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Abstract

We study the Dirichlet to Neumann operator N acting on distributions over a manifold

B with conical singularities. B itself is the boundary of a singular manifold D. N assigns
11

to a given boundary datum f in the weighted cone Besov space B; P2 (B), the exterior

normal derivative of the solution to the associated Dirichlet problem:
Acu=01in D, vo(u) = f on B. (1)

Here, A. denotes the Laplace Beltrami operator with respect to a conical metric g on
D. Hence, denoting by 7o the restriction to the boundary 0D = B of D, and by D,, the

derivative in the exterior normal direction on D, N is defined by:

11
5=p3

o1 _1
N:B P2aD) — By P2 (aD),

;= ’yo(xlenu). (2)

We show that the solution to the Dirichlet problem exists, which shows that N is well
defined. Further, we use the entries of the Calderon projector to construct N as an

operator which we show to be contained in Schulze’s cone calculus.

We show that N is parameter elliptic, which guarantees the existence of the resolvent

(N — AL

We can identify operators in Schulze’s cone algebra with operators of the b-calculus,
which is developed by Melrose. Building on a resolvent construction for operators in the
small b-calculus, we outline a generalization of this construction to operators of the full

b-calculus in which A is contained.

This construction allows us to analyze the asymptotic structure of resolvents for cone
pseudodifferential operators, which we use to to prove the existence of a bounded H*

functional calculus for this class.

Therefore, we can conclude that Dirichlet to Neumann map on manifolds with conical

singularities admits a bounded H* calculus.

Keywords: Dirichlet to Neumann Operator, Functional Calculus, Conical Singularities.






Zusammenfassung

Wir untersuchen die Wirkung des Dirichlet zu Neumann Operators A auf Distributionen

iiber einer Mannigfaltigkeit B mit konischen Singularitiaten. Hierbei ist B der Rand

einer singuldren Mannigfaltigkeit D. 1j\l/ weist einem gegebenen Randwert f in einem
[

gewichteten Konus Besov Raum B, * ’i(IB) die duBlere Normalenableitung der Losung

des zugehorigen Dirichletproblems zu:
Acu =0 in D, Yo(u) = f auf B. (3)

Hierbei bezeichnet A, den Laplace Beltrami Operator unter der konischen Metrik g auf
D. Ist also 7p die Einschrankungsabbildung auf den Rand 0D = B von D und D,, die

Ableitung in die duere Normalenrichtung, so ist A definiert durch:

5— -1-1

N:B, 5’%(01@) — B, * (D),
f = 70(1:_1Dnu)' (4)

Wir zeigen dass eine Losung des Dirichlet Problems existiert was zeigt, dass AN/ wohl-
definiert ist. Ferner benutzen wir die Eintrage des Calderonprojektors um N als einen

Operator innerhalb von Schulze’s Konusalgebra zu konstruieren.

Ferner zeigen wir dass N parameter elliptisch ist, was die Existenz einer Resolvente,

also von (N — \)~1, garantiert.

Wir kénnen Operatoren aus Schulze’s Konusalgebra mit Operatoren des b Kalkiils iden-
tifizieren das von Melrose entwickelt wurde. Wir skizzieren eine Erweiterung einer exis-
tierenden Resolventenkonstruktion fiir das kleine b Kalkiil auf das volle B Kalkiil, in

welchem A enthalten ist.

Diese Konstruktion erlaubt es uns die Struktur der Resolvente von Konuspseudodiffe-
rentialoperatoren zu untersuchen, was es uns erlaubt die Existenz eines beschrankten

H®° Funktionalkalkiils fiir diese Klasse zu beweisen.

Damit kénnen wir folgern dass der Dirichlet zu Neumann Operator auf Mannigfaltigkeiten

mit konischen Singularitéten ein beschranktes H* Kalkiil besitzt.

Schliisselworter: Dirichlet zu Neumann Operator, Funktionalkalkiil, Konische Singu-

laritaten.
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Chapter 1

Introduction

The Dirichlet problem on a Riemannian manifold M with boundary M for a given

boundary datum f, which is defined on dM, consists in finding a solution u to:

Agu=0,  y(u) =/, (1.1)

where Ay is the Laplace Beltrami operator on M with respect to the Riemannian metric

g on M.

Having established the existence of solutions for the Dirichlet problem for a class of
boundary data f of a certain regularity, one can define the Dirichlet to Neumann map
N as the mapping which takes the boundary data f and assigns to it the Neumann data

N f = (0,u)|gr. Here 9, denotes the exterior normal derivative on M.

For the case that M is a Riemannian manifold admitting a smooth boundary, it is a well
known result that the Dirichlet to Neumann map can be expressed as a pseudodifferential

operator, see e.g. [38].

Having an (n + 1) dimensional manifold D with boundary and conical singularity, we
blow up D near the conical point. By this, we obtain a smooth manifold Dy with
boundary to which a cylinder C' = [0,1) x Y is glued. Here Y is an n dimensional
manifold with boundary and the blow-down of {0} x Y is the conical point. On D the
conical singularity is modelled by a singular Riemannian metric, which near C' takes the

form: g = dz? + 2%hy, where hy denotes a Riemannian metric on Y.

B = 0D is a manifold with a conical singularity without boundary. Our interest lies in
the situation where the Dirichlet to Neumann operator A is defined for the data on such
a manifold B. In this context, the Laplace Beltrami operator to the associated Dirichlet

problem on D assumes, due to the conical metric, the form of a Fuchs type operator.
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That is an operator which, in local coordinates on an n+1 dimensional manifold D,
can be written in the form 7" Y }_, Ag(z)(29,)* for a smooth family of differential
operators Ag(z) of order u — k acting on the cross section Y. These type of operators

have been introduced independently by Melrose [24] and Schulze [32], [33].

The natural domains for Fuchs type operators are weighted Sobolev spaces H," (D). The
restriction of the weighted Sobolev spaces from D to its boundary B gives weighted Besov
spaces By (B), the natural domains for the boundary data of the Dirichlet problem. In
fact, we have that v : Hp" (D) — B;fl/p’vflm(lﬁ%). For details see [8].

While there exists an extensive treatment of the Dirichlet problem in bounded domains
with point singularities, see e.g. [21], [16], [15], the specific type of conical manifold and
weighted Sobolev respective Besov spaces which is of interest in our case, has so far not
been treated in the literature. Therefore, a first problem which arises in the framework
of the analysis of the Dirichlet to Neumann operator on B which is solved in this thesis,

is to guarantee the existence of solutions to the associated Dirichlet problem on D.

In the case of manifolds with conical singularities there exists a pseudodifferential cal-
culus which is due to Schulze, [32], [33]. The majority of problems which are treated
in the context of singular analysis consider the case of Fuchs type differential operators.
Imposing certain ellipticity conditions on those operators allows for the construction of
parametrices which are pseudodifferential operators in Schulze’s cone calculus. In our
case, the underlying operator A is no longer a Fuchs type differential operator, but
already a pseudodifferential operator which turns out to be an operator contained in the

cone algebra.

Having established the existence of solutions to the Dirichlet problem on D for data in
weighted Sobolev spaces B, " (B) over B, allows us to define the Dirichlet to Neumann

map N as a mapping between weighted Besov spaces.

Let A:D(A) C Y — Y be a closed and densely defined operator on a Banach space

and A = A(0) a sector in the complex plane:
AO) ={ e C]| |argA| > 6},

with 0 < @ < 7. Further we assume that A has no spectrum in A.

Then, if [[A(A — A)7!|zy) is uniformly bounded for large X € A, and for functions
f € H, where we denote by H = H () the space of all holomorphic functions C\A — C
for which [|f(\)|| < c(JA|° + [A]7%)~! for some § > 0 and ¢ > 0, we can define f(A) by:

1
2

£(A) - /C FO)(A = )T,
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with C = OA.

Having an sectorial operator A, we say that A admits a bounded H* calculus, if f(A)

defines a bounded operator, satisfying the following estimate for its operator norm:

1F(Alle) <epllfllee VS € H. (1.2)

We establish in this thesis a bounded H*° calculus for a class of cone pseudodifferen-
tial operators on manifolds with conical singularities which includes the Dirichlet to

Neumann operator N.

The proof of the H calculus requires a good understanding of the asymptotic properties
of the resolvents of cone pseudodifferential operators. For cone differential operators a
resolvent construction exists [6], as well as a proof of H* calculus, even for operators

on conical manifolds with boundary [7].

It is only in the language of b-calculus, which is due to Melrose [24], in which a resolvent
has been constructed for cone pseudodifferential operators by Gil and Loya, see [10].
It has been shown by Lauter and Seiler in [18], that we can identify certain elements
of Schulze’s cone algebra with elements of the b-calculus and vise versa. However, the
resolvent construction of Gil and Loya is limited to operators of the ”small b-calculus”,
which is not enough to cover the case of the Dirichlet to Neumann operator. This
is why we generalize the existing resolvent construction from Gil and Loya to sectorial
operators which are contained in Schulze’s cone algebra, making use of the identifications

from Lauter and Seiler.

The motivation to study the bounded H* calculus of operators is due to its strong
applications in parabolic evolution equations, see [17] for an extensive treatise. In par-
ticular, the choice of f(\) = A for t € R, implies the boundedness of imaginary powers
for A, that is A% € £()) and ||A¥|| < Me®?.

Having Banach spaces D(A) < Y, and A : D(A) — Y a closed densely defined operator.
Assume that —A generates an analytic semigroup. Then the operator A is said to
have maximal regularity for the pair (D(A),)) and 1 < ¢ < oo, if for every vy in the
interpolation space J; = (D(A),Y)1-1/4,» and for every g € L9(0,T;)) there exists a
unique solution v € LI(0,T; D(A)) N WL(0,T;Y) N C(0,T;Y,) of the equation

o+ Av=g, te(0,T), v(0)=ruy,

depending continuously on the data vy and g.
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It is due to a theorem of Dore and Venni, see Theorem 3.2. of [9], that the property of

bounded imaginary powers of angle > 7 of an operator implies maximal regularity.

The maximal regularity of A allows to establish short time existence of solutions quasi-

linear equations of the form:

Apu(t) + A(u(t))u(t) = f(t,u(t)) + g(t)
u(0) = up.

(1.3)

Theorem 1.0.1. (Clement and Li,[5], Theorem 2.1) Assume that there exists an open
neighborhood U of ug in X4, such that A(ug) has mazimal regularity for (D(A),Y) and
q, and that

1. Ae C (U, L(D(A),))),
2. fe ([0, Ty] x U, V),
3. ge LI([0,Tp], ).

Then there exists a T > 0 and a unique u € LY(0,T;D(A)) N W, (0,T;Y) N X([0,1];Y,)
solving the equation (1.3) on |0, T7.

The thesis is organized as follows:

e In Chapter 2 we introduce the precise notion of a manifold with boundary and
conical singularities. Further, we introduce certain weighted function spaces on

which our cone operators turn out to operate continuously.

e In Chapter 3 we give a short introduction of the operators of Schulze’s cone alge-
bra, which is a pseudodifferential calculus for manifolds with conical singularities.
We explain basic notions like cone ellipticity, which is the ellipticity condition on
cone pseudodifferential operators which allows for the construction of Fredholm

inverses of cone pseudodifferential operators.

e In Chapter 4 we prove the solvability of the Dirichlet problem for spaces of distri-
butions on which the calculus of cone pseudodifferential operators is established.
We do this by establishing solutions in the setup of weighted LP-Sobolev spaces
’H;’%(D), first for the case of p = 2. Then we prove an imbedding theorem on

weighted spaces which allows to generalize the solvability for arbitrary 1 < p < oc.

e Having established the solvability of the Dirichlet problem in Chapter 4, we can
introduce in Chapter 5 the Dirichlet to Neumann map N on weighted Besov

spaces, that is
s—1—-1 1

2B) By P E(B).

1
5=,
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We show that the Calderén projector is well defined on conical spaces and further
that the entries of the Calderén projector are pseudodifferential operators which
are contained in Schulze’s cone calculus. Further, we use the mapping properties
of the Calderén projector to construct, up to regularizing terms, the Dirichlet to
Neumann operator N out of the entries of the Calderén projector. Finally we

prove cone ellipticity of N.

e We introduce in Chapter 6 the notion of parameter ellipticity and show that N

meets the stated requirements of parameter ellipticity.

e In Chapter 7 we give a short introduction to the b-calculus and an extended

resolvent calculus which is due to Loya [19].

e Gil and Loya construct in [10] the resolvents for cone pseudodifferential operators
in the small b-calculus. In Chapter 8 we give an (incomplete) sketch about the
generalization of resolvents to the case of the full b-calculus. Out motivation to
do this is to obtain a resolvent for the Dirichlet to Neumann operator A/, which

can be identified with an operator in the full b-calculus.

e Finally, in Chapter 9, we use the asymptotic structure of the resolvent of cone

pseudodifferential operators to show that they admit an H° functional calculus.






Chapter 2
Preliminaries

All material from this chapter is well known and can be found e.g. in [8]

2.1 Notation

Definition 2.1.1. Let D be an (n+ 1)-dimensional manifold with boundary and conical
singularities. Here we assume that n > 1. As usual, we blow up D near the coni-
cal points. We obtain an object D consisting of a smooth manifold Dy with boundary
to which finitely many cylinders C; = [0,1) x Y; are glued. Here, Y; is a smooth —
not necessarily connected — n-dimensional manifold with boundary and the blow-down
of {0} x Y} is the j-th conical point. In order to simplify the notation, we will assume

that there is only one conical point and correspondingly only one cylinder C = [0,1) x Y.

oD =B

_
x

It is on D that we will perform the analysis. We model the conical singularity by endowing

D with a Riemannian metric which, near C takes the form

g = dz* + 2%hy, (2.1)
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where hy is a (fized) Riemannian metric on'Y . This corresponds to the case of a straight

conical singularity. More generally, we can consider the situation, where
_ 3.2 2
g =dz* + z°hy (z), (2.2)

where © +— hy(z) is a smooth family of metrics on Y, 0 < x < 1, resulting in the

structure of a warped cone.

Choosing an atlas (Uy, ko) of Y, with ko : Uy — V,, C R™ homeomorphisms, we use

local coordinates y = kq(p) for p € Y, with y = (y1,...,yn) € R™ for a fixed chart k.

Further, we will assume that y € R" is of the form y = (y/,y") with ¢/ = (y*,...,y" 1) €
R"! and y" € R such that y™ > 0 is a boundary defining function on Y.

Definition 2.1.2. We denote by 2 a smooth n-dimensional manifold without boundary
in which Y is contained. The above structures induce a topology on D; we assume D to
be compact. By ¥ we denote a smooth (n + 1)-dimensional manifold without boundary,

in which D is contained.

The boundary B = 0D of D is a (boundaryless) manifold with conical singularities. It
is modeled by the boundary B = 0D of D; here the boundary is defined to be of the form
[0,1) x 9Y U ODyg along the blow-up of the conical singularity.

2.2 Function Spaces

We begin with the definition of Sobolev spaces on a compact n-dimensional manifold €2
without boundary.

First we define the cylinder Q" over Q as the Cartesian product with R :
QN =R, x Q. (2.3)

Now we consider the space of smooth functions with compact support on Q”, namely
C(OQM).
We introduce a norm, first on C°(Q"):

Definition 2.2.1. We use the following mapping:

14+n

Syt OX(RF™) = OX(RYF™),  w(s,x) = el 3 " Sp(e, 2). (2.4)
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Moreover, let kj : U; CQ — R", 5 =1,...,n, be a covering of {2 by coordinate charts and

{¢;} a subordinate partition of unity. Then we define [|v|ys7qny for v € C> (M) by:
ollazr@ny = D 1Sy (1@ £j)x(p50) | g rem)- (2.5)
j=1
This allows us to define the space Hy ' (") as the closure of C°(Q") with respect to the
norm ||+ |l n)

We remember that the manifold D is diffeomorphic to [0,1) x Y close to the conical
singularity, where Y is a manifold with boundary which is assumed to be embedded in
a compact manifold © without boundary.

Definition 2.2.2. We define two different weighted Sobolev spaces on Ry x Y:

e Let v+ denote the restriction of Q toY, and let:
HOYYN) ={r"f: f e H(QM)} (2.6)
The space Hpy ' (Y") carries the quotient norm:

lullzggryrny = mf{l| £llagzny = f € Hy7(QP),r 7 f = u}. (2.7)

e The second space is defined as the closure of C°(intY ") in H*7(Q") with respect
to the norm | - [|3y57(qr) and is denoted by Hy ' ().

To define the space H;” (D) on D, we first define ordinary Sobolev spaces H;(X) on a
manifold X with boundary:

Definition 2.2.3. Let X be a manifold with boundary which imbeds into the double of X,
2X, which is a manifold without boundary. Denoting by r* the restriction r™ : 2X — X
from 2X to X we define:

HS(X) = {roo € H3(2X)}. (2.8)

Further:
H3(X) = Ceo(intX) e 2y (2.9)

the closure of the smooth functions with compact support in the interior int X of X with

respect to the norm on H,(2X).

Then we can define H, " (D) with the help of a cut-off function w:
Definition 2.2.4.

H;’V(D) ={u € D'(intD) | wu € H;’V(Y/\) and (1 —w)u € H;(QID))}. (2.10)
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We also define Hy" (D) as:

7_'[;7(]]])) ={u € D'(intD) | wu € 7-.[;’7()//\) and (1 —w)u € H;(2]D>)}. (2.11)

We are also interested in function spaces on the boundary B of D:

Definition 2.2.5. The boundary B of D is an n-dimensional compact manifold with
boundary Y. Hence, we can define the norm || - [lysv(yny by choosing @ = 9Y in
Definition 2.2.1. Now, we can define Hy7 (OY ") simply as the closure of C°(dY ") with
respect to || + |lysv gy ny. Finally, we define the space H, (B) in analogy to (2.10).

The restriction of weighted Sobolev spaces on D to the boundary B results for arbitrary
1 < p < oo in distributions which are contained in weighted Besov spaces:
Definition 2.2.6. Using the Besov spaces By(Rx9Y ") := By (Rx9Y™) on the cylinder

and the transformation:
(Shu)(z,y') == 73 u(log z,y'), v € R, (2.12)
we introduce the Banach spaces:

By (B) = {u € D' (intB)|wu € By (Ry x oY) and (1 — w)u € B,(2B)}. (2.13)

We denote by v; the usual boundary operator 7 o 8,9,', where 7y denotes the restriction

to the boundary.

We have:
Lemma 2.2.7. For any 1 < p < oo and s > %—i—j the boundary operator induces

continuous maps
1
s—j—=

v H(D) = B, TR (B), (2.14)

2.3 Dual Spaces

The space ’Hg’o (B) coincides with the ordinary L? space on B. In general we have the
following duality result:
Theorem 2.3.1. The dual space of Hy" (B) is isomorphic to ’H;,S’_V(]B%). The L? scalar

product gives rise to a dual pairing:

() H3(B) x M, (B) - C. (2.15)

Regarding the duality of the spaces over D, we have the following result:
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Theorem 2.3.2. The dual Hy”'(D)* of Hy (D) is given by ’H;,s’_'y(]D)). Again, the
duality between Hy" (D) and 7—[;,8’77(]1))) is given by the L? scalar product.

2.4 Fuchs-type Operators, Definition and Basic Proper-

ties, Cone Laplacian

First, we define:

Dy = —iz0z, Dj=—idy forj=1,..,n. (2.16)

The conical structure of the metric g as defined in (2.1) gives rise to a certain class of
differential operators, the so called Fuchs-type operators:

Definition 2.4.1. Diff*¥(D) is the class of operators which can be written in the form:
o

x™" Y ADF, (2.17)
k=0

where Ay, € Diﬂ“*k(Y), the class of ordinary differential operators of order u— k acting
onY.

Example 2.4.2. In local coordinates near t=0:

g=dx®+a® ) hydy' dy’. (2.18)

ij=1

This yields the cone Laplacian:
1
A, = E((xam)Q + (n = 1)(z0y) + Ap), (2.19)

with the Laplacian on the boundary Ay given by

1 <& g
Ny = ﬁZayi(\/Eh”)ayj, (2.20)

4,j=1

with h = det (hij), (k') = (hy) ™"






Chapter 3

The Cone Algebra

We give in this chapter a short introduction to Schulze’s cone algebra. Everything in

this chapter is well known material, which can be found e.g. in [36], [8], [34] or [33].

3.1 Mellin Operators

The first thing we will need to treat Mellin symbols is the so called Mellin transform:
Definition 3.1.1. The Mellin transform Mu of a complez-valued CZ°(Ry.)-function u
s given by
[e.@]
(Mu)(2) :/ 2* lu(x)dz, ze€C. (3.1)
0

Welet Ry = {r € R:7 > 0} and write I'g, 5 € R, for the vertical line {z € C: Rez = }.

We summarize some properties of the Mellin transform which reveal their analogy to
the Fourier transform when 0, is replaced by z0,:
Lemma 3.1.2. (a) The Mellin transform of u € C°(R4.) is holomorphic on C.

(b) M(z7u)(z) = (Mu)(z + 7).
(¢c) M(In(z)u(z2)) = (0,Mu)(2).
(d) M(—x0u)(z) = zMu(z).

(e) M exstends to an isomorphism M : L>(R,) — L%*(T1).

N

Proof. (e) simply follows from Plancherel’s theorem, using that

(Mu)(z) = Fu(e *)(—iz). (3.2)

13
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where F denotes the Fourier transform.

The rest is easy to check. ]

Lemma 3.1.3. For u € C°(Ry), the Mellin transform Mu is rapidly decreasing on

each line I'g, uniformly for B in finite intervals.

Further, we introduce the weighted Mellin transform:
Definition 3.1.4.

Myu = Mu|di12n]B_,y, (3.3)
which has the inverse:
(M 1g)(z) = = x %g(z)dz. (3.4)
v 27TZ T dimB
imB _

Definition 3.1.5. By \I'Z(aY, I',) we denote the space of classical pseudodifferential
operators acting on the compact manifold Y with parameter dependence in I'y,. That
means, that we have in local coordinates symbols p € SH(R™ x R™;T,), such that the

following estimate holds:
|D§‘D?3:\yp(x,§;w +i\)| < Copq((E, A) 1Bl (3.5)

for multi-indices o, B,v and A € R.
Definition 3.1.6. Let vy € R and h € C%(Ry, U (Y, Tams__)). We define the Mellin
2
operator with Mellin symbol h(x, z) with x € Ry and z € Laims -
2

opr (h) : CE (R4 x YY) — C®(Ry x 9Y),

op ((h) u(x) = 1/1“ x *h(x, 2) My u(z) dz. (3.6)

27 :
duén]ES N

Definition 3.1.7. We call a function w(x) € C®°(Ry) a cut-off function if supp w is

bounded and w =1 near x = 0.

The following result can be derived from the standard theory of pseudodifferential op-
erators, for details see [1]:
Lemma 3.1.8. Choosing cut-off functions wi,ws, s € R the operator opjvt(h) extends

to a bounded operator:

wiop ) (h)wy + HyY(B) — Hy 7 (B). (3.7)

Further we introduce the notion of holomorphic Mellin symbols:
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Definition 3.1.9. By M(’;(aY) we denote the space of all holomorphic functions A :
C — '5(dY) such that, for each B € R, the restriction alr, is a parameter-dependent

pseudodifferential operator with parameter-space I'g:

alr, € W5, (Y T'g), uniformly for B in compact intervals. (3.8)

3.2 Meromorphic Mellin Symbols

We want to obtain a full calculus of Mellin pseudodifferential operators which involves
holomorphic Mellin symbols. It is reasonable that there will appear singularities in the
construction of parametrices of holomorphic pseudodifferential operators. Hence, we
have to include meromorphic Mellin symbols in our calculus.

Definition 3.2.1. A set P is called a discrete asymptotic type for Mellin symbols if
P ={(pj,n;, Nj)| Rep; — £00 forj — Foo,n; € No, j € Z}, (3.9)

with finite dimensional subspaces N; C W~°°(9Y") of finite rank operators. We also allow

P to be a finite set. Let icP = {p;|j € Z} and O the empty asymptotic type.

We write P € As(9Y).

The asymptotic types are used to describe the behavior of the meromorphic Mellin
symbols close to the singularities. Meromorphic Mellin symbols are defined as:
Definition 3.2.2. Given a Mellin asymptotic type P € As(QY) as defined in 3.2.1, we
write M5(Y) for the space of all meromorphic functions a on C\mcP with values in
vh(9Y).

In a neighborhood of each pj, a is supposed to be of the form:

a(z) =) Rin(z —p) * 1, (3.10)
k=0

modulo a function which is holomorphic near p;, with Rj, € V~>°(0Y), k =0, ...,m;.

Further, we need a analogous condition as in (3.8). This is formulated with the help of
an excision function x for the poles p; (i.e. x € C*(C), x =1 outside a neighborhood
of mcP, and x = 0 near each pj). We need that:

xalr, € V2(9Y;Tg), uniformly for  in compact intervals. (3.11)

A meromorphic Mellin symbol with asymptotic type P of order p is a function h €
C(R, ME(OY)).
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We define Mp*>°(0Y) = N, Mp(9Y).
Theorem 3.2.3. Each a € ME(JY) can be decomposed as a = ag + ap, with ag €
M{(0Y) and ap € Mp*°(9Y).

3.3 Green Operators

The Green operators are the regularizing operators in the cone calculus.

There are two weights v, € R associated with the space of Green operators, as well as
a width @ > 0. The weights are used to determine the scale of weighted Sobolev spaces
H,7 (B) and 7—[;’7, (B) between which the operators are acting (for suitable choices of s

and t).

The Green operators improve the smoothness and the weight and they also induce a
certain asymptotic behavior close to the boundary. The data which is used to specify
the asymptotic behavior is collected in the following two types of sets:

Definition 3.3.1. (a) A weight datum is a collection:

g = (777/79)7 (312)

with v,y € R and 6 > 0.

(b) Let 0 >0, v € R. An asymptotic type with respect to v and 6 is a set:

Q = {(pj,mj,Lj) j = 1, ...,N}, (313)

of triples (pj, mj, Lj), where q; € C with di%B —v—0 < Rep; < dh;B —7v,mj € No,

and L; is a finite dimensional subspace of C*°(9Y). We denote by As(v,0) the

collection of all these.
We say that Q € As(y,0), if Q € As(v,0) for all € N.

The Green operators are characterized by the property of mapping to the right asymp-
totic spaces which are specified below:

Definition 3.3.2. Let § > 0,7 € R. Let Q = ((pj,mj,Lj))j=1,..N € As(v,0) be a
finite asymptotic type. We denote by H;:ZQ(]B%) the space of all uw € Hp” (B) which can be
written in the form:

mj

o
ul,y) = uo(z,y) + )Y cly)w(z)e ‘e, (3.14)
j=1 k=0

with cj, € Lj and ug € ’HZ’WM_E(B) Ve>0.
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Now we can define a Green operator as an operator with the following mapping proper-
ties:

Definition 3.3.3. Let g = (v,7/,60) be a weight datum. Let Q1 € As(—v,0) and Q2 €
As(v',0) be two asymptotic types.

We write G € Cg(B,g) and call it a Green operator associated with the weight datum
g, if we have the following mapping properties for G and its formal adjoint G*:

G :  HO(B) M (B) forallseR, (3.15)
G* : HyT(B) = H) '(B) foralls€R. (3.16)

To be able to study compositions of operators, we define two additional weight data:

g =(/,7".0)and g" = (7,7",6). (3.17)

We obtain:
Lemma 3.3.4. The composition G1G2 of a Green operator G in Ca(B,g) and a Green
operator G1 in Ca(B,g'), is an element of Cq(B,g").

3.4 Smoothing Mellin Operators

Definition 3.4.1. A smoothing Mellin operator associated with the weight datum g =
(7,7 — w,0) is an operator of the form:

0—1
M =wi(z) ) a "opll (h)ws(x), (3.18)
=0

for Mellin symbols h; € MISZOO((‘)Y), where the P, are Mellin asymptotic types with
me(P)Nlams =0 andy -1 <y <.
2
Theorem 3.4.2. (a) Let M be as in Definition 3.4.1. Then M furnishes a continuous
map:
M Hy"(B) — HTH(B). (3.19)

(b) Changing one of the cut-off functions changes the smoothing Mellin operator by a

Green operator.

Theorem 3.4.2 motivates the following definition:
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Definition 3.4.3. For a weight datum g = (v,7',0), we denote by Cnivra(B,g) the

space of all operators of the form:
wla:_“opjw(ho)wg + G, (3.20)

with hg € Mp°(0Y") for some Mellin asymptotic type P, such that P@*’Y NmcP =0,
cut-off functions wi,ws and G € Cg(9Y,g).

Theorem 3.4.4. Let g,g',g" be weight data as defined in (3.17). The composition
of elements in Cnira(B,g') and Ovmyra(B,g) furnishes operators in Oy (B, g”). If

either of the factors is a Green operator, so is the composition.

3.5 Operators in the Cone Calculus.

Definition 3.5.1. Let g = (v,7,0). The space C*(B,g) consists of all operators
A=z wiopy(hwe + M+ (1 —w)P(1 —w3) + G, (3.21)

where
(i) wi,wa,ws are cut-off functions, such that wiws = wy and wiws = ws,
(ii) h e C=(Ry, MA(DY)),

(iii) P is a pseudodifferential operator of order p on int B,

(iv) M as in Definition 3.4.1,

(v) G is a Green operator in Cg(B,g).
Theorem 3.5.2. Given h € C™(Ry, M§5(dY)), there is a pseudodifferential operator
Py of order pion intB such that op),(h) — P is regularizing on (0,1) x 9Y.

Conversely, given a pseudodifferential operator P of order p on intB, there is an element

h € C*(Ry, M5 (0Y)) such that op)(h) — P is regularizing on (0,1) x Y.

We associate three different symbols to a cone pseudodifferential operator:
Definition 3.5.3. Let A € C*(B,g). We associate three symbols with A:

o Letting Py be the pseudodifferential operator which coincides up to regqularizing

operators with A close to OB and exists due to Theorem 8.5.2, we define:

O’Z(A) = w (:U)x_“ag(PM) +(1—w (x))aZ(P) (3.22)
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e Secondly, we have the rescaled symbol &Z(A). Writing JZ(A) = UZ(A)(x,y, p,C),

we define 5’5)(14) in a neighborhood of x = 0 by:

5Z(A) = xmag(A)(x,y,x_lp, Q). (3.23)

e Further, we have the conormal symbol Uﬁ/t (A) defined by:
ol (A)(z) = h(0,2) + ho(z) z€C. (3.24)

This is a meromorphic function in z taking values in the pseudodifferential opera-

tors on OB of order at most p. In particular o'y (A) € Mp(9Y).

For compositions in the cone algebra, we have the following Theorem:
Theorem 3.5.4. Let the weight data g,g',g" as defined in (3.17), assume that Ay €
CH(B,g), A € C* (B,g'). Then, the composition (Ag, A1) — AgA; induces a continu-
ous map:

CH(B,g) x C* (B,g') — C*H (B, g"). (3.25)

If one of the two factors belongs to the Cg or Cmoyta class, so does the product. The

conormal symbol behaves multplicative up to a shift, we have:

" (Ao A1) (2) = ol (Ao) (= + H') - o'y (Ao) (2) (3.26)

Using the symbols from Definition 3.5.3, we can define the notion of cone-ellipticity:
Definition 3.5.5. We say that a Mellin operator A € CH(B,g) is cone degenerate
elliptic (or simply: cone-elliptic) with respect to g, if:

e A is elliptic over the interior B° of B, that is, O'Z(A) is invertible and further the

rescaled symbol &g(A) is uniformly invertible in a neighborhood of © = 0.

e The restriction ofaﬁ/t(z) to the line F@ — gives a parameter dependent family of
pseudodifferential operators which is pointwise invertible as a mapping: H*(Y') —
Hs=H(Y).

Theorem 3.5.6. Let A € C*(B,g). Then the following are equivalent:

1. A is cone-elliptic.

2. There exists a parametriz to A in the cone calculus, an operator B in C~+(B,g™1)
with BA — I € Cg(B,go), and AB — I € Cg(B,g1). Here g=! = (v — p,7,0),
g0 = (7,7,0) and g1 = (v — p, v — 1, 0).

3. A:Hy)T(B) — Hy 7H(B) is a Fredholm operator for all s € R.



Chapter 3. The Cone Algebra 20

4. A:Hy'(B) = Hy "7TH(B) is a Fredholm operator for some s € R.
Example 3.5.7. We treat the cone Laplacian on X. Therefore, we replace B by X
and Y by Q in the definitions above. We split the cone Laplacian into a part near the
boundary and a part away from the boundary, which can be treated as a usual differential

operator:
A, =% op p(oar(A))wz + (1 — wi)Ac(l — w3) (3.27)

with cut-off functions w; such that wiws = w1 and wiws = ws.

The conormal symbol of the cone Laplacian (2.19) is op(Ac)(2) = 22 — (n — 1)z + Ag.

Evaluating on(Ac)(z) on Tamo __, writing 2, = @ — v +iw with w € R and choosing
2

v=1:
dim D — 2)?
oar(A)(2) = —(“”4) —w? 4 Ay, (3.28)
which is invertible for w € R for dim D > 3.
We have for the interior symbol of A. in the sense of (3.22):

(dimD —1)

03 (A) = a7 (—ap? — it ——wp = £7), (3.29)

where €2 is the symbol of Ay. We see that O'i(AC) is invertible on int D.
The rescaled symbol of A. as defined in (3.23) is:

Gy =—p —i—n—2p—& (3.30)
which is uniformly invertible up to x = 0.

Therefore we can conclude that for all® > 0, v € R, A. € C*(B,g) with g = (v,7—2,0)
1s cone-elliptic. Hence, we can find a meromorphic Mellin symbol q € M;;(Q), and a

parametriz Q € C~2(B, g') with g’ = (v —2,7,0) of Ac, which admits a representation:
Q = 2wy opj(q)ws + (1 — wi) P(1 — f), (3.31)

where P is a parametriz for Ac|z>o.

Here QQ acts as parametriz of A. up to smoothing operators and maps:

Q: H2A(E) = H(D). (3.32)
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3.6 Parameter Dependent Kernel Cut-off

We focus now on the decomposition of a meromorphic Mellin symbol into the sum of a
holomorphic Mellin symbol and a smoothing meromorphic symbol. The technique which

is used for this decomposition is called kernel cut-off. We introduce in this section a
parameter dependent version of this kernel cut-off which allows to choose the seminorms

of the meromorphic symbol arbitrarily small.

Theorem 3.6.1. Let o € C°(Ry) with(p) =1 nearp =1. Leth € COO(@JF,\IIZ(Q,F@_W)).
Then, for each € > 0:

1. The operator-valued function ho . defined by:

ho}s(ﬂi,Z) = M@ Mdl}n]B h(%C),

e M

is an element of C=(Ry, M5(Q)).

2. The operator-valued function hop . defined by:

hm,€(x7 Z) = M@—'y,p—}z(]‘ ( ))Mdlm]B h(‘/‘vﬂc)7

—7:C—p
is an element of C™(Ry, Mp>°(2)) for a suitable asymptotic type P.
3. We have that all seminorms for hon . in C®(Ry, M5>(2)) tend to zero ase — 0.

This implies, that:

Yimn [z 0p (hom.e)ll £ 7437 () a0z o) = - (3.33)

Proof. A proof of (1) and (2) can be found e.g. in Section 2.2.2. of [34]. For (3), we
have to show that all the seminorms for hgy . tend to zero for e — 0. For this, it suffices

to show that (details can be found in the proof of Theorem 2.2.8. in [34]):

h(z,¢))) =0 Yk M,N €Ny, (3.34)

_ch_)p

ling mu(log () ()™ (1 = (6°)) (M

where {m;|k € Np} is a system of seminorms on W~>°(Y"). This follows from the fact

that lim._,o(1—p(p%)) = 0 for each p > 0, and that for j € N, j > 0 there exist constants
e, such that: (p2)i(1 — p(p%)) = = Th_, cxp® (7)o m






Chapter 4

The Dirichlet Problem on 7{]19’1([@)

We establish in this chapter the existence of solutions for the Dirichlet problem on
conical spaces. Our motivation for solving this problem is to define the Dirichlet to
Neumann map which takes the boundary value data of the Dirichlet problem and maps
it to its corresponding Neumann data. That indeed, the mapping of the Dirichlet data
to its Neumann data admits a representation in the form of a certain operator, a cone
pseudodifferential operator in Schulze’s cone algebra C'*(B, g), is a result which is treated

in the subsequent chapters.

The Dirichlet problem consists in finding solutions u € ’H,l)’l(ID)) for a given boundary
11

data f € le,_;&(IB%), and a p € N, such that:
Acu = 0; Yo(u) = f. (4.1)

To prove the existence of solutions for all 1 < p < oo, we will first establish the existence
of solutions on ’Hél(]D) In a second step we use this existence to prove the existence of

solutions for the Dirichlet problem for all u € H,l)’l(ID)).

The proof of the problem on D for p = 2 makes use of the fact that 7—1;’7(]1)), s,y € R
is a Hilbert space which allows us to apply the Theorem of Lax-Milgram to the right

bilinear form.

We denote by || - || p) the Hilbert space norm on H3" (D) which is induced by the

scalar product.

Further, we can make use of the fact that the dual space 7—13’7(@)’ for s =~ =11is given
by Hy' (D) = H; " 71(D), so that A, : Hy' (D) — Hy' (DY

The Lax-Milgram Theorem deals with bilinear forms a : V' x V — C on a Hilbert space
V', that are V-elliptic:

23
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Definition 4.0.2. A bilinear form a(-,-):

a(+,-): VxV =C, (4.2)
on a Hilbert space V' with norm || -|| is said to be V-elliptic if there exists an a > 0, such
that:

Ja(u, w)| > allul®. (4.3)

The Lax-Milgram Theorem ([40], Thm 17.9) states:
Theorem 4.0.3. (Lax-Milgram)

If a(-,-) is a bilinear continuous complex valued form on a Hilbert space V' which is V -
elliptic, and if further I(-) : V — C denotes a linear continuous functional on V', then

there exists a unique element u € V, such that:

a(u,v) = l(v) VoeV. (4.4)

From here on, until the end of this chapter, we specify as Hilbert space V the space
V = Hy'(D).

If u,v € C°(D°), then we define a(u,v) as:
a(u,v) = (Vpu, Vpo)g. (4.5)

Since Cg°(D°) is dense in ?-'l%’l(]D)), the form a(-,-) extends to a bilinear mapping a :
7-'[5’1(11))) X H;I(D) — C by continuity.

We choose for the linear form [; an arbitrary element f of the dual space Ho 1’71(ID>) of
Hy' (D) and define:
lp(u) = (f,u)  YueHy (D). (4.6)

We will show that a satisfies the requirements posed on « for the Lax-Milgram theorem.

To apply Lax-Milgram to V = ’H;’l(ID)), a and [y as defined above, it remains to prove
that a is V-elliptic. To prove this, we will make use of the Poincaré inequality for conical
spaces, which is Theorem 2.5 in [4]:

Theorem 4.0.4. (Poincaré inequality)

Let M = (0,1) x Y with Y C R™ open and bounded, and 1 < p < oo, v € R. Let
Vi = (20z, 0y, , ..., Oy, ).
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If u(z,y) € Hp" (M), then there exists ¢ > 0, such that:

19 aru(, )l ary > el 9)lgom - (4.7)

The Poincaré inequality gives us the following estimate: taking into account that we
have Vp = 2~ 'V
Corollary 4.0.5. For u € 7{5’1(@), it holds that there exists a ¢ > 0, such that:

a(u, u) > clull30. (4.8)
2

(D)’

Lemma 4.0.6. The bilinear form a as defined above is V — elliptic in the sense of
Definition 4.0.2.

Proof. We want to prove that there exists @ > 0, such that:

a(u,u) = allullgi)?,  Vue Hy' (D). (4.9)

This follows from the Poincaré inequality:

(a(u,u) + a(u,u))

1 2 ~ 2

> §(CHUH’H21(ID>) +c HVDU||7_[30(D))
S min{c, ¢}
- 2

_ min{c, ¢}, o
=5 My

2 2
(HuHHgJ(D) + HVDUHHg,O(D))

O]

Corollary 4.0.7. It follows from the theorem of Laz-Milgram, that given f € H;l’fl(]D)),
we can find u € 7{%’1(]]])), such that:

(Vpu, Vpv)g = (f,v), Yo e Hy (D). (4.10)

The solution u, which solves the problem posed in Corollary 4.0.7, is called a weak
solution of the Dirichlet problem. It turns out that every weak solution to the problem
is a solution in the following sense:

Theorem 4.0.8. (Inhomogeneous Dirichlet problem for p = 2)

Given f € ’H;l’_l(]D)), there exists u € 7{;’1(]]))) such that:

—Awu=f Yo(u) =0, (4.11)
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where yo(u) denotes the restriction of u to OD.

Proof. Let D(D) denote functions on I which are smooth and have compact support in

intD. Tt is true that D(D) is dense in H5” (D) for every 5,7 € R and 1 < p < oo,

Corollary 4.0.7 gives us the existence of u € 7{%’1(@), such that

(Vou, Vop)g = (f,) Ve € D(D). (4.12)

Here it holds in the distributional sense, that:
(Vpu, Vop)g = (=Acu, @)z = (f,0) Ve € D(D). (4.13)

Hence, it holds that:
—Acu = f, (4.14)

in the distributional sense. O

Next, we want to generalize the inhomogeneous Dirichlet problem from ’H;’l(ID)) to
HZ’I(ID)) for 1 < p < co. We have the following imbedding result, which we use to
generalize the existence of solutions of the Dirichlet problem on Hp" spaces for p # 2:

Lemma 4.0.9. We have for an arbitrary € > 0 and a fixed py € R with py > 1:

Ho (D) — () Hy2 (D). (4.15)
p>1

Proof. Let us assume that ug € Hpo ' (D).

We remember that we defined the spaces Hpo7 (D) in (2.11) as:
up € HSO’V'FE(ID)) & wu € ’Hgo”"'e(y/\), and (1 —w)uy € H;(]D)),

for a cut-off function w.
Hence, we have wug € Hpo "5 (Y").

Let k; : U; €Y — R" be a finite covering by coordinate charts and let ¢; be a

subordinate partition of unity.

We take the localizations Sy4c(1 ® Kj)«(@jwuo), of wug. We can use the continuity
of the following imbedding, which follows from [39](p.203,2.8.1(c)), since Fj,(R'*") =
HE(RM™) (see [39], p.169,Def. 2.3.1.c)):
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Let co > ¢ >po>1and —oco <t < s < oo with

1 1
gl ntl (4.16)
Po q
then:
s 14+ny * t(mldn
Hp0 (R) — Hq(]R ). (4.17)

Choosing qo > pg and ty € R, we can choose s, such that the condition (4.16) holds.
Then, u € HX(R'™") = u € H(R'") and H(R'") — Hlo(R'") continuously.
We obtain:

U(Sy4e(1® Kj)w(pjwug)) € HL(R™™),  VEeER, q > po,Vj. (4.18)

This gives us:

wugy € ’H;QVJFE(YA), Yq > po, (4.19)
and we can conclude:
wug € () HZPTTE(YN). (4.20)
q=>po

A completely analogous argumentation yields the embedding for (1 — w)ug:

ug € () HZE(D). (4.21)

q=>Ppo

Now, for the case gy < pg, we use localizations ¢; and a subordinate partition of unity ;
for Y, this is equivalent to the convergence of Sy1<(1 ® k)« (pjwug) = 6(7"'6_”7“)3”(1 ®
ki)« (pjwup)(e™®,y) for all j and p > po with respect to the standard H, norm || -

||H§(Rl+n) on R1+n

Since Y is compact, we can assume that the image of U; under x; is contained in a
compact subset K; of R”. We can define y;(y) as a smooth function on R", such that
Xj(y) =1fory € Kj, xj(y) =0 for y € R"\(2- Kj). Then:

T (1 @ k) (pjwun) (€, ) = xi(1)eE TN @ k) (pjwu0) (e, ).

We have e=* € (0,1) & x € R._;. Since the support of w is contained in [0,1) we
can define a smooth function o(z) on R with support in Rs_1, such that o(z)w(e™™) =

w(e™™).
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We can first choose s = 0, and since || - HH;,) = | - ||p, where || - ||, denotes the standard

LP-norm on R we can apply the following generalized Holder inequality:

1£gllr <[ fllgllgllp,  forr = (4.22)

+

Q=
D=

n+1

We choose f = o(z)x;j(y)e %, g = e " 2)2(1 ® kj)u(pjwug)(e~%,y), and obtain

_ntl —x —ex
lo(2)x;(1)e0 ) (1 @ k) (pjwuo) (€% )l < llo(@)x;(y)e =, -
0= 07 (1 @ k) (pjw0u0) (€7, )lp-

Since o(z)x;(y)e % € LYR*™), forall ¢ € N and since e(7+€_nT+1)$(1®/ﬁj)*(pjwuo)(e_“”, y) €
LP(R™™) for p > py, we obtain that e +e="3)%(1 & ki)« (pjwug)(e %, y) € L"(RM™)
for all 1 <7 < pg.

This implies that:
wug € HYT(Y™),  Vp> L. (4.23)

Now the result for the higher order spaces can be derived from applying the general-
ized Holder inequality to derivatives of o(x)x; (y)e(anTH)(l ®Kj)«(pjwug)(e™,y), since
Oﬁﬁg(xj(y)e*”) is contained in LI(R'*™) for each k € N,a € N*, ¢ € N.

We obtain the imbedding:
wug € [ HZTTE(N). (4.24)

q>1

Again, the same considerations yield the imbedding for (1 —w)ug, which gives the imbed-
ding 4.15. O

Theorem 4.0.10. (Inhomogeneous Dirichlet Problem for 1 <p < o0)

Given f € Hp " H(D), 1< p< oo, there exists a unique u € Hy' (D), such that:

A= . (4.25)

Proof. An equivalent formulation of Theorem 4.0.10 is to say, that:

At HY (D) = M1, (D), (4.26)

is an isomorphism for 1 < p < oo.
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A
Since the Dirichlet problem Ap = (
o

of [8]), we can conclude that A, : Hp' (D) — H, (D) is Fredholm, hence has closed

range.

) is elliptic on D for v = 1 (see Example 6.1

Therefore, saying that A, : 7—1,13’1(]1)) — Hp 1’_1(]1)) is an isomorphism for 1 < p < oo is

equivalent to:
ker(A. : Hy' (D) — H, V71 (D)) = {0}, coker(Ac : Hy' (D) — H, V(D)) = {0}
(4.27)
We prove ker(A, : Hpy' (D) — H, (D)) = {0} by contradiction, assuming that there
exists pg € Nand a ug € 7-'111,61, with ug # 0, such that:

Agug = 0. (4.28)

Since 0 € H;ﬁ’_l(ﬂ)), we can apply a parametrix P to A., such that PA, = I + S
for a regularizing Greens operator S. Applying P to (4.28), immediately gives ug €
HIC;(()),1+E(]:D>)

Now, since Hpo'' ™ (ID) imbeds into M, Ho>! (D) by Lemma 4.0.9, we can conclude that:
up € Hy'' (D). (4.29)

But this contradicts Theorem 4.0.8, which says that A : H;l(]D)) — 7-[2_1’_1(1[))) is an

isomorphism.

Proving that coker(A.) = {0} works completely analogous, using that coker(A.) =
ker(A}) and A, = A} O

We use elliptic regularity to generalize Theorem 4.0.10 to Sobolev spaces of higher reg-
ularity:
Theorem 4.0.11. Let s > —1 and dim(D) = n+1 > 2. Given f € H;’_I(ID)), there

exists a u € Hf,+2’1(]1)), such that:

—Acu=f  (u) =0, (4.30)
where vo(u) denotes the restriction of u to OD.

Proof. Let f € Hy (D). Now Hy~'(D) imbeds continuously into #, """ (D) as long
as s > —1. Therefore, we can apply Theorem 4.0.8 to obtain a u € H;,’I(ID)), such that
Acu=f.
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Considering the Dirichlet problem Ap = ( ) on D, we can associate a principal

70
conormal symbol o3,(Ap)(z) to Ap. Then o3,(Ap)(z) is invertible on T'nt1_,, this is
2

Example 6.1 of [8].

Therefore, since f € ’HZ’*l(ID)), elliptic regularity for the boundary value problem (see

e.g. [8] for details) Ac(u) = f, vo(u) = 0 gives us that u € HT>' (D) & &, where £
denotes a finite dimensional space of asymptotic functions as described in Definition
3.3.2; £ C HY (D). However, we further know that u € Hy™' (D) and since (H5T>' &
E)NHV(D) = Hy™' (D), we can conclude that u € Hy > (D). O

We can use the solution of the inhomogeneous Dirichlet problem to solve the homoge-
neous problem: for this we will need the following lemma, this is Lemma 3.4 of [8]:
Lemma 4.0.12. Given g € B;_%7%(8D) with 1 < p < oo, there exists ug € Hf,’l(]D)),
such that:

Yo(ug) = g. (4.31)

Theorem 4.0.13. Let dim(D) =n+1>2 and s € R with s > 1.

RS

1
Given g € B; 2 (0D) with 1 < p < oo, there exists u € ”Hf,’l(ID)), such that:

Acu =0, Yo(u) = g. (4.32)

Proof. Due to Lemma 4.0.12 there exists a u, € H3' (D), such that Yo(ug) = g.

Now, since Acuy € #5371 (D), Theorem 4.0.11 states the existence of a @ € Hy' (D)
with yo(@) = 0, such that:
Agii = Acuy. (4.33)

Now, if we define u as:
u=uy —u, (4.34)

we have that u € Hy' (D), yo(u) = Yo(ug) —v0(a) = g and Acu = Acug — Aca=0. O



Chapter 5

The DtN Operator

Since we have shown the existence of sollutions for the Dirichlet problem in the previous
chapter, we can define now for f € B;_E’E (B) and s > 1 the Dirichlet to Neumann map
as the mapping which assigns to f the restriction of the exterior normal derivative of

the solution to the boundary.

In this chapter we use the mapping properties of the Calderén projector to relate the
Dirichlet data of the Dirichlet problem to the Neumann data and to finally prove the
existence of the Dirichlet to Neumann operator as an operator in C'(B,g) for g =

(%, —%, ) and arbitrary 6 > 0.

5.1 Formal Definition of the DtN Map

We have already established in Chapter 4 the eixistence of solutions for the Dirichlet
11

Problem on Hy' (D) for boundary data f € B; P’?(B) and s > 1. We choose the local

coordinates (y1,...,¥,) on Y in a way such that the inward pointing normal direction is

given by y,, the inward pointing normal derivative by the Fuchs type operator 2~ '0y,,.
By definition of H" (D), we have: 2719, : Hy"(D) — Hy 7' (D) for 5,7 € R.

The Dirichlet to Neumann map sends Dirichlet boundary data to its corresponding
Neumann boundary data. .

Lemma 5.1.1. Let f € B;_E’E(ﬁ]])). For s > 1, Theorem 4.0.13 states that we have a
up € Hy'' (D) solving the homogeneous Dirichlet problem such that ~o(ug) = f.

31



Chapter 5. The DtN Operator 32

Then the Dirichlet to Neumann operator N is well defined as the following mapping:

N B TP (6D BT 9D
+ ~p ( ) — p ( )7
f = ’yo(x_anuo). (5.1)

Proof. For s > 1+ % this result is trivial by the mapping properties of vg. For arbitrary
s > 1 we can use that A.ug = 0, where A, is elliptic. Therefore the results in [35] apply

to our situation, giving well-definedness of the trace. O

5.2 The Calderéon Projector on Conical Spaces

We establish in this subsection the existence of the Calderén projector C* (A.P. Calderén

in [3]) on weighted cone Sobolev spaces.

A crucial ingredient which is used in the construction of C* is that the operators which
are involved satisfy the transmission property. A more detailed exposition of the trans-

mission property can be found in section 1.3.5 in [13].

R.T. Seeley proved in [35] that the Calderén projection for elliptic operators is a pseu-

dodifferential projection.

We show that the entries of the operator valued matrix C* in the case of conical mani-

fold are cone pseudodifferential operators which are contained in Schulze’s cone algebra
CH(B,g)-

Further, we show that the upper right entry Carl of C'" is cone degenerate elliptic. An
important consequence of this is that the Dirichlet to Neumann map can be constructed,

up to regularizing operators, out of the entries of C™. Consequently N' € C*(B, g).

5.2.1 The Construction of the Calderén Projector

As usual, we denote the double of D along the x— direction by 2D and we imbed 2D into
an open manifold €2 without boundary. We assume D to be isomorphic to Ry x Y close

to the conical singularity and imbed Y into an open manifold 3 without boundary.

Definition 5.2.1. The following operators map between spaces of distributions on D
and €):

o Write etu for the the extension of distributions u € H3y" (D) for s > —% by zero

to a distribution eTu on €.

o The restriction of distributions u € H*V(Q) to D is defined by r*u.
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It follows from L? duality that the adjoint Y5 of 4o acts for a given s < 0 as a map
H*Y(0D) — 7—[5_%’7_%(9) and is given by:

Fo(w) =27 (u(@’) @ 6(yn)). (5.2)

We know from Example 3.5.7, that A, € C2(1,—1,00) is cone-elliptic on Hy'(Q) for
dim(2) > 3. As discussed in Chapter 3, it is known that there exists a parametrix
Q € C72(—1,1,00) which is contained in the cone calculus and inverts A. up to a

regularizing operator.

We collect the trace operators vg,y; in a vector, which we define by:

p(u) = (ZOEU;) : (5.3)
1\u

and in the same way, we define p with ~, 1 replaced by 4o, 1.

We pick the Greens Matrix 2l for A., which is determined by:

(Acu, U)q{gvo(ﬂ)) — (u, A:”)Hg*o(ﬂ)) = (le(u),p(v))Hg,o(aD). (5.4)

The explicit computations for the entries of 2 can be found in the Appendix in Section

A.1. The result is:
a a ir L h
9 — 00 Go1) _ .:c 1 2hnn : (55)
aipg 611 thy, 0

with a differential operator L, of order 1 with smooth coefficients.

It looks tempting to define the Calderén projector by:

CT=pQp A (5.6)

However, a brief look at the required regularity properties for the application of g, 11
and their adjoints, and taking into account that @) increases the regularity s by 2 shows

that there exists no s € R, such that the composition p @ p* is a priori well defined.

Our strategy to make sense of the compositions involved in CT will be to analyze the
mapping properties of the Mellin symbols which appear in the construction of the
parametrix ) more carefully and to use an additional property which they obey, the
so called transmission property. This will allow us to show that the composition indeed

makes sense and gives a matrix with values in cone pseudodifferential operators.
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At first we introduce the transmission property, using techniques developed within
the Boutet de Monvel calculus to treat pseudodifferential operators on manifolds with
boundary. See [27] for a short introduction to Boutet de Monvels algebra and [28] and

[29] for a Boutet de Monvel calculus on conical manifolds.

5.2.2 The Transmission Property

Definition 5.2.2. Given a function f on R". we take as e f its extension by zero to a

function on R™. e~ g is the extension to of a function g on R™ to R™.

We let:

HT ={(etu):uec SRy}, (5.7)
Hy ={(e"u):ueSR_)}. (5.8)

The HY and Hy are spaces of smooth functions on R, decaying to first order near

infinity. By H, we denote the space of polynomials of degree < d — 1. We let:

Hy;=H'® Hy; ® H),.

With this space we define the transmission property:
Definition 5.2.3. Let Q = Q' x R, C R"! open. A symbol p € SH(2,R") has the

transmission property at v = 0 if for every k € N:
Dyp(a’,r, € (€)p)lr=0 € S* (U, R )& Ha,p, (5.9)

where d = entier(u) + 1. We shall also say that p has the transmission property with
respect to (r, p).

We write p € SL(Q,R™) for symbols p with transmission property.

Definition 5.2.4. Let @ = Q' xR, Q' CR""! be open. Identifying I'g with R by writing
z = B+ip for p € R, we say that p € SH(Q xR, R""! xR, x Ry,) has the transmission

property (with parameter), if it has the transmission property with respect to (r,p).
Lemma 5.2.5. We have for the holomorphic Mellin symbol 63, (A;) of A, that o3,(A.) €
U7 (3, Toca ).

2

Further, we have that the inverse q(z) = (03,(Ac))™", which is the conormal symbol
J/_VIQ(Q) of the parametriz Q for A., that q(z) € \I/;?(E,Fn%g).
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To introduce a general notion of pseudodifferential operators acting between Banach
spaces, we have to define group actions first:

Definition 5.2.6. A strongly continuous group action on a Banach space E is a family
k= {kx: X € Ry} of isomorphisms in L(E) such that kyk, = k), and the mapping
A = ke is continuous for every e € E. For all the above Sobolev spaces on R™ and R}

we shall use the group action defined on functions by:
(kau)(z) = A 2u(\x). (5.10)

It extends to distributions by (kau)(p) = u(ky-1¢),p € C°. On E = C',1 € N, we use
the trivial group action k) = 1. Sums of spaces of the above kind will be endowed with

the sum of the group actions.

We use the group action to define of operator valued symbols which were introduced by
Schulze in [30]:
Definition 5.2.7. Let E, F be Banach spaces with strongly continuous group actions
k and R, respectively. Let a € C®°(R",R", L(E,F)) and p € R. We shall write a €
SE(R™,R™ L(E, F)) provided that, for all multi-indices «, 3,7, there is a constant C =
C(a, B,7) with

1 =1 D DY aly, n)k iy | 2z, < Clm) 1o, (5.11)

If a is independent of y or §y we shall write a € S¥(R™,R™; E, F).

Note that we recover the definition of the symbol class S*(R™ x R™) for the case that
E=F=C

The following theorem is a parameter dependent version of Lemma 2.11 in [27]:
Lemma 5.2.8. Letn € Si, (R" x R" x I'g) and | € N. Define:

Fi(y, &, A) = r*[opy, a)(35)- (5.12)
Then ki(y,&, \) yields an operator valued symbol with parameter:
ky € SPHFZRL R 5 Ty C, S(RY)). (5.13)

Proof. Take a right symbol pr = pr(2’,yn,&, ) for op, p with 2’ € R y, € R
denoting the distance to the boundary 9Y of Y. Fix a function w € C§°(R) with
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w(t) =1 near t = 0 and write:

pR(xlv Yn, é? A)

l
=3 (), PR, 0,6, N) + y wynpri(a! g, € N+

<

J
+ (1 - W(yn))pR(l',, Yn, 57 )‘)7

with suitable pgr;. opz, is applied to a distribution with a singularity only in y, = 0.
Since pseudodifferential operators behave pseudo local we obtain a smoothing operator
valued symbol away from ¥, = 0. Because the second and third summand in the above

sum vanish in y, = 0, we can focus on the first one.

Since pg satisfies the transmission condition, this also holds for 8§n pr- In our case the
transmission condition is fulfilled by pr with respect to (yn, &), while X serves as an
additional covariable of the operator valued symbol. Hence we have to deal with a tuple
(&', \) of covariables.

So we have 8], pr(2,0,&, X, (€', M)&n) € SHR"™,RE ™ x Tg)@rHq,p.

We can write, using the definition of the direct tensor product:

8anR(IIT/7 0) 5/7 )‘7 fn)

“w 00

= > (@ & NE D A € N hy(6a /(€ M),
k=0 k=0

with s, € Sf”ak(Rnfl, R™"1xTg), {\jx }x € I*, and null sequences b, € S’fvo(Rnfl, R 1x

I'3),hji € Hy. Polynomials in &, convert into Dirac delta distributions and it deriva-

tives under quantization, which have non-zero support only in y, = 0. So they don’t

contribute to the result due to the application of r*. Hence we have no contribution

from the polynomial part to (5.12).

By this, it suffices to consider a single term b(z’,&")h(&,/((¢', \))) under the summation
and to show that its contribution to (5.12) is an element of S#(R"~! x R"~1; C,S(R)),

and to check that the semi-norms for this element depend continuously on those for b
. ) I B
and h. Since b is of order p and since y%éél) =30 (k) 5(()1 k), it suffices that, for all

o€ R?,
ke -1[0P, Dl ) Al (€, N6 - C — HO(RY),

has norm O(((¢, \))~1el++1/2) " Now D

(E,yA)h(gn/<(£’,/\)>) is a linear combination of

terms of the form:

(En/ (€, ) FRED (&, /(€ M) (€M),
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where s € ;" (R, R x Tg), and 0 < I < &' < |al. If we define v := &,/((¢', \)),

. /. .
the function v*h¥ is an element in Hy, so we may focus on the case a = 0. We observe

that:

Ky a))-10P5, A(En/ (€, 0)))85)
= (€ N) TP F L /(€ M)ER (n/ (€1, 1))
= (&, ) F RV (2n),

with ¢; = (2rr)~1/2i!. Since we have that v+ F~1(ht!) is a function in S(R, ), this gives

the desired result. O

Lemma 5.2.9. Provided that s > j + %, we can regard vy; as an operator valued symbol

independent of the variables y, A and n, then:
v € $3 (R RIY x Tg; H(R4),C).

Definition 5.2.10. Let E, k) as in Definition (5.2.6), n € N, s € R. The wedge Sobolev
space W(R™, E) is the completion of S(R", E) = S(R")®,E in the norm:

1
2
T ( RS Wu(n)ﬂ%dn) , (5.14)

If we consider op(a) for a € SH(R",R" x I'g, L(E, F')), we obtain the desired mapping
properties which are analogous to the mapping property of ordinary pseudodifferential
operators if W? is replaced by H?:
Theorem 5.2.11. Let E, F' be Banach spaces, s, € R, and a € S“(RZ,RZ XRl)\; E,F).
Then for every A € R

op a(A) : W2

comp

(R, E) — WS H(R™, F),

loc

1s bounded.

/

The mapping op " symbol +  operator” is continuous in the corresponding topolo-

gies.
Proof. A proof can be found in Section 3.2.1. of [32]. O

In the situation considered in Lemma 5.2.8 we have the spaces E = C and F' = S(Ry).
It follows from the definition of the wedge Sobolev spaces, that W&, ., (R", C) = H*(R"),
using the trivial group action ) = I on C, and W; _*(R", H*(R})) = H*(R:"). This

gives us:
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Corollary 5.2.12. We see that the quantization op ki(\) of the operator valued symbol

defined in (5.12) is a parameter dependent operator and maps:

opky(\) + H¥(R"™Y) — HSH(R?).

We can summarize the results of Lemma 5.2.8 and of Lemma 5.2.9 in the following
Corollary:

Corollary 5.2.13. The composition of vy and k; as defined in (5.12) defines a parameter
dependent pseudodifferential symbol vy, ky € SFHEFHLRP=L  RP—1 % I's).

5.2.3 The Calderén Projector

Lemma 5.2.13 already points out the right strategy how to make sense of the composi-

tions which are involved in the definition of C:

We take the Mellin symbols of () which are parameter dependent pseudodifferential
operators on €2, and build the compositions v k;. Then we get from Lemma 5.2.13, that
we obtain parameter dependent operators acting on distributions on 9Y, from which
we can compute the Mellin quantization to obtain Mellin pseudodifferential operators

acting on B.

We summarize these results in the following lemma:

Lemma 5.2.14. Now let Q) be a n + 1 dimensional manifold without boundary and
consider the cone algebra C*(Q,g) for a weight datum g = (v, — p,0). Assume that
Q € CH*(,g) and further, that Q has the transmission property. Then, for k,l € N, it
holds that:

1 1
’NYkQ:Yfk € Cu+k+l+1(B7 (’7 - 577+ 5 e k — l)76)

Proof. Assume that we have a Mellin symbol h(z) which is either in MJ(X) or in
M (%) for a certain Mellin asymptotic type P and for 4 € R. Taking local coor-
dinate charts for 3, it is then straight forward from 5.2.13 above, that the composition
Yeh(2)7) is well defined and gives a Mellin symbol which is contained in Mé,‘)H(OY)
respective in M >°(9Y).

Taking an operator @ € C*(£, g), which has the structure Q = x #wjop ) (h)wz + (1 —
w1)P(1 —ws) + M + G as described in Definition 3.5.1, we obtain immediately:

QA = x Fwigrop ) (h) Afwe + (1 — wi) 3 PA[ (1 —ws) + % M4 + 51 G- (5.15)

Then we obtain by Corollary 5.2.13, that m_“wﬂkopjw(h)?l* wo and Y, M7, give contri-
butions to the right spaces.



Chapter 5. The DtN Operator 39

Further, (1 —w;)P(1 — ws3) defines a pseudodifferential operator of the desired order on

B by the standard theory for manifold with smooth boundary as discussed e.g. in [27].

Regarding G, since G defines a smoothing operator which maps to ”HZ;’V_“ (Q) for a
certain asymptotic type @, it is clear that the composition 73, G'7; is well defined and
gives a Greens operator in CHHIHAH(B (v — L v+ 1 —p—k—1),0).

Now we can define the Calderén projector:
Definition 5.2.15. We define:

K* ==t QG A1)%a. (5.16)
Such that the Calderdén projector Ct is given by:
Ct=pKT. (5.17)
Lemma 5.2.16. The Calderdn projector maps: H;_%’W(B) X H;_%’W(B) into itself.
Proof. The Greens matrix 2 obeys the following mapping properties:

1.1 3.3 3.3 1.1
A:Hy 27 EB) xHy 2T E(B), o Hy 2T 2(B)xHy 27 2(B).
Now, the mapping property of C* follows from Lemma 5.2.14. O

5.2.4 The Construction of the DtN Operator

We take the Calderén projector CT as defined in Equation (5.17) and write:

cfy o
ot = (C(f C‘f) : (5.18)
10 11

We have:
QA. =1+ Rg,

for a Greens operator Rg € Cq (X, (1,1,6)).

We obtain from equation (20.1.6), p 235 of [14], that:

pu+ pRaetu = pQe™ (Acu) + pQp* Apu, (5.19)
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Yo(u)
U = , 5.20
p < (1) ) (5.20)

We know that we can solve the Dirichlet problem for f € HS’%(IEB), using a u which

for Cauchy data

and u € H>1(D).
solves A.u = 0, we obtain:

pu+ pRaetu = pQp*Apu. (5.21)

Or, with C* = pQp* A:

pu+ pRgetu=CTpu. (5.22)

Here, we need to relate the Cauchy data p(u) to the solution u of the Dirichlet problem.
However, we know, that the solution u of the Dirichlet problem exists and is uniquely
determined for yo(u) = f € HS’%(IB%), and s > %. Further, the solution operator K :

7-[57%(15%) — 7—[”%’1(]])) is continuous.

We obtain:
pu+ pRaet (KPyo(u)) = CTpu. (5.23)

or:

(CT = Dpu=pRge (KPyo(u)) (5.24)

where we obtain that for yo(u) = g € ”HS’%(]BB), the mapping g — pRget (K g) gives a

Greens operator due to the following considerations:

Given g € ”HS’%(B) with s > 0, we have KPg ¢ 7—[5+%’1(]I))), therefore et (KPg) €
H%1(D). Due to the mapping properties of R¢, we then have Rget(KPg) € ’H;O’l(]D))
for some asymptotics type P. Then, the restriction to the boundary yields, for some
asymptotic types P’ and P":

1 _1
Yo(Rget(KPg)) € Hp? (B) and 41 (Rget (KPg)) € Hp 2 (B)
We extend the mapping properties from s > % to s > 0 by conjugation with order

reducing operators and their inverses.

To show the mapping properties for the adjoint operators, we compute:

(pRge™Kp)* = (KP)Y r* R p*. (5.25)
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First, we observe that r* R4 maps ’Hs’*%(IB) — H%o’_l(D) and 7T REAT HS’%(B) -

7—[83’71(]1))) for some asymptotic types @ and Q.

So we compute (Kp)*:

Let u € H*7(B), s > 1, v € H¥7(D). We can solve v = Aw with v(w) = 0.

We obtain, using Green’s formula:

/KDuvdx:/KDqudx
D
:/KDqud:U/(AKDu)wdx
——
D D =0
— [rotwm(w)ds — [ ) j(w) as
B =0

’yo(u)fyl(ABIU) dS

@\J@

(5.26)

With Apt @ H7LHD) — H*TLY(D) being the solution operator for the Dirichlet

problem v = Aw, vyo(w) = 0.
Hence, (KP)* = yy A5 : Ho~L- (D) — H5 22 (B).
We end up with the desired mapping properties:
(oRge Kp)' : M2 (B) = HY ™ (B)
(1RgetKp)* : H 2 (B) —» HETL(B),
for asymptotic types Q and Q'.

Consequently the identity:
(C* = I)plu) =,

is fulfilled up to regularizing Greens operators.

Here the left side of the above equation is a vector with two entries.

YoRaet Kp, the upper enties give:
(Cao — Do(w) + Ciyi(u) = Gyo(u),

with G € Ca(B, (3, -1,9)).

(5.27)

(5.28)

(5.29)

Defining G =
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Therefore:
Coi () = (1= Cgo)o(u) + Gro(w). (5.30)

At this point, we see that the entries Cpg and Cy; of C relate the Dirichlet and Neumann
data of the Dirichlet problem to each other. At this point we would like to apply an
inverse of Cp; from the left in equation (5.30), which would give N = (Cg;) (1 — Coo),

up to regularizing Greens operators.

Since Cop; € C'(B,g) it is a natural question to ask for the existence of a Fredholm

inverse of Carl .

Cy; is explicitly given by:

Cohr = =0 Qg a01, with ag1 =7 hnp. (5.31)

The crucial property for the existence of a parametrix for Cy; is the invertibility of
the conormal symbol 05/{4(6‘01) of Cp1. The following lemma allows us to compute the
conormal symbols of the involved cone operators:

Lemma 5.2.17. We consider the composition v0Qy, as described in 5.2.14. We have
seen that this defines a Mellin operator acting on distributions on B. We have the

conormal symbol Jé‘ﬂ“(%@ﬁ):

ohi (0@ = lim (1ol (Q)(z + 14 1D)(6Y (ya) ®1)). (5.32)

Yn—01

Proof. This follows directly from the definition of the conormal symbol together with
the Expression (A.27) for 7¢ and the identity op},(h(z))z ™" = x*lopj\jl(h(z +10). O

Lemma 5.2.18. The element C’{ﬁ = —3or T Q3,1 hnn defines a cone operator which is
cone degenerate elliptic in C~1(B,g) for the weight data g = (—%, %, 00).

Proof. We have to show that aa_/i/l(C(fl) is invertible on I" 1.
2

We split the proof in three parts: First, we compute the conormal symbol and show that
it is injective. In the second part, we show that also 05/{4(031)* is injective. In the third
part, we show that Jng(Carl) € vl (gYy,T o1 ) is an elliptic pseudodifferential operator
and therefore a Fredholm operator. Consequently it has closed range and the invertibility
of 05/%/[(0&)(2) : H5(0Y) — H**1(9Y) follows from the closed range theorem.

Step 1

The operator () which is contained in the definition of C'arl is a parametrix for A, which

is cone degenerate elliptic as an operator mapping ’H;’l(Q) — Hy 1’_1((2).
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We have, by Lemma 5.2.17:
Tom(C) = lim (=rto3f (@)= + V)i hun (1@ 3(y0))
= lim (—rtq(z 4+ 1)i hun (T ® 8(yn)), (5.33)
Yn—0T
with q(2) = 03{(@)(2) = ((z = 2)> = (n = 1)(2 = 2) + Ax) .

1 1 1
The operator Cf; maps: H, 2 (B) — 7—[;“’2 (B), therefore it is defined on H; 2 (B).

This means that its conormal symbol agj/l(C’Jl)(z) is evaluated on z with Rz = § —v =
241 "hence on the line T'ns1.
2
We parametrize I'ni1 by 2, = “TH + jw with w € R.
2

—1 (ot :
We evaluate o,,,(Cp;) on z,:

e 2 AV (i b (T 6(y)). (5.34)

Tom(Con) (20) = —r0r ™ (—(
We assume that there is a u € H_%((?Y), u # 0, such that ang(C(ﬁ)(zw)u = 0 for some
w e R.
We define v := r*(—% —w? + Ay) i hpn(I® 5(yn)))u and observe, that:

(n—1)?

(— YR w? + Ay
:m—(”;l)Q —w? 4 Ay)(—(”;l)2 — w2+ Ay) L i (19 ()
=rTygu = 0.

This shows, that v is a solution of the following Dirichlet problem:

(Ay ——— —wHv =0, wveH}Y). (5.35)

Further, since we assumed that ~yo(v) = agj}/l(Carl)u = 0, we get by the maximum
principle that v = 0.

Now, since (22— (n—1)z+Ay )1 is invertible, v = 0 implies 7 (u) = 0, and consequently,

u = 0.
Therefore we have shown the injectivity of 08_/{4(063) L H> oY) — H -3 (9Y).

Step 2
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With —ag; = —i hpy, we have that:
-1 +\ 5 =2 *
UaM(Cm) = Y00 pq (Q)(z + 1)vga01,
and it follows that:

0o (C1)" = —F0(0 3 (@) (= + 1)) 5 a1

Now, @ defines a parametrix for the Laplacian A., and it follows for u,v € ’H%’l(Q) by

partial integration, that:
(Acu, vy = (u, Av). (5.36)

Hence: AX = A, on Hé’l(Q), and consequently o3 ,(Ac) = 03,(A¥). It follows that:

oxi(Q) = 03 (Q%) = oxf (Q)"

Therefore, we have ang(C'oﬁ)* = —05/%4(6'31), and the injectivity of 05/{4(063)* follows

from the injectivity of o\, (Cgh).
Step 3

We have, by equation (5.33), with q(z) = UJ_MZ(Q) =((z—=22—-(n—-1)(2-2)+Ax)" L

oom(C)(z) = lim (=r7a(z + Dihan(1E 3(yn)) (5.37)
Using:
1
-2
o, (q(z+1)) = - ) 5.38
we obtain:

—i(2m) 7" hpp
=2 ij=1 hij&i&;

= lim 1“+(271')”/eiyE Fy—e(0(yn) @ I)dg

Yn—0F
R

Y . 27r)_nlh
= ezy 13 lim ezynﬁn(n—nn . f (5 Yn ® I dé‘
\Rn/l yn—>05 Sy hi€t y—¢(6(yn) @)
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We close the integration along &, in the upper complex plane in order to apply the

residue theorem and denote the integration along this path by €, :

oyt (o5m(CF1))

e 271’ " B A€,
/ Ve / Y § fynﬁfn (6(:[/”)) Fy’*)é" H)dgl
7.7 1 ’nglg‘] N—— e

=1

We regard the denominator of the fraction contained in the above integral as a polyno-

mial in &,.
We define: . .
vi(€) =Y (hin +hni)éi,  v2(€) =) hij&&;, (5.39)
i=1 i,j=1

so that we can write the denominator as:

(hnn 5721 + v (51) En + 'U2(£,))7 (540)

which is a polynomial of second order in &,.

We compute the zeros of (5.40), regarded as a function in &,:

Kya(€ 2 —1) = —;1(521 = ;\/?]1253 4”255) (5.41)

so that (5.40) factorizes in:

hnn(&n — k1 (6,))(571 — K2 (5,))7

and we have:
o7 (3m(Ch))

i (2m)~ i d&, p
/ Ve / —r fn—ﬁz(ﬁ’))df . (5.42)

Our aim is now to compute the integral:

dén
/ (&n — K1(&)(&n — R2(E))’ (5.43)

Qe

which appears in (5.42).
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The integrator contains two singularities in &,. To evaluate the integral with the residue

theorem we have to find out which of them are contained in the upper half plane.

We know that the metric (h;j) is positive definite, which gives us that:

P2 4 v1(€)€n +v2(€) > 0 and hyy > 0. (5.44)

1(&")

Evaluation of the first inequality at &, = —3,17 and multiplication of both sides by

(hnn) ™! gives:

Ztgl)j +v2(¢) > 0 and finn > 0,
’Ul(g/)2 'U2(£/)
= (hnn)2 4 hon

> 0. (5.45)

Now from (5.45) it is clear, that the term under the square root in (5.41) is positive.

We obtain:
I‘il/g S C_/+, (546)

with C4 = {z € C|im(z) > 0}, C_ = {z € Clim(z) < 0}.

Locating the k; in the complex plane allows us to evaluate (5.43) with help of the residue

theorem:

/ dén _ o
(& — R1(€))(En — K2(€) (k1 —r2)(&)

Qe

Hence:

_ _ _ e (2 —nD) /
o o5k (Can) = 07! /G“Mdf

n—1

-1
_ ot fu@)? (@)
R (\/(hm)Q == ) . (5.47)

Therefore we see that 01;1(05/{4(063)) is clearly non-zero for all ¢ € R*! and z €

[ogr. O
2

Theorem 5.2.19. The Dirichlet to Neumann operator N can be expressed, up to
smoothing terms, as a cone pseudodifferential operator of order 1 which is contained
in C1(B,g) with g = (%, —%,0) for all > 0, as defined in Defintion 3.5.1, and maps
continuously:

s s—1-1 1

N:B, "*(B)—= B,  *(B). (5.48)



Chapter 5. The DtN Operator 47

Proof. We have shown in Lemma 5.2.18 that Cp; is cone degenerate elliptic, therefore

we can choose a parametrix (Cp;)°~! for Cp; and obtain:

7 (u) ~ (Co1)° (1 = Coo))yo(u). (5.49)

If we denote by A the operator which maps Dirichlet to Neumann boundary data, we
have shown that:
N ~ (Co1)° (1 = Coo)) . (5.50)
=N

O]

5.3 Ellipticity of the DtN Operator

We have already seen in 5.2.19, that the Dirichlet to Neumann map N is given by a

1 1

pseudodifferential operator which is contained in C!(B, (5,—3,00)) and is determined

up to a regularizing operator by N' = (Cg7)°™ (1 — Cgp)-

We denote the conormal symbol of N by:
Tl (N =2 A(2). (5.51)

Here A(z) is a parameter dependent pseudodifferential operator which is meromorphic

in z with no poles on the line I'n_1.
2

Now we compute the principal symbol of A(z). This will be useful to prove the Fredholm

property of N:

Lemma 5.3.1. The principal symbol Ullp()\(z)) of M(z) € UH(QY,T'n1) is given in local
2

coordinates by:

where
o= i -
with: - -
n(g) = ;(hm + hni)Si, va(€) = ; hij&i;-

Proof. The entries of CT are explicitly given by:

—YrTQYga00 — Yor T Qa0 —yortQga
C+:< Yor T Qy5a00 — Yor T @Yia10 —yor T QY 01)7 (5.52)

—nrtQygac —irTQviaww  —rtQygao
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and we go on to compute ai}(a}w((C’aq)_l)) and 02)(09\4((1 — Cyy))) separately.
We write:
~ ~ % i -~ 1 * ok -
Coo = _70T+Q70(;L1f) + Z’YOTJ“Q(;Dn) Yo i b,

~~

_.t .0t
=:Co,0 =:Cgo,1

such that Cg, = Choo + Coo.1-

Therefore we can split the calculation of 021 (69 0((Coo)) into two parts:

o (0%(Coo)t) = 09(0%4Co0,0)) + 0% (034 (Coo,1))- (5.53)

Computation of 02)(09\4(000,0)))

We obtain, by Lemma 5.2.17, for the conormal symbol:

Pai(Cia0)(2) = o (~30r ™ Q) (= + Db L) (5540
= ynli_1>1(1)+(—r+a/_w2(Q)(z +2)6(yn) @ 1) (i Ly). (5.55)

Again, we write: q(z) = 0/_\/[2(@)(2) =((z=22-(n—-1)(z—-2)+Ax)"L.

Therefore, we have:

oom(Cioo)(2) = lm (=rTq(z+2)(0(ya) ®1))i Ly. (5.56)

Yn—07F

And we obtain for the principal symbol:

73 (05m(Coo,0)) = 0 (= (Gorta(z +2)(3(yn) @ 1))y (i Ln). (5.57)

We have, that:
—1 n-l1 . .
Ly = opg (v1(€)) +Vh Y Di(v/B(" +1™)).
i=1

Therefore a}ﬂ(Ll) = v1(¢’), and we arrive at the result:

Pl Cho) = 7 (Zlff' s (5.58)

Computation of o (UgM(CSE),l))
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We have:

(o3 (Ceo1)) (2) = 0 la (For™ (@)= + Db (S D)5 ™)

= YorT (o3 (Q)(z +2)) (D)5 i B™™).
The calculations for 03 (ag 1(Coo,1)) work analogous to the ones for 03 (ag 1 (Co0,0)):

0
) UaM(Coo 1

iy'e’ i . sy, Foy—et (hpn )dEy, A€’
/ /Zm hisil; L f”_(é (8)) Py (ham)den 06

e 27r Zén d&, For_er(h d !
/ / nn En — K1 5,))(&1—/&2(5’)) &n yﬁf( nn) &,

where the residue theorem gives:

n — 9 r1(£)
/ (&n — r1(€))(&n — ffz(ﬁ’))dgn = (k1 — K2)(&)’

Qepy

and we obtain as expression for a?p(ag 1 (Coo,1)):

09 (69((Co0.1)) = (/illil(fi/i(f/) (5.59)
Computation of o} (a9 ,,(Ci;)°™")
For the conormal symbol, it holds that:
oh((C3)° (=) = (m(ChN =+ 1) (5.60)
Therefore, we have that:
o (b G NE) = (07 (op(CaNEN) (5.61)

We have already computed 01;1(05/{4(063)) in (5.33), the result was:

1

-1 _
Oy (UaM(C(—)Fl»(f ) = (k1 — Rz)(ﬁ’)'

Consequently, we obtain the result:

T (@b (Co)° NE) = (51 — m2)(€). (5.62)
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Computation of a}z} (i (V)

Since the conormal symbol of operators behaves multiplicative, we have the following

relation for o, (N):

P
&
|
QH
<

|
Q

Mm((C) T = Cy))
MGG - o (I = Cgp)).

|
Q

Consequently, we have for the principal symbol of A(z):

o (\) = o (@b ((C3) ™) - 0% (o (I - Cp))),

Ly k1(£) v1(§)
o = e =)@ (1 s - )
= (k1 = R2)(€) — ma(€) — )
= —r2({) — Ullz(gl) = r1(£). (5.63)
O
Theorem 5.3.2. The conormal symbol 0‘/1\/[ (N) of N is invertible as an operator:
o N) : H¥(QY) — H*"1dY), scR. (5.64)

Proof. Again, we divide the proof into three steps, establishing injectivity, injectivity of

the adjoint and the Fredholm property:
Step 1 The conormal symbol of A is 03,(A.) = 22— (n—1)z+Ay : HY(Y) — Hy ' (Y)

with z € I'n-1. We parametrize I'n—1 by z, = "T_l +iw for w € R, and see that:
2 2

(n—1)?

1 —w?+ Ay.

‘73\/1 (Ac)(2w) = —

Now, if we define ¢, = % + w?, it follows from the multiplicity of the conormal

symbols and Lemma 5.2.17, that the conormal symbol of A is given by:
oamWN) = (Co) ™I - Cgp),
where C’a%, C’aLl are the entries of the following Calderén projector:

Ct = jp(—cyw + Aq) 715" (5.65)
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1 1
Therefore, it is straight forward to see that o}, () : H3 (9Y) — H, 2(9Y’) coincides
with the Dirichlet to Neumann operator for the following ”shifted” Dirichlet problem:

(A—cy)u=0 onY,

D1
. Yo(u) = f on JY.

Using Greens first identity:

/ (bAy o + Vb - Vp)dV = wg“’, (5.66)
Y )% n

and choosing 1) = ¢ as solutions of (D1), we obtain:

(b (N, 0) = /Y (culil? + [VP2). (5.67)

Which gives us that o} ,,(N) is injective.
Step 2

We show that the conormal symbol o} ,,(N) is symmetric under the dual pairing:

<UéM(N)(u)7U>L2(8Y) = (u, UéM(N)('U»L?(aY)-

1 1
We have seen in the proof of Lemma 5.3.1, that o}, (N) : HF(8Y) — H, ?(dY)
coincides with the Dirichlet to Neumann operator for the shifted Dirichlet problem

(D1) on Y. Therefore, we can employ Greens second identity:

_ dp O
/Y(I;ZJACSD - @Ac@ﬁ)dV - ay(w% - %go)ds, (5.68)

to solutions v, p of (DP1), we obtain with u = y,(¢),v = v (p):
0 0
0= [ W5F - SEOS = (. ohuW)0) ~ (Tha)W) o). (569
oY n

Step 3

We have already computed ai (0l p(N)) in Lemma 5.3.1, with the result that a}b()\(z))
opg/(k1(&',2)). Since x1(¢’, 2) is non vanishing on Fanl, we can conclude that o} ,,(N\)

defines a Fredholm operator, which immediately gives that it has closed range.

Hence, we can conclude that oj,,(N) : H%(8Y) — H_%(OY) is invertible.
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5.4 Basic Properties of the DtN Operator

Lemma 5.4.1. For boundary datum f € CX(intB), we have for the solution of the
Dirichlet problem Acu =0, yo(u) = f, that u € ’H;O’l(]D)).

[N

1
Proof. Since C°(intB) C M, 2'2(B), we know by Theorem 4.0.13, that a solution
exists for all s > 1. To show that u € H;o’l(]D)), we apply the left entry of KT as defined
in 5.16 to f. Then the claim follows from the mapping properties of K. O

Remark 5.4.2. Let ¢, p € C?(D). Then:

[wag+vo-vaaw = [ o2, (5.70)
D oD n
and: 5 -
_ v_9y

[ wae—eamav = [ wgf-Thoas, 6.11)

This follows from Gauss theorem which holds on manifolds with conical singularities,

see [26] for a fairly general proof.

We gather a few basic results about the DtN map N:
11 11
Theorem 5.4.3. 1. The Dirichlet to Neumann operator N : H3'? (B) — H, *' 2 (B)
for p =2 is self-adjoint with respect to the L? scalar product.

2. The Dirichlet to Neumann operator is positive in the following sense:

Let f € H;’I(IBB), then:
N, ) = (LN() = 0. (5.72)

Proof. 1. We can first apply Greens second identity (5.71):

We have in (5.71) for f,g € C°(9D) due to Lemma 5.4.1 the solutions v, p €
H°>°(D) to the Dirichlet problem, such that vo(¢) = f,7(¥) = g, Acp = Acp =
0. It follow that g—ﬁ =N(f), g—f = N(g), and we obtain:

0= | (¥(9) - N (£)g)as. (5.73)
We obtain with respect to the L? dual pairing on HS’O(ID)):

<N(f)7g>7.[g’0(aﬂ])) = (/, N(g)>’}-{g*0(8ﬂ))‘ (5.74)
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11 11
Since CZ°(B) is dense in H3'*(B), the identity (5.74) extends to f,g € H3'*(B)
by continuity.

11

11 11
Considered as a bounded operator which maps H3'?(B) to H, 2* 2(B), N can be

considered as a self-adjoint operator.

2. We can prove that N has a positive spectrum with the help of Green’s first identity
5.70:

We choose f € C°(B) such that A, = up,y0(ug) = f. Again, we have by Lemma
5.4.1, that ug € ’H;o’l(ID)). We obtain by setting ¥ = ¢ = ug in (5.70):

/ (Vuol)dV = [ FN(f)dS, (5.75)
D oD

which gives:

LN 20 VfeHd? D). (5.76)






Chapter 6

Parameter Ellipticity

We outlined in the last section the construction of the Dirichlet to Neumann operator N
on conical manifolds. Later on, our goal is to prove H* functional calculus for a class of
operators containing A. Defining f(A) is the first step to establish H* calculus, and to
do this we need the existence of the resolvent (N'—\)~! for A being contained in a sector
A of the complex plane. The conditions on A which are necessary for the existence of the
resolvent are summarized by the notion of parameter ellipticity. Therefore, we introduce
in this chapter parameter ellipticity and give a prove that A is parameter elliptic on the

right spaces.

While N was constructed in the last chapter as an operator acting on weighted Besov
spaces, we use in this chapter the constructed operator acting on weighted Sobolev

spaces which are more handsome for practical computations.

6.1 Definition of Parameter Ellipticity

6.1.1 Model Cone Operator, Kegel Spaces

We want to show that the Dirichlet to Neumann operator is parameter elliptic. The
definition of parameter ellipticity for a cone pseudodifferential operators P depends on
the invertibility of the model cone operator P, which is an operator which is obtained
from P as described below. P, acts on the so called Kegel spaces which have been

introduced and extensively studied by Schulze, see e.g. [31] or [32]:

Definition 6.1.1. Let 0Y = Uy U---U Uy be an open covering of Y ; let kj : U;j — V;

be coordinate maps and {1, ,ps} a subordinate partition of unity.

55
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Given a function u = u(z,y) on R x 9Y, we shall say that u € H,, ,,.(R x 9Y) provided
that, for each j, the function:

v(z,9) = piulz,y), y=r;"(5/z]), (6.1)

is an element of H5(R x R"™1) (we consider the right hand to be zero for x ¢ V;). In
other words: pju is the pull-back of a function in H*(R™) under the composition of the
maps

id x kj : R x Xj 3 (z,y) — (2, [z]y) € R", (6.2)

and
E:RxU;>(t,9)— (¢ [tlg) € R", (6.3)

so that the definition extends to distributions in the usual way for s € R,1 < p < o0.

Ko7 (Y ) is the space of all distributions u € H} (R x0Y') such that, for an arbitrary

cut-off function w,

wu € Hy'(0Y) and (1 —w)u € Hy .po(R x Y). (6.4)

p,cone

Usually, the model cone operator is defined for a certain class of differential operators,

the so called Fuchs Type operators, which are operators of the form:

I
A=zF Z a;(x)(—20; ). (6.5)

§=0
For this class of operators, the model cone operator A is obtained by freezing the coef-
ficients at the boundary, i.e. A is expressed as the differential operator given by:
~ lj/ .
A=a27">"a;(0)(—20,), (6.6)
j=0

on the infinite half-cylinder B" = R, x B.

The parameter ellipticity is described by the properties of the model cone operator Bx
of a cone pseudodifferential operator B € C(g,6):

Definition 6.1.2. Let B =z~ wiop ) (h)wa+ (1 —w1)P(1—w3)+z  wiop) (ho)w2 +G,
as defined in 3.5.1, then we can define Bx by:

By K (QY ) — KSTHY7H(QY ™),
u > Bau:= (z7#op?(h(0, 2) + ho(2)))u. (6.7)
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Parameter ellipticity is formulated with respect to a sector A in the complex plane:
A=AO)={\=re?r>0,0<qp<2r—0}.

Remark 6.1.3. The definition of B in equation (6.7) is the natural generalisation of

the definition of the model cone operator of cone differential operators.

However, the cone algebra over over the stretched cone Y as defined in Chapter 2.2.4.

of [32] consists of operators of the form as defined in Definition 3.5.1.

Using cut-off funtions w,w’, we can rewrite B, as:

Bpn = wBaW' + (1 —w)BA(1 =) + (1 —w)Baw' +wBA(1 — ')

We conjecture that (1 —w)Ba(1 —w') can be expressed, up to reqularizing Green’s opera-
tors, as (1—w)Ba(l—w') = (1 —w)P(1—w'), P denoting an ordinary Pseudodifferential

operator of order .

Further, since their kernels are supported away from the diagonal, both (1 —w)Baw' and

wBA(1 —w') should contribute as reqularizing Green’s operators.
Unfortunately, we where not able to prove those two statements.

Therefore, we assume in the preceding considerations that Bx maps continuously K" (0Y") —
Ky 7Y N). Further, we assume that B as defined in (6.7) is contained in the cone

algebra over OY .

We define parameter-ellipticity:

Definition 6.1.4. An operator B € C*(B, (v,y — u,0)) is said to be parameter-elliptic
on a sector A C C with respect to the weight v, if and only if:

e Both the homogeneous symbol O'Z(B) and the rescaled symbol 5’1’2(3) have no spec-

trum in A,

o By —\: K7(0YN) — Ky HTTH(OY M) s invertible for every A € A sufficiently
large, and for some s € R, 1 < p < 0.

6.1.2 Symmetry Properties
11
Theorem 6.1.5. For u,v € K3'2(Y"), it is true that:

<NAU’”>}C3’O(YA) = <u,N/\U>Kg,0(YA). (6.8)
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Proof. This is a direct consequence of the symmetry of N. O

6.1.3 Positivity
11
Theorem 6.1.6. Let u € K3'2(0Y"). Then:
(Nau,u) > 0. (6.9)

Proof. Since the Mellin symbol of N coincides with the conormal symbol of A/, we can
use the result of Theorem 5.3.2, which says that U}W (NV) coincides with the Dirichlet to

Neumann operator of the following Dirichlet problem:

Given f € H%((?Y), find u € H'(Y), such that:

(Ay(0) — (=22 4+ (n—1)2))u=0 onY,

(D1)
Yo(u) = f on JY.

We evaluate in z on the line I'n1 ;. Writing for 2 € I'na 4, 20 = %‘1 +iw with w € R,
2 2

we see that )
() + -z = P s (6.10)

Consequently, the Mellin symbol defines a positive operator in the sense that:

(A (2)u,u) >0 VuEH%(aY), zEFan. (6.11)

We compute:

1
(P2 ((ANu, w2ayny = (MTIAMu,u) 2oy n
= (AMMu, Mu)zr, | xay)
2

_ / nMu(z), Mu(2)) 2 oy nydz. (6.12)

Fn—l
2

N

1 11
Lemma 6.1.7. N, : K£32(9Y") — Ky 2" 2(9Y") is a Fredholm operator.

Proof. We have to check the ellipticity condition of N, for the cone algebra over Y.
Here, as in the case for the cone algebra over B, we need the invertibility of U}\/l (NMa) and
a}ﬂ (NA). Further, we have to introduce an additional symbol, ¢%(N,). Taking (x,y, 7, )
as local variables on the fiber T*9Y and developing the pseudodifferential symbol N, in
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contributions which are homogeneous in (z,y), 0(Nx) denotes the contribution which
is homogeneous of order 0 in y. Then, N, is Fredholm, if all three symbols are invertible,
this is Chapter 2.2.4., Theorem 14 of [32].

° 0/1\/1 (M) is invertible on T'n_1:
2

This follows since o(N)(z) : H %(6}’) — H _%(8Y) is the Dirichlet to Neumann
operator associated to the Dirichlet problem (D1) as described in Theorem 6.1.6.
It is well known that the Dirichlet to Neumann operator associated to (A—c)u =0

is invertible for ¢ > 0.

. 011/)(./\/ ») is invertible on T*9Y”*\{0}: In the interior of the manifold, away from
the conical singularity, the ellipticity of the principal symbol away from 0 follows
from the standard theory, of the Dirichlet to Neumann operator for the smooth

case, since here o, (M) = [¢'].

e The invertibility of the exit symbol ¢?(N,) is trivial in this case, since the pseu-
dodifferential symbol of Nx coincides, up to smoothing operators, with the part
which is homogeneous of order 0. This is due to the fact that the Mellin operator
is evaluated at x = 0, and due to the rescaling of the local coordinate charts in
6.1.

O]

11 11
Theorem 6.1.8. Let A € C with R(\) < 0. Then Ny —X: K3'2(9Y") — Ky 2" 2(0Y")

1s invertible.

Proof. Let A € C with R(\) < 0. Take a non-zero u € IC%’%((?Y/\). Then, using the dual
11 11
pairing (-,-) between K£3'2(9Y") and K, 2" 2(9Y"), we have that:

(N = Nu, u) = (Nau,u) — Mu,u).

Therefore, the injectivity of Ay, — A follows by Theorem 6.1.6, since the above expression

has strictly positive real part, therefore (Nx — A)u # 0 for all u # 0.

Passing to the formal adjoint gives the injectivity of (Mx — A)*, since by Theorem 6.1.5,
we have (Ny — \)* = (My — A) and R(Z) = R(2).

Now we observe that o} (Na—A) = o}((Na) and oy (Nr —A) = 0y (V). Therefore, the
ellipticity of Mo — A can be derived from that of AMx. Hence Ny — ) is cone degenerate
elliptic, therefore a Fredholm operator, therefore has closed range. This implies the
invertibility of Ny — A. O
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The following theorem establishes the spectral invariance of operators in C*(9Y", g):

Theorem 6.1.9. If A € CH(OY ", g) is invertible as an operator for u € R, g = (7,4, 0),

v,0 € R as an operator:
A: IC;g’7(3Y/\) — IC;‘S_“";(GYA), for some sp € R,pp € N,
it 1s snvertible for all s € R and 1 < p < oo.

Proof. An inspection of the proof of Theorem 2.4.49 in [34] shows that we can set W =0

in the prerequisites to obtain an inverse A~! which is contained in C~#(0Y",g~!). O

Finally, summarizing the results of Theorem 5.3.2, Theorem 6.1.8 and Theorem 6.1.9 in
the following result:
Theorem 6.1.10. The Dirichlet to Neumann operator N is parameter elliptic with

respect to the weight v = % as an operator:

11 1

N :HP?2(B) — 7—[;%’_5(15%). (6.13)
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Parameter Dependent b-Calculus

7.1 Why b-Calculus?

Everything which has been done so far was formulated in Schulze’s cone calculus. Now
our aim is to estimate the norm of f(A) for certain bounded functions f. If A is a cone
pseudodifferential operator, an important ingredient for the definition of f(A) is the
existence and structure of the resolvent (4 — \)~!, for A being contained in a suitable

subset of C.

Regarding the case of A being a differential operator on conical manifolds, namely a
Fuchs type operator as defined in 2.4.1, the resolvent has been computed in the terms

of Schulze’s cone calculus by Coriasco, Schrohe and Seiler in [6].

In the case of A being a cone pseudodifferential operator, there exist only computations
in language of a different school of singular analysis, namely the b-calculus, as developed

by Melrose et al, see [22] or [23]. The resolvent is constructed in [10].

As discussed in [18] by Lauter and Seiler, certain elements of Schulze’s cone calculus can
be identified with operators in the b-calculus and vise versa. However, Gil and Loya
introduce additional classes of parameter dependent operators for the construction of the

resolvent which have so far no analogue within the language of Schulze’s cone calculus.

This is why we use in this chapter this alternative language of b-calculus in order to

estimate f(A), for A being a cone pseudodifferential operator.

We begin with a short introduction to the parts of b-calculus which are needed for our
calculations. See e.g [11] for a short introduction to the b-calculus, or also [18] for a

comparison between b-calculus and cone-algebra.

61
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The basic object on which we establish our calculus is a manifold with conical singularity
like the manifold B as defined in Chapter 2. Since we restrict our studies to the boundary
B of a manifold D, and to stay within the notation which is used in the b-calculus

language, we write here X instead of B.

7.2 Blow-up Spaces

The function spaces in b-calculus are basically the same weighted Sobolev spaces H*7
as defined in chapter 2.2. Since we are working with the notation used in [10], we define
the function spaces here as:
Definition 7.2.1.

HIP(X) =1 (X). (7.1)

Further, we make use of weighted Sobolev spaces:

8,24

2 HIP(X) = Hy 2 (X)), (7.2)

The objects which are blown up are manifolds with corners:

Definition 7.2.2. An n dimensional manifold with corners X is a paracompact topolog-
ical space with local models of the form R™F := [0, oo)’; X RZ‘k, where k can run between
0 and n, such that X has only finitely many boundary hypersurfaces, say {Hi, ..., H,} for
some r € Ng, where each H; is embedded. The set of boundary hypersurfaces is denoted
by X1(X). A total boundary defining function is a function of the form p = [[._; pi,

where p; is a boundary defining function for H;.

We introduce b-densities on X:

Definition 7.2.3. The b-density bundle, ), is the trivial bundle with sections m of the
form m = p~lu, where pu is a smooth density on X, and where p is a total boundary

defining function on X.

We introduced the wedge space 2 in chapter 2.2 in definition (2.3) and modeled the
function spaces over it. The wedge space " can be thought of as a special case of a
manifold with corners for £ = 1. Higher orders in k enter e.g. in the analysis of a kernel
of an operator which lives on the Cartesian product Q" x Q" which, in local coordinates,
is a manifold with corners with k = 2.

Example 7.2.4. Let X = [0,00)4%[0,00), andY = (0,0). Then we define “X blown up
atY” as the set [X;Y] = [0,00), X Sé’2, where SY2 = S1N[0,00)2, and where r = |(z,2')|
and § = tan~!(2'/x). Hence, the blow-up corresponds just to the introduction of polar

coordinates.
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0.0) rb
FIGURE 7.1: Blow up of X =[0,1) x [0,1)

Further, we define the left boundary, Ib, as the set where 0 = 3, the right boundary rb
as the set where 0 = 0, and the front face ff as the face where r = 0.

This approach is generalized to a manifold X with corners and an embedded submanifold
Y of X, here one can define “X blown-up at Y”, [X;Y], by taking polar coordinates
about Y. The boundary face created in the blow-up is called the front face, denoted by
ff[X; Y], and the polar coordinates map S : [X;Y] — X is called the blow down map.

If Z C X is a closed subset of X, then we define the lift of Z into [X;Y], *Z C [X;Y],
as B*Z =B Y Z)if ZCY,oras B*Z =B Y Y\Z)if Z=2\Y

7.3 The Operators of the b-Calculus

7.3.1 The Small b-Calculus

We begin with the definition of W} (X), the algebra of b-pseudodifferential operators.
They can be identified with the elements of the so called holomorphic cone algebra,

which is a subset of all elements which are contained in the cone Algebra C*(X,g) as
defined in 3.5.1

Let X be the manifold specified above, such that 0X =Y and X = [0,1) x Y close to
0X.

The kernels of b-pseudodifferential operators are defined on the following blow-up X, g
of X2 =X x X:

Definition 7.3.1. We define the b-stretched product, X2, by X¢ := [X%Y x Y. If
B X2 — X2 is the blow-down map, we set lb:= B*(Y x X), rb:= *(X xY), and
ff=p0%(Y xY). The b-diagonal is defined by Ay := 5*(A), where A is the diagonal
in X2.

Let 0 < v € C®(X,Q) be any trivialization of €. Let ( : Xg — X x X be the
blowdown map for X?. Let v/ be the lift of v under 71 0 8: X — X to X7.
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Now, the class U}*(X) is defined as:
Definition 7.3.2. The space of b-pseudodifferential operators of order m € R, ¥;*(X),
consists of operators A on C*°(X) that have a Schwartz kernel K 4 satisfying the follow-

ing two conditions:

1. Given ¢ € CX(XZ\Ay), the kernel pK 4 is of the form kv, where k € C™(X?)

and vanishes in Taylor series at the sets b and rb.

2. Given a coordinate patch of X2 near Ay, of the form U, xR? such that Ay = U x {0},
and given ¢ € C°(U x R™), we have

1
(2m)"

o4 = / Saly g, dE= e, (73)

where a(y, &) is a classical symbol of order m.

The elements of ¥} (X) form an algebra which is closed under compositions. However,
elements which are contained in ¥,"*°(X) are not necessarily compact. To be able to
construct Fredholm inverses of elements in W}'(X), we need an enlargement of the small
calculus by elements living on X,?, which are not longer of rapid decay on the boundary
hypersurfaces (b and rb. To capture the non trivial asymptotic behavior of those terms,

we need the notion of asymptotic expansions:

7.3.2 Asymptotic Expansions

The first notion we will need, is that of an index set:
Definition 7.3.3. Let N be the set of positive integers and let No = NU {0}. An index
set E is a discrete subset of C x {Ng}, such that:

o (2,k)e E=(z,0) € E for all0 <1< k,and
e given any N € R, the set {(z,k) € E|Rz < N} is finite.
e (z,k)e E= (z+1,k)e E VIl eN.
For a € R and an index set E, we say that E > o iff (z,k) € E = Rz > a.

The index sets allow us to describe the asymptotic of functions towards the boundary
hypersurfaces. Let U = [0,1)k x (1, 1)2_’“. Then for a € R the space of symbols

Y*(U) consists of those smooth functions of the form:

U(l’,y) = $61L1 o ,ka U(-ﬁ,y),

where for each a and S, (xaw)aa{f v(x,y) is a bounded function.
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Definition 7.3.4. Given any indez set E, a function u € £%(U) is said to have asymp-

totic expansion at x1 = 0 with index set E if, for each N > 0:

U(SE, y) = Z a:‘f(log xl)ku(z,k) (xla y) + li{VuN(xa y)’ (74)
(z,k)EE,Rz<N

with un(z,y) € >.“(U) and u, (2, y) € Za,(Z/l’), where a = (a1,d’),x = (r1,2'), and
U =0,1)k" x (—=1,1)n k.

On a manifold with corners X one can define asymptotic expansions at a hypersurface
H with index set E by reference to local coordinates. First of all, a function u € C°°( )O( )
is said to be in S2°(X), if for any patch & on X and for any ¢ € C2°(U), the function pu
is an element of ZO(L{ ). Let Hy,..., H,, be the hypersurfaces of X with corresponding

boundary defining functions pq, ..., pm. For a € R™ we define:

a

0
S = (oo € (X)) (7.5)

A function u € Y (X)) has a partial expansion at H with index set E of order &, if for
any patch U = [0,1),, x U on X with H NU = {x1 = 0}, and for any ¢ € C°(U), the
function pu has a partial expansion at 1 = 0 with index set E of order  in the sense

described above.

If £ is a collection of index sets & = {Epq,,..., En,} corresponding to some family of
hypersurfaces Hi, ..., H; of X, then we denote by Af(X) the space of functions u €
> *(X) for some a € R™ such that for each H, u has a partial expansion at H with

index set E'y of order k.

Finally, we define:
A8 (X) = Npeso AL (X). (7.6)

7.3.3 The Full b-Calculus

We define two new classes of operators, the first one corresponds to the smoothing Mellin

operators of the cone calculus:

Definition 7.3.5. The class ‘Ilb_oo’g(X) is described with the help of an index set € =
(Ew, Evp, E¢). This class is characterized by integral kernels living on the blow up space
Xg with an asymptotic behavior which is described by £. We say that:

Be U, (X) e K=K/, ke A5 (X} (7.7)
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Definition 7.3.6. For a collection of index sets (Ep, Ep), we define \I’_oo’(Elb’E"b)(X)
as those operators with a Schwartz kernel of the form kv', where k € Aﬁ’gb’Erb)(Xg).
Thus:

C G \Ij—()(h(Elb:Erb)(X) <:> C == kl// k; E A}()f;vaTb) (Xz) (78)

The following result relates the mapping properties of operators in \ilzn’g(X ) to the
defining index set €& = (Ep, E, Efy).

Theorem 7.3.7. Let & = (Ep, En, Etf) be an index set such that Ey > B, Eyp > —a
and o+ Eyp > 3. Then any operator A € \ilgn’g(X) defines a continuous mapping:

A a®HY(X) — 2P H7™(X). (7.9)

Finally, the full b-calculus is defined as the following set of operators:

E(X) = WP (X) + W, 208 (X) + U0 BB (X)), (7.10)

7.3.4 Comparison of b-Calculus and Cone Algebra

A comparison between b-calculus and cone algebra has been established in [18]. Let
C™(X, Q) be the cone algebra as defined in 3.5.1. Theorem 5.17 there states that:
Theorem 7.3.8. Let v,u € R, j € Ny be arbitrary, x a boundary defining function for
Y, and suppose that the boundary 0X of X is connected. Then we have

CM(X7 Qb>(7>’7 - ,LL,OO)) C ng_u\iﬂg’g(Xa Qb)
where the union is over all index families € = (Eyp, Eyp, 0) satisfying:

—inf By <y — g < inf Ej.

7.3.5 Parameter Ellipticity in the b-Calculus

In the case that P € \ifzn’g (X), Loya defines the model cone operator in [19] as follows:

Let (z,y) be local coordinates on Y, define a group action on C>°(Y") by:
Kp(u(z,y)) == ulpz,y). (7.11)

The action extends in a natural way to the K£*7(Y") spaces.
Definition 7.3.9. Let P € x*“@g’g(X) with an index set £ as in Theorem 7.5.7.
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We associate to P the model cone operator Px by:

Pp: K¥V(Yh) = K77H(Y )

lim p" K, e A(Yr; 1!
w = L pf sy 0 (YK, ),

for smooth cut-off functions o, supported in a collar neighborhood of OY .

Remark 7.3.10. For a pseudodifferential operator P which is contained in Schulze’s
cone algebra, that is P € C*(X,g) with g = (v,y — u,00), we can find by Theorem 7.3.8
a index family &£, such that P € a:*“\i/ff’g(X, Q). In this case, it is easy to check that
the Definition 7.3.9 of Pn coincides with Definition 6.1.2.

Remark 7.3.11. If the conditions (E1) and (E2) are satisfied, they automatically hold
for a slightly larger keyhole region (by closedness of the spectrum, compactness of X,
and the homogeneity of the rescaled symbol, the homogeneous principal symbol, as well

as the conormal symbol).

The following Theorem is Theorem 4.11 from [10], where the construction of the resolvent

is carried out in detail.

7.4 b-Pseudodifferential Resolvent Calculus

In this sub chapter we cite the basic definitions and results from [10]. These result contain
a resolvent calculus which allows for the construction of resolvents of parameter-elliptic

cone pseudodifferential operators which are contained in 2~ # W (X).

The resolvent calculus is based on the following class of parameter dependent symbols:
Definition 7.4.1. For u,p € R and d > 0 we define SPP4(R"™;\) as the space of
functions a € C®°(R™ x A) such that

0806 M) < Cap(L+ [E)H P11+ J¢] + (A p=fl. (7.12)

The space Sﬁ’p’d(R”; A),p/d € 7, consists of elements a € S#P4(R™; A) such that if we

set

a(&, z) = 2P%(¢,1/2),

then a(&, z) is smooth at z =0, and:

|0200a(¢, 2)| < Cap(L + €]y P11 4 |2f|g| 4y, (7.13)
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uniformly for |z| < 1. Further let Sﬁtg’d(R”; A) be the space of elements a € Sﬁm’d(R”; A)

that, for every N € N, admit a decomposition

N—
a(6,A) = Y X(©)au—j(&N) +ra(EN), (7.14)

J]=

—

where ry € SETNPUR™A) € € C®(R™) with x(£) = 0 for |¢] < 5 and x(&) =1 for
|€] > 1, and where each a,—j(&, N) has the following properties:

o a,;(d¢, 59N\ = 5t a,_;(&,N) for every § > 0,
o 2P/, i(€,1/2) is smooth at z = 0.

The following class of parameter dependent operators is based on the definition of the
parameter dependent symbols introduced in 7.4.1:

Definition 7.4.2. Given p,p,d € R with p/d € Z and d > 0, the space \Ilg’p’d(X;A)
consists of parameter-dependent operators A(X) that have a Schwartz kernel K0\ sat-

isfying the following two conditions:

o Given p € C°(XZ\Ay), the kernel @K 5\ is of the form E(p?X, q) - w', where
k(X q) is a smooth function of (\,q) € A x X? that vanishes to infinite order in
q at the sets Ib and rb, and is such that if we define k(z,q) = 2?/%k(1/z,q), then

k(z,q) is smooth at z = 0.

e Given a coordinate patch of Xg overlapping Ay of the form U, x Rg such that
Ay =U x {0}, and given p € C°(U x R™), we have

PKan) = / e“La(y,& p?A) dEm’, (7.15)

where y — a(y,&, A) is smooth with values in Sﬁfl)’d(R"; A).

7.4.1 Residual Operators for the Resolvent Calculus

This chapter deals with the residual classes which are needed to construct Fredholm
inverses of the parameter dependent operators introduced before. The kernels of these
operators are defined on a manifold which results from a two step iterative blow-up of
X x X x Ay, where Ay denotes the one point compactification of the complex parameter

space: First, we blow up X2 along its origin, obtaining Xb2 as usual.

Now, let [A; {0}] be the sector A blown up at the origin; that is, A with polar coordinates
taken at A = 0, let A denote the stereographic compactification of [A; {0}] in the Riemann

sphere. Coordinates on A near the blown up origin are py = |A| and 8 = \/|)\|; near
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Too Ié]

Xy

FIGURE 7.2: The blow up of Ag X XE along {roc = 0} x ffj.

A = oo the coordinates are po, = |A|~! and 6 = A/|A|. Let d > 0 and let Ay = {\'/¢} so
that the radial coordinates on Ay are rg = |A|'/¢ near the origin and 7, = |\|~Y/¢ near

infinity.

We define:
Ta(X) = [Ag x X {re = 0} x fhy], (7.16)

the blow up of A x XI? along {ro, = 0} x ffy, where ff} is the front face of Xf.

Then, if B : Ta(X) — Ag x X7 is the blow-down map, we set Ib := 8*(Ayg x (b(X})),
left boundary; b := B8*(Agq x rb(X?)), right boundary; ff := 8*(Ag x ff(X?)), front
face; fi := B*(0oola X ff(X?)), face at infinity; and bi := B*(9ooAg x X?), boundary at
infinity.

We introduce a class of residual operators whose integral kernels are defined as functions
on Ty(X) with certain asymptotic at the boundary hypersurfaces. These operators are
needed in the construction of parametrices of parameter dependent cone pseudodiffer-

ential operators:

Definition 7.4.3. Let:
&= (ElbaETb7Eﬁ7 Eﬁu ®)7 (717)

be an index family for Ty(X) associated to the faces (Ib,rd, ff, fi, bi). We denote by
\Ilc_oo’d’g(X; A) the space of those parameter-dependent operators A(X) that have a Schwartz
kernel of the form

Ki=k-w', withkec A(Ty). (7.18)

Thus k defines a function on 73(X) that vanishes to infinite order at bi and have asymp-
totic expansions at the hypersurfaces 1b, rb, ff and fi, determined by the index sets Ey,,

FE., Eg, and Fjy, respectively.
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7.4.2 b-Calculus Resolvents

Gil and Loya construct in [10] the resolvent of an operator A € ™ #¥}'(X), > 0, which
is assumed to be parameter elliptic. Here, parameter ellipticity is given in Definition 4.5.
of [10]. Since the operators in z~#W}(X) can be identified with holomorphic operators
in the cone Algebra by Theorem 5.4. of [18], it is easy to see that our Definition 6.1.4

of parameter ellipticity coincides with the one given in Definition 4.5. of [10].

This is Theorem 4.11. of [10]:
Theorem 7.4.4. Let A € x "W (X),n > 0, be such that A — X is parameter-elliptic on
A with respect to some o € R. Then for A € A sufficiently large,

A= X2 SHE(X) = 2% 2 TRH (X)),
is invertible for any s € R, and:
(A= X1 e gl Wi (X5 A) + ol 2mE @ (X A), (7.19)

where E(a) = (Ew, Evy, Efp, Efi, Eyi) is an index family associated to Tq such that Ey, >
a—5—pu,Ey>—(a—5—p),Erp >0,Ey =N and Ey; = (). Moreover, fora = p=s
we have that:

(A=N"1 LE(X) — 2" H (X)),

is uniformly bounded in .
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Resolvents in the Full b-Calculus

8.1 The Full Resolvent

Gil and Loya construct in [10] the resolvent for a cone pseudodifferential operator P €
z7HPY(X). We discuss here a generalization of this result to an operator which is
contained in m*“ﬁ/’b"g(X), the full b-calculus as defined in (7.10).

We begin with a few composition results which are needed to compose operators of the
full b-calculus with operators of the parameter dependent resolvent calculus of Gil and
Loya as introduced in [10].

Lemma 8.1.1. Let £ = (Ey, Erp, Ef) be an index family for X?. Then:

U, %8 (X) 0 Wi (X5 A) € %R (X A), (8.1)
where F = (Ew, By, Ery,Np), as well as:
TR (XGA) 0 U, 8 (X) € WM (X A). (8.2)

Proof. The composition of the operators is expressed with the help of pullbacks and
pushforwards. We let 7p, 7g, mc : X2 — X2 be the maps

mr(u,v,w) = (w), ws(u,v,w) = (v,w), wc(u,v,w)= (u,w).

Further, we define the manifold X; by blowing up Y2 in X3 first (“the origin”), and
then blowing up the submanifolds coming from the codimension two corners of X3, see

Figure 8.1, which is taken from [10].

Then, 7py, msp, Tcp denote the maps 7, mg, mc expressed in the polar coordinates of

X g’ and X b2' Then, we can express the composition of M and A with Schwartz kernels

71



Chapter 8. Resolvents in the full b-Calculus 72

Ky and K4 by:

v A = (mep)« (T v T Knms K a) (8.3)

M3

Blow up .
corner first / —

Blow up
axes next

FicURE 8.1: The blowup space Xg’

We assume A € U "X A), M € \Ifb_oo’g(X). We decompose A into two parts,
A = Aj + A, where the kernel of A; is supported around the diagonal A, and the kernel
of A has support away from Ay.

For the composition M A1, we choose a coordinate neighborhood, such that:
XP 2 X2 xRy, 7py(Ap) 2 XZ x {0}y, (8.4)

where 7o p(p,u) = p and 7gp(p,u) = p for all (p,u) € X x R,. Further, ThuP = PPIb;
where pyp, is a boundary defining function for Ib of X?. Let X? = [0,1), x [-1, 1],, where
Ib={y=—1} and rb = {y = 1}.

We begin with M A;. We obtain:
TOWVTEp kMg kA, = m(ﬂplb,y)/eiu.gal(l)“/\m, §) €| dulvy. (8.5)
Now, since mc(p, u) = p, we have:

vkara, = (o)« (mep) vk pka,) = m(ppw, y)ar (oA, p, 0)|dulvy/

= C(p#)\’ P5 Plb, Z/)VVI,

where C(\, p, piw,y) = m(ppw, y)ai(z* A, p,0)|du|. Now the asymptotic properties for
C(\, p, piw,y) follow, since m(ppp,y) has asymptotic expansions at y = —1 and y = 1
with index sets Ey, and E,, and at p = 0 with index set Ey;.

For the composition M Ay we assume that w7, WV TEpkMTg ka, is supported near the
intersection of mb, ff and Fb of X}. In this region of X; we use the coordinates

(s,t,2"), where s = x/2” and t = 2’ /z. In these coordinates, ¢, and g, map near lb
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in X7 and in terms of local coordinates (s,z’) near Ib of X7, with s = x/2’, are given
by:
ﬂg}b(s,t,x”) = (st,a"); Top(s, t, ") = (s,2"). (8.6)

Now, 7, maps near rb in X7, and in the local coordinates (z,t) with ¢t = 2//z near rb
on Xf, we have:
(s, t,a") = (sa”,t). (8.7)

Near rb in X7, we can write Ky = M (x,t)|d2’ /2’|, where M (z,t) admits asymptotic
expansions at x = 0 and ¢ = 0 with index sets E;y and E,;. Near [b in XI?, we can
write Ka, = Ag(r,s,v")|d2’ /2’|, where r = A™1/% and o' = 2//r, and where Ay (r, s, ')
has expansions at r = 0, s = 0, v = 0 and v’ = oo, with index sets Fy; = Ny, fi, = 0,
E¢y =Ny and Fy; = (). We obtain:

oV T K mms  Ka, = M (sz”,t)As(r, st, x'//r)\WL (8.8)
Therefore:
VEpa = (m0)e (m iy Kngmh K ay) = / M(sz' ) Ao(r, st, 2’ /7«)% - \dzii”/\
= Bl s, 0) 2

where B(r,s,v') = [ M(srv',t)As(r, st,v’)dt/t with ' = 2//r. Then the asymptotic
properties of M and As imply that B has asymptotic expansions at r =0, s =0, v’ =0
and v' = oo with index sets No, Ey, Efy and .

The calculations for the remaining five regions of intersections on X E can be computed

similarly, for further details see e.g. the proof of Proposition 4.2. of [20]. O

For the sake of completeness we give here the definitFion of two classes of smoothing
operators with bounds which are needed in the construction of the resolvent, they are
Definition 3.9. and Definition 3.11. of [10]:

Definition 8.1.2. Let N € N and d > 0. For m € N we define \IIT;?R;“(X;A) as the
space of those parameter-dependent operators A(N) whose Schwartz kernel Ky is of

the form k(xtX, q) - m" with k(X, q) satisfying the following properties:

(a) For some ¢ > 0, xl_N“_gxr_N“_gk is a symbol in L°(A x X?) having a partial
expansion at the face A x ff with index set Ng of order Nu+¢. Again, p; and p,

are boundary defining functions for Ib and b in X2,
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(b) For each N' < N,

N'—1
EA ) = > A7 (@) + AN Ev (M ),
j=m

where f; € AgNud—jd(Xg): with € = (0,0,Ny), and kn satisfies (a) with Np
replaced by 2N — N'u. If m > N, then we disregard the summation and require
instead k(\, q) = A Nkn (), q), where ky satisfies (a).

Definition 8.1.3. Let £ = (Ep, En, Eff, Eyi) be an index family for T,,. Then we define

\I/]_VOO’“’g(X; A) as those parameter dependent operators A(\) that have a Schwartz kernel

of the form Kan =k - w', where k is a symbol on T,, of order Ny at bi, that satisfies:
o Given o € C*(T,) supported near fi, pk is in A}S\’u% for some € > 0.

o Given ¢ € C*(T,) supported away from fi, 1k is the kernel of a parameter

dependent operator in U "y"(X; A).

For the construction of resolvents in the full calculus, we assume that the following
composition result of operators in the full b-calculus with operators which are contained
in the calculus with bounds is true. However, we leave the proof of this lemma open:
Lemma 8.1.4. Let m, N € Ny, and & = (Ey, Eyp, Eff) be an index family for X?.

T, % (X) 0 0, 2 (X) € U8 (X). (8.9)

The following Lemma is Proposition 5.5. of [19]:
Lemma 8.1.5. Let £ = (Ew, Evp, Efy, Ef;) and F = (Fy, Fyy, Fyry, Fy;) be two index
sets on Tyq. Provided that E,., + Fi > 0, we have

W ooHE (X5 A) o W oM (X5 A) C W 207 (X A).
where the index set G = EOF s defined by:

Giw = EwU(Ess + Fip);  Gry = (Epy + Frp)UF;
Grr= (Eff—l-Fff)U(Elb-i-Frb), and Gy = Ep; + Fy;.

This Lemma follows from Theorem 3.18. of [10]:
Lemma 8.1.6. Having an index set £ = (Ep, Evp, Eff, Ey;), the space \I/c_oo’“’g(X;A)

18 closed under composition with q/g’p’d(X; A), for instance,

WEPA(XA) 0 WM (M A) € W oHE (M A). (8.10)
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For the construction of resolvents of operators P € x_“\i’fj’g(X ), we assume that A
is parameter elliptic. From this we know that the resolvent of the model cone P, of
A exists. We make here an additional assumption on the structure of the model cone
operator which we were not able to prove:

Lemma 8.1.7. Let P € x*“\flg"g(X) be parameter elliptic on a sector A. Then for
X € A sufficiently large, (Py — A\)~! € (TP FH (YN A) + UM (YA A)). Here
F = (Fw, Frv, Fyy, Fy;) is an index family for Tg, such that Fiy > (o — p) + 5, Fry >
—(a—p)+ %5, Frp >0, F; = No.

Now we come to the central result of this chapter about the existence and structure of
resolvents in the full b calculus:

Theorem 8.1.8. Let P € « PV (X) with € = (Ew, Ew, Efg) with By > o + 2,
Eyp > —a— 5 and Eyy = Ng be parameter elliptic in the sense of Definition 6.1.4 with

respect to «.

Then, for \ sufficiently large in A, (P — X))~ = F + G, where F € atU (X N),
G e :E“\IJC_OO’”’Q, with G = (G, Gy, Gy, Gyi). Here G is a index family for Tq, such
thatGlb>Oé—/,L—%, Gy > —(oz—,u—%), Grr >0, Gy = Ny

Proof. First, by the definition of \ilff’g(X), we can write P = A+M+G, here A € U}/(X),
M e \I’;Oo’g(X) and G € U~ Fw:Er) (X)), Next, we can summarize N = M + G, where
N e \Ilb_oo’g/, with & = (Ey, Eb, Ejp + Eyp), this follows from the push forward Lemma,
see e.g. [12] for details. Therefore, we can assume that we have P = A 4+ N, with
N € 271U, *%(M) with € = (Ey, Enp, Efs) such that By > a + 2, By > —a — 1,
Ef; > 0.

Gil and Loya construct in the proof of Theorem 4.11. in [10] a resolvent (A — \)~! for
the case that A € = #W|'(M). There, they invert (A— ) first up to a regularizing term.
Precisely, they construct an inverse Bg(\) € W,/ "*(M;A) + \I/;f\,o’”(M;A), such that
(A — )) can be inverted up to an error S3(A) € \Il]_\,oo’g(M; A), for G = (0,0, Ny, Np):

(A— Nz"Bs(\) = I — S5(\).

In our case, we want to invert P — A. Since P = A 4+ N, where N is smoothing on the

diagonal, we replace A by P = A+ N in the above equation, obtaining:
(A+ N —XN)z'Bs(\) =T — S5(\).

Here, S4(\) = S3(\) + Na#Bs(\).
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To describe the composition Nx#B3z(A), we first observe that for & = (Ep, En, Eff),
it holds that == #¥,(X)~€xn ¢ W, ¢ (X) with & = (Ep — pt, Evp + 1, Eys). Con-
sequently, using the composition results of Lemma 8.1.1 and Lemma 8.1.4, we obtain
that Na#Bz(\) € U7 (X)), with F = (Ey — p, Enp + pt, Ef s, F; = No). Therefore we
obtain that S4(\) € W59,

Now, one can use the resolvent of the model cone operator (P, —A)~!, which exists on A
due to our assumptions on P, to obtain an error term which decays in first order A and
can be inverted within the calculus. See the proof of Theorem 6.3. in [19] for details.

In the end one obtains as result:
(P — )\)_1 € W HTHE(XA) + x“\l’c_oo’“’g(X; A),

where G = (G, Gy, Gy, Gy;) is an index family for 7,, such that Gy > o — p+ 3,
Gry > —(v—p) — %, Ggp > 0 and Gy; = No.
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H®° Calculus

Definition 9.0.9. We denote by A = A(0) the complex sector:
AO) ={\ e C]| |argA| > 6},

with 0 < 6§ < 7.

Let A be a closed, densely defined operator:
A:D(A)C F = F,

in a Banach space F'.

Definition 9.0.10. We call such an operator A sectorial, if

e The spectrum of A has empty intersection with A\{0}

Im{z}

Re{z}

FIGURE 9.1: The path of integration along the complex sector A

7

(9.1)
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o XA —=A)" Yy is uniformly bounded for large A € A.

By H = H(#) we denote the space of all holomorphic functions C\A — C for which
IO < e(JA]° 4 [A|7%) ! for some § > 0 and ¢ > 0.

If A is sectorial, we can define with C = 0A:

F(A) = QLM /f()\)(A “ A ldN for f e H. 9.2)
C

The second condition for sectoriality yields the absolute convergence of (9.2) with respect

to the operator norm on L(F').

We define for an operator A acting as an unbounded operator on ’H%a_” (X):
Definition 9.0.11. We say that an unbounded operator A on Hy* " (X) with domain
D(Hy* (X)) admits H>® Calculus with respect to 0, if f(A) being defined by equation
(9.2) defines a bounded operator on Hy“ " (X), and we have, that:

”f(A)HL(H;va—#(X)) < ¢ I fllo Vfe€H. (9.3)

9.1 H®* Calculus for Cone Pseudodifferential Operators

Theorem 9.1.1. Let P € m*”\i/fj’g(X) be an operator in the full b-Calculus which is
parameter elliptic. Due to Theorem 8.1.8, we can use the Resolvent of P to define f(P)
using 9.2. Further, P admits H* Calculus in the sense of Definition 9.0.11.

It holds, that (A — )~ € L(L}(X), 2" H} (X)) is uniformly bounded in \ if and only if
104 = )Ml gza ey = OUA™) as 1A] = oo,

This shows, that the condition on A to be sectorial is already sufficient to define f(A)
of A via the Dunford Integral (9.2).

9.2 The Proof of Theorem 9.1.1

If we want to estimate (9.2), we can use the results of Theorem 8.1.8, to write (A—\)~! as
(A= X"t =Q(\) + R(A) with Q(\) € 2t #*(X; A) and R(\) € 2/, "9 (X; A).
We obtain for f(A):
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) = o [ OV 2
C
— o [ W@+ 5 [ 1) ROvix
C C
=: Qg+ Ry. (9.4)

If we want to obtain estimates on Hf(A)HHs,aw(YA) as defined in (9.6), we have to take
P
estimates on ||(A — A)_1||Hs,a—p(y/\). In our case of a cone elliptic pseudodifferential
P

operator, the structure of (A — \)~! is described in Theorem 8.1.8.

The following lemma helps us to simplify the estimates:

Lemma 9.2.1. Estimating ||(A — )\)_1||H0,a—u(y/\) for a cone elliptic pseudodifferential
P

operator, we can assume without loss of generality, that a — u = 0.

Proof. Taking coordinates (z,y),z € Ry,y € Y, the multiplication with ® induces an

isomorphism between Hjy 7 (Y") and Hy T (Y1).

Hence, we have an equivalence of the norms:

1A = N llgggainyny ~ 2T (A = X2 @10y (9-5)

)
Now we decompose f(A) into Q¢ and Ry as described in (9.4). We prove the Lemma
for both parts separately:

Estimates on (Qy:

Let Q € aMW " "HH(X;A). Then, if we take p € C°(X2\Ap), we have rapid decay
of the integral kernel kg towards Ib and rb. Taking local coordinates z’, % on rb, a
look at (9.5) reveals, that a change of the weight corresponds to a multiplication of the
integral kernel with powers of (%) This leaves the property of rapid decay towards lb
and rb invariant and is a multiplication by a bounded function away from rb and [b since

 is compactly supported.

If we take ¢ € C°(X?) with compact support around the diagonal but away from b
and rb, then the multiplication with % corresponds just to the multiplication with a

compactly supported function.

Estimates on Rj:
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Having R € /W, °"9(X; A), we realize that the asymptotic behavior of R is described
by the index sets:
g = (Glba GTba fo7 szy Gbi)7

where Gy, > a — pu— 5,Gry > —(a — p) + 5,Gyr > 0,Gp = N and Gy = 0.

As local coordinates near rb, we can choose the set (z, %’) Then the transition from
HOH=2(X) to HOO(X) can be expressed by multiplying the kernel with (%)O‘_“. While
this leaves the bounds for the index sets Gy, Gy; and Gy, invariant, it changes the
bounds on the asymptotic for Gy, and Gy, from Gy, > o — p— §,Gry > —( —p) + 5
to Glb>_%7GTb> %) ]

The Dunford integral (9.2) as well as the corresponding estimates for H* (9.3) can be
computed separately for the integrals QQ; and Ry.
We consider the integral:

1
2

Q / F) Q. (9.6)
C

where Q(\) € x#W W THH (X A).

We know that 0X =Y and X = [0,1) x Y close to dX. Now let U = [0,1), x R}~ be

a coordinate patch on X near Y. It follows that X2 = [0, 1)?33 1) X R;“l X ]RZ,_l, where

(«/,y') are local coordinates for the right factor of /2.

It follows that locally:

X3 =[[0,1)%(0,0)] x Rp~! x Rl (9.7)

Working through the construction of the resolvent of A in the proof of Theorem 4.11
in [10], it can be seen, that only the leading order contribution of Q(\) is an operator
contained in z#W, """ (X; A), while the lower order contributions can be summarized

into an operator which is contained in x#W—H#~LT2E( X A).

Our strategy to prove the H> Calculus estimate for Q¢ will be to write Q(\) as:

QA) = Q1(A) + Q2(X), (9.8)
where Q1 () € z# WM (X A), Qa(N) € ahT—H—L=2mm(X; A).

This leads to a further decomposition of Qs being defined for Q(\) into

Qr =Q1,5+ Q2. (9.9)
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We will prove the desired H* Calculus estimate for the concrete form of @Q1(\) as

defined in the construction of the resolvent in [10], as well as for a general operator of
class W H L2l (X A).

9.2.1 Estimates for the Terms of Lower Order

Recall that Y = R, x Y. Using a partition of unity on Y, we can assume Y = R"~!,
hence Y = R x R""!. The H* Calculus estimate (9.3) for Q2 ; follows from the
following lemma:

Lemma 9.2.2. Let P(\) € 2t # b 200R . x R A).

We define the operator Py by:

P = / FON) P(A)dA. (9.10)

Then Py acts as a bounded operator on Hg’O(X) and its operator norm satisfies the

estimate:
I [ £ PO gy < ol (9.11)
C

Proof. Since X is a compact manifold, as well as X2, we can cover Xg with a finite

number of coordinate patches and a subordinate partition of unity ¢;, i € {1,...k}.
We simplify the problem in several steps:

e As long as the kernel of P()) is supported away from 8X5, there exist cut-off
functions wy, wsy, such that P(A) = (1 —w1)P(A)(1 — we). Therefore, we have that
P() is just an ordinary pseudodifferential operator with parameter, the result

follows in this case by the standard theory.

e Therefore, we have reduced the proof to the case where the kernel of P()) is

supported in a collar neighborhood of 0.X 5.
We distinguish here between two different cases:
1. A coordinate patch supported on Xg\Ab,

2. A coordinate patch supported in a neighborhood of ff(X I?) N Ay, but away

from rb and [b.

We begin with a remark which applies to both cases:
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Let H?,”(YA) be the weighted Sobolev spaces modeled over Y. Since we can assume
the kernel of P(z) to be supported close to ff(X?), we can choose cut-off functions
wi,ws € C°([0,1)), such that P(z) = wiP(\)ws. Now, the multiplication with any
cut-off function w € C2°([0,1)) induces continuous operators Hy”(X) — Hp” (Y") and
Hy (YN) — Hy"(X) . Therefore it suffices to prove the corresponding estimates with

respect to the || - norm, which we denote from here on by | - ||,.

g )
1. Integral kernel supported away from the diagonal:
Choosing ¢ € C®(XZ\Ap), we have by by Definition 7.4.1, that ¢P()\) can be

represented by a Schwartz kernel of the form k(ptA, q) with A € A, ¢ € Xl? and p

being a distance function for ff in X g.

Let us assume that we have a coordinate patch in a neighborhood of rb with
possible intersection of ff but disjoint from [b. In this case, we can choose local
coordinates (z, s,y,1y’) with s = %’ Then a distance function for ff is given by .

Therefore, in local coordinates, suppressing the coordinate dependence on , 3/’

m(s,z)V = xt / eKppydA = ot / k(z#X, s,x)d\ V. (9.12)
C C
We have to show that m(s,z) satisfies the properties of operators in ¥9(X) as
described in 7.3.2.
By definition of W, # " 5"2"# the kernel k(z, s,z) is of rapid decay on b, that is
for s — 0, is smooth in z up to zero and is such that if we define:

l%(z, s,x) =2 2 k(271 s, ),

then k(z,s,z) is smooth in z = 0. From this and since z varies in a bounded

subset, we can conclude that |k(z# )\, s, z)| is bounded from above by:

(14 [z#A) "2 k(s), (9.13)

where k(s) is a smooth function of s and with rapid decay for s — 0. The esti-
mate (9.13) immediately implies that the defining integral for m(s,z) in (9.12) is
absolutely converging and therefore gives smoothness of m(s,x) in the interior of

X g as well as rapid decay for s — 0, that is on rb.

Here, (9.13) allows us to estimate:
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jm(s, )] < o /C PO + 22 A) "2\ K (s).

Integrating along C as in Figure 9.1, |m(s, x)| is trivially bounded along the inner
arch, therefore it is enough to estimate the integral along the two rays we*®, for
w € [1,00). We treat here the case of wet? the estimate along the second ray

works analogous.

We have to estimate:

i /OO 1F oo (1 + 2#w) "2 dw k(s),
1

which can be evaluated explicitly, giving:

m(s,2)] < 112

S 10 (5) < [1Fllook(s)- (9.14)

Therefore we can conclude that |m(s,z)| is bounded up to x — 0 and of rapid

decay in s for s — 0.

The calculations for 1b work completely analogous as the ones on rb done above,

yielding the same type of estimates.

Now we apply the integral kernel (9.12) to a distribution. Here, since the support
of ¢ is a coordinate patch which is supported around rb, it holds that m(s,x) is

xl

supported right to the diagonal, that is ' < x on supp(m(s,z)) for s = =

Then we obtain with help of the estimate (9.14) with respect to (|| - [|;,0.0)?, using
D
that m is of rapid decay in (Z) for each N € Ny:

T

[ee} o0 / d/ " d
1w e et
0 0 T x

X

o0 xT :L'/N /dx/ n dl’
< - P P
—'/0 \/0 1 lloe () ua') =P o

x

71 1oty el a2 D
0 0
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We use the following Hardy inequality (cf. [37], Lemma 3.14, page 196), assuming

that N > 3:
00 t p 0o
/ / g(syds | = rar < (D / (B dt, (9.15)
0 0 0

we arrive at:

o0 o0 ! d / " d 1 p 00 . d
1w o S < i (5 ) [ p e
(9.16)

2. Integral kernel supported around the diagonal:

We choose for a subset U C Ry x R*™! an explicit set of local coordinates on X g

around Ay N ff, but away from lb and rb by:
X2 =UxR?, where (z,y) € Uand w = (log(z'/z),y —y), (9.17)

with 2,2’ € [0,1) and g,y € R"~L,

Using this set of local coordinates around Ay N f f, a possible boundary defining
function is given by p =z € [0, 1).

On the chosen coordinate patch U and set of coordinates, we have that A, = Ux{0}
and p € C(U x R™), and there exists a smooth mapping (z,y) — a(z,y,&, )

with values in ST_C‘{_L_QM’“(R"; A), such that:

SOKP()\) = /eiw{p(l‘a Y, ¢, x#)‘) dg - m/. (918)
We define:
pr(e.&) =" [ FN)pl € s (9.19)
C

By exchanging the orders of integration in (9.10), we see that if K, (v, y,w) defines
the integral kernel of the operator (9.10), then it holds, that:

oKy, (2, y,w) = / ¢ (2,1, €) dE. (9.20)

Our aim is now to prove that the symbol p¢(x,y, &) is a symbol which is associated

to an operator W9(X) as specified in Equation (7.3.2).

For this, we have to show that the mapping (z,y) — ps(x,y,&) defines a smooth
mapping into S°(R™). Further, to prove H* Calculus for o f(P), we compute the



Chapter 9. H Infinity Calculus 85

boundedness of the corresponding seminorms, i.e. we check, that:

108 (202)* 0 ps (2,5, €) (1 flloc)HE)®, (9.21)

is uniformly bounded for = € [0,1),y € R™ and f € H(f) and for all k, 3.

Since we have that 28, z# = p 2", we obtain for an arbitrary p € WHP<:

20p(x,y, &, oM N) = (20,p) (2, y, &, 2" X) + pat (Aoap) (z,y, &, 2H ). (9.22)

Now the first summand in the above expression for zd,p(z,y,§,x*\) is clearly

contained in the same symbol class as p(z,y,&, z#)), and since |A| is bounded
1

from above by (14 [£|+]|A|#)*, also the second summand satisfies the same symbol

estimates as p(z,y, £, 2" )\).

Therefore, by differentiating p, under the integral, proving the estimate (9.21)
reduces to the proof in the case of 3 =0, kK = 0.

‘We obtain:

02ps(e,0,6) < ot / FO)]108a(z, g, £, 2" ) dA

IN

C
o / FOICa L+ €110 (14 (€] + 2 [AY) 2

pn—1
(1+1€]) ~
L4 [€] + [ A[L/m) 2

C
_ eylelo
(&)1l C/ SO,

We can use, that on the path C, |f())| is bounded from above by || f||oo, hence:

~ 1 p—=1
921 €)] < €)1 Il [ a0z
C
At this point we substitute w = x*\, to obtain:
la 14 |€))r—T
e N e
C
< ()70 [ £l / (1+ €] + Jw]V#) o
C
< (O7IC Sl [ (@l (9.24)

C
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Since a(z,y, &, %)) is the symbol for the integral kernel © K4,(n), where ¢ is
compactly supported, we can assume without loss of generality that z# < 1 and

replace z# C by C:

0290, 6) < () 71C0 |1l / (1+ w7y ldw.  (9.25)
C

Now the desired estimate follows, since [ (1 + |w|'/#) #~ldw < oco.
C

9.2.2 Estimates on the Terms of Leading Order

In the proof of Theorem 4.11 in [10] it is shown that the highest order contribution to

Q(A) arises from an operator @1(\), whose integral kernel is defined as follows:

First a,, is defined as:

qu(@,y,6,0) = x(&)(au(z, y,§) — z*X) 7, (9.26)

with (z,y) € U = [0,¢) xR" L. Then choose coordinates (x,y, w) with w = (log(x'/z),y' —

y) on X7 near A,. Further choose ¢ € C°(U), ¢(w) € C°(R™) with ¢(w) =1 on a
neighborhood of w = 0 and define:

Koy = (@ 5)$(w) / ¢ (€ N) dE -, (9.27)

where m’ = |(dz/z)dy].

Then, K¢, () defines the integral kernel of Q1()), the highest order contribution for the
resolvent part Q(\).

If we assign the Dunford integral to the kernel K¢, (1) to Q1(A) to compute (Q1)., then

we see by exchanging the orders of integration that (Q1). is a conormal distribution
with symbol 2% [ f(M)e (@', 4 )¢ (w)x(€)(ap(@,y, §) — a#X) " dA.
C

Lemma 9.2.3. We define:

x:u

(@) (2,9,6) = /f(/\)SO(x,y)w(w)x(€)(au($7y7§) —aX) 7. (9.28)

211
C

Then, (q1)f defines a classical symbol of order zero and the symbol estimates for (q1);

are uniform in || f|ls. In particular:
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Q111 e x)) = pllF oo (9.29)

Proof. First we subsitute w = 2\ in (9.28), we obtain:

(@) (@,9.6) = = / Fla ), 1) () x (€)@, y,€) — w) " Ldw.

21
C

Now, since a,(z,y,§) is the positively homogenous principal symbol of A, we have that

spec(au(x,y,£)) C Q¢, where:
Qe = {A e C\A | ar[€]" < [A] < epf€]}- (9.30)

Further we define q_,(z,y,&,A) by q—u(,y,& N) == x(&)(au(z,y,€) — A)~L. Then it is
easy to see that ¢_,(x,y,& ) € STHTHH(R™; A). Therefore we have that:

1(9e)*qp] < cal€) 11+ |&] + [A[1) " (9.31)

for each multi index « € N'g .

Now we want to estimate:

@0 (@)] = 100" 5 [ Fla )l )b (wx(Oan(e &) —w) Mol (932

C

Since the integrand is holomorphic outside of €)¢, we can change by Cauchy’s theorem
the integral path from C to Y (§) = 0, see figure 9.2. Further, ¢(z,y)y(w) is smooth
and compactly supported, hence bounded by a constant and f can be estimated on C

by || f|lcc- We obtain:

1(0e)*(q)] < ¢l flloo / |(0)*q—pu(, y, )l dw (9.33)
()
Now, using the symbol estimates for S™H~H#(R™; A):

100" (@)] < cllfllse [ 1Ca (€)™ (1 4 [¢] + AIF)™#|dw. (9.34)
T(£)

® =

On Y(€) we can estimate (1 + |€] + [A#)# < (1+ |¢] + (c1)
d > 0.

€)™ < d(§)™" for a

We obtain:
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Im{z}

Re{z}

FIGURE 9.2: The path T(¢)

(0e)*(q1)] < el flls / Ca (€)™ (§) H|dw < cCo || flloc (€)™ (§) ™" length(T(€)).
()
(9.35)

Here we can estimate length(Y(€)) < (244m)c2(§)*, thus we arrive at the desired symbol
estimate for (¢1)¢, with ¢, :=cCqo ¢’ (2 + 4m)ca:

[(02)*(q1)| < Ca [lflloo (€)™ (9.36)

9.2.3 Estimates on the Residual Operators
Let the model cone be:

Y™ =1[0,00) x Y, (9.37)
and choose local coordinates (x,y) on Y with z € [0,00), y €Y.

We can introduce weighted Sobolev spaces p®H,*(Y") over Y in the same way as over

B. Choosing functions ¢ € C°(7y), we can distinguish between two cases:
1. ¢ having disjoint support with ff: In this case, ¢ R(\) is of rapid decay for |A\| — oc.

2. @ being supported in a neighborhood of ff.
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In this case there exist cut-off functions w,w’ € C§°(X) such that w,w’ = 1 near

Y = 0X and compactly supported in a neighborhood of Y, such that
R(\) = wR(\)w'. (9.38)

Using that a cut off functions w,w’ with compact support in a neighborhood of
x = 0, x being a distance function for X on X, multiplication with w induces
continuous maps w : H,*(Y") — H,P(X) resp. ' : HP(X) — HP(Y").

Therefore, we can estimate Ry equivalently with respect to || - |]H§,p(y A)-

Therefore it suffices to prove H* Calculus with respect to the Hg’O(YA) norm for a
kernel which is supported on T3(Y”) acting on distributions over Y. Let (z,y), (z/,9') €
R, x R* ! such that coordinates on (Y”)? can be expressed locally by (z,y,2’,3). To
shorten notation, we suppress the integration along Y,Y”. Then, we work with residual

operators having kernels which are defined on 7y, such that:

B:Tg— Agx YN x YN, (9.39)

We choose a cut-off function y, such that we have the blowdown-map:

(1 ifzeo]
x{w) = { 0 ifze(l,00) (9.40)

which is explicitly constructed in the Appendix in (B.8).

Our aim is to construct a partition of unity which is defined on 7; which allows us to
treat the singular behavior of the integral kernel of B(\) towards the boundary faces of
T4 separately.

We begin with an explicit construction of a partition of unity which is defined on Ay:

i = (D) 2 + ()
) ) D) xS
= K1 + K2 + K3 + K4. (941)

We lift the four functions x;, 7 € N to Tg:

We consider a blowdown map £, and define the lift of (9.41) to Ty by:

B*(id) = B*(k1) + B (k2) + " (k3) + 57 (Ka). (9.42)
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The index set G which is associated to R(\) captures the asymptotic behavior of the
integral kernel Kp(y). Now, since R(\) € x“\IJEOO’”’g(X; A), we have an integral kernel of
R()) which is defined on 7;. Hence, the action of R(\) on distributions can be expressed
by:

RO\t = T (7, ()75, (0) K. (9.43)

where Kp = km’ with k € A%(Ty).

In (9.43), the product 77, (u)73,(v) Kp(y lives on Tg, while the pull-back 5*(id) of the
identity is the identity on 7;. Hence, we can insert (9.42) into (9.43), to split the action

of R(\) on distributions into four disjoint components:

Ju = Z”Qb* (i) T1p(w) 75 (V) KR())- (9.44)

Our strategy to prove the estimate (9.3) for Ry will be as follows: We decompose
(9.43) by inserting a partition of unity. Then we treat the four components obtained in
(9.44) separately and perform the occurring calculations in local coordinates which are
expressed by appropriate distance functions to the boundary hypersurfaces which are

contained in the regions ;, ¢ € {1,...,4}.

We denote by Kp(y) the integral kernel of R()). Then Kp(\) = kw’ with k € A*(Ty),
where £ = (Glb,Grb,fov Gﬁ,@)-

Part 1:

Now, if we denote the Dunford integral of R()) in the sense of (9.2) with respect to f

as Ry, we can compute Ryu as:
Ryu(a / / FO e kL (e auga) 2
We use, that r = ])\]_i and substitute \ = pt e'f:
/J‘"(A)dA = pe' 7f(p“e”)p“‘1dp- (9.45)
C 1

Hence,

I d !
Ryula / e / £ e 2 ko, S x(pen (D)o dputa!) 2
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As p € [1,00) it is clear, that x(px) is nonzero only for € [0, 1] and further p € [1,271):

i i dx’
Rsu(x /,uee/f (pte®yat k(p~ !, p, —) ( )“1dpu( )$l.
Evaluating X(%’), we obtain:
x z~1
i0 i0 -1 a' i NG
Ryu(w) = x(2) [ pe® [ f(p*e®)a" k(p™", px,—)p" " dpu(z’)—. (9.46)
0 1
We proceed to find an estimate for (||Rfu||Hg,o)p:
(IRsullypo)” = [ |Rpu(z)p o0 & (9.47)
f 1Y f o .
We insert the expression which we obtained for Ryu:
x T 1
- 4 1 a de’ | n, dx
_ 10 10 —1 / n
(Rsulgo) = [1 [ e [ ek pe, D)o apute!) Sopatn
0 0 1
1 =z T 1 , q q
< o PP M E(= T i pa2p 4
< [(fu [ 181 0 o D ldplute) T S
0 0

(9.48)

At this point, we note that it follows from the fact that the integral kernel k has asymp-
totic expansions with index sets satisfying the estimates as stated in the Appendix, that
is:

1 xl xl /

oo D) < D™ Y (). (o). (5) € (0.1] (9.49)

And plug this into (9.48), to arrive at:

HRfu\p<//clu/ 1 el "dp 2= 2 fu(a)] (o) Sy 2.

Evaluating the integral along p, we obtain:

1 x
_ _ n dz
IRpull2 < 17127 / ( / (1 — 22~ (") Su(a!)|da' ) 2.

0 O
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Since (1 — z#) < 1, we obtain:
H&W%@%ﬂwﬁ/QQWWMMWﬁMWfP%m (9.50)
0 0

We can use the following Hardy inequality (cf. [37], Lemma 3.14, page 196):

0 t p 0

/ /g(s)ds t=1rde < (p)p/g(t)Ptp”dt, (9.51)
T

0 0 0

to estimate:

H&W%()WWW/mywwﬂl%mm

WWWﬂuWW (9.52)

We obtain:
1
HRqupoo < |1 flI% ( )p01IIUHpoo (9.53)
Part 2:

Using the usual procedure of pull-backs and push-forwards, it is straightforward to show,

that:

oz x dx’
Ryu(e //f Natk(r, =, O S)aru() (9.54)
The corresponding estimates can be obtained analogously to the estimates for Part 1.

Part 3:

Using the usual procedures of pull-backs and push-forwards, we obtain as expression for
Ryu:

&\ﬁ

Rypu(z //f e k(x %) (7) (i)dAu(m')CZ”,/, (9.55)

1
with r = |A| " ».

We use (9.45) to evaluate (9.55) along C:
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ToT 1 2 1 ! dz’

_ i0 1 0t l I (E)ptd N—- 9.56

Ryu() = [ e [ £ )t o D oon o dpula) S (050

0 1
roT 1 2 1 dz’

— 0 w10y . il n—1 /
/ue /f(p e”)x k‘(px, x,fv)x(m)p dpu(a’) (9.57)
0 1

We go on to evaluate (||Ryull,0.0)P:
P

(1R sull0)” < / / / et e 6 ) dpute!) e e 2.

Defining;:
T 1 o 1 da’ d
— -1 €z X n, AT
o= [ [ Ul I o) St S 058)
0 0 1
and
T 1 o dz' . n dz
= m L |k = d Pyl — 59
//u/llflloop o b () et L (0.5)
1 1
we can split the above integral in two parts, which gives us:
(||RquHg,o)p <Ii+1I. (9.60)

Now, since we have that z < 1 on I; and x > 1 on I, this allows us to evaluate X(pix)
on both integrals and two estimate them separately: in both integrals, we have the same
bound for |k(7: 2 2):

’ x?

x 1y, & in 1. 2
— < (— Z)Ete —), (— 1, N . .61
Zols (v Eie v Gyeb ) NeN (@6

1

k
Lo

We choose N = p in 9.61.

e Estimate for I;:

Evaluating X(pix) in I, we have:

1

// /Hf! o lxﬂ|k( —a:)|dpu( )Cf,)pxgpdg, (9.62)

0
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Using the kernel estimate 9.61 gives:

1 p
. ng da') do
go/ / /Hfll ot (L (D) Cudput!) ()F 5 | &
1 p
:/ / /Hf\loop tdpa'* e Cs u(a') (2f) % da %x'
0

We obtain, if we evaluate the above integral along p, defining r3 %:

1 T p
x
0
T p
= (/{3)p/$—1—p6 /:17'8_1 w(z') ()2 do’ | da
0 0
00 T p

< (k3)? / g lre / ) ()2 dat | da. (9.63)

0 0

At this point we can use the modified Hardy inequality (9.51) to obtain:

o0

B < (o (2 [ ar rutapar o o0 da
P 0
— (F3yp P ﬂpdjz R3vp p 4
2 [utayat S = (2 ulf g (9.64)
0

e Estimate for Is:

Evaluating X(,%z) in Iy, we have:
x

TrT7 de' . d
= [ n 15l k( et (0
1 0 1

Using 9.61 gives with N = pu:

ror r —1—¢ —2e/,..1\e—1 / Ny /pdﬁ
<1/(0/M1/||f||oop dpa= (2 Cyu(a’) (¢/)F da/ P2 (9.66)

X
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Evaluating the integral along p, we obtain:

I < ()P / ( / 2 (@) ()| (o) & da! Pl
1 0

= (/{3)7)/x_l_pe(/x_a(x')5_1|u(x')|(x’)gdw')pd:z:. (9.67)
1

0

Again we can use the inequality (9.51), we obtain:

o0
I, < (’%)p/u(gc)pxpe—pxp—paxgp‘m
e x
0
r d
_ (3w p s _ (F3yp P 9.68
(2 [utop et = (Dl g (9.68
0

Part 4:

Using the usual procedure of pull-backs and push-forwards, we arrive as expression for
Ryu:
r dz’'

WX )du(a)

:L,I

&\\a

Rpu() = [ [ 1) b,
z C

which is evaluated equivalently to the expression in Part 3.

9.3 H®™ Calculus for Operators Acting on Higher Order

Spaces and Besov Spaces

At first, we generalize the H*° Calculus result of Theorem 9.1.1 to higher order Sobolev

spaces:

Theorem 9.3.1. Let Ag € x_“\I/g‘(X), w >0 be an operator mapping:
Ag 1T (X) = Hy*H(X), fors>0. (9.69)

Assume that Ag satisfies the requirements of Theorem 9.1.1. Then (As— X) is uniformly
bounded as an operator (As — \) : HptH*(X) — Hy*“ H(X). Therefore f(As) is well
defined in the sense of Equation 9.2. Further, f(As) admits H* Calculus as defined in
9.0.11 for s > 0.

The arguments are very similar to Theorem 3.3 in [25], therefore we keep the proof short:
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Proof. We begin by proving that (A; — A)~! is uniformly bounded in A. For s = 0 this
is part of Theorem 4.11 in [10]. For higher orders in s, we first restrict to integer s and

begin with s = 1.

Therefore, it suffices to show uniform boundedness of ||\ 20 (As=1 — A) ™ ul|0.4 Tesp.

A8y (As=1 — A) " Mull304 by ¢|lullggry+n for a c> 0.

In [10] the uniform boundedness is derived for s = 0 from the contributions to (A —\)~!
by (Ax — A)~! and By(\). There the boundedness of (A — A\)~! is derived from the &

—1. Now, if (A5 — A)~! is x homogeneous, the same is true

homogeneity of (Axr — \)
for [20,, (Arn — A) 7] as well as [9,;, (Ar — A)~']. Therefore boundedness of (A, — A)~*

follows for s = 1 and by iteration of the argument for arbitrary integer s.

The Kernel of By(A) from Theorem 4.11 in [10] is given by Kg () as defined in 9.27.
Again, using local coordinates around Ay, it can be checked by direct computations
similar to the ones in the proof of Theorem 3.3 in [25], that [x0,, Bo(\)] and [0, Bo(\)]
are of the same type as Bo()\). This together with the uniform boundedness on L? yields
uniform boundedness for s = 1 and again by iteration for integer s. Now the uniform

boundedness for s € R can be obtained by interpolation theory.

Therefore (Ag)? is well-defined via 9.2. We remember that (4s — A\)™1 = (4g — \) 7!
can be decomposed after equation 7.19 into contributions from x#W¥. " *#(X;A) and
2 M9 (XA,

Here it follows from Lemma 9.2.2 and Lemma 9.2.3, that the contribution of z# W, "~ #*(X; A)
to the Dunford integral defines a b pseudodifferential operator of order zero with the

desired symbol estimates. This gives the desired H* Calculus bounds for this term on
My (X).

Regarding the contribution of z#W; "9 (X; A) to the Dunford integral, we can again
refer to the H>® Calculus bounds on H%7, since an application of xd, resp. 8{, to
the Schwartz kernel of an operator in z#W_ " 9 (X;A) leaves its asymptotic structure

invariant. Iteration gives integer s, arbitrary s > 0 follows by interpolation. O

Lemma 9.3.2. The Besov spaces B, are obtained as real interpolation spaces of Sobolev
spaces by:

(HP (X)), 1 (X))po = B)7(X), s=0s1+(1—0)s2, (9.70)

Proof. Using the Definition 2.2.6 of the weighted Besov spaces, we see that the lemma
follows from the following interpolation result for the standard Besov spaces, which is

part of Theorem 6.2.4 of [2]:

(H HS )gq = BS, (1< p,g<00,0<6<1), (9.71)
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for s # s1, s = (1 —0)sp + Os1. d

We have the following corollary regarding the H°°-Calculus of operators acting on the

Besov spaces B, (X):

Corollary 9.3.3. We obtain by interpolation theory:

AN 1y < Cllflloo- (9.72)
B, 77 (X)

Proof. We choose here p e N, s1 = —1, 80 =0, v = % and 0 = %, we see that:

1.1 0,1 1-
H(X), Hp* (X))po = Bp

s =

[
s
N

This can be apphed to Lemma A.3.4 from the appendix. We can choose Xg = Yy =
Hp’ : , X1 =Y1=H, b2 . Since we have that:

< (oo} A —1,— S [o o} ]
1 (Al 2_%(X)_00Hf\| 1/ ( )”le’ b, cill 1l

we obtain from A.3.4:

A

< (coll flloe) 77 (er | llo0)
— () 7 (c1) 7 [|f]o-
—_——

=:C

1/ (A)]

1-11
B, P'%(x






Appendix A

Appendix A - Cone Calculus

A.1 Greens Formula

We have duality between H57 and H, >~ under the L? scalar product for the metric
g = da? + 2?h;;dy’ dy’, which has the functional determinant det(g) = h - 2™ in case of
a manifold of dimension n + 1, with h = det(h;;).

Because C2° is dense in H*7 for all s,y € R, we assume u,v € C°(D) in the proof of
the following identity.

Definition A.1.1. Let D be a n + 1 dimensional manifold with metric g. We consider
a general Differential operator P = Zlalﬁn aa D% of order n with smooth, real valued
coefficient functions a, € C*°(D,R). Then we define the adjoint P* of P as:

Pru= Y g 'D(J/gasu). (A1)

laf<n

We consider now a second order Differential Operator:

Py =Y aij(z,y)DiDj+ > bix,y) + c(x,y), (A.2)
4,7=0 =0

defined on a n 4+ 1 dimensional manifold with local coordinates z, 1, ..., y, and metric
gij- We denote the induced boundary metric by g;; and the functional determinants

with respect to g;;, respective g;; by g and g.

Due to boundary terms the expression:

<P2’LL, U>]D> - <u’ P2*U>Dv (A3)

99
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is non-vanishing. However, non vanishing terms appear only by partial integration along

the boundary directions, i.e. they enter only by terms of P» in which D,, is involved.

This means, that if we define:

n—1
-lf)2 = apnDp Dy + Z(am + anz)Dan + by Dy, (A4)
i=0
we have, that:
(Pyu, v)p — (u, P5v)p = (Pou, v)p — (u, Pyo)p. (A.5)

We compute now contributions from the relevant terms, i.e. the three summands of
b,. Performing the partial Integration under the scalar product, we have to evaluate
the functional determinant /g of g at the boundary, i.e. at y,—o. We define for this

restriction:
V9 =9, _o € CT(ID). (A.6)

Further, we define the restrictions a;,:

iy = Qin (T, Y1, - Yn) |, o € C(OD). (A7)

The leading term is of second order in D,,:

/(annDnDnu)v\/gdxdyl...dyn
D

= —i /(a,mDnu)dexdyl...dyn_l+/(Dnu)Dn(anv\/§)dy1...dyn

oD
— /\f /98 D)0 )/ gdzdy; ...dyn—1 +
oD

— /u(\/g_l(an(am\/ﬁ) + an\/g(Dnv))\/dedyl...dyn,l +

oD

+ / U\/gianDn(annv\/ﬁ) \/§dxdy1dyn

D

So we have:

{(GpnDpDypu, )y — (U, (@nnDnDp)*v)p
— i (VG /G Dtt, V) +
—i(u, VG (WD) + 2 /G(Dr0)) o (A.8)
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The next term one is:

n—1

/(Z(am + ani)D;Dyu)vy/gdzdy; ...dys,

1=0

D
n—1
= /Dnuz D;(v/9(ain + ani)v)dzdy; ...dy,
7 i=0

n—1
= —1 /UZ \/E_lDi(\/g(Qm +Qm)v)\/§dl‘dy1---dyn—1 +

op =0

n—1
+/UZ V9 ' DiDy(/9(ain + ani)v)/gdzdy;...dy,.

A —
We obtain:
n—1 n—1
() (ain + ani) DiDytt, v)p = (, (> (@in + ani) DiDn) )
i=0 i=0

n—1

= il v 8 DiValan + an)ow -

o1
—i(u, 3VG (/8@ + ) Div)on. (A.9)

=0

The last term is:

/ bp Dpuv/gdady;...dyy
D

_ / ubyo /GG V/adadyy..dy,_ +

oD
+/u¢§an(an\/§)\/§dl‘dy1dyn,
D
and so:
. ) — 1
(bn.Dyu, v)p — (u, (bnDn)*v)p = —i (u, bn\/g\/g V)aD- (A.10)

We summarize our results in the formula:

(Pou, v)p — {u, Pv)p = (Ap(u), p(v))on, (A.11)

apo Aol ’YO(U)
A= an u) = . A.
(alo Cln) ¢ o) (70(915Dnu)> (8.12)

with
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We obtain from (A.8), (A.9) and (A.10):
n—1 _1 _1
a0 = —i > (VG /9@ + @) Di =i\ /3G but
=0

n—1
iV Daltnn/3) — VG Y Dily /8@, + ), (A.13)
=0

and

. —1
g1 = 190 = —Iix a,m\/; \/g (A.14)

We note that agg is a first order differential operator with respect to x,y1, ..., yp—1with
smooth coefficients away from x = 0, while ag; and a1g are smooth functions away from
z = 0.

If we choose for the metric g = dz?+z2hy (z, 91, ..., yn), With hy = >oiim1 i (s s yn)dzidal,
then the induced metric § on the boundary is given by: § = dz? +x2izay (T, Y1y ooy Yn—1),
with

n—1 n—1

BaY = Z hl](yh 7yn71,0)dxldxj = Z ﬁz](yla ayn—l)du’ﬂldx]
i,j=1 i,j=1

Hence, we obtain:
Vi=2z""1/h. (A.15)

While it holds, that /g = 2"+/h, and so:

Vi =1"/h. (A.16)

We conclude, that \/5_1@ = z, and we use this to simplify the expressions for agg, ag;

and aio:
n—1 1
Goo = _ixZ(gin +an)Dl + ZI‘\/E Dn(gnn\/ﬁ)
=0
1 n—1
=0
and

apr = a9 = —1 x? [« (A.18)

We call the matrix A defined as in (A.12) greens matrix.

We give an explicit computation for the Greens Matrix for A.:
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A.1.1 Greens Matrix for the Laplacian

We want to compute in this section the entries of the Green’s matrix as defined for a

general second order differential operator P, in (A.12) for the case of P, = A..
If we take the general form of a second order differential operator in the notation used
in section A.1, we have:

n

2,7=0 1=0

To apply the results from A.1 to the Laplacian, we write A. in the notation of (2.16):
Using the (2.16) we have for v € H*":

Acf:—%(Dngrz’( )Dof + —— ZD (VREID; ). (A.20)

7]1

It follows, that:

1
app — —?, Aop, = AQpo — 0, (A.21)
1 ij .o
ajj = _ﬁh for 1 <i,j <n, (A.22)
and:
bo = ——(i(n — 1)) b-——iiin(\/ﬁhij) for 1< j<n (A.23)
0 — CCQ I J .I'Q \/E — 1 — ] — Y .
as well as:
c=0. (A.24)

While we denote the metric on Y by hy, the metric on Y will be denoted by hpy .
We denote the functional determinants of gp respective ggp by g and g§.

Lets denote the explicit expression of the Green’s matrix A as defined in (A.12) for
P2 = Ac by AA.

We obtain for its entries:

n—1
top = —i Z;(x(;(hm ) D z‘x(;\}ﬁmﬁhmw

VB Dy /B B S DR 1)

Z((hm + h"))D; + — \/E ZD ((R'™ 4+ h™))). (A.25)

zfl
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Note that we have used the fact ag, = ano in the expression above, so that the sum

starts at ¢ = 1 instead of 7 = 0.

We compute for ag; = ajg:

1
apr = ajp = —1i 962(—?@"")

= ih"m. (A.26)

A.2 Adjoint of the Trace Operator on Weighted Sobolev

Spaces

We want to compute the adjoint of 49. Again, we us the definition of h, h, h, g, g and

g as in section A.1.
We choose u € H*Y (D), v € HS_%”_%(&D)):

(o (1), v)op = / (u(z ', 0))o(z, ') v/Gdady’

oD

= /(u(az, y',0))v(z, y’):z:”_l \/zdxdy’

oD
- / (ule, o/, 0))o(a, o /dardy/
oD
- / (e, 9o)) (@ V- 0 y') © 6(yn))dady/dy”
D
- / (u(a, o/ ya)) @ - (2, y) © 8(yn)) 2"V dady/ dy™.
D =V9

Hence, if we define the operator ~; as:
A cu(a) = 7l (u(@) @ 6(yn))  for u € H(OD), (A.27)

we have:

(Fo(u); v)op = (u, %5 (v))p- (A.28)

We obtain as mapping properties of g by duality:

Fe L HI(OD) — HET 23 (D). (A.29)
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A.2.1 The Adjoint of Mellin Operators

LetY be an (n + 1) dimensional manifold. Let h € M{5(Y) be a Mellin symbol. It can
be checked by direct computation, using a shift in the integration variables, that the

adjoint M* of M = opj\/l(h) with respect to the L? scalar product is given by:

M* =op [ (h*(n+1—7%)). (A.30)

Here h* denotes the adjoint of the pseudodifferential operator h € Mg (Y).

This yields for a Mellin pseudodifferential operator F' of the form:
F =axz""op)(h"(n+1-72)), (A.31)
the following adjoint:

F* = op(h*(n+1-%))x*
= z Fop T (h(n+1—-2+p))
= a Fopy MW (n+1—p—32)). (A.32)

A.3 Interpolation of Weighted Sobolev Spaces

We give a few basic definitions and properties of real interpolation spaces. For details
see [39].

A.3.1 Basic Definitions and Results

Definition A.3.1. Let Xy, X1 be Banach spaces over K. Then the pair (Xo, X1) is called
admissible, if there is a Hausdorff topological vector space Z such that Xo, X1 — Z with

continuous embeddings.

Let (X, X1) be an admissible pair of Banach spaces.
Definition A.3.2. Fort >0, x € Xg + X1 let:

Kt = K(t,z: Xg, X1) = inf t .
(t,x) (t, x5 Xo, X1) BTN S zollx0 + tllz1llx,

Definition A.3.3. For 6 € (0,1),1 < p < oo we define the real interpolation space
(Xo, X1)g,p as:

(Xo,Xl)g’p = {I‘ € Xo+ X1 <I>97p(K(-,x)) < OO},
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where
@ (K (- 2)) = 1K (2] o (0 oy )

We endow (Xo, X1)gp with the norm ||z|lg,p := ®g (K (-, x)).

The following lemma can be found in 1.3.3. of [39]:
Lemma A.3.4. Let 1 < p < 00,0 € (0,1) and let (Xo,X1), (Yo,Y1) be admissible
Banach spaces. Let X = (X, X1)op, Y = (Yo, Y1)gp. Then:

TeL(X;,Y;),j=0,1, = T|x € L(X,Y),

and

—0
1Tl ey < TS o I 71,

for all T € L(X;,Y}),j =0,1.
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Appendix B - b Calculus

B.1 b-Pseudodifferential operators

B.1.1 Computations in b-Calculus in Local Coordinates

Definition B.1.1. Let f : X — Z be a smooth map between manifolds X and Z. The

pull-back f*u of a function u on Z is then defined as:

Fru=uo f. (B.1)

The push-forward on measures is defined as an operation which assigns to a Borel mea-
sure p on X a measure fyu on Z by:

Definition B.1.2. Let p be a measure on:
[oV) = u(f7HV)) Ve, (B.2)

In terms of integrals, this can be expressed by duality, using ® € C§°:

[trae= [ure. (B.3)

Z X

The action of b-Pseudo is defined using pull backs and push forwards by coordinate
projections:
Definition B.1.3. We use the coordinate projections w;, © = 1,2, which are projections

on the first or second component of X x X, to define:

107
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Let 5 : Xb2 — X? be the blow-down map. Then:

Tip i= 7TZ‘OB fOT’iE {1,2} (B4)

Now, given a b-pseudodifferential operator A € W}*(X) as defined in (7.3.2), we can use
the preceding definitions to define the action of A in terms of its integral kernel K 4:

Definition B.1.4. We take a auziliary density, in this case a b-density m to obtain:
(Au)(z) = mps(mymmou K 4). (B.5)

The definition (B.5) finally justifies to use integral kernels supported on XI?.

Now, if we want to define the action operators contained in ¥, Oo’d’g(X ; A) to distribu-

tions, we start by using the blow down map ~; of X,? with:
v XP— X x X. (B.6)

Next, we consider the blowdown map v as:

v2 i Ta — Mg x X3, (B.7)
to finally introduce:
ﬁN = (ld X 71) © 72,
B:T; — AgxX xX. (B.8)

Additionally to the projections 71, 7y introduced before, we use the projections ;, @ €

{1,2} acting on Ay x X x X and projecting:

7~T1:Kd><X><X — KdXX,
(W, z,y) = (), (B.9)

respective:

ﬁ'QZKdXXXX — KdXX,
(W z,y) = (W) (B.10)

Finally, we define:
Fip =703, (B.11)
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such that:
Tip Tg — Mg x X, (B.12)

which allows us to define an action of an Integral Kernel living on 75 on a distribution.

For this, take an auxiliary b-density dv. Then, using a distribution u and an operator
AN € W25 with Kernel k € AE(T3), we can define:

A = Toops (71 (w) 7oy (V) k). (B.13)

B.2 Computations on the Parameter Blow-Up Space in

Local Coordinates

We define §2; = supp(e;). Then we have:

O = {(nw,z,2,y,y) EAgx Y xY"2! <z <r},
Oy = {(rwz,2,yy) e hgx Y x Y|z <2 <7},
Q3 = {(rw,x,2,y,9) € Ag x Y x Y max{r,2'} < z},
O = {(rnw,x,2,y,9y) € Ag x Y x Y max{r,z} < 2'}.

Further, the €;,i € {1,...,4} form a disjoint decomposition of Ay x Y x Y.

We choose local stereographic coordinates on the regions €2;, i € {1, ...,4} and construct

explicit blowdown maps v; : ; — Ag x Y x Y/,

We use local coordinates (z,z,y,y’,r,w). The integral Kernels on T; which are of
interest, are integrated along rays of constant angle in A;. Further, the coordinates
Y,y € Y are compactly supported and remain untouched by the blow-up procedure.

Hence, for the sake of a simpler notation, we will neglect the coordinates w,y, v’
So, let (r,z,y") be local coordinates on Ag x Y x Y. We define:
e On B H(Q):

Appropriate local coordinates on 7y close to the region which is supported by

z x’)

B*(m) are given by (m,v1,¢1) = (1, 2, &

Now, a blowdown map is given by:

,5137:1%91CKC[XY/\><Y/\,

(11,71, C1) = (s -y, m -7 G- (B.14)
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B~1() intersects the hypersurfaces ff, rb and fi. Boundary defining functions for
these hypersurfaces are given by n; for fi, v for ff and ¢y for rb.

e On A7 1(Qy):

Appropriate local coordinates on 75 close to the region which is supported by

z =z

B_l(ng) are given by (12,72,¢2) = (1, %, 7). Now, a blowdown map is given by:

BTy — AgxYxY",

(n2,72,G2) = (m2,,m2- 72+ G2, 72 - C2). (B.15)

B71(€Qs) intersects regions around the hypersurfaces ff, 1b and fi. Boundary defining
functions for those hypersurfaces can be expressed by s for fi, v5 for ff and (o for
1b.

e On 1 (Qy):

Local coordinates on 7y along the region on which 371(n3) is supported, are given

by (77377374_3) = (%7‘T7 %,)

B:Tqg — AgxYNxY",

(M3,73,C3) = (n3-73,73,73 - C3)- (B.16)

Now, 713 serves as a boundary defining function for bi, v3 as a boundary defining

function for fi, (3 as a boundary defining function for rb.
e On ()

Local stereographic coordinates on Ty close to the region on which 8*(ny4) is sup-

T T

A 2’). Hence, the blowdown map 3 can be

ported are given by (74,74, C4) = (

expressed in this coordinates by:

B:Tqg — AgxY"xY",
(M4,74,Ca) = (M1 Ca5Cayva - Ca)- (B.17)

Here, 74 serves as a boundary defining function for bi, 74 as a boundary defining

function for 1b, 4 as a boundary defining function for fi.
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B.3 Kernel Estimates

The asymptotic behavior of the Integral Kernel towards the boundary faces is encoded in
the collection of index sets £(a) = (E,, Evw,, By, Eg, Ey;i). It holds, that Ey, > a—p— 3,
Erb>—(oz—u)+%, Eg > 0, EﬁZNandEbi:(D.

e On B_l(Ql)

In a local neighborhood of fi, our conical manifold X is locally isomorphic to a
subset of U = [0,1),, x [0,1),, x [0,1)¢, x U'. Since the integral kernels of our
residual operators are compactly supported in U’, we suppress the dependence of

the Integral kernel Kp(y) on U’ in the preceding discussion:

Kroy = > (1) (log 1) vz ey (m1, 1, ) + (1) Nun (1,71, G1), (B.18)
(2,k)EEf;, Rz<N

un (1,7, ¢1) € S4U) and ug, gy (1, ¢1) € B0, 1), x [0,1)¢,).

Since Ey, > —(a — p) + 5, it follows that there exists an € > 0 with:

GO Koy (71, G, (B.19)

is a smooth and bounded function in {; up to {; = 0.

Further,we have that uy(n1,71,¢) € B%(U) and u, py(m,¢1) € 29 ([0,1),, X
[0,1)¢,)-

Summarizing the remaining index sets in & = (F,, Eg, Fg,0), we have that
U gy (1, G) € A%

Applying the same argument as above to u, ; with respect to the index sets Ey; and
E,p,we can conclude that the Integral kernel Kg(y), expressed in local coordinates

is bounded on €2 by:

Koy (1,7, G| < O - GE@mmts, (B.20)

e On ﬁ_l(Qg)
We use the local coordinates (12,72, (2) on 371(Q2) as defined in (B.15).

First of all, the variable (5 on 5 ranges from zero to infinity. Now, Y is not
compactified around infinity, hence there is no boundary face there. However,
since the residual operators which contribute the resolvent are multiplied with a

compactly supported cut-off function, we can assume without loss of generality
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that Kg is compactly supported in (3. Since (2 — 0 corresponds to ps; — 0 and

Eyi =N, we can assume |Kg(y) (72,72, (2)| to be bounded in (s.

Similar considerations as for 371() yield, since Eg > 0, Ep, > a — 1 — 5 and
Eg =N:
KRy (12,72, G2)| < Ca - (32)° - (G)TH )72 (B.21)
e On f~(23)
Since Ey,; = 0,E5 = N, and Ey, > —(a — p) + 5, the integral Kernel on B1(Q3)

satisfies the estimates:

KRy (03,73, G3)| < Ca - () - (Ga)T @ WF2, YN eN. (B.22)
o On ~1(Q)
Since Ey; =N, Ey, > (a —p) — 5 Eg = N:
| K r(x) (14574, Ca)| < Ca- (n ARG e VN € N. (B.23)
We summarize the kernel estimates:
il (M7G) | Bi: (0,7, G) = !K(m,%,cz)\ < P | Prb | P | PR | Pbi
L] (7 ?) (n,m Ay, myC) | CLG e m+s } a v lm |-
2| (nT,5) | (eGnn12ini) | C G (emm=2 G |- |7 |n|-
r z (a—p)+2
30 (E,2,%) | (1373,73,73C3) Cynite¢, #) A IV I VR
&2 | muGndnd | ™70 [ |- |- G| m

B.4 b Calculus Computations in Local Coordinates

We use the local coordinates and blowdown map on S~}

(€1) as defined above to give

an explicit calculation of the action of a residual operator on a function:

For this, we use that the action of Operators on functio
and push-forwards as defined in (B.13):

R(A\)um

Tops (K (11,71, C1)x (1

ns is defined using pull-backs

Tops (K ro B (K1) 75y (w) ()

)x(C1)u(m 7 C1)

d dy
Ba!

3 (B.24)
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We use a test function ® € C°(Y”; A) to compute the action of the density (B.24) on

.
//W%* (11, G, v) X () x (C)ul(m 1 €)@ d% dél
7 G
= [ [ coxem(@utm n ) )
7 G
= //(k(m,71,C1)X(71)X(C1)U(m71C1))( (m%))d,;ylc?-
7 G
Substituting = = 11 1 we obtain:
[ [t coxG (ot @) 2

7 G

Now, with 2’ = x (3:

/ / ) @)

\z\&z

(B.25)

Clearly, we can identify the resulting distributional b-density in (B.25) with a distribu-

tion, hence we obtain as result:

(B.26)
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