
Lines on K3 quartic surfaces

Von der Fakultät für Mathematik und Physik

der Gottfried Wilhelm Leibniz Universität Hannover

zur Erlangung des Grades

Doktor der Naturwissenschaften

Dr. rer. nat.

genehmigte Dissertation

von

Davide Cesare Veniani
geboren am 21. Februar 1988 in Como, Italien

— 2016 —



Referent:

Prof. Dr. Matthias Schütt (Leibniz Universität Hannover)

Korreferent und Korreferentin:

Prof. Dr. Alex Degtyarev (Bilkent Üniversitesi, Ankara, Türkei)
Prof. Dr. Alessandra Sarti (Université de Poitiers, Frankreich)

Tag der Promotion:

12. Juli 2016



Alle mie nonne





Acknowledgements

I would like to thank my supervisor Matthias Schütt for his constant encour-
agement and the great freedom that he accorded to me. I am grateful to him as
well as to Sławek Rams for suggesting the problem and sharing their precious
insights.

It is my pleasure to acknowledge the fundamental contribution of Alex Degt-
yarev, without whom this thesis would look rather different. Thank you for
letting me be your guest in Ankara, too.

I would like to warmly thank three more people who have had a direct impact
on this thesis: Miguel Ángel Marco Buzunáriz for introducing me to SageMath,
Daniel Loughran for carefully proofreading the draft, and Qizheng Yin for being
an inspiration.

A special thanks goes to Víctor González Alonso for his invaluable help.
The friendly environment of the Institut für Algebraische Geometrie in Han-

nover has had an extremely positive influence on this work. I would like to
express my gratitude to the people that have contributed to this atmosphere:
beside the professors Wolfgang Ebeling, Anne Frühbis-Krüger and Klaus Hulek,
let me thank Apostol Apostolov, Alexey Basalaev, Simon Brandhorst, Chiara
Camere, Stephen Coughlan, Olivia Dumitrescu, Remke Kloosterman, Christian
Lehn, Nicola Pagani, Nathan Priddis, David Ploog, Lukas Toralf Rothe, Bernd
Schober, Ann-Kathrin Stegmann, Nicola Tarasca, Frederik Tietz, Orsola Tom-
masi, Elisabeth Werner and Benjamin Wieneck.

In these three and a half years, I have had the opportunity to meet and work
with great mathematicians. For this reason I sincerely thank Samuel Boissière,
Alessandro Chiodo, Elana Kalashnikov, and – above all – Alessandra Sarti, also
for her kind hospitality in Poitiers.

I would like to mention a few other mathematicians, who have made sev-
eral conferences, summer schools and other travels worth remembering: Anna
Barbieri, Giulia Battiston, Ada Boralevi, Francesca Carocci, Andrea Catta-
neo, Karl Christ, Giulio Codogni, Paola Comparin, Anand Deopurkar, Bashar
Dudin, Andrea Fanelli, Benjamín García Hernández, Stefano Filippazzi, En-
rica Floris, Roberto Fringuelli, Mattia Galeotti, Jérémy Guéré, Simon Kapfer,
Danilo Lebowski, Federico Lo Bianco, Riane Melo, Giovanni Mongardi, Alessan-
dro Oneto, Andrea Petracci, Roberto Pirisi, Andrea Ricolfi, Sara Perna, Piotr
Pokora, Marco Ramponi, Eleonora Romano, Franco Rota, Giorgio Scattarella,
Martin Schwald, Lidia Stoppino, Tom Sutherland, Jason van Zelm.

My stay in Ankara would not have been so amazing wihout Gökçen Büyük-
baş Çakar, Cihan Çakar, Elif Doğan, Akif Erdal, Mustafa Erol, Çisem Guneş,
Mehmet Kişioğlu, Cemile Kürkoğlu, Hatice Mutlu, Onur Örün, Berna Şentürk,
Berrin Şentürk, Oğuzhan Yörük.

iii



Not only the financial support of the GRK 1463 is kindly acknowledged,
but also the people that have made my working experience in Hannover truly
pleasant. Thanks to Joachim Escher, Elmar Schrohe, Sarah Blanke, Guido
Franchetti, Jakob Geipel, Karl-Philip Gemmer, Stefan Hasselmann, David Pe-
trecca, Markus Röser, Lars Schäfer and Marcus Sperling.

Before moving to Germany I was sharing my life with many wonderful people.
Now we do not get to see each other on a daily basis, but somehow I feel that
they are still there (and sometimes we meet for real). I should name many
more here, but let me thank especially Fabio Bernasconi, Giacomo Canevari,
Chiara Gallarati, Matteo Lostaglio, Diletta Martinelli, Lorenzo Pedalà, Susanna
Schiavi and Mattia Sormani (yes, even Mattia Sormani).

The people I see every day now are not less fantastic. I would like to thank
Matthias Zach and Cate Cejp for being with me at Víctor and Cristina Díaz
Cereceda’s wedding, Víctor and Cristina for having got married, and Andreas
Hochenegger and Elena Martinengo for not having got married yet (meaning
that I am not so old, since I still have friends that are not married).

Many others have made Hannover, die schönste Stadt der Welt, even schöner.
To name a few: Meis Balsters, Linh Le, Janos Alfred, Till Lindner, Georg Müller,
Clémence Saint-Marc, Emilia Schax, Airi Sell, Cyrine Trigui, Sonja Töhneböhn
and Bernd Vollenbröker, although without Malte Wandel at the very beginning
nothing would have been the same.

A genuinely special thanks goes to those people who have opened a new
world to me: Maxim Smirnov and Firuza Mamedova for teaching me Russian
patiently; Mihri Ulusoy and Başat Özmercan for coping with my struggles to
learn Turkish; Shaobin Lu and Zheng Liu for not laughing at my poor Chinese;
and Marija Rosić, for not even trying to teach me Serbian.

All my experiences in a Wohngemeinschaft have been so far great. I wish
to thank the people from die kleine Familie: Gabriele Brüll and Torben Kliche;
das Aquarium: Johanna Leyh and Timo Masche; and die dritte Etage: Annika
Koller, Christina Lienstromberg, Isabel Michl and Akram Zammit (did I forget
anyone? the 3rd floor is starting to get quite crammed).

For reasons of convenience, I cannot name all my lovers here. Let me just
mention my three favorite girlfriends: Fabio Apruzzi, Roberto Laface and Nic-
colò Lora Lamia Donin. I will miss you so much.

My family has not stopped letting me feel their love and support. I thank
all of them, especially my father and my grandfather.

This thesis has been a beautiful voyage and is dedicated to my grandmoth-
ers, but also to my sister, who courageously travelled with me from home to
Hannover by car, and to Andrés, with whom I wish to make an even longer
journey.

iv



Zusammenfassung

K3-Quartikflächen sind Flächen vierten Grades im projektiven Raum, die ra-
tionale Doppelpunkte als Singularitäten zulassen. Die vorliegende Dissertation
befasst sich mit der maximalen Anzahl von Geraden auf einer K3-Quartikfläche.

Unsere Untersuchung ist in drei Abschnitte gegliedert, abhängig von der
Charakteristik des Grundfeldes, auf dem die Quartik definiert ist.

In Charakteristik ungleich 2 und 3 verallgemeinern wir den Satz von Segre–
Rams–Schütt und beweisen, dass höchstens 64 Geraden auf einer K3-Quartik-
fläche liegen können. Es wird ein Beweis präsentiert, der die Anwendung der
Fleknodal-Kurve vermeidet. Stattdessen wird die Geometrie spezieller Geraden-
konfigurationen untersucht, beispielsweise der sogenannten Zwillingsgeraden.
Wir stellen verschiedene konkrete glatte und nicht-glatte Quartiken mit einer
hohen Anzahl von Geraden vor.

Des Weiteren werden K3-Quartikflächen in Charakteristik 2 und 3 analysiert.
Von höchstem Interesse sind Geraden, die eine quasi-elliptische Faserung in-
duzieren. In Charakteristik 3 zeigen wir, dass die Rams–Schütt Schranke von
112 Geraden für glatte Quartiken auch für K3-Quartiken gilt. Außerdem be-
weisen wir, dass es höchstens 67 Geraden geben kann, wenn diese Schranke nicht
erreicht wird. Enthält die Fläche zusätzlich einen Stern, kann eine scharfe obere
Grenze von 58 Geraden angegeben werden.

Der Fall Charakteristik 2 weist als Besonderheit das neuartige Phänomen
auf, dass nicht-glatte K3-Quartikflächen eine höhere Anzahl von Geraden ent-
halten können als glatte Flächen. Dies ist eine Konsequenz aus der Anwesenheit
quasi-elliptischer Geraden. Wir beweisen die scharfe Schranke von 68 Geraden
für die Anzahl von Geraden, die auf einer K3-Quartikfläche liegen können. Zu-
dem zeigen wir, dass alle Flächen, die diese Schranke erreichen, projektiv äquiv-
alent zu einem Mitglied der Rams–Schütt Familie sind.

Schlüsselwörter: K3-Fläche, Quartikfläche, Gerade, rationaler Doppel-
punkt, positive Charakteristik, elliptische Faserung, quasi-elliptische Faserung.
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Abstract

K3 quartic surfaces are surfaces of degree 4 in projective space which admit ra-
tional double points as singularities. This thesis is concerned with the maximum
number of lines that can lie on such a surface.

Our analysis is divided into three parts, according to the characteristic of
the ground field over which the K3 quartic is defined.

In characteristic different from 2 and 3 we generalize Segre–Rams–Schütt’s
theorem and prove that at most 64 lines can lie on a K3 quartic surface. We
present a proof that avoids the use of the flecnodal curve. Instead, we take
advantage of special configurations of lines, such as twin lines. We also provide
several examples of smooth and non-smooth K3 quartic surfaces containing
many lines.

Furthermore, we investigate K3 quartic surfaces defined over fields of char-
acteristic 2 and 3. Lines that induce quasi-elliptic fibrations play a major role.
In characteristic 3, Rams–Schütt’s bound of 112 lines for smooth quartics is also
valid for K3 quartics. In addition, we show that there can be at most 67 lines
if the surface has less than 112. In the case that the surface contains a star, we
can prove a sharp bound of 58 lines.

Characteristic 2 features a new phenomenon, namely that non-smooth K3
surfaces contain more lines than smooth surfaces. This is due to the presence of
quasi-elliptic lines. We prove the sharp bound of 68 for the number of lines that
can be contained in a K3 quartic surface. Moreover, we show that each surface
attaining this bound is projectively equivalent to a member of Rams–Schütt’s
family.

Keywords: K3 surface, quartic surface, line, rational double point, positive
characteristic, elliptic fibration, quasi-elliptic fibration.
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Chapter 1

Introduction

Vous vous trompez, cher, le
bateau file à bonne allure. Mais le
Zuyderzee est une mer morte, ou
presque. Avec ses bords plats,
perdus dans la brume, on ne sait
où elle commence, où elle finit.
Alors, nous marchons sans aucun
repère, nous ne pouvons évaluer
notre vitesse. Nous avançons, et
rien ne change. Ce n’est pas de la
navigation, mais du rêve.

Albert Camus, La chute

The problem of finding a bound for the number of lines on quartic surfaces
is part of a broader topic, namely the enumerative geometry of lines on surfaces
of degree d in projective space. This topic, which has gathered momentum in
the last years (see, for example, Boissière–Sarti [5], Kollár [19], Rams–Schütt
[33], Degtyarev–Itenberg–Sertöz [11], Shimada–Shioda [40]), has a long history
that dates back to the 19th century.

The case of smooth cubic surfaces was already thoroughly studied by clas-
sical geometers such as Cayley, Clebsch, Salmon, Steiner, Schläfli, Cremona
and Sturm. Every smooth cubic surface contains exactly 27 lines which are
organized in a highly symmetric way related to the Weyl group of E6. Sev-
eral presentations of this result (which holds in any characteristic) exist in the
modern literature; for instance, we refer the reader to [4], [13], [17], [24].

The general smooth surface of degree d ≥ 4 contains no lines at all. The first
one to state the correct optimal bound of 64 lines for smooth (complex) quartic
surfaces was B. Segre in 1943 [39]; nonetheless, his proof contained some major
gaps that have been corrected only 70 years later by Rams and Schütt [33].
Rams and Schütt used some techniques which were unknown to Segre, most
notably the theory of elliptic fibrations developed by Kodaira in the 1950’s.
Segre stated that each line on a smooth quartic surface could meet at most 18
other lines. This was the crucial estimate that Rams and Schütt proved to be
false, finding an explicit family of quartics Z containing surfaces with a line
intersecting 19 or even 20 other lines, which prompted them to work out a new
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Chapter 1. Introduction

proof. They further examined this family in a follow-up article [32].
The problem is still open for smooth surfaces of higher degrees. There are

some general bounds for d ≥ 5, but none of them is known to be optimal. Some
special cases with particular symmetries have been investigated by Boissière and
Sarti [5], where they also find several surfaces with a high number of lines. We
refer to their article also for an account of the known bounds.

Although non-smooth cubics had already been classified by Schläfli in the
1860’s, it was not until 1979 that the number of lines lying on them was exactly
determined by Bruce and Wall [8]. Non-smooth cubic surfaces always contain
less than 27 lines, but one can count the lines with multiplicity – depending
on the number and type of singular points lying on them – so that the total
number is always 27.

Smooth quartic surfaces in P3 are K3 surfaces. In this thesis we deal with
singular quartic surfaces whose minimal desingularization is a smooth K3 sur-
face; these are precisely the quartic surfaces admitting at most rational double
points as singularities. We call them ‘K3 quartic surfaces’. González Alonso
and Rams deal with the case of quartic surfaces with worse singularities in [14].

The behaviour of K3 quartic surfaces varies greatly according to the char-
acteristic p of the ground field. With respect to the number of lines contained
in them, the case p = 0 and the cases p ≥ 5 can be studied together to a great
extent. The cases p = 2 and p = 3, though, present such peculiarities that they
demand a separate analysis. Being interested in an upper bound, we will always
make the assumption that the ground field is algebraically closed.

1.1 Characteristic different from 2 and 3
The case of K3 quartic surfaces defined over an algebraically closed field of
characteristic p = 0 or p ≥ 5 can be approached in a similar way to Rams and
Schütt’s [33]. Our main result is the following theorem.

Theorem (Theorem 4.0.1). If X is a K3 quartic surface defined over an al-
gebraically closed field of characteristic p 6= 2, 3, then X contains at most 64
lines.

The main difficulty still lies in providing a bound for the valency of a line, i.e.,
the number of lines on the surface intersecting it. We study the elliptic fibration
induced by the given line on the minimal desingularization of the K3 quartic
surface; this fibration restricts to a morphism from the strict transform of the
line to P1. There are two features which make the study of such fibrations much
more involved in the K3 case, compared to the smooth one: first, the morphism
from the line to P1 has always degree 3 if the quartic is smooth, but it has smaller
degree as soon as there is a singular point on the line; second, more complicated
Kodaira fiber types may appear. Thus, adapting Rams and Schütt’s proof to
the K3 quartic case forces us to study several new configurations; our results
are summarized in Table 4.1.1. In addition to the family Z found by Rams and
Schütt, we discover two new configurations on some non-smooth K3 quartic
surfaces in which a line meets more than 18 lines. Explicit examples of such
configurations are given in Section 4.5.

The bound of 64 lines is sharp and is reached by Schur’s quartic, which is
smooth. An optimal bound for K3 quartic surfaces with at least one singular

2



1.2. Characteristic 2 and 3

point is not known; to our knowledge, the current explicit records are 39 lines
over a field of characteristic zero (Example 4.5.3 due to González Alonso and
Rams, which is a Delsarte surface) and 48 lines over a field of positive character-
istic 6= 2, 3 (more precisely, over a field of characteristic 5, see Example 4.5.7).
A non-smooth K3 quartic surface over C with 40 lines exists, but an explicit
equation is not known (Example 4.5.4).

A new feature of our proof is that – unlike Segre and Rams–Schütt – we do
not employ a technical tool called ‘flecnodal curve’. Our approach offers a deeper
insight into the geometry of the surfaces, and is based on two main ingredients:
first, we discover a new, geometrically rich configuration of particular pairs of
lines, which we call “twin lines”; second, thanks to seminal ideas by A. Degtyarev,
we take advantage of the well-known lattice theory of K3 surface to tackle the so-
called “triangle-free” surfaces, i.e., surfaces not containing three lines intersecting
pairwise at smooth points of the surface.

The methods presented here stem from a fruitful synergy between the differ-
ent points of view of two teams, the one – S. Rams, M. Schütt and the author
– based in Hannover, Germany, the other – A. Degtyarev, I. Itenberg and A.
S. Sertöz – mostly in Ankara, Turkey, which for some time worked on the same
problem unaware of each other. The Ankara team, whose results can be found
in [11], took a powerful lattice-theoretical approach, which is key to the proof
of Lemma 4.2.12.

1.2 Characteristic 2 and 3
In characteristic 2 and 3, the picture changes drastically; notably, the Fermat
quartic surface, considered over an algebraically closed field of characteristic 3,
contains exactly 112 lines. Rams and Schütt proved that this is the maximum
number that can be achieved in the smooth case [30].

In this thesis we prove a stronger result for K3 quartic surfaces.

Theorem (Theorem 5.0.1). If X is a K3 quartic surface defined over an al-
gebraically closed field of characteristic 3, then X contains at most 112 lines.
If X contains exactly 112 lines, then X is projectively equivalent to the Fermat
quartic surface; otherwise, X contains at most 67 lines.

There exist examples of smooth K3 quartic surfaces in characteristic 3 with
58 lines. Degtyarev [10] has proven that for smooth supersingular quartic sur-
faces this is indeed the maximal number of lines that can be attained after 112,
and that there are exactly 3 admissible configurations with 58 lines. There are
no known smooth (non-supersingular) quartic surfaces with 60 lines.

We provide the equations of three families of surfaces admitting the three
configurations of 58 lines. Two of them have already been found independently
by Degtyarev, whereas the third one is to our knowledge new (see Section 5.4).

We do not know whether there exist K3 quartic surfaces with 58 < n ≤ 67
lines. The highest number of lines that we could observe in a non-smooth K3
quartic surface is 48 (Example 5.4.5), attained by the reduction of a surface
found by Shimada and Shioda [40]. We conjecture that there are no K3 quartic
surfaces with more than 58 lines; in one particular case we are able to prove
this stronger bound, namely when the surface X contains a star, i.e., four lines
intersecting in a single smooth point (Proposition 5.3.13).

3



Chapter 1. Introduction

In characteristic 2, a smooth quartic can contain at most 60 lines. This
bound was shown in several cases by Rams–Schütt [31], who also provided an
explicit example of a quartic attaining the bound; a complete proof has been
given by Degtyarev [10].

The case of K3 quartic surfaces shows a new surprising phenomenon when
the characteristic of the ground field is 2. In fact, this is the only case in which
non-smooth K3 quartic surfaces can contain more lines than smooth ones. More
precisely, we prove the following theorem.

Theorem (Theorem 6.0.1). If X is a K3 quartic surface defined over an alge-
braically closed field of characteristic 2, then X contains at most 68 lines.

The bound is attained by a family X68 of examples found by Rams and
Schütt. We are able to prove a uniqueness result.

Theorem (Theorem 6.4.1). If X contains 68 lines, then X is projectively equiv-
alent to a member of family X68.

The characteristic 2 and 3 cases are special for the same reason: quasi-elliptic
fibrations can only exist in these characteristics. The existence of such fibra-
tions forces the surface to be Shioda-supersingular. Lines inducing quasi-elliptic
fibrations are called quasi-elliptic lines and play an essential role because they
can feature very high valencies: 30 in characteristic 3, and 19 in characteristic 2.
Note that in characteristic 2, quasi-elliptic lines only occur if the quartic surface
is non-smooth, thus explaining the higher number of lines. Such high valencies
are attained by cuspidal lines (see Definitions 5.2.1 and 6.2.3).

Like in characteristic p 6= 2, 3, we provide several bounds for the valency of a
line, both for elliptic and quasi-elliptic lines. We are able to show the sharpness
of some of them (Tables 5.1.1, 5.2.1, 6.1.1, 6.2.1).

Since the flecnodal curve may degenerate in characteristic 2 and 3, it is all
the more important to be able to study K3 quartic surfaces without referring
to it.

1.3 Structure of the thesis
The thesis is divided into the following chapters.
Chapter 2 We briefly review well-known results about K3 surfaces, rational

double points and genus 1 fibrations.
Chapter 3 We present basic results about lines on K3 quartic surfaces, setting

up the notation. We give the definition of several key concepts, such as
lines of the first and second kind, and triangle free surfaces.

Chapter 4 We deal with K3 quartic surfaces in characteristic different from 2
and 3, and we prove the bound of 64 lines. Particular attention is devoted
to the construction of twin lines, special lines, and to the case of triangle
free surfaces.

Chapter 5 We deal with K3 quartic surfaces in characteristic 3. We provide
sharp bounds for the valency of quasi-elliptic lines and the case where the
surface contains a star.

Chapter 6 We deal with K3 quartic surfaces in characteristic 2. We prove the
bound of 68 lines and the uniqueness of Rams–Schütt’s family.
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Chapter 2

Preliminaries

In this chapter we present some well-known definitions and results that will be
used throughout this thesis. We work over a fixed algebraically closed field K
of characteristic p ≥ 0.

2.1 K3 surfaces
The term variety will denote a separated, geometrically integral scheme of finite
type over K.

Definition 2.1.1. A K3 surface over K is a complete non-singular variety X
of dimension 2 such that Ω2

X
∼= OX and H1(X,OX) = 0.

K3 surfaces form one of the four classes of minimal surfaces with Kodaira
dimension 0 in the Enriques–Kodaira classification of surfaces (extended to sur-
faces defined over fields of positive characteristic by Bombieri and Mumford [6],
[7], [26]). The name was chosen by André Weil in a famous quote from 1958
in honour of the three mathematicians Kummer, Kähler and Kodaira, and “the
beautiful mountain K2 in Kashmir”. To our knowledge, the most comprehensive
treatise on K3 surfaces appeared until now is [18]. For a good overview on K3
surfaces over positive characteristic fields, see [23].
Example 2.1.2. Examples of K3 surfaces include
• smooth quartic surfaces in P3;
• smooth complete intersections of quadric and cubic hypersurfaces in P4;
• smooth complete intersections of three quadric hypersurfaces in P5;
• double covers of P2 branched over a smooth sextic curve.
Given a K3 surface X, it is a consequence of the definition and Serre duality

that h0,1(X) = 0 and h0,0(X) = h0,2(X) = 1, where hp,q(X) = hq(X,ΩpX) de-
note the Hodge numbers, so that χ(OX) = 2. The Euler–Poincaré characteristic
or Euler number of e(X), defined as the alternating sum of the (étale cohomol-
ogy) Betti numbers, coincides with the second Chern class c2(X). Noether’s
formula then yields c2(X) = 24. Since the first and third Betti numbers vanish
(in characteristic 0 this is a consequence of the Hodge decomposition; in positive
characteristic see for example [23, Proposition 2.3]), b2(X) = 22.

It follows that the Picard number ρ(X), i.e., the rank of the Néron–Severi
group of X, is not greater than 22. If charK = 0, then by the Lefschetz
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principle ρ(X) ≤ 20: this is a consequence of the fact that for any complex
projective variety ρ(X) ≤ h1,1(X) = b2(X) − 2h0,2(X), because of the Hodge
decomposition and Lefschetz theorem on (1,1)-classes.

2.2 Rational double points
In this section we want to collect a few well-known facts about rational double
points. Such singularities occur with different names in the literature: simple
surface singularities, du Val singularities, Kleinian singularities. For an overview
of the techniques involved, we refer the reader to [9, Chapter 0, § 2], while the
proofs are contained in [2], [28].

Let X be a surface. A closed point x ∈ X is a singularity of X if its local ring
OX,x is not regular. A resolution of x ∈ X is a birational morphism ρ : Y → X
such that Y is smooth and x ∈ ρ(Y ); a resolution is minimal if it cannot be
factored through another resolution. If x is normal, then there exists an open
neighbourhood U of x such that ρ is an isomorphism over U \{x}. The reduced
(connected) curve ρ−1(x) is called the exceptional curve of the resolution.

A singularity x ∈ X is called rational if it is normal and R1π∗OY (which is
a coherent sheaf concentrated on x) is zero. If x is rational, then all irreducible
components Ei of the exceptional curve are smooth rational curves (the converse
is not true, see [20]).

The multiplicity of a singularity x ∈ X is the multiplicity of the maximal
ideal of the local ring OX,x. Recall that if A is a local ring of Krull dimension
d with maximal ideal m, then the multiplicity of m is by definition d! times the
leading coefficient of the Hilbert–Samuel polynomial of A.

Definition 2.2.1. A rational singularity of multiplicity 2 is called a rational
double point.

A point x ∈ X is a rational double point if and only if the irreducible
components Ei of the exceptional curve are rational smooth curves of self-
intersection −2. If Ei · Ej 6= 0 for i 6= j, then Ei · Ej = 1, and no three
components intersect pairwise. The dual graph of the Ei’s, i.e., the graph whose
vertex set is {Ei} such that two vertices Ei, Ej are connected by an edge if and
only if Ei · Ej = 1, is a Dynkin diagram of type A, D or E (see Figure 2.2.1).

If the characteristic of the ground field is equal to 0, then up to (formal)
isomorphism a rational double point is given by the following equations:

type equation

An xy + zn+1

Dn z2 + x(y2 + xn)
E6 z2 + x3 + y4

E7 z2 + xy3 + x3

E8 z2 + x3 + y5

If the characteristic of the field is positive (and at most 5), then more iso-
morphism classes arise (see, for instance, [9]). Nonetheless, the following obser-
vations still hold:
• if the tangent cone of x is irreducible, then x is of type A1;
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An

Dn

E6

E7

E8

Ãn
1 1 1 1

1

D̃n

21

1

2 1

1

Ẽ6
1 2 3

2

2 1

1

Ẽ7
1 2 3 4 3 2 1

2

Ẽ8
1 2 3 4 5 6 4 2

3

Figure 2.2.1: Dynkin diagrams (left) and extended Dynkin diagrams (right).

• if the tangent cone of x splits into two distinct planes, then x is of type
An, n > 1.

Being projective, the surface X has a dualizing sheaf ωX [15, Proposition
III.7.5]. Rational double points are canonical singularities, i.e., if X contains
only rational double points, then ωX is an invertible sheaf and ρ∗(ωX) ∼= ωY .

2.3 Genus 1 fibrations

Throughout this section, X is a smooth projective surface and B is a smooth
projective curve with generic point η, both defined over an algebraically closed
field K.

Definition 2.3.1. A genus 1 fibration is a surjective morphism X → B such
that the generic fiber Xη is a geometrically integral regular algebraic curve of
arithmetic genus 1.

We will always assume genus 1 fibrations to be relatively minimal, i.e., not
containing rational smooth curve of self-intersection −1 as fiber components.
A genus 1 fibration is called an elliptic fibration if the generic fiber is smooth;
otherwise, it is called a quasi-elliptic fibration (only possible if charK = 2 or 3
by a theorem of Tate [42]). Surfaces endowed with an elliptic or quasi-elliptic
fibration are called elliptic or quasi-elliptic surfaces, respectively.

Genus 1 fibrations play an important role in the classification of surfaces,
both in characteristic 0 and in positive characteristic. In this section we review
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some of their properties, on which we will base most of our arguments. For
more references and proofs, see [3], [9], [18], [22], [25], [38].

2.3.1 Singular fibers

If f : X → B is a genus 1 fibration, then f is flat, which implies that the
arithmetic genus of all fibers is equal to 1. If f is an elliptic fibration, there
exists a finite subset D ⊂ B of closed points such that the fiber Xt = f−1(t) is
non-smooth if and only if t ∈ D. If f is a quasi-elliptic fibration, there exists
a finite subset D ⊂ C of closed points such that the fiber Xt is reducible if
and only if t ∈ D. The set D is usually called the degeneracy set and a fiber
Xt, t ∈ D, is called a degenerate fiber. In other words, a degenerate fiber is
a singular fiber if the fibration is elliptic, or a reducible fiber if the fibration is
quasi-elliptic.

Given a degenerate fiber Xt, we will denote by

Xt =
∑
i∈I

miCi

its decomposition into irreducible components; the numbers mi are called the
multiplicities of the components Ci and their greatest common divisor m(t) is
called the multiplicity of Xt.

If Xt is irreducible, then Xt is either a smooth curve of genus 1, a rational
curve with an ordinary double point or a rational curve with a cusp. If Xt is
reducible, then each component is a smooth rational curve of self-intersection
−2 and the dual graph of Xt is an extended Dynkin diagram (see Table 2.3.1).
Up to the common factor m(t), the multiplicities mi are given in Figure 2.2.1.

Table 2.3.1: Classification of fiber types for a genus 1 fibration.

fiber type dual graph Euler–Poincaré
characteristic

curve

I0 Ã0 0 smooth elliptic curve
I1 Ã0 1 nodal rational curve
In, n ≥ 2 Ãn−1 n

II Ã0 2 cuspidal rational curve
III Ã1 3 two tangent rational

curves
IV Ã2 4 three concurrent ratio-

nal curves

I∗n, n ≥ 0 D̃n+4 n+ 6

IV∗ Ẽ6 8
III∗ Ẽ7 9
II∗ Ẽ8 10
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2.3.2 Euler–Poincaré characteristic

The following formula relating the Euler–Poincaré characteristic of X to the
Euler–Poincaré characteristics of the fibers will be central to our work (see [9,
Proposition 5.1.6]):

e(X) = e(B)e(Xη̄) +
∑
t∈B

(
e(Xt)− e(Xη̄) + δt

)
, (2.1)

where Xη̄ is the geometric generic fiber. The numbers δt are called wild rami-
fication indices; they are non-negative integers which vanish if charK 6= 2, 3 or
if f is a quasi-elliptic fibration. Non-degenerate fibers or fibers of type In never
have wild ramification, so the sum in (2.1) is actually a finite sum over t ∈ D.
Schütt and Schweizer [37] provide lower bounds for the wild ramification indices
of the other fiber types in the case of an elliptic fibration: these are collected in
Table 2.3.2 on page 12.

If f is an elliptic fibration, then the Euler–Poincaré characteristic of the
geometric generic curve is equal to 0, so (2.1) takes the following form:

e(X) =
∑
t∈B

(
e(Xt) + δt

)
. (2.2)

2.3.3 Base change

A fundamental operation in the theory of elliptic surfaces is the base change.
Given a morphism ψ : B′ → B, the base change of an elliptic surface X → B is
defined as the fiber product X ′ = X×BB′. After desingularization, the surface
X ′ → B′ is again an elliptic fibration.

It is important to keep track of how singular fibers behave. If wild ramifica-
tion does not occur, the fiber type of the fiber X ′s over the point s ∈ B′ will be
determined by the ramification index d of s for the morphism ψ. For example,
if s is not a point of ramification, then the fiber X ′s will have the same fiber type
as Xψ(s). This behavior is described in Table 2.3.3 on page 12 (see [25], [38]).

2.3.4 Mordell–Weil group

Let f : X → B be an elliptic fibration with a section σ0 : B → X and at least
one singular fiber. Given a smooth fiber Xt, the choice of the point σ0(t) as the
origin endows Xt with a group structure. Thanks to the theory of Néron models
(for a modern treatment see [41]), this is still true for the open set of smooth
points X ′t of a singular fiber Xt; the connected component (X ′t)

o containing
σ0(t) has group structure Gm (if Xt is of type In) or Ga (if Xt is not of type
In), where Gm and Ga denote the multiplicative and additive group structures
of K, respectively. The structure of the group of components X ′t/(X ′t)o is given
by Table 2.3.4 on page 12.

Let K = K(B) be the function field of B, and let X(B) be the set of
sections of f . There is a bijective correspondence between X(B) and the set of
K-rational points of the generic fiber Xη: the restriction of a section determines
a rational point, and the closure of a rational point determines a section. The
pair (Xη, O), where O ∈ Xη is the point corresponding to σ0, is an elliptic curve
and thus induces a group structure on X(B).

9
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The group X(B) is called the Mordell–Weil group of f (or of X) and it
is a finitely generated abelian group (see for instance [38, Theorem 6.1] and
references therein).

Torsion sections of elliptic fibrations will play a major role. We will often
use the fact (see, for instance [38]) that there exists an injection

X(B) ↪→
∏
t

X ′t/(X
′
t)
o.

The Mordell-Weil group of an elliptic surface acts on each smooth fiber by
translation, and this action extends to the singular fibers.

Lemma 2.3.2. Let X → B be an elliptic fibration endowed with an n-torsion
section σ such that p - n, where p = charK. Then, the minimal desingularization
of the quotient X/G by the group G generated by the action of σ is an elliptic
surface X ′ → B such that

e(X) = e(X ′).

Sketch of proof. Let us denote by X ′ the minimal desingularization of X/G.
Since σ acts fiberwise, X ′ is also an elliptic surface over B. Let f : X 99K X ′

be the rational map induced by composition; it corresponds to a morphism
f : X \ F → X ′, where F is a finite set.

If ω is a regular 1-form, its pullback f∗ω is a rational 1-form and is regular
on S \ F . The pullback f∗ω is not the zero form, since p - n. Since the
poles of a non-zero differential form are divisors, f∗ω is regular on all X, hence
there is an injective map f∗ : Γ(X ′,ΩX′) → Γ(X,ΩX). In particular we have
q(X ′) ≤ q(X). The same applies to 2-forms, so pg(X ′) ≤ pg(X).

Then f induces an isogeny on the generic fibers and the dual isogeny induces
a rational map X ′ 99K X. The same argument works, so we have the equalities
q(X) = q(X ′) and pg(X) = pg(X

′). Since the surfaces are elliptic, they both
have K2 = 0. We conclude by applying Noether’s formula.

2.3.5 Quasi-elliptic fibrations
Bombieri and Mumford introduced the notion of a quasi-elliptic surface in one
of their articles on the extension of Enriques’s classification to surfaces defined
over positive characteristic fields [7]. Nonetheless, it was already known to
Tate [42] that if the geometric generic fiber of a genus 1 fibration is not smooth,
then it is a rational curve with a cusp; furthermore, this can only happen if the
characteristic p of K is equal to 2 or 3.

In particular, given a quasi-elliptic fibration f : X → B the Euler–Poincaré
characteristic of the geometric generic fiber is equal to 2. Since wild ramification
indices vanish, formula (2.1) takes on the following form:

e(X) = 2 e(B) +
∑
t∈B

(
e(Xt)− 2

)
. (2.3)

Definition 2.3.3. The curve formed by the closure of the locus of singular
points on the irreducible fibers is called curve of cusps or cuspidal curve.

The cuspidal curve K is a smooth curve on X such that K ·Xt = p for every
t ∈ B. Moreover, the restriction of the quasi-elliptic fibration f to K is a purely
inseparable morphism of degree p (see [9, Proposition 5.1.7]).
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2.3. Genus 1 fibrations

The fiber types of reducible fibers that can appear in a quasi-elliptic fibration
are limited. Due to the action of the Mordell–Weil group, the cuspidal curve
can intersect reducible fibers only in very special ways. We will describe these
phenomena separately for p = 3 and p = 2, in their respective chapters (see
Sections 5.2 and 6.2).
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Table 2.3.2: Lower bounds and precise values for wild ramification indices δt of
an elliptic fibration according to the fiber type of Ft; a single entry indicates
equality.

fiber type In≥0 II III IV I∗n 6=1 I∗1 IV∗ III∗ II∗

p = 2 0 ≥ 2 ≥ 1 0 ≥ 2 1 0 ≥ 1 ≥ 1
p = 3 0 ≥ 1 0 ≥ 1 0 0 ≥ 1 0 ≥ 1

Table 2.3.3: Fibers after a base change of ramification index d.

before d after

In d ≥ 1 Idn

II

0 mod 6 I0

1 mod 6 II
2 mod 6 IV
3 mod 6 I∗0
4 mod 6 IV∗

5 mod 6 II∗

III

0 mod 4 I0

1 mod 4 III
2 mod 4 I∗0
3 mod 4 III∗

IV
0 mod 3 I0

1 mod 3 IV
2 mod 3 IV∗

before d after

I∗n
0 mod 2 Idn
1 mod 2 I∗dn

II∗

0 mod 6 I0

1 mod 6 II∗

2 mod 6 IV
3 mod 6 I∗0
4 mod 6 IV∗

5 mod 6 II

III∗

0 mod 4 I0

1 mod 4 III∗

2 mod 4 I∗0
3 mod 4 III

IV∗
0 mod 3 I0

1 mod 3 IV∗

2 mod 3 IV

Table 2.3.4: Group of components.

fiber type In≥1 I∗2n I∗2n+1 II, II∗ III, III∗ IV, IV ∗

X ′t/(X
′
t)
o Z/nZ Z/2Z× Z/2Z Z/4Z {1} Z/2Z Z/3Z
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Chapter 3

K3 quartic surfaces

In this chapter we set the main framework of our thesis and present the notation
which will be used throughout. We work over a fixed algebraically closed ground
field K of characteristic p ≥ 0.

Definition 3.0.1. A K3 quartic surface is a surface in P3 of degree 4 admitting
only rational double points as singularities.

Rational double points are in particular normal singularities; therefore, a K3
quartic surface only admits isolated singularities. The name stems from the fact
that the minimal desingularization of a K3 quartic surface is a K3 surface.

The chapter is structured as follows.
Section 3.1 We describe the birational geometry of K3 quartic surfaces and of

the lines lying on them; in particular, we prove that a line on a K3 quartic
surface induces a genus 1 fibration on its desingularization.

Section 3.2 We present basic results about the interplay of lines and singular-
ities of the surface.

Section 3.3 Some classical techniques are introduced, such as the distinction
between lines of the first and second kind.

Section 3.4 We collect some basic results about triangle free surfaces that are
valid in all characteristics and we set the nomenclature for completely
reducible planes.

3.1 Lines

Let X be a fixed K3 quartic surface, and let Sing(X) be the set of singular
points of X. Let ρ : Z → X be the minimal desingularization of X.

Proposition 3.1.1. The surface Z is a K3 surface and H := ρ∗(OX(1)) is a
nef line bundle such that H2 = 4.

Proof. We have to show that ωZ ∼= OZ and h1(Z,OZ) = 0. By the adjunc-
tion formula, ωX ∼= ωP3(X)|X ∼= OX . Since X only contains rational double
points, ωZ = ρ∗(ωX) ∼= OZ . Given that X is a hypersurface of dimension 2,
h1(X,OX) = 0; using the Leray spectral sequence and the definition of rational
double point, h1(Z,OZ) = h1(X,OX).

The other two assertions are obvious.
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Chapter 3. K3 quartic surfaces

From now on, ` will denote a line lying on a K3 quartic surface X with
minimal desingularization ρ : Z → X. Any divisor in the complete linear system
defined by OZ(H) will be called a hyperplane divisor (and often denoted by H,
too). The strict transform of ` will be denoted by L.

Lemma 3.1.2. The pencil of planes {Πt}t∈P1 containing the line ` induces a
genus 1 fibration π : Z → P1.

Proof. The pullbacks by the morphism ρ of the curves Πt ∩ X, obtained by
intersecting X with the pencil of planes containing `, define a pencil Σ on Z.
Let F + ∆ be a general member of Σ, where ∆ is the fixed part; the curve L
must be contained in ∆. Given an arbitrary F ′ ∈ |F |, we have F ′ + ∆ ∈ |H|,
because the linear system |H| is complete; therefore, there is a plane Π′ with
ϕ∗Π′ = F ′ + ∆. Since

ρ(supp(F ′ + ∆)) ⊃ ϕ(L) = `,

it must be ` ⊂ Π′, so F ′ + ∆ ∈ Σ; hence, |F | + ∆ = Σ and, in particular,
dim |F | = 1. The Riemann-Roch formula implies that F 2 = 0 and h1(OZ(F )) =
0; moreover, F is an irreducible curve of arithmetic genus 1 [35, Proposition 2.6.].
It follows that the morphism π := π|F | : Z → P1 induced by the base-point-free
complete linear system |F | is a genus 1 fibration.

The genus 1 fibration π induced by the pencil of planes containing ` – or, for
short, induced by ` – is always elliptic if charK 6= 2, 3, but in general we have
to distinguish the two cases.

Definition 3.1.3. A line ` is said to be elliptic (respectively quasi-elliptic) if
it induces an elliptic (respectively quasi-elliptic) fibration.

Let x0, x1, x2, x3 be the coordinates of P3. Up to projective equivalence, we
can suppose that the line ` is given by the vanishing of x0 and x1, so that the
quartic X is defined by

X :
∑

i0+i1+i2+i3=4

ai0i1i2i3x
i0
0 x

i1
1 x

i2
2 x

i3
3 = 0, (3.1)

where i0, . . . , i4 are non-negative integers, ai0i1i2i3 ∈ K and ai0i1i2i3 = 0 if
i2 = i3 = 0. It will often be convenient to rewrite the equation of X in this way:

X : x0α(x2, x3) + x1β(x2, x3) + terms containing x2
0, x0x1 or x2

1 = 0.

The forms α and β have degree 3; explicitly:

α(x2, x3) = a1030x
3
2 + a1021x

2
2x3 + a1012x2x

2
3 + a1003x

3
3,

β(x2, x3) = a0130x
3
2 + a0121x

2
2x3 + a0112x2x

2
3 + a0103x

3
3.

(3.2)

Remark 3.1.4. We will usually parametrize the planes containing ` by Πt : x0 =
tx1, t ∈ P1, where of course t = ∞ denotes the plane x1 = 0. Two equations
which define the residual cubic Et contained in Πt are the equation of Πt itself
and the equation g ∈ K[t][x1, x2, x3](3) obtained by substituting x0 with tx1 in
(3.1) and factoring out x1. An explicit computation shows that the intersection
of ` with Et is given by the points [0 : 0 : x2 : x3] satisfying

gt(0, x2, x3) = tα(x2, x3) + β(x2, x3) = 0. (3.3)
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Note that we will always consider a residual cubic as a planar curve (of degree
3) in Πt. In particular, it can be irreducible (in which case either it is smooth,
or it contains a node, or it contains a cusp), or reducible (in which case it can
split either into the union of a line and an irreducible conic, or into the union
of three lines).

The proof of Lemma 3.1.2 shows that a fiber Ft of π (t ∈ P1) is the pullback
through ρ of the residual cubic Et. A general fiber will be usually called F , while
a general residual cubic will be usually called E. We denote the restriction of π
to L again by π.

Definition 3.1.5. If the morphism π : L → P1 is constant, we say that L has
degree 0; otherwise, the degree of ` is the degree of the morphism π : L→ P1.

Definition 3.1.6. The singularity of a line ` is the number of singular points
of X lying on `.

Proposition 3.1.7. If ` is a line of degree d and singularity s, then,

d = 3−
∑

P∈`∩Sing(X)

IP (E, `), (3.4)

where E is a general residual cubic, and IP (E, `) is the intersection multiplicity
of E and ` at P as planar curves; in particular, d ≤ 3 − s, and d = 3 if and
only if s = 0.

Proof. The degree of π : L → P1 is given by 3 minus the common roots of α
and β counted with multiplicity (note that α and β cannot be identically zero
at the same time, otherwise ` would be a line of singular points). Observe that
` contains a singularity at the point [0 : 0 : x2 : x3] if and only if [x2 : x3] is
a common root of α and β; moreover, the multiplicity of this common root is
exactly IP (Et, `) for a general t ∈ P1. This proves formula (3.4); in particular,
if α and β have no roots in common or, equivalently, if there are no singularities
on ` – and only in that case – the degree of the associated morphism π : L→ P1

is 3.

Remark 3.1.8. If α and β have all roots in common, i.e., they are multiple of
each other, then there is exactly one plane whose intersection with the quartic
contains ` as a non-reduced component (if there were more, the surface would
have worse singularities than rational double points): this plane is the only plane
tangent to the surface along the line `. This means precisely that the degree of
the morphism π : L→ P1 is zero, that is to say, L is a fiber component for the
morphism π : Z → P1. Conversely, if π : L → P1 has degree 0, then α and β
have all roots in common.

By Proposition 3.1.7, the degree of a line is never greater than 3; therefore,
the morphism π : L→ P1 is always separable if charK 6= 2, 3. Again, in general
we have to make a distinction.

Definition 3.1.9. A line ` is said to be separable (respectively inseparable) if
the induced morphism π : L→ P1 is separable (respectively inseparable).
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Given a separable line `, we will say that a point P on ` is a point of
ramification nm if the corresponding point on L has ramification index n and
length(ΩL/P1) = m. We recall that if charK does not divide n, then m = n− 1
and can be omitted, whereas if charK divides n, then m ≥ n.

3.2 Singularities
Let P be a singular point on a K3 quartic surface X (not necessarily containing
a line). If we choose coordinates so that the point P is given by [0 : 0 : 0 : 1],
the defining equation of X becomes

X : x2
3f2(x0, x1, x2) + x3f3(x0, x1, x2) + f4(x0, x1, x2) = 0, (3.5)

where the fi’s are homogeneous forms of degree i.

Definition 3.2.1. We call these forms the (second, third, fourth) Taylor coef-
ficients of X at P .

Since we are considering only rational double points, the form f2 is not
identically zero and the equation f2 = 0 defines the tangent cone of X at P .

Lemma 3.2.2. If P is a singular point on a K3 quartic surface X, then there
are at most 8 lines lying on X and passing through P . Moreover, if there are
more than 6, then the second and the third Taylor coefficients of X at P share
a common factor; if there are 8, then the second Taylor coefficient of X at P
must divide the third.

Proof. Consider equation (3.5). A line parametrized by t 7→ [at : bt : ct : 1] is
contained in X if and only if [a : b : c] is a point of intersection of the three
plane curves of degree i = 2, 3, 4 defined by fi = 0. Recall that by Bézout’s
theorem two plane curves of degree d and e without irreducible components in
common have at most d · e distinct points in common.

Note first that f2, f3 and f4 cannot all have a common irreducible compo-
nent, otherwise the surface X would be reducible.
• Suppose first that f2 is irreducible. Then, by Bézout’s theorem, it inter-

sects f3 in at most 6 points, unless it is an irreducible component f3; in
this case f2 divides f3 and, since f2 is not a component of f4, f2 and f4

have at most 8 common points, which is what we claimed.
• Suppose now that f2 = gh is the union of two lines g = 0, h = 0, which

may be identical or different. If none of these lines is a component of f3,
then the number of common solutions of f2 and f3 is at most 6.

Hence, if the number of common solutions is bigger than 6, the curves defined
by f2 and f3 have at least one common irreducible component, say g. Since
each common component of f2 and f3 is not a component of f4, g gives at most
4 solutions with f4. If h is not a component of f3, then they intersect in at most
3 distinct point, so the number of intersection points is at most 3 + 4 = 7.

Therefore, in order to have 8 distinct solutions the two lines g, h must be dif-
ferent and also h must be a component of f3, which implies that the polynomial
f2 divides f3.

Lemma 3.2.3. If P is a singular point on a line `, a general residual cubic
relative to ` is smooth at P .
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Proof. If this is not the case, then P is a triple point, as can be checked by an
explicit computation.

Lemma 3.2.4. Let P be a singular point on a line `. Then, exactly one of the
exceptional divisors on Z coming from P is a section of the fibration induced
by `, and all others are fiber components.

Proof. Take a general residual cubic E relative to `. Since E is smooth at P
by Lemma 3.2.3, its strict transform F hits exactly one exceptional divisor. On
the other hand, all other exceptional divisors have intersection 0 with the fiber
F , so they must be fiber components.

3.3 Valency
Definition 3.3.1. Given a K3 quartic surface X, we will denote by Φ(X) the
number of lines lying on X.

The letter Φ is reminiscent of the name Fano, as the Hilbert scheme of lines
on X is usually called the Fano variety of lines on X. The aim of this thesis is
to find a bound for Φ(X). The first observation is that, given any plane Π in
P3, a line ` contained in X either lies on Π or meets Π in exactly one point.

We will usually be interested in finding a completely reducible plane, i.e., a
plane Π such that the intersection X ∩Π splits into the highest possible number
of irreducible components, namely four lines `1, . . . , `4 (not necessarily distinct).
If a line `′ not lying on Π meets two or more distinct lines `i, then their point
of intersection must be a singular point of the surface. It follows that Φ(X) is
bounded by

Φ(X) ≤ #{lines in Π}
+ #{lines not in Π going through Π ∩ Sing(X)}

+

4∑
i=1

#{lines not in Π meeting `i in a smooth point}.
(3.6)

It will then be a matter of finding a bound for the second and third contri-
bution. The former will be usually dealt with using Lemma 3.2.2. As for the
latter, it is natural to introduce the following definition.

Definition 3.3.2. The valency of `, denoted by v(`), is the number of lines on
X distinct from ` which intersect ` in smooth points.

Most of the time we will express the latter contribution in terms of v(`i), and
much of the work will be dedicated to finding a bound for these quantities. Of
course, not all K3 quartic surfaces admit a completely reducible plane, in which
case we will turn to other techniques, such as the ones presented in Section 3.4.

In this section we collect some general facts about the valency of a line that
are valid in all characteristics.

Definition 3.3.3. A 3-fiber is a fiber whose residual cubic splits into three
lines, whereas a 1-fiber is a fiber whose residual cubic splits into a line and an
irreducible conic. A line ` is said to be of type (p, q), p, q ≥ 0, if in its fibration
there are p fibers of the former kind and q fibers of the latter kind.
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Definition 3.3.4. The (local) valency of a fiber F , denoted by v`(F ), is the
number of lines distinct from ` contained in the plane corresponding to F that
meet ` in a smooth point. When it is clear from the context, we will simply
write v(F ).

Obviously,
v(`) =

∑
t∈P1

v`(Ft), (3.7)

and the sum is actually a finite sum.
Let ` be a line of positive degree d. If F is a 3-fiber, then at most d of the

3 lines contained in the corresponding residual cubic can meet ` in a smooth
point, so v(F ) ≤ d; if F is a 1-fiber, then v(F ) ≤ 1. It follows that if ` has type
(p, q) formula (3.7) becomes

v(`) ≤ dp+ q. (3.8)

On the other hand, lines of degree 0 behave in a very special way, as the following
lemma shows.

Lemma 3.3.5. If ` is a line of degree 0, then v(`) ≤ 2.

Proof. As we observed in Remark 3.1.8, a line ` is of degree 0 if and only if there
exists a plane Π which is tangent to X along `, i.e., ` appears with multiplicity
at least 2 in the intersection of Π with X. The residual conic on this plane
might split into two lines. On the other hand, all other lines meeting ` must
pass through one of the singular points of `, thus not contributing to the valency
of `.

Lemma 3.3.6. If ` is an elliptic line of type (p, q), then

3 p+ 2 q ≤ 24. (3.9)

Proof. A 3-fiber F contains at least 3 components; hence, its Euler–Poincaré
characteristic e(F ) is at least 3; similarly, if G is a 1-fiber, then e(G) ≥ 2. The
formula follows then from (2.2).

Lemma 3.3.7. If ` is an elliptic line without 3-fibers, then v(`) ≤ 12.

Proof. This is a straightforward application of formulas (3.8) and (3.9) with
p = 0.

The assumption that ` is elliptic in Lemmas 3.3.6 and 3.3.7 is essential, see
Sections 5.2 and 6.2.

3.3.1 Lines of the first and second kind
Given a line ` of positive degree, a crucial technique to find bounds for v(`)
is to count the points of intersection of the residual cubics Et and ` which are
inflection points for Et. By inflection point we mean here a point which is also
a zero of the hessian of the cubic (i.e., the determinant of its hessian matrix –
see formula (3.11) when charK = 2). In fact, if a residual cubic Et contains a
line as a component, all the points of the line will be inflection points of Et.

Writing out the equation of a cubic in P2 explicitly and computing the
determinant of its hessian matrix, one can also check the following lemma.
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Lemma 3.3.8. Let E be a reducible cubic in P2 that is the union of an irre-
ducible conic and a line `′. Then, the locus of inflection points of E is exactly `′.

Supposing that the surface X is defined as in equation (3.1), the hessian of
the equation g defining the residual cubic Et (see Remark 3.1.4) restricted on
the line ` is given by

h := det

(
∂2g

∂xixj

)
1≤i,j,≤3

∣∣∣∣
x1=0

∈ K[t][x2, x3](3), (3.10)

which is a polynomial of degree 5 in t, with forms of degree 3 in (x2, x3) as
coefficients. If charK = 2, we need to modify the definition of the hessian
slightly, as suggested by Rams and Schütt [30]. If m is the coefficient of the
monomial x1x2x3 in g, then one defines

h̃ =
1

4

(
1

2
det
( ∂2g

∂xixj

)
1≤i,j,≤3

−m2g

)∣∣∣∣
x1=0

∈ K[t][x2, x3](3), (3.11)

which is to be understood first as an algebraic expression over Z in terms of
the generic coefficients of g, then interpreted over K by reducing modulo 2 and
substituting.

We want now to find the number of lines intersecting ` by studying the
common solutions of (3.3) and (3.10) (or (3.11)) on the line `. It is convenient
to extend Segre’s nomenclature [39].

Definition 3.3.9. The resultant R(`) with respect to the variable t of the
polynomials (3.3) and (3.10) (or (3.11) if charK = 2) is called the resultant of
the line `.

Definition 3.3.10. We say that a line ` of positive degree is a line of the second
kind if its resultant is identically equal to zero. Otherwise, we say that ` is a
line of the first kind.

A root [x̄2 : x̄3] of R(`) corresponds to a point P = [0 : 0 : x̄2 : x̄3] on `; if
P is a smooth surface point, then it is an inflection point for the residual cubic
passing through it. A local computation yields the following lemma, which holds
in any characteristic.

Lemma 3.3.11. Let ` be a line of the first kind.
(a) If one line intersects ` at a smooth point P , then P is a root of R(`).
(b) If two lines or one double line intersect ` at a smooth point P , then P is

a root of R(`) of order at least 2.
(c) If three lines, one double line and a simple line, or one triple line intersect

` at a smooth point P , then P is a root of R(`) of order at least 5.

Proposition 3.3.12. If ` is a line of the first kind, then v(`) ≤ 3 + 5 d.

Proof. Since equation (3.3) is linear in t and – once one has got rid of the
common factors of α and β – it has degree d in (x2, x3), the resultant R(`) of a
line ` of the first kind is a form in (x2, x3) of degree 3 + 5 d. The claim follows
from Lemma 3.3.11.

Corollary 3.3.13. If ` is a line of the first kind of valency 18, then ` has type
(p, q) = (6, 0), (5, 3) or (4, 6).
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Proof. From Proposition 3.3.12 we deduce that d = 3. By Lemma 3.3.11, the
multiplicity of each root of R(`) must be equal to the number of lines different
from ` passing through the corresponding point (and there can be at most double
roots). It follows that (3.8) is indeed an equality, so q = 18−3 p. Since q ≥ 0, it
must be p ≤ 6. On the other hand, substituting into (3.9) one finds p ≥ 4.

3.4 Triangle free surfaces
Definition 3.4.1. Let X be a K3 quartic surface with minimal desingulariza-
tion Z. The line graph of X is the graph whose vertex set is the set of lines on
X such that two vertices `, `′ are connected by an edge if and only if L ·L′ = 1,
where L and L′ are the strict transforms of the lines ` and `′, respectively.

The line graph Γ = Γ(X) of a K3 quartic surface X is a graph without loops
or multiple edges. By definition, the number of its vertices is equal to Φ(X).

Definition 3.4.2. A K3 quartic surface X is called triangle free if its line graph
contains no triangles, i.e., cycles of length 3.

In other words, a K3 quartic surface X is triangle free if there are no triples
of distinct lines on X forming a triangle, i.e., intersecting pairwise in smooth
points. The next definition has an analogous geometric interpretation.

Definition 3.4.3. A K3 quartic surface X is called square free if it is triangle
free and if its line graph contains no squares, i.e., cycles of length 4.

Recall that a graph induces a symmetric bilinear form on the lattice gener-
ated by its vertices, in the following way:

v2 = v · v := −2 + 2 ·#{loops around v}
v · w := #{edges joining v and w}

Note that the symmetric form on the line graph of a K3 quartic coincides with
the intersection form on the lines contained in its minimal desingularization.

Definition 3.4.4. A connected graph is called elliptic if its associated form is
negative definite; parabolic if its associated form is negative semidefinite, with
kernel of dimension 1. In other words, elliptic graphs are Dynkin diagrams and
parabolic graphs are extended Dynkin diagrams.

In what follows, by ‘subgraph’ we will always mean an ‘induced subgraph’.
We will denote by |G| the cardinality of the set of vertices of a graph G. The
Milnor number µ(G) of a graph G is the rank of its associated form.

Let now Γ be the line graph of a K3 quartic surface X. Given a subgraph
G ⊂ Γ, the span of G will be the subgraph

spanG = G ∪ {m ∈ Γ : m · l = 1 for some l ∈ G};

the valency of G will be

v(G) := |(spanG) rG|.

Note that this definition extends naturally the notion of ‘valency of a line’.
Two subgraphs G, G′ of Γ are said to be disjoint if spanG ∩G′ = ∅.
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3.4. Triangle free surfaces

Lemma 3.4.5. If ` is an elliptic line on a triangle free K3 quartic surface, then
v(`) ≤ 12.

Proof. For lines of degree 0, we have v(`) ≤ 2 by Lemma 3.3.5, so we can suppose
that ` has positive degree. It is sufficient to show that

2 v(F ) ≤ e(F ) (3.12)

for all fibers F of the fibration induced by `. In fact, if this holds, then by
formula (3.7)

2 v(`) =
∑
t∈P1

2 v(Ft) ≤
∑
t∈P1

e(Ft) ≤ 24

and we conclude.
Formula (3.12) is clear for a 1-fiber F , because v(F ) ≤ 1 and e(F ) ≥ 2.

Observe that if a 3-fiber F contains a double line, then e(F ) ≥ 6. Since v(F )
can never be greater than 3, we get (3.12). Hence, we can suppose that F is
a 3-fiber composed of three distinct lines `1, `2, `3. Moreover, no three lines
among ` and the `i’s can meet in a smooth point, since there are no triangles.

If v(F ) = 3, then two configurations may arise, as pictured below: either
the `i’s meet in different points or they are concurrent. If they meet in different
points, then all points must be singular, because of the triangle free assumption,
giving rise to a fiber of type In with n ≥ 6. If they are concurrent, then the
intersection point must be singular and the corresponding fiber must have at
least 4 components, three of which of multiplicity 1, and no cycle, i.e., it must
be of type I∗n or IV∗. In any case, e(Fs) ≥ 6 and again we obtain (3.12).

If v(F ) = 2, then there is a singular point on ` and one of the `i’s passes
through it, while the other two lines meet ` in two other smooth points. Again,
the lines `i can meet in different points or in the same point (see picture below).
In the former case, it is not possible that all the intersection points of the `i’s
are smooth; thus, the fiber is of type In with n ≥ 4 and (3.12) holds. In the
latter case, we can argue as before.

In case v(F ) = 1 formula (3.12) is automatically satisfied, since for a 3-fiber
e(F ) ≥ 3.
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Chapter 3. K3 quartic surfaces

In the last part of this section, we would like to classify the possible config-
urations of lines and singular points on a completely reducible plane. Note that
if three lines form a triangle, then they are necessarily coplanar and the plane
containing them is completely reducible.

Lemma 3.4.6. If three lines on X form a triangle, then they are contained in
plane Π such that the intersection of Π and X has one of the configurations
pictured in Figure 3.4.1.

Proof. Let `1, `2, `3 be the lines forming a triangle and `4 the fourth line on the
plane. If `4 coincides with one of the former, then we get configurations D0 or
E0. Suppose the four lines are pairwise distinct. A priori the following three
configurations are possible:
• either the lines meet in pairwise distinct points (configurations A),
• or exactly three of them are concurrent (configurations B),
• or four of them are concurrent (configuration C0).
Note that a singular point of the surface contained in the plane must be the

intersection point of two or more lines. By hypothesis, `1, `2 and `3 meet in
smooth points. Up to symmetry, the only possible configurations are those in
the picture.

Lemma 3.4.7. If X admits a completely reducible plane Π without a triangle,
then the intersection of Π and X has one of the configurations in Figure 3.4.2,
if the lines on Π are pairwise distinct, or Figure 3.4.3, if there is at least one
multiple component.

Proof. The proof employs the same combinatorial arguments as in Lemma 3.4.6
and we omit it.

The nomenclature for completely reducible planes introduced in Figures 3.4.1,
3.4.2 and 3.4.3 will be used also in the next chapters.
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A0

A1 A2 A3

B0

B1 B2 B3

C0

D0 E0

Figure 3.4.1: Possible configurations of lines on a plane with a triangle. Singular
points are marked with a bullet. In configurations D0 and E0 the singular points
might coincide.
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A4 A5 A6

A7 A8 A9

A10 B4 B5

B6 B7 C1

Figure 3.4.2: Possible configurations of lines on a completely reducible plane
with four distinct lines and without a triangle. Singular points are marked with
a bullet.
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D1 D2 D3

D4 E1 F1

F2 G0 G1

H

Figure 3.4.3: Possible configurations of lines on a completely reducible plane
with a multiple component and without a triangle. Singular points are marked
with a bullet. Bullets on the same component, but not belonging also to another
component can coincide.
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Chapter 4

Characteristic different from
2 and 3

Throughout this chapter we will suppose that the characteristic p ≥ 0 of the
ground field K is different from 2 and 3.

This chapter is dedicated to the proof of the following theorem, which is a
direct generalization of Segre–Rams–Schütt’s Theorem [33], [39].

Theorem 4.0.1. If X is a K3 quartic surface, then Φ(X) ≤ 64.

The assumption on the characteristic of the field rules out several pathologies
that can only take place in characteristic 2 and 3. First and foremost, all lines
will be separable elliptic lines.

The chapter is structured as follows.
Section 4.1 We provide upper bounds for the valencies of lines according to

their kind, degree and singularity, building on a method introduced by
Rams and Schütt [33].

Section 4.2 We study two special constructions, namely special lines and twin
lines, both of which are to be found on Schur’s quartic.

Section 4.3 We prove Theorem 4.0.1 for triangle free surfaces.
Section 4.4 We carry out the rest of the proof.
Section 4.5 We describe several examples of surfaces with a particularly high

number of lines.

4.1 Lines of the second kind
Let ` be a line of positive degree on a K3 quartic surface X. A consequence of
inequalities (3.8) and (3.9) is that v(`) cannot be greater than 24. This bound
is not sharp. Table 4.1.1, which summarizes the results of this section, offers an
overview of the best estimates on v(`) known to us.

The bounds for lines of degree 0 and lines of the first kind have already been
treated in Lemma 3.3.5 and Proposition 3.3.12, respectively. Finding a bound
for lines of the second kind is more involved: this will be the main subject of
this section.

The bound 18 for lines of the first kind of degree 3 is reached for example
by the lines of type (p, q) = (4, 6) in Schur’s quartic (see Section 4.2), while the
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Table 4.1.1: Known bounds for the valency of a line according to its kind, degree and
singularity. Sharp bounds are marked with an asterisk *.

kind degree singularity valency

first kind
3 0 ≤ 18*
2 1 ≤ 13
1 2 or 1 ≤ 8

second kind

3 0 ≤ 20*
2 1 ≤ 10
1 2 ≤ 9
1 1 ≤ 11

– 0 3, 2 or 1 ≤ 2*

bound 20 for lines of the second kind of degree 3 is reached by some surfaces
in family Z (see Lemma 4.2.2). It is also not difficult to construct surfaces
exhibiting configuration D0 or E0 of Figure 3.4.1, thus reaching the bound 2 for
lines of degree 0. Nonetheless, we do not know whether the other bounds are
sharp.

4.1.1 Lines of degree 3

The Riemann–Hurwitz formula (see [15]) applied to the morphism π : L → P1

yields the following lemma, where we use the notation introduced after Defini-
tion 3.1.9.

Lemma 4.1.1. A line of degree 3 can have ramification 24
1, 22

132 or 32
2.

The last ramification type will play an important role in the sequel, so we
give it a name.

Definition 4.1.2. A line ` of degree 3 is said to be special if it is of the second
kind and has ramification 32

2.

Suppose now that ` is a line of the second kind of degree 3. The morphism
π : L → P1 corresponds to a (separable) field extension K(P1) ⊂ K(L) of
degree 3. This extension can be Galois or not, according to the ramification
type of π. More precisely, the extension is Galois if and only if ` is special.
In fact, the index of ramification at a point P ∈ L is equal to the order of
the inertia group of the corresponding place in K(L). Since the inertia group
is a subgroup of the Galois group, its size must divide the size of the Galois
group; hence, this extension can never be a Galois extension if there is a point
of ramification index 2.

In any case, we can consider the Galois closure of K(L), which corresponds
to a morphism ψ : Γ → L, where Γ is a smooth algebraic curve. We set
η := π ◦ ψ and d = deg η. We perform two consecutive base changes, obtaining
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the following commuting diagram:

Y

��

// W

��

// Z

π
��

Γ
ψ
// L

π // P1

where W is the minimal desingularization of the surface Z ×P1 L, Y is the
minimal desingularization of the surface W ×L Γ, and dashed arrows represent
rational dominant maps. Of course, if the map π : L → P1 is already Galois,
the second base change is trivial, since Γ = L. Hence, if ` is special, then d = 3,
otherwise d = 6.

The inclusion L ↪→ Z lifts to a section L → W , which in turn lifts to a
section s0 : Γ → Y . The Galois action provides us with two more sections
s1, s2 : Γ→ Y .

Definition 4.1.3. We will call these three sections Galois sections, and we
choose s0 as the 0-section in the Mordell-Weil group of the elliptic surface Y →
Γ.

Since ` is a line of the second kind and since the three inflection points that `
cuts on the generic cubic are obviously aligned, we obtain the following lemma.

Lemma 4.1.4. The sections s1 and s2 are torsion sections of order 3 inverse
to each other.

The action of the Galois sections induces a rational map Y 99K Y ′, where
Y and Y ′ are two elliptic surfaces over Γ with the same Euler–Poincaré char-
acteristic, by Lemma 2.3.2. To each singular fiber G of Y there corresponds a
singular fiber G′ of Y ′ and the type of G′ is determined univocally by the type
of G and by which components of G are met by the torsion sections.

Let F = π−1(t) be a singular fiber of π : Z → P1 and let Π ⊃ ` be the
corresponding plane in P3. Let E be the residual cubic in the plane Π. We will
say that F is unramified, ramified of index 2 or ramified of index 3, according
to whether the configuration of η−1(t) consists of
(a) d distinct points (t is not a branch point);
(b) 3 points of ramification index 2;
(c) d/3 points of ramification index 3.

Observe that the ramified fibers are in one-to-one correspondence with the ram-
ification points of π : L → P1 and have the same ramification indices. We
will now study in detail how the fiber F is modified under the consecutive base
changes that we have just described.

Remark 4.1.5. The results of the following three lemmas are summarized in
tables. The column “difference” represents the difference of the Euler–Poincaré
characteristics of the fibers on Y and Y ′ obtained from the fiber F by base
change.

Note that fibers of type I3n or I∗3n can exhibit two different behaviors.

Lemma 4.1.6. If F is an unramified fiber, then F has type In, IV or IV∗ and
behaves according to the following table.

29



Chapter 4. Characteristic different from 2 and 3

fiber F fibers on Y fibers on Y ′ difference v(F )

In d× In d× I3n +2 dn 0
I3n d× I3n d× In −2 dn 3
IV d× IV d× IV 0 3
IV∗ d× IV∗ d× IV∗ 0 3

Proof. In this case η−1(t) consists of d distinct points and the fiber F is replaced
by d fibers on Y . Choose one of them and call it G. Note that F and G are
of the same type. Since G accommodates 3-torsion sections, G (hence also F )
must be of type In (n ≥ 0), IV or IV∗ in Kodaira’s notation (see Table 2.3.3).

Suppose that F and G are of type In and suppose that the sections s0, s1 and
s2 meet the same component of G. Recalling that the sections si are induced by
the strict transform of ` in Z, the former case happens if and only if the line `
meets only one component of E, i.e., E is irreducible and gives no contribution
to the number of lines meeting `). G must correspond to a fiber G′ of type I3n

on Y ′.
If F and G are of type In, but the sections si intersect different irreducible

components, then n must be a multiple of 3 and G corresponds to a fiber G′ of
type In on Y ′. The residual cubic E splits into three lines.

If F and G are of type IV and IV∗ then the sections si must meet different
components of G, hence the residual cubic must fully split and the fiber G′ on
Y ′ corresponding to G has the same type of F and G.

Lemma 4.1.7. If F is a ramified fiber of index 2, then F has type I∗n, II, II∗

or IV∗ and behaves according to the following table.

fiber F fibers on Y fibers on Y ′ difference v(F )

I∗n 3× I2n 3× I6n +12n 2
I∗3n 3× I6n 3× I2n −12n 2
II 3× IV 3× IV 0 0
II∗ 3× IV∗ 3× IV∗ 0 2
IV∗ 3× IV 3× IV 0 2

Proof. Suppose η−1(t) consists of 3 points of ramification index 2. This is only
possible in case ` is not special, i.e., when d = 6. The fiber F is then replaced
by three fibers on Y , whose type can be read off from Table 2.3.3. A priori, the
fiber F can be of type In, I∗n, II, IV, II∗ or IV∗, yielding three fibers on Y of
type I2n, I2n, IV, IV∗, IV∗ or IV respectively, all of which could accommodate
3-torsion sections.

We can exclude fibers of type In, though. Indeed, since the line ` meets the
residual cubic in Π at inflection points, ` cannot be tangent to the residual cubic,
otherwise it would have intersection of order 3 and Π would not correspond to
a ramification point of π of index 2. Hence, ` cannot be tangent to the fiber F
(since all blowups of the desingularization happen outside of `) and, therefore, `
meets F in a node. However, on each new fiber on Y two of the Galois sections,
say s0 and s1, meet the same component, and the third one s2 meets a different
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component: this is impossible since we could choose s0 to be the 0-section, but
s1 and s2 could not be the inverse of each other.

We also deduce that the residual cubic E in the plane Π corresponding to F
cannot split into three different lines. Indeed, these lines could not be concurrent
since ` would pass through their intersection point and ramification of index 3
would occur. But if they were not concurrent, then they would form a ‘triangle’;
after blowing up the singular points, the fiber F would still contain a ‘cycle’,
hence it should be of type In (n ≥ 3), which we have just ruled out.

The residual cubic E cannot split into a line and a conic, because if the two
where secant, then they would form a ‘cycle’ (of length 2) and this cycle would
lead to a fiber of type In, while if they where tangent then ` would pass through
the point of tangency (since it cannot be tangent to the conic) and we would
get a fiber of type III, which is also excluded; moreover, the residual cubic E
cannot be an irreducible cubic with a node, since ` should pass through the
node and we would have a fiber of type I1 (recall that all points on ` are smooth
because π : Z → P1 has degree 3); finally, E cannot be a triple line, otherwise
ramification of index 3 would occur.

Hence, we are left with very few possibilities: either E is an irreducible cubic
with a cusp, ` passes through the cusp and we have a fiber of type II, or E splits
into a double line and another line, hence the fiber F contains a component of
multiplicity 2. This rules out a fiber F of type IV, too.

Lemma 4.1.8. If F is a ramified fiber of index 3, then F has type In, IV or
IV∗ and behaves according to the following table, where d′ = d/3.

fiber F fibers on Y fibers on Y ′ difference v(F )

I1 d′ × I3 d′ × I9 +6 d′ 0
In (n ≥ 2) d′ × I3n d′ × I9n +6 d′n 1
IV d′ × I0 d′ × I0 0 3
IV∗ d′ × I0 d′ × I0 0 ≤ 2

Proof. Suppose η−1(t) consists of d/3 points of ramification index 3. In this
case, F is replaced by d/3 fibers on Y . As before, we be read off their fiber type
from Table 2.3.3: the fiber F can be of type In, IV or IV∗.

If the residual cubic in Π has a non-reduced component, then it must lead
to a fiber of type IV∗. If the residual cubic is composed of three distinct lines,
then, in order to have ramification of type 3, they must be concurrent and the
line ` must pass through their intersection point; thus, there cannot be singular
points of the surface on the three lines (since this would result in a fiber outside
Kodaira’s classification) and the fiber must be of type IV.

If the fiber F is of type I1, then the residual cubic must be irreducible; hence,
it gives no contribution to the lines meeting `. If the fiber F is of type In, n ≥ 2,
then the residual cubic splits into a line plus a conic (it cannot split into three
lines, otherwise we could not have ramification of index 3). In each case, the
three Galois sections must meet the same component on each of the two fibers
of type I3n on Y (this component comes from the node of the residual cubic
through which ` passes); therefore, we get two fibers of type I9n on Y ′.

Three concurrent lines correspond to a fiber F of type IV. A double or a
triple line must lead to a fiber F of type IV∗.
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Proposition 4.1.9. If ` is a line of the second kind of degree 3, then v(`) ≤ 20,
moreover, if v(`) > 16, then ` is special. If v(`) = 19, then the line has type
(p, q) = (6, 1) and the 1-fiber is a ramified fiber of type In, n ≥ 2; if v(`) = 20,
then the line has type (p, q) = (6, 2) and both 1-fibers are ramified fibers of type
In1

, In2
, n1, n2 ≥ 2.

Proof. We compute the valency of ` using formula (3.7) and the tables of Lem-
mas 4.1.6, 4.1.7 and 4.1.8. According to Lemma 2.3.2 the Euler–Poincaré char-
acteristics of Y and Y ′ must balance out.
• If ` has ramification 24

1, there are four ramified fibers, so their contribution
to the Euler number is always at least 8. Considering the possible combi-
nations of fibers, one can see that each time we get 3n lines we must pay
with a contribution of at least 4n to the Euler number, so the number of
lines intersecting ` is not greater than 12.

• If ` has ramification 22
132, the contribution to the Euler number coming

from the ramified fibers of index 2 is at least 4, without any contribution
to the number of lines. Again, looking at the possible combinations, one
can see that we need a further contribution of at least 4n to the Euler
number each time we get 3n lines, except when we have a ramified fiber
of type In, n ≥ 2, (there can be at most one) paired with n unramified
fibers of type I3, in which case we get 3n+ 1 lines for a loss of 4n in the
Euler number. Hence, the maximal number of lines meeting ` is 16.

• Finally, if ` has ramification 32
2, i.e., if ` is a special line, a direct inspec-

tion of the possible combinations yields a bound of 20 lines meeting `.
Furthermore, the line ` can meet 19 or 20 lines only if there are one or
two ramified fibers of type In1

, In2
, n1, n2 ≥ 2.

4.1.2 Lines of degree 2
The following lemma is also a straightforward consequence of the Riemann-
Hurwitz formula.

Lemma 4.1.10. A line of degree 2 has ramification 22
1.

Suppose that ` is a line of the second kind of degree 2. By Proposition 3.1.7,
the line ` contains exactly one singular point of the surface, which we call P ,
and the general residual cubic intersects ` at P with multiplicity 1.

Lemma 4.1.11. The point P is of type An, n ≥ 2.

Proof. Let us parametrize the surface X as in (3.1). The point P corresponds to
a simple common root of the forms α and β defined in (3.2). Up to projective
equivalence, we can suppose that P is [0 : 0 : 0 : 1], which is the same as
requiring x2 to be the common root of α and β; this means that in equation
(3.1) we have

a0103 = a1003 = 0. (4.1)

In addition, after a suitable change of coordinates we can suppose that

a0112 = a1030 = a1021 = 0 and a1012 = a0130 = 1. (4.2)

In fact, we can assume that Q = [0 : 0 : 1 : 0] is a point of ramification relative
to the plane Π1 : x1 = 0 and that the residual cubic in Π0 : x0 = 0 has at least
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4.1. Lines of the second kind

double intersection with ` in P . Note that P is a point of ramification if and
only if a0121 = 0. The coefficients a1012 and a0130 must be different from 0, so
we can normalize them to 1.

The resultant R(`) must vanish, since ` is of the second kind. By looking
at the coefficients of x13

3 and x2x
12
3 one finds that a0202 has to be equal to 0;

hence, the tangent cone at P , which is given by

f2 : (a2002x0 + a1102x1 + x2)x0 = 0, (4.3)

is the union of two distinct planes, which means that P is of type An, n ≥ 2.

From the resolution of the point P we get n smooth rational exceptional
divisors ∆1, . . . ,∆n on Z, such that ∆i.∆i+1 = 1 for i = 1, . . . , n − 1, and
∆i.∆j = 0 otherwise (as long as i 6= j). The intersection line of the two planes
in the tangent cone of P (4.3) is a line different from `. This tells us that the
strict transform L of ` meets one ‘extremal’ exceptional component, say ∆1,
while the strict transform of a general residual cubic meets the other ‘extremal’
exceptional component ∆n (in fact, the two ‘extremal’ components parametrize
the tangent directions in the two planes of the tangent cone).

Consider now the following commuting diagram

W

��

ψ
// Z

π
��

L
π // P1

(4.4)

where W is the minimal desingularization of Z ×P1 L.
Note that the field extension K(P1) ⊂ K(L) corresponding to π : L → P1

has degree 2; hence, it is always Galois. Therefore, we have three sections
s0, s1, s2 : L → W , which we call Galois sections as in the degree 3 case of
the previous section. We can choose one of them to be the zero section; since
` is of the second kind, the other two are 3-torsion sections. Observe that two
sections map one-to-one onto ` through ψ, whereas the third section maps two-
to-one onto ∆n. The Galois sections induce a rational map W 99K W ′, where
e(W ) = e(W ′), as explained in Lemma 2.3.2.

Let F := π−1(t) be a singular fiber of the elliptic fibration π : Z → P1

induced by ` corresponding to a plane Π.

Lemma 4.1.12. If F is an unramified fiber, then F has type In, IV or IV∗ and
behaves according to the following table.

fiber F fibers on W fibers on W ′ difference v(F )

In 2× In 2× I3n +4n 0
I3n 2× I3n 2× In −4n ≤ 2
IV 2× IV 2× IV∗ 0 ≤ 2
IV∗ 2× IV∗ 2× IV∗ 0 ≤ 2

Proof. If t is not a branch point of π : L→ P1, then F has type In (n ≥ 1), IV
or IV∗, since on W it is substituted by two fibers of the same type and these
must accommodate 3-torsion.
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Chapter 4. Characteristic different from 2 and 3

Suppose F is a fiber of type In. If the residual cubic in Π is irreducible, then
the three Galois sections meet the same component; hence, we get two fibers of
type I3n on W ′ and these fibers do not contribute to the valency of `. On the
other hand, if the residual cubic in Π is reducible, then n must be divisible by
3 and we get two fibers of type I3m on W and two of type Im on W ′, where
n = 3m.

Lemma 4.1.13. If F is a ramified fiber, then F has type II, I∗n, IV∗ or II∗ and
behaves according to the following table.

fiber F fibers on W fibers on W ′ difference v(F )

II IV IV 0 0
I∗n I2n I6n +4n ≤ 1
I∗3n I6n I2n −4n ≤ 1
IV∗ IV IV 0 ≤ 1
II∗ IV∗ IV∗ 0 ≤ 1

Proof. If t is a branch point of π : L → P1, then a priori F can have type In
(n ≥ 1), I∗n (n ≥ 1), II, IV, II∗ or IV∗ (again, see Table 2.3.3). We can exclude
type In and IV, though.

We call P̂ the point of intersection of ∆1 with L. There exists exactly one
fiber F0 containing P̂ ; let us denote by Π0 the corresponding plane (parametriz-
ing X as in the proof of Lemma 4.1.11, Π0 is given by x0 = 0). Note that the
fiber F0 must contain ∆1, . . . ,∆n−1 as irreducible components plus the strict
transform of the components of the residual cubic E0 in Π0.

If F0 is a ramified fiber, one can see by a local computation that the residual
cubic E0 must split into three lines passing through P : in fact, setting a0121 = 0
(which was the condition for ramification in P ) the residual cubic in x0 = 0 has
no term containing x3. The three lines can be all distinct or they might coincide.
In any case, we have no cycles and more than three components; hence, we can
exclude both type In and IV.

Suppose now that F is a ramified fiber different from F0. The corresponding
residual cubic E has thus intersection multiplicity 1 with ` at P and 2 at another
point Q ∈ `. P is the only singular point of X on ` by Proposition 3.1.7, so
Q must be a smooth point of X. Moreover, since Q is an inflection point of E
because ` is of the second type, E and ` cannot meet tangentially in Q, otherwise
the intersection multiplicity would be 3.

Hence, if the cubic E is irreducible, then Q must be a cusp, and F is of
type II. In fact, if Q were a node, then two of the Galois sections on Z1 would
meet the same component of the resulting I2-fiber on Z1 and the third would
meet a different one, which is impossible.

The cubic E cannot split into a line and a conic, because in this case Q
would be a point of intersection of the line and the conic, giving rise either to a
fiber of type III (which we excluded a priori) or to a fiber of type In (I2 if there
are no surface singularities in the plane relative to E, otherwise In with n > 2)
with an impossible configurations of torsion sections as before.

If the cubic E splits into three distinct lines, they could not be concurrent
because F is a ramified fiber different from F0, so again this would lead to an
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4.1. Lines of the second kind

impossible configuration of torsion sections. Finally, if E splits into three lines
not all distinct, then F contains a non-reduced component, so fiber types In
and IV are impossible.

Proposition 4.1.14. If ` is a line of the second kind of degree 2, then v(`) ≤ 10.

Proof. According to Lemma 4.1.13, the two ramified fibers have both Euler
number ≥ 2, so the remaining local contribution is ≤ 20. Looking at the possible
combinations with Lemma 4.1.12, one can see that we we get a maximum of 10
lines intersecting `.

4.1.3 Lines of degree 1
According to Proposition 3.1.7, a line of degree 1 can have either singularity 2,
in which case the general cubic has intersection 1 with ` at both singular points,
or singularity 1, in which case the general cubic has intersection 2 with ` at the
only singular point. We study the two cases separately.

Lemma 4.1.15. If ` is a line of the second kind of degree 1 and singularity 2,
then the two singular points on ` are of type An1

and An2
, with n1, n2 ≥ 3.

Proof. By hypothesis, the forms α and β defined in (3.2) have two distinct
simple roots in common. Up to projective equivalence, we can suppose that the
surface is given by equation (3.1) with

a0130 = a0112 = a1030 = a1021 = a1003 = a0103 = 0 and a0121 = a1012 = 1,

so that the two singular points on ` are P = [0 : 0 : 0 : 1] and Q = [0 : 0 : 1 : 0].
We have chosen coordinates so that the residual cubic in Π0 : x0 = 0 has a
double intersection with ` at P and the residual cubic in Π1 : x1 = 0 has a
double intersection with ` at Q.

One can spell out the conditions for ` to be a line of the second kind explicitly;
in particular, one finds that a0202 = 0, so the tangent cone at P splits into two
planes (one of them isΠ0) whose intersection is different from `:

f2 = (a2002x0 + a1102x1 + x2)x0. (4.5)

This already implies that P is a point of type An, n ≥ 2; moreover, the further
condition

a0301 = a0211a1102 − a2
1102

allows us to use Bruce and Wall’s ‘recognition principle’ [8, Corollary, p. 246],
ruling out the case P of type A2. The same argument applies symmetrically
to Q.

Proposition 4.1.16. If ` is a line of the second kind of degree 1 and singular-
ity 2, then v(`) ≤ 9.

Proof. By Lemma 4.1.15, from the resolution of P we get a chain of n exceptional
divisors ∆1, . . . ,∆n, with ∆i.∆i+1 = 1 for i = 1, . . . n− 1.

Since ` is not the intersection of the planes Π0 and Π2 making up the tan-
gent cone (4.5), the general residual cubic of the pencil meets one extremal
component of the chain of exceptional divisors, say ∆n, hence if the residual
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Chapter 4. Characteristic different from 2 and 3

cubic in Π0 has n0 components, then the corresponding singular fiber has at
least n0 +2 components (because it must contain the strict transforms of the n0

components of the residual cubic plus ∆1, . . . ,∆n−1); in particular, it has Euler
number e0 ≥ n0 + 2 ≥ 3. The same applies symmetrically to Q: the singular
fiber corresponding to the plane Π1 has Euler number e1 ≥ 3.

Let us denote by p′ and q′ respectively the number of 3- and 1-fibers differ-
ent from Π0 and Π1. Since neither Π0 nor Π1 contribute to the valency of `,
formula (3.8) becomes v(`) ≤ p′ + q′. On the other hand, we must have

3 p′ + 2 q′ ≤ 24− e0 − e1 ≤ 18.

Therefore, we infer that v(`) ≤ 9.

Proposition 4.1.17. If ` is a line of the second kind of degree 1 and singular-
ity 1, then v(`) ≤ 11.

Proof. In this case α and β have one single double root in common. Suppose
the common root is x2, corresponding to the singular point P = [0 : 0 : 0 : 1].
Up to projective equivalence, we can choose coordinates so that the residual
cubic in Π0 : x0 = 0 has triple intersection with ` at P ; hence we can suppose
that the surface X is given by equation (3.1) with

a0103 = a1003 = a0112 = a1012 = a0121 = 0.

Note that both a0130 and a1021 must be different from zero, or else the line `
would have degree 0.

A necessary condition for ` to be of the second kind is a0202 = 0. The tangent
cone at P splits then into two planes: both contain ` and one of them is Π0;
in particular, the point P is not of type A1 and, since the residual cubic in Π0

has a singular point in P , the corresponding fiber – which does not contribute
to the valency of ` – has Euler number at least 2.

Denote by p′ and q′ respectively the number of 3- and 1-fibers different from
Π0. The valency of ` is not greater than p′+q′ and we have the following bound
on the Euler number:

3 p′ + 2 q′ ≤ 24− 2 = 22

Therefore, v(`) ≤ 11.

4.2 Schur’s quartic

Schur’s quartic, defined by the equation

X64 : x4
0 − x0x

3
3 = x4

1 − x1x
3
2, (4.6)

is smooth and contains 64 lines [36]. Although all 64 lines have valency 18, by
explicit computation one can check that 16 of them are of the second kind of
type (6, 0), and 48 of them are of the first kind of type (4, 6). Both subsets
present quite peculiar symmetries and features.

Studying them we were led to examine two particular configurations: special
lines and twin lines. The first configuration was already known to Rams and
Schütt [33], whereas the second one is – to our knowledge – new.
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4.2. Schur’s quartic

Both constructions are related to the notion of torsion sections of the Mor-
dell–Weil group and are crucial to the new proof of Segre–Rams–Schütt theorem
and to its extension to the K3 quartic case.

We point out a mistake in Rams and Schütt’s article [33]: Proposition 7.1,
which claims that in a quartic containing 64 lines all lines are of type (6, 0), is
false; the flaw lies in the proof of Lemma 7.3 [ibidem].

4.2.1 Special lines
The following corollary can be deduced from inspection of Table 4.1.1 and from
Proposition 4.1.9.

Corollary 4.2.1. If ` is a line with v(`) > 18, then ` is special.

We can parametrize surfaces with special lines in the same way as Rams and
Schütt did [33, Lemma 4.5].

Lemma 4.2.2. If X contains a special line `, then X is projectively equivalent
to a quartic in the family

Z : x0x
3
3 + x1x

3
2 + x2x3q2(x0, x1) + q4(x0, x1) = 0, (4.7)

where qi ∈ k[x0, x1] are homogeneous polynomials of degree i (i = 2, 4), and ` is
given by x0 = x1 = 0.

Proof. Knowing that there are no singular points on the line `, the proof can
be copied word by word from [33, Lemma 4.5]. In the proof one uses the fact
that the characteristic of the ground field is different from 3.

Remark 4.2.3. The parametrization given by equation (4.7) reveals that there
exists a (symplectic) automorphism σ : X → X of order 3 which is given by

σ : [x0 : x1 : x2 : x3] 7→ [x0 : x1 : ζx2 : ζ2x3],

with ζ a primitive third root of unity. In what follows we will refer to this
automorphisms as ‘the’ automorphism of order 3 induced by `. Note that σ
permutes the components of the 3-fibers of `.

The following proposition is a generalization of [33, Lemma 6.2] to the K3
quartic case.

Proposition 4.2.4. If X contains two special lines ` and `′ intersecting each
other, then X is projectively equivalent to Schur’s quartic.

Proof. Let P be the point of intersection of ` and `′; Q one of the two ramifi-
cation points on `, corresponding to the plane Π ⊃ `; R one of the ramification
points of `′, corresponding to the plane Σ ⊃ `′; S one of the points of intersection
of the line Π ∩ Σ with X different from P .

Up to projective equivalence, we can suppose that P , Q, R and S are re-
spectively the points [0 : 0 : 1 : 0], [0 : 0 : 0 : 1], [0 : 1 : 0 : 0] and [1 : 0 : 0 : 0].
Thus, the line ` is given by x0 = x1 = 0 and the line `′ by x0 = x3 = 0.

This amounts to setting the following coefficients equal to zero in equa-
tion (3.1):

a0400, a0310, a0220, a0130, a1003, a1012, a1021, a1300, a1210, a1120, a4000.
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Chapter 4. Characteristic different from 2 and 3

Furthermore, since ` and `′ do not contain singular points, the following coeffi-
cients must be different from zero and we can set them to 1:

a0103, a0301, a1030.

Recall that a necessary condition for a cubic polynomial

p(t) = at3 + bt2 + ct+ d

to have a triple root is
b2 − 3 ac = 0.

Therefore, in order for ` and `′ to have exactly two points of ramification, one
sees that the following equations must be satisfied:

3 a0121 = a2
0211 = a2

0112.

Spelling out the conditions for ` and `′ to be of the second kind, one sees that
these coefficients must be actually zero. Indeed, one obtains a surface which is
immediately seen to be projectively equivalent to Schur’s quartic.

Corollary 4.2.5. A K3 quartic surface X cannot contain two intersecting lines
of valency greater than 18.

Proof. By Corollary 4.2.1, both lines are special. Proposition 4.2.4 implies then
that X is projectively equivalent to Schur’s quartic, but all lines on Schur’s
quartic have valency 18.

4.2.2 Twin lines
According to Corollary 3.3.13, a line of the first kind with valency 18 must be
either of type (p, q) = (6, 0), (5, 3) or (4, 6). The lines of the first kind contained
in Schur’s quartic are all of type (4, 6). Such lines fall into a broader construction
which we will describe presently.

Definition 4.2.6. Let ` be a line on a K3 quartic surface. A line `′ is called
an inflective section of ` if `′ meets the general residual cubic relative to ` in an
inflection point.

Proposition 4.2.7. Let X be a K3 quartic surface containing two disjoint lines
` and `′ of degree 3. Then, the following conditions are equivalent:
(a) There are at least 9 lines b1, . . . , b9 meeting ` and `′.
(b) There are exactly 10 lines b1, . . . , b10 meeting ` and `′.
(c) The line `′ is an inflective section of ` and, vice versa, the line ` is an

inflective section of `′.
(d) The tangents to the general residual cubic E relative to ` at the points of

intersection of E with ` meet in the point of intersection of E with `′.
(e) The tangents to the general residual cubic E relative to `′ at the points of

intersection of E with `′ meet in the point of intersection of E with `.
(f) The quartic X is projectively equivalent to a quartic in the following family
A, where the lines ` and `′ are given, respectively, by x0 = x1 = 0 and
x2 = x3 = 0, and p0, . . . , p3 are forms of degree 3:

A := x0p0(x2, x3) + x1p1(x2, x3) + x2p2(x0, x1) + x3p3(x0, x1) (4.8)
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If these conditions are satisfied, then the lines bi are pairwise disjoint. Moreover,
the base change along ` induces three 2-torsion sections on Z, if one chooses the
0-section to be the one induced by `′, and, vice versa, the base change along `′
also induces three 2-torsion sections on Z, if one chooses the 0-section to be the
one induced by `.

Proof. Up to coordinate change, we can always suppose that ` and `′ are re-
spectively given by x0 = x1 = 0 and x2 = x3 = 0.

(a) ⇒ (c). The condition of being an inflective section can be computed
explicitly and is given by a polynomial of degree 8. The fact that there are at
least 9 roots of this polynomial means that it must vanish identically.

(b) ⇒ (a) is obvious.
(c) ⇒ (f). One computes explicitly the conditions for the lines ` and `′ to

be inflective sections of each other, and sees that the following coefficients must
be equal to zero:

a2020, a2011, a2002, a1120, a1111, a1102, a0220, a0211, a0202, (4.9)

thus obtaining family A.
(d) ⇒ (f). Let Et = Et(x1, x2, x3), t ∈ P1, be the residual cubic relative

to `, obtained by substituting x0 = tx1 in the equation of X. Consider the
polynomial ∂Et/∂x1 restricted on the line l : x0 = x1 = 0: this is a polynomial
of degree 2 in (x2, x3) with polynomials of degree 2 in t as coefficients. Since
generically it must have three distinct roots, namely the points of intersection
of Et with `, it must be the zero polynomial; hence, the coefficients must be
the zero polynomial in t. The result is that the same coefficients listed in (4.9)
must be equal to zero.

(e) ⇒ (f) is proven analogously.
(f) ⇒ (c), (d), (e) is immediate.
(f) ⇒ (b) can be proven explicitly by considering the discriminant of the

fibration induced by one of the two lines.

Definition 4.2.8. If ` and `′ satisfy one of the equivalent conditions of Propo-
sition 4.2.7, we say that ` and `′ are twin lines.

Remark 4.2.9. The family A has dimension 8; in fact, knowing that there are 10
disjoint lines meeting both ` and `′, we can assume – up to projective equivalence
– that two of them are given respectively by x1 = x2 = 0 and x0 = x3 = 0;
we are left with 12 parameters, 4 of which can be normalized to 1. Indeed, the
lattice generated by the twelve lines and the hyperplane section has rank 12, as
expected.

Remark 4.2.10. The explicit parametrization (4.8) of family A shows the exis-
tence of a non-symplectic automorphism τ : X → X of degree 2, given by

τ : [x0 : x1 : x2 : x3] 7→ [−x0 : −x1 : x2 : x3].

This automorphism fixes ` and `′ pointwise; it also respects their fibers as sets.

Corollary 4.2.11. Let ` be a line admitting a twin `′. If ` has a 3-fiber, then
this fiber is ramified.
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Proof. Suppose X, ` and `′ are given as in family A. Exactly one of the lines in
the 3-fiber of ` must meet the line `′: let us call it `0 and the other two `1 and
`2. The points of intersection of `0 with ` and `′ are fixed by the automorphism
τ (see Remark 4.2.10); hence, `0 is mapped to itself.

Necessarily, the point P of intersection of `1 and `2 is also fixed by τ . Since
P does not lie on `′, one of its last two coordinates must be different from zero;
this implies that its first two coordinates must be zero; therefore, it must lie on
` and ramification must occur (of index 3 or 2, according to whether the lines
`i meet at the same point or not).

Lemma 4.2.12 (Degtyarev–Itenberg–Sertöz). If ` is a line of degree 3 inducing
a fibration of type (p, q) = (4, 6), then X is smooth and the line ` has a twin `′.

Sketch of proof. There cannot be singular points outside `, otherwise the Euler
number of X would exceed 24; since ` has no singular points, the surface is
smooth. The surface X is therefore a K3 surface. Let us call mi,j , i = 1, . . . , 4,
j = 1, 2, 3, the lines in the 3-fibers and nk, k = 1, . . . , 6, the lines in the 1-fibers.

Suppose first that the base field has characteristic 0. The lattice P generated
by the lines and the hyperplane section must admit an embedding into the K3
lattice Λ = U3⊕E8(−1)2. By results of Nikulin [27], this embedding cannot be
primitive, due to a condition on the 3-primary part of the discriminant group
of P . A careful analysis of the admissible isotropic vectors reveals that – up to
symmetry – the following class must also be contained in the Picard lattice of
X:

ω :=
1

3

(
`+

4∑
i=1

(mi,1 +mi,2)−
6∑
k=1

nk

)
.

One can check that this is exactly the class of the sought line `′. We refer the
reader to [11, Proposition 5.28] for more details.

If the base field has positive characteristic p > 3, one has to distinguish two
cases.
• If the surface is not Shioda-supersingular, then one can lift it – together

with the whole Picard group – to characteristic 0 (see, for instance, Lieblich–
Maulik [21] or Esnault–Srinivas [12]), so that one can apply the same
arguments.
• If the surface is Shioda-supersingular, then the lattice P must embed in

a p-elementary lattice. Since p > 3, one obtains the same condition on
the 3-primary part of the discriminant group of ` which prevents it from
embedding primitively. Again, one concludes that ω must be contained in
the Picard lattice.

4.3 Triangle free surfaces

Most of the ideas contained in this section are due to A. Degtyarev.

Proposition 4.3.1. Let Γ be the line graph of a K3 quartic surface X. If Γ
contains a parabolic subgraph D, then

|Γ| ≤ v(D) + 24.
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Proof. A parabolic subgraph induces an elliptic fibration [29, §3, Theorem 1].
The vertices in D ∪ (Γ r spanD) are fiber components of this fibration; hence,
on account of the Euler number, they cannot be more than 24 in number.

We now set

δ :=

{
20 if charK = 0

22 if charK > 0.

The number δ is a well-known bound for the rank of the Néron–Severi group of
a K3 surface (see Section 2.1). Since the signature of the Néron–Severi lattice is
(1, ρ−1), the Milnor number of any negative semidefinite subgraph of Γ cannot
be greater than δ − 1. In particular, since Γ has neither loops nor multiple
edges, it can only contain the following parabolic subgraphs: Ã2, . . . , Ãδ−1,
D̃4, . . . , D̃δ−1, Ẽ6, Ẽ7, Ẽ8.

Lemma 4.3.2. If Γ does not contain any parabolic subgraph, then |Γ| ≤ δ − 1.

Proof. The associated form of Γ must be negative definite; hence, Γ is the
disjoint union of elliptic graphs and its Milnor number is equal to |Γ|.

Lemma 4.3.3. If v(`) ≤ 3 for every line l ⊂ X, then |Γ| ≤ δ + 26.

Proof. By the previous lemma, we can assume that there is a parabolic subgraph
D ⊂ Γ. Under the hypothesis v(`) ≤ 3 for every vertex l ∈ Γ, we deduce that
v(Ãn) ≤ n+ 1, v(D̃n) ≤ n+ 3, v(Ẽn) ≤ n+ 3; hence, by virtue of Proposition
4.3.1, we obtain

|Γ| ≤ v(D) + 24 ≤ (n+ 3) + 24 ≤ (δ − 1 + 3) + 24 = δ + 26.

Proposition 4.3.4. A square free K3 quartic surface contains at most 54 lines
(51 over a field of characteristic 0).

Proof. Let ` be a vertex of maximal valency. On account of Lemma 4.3.3, we
can assume that the valency w of ` is at least 4. Let m1, . . . , m4 be four vertices
adjacent to ` and suppose that mi has valency vi (i = 1, . . . , 4).

Since the surface is square free, all vertices adjacent to ` are disjoint from
the vertices adjacent to mi; moreover, a vertex adjacent to mi can be joined to
at most one vertex adjacent to mj , for i 6= j. Hence, we can assume that there
are a lines meeting ` different from mi, mj ; b lines meeting mi not intersecting
any line meeting mj ; c lines meeting mj not intersecting any line meeting mi;
d pairs of lines forming a pentagon with mi, mj and `. Note that

s := w + vi + vj = a+ b+ c+ 2 d+ 4.

A simple computer-aided computation – which amounts to constructing all
possible intersection matrices of span{l,mi,mj} for values of a, b, c, d such that
s = δ+2 and computing their ranks – shows that any configuration with s ≥ δ+2
gives rise to a lattice of rank greater than δ. Thus, we can assume that

w + vi + vj ≤ δ + 1 for all i 6= j. (4.10)

Taking the sum of (4.10) with (i, j) = (1, 2), (3, 4), one finds that

w +

4∑
i=1

vi ≤ 2 (δ + 1)− w. (4.11)

41



Chapter 4. Characteristic different from 2 and 3

Hence, if w ≤ b(δ + 1)/3c, by the maximality condition one has

w +

4∑
i=1

vi ≤ 5w ≤ 5

3
(δ + 1);

on the other hand, if w ≥ d(δ + 1)/3e, then one obtains the same relation from
inequality (4.11). Applying Proposition 4.3.1 to the D̃4-subgraph formed by `,
m1, . . . , m4, we find that

|Γ| ≤ (w − 4) +

4∑
i=1

(vi − 1) + 24 ≤ 16 +
5

3
(δ + 1),

which yields the claim.

Proposition 4.3.5. A triangle free K3 quartic surface contains at most 64
lines.

Proof. By virtue of Proposition 4.3.4, we can assume that Γ contains a square
D, formed by the lines `i, i = 1, . . . , 4. According to Lemma 3.4.5, they must
have valency at most 12. Applying Proposition 4.3.1 to the Ã3-subgraph D, we
infer that

|Γ| ≤ 4 · (12− 2) + 24 = 64.

Remark 4.3.6. The bounds presented in this section are most probably not
sharp. Degtyarev [10] has found a triangle free smooth surface over C with
33 lines and a triangle free smooth surface over an algebraically closed field of
characteristic 7 with 47 lines.

4.4 Proof of Theorem 4.0.1
Having dealt with the triangle free case, we can now turn to the proof of the
main theorem.

Proposition 4.4.1. Let X be a K3 quartic surface with a singular point P .
Suppose that X admits a completely reducible plane Π containing P . Then, the
surface X contains at most 63 lines.

Proof. Thanks to Lemmas 3.4.6 and 3.4.7, the proof can be carried out on a
case-by-case analysis over the possible configurations listed in Figures 3.4.1,
3.4.2 and 3.4.3, except configurations A0, B0 and C0, since they do not contain
a singular point.

Let us call `i the lines on Π. In each case, we use formula (3.6) to estimate
Φ(X). We employ Lemma 3.2.2 to control the second contribution, and the
following bounds on v(`i) to control the third, depending on the singularity s
of `i (see Table 4.1.1):
• if s = 0, then v(`i) ≤ 18 except for configurations A4, B4 and G0, where
v(`i) ≤ 20 (in fact, in all other cases we can exclude that `i is special,
because of the automorphism σ of order 3 – see Remark 4.2.3);
• if s = 1, then v(`i) ≤ 13;
• if s = 2, then v(`i) ≤ 9;
• if s = 3 or `i appears as a multiple component, then v(`i) ≤ 2.
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The case resulting in the worst bound is B4. In fact, formula (3.6) yields

Φ(X) ≤ 4 + 3 · (8− 2) +
(
(20− 3) + 3 · (9− 1)

)
= 63.

Remark 4.4.2. The bound of Proposition 4.4.1 can be improved, but most of the
time the arguments get significantly more involved. With this simple-minded
approach one gets a bound greater than 60 for the following configurations: A1,
A2, B1, B2; A4, B4.

Proof of Theorem 4.0.1. Assume that X contains more than 64 lines. By virtue
of Proposition 4.3.5, we can suppose that X is not triangle free; hence, there
are three lines `1, `2 and `3 on X that meet at smooth points of X. These three
lines are all contained in a plane Π; let `0 be the fourth line on this plane. On
account of Proposition 4.4.1, we can assume that all points on Π are smooth.

If all four lines on Π have valency less than or equal to 18, then by formula
(3.6) the total number of lines lying on X can be at most

4 + 4 · (18− 3) = 64.

Hence, we can assume that one of the lines, say `0, has valency 19 or 20. By
virtue of Table 4.1.1 and Proposition 4.1.9, the line `0 has a ramified 1-fiber.
Let us call `′ and C respectively the line and the conic in the 1-fiber, and P the
point of intersection of `′ and C not lying on `0. Note that P may or may not
be a singular point of X.

`0

`1 `2 `3`′

P

Claim 4.4.3. v(`′) ≤ 10.

Proof of the claim. If P is not singular, then the line `′ is of the first kind,
because the point P is certainly not an inflection point of the corresponding
residual cubic, whence v(`′) ≤ 18. Since the automorphism σ of order 3 induced
by ` fixes only two points on `′ (see Remark 4.2.3), the valency of `′ has the
form

v(`′) = 1 + 3 a,

for some integer a ≥ 0; thus, v(`′) ≤ 16. On the other hand, `′ has no 3-
fibers: in fact, since v(`′) ≤ 16, if `′ had a 3-fiber (with no singular points – see
Proposition 4.4.1), then at least one line `′′ in the 3-fiber should have valency 19
or 20; the automorphism induced by `′′ would force the other two residual lines
to have the same valency as `′, that is to say, not greater than 16: all in all, the
lines on X would be less than 64, which is absurd. Hence, by Lemma 3.3.7, it
follows that v(`′) ≤ 12, i.e., a ≤ 3.

On the other hand, if P is a singular point, it follows from Proposition 4.4.1
that `′ cannot have 3-fibers, since we are assuming that X contains more than
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64 lines. Given that in this case, too, the valency of `′ has the form 1 + 3 a, we
can conclude as before.

Claim 4.4.4. The lines `i (i = 1, 2, 3) are of type (4, 6).

Proof of the claim. Because of the presence of the automorphism σ induced by
`0, the lines in question have the same valency v and are of the same (p, q)-type.
On the one hand, v cannot be greater than 18, by Corollary 4.2.5; on the other
hand, if v ≤ 17, then the total number of lines on X would be at most

4 + 3 · (v − 3) + (v(`0)− 3) ≤ 4 + 3 · (17− 3) + (20− 3) = 63.

Therefore, v is exactly 18, whence the `i’s must have type (p, q) = (6, 0), (5, 3)
or (4, 6); in fact, p ≤ 3 is not possible, by a simple Euler number argument.

Observe now that if P is singular, then the plane containing `i and P cannot
be a 3-fiber for `i, by Proposition 4.4.1. Regardless of P being smooth or
singular, it follows that all 3-fibers of `1, `2 and `3 contain a line meeting `′ in
a point different from P . Since by Claim 4.4.3 the valency of `′ is at most 10,
the `i’s can only have type (4, 6).

By virtue of Corollary 4.2.11, the plane Π is a ramified fiber of ramification
index 2 for the lines `i; hence, the three lines must meet in a point. In particular,
the plane Π is a fiber of type IV for the line `0. Recall that, by Proposition 4.1.9,
the line `0 has 6 3-fibers; considering that we could repeat the same argument
for any 3-fiber of `0, we deduce that `0 has 6 fibers of type IV. But since the
line `0 has also at least one 1-fiber, we deduce that the Euler number of the
minimal desingularization of X must be at least

6 · 4 + 2 = 26,

which is impossible.

4.5 Examples

In this section we present some examples of K3 quartic surfaces with many
lines. Most of them attain some kind of record, as we shall explain. The
discriminants of the elliptic fibrations induced by lines are computed using the
formulas provided in [1].

4.5.1 Non-smooth K3 quartic surfaces

There is another notion strictly related to the notion of valency of a line, and
perhaps more natural.

Definition 4.5.1. The extended valency of a line `, denoted by ṽ(`), is the
number of lines on X that intersect `.

In Section 3.3 we have devoted ourselves to finding bounds for the valency
of a line ` contained in a K3 quartic surface X; Table 4.1.1 shows that v(`)
can never be greater than 20 and only in very special configurations it can be
greater than 18. Another natural question is the following: what is the maximal
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extended valency that ` can have? A rough answer to this question is that, since
there cannot be more than 8 lines through a singular point by Lemma 3.2.2,

ṽ(`) ≤ v(`) + 7 s,

where s denotes the singularity of the line `.
A much more careful analysis reveals that also

ṽ(`) ≤ 20,

for any line ` ⊂ X. Apart from the obvious case of ` as in Proposition 4.1.9,
where ṽ(`) = v(`) can be greater than 18, there are two other configurations
in which ṽ(`) > 18. We do not present a proof of these assertions, as we were
only interested in giving a (as sleek as possible) proof of Theorem 4.0.1, but we
provide examples of surfaces which exhibit these new behaviors. These examples
were found by examining lines of the first kind and lines of degree 0 more closely,
for example taking advantage of the restrictions of Lemma 3.2.2.
Example 4.5.2. Consider the surface defined by

3x4
0 − 9x3

0x1 + 6x2
0x

2
1 − 12x0x

3
1 + 8x4

1 − 9x3
1x2

= 27x2
0x

2
2 + 27x2

1x
2
2 + 27x1x

3
2 + 27x2

1x
2
3 + 27x0x2x

2
3.

It has one singular point P of type A1. The line ` given by x0 = x1 = 0 is a line
of the first kind of singularity 1 and degree 2; it has valency 12 and extended
valency 19.

The fibration induced on the minimal desingularization Z by ` has six fibers
Fi of type I3 and one fiber G of type I2. There are no other lines on the surface;
hence, the surface contains exactly 20 lines. This holds true over any field of
characteristic p 6= 2, 3 such that this fibration does not degenerate, and one can
check it in the following way.

The fibers Fi come from residual cubics composed of three lines: we call mi,0

the line passing through P , and mi,1,mi,2 the other two lines (i = 0, . . . , 5). We
call n the line in the residual cubic corresponding to G, which passes through
P . One can check explicitly that the lines mi,0 and n do not meet other lines.
The intersection matrix of the strict transforms of all these lines on Z and of
the exceptional divisor resulting from the blowup of P has signature (1, 14).
If a section s existed, then it would meet exactly one line between mi,1,mi,2,
for i = 0, . . . , 5, and no other line; up to symmetry, we can suppose that s
would meet mi,1 for i = 0, . . . , 5. However, the resulting intersection matrix
would have signature (1, 16), which is impossible, since adding one divisor the
signature must either stay the same or become (1, 15).
Example 4.5.3 (due to González Alonso and Rams). The surface over C given
by

x4
0 + x0x

3
2 + x2

1x2x3 + x0x
3
3 = 0

has one singular point of type A3 and 3 singular points of type A1. The line
given by x0 = x1 = 0 has singularity 3, valency 2 and extended valency 20.

This surface contains exactly 39 lines. To our knowledge, this is the example
of an explicit non-smooth K3 quartic surface with the highest number of lines
over a field of characteristic zero that has been found so far. González Alonso
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and Rams came to this example by checking all Delsarte surfaces in Heijne’s list
[16].

By a careful inspection of the fibrations induced by the lines lying in the
plane x0 = 0, one can conclude that there exists no prime p such that the
reduction of this surface modulo p contains more than 39 lines.
Example 4.5.4. A non-smooth complex K3 quartic surface with 40 lines exists
and has been found with Degtyarev–Itenberg–Sertöz’s lattice-theoretical meth-
ods [11]. It contains one singular point of type A1. An explicit equation of the
surface is not known.

The bound expressed by Theorem 4.0.1 is sharp, since Schur’s quartic (4.6)
– which is smooth – contains exactly 64 lines. It is still an open question what
the maximum number of lines on non-smooth K3 quartic surfaces is.

Apart from the Examples 4.5.3 and 4.5.4 with 39 and 40 lines over C, we
list here some notable surfaces with many lines defined over fields of positive
characteristic, with 42, 45 and 48 lines. The following examples were found
either by inspecting the family Z (4.7) or by imposing a lot of symmetries on
the surface. It is worth mentioning here that González Alonso and Rams proved
that a complex non-ruled quartic surface with worse singularities than isolated
rational double points (i.e., a complex non-K3 quartic surfaces not containing
an infinite number of lines) can contain at most 48 lines and their best example
(due to Rohn) contains 31 lines and a triple point [14].
Example 4.5.5. The surface over C given by

x2
0x

2
1 + x1x

3
2 − x2

0x2x3 − x0x1x2x3 − x2
1x2x3 + x0x

3
3 = 0

belongs to the family Z, has 5 singular points of type A1 and contains exactly
33 lines. It has Picard number 20. Its reduction modulo 5 contains 42 lines and
has Picard number 22.
Example 4.5.6. The surface over C given by

x3
0x1 − 2x2

0x
2
1 + x0x

3
1 + x1x

3
2 + x2

0x2x3 − x0x1x2x3 + x2
1x2x3 + x0x

3
3 = 0

belongs to the family Z, has 1 singular point of type A1 and contains exactly
36 lines. It has Picard number 20. Its reduction modulo 11 contains 45 lines
and has Picard number 22.
Example 4.5.7. The surface over C given by

x2
0x1x2 + x2

1x
2
2 + x0x

2
1x3 + x0x

2
2x3 + x2

0x
2
3 + x1x2x

2
3 = 0

has 4 singular points of type A1 and contains exactly 36 lines. Its reduction
modulo 5 contains exactly 48 lines. To our knowledge, this is the example of a
non-smooth K3 quartic surface with the highest number of lines over a field of
positive characteristic p 6= 2, 3 that has been found so far.

4.5.2 Smooth quartic surfaces
We conclude with some notable smooth quartic surfaces. The following examples
have been found by taking advantage of the parametrizations (4.7) and (4.8).
For most of them we were helped by the explicit configurations of lines found
by Degtyarev, Itenberg and Sertöz. We follow their nomenclature [11, Table 1].
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Example 4.5.8. The surface defined by

X54 : x3
1x2 +x1x

3
2 +x3

0x3 +x0x
3
3 = ζ

(
x0x1

(
x2

2 − x2
3

)
+ x2x3

(
x2

0 − x2
1

))
, (4.12)

where ζ satisfies ζ2 = 3, contains exactly 54 lines forming configuration X54

and has Picard number 20. The lines x0 = x1 = 0 and x2 = x3 = 0 are special
lines of type (6, 2), while the lines x0 = x2 = 0 and x1 = x3 = 0 are twin lines
of type (0, 10). Remarkably, this model is real.

According to Degtyarev–Itenberg–Sertöz, there are 8 line configurations with
more than 52 lines on smooth quartic surfaces. Explicit examples of surfaces
are known with the following configurations of lines:

configuration reference

X64 Schur [36]
X′60 Rams–Schütt [33]
X′′60 Schütt (unpublished)
X56 Shimada–Shioda [40]
Y56 Degtyarev–Itenberg–Sertöz [11]
X54 (4.12)

The missing configurations are Q56 and Q54, which contain neither special
lines nor twin lines.
Example 4.5.9. The following surface contains exactly 56 lines forming config-
uration X56 and has Picard number 20. This model is slightly simpler than
the one provided by Shimada and Shioda, involving 8 monomials instead of 12.
Here ζ denotes a primitive 8th root of unity.

X56 : x1x2

((
2 ζ3 + ζ2 − 2

) (
x2

1 + x2
2

)
+ 3x2

0 + 3x2
3

)
=

ζ2x0x3

(
3x2

1 + 3x2
2 −

(
ζ2 − 2 ζ + 2

) (
x2

0 + x2
3

))
.

According to [40, Theorem 5.6], the surace X56 has good reduction modulo
p ≥ 5 and still contains 56 lines.
Example 4.5.10. The surface defined by the following polynomial contains ex-
actly 52 lines forming configuration X′′′52 and has Picard number 20:

50 ξx3
1x2 + 20 ξx1x

3
2 − 2 ξx3

0x3 + 30 ξx0x
2
2x3 − 150 ξx1x2x

2
3

+ 20 ξx0x
3
3 + 75x2

0x1x2 + 625x3
1x2 + 125x1x

3
2 − 25x3

0x3

+ 375x0x
2
1x3 + 225x0x

2
2x3 − 1125x1x2x

2
3 + 125x0x

3
3 = 0,

where ξ is a root of
t2 + 25 t+ 125.

The lines x0 = x1 = 0 and x2 = x3 = 0 are twin lines of type (4, 6), while the
lines x0 = x2 = 0 and x1 = x3 = 0 are twin lines of type (0, 10).
Example 4.5.11. The general member of the following rational family contains
52 lines forming configuration Z52 and has Picard number 19:

Z52 : a2x1x2(ax0 + ax3 − 2x1 + 2x2)(ax0 − ax3 − 2x1 − 2x2)

= −4x0x3(ax0 + ax3 − 6x1 + 6x2)(ax0 − ax3 − 6x1 − 6x2). (4.13)
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Generically, the lines x0 = x1 = 0 and x2 = x3 = 0 are twin lines of type (2, 8),
while the lines x0 = x2 = 0 and x1 = x3 = 0 are special lines of type (6, 0). All
surfaces of the family admit the symmetry

[x0 : x1 : x2 : x3] [−x3 : x2 : −x1 : x0].

We obtain models containing configurations X64 and X′60 when a is a root
of the polynomials

t4 + 144 and t4 − 12 t2 + 144,

respectively. On the other hand, if a is a root of

t8 + 224 t4 + 20736,

then the surface defined by (4.13) contains 6 points of type A1 and 34 lines (42
in characteristic 5).
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Chapter 5

Characteristic 3

Throughout this chapter we will suppose that the ground field K has character-
istic 3. This chapter is dedicated to the proof of the following theorem.

Theorem 5.0.1. If X is a K3 quartic surface, then Φ(X) ≤ 112. Moreover,
if Φ(X) = 112, then X is projectively equivalent to the Fermat quartic surface;
otherwise, Φ(X) ≤ 67.

The chapter is structured as follows.
Section 5.1 We study elliptic lines. Not all arguments in characteristic 0 carry

over to characteristic 3, mainly because they were concerned with 3-torsion
sections, which are now not so well behaved.

Section 5.2 We examine a new phenomenon that does not appear in charac-
teristic 0, namely quasi-elliptic lines: these are very important because
they exhibit particularly high valencies.

Section 5.3 We carry out the proof of Theorem 5.0.1. We do not know whether
the bound of 67 lines is sharp; nonetheless, we are able to prove a far better
estimate – 58 lines – under the hypothesis thatX contains a star (four lines
meeting at the same smooth point) and is not projectively equivalent to
the Fermat quartic surface, see Proposition 5.3.13. Improving the bound
of 67 lines without the assumption on the existence of a star and without
employing lattice-theoretical methods seems quite difficult.

Section 5.4 We discuss some examples of K3 quartic surfaces with many lines.
In particular, we present three 1-dimensional families of smooth surfaces
with 58 lines and a surface with 8 singular points and 48 lines.

5.1 Elliptic lines

In this section we study elliptic lines, especially separable elliptic lines. Insepa-
rable lines (both elliptic and quasi-elliptic) will be analyzed in Section 5.2. The
results of this section are summarized in Table 5.1.1.

The bounds for lines of degree 0 and lines of the first kind have already been
treated in Lemma 3.3.5 and Proposition 3.3.12, respectively. In this section we
will therefore concentrate on lines of the second kind.

The following two lemmas will also be useful in the study of quasi-elliptic
lines.

49



Chapter 5. Characteristic 3

Table 5.1.1: Known bounds for the valency of a separable elliptic line according to
its kind, degree and singularity. Sharp bounds are marked with an asterisk.

kind degree singularity valency

first kind
3 0 ≤ 18∗

2 1 ≤ 13
1 2 or 1 ≤ 8

second kind

3 0 ≤ 21∗

2 1 ≤ 14∗

1 2 ≤ 9
1 1 ≤ 11

– 0 3, 2 or 1 ≤ 2∗

Lemma 5.1.1. Let ` be a separable line of the second kind and P ∈ ` a smooth
point of ramification 2. Then, either the corresponding fiber is of type II with
a cusp in P , or the corresponding residual cubic splits into a double line plus a
simple line.

Proof. Note that only lines of degree 3 and 2 can have a point P of ramification 2.
We choose coordinates so that P is given by [0 : 0 : 0 : 1]. This means that

a0103 = 0 and a0112 = 0.

Since P is of ramification index 2 and it is nonsingular, by rescaling variables
we can normalize

a0121 = 1 and a1003 = 1.

Since ` is of the second kind, the following relations must be satisfied:

a0202 = 0, a0301 = a2
0211 and a0310 = a0211a0220.

This means that the residual cubic in x0 = 0 corresponding to P is given by

(a0211x1 − x2)
2
x3 + f3(x1, x2),

where f3 is a form of degree 3. Either this cubic is irreducible and gives rise to
a fiber of type II, or the polynomial m = a0211x1 − x2 divides f3; in the latter
case it is immediate to compute that also m2 divides f3.

Lemma 5.1.2. Let ` be a separable line of the second kind and P ∈ ` a point
of ramification 34. Then, either the corresponding fiber is of type II with a cusp
in P , or the corresponding residual cubic splits into three concurrent lines (not
necessarily distinct).

Proof. Note that ` has necessarily degree 3. We choose coordinates so that P is
given by [0 : 0 : 0 : 1] and the fiber corresponds to the plane Π0 : x0 = 0. This
means that

a0103 = 0, a0112 = 0 and a0121 = 0.

A calculation with local parameters shows that length(ΩL/P1) = 4 if and only if
a1012 = 0. Moreover, the following three coefficients must be different from 0:
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a0130, a1003 and a1021; the first two because otherwise there would be singular
points on ` (implying that the degree of ` is less than 3), the third because other-
wise ` would be inseparable. We can normalize them to 1, rescaling coordinates.
Two necessary conditions for the line ` to be of the second kind are

a0202 = 0 and a0211 = 0.

Hence, the residual cubic in Π0 is given by

a0301x
2
1x3 + x3

2 + x1f2(x1, x2).

It is then clear that either the fiber is irreducible and has a cusp in P (a0301 6= 0),
or it splits into three concurrent lines (a0301 = 0).

Remark 5.1.3. Suppose that ` is an elliptic line of degree 3 with fibration π :
Z → P1. Observe that

v`(Ft) ≤ e(Ft) ≤ e(Ft) + δt,

for any fiber of π since a reducible fiber has e(Ft) ≥ 2 and a fiber with at least
three components has e(Ft) ≥ 3. From equations (3.7) and (2.2) we infer that

v(`) =
∑
t∈P1

v`(Ft) ≤
∑
t∈P1

(
e(Ft) + δt

)
= e(Z) = 24. (5.1)

The only fiber type whose Euler–Poincaré characteristic is equal to its contri-
bution to the valency of ` is type I3. Hence, if for any subset S ⊂ P1 one
has ∑

s∈S
e(Fs) =

∑
s∈S

v`(Fs) = N,

then all fibers Fs must be of type I3 and, in particular, N must be divisible
by 3.

An application of the Riemann–Hurwitz formula yields the following lemma.

Lemma 5.1.4. If ` is a separable line of degree 3, then ` has ramification 24
1,

2133 or 34.

Proposition 5.1.5. Let ` be a separable elliptic line of the second kind of de-
gree 3. Then, the valency of ` is bounded according to the following table, where
sharp bounds are marked with an asterisk:

ramification valency

24
1 ≤ 12

2133 ≤ 21∗

34 ≤ 21∗

Proof. Suppose first that ` has a point P of ramification index 2. According to
Lemma 5.1.1, the corresponding fiber FP is either of type II, so that e(FP )+δP ≥
2 + 1 = 3 (type II has wild ramification – see Table 2.3.2) and v(FP ) = 0, or it
contains a double component, so that e(FP ) ≥ 6 and v(FP ) = 2; in any case, the
difference e(FP )+δP−v(FP ) is always at least 3. Therefore, if there are 4 points
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of ramification 2, then by formula (5.1) v(`) is not greater than 24− 4 · 3 = 12,
while if there is just one, v(`) is not greater than 24− 3 = 21.

Suppose now that ` has no point of ramification index 2, i.e., ` has ramifica-
tion 34. If the ramified fiber F0 is of type II, then there can be at most 24−3 = 21
lines meeting `. If F0 splits into three concurrent lines, then e(F0)+δ0 ≥ 5 (type
IV has wild ramification, too), which means that the contribution to v(`) of the
other fibers is not greater than 24− 5 = 19. Nonetheless, by Remark 5.1.3 this
contribution cannot be exactly 19, since 19 is not divisible by 3; hence, again,
we can have at most 18 lines meeting `.

Example 5.1.6. The following surface contains a separable line (x0 = x1 = 0) of
ramification 2133 with valency 21:

x4
0 + x2

0x1x2 − x3
1x2 + x0x1x

2
2 + x1x

3
2 + x2

0x1x3 + x2
1x

2
3 + x0x2x

2
3 + x0x

3
3 = 0.

Example 5.1.7. The following surface contains a separable line x0 = x1 = 0 of
ramification 34 with valency 21:

ix3
0x1 + ix3

1x2 + ix1x
3
2 − ix3

0x3 + ix0x1x2x3 + ix0x
3
3

= x2
0x1x2 + x2

1x
2
2 + x0x

2
2x3 − x2

0x
2
3,

where i is a square root of −1.

Proposition 5.1.8. If ` is an elliptic line of degree 2, then, v(`) ≤ 14.

Proof. By Proposition 3.3.12, we can assume that ` is of the second kind. Since
` has degree 2, it must have singularity 1: let P be the singular point on `. The
morphism π : L → P1, being of degree 2, is separable and has two points of
ramification index 2. At least one of the point of ramification must be different
from P : let us call it Q. By Lemma 5.1.1 either the fiber corresponding to Q is
of type II or the residual cubic splits into a double line and a simple line.
• Suppose the fiber FQ is of type II. If ` is of type (p, q), then 3 p + 2 q ≤

24− 3 = 21. Applying formula (3.8), we have

v(`) ≤ 2 p+ q = 14.

• If the residual cubic corresponding FQ splits into a double line and a
simple line, then it contributes 1 to the valency and at least 6 to the Euler
number. Applying formula (3.8) again yields v(`) ≤ 13.

Example 5.1.9. The following surface contains an elliptic line ` : x0 = x1 = 0 of
degree 2 with valency 14, thus attaining the bound in Proposition 5.1.8. The
surface contains one point P = [0 : 0 : 0 : 1] of type A1. The line ` has 7 fibers
of type I3 and one ramified fiber of type II. The other ramified fiber corresponds
to the plane x0 = 0 and is smooth.

x4
0 + x2

0x1x2 − x3
1x2 + x0x1x

2
2 + x1x

3
2 + x2

1x
2
3 + x0x2x

2
3 = 0.

Proposition 5.1.10. Let ` be an elliptic line of degree 1. Then, v(`) ≤ 9 if `
has singularity 2, and v(`) ≤ 11 if ` has singularity 1.

Proof. The proof can be carried over word by word from the characteristic 0
case (see Propositions 4.1.16 and 4.1.17).
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5.2. Quasi-elliptic lines

5.2 Quasi-elliptic lines

The phenomenon of quasi-elliptic lines is arguably the main difference with the
characteristic 0 case. We will first recall some general facts about quasi-elliptic
fibrations in characteristic 3 (see [6], [9], [34]).

In characterstic 3 only the following fiber types can arise in a quasi-elliptic
fibration (for simplicity, we call them quasi-elliptic fibers):

II, IV, IV∗, II∗.

We will denote by iv, iv∗ and ii∗ the number of fibers of type IV, IV∗ and II∗,
respectively. On a K3 surface, formula (2.3) takes the following form:

iv + 3 iv∗ + 4 ii∗ = 10. (5.2)

Recall from Section 2.3 that the cuspidal curve of a quasi-elliptic fibration is
a smooth curveK such thatK ·F = 3. The restriction of the fibration toK is an
inseparable morphism of degree 3. The cuspidal curve meets a degenerate fiber
in the following ways (multiple empty dots represent different possibilities):

We note that
• K intersects a fiber of type IV at the intersection point of the three com-

ponents.
• The way K intersects F is uniquely determined unless F is of type II∗.

5.2.1 Quasi-elliptic lines of degree 3

Quasi-elliptic lines of degree 3 play a crucial role, mainly because it is the only
case where the strict transform L of the line itself can serve as the cuspidal
curve.

Definition 5.2.1. A line ` is said to be cuspidal if it is quasi-elliptic and the
cuspidal curve K of the induced fibration coincides with the strict transform L.

Table 5.2.1 summarizes the known bounds for the valency of a quasi-elliptic
line, which will be proven in this section.

Since the restriction of the fibration on K is an inseparable morphism K →
P1, a cuspidal line is necessarily inseparable. The following lemma gives a bound
on the valency for inseparable lines which are not cuspidal.

Lemma 5.2.2. If ` is an inseparable line and v(`) > 12, then ` is cuspidal.
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Table 5.2.1: Known bounds for the valency of a quasi-elliptic line. Sharp bounds are
marked with an asterisk.

degree valency

3
cuspidal ≤ 30∗

not cuspidal ≤ 21∗

2 ≤ 14∗

1 ≤ 10
0 ≤ 2

Proof. Up to coordinate change, we can suppose that the residual cubic con-
tained in x0 = tx1 intersects the line ` : x0 = x1 = 0 in [0 : 0 : 0 : 1] for t = 0
and in [0 : 0 : 1 : 0] for t =∞. This means that the following coefficients vanish:

a0103, a0112, a0121; a1012, a1021, a1030.

Moreover, a1003 and a0130 must be different from 0, and can be normalized to
1 and −1, respectively, by rescaling coordinates. Up to a Frobenius change
of parameter t = s3, we can explicitly write the intersection point Ps of the
residual cubic with `, which is given by

Ps = [0 : 0 : s : 1].

If a residual cubic Es is reducible, then all components must pass through Ps;
in particular, Ps must be a singular point of Es. One can see explicitly that
Ps is a singular point of Es if and only if s is a root of the following degree 8
polynomial:

ϕ(s) := a2020s
8 + a2011s

7 + a2002s
6 + a1120s

5

+ a1111s
4 + a1102s

3 + a0220s
2 + a0211s+ a0202.

(5.3)

Furthermore, it can be checked by a local computation that if Es splits into
three (not necessarily distinct) lines, then s is a double root of ϕ. This implies
that the valency of ` is not greater than 3 · 8/2 = 12, unless the polynomial ϕ
vanishes identically, but ϕ ≡ 0 implies that all points Ps are singular for Es,
i.e., the line ` is cuspidal.

Corollary 5.2.3. If ` ⊂ X is cuspidal, then X is projectively equivalent to a
member of the family C defined by

C := x0x
3
3 − x1x

3
2 + x2q3(x0, x1) + x3q

′
3(x0, x1) + q4(x0, x1),

where q3, q′3 and q4 are forms of degree 3, 3 and 4, respectively.

Proof. The family can be found imposing that ϕ vanishes identically.

Corollary 5.2.4. If ` is cuspidal, then a residual cubic corresponding to a
reducible fiber of ` is either the union of three distinct concurrent lines, or a
triple line.
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5.2. Quasi-elliptic lines

Proof. The intersection of a residual cubic with ` is always one single point.
A residual cubic of ` cannot be the union of a line and an irreducible conic,

because the line and the conic would result in a fiber of type In (because the
conic has to be tangent to `), which is not quasi-elliptic.

Therefore, a residual cubic relative to a degenerate fiber must split into three
(not necessarily distinct) lines. If at least two of them coincide, the plane on
which they lie contains at least a singular point P of the surface (which is not
on `, since ` has degree 3). An explicit inspection of this configuration in the
family C (for instance, supposing up to change of coordinates that P is given
by [0 : 1 : 0 : 0]) shows that the residual cubic degenerates to a triple line.

Lemma 5.2.5. If ` is a quasi-elliptic line of degree 3, then v(`) ≤ 30.

Proof. The fibration induced by the line ` has at most 10 reducible fibers, each
of which can contribute at most 3 to its valency.

Remark 5.2.6. The bound of Lemma 5.2.5 is sharp. As soon as a K3 quartic
surface X is smooth, the valency of a quasi-elliptic line of degree 3 on X is
automatically 30, because the fibration induced by ` can only have 10 reducible
fibers of type IV, whose residual cubics are the union of three concurrent lines.
Notably, this happens for all 112 lines on the Fermat surface.

We will now prove that a quasi-elliptic line needs to be cuspidal in order to
have valency greater than 21. We will do so by taking advantage of the fact
that the fiber types in a quasi-elliptic fibrations are quite rigid and so are the
possible residual cubics. We will need to study carefully only fibers of type IV
and IV∗.

Lemma 5.2.7. Let ` be any line of degree 3. A fiber of type IV must have
one of the following residual cubics, with the only restriction that ` cannot pass
through a singular point:

`

A2

IV0

`

A1

IV1

`

IV3

Proof. A fiber of type IV contains three simple components; hence, the corre-
sponding residual cubic can also have only simple components. Since it cannot
contain cycles, it must be one of the following, as in the picture:
• a cusp;
• a conic and a line meeting tangentially in one point;
• three distinct lines meeting in one point.

The remaining components must come from the resolution of the singular points
on the surface. The types of the singular points can be immediately deduced
from the respective Dynkin diagrams.
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Lemma 5.2.8. Let ` be any line of degree 3. A fiber of type IV∗ must have one
of the residual cubics pictured in Figure 5.2.1, with the only restriction that `
cannot pass through a singular point.

`

E6

IV∗0

`

D5

IV∗1

`

D4

IV∗3

`

A5

IV∗2a

`

A4

A1

IV∗2b

`

A2

A2

A2

IV∗1t

Figure 5.2.1: Possible residual cubics corresponding to a fiber of type IV∗.

Proof. Besides the residual cubics with only simple components described in the
previous lemma, we can also have multiple components, namely
• a double line and a simple line;
• a triple line.

In the former case, the strict transforms of the lines can intersect (if their in-
tersection point is smooth) or not (if their intersection point is singular), giving
rise to two different configurations, which we distinguish by the letters a and b.
In the latter case, there is no ambiguity, since a fiber of type IV∗ contains only
one triple component.

From now on we will denote by iv0, iv1,. . . the number of fibers of type IV0,
IV1, and so on. Note that the subscript indicates the local valency of the fiber.

As a last ingredient, we need to find a bound for the degree of the cuspidal
curve K, which by definition is given by the intersection number of K with a
hyperplane section H.

Lemma 5.2.9. If ` is a separable quasi-elliptic line of degree 3, then the degree
of its cuspidal curve is at least 3 and at most 7.

Proof. Writing H = F + L, one gets k := K · H = 3 + K · L. The cuspidal
curve K and the line L are distinct because ` is separable. The curve K can
meet L only in points of ramification; moreover, a local computation shows
that if K is tangent to L, then ramification 34 occurs, and that higher order
tangency cannot happen. We thus obtain the following bounds according to the
ramification type of `:
• 24

1: K · L ≤ 4.
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5.2. Quasi-elliptic lines

• 3221: K · L ≤ 2.
• 34: K · L ≤ 2.

Proposition 5.2.10. If ` is a separable quasi-elliptic line of degree 3, then
v(`) ≤ 21.

Proof. A fiber of type II∗ can have local valency at most 2, because it contains
only one simple components and three distinct lines would give rise to three
distinct simple components. Hence, recalling equation (5.2),

v(`) ≤ 3 iv + 3 iv∗ + 2 ii∗

= 3 (10− 3 iv∗ − 4 ii∗) + 3 iv∗ + 2 ii∗

= 30− 6 iv∗ − 10 ii∗.

In particular, if ii∗ > 0, then v(`) ≤ 20, so we can suppose that ` has no
II∗-fibers. Similarly, we can suppose that ` has at most one fiber of type IV∗.

If ` has no IV∗-fiber, then it must have 10 fibers of type IV. Using the
classification of Lemma 5.2.7, we list the possible configurations with v(`) > 21
(16 cases) in the following table.

case iv∗ iv3 iv1 iv0 valency

1 – 10 0 0 30
2 – 9 1 0 28
3 – 9 0 1 27
4 – 8 2 0 26
5 – 8 1 1 25
6 – 8 0 2 24
7 – 7 3 0 24
8 – 7 2 1 23
9 – 7 1 2 22
10 – 6 4 0 22
11 iv∗3 7 0 0 24
12 iv∗3 6 1 0 22
13 iv∗2a 7 0 0 23
14 iv∗2b 7 0 0 23
15 iv∗1a 7 0 0 22
16 iv∗1t 7 0 0 22

For each case, we consider the lattice generated by L, a general fiber F ,
the fiber components of the degenerate fibers and the cuspidal curve K (which
must be different from L, since ` is separable). All intersection numbers are
univocally determined (L · F = 3 because ` has degree 3), except for

K · L = K · (H − F ) = k − 3,

but k can only take up the values 3, . . . , 7 on account of Lemma 5.2.9. We check
that this lattice has rank bigger than 22 in all cases, except for case 6 with k = 3
(i.e., K · L = 0).

On the other hand, this case does not exist. In fact, suppose that ` is as
in case 6 with K · L = 0; in particular, ` has no ramified fibers with multiple
components and, since v(`) = 24, ` is of the second kind. It follows that
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• if ` has a point of ramification 2, then by Lemma 5.1.1, the ramified fiber
must be a cusp, i.e., K intersects L so K · L > 0;
• if ` has ramification 34, then by Lemma 5.1.2 the ramified fiber must be

either a cusp or the union of three distinct lines; in both cases, K · L >
0.

Example 5.2.11. The following surface contains a separable quasi-elliptic line
` : x0 = x1 = 0 of degree 3 with valency 21, thus attaining the bound of
Proposition 5.2.10:

X : x4
1 + x2

0x
2
2 − x2

1x
2
2 − x1x

3
2 + x0x

2
2x3 + x0x

3
3.

It contains only one singular point [1 : 0 : 0 : 0] of type E6.

5.2.2 Quasi-elliptic lines of lower degree

Proposition 5.2.12. If ` is a quasi-elliptic line of degree 2, then v(`) ≤ 14.

Proof. By Proposition 3.3.12, we can assume that ` is of the second kind. Let
P be the singular point on ` and let F be a fiber of ` with v`(F ) > 0 and C its
corresponding residual cubic. The cubic C is reducible, because it contains at
least a line. Suppose that C splits into a line m and an irreducible conic (which
must be tangent to each other because fibers of type In are not admitted in a
quasi-elliptic fibration). Since v`(F ) > 0, the line m meets ` in a smooth point;
hence, the following three configurations may arise:

`

P

m

`

P

m

`

P

m

All three configurations are impossible for the following reasons:
• in the first configuration, the conic meets ` in a non-inflection point (the

smooth surface point), by Lemma 3.3.8;
• the second configuration can be ruled out by an explicit parametrization

(in a line of the second kind, either the point P is a ramification point, or
the cubic passing twice through P is singular at P );
• the third configuration gives rise to a fiber of type III, which is not a

quasi-elliptic fiber.
Thus, C must split into three (not necessarily distinct) lines and at least one

of them should pass through P . Since there can be at most 8 lines through a
singular point (Lemma 3.2.2), there can be at most 7 such reducible fibers, each
of them contributing at most 2 to the valency of `, whence v(`) ≤ 14.

Example 5.2.13. The bound given by Proposition 5.2.12 is sharp. In fact, the
following quartic surface contains a quasi-elliptic line ` : x0 = x1 = 0 of degree
2 and valency 14:

X : x4
0 + x3

0x1 + x0x
3
1 + x1x

3
2 + x0x1x

2
3 + x2

1x
2
3 + x0x2x

2
3 = 0.
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The quartic contains two singular points, P = [0 : 0 : 0 : 1] of type A1 and
Q = [−1 : 1 : 1 : 0] of type E6. The line ` has 7 fibers of type IV and one fiber
of type IV∗ corresponding to the plane containing Q.

Lemma 5.2.14. If ` is a quasi-elliptic line of degree 1, then v(`) ≤ 10.

Proof. The fibration induced by the line ` has at most 10 reducible fibers, each
of which contributes at most 1 to its valency.

5.3 Proof of Theorem 5.0.1

5.3.1 Triangle free case
In this section we employ the notation and the ideas of Sections 3.4 and 4.3.

Proposition 5.3.1. Let Γ be the line graph of a triangle free K3 quartic surface.
If Γ contains a parabolic subgraph D, then

|Γ| ≤ v(D) + 24

Proof. The subgraph Γ induces a genus 1 fibration, which can be elliptic or
quasi-elliptic [29, §3, Theorem 1]. The vertices in D ∪ (Γ r spanD) are fiber
components of this fibration. If the fibration is elliptic, there cannot be more
than 24 components, on account of the Euler number. If the fibration is quasi-
elliptic, we obtain from formula (5.2) that

iv∗ + ii∗ ≤ 3 (5.4)

A fiber of type IV can contain at most 2 lines, since there are no triangles.
Hence, from (5.2) and (5.4) we deduce

|Γ| ≤ v(D) + 2 iv + 7 iv∗ + 9 ii∗

= v(D) + 20 + iv∗ + ii∗

≤ v(D) + 23.

Lemma 5.3.2. If ` is a line on a triangle free K3 quartic surface, then v(`) ≤
12.

Proof. Thanks to Lemma 3.4.5, we can suppose that ` is quasi-elliptic. We can
prove that

2 v`(F ) ≤ e(F )− 2, (5.5)

for any degenerate fiber F , which together with formulas (2.1) and (3.7) yields
v(`) ≤ 10. To see this, note that a reducible fiber has e(F ) ≥ 4, so (5.5) is
obvious for a 1-fiber. On the other hand, a 3-fiber cannot be of type IV, in
virtue of the triangle free hypothesis; hence, it must induce a fiber of type IV∗

or II∗, for which e(F ) ≥ 8 and (5.5) holds.

Proposition 5.3.3. A triangle free K3 quartic surface can contain at most 64
lines.

Proof. One can adapt the proof in Section 4.3 using Proposition 5.3.1 and
Lemma 5.3.2.
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5.3.2 Star case

We will suppose from now on that X has a triangle formed by the lines `1, `2, `3,
which are necessarily coplanar. The plane on which they lie must contain a
fourth line `4 (which might coincide with one of the former). We will start our
analysis with the following special configuration.

Definition 5.3.4. A star on a quartic surface X is the union of four distinct
lines meeting in a smooth point.

Since the four lines in a star are necessarily coplanar, a star is the same as
a configuration C0 (Figure 3.4.1). The lines have necessarily degree 3 because
there are no singular points on the plane containing them.

We will be able to prove in Proposition 5.3.13 that if X contains a star and
is not projectively equivalent to the Fermat surface, then Φ(X) ≤ 58, which is
a sharp bound.

We will first need a series of lemmas. In all of them, we will parametrize
the surface X as in (3.1) in such a way that the star is contained in the plane
x0 = 0 and the lines meet at [0 : 0 : 0 : 1], i.e., setting the following coefficients
equal to 0:

a0301, a0211, a0121, a0202, a0112, a0103.

If necessary, we will parametrize a second line in the star `′ as x0 = x2 = 0, by
further assuming a0400 = 0.

Lemma 5.3.5. If ` is a line of the first kind in a star, then v(`) ≤ 15.

Proof. It can be checked by an explicit computation that the resultant of ` has
a root of order 6 at the center of the star; this implies that there are at most
18− 6 = 12 lines meeting ` not contained in the star.

Lemma 5.3.6. If ` is a separable line of ramification 2133 contained in a star,
then it is of the first kind.

Proof. By a change of coordinates, we can assume that the point of ramification
index 2 is [0 : 0 : 1 : 0], and that ramification occurs at x1 = 0. Imposing that `
is of the second kind leads to a contradiction (` cannot be separable).

Lemma 5.3.7. If three lines in a star are separable and at least two of them
have ramification 34, then the third one also has ramification 34.

Proof. Beside ` : x0 = x1 = 0 and `′ : x0 = x2 = 0, we can suppose without
loss of generality that a third line is given by `′′ : x0 = x1 + x2 = 0, setting
a0220 = a0130 + a0310. The conditions for `, `′ or `′′ to be of ramification 34 are
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a1012 = 0, a1102 = 0 and a1012 = a1102, respectively. Clearly, two of them imply
the third one.

Lemma 5.3.8. If three lines in a star are separable, then at most two of them
can be of the second kind.

Proof. We parametrize `, `′ and `′′ as in the previous Lemma. Imposing that
all three of them are of the second kind leads to a contradiction (at least one of
them must be inseparable).

Lemma 5.3.9. Let ` and `′ be two lines in a star; if ` is a separable line of the
second kind, and `′ is a line of the first kind of ramification 34, then v(`′) ≤ 12.

Proof. This can be checked again by an explicit computation of the resultant of
`′, which has now a root of order 9 at the center of the star.

Lemma 5.3.10. Let ` and `′ be two lines in a star; if ` is a cuspidal line, and
`′ is not cuspidal, then v(`′) ≤ 12.

Proof. We parametrize ` : x0 = x1 = 0 as in Corollary 5.2.3. By virtue of
Lemma 5.2.2, we can suppose that `′ : x0 = x2 = 0 is separable. An explicit
computation shows that `′ cannot be of the second kind, and that its resultant
has a root of order 9 in x2 = 0.

Lemma 5.3.11. Let `, `′ and `′′ be three lines in a star; if ` and `′ are cuspidal,
and `′′ is not cuspidal, then v(`′′) = 3.

Proof. We parametrize ` : x0 = x1 = 0 and `′ : x0 = x2 = 0 as in Corollary 5.2.3,
i.e., we suppose that X is given by the family C where the following coefficients
are set to zero:

a0400, a0301; a1201, a1300; a2200, a2101, a1210.

By a further rescaling we put a0310 = 1 and we consider `′′ : x0 = x1 − x2 = 0.
The line `′′ is inseparable and we can compute its polynomial ϕ as in formula
(5.3) in the proof of Lemma 5.2.2 (by parametrizing the pencil with x0 = s3(x1−
x2)), which turns out to be

ϕ(s) = a2110s
8.

This means that `′′ has only one singular fiber in s = 0 (namely a fiber of type
IV with the maximum possible index of wild ramification), unless a2110 = 0 and
ϕ ≡ 0, in which case `′′ is cuspidal.

Lemma 5.3.12. If ` is a cuspidal line which is not contained in at least two
stars, then v(`) ≤ 6.

Proof. On account of Lemma 5.2.4, the number of stars in which ` is contained
is exactly equal to the number of fibers of type IV in its fibration; moreover,
v`(F ) = 1 if F is of type IV∗ or II∗, yielding

v(`) = 3 iv + iv∗ + ii∗.

Recalling formula (5.2), we deduce that if iv < 2 then v(`) ≤ 6.
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Proposition 5.3.13. If X contains a star and is not projectively equivalent to
the Fermat surface, then X contains at most 58 lines.

Proof. Let `1, `2, `3, `4 be the lines contained in the star. We will always use
the bound (3.6), which takes the form

Φ(X) ≤ 4 +

4∑
i=1

(v(`i)− 3) =

4∑
i=1

v(`i)− 8.

(1) Suppose first that all lines `i are not cuspidal.
• If v(`i) ≤ 15 for i = 1, 2, 3, 4, then

Φ(X) ≤ 4 · 15− 8 = 52.

• If v(`1) > 15, then by Lemmas 5.3.5 and 5.2.2, `1 must be separable
of the second kind; hence v(`1) ≤ 21; if v(li) ≤ 15 for i = 2, 3, 4, then

Φ(X) ≤ (21 + 3 · 15)− 8 = 58.

• If v(`1) > 15 and v(`2) > 15, then by the same token both `1 and `2
are separable lines of the second kind. On account of Lemma 5.3.6,
they both have ramification 34. We claim that both v(`3) and v(`4)
are not greater than 12. In fact, if `3 is separable, then by Lem-
mas 5.3.7 and 5.3.8 it must be of the first kind and have ramification
34, which in turn implies that v(`3) ≤ 12, because of Lemma 5.3.9; if
`3 is inseparable, then v(`) ≤ 12 by Lemma 5.2.2. The same applies
to `4. Hence, we conclude that

Φ(X) ≤ (2 · 21 + 2 · 12)− 8 = 58.

(2) Assume now that exactly one of the lines, say `1, is cuspidal, so that
v(`1) ≤ 30. On account of Lemma 5.3.10 we have

Φ(X) ≤ (30 + 3 · 12)− 8 = 58.

(3) Suppose then that both `1 and `2 are cuspidal. If `3 and `4 are not
cuspidal, then by Lemma 5.3.11

Φ(X) ≤ (2 · 30 + 2 · 3)− 8 = 58.

(4) Finally, suppose that `1, `2 and `3 are cuspidal.
• By a local computation it can be seen that `4 is also necessarily

cuspidal.
• Thanks to the bound of Lemma 5.3.12, we can suppose that at least

two lines, say `1 and `2, are part of another star.
• Pick two lines `′1 and `′2, each of them in another star containing `1

respectively `2, which intersect each other (necessarily in a smooth
point).
• Perform a change of coordinates so that `1, `2, `′1 and `′2 are given

respectively by x0 = x1 = 0, x0 = x2 = 0, x1 = x3 = 0 and
x2 = x3 = 0.
• Impose that `1, `2 and `3 are cuspidal lines: the resulting surface is

projectively equivalent to Fermat surface.
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5.3.3 Triangle case
In this section we study the case in which X admits a triangle. The three lines
forming the triangle need to be coplanar, and we will denote by Π the plane on
which they lie. Obviously, the plane Π intersects X also in a fourth line, which
might coincide with one of the first three. We first consider this degenerate case.

Proposition 5.3.14. If X admits a completely reducible plane Π with a triangle
and a multiple component, then X contains at most 60 lines.

Proof. By Lemma 3.4.6, X admits configuration D0 or E0. In order to bound
Φ(X), we use as usual formula (3.6).

Let `0 be the double line in the plane Π containing one of the two config-
urations, and let `1 and `2 be the two simple lines. Lines meeting `0 different
from `1 and `2 must pass through the singular points; hence, by Lemma 3.2.2
there can be at most 3 · (8− 1) = 21 of them.

Note that `1 and `2 cannot be cuspidal because of Corollary 5.2.4.
In the fibrations induced by `1 and `2 the plane Π corresponds to a fiber

with a multiple component, hence with Euler number at least 6; therefore, if
`1 and `2 are both elliptic, there can be at most 18 more lines meeting them,
yielding

Φ(X) ≤ 3 · (8− 1) + (18 + 18) + 3 = 60.

Suppose that `1 is quasi-elliptic. The plane Π corresponds to a fiber of
type IV∗ or II∗; hence, there can be only one singular point on `0: in fact, by
inspection of the Dynkin diagrams, a component of multiplicity 2 in these fiber
types meets at most 2 other components (and one of them is the strict transform
of `2). The lines `1 and `2 not being cuspidal, we know that they have valency
at most 21. It follows that

Φ(X) ≤ (8− 1) + 2 · (21− 2) + 3 = 48.

Lemma 5.3.15. Let ` and `′ be two lines of degree 3 in configuration A0 or
A1. If v(`) > 18, then v(`′) ≤ 18.

Proof. Let Π be the plane containing ` and `′. Both lines are separable, since
otherwise the respective residual cubics would intersect them in one point. We
suppose that also v(`′) > 18 and look for a contradiction.

Since both lines have valency greater than 18, they must be lines of the
second kind with ramification (3(3), 2) or 34. In particular, they must have a
point of ramification 3 (let us call it P ∈ ` and P ′ ∈ `′), which does not lie on
Π. Up to change of coordinates, we can assume the following:
• Π is the plane x0 = 0;
• ` and `′ are given respectively by x0 = x1 = 0 and x0 = x2 = 0;
• P is given by [0 : 0 : 1 : 0] and P ′ by [0 : 1 : 0 : 0];
• ramification in P (resp. P ′) occurs in x1 = 0 (resp. x2 = 0).

This amounts to setting the following coefficients equal to 0:

a0400, a0301, a0202, a0103; a1030, a1021, a1012; a1300, a1201, a1102.

Furthermore, a0112 6= 0, since the two residual lines in Π do not contain [0 : 0 :
0 : 1], the intersection point of ` and `′; we set a0112 = 1 after rescaling one
variable.
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Two necessary condition for ` and `′ to be lines of the second kind are

a0310 = a2
0211 and a0130 = a2

0121.

This means that the residual conic in Π : x0 = 0 is given explicitly by

a2
0211x

2
1 + a2

0121x
2
2 + a0220x1x2 + a0211x1x3 + a0121x2x3 + x2

3 = 0. (5.6)

This conic splits into two lines by hypothesis; hence, it has a singular point.
Computing the derivatives, one finds that the following condition must be sat-
isfied:

a0220 = −a0121a0211.

Substituting into (5.6), one finds that the conic degenerates to a double line:

(a0211x1 + a0121x2 − x3)2 = 0;

thus, we have neither configuration A0 nor A1.

Proposition 5.3.16. If X admits a triangle but not a star, then X contains
at most 67 lines.

Proof. The proof is a case-by-case analysis on the configurations that are given
by Lemma 3.4.6, except configurations C (a star, treated in Proposition 5.3.13),
D0 and E0 (treated in Proposition 5.3.14).

Beside the fact that there are at most 8 lines through a singular point and
the bounds on the valency of Sections 5.1 and 5.2, one should observe that in
configurations of type B, the three lines meeting at the same (smooth) point
must be of the first kind by Lemma 5.1.1. For configurations A0 and A1, one
uses Lemma 5.3.15.

For instance, let us prove the proposition for configuration A1. Let `1 and
`2 be the lines through the singular point, and `3 and `4 the other two lines.
We know that v(`i) ≤ 14, i = 1, 2, whereas Lemma 5.3.15 applies to `3 and `4,
yielding

v(`3) + v(`4) ≤ 18 + 21.

It follows from (3.6) that

Φ(X) ≤ (8− 2) + 2 · (14− 2) + (18− 3 + 21− 3) + 4 = 67.

We leave the remaining cases to the reader.

Proof of Theorem 5.0.1. We have treated the case of triangle free surfaces in
Proposition 5.3.3, the star case in Proposition 5.3.13 and the star free triangle
case in Proposition 5.3.16, so the proof is now complete.

5.4 Examples
In this last section, we present examples of K3 quartic surfaces with many lines.
In particular, we provide explicit equations for three 1-dimensional families of
surfaces with 58 lines. Most of the examples – including the first two families
(Examples 5.4.1 and 5.4.2) – were found during the proof of the theorem, espe-
cially of Proposition 5.3.13. Note that the first two families had already been
discovered independently by A. Degtyarev, who was also aware of the existence
of a third configuration with 58 lines. We found the third family (Example
5.4.3) after we were informed of his work; as far as we know, this family is new.
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Example 5.4.1. A general member of the 1-dimensional family defined by

x3
1x2 − x1x

3
2 + x3

0x3 − x0x
3
3 = ax2

0x1x2

is smooth and contains 58 lines.
More precisely, for a = 0 we obtain a surface which is projectively equivalent

over F9 to the Fermat surface and thus contains 112 lines.
If a 6= 0,∞, the surface contains a star (in x0 = 0) formed by two cuspidal

lines (of valency 30) and two elliptic lines with no other singular fibers than the
star itself (hence, of valency 3). The remaining 54 lines are of type (p, q) = (1, 9).
The surface contains exactly 19 stars.

For a =∞ we obtain the union of three planes.
Example 5.4.2. A general member of the 1-dimensional family defined by

x3
1x2 − x1x

3
2 + x3

0x3 − x0x
3
3 = ax0x1(ax0x2 + ax1x3 + x1x2 + x0x3)

is smooth and contains exactly 58 lines.
More precisely, as long as a 6= 0, 1, −1, ∞, the surface contains one cuspidal

line (given by x0 = x1 = 0) which intersects 12 lines of type (4, 0), and 18 lines of
type (1, 9); the remaining 27 lines are of type (4, 6) (for instance, x2 = x3 = 0).
The surface contains exactly 10 stars.

For a = 0 we find again a model of the Fermat surface, whereas for a = ±1
the surface contains 20 lines and a triple point. For a =∞ we obtain the union
of two planes and a quadric surface.

All surfaces of the family are endowed with the symmetries [x0 : x1 : x2 :
x3] [x1 : x0 : x3 : x2] and [x0 : x1 : x2 : x3] [x0 : x1 : −x2 : −x3].
Example 5.4.3. A general member of the 1-dimensional family defined by(

a3 + a2 + a+ 1
) (
x3

1x2 + x1x
3
2 − x3

0x3 − x0x
3
3

)
=

(a− 1)
(
x2

0x1x2 − x2
0x

2
3 + x1x2x

2
3

)
+ (a+ 1)

(
x2

1x
2
2 − x0x

2
1x3 − x0x

2
2x3

)
+
(
a2 − 1

)
(x1x2 + x0x3)(x0 + x3)(x1 + x2)−

(
a2 + 1

)
x0x1x2x3

is smooth and contains exactly 58 lines.
More precisely, if a 6= 0, 1,−1,∞ and a2 6= −1, then the surface contains

exactly one star in the plane

x0 + x3 = x1 + x2. (5.7)

The star is formed by two lines of type (7, 0) and two lines of type (1, 9), whose
equations can be explicitly written after a change of parameter a = d/(d2 + 1).
Each line of type (7, 0) meets 18 lines of type (3, 6), and each line of type (1, 9)
meets 9 lines of type (4, 6). All lines are elliptic.

If a = 0, 1 or −1 the surface is the union of a double plane and a quadric
surface. If a =∞ the surface is projectively equivalent to the Fermat surface.

If a2 = −1, then the surface contains 9 points of type A1 and 40 lines. The
star in the plane (5.7) is formed by two elliptic lines of type (4, 0) and two
quasi-elliptic lines of type (1, 9). Each line of type (4, 0) intersects 9 lines of
singularity 2 and valency 6, while each line of type (1, 9) intersects 9 lines of
singularity 1 and valency 9.

All surfaces of the family are endowed with the symmetries [x0 : x1 : x2 :
x3] [x1 : x0 : x2 : x3] and [x0 : x1 : x2 : x3] [x0 : x1 : x3 : x2].
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Example 5.4.4. The surface defined by

x3
0x1 + x2

0x
2
1 + x0x

2
1x2 + x3

1x2 + x2
1x

2
2 + x1x

3
2 + x3

0x3

− x2
0x1x3 + x0x

2
1x3 + x2

0x2x3 + x0x1x2x3 + x0x
2
2x3 + x0x

3
3 = 0

contains one singular point of type E7 and 39 lines.
Example 5.4.5. The reduction modulo 3 of Shimada–Shioda’s surface X56 [40]
can be written

Ψ(x0, x1, x2, x3) = Ψ(−x1, x0,−x3, x2)

where
Ψ(w, x, y, z) = wz

(
w2 + wx+ x2 + y2 + yz + z2

)
It contains 8 singular points of type A1 and 48 lines. So far, this is the example
known to us with highest number of lines and at least one singular point.
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Chapter 6

Characteristic 2

In this chapter we will always work over a fixed algebraically closed field K of
characteristic 2. The main result will be the following theorem.

Theorem 6.0.1. If X is a K3 quartic surface, then Φ(X) ≤ 68.

The chapter is structured as follows.
Section 6.1 We list the main results about elliptic lines, whose study is essen-

tially the same as in characteristic 0.
Section 6.2 Although a line on a smooth surface never induces a quasi-elliptic

fibration (see Remark 6.2.8), the phenomenon of quasi-elliptic lines does
indeed take place once we allow for rational double points. We study them
extensively in this section.

Section 6.3 We carry out the proof of Theorem 6.0.1.
Section 6.4 The bound of the theorem is indeed sharp. A 1-dimensional family

of K3 quartic surfaces with 68 lines was already known to Rams and
Schütt [31]. We are able to prove a uniqueness result, namely that if a
surface contains 68 lines, then it is projectively equivalent to a member of
Rams–Schütt’s family (Theorem 6.4.1).

6.1 Elliptic lines

In this section we list some results on separable elliptic lines, especially the
bounds on their valency, which are summarized in Table 6.1.1. We postpone
the study of inseparable lines (both elliptic and quasi-elliptic) to Lemma 6.2.12.

The analysis of lines of the second kind in characteristic 2 is essentially the
same as in characteristic 0. In fact, our arguments dealt with torsion sections
of order 3 and fail only in characteristic 3. The only discrepancy is that lines
of degree 3 and 2 have different ramification types, but this is compensated by
wild ramification. We omit the proofs, but state the main facts that we will use
later on.

Lemma 6.1.1. If ` has degree 3, then it is separable and has ramification 24,
22

2, 2232 or 32
2.

As in characteristic 0, the last ramification type in Lemma 6.1.1 deserves to
be given a name.
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Table 6.1.1: Known bounds for the valency of a separable elliptic line according to
its kind, degree and singularity. Sharp bounds are marked with an asterisk *.

kind degree singularity valency

first kind
3 0 ≤ 18
2 1 ≤ 13
1 2 or 1 ≤ 8

second kind

3 0 ≤ 20∗

2 1 ≤ 10
1 2 ≤ 9
1 1 ≤ 11

– 0 3, 2 or 1 ≤ 2∗

Table 6.2.1: Known bounds for the valency of a quasi-elliptic line according to its
degree and singularity. Sharp bounds are marked with an asterisk.

degree singularity valency

3 0 ≤ 16∗

2 1
cuspidal ≤ 19∗

not cuspidal ≤ 13
1 2 ≤ 8
1 1 ≤ 12
0 3, 2 or 1 ≤ 2

Definition 6.1.2. A line ` of degree 3 is said to be special if it is of the second
kind and has ramification 32

2.

Proposition 6.1.3. If ` is a line of the second kind of degree 3, then v(`) ≤ 20;
moreover, if v(`) > 16, then ` is special. If v(`) = 19, then the line has type
(p, q) = (6, 1) and the 1-fiber is a ramified fiber of type In, n ≥ 2; if v(`) = 20,
then the line has type (p, q) = (6, 2) and both 1-fibers are ramified fibers of type
In, n ≥ 2.

We can also parametrize special lines as in Lemma 4.2.2 (see also [31, Lemma
4.4]). Therefore, special lines induce a symplectic automorphism of degree 3
which permutes the lines in their 3-fibers (Remark 4.2.3).

6.2 Quasi-elliptic lines

In this section we study quasi-elliptic lines and find bounds on their valency.
We summarize our results in Table 6.2.1.

We will first recall some general facts about quasi-elliptic fibrations in char-
acteristic 2 (see [6], [34]).

As we saw in Section 2.3, the cuspidal curve of a quasi-elliptic fibration on a
K3 surface Z → P1 (in particular, of a fibration induced by a quasi-elliptic line)
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is a smooth rational curve K such that K · F = 2. Only the fiber types

II, III, I∗2n, III∗, II∗

can appear in a quasi-elliptic fibration. We call such fibers quasi-elliptic fibers.
The restriction of the fibration Z → P1 to K is an inseparable morphism of
degree 2. The cuspidal curve meets a reducible fiber in the following ways
(multiple empty dots represent different possibilities):

In particular, we observe that
• the way K meets a reducible fiber is uniquely determined apart from type

II∗;
• K meets a component of a reducible fiber always transversally;
• K always meets only one component of multiplicity 2, with the exception

of type III, where it meets two components of multiplicity 1.

Lemma 6.2.1. A section of a quasi-elliptic fibration does not intersect the
cuspidal curve.

Proof. We suppose the section and the cuspidal curve meet at a point on a fiber
F . Since the cuspidal curve intersects F in a singular point or on a double
component, the section would have intersection at least 2 with F .

Lemma 6.2.2. The cuspidal curve of the fibration induced by a quasi-elliptic
line ` cannot be an exceptional divisor.

Proof. Suppose the cuspidal curve of the fibration induced by ` coincides with
an exceptional irreducible divisor E; then E must come from the resolution of
a singular point P on `. Since the general residual cubic is the image of a curve
with a cusp on E, it should be singular in P , but this is ruled out by Lemma
3.2.3.

Quasi-elliptic lines of degree 2 play a special role. In fact, this is the only
case where the strict transform L of the line ` can be the cuspidal curve itself,
since L · F = 2. We give a name to these particular lines.

Definition 6.2.3. A line ` is said to be cuspidal if it is quasi-elliptic of degree
2 and the cuspidal curve on Z coincides with the strict transform of ` itself.

Assume that ` is a quasi-elliptic line which is not cuspidal. By virtue of
Lemma 6.2.2, the cuspidal curve K of the fibration induced by ` is a smooth
rational curve in Z of positive degree k = K · H > 0, where H a hyperplane
divisor in Z.
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We introduce now a way to parametrize such cuspidal curves. Let us first
choose a parameter s for K so that the restriction π|K : K → P1 is given by

s 7→ t = s2, (6.1)

where t parametrizes the planes containing `: x0 = tx1. Let K̄ := ρ(K) be
the image of K in P3 through the resolution ρ : Z → X. Then, we obtain a
morphism from K to K̄ ⊂ P3 given by

ψ : s 7→ ψ(s) := [ψ0(s) : ψ1(s) : ψ2(s) : ψ3(s)],

where ψi(s) is a polynomial of degree k = K ·H, i = 0, . . . , 3.
Let now π̄ : X 99K P1 be the rational map π̄ = π ◦ρ−1. Clearly, on the chart

x1 6= 0, the map π̄ can be written as

[x0 : x1 : x2 : x3] 7→ t =
x0

x1
,

since ` is not cuspidal and because of Lemma 6.2.2, K̄ has non-trivial intersection
with the domain of definition of π̄; hence, the restriction of π = π̄ ◦ ψ to (an
open subset of) K is given by

s 7→ t =
ψ0(s)

ψ1(s)
,

Comparing with (6.1), we see that ψ0(s) = s2ψ1(s), i.e., we can parametrize K̄
as

s 7→ ψ(s) =

[
k−2∑
i=0

ais
i+2 :

k−2∑
i=0

ais
i :

k∑
i=0

bis
i :

k∑
i=0

cis
i

]
, (6.2)

where ai, bi, ci ∈ K, and k is the degree of K. Note that the point ψ(s) lies in
the plane x0 = s2x1.

6.2.1 Quasi-elliptic lines of degree 3

Since a quasi-elliptic line of degree 3 is never cuspidal, in the following lemma
we will suppose that the image of K in P3 is parametrized by (6.2).

Lemma 6.2.4. If ` is a quasi-elliptic line of degree 3, then the cuspidal curve
of its fibration can have degree at most 4.

Proof. The pullback of a plane containing ` is a divisor H = F + L on the
minimal resolution of X. The degree of K is by definition k := K · H =
K · F +K · L = 2 +K · L.

We claim that K · L ≤ 2. Indeed, K cannot be the divisor L itself, since
L · F = 3. If K and L meet at a point P , then the image of P in X (which
we will call P again) is a ramification point for `. Since there are at most two
ramification points, K ·L ≤ 2, unless K is tangent to L in at least one of them.
Suppose therefore that K is tangent to L at P .

Claim 6.2.5. The point P cannot be of ramification 3.
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Proof of the claim. The fiber F passing through P must be singular in P , since
K is going through P . On the other hand, the corresponding residual cubic C
cannot be reducible, because P is a point of ramification index 3. In fact, if C
is the union of a line m and an irreducible conic Q, then Q is tangent to `, and
m intersects Q in two different points, giving rise to a fiber of type In: since `
is quasi-elliptic, this is not possible. If C is the union of three lines, possibly
not all distinct, then K would have triple intersection with F , also impossible.
Therefore the cubic F is irreducible, with a cusp in P and tangent to `. Since
K is also tangent to L, we have K · F ≥ 3.

We can thus assume that P has ramification index 2. Up to a change of
coordinates, P can be given by [0 : 0 : 0 : 1]. This means choosing a0112 = 0,
a0103 = 0, while a0121 and a1003 must be non-zero, and can be normalized to 1.

Claim 6.2.6. The point P is of ramification 24.

Proof of the claim. Consider the parametrization (6.2). Since K goes through
P , we can set a0 = 0, b0 = 0 and normalize c0 = 1. Imposing that ψ(s) is a
singular point of the cubic in the plane x0 = s2x1 for all s, one finds – beside
other relations – that

a1012 = a0130,

which is the condition for P to be a point of ramification 24.

It follows that ` has only one ramification point, so that K · L ≤ 2 unless
K is tangent to L of order at least 3. Hence, we further set a2 = 0, but this
condition leads to ` containing a singular point, which contradicts the fact that
` has degree 3.

Proposition 6.2.7. If ` is a quasi-elliptic line of degree 3, then v(`) ≤ 16.

Proof. Let iii, i∗n, iii∗, ii∗ be the numbers of reducible fibers of type III, I∗n,
III∗, II∗. Formula (2.3) yields

iii+
∑

(4 + n) i∗n + 7 iii∗ + 8 ii∗ = 20. (6.3)

A fiber of type III has local valency at most 1 (because if it contains a line, the
other component must be an irreducible conic), while other reducible fibers have
valency at most 3. Moreover, fibers of type III∗ and II∗ have valency ≤ 2 because
they do not contain three simple components. Hence, using equation (6.3) we
obtain a first rough estimate

v(`) ≤ iii+ 3
∑

i∗n + 2 iii∗ + 2 ii∗ ≤ 20. (6.4)

We want to rule out all possible configurations that lead to v(`) > 16. We
first note that a fiber of type III has local valency equal to either 1 or 0, according
to whether the residual cubic is the union of a line and a conic, or an irreducible
cubic with a cusp at a singular point of type A1. We denote the number of the
former III-fibers with iii′ and of the latter with iii′′.

First of all, if v(`) > 16, then iii∗ = ii∗ = 0 and i∗n = 0 for all n > 2, by
formulas (6.3) and (6.4). If i∗2 > 0, then i∗2 = 1, iii = iii′ = 14, and the I∗2-
fiber must have valency 3; the corresponding cubic must then have the following
shape:
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`

A4

In fact, the lines must meet at the same point (otherwise ` would have a fiber
of type In), and this point must be singular of type A4 (the strict transforms
of the three lines are three simple components of the fiber I∗2; the dual graph of
the remaining components is an A4-diagram).

If i∗2 = 0 and i∗0 > 0, then i∗0 = 1 or 2. Observe that there cannot be a fiber
of type I∗0 not contributing to v(`), otherwise v(`) ≤ 16. Arguing as with type
I∗2, it follows that the residual cubic of a fiber of type I∗0 is one of the types I∗0,n,
n = 1, 2, 3, as pictured:

`

A3

I∗0,1

`

A2

I∗0,3

`

A1

A1

A1

I∗0,2

If i∗0 = 2, then iii = 12, one of the I∗0 must have valency 3 (i.e., be of type I∗0,3)
and the other must have valency 3 or 2 (i.e., be of type I∗0,3 or I∗0,2). Once the
numbers i∗2 and i∗0 are fixed, the sum iii = iii′ + iii′′ is uniquely determined
by the number of the other fiber types and it is then a matter of listing all
possibilities for iii′ and iii′′ that lead to v(`) > 16. There are 14 cases in total,
as displayed in Table 6.2.2.

For each case, one can check that the lattice generated by L, the components
of its fibers, the cuspidal curve K (which has degree k, 2 ≤ k ≤ 4, according to
Lemma 6.2.4), and a general fiber has rank 23.

Remark 6.2.8. An immediate corollary of the last proposition is the fact that on
a smooth surface all lines are elliptic, which has already been proven by Rams
and Schütt [31, Proposition 2.1] using a different approach. In fact, a quasi-
elliptic line on a smooth surface could only have 20 fibers of type III, falling
into case 11 of Table 6.2.2 (which would be the only case to be ruled out).
Example 6.2.9. The bound of Proposition 6.2.7 is sharp and is reached, for
example, by the line ` : x0 = x1 = 0 in the surface

X : x3
0x1 + x0x

3
1 + x0x

3
2 + x2

0x1x3 + x1x
2
2x3 + x2

0x
2
3 + x2

1x
2
3 + x0x

3
3 = 0.

The 16 lines meeting ` are given by x0 = x3 = 0 and by x1 = s4x0, x0 =
ax2 + bx3, where a = s/(s4 + s+ 1), b = 1/s2 and s is a root of

s15 + s12 + s9 + s8 + s7 + s6 + s4 + s3 + s2 + s+ 1.
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Table 6.2.2: Fiber configurations for a quasi-elliptic line ` of degree 3 with
v(`) > 16.

case i∗2 i∗0,3 i∗0,2 i∗0,1 iii′ iii′′ v(`)

1 1 14 17
2 2 12 18
3 2 11 1 17
4 1 1 12 17
5 1 16 19
6 1 15 1 18
7 1 14 2 17
8 1 16 18
9 1 15 1 17
10 1 16 17
11 20 20
12 19 1 19
13 18 2 18
14 17 3 17

6.2.2 Quasi-elliptic lines of degree 2
Proposition 6.2.10. If ` is a quasi-elliptic line of degree 2, then v(`) ≤ 19.

Proof. Consider the quasi-elliptic fibration induced by `; let i be the number
of fibers of type III and j the number of reducible fibers not of type III. The
residual cubic of a fiber of type III cannot contain more than one line, while the
other fibers contribute at most 2 to the valency of `, since ` has degree 2. It
follows that

v(`) ≤ i+ 2 j.

Computing the Euler–Poincaré characteristic yields i+ 4 j ≤ 20, so v(`) ≤ 20.
We claim that v(`) cannot be exactly 20. Indeed, if v(`) = 20, then `

has exactly 20 fibers whose components are a line and an irreducible conic.
Moreover, by Lemma 3.2.4 the singular point on ` must be of type A1, giving
one divisor E0 in the resolution which is a section of the fibration, or else the
other divisors would form an extra fiber. The line L, the 20 lines meeting L,
the divisor E0 and the general fiber F generate a lattice of rank 23, which is
impossible.

Example 6.2.11. The bound of Proposition 6.2.10 is sharp and is reached, for
example, by the cuspidal line ` : x0 = x1 = 0 in the surface

X : x4
0 + x1x

3
2 + x3

1x3 + x0x2x
2
3 = 0.

The surface contains exactly one singular point P = [0 : 0 : 0 : 1] of type A2.
The 19 lines meeting ` are given by x0 = tx1, x1 = t5x2 + t15x3, with t any
19th root of unity. The surface contains exactly 20 lines. The line ` being
quasi-elliptic, the surface X has Picard number 22.

Such high valencies can indeed be reached only by cuspidal lines. To prove
this fact we need to find a bound on the degree k of the cuspidal curve K. Up
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to projective equivalence, we can assume that the singular point on the line is
P = [0 : 0 : 0 : 1] and that the cubic in x0 = s2x1 passes through P twice for
s = 0, and through [0 : 0 : 1 : 0] for s = ∞. This means setting the following
coefficients equal to zero:

a1003, a0103; a0112, a1030.

On the other hand, a0130 and a1012 must be non-zero in order to prevent ` from
having degree 1; hence, we can normalize both of them to 1. In what follows,
this will be the standard parametrization for lines of degree 2.

The following lemma holds also for elliptic lines.

Lemma 6.2.12. If ` is an inseparable line of valency v(`) > 12, then ` is
cuspidal.

Proof. The line ` is inseparable if and only if a1021 = a0121 = 0. The smooth
point of intersection of the residual cubic Et in x0 = s2x1 with ` is given by

Pt = [0 : 0 : s : 1].

One can see explicitly that Ps is a singular point of Es if and only if s is a root
of the following degree 6 polynomial:

ϕ(s) := a2020s
6 + a2011s

5 + a1120s
4 + a2002s

4

+ a1111s
3 + a0220s

2 + a1102s
2 + a0211s+ a0202.

(6.5)

Furthermore, it can be checked by a local computation that if Es splits off a
line, then s is a root of ϕ(s). Since there can be at most 2 lines through Ps, this
implies that the valency of ` is not greater than 2 ·6 = 12, unless the polynomial
ϕ vanishes identically, but ϕ ≡ 0 implies that all points Ps are singular for Es,
i.e., the line ` is cuspidal.

Let ` be a quasi-elliptic line of degree 2, K the cuspidal curve of the fibration
induced by `, and k = K · H the degree of K. Considering the pullback of a
plane containing `, we can write H = F+L+E, where E =

∑
niEi has support

on the exceptional divisors coming from the singular point on `. We will denote
by P the point of intersection of E and `. The following lemma will help us
determine the coefficients ni.

Lemma 6.2.13. If ` is a quasi-elliptic line of degree d = 2 and valency v > 10,
then it is contained in a plane with a configuration R1 or a configuration R2.

`

R1

`

R2

Proof. Suppose there are no residual cubics as in the picture. Suppose that F
is a fiber of ` of type III with v(F ) > 0. Its residual cubic must split into a line
and an irreducible conic; since its residual cubic cannot be of type R1 or R2, it
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`

R3

must have configuration R3 (which can appear only once, since the intersection
number of the general residual cubic with ` at the singular point is equal to 1).

On the other hand, reducible fibers F not of type III with v(F ) > 0 must
have e(F ) ≥ 6 (because ` is quasi-elliptic) and v(F ) ≤ 2 (because ` has degree 2).
Therefore, there can be at most 5 of them (4, if configuration R3 appears) and
v(`) can be at most 10.

Lemma 6.2.14. Let ` be a separable quasi-elliptic line of degree 2 contained in
a plane with one of the residual cubics as in Lemma 6.2.13. If Q is the point of
ramification on `, then only the following cases are possible:
(i) k = 2, K · E = 0, Q /∈ K, Q 6= P ;
(ii) k = 2, K · E = 0, Q /∈ K, Q = P ;
(iii) k = 3, K · E = 0, Q ∈ K, Q 6= P ;
(iv) k = 3, K · E = 1, Q /∈ K, Q 6= P ;
(v) k = 4, K · E = 1, Q ∈ K, Q 6= P ;
(vi) k = 4, K · E = 1, Q ∈ K, Q = P .

Proof. Since K is not a component of H, K · H ≥ K · F = 2. Considering a
residual cubic as in Lemma 6.2.13, it is clear that the coefficients ni in E must
be equal to 1, since the plane must correspond to a fiber of type In for the other
line. Therefore we can write E = E0+E1+. . .+En−1, where E0 is a section and
the other Ei’s are fiber components (necessarily of the same fiber). Therefore,
E ·K ≤ 1.

Moreover, by a local computation one can see that K · L ≤ 1. In fact, K
can intersect ` only in the point of ramification Q. The local computation is
needed to rule out that K might be tangent to ` in Q. It follows that K ·L ≤ 1
and the only possible cases are those listed. In fact, if P coincides with Q, then
K · E = 1.

Proposition 6.2.15. If ` is a quasi-elliptic line of degree 2 and valency v(`) >
13, then ` is cuspidal.

Proof. Thanks to Lemma 6.2.12, we can assume that ` is separable. We claim
that a separable quasi-elliptic line of degree 2 is always of the first kind, whence
the bound on the valency follows.

In order to prove this, we parametrize such lines according to the possible
values of the degree k of the cuspidal curve K. Assume that the image of K in
P3 is parametrized as in (6.2). By Lemma 6.2.13, we can apply Lemma 6.2.14.
According to the cases described there, we have the following conditions, after
normalization:
(i) k = 2, a1021 = b0 = c0 = b2 = c2 = 0, a0 = 1;
(ii) k = 2, a0121 = b0 = c0 = b2 = c2 = 0, a0 = 1;
(iii) k = 3, a1021 = b0 = c0 = a1 = c3 = 0, a0 = 1, b3 6= 0;
(iv) k = 3, a0121 = a0 = b0 = b3 = c3 = 0, a1 = 1, c0 6= 0;
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(v) k = 4, a1021 = a0 = b0 = a2 = c4 = 0, a1 = 1, c0 6= 0, b4 6= 0;
(vi) k = 4, a0121 = a0 = a1 = b0 = b4 = c4 = 0, a2 = 1, c0 6= 0.
In fact, we can always choose ψ(0) to be either [0 : 0 : 0 : 1] or [0 : 1 : 0 : 0], and
ψ(∞) to be either [0 : 0 : 1 : 0] or [1 : 0 : 0 : 0].

We impose that ψ(s) is indeed a singular point of the residual cubic in the
plane x0 = s2x1 for every s ∈ P1. It turns out that we can always express the
following coefficients in terms of the others:

a0211, a1111, a2011; a0400, a1300, a2200, a3100, a4000;

a0310, a1210, a2110, a3010; a0301, a1201, a2101, a3001.

(The first three turn out to be always equal to zero). In all cases one can verify
that if in addition the conditions for being a line of the second kind are also
satisfied, then all points on K are singular, which contradicts the fact that X
only admits isolated singularities.

In other words, separable quasi-elliptic lines of degree 2 have valency at most
13. We do not know if this bound is sharp, but the following example shows
that we are very close to it.

Example 6.2.16. The following surface contains a separable quasi-elliptic line
` : x0 = x1 = 0 of degree 2 and valency 12:

X : x3
0x1 + x2

0x
2
1 + x0x

3
1 + x2

0x1x2 + x0x
2
1x2 + x2

0x
2
2

+ x0x1x
2
2 + x1x

3
2 + x0x

2
1x3 + x1x

2
2x3 + x2

1x
2
3 + x0x2x

2
3 = 0.

Two lines meeting ` are contained in the plane x1 = x0, while other 10 lines are
contained in x1 = tx0, where t is a root of

t10 + t8 + t5 + t4 + 1.

6.2.3 Quasi-elliptic lines of degree 1

In order to study quasi-elliptic lines of degree d = 1, we will need to find a bound
on the degree k = K ·H of the cuspidal curve K. Considering the pullback of
a general plane containing `, one can write the hyperplane divisor as

H = F + L+
∑

niEi

where F is a general fiber, L is the strict transform of ` and the sum goes over
the exceptional divisors coming from the singular points on `. Note that ` is a
section of the quasi-elliptic fibration, so K · L = 0. According to Lemma 3.2.4,
for each singular point there is an exceptional divisor E0 which is a section
(hence K · E0 = 0), while the others are fiber components (hence K · Ei ≤ 1
and equality holds for at most two Ei’s per fiber). The following lemma will be
useful to determine the coefficients ni.

Lemma 6.2.17. If ` is a line of degree d = 1 and valency v ≥ 5 and singular-
ity s, then it is contained in a plane with one of the following residual cubics:
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`

s = 2

`

s = 1

Proof. If F is a fiber of type III with v`(F ) = 1 (the maximum possible since
d = 1), then its residual cubic contains a line meeting ` in a smooth point and
an irreducible conic, i.e., it is one of the residual cubics as in the figure. Without
fibers of type III and v(F ) = 1, ` cannot have valency greater than 5: in fact, all
other fibers either do not contribute to the valency of ` or have Euler–Poincaré
characteristic ≥ 6 and local valency 1.

Lemma 6.2.18. If a quasi-elliptic line ` is contained in a plane with a residual
cubic as in Lemma 6.2.17, then its cuspidal curve has degree at least 2 and at
most 4.

Proof. Let us call `′ and Q the line in the residual cubic on the plane Π given
by Lemma 6.2.17.

Suppose first that ` has two singular points P and P ′. Let H = F + L +∑
niEi +

∑
n′iE

′
i be the pullback of a general plane containing `, where F is

a general fiber of the fibration induced by ` and the Ei’s (resp. E′i’s) come
from the resolution of P (resp. P ′). We let E0 and E′0 be the sections of π
(Lemma 3.2.4).

Since the plane Π corresponds to a fiber of type IN for the line `′, the points
P and P ′ must be of type An and An′ respectively (with N = n + n′ + 2);
moreover, pulling back Π we see that the coefficients of the Ei’s and E′i’s must
be equal to 1, so

H = F + L+

n∑
i=0

Ei +

n′∑
i=0

E′i,

and we have the following diagram (curves of genus 0 are marked with a circle,
curves of genus 1 with a square).

F

1
E1

1

En−1

1
E′n′−1

1
E′1

1
E0

1
En

1
E′0

1
E′n′

L

The divisors E1, . . . , En−1 and E′1, . . . , E′n−1 are components of two distinct
fibers for `, and the cuspidal curve K can meet at most one of them in each
fiber, so

K ·H = K · F +K · L+K ·
∑

Ei +K ·
∑

E′i ≤ 2 + 0 + 1 + 1 = 4.
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Suppose now that ` has only one singular point P (necessarily not of typeA1,
by explicit computation of the tangent cone).

The pullback of Π gives H = F+L+
∑
niEi. The strict transforms L and Q̂

and the divisors Ei’s make up a fiber of the fibration induced by `′ which has at
least two simple components (L and Q̂) and at least four components; hence, it
must be of type I∗n+1, IV∗ or III∗. In the former case, we can have two different
configurations, according to whether P is of type An or Dn, while in the latter
two cases P is of type D5 resp. E6. We have the following diagrams, where E0

always denote the exceptional divisor which is a section for the fibration of `
(Lemma 3.2.4).

(a)

1En−1 F

2E0

2E1

2En−4

2En−3

1En−2 L

1 1

2

2

2

2E0

L F

(b)

F

2 E0

3 E1

2 E2

21

L

(c)

F

2E0

3E1

4

3

2E4

2

L

(d)

Claim 6.2.19. The cases (a) with n ≥ 5, (c) and (d) are not possible.

Proof of the claim. In these cases the exceptional divisors E1, . . . , Em, withm =
n− 2, 4 resp. 5, are components of a fiber for `; we write this fiber as

F =

m∑
i=1

riEi + F ′,

where F ′ denotes the pullback of the residual cubic. Since E0 and L are sections,
the Ei’s intersecting them must have multiplity ri = 1. But then we find a con-
tradiction, since no quasi-elliptic fiber can have the following sub-configurations
of divisors with multiplicities.

(a), n ≥ 5

En−2

1En−3

En−4

(c)

1 E2

1 E1

(d)

1E4

1E1
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In the few cases left, the multipliticities ni are not greater than 2.
(i) In case P of type Dn, the Ei’s are part of the same fiber for `, so

K ·
∑

niEi ≤ 2.

(ii) In case P of type A3, n1 = n2 = 1, so K · (E1 + E2) ≤ 2.
(iii) Finally, in case P of type A4, let

F = n1E1 + n2E2 + F ′

be the fiber containing E1; since E1 intersects the section E0, n1 = 1
and since F has more than 3 components, K does not intersect simple
components, so K · E1 = 0. Thus,

K ·
∑

niEi = K · (E2 + E3) ≤ 2.

Proposition 6.2.20. If ` is a quasi-elliptic line of degree 1 and singularity 2,
then v(`) ≤ 8.

Proof. Up to coordinate change, we can suppose that the two singular points
on the line ` are P = [0 : 0 : 0 : 1] and P ′ = [0 : 0 : 1 : 0]. Moreover, we can
assume that the residual cubic in x0 = t2x1 intersects ` twice in P for t = 0,
and twice in P ′ for t =∞. This means that the following coefficients can be set
equal to zero:

a1003, a0103; a1030, a0130; a0112, a1021;

whereas a0121 and a1012 must be non-zero and can be set equal to 1.
Suppose that the image of the cuspidal curve K in P3 is parametrized by

ψ as in (6.2). By Lemmas 6.2.17 and 6.2.18, K can have degree (i) k = 2, (ii)
k = 3, or (iii) k = 4. It follows from the proof of the latter lemma that these
cases happen exactly when the image of K goes (i) neither through P nor P ′,
(ii) through exactly one of them (say, P ), or (iii) through both of them. When
ψ(s) is not equal to P or P ′ for s = 0 or s =∞, then up to a further coordinate
change we can suppose that ψ(0) = [0 : 1 : 0 : 0] or ψ(∞) = [1 : 0 : 0 : 0]. Thus,
we have the following conditions, after normalization:
(i) k = 2, b0 = c0 = b2 = c2 = 0, a0 = 1;
(ii) k = 3, a0 = b0 = b3 = c3 = 0, a1 = 1;
(iii) k = 4, a0 = b0 = a2 = c4 = 0, a1 = 1.

We then impose that the point ψ(s) is in the zero locus of the derivatives of
the residual cubics (parametrized by x0 = s2x1) for all t ∈ P1, finding conditions
on the coefficients ai0i1i2i3 .

We observe that each residual cubic which contributes to the valency of `
must split off a line m′ passing through ψ(s) and the point [0 : 0 : s2 : 1] on the
line `. The equations of m′ can be explicitly found (one of them is x0 = s2x1

and the other is of the form ax1 + bx2 + cx3 = 0) and imposing that X contains
m′ yields a polynomial in s, which is generically of degree 12−2 k by an explicit
computation. This polynomial cannot be the zero polynomial, otherwise all
points on the cuspidal curve would be singular, contrary to the fact that there
are only isolated singularities on X. Therefore,

v(`) ≤ 12− 2 k ≤ 8.
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Proposition 6.2.21. If ` is a quasi-elliptic line of degree 1 and singularity 1,
then v(`) ≤ 12.

Proof. By Lemma 6.2.17, we can suppose that there exists a residual cubic
splitting into a line m and an irreducible conic tangent to m and tangent to
` in its singular point P . Up to a change of coordinates, we can suppose that
P = [0 : 0 : 0 : 1], the line m is given by x1 = x3 = 0, and the point of
intersection of m and Q is [1 : 0 : 0 : 0] (so that the plane Π is given by x1 = 0).
Moreover, we impose that ` is of degree 1. All in all, this amounts to setting
the following coefficients equal to zero in (3.1):

a0103, a0112, a1003, a1012; a4000, a3010, a2020, a1030; a3001, a2011.

On the other hand, to avoid contradictions such as ` having degree 0 or the
point [1 : 0 : 0 : 0] being singular, the following coefficients must be non-zero:

a1021, a0130; a3100.

We then suppose that the degree of the cuspidal curve K is k, so that the image
of K in P3 is parametrized by (6.2), and we impose that the coordinates of
ψ(s) satisfy the equations of the derivatives of the residual cubics relative to `
(parametrised by x0 = s2x1). We divide our analysis according to the value of
k which, by virtue of Lemma 6.2.18, can be 2, 3 or 4. When k > 2 the curve
K must necessarily meet at least one exceptional divisor Ei coming from P ,
so ψ(t0) = [0 : 0 : 0 : 1] for some t0, and up to change of coordinates we can
suppose that t0 = 0. We can also normalize one of the ai’s, once we know that
it is non-zero. We divide the computations according to the following cases:
(i) k = 2, a0 = 1;
(ii) k = 3, a0 = 0, a1 = 1;
(iii) k = 4, a0 = 0, a1 = 1;
(iv) k = 4, a0 = 0, a1 = 0, a2 = 1.

In each case, the choice of the following coefficients is unique (the first three
turn out to be always equal to zero):

a0211, a1111, a2011; a0400, a1300, a2200, a3100, a4000;

a0310, a1210, a2110, a3010; a0301, a1201, a2101, a3001.

We observe that if the residual cubic of a fiber contributing to the valency
splits into a line m′ and an irreducible conic, then m′ passes through ψ(s)
and the point [0 : 0 : a1021s

2 : a0130] on the line `. The equations of m′ can
be explicitly found (one of them is x0 = s2x1 and the other is of the form
ax1 + bx2 + cx3 = 0) and imposing that X contains m′ yields a polynomial
in s, which is generically of degree k + 5. This polynomial cannot be the zero
polynomial, otherwise all points on the cuspidal curve would be singular, but
there are only isolated singularities on X. Other residual cubics either do not
contribute to the valency of ` or are singular in P , in which case they must be
contained in the tangent cone of P (since P is not of type A1, there can be at
most two of them). Taking into account also the line m, we get that

v(`) ≤ (k + 5) + 2 + 1 ≤ 12.
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6.3 Proof of Theorem 6.0.1

6.3.1 Triangle case
Proposition 6.3.1. If X contains a plane with a triangle and a singular point,
then Φ(X) ≤ 63.

Proof. By Lemma 3.4.6, we can suppose that X contains one of the configura-
tions listed in Figure 3.4.1, except A0, B0 or C0 because they do not contain
a singular point. In the configurations Ai and Bi, i = 1, 2, 3, all lines must
be elliptic (because the corresponding fiber is of type In or IV) and those of
singularity 0 cannot have valency higher than 18 (since there cannot be an au-
tomorphism of degree 3 exchanging the other three lines). Hence, for each line
of the configuration we consider the following bounds on its valency v according
to its singularity s: if s = 0, v ≤ 18; if s = 1, v ≤ 13; if s = 2, v ≤ 11; if
s = 3, v ≤ 2. Moreover, we use the fact that there can be at most 8 lines going
through each singular point (Lemma 3.2.2). For configurations D0 and E0 we
use the bound v ≤ 19 for the simple lines, which might be quasi-elliptic. We
obtain the following bounds on the total number of lines N :
• configurations A1 and B1: N ≤ 62;
• configurations A2 and B2: N ≤ 63;
• configurations A3 and B3: N ≤ 57;
• configurations D0 and E0: N ≤ 58.

We can now prove Theorem 6.0.1 in the triangle case.

Proposition 6.3.2. If X has a triangle, then Φ(X) ≤ 68.

Proof. By Lemma 3.4.6 and Proposition 6.3.1 we can assume that X contains
a plane Π with four distinct lines and no singular point (configurations A0, B0

or C0). If all lines have valency less or equal than 19, then X has at most
4 · (19− 3) + 4 = 68 lines.

Suppose that X has a line `0 of valency 20. Then `0 is a special line of
type (6, 2), by Tables 6.1.1 and 6.2.1 and Proposition 6.1.3, and the 1-fibers are
the only ramified fibers. Moreover, the six 3-fibers do not contain any singular
point, since if one of them did, then on account of the automorphism σ induced
by `0 it would have Euler–Poincaré characteristic at least 6 and e(Z) would
exceed 24.

Let `i, i = 1, 2, 3, be the three other lines on Π (which must be one of the
unramified 3-fibers), letm1 andm2 be the lines in the 1-fibers, and Pi the points
on mi which sit on the residual conic but not on `0 (i = 1, 2).

The lines `i have the same valency, which must be greater than 18, or else X
has at most (20−3)+3 · (18−3)+4 = 66 lines; moreover, they cannot be quasi-
elliptic because they have an I3-fiber. Therefore, they induce an automorphism
of degree 3, whence they must have the same fibration of `0; in particular, their
3-fibers do not contain singular points and they have valency 20.

Claim 6.3.3. The points Pi are singular and the lines mi are cuspidal.

Proof of the claim. The lines `i also have fibration (6, 2). Let n be a line in a
3-fiber of one of the `i which meets m1: there are 15 of them. By the same
argument as for the `i’s, n must also be special lines of valency 20. Note that,
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`0

`1 `2 `3

6×

m1

P1

m2

P2

regardless of P1 being singular or not, they must meet m1 in a point different
from P1.

It follows that m1 must belong to a 1-fiber of n, because it cannot have
valency 20: therefore, m1 has 16 fibers of type III with ramification of order
2. By the Riemann–Hurwitz formula, m1 must be inseparable, so P1 must be
singular. Recalling Lemma 6.2.12, we conclude that m1 is cuspidal. The same
reasoning applies to P2 and m2.

The points Pi must be of type A1, otherwise the Euler–Poincaré character-
istic of X would be greater than 24. Let now C be the residual cubic contained
in the plane on which both m1 and P2 lie. We claim that C can be neither
irreducible nor reducible, thus finding a contradiction.

In fact, if C is irreducible, then C must have a cusp in P2, but this is
impossible, since the cuspidal curve of the fibration induced by m1 is the strict
transform of m1. On the other hand, if C is reducible, then it has 2 or 3
components and, since P2 is of type A1, the corresponding fiber has 3 or 4
components, but there do not exist quasi-elliptic fibers with 3 or 4 components.

6.3.2 Square case
We employ here the technique of the dual graph of lines Γ as in Section 4.3.
Here, as charK = 2, a parabolic subgraph D ⊂ Γ might induce an elliptic or a
quasi-elliptic fibration.

Lemma 6.3.4. If D induces an elliptic fibration, then

Φ(X) ≤ v(D) + 24.

Proof. The same proof as in Proposition 4.3.1 applies.

Lemma 6.3.5. Let X be a triangle-free K3 quartic surface X with a square. If
all lines have valency at most 13, then X contains at most 68 lines.

Proof. The square D induces an elliptic fibration because quasi-elliptic fibration
cannot have fibers of type I4. Hence,

Φ(X) ≤ v(D) + 24 ≤ 4 · (13− 2) + 24 = 68.

It is therefore important to classify all lines of valency greater than 13 on
triangle-free surfaces. By Lemma 3.4.5, all such lines must be quasi-elliptic.

Proposition 6.3.6. If X is a triangle free surface and admits a completely
reducible plane, then Φ(X) ≤ 68.
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Proof. The proof is a case-by-case analysis on the configurations of Figures 3.4.2
and 3.4.3 given by Lemma 3.4.7. We use the bound of Lemma 3.4.5 for elliptic
lines and those of Table 6.2.1. Moreover, we use the fact that there are at most
8 lines through a singular point (Lemma 3.2.2).

We have to refine our argument only for configurations A8 and C1.
• In configuration A8, all lines are elliptic, have degree 1 and singularity 2.

Since the plane corresponds to an In-fiber, with n ≥ 5, they can be met
by at most 9 other lines in other planes. It follows that X contains at
most 4 · 9 + 4 · (8− 2) + 4 = 64 lines.
• In configuration C1, if one of the lines is quasi-elliptic, then the plane

corresponds to a fiber of type I∗0; by an Euler–Poincaré characteristic ar-
gument, the valency of the lines is not greater than 16, so X contains at
most 4 · 16 + 4 = 68 lines.

Note that C1 is the only configurations where 68 can be reached.

Now that we have ruled out completely reducible planes, it will be easier to
classify lines with valency greater than 13. Since X is triangle-free, such lines
must be quasi-elliptic of degree 3 or 2.

Lemma 6.3.7. If ` ⊂ X is a quasi-elliptic line of degree 3 and valency v > 13
on a surface without completely reducible planes, then it has one of the fibrations
listed in Table 6.3.2.

Proof. Since X does not have completely reducible planes, a residual cubic of `
can be either irreducible or split into a line and a conic. In the former case, it
must have a cusp, which might be a singular point of the surface; in the latter
case, the line and the conic must be tangent, and their intersection point might
be a singular point of the surface. We can have the following possibilities for
reducible fibers (the extra subscript number denotes the local valency, while a
and b distinguish the two possibilities for I∗2n,1):
III0 : cusp with a point of type A1;
III1 : line and conic with a smooth intersection point;
I∗2n,0 : cusp with a point of type D2n+4;
I∗a2n,1 : line and conic with a point of type A2n+3, n ≥ 0;
I∗b2n,1 : line and conic with a point of type D2n+3, n ≥ 1;
III∗0 : cusp with a point of type E7;
III∗1 : line and conic with a point of type E6;
II∗0 : cusp with a point of type E8.

We then make a list of the fibrations that lead to v(`) > 13, imitating the
arguments of Proposition 6.2.7. The results are shown in Table 6.3.1. There are
14 cases; in two of them (cases 4 and 9) one has to distinguish the type of the
fibers I∗a2n,1 and I∗b2n,1.

We then explicitly compute the rank the intersection matrix of these 14
cases, taking into account the general fiber F , the line L, the fiber components
and the cuspidal curve K. The only unknown intersection number is K · L,
but by Lemma 6.2.4 this can only be 0, 1 or 2. If the rank is always greater
than 22, the fibration is discarded. The cases that pass this test are those listed
in Table 6.3.2 (all of them with K · L = 0).
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Table 6.3.1: Candidates to the fiber configuration of a quasi-elliptic line ` of
degree 3 on a surface without completely reducible planes with 13 < v(`) ≤ 16.

case iii∗1 i∗a,b2,1 i∗2,0 i∗0,1 i∗0,0 iii1 iii0 v(`)

1 1 15 1 16
2 1 16 1 16
3 16 4 16

4a,b 1 14 15
5 1 14 2 15
6 1 15 1 15
7 15 5 15
8 1 13 14

9a,b 1 13 1 14
10 1 14 14
11 2 12 14
12 1 13 3 14
13 1 14 2 14
14 14 6 14

Table 6.3.2: Fiber configurations from Table 6.3.1 for a quasi-elliptic line ` of
degree 3 with 13 < v(`) ≤ 16 which generate a lattice of rank ≤ 22.

case iii∗1 i∗2,1 i∗0,1 i∗0,0 iii1 iii0 v(`) Sing(X)

2 1 16 1 16 D4,A1

3 16 4 16 4A1

4b 1 14 15 D5

5 1 14 2 15 A3, 2A1

8 1 13 14 E6

9a 1 13 1 14 A5,A1

11 2 12 14 2A3

Lemma 6.3.8. If ` is a quasi-elliptic line of degree 2 and valency v > 13
on a surface without completely reducible planes, then it has exactly 19 fibers
of type III with valency 1 and the surface contains only one singular point of
type A2.

Proof. By Lemma 6.2.12, ` is cuspidal and we can assume that it admits the
second configuration of Lemma 6.2.13. Therefore, the singular point P on `
is of type An. Let F0 be the only fiber whose residual cubic intersects ` only
in P , and let F be a reducible fiber different from F0. The residual cubic of
F cannot be irreducible (because its cusp is on `, which does not have other
singular points, and thus F would be of type II), and it cannot split into three
lines by hypothesis. It follows that F is the union of a line and an irreducible
conic, necessarily meeting tangentially at a point of `; hence, F is of type III
and has valency 1.

On the other hand, the fiber F0 is a reducible fiber: in fact, if it were not,
then ` would have 20 fibers of type III and valency 20, but this is excluded
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by Proposition 6.2.10. The residual cubic C0 of F0 is irreducible (necessarily,
with a cusp in P ): indeed, it can never be the union of an irreducible conic
and a line, because it would result in a fiber of type In, and by hypothesis
it cannot split into three lines. It follows that the strict transform of C0 is a
simple component of F0, and the remaining components are supplied by the
exceptional divisors coming from P . Since P is of type An, this is only possible
if F is of type III. By Lemma 3.2.4, P is of type A2 (one exceptional irreducible
divisor is a fiber component, the other one a section) and an Euler–Poincaré
characteristic argument yields that there are 19 other III-fibers.

Proposition 6.3.9. Let X be a K3 quartic surface without completely reducible
planes. If X contains a line ` of valency v > 13, then Φ(X) ≤ 64.

Proof. The proof is to be done case by case according to the possible fibrations of
` given by Lemma 6.3.7 and Lemma 6.3.8. The fibrations univocally determine
the singular locus of X (for d = 3, we refer to Table 6.3.2) and are mutually
exclusive, in the sense that the same surface cannot have two lines of valency
greater than 13 with different fibrations. We do one case as example; one can
argue analogously for the other cases.

Suppose that X contains a line falling in case 2 of Table 6.3.2. The surface X
has then two singular points of type D4 and A1, ` is of degree 3 and v(`) = 16.
Consider the set S(`) of lines that do not meet ` (and are therefore sections of
its fibration). The number of lines on X is not greater than

#S(`) + v(`) + 1 = #S(`) + 17.

If all lines in S(`) pass through the singular points, then there can be at most 16
of them. Suppose then that s ∈ S(`) does not go through the singular points.
Then, by inspection of the intersection matrix, s must meet exactly 8 lines
contained in the III1-fibers of `. We choose 2 of these 8 lines, say m1 and m2,
such that the corresponding fibers are not ramified for ` (this is possible since
ramification occurs in at most two fibers).

Now, `, m1, m2 and s form a square D. The lines m1 and m2 must be
elliptic, since they have a fiber of type I2. Since the valency of s cannot be
greater than 16, the number of lines on X is not greater than

v(D) + 24 = (v(m1)− 2) + (v(m2)− 2) + 8+

+ (v(s)− 2− 8) + (v(`)− 2− 8) + 24

≤ 10 + 10 + 8 + 6 + 6 + 24 = 64.

Corollary 6.3.10. If X is a triangle free surface containing a square, then
Φ(X) ≤ 68.

Proof. If X admits a completely reducible plane, then we can use Proposi-
tion 6.3.6. Otherwise, we conclude by Proposition 6.3.9 and Lemma 6.3.5.

6.3.3 Square-free case
We prove an analog of Lemma 6.3.4 for quasi-elliptic fibration.

Lemma 6.3.11. If D ⊂ Γ induces a quasi-elliptic fibration, then

Φ(X) ≤ v(D) + 25.
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Proof. We observe that a fiber of type III cannot contain two lines, since two
lines never intersect tangentially. Therefore, applying formula (6.3) twice, one
gets

Φ(X) ≤ v(D) + iii+
∑

(5 + n) i∗n + 8 iii∗ + 9 ii∗

≤ v(D) + 20 +
(∑

i∗n + iii∗ + ii∗
)

≤ v(D) + 25.

Proposition 6.3.12. If X is a square free K3 quartic surface, then Φ(X) ≤ 55.

Proof. The proof can be copied word by word from Proposition 4.3.5, using
both Lemma 6.3.4 and Lemma 6.3.11.

Proof of Theorem 6.0.1. Having treated the triangle case (Proposition 6.3.2),
the square case (Corollary 6.3.10) and the square free case (Proposition 6.3.12),
the proof is complete.

6.4 Rams–Schütt’s family

The bound of Theorem 6.0.1 is sharp and is attained by all surfaces of the
following family, as long as λ 6= 0:

X68 : λx0x
2
1x2 + x4

1 + x1x
3
2 + x3

0x3 + x0x2x
2
3 = 0

This family was found by Rams and Schütt [31] and differs by theirs only
up to a change of coordinates.

A member X of family X68, for λ 6= 0, contains one singular point P = [0 :
0 : 0 : 1] of type A3. The point P sits in a configuration C1 lying on the plane
x0 = 0. The four lines making up this configuration are cuspidal lines. The
remaining 64 lines – including, for instance, the line x1 = x3 = 0 – are special
lines of valency 19. The minimal resolution of X is a Shioda supersingular K3
surface of Artin invariant 2.

Theorem 6.4.1. If Φ(X) = 68, then X is projectively equivalent to a member
of family X68.

The rest of the section is dedicated to the proof of this theorem.

Lemma 6.4.2. If Φ(X) = 68 and X admits a configuration C1, then X is
projectively equivalent to a member of family X68.

Proof. We parametrize the surface in such a way that the configuration C1 sits
in the plane Π : x0 = 0 and that two lines in Π are given by `1 : x0 = x1 = 0
and `2 : x0 = x2 = 0. Let us call the other two lines `3 and `4.

Necessarily at least one of the lines in Π, say, `1, has valency greater than
16. Since `1 has degree lower than 3, it must be a cuspidal line. It follows that
the plane Π represents a fiber of type IV∗ for `1, there are no other singular
points on the surface and v(`1) is exactly 16. The same must hold for the other
three lines in Π. Up to coordinate change, we can suppose that one of the lines
meeting `1 is given by `′ : x1 = x3 = 0.
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Imposing that the lines `1, . . . , `4 are cuspidal, we obtain a quartic which
is projectively equivalent to a member of X68. The following coefficients are
different from 0 and can be normalized to 1:

a0220, a1012, a1102, a3001.

We first impose that `1 and `2 are cuspidal setting their polynomial ϕ identically
equal to 0, as in Lemma 6.2.12, obtaining the following relations:

a1111 = a2011 = a2020 = a2101 = a2200 = 0,

a0130 = a0310 = a0220,

a1120 = a0130a2002, a1210 = a0310a2002.

At this point, `3 and `4 are given by x0 = x2
1 + x1x2 + x2

2 = 0 and imposing
that they are cuspidal yields the following equation:

a2110 = a0220a
2
2002.

Changing coordinates

[x0 : x1 : x2 : x3] [x0 : x1 : a2002x0 + x2 : (a3
2002 + a3100)x1 + x3],

we recover family X68.

Proposition 6.4.3. If Φ(X) = 68 and X contains a triangle, then X is pro-
jectively equivalent to a member of family X68.

Proof. Let Π be the plane containing a triangle. By virtue of Proposition 6.3.1,
we can suppose that Π has no singular points. Let us call `0, . . . , `3 the lines
on Π. At least two of them are special; since each special line induces an
automorphism of order 3 which exchanges the other three, it follows that all four
of them induce fibrations with the same singular fiber types and, in particular,
the same valency, which must be equal to 19.

Claim 6.4.4. A 3-fiber of the lines `i, i = 0, . . . , 3, cannot contain singular
points.

Proof of the claim. By the presence of the automorphism, the residual cubic of
the fiber should be as in configuration A4 or B4. We can exclude both of them
using formula (3.6) and the known bounds of Table 6.1.1 (the other three lines
must necessarily be elliptic since they admit a fiber of type In).

Let `′ be the line in the (ramified) 1-fiber of `0 and let P be the point of
intersection of `′ with the residual conic C not on `0. Consider the 15 3-fibers
of `1, `2 and `3 other than Π. In each of them, there is a line meeting `′: let us
call these lines mi, i = 1, . . . , 15. By the same argument as before, the lines mi

are special lines of valency 19.
We now distinguish the two cases, according to whether P is smooth or

singular. Suppose first that P is smooth.

Claim 6.4.5. If P is smooth, then v(`′) = 16.
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Proof of the claim. Because of the automorphism induced by `0, the valency
of `′ has the form v(`′) = 1 + 3 a; moreover, v(`′) ≥ 16 because `′ meets `0,
m1, . . . ,m15, but v(`′) ≤ 18 because `′ is clearly of the first kind. The only
possibility is then v(`′) = 16.

It follows that `′ does not belong to a 3-fiber of mi because otherwise `′
should have valency 19; hence, `′ sits in the 1-fiber of each mi (and of `0),
and thus `′ has exactly 16 fibers of type III. Necessarily, `′ is quasi-elliptic,
and all other reducible fibers must have an irreducible residual cubic. By an
Euler–Poincaré characteristic argument, there can be two cases:
(i) either `′ has 4 more fibers of type III, whose residual cubics have a cusp

which is a singular point of type A1;
(ii) or `′ has one fiber of type I∗0, whose residual cubic has a cusp which is a

singular point of type D4.
• In case (i), the line `0 has a ramified 1-fiber of type I2, six 3-fibers without

singular point (Claim 6.4.4), and no other 1- or 3-fiber. It follows that
`0 has four more fibers F1, . . . , F4 with irreducible residual cubics, each of
them containing one of the four points of type A1 (in fact, an irreducible
residual cubic can have at most one singular point of the surface). This
means that e(Fi) ≥ 2, so that

e(X) ≥ 2 + 6 · 3 +

4∑
i=1

e(Fi) ≥ 28,

which is impossible.
• Similarly, in case (ii), the line `0 would have one more fiber F contain-

ing the point of type D4, with e(F ) ≥ 6 (since F contains more than 5
components); we would then obtain

e(X) ≥ 2 + 6 · 3 + e(F ) ≥ 26,

also impossible.
We can therefore suppose that P is a singular point of X. Consider now the

lines `′1, `′2, `′3 in the 1-fibers of `1, `2 and `3. By the same token, also the line
`′i contains a singular point Pi, i = 1, 2, 3. If the four points P , P1, P2, P3 are
distinct, then `0 has a 1-fiber of type In, n ≥ 3, six 3-fibers, and three fibers Fi
containing Pi with e(Fi) ≥ 2, i = 1, 2, 3, but this cannot be:

e(X) ≥ 3 + 6 · 3 + 3 · 2 = 27.

Hence, the points Pi coincide with P , and v(`′) = 16. Arguing as before, `′ has
16 fibers of type III and is quasi-elliptic. By Proposition 6.2.15, `′ is cuspidal,
and so are `′1, `′2 and `′3; necessarily, they must lie in the same plane, forming a
configuration C1. We can then conclude applying Lemma 6.4.2.

Corollary 6.4.6. If Φ(X) = 68 and X admits a completely reducible plane,
then X is projectively equivalent to a member of family X68.

Proof. By Proposition 6.4.3, we can assume that X is triangle free. By inspec-
tion of the proof of Proposition 6.3.6, we see that X must admit a configuration
C1, so we can apply Lemma 6.4.2.
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Proof of Theorem 6.4.1. By Corollary 6.4.6, we can suppose that X does not
admit any completely reducible plane. We claim that this assumption leads to
a contradiction.

By virtue of Proposition 6.3.12, we can suppose that X admits a square D
formed, say, by the lines `1, . . . , `4. The square D induces an elliptic fibration π :
X → P1 because I4 is not a quasi-elliptic fiber. On account of Proposition 6.3.9,
all lines on X have valency ≤ 13; hence, by Lemma 6.3.4 we have

68 = Φ(X) ≤ 4 · (13− 2) + 24 = 68.

Since equality holds, we deduce two facts:
(i) v(`i) = 13, i = 1, 2, 3, 4;
(ii) all the components of the singular fibers of the fibration π must be lines.

Let F be a general fiber of the fibration π. Since F is linearly equivalent to
L1 + L2 + L3 + L4, we have F · H = 4, where H is the hyperplane divisor.
It follows from (ii) that all singular fibers are composed by 4 lines. Since the
only fiber type with 4 components is I4, the fibration π has necessarily 6 fibers
of type I4, i.e., 6 squares. Let us put `1i := `i and call the other 20 lines `ji ,
i = 1, . . . , 4, j = 2, . . . , 6. Arguing as before, we deduce that v(`ji ) = 13 for
every i, j.

Since there are no completely reducible planes, the lines `ji have no 3-fibers;
by Lemma 3.3.7 and Table 6.2.1, they must be quasi-elliptic of degree 3 or 2.

Claim 6.4.7. The surface X is not smooth.

Proof of the claim. If X were smooth, then `1 would induce a fibration with 20
fibers of type III formed by a line and an irreducible conic, so v(`1) = 20, which
contradicts v(`1) = 13.

Let E be an (irreducible) exceptional divisor coming from the resolution of
a singular point P . Since E is not a component of a singular fiber of π, E is
a multisection of π. On the other hand, E can only have positive intersection
with one of the Li, i = 1, 2, 3, 4, since the point P can sit only on one line `i,
so E is actually a section. Up to index permutation, we can suppose then that
E · Lj1 = 1 for j = 1, . . . , 6, i.e., the point P belongs to the lines `j1, j = 1, . . . , 6
(which have then degree 2).

Claim 6.4.8. The point P is of type A1.

Proof of the claim. If P is not of type A1, then there is another exceptional
divisor E′ coming from P , and we can suppose E · E′ = 1. Arguing as before,
E′ is also a section and since P is contained in `j1, we have E

′ ·Lj1 = 1, too. But
E and E′ can intersect each Lj1 only in one point, namely the one mapping to
P through the resolution, because `j1 has degree 2 for each j. Hence, E and E′
have six different points in common, which is impossible since E · E′ = 1.

Finally, let us consider a line in the squareD different from `1 intersecting `1;
up to renaming, we can suppose it is `2. Let Π be the plane containing both
`1 and `2 and let F be the fiber corresponding to Π in the fibration induced
by `2. The residual conic C in Π is irreducible since there are no completely
reducible planes. The fiber F is composed of the exceptional divisors coming
from P , and the strict transforms of `1 and C, that is to say, three components
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in total, since P is of type A1. On the other hand, `2 is a quasi-elliptic line
and in characteristic 2 there are no quasi-elliptic fibers with three components:
contradiction.
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