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Zusammenfassung

Der erste Teil der vorliegenden Arbeit beschäftigt sich mit der Messung der Verbre-

iterung des schmalbandigen molekularen Photoassoziationsüberganges 1S0-3P1 in ultra-

kaltem Calcium bei hoher Anregungsleistung und der Untersuchung der Gültigkeit der

Resonanzstreutheorie für die Beschreibung dieser Photoassoziationsspektren. Dabei

wurden die theoretischen stimulierten Raten für den molekularen Übergang mittels

Coupled Channel Modells ermittelt. Die experimentellen stimulierten Raten und die

inelastischen Verlustraten wurden in Abhängigkeit von der eingestrahlten Laserleistung

und von der Temperatur der Atomwolke untersucht und mit der Theorie verglichen.

Aufgrund der gewonnenen Erkenntnisse wird die Vorhersage für die Anwendbarkeit

von optischen Feshbachresonanzen mit geringen atomaren Verlusten für weitere An-

wendungen gemacht.

Im zweiten Teil der Arbeit wird die Messung der vier schwächst gebundenen Rovibra-

tionszustände im Calciumgrundzustand X 1Σ+
g mittels der Zweifarben-Photoassozia-

tionsspektroskopie vorgestellt. Durch die gemessenen Bindungsenergien konnten die

langreichweitigen Dispersionskoeffizienten C6, C8, C10 inklusive Retardierung vollständig

ermittelt werden, welche nun die komplette Beschreibung des Grundzustandes er-

möglichen. Hierzu wurden die Franck-Condon Faktoren für die optischen Übergänge
1S0-3P1 von angeregten gebundenen Vibrationszuständen aus den Molekülpotentialen

zu Ω = 0 und Ω = 1 nach gebunden molekularen Rovibrationszuständen in X 1Σ+
g mit

Hilfe des Coupled Channel Modells berechnet. Diese machen es möglich, die Aus-

sage über die größten Zerfallskanäle und somit die effektive Erzeugung der Moleküle

in einem bestimmten Grundzustand zu machen. Auf Basis des verbesserten Poten-

tials wurde die Streulänge für 40Ca mit 10 mal kleiner Unsicherheit bestimmt und die

Streulängen für alle homonuklearen Paare des stabilen Calciums mit den Aussichten

für die Erzeugung des Bose-Einstein-Kondensats abgeschätzt.

Schlüsselworte: ultrakalte Calcium-Atome und Calcium-Moleküle, Ein- und Zwei-

Farben-Photoassoziationsspektroskopie, molekulares Grundzustand-Potenzial, optische

Feshbach-Resonanzen, Streulänge





Abstract

In the first part of this thesis the measurement of the high power broadening of the

ultra narrow transition 1S0-3P1 to photoassociated calcium molecules is presented.

The validity of the resonant scattering theory was investigated for the description of

these photoassociation spectra. The stimulated rates for these molecular transitions

are determined by means of a coupled channel model. The stimulated rates and corre-

sponding two-body loss rates in dependency of the laser intensity and the temperature

of the atomic cloud derived from the experiment are compared with the theoretical

values. The feasibility of low loss optical Feshach resonances for further scientific ap-

plications was investigated.

The second part of the thesis focuses on the measurement of four most weakly bound

molecular rovibrational states in the ground state X 1Σ+
g of calcium via two-color

photoassociation spectroscopy. Using the measured binding energies the long range

dispersion coefficients C6, C8, C10 including retardation at long nuclear distances were

determined enabling the complete description of the ground state potential. The radia-

tive transitions from the excited vibrational states in the molecular potentials Ω = 0

and Ω = 1 of the 3P1+1S0 asymptote to the ro-vibrational states in the molecular

ground potential X 1Σ+
g were calculated. Based on these calculated values the effec-

tive production of ultracold Ca2 molecules in the desired ground state by spontaneous

decay of excited molecules was predicted. The improved ground state potential allowed

the calculation of the precise value of the s-wave scattering length improving its un-

certainty by a factor of more than 10. Additionally theoretical values of the scattering

lengths for all homonuclear pairs of stable calcium were given and estimation for the

feasibility of the creation of Bose-Einstein condensates with these isotopes were pro-

posed.

Keywords: ultracold calcium atoms and molecules, one and two-color photoasso-

ciation spectroscopy, molecular ground-state potential, optical Feshbach resonances,

scattering length
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Chapter 1

Introduction

Dilute quantum gases have been the object of an intensive research in the last decades

induced by the huge progress in laser cooling and trapping of neutral atoms. They

have important applications in ultracold physics e.g. precise measurements by atomic

clocks[Mid12, Fal14, Hun14], creation of new degenerate states like Bose-Einstein

condensates (BEC) [Zwi03, Kra09, Ste09] and Bardeen-Cooper-Schrieffer superfluids

[Sch08, Lim08] as well as creation of the ultracold ensembles of molecules [Com00,

Reg03, Jon06], investigation of the scattering properties at ultracold temperatures and

its manipulation via optical Feshbach resonances[Ciu05, Eno08, Yam10].

This progress was only conceivable thanks to the pioneering scientific contributions

made in the last century. The cooling of atomic ensembles by laser radiation was

proposed by Hänsch and Schawlow [Hän75] in the 1970’s to reduce the atomic velocity

by scattering with the laser light. Ten yers later this cooling technique was successfully

implemented by [Ert85, Pro85] for the deceleration of atoms and building of a three-

dimensional viscous confinement via the radiation of counterpropagating laser beams in

an optical molasses [Chu85]. Soon afterwards the concept of three dimensional trapping

was combined with a magnetic field gradient [Raa87] in a so-called magneto-optical

trap enabling the cooling of atomic ensembles to less than a millikelvin temperature

with densities over 1011 cm−3. The sub-Dopper cooling in a dark magneto-optical trap

and by Sisyphus cooling subsequently improved the efficiency of laser cooling. These

cooling and trapping laser techniques have been established nowadays and can be found

in every laboratory working with ultracold gases. They opened a new realm for physics

of ultracold quantum gases.

The earlier experiments were mostly performed with alkali atoms due to the availability

of suitable lasers and due to the use of magnetic traps for evaporative cooling benefiting

from the magnetic moment of the ground state of the alkali atoms [Wil95].

As more efficient and advanced lasers were developed the perspectives for research of the
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alkaline-earth metals opened. The spin-forbidden intercombination 1S0-3P1 transition

is extremly narrow and allows to attain extremly low temperatures by laser cooling.

However, the resulting force effected through the spontaneous decay rate of 3P1 state

of 40Ca with 374 Hz is not large enough to support the atoms against the gravity. To

solve this the quench cooling [Bin01a, Meh03] was developed whereby the lifetime of

the metastable state is decreased by driving an additional transition to higher lying

states that can quickly decay to the ground state again. The subsequent evaporation

in an optical dipole trap finally allows one to achieve µK temperature and below.

Nowadays the alkaline-earth atoms enjoy high scientific attention benefiting from their

simple electronic structure. Alkaline-earth atoms are suitable for the investigation of

the atomic and molecular physics with high accuracy [Por06, McG15c, McG15a] and

for theoretical models of divalent-atom dimers. Some bosonic isotopes have no nuclear

spin that simplifies the investigation of atomic and molecular collisions [Mac01, Der03,

San03] at ultracold temperatures, which strongly depend on the long-range part of the

interaction potential.

Their narrow intercombination transitions 1S0-3P1 are widely used in several applica-

tions as metrological frequency standards [Mar04, Sch05, Fal14, Vog16], in geodesy for

precise measurements [Lis16] or for fundamental research [Chi85, Swa11, Yan13b].

A promising application of the spin-forbidden transitions is its implementation for the

control of the interaction in the atomic cloud. For alkali atoms the manipulation is

already used routinely by the techniques based on the magnetic Feshbach resonances

(MFR), where a molecular bound state is shifted by an external magnetic field to

the continuum. At a resonance the scattering length is strongly depending on the

magnetic field, which strongly influences the scattering between the atoms. At an

appropriate magnetic field the scattering can even vanish. The MFR is established as

a robust powerful technique to modify the scattering at ultracold temperatures e.g. to

evaporate chromium atoms to a BEC [Gri05]. Unfortunately the MFR technique can

not be used for the bosonic alkaline-earth atoms due to the absence of the magnetic

moment in ground state.

Alternatively, the scattering and bound states of the alkaline-earth atoms can be op-

tically coupled by a resonant laser light field leading to a so-called optical Feshbach

Resonance (OFR) proposed first by [Fed96]. Here, a photoassociation resonance of the

bound levels of electronically excited molecules is used instead of a magnetic hyperfine

states. If the frequency of the laser light is close to such a resonance the atoms start to

interact by virtual radiative transitions capable of inducing significant changes in the
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scattering length.

The first OFR were observed in sodium [Fat00] and later in ytterbium [Eno08], always

accompanied by huge photoassociative losses. According to the theory of photoassocia-

tion [Ciu05] the losses are inversely proportional to the square of the detuning, whereas

the change of the scattering length varies only inversely to the detuning. Hence, with

narrow photoassociation (PA) lines a large change in the scattering length at relative

small detuning from a resonance can be achieved without producing large photoasso-

ciative losses. The intercombination lines of alkaline-earth atoms with narrow natural

linewidth therefore provide good prerequisites for application of low-loss optical Fesh-

bach resonances, especially near the intercombination transition 3P1 − 1S0 of 40Ca with

a linewidth of 374 Hz, which is about 20 times narrower than the previously studied

intercombination transition in 88Sr.

OFR have a several advantages compared to MFR. The laser light toggles the inter-

action much faster than magnetic field and can be focused on a small area inside an

atomic cloud inducing a local change of the scattering length. For example, they can be

also used for the excitation of solitons inside a BEC. Unlike MFR, where the scattering

length is a function of the magnetic field B, the intensity and detuning in OFR appli-

cation can be separately adjusted opening more technical possibilities for a multitude

of possible realizations.

The main goals of this thesis are to explore the practical feasibility of OFR in 40Ca

and to prove the validity of the resonant scattering theory for the description of OFR.

To understand to which extent OFR are useful in calcium one needs the full knowledge

of the scattering states in the ground potential and the bound molecular states in an

excited potential. Six weakly bound molecular states of 40Ca were already measured

[Kah14b] employing the one-color photoassociation spectroscopy (PAS). Using mea-

sured binding energies the long-range dispersion coefficients of the molecular excited

potentials (a, c)1u and c0+
u near the 3P1 +1 S0 asymptote and the Frank-Condon density

needed for calculation of the excitation rates were derived. The theory used a coupled

channel model including spin-orbit coupling and rotational interaction.

The one-color PAS itself is based on the PA process, where two ground-state atoms

and a photon form a molecule in an electronically excited state. The deexcitation of

the excited molecule results in two atoms with high enough kinetic energies to leave the

dipole trap which leads to a loss of the trapped atoms. PAS is sensitive to the bound

long-range vibrational states, where the involved atoms stay at large internuclear dis-

tances. The scattering between the atoms is also connected to the comparatively large



12 Chapter 1 Introduction

internuclear separation at which these processes are relevant. Therefore PAS is suitable

for investigation both of the intrinsic properties of the constituent atoms and of the

macroscopic interaction of dilute gases. Combined with the available ultra-stable lasers

developed at the Physikalisch-Technische Bundesanstalt (PTB) the determination of

these properties is possible with extremely high precision.

In a first attempt PA resonances [Kah14b] are performed to describe OFR by reso-

nant scattering theory. At low laser intensities the interaction Hamiltonian of light

scales linearly with the vector potential and thus can be solved by the perturbation

theory with first order correction. However the high intensity PA poses a challenge

for the theoretical description. The analysis of the measured spectral lines indicated

discrepancies between theory and experiment, especially the calculated linewidths and

stimulated rates differed from the measured ones. In particular the measured large

linewidths at high laser intensity could not be explained by the theory.

In the first part of this work the high intensity photoassociation is intensively discussed

to clarify this open question. Experiments of two molecular PA resonances to different

excited molecular potentials c0+
u and (a, c)1u performed focusing an high laser intensity

are presented. The measured spectral line shapes and photoassociative losses were

analysed in detail in Sect. 2.3 High power photoassociation from the point of view of

the currently established resonant scattering theory developed by Bohn and Julienne

[Boh99]. This data set leads to a better description of the molecular excited state as a

necessary precondition of the application OFR.

In the Sect. 2.4 Prospects for large modification of the scattering length a the predictions

of the feasibility of low loss optical Feshbach resonance for the technical application

are presented.

The knowledge of the ground potential is also important for realization of low loss

OFR. In the previous experiments performed on 40Ca [All02, All03] a big data set

of the rovibrational levels of the inner part of the ground state potential X 1Σ+
g was

collected, where the outer classical turning point of the last measured level is located

at internuclear separation of R ≤ 2 nm. Until the present time the binding energy

belonging to the long range part of the potential with the outer classical turning points

at R > 2 nm were not measured. In the second part of this work the measurement

of the weakest molecular levels of the calcium dimer Ca2 in the ground state with the

outer classical turning point at above 2 nm is presented. On this basis the complete

description of the ground state potential X 1Σ+
g was possible. This allows a more precise

determination of the long-range dispersion coefficients C6, C8 and C10 describing the
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dipole-dipole, dipole-quadrupole and quadrupole-quadrupole interactions, respectively.

As a result, the determination of the s-wave scattering length was largely improved and

allows the correct calculation of the scattering states needed for OFR.

The measurement of weak rovibrational levels of 40Ca in the molecular ground state

demands lasers with linewidth of less than 1 kHz to resolve the spectral lines. Especially

for the weakest bound state, which is lying with 1.6 MHz very close to the atomic

asymptote 1S0 + 1S0, use of such laser is necessary to avoid undesirable losses. In

the Sect. 2.2 Experimental set-up the current laser system is described. The spectral

lines of molecular ground state are measured by two-color PA spectroscopy in Raman

configuration, where a set up of two lasers with highly stable frequencies is required.

The laser driving between the scattering states in continuum and the excited bound

molecular state is set to be far detuned from the intermediate bound molecular state,

inducing a weak coupling of the scattering states to the intermediate bound molecular

state. The second laser connects this intermediate state to a bound molecular level in

the ground state. Photoassociative losses are observed when the frequency difference

of the lasers is close to resonance of the ground molecular state. In the Sect. 3.2

Measurement of PA lines in X 1Σ+
g of Ca2 the details of the measurement are presented.

The analysis of the dispersion coefficients of the X 1Σ+
g ground state potential showed

the importance of a retardation effect at long range described in Sect. 3.2.4 Molecular

potentials.

The Sect. 3.2.5 Autler-Townes splitting comprises the measurement of the PA reso-

nances in Autler-Townes configuration, where unlike Raman configuration the second

laser being resonant to the bound-bound transition between the excited and ground

state forms dressed states, which are probed by the free-bound laser. Additionally

the determination of the corresponding bound-bound transition matrix element is pre-

sented. The section also gives an insight into the possibility of the creation of ultracold

molecules in the ground state X 1Σ+
g .

The important results and future applications are summarized in Chap. 4 Conclusions

and outlook.
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Chapter 2

Towards low-loss optical Feshbach resonances

Photoassociation (PA) is a process, where two ground-state atoms absorb a photon

to form a molecule in an electronically excited state. Based on this process, PA

spectroscopy allows determination of various characteristics of atoms and molecules

such as atomic and molecular states [Kah14b, Lis02, Bel12, McG15b], chemical reac-

tions [Ulm12, Jon06], scattering lengths [Kit08, Vog07] and the interaction potentials

[All03, Kah14b, Fal08]. Combined with established laser-cooling techniques the mea-

surement are performed with very high spectral resolution at ultracold temperatures

of as low as hunderd nano Kelvin [McK02, Jun08]. At the moment the control of the

scattering properties via Feshbach resonances are one of the hot applications of the

photoassociation [Yan13a, Nic15, Jun08].

The strongly spin-forbidden transitions of the calcium dimer to the 3P1+1S0 asymptote

are a promising research systems for investigation of the OFR due to their extreme small

spontaneous natural decay rate 2π · 374 s−1 and due to absence of a magnetic moment

in the ground state.

2.1 One-color photoassociation spectroscopy

2.1.1 Photoassociation

The photoassociation is well described by resonant scattering theory where according

to the dressed-state picture the bound state is embedded by the coupled resonant light

in the continuum formed by the scattering ground states [Fan61, Tho87]. The presence

of the light-field coupling influences the scattering between the atoms and allows the

selective modification by tuning the laser frequency.

The subsequent considerations regarding photoassociation are applied to the excited

bound molecular states to 3P1+1S0 measured by [Kah14b, App13]
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Figure 2.1: Scheme of photoassociation for Ca2 near the the 3P1+1S0 asymptote (λ =
657 nm) coupled by a near resonant light

The scheme of the photoassociation process is shown in Fig. 2.1. The black and green

lines indicate the ground state potential in dependency of the internuclear distance R,

correlating to the asymptote 1S0 + 1S0 and excited state potential correlating to the

asymptote 3P1+1S0, respectively. Near the 3P1+1S0 asymptote the spin-orbit interac-

tion becomes dominant and the adiabatic potentials are more accurately described by

Hund’s case (c) potentials c0+
u and (a, c)1u being a strong mixture of the two case (a)

states (Fig. 2.1). The laser with frequency ω1 couples one of scattering states |ǫ〉 from

the thermal cloud to the molecular resonance |1〉 detuned by ∆1 . Total γ1 = γmol + Γ

indicates the decay rate of the molecular state |1〉, where γmol is the natural spon-

taneous decay rate and Γ contains additional effects leading to decay of the bound

state1.

At ultracold temperatures the collisions between the calcium bosons are dominated by

s-wave scattering with the scattering cross section [Ing98]

σs−wave = 8πa2
bg, (2.1)

where abg is the s-wave scattering length without modification. The experiments were

performed at ultracold temperature of less 3 µK, thus the calculation can be restricted

to only s-wave scattering (l = 0). The ground state of 40Ca is spinless, therefore

1For low intensity measurements I set Γ = 0 in my calculation.



2.1 One-color photoassociation spectroscopy 17

only a single nondegenerate entrance channel needs to be considered. The calculation

can be reduced to a single s-wave matrix element Sl,l(k) represented by the complex

energy-dependent phase shift η(k) [Qué12]

S0,0(k) = e2iη0(k), (2.2)

where k =

√
2ǫcolµ

~
is the de Broglie wave number and µ is the reduced mass of two

calcium atoms.

The scattering matrix element S0,0(k) is related to an energy-dependent scattering

length α(k), which can be expressed as

α(k) = a(k) − ib(k) = −tan η0(k)

k
=

1

ik

1 − S0,0(k)

1 + S0,0(k)
. (2.3)

In the limit k → 0 and k|α| << 1 the inelastic and elastic loss sections for two identical

bosons can be derived from S0,0(k) as

σel =
2π

k2
|1 − S0,0|2 = 8π|α(k)|2 (2.4)

σin =
2π

k2
(1 − |S0,0|2) =

8π

k
b(k) (2.5)

The corresponding elastic and inelastic collision rate coefficients can be calculated as

Kel(k) =
~k

µ
σel = 8π

~

µ
k|α(k)|2 (2.6)

Kin(k) =
~k

µ
σin = 8π

~

µ
b(k). (2.7)

In calcium the PA resonances of the intercombination lines are clearly separated from

one another by more than 100 MHz. Thus a single spectral lines can be approximated

as an isolated resonances. Thereby the matrix element S0,0(k) for the isolated decaying

resonance is [Nic15]

S0,0(k, ∆1) =











1 − i~γstim(k)

∆1 + i~
γ1 + γstim(k)

2











e2iηbg , (2.8)
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where ηbg = −kabg for k → 0 and γstim(k) is the stimulated rate between the energy

normalized scattering ground state |ǫ〉 and the excited molecular bound state |1〉. Using

Eq. 2.8 |S0,0|2 is determined as

|S0,0(k, ∆1)|2 = 1 − γstim(k)γ1

∆2
1 +

(γstim(k) + γ1)2

4

. (2.9)

Substituting Eq. 2.9 into Eq. 2.7 the inelastic coefficient Kin is

Kin(k, ∆1) =
2π~

µ

γstim(k)γ1

∆2
1 +

(γstim(k) + γ1)2

4

. (2.10)

For sufficiently low laser intensity the stimulated rate γstim can be estimated by Fermi’s

golden rule with a harmonic laser interaction V 1
opt(R) cos(ω1t). The optical potential

V 1
opt(R) = −E1 · d(R) is related to the molecular dipole matrix element d(R) and the

amplitude of electrical field of laser E1(t) =
−→
E 1 cos(ω1t) with |−→E 1| =

√

2I1

ǫ0c
.

γstim(ǫcol, I1) ≈ π

2~
|〈1|V 1

opt(R)|ǫ〉|2. (2.11)

Assuming d(R) is only weak dependent on the internuclear separation R at long ranging

the corresponding matrix element can be expressed based on the atomic transition

dipole moment [Tie03]

|〈1|d(R)|ǫcol〉|2 = |〈1||datom||ǫ2〉|2fROTfFCD(ǫcol), (2.12)

where |〈1||datom||ǫ2〉|2 is the reduced atomic matrix element, fROT contains the Hoenl-

London factor combined with the influence of the polarization of the laser light and

fFCD(ǫcol) = | 〈1|ǫcol〉 |2 is the Franck-Condon density.

The reduced atomic matrix element itself can be calculated from Einstein coefficient

Aatom, which here is equal to γatom for an atomic level with total angular momentum

j1, m1

γatom =
2ω3

atom

3ǫ0c3h
|〈1|datom|2〉|2 (2.13)

=
2ω3

atom

3ǫ0c3h

∑

q=−1,0,1





j1 1 j2

m1 q −m1 − q





2

|〈1||datom||2〉|2 (2.14)
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where ωatom is the atomic transition frequency, c the velocity of light and ǫ0 the vac-

uum permittivity. The sum over the square of the Wigner 3j symbols () considers

the spontaneous atomic decay from the one of the Zeeman levels m1 over all allowed

polarization channels labelled by q.

In general the sum of the square of the Wigner 3j symbols is

∑

q=−1,0,1





j1 1 j2

m1 q −m1 − q





2

=
1

2j1 + 1
(2.15)

and thus contains the degeneracy factor of the upper state.

The fFCD(ǫcol) were calculated by Prof. Eberhard Tiemann applying the excited state

potentials at the asymptote 3P1+1S0 determined in previous work [Kah14b]. For this

calculation the vibrational levels were represented by a multi-component wave function,

which is described most conveniently in Hund’s case (e) basis |1S0 + 3Pj, l, J〉. The

first part of the basis vector describes the relevant atom pair asymptote with the total

atomic angular momentum j, l is the angular momentum of the pair rotation and J is

the total angular momentum. The starting level in the present experiment is always

the s-wave continuum, corresponding to Jǫ = 0 with parity "+", only the excited levels

J1 = 1 with parity "-" have to be considered. This results in only three possible basis

states

|1S0 + 3P1, 0, 1〉 , (2.16)

|1S0 + 3P1, 2, 1〉 , (2.17)

and |1S0 + 3P2, 2, 1〉 . (2.18)

Because of the electric dipole selection rule ∆l = 0 only the component |1S0 + 3P1, 0, 1〉
was needed for the calculation of the Franck-Condon densities with the continuum

|1S0 + 1S0, 0, 0〉. The Franck-Condon density fFCD(ǫcol) were determined as the square

of the overlap-integral between the eigenfunction of the molecular state in the upper

excited potential and the scattering function of the colliding atoms in a ground state

with relative kinetic energy ǫcol. The wave functions are calculated with the Numerov

method [Mes11].

In Fig. 2.2 the fROT · fFCD(ǫcol) in dependency of the collision energy scaled with µK

are shown.2 The Tab. 2.1 lists the values for a collision energy ǫcol = kB · 1 µK.

2The values are 6 times larger than in [Kah14a]. The difference arises from a new evaluation of the

rotational factors fROT.
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Figure 2.2: fROT · fFCD(ǫcol) calculated for Jǫ = 0, mǫ = 0 to J1 = 1, m1 = 0 of
transition 1S0-3P1 using coupled channel model for the s-wave scattering
(l = 0). Courtesy of E. Tiemann.

Assuming

γmol = 2γatom (2.19)

the rotational factor is calculated as [Edm57] (Eq. 7.1.7)

fROT = (2J1 + 1)(2Jǫ + 1)







j1 J1 l

Jǫ j2 1







2



J1 1 Jǫ

−m1 q −mǫ





2

· 2 · (2j1 + 1) (2.20)

where the Wigner 6j symbol {} contains the coupling of the atomic and molecular

angular momenta, Wigner 3j symbol () contains the polarisation dependency, the factor

2 originates from Eq. 2.19 and last factor is the degeneracy factor from Eq. 2.15. Thus

one obtains

γstim(ǫcol, I1) = γatom
3

8π

I1λ
3
atom

c
fROTfFCD(ǫcol), (2.21)

where γatom = 2π · 374 s−1 is spontaneous atomic decay rate, λatom = 657 nm atomic

wave length of the used PA 1S0-3P1 transition.
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state fROT · fFCD(ǫcol) (1/cm−1)

v′ = −1, Ω = 0 13.35

v′ = −1, Ω = 1 4.34

v′ = −2, Ω = 0 1.15

v′ = −2, Ω = 1 0.58

v′ = −3, Ω = 0 0.38

v′ = −3, Ω = 1 0.12

Table 2.1: Estimated fROT · fFCD(ǫcol) for a collision energy ǫcol/kB = 1 µK for several
excited molecular states in the potentials c0+

u and (a, c)1u

2.1.2 Optical length lopt

According to the Wigner threshold law fFCD ∝ k ∝ √
ǫcol at ultracold temperatures,

the quantity
~γstim(k)

2k
= l · Eref is independent of the wave number k with a reference

energy Eref [Nic15]. Therefore it is useful to define a parameter optical length lopt by

choosing Eref = ~γ1:

lopt :=
γstim

2kγmol
=

3λ3fROTfFCD(ǫcol)

16πck
I. (2.22)

The optical length lopt is independent from k and thus constant for collision energies

ǫcol at ultracold temperatures. It is proportional to the intensity of the PA laser, thus

it is a good quantity to describe the coupling of the free-bound transition and is often

used in the description of optical Feshbach resonances.

Consequently the stimulated rate can be expressed as

γstim(ǫcol) = 2loptk(ǫcol)γ1. (2.23)

In the Tab. 2.2 the calculated γstim and lopt are listed for two different intensities I1

using fROT · fFCD(ǫcol/kB = 1 µK) = 13.35 1/cm−1 for v′ in c0+
u .

2.1.3 Losses and inelastic collision rate coefficient Kin

The photoassociative losses induced by decaying excited molecules are correlated to an

inelastic collision rate coefficient Kin. The corresponding rate equation is



22 Chapter 2 Towards low-loss optical Feshbach resonances

I1 (W/cm2) lopt (x103 a0) γstim (kHz)

1 0.4 0.4

560 221 225

Table 2.2: Calculated γstim(ǫcol) and lopt for collision energies ǫcol/kB = 1 µK according
to Eq. 2.22 and 2.21 for two different I1

ρ̇(t) = −2Kinρ2(t), (2.24)

where ρ is a local density and Kin obtained from Eq. 2.10.

For the observed line shapes the inelastic loss coefficient is given by the thermally

averaged value of the scattering matrix element over a distribution of relative velocities.

Thus the complete losses of the PA resonance can be described as [Nap94, Boh96,

Boh99]:

〈Kin(l, T, ∆1, I1)〉T = 〈πv

k2

∞
∑

l=0

(2l + 1)|S0,0(k, l, ∆1, I1)|〉T (2.25)

where 〈〉T is thermal average.

For s-wave scattering the inelastic (l = 0) loss coefficient can be expressed by substi-

tuting the scattering matrix element Eq. 2.9 with ǫcol =
k2
~

2

2µ
into Eq. 2.25

〈Kin(T, ∆1, lopt)〉T

=
1

h QT

∫ +∞

0

γ1γstim(ǫcol)

(∆1 − ǫ − δdiv)2 +

(

γ1 + γstim(ǫcol)

2

)2 exp
(

− ǫcol

kBT

)

dǫcol (2.26)

=
1

h QT

∫

∞

0

2lopt

√
2µǫcol

~
γmolγ1

(∆1 − ǫ − δdiv(I1))2 +

(

γ1 + 2lopt

√
2µǫcol

~
γmol

)2

/4

exp
(

− ǫcol

kBT

)

dǫcol

(2.27)

with the translational partition function QT =

(

2πµkBT

h2

)3/2

and δdiv(I1) includes

shifts of the PA laser.
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2.1.4 Spectral line shape

The loss processes in a optical trap can be well described by a rate equation

Ṅ(t) = −αN − βN2 − γN3 + ṄDT (t) (2.28)

where the atomic loss coefficient α corresponds to the scattering with the background

atoms, β is the two-body loss rate coefficient and γ is the three-body loss rate coefficient

and Ṅ(t) is the additional term containing the internal trap dynamics.

The relative importance of the PA losses in our set-up is discussed in detail in earlier

publications [Kah14a, App13]. They find the PA losses are dominated by the two-body

losses and the other processes can be neglected even for a relative short irradiation pulse

of less 200 ms. Therefore Eq. 2.28 of a trap can be simplified to

Ṅ(t) = −βN2(t) (2.29)

with its solution

N(∆1) =
N0

1 + N0τβ (∆1)
(2.30)

where N0 is the initial atom number, τ duration of the irradiation and ∆1 is the

detuning from the PA resonance. The two-body loss coefficient β is independent of the

atom number and irradiation duration, and is related to the atom inelastic collision

rate coefficient Kin.

The conversion β to Kin is achieved by integration over trap volume VDT

Ṅ(t) =
∫

VDT

ρ(ṙ) d3ṙ (2.31)

= −
∫

VDT

2〈Kin〉T ρ(r)2 d3r = −βN2(t) (2.32)

The trap potential in the region of the atomic cloud can be approximated by a harmonic

potential

U(r) =
1

2
m

x,y,z
∑

i

ω2
i i2 (2.33)
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with the characteristic frequencies ωx,y,z for calcium atoms with a mass m.

During the PA irradiation the thermal equilibrium at constant temperature is assumed.

The atomic density distribution in thermal equilibrium is Gaussian3

ρ(x, y, z) = ρ0 exp

(

− x2

2σ2
x

− y2

2σ2
y

− z2

2σ2
z

)

(2.34)

where σx,y,z =

√

kBT

m

1

ωx,y,z
with trap frequencies ωx,y,z.

After integration over the trap volume the atom number is

N(t) = ρ(t)
√

2π
3
σx σy σz . (2.35)

Solving Eq. 2.32 with Eq. 2.35 one obtains the relationship between inelastic collision

rate coefficient Kin and two-body loss rate β coefficients

β = 2〈Kin〉T
1

√
4π

3
σx σy σz

(2.36)

and can be reduced to

〈Kin〉T =

√
8

2
VDTβ (2.37)

where

VDT =
1

ωxωyωz

(

2πkBT

m

)3/2

(2.38)

is the trap volume.

2.1.5 Inhomogeneous Doppler broadening of the measured

spectral lines

The relevant broadening mechanism for the one-color PA measurements is the Doppler

broadening. It results from the shifted photon energy in the moving frame of the

center-of-mass coordinates. The resulting line shape is the convolution of a Gaussian

3Applicability of the Gaussian distribution was affirmed by time-of-flight measurements.
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with a temperature dependent width and of the Lorentzian of the PA line shape in Eq.

2.10. Considering the Doppler effect the thermal averaged one-color PA line shape can

be expressed averaged over relative velocities of the atoms (cf. [Mes99, Ciu04, Nic15]):

〈KD
in(T, ∆1, lopt)〉T =

∫ +∞

−∞

dvz
1√

πvmp
· e

−

v2
z

v2
mp · 〈Kin(T, ∆1 + klasvz, lopt)〉T (2.39)

where vmp =
√

2kBT/(2m40Ca) is the most probable speed and

ΓD =
2π

λ

√

kBT

2m40Ca

√

8 ln(2) (2.40)

is the Doppler FWHM in 1/s.

It is useful to express Eq. 2.39 in the frequency domain

〈KD
in(T, ∆1, lopt)〉T =

∫ +∞

−∞

dνz

2
√

ln(2)
√

πΓD
· e

−4 ln(2)
ν2

z

ΓD
2 · 〈Kin(T, ∆1 + νz, lopt)〉T (2.41)

The individual spectral lines of this PA line are called Voigt profiles. The area of

the Voigt profile with normalized Gaussian distribution does not change for different

Gaussian widths and is scaled with the area of the Lorentzian. This was used during

the analysis of the observed PA areas.

β can be calculated from Eq. 2.37

〈βD(T, ∆1, lopt)〉T =
2√

8VDT

〈KD
in(T, ∆1, lopt)〉T. (2.42)

The Eq. 2.42 was used for all further theoretical simulation of the one-color photoas-

sociation spectra.

2.1.6 Scattering length a

As already mentioned above the photoassociation can be interpreted as using an optical

Feshbach resonance, where the scattering length is varied by the coupling through

resonant light. From the energy-dependent scattering length α(k) Eq. 2.3 and the

scattering matrix element S0,0 (Eq. 2.8) the real part of α(k) can be derived. This



26 Chapter 2 Towards low-loss optical Feshbach resonances

Re(α(k)) is corresponding to the usual scattering length a (cf. [Fed96, Boh97, Ciu05,

Qué12]).

In the limit k → 0 the scattering length a can be expressed as

a = abg + aopt(∆1, lopt, ǫcol) = abg +
loptγ1∆1

∆2
1 + (γ1+γstim(ǫcol))2

4

. (2.43)

The scattering length a in the presence of laser light is not constant but instead depends

on the atomic properties and laser parameters. It is even possible to change the sign of

scattering length [Fed96] by choosing suitable parameters. Fig. 2.3 shows qualitatively

the variation of the scattering length a and the atomic loss coefficient induced by a

resonant light field detuned by ∆1 with respect to a PA resonance.

On resonance the contribution due the Feshbach resonance on the scattering length is

zero and depending on the detuning - red or blue - the sign is negative or positive.

Additionally the scattering length can be separately changed by the detuning and

by the intensity of the laser. Since the aopt linearly depends on the intensity of the

laser light, it can be easily modified. The biggest contribution occurs at the detuning

∆1 =
γ1 + γstim(ǫcol)

2
.

Compared to magnetic Feshbach resonances, where the strength and the detuning are

coupled by the magnetic field, the independent variation of the intensity and detuning

for the optical Feshbach resonances offers significant benefits for the scientific applica-

tions.
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Figure 2.3: Scattering length a as a sum of the background abg and opticaly induced
aopt scattering lengths and the atom loss coefficient Kin vary in dependency
of the detuning ∆1 of the PA resonant laser light.
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2.1.7 Classification of Ca resonance strength of 1S0-
3P1

The theoretical description [Fed96, Boh99] of OFR and MFR show strong similarity

thus by using the resonance length formalism it is possible to compare its strength

by a dimensionless resonance pole strength parameter sres. According to [Chi10] the

strength of the optical Feshbach resonances can be classified by

sOFR
res =

lopt

ā

~γ1

Ē
, (2.44)

where ā =
4π

Γ2(1/4)
RvdW is mean scattering length and Ē =

~
2

2µā2
is the correspond-

ing energy of the van der Waals potential with Γ being the gamma function and

RvdW =
1

2

(

2µC6

~2

)1/4

containing the dispersion coefficient C6. If sOFR
res > 1 the reso-

nance is called broad or open-channel dominated. Here the bound state and scattering

states have properties of the entrance channel over the large detuning range ∆1, there-

fore the scattering resonance is broad. The resonance is called narrow or closed-channel

dominated, when the bound state and scattering states have the same properties of the

entrance channel only over the small fraction of the width γ1. In general the broad

and narrow resonances label the resonances, which can or cannot be modelled by sin-

gle channel model [Chi10]. In the experiments, where MFR prove beneficial, a pole

strength parameter is between 1 and 100.

The ratio at the 3P1 −1 S0 transition of calcium with RvdW = 56.4 a0 and Ē = 24.4

MHz

~γ1

Ē
≈ 2.4 · 10−5 (2.45)

indicates the strong character of the narrow OFR. To bring the system in the regime

comparable to the useful MFR the strength parameter sOFR
res > 1 the laser intensity

has to be dramatically increased. A laser intensity of 5 · 103 Wcm−2 applied to the

molecular bound state v′ = −1 of molecular potential c0+
u will induce an optical length

of more than 2.2·106 a0 which corresponds to sOFR
res ≈ 1. The experiments including the

alkaline-earth metals with sOFR
res > 1 are not performed yet and are a new research field.

The high power measurements described in Chap. 2.3 with the strength parameter

sOFR
res ≈ 0.1 are close to this new regime.



28 Chapter 2 Towards low-loss optical Feshbach resonances

2.2 Experimental set-up

2.2.1 Preparation of ultracold calcium

The experiment is carried out in an ultrahigh vacuum (UHV) chamber with a typical

pressure of 2×10−10 mbar. The oven section is connected to the main chamber through

a differential pumping stage [Naz07]. The oven is filled with metallic calcium and

usually operating at temperature of 570-600 ◦C.

A cloud of the ultracold 40Ca is prepared in UHV employing the established laser

cooling and trapping methods by four different groups of the laser frequencies.

The broad singlet 1S0 −1 P1 transition resonant to the 423 nm laser is used for decel-

erating by a Zeeman-slower and deflecting by a 2D molasses system to the center of a

magneto-optical trap (MOT) as shown in Fig. 2.4.

Figure 2.4: Scheme of vacuum chamber with relevant laser beams and peripheral
devices

The slow atoms are trapped and cooled down to the ultracold temperature regime in

two subsequent stages (see Fig. 2.5).

In the first stage the blue MOT operated by the same 423 nm laser is accompanied

by a laser at 672 nm, the so-called repumper laser. The repumper closes a weak loss

channel from the 1P1-state to the 1D2-state [Lel87, Bev89] increasing the scattering
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rate of the 423 nm light. During the operation ot the 423 nm MOT, the laser at 657

nm irradiates the trapped atoms, storing the cold atoms in the 3P1 state. Due to the

repumper and 657 nm laser the number of the trapped atoms is increased by a factor

two [Deg04a]. After one second loading the blue MOT the typical atomic numbers are

(3 − 5) × 108 at temperatures of 1-3 mK.

To further reduce the atomic temperature the second stage of cooling is used, where

the 423 nm and repumper are switched off and an additional laser the quench laser

is use. The resulting force effected thouth the 1S0-3P1 transition is not large enough

to support the atoms against the gravity. Hence, in the second state the so-called

quenched narrow-line cooling is employed [Bin01b, Ste03] using a combination of the

intercombination line 1S0 −3 P1 and the quench 3P1 −1 D2 transitions to increase arti-

ficially the scattering rate. Supported by the quench laser at 453 nm the red laser at

657 nm cools and traps up to 5 × 107 atoms at 10 µK within 350 ms.

Cooling and
photoassociation

657.5 nm

Quench
transition
453 nm

Cooling
transition
422.8 nm

Repump
transition

672 nm
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Figure 2.5: Energy level diagram of calcium atom with relevant transitions

During the MOT phases two laser beams at 1030 nm intesecting at an angle of 54◦

forming a crossed dipole trap (DT) are continuously operated [Kra09, App13]. Hence

the coldest atoms attracted by the high intensity are accumulating in the crossing

center of the DT. The best transfer of more than 10% into the DT is achieved when

the center of the DT is located at the center of the second stage MOT. After switching

off the red MOT the depth of the DT potential is subsequently ramped down. Due

to this forced evaporative cooling the temperature of the cloud can be reduced further

down to a few hundred nano-kelvins. Typically about 2×105 atoms stay captured at a
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temperature of 1 µK with a maximal density of ρ ≈ 1013 cm−3 after 600 ms of forced

evaporation. The complete cooling cycle is shown in detail in Fig. 2.6.

After evaporation

N ~ (0.5 - 3 10) •
5

Tend ~  (0.2 - 4) µK

r <  10
13 -3

cm
2. stage MOT

(657 nm) 0.3 s

T = 1 µK0

1. stage MOT
(423 nm) 1 s

T = 2 mK

0.6 s

Dipole trap
Tend

PA and   etectiond

1 ms

PA pulse duration

tPA (1 )- 500 ms~

Figure 2.6: Left: ramping scheme for a cooling with followed photoassociation and
detection. Right: typical experimental values achieved according to this
scheme.

The PA pulse duration can be varied up to 500 ms depending on the experimental

purpose. The number of atoms remaining after PA is based on absorption imaging

using the 1S0 − 1P1 transition at 423 nm.

2.2.2 Laser systems

The complex laser systems have grown over long time and has been enriched by the

contributions of several PhDs. Here I give a short overview of the several self-contained

blocks.

The blue light at 423 nm with a power of about 290 mW4 is produced by second

harmonic generation (SHG) [Deg04a]. The build-up cavity for SHG in an Lithium

triborate (LBO) crystal is pumped by a commercial Titanium-Saphire-laser Coherent,

MBR 110 and its frequency is stabilized by the Hänsch–Couillaud method [Hän80].

For the experiment the blue light is separated into several beams.

The highest power of about 160 mW is allocated for the Zeeman slower beam for

decelarating the hot atoms into blue MOT with up to 5 × 108 s−1. The blue MOT

beams use about 10 mW in total separated subsequently into six laser cooling beams.

The beams intersect in the centre of the vacuum chamber creating a three dimensional

MOT. The power of individual MOT beams is balanced to form a round atomic cloud

in the centre of the quadrupole magnetic field created inside the vacuum camber by

internal coils with a current of 30 A. The typical life time of the blue MOT is about

4The laser light transmitting through a band-pass filter BG38 was measured at 423 nm with photo-

diode Thorlabs S121C 400-1000 nm
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Figure 2.7: Lock-in stabilization for the 423 nm and 453 lasers to the same non-tunable
reference cavity

1.3 sec. For the 2D deflection molasses 2 mW are spent. The detection laser uses less

than 1 mW5. A more detailed description is documented in [Naz07].

The blue light laser at 423 nm and the quench laser system (TA-SHG 100 Toptica) at

453 nm are stabilized to the same not-tunable reference cavity with a finesse of 1000 (see

Fig. 2.7). The acousto-optic modulators (AOM) in double pass configuration driven

with rf frequencies fAOM
423 and fAOM

453 are used to keep the laser frequencies resonant to
1S0 − 1P1 and 3P1 − 1D2 transitions, respectively. The stabilisation and modulation

are described in more detail by [Kah14a].

In contrast to the stablization in [Kah14a] a prism was inserted behind the resonator

to separate spatially the two frequencies in the transmitted laser beam into discrete

beams. Thus the stabilities of the locking systems could be strongly improved by

implementing individual photodiodes.

The repump light at 672 nm is produced by an extended cavity diode laser using a

HL6714G-diode. The laser is lock-in stabilised to a low-finesse cavity. Typical power

of the light before entering the chamber is 200 mW.

The red laser light for second-stage cooling is produced by an external cavity diode laser

5All values are measured in 1. orders of the corresponding AOMs with photodiode Thorlabs S121C

400-1000 nm.
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Figure 2.8: Locking scheme of the laser system at 657 nm. The blue boxes indicate
the self-contained master lasers. The ultra stable ECDL II is locked to the
ULE cavity by a PHD lock and is used as distributor for the stable light
needed for the off-set locks of ECDL I and ECDL III and for cooling in the
second stage MOT.

(ECDL). Before it it sent to the UHV chamber it is amplified by slave diode-laser. The

frequency of the laser (ECDL II in Fig. 2.8) is locked to a reference resonator made

of ultra-low expansion glass (ULE). On the basis of the Pound-Drever-Hall (PDH)

stabilization the line width of the laser is reduced to less than 1 Hz with stability of

3 × 10−15 at 100 s averaging time (see also [Deg05]). Its light transmitted through the

cavity is used for injection locking of a slave laser. The amplified light is sent to the

experiment for the second stage MOT. The combined laser powers of the 657 nm MOT

beams are 24 mW.6 Two ECDL master-lasers for PA spectroscopy are offset-locked to

the ECDL II with locking range of the first master up to 1.6 GHz and of the second up

to 40 GHz. One of the lasers (in Fig. 2.8 indicated by ECDL I) was already used for the

measurement of the photoassociation lines in the excited state potentials [Kah14b]. For

two-color PA spectroscopy an improved phase comparator with the cutoff frequency of

about 1.4 MHz was employed in its offset-lock in this work. Due to this improvement

the whole loop bandwidth of the offset locking was increased from 100 kHz to more

6The power is measured with photodiode Thorlabs S121C 400-1000 nm, before the beams are split

into six separated MOT beams.
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than 1 MHz. In Fig. 2.9 a typical beat between ECDL I and ECDL II is shown. The

resulting power in the carrier is about 92 %.7 This value is depending on the several

technical settings, e. g. on the amplification factor of the photodiode at the working

frequency, and varies in a region of a few percent at the day of the measurement.

To consider this technical influence, the intensities of the photoassociation lasers were

corrected for the value of the power transfer to the carrier peak.
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Figure 2.9: The beat between ECDL I and the ECDL II locked to the ULE cavity
shows a central peak with a typical height of 32 dB and the one megahertz
region of suppressed servo bands. The peaks inside the box left and right
result from the ECDL II itself. The spectrum was recorded by spectrum
analyser Rigol DSA 815 with RBW 1 kHz and averaged over 100 samples.

The set-up of an additional ECDL (in Fig. 2.8 indicated by ECDL III) and its imple-

mentation for two-color PA measurements was an one part of my PhD. The new laser is

off-set-locked to the transmission light of the reference cavity. The transmission light is

filtered by the ULE cavity, which one can see in the beat of the first offset lock (see Fig.

2.9), and has a line width of less 1 kilohertz8 which is sufficient for the stabilization.

7The quality of the transfer was determined as a ratio between the area under the complete beat

and a region around the carrier multiplied by 100 % (see Fig. 2.9).
8The 1 kHz width corresponds to a laser with an operating servo electronic when the trasmitted light
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The ECDL III is build in a Littman configuration with a resonator length of about

10 cm. A constant of the grating inside the resonator is
1

1.4
µm. The laser contains

the diode LD-0658-0030-AR-2, whose output face is coated with a high-quality AR

coating. The laser diode and the base plate are separately temperature-stabilized by

the individual Peltier elements. The base plate temperature stabilization can only heat

and continuously holds the temperature at 23.50◦C. The temperature stabilization of

the laser diode in combination with its current is adjusted in such a way that the gain

profile of the laser is at maximum at the operating frequency. The typical temperature

varies in range of ±3◦C around 19◦C. Depending on the temperature and wave-length

settings the laser could have an output power up to 9 mW.

The light of the master laser is separated in several beams for injection locking a slave

PA laser9 (cf. Fig. 2.8), for beating with a ECDL II beam coming through ULE

resonator and for monitoring the frequency by a wavemeter.

Figure 2.10: Scheme of the offset locking system of the second PA master laser (ECDL
III)

For the beating the frequency of the transmitted light of the ECDL II is additionally

shifted by an acousto-optic modulator (AOM) with rf-frequency νAOM to compensate

for ULE resonator shift. The complete scheme of the offset-lock is shown in Fig.

2.10. The laser beams with frequencies ν1 and ν2 are superimposed on a photodiode.

The electric oscillation corresponding to the frequency difference is detected by the

was free from any kind of additional modulation around the central frequency - the cavity shows

its low pass property (cf. [Naz07]).
9The end power before entering the UHV chamber in two-color configuration is up to 12 mW at 657

nm.
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photodiode. With 1.5 GHz bandwidth of the photodiode the target working range of

1 GHz is well covered. The amplified (+20 dB) rf-signal is split for monitoring by

a spectrum analyser and for a mixing with a local oscillator signal νLO generated by

Marconi 2024. In the mixer the sum and difference of the frequencies are produced.

The frequency needed for stabilization was selected by a band pass filter at 100 MHz.

The comparator produces a control signal proportional to the phase difference between

the input-signal and reference frequency of 100 MHz and sends it to the next device

in form of two outputs (in Fig. 2.10: out and phase). The "out" part contains the

correction signal dominated by the low frequencies, typically up to 100 kHz. The

amplified signal drives a piezo element, which compensates the changes in the laser

frequency by shifting the mirror inside the laser. And the fast frequency (above 100

kHz10) part "phase" is connected to an additionally embedded electric network in the

current driver of the laser. The function of the network is to vary the current of laser

following the "phase" input signal. Thus the complete correction insures that the laser

stays locked by set frequency inheriting the narrow line width being comparable to the

line width of the ECDL II.

A beat spectrum between the ECDL III and light coming from ULE resonator is shown

in Fig. 2.11. The central carrier peak is 32 dB high in the [-100 kHz, +100 kHz] range,

25 dB above the characteristic loop servo band peaks around ± 250 kHz. Due to the

filtered cavity frequency the spectrum does not exhibit the undesirable peaks in region

above 1 MHz only at 1.2 MHz coming from servo loop itself. The bandwidth of the

whole servo loop stabilization is 280 kHz. The most FWHMs of the features in the

spectra observed by the two-color PAS are less than 150 kHz therefore these servo loop

peaks do not influence the measurements.

The important value of the efficiency of power transfer to the carrier peak is determined

to about 90%. This value has always been respected by the determination of the PA

beam intensity.

The dipole trap laser light of about 33 W at 1030 nm is produced by Yb:YAG disk laser

pumped by diode laser JOLD-x-CAXF-6A with a maximum power of 100 W.11 The

dipole trap is constructed by intersecting the two beams at an angle of 54◦, where one

beam is tilted from the horizontal plane by 20◦ (details in [App13], [Vog09]). For the

creation of a Bose-Einstein condensate the focus point of the tilted beam was shifted

by 7 mm along its z-axis to reduce the tree-body losses [App13]. Fig. 2.12 shows a

10The bandwidth of the inserted comparator is 1.4 MHz.
11Comparad to [App13] the maximum power is increased due to replacement of the pump diode.
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Figure 2.11: Beat signal between ECDL III and light transmitted by the ULE resonator
has a central carrier peak with hight of 32 dB. The inset shows the same
spectrum with x-axis rescaled to [-0.5, 0.5] MHz. The spectrum is recorded
by spectrum analyser Rigol DSA 815 with RBW 1 kHz and averaged over
100 samples.

Figure 2.12: A x-z cut surface of a numeric simulation of the actual dipole trap with
Phor = 0.6 W and Pt = 1.2 W

numeric simulation of the intensity near the crossing point of the dipole trap according

to the configuration used in this work. The potential shape is not symmetric and
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the effective depth is also different for each axes. Therefore the simple formula for

detemination of trap frequencies published in [Vog09, App13] have to be extended to

include the shift and angle dependence of the tilted beam. This is necessary for the

accurate determination of the trap frequencies and thus the conversion of β to 〈Kin〉T.

The experimental temperature was determined from free-fall expansion of the atomic

cloud in absorption images as described in [Kah14a].

2.2.3 Trap frequencies ω1,2,3

In the harmonic part of the trapping potential the atoms oscillate with characteristic

eigenfrequencies.

The effective potential is

UCDT = Uh + Ut + Ugrav (2.46)

with Uh, Ut and Ugrav the individual potentials for horizontal and tilted dipole trap

beams and the gravitational potential. The gravitation deforms the trap potential, but

in general its influence on the trap frequencies is not significant. Therefore it will be

neglected here.

Each beam potential can be calculated as

U(x, y, z) = − α

2ǫ0 c
I(x, y, z) (2.47)

where α = h 47.25 · 10−7 V−2m2Hz is the polarizability of the calcium ground state

atoms at a wavelength of 1031 nm [Deg04b, App13], ǫ0 is the vacuum permittivity, c

is the velocity of light and the intensity of a Gaussian beam is:

I(x, y, z) = I0

(

w0

w(z)

)2

exp

[

−2(x2 + y2)

w(z)2

]

(2.48)

with

w(z) = w0

√

1 + (z/zR)2. (2.49)

Here w0 denotes the beam waist and w(z) the beam width at position z depending

on the Rayleigh length zR = πw2
0/λ. The waist of the horizontal and tilted beam are

assumed to be w0 = 32.7 µm and 33.3 µm, respectively [App13].
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Concerning Eqs. 2.48 and 2.47 the total potential of two Gaussian beams can be

calculated by adding the horizontal beam potential rotated by ϕ = 54◦ with the tilted

beam potential shifted by az

UCDT(x, y, z) =
α

2ǫ0 c
(Ih [x, (y cos(ϕ) − z sin(ϕ)), (z cos(ϕ) + y sin(ϕ))] + It [x, y, z − az]).

(2.50)

The Taylor expansion up to second order of UCDT considering only quadratic and mixed

terms of the potential in a matrix form can be rewritten as

UCDT(x, y, z) =
α

2ǫ0 c
(x, y, z)M(x, y, z)−1, (2.51)

where M is the matrix containing

M11 =
2Ih

w2
h

+
2It

w2
t

(2.52)

M22 =
2It

w2
t

+
Ih sin2(ϕ)

z2
R

+
2Ih cos2(ϕ)

w2
h

(2.53)

M33 = − 3Ita
2
zz

2
R

(a2
z + z2

R)3
+

Itz
4
R

(a2
z + z2

R)3
+

Ih cos2(ϕ)

z2
R

+
2Ih sin2(ϕ)

w2
h

(2.54)

M23 = M32 = 2Ih cos(ϕ) sin(ϕ)

(

1

z2
R

− 2

w2
h

)

. (2.55)

The elements of higher order are neglected.

After finding the eigenvector v1,2,3 of M being a linear combination of x, y and z with

the corresponding eigenvalues λ1,2,3 Eq. 2.51 can be rewritten12 as

U(v1, v2, v3) =
α

2ǫ0 c
(λ1v

2
1 + λ2v2

2 + λ3v
2
3). (2.56)

This kind of the potential has the same form as the harmonic potential of U(v1,2,3) =
1

2
m ω1,2,3 v2

1,2,3.

Equated

1

2
m ω1,2,3 v2

1,2,3 =
α

2ǫ0 c
λ1v

2
1,2,3 (2.57)

12The eigenvalues can be derived by computer algebra e.g. Mathematica and are not listed here due

to the large expression.
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the trap frequencies frequencies can be determined to

ω1,2,3 =

√

α λ1,2,3

ǫ0 c m
. (2.58)

The commonly used setting of 1 µK with Ph= 0.6 W, Pt = 1.2 W and shift az =

7 mm for PA measurements13 has resulted in the trap frequencies ω1 = 3282 s−1,

ω2 = 3220 s−1, ω3 = 638 s−1.

2.2.4 Intensity of photoassociation laser

The knowledge of the correct intensity is very important to correctly describe the

photoassociation and especially its rates. The intensity itself is a part of all calculation

and is used in the analysis of all measured spectra. Therefore I allocate this section

only for the description of its determination to highlight possible deviations.

The general formula for the peak intensity of a Gaussian beam with width w(z) along

z-axis is

I(z) =
2P

πw2(z)
, (2.59)

where P is the maximum peak power of the laser beam.

As mentioned in the earlier section it has to be reduced by factor m resulting from

spectral components that do not contribute to PA due to the limited performance of

the electronic phase-lock-loop

I(z) = m
2P

πw2(z)
. (2.60)

For the determination of the waist w0 the radii of the photoassociation laser beams w(z)

were measured as shown in Fig. 2.13. The individual
1

e2
radii w(z) were determined

from the beam profiles recorded by the CCD camera with pixel size of 6.45 µm. The

waist w0 is derived by fit with function according to Eq. 2.49, where z is propagation

direction of the PA beam and zR = πw2
0/λ Rayleigh length of light with λ = 657 nm.

The waists of the horizontal and vertical parts were determined to 52 µm and 47 µm

and the waist positions differed by 2.9 mm. I assume the average waist to (50±4) µm,

which covers the position difference with its Rayleigh length of 3.3 mm.

13For the calculation of the trap frequencies the powers of the beams have been corrected by the

factor 0.86 which contains the absorption of the optics before entering the UHV chamber.
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Figure 2.13: Measured beam radii of the photoassociation laser.

The typical average radius of the atomic cloud can be calculated from Eq. 2.38 using

the dipole trap frequencies and is about 10 µm at temperature of 1 µK. Due to the size

it is important to correctly focus the PA laser beam into the atomic cloud to achieve

the largest intensities. Special care was taken to ensure that the focus of the PA laser

beam is located at the position of the atomic cloud. To this purpose the PA laser is

set to be resonant to atomic transition 1S0-3P1 and the number of atoms in the trap

is monitored. The beam is slightly moved over the atomic cloud inducing losses from

heating the atoms in the trap. The largest losses have been observed when the waist of

the PA laser beam passes the centre of the atomic cloud. Due to the high sensitivity to

atomic loss the focus can be accurately positioned. The beam focus is moved along the

propagation beam axis by moving the focusing lens with a micrometer screw, therefore

the position is almost perfect. To find the position perpendicular to propagation the

same focusing lens was moved along x- and y- axis of the propagation beam. Due to

rough steps of the mechanics it is more difficult to locate the focus at the atomic cloud



2.3 High power photoassociation 41

position, therefore this procedure was subsequently repeated, until the atomic number

could not more be minimized. Due to the inaccuracy of this procedure I assume that

the intensity of the PA beam at the atomic cloud position could vary up to 15 %.

Additionally, from the numeric calculation of the dipole trap for different low intensities

including the gravitation force it was determined that the position of the maximal

intensity is also moved up to 5 µm away from the position of the highest power of dipole

trap. Assuming that the atomic cloud moved into the region of maximal intensity of

the dipole trap and the large difference of laser end powers the trap position can moved

by several micrometers between the settings for final temperatures 0.25 µK and 1 µK

reducing the intensity by as much as 10 %.

In the analysis of the measured PA lines I assume the laser intensity according to Eq.

2.60 and its uncertainty to 20% mostly results from the above described optimization.

2.3 High power photoassociation

As already mentioned in Sect. 2.1.7 high power photoassociation measurements with

sOFR
res & 1 have not jet been performed on the intercombination line 3P1−1S0 of alkaline-

earth metals. Due to the required high intensity it is technically difficult to achieve the

required power to operate in this regime. In this section measurements are presented

with a maximum intensity of about 600 W/cm2 corresponding to sOFR
res ≈ 0.1, which is

very close to new unexploited regime of PA. The first attempt to measure high power

photoassociation spectra was already done by M. Kahmann [Kah14a]. Here I present

new measurements at higher intensities with a more detailed analysis.

To verify the assumption of α = 0 and γ = 0 taken for Eq. 2.28 the PA spectra

were recorded at different irradiation times τ . The upper Fig. 2.14 shows the typical

photoassociation trap loss spectra of the molecular bound state v′ = −1 of the excited

state potential (a, c)1u measured with different irradiation durations τ at a temperature

of 1 µK. As expected, the atom loss increases when irradiation time increases: the

relative atom number loss at τ = 50 ms indicated by a green line increases by almost

50 % compared to the τ = 18 ms spectrum. The change of the atom number is in

good agreement with Eq. 2.30. The lower part of Fig. 2.14 presents the corresponding

atom loss coefficients β. Their shapes are almost identical for different τ confirming

the assumption taken for Eq. 2.28.

The corresponding inelastic collision rate coefficient 〈KD
in〉T indicated on the right axis is

estimated according to Eq. 2.37, where the trap frequencies ωx,y,z = (2181 s−1, 2103 s−1,
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Figure 2.14: Top: measured trap loss spectra of v′ = −1 state of the excited state po-
tential (a, c)1u in dependency of the detuning from the atomic resonance
with different irradiation durations τ = [18 ms (black rectangles), 30 ms
(red dots), 50 ms (green squares)] and laser intensity of 10.9 Wcm−2 at
the temperature of 0.8 µK. Bottom: The corresponding two body loss
coefficients β with calculated loss rates 〈KD

in〉T.

576 s−1) are calculated from Eq. 2.58 and the dipole trap volume VDT = 1.26 · 10−14

m3 with the power at the end of the ramping cycle PDT = (Ph, Pt) = (0.25 W, 1 W)
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according to Eq. 2.38.

The two-body loss coefficient β directly derived from the spectra is independent of the

radiation duration τ and the atom number N . Using Eq. 2.37 it can be converted to the

inelastic loss rate 〈KD
in〉T connecting experiment with theory. Hence β is the suitable

magnitude to compare the spectra for different PA intensities. In the following section

its dependency on the intensity will be discussed.

2.3.1 Measurement of the power broadened PA lines

The presented high power measurements are performed on the bound molecular states

v′ = −1 of the excited state potential c0+
u and v′ = −1 of the excited state potential

(a, c)1u. In the experiments the cloud of ultracold calcium atoms prepared at different

temperatures up to 3.5 µK is irradiated by the linearly polarized laser light with suc-

cessively increased intensities of up to 560 Wcm−2. During the irradiation an external

magnetic field of (263 ±10) µT parallel to the polarization of the PA laser light is

applied. The value of the magnetic field was verified by spectroscopy of the Zeemann

splitting of the atomic transition. To guarantee linear polarization of the PA laser light

the beam passes through a polarizing beam splitter before entering the UHV chamber.

2.3.2 Full width at half maximum (FWHM) of the measured PA

lines

The PA lines of the molecular bound states v′ = −1 in c0+
u and v′ = −1 in (a, c)1u in

dependency of the laser light intensity were measured. The Figs. 2.15 show the FWHM

of the measured β. These widths are broadened by different physical effects such as

the Doppler effect, thermal broadening and power broadening.

Additional simplifications are discussed to point these physical phenomena in the mea-

sured spectra.

The dotted line represents the FWHM of a line 〈β(∆1)〉calc
T which resulted only from

the Boltzmann distribution, where the individual spectral line is processed as a Dirac

delta function. This FWHM can be derived from

〈β(∆1)〉calc
T =

∫

∞

0

2

(kBT )3

√

ǫ

π
exp

(

− ǫ

kBT

)

δDirac(∆1 − ǫ)dǫ (2.61)

In the top and bottom spectra the experimental temperatures are 1.08 µK and 0.80
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Figure 2.15: Observed FWHM of observed β to the v′ = −1 in c0+
u and v′ = −1

in (a, c)1u in dependency of the PA laser intensity I1. The dotted line
indicates the width of only the Boltzmann distribution (see Eq. 2.61). The
dot-dashed line indicates the FWHM of the convolution of the thermal
and the Doppler broadening (see Eq. 2.62). The blue line indicates the
additional broadening from 〈γstim〉 induced by the coupling to the laser
field. 〈γstim〉 is a thermal average over the collision energy dependent
stimulated rates (see Eq. 2.63).

µK, respectively. Using Eq. 2.61 the thermal widths result in about 37 kHz and 27

kHz, respectively.

The next approximation for the FWHM is the convolution 〈βD(∆1)〉T between the

thermal distribution and a Gaussian with FWHM ΓD according to 2.40. This line
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shape is typical for the low intensity excitation and is a good approximation, where

the power broadening is much smaller compared to the Doppler broadening. Here ΓD

= 37.8 kHz at T = 1.08 µK and ΓD = 32.5 kHz at T = 0.8 µK, which is large compared

to the natural width of the 1S0-3P1 transitions:

〈βD(∆1)〉T =
∫

∞

0

2

(kBT )3

√

ǫ

π
exp

(

− ǫ

kBT

)

exp



−4 ln(2)

(

∆1 − ǫ

ΓD

)2




2

dǫ. (2.62)

For the top spectrum this convolution yields a FWHM of 〈βD〉T ≈ 55 kHz and for the

bottom spectrum 45 kHz.

The observed FWHM of the measured spectra in both measurements stay nearly con-

stant in the low intensity range of less than 5 Wcm−2 and are in good agreement with

the calculated FWHM of 〈βD〉T according to Eq. 2.62. This behaviour indicates that

the Doppler effect and thermal broadening is the dominating broadening mechanism

in the low intensity region.

As the intensity of the laser increases the FWHM of the measured β also increase. This

behaviour is observed by v′ = −1 in c0+
u in the high intensity region over 100 Wcm−2.

This increase of the line widths indicates that the power broadening can no longer

be neglected. The power broadening mechanism can be estimated by the stimulated

rate γstim discussed in Sect. 2.1.1. According to Wigner threshold law [Wig48] the

stimulated rate γstim depends on the collision energies ǫcol inside the thermal cloud.

In order to effectively compare the measurements it is reasonable to introduce the

thermally averaged stimulated rate 〈γstim〉14 to estimate a combined influence on the

line broadening:

〈γstim〉 = 〈γstim〉T =
√

πlopt

√
2µkBT

~
2γatom ∝ I1. (2.63)

The stimulated width is linearly proportional to the optical length, hence it is pro-

portional to the intensity of the PA laser. Therefore in the high intensity range the

line widths of the measured resonances should also increase linearly with the intensity,

while the Doppler and thermal broadening contribution stays constant.

The blue line indicates an additional contribution of 〈γstim〉 (see Eq. 2.63) to the FWHM

of the PA lines broadened by the Doppler effect and thermal contribution. In the high

intensity region over 100 Wcm−2 the measured FWHM coincide with the blue line in

14The complete derivation of the thermal averaged stimulated rate 〈γstim〉 is described in appendix 4
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terms of measurement accuracy in both measurements. From this behaviour I conclude

that the calculated and measured stimulated rates γstim are in good agreement. Hence,

the Franck-Condon densities fFCD(ǫcol) discussed in Sect. 2.1.1 correctly describe the

coupling between the bound molecular and the scattering states.

In the intensity region between 5 and 100 Wcm−2 the measured line widths deviate

slightly from 〈βD〉T, large enough. This increase can not be explained by the here

described three broadening mechanisms and indicates for additional broadening mech-

anisms.

2.3.3 Results from Voigt fits

To shed more light on the increase of the PA line widths a quantitative analysis of

the individual lines was performed. As explained in the Sect. 2.1.5 the PA resonance

can be described by the thermal averaged spectral lines, where the individual lines are

broadened through the Doppler effect. Such resonances can be calculated by using Eq.

2.41.

Due to the complexity of this description and the mutual influence of the variables I

use a simplified approximation for a fit of the observed PA spectra.

Firstly, the individual lines in such a resonance, described by the inelastic collision

rate coefficient Kin according to Eq. 2.10, are Lorentzian with the line width γL =

γ1 + γstim(k). To implement Kin into the fit routine I did some additional approxi-

mations concerning the stimulated rate γstim. To reduce the coupling between the fit

parameters in the denominator I used a constant width γstim for all collision energies

ǫi
15, which can be interpreted as the thermally averaged stimulated rate 〈γstim〉. The

√
ǫcol dependency arising from the Wigner threshold law in γstim for the low tempera-

tures is still considered in the numerator. The simplified result is

f1 =
2A

π

γL

4(x − xc)2 + γ2
L

(2.64)

where the x is the detuning and xc is the resonance position of the rovibrational level.

Secondly, the individual lines Kin are broadened by the Doppler effect. Its influence

can be approximated by the convolution of the above Lorentzian with a Gaussian with

line width ΓD = γG resulting from Doppler broadening as discussed in Sect. 2.3.2.

15This restriction of the constant widths turned out to be necessary to achieve convergence of the fit

routine after a reasonable time.
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This convolution is also contained in Eq. 2.41 and is the well-known Voigt profil. The

function f2 is an area normalized Gaussian

f2(x) =

√

4ln(2)

π

e
−

4ln(2)

γ2
G

·x2

γG

. (2.65)

For the convolution I used the fitting routine for a Voigt function called ‘voigt5.fdf’ of

the program "Origin", which is defined as

nlf_voigt(x, y0, xc, A, γG, γL) = y0 + (f1 ∗ f2)(x)

= y0 + A
2 ln(2)

π3/2

γL

γ2
G

∫ +∞

−∞

e−t2

(√

ln(2) γL

γG

)2
+
(√

4 ln(2)x−xc

γG
− t

)2 dt, (2.66)

where A is the area under the Voigt profile and y0 is an offset corresponding to the

initial β.

Thirdly, to consider the thermal distribution coming from the integration over all ther-

mal velocities contained in 〈Kin〉T (Eq. 2.27) the integral is approximated by a discrete

sum with step size δǫ to enable the usage of the complete fit function in the program

"Origin".

The final simplified fit function of the sum instead of an integral over the individual

Voigt profiles weighted with Boltzmann factors according to the thermal distribution

is

〈βD(∆c, ∆1, I1, T )〉T ∝ βD
∑ (∆, ∆c, T, B, γL, γG) =

B
∑

n

δǫ
√

n · δǫ exp

(

−n · δǫ

kBT

)

nlf_voigt(∆1 + n · δǫ, y0, ∆c, 1, γG, γL),

(2.67)

where the
√

n · δǫ factor stems from the Wigner threshold law, ∆c is the resonance

position, γL is contribution of the FWHM of the Lorentzian line and γG is the FWHM

of the Gaussian part of the Voigt profile.

The observed PA spectra were fitted with this fit routine and the fit temperatures

were compared. In general the fit temperatures are consistent between each other

and differed less than 10 % of all measurements. Compared to the fit temperatures

the measured TOF temperatures differ generally by 20 %. Due to this relative good

agreement of the temperatures I kept the fit temperatures at a fixed value to avoid
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Figure 2.16: The γLorentzian and the γGaussian of the Voigt profiles for the molecular bound
state v′ = −1 in c0+

u in dependency of the PA laser intensity are shown
in the top and bottom figures, respectively. The black empty dots are the
derived widths with the error bars adapted from the fitting routine. The
blue line represents the widths of the thermal averaged stimulated rate
〈γs〉 calculated using the FCD from Tab. 2.1. The black dash-dotted line
indicates the Doppler width ΓD at temperature 1.08 µK.

additional coupling between the fit parameters. In the analysis is Tfit = 1.08 µK for

the v′ = −1 in c0+
u and Tfit = 0.8 µK for the v′ = −1 in (a, c)1u.

The observed γL and γD of the Voigt profiles for the excited molecular bound vibrational

state v′ = −1 in c0+
u and v′ = −1 in (a, c)1u in dependency of the PA laser intensity

I1 are shown in Fig. 2.16 and Fig. 2.17, respectively.
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Figure 2.17: The γLorentzian and the γGaussian widths of the Voigt profiles to the molecular
bound state v′ = −1 in (a, c)1u in dependency of the PA laser intensity are
shown in top and bottom figures, respectively. The black empty squares
are the derived widths with the error bars adapted from the fitting routine.
The blue line represents the widths of the thermal averaged stimulated
rate 〈γs〉 calculated using the FCD from Tab. 2.1 and the dash-dotted
line indicates the Doppler width ΓD of the temperature 0.8 µK.

The advantage of the fitting routine is the relative strong separation of the influence of

the temperature/Doppler effect, which is reflected in the FWHM of the Gaussian of the

Voigt profile, and the combined influence of the intensity and several effects shortening

the life time of the bound state, which is reflected in the FWHM of the Lorentzian of

the Voigt profile. γG corresponds directly to the Doppler width ΓD allowing a direct
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comparison with the calculated Doppler width. γL corresponds to the line width of the

measured state and can be understood as γL = γ1 + 〈γstim〉.
The observed Lorentzian line widths both for the v′ = −1 in c0+

u and for v′ = −1 in

(a, c)1u stay small in the low laser intensity range less than 5 Wcm−2. Even in the

crossover region between 5 and 100 Wcm−2 the values change insignificantly. In the

high intensity region over 100 Wcm−2 the measured Lorentzian widths increase with

intensity in both measurements. This behaviour supports the theoretical prediction for

the stimulated rate widths 〈γstim〉 and the calculated values of 〈γstim〉 agree inside the

error bars. This indicates that the Franck-Condon densities (see Tab. 2.1) used in the

calculation are correct, even in the investigated high intensity region.

The Gaussian widths in both measurements tend to be larger than the calculated

Doppler width ΓD. They stay roughly constant in contrast to the Lorentzian width for

all intensities. In the crossover intensity region the increasing FWHM of the measured β

correlates with the simultaneously increase of the Gaussian widths. Since the Gaussian

correlate with the Doppler and temperature effects, the relative change of 25% of the

widths in the crossover region could be interpreted as the temperature variation due

to elastic collision during the PA.

2.3.4 Inelastic collision rate coefficient Kin

The two body loss rate coefficient β derived from the measured spectra was compared

with the theoretical inelastic collision rate coefficient 〈KD
in〉T to investigate the validity

of the influence of theoretical description of the high intensity laser light on the inelastic

scattering rate in the dipole trap.

For the comparison the experimental inelastic collision rate coefficient 〈KD
in〉T were

derived from the observed two body loss rate coefficient β using Eq. 2.42 by considering

the geometry of the dipole trap contained in the effective volume Eq. 2.38. The

effective volume was derived individually for every dipole trap depth at the day of the

measurement.

In Tab. 2.3 the calculated VDT are given for the measurements of the PA lines v′ = −1

in c0+
u and v′ = −1 in (a, c)1u. As already mentioned above, the TOF temperatures

and the fit temperatures differed by up to 20 %. To consider this discrepancy I compare

PA spectra at low intensity with the same TOF temperature with the temperatures

derived by the fit routine (see Eq. 2.67), while the fit temperature was not fixed. This

is a regime, where only Doppler and temperature broadening are relevant and other
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v′ = −1 in (a, c)1u v′ = −1 in c0+
u

T (µK) 0.4 (0.45) 0.8 (1.0) 1.8 (2.2) 1.08(1.08) 3.35(3.35)

(Ph, Pt) (W) (0.15, 0.5) (0.25, 1.0) (0.5, 2.0) (0.6, 1.2) (1.2, 2.0)

3
√

ωxωyωz (s−1) 1036 1383 1955 1890 2589

VDT (x10−15 m3) 10.2 12.6 15.1 7.8 16.5

Table 2.3: Calculated effective volume VDT for different geometries at the day of mea-
surements of v′ = −1 in c0+

u and v′ = −1 in (a, c)1u. Temperatures T and
the TOF temperatures in brackets are listed in second line. T were used to
calculate VDT. The mean trap frequencies with corresponding end powers
Ph and Pt in the horizontal and tilted beams of the dipole trap at the end
of the ramping cycle are listed in third and second lines, respectively.

broadening do not contribute to the total line width. Considering the power of the

dipole trap at the end of the ramping cycle the used temperature was estimated.

For example in the measurement of the v′ = −1 in c0+
u the mean value of the fit

temperatures for the measurements with TTOF = 1.08 µK is also 1.08 µK in the low

intensity PA spectra. In contrast, the mean value of the fit temperatures for the mea-

surement of v′ = −1 in (a, c)1u with TTOF = 1.0 µK is only 0.6 µK in the low intensity

PA spectra. Additionally the corresponding power of dipole trap is lower indicating

the effective temperature lower than 1.0 µK. Therefore I used for the determination of

VDT the averaged temperature T = 0.8 µK. All used temperatures were estimated by

this consideration.

The maxima of the two body loss coefficients β from the measurements of v′ = −1 in

c0+
u and v′ in (a, c)1u are shown in the left y-axis in the top and bottom Figs. 2.18,

respectively. The corresponding derived values of the inelastic collision rate coefficient

〈KD
in〉T calculated using conversion Eq. 2.38 are shown in the right y-axis.

The theoretical 〈KD
in〉T calculated according to Eq. 2.41 with corresponding 〈βD〉T

converted by Eq. 2.38 using the parameters derived experimentally are indicated by

the red lines.

The measured β linearly increase with PA laser intensity in both measurements. Only

the PA line v′ = −1 in c0+
u potential shows a saturation behaviour in the high intensity

region.

Comparable to the measured β the corresponding theoretical β represented by the

red lines increase linearly in the low intensity range of less than 10 Wcm−2, but are

significantly larger by the factor of 16 in both measurements. In the range of the
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Figure 2.18: The observed two body loss coefficients β with the corresponding inelastic

collision rate coefficient 〈KD
in〉T for the measurements of the v′ = −1 in

c0+
u and v′ = −1 in (a, c)1u in the dependency of the PA laser intensity

I1 are shown in top and bottom figures, respectively. The red lines in-

dicate β’s calculated using Eq. 2.42 and theoretical values of 〈KD
in〉T Eq.

according to 2.41.
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intermediate intensities they saturate and at the high intensities even decrease. This

behaviour of the calculated values in the low intensity range show that the theoretical

formalism overestimates the experimental losses. At intermediate and high intensities

the theory does not correctly describe the experimental photoassociative losses.

2.3.5 Spectral line areas

The observed two-body loss coefficients β are affected by the Doppler effect thereby

complicating the analysis. An alternative approach tries to exclude the influence of the

Doppler effect by analysis of the spectral area under the measured β. The principle

is based on the constancy of the spectral areas. The Doppler effect broadens the PA

resonances, but the area under the resonance does not change [Mes99]. This feature

is also contained in the Voigt profile used for description of the Doppler broadened

spectral lines, where the Gaussian only changes the shape of the complete Voigt profile

leaving the area unaltered. For example for the used Voigt profile in Eq. 2.66 the

function f2 is a normalized Gaussian with the spectral area of 1 and the parameter A

of the function f1 is equal to the area of the Voigt profile, which at the same time scales

with the Lorentzian area only. This property is contained also in the Gaussian of Eq.

2.41, the area under the Doppler Gaussian is always constant. Therefore the change of

the spectral area at a constant temperature T is affected only from the changes of the

Lorentzian in Eq. 2.41, which is proportional to the changes of the 〈Kin〉T in Eq. 2.41.

The top and bottom Figs. 2.19 show the observed spectral areas for v′ = −1 of c0+
u and

v′ = −1 in (a, c)1u , respectively, indicated by the black dots in dependency of the PA

laser intensity.

Instead of Eq. 2.42, which can be used to determine the complete PA lines shape and

their area, the spectral areas were derived by the fitting function nlf_voigt of "Origin"

to reduce the analysis to a reasonable time.

The calculated areas indicated by the red solid line in Fig. 2.19 were derived according

to Eq. 4.18 as Area(β) =
2√

8 VDT

Area2(〈KD
in〉T) (see Appendix 4).

The values of the observed areas linearly increase in the low and intermediate intensity

region in both measurements. At high intensities the area of v′ = −1 in (a, c)1u satu-

rates.

Comparable to the measured areas the calculated values linearly increase and are larger

by the factor 16 in the low intensity region in both measurements. In contrast to the

experimental areas they saturate already in the middle intensity range. Therefore I
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Figure 2.19: Areas under the measured lines of v′ = −1 in c0+
u (top), v′ = −1 in

(a, c)1u(bottom) are shown in dependency of the PA laser intensity. The
spectral areas are represented by two scales, one in (Hz/s) directly derived
from the measured β spectra and the corresponding 〈KD

in〉T (Hz m3 s−1)
scale converted by considering the dipole trap geometry. The red solid
lines represent the calculated areas.

conclude that even when excluding the Doppler effect the resonant scattering theory

is not reproducing the measured rates, especially in the high intensity region.
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2.3.6 FWHM and β at different temperatures

Furthermore, the dependency of the two-body loss rate β of the temperature of the

atomic cloud was investigated for PA to the bound molecular state v′ = −1 in (a, c)1u.

The top part of Fig. 2.20 shows the measured spectra at different temperatures. These

measured spectra were recorded at low intensity of about 11 Wcm−2 to prevent addi-

tional high-power effects.

As expected the thermal broadening increases the width proportional to T according

to the Boltzmann distribution. Also the maxima of the spectra decrease as the temper-

ature increases. This behaviour results from the Voigt profile of individual lines, where

the area under an individual spectral line stays constant. This behaviour is expected

for the spectral areas at low intensities for the different temperatures (see Eqs. 4.15

and 4.18). This is confirmed by the areas in Tab. 2.4.

T (µK) 0.2 0.4 0.8 1.8 2.5

Area (s−1Hz) 16(3) 19(3) 16(3) 12(3) 15(3)

Table 2.4: Derived areas of v′ = −1 in (a, c)1u for different temperatures irradiated
with I1 = 11 Wcm−2

In addition the measured spectral lines were fitted by a single Gaussian to investigate

the line shape. The Gaussian fits can not consider the slightly asymmetrical shape

typical for the thermal broadened spectral lines. This asymmetry is clearly visible in

the high temperature spectra, where the right wings at low collision energies at the

right hand side can not fitted by the single Gaussian.

In the bottom Fig. 2.20 the derived maximal coefficients β are shown for low and high

intensities of the 11 Wcm−2 (black squares) and 588 Wcm−2 (circles), respectively. As

expected, the observed β decrease approximately linearly with increasing temperature.

The corresponding green and red lines are calculated according to Eq. 2.42 for the

low and high intensities. The slopes of the calculated lines reproduce the slope of

the measured β in both measurements indicating a correct dependency between the

temperature and the measured losses β. However the absolute values again show a

deviation of a factor of 16. The obvious matching at high intensities is probably

fortuitous when the decrease of the theoretical value of the maxima in Fig. 2.18 at

high intensity is taken in account. The behaviour of the calculated two-body loss

rate coefficients 〈βD〉T for the temperature dependency reproduce the behaviour of

the maxima and the areas discussed in Secs. 2.3.4 and 2.3.5, where the losses at low
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Figure 2.20: Top: the observed spectra of bound molecular state v′ = −1 in
(a, c)1u with the single Gaussian fits (solid lines) irradiated with inten-
sity of about 11 Wcm−2 at different temperatures. The spectra are not
corrected for the ac-Stark shift of the DT laser. Bottom: β for intensi-
ties of 11 Wcm−2 (squares) and 588 Wcm−2 (circles) in dependency of the
temperature. The green and red lines indicate calculated values according
Eq. 2.42 for 11 Wcm−2 and the red line for 588 Wcm−2, respectively.

intensities are larger by a factor of 16.

Additionally the PA line FWHM of the molecular bound states v′ = −1 in c0+
u and

v′ = −1 in (a, c)1u in dependency of the temperature were evaluated (2.21).
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Figure 2.21: Observed PA line widths of the molecular bound states of the v′ = −1 of
c0+

u (top) and v′ = −1 in (a, c)1u (bottom) irradiated by two intensities
of about 11 Wcm−2 (black squares) and 560 Wcm−2 and 589 Wcm−2 (red
dots) in dependency of the atomic cloud temperature. 〈βD〉T is the typ-
ical FWHM of the Doppler broaden PA line calculated according to Eq.
2.62 for low laser intensity. The red line 〈βD〉T for the high intensity is
calculated according to the Eq. 2.42

The black squares indicate the FWHM observed at low intensity of about 11 Wcm−2,

where the shape of observed PA line is dominated by the Doppler and thermal broad-

ening. The corresponding theoretical FWHM calculated according to Eq. 2.62 are

indicated by the black dashed lines. In both measurements the calculated FWHM of

the Doppler broadened PA lines reproduce the slope of the observed FWHM and the



58 Chapter 2 Towards low-loss optical Feshbach resonances

absolute values.

The FWHM measured in the high intensity regime are indicated by the red dots. The

red lines are the corresponding theoretical values calculated using Eq. 2.42.

The calculated line widths follow the measured spectral widths. Therefore I assert

that the temperature dependency of the line widths at high intensities is also correctly

considered.

The upper analysis shows clearly that the temperature influence, which corresponds

to the Doppler and thermal broadening, is correctly described by the used resonant

scattering theory even at high intensities.

2.4 Prospects for large modification of the scattering

length a

Many applications of cold quantum gases can benefit from a modification of the scat-

tering properties (see [Gri05]). Photoassociation can be used to modify the interaction

properties by coupling to near resonant light. These optically induced changes of the

scattering length for an isolated resonance can be calculated from scattering matrix

element S0,0 as in Eq. 2.43

a(∆1, lopt, ǫ) = abg + aopt(∆1, lopt) = abg +
loptγ1∆1

∆2
1 + (γ1+γs(ǫ))2

4

. (2.68)

The biggest changes occur at the detuning ∆1 =
γ1 + γstim(ǫ)

2
. Unfortunately at this

detuning the losses are still substantial (see Fig. 2.22).

For large detuning, the photoassociative losses are inversely proportional to the square

of the detuning, at the same time the change of the scattering length is only inversely

proportional to the detuning. Hence a large change in scattering length can be induced

at relatively small detuning with respect to a rovibrational resonance without producing

large photoassociative losses.

The alkali elements have in general broad PA lines, therefore it is not possible to detune

from one PA line without approaching other resonances. The molecular intercombina-

tion lines of Sr are about 14 kHz wide, but they lie very close to each others. Thus the

theoretical description of the isolated resonance would be not valid here. In contrast

to them, the calcium intercombination lines of 748 Hz are very narrow and lie several
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MHz from each other, therefore it should be possible to detune sufficiently far away

from one resonance and still remain far detuned from all other lines. I use this fact

to estimate useful setting for the induced significant large aopt without considerable

losses.

As shown in earlier sections, even at high intensities the stimulated rate γstim and the

corresponding optical lengths are correctly described by the calculated Franck-Condon

densities given in the Tab. 2.1. Therefore they can be used to estimate the scattering

length changes induced by the PA laser.
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Figure 2.22: Measured β of v′ = −1 of c0+
u irradiated by 560 Wcm−2 in dependency

of the detuning ∆1 (black dots) and calculated scattering length a for
collision energy ǫcol/kB = 1 µK (red solid line). The red dashed line is
the s-wave scattering length abg = 308.5 a0. The blue solid line is the
calculated two body loss coefficient 〈βD

calc〉T according to Eq. 2.42 with
height adjusted to the experimental β.

Fig. 2.22 shows a measured PA spectrum of v′ = −1 in c0+
u taken at a temperature

of 0.7 µK with a PA laser intensity of 560 W/cm2 together with the corresponding

calculated 〈βD〉T and scattering length a.

As already shown in the earlier section the experimental β at the low intensities are
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∆1 (MHz) -1 -0.8 -0.5 -0.25 0.3 0.5 0.8 1

ǫ/kB = 0.5 µK -161 -200 -313 -585 572 340 211 168

aopt (a0) ǫ/kB = 1 µK -158 -194 -298 -521 590 351 215 171

ǫ/kB = 2 µK -150 -183 -270 -423 626 371 225 177

3x〈KD
in〉T (x10−18 m3s−1 ) 0.4 0.6 1.40 4.98 4.64 1.66 0.64 0.4

Table 2.5: Calculated induced scattering length aopt for collision energies ǫ/kB = (0.5,
1, 2) µK according to Eq. 2.42 for I1 = 560 Wcm−2 with 〈KD

in〉T increased
by a factor 3 from Fig. 2.22.

smaller than the theoretical values by the factor 16. In contrast at the high intensities

(in Fig. 2.18) the observed β are large compared to the theoretical ones. At the

intensity of 560 Wcm−2 the theoretical value need to be increased by the factor 3. In

the Fig. 2.22 the blue solid line indicates the calculated spectral line 〈βD
calc〉T using Eq.

2.42 and increased by the factor 3 fitting the measured β.

The red solid line indicates the corresponding calculated scattering length for a colli-

sion energy ǫ/kB of 1 µK according to Eq. 2.43. The red dashed line indicates the

background scattering length of 308 a0. In the interesting detuning ranges of low losses

∆1 < -250 kHz and ∆1 > 300 kHz the scattering length a = abg + aopt reaches large

values up to 800 a0 and goes down to -200 a0. At ∆1 ≈ 0.5 MHz it becomes zero.

Comparable values for the induced optical contribution aopt is calculated for collision

energies of 0.5 and 2 µK. In Tab. 2.5 the aopt for reasonable detuning values are listed.

The calculated values are comparable at the identical detuning ∆1 in the range over

500 kHz. This indicates the similar influence of the near resonant laser light on the

individual collision energies, which could be advantageous for the further application.

Additionally 〈KD
in〉T is derived from the 〈βD

calc〉T by using VDT = 4.05·10−15 m3.

To understand the influence of the irradiation duration τ the relative atom number

calculated for different τ using Eq. 2.32 with adjusted 〈βD
calc〉T are shown in Fig. 2.23.

This calculation shows that it is already technically possible to modify the scattering

length in the relative large range from -200 a0 to 800 a0, but the irradiation duration

τ needs to be less than 50 ms to preserve more than 50 % of the atoms after PA. To

reduce the losses it is useful to reduce the temperature of the atomic cloud (see Figs.

2.20 and 2.21).
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Chapter 3

Two-color photoassociation of ultracold

calcium

Several molecular properties of 40Ca [Kah14b, Tie15] like the binding energies of the

excited potential, its dispersion coefficients C6, C8 and molecular g factors are already

estimated, by the one-color photoassociation. They lead to an understanding of in-

teraction between the ultracold calcium atoms in the excited states. In comparison

to one-color PA, the two-color PA via an excited molecular state allows to probe the

interaction between the atoms in their electronic ground state. Two-color PA has

been already used for the investigation of binding energies and scattering lengths of

the alkaline atoms Li [Abr97], Na [vA99], K [Wan00], Rb [Tsa97], Cs [Van04], and

more recently for systems with two valence electrons He∗ [Kim04], Sr [MdE08] and Yb

[Kit08].

In this chapter the detailed results of the publication [Pac17] are presented submit-

ted recently to Physical Review A. This is the collective effort of the Ca group at

Physikalisch-Technische Bundesanstalt (PTB) and Prof. Eberhard Tiemann, who

made all required calculation for the determination of the molecular potentials and

the optical transition rates.

The measurement of the four least bound molecular states in the ground potential

X 1Σ+
g is presented. This measurement complements the short range ground-state po-

tential determined by molecular spectroscopy [All03] that provided information about

the interaction potential up to 2 nm internuclear separations.

The newly observed levels with binding energies up to 8.2 GHz with respect to the
1S0 + 1S0 asymptote were used for precise determination of the long range behavior of

the interaction and for estimation of the s-wave scattering length a that plays a key

role for the elastic scattering properties of 40Ca at ultralow temperatures [Kra09].

In a complementary measurement the molecular dipole matrix element for a particular
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transition between vibrational states in the electronically excited and the ground state

potential is determined from the Autler-Townes splitting created by coupling of these

states with a resonant laser field.

3.1 Theoretical description of two-color

photoassociation

The PA-spectra are evaluated using the theoretical model developed by Bohn and

Julienne [Boh96, Boh99]. It considers a pair of colliding atoms with a kinetic energy

ǫ of relative motion in the presence of two light fields with frequency ω1 and ω2. The

Fig. 3.1 shows the scheme of the two-color PA used in the measurement. The green

and black lines indicate the excited and ground state potentials. The grey rectangle

indicates the thermal energies of colliding atoms.

The frequency ω1 of the first laser is tuned closely to a bound molecular resonance used

as an intermediate state to induce the coupling between an excited rovibrational state

|1〉 to the scattering state |ǫ〉. The detuning from this intermediate state is ∆1, i.e. for

∆1 = 0 the light field is in resonance with the free-bound transition for collision energy

ǫ = 0.

The second laser with frequency ω2 drives the bound-bound transition between states

|1〉 and |2〉. The combined two-color-detuning with respect to the ground state bound

level located ~ · ∆b < 0 below the ground state asymptote is given by ∆2 = ∆b − (ω1 −
ω2). Hence the two-color resonance at ǫ = 0 corresponds to ∆2 = 0.

According to the resonant scattering theory [Boh99] the calculation of the two-color

transition splits into three channels with scattering matrix elements Sǫǫ, Sǫ1 and Sǫ2,

which can be interpreted as elastic scattering between the neutral atoms themselves

(Sǫǫ), with losses from a excited state |1〉 (Sǫ1) and losses from the bound molecular

state |2〉 (Sǫ2), respectively. Considering the Raman configuration employed in this

work and assuming an infinite life time of the bound molecular state in ground potential

the matrix element Sǫ2 can be neglected.

Thus on the two-color resonance, the main loss mechanism results from excitation to the

intermediate state |1〉, from where the photoassociated molecules decay spontaneously

and produce atoms with high enough energy, which could escape from the dipole trap.

For samples at µK temperatures only s-wave scattering is important, and the proba-

bility for a two-color PA loss from the input scattering channel |ǫ〉 to the excited state
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Figure 3.1: Schematic overview of the two-color PA process featuring the involved
molecular potentials of Ca2, using intermediate states near the 1S0 + 3P1

asymptote (λ = 657 nm).

|1〉 is given by the squared scattering matrix element |Sǫ1|2 [Boh99]:

|Sǫ1|2 =
γ1γstim∆′

2
2

(∆′

1∆′

2 − Ω2
12)2 + ((γ1 + γstim)∆′

2/2)2 (3.1)

with ∆′

2 = ∆2 − ǫcol/~ and ∆′

1 = ∆1 − ǫcol/~ + δ1. Here γ1 denotes the decay rate of

the upper molecular state for all possible decay channels, δ1 ·~ corresponds to the light

shift of the molecular level |1〉 induced by laser 1, the stimulated rate γstim is described

in detail in the theoretical part of the one-color PA, and

Ω12 =
1

~

〈

1|V (2)
opt |2

〉

(3.2)

is the molecular Rabi frequency between states |1〉 and |2〉 by laser 2, with V
(i)

opt cos(ωit) =

−d(R) · Ei(t), where d(R) denotes the molecular transition dipole operator and Ei =
√

2Ii/ǫ0c the amplitude of the electric field of the laser (i): Ei(t) = Ei cos(ωit). The

experimental measurement of the Rabi frequency is described in Sect. 3.2.5.

The inelastic loss rate coefficient Kin for a thermal atomic cloud can be calculated on

the basis of this scattering matrix element Sǫ1 by integration over all individual spectral

lines weighted by the Boltzmann distribution as follow [Boh99]:
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〈Kin (∆1, ∆2)〉T =
1

hQ

∫

∞

ǫcol=0
dǫ|Sǫ1|2 exp

(

− ǫcol

kBT

)

(3.3)

where QT =

(

2πµkT

h2

)3/2

is the partition function for the atomic cloud at temperature

T and µ is the reduced mass of the molecule.

In contrast to the one-color PA the Doppler broadening of the individual two-color PA-

lines is less than 1 Hz and thus completely negligible. In the experiment the PA beams

are coming from the same direction cancelling Doppler shifts due to the difference from

the absorption and emitting of the two photons. Therefore no Doppler effect is included

in the calculated PA lines.

Thus, assume that all molecules photoassociated to state |1〉 will decay to unbound

atom pairs with enough energy to leave the dipole trap, comparable to the one-color

PA. The total loss of atoms can be described by the differential equation

ρ̇ = −αρ − 2〈Kin〉Tρ2, (3.4)

where ρ denotes the local density of atoms inside the trap, α the loss rate from collisions

with background gas and K the loss rate for PA-induced losses. In our experiment only

short irradiation times τ compared to the unperturbed trap lifetime α−1 were used, thus

inelastic scattering with background gas can be neglected i.e. α ≈ 0. Comparable to

one-color PA the theoretical two-body loss coefficient β can be calculated from 〈Kin〉T

by the same conversion Eq. 2.37.

3.2 Measurement of PA lines in X 1Σ+
g of Ca2

3.2.1 Experiment

The ultracold calcium atomic cloud is prepared at a temperature of about 1 µK in

UHV of about 2 · 10−10 mbar following the cooling scheme described in Sec. 2.2. The

calcium atoms conserved in the DT are irradiated by two linear polarized laser beams

coming from same single-mode optical fibre to guarantee that the beams stay well

overlapped and that they come from the same direction.

To specify the quantisation axis of the transition a magnetic field B = 0.263 mT

is applied parallel to the polarization of the PA lasers light. Due to the Zeemann
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splitting of the intermediate state this condition additionally ensures that only the

desired transition to M=0 component are induced.

The irradiation durations of 200 ms were typically used for the PA spectroscopy in

Raman configuration.

The two-color PA spectra of the four least bound rovibrational states (v, J) in the

potential X 1Σ+
g are observed. Depending on the better transition rate the bound

states v′ = −1 in (a, c)1u or v′ = −1 in c0+
u were used as the intermediate states.

The precise positions of these intermeadiate states were taken from [Kah14b]. During

the measurement the laser 1 was detuned by either ∆1 ≈ +1 MHz or -1 MHz from the

intermediate state (see Tab. 3.2).

3.2.2 Observed PA lines

To reduce the analysis time of the measured PA spectra the theoretical line profile was

approximated according to Eq. 3.3 for the Raman scheme.

The matrix element |Sǫ1|2 has two extrema: a minimum at ∆′

2 = 0 and a maximum

at ∆′

2 = Ω2
12

∆′

1
, where the individual spectral line for a collision energy ǫ is located.

Expressing Eq.3.3 in terms of the detuning from this maximum, i.e. ∆′′

2 = ∆′

2 − Ω2
12

∆′

1

and assuming to stay in the vicinity of the maximum far away from the minimum

(∆′′

2 ≪ Ω2
12

∆′

1
), the individual line shapes for a fixed collision energies can be approximated

by a Lorentzian:

|Sǫ1(∆2)|2 ≈ A

(∆2 − δshift)2 + (ΓL/2)2
(3.5)

with parameters A, δshift, ΓL that can be related to the experimental parameters:

ΓL =
Ω2

12(γstim + γ1)

4(∆1 − ǫcol/~ + δ1)2
, (3.6)

δshift = ǫcol/~ − Ω2
12

4(∆1 − ǫcol/~ + δ1)
, (3.7)

A =
γstimγ1Ω4

12

16(∆1 − ǫcol/h + δ1)4
. (3.8)

According to the Wigner threshold law the stimulated width is depending on ǫcol as

γstim = 2loptγ1k ∝ √
ǫcol [Wig48]. Under the experimental conditions, where ∆1 is
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much larger than γ1, γstim and Ω12, the deviation between the Lorentzian and the true

individual line shape is only marginal and thus can be neglected when performing the

thermal averaging over collision energies ǫcol. Furthermore, in the fit the shift connected

with the collision energy ǫcol of Eqs. 3.6, 3.7, 3.8 is neglected in the denominator,

because its contribution is small compared to ∆1 + δ1.

These approximations allow an efficient modeling of the thermally broadened measured

spectra. Similar to one-color PA [Jon99], during the fit routine the integral of the

thermal average (Eq. 3.3) is approximated by a sum of spectral lines evenly spaced by

δǫ ≈ hΓL/3:

〈Kin〉T ≈
n
∑

i=0

e−i· δǫcol/kBT |Sǫ1|2 δǫcol (3.9)

and leads to the thermal averaged two-body loss coefficient

〈β〉T = Aeff
n
∑

i=0

e−i· δǫcol/kBT

√
i · δǫcol

(∆2 − i · δǫcol − ν0)2 +

(

ΓL

2

)2 δǫcol. (3.10)

The number n of individual lines i was chosen to be large enough to cover the entire

line profile. The parameter Aeff in the Eq. 3.10 describes combined scaling of the

theoretical profiles to the recorded spectra and correlates with parameter A in Eq. 3.8,

ν0 is the resonance position inclusive laser light shifts.

During the fitting the
√

ǫ dependency of the γstim = 2loptγ1

√
2µǫ

~
with γ1 = 2γa in the

Eq. 3.6 leads to non-physical values of the fit parameter {lopt, T , Ω12}, thus the energy

independent ΓL was used. With the energy independent ΓL it was possible to fit the

measured PA line much better. This behaviour points towards a larger width of the

excited state γ1. A similar effect of enlarged molecular decay rates has been reported

for PA spectra of 88Sr [Zel06]. Therefore the energy independent ΓL was taken into

account.

Three spectra of the most weakly bound state v = 40; J = 0 in X 1Σ+
g , where J

denotes the total angular momentum of the state, for different experimental parameters

and their respective fitted lines shapes are shown in the top of Fig. 3.2. All spectra were

taken at a temperature of T = 1.15 µK determined from time-of-flight measurements.

The level v = −1; Ω = 0 has been used as the intermediate level in the Raman

configuration with the large detuning ∆1 ≈ +1 MHz. The observed spectral lines
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Figure 3.2: Top: atom loss from the crossed dipole trap due to two-color PA as a func-
tion of the difference of the two laser frequencies for the most weakly bound
molecular state in the ground state potential X 1Σ+

g v = 40; J = 0 us-
ing v′ = −1; Ω = 0 as the intermediate level. Spectra for three
different PA-intensities are shown together with their respective fit curves
and their derived resonance positions indicated by vertical lines. The green
dots, black diamonds, red triangles correspond to I1 = (45, 118, 45) Wcm−2,
I2 = (18, 18, 14) Wcm−2 and the dotted, dashed, and dash-dotted lines, re-
spectively. The solid line at -1.601 MHz indicates the unperturbed binding
energy. All measurements were performed at a temperature T of ≈ 1 µK.
The bottom Fig. shows the spectra of the corresponding loss coefficients β
as a function of the detuning ∆2 calculated according to Eq. 3.10
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I1 (Wcm−2), I2 (Wcm−2) ν0 (kHz) ΓL (kHz) Aeff
(

m3

1060J3/2s

)

T (µK) ΓcalcL (kHz)

45, 18 (green curve) -1609 6.0 1.7 0.81 3.4

118, 18 (black curve) -1642 9.3 4.8 0.87 8.8

45, 14 (red curve) -1616 4.6 1.0 0.83 2.6

Table 3.1: The fit parameters to the measured PA spectra shown in Fig. 3.2 and ΓcalcL

calculated for ǫcol/kB = 1 µK according to 3.6 assuming δ1 = 0.

show the typical asymmetric thermal broadening that is a characteristic feature of

photoassociation spectra, when the Doppler broadening is much lower than the thermal

broadening.

The influences of the laser intensities on the individual spectral lines can be observed

from the corresponding loss coefficients β in the dependency of the detuning ∆2 (see

3.2).

The black (diamonds, dashed line) and green (circles, two dot dashed line) spectra

were obtained by two different intensities I1 of the free-bound transition laser. The

higher free-bound PA intensity during the measurement of the black curve leads to the

change of the position ν0 corresponding to the ac-Stark shift resulting from the laser 1,

which is contained in ∆′

1 in the Eq. 3.7. The corresponding fitted linewidths ΓL (see

Tab. 3.1) increase from 6.0 kHz to 9.3 kHz while the fit temperature remains nearly

constant. The change of the fit widths ΓL can be explained by the increasing of the

stimulated rate γstim from 13 kHz to 34 kHz due to the increasing of intensity I1. The

behaviour is confirmed with the variation described in Eq. 3.6, where the increasing

of γstim leads to the larger ΓL. In the same way the Aeff increases by a factor about
4.8

1.7
≈ 2.8 though the increase of γstim by

34

17
≈ 2.6, this is connected to the linearity of

the γstim in Eq. 3.8.

In the same way a decrease of bound-bound laser intensity I2, which is connected with

the Rabi frequency Ω12, leads to the lowering of the ΓL from 6.0 kHz to 4.6 kHz. This

behaviour is reproduced by decreasing of Ω12 from 525 kHz to 464 kHz in the Eq. 3.6.

The parameter Aeff decreased by 1
1.7

≈ 0.59 is comparable to the factor (
464

525
)4 ≈ 0.61

calculated from the Ω12. This fact reflects, that the B loss parameter increases with

the forth power of Ω12 as shown in Eq. 3.8.

Generally the fit parameters reproduce the theoretical behaviour for individual PA

linewidth and PA rates. The width ΓL of individual lines for fixed energy ǫ are com-

parable to the theoretical model Eq. 3.6 with the values extracted from fitting the
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spectra.

The sample temperature determined by the fit is always underestimated by about 20%.

Fortunately, the resonance position determined by the fit is very robust against changes

in the fit parameters ΓL, δ, B, T and is mostly determined by the steep edge, that is only

a few kHz wide (see Fig. 3.2). Thus the ν0 resonance position of the molecular level is

determined with high reliability. To use the fitted resonance positions ν0 for the zero-

intensity extrapolation their uncertainties were estimated by the following procedure.

One after another the fitting parameters were individually set constant. To these values

the fitting routine estimated the maximal corresponding shifts of the resonance position

ν0. The parameter was varied until its realistic individual uncertainty was determined.

Subsequently the total uncertainty of every resonances ν0 was estimated as sum of all

shifts induced by the fitting parameters.

3.2.3 Unperturbed binding energies

To determine the binding energy ∆exp
b of the unperturbed states the measured PA

spectra were corrected for the thermal shift and the shifts due to the ac-Stark effect

of all involved lasers: free-bound laser, bound-bound laser and dipole trap laser. The

shifts were independently derived from the measurements of the resonance positions

ν0 by usage of the above described fitting routine at different intensities. These shifts

were subsequently extrapolated to zero intensity as shown in Figs. 3.3-3.6.

The PA laser intensities used in the measurement were determined as described in the

Sect. 2.2.4 according to Eq. 2.60.

In Figs. 3.3-3.6 the experimentally measured resonance positions indicated as the

black circles were weighted with the uncertainties derived using the above described

procedure. The zero-intensity position ν0,n and the shift bn were derived from the linear

regression

νn(In) = ν0,n + bn · In (3.11)

indicaled by the red lines, where n is laser 1, 2 or DT, and In and bn are the intensity

and the slope for the ac-Stark shift of the corresponding laser n, respectively. The

corresponding 1-σ region along the extrapolation is calculated from the covariance

matrix of the fit [GUM08]:



σ2
ν(In) = σ2

ν0,n
+ I2

n · σ2
bn

+ 2 · In · Cov(ν0,n, bn). (3.12)

The zero-intensities positions ν0,n and corresponding slopes bn were used to calculated

the position 1ν0 of the unperturbed state as follow

1ν0 = ν0,1 + b2I2 + bDTIDT. (3.13)

From the data, the extrapolation to zero intensity of the lasers can performed in dif-

ferent order:

1. 1ν0 = ν0,1 + b2I2 + bDTIDT (3.14)

2. 2ν0 = ν0,2 + b1I1 + bDTIDT (3.15)

3. 3ν0 = ν0,DT + b1I1 + b2I2. (3.16)

Therefore the final position ∆b of one line was taken as the arithmetic mean value

∆b =
1ν0 +2 ν0 +3 ν0

3
. (3.17)

and the final uncertainty σtotal of the state as

σb =
√

1σ2
ν0,1

+2 σ2
ν0,1

+DT σ2
ν0,1

(3.18)

from the uncertainties σa determined from the linear regressions.

The final position ∆b of the v = 38 J = 2 and v = 40 J = 0 were determined using a

single set of measurement (see Tab. 3.2)

The final positions of v = 39 J = 0 and v = 39 J = 2 were measured several times.

Therefore these final positions n∆b were additionally averaged weighted regarding their

uncertainties σb,n:

∆b =

∑n
n ∆b/σ2

b,n
∑

n 1/σ2
b,n

(3.19)

σb =





√

∑

n

1/σ2
b,n





−1

(3.20)



bound level v = 38 J = 2 v = 39 J = 0 v = 39 J = 2 v = 40 J = 0

FCDǫ1 (1/cm−1) 13.38 4.38 4.38 13.38

FCF12 (dimensionless) 0.008 0.54 0.15 0.019

intermediate state v’=-1 Ω=0 v’=-1 Ω=1 v’=-1 Ω=1 v’=-1 Ω=1 v’=-1 Ω=1 v’=-1 Ω=1 v’=-1 Ω=0

detuning ∆1(2π)−1 -1 101(10) -1 001(10) 1 016(10) -1 001(10) -924(10) +900(10) +978(10)

ac Stark free-bound laser -1(4) 0(10) -1(6) -2(3) 0(5) -24(24) 22(4)

ac Stark bound-bound laser 4(2) 165(5) -242(5) 9(3) 15(3) -10(2) -6(2)

ac Stark dipole trap 1(3) -17(17) -5(4) 0(4) 0(6) 0(6) -3(3)

extrapolated position -8 218 897(4) -1 387 457(20) -1 387 439(9) -1 005 369(6) -1 005 361(7) -1 005 379(24) -1 601(6)

weighted average -8 218 897(4) -1 387 442(8) -1 005 366(5) -1 601(6)

discrepancy of temperatures 0(2) 0(2) 0(2) 0(2)

power measurements 0.0(7) 0.0(7) 0.0(7) 0.0(7)

detuning ∆1 0(1) 0(1) 0(1) 0(1)

unperturbed energy ∆exp
b (2π)−1 -8 218 897(5) -1 387 442(9) -1 005 366(6) -1 601(7)

calc. energy ∆calc(2π)−1 -8 218 896 -1 387 437 -1 005 372 -1 599

Table 3.2: Weighted averages with their statistical uncertainties are obtained by extrapolations of ac Stark shifts of free-bound (fb),
bound-bound (bb) and dipole trap (DT) lasers to zero intensity at detuning ∆1 to intermediate state. The important addi-
tional systematics are listed under the averages. The unperturbed binding energies ~∆exp

b including statistic and systematic
uncertainties close the table. These values are in kHz. Additionally the Franck-Condon density (FCDǫ1(ǫcol/kB = 1 µK)) of
the used intermediate state and Franck-Condon factor (FCF12) between the intermediate state in the excited potential and
bound states in the ground potential are listed.
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Figure 3.3: v = 38 J = 2
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Figure 3.4: v = 39 J = 0
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Figure 3.5: v = 39 J = 2
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Figure 3.6: v = 40 J = 0
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The ac Stark shift by laser 2 according to Eq. 3.7 depends on the detuning ∆1 from the

intermediate state. For the measurement of the resonance in ground state X 1Σ+
g the

∆1 was taken more than 750 kHz to minimize its influence on the resonance position.

In the multiple measurements ∆1(2π)−1 was in the range ±(400-1000) kHz leading to

an additional uncertainty of 1 kHz.

As mentioned above, the temperatures determined by the fit routine are smaller com-

pared to the measured TOF temperatures and in general the differences are in the range

of 20 %. The uncertainty considered with this deviation was estimated as 0.1 · ǫcol/~ ≈
2 kHz.

Additional uncertainty contributed by sources of technical nature is estimated to 3

kHz. Among these are the nonlinearities of the atom number estimation from the

absorption imaging, variations of dipole trap power and the ramp procedure for the

evaporation cooling, residual contributions of unwanted frequencies stemming from the

offset-locking of the spectroscopy lasers and residual magnetic fields.

The Franck-Condon densities and the Franck-Condon factors listed in second and third

row of Tab. 3.2 correspond to coupling strengths of the free-bound and bound-bound

transitions. The large Franck-Condon density of the transition from continuum to

v′ = −1 in c0+
u used in the measurements of v = 38 J = 2 and v = 40 J = 0 correlates

with the large ac Stark shifts of free-bound laser. The large FCF of transiton v′ = −1

in (a, c)1u to v = 39 J = 0 of X 1Σ+
g correlates with the large shifts of bound-bound

laser.

3.2.4 Molecular potentials

The calculations of the molecular potentials needed for the prediction of binding en-

ergies, calculating Franck-Condon densities (FCD) in Eq. 2.21, and modeling bound-

bound transitions with appropriate Franck-Condon factors (FCF) were performed by

Prof. Eberhard Tiemann.

As described in Sect. 2.1.1 the vibrational levels are represented by a multi-component

wave function described by the Hund’s case (e) basis |1S0 + 3Pj , l, J〉, with the total

atomic angular momentum j, l the angular momentum of the pair rotation and J the

total angular momentum.
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|1S0 + 3P1, 0, 1〉 , (3.21)

|1S0 + 3P1, 2, 1〉 , (3.22)

and |1S0 + 3P2, 2, 1〉 . (3.23)

Because of the electric dipole selection rule ∆l = 0 from these basis states only the

component |1S0 + 3P1, 0, 1〉 is needed for the calculation of the Franck-Condon densi-

ties with the continuum |1S0 + 1S0, 0, 0〉 and the two first components for the Franck-

Condon factors with the bound levels |1S0 + 1S0, 0, 0〉 or |1S0 + 1S0, 2, 2〉.
The molecular ground state potential X 1Σ+

g is based on spectroscopic measurements

by [All03] for the short range part and on the new data for the long range branch as

described by the conventional power expansion in 1/R

VX = −f6(R)
C6

R6
− C8

R8
− C10

R10
. (3.24)

By the function f6(R) the retardation correction as calculated by Moszynski et al.

[Mos03] is applied, which turned out to be essential for describing the asymptotic levels

within their experimental uncertainty. This correction is only significant to the first

term in the equation due to the very long range nature of the van der Waals interaction.

An additional exchange term is regularly used in the mathematical representation of

the long range potential. Such term is not needed for the description in this case, due

to the van der Waals term being large compared to a possible exchange energy in the

range R > 1.1 nm in which Eq. 3.24 is applied.

In a least squares fit of all known data for the ground state (in total 3586 data points)

the long range parameters were varied including as additional condition the theoretical

coefficients Ci for i = 6, 8, 10 [Por02, Por06, Mit08, Ciu04] applying their estimated

uncertainties from the calculation as weights in the fit. The fit reveals in total a nor-

malized standard deviation σ = 0.76, a good fit should result to values close to one,

if the applied uncertainties are well justified and the theoretical model is appropriate.

Thus this is a very satisfactory result. In detail, the spectroscopic data from [All03]

are represented within their respective experimental uncertainty, and the binding en-

ergies of the asymptotic levels in the last line of Tab. 3.2 are within their assumed

uncertainties, only level v = 39, J = 2 touches the upper edge. The derived long

range parameters are shown in Tab. 3.3 and are compared with earlier results from

experiment and theory. With this improved potential representation the uncertainty
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ref. C6 C8 C10

107 cm−1Å6 108 cm−1Å8 109 cm−1Å10

[All03] 1.0023 3.808 5.06

[Ciu04] 1.003

[Por06] 1.022 3.010 8.057

[Mit08] 1.055 3.060 8.344

this work 1.0348 2.997 10.88

Table 3.3: Comparison of long range parameters at the asymptote 1S0 + 1S0 derived in

this work with experimental results from Allard et al. [All03] and theoretical

results from Ciuryło et al. [Ciu04], Porsev et al. [Por06] and Mitroy and

Zhang [Mit08]

Method a/a0

molecular spectroscopy [All03] 200 - 800
1S0 +1 P1 photoassociation [Vog07] 340 - 700

BEC mean field [Kra09] ≈ 440

this work 308.5 (50)

Table 3.4: 1S0+1S0 scattering length a of 40Ca in comparison with experimental results,

a0 ≈ 53 pm denotes the Bohr radius

of the calculated scattering length a = 308.5(50)a0 decreases by more than a factor

of 10 compared to former results (Tab. 3.4). The remaining uncertainty originates to

a significant part from the correlation between the long range parameters C6, C8, C10.

A much denser set of eigenvalues at the ground state asymptote would be required to

break this correlation. Because the last bound state is very close to the asymptote,

namely -1.6 MHz, one could try to estimate the scattering length a from a simple

relation between binding energy and scattering length [Gri93]

a = ā +
~√

2µEb

, (3.25)

where ā is the background scattering length, µ the molecular reduced mass and Eb the

binding energy. ā depends on the long range form of the potential, namely C6 and if

the value ā is small compared to the expected scattering length, i.e. the binding energy

is sufficiently small, the scattering length can be directly determined by the binding

energy with good approximation. Using the C6 value from Tab. 3.4 one calculates
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ā = 53.4 a0, which does not justify to only apply the second part of Eq. 3.25. The

full equation results in a = 291 a0 and comes close to the value obtained from the

full potential. The difference indicates that the higher order terms in the long range

function cannot be neglected.

From mass scaling [Fal07] the scattering length of other natural isotopes of calcium as

shown in Tab. 3.5 can be calculated using the full potential of X 1Σ+
g .

Isotope a/a0

40Ca 308.5(50)
42Ca 297 (6)
43Ca 43.7 (10)
44Ca 399 (7)
46Ca 1970 (20)
48Ca -281 (10)

Table 3.5: Scattering length a of homonuclear pairs for different natural isotopes of

calcium, a0 ≈ 53 pm Bohr radius

The newly determined potential was applied to calculate the desired FCD and FCF

(see Tab. 3.6) for evaluation of the spectroscopic observations as detailed in Sects.

2.1.1 and 3.1 and the following paragraph.

3.2.5 Autler Townes Spectroscopy

For the Autler Townes spectroscopy the bound-bound laser is hold resonant to the

bound-bound transition between the excited and ground states. The resonance config-

uration is achieved when the detuning ∆2 − ∆1 = 0. The free-bound laser probes the

excited states by tuning across the resonances. Coupled by the resonant laser light the

bound states form dressed states, which leads to two PA resonances. They are also

called Autler Townes doublet [Aut55] (see Fig. 3.7). Comparable to Eq. 2.12, assum-

ing the molecular dipole matrix element is only weakly depended on the internuclear

separation, the bound-bound transition transition matrix element can be calculated

|〈1|d(R)|2〉|2 = |〈1||datom||2〉|2fROTfFC, (3.26)

The coupling strength between the dressed states is the molecular Rabi frequency,

which can be calculated from Eq. 3.2 by using Eq. 3.26 as followed
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Ω 0 1 0 1 0 1

J2 v2 \ v1 -1 -1 -2 -2 -3 -3

0 40 0.02 < 10−2 < 10−3 < 10−2 < 10−3 < 10−3

2 39 0.38 0.15 0.25 0.04 0.03 0.02

0 39 0.06 0.54 0.12 0.15 0.01 0.04

2 38 < 10−2 < 10−4 0.23 0.12 0.40 0.13

0 38 < 10−2 < 10−2 0.07 0.29 0.17 0.33

2 37 < 10−3 < 10−6 < 10−2 < 10−3 0.13 0.06

0 37 < 10−3 < 10−3 < 10−2 < 10−2 0.05 0.13

cont. 0.53 0.30 0.31 0.39 0.17 0.27

Table 3.6: Calculated Franck-Condon factors fFCF for transitions from bound levels

(v1, J1 = 1) of the states Ω = 1u and 0+
u of the coupled system a3Σ+

u and

c3Πu to bound levels (v2, J2 = 0, 2) of the ground state X 1Σ+
g . The last line

gives the fraction of excited molecules decaying back to continuum states

near the ground state asymptote with J = 0, 2

Ω12 =
√

fROT

√

fFC
√

γatom

√

√

√

√

I2

2πhc
3λ3

, (3.27)

where γatom is atomic decay rate, fFCF = |〈1|2〉|2 is the Franck-Condon factor giving

a measure for the strength of molecular transitions is related to the overlap integral

of the wave functions of the bound states using the selection rule for electric dipole

transitions to choose the proper component of the multi-component wavefunctions.

For the coupling J = 1 − 0 are

|1〉 =
∣

∣

∣

1S0 + 3P1, 0, 1
〉

|2〉 =
∣

∣

∣

1S0 + 1S0, 0, 0
〉

and for the coupling J = 1 − 2 are

|1〉 =
∣

∣

∣

1S0 + 3P1, 2, 1
〉

|2〉 =
∣

∣

∣

1S0 + 1S0, 2, 2
〉

.

The factor fROT is calculated in the Hund’s case (e) basis. With conventional angular

momentum algebra [Edm57] for a transition |j1, l1, J1, M1〉 to |j2, l2, J2, M2〉 applying
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the decoupling of l1,2 because the electric dipole operator does not act in the rotational

space the rotational factor is:

fROT = (2J1 + 1)(2J2 + 1)







j1 J1 l1

J2 j2 1







2



J1 1 J2

−m1 q −m2





2

· 2 · (2j1 + 1) · δ(l1, l2),

(3.28)

where q = 0, ±1 indicates the polarization of the light field, () and {} are the conven-

tional Wigner 3j and Wigner 6j symbols, respectively.

For the used two cases with π polarized light and M1 = M2 = 0:

for the coupling J = 1 − 0 is fFC = 2,

and for the coupling J = 1 − 2 is fFC = 4/5.
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Figure 3.7: Atomic loss spectra when scanning the free-bound PA laser across the v′ =
−1, Ω = 1 molecular resonance in Autler-Townes configuration for different
bound-bound PA laser intensity I2. The bound-bound laser was set to be
resonant between v = 39, J = 0 and the before mentioned excited state.

The recorded spectra are shown in Fig. 3.7. The resonance curves show two features

of almost identical amplitude indicating that the second PA-laser was indeed tuned

closely to the bound-bound transition, i.e. the detuning was ∆1 − ∆2 ≈ 0 [Boh99].

From the measured splitting we determined the Rabi frequencies for different PA laser

intensities, which are plotted as a function of laser intensity I2 in Fig. 3.8. They are

consistent with the fitted square-root behaviour (red solid line). From the experimental
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Figure 3.8: Measured molecular Rabi frequencies Ω12 from Autler-Townes spectra
(dots) of the v′ = −1 in (a, c)1u molecular resonance in dependence of
the bound-bound laser intensities I2. The black dashed line indicates theo-
retical expectation following Eq. 3.27 assuming ffcf,theo = 0.54 determined
from molecular potentials while the solid red line is a fit to the data.

values the Franck-Condon factor was determined for a transition from the level v1 = −1

in (a, c)1u to the level v2 = 39 J = 0. A fit of Eq. 3.28 to the data yields fFCF,exp =

0.45(9), which is in fair agreement with the theoretical prediction fFCF,theo = 0.54

(see Tab. 3.6). The black doted line in Fig. 3.8 shows the theoretical values. Both

values agree with their combined uncertainties. The deviation could be explained by

an additional uncertainty of the absolute intensity of the bound-bound PA laser at the

position of the ultracold atoms due to uncertainty from the beam waist measurement

and the alignment of dipole trap and focus of the PA-beam or alternatively the assumed

molecular transition dipole moment deviates slightly from being
√

2 times the atomic

dipole moment.

The splitting of the Autler-Townes doublet was measured for different intensities I2

to validate the approximation that the atomic dipole moment governs the molecular

transition between these long range levels. From the good agreement between theory

and experiment (see Fig. 3.8) I conclude, that other transition probabilities calculated

from the new potential are accurate (see Tab. 3.6).

The molecular potentials determined from the ground state binding energies measured

in Raman configuration PA and the excited state potentials [Kah14b] can be used for

calculating fFCF,theo for arbitrary transitions between states close to the excited state



3.3 Consequences for BEC creation for different isotopes 85

asymptote 3P1+1S0 and rovibrational states in the ground state potential X 1Σ+
g . Tab.

3.6 shows a set of calculated values of fFCF for those excited states with an appreciable

Franck-Condon density fFCD between the ground state continuum and the respective

excited state, which would be desirable for easy PA spectroscopy. To calculate the

transition rates to final states with J2 = 0, 2 using the values given in Tab. 3.6 the

rotational factor fROT has to be considered. The molecular radiation decay rates for

the present case with atomic angular momenta 1 and 0 need to be summed over the

polarization q, i.e. γ1→2 = γatomfFCF ΣqfROT and with the its rotational factor fROT

= 2, a spontaneous decay rate from the state v1 = −1 in (a, c)1u to v2 = 39 J2 = 0

is γ1→2 = 0.54 · 2 · γatom and to v2 = 39 J2 = 2 with its rotational factors fROT =
(

3

5
,

4

5
,

3

5

)

is γ1→2 = 0.15 · (
3

5
+

4

5
+

3

5
) · γatom. Therefore the efficient creation of the

molecule in the ground state by the spontaneous decay is strongly depended on the

combination of the Franck-Condon factor fFCF and rotational factor fROT.

Tab. 3.6 gives also in the last line the remaining continuum contribution. The sum of

all Franck-Condon factors of a single excited state differs slightly from one, because it

only represents the part for electric dipole transitions while the spin-orbit mixing for

the excited state results in a small component with total atomic angular momentum

j = 2, which will not decay by electric dipole radiation to the ground state with j = 0.

3.3 Consequences for BEC creation for different

isotopes

In a Bose-Einstein condensate the bosonic particles occupy the same state. The inter-

action between the particles can not be neglected and needs to be included into the

Schrödinger equation. Theoretically this can be described by a mean-field approxi-

mation. In the effective single-particle non-linear Schrödinger equation, the so-called

Gross-Pitaevskii equation [Dal96], a term Uint =
4π~2nabg

matom
is inserted, where n is the

particle density, abg is s-wave scattering length and m is the particle mass. Depending

on the sign of the scattering length the effective interaction is repulsive or attractive

and scales with the scattering length. In general a negative s-wave scattering leads to

collapse of BEC. The creation of BEC for the species with negative scattering length

is possible only under specific condition [Bra97].

In experiment the characteristic measure of BEC is the critical phase space density
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ρPSD = n · λ3
deBroglie, where λdeBroglie =

√

h

2πmkBT
is the de Broglie wavelength. Above

the critical ρPSD the atomic wavepackets start to overlap and the indistinguishability of

atoms starts to be sufficient. In a harmonic trapping potential the phase space density

ρPSD needs to be more than 1.2 of the value above for the formation of a BEC. Taking

into account the finite atom number and their interaction the critical temperature Tc

can be modified [Gio96].

The first Bose-Einstein condensate of bosonic 40Ca was achieved in 2009 [Kra09, App13]

utilizing primarily the forced evaporation in the crossed dipole trap. The evapora-

tion itself is based on decreasing the trap depth while the high energetic atoms leave

the trapping volume, and the remaining atoms rethermalize due to collisions reaching

slowly lower temperature. If the temperature becomes close to Tc, BEC starts to form.

During the evaporation the competitive processes like the three-body recombination

rate, which are depended on the scattering length, influence strongly the formation

of the BEC. Due to the large the s-wave scattering length of 308 a0 of 40Ca on the

one hand the scattering between the atoms is high leading to an efficient evaporation,

on the another hand the three-body recombination rate contributes significantly to

the total atom losses from the cloud complicating essentially the creation of BEC. To

avoid these losses the tilted beam of the dipole was shifted in propagation direction to

decrease the atomic density. After this it was possible to create a 40Ca BEC in 1.5 s

with 1.2 · 105 atoms.

The bosonic calcium isotopes have the same electronic structure. The difference in

the isotopes mass results in a shift of the total scatering phase [Fal07], which leads to

different scattering lengths in the ground state. Considering their scattering lengths it

is possible to estimate individual efficient way for creation of BEC.

The isotopes 42Ca and 40Ca have almost same scattering length therefore the cooling

scheme from [App13] can be adopted almost unchanged.

The scattering length a = 399 a0 of 44Ca is larger than 40Ca, which will lead to

increasing of the losses due to the three body losses, but it seems that it can be

condensed e.g. by the decreasing the atomic density.

The formation of BEC for 46Ca with the really large a = 1970 a0 seems almost impos-

sible with the current approach due to the huge three body recombination.

Due to the negative scattering length a = −281 a0 a creation BEC with 48Ca is only

possible by using the techniques increasing the scattering length e.g. OFR.

The fermionic gas of 43Ca could be used for the formation of a Bardeen–Cooper–Schrieffer
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regime or for the BEC of the molecules [Joc03], where controlled by the MFR the

molecules formed by the thee-body recombination condense in a long-lived thermal

equilibrium state.
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Chapter 4

Conclusions and outlook

In the thesis several novel experimental investigations in the physics of the ultracold

calcium and their comparison to the currently established resonant scattering theory

developed intensively in the last decade were presented.

The high intensity photoassociation spectra of the bound molecular states v′ = −1 in

c0+
u and v′ = −1 in (a, c)1u, which were measured for first time by [Kah14b], were

investigated in detail via one-color photoassociation spectroscopy with intensities up to

600 Wcm−2 . Assuming the molecular decay rate γmol being twice the atomic decay rate

γatom the stimulated rate γstim could be calculated from the Franck-Condon densities,

which are derived using the coupled channel model developed by Prof. Tiemann. These

calculated stimulated rate γstim are in a good agreement both for the observed FWHM

of the complete PA spectra and for the FWHM of the individual Lorentzian in the

Voigt profiles confirming the validity of the theoretical description for the stimulated

rates and the corresponding broadening. The resonance shapes calculated according

to the resonant scattering theory show a good agreement with the observed spectral

line shapes even at high intensities, by including Doppler and thermal effects.

Additionally experimental loss rate coefficients were derived, considering the dipole trap

geometry. They were compared to the theoretical predictions. The theory predicts the

line shapes and the losses at sufficiently low intensities. In contrast to the theory both

the absolute values of the observed losses coefficients and the corresponding spectral

areas, which are independent of the Doppler broadening, were smaller by a factor 16 in

the low intensity region, did not show a saturation in the intermediate intensity region

and exceed the calculated values in the high intensity region.

Based on the Franck-Condon densities the changes of scattering length for individual

collision energies were calculated. In the large detuning region ∆1 > 500 kHz, where the

atomic loss are lower than 50 % of atomic number for an irradiation duration less than

50 ms, the calculated values of the scattering length vary from -200 a0 to +800 a0 for
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the laser intensity of 560 Wcm−2 depending on the detuning from the bound molecular

level v′ = −1 in c0+
u . This result shows promising prospects of an application of low

loss optical Feshbach resonances in 40Ca.

Such a light induced modification of the scattering length could be detected for example

by a second PA laser on another resonance, where the stimulated rate is connected to

the changes of the scattering length [Eno08].

A more quantitative approach of the determination of the induced photoassociative

change would be achieved by the diffraction from a BEC. Using a standing wave beam

of the OFR laser, a periodic variation of the mean field in a condensate induces a phase

shift of the wavefunction in the BEC. After releasing the BEC from the trap this should

lead to the diffraction of the cloud into the several momentum components [Yam10].

The low loss OFR can be used to increase the lifetime of BEC by reducing the three-

body losses through optimization of the scattering length comparable to the realization

by the MFR in magnetic Cs [Web03]. Also other interesting physical phenomena like

solitons or even soliton trains are postulated to be excited by inducing a local change

inside a BEC [Bec08].

The second topic of my work was measurement of the binding energies of four most

weakly bound rovibrational molecular states in the ground potential X 1Σ+
g of calcium

dimer Ca2 via two-color photoassociation spectroscopy with kHz precision. For the

measurement of these PA resonances the frequency stability of the required lasers was

sufficiently improved. Especially the measurement of the weakest state v = 40 J = 0

with only ∆b = −h · 1.608 MHz from the ground state asymptote 1S0 + 1S0 benefited

from the improved lasers technique. On the basis of the derived binding energies, Prof.

Eberhard Tiemann was able to determine the long-range dispersion parameters C6, C8,

C10 including retardation with high accuracy. Now, for the first time, combined with

the inner part of the ground state potential measured earlier by [All03] the precise

potential of the calcium dimer Ca2 in ground state is available.

By the improved ground state potential the s-wave scattering length a of 40Ca could be

determined to 308.5(50)a0 with the uncertainty improved by the factor more than 10.

Additionally, using the Born-Oppenheimer approximation and mass scaling the s-wave

scattering lengths of all stable calcium isotopes were derived.

By a coupled channel calculation performed by Prof. Eberhard Tiemann for the excited

states the Franck-Condon factors (FCF) for the transitions from the bound levels of

the states Ω = 1u and 0+
u of the coupled system a3Σ+

u and c3Πu to bound levels of the
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ground state X 1Σ+
g were calculated applying the improved potential. The calculated

transition moment shows a good agreement with the experimental transition moment

derived from the measurement of the splitting of the Autler-Townes doublets of the

bound molecular state v′ = −1 in (a, c)1u at different intensities. This verifies the

assumption that the molecular dipole moment at large internuclear separation is
√

2

times the atomic dipole moment.

The derived FCF can be used to calculate transition paths for an efficient creation of

molecules in a predetermined rovibrational ground state. Due to the similar asymptotic

behaviour of the ground and excited states only a few transitions to bound ground

states show large FCF. This efficient spontaneous decay to selected states can be used

as a starting level for the future experiments. For example about 54% of the molecules

produced in the excited state v′ = −1 in (a, c)1u are expected to decay to the ground

state v = 39 J2 = 0. These molecules can be used for the precision spectroscopy between

the ground state rovibrational levels, transfer the molecules into deeper ground states

or more precise scattering description.

Another route for future experiments is the usage of two-color photoassociation to

converte an atomic BEC to a molecular BEC by stimulated Raman aidabatic pas-

sage (STIRAP). This mechanism is very promising with expected efficiency near unity

[Mac00].

In conclusion, with this work a more complete understanding of high intensity photoas-

sociation has been obtained. The achievements prepare the theoretical basis for novel

experiments with alkaline earth metals, where the scattering length can be modified

by low loss optical Feshbach resonances. The additional important milestone presented

here is the precise determination of the long-range parameters including retardation ef-

fect, enabling a complete description of the ground state potential X 1Σ+
g and a precise

value of the 40Ca scattering length.
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Appendices

Thermal average of γstim

In some cases the comfortable relation of the thermal averaged stimulated rate γstim is

useful

〈γstim〉 =
1

kBT

∫

∞

0
dǫcol exp

(

− ǫcol

kBT

)

γstim(ǫcol). (4.1)

The term
1

kBT
fulfils the norm

∫

∞

0 exp
(

− ǫcol

kBT

)

dǫcol = kBT . Setting the stimulated

rate γstim = 2loptkγmol with k =

√
2µǫcol

~
into Eq. 4.1

〈γstim〉 =
1

kBT

∫

∞

0
dǫcol exp

(

− ǫcol

kBT

)

2lopt

√
2µǫcol

~
γmol (4.2)

=
γmol2lopt

kBT

√
2µ

~

∫

∞

0
dǫcol exp

(

− ǫcol

kBT

)√
ǫcol (4.3)

Using the antiderivate
∫

e−x/t
√

xdx =

√
πt3/2

2
Erf(

√
x√
t

) − t
√

x · e−x/t + C, where Erf(x)

is the error function, the integral can be solved to

=
γmol2lopt

kBT

√
2µ

~

√
π(kBT )3/2

2
(4.4)

=
√

πlopt

√
2µkBT

~
γmol. (4.5)

For T = 1.0 µK and lopt = 8834 a0 is 〈γstim〉 = 2π · 2.8 s−1.

Area under 〈Kin〉T

For determination of areas under measured lines the following calculation (compare

[Sim02]) are used
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Area(〈Kin〉T) =
∫ +∞

−∞

〈Kin〉T d∆ (4.6)

=
1

h QT

∫ +∞

−∞

∫ +∞

0
|S0,0|2 exp

(

− ǫcol

kBT

)

dǫcol d∆ (4.7)

=
1

h QT

∫ +∞

−∞

∫ +∞

0

γmolγstim(ǫcol)

∆2 +

(

γmol + γstim(ǫcol)

2

)2 exp
(

− ǫcol

kBT

)

dǫcol d∆

(4.8)

The term exp
(

− ǫcol

kBT

)

is independent from ∆ and can be factor out.

Area(〈Kin〉T) =
1

h QT

∫ +∞

−∞

exp
(

− ǫcol

kBT

) ∫ +∞

0

γmolγstim(ǫcol)

∆2 +

(

γmol + γstim(ǫcol)

2

)2 dǫcol d∆

(4.9)

Using the antiderivate
∫+∞

−∞

ab

x2 +

(

a + b

2

)2 = 2π
ab

a + b
one obtains

Area(〈Kin〉T) =
1

h QT

∫ +∞

0

2πγmolγstim(ǫcol)

γmol + γstim(ǫcol)
exp

(

− ǫcol

kBT

)

dǫcol. (4.10)

Two cases will be discussed.

First case for γmol >> γstim, and therefore γmol + γstim ≈ γmol, is valid for the low

PA intensities1. The integral can be sequentially solved as following

Area1(〈Kin〉T) =
2π

h QT

∫ +∞

0
γstim(ǫcol) exp

(

− ǫcol

kBT

)

dǫcol. (4.11)

Now according to the Wigner threshold law [Jon99, Wig48] the stimulated rate is

assumed to be γstim = 2lopt

√
2µǫcol

~
γmol

Area1(〈Kin〉T) =
2π

h QT

∫ +∞

0
2lopt

√
2µǫcol

~
γmol exp

(

− ǫcol

kBT

)

dǫcol (4.12)

=
2π

h QT
2lopt

√
2µ

~
γmol

∫ +∞

0

√
ǫcol exp

(

− ǫcol

kBT

)

dǫcol (4.13)

= 4π
lopt

√
2µγmol

h QT~
·

√
π (kBT )3/2

2
=

2πloptγmolh

µ
. (4.14)

1This ansatz is also discussed in publications [MdE11, MdE08]
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The areas in the low intensity region are independent from the temperature T and can

be calculated under the observed PA spectrum by considering the trap volume VDT:

Arealow(β) =
2√

8VDT

Area1(〈Kin〉T) =
2√

8VDT

· 2πloptγmolh

µ
. (4.15)

Due to the calcium narrow intercombination line γmol of 2π ·748 s−1 this formula is valid

in the really shallow intensity region I1 < 10 Wcm−2 (depending on the Frank-Condon

density).

Another case is the numerical calculation for all possible γstim. Starting from Eq. 4.10,

Area2(〈Kin〉T) =
2π

h QT

∫

∞

0

2lopt

√
2µǫcol

~
γmolγmol

γmol + 2lopt

√
2µǫcol

~
γmol

exp
(

− ǫcol

kBT

)

dǫcol (4.16)

=
2πγmol

h QT

∫

∞

0

2lopt

√
2µ

~

√
ǫcol

1 + 2lopt

√
2µ

~

√
ǫcol

exp
(

− ǫcol

kBT

)

dǫcol. (4.17)

The integral can be numerically approximated. The graphical representation of its

solution are shown in Fig. 4.1.

In the region of low intensity (small lopt Fig. 4.1 - left) of the solution the area repro-

duces the linear behaviour of Eq. 4.15, but in the region of high intensities is saturated.

In the analysis of the high power measurements Sect. 2.3 the numerical solution is used

as follow:

Area(β) =
2√

8VDT

Area2(〈Kin〉T) =
2√

8VDT

2πγmol

h QT

· Solution(lopt(I1), T ) (4.18)

Notice that the Areacomplete for different temperatures have the same values in the

region of the low intensities. That occurs due to QT ∝ T 3/2 compare Eq. 4.15.
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Figure 4.1: Graphical representation of the integral in dependency of the optical length

for temperatures of 2 µK (orange dashed line) and 1 µK (red line)
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