPDE (3.1). Then, for each & € L2(Fo; H) there existe a unique mild and weak
solution w € H% for SPDE (3.1) with cadlag paths on [0, T] and satisfies

E | sup [ue]?| <oo, forall T>0.
tel0,T]

Proof The proof is done in four steps:
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1. We show that if Assumptions (8), (9), (10) and (11) are satisfied for
(3.1) then also Assumptions (1), (2), (3) are fulfilled for SDE (3.6). First, by

Lemma 3.3.1, we have
Assumption (9) = Assumption (2).
Next, by equations (3.7) and (3.8), we obtain
Assumptions (8), (10) = Assumptions (1), (3).

Therefore, by Theorem 2.2.1, there exists a unique strong solution for SDE

(3.6) with cadlag paths such that, IP-almost surely,

yr = L&+ E L b(s,ys—,x)X(ds,dx), forallte [0,T] (3.12)
and
E { sup yt2] <oo, forall T>0. (3.13)
te(0,T]
2. We prove, using the leaving frame procedure, that we shall get the

existence of mild solution for (3.1), that is, the solution process u = 7ty is
well-defined in H# and has cadlag paths on [0, T]. Indeed, by Assumption

(11) and equation (3.12), for each t € [0, T| we compute
ug = (nly) = mllyy

t

J b(s,ys—,x)X(ds,dx)>
E

t
= 7ty <IE+J J U_slfi(s,nusys,x)X(ds,dx))
E
t
a+J e (1B(s, 1y %)X (ds, dx)
t
= StE+J L St—sB(s, us—,x)X(ds,dx).

Noting that, by Definition 3.2.3, the process (ut)tc[o,1] is @ mild solution for
(3.1) on [0, T]. Moreover, since the mapping t — U¢h is continuous for any

h € H, so Uy has cadlag paths. In other words, u also has cadlag paths.
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3. Last, it remains to show that u is also a weak solution for SPDE (3.1).

Indeed, by Assumption (11) and Theorem 2.2.1, for each T > 0 we have

t 2
E | sup J J Si—sB(s,us—,x)X(ds, dx)
te[0,T] 0JE
t 2
< sup ||[mU||E | sup JJ b(s,ys—, x)X(ds,dx) .
tel0,T] telo,T1 11 JOJE

Showing that

E

sup utz} < 0.
tel0,T]

and noting that it follows from Remark 14 that if u is a mild solution for

SPDE (3.1) then it is also a weak solution. |

Remark 19 Let & € £2(Fo; H) be an initial data for SPDE (3.1). If wis a mild
solution to SPDE (3.1) with initial condition &, then SDE (3.6) admits a unique
strong solution with the inital condition 1&. Indeed, this can be proven by using the
jumping to the moving frame procedure, i.e., one can consider the transformation

t =y = U_luy, t > 0, leading to the solution process
Yr = (U-Tu)g = U_¢lug

t
TN <sta+ JO L Se_sB(s,us-, x)X(ds, dx))

t
=U_;41 <7rU.tlE+J J Ttut_slfi(s,rcusys,x)X(ds,dx))
0JE

t

=15+J

Jb(s,ys,x)X(ds,dx), P-a.s.
0JE

which is well-defined and has cadlag paths on [0, T].

3.3.3 Stability for Solutions

We now establish the stability and regularity of solutions for SPDE (3.1).
Again, by the leaving the moving frame procedure, we transfer respectively
the results on stability and regularity from Subsections 2.3.1 and 2.3.2.

We start with the stability problems. By Theorem 3.3.1, we assume there

exists a unique solution u € II—I% for SPDE (3.1) (without perturbations). For
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each n € IN, we also assume the existence of a unique solution u™ € H—I%

for the (perturbed) SPDE

dui = Auy dt—i—J Brn(t,uy,x)X(dt,dx), ug=E&" € L£2(Fo; H). (3.14)
En

where, by jumping to moving frame procedure, its transformed SDE is
dyt :J bn(tyi,x)X(dt,dx) and yg =1&™ (3.15)
E

Therefore, the stability problem between (u, u™) is now reduced to stability

problem between (y,y™).

Proposition 3.3.1 Suppose that Assumptions (11) and (8), (9), (10) are analo-
gously fulfilled for both SPDEs (3.1) and (3.14). We assume Assumption (7) is
also fulfilled for both coefficients by, and b. Then there exists a positive constant
K1 such that

sup E [HU{L _utHZ} < K(T) [HE“ — é\llf{% +cn(M)|, foralneN,T>0,
t€(0,T]

(3-16)

where ¢y (T) = 0as n — oo. Note that here K only depends on T and the Lipschitz

function L.

Proof First of all, by Assumption (11), it is important to recall that we have

respectively the implication
Assumptions (8), (9), (10) = Assumption (1), (2), (3).

This allows us to transfer all results from Theorem 2.3.1 to get the stability

for SPDE (3.1). Next, we compute and then estimate

[ue —u||? = [|ley — 7ley™ 12 < )2 Ue]|? ly —y ™2 (3-17)
(3.18)

Since Assumptions (1), (2), (3) are analogously satisfied for SDEs (3.6) and
(3.15). Then, by Assumption (7), we get existence of sequence

H [bn(s,ys,x)—b(s,ys,x)]X(ds,dx)Hz}

Colt) = U 0

t 2
+IEU J b(s,ysf,x)X(ds,dx)H ] 50, asmn — oo
0 JEL\E
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(3-19)

If we consider the transformation t — u; = mlyy, (3.19) can be written as
2
[H j J L [Bals s, X) = Bls,ug,x)] X(ds, dx)| ]

+E “: LH\E U_¢1B (s, us—, x)X(ds, dx)‘ﬂ

<R[ [ ] [entsrus 0= Bis s 0] x(ds ]

Ry

<[UlPen(t)

(3-20)

where ¢, (T) is a sequence of the form (2.36), i.e.,

o (1) —MZet (113 [H ” [Ba(s, s, %) — B(s,us—,x)] X(ds, dx)Hz]

0JEn

+E U: LH\E B(s,us,x)X(ds, dx)HzD -0,

(3.21)

when n — co. One the other hand, by Theorem 2.3.1, we have the existence

of a constant

Ky (T) = 2¢"6 00 L1(s)ds  peTeMiimlZLZetT [ L (1) ds

By Theorem 2.3.1 and the growth estimate (3.21), equation (3.17) can be

expressed as

sup E | uc —u 2] < |2 Ul sup E [ly—y" 1]
te(0,T] telo

< ”TIHZMzeZCTK](T) |:”y8_y0H]%{% _|_Cn(']'):| (3.22)
T [Ile" —£l12; +en ()]
where K(T) = 2M2 ||| 2||L||2e2e THTeM [ml?[LI%e T3 L?ds This shows

that if ||E™ — EHHZ — 0, as n — oo, then |Juy —uf H]HZ — 0. In other words,
0 T

the unique solution u for SDPE (3.1) is stable. |
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3.4 SPECIAL CASE: MARTINGALE FIELDS

In this section we study SPDE (3.1) where X is simply a martingale field.

First, we show that our approach includes the SPDE (0.2) in the case where
S is a pseudo-contractive semigroup. Next, we investigate the case where
driving noise is a continuous martingale field and (S¢)>¢ is just a general
Co-semigroup. We establish the LP-existence and uniqueness of solutions.

Let H be a separable Hilbert space. We aim to study SPDE of the form:
dut = [Aug + a(t, uy)] dt—i—J B(t,u—,x)M(dt,dx) and up=2E, (3.23)
E

where a: O xRy xH—->H,b: QxR xHXE —>Hare PQBH)®X—

measurables, M € Mg is a martingale field.

Corollary 3.4.1 Suppose that a and b are Lipschitz functions, i.e. there is function
L: Ry — Ry such that for all hy,hy; € Hand t € [0, T], IP-a.s,
la(t,hy) —a(t ha)|| < L(t)[[hy — hy].

(3.24)
IB(t, hy,x) — B(t, ha, x)[|*(M)(t, dx) < L(t)?*|[hy —ha||%.

and we assume that Assumption (11) is fulfilled and
a- Le LIOC(R+)'
b- B(-,0,) € L3(M; H) and a(-,0) € LZ(\; H).

Then, for & € L2 (Fo; H), there exists a unique mild and weak solution u € IH%

for

t

t
up = St£+J Si_sals,ug)ds +J
0

J Se_sB(s, s, x)M(ds, dx), (3.25)
0JE

satisfying

IE[ sup HutHz] < 0.
te[0,T]

Proof The proof follows directly from Theorem 3.3.1 and Proposition 1.2.2.

By Proposition 1.2.2, stochastic convolution equation (3.25) can be rewritten

as

t

t
J stsoc(s,us,x)N(ds,dxHj J St_sB(s, e, x)M(ds, dx),
R 0JE

Uy = St({,‘f‘J‘

0
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(3.26)

where the FV field N and the coefficient  are respectively determined as

follows
a(s,h,x):=a(s,h)Lp;(x) and N(t,A):=A([0,t])A(A),

forany t > 0, h € Hand A C R. Note that the mapping A — N(t,A) is a
o-finite premeasure on (IR, B(IR)) for all t > 0. Then the Bochner integral
o - N is well-defined and it holds

t

Jt Si_sa(s,ug)ds = J

J Si_sa(s, us,x)N(ds,dx).

0 0JRr

Now, by the unification approach in Theorem 1.4.3, there exists a Blackwell
space (E’,X’) such that there is a countable semi-ring £’ with &’ = ¢(&’), a
mapping 1\ := «lr + f1g and a semimartingale field X on R4 x &’ such
that

t

J J P(s, us—,x)X(ds, dx)

° . (3-27)

= Jt JIR o(s,us, x)N(ds, dx) —|—J L B(s,us—,x)M(ds,dx)

0 0
Now the equation (3.23) becomes as a SPDE problem in view of equation

(3.1), i.e., SPDE (3.23) is reduced to

!

duy = Aupdt + J P(t, ue—, x)X(dt, dx), (3.28)

Noting that if a and 3 are Lipschitz functions then V¥ satisfies Assumption
(9). Moreover, Assumptions (8) and (10) are also fulfilled for SPDE (3.28).
Finally, by Theorem 3.3.1, we get the existence and uniqueness of mild and
weak solution u € H2 for SPDE (3.28) (equivalent to SPDE (3.23)). Namely,
u is also mild and weak solution for SPDE (3.23) and all results follow as

well. [ |

3.4.1 Fundamental Example

Let Q be a self-adjoint, positive, symmetric, definite trace class operator

on U and {ex}xen be an orthonormal basis in U diagonalizing Q. Let W
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3.4 SPECIAL CASE: MARTINGALE FIELDS

be a Q-Wiener process taking value in U. Let p — A ® F be a compensated
Poisson random measure defined on R x E with intensity dt x F(dx).

As a consequence of the above result, we consider the following Markovi-
an SPDE

dry = [Are +a(t, ro)] dt + o(t, 1) dW4 —|—J v(t, -, x)(u(dt,dx) — F(dx) dt)
E

To = ho,

(3-29)

where a : Ry xH - H,0: R, xH - H,vy: Ry xHxE — H are
predictable mappings, and A : D(A) C H — H is an infinitesimal generator
of a Cp-semigroup (S¢)¢>0 on H.

Noting that such type of infinite dimension stochastic differential equati-
on has been very well studied in the area of SPDEs for the last two decades.
It has recently received a lot of attention among researches and practitioners
as it is not only more realistic for modeling purpose but also it covers
wide class of SPDEs. Motivated by these reasons, it is worth to show that

equation (3.29) is a particular case of SPDE (3.23).

Corollary 3.4.2 We assume that Assumptions (11) is fulfilled and there is a
function L € L2 (Ry) such that for all hy,hy € Hand t € [0,T], P-a.s,

loc
[a(t, hi) —a(t, ha)|| < L{t)[[h —hz].
lo(t, h1) —o(t, ha)ll g < L(t)[[hy —ha (3-30)

L [y (t, hy, %) —v(t, ha, x)||*F(dx) < L(t)?|hy —ha .

loc

and we suppose that ||a(-,0)]|, ”U(-,O)HLg € L (Ry)and [¢ |v(-,0,%)||*F(dx) €
Lioc(R4). Then, for hgy € L2(Fo; H), there exists a unique mild and weak solution

T € H3 for

t t
Tt :Stho—i-J St_sa(s,rs)ds+J Si_s0(s,rs) dWs
+j J Se_sv(s, Te,x) (u(ds, dx) — F(dx) ds),
0JE

satisfying

]E[ sup |Tt”2:| < 0.
te(0,T]
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Proof We use the unification procedure two times, first with both mar-
tingale parts to get a unified martingale field, and then combine this field
with the FV derived from the continuous drift term. Namely, we proceed as
follows:

1. By Corollary (1.4.1), we obtain the existence of martingale field M such

that under Assumptions (11) we have the stochastic convolution:

t

Jt St—s0o(s,h)W(ds) +J

J St—sv(s, h,x) [p(ds, dx) — dsF(dx)]
0 0JE

(3-32)

t
= J J Sit_sB(s,h,z)M(ds,dz), forallh e H,te [0,Tl,
0JB

where B := N x E and B(t,h,x,y) := ¢(t, h,x)In(x) + g(t, h,y)1g(y) with
d(t,h,x) = o(t,hley, foralh e Hand t € [0, T].

This implies that equation (3.29) is reduced to SPDE problem (3.23) and
by Corollary 3.4.1 we have the existence and uniqueness of mild and weak

solution for SPDE (3.29) such that

t t

Ty = Stho +J

Stsa(s,rs)ds+J
0

j Se_sBls, Te x)M(ds, dx) (3.33)
0JB

or equivalently
t

t
¢ =Stho +J Si_sa(s,rs)ds +J Si_s0(s, ) dWs
L0 ° (3.34)
]| s arts e 0, dx) — Fldx ds),

0JE

Moreover, it follows
]E[ sup |Tt”2:| < 00,
te[0,T]

which concludes the proof. |

3.4.2 Continuous Martingale

In this subsection, we shall deal with the existence and uniqueness problem
for SPDE (3.23) but driven by continuous martingale field. We extend our
framework in order to work with LP-setting and we also relax the pseudo-
contractive assumption to a general Cp-semigroup.

Let H be a separable Hilbert space. We aim to study SPDE of the form:

duy = [Aue + alt, uy)] dt+J B(t,ug, x)M(dt,dx) and up =§, (3.35)
E
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3.4 SPECIAL CASE: MARTINGALE FIELDS

where a : QO XxRy xH > H,b: OxRy xHXxE - H M € Mg is a
continuous martingale field, and A : D(A) C H — H is an infinitesimal
generator of a general Cp-semigroup (S¢)¢>0 on H.

Now, for p > 1, we introduce ]I—I?D as a Banach space of all H-valued
adapted processes (¢)ie(o,1) for which

sup E {Hd)tHzP} < 00.
te([0,T]

We define the norm of ]I—I-Zrp

1

Il = sup (E [locl?0] ).

te[0,T]

3.4.2.1  Stochastic Convolution integrals

Before we state the main result for the existence and uniqueness of solutions.
We need to consider the following auxiliary results that allows to estimate

the stochastic convolution integral.

Lemma 3.4.1 Leth e H, T >0, ¢y, € L%(M;H) and p > 1 be arbitrary. Then

there exists two positive constants C,, 1 and cy, such that

E Jt L dn (s, x)M(ds,dx)

0

2p T P
] < pJEH L \|d>h(s,x)H2<M>(ds,dx)]

0

T
< CprE U L \d)h(s,x)HZP(M)(ds,dx)}

0
(3-36)

Proof (1) To prove the first inequality we shall apply the Itd’s formula on
the function

F:H—-R,, x— FXx):= ||xH2p,
which is continuous and twice Fréchet differentiable with derivatives, for
ally,ze H,

DxFixI(y) = 2p|x]I*P~ " (x, y)n

DxxFIxI(y,z) = 4p(p — D[Ix[|*P~2) (x, y)r(x, 201 + 2p[Ix )12 Py, 2) 1y
(3-37)
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34 SPECIAL CASE: MARTINGALE FIELDS
are also continuous and bounded on bounded subsets of H with

IDxx F [l ¢ (xR, ) < 2p(2p — 1)[|x[| 2P~ (3-38)

Let us denote by m; = fé Jg dnls,x)M(ds,dx) with my = 0. By Itd’s

formula (see e.g. Métivier [65]), we obtain

t 1 t pt
Ime]|?P < J DXF[msudmstJ J Dy Fimel(dme, dms)  (3.39)
0 0J0

We estimate

t t rt
Ime]? <2p L I 272 (ma, dme)y +p(2p —2) jo L Ime]2P~2] dme 2
(3-40)

Noting that we can estimate

t

t t t pt
[ medma < | | (tosdmedme) < || dmi? < e
0Jo H o JoJo

0

Taking the expectation of (3.40) and using Holder’s, Doob’s maxmimal

inequalities, Itd isometry and equation (3.41), yield

E [[m|*"] < 2pEE

t prt
2p—2 2
sup [me 2P H ||dms||]
0<s<t 0Jo
2 2 vt 2
sup [|ms |2~ J J | dme]
0<s<t 0JO

2 2p—2
mel|= sup [[m*P ]
0<s<t

+p(2p—1E

<pl2p+1E

<p2p+1E

t
N L L lon (s, x)]1% (M) (ds, dx)]

0<s<t
p—1
P
p(2p+1) (IE{ sup ||ms’2p}>
o<s<t
t P\ 7
( [J J lldn (s, x) M) (ds, dx)} >
0JE

p—1

w2+ (50 ) umtnﬂ) '
L emna)

(3.42)
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Taking the p-power of both sides of (3.42), we deduce that

2p t P
‘ ] <o, F [ L L ldn(s, )12 (M) (ds, dx)

(3-43)
where

E Jt L dn(s, x)M(ds,dx)

0

rP(P—U

2
cp = [p2p+1)]° [2})31

(2) Finally, to get the second inequality we again use the Holder’s inequa-

T P
H J ||d>h(s,x)\|2<M>(ds,dx)] .
0 JE

Namely, applying Holder’s inequality to ||dn||? and 1o, leads to

lity to

P

T T
j j | om(s, )27 (M) (ds, dx) < U j m(s,x)uzww(ds,dx)]
o oot (3-44)

X UOT L ||<M>(ds,dx)] '

Therefore, taking the p-power to (3.44) and then the expectation, we deduce

where Cp 1 := cp (M)(T,E)P~! and this shows the second inequality. n

t 2p
E J L dn (s, x)M(ds,dx)

0

Corollary 3.4.3 Let (S¢)t>0 be a Co-semigroup on Hand p > 1. For h € H,
dn € L3(M;H) and t € [0,T]

t 2p
E H f Se_dn(s, x)M(ds, dx) ]
0JE
< cQ?JlEH J | dr (s, x)||*(M)(ds, dx)]p (3-45)

<C2/}C'TIEH J [ dr(s,x)]|%P( >(ds,dx)}
>

where ||Ss|| < Me®*, M > Tandc € R forall s >

Proof The proof is just consequence of the above result.

.
< cp,TlEHO L [ dr(s,%)[|*P (M) (ds,dx) |,
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(1) First, note that if ¢y, is predictable then so also is S¢—s$n(s,-) for all
t>0,s € [0,t]. Then, for t € (0, T], by Lemma 3.4.1, we have

l |

:
<cp E UO L ISe_sdn(s,x)|2(M)(ds, dx)}

t
E J j Se_sdnls, x)M(ds, dx)
0JE

P

, (3-46)

\
<ol | [ Me 2 (s, 22V (s )
0 JE
T P
< epM2TE| | | nls, )20V lds )

we take cg/}c’T =Cp MZe2eT,

(2) Likewise, by Lemma 3.4.1, we estimate
| |

.
< Cp7E HO L ]St_s(bh(s,x)||ZP<M>(ds,dx)]

E Jt J Si_sbn(s,x)M(ds,dx)

0JE

0 (3.47)
< Cp,7E Ho L MeC =) || b (s, x)||2P (M) (ds, dx)]

-
< CpM2eXTE U |, tents e ovyas, dx)]
0JE
so we have Cm{T = CpM?e2¢T. This concludes the proof. |
Lemma 3.4.2 Let M be a continuous martingale field and (S¢) >0 be a general Co-
semigroup. Let y € ]I—I%p be a continuous process, $ : Q x Ry xHxE — Hbea

predictable mapping and there is a constant p > 1 such that (-, ys, ) € L%(M; H)
forall s € [0, T] and

:
E J J 16(s,y,X)[[2P (M) (ds,dx) | < 00,  forall T>0,h e H.
0JE

Then the stochastic convolution S¢ x M is well-defined and has a continuous

version.

Proof To deal with the existence of the continuous modification, we use
the factorization method performed in [22] (or see [73]). The proof consists

of the following steps:
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(1) We find a good candidate for a modification version of the stochastic

t
convolution J J St—sP(s,ys,x)M(ds, dx). In fact, we have the following
0JE

identity:
¢ o—1 -0 T
Jv(t—s) (s —v) ds:sin(ﬂe)' for0<0<1,v<t. (3.48)

It follows that for t € (0, T]

t
J j St_sd(s,ys, x)M(ds, dx)
0OJE

_ singrrre) E L

and applying the Fubini theorem 1.4.2 and using the fact that S¢—, =

(Jt(t _5)BT(s—7)P ds)St,Td)(r,yr,x)M(dr, dx),

T

(3-49)

St_sSs_1, we obtain

T t
m 4[0 JE Si—sd(s,ys, x)M(ds, dx)
_ [ ’ S S O ds)S & (r,yr, x)M(dr, dx) (3.50)
— JO JE (Jr (t S) S t—r /Ur, 7 35

:Jt(t—s)e18t_s“SJ (s —7)79Ss_+d(r,yr, x)M(dr,dx)| ds
0 0JE

Let us set

t
szjﬁﬂr%t@mmMM@ﬂw fort €10,T],
0JE

and we can consider the following process as the modification of our

stochastic convolution

Sh*x My = (t—s)9 1Sy (Zsds, fortelo,Tl. (3.51)

sin;ﬂe) Jt

0
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(2) Let us fix 5~ < 0 < L. We shall show that S¢ * M, is well-defined. For
2p 2

this, by Holder’s inequality and Lemma 3.4.1, we estimate
2p

T 2p—1 cT ¢ 2P 7
< (J (T )(e 1)2v 1 ds) (Mesm(n@)) J E [HZSHZP] ds
0 T 0

<[ E[jzr]e

(t—s)9 1S, (Zsds

sin(70) Jt

T 0

<cz" IEU [ =172, 0,%) \\2P<M>(dr,dx)] ds

<Ca [ ] (5= 2R It yo 7 M) )| ds
JO JO
T T
<al szveds} |, [ 10t m 212 (]
0 0 JE
c31E[ ]d)(r,yr,x)]\ZP(Mﬂdr,dx)} < o0

(3-52)

where C3 > 0 and it depends only on p, M, 6, c. This shows that the process
(Zt)tejo,1) has almost surely 2p-integrable paths.

(3) Last, it remains to prove that for any fixed 6 € (0,1] and q > 1 the

mapping

t

t Fo(f)y = L(t— $)971S,_f(s)ds

is a continuous mapping and there is a constant C such that |[Fg(f)¢] <
ClifllLan forall t € [0,T], f € LE(A; H).

Indeed, fix t € [0, T] and et (tn)nen be a sequence such that t,, — t as
n — oo. We compute

t

th
IFo(f)t, — Folf H—HO (tn_s)e1Stn—sf(5)d5_Jo(t_S)e1St—sf(5)d5
tnh tn
<H (tn—s)elstn_sf(s)ds—J (t—s)07 1S, _(f(s)ds
N tn Ot
+ J (t—s)e_]StnSf(s)ds—JO(t—s)e_1Stsf(s)ds
0
< ' J [(tn— )97 — (t—5)7"]S¢, _oF(s) ds
N tn At
+ JO (t—8)% T[St s — Se_s|f(s)ds
th Vit
+‘ L N (t—5)°71S visf(s)ds
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(3-53)

Noting that Sy, —sx — Si_sx, for all x € H, due to the continuity of the

mapping t — S¢x. So when n — oo then we obtain

Jt“ [(tn —8)° " — (t—5)°7 ]S, —sf(s)ds|| — 0
° tn At
‘ JO (t— 5)97] [Stn—s - St—s]f(s) dsf| — 0 (3-54)

That imply that ||Fg(f)t,, — Fo(f)¢|| — 0, namely, Fg(f) is continuous. It

thVt
J . (t—5)071S, i sf(s)ds| — 0
th/A\t

follows
t p
Fatule = [} (t=12 s rtsras
S (3-55)
< TO T MeeT L 1£(s)|[P ds

which leads to

1

o1 1 et [T B
[Fo(fe]l <T 7 Mvev <JO [f(s)IPds | < Clifllapnm

t

Finally, the existence of the continuous modification of J J St—sP(s,ys, x)M(ds, dx)
0oJE

follows from the continuity of Fg(Z)4, i.e,

sin(7t0)

ShxM¢ = Fo(Z)t,

has a continuous version. [ |

First, we start with the deterministic stochastic convolution J‘S Si_sf(s,x)ds

which can be viewed as a standard Bochner integral.

Lemma 3.4.3 Let a: QO x Ry x H — H be a progressively measurable process

such that
t
P J|a(s,h)||2pds<oo =1, fort>0,p=>1.
0

Then the mapping Y : Q x Ry x H — H with

t

Y(w,t,h) = J St—sa(w,s,h)ds, fort>0and w e Q,
0

is well-defined and continuous in L?P.
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Proof (1) Concerning the existence, by Holder inequality, one compute for

.

t
J |a(s, h)||*P ds] < 00.
0

t>0:

E [I¥(L W] =

t
HJ Si_sa(s,h)ds
0

< TM?Pe?PeTE

(2) To obtain the continuity, one may use the Lebesgue’s theorem. Indeed,

we consider an arbitrary sequence (tn)ner, sucht that t, — t and we

compute
t tn 2p
¥ (tn, 1) — (&, b 2P ‘ J Se_sals,h) ds—J Se._ea(s,h)ds
0 0
tAtn 2p
<J Se_sals,h)—Se,_sa(s,h)| ds  (3.56)
0
tVin 2p
+J S(tVitn—s)a(s,h) ds.
tA\tn

We have Si,_sh — S¢_sh, for h € H, as mapping t — Sh is continuous.
Then, one can apply the Lebesgue’s dominated convergence theorem here

and obtain

E

tAty
J |ISt—sa(s, h) — S, —sa(s, h)||2p ds] — 0, asm — oo.
0

Likewise, when n goes to co therefore we have

E

tVin
J IS(tV tn —s)a(s, h)||*Pds| — 0.
tAth

Then the continuity follows. [ |

3.4.2.2 Existence and Uniqueness of Mild Solutions

We now proceed with the proof of the existence and uniqueness of mild

and weak solutions for SPDE (3.35) using the Banach fixed point argument.

For any p > 1, we replace our previous assumptions by the following

conditions:

Assumption 12 - a and 3 are predictable mappings.
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Assumption 13 - There is a non-decreasing function L € LfgCU\; R.) such that

forallhy,hp, e Hand t € [0, T], P-a.s,
la(t,hy) — a(t, h2)[|*P < L(1)*P|[hy — ho?P.
L 1Bty %) — Blt, ha, x) [P (M) (1, dx) < L(H)P [y — ha .
Assumption 14 - b(-,0,-) € L%p(M;H) and a(-,0) € L%pU\;H).

Lemma 3.4.4 Suppose Assumptions (12), (13) and (14) are fulfilled. For every t €
[0, T] and continuous processes Y, Z € H—I%p, there exist two constants C1,C2 > 0

such that we have

t 2p t
E ‘ J St_s[a(s,YS)—a(s,Zs)] ds ] < C1J L(S)ZPIE[HYS—ZSHZP} ds;
0 0
t 2p
E ‘ [ ]| SeoslBls o)~ Bls, 2o x)]Mids, v ]
0JE

t
< CZJ L(s)zplE[HYS —zsuzp] ds.
0

Proof By lemmas 3.4.2 and 3.4.3, we have the existence of both constants

Ci =Ci(p,c, T,M)and C; = C2(p,c, T, M, 0) such that

t 2p T
E ‘ J St_s[a(s,YS)—a(s,Zs)} ds ] <CiE J Hct(s,Ys)—CL(s,ZS)H2p ds]
0 0
and
t 2p
E ' J J St_s [ﬁ(S,YS,X)—B(S,ZS,X)]M(dS,dX) ]
0JE
-
< CGE J J HB(S,YS,X)—B(s,Zs,X)Hzp<M>(dsldX)]-
0 JE

Under condition (13), we shall obtain

t
E J St—s|als,Ys)—als, Zs)] ds

|

t
< CZJ L(s)zplE[HYS —zsuzf’} ds.
0

2p t
] < Cy JO L(s)ZPIE[HYS —zs||2P} ds
Zp]

This completes the proof. n

E th St—s [B(S,YS,X)— B(S,Zs,x)]M(dS,dx)
E

0
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For any fixed & € L2(Fo;H), t € [0, T] and a continuous process u € ]H%p,

let us define the process Iz (u) by:

t t

g (u)y = £+J

Si_sa(s,ug)ds —|—J
0

J Se_sB(s, us, )M (ds, dx), (3.57)
0JE

note that, by Lemma 3.4.4, this process is well-defined as we can estimate

t 2p T
E ‘ J St—sa(s,ug)ds < sup ]E[||ur||2p}J L(s)?P ds+K;
0 relo,t] 0
t 2p T
E H J Se_sB(s,us, x)M(ds,dx)| | < sup IE[HuTHZPH L(s)2P ds + K
0JE relo,t] 0
where
T T
Ki =E J la(s,0)|*Pds| and K, =EE J J b (s,0,x)||*P(M)(ds,dx) |,
0 0 JE

Note that both terms in right side of the above inequality are finite under

Assumptions (13) and (14), and we deduce that Iz (u) € lI-I%p as

sup E {ng(u)tHzP] < 0.
te[0,T]

Therefore, it induces a mapping I : L2(Fo; H) x H3? — H3P.

Theorem 3.4.1 Assume that & € 12(Fo; H) and conditions (12), (13) and (14)
are satisfied. Then there exists a unique mild and weak solution u € ]I-I%p for SPDE

(3.35) with

E | sup |Ju(t)]|*?| <oo, forall T>O0. (3-58)
telo,T]
Moreover, it has a continuous modification and the mapping & — g is Lipschitz

continuous for all w € H3P.

Proof We show the existence and uniqueness of mild solution u(¢) € H—I%p
of (3.35) with initial condition & € 1%(F; H) by using the extension of the
Banach fixed point theorem on the mapping I(&, -). The proof of the theorem
is done in four steps:

a)LetY,Z e ]I-I-zrp be continuous processes. First, we compute

E |[16(Y)e — 1c(2): 1%

2p—1 ‘ i
<2PE ‘ L St—s[als, Ys) —als, Zs)] ds ] (3-59)
t 2p
+22p71IE ‘ J ‘[ Stfs [B(Sl YSIX) - B(Sl ZS’X)] M(ds’ dX) ] ’
0JE

91



3.4 SPECIAL CASE: MARTINGALE FIELDS 92
By Lemma 3.4.4, we estimate

E [HI(‘,(Y)t—Ig(Z)tHZp] —

t t
< 2% [aj L(s)2PE |V, — Zo|?] ds+ Ca | L(s)PEIYs - 2,7 ds]
0 0

t
<2271(Cy + CZ)J L(s)?PE [HYS - ZSHZP} ds
0

(3.60)

Thus, altogether, we obtain that for a certain constant C, we have

1 1

e (LTIE [||YS —zsuz] ds> N (3.61)

b) Next, by induction for every n € IN and using (2.16), we iterate:

sup_ (IE e (v)e - Ia(ZJtHZPD

te[0, T

1

2

.
ITE () = TE(Z)[lgy20 < (c JO E [ng*]mt] — 1} (2)y, Hz] dt1>

< (cz LT (JOTJE (I220)e, 12220, |7 du) dn)

1
2

r T (T T (T :
< Cn1J J J J IE[”IE(Y)tnq_IE(Z)tnq”zp} dtn*1 dt“*Z"'dh
I 0 Jo 0 Jo
i T T T (T T :
< C“J J J J J E[IVe — 2o |PP] dsdtn_y dty s ...dty
0 Jo 0 Jo Jo
. 1
T T T (T (T 2
< [C™ sup ]E[|Yt—Zt||2p}J J J J J dsdt_1dth_>...dt4
te[o,T] 0 Jo 0JoJo
) 1/2
TTI
< | Ch— sup ]E[YtZtZP})
T yelo,T)

< () 1Y = Zgpr,

(3.62)

leading to, 1i_r>n ITE(Y) = IE(Z)|lgg2r = O. More precisely, there exists an
n—o0 T

index ng € IN such that I}}° is a contraction on lH%p. It follows that, by the

extension of Banach fixed point theorem (A .4.1), the mapping I(&, ) has a

unique fixed point u € H3P.
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¢) The existence of continuous version follows from Lemmas 3.4.2 and

3.4.3, denoted by

t .
£+ JO S, <als,h)ds + sm;”e) Fo(Z):

By Doob’s martingale maximal inequality, we obtain (3.63), i.e.,

2p \?P
E| sup |w??| < (p) E [Jur|?] < oo, forall T>0. (363)
t€[0,T] 2p—1

d) Last, we show that I(-,u) : L?(Fo; H) — ]I—I?D is Lipschitz for any fixed

ue ]I—I%. For any & € L%(Fo; H) we compute:

||I(Ev]/u)t - I(‘(—vZ/u)tHz — ||Ev] - EvZHz/ for all te [O/ T]/ (364)
which leads to ||I(&;,u) — I(Ez,u)HH%p = l&1 — &l 2(Fy;m), 1€, 1(,u) is
Lipschitz function for any u € H3". |

3.5 APPLICATIONS TO INTEREST RATE THEORY

In this section we give an overview of the evolution of interest rate modeling
from the point of view of stochastic differential equations. Then motivate
why the approach developed in this dissertation is relevant and useful in
interest rate modeling.

Starting with models assigned constant coefficients, for instance Ho and

Lee [42] which assume the following dynamics:
driy = adt + odWs,

where W is standard Brownian motion, o and o are real constants. Ap-
proaches to modeling term structure dynamics have grown tremendously
in sophistication over the last two decades. The most popular was the
model introduced by Heath, Jarrow and Morton (1992). They approached
the problem by specifying the dynamics of all instantaneous forward rates
(f(t, T))ogt<T With

-
P(t,T) =exp (—J f(t,u) du)

t
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3.5 APPLICATIONS TO INTEREST RATE THEORY

where P(t,T) is the price at time t of a bond paying one unit at time T > t.

They assume that, for all T > 0, the dynamic of forward rates are governed
by the Itd process of the form:

N
df(t, T) = a(t, T)dt+ > o™(t, T)dWY, telo,T], (3.65)

n=1

where W = (W',...,WN) is a standard Brownian motion in RN. The
advantages of this model among others is that they do not admit negative
interest rates after some calibrations and they also include a wide class
of interest rate models. Moreover, they do not require drift estimation for
no-arbitrage principle which asserts that the drift coefficients should be
functions of their volatilities and the correlations among themselves.

However, the HJM framework presents some drawbacks. For instance, the
time-dependence coefficients are deterministic and need to be constantly
updated in order to fit the new term structure. Indeed, this problem comes
form the fact that in general there does not exist a possible realization of the
N-dimensional Brownian motions. In practice, it seems any model that is
only driven by Gaussian processes does not provide good fitting to observed
marked data since empirically observed log returns of zero-coupon bonds
are not normally distributed. In many cases observed empirically, as argued
in Bjrok et al [11, 10], the dynamics of interest rates do not look like only
diffusion processes, but rather as diffusions and jumps. To address these
issues, two approaches have been introduced to model term structure
dynamics.

1. The first approach extends the HJM framework to jumps-diffusions
model consistent with term structure innovation. [32] have introduced an

extended of HJM term structure model which follows the SDE of the form

df(t, T) = «(t, T)dt+ Z o™ (t, T)dW¢ —I—J v(t,y, T)(un(dt, dx) —F(dy) dt),
- E

(3.66)

where {W™} denotes an infinite or finite sequence of real-valued indepen-
dent Brownian motions, p is a homogeneous Poisson random measure
on R4 x E with compensator dt ® F(dy). The term fE vt y, T)(n(dt, dy) —

F(dy) dt) represents jumps of forward rates.
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3.5 APPLICATIONS TO INTEREST RATE THEORY

Denoting by H a Hilbert space of forward curves h: R, — R and (S¢)¢>0
the shift semigroup on H with S¢h = h(t +-), Musiela parametrization gives
the short rate as

Tt :f(t,t+X), X>0/

Consequently, equation 3.66 leads to a short-rate stochastic partial differen-

tial equation

d

95

dre = [irt + oc(rt)] dt+) o™ (re) dW} + L Y(re-,y)(p(dt, dy) — F(dy) dt),

To = ho.
(3.67)

with hy € H represents the initial forward curves. Note that, as we pointed
out previously, the drift and volatility coefficients should not be determini-
stic but instead should be functions of prevailing forward curves. Namely,
wehave o :H—H, 0" :H—-Handy:HxE — H.

Under various regularity assumptions, the HJM no-arbitrage condition
for the drift coefficient for (3.67) is derived in [32], precisely the map
o0 = apjm : H = His determined as follows

h e arg(h) = Y o™ (W)Y (h) - Lv(h,y)(ed”w —1)F(dx),

where both Y™ and @ are given by
x x
Y™(h)(x) := L o"(h)(z)dz and ®@(h,y)(x):= _Jo v(h,y)(z) dz.
The existence and uniqueness of solutions to the SPDE (3.67) are well-
studied in [32], including the positivity preserving forward curves. One
says that a short-rate process r = (r¢)¢>0 is a mild solution for (3.67) with a

given initial forward curve hy if it follows an It6 process of the form:

t t
Tt :SthO + J Stfs O(a(Ts) ds + J Stfs U(rs) dWs
L0 0 (3.68)
+ L L Se_sv(rey)(u(ds, dy) — F(dy)ds),

2. An alternative approach proposes a random field model for the interest
rate term structure. The main advantages of random field models are:

they do not require re-calibration and they do accommodate both finite
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and infinite factor models. Kennedy [51, 52] was the first to develop a
model of forward rates as a continuous Gaussian random field which has
independent increments. More precisely, the dynamics of the forward rates
is given by: f(s,t) = us ¢ + Xs,t, with pg being deterministic and X ¢
a Brownian sheet (see, e.g. [96] for this concept). Goldstein [35, 36] and
Kimmel [54] generalized the Kennedy model by introducing the conditional
volatility, which have resulted in non-Gaussian random fields. Later on,
Lijun et al. [60] proposed an extended HJM term structure model driven by
a Lévy random field. They assume the forward rate admits the following

dynamics

df(t, T) =p(t, T—t)dt + J o(x,t, T—1)YS(ds, dx)

R (3.69)
+ J v(x,t=, T—t7)YP(ds,dx),
R4

where YC is a martingale measure (see [Walsh]), Y” is a compensated
Poisson random measure. Y = Y© + YP defined as a Lévy random field
R% x (0, TI.

In conclusion, taking into account all these challenges, we are inspired to
build a tractable forward interest rates model driven by a martingale field
which already incorporates the continuous diffusive risk and the jump risk.
By unification approach, we can generalize the short-rate model 3.67 to the

following SPDE

dre = [Arg + (1)) dt —|—J o(t, re,x)M(dt, dx),
E (3.70)
To = ho.
for some infinitesimal generator A of strongly continuous semigroup of
shifts (S¢)¢>0. Under the HJM framework, the goal is to derive an arbitrage-
free term structure models of the form

df(t, T) =a(t, T) dt + L o(t,x)M(dt,dx), (3.71)

that preserves the positivity of forward rates and can address all issues
mentioned previously. Note that model (3.71) is more general as it includes
wide classes of term structure models (even both models (3.66) and (3.69)).

Practically, such type of term structure models may be beneficial for both
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3.5 APPLICATIONS TO INTEREST RATE THEORY

researchers and practitioners. Indeed, model (3.71) is easy to work with and
the fitting procedure shall be much more simpler. Solving the stochastic
evolution (3.70) leads to a new open problem for further researches and

development.
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APPENDIX



BACKGROUNDS AND PRELIMINAIRES

In this appendix, we present all useful concepts and results (without proofs)

that we will use through in this dissertation. All materials are taken from

standard textbooks (see [6],[47], [85].[14],[87],14],[82],[971,[38], [98]).

A.1 PREMEASURE THEORY

Assuming that the reader is familiar with notions of o-algebra and measure,
within a few definitions, the reader will get to be familiar with pre-measure.

Let X be a set where &(X) denotes its power set.

Definition A.1.1 1. A family R C Z(X) is called a ring if it has the

following properties:
e Pec®
e AUBeRifA,Be R
e AA\BeRifA,BecR.
If X € R, then R is called an algebra.
2. A semi-ring is a family 8 of subsets of a set X with the following
properties:
e e
* A, BeS=ANBeSs.

* A,B € § = there exist finitely many disjoint Ay,..., A, € § such

n
that A\B = | J A;.
i=1

If X € R, then R is called a semi-algebra.
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A.1 PREMEASURE THEORY 100

Remark 20 Let R be a ring of subsets of a set X. Note that if R is closed with
respect to countable unions then it is called a o-ring. Moreover, if X € R then R

becomes a o-algebra.
It is also useful to consider the property of o-additivity.

Lemma A.1.1 Let v: R — [0, 00) be an additive set function on a semi-ring R

(or an algebra) on X. Then the following conditions are equivalent:

(i) the function v is countably additive, i.e. if (An)neNn C R is a family of

pairwise disjoint sets, then

v< U An> = Z v(An).

nelN neN

(ii) the function v is continuous at zero, i.e. if An € R, Anp1 C Ay for all

n e Nand N%_;An =0, then

lim v(A,) =0.

n—oo
(iii) the function v is continuous from below, i.e. if A € R, Ay C Any1 forall

n e Nand UX_;An € R, then

lim v(An) =v | |J An
n=1

n—oo

Proof For the proof, the reader may refer to [85] or [14]. |

We are now ready to define pre-measure. Let R be a semi-ring on X.

Definition A.1.2 A pre-measure defined on a semi-ring R is a positive set

function v : R — [0, co] which satisfies the following:
e v(D) =0.

 For any sequence of pairwise disjoint sets {Bnnen € R with | J,, Bn €

R, then

v(an> = ;v(Bn).

1 Additive in the sense: if A,B € R with ANB = (), then v(AUB) = v(A) +v(B).
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Moreover, a pre-measure p is said to be o-finite and (X, R, u) is called a o-
finite pre-measure space, if it contains an increasing sequence (A;)icn C R

with X = U Aj such that u(A;) < oo for all i € IN.
ielN
In general, it is not an easy task to assign explicitly a p-value to every set
X from a o-algebra X for any measure space (X, X, u). Rather than doing

this it is often more natural to assign p-values to sets from some generator G

of X. To address this issue one can use the Carathéodory extension theorem.

Lemma A.1.2 If pis o-finite pre-measure on R then there is an unique measure

~

(L:o(R) — [0, 0o such that i is an extension of W, i.e. b = Ulx.

Proof This follows from [6, Theorem 5.6]. |

Next, we will recall some useful results regarding the notion of product
spaces and product o-algebras 2. Let (Y, Y) be a measurable space. The first

problem which we are faced is that the family
XxY={AxB : AecXand B c Y} (A.1)

is, in general, not a o-algebra but rather it is a semi-ring as the following

shows.

Lemma A.1.3 If § C Z(X) and H C P(Y) are respectively semi-rings on X
and Y. Then G x 3 is a semi-ring on X x Y.

Proof The reader may refer to [85, Lemma 13.1]. |

Definition A.1.3 Let (X,X) and (Y,Y) be two measurable spaces. Then
X®Y:=o0(X xY)isa o-algebra, and (X x Y, X ® Y) is called the product of

measurable spaces.

The following lemma allows to reduce considerations for X ® Y to respec-
tive generators of X and Y. Let § and 7 be respectively two semi-rings on

Xand Y.

2 For the proofs of all results we will refer the reader to the reference.
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Lemma A4 If X = o(9) and Y = o(H) and if G, H contain respectively
increasing sequences (Xi)ien C G with Xi T X and (Yi)ien C H with Y; 1.
Then we have

XRY:=0(XxY) =0(9 xH).

Proof The proof can be found in [85, Lemma 13.3]. |

Next, we discuss about the product pre-measure on a product space.

Let (X,G,u) and (Y,7,v) be o-finite pre-measure spaces with G, are
respectively semi-rings on X, Y. We want to define a product pre-measure p

on rectangles of the form A x B.

Lemma A.1.5 If (X,G, ) and (Y,H, V) are o-finite pre-measure spaces. Then

there exists a unique o-finite pre-measure p on (X x Y, G x H) such that
P(AxB)=pn(A)-v(B), forallAxBeGxIH.

In this case, (X x Y, G x 3, u x v) is called the product pre-measure space.

Proof The proof follows from [85, Theorem 13.5]. |

Remark 21 Observe that, by Lemma A.1.2, the product pre-measure p can always

be extended to a measure on the product o-algebra o(G x ).

A.2 RANDOM MEASURES AND STOCHASTIC INTEGRATION

In this section, we review the notion of random measures and focus on
describing so some special type of random measures that are used in the
dissertation. We do not go deeper into details but for more exposure on this
topic the reader may refer to [47] which gives complete and more detailed

results, including integration theory and its applications.

A.2.1  Integer-Valued Random Measures

Let us consider a measurable space (E, Z).The following definitions and

notions are based on [86],[62] and [27].
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Definition A.2.1 A c-algebra X said to be separable if

1. XL is countably generated, i.e., there is a countable semi-ring € (or a

ring or an algebra) such that £ = o(&).

2. {x}e Zforall x € E.

Definition A.2.2 We say that (E, X) is a Blackwell space if L is separable and
for every separable o-algebra A C L, then A = L.

Lemma A.2.1 Let (E1,X1) and (B, X2) be two Blackwell spaces. Then the pro-
duct space (E1 x B2, 0(Z1 x X3)) is a Blackwell space.

Proof First, since both measurable spaces (E1,%Z7) and (E;, X;) are Black-
well spaces then there are respectively countable semi-ring &; and &
such that £1 = o(€1) and X, = o¢(&;). By Lemma (A.1.3), the product
€1 x &, defines a semi-ring on E; x E;. Moreover, one can define a o-
algebra ¥ = 0(X x X) = 0(&1 x €2) (see LemmaA.1.4).

We next need to prove that the semi-ring €7 x €, is countable. Inde-
ed, &1 (resp. ;) is a countable so there is a bijection 1\ (resp. {P2) :
&1 (resp. €2) — IN. So for the existence of a bijection for the product space,
one can set P(A,B) :=1P1(A)p2(B) for all pairs (A,B) € €1 x €. Thus, P
is a bijection from € €1 x &, into IN. Moreover, it is straightforward to show
that for all x € E then {x} € L. Let x € E, this means that {x} = {x1} x {x2}
where x1 € E1,x, € E,. But observer that {x1} € £; and {x,} € X, hence
{x1} x{x2} € £ x 5. It follows {x1} x {x2} € Z.

Last, it remains to prove that if A C X is a separable o-algebra on E,
then A = X. By definition, if A is a separable c-algebra, so there is a
countable semi-ring R with A = o(R). Then there exist respectively R;
and R, two countable semi-rings on E; and E; such that R = Ry x R, and
0(R) = 0(Ry x R3) = o(c(R1) x 6(R2)). Then o(Rq) C X7 and o(R;) is
separable as is o(R). But (Eq,X1) is a Blackwell space so it must follows
0(R7) = X1. The same argument holds true for o(R;) = X,. We conclude

that o(R) = 0(&7 x &3),1e., A=L. [ |

Now, let (E, &) to be a Blackwell space such that & is generated by a
countable algebra. On the other side, by [27], the space (E, &) satisfies the
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disintegration property, namely for any measurable space (G,¥) if yis a
positive finite measure on (E x G, & ® ¢¥) then we shall write y(dx, dy) =

a(y,dx)m(dy) on & ® 4 with m(A) = y(E x A).

Definition A.2.3 A random measure on R} x E is a mapping u : B(R) ®
& — L1 (Q;R4) satisfying for any w € Q:

1. p(w; {0} x E) = 0 P-almost surely.
2. A p(w;A) is a measure on defined on a o-algebra B(R) ® &.

Next, we present the other properties of random measures.

Definition A.2.4 A random measure p on Ry x E is said :

1. o-finite if there exists a sequence E,, increasing to E such that, for any

t e Ry, E [|n([0,t] x En)l] < oo.

2. adapted if pu(w; A) is Fi-measurable for any A C [0,t] x E, for each

weand teR,.

Here we give a special type of random measure that we are interested.

Definition A.2.5 An integer-valued random measure is a random measure

with the following properties:
1. p(w;{t} x E) <1 IP-almost surely, for any t > 0.
2. 1: O xBR)®&E — N.
3. nis optional and P-o-finite.

We present the following result in order to characterize explicitly any
integer-valued random measure by a thin random set.

The most useful example of integer-valued measure is the following:

Definition A.2.6 An extended Poisson measure on (R, x E,B(IR,) x &),
relative to the filtration F, is an integer-valued random measure p which

satisfies the following conditions:

1. the positive measure, also called intensity measure of , A — m(A) =

E[u(A)] defined on R x E is o-finite.
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2. the random variable p(-, A) is independent of Fs for all s € Ry and

A€ B(R,)®& with m(A).

Example 8 There are two fundamental example of extended Poisson measures,

namely:
a) If for each t € R we have m({t} x E) = O then we call wa Poisson measure.

b) If m has the form m(dt,dx) = dt x F(dx) on Ry x E , where F is a
positive o-finite measure on (E,&), then we shall call w a homogeneous
Poisson measure. The measure [t :== w— A ® F is called compensated Poisson

measure.

Lemma A.2.2 If u is an extended Poisson measure on (R x E, B(R4) x &),
relative to the filtration IF, with intensity measure m. Then its compensator defined
on B(R4) x & is determined by A — uP (w; A) = m(A) forall w € Q. Moreover,
if {An} is an increasing sequence with UnecNnAn = E with m(Ay) < oo and for
any fixed A € €,

&= JBnA:Bes),
nelN

the process Zx (t) := (n—m)[(0, t] x Al is a martingale with respect to IF.

Proof (1) For the first claim, the reader may refer to [[47], Proposition 1.21,
p-71].

(2) For the martingale property, we use the independent increments
and the distribution of Poisson random measure. Let A C E such that
(0,t] x A € B(R4) x & forany t > 0. Set X(t) = (n—m)[(0,t] x A]. Since p

has independent increments (see Definition A.2.4) then we compute

EIZA(t) = ZA(9)1Fs] = E ((n—m)[(0, 1) x Al = (—m)[(0,s] x Al[)

E
E ((—m)l(s, 1] x Al|F,) =B ((u—m)l(s,t] x Al)
E

((p[(s,t] X A]) —m[(s,t] x A] =0.

Next we describe the integration theory with respect to random measure,

in particular with respect to Poisson random measure, with less details.
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A.2.2  Stochastic integration
We denote:

Q = Q x E, with the o-fields 0 =O®REand P=P® &

Definition A.2.7 Let u be a random measure and h an optional function

on ), i.e. h is O-measurable.

1. Since his B(IR, ) ® &-measurable and if
” h(w,s,x)|lu(w;ds,dx) < oo, forall (w,t) xR, xE,
[0,t]xXE
then for any w € QO we define the stochastic integral, hx 1, as

hx uy(w) ” h(w,s,x)u(w;ds,dx).
[0,t]1XE

2. pis said to be optional measure if the integral process f x u is optional

for every optional function f.

3. wis called integrable if p is option measure and the integral process

Ixpe At where 1+ py = p(+;[0,t] x E) for any t > 0.

4. mu is P-o-finite if there exists a P-measurable partition (An)nen of

Q such that each (1A, * 1) is integrable.

Now we provide the characterization of the compensator of random

measure through the integral process.

Lemma A.2.3 If u is an optional P-o-finite random measure. Then there is an
unique predictable random measure uP up to a P-null set, which satisfies either
one of the two following equivalent properties:

a) Elhxu] = E[h* wy] for any positive P-measurable function h on Q.

b) If |h|xp e A, then |h|xuP € Al . or hxpu—|h|*puP € Mioc.

loc’ loc

Moreover, h % uP is the compensator of h % as uP is the compensator of .

Proof The reader may refer to [47, Theorem I1.1.8, p.67]. |
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A.3 SEMIGROUP THEORY

The aim of this section is to introduce the notion of Cy-semigroups and
their generators, including divers properties. Concerning the proofs of the
upcoming results, the reader is referred to [82] or [97].

Co-semigroups, also known as a strongly continuous one-parameter
semigroup, is a generalization of the exponential function that serve to

describe the time evolution of autonomous linear systems of type
oxt = Tx, x(0)=xp €X, (A.2)

where x takes values in some Banach space X and T is a possibly unbounded
operator on X. If such a solution exists, one expects the existence of a linear
operator S; that maps the initial condition x(0) onto the solution x(t) of
equation (A.2) at time t. Moreover, if such a solution is unique, then the
family of operators S, t > 0, should satisfy So =1 and S¢ - Sg = S¢4s.

Let (X, | - [|x) be Banach space and denote by £(X) the Banach space of
bounded linear operators on X equipped with the norm:

ITllzx)= sup |[|Tx[|x, TeL(X).

xeX,[[x[[x=1

Definition A.3.1 From a formal point of view, a family Sy € £(X), t > 0,
of bounded linear operators on a Banach space X is called a strongly

continuous semigroup if
1. So =1,
2. Si4s = S¢S forevery t,s > 0,
3. tl_i}rg+ S¢x = x for every x € X.

For any Cp-semigroup S; and x € X, the mapping t — S¢x is continuous.

Moreover, there exists constants o« > 0 and M > 1 such that
IStllcx) < Me*t,  t>0.
Definition A.3.2 A semigroup S is called uniformly continuous if

li Sy —1 =0.
Jm[ISe =Tl
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We now give all terminologies in semigroup theory.

Definition A.3.3 Let S¢, t > 0, be a Cp-semigroup on a Banach space X.
Then

1. If M =1, then S; is a pseudo-contraction semigroup.
2. If « =0, then Sy is uniformly bounded.
3. If x =0and M =1, then S; is a semigroup of contractions.

4. If for every x € X, the mapping t — S¢x is differentiable for t > 0,

then S is called a differentiable semigroup.
5. If the operators S¢, t > 0, are compact then S is compact semigroup.

Next we introduce the notion of generator of a semigroup.

Definition A.3.4 Let S¢ be a Cp-semigroup on a Banach space X. The linear

operator A on the Banach space X with domain

Sex —
D(A) = {x € X: lim tXt x exists}

t—0+t

defined by

is called the infinitesimal generator of the semigroup S;.

Recall that the graph of a linear operator T on a Banach space X with a
domain D(T) is defined as the subset of X x X consisting of all elements of
the form (x, Tx) where x € D(T). Moreover, the operator T is closed if its
graph is a closed subspace of X x X. The operator T is closed operator if
and only if the fact that if {xn Jnen € D(T) is Cauchy in X and {Txn Jnen is

also Cauchy.

Lemma A.3.1 D(A) is dense in X, and A is a closed linear operator.

We denote by D(A*) the domain of the adjoint A* which is defined as
the set of all elements @ € X* such that there exists an element A*¢p € X*

with the property that (A*¢@)(x) = @(Ax) for every x € D(A).
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Lemma A.3.2 A linear operator A is the infinitesimal generator of a uniformly
continuous semigroup S¢ on a Banach space X if and only if A € L£(X). For each

t > 0, we have the series

converges in norm.

Remark 22 In some cases, it may happen that A ¢ L(X) so the series representa-

tion is no longer possible, for instance, as in the Cauchy problem

du(t) _
g —Aul), u0)=xeX (A.3)

The following proposition provides useful facts about semigroups.

Proposition A.3.1 Let A be an infinitesimal generator of a Co-semigroup S¢,t >

0, on a Banach space X. Then, the following properties hold

1. Forx € X,

1 t+h
lim J Sixds = S¢x.
h—0h J¢
2. Forx € D(A),

Six € D(A), and istx = ASix = S{Ax.

3. Forx € X,

t t
J Ssxds € D(A), and A (J Ssxds> =Six —x.
0 0

4. If Sy is differentiable then for n € N

Se: X = DA™ and SM(t) = A™S, € L(X).

5. Forx € D(A),

Six —Ssx :J

S

6. ﬂ D(A™) is dense in X.
nelN

The following result shows that if A is the generator of a Cy -semigroup

S¢, then u(t) = Stu(0) is indeed the solution to (A.2) in a weak sense.
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Lemma A.3.3 If a function u : [0,00) — D(A) satisfies %u(t) = Au(t) for
every t > 0, then u(t) = S¢u(0) . In particular, no two distinct Co-semigroups

can have the same generator.

Conditions under which an operator A can be an infinitesimal generator

of a Cp -semigroup involve the resolvent of A.

Definition A.3.5 The resolvent set p(A) of closed linear operator A on a

Banach space X is the set defined by

110

p(A) ={A € C: range(A—A) is dense in X and A — A has a continuous inverse}.

The family of bounded linear operators
R(LA) = (AI=A)"", A€ p(A)
is called the resolvent of A.

Lemma A.3.4 Let S¢ be a Co-semigroup with infinitesimal generator A on a

In|IStllcx)
t

Banach space X. If np = lim¢_, , then any real number Re(A) > ng

belongs to the resolvent set p(A), and

o
R\, A)x = J e MSixds, xe X
0

Theorem A.3.1 Let A : D(A) C X — X be a linear operator on a Banach space
X. In order to have A as the generator of a Co-semigroup Sy, it is sufficient and

necessary that the following are fulfilled

1. Ais closed and D(A) = X.

2. There exist real numbers M and o such that for every Re(A) > o, A € p(A)
and

IRA, AN e x) < M(ReN) =)™, forn > 1.

For a special case, consider X = H where H is a real separable Hilbert

space. Let A be a closed linear operator on H and define the graph norm
Mo a) = ([hl[H + [|AR]H) 2.

Then (D(A), |- ||lp(a)) is a real separable Hilbert space.
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Theorem A.3.2 Let g : [0,00) — D(A) be measurable, and let [ ||g(s)||pa) <

oo. Then

t t

g(s)ds = J Ag(s)ds.

th(SsteD(A), and AJ .

0 0
A4 BANACH’S FIXED POINT THEOREM

This section is concerned with an optimal application of Banach’s fixed point
theorem. It applies to ”contractive” mappings between complete metric
spaces, yielding the existence of unique fixed-point to operator involved.

Let (X, d) be a complete metric space and let f : X — X be a mapping.

Definition A.4.1 The mapping f is called a contraction, if there exists a

constant 0 < K < 1 such that
d(f(x), f(y)) < Kd(x,y), forallx,ye X.
Moreover, x € X is said to be a fixed point of f, if we have f(x) = x.

The following result is the well-known Banach fixed point theorem.

Theorem A.4.1 Let (X, d) be a complete metric space and let f : X — X be a

contraction. Then the mapping f has a unique fixed point.

Proof For the proof, reader may refer to [4, Theorem 3.48]. |

Corollary A.4.1 (Extended Banach fixed point theorem) Lef (X, d) be a com-
plete metric space and let f : X — X such that for some n € IN the mapping f™ is

a contraction. Then the mapping f has a unique fixed point and it holds

f(x) = f(f"(x)) =f"(f(x)), meN.

Proof By Theorem A.4.1, the mapping f™ has a unique fixed point then
there is x € X such that f™(x) = x. Namely, we get f(x) = f(f"(x)) =
1 (f(x)).

Next, we iterate

M x) =T (f(x) =T (x) = = f(x) =x.
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This implies that x is a unique fixed point of f. |

Next, we give an useful tool for proving existence and uniqueness of

solutions for SDEs and SPDEs.

Lemma A.4.1 (Gronwall’s inequality) Let T > 0 be fixed, let f: [0, T] — R4
be a continuous mapping, and let C > 0 be a constant such that

t

f(t) < CJ f(s)ds, forallte[0,T].
0
Then we have f = 0.
Moreover, if C : [0, T] — R integrable function and c > 0 is a constant with
the property that
t
ft)<ec +J C(s)f(s)ds, forallte [0, T
0
Then, it holds
t
f(t) < cexp J C(r)dr |, foralltel0,T].

S

Proof The reader may refer to [38]. |

Last, we present the extension theorem for continuous linear Opera-
tors and recall the existence of predictable version for any adapted and

stochastically continuous process.

Lemma A.4.2 (Hahn-Banach theorem) Let (X, || - ||) be a normed space, Y be a
Banach space, D C X be a dense subspace and ® : D — Y be a continuous linear
Operator. Then there exists an unique continuous extension ® : X — Y such that

Olp = O and |0 = | D]

Proof See [[98], Satz II.1.5]. [ |

Lemma A.4.3 Let Z be an adapted and stochastically continuous process on a

closed interval [0, T]. Then the process Z admits a predictable version on [0, T].

Proof See [[22], Proposition 3.6, page 77]. |
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