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Figure 1: (top) A filament being truncated by a pressure gradient. (bottom) Angular dis-

persed spectral emission from a filament.






Kurzfassung

Martin Kretschmar

Extreme nichtlineare Dynamiken im Filamentationsregime

Intensive, ultrakurze Laserpulse mit einer Pulsdauer von wenigen optischen Zyklen ha-
ben ein breites Anwendungsgebiet in der Femtosekunden-Spektroskopie sowie der Erzeu-
gung hoher harmonischer Strahlung (engl. high-order harmonic generation, HHG). Die
Realisierung dieser Pulse stellt eine experimentelle Hiirde dar, da deren Synthetisierung
eine grofle spektrale Bandbreite erfordert. Ublicherweise werden hierzu verstirkte Laser-
pulse anhand nichtlinearer Prozesse wie der Selbstphasenmodulation in Gasen spektral
verbreitert und mithilfe spezieller Phasenverzogerungsoptiken zeitlich komprimiert. Die
resultierenden hochintensiven Femtosekundenpulse erméglichen die Erzeugung der bisher
kiirzesten synthetisierten Pulse im Attosekundenbereich iiber den Frequenzkonversions-
prozess der HHG.

In dieser Arbeit wird die Verwendung der Filamentation zur direkten Erzeugung von ultra-
kurzen, komprimierten Pulsen untersucht. Hierbei werden die komplexen, extrem nicht-
linearen Pulsdynamiken entlang des Filaments experimentell studiert. Zur Realisierung
dieser Beobachtung wird das Filament durch einen starken Druckgradienten abgeschnit-
ten. Der emittierte Laserpuls wird anschliefend unter Vakuumbedingungen analysiert.
Signaturen eines zeitlichen Aufbrechens des fundamentalen Pulses sowie dessen Selbst-
komprimierung entlang des Filaments werden in dieser Arbeit aufgezeigt. Ein Vergleich
der Ergebnisse mit numerischen Resultaten ermoglicht die Identifizierung von charakte-
ristischen Propagationsregimen entlang des Filaments und erlaubt eine Bewertung des
zugrunde liegenden numerischen Models.

Die hohe Spitzenintensitdt im Filament ermdoglicht die direkte Erzeugung hoher harmo-
nischer Strahlung, welche als ein Indikator fiir bisher unbeobachtbare Eigenschaften der
Pulse verwendet werden kann. Insbesondere wird der Effekt der Selbstaufsteilung des
Laserpulses in den Zusammenhang mit einer spektralen Aufspaltung im Spektrum der
XUV-Strahlung erforscht. Die korrekte Evaluation des Aufsteilungsprozesses wird anhand
eines Vergleiches zu Simulationen des HHG-Prozesses erzielt. Der Einblick in den Erzeu-
gungsprozess der HHG wird zudem iiber die Betrachtung der Phasenanpassung vertieft.

Des Weiteren wird die HHG verwendet um einen Riickschluss auf die Spitzenintensitit im
Filament zu erhalten. Dies wird iiber die Bestimmung der héchsten emittierten Frequenz
(engl. Cut-Off) bewerkstelligt und zur Analyse einer propagationsinduzierten Intensitatsli-
mitierung (engl. intensity clamping) verwendet. Zudem wird der Einfluss der Fokussierung
auf die Intensitdt im Filament untersucht und mit einem analytischen Modell verglichen.

Schlagworte: Filamentation, Selbstkomprimierung, Selbstaufsteilung, Erzeugung hoher
harmonischer Strahlung, intensity clamping






Abstract

Martin Kretschmar

Extreme Nonlinear Dynamics in the Filamentation Regime

Intense, ultrashort laser pulses approaching the few-cycle regime are applied in ultrafast
spectroscopy and attosecond physics and require a broadband fundamental spectrum.
Commonly, amplified pulses are spectrally broadened using nonlinear effects, such as self-
phase modulation (SPM) in gases. The emerging pulses have a large bandwidth, but their
pulse duration is still in the vicinity of the initial pulse’s length. By applying a fine-
adjusted amount of negative and positive group-delay-dispersion (GDD), the temporal
compression close to the pulse’s Fourier-limit is achieved. The produced high-intensity
femtosecond pulses can then be used to generate even shorter pulses on the attosecond
timescale through a frequency conversion process called high-order-harmonic generation
(HHG).

In the present thesis, the application of filamentation for the direct generation of ultra-
short compressed pulses is investigated. The studies examine the complex nonlinear pulse
dynamics along a femtosecond-filament by the use of a pressure-gradient truncation stage
and an in-situ SHG-FROG pulse detection scheme. Phenomena of pulse splitting and
self-compression are identified at different positions in the filament. A comparison with
numerical simulations of the pulse propagation dynamics allows for the determination of
characteristic stages in the filamentary life cycle. The correspondence between the theoret-
ical and experimental findings is further used to evaluate the applied numerical modeling.

The nonlinear dynamics along the filament lead to ultra-short pulse structures such that
the intensity inside the filament is sufficiently high to generate high-order harmonic radi-
ation directly from the filament itself. This XUV-radiation is used to deduce on charac-
teristics of the evolving fundamental pulse that are inaccessible by a conventional pulse-
detection setup. In particular, the effect of self-steepening, which leads to drastic envelope
dynamics on a single femtosecond time scale, is identified and thoroughly characterized
by high-harmonic spectroscopy with the aid of simulations. To further understand the de-
tected XUV-spectral features, the phase matching of the high-harmonic conversion process
is evaluated for the special case of filamentation.

Additionally, the peak-intensity along the filament is investigated by the evaluation of
the Cut-Off in the high-order harmonic spectrum. This allows to draw conclusions on the
effect of intensity clamping. The influence of the external focusing length on the intensity
inside the filament is examined and compared to an adapted analytical model.

Key words: filamentation, self-compression, self-steepening, high-harmonic spectroscopy,
intensity clamping
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Chapter 1

Introduction

Pulsed lasers enable to study ultrafast processes ranging down to the attosecond timescale
(107185) [1-3, and references therein]. Ultrashort pulses have been applied in pump-probe
schemes to gain insight into fundamental physical concepts on timescales of the respective
laser pulse duration [4-6, and references therein|. The monitoring of chemical reactions
by femtosecond pump-probe methods for example has been awarded with the noble-price
in chemistry at hand of Ahmed Zewail "for his studies of the transition states of chemical
reactions using femtosecond spectroscopy" in 1999 [7]. The required pulse duration for
the observation of these fragmentation dynamics ranges from 600 fs down to 100 fs [8]. To
generate pulses with a duration short enough to examine not only fragmentation dynam-
ics, but also the rotational and vibrational motion in molecules and halogens [9, 10] or
Rabi-flopping in semiconductors [11], the pulse duration needs to approach a few optical
cycles (corresponding to ~ 5-101fs) at 800 nm. This requires a spectral bandwidth exceed-
ing 100 nm [12, 13]. The broadband spectrum connected to the short pulses itself can be
applied for spectroscopic applications and has been utilized as an analytic tool in e.g.
tomographic imaging [14, 15].

Utilizing nonlinear effects such as self-phase modulation (SPM) can efficiently generate the
necessary frequency components and increase the spectral bandwidth of the fundamental
pulse [16]. SPM has been first observed in liquids [16] and quickly adapted to solids [17, 18],
where the effect has been reliably exploited to deliver few-cycle pulses from fibers and
oscillators with energies in the nJ up to the pJ level [19-25].

The nowadays available chirped-pulse amplification technique drastically scaled the pulse’s
peak power to the millijoule level [26]. The achievable peak intensities exceed the damage-
threshold of solids which requires the application of gases to effectively exploit SPM.
External spectral broadening setups have been designed to efficiently utilize SPM, such
as hollow-core fibers (HCF) [27-29]. The shortest pulse length can be achieved, when
all generated frequencies show no phase delay. Therefore, pulse-compression setups are
usually applied to compensate the chirp of the spectrally broadened pulses by the use of
specially designed chirped mirrors [30-34].
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To achieve even shorter pulses, the carrier frequency of the pulse needs to be shifted to
higher frequencies. As the fundamental pulse duration approaches the few-cycle regime
and the intensity of the focused ultrashort pulses is able to compete with the inner-atomic
field strength, the generation of harmonic radiation outside of the pertubative regime is
accessible. This enables to push the pulse duration below the femtosecond barrier, as the
carrier frequency is shifted to the extreme-ultraviolet (XUV) spectral regime through high-
order harmonic generation (HHG) [1]. This conversion process has been first observed in
1987 by McPherson et. al., shortly followed by the semi-classically theoretical description
by Corkum and the fully quantum-mechanically treatment introduced by Lewenstein et.
al. [35, 36]. Different geometries have been used as a source for HHG such as the gas-jet [37],
capillary wave-guides [38], finite and semi-infinite gas-cells [39-42]. The emitted harmonic
radiation shows good temporal and spatial coherence properties, making a synthesis of
an isolated attosecond pulse by the process of HHG possible [43-47]. The record of the
shortest pulse generated to date is 67 as [48]. The coherence properties enable the use of
the harmonic spectrum itself as a tool to monitor dynamics in the generating medium
and of the driving laser pulse [2, 49-51]. Since the observable time-scale shifts below
the femtosecond barrier, the observation of electron dynamics within atomic systems is
possible in pump-probe schemes [52-55].

1.1 Motivation and Aims

As introduced, the generation and application of mJ-level ultrashort pulses relies on con-
catenated spectral broadening, a subsequent pulse-compression and an additional stage for
HHG or a spectroscopic setup. In this thesis, the possible combination of all these steps
into a single highly nonlinear process called filamentation is investigated. The generation
of a filament relies on the balance of nonlinear effects during the propagation of the laser
pulse. The Kerr-effect, which is responsible for the generation of new frequencies through
SPM, can also lead to a self-focusing of the intense beam [56]. During interaction with a
nonlinear medium e.g. noble gases, this action will dominate the nonlinear propagation
and result in an increasing intensity until a plasma is created. The generated free electrons
induce a defocusing effect on the beam [57]. If the two nonlinear processes counterweight, a
filament is formed. Therein, the laser pulse is self-guided over distances well exceeding the
Rayleigh range [58, and references therein|. Consequently, nonlinear effects such as SPM
and self-steepening can modulate the spectrum along an extended propagation distance
resulting in a broadband spectral emission. The achievable bandwidth has been shown to
enable the generation of sub-10 fs pulses [59, 60]. The self-confinement additionally results
in a controversially discussed phenomenon of intensity clamping, which limits the achiev-
able peak intensity inside the filament due to the dynamical interplay of the nonlinear
effects [61-65].

The perception of the filamentary process and its modeling started with a simple self-
channeling approach [57, 61, 62, 66] and the moving-focus-model [67] where the plasma-

2
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dynamics occurring along the temporal pulse shape are omitted. Approaches like the
dynamic spatial replenishment model implemented the time-dependent evolution of the
nonlinear contributions along the envelope of the pulse, leading to a more precise descrip-
tion of filamentation [68]. Modern-days modeling of the propagation tries to conclude from
the Maxwell’s equations by applying a bridge between envelope- and Maxwell’s formalism
to gain a unidirectional optical pulse propagation equation (UPPE) [58, 69, 70].

Many works have predicted self-shortening dynamics into the few-cycle regime [71-73],
but their evolution remains undisclosed by the previous experimental observations [74—
76]. However, the modeling using the nonlinear generalized Schrodinger type equation is
an extremely challenging task and the findings need to be verified experimentally [77].
The undisturbed observation of dynamics along a femtosecond filament is limited by the
high-intensity self-guiding of the fundamental laser pulse, limiting the insight into the
propagating filament to the observation of fluorescence lines along the filament or pulse
characteristics after the filament [58, 62, 75, 76, 78, 79]. The content of this thesis aims at a
direct measurement of the spatio-temporal pulse dynamics which enables a straightforward
comparison to numerical simulations.

A method developed in references [60, 80, 81] is applied, in which the filament is trun-
cated during its propagation by a steep pressure gradient. The removal of the guiding
medium rapidly stops the nonlinear propagation and the pulse continues to propagate un-
der vacuum conditions to be analyzed. The findings are used to elaborate on predictions
of self-compression from the theoretical modeling. The goal hereby is the determination
of regimes along the filament where the different nonlinear contributions connected to the
Kerr- or the plasma-initiated effects are predominant.

It has been shown previously that high-order harmonic radiation can originate directly
from a femtosecond filament, omitting an external setup for its generation [80-82]. Here,
the high-intensity characteristics of the self-guiding channel are exploited to use directly
emitted high-order harmonic radiation from the filament as a spectroscopic tool to more
precisely monitor the complex propagation dynamics of the fundamental pulse. HHG is
sensitive to the fundamental pulse’s intensity and is therefore used to investigate intensity
clamping along the filament. Additionally, an estimation of self-steepening dynamics can
be performed since HHG exhibits a direct dependency on the slope of the driving pulse’s
envelope.

Filaments are not solely limited to the use of self-compression for the purpose of ultrashort
pulse-generation but have various other applications which benefit from a better under-
standing of the pulse dynamics inside the filament. The ultrashort pulses along the filament
can excite rotational or vibrational states in molecules which can be probed by impulse
stimulated Raman-scattering [13, and references therein|. This means that filaments have
already been used to monitor processes connected to femtosecond chemistry due to their
self-shortening characteristics and the applications would profit from the precise evalua-
tion of the pulse dynamics. The ability to manipulate the point at which the fundamental
pulses self-compress can favor the detection efficiency in these sensing schemes. The pulse

3
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dynamics and their control not only influences the chemical state of the medium but also
benefits frequency conversion processes such as four-wave mixing, cross-phase modulation,
low- and high-order harmonic generation along the filament [80, 81, 83-85].

Further applications rely on high-intensities and the correlated density of free electrons and
rather aim at the application of the most intense instead of the shortest pulse. For example,
filaments have been employed for remote sensing, utilizing the stand-off high intensities
along the self-guided channel for laser-induced-breakdown-spectroscopy (LIBS) [86-88].
These fields benefit from the knowledge of the intensity-evolution along the filament, which
is investigated in this thesis. The connected insight into the evolution of free electrons can
also be useful for the application of filamentation in the wireless transfer of electrical
discharges or THz-generation [89-91].

1.2 Organisation of the Thesis

The thesis is organized into 5 chapters. Chapter 2 introduces basic concepts of laser-matter
interaction which are predominant in filamentation, recalling the influence of the Kerr-
effect, the modeling of ionization and the respective impact on the propagation dynamics.
In section 3, the concepts of filamentation are introduced step-wise. First the interaction
of purely spatial effects is investigated through the experimental evaluation of spectral
properties. The complexity of the modeling and the experiments increases as the spatio-
temporal coupling is added subsequently to the theoretical modeling and the experimental
observations shift towards the determination of the fundamental pulse shape along the
femtosecond filament. The experimental setup is explained and the theoretical model is
discussed at hand of the experimental findings. Along chapter 4 the theory of high-order
harmonic generation is explained. Also, the modified experimental setup for the purpose
of XUV-detection is described. The experimental findings focus on three topics, discussing
the interplay between self-steepening and HHG, the phase matching along a filament and
the evaluation of the clamping intensity. The results of the thesis will be summarized in
chapter 5, where future possible projects will be presented.



Chapter 2

The Basic Theory

The forthcoming chapter describes the basic concepts of the interaction of intense ultra-
short laser pulses with matter. The findings will be essential for the modeling of fila-
mentation as well as high-order harmonic generation, as both theoretical models will be
introduced at a later point along the thesis. This section covering the fundamental theory
will start with a short explanation of linear vacuum propagation and shift its focus on
basic nonlinear effects present in gaseous matter.

2.1 Vacuum Propagation

The basics for the evaluation of laser-matter interactions has been set by the formulation of
the Maxwell equations [92], connecting the evolving electric field E with a co-propagating
magnetic field B:

VD =p 2.1a)
VB=0 (2.1b)
. . 9B
E=-=2 2.1
V x o (2.1c)
. - - 9D
Vo H =T+ (2.1d)

Here, p denotes the free charge density, H = ,uoé the magnetic field strength, D the
electric displacement and J the current density. A simple solution of the Maxwell equations
with no free charges can be obtained by separating the spatial (z,y, z) and temporal ()
coordinates of the solution E(z,y,z,t) = 2E(t, z)u(z,y, z) + c.c. to obtain the Helmholtz-
equation (V2 4 k2)u(z,y, z) = 0. The constant k is defined as k = wng/c, where w labels
the angular frequency, ng the refractive index and ¢ the speed of light. A Gaussian solution

5
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u(x,y, z) (assuming z as the propagation direction) is expressed as:

U(%% Z) = U’O(x7y7 Z)eikz (223')
' 224002 ka?44?)
g0 gita () WECy SR ik (2.2b)
w(2)

Many important characteristics are already represented in the above formula. The beam
radius evolves as w(z) = wo,/1 + (£)? with wo denoting the beam waist. The curvature

Zr

of the wave fronts changes according to R(z) = z(1 + (22)?), whereas z. = nomw3/A is

z
the Rayleigh-length. An additional phase term ¢;(z) = — arctan(z/z,) denotes the Gouy-
phase which will be described in detail at a later point in this thesis (c.f. Sec. 4.3.3). A
free propagating Gaussian beam naturally diffracts because it is accumulating a phase in

dependence of the transverse beam dimension r = /22 + y? according to:

kr?
Gaiff = “IRG)

(2.3)

The connected divergence of the Gaussian beam along z can also be expressed by an angle
0 between the propagation axis and the beam’s edge at w(z) by:
A
0 o« — =20 (2.4)

~~ mTwy Zp

z2>>zr
The (linear) basis for the understanding of a electromagnetic wave propagating in vacuum
has been laid out. The scaling of the divergence of the beam o A/wg will play an important
role for the nonlinear interaction of the beam with its surrounding matter, which will be
introduced in the following.

2.2 Interaction of Light with Matter

The previous description of a propagating electromagnetic wave and the diffracting effect
do not require a medium to be present for interaction. This changes with the introduction
of the nonlinear propagation effects.

2.2.1 The Optical Kerr-Effect

The nonlinear response of a medium to the electromagnetic field is embedded in the electric
displacement term D = oF + P. The interaction of an electromagnetic wave with matter
is described by the polarization P= XE, where y is the susceptibility of the medium [93].

6



2.2. INTERACTION OF LIGHT WITH MATTER

The susceptibility is connected to dispersion as well as absorption through its real and
imaginary parts and can be expanded into a Taylor series [93, 94]:

Y= X1 +X2E + \3E? + x4E® + xs E* + ..., (2.5)
XL XNL

where the linear part of the susceptibility is denoted by x1 = x1. A frequency-dependent
XL(w) results in dispersion, as n(w) = /1 + xL(w). The nonlinear susceptibility ynr, is
connected to coefficients x; with ¢ > 1. Consequently, the polarization Pis decomposed
into a corresponding linear and a nonlinear term P = ﬁL + ﬁN 1. To evaluate which non-
linear terms effectively influence the propagating electromagnetic wave, the dominating
contribution of Py, has to be determined. A centro-symmetric medium (e.g. an atomic
gas) neglects even contributions, making the third-order process the first influential non-
linearity [95]. This results in a modification of the refractive index Ange,, of the medium
by [56]:

Angerr = nal, (2.6)

3x3
4ngaoc

proportional to the intensity distribution I(r, z,t) of the electromagnetic wave. The spatial

where ny =

is the nonlinear refractive index. As a result, n = ng+ Anger is directly

dependence of the intensity leads to a modification of n, which is, under the assumption
of a spatial Gaussian intensity profile, similar to the shape of a focusing lens. A spatial
phase ¢kerr(r) = (no + Ankerr) w Az/c is imprinted on the beam [56]. Following Eq. (2.6)
for I(r, z,t) in dependence of 7, the phase evolution along the beam profile reads as [96]:

¢Kerr(7") = (no + nzfoe_rz/wg)wAz/c

2 2.7
))wAz/c. @7

,
~ (no-l-ngfo(l _272

Wy
Consequently, the natural diffraction ¢qig (c.f. Eq. (2.3)) of the beam can be compensated
by ¢kerr(), when the critical power of self-focusing:

3.77mc?

P, ="
“ 2n0n2w3

(2.8)

is exceeded [97, 98].

Assuming a pulsed emission of the laser, the spatial self-focusing effect has a temporal
counterpart, since the temporal dependence of the intensity introduces a time dependent
phase term along the Gaussian pulse envelope, which is expressed by ¢tempkerr = (20 +
Angerr)woz/c — wpt. The temporal variation of the phase results in the generation of new
frequencies that are connected to the slope of the fundamental pulse by [17, 18]:

8(z)tempKerr al(t)
_7815 X Wy — N2 875 .

Aw (2.9)

Hence, a symmetric temporal pulse-profile results in uniform generation of new frequen-
cies around wg. Figure 2.1 highlights the influence of the Kerr effect on the frequency

7
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L
c

norm. intensity
norm. intensity
norm. intensity

-50 0 50 -50 0 50 -50 0 50
time (fs) time (fs) time (fs)

norm intensity
norm intensity
norm intensity

0 1

o
o

2 3 4 5 0 1 2 3 4 1 2 3 4 5
ang. freq. (rad/fs) ang. freq. (rad/fs) ang. freq. (rad/fs)

Figure 2.1: Calculation of the effect of self-phase modulation on the fundamental spectrum
for pulses with a different steepness. For this case a 30 fs pulse with an intensity of 100 TW /cm?
is used to model the generation of new frequency components along the temporal pulse shape.
Case (a) shows the initial pulse and its spectrum, (b) shows the SPM-effect for a Gaussian
pulse, whereas case (c) displays the results for a 30 fs pulse steepened by a factor of 0.45.

modulation of the initial pulse. Panel (a) displays a Fourier-limited 30 fs pulse with a peak
intensity of Ip=100 TW /cm?, centered at 800 nm with its corresponding spectrum below.
Part (b) shows the exemplary symmetric generation of new frequencies around the initial
spectrum due to the Kerr-effect.

Since the electric field components along the temporal pulse shape experience different
intensity-dependent refractive indexes, the envelope can be modulated during propagation.
The peak of the pulse experiences a larger refractive index compared to its pedestals,
effectively slowing down the most intense content along the envelope. The trailing segment
is able to overtake the peak during propagation, leading to an increasing slope on the falling
edge of the pulse. In the same manner, the leading segment moves faster as the peak and
stretches the corresponding edge of the pulse. As a consequence, the pulse experiences
self-steepening.

The effect of self-steepening on the frequency-distribution (comp. Eq. (2.9)) can be seen
in Fig. 2.1 (c). Here, the initially symmetric pulse shape is modified to discard 45% of the
envelope from the falling edge and add this to the leading part of the pulse. The generation
of red-shifted frequencies in the leading edge is weakened, as the pulse is turning on more
smoothly compared to the symmetric case. On the other hand, the blue spectral region
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2.2. INTERACTION OF LIGHT WITH MATTER

originating from the steep falling edge of the pulse is strongly enhanced. For the case
of strongly steepened pulse shapes, the spectral content connected to the falling edge is
ranging up to very high frequencies due to the direct dependence on the envelopes negative
gradient. The respective intensity of the spectrum is rather low, since the conversion
originates from a localized area covered by the steep falling edge of the pulse.

2.2.2 Field Ionization

Tonization of a medium plays a key role throughout the whole thesis, as the process of
filamentation as well as high-order harmonic generation are strongly dependent on the
connected free electron density p. along the medium. The amount of electrons is directly
linked to the number of singly charged ions for moderate intensities. Even if the laser
pulse is strong enough to ionize 25% of the particles in the medium, the rate for the
generation of doubly charged ions will be orders of magnitude lower. Moderate intensities
favor the mechanism of multiphoton ionization [99], whereas increasing intensities lead to
dominant contributions of tunneling rates. In order to estimate the key contribution, the

y= \/m (2.10)

giving the relation between the ionization potential I, to the ponderomotive potential

Keldysh-parameter ~ [100] is used:

energy U,:
2 E?

4dmew?’

U, (2.11)

where e denotes the elementary charge and m, the electron mass.

For cases of a weak fundamental field it can be found, that U, is much smaller than I,
and the Keldysh-parameter is larger than 1. This resembles the range of laser intensities,
where the multiphoton process is dominating as compared to v < 1, where the tunneling
ionization is predominant. Depending on the peak intensity and the wavelength of the
fundamental pulse, the ionization dynamics along the pulse shape will be dominated by
one of these two processes. The determination of the actual ionization rates leaves a
wide choice of theories with an applicability strongly depending on the v parameter.
The multiphoton ionization (MPI) rate is proportional to I with K being the number
of photons necessary to ionize and very well estimates the dynamics for low intensities
with v > 1 [99, 101]. The MPI method enables a quick analytical estimation of the
generated free electrons. The Ammosov-Delone-Krainov (ADK)-formalism [102] focuses
on the description of ionization-rates through the tunneling-effect and is valid for v <« 1.
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Figure 2.2 shows calculated y-values in <— MPI  ADK —>

dependence of the fundamental pulse’s

intensity and wavelength. The position 10
at which v = 1 shows a strong depen-

dency on both parameters due to the _ 10
connection to U, o< I /w?. The Keldysh %

parameter can also be interpreted as % 17
the ratio between the tunneling time 2

of the electron and half the duration > 01
of a laser cycle. The deformation of

the Coulomb potential, sketched in oo

the top-right corner of Fig. 2.2, has .
to endure long enough for the elec- 1 10" 102 10" 1014' 10‘
tron to tunnel through the barrier. If intensity (W/cm?)
the field-modulation has a sufficiently Figure 2.2: Color-encoded values of the Keldysh-
high-frequency, the barrier will be in- parameter 7 in dependence of the laser intensity and
creased on a timescale smaller than the Wavelength. The Coulomb potential of an atom inter-
acting with the external laser field is drawn in black
for the case of multi-photon ionization and tunneling
ionization.

tunneling time. Therefore, the poten-
tial effectively shapes like it is sketched
in the left bottom corner of the figure
and the MPI-rates apply. An increasing intensity leads to a stronger suppression of the
potential and therefore to a reduction of the tunneling time, which favors the applica-
bility of the ADK-rates. The black dotted lines delimit the areas in which the MPI- or
ADK-models are applicable.

Problems arise as the intensity along the fundamental pulse crosses the border between
the tunneling and the multiphoton regime, calling for models that accurately describe
the ionization dynamics for both cases. The theory initially developed by Keldysh is able
to fulfill this requirement, albeit being limited to monochromatic fields and pulse en-
velopes [100]. Additionally, the long range Coulomb interaction between the electron and
the atomic core is only estimated by a quasi-classical analysis [100]. The later issue is
addressed in the Peremolov-Popov-Ternetev (PPT)-model, as the long range Coulomb
interaction between the electron and the atomic core are accounted for and effects of the
atomic structure itself are implemented [103]. The most accurate analytic description of
the ionization rates has been developed by Yudin and Ivanov (YI), as the PPT-theory is
expanded to describe field-dependent ionization dynamics [104]. A detailed description of
the ionization rate equations and their evaluation can be found in Appendix A.

The numerical reference for the introduced analytical models is given by the solution
of the time-dependent-Schrodinger equation (TDSE), usually applying the single-active-
electron approximation (SAE) [105, 106]. Comparisons between the presented formalisms
and the TDSE-results find a good agreement for the PPT- as well as the Yudin-Ivanov-
theory [107, 108]. From the experimental point of view, time-of-flight spectroscopy is used

10
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Figure 2.3: (a) Ionization rates in dependence of the driving intensity. (b) Corresponding evo-
lution of the Keldysh-parameter. The gas chosen for the calculations is argon which interacts
with a 780 nm driving wavelength.

to either detect ion species or electron distributions in dependence of the fundamental
pulse’s intensity and fully support the TDSE calculations and consequently the analytical
models, which show a good agreement with the numerical findings [109].

The dependence of ionization rates on the driving laser intensity is depicted in Fig. 2.3 (a)
for the case of argon (I, = 15.76 €V) interacting with a 800 nm field. The various ionization
models are depicted in different colors and the assignment can be extracted from the inlet in
Fig. 2.3. The corresponding evolution of the Keldysh-parameter + is shown in Fig. 2.3 (b).
The various models result in differing ionization rates depending on the intensity, where
in these cases the Yudin-Ivanov-rates (shown in blue) serve as the reference. This model is
chosen to be the reference, since it shows the best agreement to TDSE-simulations as well
as experimental comparative studies [109]. It can be seen, that the PPT-theory (red) shows
an excellent agreement and the Keldysh-theory (black) also reasonably delivers comparable
results. The strong restrictions of the MPI-(cyan) as well as the ADK-formalism (green)
can easily be noticed. Comparing the deviations of these two simple methods with the
evolving v parameter, it can be seen, that the ADK-rates sufficiently converge for v < 0.9
and that the MPI-rates can faithfully be used for values of v > 1.75. These values also
define the borders in Fig. 2.2.

When the ionization rates are used to model the interaction of the generated free electrons
on a fundamental pulse, the choice of the applied model has a crude influence on the
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Figure 2.4: Evolution of the degree of ionization along a 35fs pulse at 780 nm with an peak
intensity of 250 TW /cm?. The results from the different ionization models are compared and
their assignment is denoted in the key.

outcome of the simulations and their interpretation, as the generated plasma can modify
the spatial as well as spectral properties of the propagating beam.

Fig. 2.4 shows the ionization fraction, which is the density of neutrals pyt divided by
the density of free electrons p., for the introduced models. A fundamental pulse with a
pulse duration of 35 fs, centered at 780 nm with a peak intensity of 2.5 x 10'4W/cm? has
been applied (shown in gray). A comparison with the evolution of  in dependence of
the intensity (c.f. Fig. 2.3 (b)) reveals, that the pulse is chosen to cross the intensity at
which v = 1 and therefore switches between multiphoton- and tunneling ionization along
its temporal envelope. The MPI-rates overestimate the ionization, since the multiphoton
regime is well exceeded by the peak intensity of the pulse, leading to a quick depletion
of the medium along the pulse. The rates predicted by the PPT- and Yl-rates result in
a coherent picture of the ionization dynamics along the pulse envelope. The ADK-model
slightly underestimates the evolution since it is adapted to the tunneling regime, being
only present for intensity regions above 70 percent of the peak intensity. The findings from
Figs. 2.4 and 2.3 show that the analytical outcome is strongly dependent on the method
of choice.

Two explicit cases need to be mentioned, where the presented models need to be adjusted
for further use. The first problem arises as the target gains complexity, which is the case for
molecular targets. Here, the orientation dependency of the ionization as well as the complex
nature of the internal orbital structure call for an optimization of the analytical expressions
for the ionization rates [110-113]. Second, the use of extreme intensities can lead to a
complete suppression of the atomic potential-barrier, which also changes the analytical
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formalism [114, 115]. Fortunately, this regime is trustfully described by a modified ADK-
theory and minor adjustments of the initial formalism are sufficient to account for the
vanishing Coulomb barrier [116, 117].

In conclusion, care has to be taken when choosing a model for the calculation of ionization
dynamics along an intense ultrashort pulse. In practice, the model should turn out to be
a compromise between the desired accuracy and the available computational resources.
A simplified theory, as the MPI- or ADK-rates, should only be used for their respective
validated intensities connected to the Keldysh-parameter. The PPT- and YI-models are
estimated to be the most accurate but also require the most computational effort for their
evaluation.

2.2.3 Laser-Plasma Interaction

The free electrons generated due to the interaction of the medium with a high-intensity
laser pulse have multiple effects on the propagating beam. The refractive index of the
medium changes according to [118-120]:

An &= —pe(r,t)/2pcrit- (2.12)

Here, perit = 50mew% / e? describes the critical plasma density, which is the point where
the plasma becomes nontransparent for the laser frequency wg. The induced refractive
index change is negative and therefore induces a An similar to a defocusing lens. As
shown in the previous section (c.f. Fig. 2.4), the electron density p. accumulates along
the temporal pulse shape which allows to conclude that pe(r,¢) most significantly changes
on the rising edge of the pulse, with a constantly positive contribution of 8"%7(2"’0. The
changing density of free electrons results in the generation of new frequencies, similar to
the effect of self-phase modulation in Eq. (2.9). The evolving p, introduces a nonlinear

phase term described by [119-121]:

B woPe (Tv t)AZ

~ 2.13
¢plasma 2Cpcrit ( )
The temporal derivative of this phase results in a frequency shift according to:
Az 0 t
. WAz pe(r, ) (2.14)

Wy =~
! QCpcrit ot

The steadily rising nature of the free electron density leads to an asymmetric contribution
of the induced frequencies, favoring blue spectral components.

The generated plasma itself carries a characteristic oscillation period connected to the
restoring forces being present between the free electrons and their respective ionic cores.
Therefore, it is pe, which determines the plasma frequency [119-121]:

eZpe(r,t
Wplasma = 7‘:(80 ) (2.15)
(S
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This defines the frequency at which the plasma becomes critical, meaning that it becomes
over-dense, non-transparent for all frequencies w < wplasma [121]. The introduced basics of
nonlinear interaction of a laser pulse with its surrounding medium serves as the groundwork
for the process of filamentation in the upcoming chapter, and later for the generation of
high frequencies by the process of high-harmonic generation.
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Chapter 3

Filamentation

The previous chapter described how the fundamental laser beam can be focused as well
as defocused due to its sole interaction with the surrounding medium. The counteracting
properties of the Kerr-effect and the plasma can be used to counterbalance each other over
a long interaction length, which leads to a high-intensity interaction region, well exceeding
the usual Rayleigh length of the initial focusing optics. Consequently, the laser pulse forms
a channel using the Kerr- and plasma-induced nonlinearities of the surrounding medium,
which is called filamentation. After more than 20 years of research on filamentation in
gaseous matter, additional approaches besides the Kerr-plasma-balance are discussed as
the underlying mechanism of self-guiding. A piece-wise self focusing of the temporal pulse
shape to different positions along the propagation axis is the basis of the moving focus
model [67, 122]. For an interaction with dense and strongly dispersive materials, fila-
mentation is explained by a transformation of the propagating pulse into a Bessel beam,
explaining a commonly observed conical emission of the spectrum by the formation of
X-waves [123-128]. Alos, the possible saturation of the Kerr-effect due to contributions of
higher nonlinearities to Pyr, is being discussed (c.f. Eq. 2.5) [129-132].

The self-guiding plasma channels have various applications, many of them being connected
to frequency conversion, such as THz generation [89-91], four-wave mixing as well as low-
and high-harmonic generation [80-84]. Other applications focus on the remote detection
of material properties using Laser-induced-breakdown-spectroscopy (LIBS) [86-88] as well
as lasing-similar action in excited states along the filament’s core [133, 134]. The extended
high intensity region allows for an efficient modification of the fundamental spectrum
due to self-phase modulation as well as self-steepening, making filaments a promising
approach for the generation of intense, ultrashort laser pulses [60, 135-138]. This presents
to be an alternative to the commonly used spectral broadening techniques, like the use of a
hollow-core fiber [27—29]. The application of two successive filamentation stages in separate
gas-cells enabled the compression of 43 fs pulses with an energy of 0.85mJ down to 5.7 fs
with a conservation of the carrier-envelope-phase (CEO) during filamentation [59]. Later
it was shown, that a single filamentation stage is able to deliver pulses with sub-1.5-cycle
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duration applying 0.9 mJ pulses of 40 fs duration to form a filament in argon. These setups
rely on a post-compression stage to shorten the pulses extracted from the filament [60].

Theoretical works predict a pulse-self compression due to spatio-temporal effects inside
the filament, which would circumvent the use of specialized optics inducing a negative
group-velocity-dispersion in external pulse compression setups.

3.1 The Spatial Balance of Nonlinear Effects

This chapter aims at the theoretical and experimental investigation of filamentation in a
stepwise manner, where the introduced spatial balance between Kerr- and plasma-initiated
nonlinear effects is put into focus first. The spatial approach is followed by more complex
models to describe the spatio-temporal filamentary propagation dynamics in Sec. 3.3. The
introduced ionization models of section 2.2.2 play a key role in the theoretical approach to
filamentation. By putting the contributions from the self- and defocusing from Eq. (2.7)
and (2.12) plus the influence of the natural diffraction from Eq. 2.3 into one formula, the
spatial balance in dependence of the initial intensity reads as [57, 61]:
(122)0)2 _ pe()

nol = + . 3.1
2 87Tn0w(2] 2Perit ( )

The intensity connected to an equilibrium of both sides of the equation is called the
clamping intensity I.. An external focusing setup adds a supplementary term to the left
hand side of Eq. (3.1), effectively increasing the achievable intensity inside the filament’s
core. The value of the clamping intensity is subject of an ongoing debate [63, 65, 80,
139, 140] and will be treated in detail throughout this thesis (c.f. Sec. 4.4). The easiest
evaluation of its value can be performed by neglecting the diffracting contribution in
Eq. (3.1) and by using the most simple assumption of MPI to model the free electron
density po(I) = oxI®(pu — pe)T, with the laser pulses duration 7, ox denoting the
multiphoton ionization cross section and py; labeling the neutral medium density. The
intensity connected to an equal left- and right-hand-side in Eq. (3.1) scales as:

1
I~ (2Pcritn2) K-1 ’ (3.2)
TOK Pnt

and yields a clamping intensity value of ~ 3.9 x 1013Cmﬂ2 for argon at atmospheric pressures
interacting with a 30 fs pulse centered at 800 nm. The applied values for the variables are
given in table 3.1 of Sec. 3.2. A comparison of this upper limit of the intensity with
the findings from Fig. 2.3 suggests, that the use of the MPI model is sufficient for the
determination of the free electron density pe.

In order to check for a deviation of the clamping intensity induced by the choice of the
ionization model, the balance from Eq. (3.1) has been computed for the various under-
lying theories, which handle the ionization rate in dependence of the laser intensity (c.f.
Sec. 2.2.2). The resulting absolute value of the nonlinear refractive index change between
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Figure 3.1: Determination of the clamping intensity I. through the evolution of the nonlinear
refractive index change Anyr, in dependence of the intensity. The points, where the absolute
value approaches zero determines ..

the Kerr-induced term and the ionization term Anyy = |nol — g;glz | is plotted in Fig. 3.1.
The minimum of each curve determines the clamping intensity connected to each model
for a 30 fs pulse interacting with one bar of argon. In agreement with the previous calcu-
lations, the MPI rates yield the smallest clamping intensity, since the focusing Kerr-term
is balanced out in the most drastic way by the overestimated ionization rates. The ADK-
model yields the highest clamping value as it is underestimating the ionization fraction for
the lower intensities. The discrepancy ranging from the value obtained for the MPI-rates
of 3.895 x 10'3 W/cm? and the one belonging to the ADK-rates of 7.62 x 103 W/cm? is
approximately a factor of 2, which can already have a crucial influence on the conversion
efficiency of nonlinear processes along the filament. Putting the attention only on the ad-
vanced models (Keldysh-, PPT- and YI-approximation), the discrepancy is reduced to a
range between 5.12 — 5.95 x 1013 W /cm?, differing by a much smaller factor of 1.16.

3.2 Focusing Competition and Wavefront Curvatures

Since the nonlinear effects effectively influence the beam’s focusing characteristics, it comes
natural to try to distinguish between the plasma- and Kerr-induced focusing and their
respective contribution along filamentary propagation.

The determination of the influence of a generated plasma on the refractive index and
consequently the induced instantaneous frequency (c.f. Eq. (2.14)) is not only limited to
the application in filaments. Recent works, specializing on pulse dynamics in hollow-core
photonic crystal fibers, distinguished the influence of SPM, plasma-SPM and modulation
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instabilities on soliton dynamics along a hollow-core photonic crystal fiber [141].

Tightly focused, high-power pulses are reported to generate an asymmetric spectrum with
an emphasis on the blue spectral region, but suffer from the strong distortions to the spatial
beam profile induced by the high plasma densities present [142]. The Kerr-contribution also
leaves clear fingerprints in the generated spectrum as filaments are usually accompanied
by self-phase modulated spectra, which are influenced by self-steepening [143].

As a first estimate about the dominating part to the focusing dynamics in filamentation
in Eq. (3.1), a look at the induced wavefront curvature of the Kerr- and plasma-effect
to the nonlinear competition is performed. A comparison of its relative strengths can be
used to determine if the filamentary propagation is dominated by the Kerr nonlinearity
or by the defocusing contribution originating from free electrons. Temporal effects along
the fundamental pulse shape as well as cross-coupling between the different focusing and
defocusing contributions are neglected in this part. The sole purpose of this initial obser-
vations of the wavefront curvature is to find a tool which can effortlessly determine the
spatial effect dominating the filamentary propagation. The presented calculations refer to
a model proposed by Lim et al. [144]. Here, the wavefront curvature is represented by a
value named the wavefront sag, which will be explained and calculated in the following.

3.2.1 Calculation of the Wavefront Sag

The wavefront sag is a value connected to the wavefront curvature by comparing the
distance between an ideally plane wavefront and a curved one at the beam width w(z). It
is a measure for stable filamentary propagation with three contributing components, the
influence of the geometrical phase Sg, a term connected to the Kerr self-focusing Sy and
one for the plasma induced defocusing S,,.

Figure 3.2 shows the definition of the wavefront sag for a focused Gaussian beam with a
focusing length of f propagating along the direction z. The focusing lens imprints a spatial
phase on the beam, the curved wavefront. The corresponding radius of curvature increases
with ongoing propagation until the wavefront turns into a plane wave at the position of
the focus.

The contribution is calculated by the geometric arguments (c.f. Appendix B) to be [144]:

2
S = 5.5(2 = f). (3.3)

2
Approaching the measure for the radius of curvature R(z) in this manner seems like a
unnecessary complication of the fundamental formula R(z) = z (1 + (%)?), but will prove
to be beneficial as the nonlinear terms need to be estimated. The wavefront sag denotes an
optical path difference between the center of the beam and its radial wings, as opposed to
the value obtained by R(z). When handling the nonlinear terms, the problem reduces to a
comparison of the refractive index modulation An at the center of the radial beam profile
with the unaffected case of an unmodulated region in the outer part of the beam profile.
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Figure 3.2: Sketch describing the basic idea behind the calculation of the wavefront sag for
the case of a focused Gaussian beam. The wavefront sag S follows the wavefront curvature
R(z) which is imprinted by the focusing optic and shows a decreasing behavior as it reaches
the focus at position f. Here, wg is the minimum beam waist, w(z) is the waist in dependence
of the propagation distance z.

The wavefront sag S, resulting from the nonlinear contributions of the Kerr effect and
plasma defocusing is derived from the respective modulation of the refractive index An
by calculating the overall optical path length difference between the center and the edge
of the beam, using an integral with a similar form as the B-integral [145]:

S, = — /0 " An(2')d. (3.4)

Taking Anger = nol into account, the wavefront sag for the Kerr contribution calculates
as (c.f. Appendix B):

Sk = 2P022 <arctan (z — f) + arctan <f>) , (3.5)

Twg Zr Zp

where Py denotes the peak power of the laser pulse. An additional contribution arises
from the plasma and is derived from Angy, = —pe/(2peit). In the presented framework,
the density of the free electrons is calculated by the MPI-approximation and the ADK-
approximation, whereas both serve as upper and lower boundaries for the plasma-induced
wavefront sag. The more complex rates (PPT, Keldysh and YI) are avoided at this point,
since the evaluation of the ionization rates has to be performed for an integration along
z and is time consuming for the complex models. The findings from the multiphoton
ionization rates lead to a direct analytical expression [144]:

OkPut2rT (2K —2)! <2P0
Sp =

K
2t (KK — 1)1)2 2) (fe(z = )/z) + frlf/2),  (3.6)
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ns 1.25 x 102 17
Perit 1.74 x 1027 m*3
Pt 2.89 x 102 m =3
—184 1 m?2\K
ok | 5.06 x 107184 1(m )
K 11

Table 3.1: Values used for the calculation of the wavefront sag for 1 bar of argon interacting
with a pulse centered at 800 nm [144].

where the factor f is expressed as:

3 & emy? a
frx(z) = arctan(z) — nzzo Gl (1 1 2

(3.7)

The same can be applied for the ADK-rates, introduced in section 2.2.2, where the free elec-
tron density is calculated by a more complex relation, which is introduced in Appendix B
of the thesis.

Figure 3.3 displays the different contributions ~ISg|
to the wavefront curvature as a function of z. § _Eg |
Note that absolute values are shown for all 215 Y

o . . & |-1SPapkl
contributions in order to compare the influ- & 4

[e]

ence of the terms with different signs. The “§
Kerr contribution Sy, the Gaussian contri- §0'5' |
bution S, and the plasma wavefront sag S, 15 6 77 8 9 >
are shown for the case of a focusing length z(m)

of 2m and an initial power of 25 GW. The Figure 3.3: The contribution of the different
plasma. contribution is shown for the case of wavefront sags for f=2m and an input power of
the MPI- as well as the ADK-rates. The cho- 25GW. The term connected to the Kerr effect
Sk crosses the fundamental Gaussian distribu-
tion Sy before the plasma curvature S, can af-
fect the propagation significantly.

sen gas type for the calculations is argon at
a pressure of 1bar. The detailed parameters
used for the calculations, which closely follow
the specifications from reference [144], can be found in Tab. 3.1. The Gaussian evolution
Sg is explained by the monotonically increasing wavefront curvature R(z) connected to
the Gaussian beams properties along the focal distance, which results in a linear decrease
of Sg. The Kerr term Sy is strongly dependent on the intensity and therefore on the beam
diameter (c.f. Eq (2.7)) along the focal distribution. As the beam is focused and w(z) is
decreasing, the Kerr contribution grows quadratically, showing a drastic influence as the
beam approaches the focal point. The plasma sag shows an even stronger connection to
the intensity, since the electron density in the given ionization model scales with I*. Con-
sequently, the defocusing effect of the plasma sets in as the most rapid term of the three
counteracting effects. As expected, the MPI-rates lead to a more influential defocusing due
to the overestimation of the ionization rates as compared to the underestimated values of
the ADK-rates. In accordance to Figs. 2.3 and 2.4, the outcome of the two models is suffi-
cient to delimit the area of S;,. The interaction process of a laser beam with its surrounding
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medium is considered to be Kerr-dominated, when the connected contribution Sy crosses
the influence of the initial focusing before the plasma part. This means, the Kerr term
can effectively influence and dominate the propagation dynamics, leading to the effect of
filamentation in a more precise sense. In this case, the focusing terms Sy and Sy are already
sufficiently strong to counteract the occurrence of the appearing plasma terms, leading to
a stable self-guided filament [58, 144]. Contrarily, if the plasma-connected wavefront sag
contributes first, the propagation will be dominated by the rapid defocusing term and a
trapping of the beam into an intense channel is circumvented as the Kerr-nonlinearity

needs to sufficiently grow quickly after the plasma defocusing influences the beam 1.

3.2.2 Experiments - Evaluating The Dominating Nonlinearity

In this part, the possibility to track the dominating nonlinear contributor from the spectral
characteristics of the pulse is investigated. The aim of the experiments is the determina-
tion of focusing regimes at which either the Kerr- or the plasma-response is dominating
the filamentary pulse propagation. The main indicator for this is the spectrum emitted
by the beam after propagation through the high-intensity interaction region, as the non-
linear effect which dominates the spatial propagation characteristics is also assumed to
have a key influence on the spectral properties (c.f. Sec. 2). The experimental arrange-
ment is sketched in Fig. 3.4 (a), where the fundamental pulse with an energy of 1.35mJ,
a pulse duration of 40-45 fs, centered at 780 nm, has been focused by exchangeable curved
mirrors with differing focal lengths into a tube filled with argon at atmospheric pressure.
The applied focal length were 500 mm, 625 mm, 750 mm, 1000 mm, 1250 mm and 1500 mm
respectively, covering the commonly applied external focusing lengths in laboratory fila-
mentation experiments. The input windows of the gas filled tube were chosen to have a
length of 200 um in order to avoid nonlinear effects occurring in the crystalline structure of
the window materials. The spectrum originating from the filament has been detected via a
reflection of a diffusing screen for averaging, using a spectrometer in the visible wavelength
range (Avantes-AvaSpec (250-1000 nm)).

The evolution of the fundamental spectrum in dependence of the initial focusing condition
is shown in Fig. 3.4 (b). The nonlinear interaction with the surrounding medium clearly
influences the spectral properties of the propagating beam and shows a strong dependence
on the choice of the external focusing setup. A minimum in the spectral width A\ becomes
observable for =750 mm.

Changing the focusing length to shorter as well as longer values than 750 mm leads to an
increase in the spectral bandwidth of the emitted radiation. A line-out of fundamental
spectra at three exemplary positions is shown in panel (c) in Fig 3.4, exhibiting a strong
spectral broadening for both, the short and long focal distances. The displayed single spec-

!Note that the used definitions of a plasma-dominated and Kerr-dominated regime in the context of
the wavefront sag are not connected to the debate covering the influence of higher-order Kerr-effects
(HOKE) [129-131, 146].
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Figure 3.4: Determination of the dominating nonlinear effect to filamentation at different
focusing geometries. Sub-figure (a) sketches the experimental setup, where the fundamental
beam (1.35mJ, 35-40fs, 780 nm) is focused by different curved mirrors (f=500, 625, 750, 1000,
1250, 1500 mm) into an argon-filled gas cell. The emerging spectrum is detected after the
interaction chamber and displayed in panel (b), where the color-code represents the normalized
spectral intensity. Three examples of the spectral evolution are presented in (c). The spectral
width at a 2% level as well as the central wavelength of the recorded spectra is shown in
(d). The evolution of the wavefront sag is shown for three focusing setups in (e). It can be
seen that the propagation dynamics change between a Kerr-dominated and plasma-dominated
propagation regime.

tra show characteristic differences in their shape, giving indications on the dominating
nonlinear effect. The spectrum connected to the longest focal length of 1500 mm distin-
guishes itself from the other cases by its weak spectral tail ranging down to 550 nm as well
as the occurrence of red-shifted spectral components. Applying a short focal length, as in
this case 500 mm, leads to a modulation of the spectrum in which the generated spectral
components only appear at frequencies higher than the initial carrier.

The spectral width and the center-of-gravity (CoG) of the spectrum with respect to the
external focusing length are displayed in panel (d). The main indication for the experimen-
tal verification of the dominating nonlinear effect during propagation is not the spectral
width by itself, which is of similar order for f=500 mm and f=1250 mm, but the weight
of the emitted spectrum. The experiments show that the broadband spectrum for a fo-

cusing length of =500 mm is far more centered to the blue spectral region as compared
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to its broadened counterpart of f=1250 mm, indicating that different mechanisms are the
originators of the emitted spectrum. The modeling of the wavefront sag is adapted from
the experimental values, showing its evolution for three initial focusing setups of 500 mm,
850 mm and 1500 mm in Fig. 3.4 (e). All wavefront sags shows a strong dependency upon
the changing external focusing length. The results for the longest and shortest focal length
reveal that the connected experimental setup corresponds to conditions of a plasma dom-
inated (f=500mm) and a Kerr dominated (f=1500 mm) case.

For the case of f=500mm, the plasma contribution (independent of the choice of the
ionization model) distorts the propagation before the Kerr-term has a significant influence.
The opposite is true for the case of f=1500 mm, as the influence of the Kerr-effect on the
radial phase of the beam initiates much earlier. The findings from the wavefront sag model
are connected to the observed spectral properties, where the plasma induced frequency
modulation, which only occurs during the rising edge of the laser pulse, leaves the red part
of the spectrum completely unmodulated and only generates frequencies higher than the
initial carrier.

For the case of f=1500 nm, red spectral components are also influenced by the Kerr-induced
SPM and appear in the measured spectra. The observed spectral blue tail in panel (c)
(f=1500mm) is a typical feature of filamentation and is connected to self-steepening of
the laser pulse during its propagation and the resulting asymmetric SPM (c.f. Fig. 2.1).
The theoretical findings for an external focusing setup with f=850mm shows the posi-
tion at which filamentation transfers from being plasma-dominated to a Kerr-dominated
case. As a result, the dominating effects during propagation of an intense laser beam in
transparent, gaseous media can be experimentally determined by looking at the spectral
width and the weight of the frequency-modulated spectra. Also, a simple comparison of the
emitted spectrum with the input one enables the evaluation of the red-shifted frequency
components and therefore the effect of the Kerr-related SPM.

One question to be addressed is the reduced spectral broadening for conditions of
f=750 mm. The analytical calculations predict a simultaneous strengthening of the plasma-
and the Kerr-response for the point at which the experimentally measured spectral width
minimizes. The self-focusing influence of the Kerr effect is immediately overtaken by the
plasma defocusing mechanism, circumventing a self-channeling of the beam and therefore
efficient SPM of the fundamental spectrum. However, the external focusing is still too
weak, compared with the case of f=500mm, to induce a sufficiently strong refractive in-
dex modulation (o< dp./0t) connected to the generation of free electrons. As a result, an
effective generation of the blue spectral components along the fundamental pulse’s rising
edge is suppressed.

Conclusion

The simplified underlying model shows a reasonable agreement with the experimental find-
ings. It is applicable for a rough determination of the dominating propagation regime. The
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spatial influence of the delicate balance between the Kerr- and plasma nonlinearity are
sufficiently covered by the analytical model such that the commanding contribution can be
extracted experimentally by analyzing the spectral weight of the emerging radiation. Ap-
plications desiring pulse self-shortening or an extended high-intensity propagation should
rely on the Kerr-dominated regime. Experiments such as THz-generation or close-range
LIDAR applications [89], which call for high electron densities benefit from a plasma-
dominated regime. The presented experiments together with the simplified theoretical
modeling take only the spatial properties of the key filamentary dynamics into account
and give a narrow insight into the extremely nonlinear temporal dynamics of filamentation.
The following section expands the view on femtosecond filaments by the temporal coordi-
nate, introducing spatio-temporal effects, which lead to multiple characteristic features of
filamentation.

3.3 Spatio-Temporal Dynamics Inside a Filament

In order to obtain a deeper theoretical insight into the propagation dynamics along the
filament, the spatial effects need to be connected to the temporal dynamics of the fun-
damental pulse [68]. The coupling between the spatial- and temporal-nonlinear effects in
filamentation is referred to as the Dynamic-Spatial-Replenishment model, which considers
the pulse-propagation along the filament as a highly dynamical process through a coupled
nonlinear wave-equation [68]. This section breaks down the governing wave-equation to its
most necessary parts and is based on a model which has been developed and improved by
works of Bergé, Skupin and Brée among others [72, 75, 147].

The observations of the spatial dynamics in the last chapter reveal that ionization plays an
important role during filamentation. The free electrons lead to significant contributions of
the free charge density p and the current density f, which participate in a highly nonlinear
manner to the pulse dynamics [92, 121, 148]. As introduced in Eq. (2.5), the polarization
P of the medium also needs to be modeled in a nonlinear approach for the high intensities
along the focal distribution. In this framework, the wave vector k consists of a dominating
part k, > 0 along the laser propagation direction z. The transverse components k; =
\/ k2 + k2 satisfy the paraxial approximation & / k| < 1 [121, 149]. Femtosecond filaments
require the modeling of broadband and ultrashort pulses, which strongly influences the
validity of simplifications for the modeling of the pulse propagation, since the commonly
adapted slowly varying envelope approximation (SVEA) fails for these conditions [150].
Consequently, the Nonlinear Schrodinger Equation (NLSE), which appropriately describes
the propagation of narrow-band pulses, is expanded to a Nonlinear Envelope Equation
(NEE) due to the larger bandwidth of the pulses [70, 75, 151, 152].
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3.3.1 Obtaining the Wave-Equation

The source terms fulfill the Maxwell-equations (2.1), which yields a set of equations
describing the propagation of an electromagnetic wave in a medium through the wave-
equation [77, 148, 153]:

(3.8)

aJ 92D
ot o2 |’

S(GE)TF = o ( + 2D

where the dielectric displacement D = ¢oE + P carries the contribution of the polarization
P = P+ Py. The governing Eq. (3.8) has all the necessary terms for the implementation
of the linear and nonlinear response of the bound electrons via ]3, and also takes the free
electron charges into consideration through the current density J [153]. To investigate
Eq. (3.8), various approximations need to be applied [153]. The aforementioned paraxial
assumption ﬁiﬁ ~ 0 allows a decoupling of the spatial coordinates of the electric field E.
The linear terms are treated in the Fourier space, where F ’T[ 88; f (t)} = i"w" f(w), with
FT denoting the Fourier-transformation. The Fourier-transformation of a time-dependent

function FT[F(t)] yields the frequency domain analogue denoted as F throughout the
theoretical description. Introducing the wave vector in the frequency domain as k?(w) =
"é—;(l + x1(w)) delivers the second order wave equation [153]:

2 - - ~ S
(‘982725 + V2 E + K (w)E = —pow? (t}] + ﬁNL) . (3.9)
In order to break down the second-order equation to a first order problem, usually the
SVEA is applied [145, 151]. As mentioned above, this has to be avoided for the description
of femtosecond filaments. In order to solve this issue, the second order equation is regarded
in the Fourier space, performing the transformation with respect to the propagation vari-
able z [77]. The resulting electric field can be decomposed into a forward- and a backward-
propagating term, both being linearly dependent on the wave vector k [69, 77, 153, 154].
The assumption of a negligible backward propagating field, which is assumed to be valid
for the case of filamentation, and an inverse transformation into the z space yields the
linear equation in dependence of z, the Forward-Maxwell-Equation (FME) [152, 153]:

—

= P o o 5 uw? j
E=_—"' V2FE4ikw)E - H (Z + PNL) . (3.10)
w

2k(w) \ w

To obtain a final representation of the reduced equation, the nonlinear term ﬁNL and the
generation of free electrons contributing to J need to be implemented. The generation
of higher optical harmonic frequencies is neglected in the modeling of ]3NL, reducing the
contributions to self-induced refractive index changes. Introducing an envelope according
to £ = /1o/(nogo)(E exp (koz — iwgt) + c.c. derives the Nonlinear-Envelope-Equation
(NEE) from (3.10). The assumptions lead to the following final equation [153]:
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All terms can be traced back to a corresponding part in Eq. (3.10), this time only being
written in the temporal representation. Equation (3.11) can be divided into four parts to
explain the physical meaning of the single contributions. Part I of Eq. (3.11) describes the
diffraction of the beam, whereas part II corresponds to the dispersion and is equivalent
to the second term on the right-hand side of Eq. (3.10). The dispersion is implemented
by the operator D, which is represented in the Fourier domain according to D(w) =
k(w) — ko — (w — wo)g—ﬂw:ww with k(w) = n(w)w/c. The frequency-dependent refractive
index n(w) is determined according to Dalgarno and Kingston [155]. Contribution IIT is
connected to the initial term ﬁN 1. and models the influence of the Kerr-effect. The operator
T = 1+4(i/wo)0t allows to implement the space-time focusing and the self-steepening effect.
The inverse operator T~ is evaluated in the Fourier domain [152]. The remaining part IV is
connected to the current density f, where the first imaginary term includes the defocusing
effect of the free electron density p.. The second contribution in IV adds the generation
of free electrons due to collisional ionization processes, where oo = 1 x 107 cm? is the
cross section for collisional ionization. The third term accounts for the generation of free
electrons due to field ionization. The value of the electron density p. is determined by an
additional equation (c.f. Sec. 2.2.2). Therefore, the wave equation is coupled to the plasma
density of the medium via [153]:

O coll

Orpe = W(I)(pnt — pe) + ;
p

pel. (3.12)

The ionization rate W(I) is modeled according to PPT-theory, which is assumed to ade-
quately describe the ionization processes, even when the pulse intensity constantly changes
between the MPI and the tunneling regime (c.f. Sec. 2.2.2) [103]. Other implementations
according to the MPI-rats or the ADK-rates are also possible for the sake of comparison
(c.f. Sec. 3.3.7).

The FORTRAN90 code applied in this thesis was kindly provided by Carste Brée (WIAS?)
and is based on a code developed in the group of Luc Bergé. The simulation employs a nu-
merical integration scheme for Egs. (3.11) and (3.12). Hereby, the envelope equation (3.11)
is integrated using a split-step pseudospectral method [153].

2WeierstraB-Institut, Dr. Carsten Brée, Mohrenstrafie 39, 10117 Berlin
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Essential Theoretical Works

The introduced model has been applied in numerous publications on numerical studies
of pulse dynamics along a filament. The pulse-splitting and -shortening dynamics along
a femtosecond filament have been investigated and predict a self-shortening of the funda-
mental pulse shape along a filament as the pulse undergoes the dynamic balance between
plasma-defocusing and Kerr self-focusing [147, 156]. Simulations using the model with-
out self-steepening and SPM contributions show, that the underlying plasma dynamics
themselves are a strong contributor to the modification of the duration and shape of the
propagating pulse [72, 157]. Fig. 3.5 taken from [157] shows the investigation of these re-
duced effects (see [157] for detailed parameters). The calculated spatio-temporal evolution
along the propagation axis z shown on top of Fig. 3.5 reveals a strong influence of the
plasma-defocusing as the focal point with high intensities is approached. The pulse-shape
at 1.55m shows a characteristic double-hump structure with a shortened leading pulse
feature and a weak trailing pulse, proving a strong influence of the spatial nonlinearities
on the temporal pulse shape.

The phenomena of pulse-splitting reduced model
as well as self-shortening have
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been observed by all groups han-

dling the task of filamentation nu- % ©
merically [71, 73, 158-160]. The
findings even predict the gener-
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1

I L
100 0 100
tfs

ficiently track the fundamental Figure 3.5: On-axis temporal intensity profile along the
pulses dynamics are needed to in- filament and the corresponding on-axis intensity evolution
vestigate the predictions of self- for a reduced numerical model. The pulse shape at a posi-
tion of 1.55m is shown in the bottom right panel. (Figure

shortening and validate the nu-
taken from [157])

merical findings. In the following,
the dynamic defocusing of a fraction of the pules shape (comp. Fig. 2.4) and their subse-
quent refocusing due to the Kerr-effect is dubbed refocusing cycle.

3.3.2 Tracking Pulse Dynamics - Experimental Methods and Setup

The simulation of filamentary pulse dynamics relies on various approximations such that
the choice of the ionization model strongly influences the outcome of the theoretical re-
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sults. The complex evolution of the fundamental is strongly influenced by the spatial-
and temporal nonlinearities, and an experimental distinction of these effects calls for a
direct investigation of the filaments dynamics as they occur. A direct experimental view
at the filamentary pulse dynamics should also help to reveal the mechanism behind the
self-shortening dynamics along the filament. Doing this, the applicability of the PPT-
ionization-model can be validated as well.

Previous Experimental Methods

The possibility of temporal self-compression along a filament is a very promising approach
to circumvent the common techniques of ultrashort pulse compression which employ a
combination of a spectral broadening and a pulse compression setup [1, 29, 162]. Numerous
works measured self-compression effects of differing strength’s through the reconstruction
of the emerging pulses from the filament. Table 3.2 summarizes a great amount of these
findings by comparing the achieved pulse duration after the filamentary interaction and the
achieved compression ratio with respect to the input pulse duration®. All measurements
were able to reduce the pulse duration by at least 50% and the maximum pulse-shortening
ratio to date is reported to be 5.76 [74]. The theoretical analysis of these experiments in [75]
could not fully reconstruct the appearance of the measured ultrashort pulse features along
the filament, but was able to find a partial agreement in the spectral intensity and phase
distribution, concluding that the propagation after the filament played a crucial role in
the self-compression mechanism. In order to decouple the detection of the self-compressed
pulse-shape in the filament and the subsequent propagation, a direct experimental view
on the pulse dynamics is needed.

The earliest approaches to gain an experimental perception of a femtosecond filament
strongly rely on the validity of the theoretical modeling. The insight into the pulse dy-
namics is obtained by comparing the dependency of the resulting fundamental beams
spectrum and shape after the filamentary interaction [76, 79, 136]. Many experimental
setups rely on propagating the spectrally broadened pulse out of the filaments cell, with
a subsequent propagation section leading to the pulse detection setup and lack the direct
view into the filament [60, 74, 75, 147, 163, 164]. There are a few experimental techniques,
which enable the direct detection of the fundamental pulse in the filament. A transient-
grating (TG) frequency-resolved optical gating (FROG) setup and the STARFISH-method
are able to probe the pulses directly in the filament [167, 169, 170]. However, the published
results only show the evolution of the pulse shape at a fixed position along the filament
for changing surrounding condition such as the pressure that fails to directly observe the
propagating pulse along the pulse’s propagation direction [167]. The STARFISH method
is able to shift the position from which the pulse is extracted, but still suffers from the
subsequent accumulated dispersion and the need for a well-defined reference pulse, which
is usually obtained from a hollow-core fiber [169, 170]. Another method relies on the

3The examples are limited to experiments handling laser-gas interactions.
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Paper Tmmput | Tsc | Ratio
Breé et al. [147] 45fs | 22fs | 2.05
Skupin et al. [75] 45 | 7.8fs | 5.76

Stibenz et al. [74]
Hauri et al. [165] 42fs | 9.6fs | 4.375
Uryupina et al. [166] | 55fs | 12fs | 4.58
Odhner et al. [167] | 50fs | 17fs | 2.94
Bethge et al. [76] | 120fs | 35fs | 3.3
Odhner et al [168] 40fs | 9fs | 4.44
Schulz et al [163] 30fs | 8.2fs | 3.65

Table 3.2: Findings from previous efforts to measure the self-compression in a femtosecond
filament.

analysis of impulse-shifted Raman-scattering (ISRS) and is able to indirectly track the
pulse-duration along the filament, as the detection of the scattering-process is selective to
the pulse duration 7 [168]. This method allows to estimate approximate boundaries for the
actual value of 7 inside the filament and it could be concluded that pulses with a duration
of less than 9fs appear along the filament. However, a sensitive detection of actual pulse
envelopes or even double-pulse structures (c.f. Fig. 3.5) is not possible. Consequently, none
of the above mentioned methods directly measured the complex pulse evolution along the
femtosecond filament’s propagation axis and could not distinguish between the spatial and
temporal propagation effects along the filament.

The Experimental Setup

The approach used in this thesis, relies on the truncation of the filamentary propagation
by removing the surrounding medium rapidly in a differential pumping stage, effectively
truncating the nonlinear propagation dynamics at a certain position along the filament.
The findings from this setup allow to track the evolution of the pulse’s properties along the
filament and can then be used to directly prove the theoretical modeling. The correspond-
ing experimental setup is presented in Fig. 3.6 and described in detail in the following.

The Laser Source The high-intensity laser pulses are generated in a chirped-pulse
amplification laser system (KMLabs-Dragon). An oscillator (Venteon-customized Setup)
delivers pulses centered at 780 nm with a bandwidth of =~ 100nm and a Fourier-limited
pulse duration of 7o5 &~ 15fs. The weak pulses, having a pulse energy of E=2.75nJ at
frep=91 MHz, are stretched in their duration by a grating setup to 250 ps and subsequently
picked by a Pockels-cell to a repetition rate of 1 kHz. A multiple-pass amplification stage,
guiding the beam via 14 to 15 passes through a Ti:Sa crystal, boosts the pulse energy
up to 3.5 to 4mJ. The amplified stretched pulses are re-compressed by a pair of gratings,
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Figure 3.6: Sketch of the experimental setup for the detection of the fundamental pulses
dynamics. The filament can be scanned along a truncating differential pumping stage, allow-
ing for a subsequent all-vacuum detection of the fundamental spectrum and pulse shape in
dependence of the filament length.

yielding a minimal pulse duration of Tum, ~ 40 — 45 fs with a power of 2.5 mJ at a central
wavelength of 780 nm.

The Filamentation and Truncation Setup At high input powers, multiple filamen-
tation will appear as the initial power of the fundamental pulse exceeds the critical power
of self-focusing P, by a large factor [171, 172]. Distortions along the initial spatial beam
profile will lead to the formation of several co-propagating filaments instead of one channel,
which needs to be avoided by taking certain measures in the setup. In the experimental
procedure described in in Fig. 3.6, this is done by cleaning the spatial pedestals of the
radial beam profile by a variable aperture. Additionally, the beam is attenuated down
to an energy of 0.9mJ. The spacing of the gratings in the compressor setup is used to
influence the pulse duration of the amplified pulse. The filamentation setup starts with a
curved mirror (R=-4000 mm), which guides the beam via a variable path length into a gas
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tube filled with 1bar of argon. The path length is controlled by a motorized translation
stage (Newport-UTS100PP) with a 150 mm traveling range and a minimum step width of
0.1 mm. The positions denoted in the upcoming experimental results refer to the absolute
distance between the focusing mirror and the differential pumping stage, measured to be
205+5 cm for the central positioning of the translation stage. The findings from the pre-
vious Sec. 3.2.2 covering the wavefront sag predict that the conditions of the experiment
are connected to a Kerr-dominated propagation regime due to the long focal length used
in this experiments (f=2000mm). As the focused beam propagates along the gas-filled
tube, a filament is formed. The filamentary propagation is abruptly put to an end by a
differential pumping stage, which is confined by two metal plates. Therein, the filament
drills small pinholes into the metal plates to ensure that the diameter of the opening is
sufficiently small in order to minimize the gas ballast for the subsequent evacuating stage.
The metal plates have an approximate spacing of 1 cm, which enables a connection of a
rough vacuum pump (Edwards-XDS35i) perpendicular to the beam propagation direction
at this position between the two mounted plates. The pinhole diameter is measured to be
400-500 um for the first pinhole and ~150 um for the second one. The pressure in the dif-
ferential pumping stage is dependent on the applied pressure in the filamentary cell and on
the drilled pinhole diameter, and is usually in the vicinity of 5-10 mbar. The ensuing setup
is also evacuated to pressures between 1-5mbar with a rough pump (Pfeiffer-Penta) and
can be further evacuated to pressures below 1x10~% mbar, using turbomolecular pumps
(Pfeiffer-TMH521P). Moving the motorized translation stage changes the path length be-
tween the focusing optic and the gas cell. This effectively translates the ignited filament
through the point of truncation, which allows to scan the filament along its propagation
direction.

The Pulse Detection Setup The fundamental pulse emerging from the second pin-
hole is subsequently guided by silver-coated mirrors and/or surface reflections of wedged
Fused-Silica substrates to be detected by either a spectrometer (Avantes-AvaSpec) or by
a second-harmonic-generation frequency-resolved-optical-gating (SHG-FROG) pulse de-
tection setup, which is also sketched in Fig. 3.6. For the diagnostics of fundamental spec-
trum, the beam is either measured through a reflection from a highly diffusive material
or directly coupled into the spectrometer through an optical fiber after surpassing several
neutral density filters (CVI-Melles Griot) for attenuation purposes.

For the FROG-setup, the pulse originating from the truncation stage is re-collimated
using a silver mirror with f=2m. A mask with two holes of 1 mm diameter each and a
separation of 2mm is put into the beam to pick two exact copies of the pulse. This is
crosschecked by the measurement of the fundamental spectrum of each copy. The replicas
are shifted temporally with respect to each other by the use of a piezoelectric translation
stage (piezosystem jena-PX100). The beams are focused in a non-collinear geometry into
a 12 um thick Beta-Bariumborat-crystal (BBO) to generate the second-harmonic signal.
Although beam smearing effects can occur in the non-collinear detection scheme [173, 174],
it is chosen because the fundamental spectra can well extend into the spectral region of the

31



CHAPTER 3. FILAMENTATION

—
[V
~

—
O
~

0 %3 10 fs | 200 fs?
] S
4 £
5 5
E5 E
o) o
C C
) ©
-100 -50 0 50 100 -100 -50 0 50 100
time (fs) time (fs)

—~
&)
~

K] 10 fs | SPM 5 rad

—~
o
-

@ @3 10fs|100fs3|SPM3rad

3 3

Z4 84

g g

=5 =5

o) o)

C C

[LNS © g

-100 -50 0 50 100 -100 -50 0 50 100
time (fs) time (fs)

Figure 3.7: Calculated FROG traces for a 10fs pulse centered at 800nm with different
imprinted phases. The influence of a linear or a SPM-induced chirp is observed.

signal to be analyzed, making a collinear geometry less favorable. The second-harmonic
signal is coupled out of the vacuum setup through a 3 mm thick fused-silica window. An
aluminum-coated mirror images the source in the SHG-FROG setup onto a fiber-entrance
which couples the beam into a spectrometer (OceanOptics-HR4000). This records the
second-harmonic signal in dependence of the temporal delay At of the two pulse replicas,

generating the SHG-FROG traces, which carry information about the amplitude and phase
of the pulse [175].

In order to get an intuitive understanding of the connection between the fundamental
pulse’s phase and the generated SHG-FROG signal, calculated traces are presented in
Fig. 3.7. As a reference pulse, a 10fs pulse with a central wavelength of 800 nm is chosen.
The first FROG-trace in the upper column corresponds to trace generated by this pulse
under the assumption of a flat phase. A linear chirp is added in Fig 3.7 (b), imprinting a
dispersion of 200 fs?, which results in a stretching of the trace along ¢. The signal evolution
corresponding to a linear chirp is identical for positively and negatively chirped pulses,
leaving an ambiguity in the reconstruction procedure. The influence of symmetric (no self-
steepening) SPM is shown for the case of 5rad in Fig 3.7 (c). A splitting with respect
to the temporal axis is induced and resembles the amount of imprinted SPM. As soon
as different phase-effects couple with each other, more complicated structures appear,
as shown in the panel situated in Fig. 3.7 (d). Here, the influence of SPM can still be
tracked due to the occurring gap in the center of the trace, as a cubic phase of —100 fs®
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Figure 3.8: Evolution of the fundamental spectrum emerging from the femtosecond filament
as a function of the propagation distance along the filament. The blue line displays the center-
of-gravity (CoG) of each recorded spectrum [176].

adds an asymmetry with respect to the wavelength axis. Overall, the SHG-FROG setup is
capable to directly pinpoint to certain phase contributions in the pulse shape and the high
sensitivity to SPM modulated spectra makes it an ideal tool to track the pulses originating
from a femtosecond filament.

3.3.3 Experimental Diagnostics of the Fundamental Beam Dynamics

The analysis of the experimental results is split into the evolution of the fundamental
spectrum and the evolution of the fundamental pulse shape.

Figure 3.8 shows the on-axis spectrum emerging from the filament in dependence of the
propagation distance. The insertion of the double pinhole setup ensures the exclusive de-
tection of spectral components originating from the core of the filament. Therefore, the
spatial dynamics occurring along the radial coordinate can only be evaluated by indi-
rect conclusions from the on-axis properties. The center-of-gravity (CoG) of the detected
spectra is shown as a blue overlaying line. The spectrum broadens symmetrically at the
beginning of the filament (190 cm-205 cm, ), coinciding with a negligible change of the spec-
trally weighted frequency. During the subsequent propagation, the spectral width increases
rapidly with a strong emphasis on the blue spectral region, which is accompanied by a
strong shift in the CoG towards higher frequency components. The spectral observations
indicate a dynamic propagation regime between 200 and 210 cm, switching from a mod-
erate spectral broadening (<205cm) towards a super-continuum stage (>205cm). The
generated high frequency components connected to the super-continuum regime barely
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Figure 3.9: SHG-FROG traces recorded at positions of 198 cm, 204 cm and 212 cm. Next
to the recorded traces, the reconstructed pulse shape with the corresponding FWHM pulse
duration and the reconstructed spectrum are shown. The evolution of the intensity signal is
displayed in black, whereas the phase evolution is shown in blue.

overcome the 10% level of the spectral peak intensity and show a characteristic spectral
tail. A comparison to the experimental findings from Fig. 3.4 concludes that the propa-
gation of the pulse is Kerr-dominated due to the appearance of the spectral wings in the
blue part of the spectrum.

The direct insight into the filamentary pulse dynamics is obtained by the analysis of the
recorded SHG-FROG traces. The three rows in Fig. 3.9 show exemplary SHG-FROG
traces recorded at different positions along the propagation direction of the filament to-
gether with their associated reconstruction. The recorded (column (a)) and reconstructed
(b) FROG-traces are displayed on a logarithmic scale with the purpose to increase the
visibility of minor spectral details in the figures. The comparison between the related
traces shows an excellent agreement and stresses the quality of the recorded SHG-FROG
traces. The reconstruction has a FROG-error between 0.35-0.65% for all measurements
and is performed on a grid-size of 1024 points with a marginal correction being applied.
The symmetry of the measured data-sets proves the stability of the emitted pulse shapes
as the acquisition of each FROG trace takes 1-6 minutes, depending on the integration
time of the spectrometer (10-100ms) and the step-size chosen in the delay stage (0.33fs).
Next to the traces, the associated pulse shape and spectrum is depicted ((c) and (d)-black
line). The respective spectral and temporal phase evolution is portrayed as a blue line.
The positions chosen for these examples are the very beginning of the pulse measurements
at approximately 198 cm, the point of the shortest measured pulse duration 7 = 5.25fs at
212cm and a point located in between those two positions chosen at 204 cm.
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Figure 3.10: Reconstructed temporal pulse-shapes as a function of the propagation direction,
detected with the SHG-FROG setup. The pulse’s FWHM duration is shown below the evolving
pulse shapes. A clear splitting into two sub-pulses is observed, coinciding with a pronounced
pulse-shortening [176].

The initial pulse duration before the gas-cell is 47.2 fs, measured with an evacuated gas-cell,
being a factor of 2.35 bigger than the duration at the first point of 198 cm, corresponding
to 7 & 20.5 fs. The second point at position 204 cm shows the build-up of a pulse structure
in the trailing section of the temporal pulse shape. The SHG-FROG trace itself starts
to show the appearance of a gap-like structure in the center, indicating that SPM-like
effects are influencing the phase of the pulse (c.f. Fig. 3.7). The temporal phase is strongly
modulated, showing a rapid down-chirp along the tail of the pulse-structure and the pulse
is shortened to 7 = 11fs. Note, that the SHG-FROG reconstruction yields an ambiguity
in the determination of a leading and a trailing section of the pulse, since the traces
are symmetric with respect to the time axis. The appearing peak at position 212 cm is
interpreted as a trailing feature because it carries blue spectral components which are
connected to the falling edge of the pulse in the SPM process. At the last position of
212 ¢m, the SHG-FROG trace shows an even more prominent influence of SPM, as the gap
grows bigger with ongoing propagation. The pulse shape consists of two prominent peaks,
which are temporally separated, with the trailing peak being shortened by a significant
factor of 9 compared to the input beams duration, down to a duration of 5.25 fs [176].

The detailed evolution of the reconstructed fundamental pulses temporal shape is shown
in Fig. 3.10 (a). The corresponding FWHM pulse duration is shown in panel (b). The
positions of truncation are chosen to cover the range over which a plasma channel is
visible to the eye inside the argon-filled gas-cell. The pulse-splitting event observed in
the single SHG-FROG traces at 204 cm can be confined to positions between 201-204 cm.
The FWHM pulse duration strongly decreases along this stage from 25 fs at 200 cm down
to ~7.75fs at 205 cm. After the pulse-splitting, the two sub-pulses co-propagate with an
increasing temporal separation. The FWHM pulse duration drops further with ongoing
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propagation to a minimum of 5.25 fs.

Connecting the findings from the spectral evolution in Fig. 3.8 and the temporal evolution
in Fig. 3.10, gives further insight into the interplay of temporal and spectral dynamics.
The position where the pulse structure in the trailing part of the pulse appears turns out
to be crucial in the time and frequency domain. The spectral evolution (c.f. Fig. 3.8) is
dominated by a symmetrical broadening up until the point of 204 cm. After the pulse split-
ting occurred, the extreme spectral broadening with the typical filament like asymmetric
spectral behavior is observed [142] . The strongest change in the blue spectral region is
connected to the subsequent propagation of the occurring short pulse feature. The position
of the broadest fundamental spectrum around 212 cm in Fig. 3.8 also corresponds to the
shortest pulse duration of 5.25fs. The experiments show a strong connection between the
pulse splitting and the spectral evolution and shall now be connected to the results from
the theoretical modeling for an in depth discussion.

3.3.4 Spatio-Temporal Dynamics - Simulations and Discussion

Here, the predictions of the modeling of filamentary propagation introduced in Sec 3.3
are tested by a comparison between the experimental findings and the results obtained by
the simulated pulse propagation. The input parameters for the simulations are matched
to the experimental conditions, using a pulse with a duration of 47.2 fs, a positive chirp of
415 fs? (according to the experimental SHG-FROG measurements) and an input energy of
0.9mJ being focused by a 2000 mm lens into 1 bar of argon. In the experiments, the initial
beam is spatially cleaned by an variable aperture (c.f. Fig. 3.6). This is taken into account
by evaluating the Fraunhofer-diffracted far-field profile on the focusing mirror before the
filament [176]. The ionization is modeled according to the PPT-theory. The choice of the
model will be validated later in this thesis (c.f. Fig. 3.23).

The results from the simulations are shown in Fig. 3.11 and span over a propagation dis-
tance much larger than the experimentally measured one in order to expand the insight
into the occurring pulse dynamics. First of all, the experimental findings are shown again
in Fig. 3.11 (a) and (b) to stress the good agreement between the experimental and the-
oretical results, shown in the panels (c¢) and (d). Here, the sub-figures (a) and (c) display
the evolution of the temporal intensity profiles, whereas (b) and (d) display the spectral
evolution in dependence of the filaments length. For the simulations, on-axis (r=0) results
in the near-field are shown, covering a propagation range of the filament from 175 cm up
to 240 cm. The changing pulse-shapes and the fundamental spectrum show a good agree-
ment with each other, as the position of the splitting and the subsequent separation of two
sub-pulses can faithfully be predicted by the theoretical model without the necessity for
any fine-tuning of the input parameters. The simulated spectral evolution in Fig 3.11 (d)
recreate the experimentally measured asymmetric spectral broadening with an empha-
sis on the blue spectral components. The theoretical results additionally extend towards
lower wavelengths and range up to ~7rad/fs, compared to the measured spectrum which
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Figure 3.11: Comparison of the measured pulse-characteristics with the results from the
numerical model. In (a) and (b) the experimental results from Sec. 3.3.2 are shown again.
Panel (c) displays the simulated on-axis evolution of the pulse envelope as a function of the
propagation length. The corresponding spectrum is shown in (d). The labels I-IIT refer to
stages dominated by defocusing (I), refocusing (II) and propagation dynamics (III).

extends to ~brad/fs. The properties of the simulated spectra reproduce the moderate
spectral broadening at the initial stage of the filament followed by a rapid extension of the
spectral width at later positions. Even smaller, more detailed features in the spectral evo-
lution, as the vanishing blue spectral components after the point of the maximum spectral
width around 212 cm agree with the experimental findings. Fig. 3.12 displays the simulated
spatio-temporal field distribution of the fundamental pulse for multiple positions along the
filament. Here, the temporal pulse-structure is evaluated in dependence of the radial co-
ordinate for 12 distinct propagation distances, which are labeled in their respective plots.
The positions are chosen to cover the spatio-temporal dynamics along the filament. As
the pulse propagates along the filament, a strong modification of the time-dependent ra-
dial beam profile can be seen. Each group of four spatio-temporal representations, being
aligned in separate rows, represents one characteristic stage of filamentary propagation,
being I the defocusing-, II the refocusing- and III the propagation stage. The three regions
I-I1IT are also displayed in Fig. 3.11 to emphasize the stage along the filamentary life cycle
for further discussion.

Fig. 3.13 concentrates on values, which are deducted properties of the experimentally and
theoretically obtained pulses evolution, being (a) the Full-Width-Half-Maximum (FWHM)
pulse-duration, (b) the slope connected to the falling edge of the fundamental pulse and (c)
the peak intensity of the on-axis temporal pulse shape along the filament. All three plots
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Figure 3.12: Simulated spatio-temporal profiles which characterize three stages I-IIT along
the life cycle of the filament. I is the defocusing stage, II covers the refocusing event and III
the pulse propagation after refocusing.

are again demonstrating the introduced stages for the sake of comparability. The FWHM
initially decreases in the theoretical findings with a subsequent broadening stage followed
by a drastically dropping pulse duration. The rapid switch to low values in the pulses
duration is connected to the pulse-splitting event, showing a very drastic influence as the
pulse duration in the simulations drops within less than a centimeter of propagation from
~42fs to 8 fs. The minimal duration of the simulated filamenting pulse shape corresponds
to 4.5 fs. The evolution along stage II and III can be directly compared to the experimental
findings and shows a good agreement.

Secondly, the steepness of the falling edge of the pulse in panel (b) is evaluated by the
determination of the strongest negative gradient along the respective pulse shapes from
the experimental and simulated data. The analysis of the falling slope is a direct indicator
for the self-steepening dynamics along the femtosecond filament.

The increasing falling slope in the numerical findings is connected to an increasing amount
of self-steepening along the pulse propagation which cannot be well reproduced by the
experimental measurements. This shortcoming will be picked up at a later point along this
thesis (c.f. Sec. 3.3.5). An improved determination of the falling slope through high-order
harmonic spectroscopy will be presented in Sec. 4.3.2. The last panel (c) additionally shows
the evolving intensity along the filaments propagation direction and is inaccessible by the
measured pulse evolution. The simulations show, that the intensity along the filament rises
as the pulse is approaching its focal point followed by an intermediate minimum and an
extended plateau afterwards. The physics along each of the three stages of a femtosecond
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Figure 3.13: Derived properties from the evolution of the pulse shape. The (a) full-width-
half-maximum, (b) falling slope of the pulse, being a measure for the steepness and (c) the
peak intensity are shown for the propagating on-axis (r=0) pulses.

filament will be explained by using the content from Figs. 3.11 to 3.13 in the following.

Connection between Simulations and Experiments along the three Propagation
Stages The agreement between the theoretical results and the experiments allows for the
use of the simulated spatio-temporal pulse shapes as a guideline through the filaments life
cycle. Additionally, the simulated spectrum will be analyzed with respect to its divergence
angle 0 to connect the occurring temporal dynamics to spectral features. This is performed
by a two-dimensional Fourier-transformation of the simulated spatio-temporal profiles,
where the electric field along each radial position is first transformed into the frequency-
domain and secondly the radial components are Fourier-transformed to yield the radial
wave vector K. This vector is connected to the divergence angle via § = K| /ky with
ko = won/c [177].

Stage I - Defocusing A closer look at the changing temporal pulse-shape along the first
stage between positions 175 cm and 194 cm shows, that the trailing edge of the envelope is
disappearing with ongoing propagation (c.f Fig. 3.11 (c)). The spatial influence connected
to this effect can be seen in the four pictures describing the spatio-temporal evolution in
Fig. 3.12 (a) for positions 185 cm, 187 cm, 190 cm and 192 cm. The trailing section of the
initial pulse is pushed off-axis as the defocusing effect of the free electrons influences the
propagating beam (c.f. Sec. 2.2.3). The diverging features in the back of the pulse form a
characteristic C-shape in the spatio-temporal representation shown in Fig. 3.12 (a). Due
to this interaction, the on-axis pulse-shape loses its trailing components and the FWHM-
pulse duration decreases steadily as the beam approaches its (nonlinear) focus position (c.f.
Figs. 3.13 (a) and 3.11 (c)). The falling slope of the pulses envelope starts to steepen, as the
time-dependent buildup of the plasma-initiated defocusing lens influences the propagating
beam.
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measured at position 200 cm has a duration
of ~25fs (c.f. Fig. 3.9 (top)) supports the as-
sumption of a self-shortening mechanism con-
nected to the plasma-defocusing effect alone
along stage I. Therefore, not even a refocusing cycle is necessary to shorten the propagat-
ing pulse. This qualitatively agrees with the numerical findings of the reduced propagation
model in Fig. 3.5 and plasma-induced self-shortening observed during relativistic laser-
matter interaction [157, 178, 179]. The frequency components, accompanying the on-axis
pulse-shortening originate from the instantaneous frequency connected to the changing
electron density along the pulse shape and from self-phase modulation (c.f. Eq. (2.14)
and (2.9)). Similarly to the temporal pulse structure, the spectrum undergoes a spatial
evolution.
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start to approach the optical axis to initiate
the next stage of filamentation, the refocusing
stage.

Stage II - Refocusing Fig. 3.12 (b) describes the second important stage II of filamen-
tation, where the off-axis components reappear at the optical axis. This is depicted for
distinct propagation distances of 194 cm, 196 cm, 197 cm and 201 cm. This stage of the fila-
mentary life cycle is partly observed by the measurement of the temporal pulse shape (c.f.
Fig 3.10). The spatial refocusing of the temporally trailing part has direct consequences for
the FWHM-pulse duration in Fig. 3.13 (a). The increasing intensity in the trailing part of
the pulse results in an intermediate increase of the FWHM in the simulations because the
two structures in the leading and trailing part of the pulse are of similar field-strength for
positions between 197 and 204 cm (c.f. Fig. 3.11 (c)). The scenario is depicted in Fig. 3.16
where the simulated as well as measured pulse shape is displayed for a position of 204 cm.
A double-hump structure occurs in the simulations with an M-shaped appearance, which
has been singled out by the reduced numerical model in Fig. 3.5. The double-peak could
be identified in the experiments albeit it shows a significantly differing ratio of the peaks
compared to the simulations. This explains why the FWHM pulse-duration in Fig. 3.13 (a)
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maximizes to 225 fs for the experimental results as compared to ~42 fs for the simulations.

The end of the refocusing cycle manifests
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pulse duration to =8 fs in the simulations at [-simulation |
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Figure 3.16: Comparison of the simulated and
peak intensity of the pulse are influenced by

measured pulse-shape at a position of 204 cm.
the refocusing dynamics (c.f. Fig. 3.13 (b) The refocusing event results in a double-peak
and (c)). The steepness of the falling edge structure, which is clearly visible in the simu-

is influenced by the pulse-dynamics as the in- lations. The measurements show this behavior
creasing strength of the trailing pulse struc- to a lesser extend.

ture leads to the steeper falling slope. This

is inherently connected to decreasing pulse duration since shorter pulse shapes exhibit
stronger gradients along their envelope. The simulated on-axis intensity evolution along
the filament shows a local minimum along the refocusing stage II. The leading part of the
pulse is weakened due to plasma generation and its divergence properties, since the initial
nonlinear focus of the setup is surpassed. Simultaneously, the trailing part is refocused
and leads to a subsequent increase of the on-axis intensity, explaining the minimum at
position 197 cm in Fig. 3.13 (c). The influence of the refocused trailing pulse feature on
the spectrum can be seen for positions of 197 cm and 200 cm in Fig. 3.17. The increasing
intensity in combination with the appearance of a short pulse feature enable the gener-
ation of new on-axis frequencies through the shortened trailing pulse feature and SPM
during propagation. The spectrum spans up to ~3rad/fs (630nm) for the case of 197 cm
and to ~3.5rad/fs (540nm) for the case of 200 cm, being emitted with small divergence
angles as the refocused part of the pulse is re-approaching the optical axis. Coinciding
with the increasingly structured spatio-temporal shapes, the spatio-spectral properties
gain complexity.
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The re-appearance of the off-axis components
on the optical axis is the phenomenon that
triggers the dynamics, that leave the most

trum, dubbed as the propagation stage III
of the filaments dynamical evolution in the panel covering the temporal dynamics in
Fig. 3.11 (c).

Stage III - Propagation The spatio-temporal profiles which correspond to the prop-
agation stage are displayed for exemplary positions of 205 cm, 209 cm, 213 ¢cm and 217 cm
in Fig. 3.12 (c). This appears as the most stable and spatially least dynamic regime as
the simulated radial pulse-profiles are less influenced by plasma-contributions during their
propagation due to their decreased pulse duration (c.f. Fig. 3.13 (a)). This section along
a filament is characterized by the propagation of an ultrashort pulse at high intensities,
strongly favoring the influence of the Kerr-effect [58, 180]. Spatially, this results in fur-
ther self-focusing which leads to a high-intensity plateau along the propagation axis (c.f.
Fig. 3.13 (c)). The temporal influence of the Kerr-effect gives rise to a steady impact
of SPM, effectively modulating the fundamental spectrum due to the elongated high-
intensity interaction region (c.f. Fig. 3.13 (c¢)). Additionally, the pulse self-steepens, as the
Kerr-effect leads to a Gaussian evolution of the refractive index along the pulse’s envelope
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(c.f. Fig. 3.13 (b)). The responsible terms for self-steepening in Eq. 3.11 (III) are described
by ingw/cT |E|* E with T = 1+ (i /wo)0t. Consequently, not only the SPM term leads to
the generation of new spectral frequencies but also the self-steepening term. The combina-
tion of SPM and self-steepening is the nonlinear interaction which effectively contributes
to the generation of the typical filament-like spectrum, consisting of a weak blue spectral
tail ranging up to the ultraviolet region. The appearance of such spectra has been observed
in numerous experiments [58, 60, 74, 79, 118, 135, 136, 181, 182]. The changing FWHM
pulse duration along the filament reveals, that the shortest obtainable pulse along the
interaction region is not generated by the sole refocusing cycle itself, but emerges as the
propagating pulses trailing edge catches up with the high intensity peak [143, 182].

After the spectrum is influenced by the strong asymmetric SPM, induced by the men-
tioned self-steepening term, the spectral width for the on-axis spectral components starts
to decrease again for z>211cm (theory) and z>212cm (experiment) in Fig. 3.11 (c¢) and
(d) respectively. The divergence properties of the high frequency components can be seen
in Fig. 3.18 where positions 214cm and 220cm are displayed. The highest frequencies
>5rad/fs (A<375nm) show a strongly diverging behavior and form a fish-tail like struc-
ture. The shape resembles observations made in filaments generated in solids and liquids,
called X-waves [128, 183]. In this context, the strongly changing divergence along the spec-
trum is connected to a dominant group-velocity dispersion (GVD) and used to explain
phenomena such as conical emission [126, 128, 177]. In the presented case an additional
possible source for the diverging high-frequency components besides the material disper-
sion comes into play. Here, the divergence might be connected to the refractive index
change induced by the free electrons, inducing a defocusing effect and a frequency depen-

dent refractive index modulation connected to —5 /ierit. The frequency dependency hereby
stems from periy = €omew?d/e?. The high-frequency components are generated along the
falling edge of the steepened pulse. The highest photon-energies can be obtained as the
trailing pulse front breaks and the gradient along the falling edge is maximized. There-
fore, the highest frequencies are located in the tail of the pulse, where the influence of the
generated and accumulated free electron density is most pronounced and can influence the
propagation. The spectrum connected to the fish-tail has not been observed in the experi-
ments, as the experimentally measured spectrum is limited to A > 380 nm. Concentrating
on this spectral region in Fig. 3.18 reveals that the frequency components ranging up to
5rad/fs weaken with ongoing propagation, which is in good agreement with the findings

from Fig. 3.11 (b) and (d).
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Figure 3.18: Spectral emission at positions
214cm and 220cm along the propagation
stage III. The modulated spectrum shows
beam was characterized shortly after the fil- gtrongly frequency-dependent divergence prop-
amentation cell. As the pulse-detection setup erties. The highest frequencies form a fish-
uses focusjng optics, a certain position a]ong tail like structure and a weak signal between
3rad/fs and 5rad/fs. The initial carrier at
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ponent but strongly modulated.

the propagation axis z is being imaged by the
optical component into the measurement de-
vice. Therefore it is possible to detect parts of
the off-axis propagating spectral components.
Second, the subsequent propagation through air and output windows can have beneficial
effects on certain parts of the spectrum, as the spectral phase of the pulses emerging from
the filament is strongly modulated and certain parts of the spectrum can be compressed
through ensuing propagation [184].

The propagation stage finalizes the life cycle of a filament. The dynamics of pulse splitting
are shown for the first time in a complete comparative picture and the foundation of the
simulations is strongly supported by the good agreement to the experimental findings. It
could be illustrated that the self-compression of the fundamental pulse-shape is strongly
connected to the refocusing and the propagation stages II and III along the filament,
whereas both enable an efficient shortening of the fundamental pulse.
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3.3.5 The Spectral Content of the Reconstucted Pulses - Experimental
Shortcomings

Despite the good resemblance between experiments and simulations (c.f. Fig. 3.11), certain
characteristic features of the pulse dynamics exist, which are very challenging to measure
with the conventional pulse detection setup used in the experiments. Figure. 3.13 (b)
displays the comparison of the steepest slope of the fundamental pulse’s falling edge in
dependence of the propagation distance. The experimentally retrieved pulse shapes are
lacking these extreme slopes, showing values which differ by a factor of three at their
respective steepest positions. The disagreement between the theoretical findings and the
experimental results is non-negligible but can be explained by the experimental setup,
which is used for the pulse detection and its spectral sensitivity. To better understand the
discrepancies between simulations and experiments, calculated X-FROG traces are used
for further evaluation.

The traces are generated by multiplying a finite temporal gate to the on-axis electric
field in order to obtain the instantaneous frequency along the width of the governing
function which is chosen to be a Gaussian distribution of 3fs width. By delaying the
gate-function, an analysis of the instantaneous frequency along the on-axis temporal pulse
shape is possible. The frequency map along the pulse’s temporal shape is obtained for the
measured pulse shapes as well as the calculated ones and is shown in Fig. 3.19. The traces
are coupling the temporal and spectral data and the analysis is expanded from absolute
characteristics of the pulse, such as the peak intensity, its spectrum or its pulse duration
towards properties including the phase evolution, like the instantaneous frequency along
the temporal shape of the pulse. For a comparison of the experimental shortcomings, three
exemplary positions are selected at 197 cm, 206 cm and 212 cm. The first presented case
at 197 cm, connects stage I and II (c.f. Fig 3.11 (e) and (g)) so that the leading pulse is
strongly influenced by the foregoing defocusing and the trailing structure is building up
because of the refocusing effect. Therefore, an asymmetric pulse shape can be observed
in the simulated results in Fig. 3.19. A similar structure is observed in the experiments,
albeit less clearly. Here, the first experimental shortcoming can be seen, as the absolute
determination of the temporal position of the pulses structures is ambiguous for SHG-
FROG traces.

The second exemplary position of 206 cm shows only a partial agreement. For the numerical
findings, the generation of new, blue spectral components starts to set in as the position
corresponds to the beginning of propagation stage III. The position and appearance of
the dominating blue spectral content in the experiments agrees and only the very weak
tail with relative intensities <10% could not be reconstructed. These wavelength however
do not significantly disturb the reconstruction of the temporal pulse-shapes due to their
weak contribution.

The third position of 212 cm is clearly situated in stage III. The previous section concluded
that the ongoing propagation along this stage results in a dominating self-steepening. This
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Figure 3.19: Calculated X-FROG traces, portraying the spectral distribution along the on-
axis temporal shapes. The traces are calculated for the pulse shapes originating from the
experimental measurements and the simulations.

is evident by the extreme blue tail in the theoretical findings, where a spectrum ranging
from approximately 925nm (2.1rad/fs) down to 280nm (6.75rad/fs) is conglomerated
in a temporal window of less than 10fs in the trailing part of the pulse. It can be seen
in Fig. 3.19, that the experimentally retrieved pulses are lacking the information in the
blue spectral region, which is situated in the trailing part of the pulse, as the retrieved
spectrum only ranges from approximately 925 nm (2.1 rad/fs) to 500 nm (3.75rad/fs). This
shortcoming can be explained by the beam propagation along the experimental setup.
The beam guiding by reflective mirrors as well as the bandwidth limitations of the phase
matching in the SHG-FROG device can strongly influence the spectral components which
contribute to the pulse reconstruction. The blue spectral part emerging from the filament
is also the most vulnerable to losses induced by poor reflection properties, since its relative
signal-strength in the spectrum is significantly smaller compared to the input wavelength.
Recalling Fig. 3.13, the discrepancies in the determination of the steep falling edge are
directly connected to the observed spectral shortcomings in the X-FROG traces, as the
falling edge is directly connected to the generation of the highest frequencies. From this it
can be concluded that the SHG-FROG is capable to reconstruct most of the pulse features
but is lacking the insight into the self-steepening dynamics.
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3.3.6 The Influence of the Truncating Stage

The investigation of shortcomings is essential for further improvement of the experimental
characterization of femtosecond filaments. Discrepancies could not only be induced by the
poor beam guiding into the pulse detection setup. Other reasons have to be investigated
to again confirm the experimental outcome and their correspondence to the numerical
findings. An obvious choice would be the implemented pair of pinholes, which truncate the
beam along the filamentation stage. Therefore, the influence of the small-diameter pinholes
in the experimental setup (P1~400 um, P2~150 um) is analyzed theoretically [185]. The
first plate is always exposed to the plasma generated by the filament and starts to increase
in its diameter drastically due to the heated plasma, which induces thermal melting of the
metal plate. This explains why its diameter is large opposed to the typical diameter of
the filaments core (= 100-200 um) [64, 186]. The second metal plate is not exposed to the
plasma itself, since the differential pumping stage clears the environment of the ambient
gas. Therefore, the drilling process is confined to a pure laser-matter interaction at the
metal plate’s surface, resulting in a much smaller pinhole diameter of ~150 um.

The subsequent propagation to the detector is taken into account and has a significant
effect on the measured pulse profiles. To analyze the far-field temporal pulse shapes in a
systematic manner, the Fraunhofer diffraction integral is evaluated to yield the far-field
on-axis intensity distribution of the filament pulses (assuming cylindrical symmetry) [185]:
d/2 /
Efar_ﬁeld(r,w,z) = 27T/0 / Epmhole(r’,w)Jo(w;r)r’dr’
) e (3.13)
r =0 Efarfield(w, 2) = 27 : Epinhole(r’, w)r'dr’.

Here, the radial electric field distribution at the pinhole Epinhole and in the far-field Efar_ﬁeld
are connected through the integration over the Bessel-function Jy with their corresponding
observation point r and the position in the aperture r’. Note, that both field distributions
are not solely depending on the radial coordinate r, but also on the frequency w. Since
only the on-axis distribution in the far-field is of interest, r is set to zero. A Fourier-
transformation back into the temporal domain yields the temporal pulse shape at the
position of the detector [185]. Panel (a) displays the already introduced simulated pulse
evolution, as it occurs inside the filament according to Fig. 3.11. Panel (b) shows the
propagated pulse evolution after the fundamental pulse passed a pinhole with a diameter
of 100 um and propagates 1 m to the detection setup. Sub-figures (c)-(f) show the result
for increasingly larger diameters of 150 wm, 250 wm, 500 pm and 1000 pm respectively. The
findings appear to be counter intuitive, as a smaller opening is supposed to distort the
subsequent vacuum-propagation more drastically through diffraction. The opposite is the
case, as the smallest pinhole diameter results in the closest resemblance to the near field
results in panel (a). The pulse-splitting and the clear separation into a weak leading and
a short, intense trailing part are reproduced for pinhole diameters smaller than 200 um.
Additionally, the position of the defocusing and refocusing stage is only slightly shifted by
~1 cm towards smaller propagation distances.
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Figure 3.20: Influence of the pinhole setup upon the measurable pulse dynamics. Panel (a)
shows the already introduced pulse dynamics inside the filament. The sub-figures (b)-(f) show
the pulse evolution, which will be measured after passing a pinhole with a diameter of d=150,
250, 500, 1000 pm plus 1 m of vacuum propagation. The detectable pulse dynamics rapidly
change with an increasing pinhole diameter.

For larger pinhole diameters, the observable pulse-dynamics change rapidly. The pulse-
splitting appears at a much earlier position along the filament, mimicking pulse dynamics
that have no resemblance to the actual near-field case. The observations along the near-
field propagation stage for pinhole diameters > 250um also show no clear signatures of
strong self-steepening or self-compression. The FWHM pulse-duration at the position of
the shortest measured pulse at 212cm corresponds to 10.8fs for the case of a 500 um
opening and to 11.3 fs for the 1000 um one. Consequently it is the strong truncation of the
propagating beam that enables a correct representation of the on-axis near-field dynamics.
The positive influence of strong truncation can be explained by the refocusing dynamics
of the fundamental pulse in the filament. The spectrum along the complex pulse shape has
varying beam diameters, diffraction lengths and divergences (c.f. Fig. 3.17 and 3.18) [185].
In order to estimate the influence of the truncating pinhole on the spectrum, the radial
distribution of the frequency components is shown in Fig. 3.21. The spectrum connected
to the initial pulse-shape (w <3rad/fs) undergoes the complete de- and refocusing cycle
along stage I and II. Therefore it shows different divergence properties than for example
the blue spectral components (w >4 rad/fs) connected to the propagation stage III.
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The chosen representation allows to di-
rectly pinpoint to the spectral content
which is most affected by the truncat-
ing pinholes. A small-diameter opening re-
sults in a uniform distribution of the spec-
trum and limits the effects of the subse-
quent propagation along the vacuum stage.
Increasing the pinhole diameter enables
a contribution of off-axis components to
the vacuum propagation and therefore can
strongly change the appearance of the
spatio-temporal dynamics in the far-field
(c.f. Fig. 3.20) The spatial filtering needed
to obtain a reasonable representation of the
near-field pulse shapes is estimated to be
<200 pm in Fig. 3.20. Figure 3.22 evaluates
the influence of the present experimental
setup on the temporal shape of the pulse
at (a) 204cm and (b) 220 cm. The experi-
mentally retrieved pulse-shape is compared
to the simulated near-field one and the
one which has been propagated through a
150 pm pinhole. For the position of 204 cm,

500 pm

radius (um

4 6
ang. freq. (rad/fs)

Figure 3.21: Influence of the pinhole setup on
the subsequent propagation. The radial prop-
erties of the spectrum is strongly structured.
A small-diameter filtering by a 100 um pinhole
(white line) cuts out a uniform profile, limiting
the distortions during subsequent propagation. A
bigger pinhole diameter of 500 um allows for a
mixing due to the strongly differing divergence
properties of the frequencies.

the pinhole setup mainly decreases the strength of the leading pulse feature, leaving a

better resemblance with the actual measurements. This explains why the experimental

findings in Fig. 3.16 were unable to directly prove the existence of the M-shaped dou-

ble peak structure along the refocusing cycle. The agreement between the experimental

measurement and the far-field simulations including a 150 um pinhole are convincing and

further prove the good applicability of the numerical model.
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A similar influence can be observed at
220 cm, where the front part of the pulse- a) 1 — experiment ¥ 204 om
shape is enhanced by the vacuum propa- |- simulation

gation, resulting in a good agreement with simulation - 1‘50 Hm
the experiments. It can be concluded that
the main pulse structures remain intact

during the subsequent vacuum propagation
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with a slight disturbance being introduced
to the leading feature of the pulse shape.
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to extract the pulses under investiga- -50 timeo (fs) 50
tion [60]. The correct determination of the

pulse-shape is impossible to fulfill with a  b) 1 - —
single pinhole setup, as the diameter of the _zl):gﬁg::s: ! 1 220 cm
first opening grows drastically [185]. The |~ simulation - 150 um
findings also show, that the use of pressure
windows and similar techniques to truncate

the propagating filament are not sufficient

o
3}

enough to observe the actual dynamics in

norm. intensity

the filament and explain why many groups
were unable to find real evidence of self-
compression during filamentary propaga-
tion and instead relied on post-compression
setups [76, 131, 158, 187]. One additional 0 5
possibility to overcome the errors induced time (fs)

by subsequent vacuum propagation is to

fully image the source point of the pulse Figure 3.22: Influence of the pinhole setup
on the pulse reconstruction. The experimen-

tally measured (black), simulated near-field (red-
dotted) and the simulated far-field (150 pm -

blue-dotted) pulse shape are displayed for a posi-
or astigmatism induced by the implemen- iy, of (a) 204 cm and (b) 220 cm.

under investigation into the pulse detection
setup. Doing this, care has to be taken to
avoid propagation effects induced by a lens

tation of reflective optics. If the imaging is
applied properly, the near-field pulse structure from the filament could be used in an
ensuing application stage.

3.3.7 Determination of the Correct Ionization Model

In the upcoming section the influence of the chosen ionization model, which have been
introduced in Sec. 2.2.2, on the numerical findings will be evaluated. So far, only the PPT-
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rates are proven to be valid, but the influence of the ionization model on the theoretical
outcome is unexplored up to now. The reason of this investigation is, that many theoretical
approaches rely on the application of the computational undemanding MPI- or the ADK-
model to investigate filamentary pulse dynamics. The influence of the simplified models
needs to be checked by a comparison with the obtained experimental measurements and
is subject to the following paragraph.

The evolution of the fundamental pulse along the filamentary propagation direction is
simulated for the initial parameters of the experiment (1bar argon, f=2m, 7 =47.2fs,
Ein = 0.9mJ) using the PPT-, MPI- and ADK-ionization rates to model the light-matter
interaction under exactly the same numerical conditions. Figure 3.23 compares the sim-
ulated results for the three different ionization models by evaluating the temporal pulse-
shape as a function of the propagation distance (a-c), the spectral evolution (d-f), the peak
intensity along the filament (g) and through the FWHM of the propagating pulse profiles
(h). As already stated in the previous section, the PPT-rates yield a very good agreement
with the experimental observations. Therefore, no additional justification of these findings
is needed, instead the results will be used as a benchmark for the outcome of the other
two models.

The results for the MPI-rates show strongly differing pulse dynamics in which the pulse-
shape shows no strong influence of the refocusing cycle. As a consequence the propagation
dynamics are not evident and no accordance with the numerical PPT-findings can be seen.
The spectral evolution in panel (f) completely lacks any significant spectral modulation
through SPM. This is connected to the low intensity being present along the complete
interaction region, as it can be seen in Fig. 3.23 (g). Accordingly, the pulse-duration is
also constantly exceeding 20 fs for all three propagation stages. This can be connected to
the overestimation of the ionization rates by this model. The exaggerated generation of free
electron leads to a strong defocusing as well as absorption of the incoming pulse, leaving
no possibility for the onset of the characteristic refocusing dynamics as the action of the
diverging lens generated by the free electrons cannot be counteracted by the Kerr-effect.
Consequently, the pulse dynamics show only an influence of the defocusing stage and the
spectral evolution shows no features of the propagation-stage. The simulated outcome
of the MPI-rates can reliably exclude the applicability of this model for an adequate
modeling of filamentary pulse dynamics. The findings connected to the ADK-formalism
yield similar returns to the validated PPT-case, as the pulse-splitting connected to the
refocusing cycle is present in both cases. However, the models show minor discrepancies for
the evolving pulse duration, especially at the later positions along the femtosecond filament
The pulse’s envelope shows a very prominent jump to longer pulse durations around 215 cm
for the ADK-rates and around 228 cm for the PPT-rates. The experimental measurements
range up to 220 cm, which should be able to exhibit the pronounced upward trend in the
pulses length in the ADK-model. The fact, that this has not been observed supports the
usage of the implemented PPT-rates for modeling the nonlinear pulse dynamics along
the femtosecond filament. Unfortunately, the measurements were not able to scan up to
a position of 230 cm to actually prove the PPT-predictions. The spectral evolution of the
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Figure 3.23: Numerical results obtained through the implementation of different ionization-
models, namely the PPT- (a,d), MPI- (b,e) and ADK-rates (c,f). The temporal (a~c) and
spectral (d-f) evolution is shown for each case. Below, the connected intensity and FWHM
pulse-duration is displayed in dependence of the propagation length.

two underlying models delivers a slightly better insight, as the results connected to the
ADK-model yield much broader and more structured spectra. This can be understood
as the ADK-model yields significantly lesser amounts of free electrons along the pulse,
which results in an increase of the achievable intensity. The balance between the Kerr-
nonlinearity and the plasma induced effects sets in at higher intensities, increasing the
influence of the Kerr-effect on the spectral evolution as well. An experimental access to
the fundamental pulses intensity would clearly clarify this remaining ambiguity between
the ionization models, since the achievable peak intensity along the filament is differing by
a clear factor of ~3. The evaluation of this missing link is one of the main purposes of the
remaining thesis, as high-order harmonic generation will be implemented as a nonlinear
tool along the femtosecond filament in the upcoming chapter.

3.3.8 Conclusion

The fundamental pulse’s evolution along the experimentally observed femtosecond fila-
ment is dominated by the occurring refocusing cycle, which results in very characteristic
features of the fundamental pulse shapes along a filament. The generation of free electrons
at the beginning of the filament results in the defocusing of the trailing part of the pulse’s
shape, already leading to a pulse shortening of the initial leading section as it has been nu-
merically predicted in previous works [157]. The re-occurrence of the off-axis components
at the optical axis lead to the generation of a short pulse feature and a drastic decline of
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the pulse duration. These initial stages show emphasized spatial dynamics that lead to a
pulse-shortening. The following propagation of the refocused component is dominated by
temporal dynamics, as the pulse undergoes a strong, characteristic self-steepening. The
experimentally observed strong spectral modulation into the blue spectral region is con-
nected to these dynamics of the short trailing sub-pulse, being accompanied by a heavy
self-shortening down to 5.25fs. The presented experiments are the first measurements to
directly show the self-compression dynamics along a femtosecond filament and the mea-
sured amount of self-shortening by a factor of 9 along the filaments propagation direction
is the largest factor to date. The direct measurement of the numerically predicted extreme
self-steepening dynamics is limited by the beam guiding towards the SHG-FROG device
and the phase matching during the SHG process. The comparison of the experimental
findings with the simulations reveals, that the applied code can sufficiently predict the
pulse’s spatio-temporal dynamics and reproduces all of its detected features. Additionally,
the measurements can distinguish between self-shortening dynamics connected to the refo-
cusing cycle and dynamics connected to the high-intensity propagation of the fundamental
beam.

The use of the double pinhole scheme in the experimental setup is essential for the correct
reconstruction of the near-field pulse shapes. The small aperture proves to be beneficial for
the suppression of ensuing propagation effects that can strongly disturb the on-axis pulse
shape even when the pulse is surrounded by vacuum. It has been shown, that only the
leading pulse feature is slightly modified when a 150 um pinhole is applied. The disagree-
ment between the near-field simulated and experimentally reconstructed pulse-shapes can
be traced back to the influence of the vacuum propagation. An application of the self-
compressed pulses has to consider that the subsequent propagation, even without the
presence of a dispersing medium, can strongly influence the duration and shape of the
pulses emerging from the filament. Therefore, a suitable truncation of the beam close to
its source point with a double pinhole setup or a suitable imaging setup need to be applied.

The implementation of the PPT-ionization rates proves to be the most suitable for the
modeling of femtosecond filamentation. Using the MPI-rates overestimates the ionization
and suppresses the refocusing dynamics in the numerical model. Applying the ADK-model
shows features of pulse-splitting and self-shortening but results in a much higher on-axis
intensity.

In the context of the analysis conclusions for the application of the three filamentary life
cycle stages can be drawn. Experiments that strongly depend on the use of ultrashort
pulse-characteristics should utilize the propagation stage III along the filament. Here,
the self-compression is strong enough to deliver pulses that are short enough for their
utilization in Raman-spectroscopy or four-wave-mixing processes [13, 58, 188]. Contrarily,
the defocusing stage I favors experiments calling for high intensities or electron densities
such as breakdown spectroscopy or discharge-guiding [88, 182, 186, 189].
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Chapter 4

Application of an Extreme
Nonlinear Probe - Filamentation
and High-Order Harmonic
Generation

The increasing complexity of the filamentation dynamics has been observed experimentally
by investigating the evolution of the fundamental spectrum and the temporal pulse shape
emitted along the filament’s propagation direction (c.f. Sec. 3.3). As the experimental
findings from the previous Sec. 3.3.3 have shown, there are various additional parameters
and effects to be measured along the filamentary propagation direction that are only
measurable with very high experimental efforts by the lone observation of the fundamental
beam properties. These parameter include the intensity dynamics of the pulse or its steep
pulse-slopes (c.f. Fig. 3.13). Their evaluation is ideally performed with a highly nonlinear
process. Fortunately, it has been shown that the filament can be used as a direct source for
high-order harmonic generation [139]. The introduced method of a steep pressure gradient
to truncate the filament allows to detect directly emitted harmonic radiation [80-82],
providing the necessary tool for the desired assessment.

Along the upcoming section, it will be shown that HHG proves to be sensitive to the fun-
damental pulse’s intensity and is able to serve as a probe for the complex pulse dynamics
along a femtosecond filament [2]. At first, the fundamental theory of HHG will be intro-
duced, approaching the microscopic and macroscopic response of the medium. Second,
the experimental observation of HHG connected to the pulse dynamics in Sec. 3.3 will be
examined to draw conclusions on the pulse’s steepness. Hereby, the modeling of the macro-
scopic response will be adapted to the special case of filamentation. Third, the connected
evolving intensity will be extracted by the use of HHG. Additionally, the influence of the
external focusing setup is investigated and an analytical model is introduced which is able
to describe the clamping intensity under consideration of the external focusing setup.
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4.1 Theoretical Description and Modeling of High-Order
Harmonic Generation

Frequency up-conversion of the fundamental radiation is commonly done by using the
second up to the fifth harmonic order [148]. The conversion process can be described by
applying the expansion of the nonlinear polarization term (c.f. Eq. (2.5)). The generation
of high-order harmonics fails to be described by perturbation theory [35]. The upcoming
section describes the suiting theoretical background of HHG and introduces the spectral
features of the harmonic radiation and their respective connection to fundamental pulse
properties such as the carrier-envelope-offset (CEO) phase or the intensity.

4.1.1 The Three-Step Model

The most simple approach to the understanding of HHG is given by the semi-classical
three-step model, which is sketched in Fig. 4.1 together with a typical spectrum emit-
ted during this process [35]. Here, HHG is divided in three steps: (1) the ionization of
the atom, (2) the acceleration of a free electron in the external laser field and (3) the
recombination of the electron with its parent ion under emission of high-order harmonic
radiation [35]. Efficient HHG calls for the tunneling effect to occur and therefore for driv-
ing intensities which are related to a Keldysh-factor smaller than one (c.f. Sec. 2.2.2). The
atomic Coulomb potential is bend by the dressing laser field, allowing for the electron to
tunnel into the continuum [190, and references therein]. The free electron is assumed to
have no initial velocity and its propagation is described by the classical acceleration of the
electron by the laser field. The motion of the electron is described by the equation:

E E
0= _meu())g (sin(wt,) — sin(wtp)) + :Le:))o cos(wtp)(t, — to). (4.1)

Here, Ey is the amplitude of the electric field E = FEjcos(wt), to denotes the time of
ionization and t, the time of recombination. The influence of the long-range potential
of the residing ionic core is neglected during the propagation step. The continuum wave-
packet of the propagating electron disperses along the propagation pathway, corresponding
to the accumulation of a phase [35]. The actual emission of the harmonic radiation within
the three-step model is calculated by determining the time-dependent dipole moment
J(t) = ef, where 7 is the position-operator [35]. The wavefunction ¥ of the electron is
modeled as a superposition of its ground state ¥, and the laser-accelerated continuum
state W, [35]:

(U] d|T) = (V| ef |Ty) + c.c. (4.2)

A typical spectrum is shown at the bottom of Fig. 4.1 and consists of odd harmonic orders,
being separated by twice the fundamental frequency. The spectral features are directly
connected to the temporal characteristics of the emission process, which is occurring every
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Figure 4.1: (top) Visualization of the basic assumptions of the three-step model, where
the electric field of the laser bends the atoms Coulomb potential, enabling tunnel-ionization.
The free electron is accelerated by the external laser field and eventually recombines with its
parent ion under the emission of high-order harmonic radiation. (bottom) Exemplary high-
order harmonic spectrum, showing the common spectral features connected to the generation
process.

half cycle along the fundamental electric field (assuming a centro-symmetric medium).
Therefore, the spectral separation of the observed harmonic orders is equal to 2wg [2].
The exemplary frequency emission is calculated for a 30 fs pulse, centered at 780 nm with
an intensity of 60 TW/ cm? interacting with a single argon atom. Note, that the chosen
intensity corresponds to the expected clamping intensity for filamentation in argon (c.f.
Tab. 3). The signal amplitude can be intersected into three parts. A perturbative region at
the beginning, an intermediate plateau range and a steeply declining section, dubbed the
Cut-Off [1]. The highest achievable frequency is defined by the Cut-Off law, connecting
the ponderomotive energy U, (c.f. Eq. (2.11)) and the ionization potential I, to obtain the
Cut-Off energy Ecutos = Ip + 3.17U), [2, 191]. The red-dotted line in Fig. 4.1 (bottom)
shows the location of the Cut-Off in the harmonic spectrum.

The classical calculation of the electron’s motion within the electric field of the driving
laser (c.f. Eq. (4.1)) yields two solutions for each frequency emitted, meaning that there are
two possible pathways for the electron leading to the same final momentum [37]. These are
labeled long and short trajectory, depending on the time 7., spend during the excursion
in the continuum [43]. The two different pathways of the electrons lead to different phase
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contributions, the atomic phase and is expressed by [192, 193]:

2 E?
Gatom = _TexcUp = _7—exc4,rn6 o2 ~ al. (43)
This term is the reason, that the two distinct electron pathways have distinguishable
phase-properties as the traveling time 7oy of the electron differs for the two trajectories.
Therefore their spatial as well as spectral emission characteristics can be distinguished in
the experiment [42, 43, 194, 195].

4.1.2 The Lewenstein Model

The three step model allows to to qualitatively understand the harmonic emission pro-
cess, but quantitative results call for a more precise description of the propagation and
recombination step. The Lewenstein model treats the whole process of HHG in a quantum-
mechanical approach with some well grounded approximations [36]. The time dependent
Schrodinger-equation (TDSE) is the foundation of the Lewenstein model, in which the
evolution of the wavefunction of a shell electron is described by [36, 196]:

i= | W(t)) = —%62 + V() +zE®)||0(@1)). (4.4)

The atomic core potential is denoted as V' (r) and the influence of the external laser field,
which is linearly polarized in x direction, is taken into account by zE (t). The possible
state of the electron under observation is either a ground state |¥,) or one of the vacuum
continuum states |¥.). The spectral emission d(w) is derived from the time-dependent
dipole-moment d(t) by following the train of thought:

FTd®)] d

TDSE YD gty = (w(t)| er [9(1)) (). (4.5)

The main approximations to handle the computation of the dipole response reduce the
amount of states which have to be considered in the calculations. The ground state of the
electron is assumed to be the only contributor, allowing for no field-free coupling between
the ground and continuum states. The influence of the long-range Coulomb potential is
neglected, since the common field strengths for HHG are sufficiently high to dominate the
effect of the long-range core potential. Taking these limitations into account, the dipole-
moment d(t) is calculated by: [36, 197]

d(t) =i /t N dt’ / PpM*(F+ A(t)) exp(—iSee(F, t, ) EXYM(F + A(t)) + c.c..  (4.6)

Here, the dipole-transition matrix element, describing the probability of a transition be-
tween |U,) and |VU.), is denoted as M. The canonical momentum is labeled as p and
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ff(t) is the vector potential of the fundamental electric field. The introduced transition
probabilities are calculated by [197]:

.27/2(2119)5/4 ]7

M(p) = i (4.7)

The quasi-classical action S divides the ionization process M(j+A(t)) from the recollision
M*(F+A(t)) and is calculated via [190]:

—
—

Sec(Ft,1) = /t/t gt (W + ]p) . (4.8)

Equation (4.6) has all features of the three-step model imprinted in the dipole-moment.
First, the electron is set free at time t” due to the transition from the ground state |¥) to
a continuum state |¥.), governed by the factor E(#') M(p+A(t)). The propagation of the
electron between times t’ and t is represented by the quasi-classical action and manifests
itself as a phase contribution to the dipole-moment [190]. The final recombination at time
t is described by the term M*(7+ A(t)). The resulting spectral representation d(qwp) of
the dipole-moment, where ¢ is an integer, for a given harmonic order qug reads as [190]:

d(quwo) = z/ - dte' 10t d(t). (4.9)
—0o0

The determination of the harmonic spectrum requires the solution of a four-dimensional
integral for arbitrary times of ionization and recombination. In order to simplify the ex-
pression, a saddle-point analysis of the introduced phase term selects the participating
contributions of Eq. (4.9). The phase is usually a rapidly oscillating term, with only a
few points of a slowly changing phase contribution. These points are the most dominant
contributions to the real signal and can be extracted by analyzing the derivative of the
complex phase term e!«0t=iS@Lt) in Eq. 4.9 with respect to the ionization time ¢/, the
recombination time ¢ and the canonical momentum p. The analysis yields three boundary
conditions, which define constrictions for the process of HHG and are also the principles
of the three step model [190]:

2(z'qwolt —iS(p,t,t) =0 =

7+ A))? _
ot 2 =0,
= Y 2
gt(iqwot — St t) =0 = [p+2A(t)] + I, = quo, (4.10)
t —
;p(z’qwot —iS(pt, 1) =0 = [ dt"[p+ A(t)] = 0.
t/

Since [+ A(t')]2 needs to be negative in order to fulfill the first equation, the ionization
time t’ needs to have an imaginary term. The interpretation of imaginary tunneling times
is a point of an ongoing debate in the field of high-harmonic generation [198-200]. The
second term in Eq. (4.10) sets the requirement of energy conservation during the process
of high harmonic generation, stating that the kinetic energy of the electron associated
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with M together with the ionization energy I, yields the harmonic radiation at qwy.
The third restriction limits the emission process spatially, requiring that the displacement
due to the acceleration in the field between the ionization time t’ and the recombination
time t must be zero. In other words, the electron needs to return to its parent ion in order
to emit high-order harmonic radiation. The additional degree of detail, compared to the
three step model, slightly modifies the Cut-Off law to Ecyion = 1.31, + 3.17U,, where the
difference stems from the fact, that the ionized electron is set free at a slight offset towards

the atomic center [36, 201].

4.1.3 Phase Matching - The Macroscopic Response

Phase matching is the investigation of coherence properties of a large scale of single
emitters. If all point sources along the generating medium interfere constructively, to-
tal phase matching is achieved [191, 192]. Therefore, not only the microscopic response of
the medium needs to be optimized and considered during HHG but also the macroscopic
build-up. In order to evaluate the phase mismatch, the contributions of different phase
terms need to be evaluated. The quality of the phase matching can be estimated in a vec-
torized representation, where each phase has a corresponding wave-vector k= ﬁgb [196].
The contributions can be set apart into [37, 191, 192, 202, 203]:

« The Geometric Phase: The phase ¢geo(r, 2) is connected to the focusing properties
of the fundamental beam and calculated as [192, 204]:

bgeo(T,2) = —q <arctan <Z> + A;Z;) . (4.11)

The first term is referred to the Gouy-phase, which solely describes the phase-

evolution on-axis. The second term includes the influence of the radial phase along
the curved wavefront R(z) = 2 [1 + (2,/2)?].

o Dispersion of Neutrals: The dispersion properties of the medium influence the
quality of phase matching for all kinds of frequency conversion effects, as the pump
and signal waves experience different group-velocities along a dispersive medium.
The refractive index n, at the q*™™ harmonic order is directly connected to the sus-
ceptibility x via ng = \/T+ xq = 1 4+ X¢/2. The neutral medium leads to a phase

~ 4wo

mismatch Aky ~ 4
properties of the medium at frequencies wg and quwp [196, 205, 206].

(x(qwo) — x(wp)), which is related to the differing dispersion

e Dispersion of Electrons: The ionization of the medium induces a dispersion-
related phase-term connected to the generation of free electrons (c.f. Eq. (2.13)) [196,
206, 207):

w21as a
Ake = (¢ — 1), 4.12
0 = (g = 1) (412)

Its dependency on w results in a direct connection between the wave-vector

2
plasma

discrepancy and the amount of free electrons Ake o pe (c.f. Eq.( 2.15)).
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Figure 4.2: Exemplary map of the wave-vector mismatch along the spatial coordinates r and
z of a focused Gaussian beam.

e The Atomic Phase: ¢,om is directly linked to the microscopic generation process
of HHG [194]. Contrary to the perturbation regime, where the bound electron imme-
diately follows the external electric field, the HHG-process carries an internal phase
originating from the fact, that the electron is propagating in an external field during
the process of HHG. The atomic phase is expressed as [197]:

2772
Gatom (T, 2,) = —TeacUp = Temcm P —oqgl(r, 2,t). (4.13)

dt “ small

The influence of the long and short electron trajectories is 1mp1emented by a trajec-
tory dependent phase-slope oy . The corresponding wave-vector katom = V¢at0m ~
—aLSVI is directly coupled to the spatio-temporal structure of the fundamental
pulse’s intensity I(r, z,t).

Phase matching of a harmonic order ¢ is achieved when the sum over all wave-vectors
corresponds to the g-scaled wave-vector of the fundamental frequency: qu = Eq. The phase
mismatch is affiliated to a wave-vector mismatch Adiotal = AEtotalz = (Eq — qE1> z [196].
The implementation of the single contributions results in:

Aktotal = ‘k ‘ geo(r z) + katom‘ + Akpe + Akel| (4-14)

If no phase matching is achieved, the mismatch is associated to a coherence length by
Leon = 7T/Aktotal-

The intensity distribution of the fundamental beam is correlated to the value of Akiotal
resulting in a spatial dependency that is visualized by phase matching maps. Figure 4.2
displays the total wave-vector mismatch Akyotar between the fundamental field and the har-
monic field of the 23" harmonic order for a pulse with a peak intensity of 1 x 104 W /cm?,
a central wavelength of A=800nm, a pulse duration of 10fs and a confocal parameter
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b=75mm interacting with 50 mbar of argon gas. The mismatch is displayed for contri-
butions of the short (a) as well as long (b) trajectories, whose atomic-phase slope differs
by a factor of oy = 5ay in this exemplary case [45]. Low values of Akiota correspond to
dark colors in the given color-scaling and indicate good phase matching. Positive (nega-
tive) values of z denote a position of the medium after (before) the focal point. The short
trajectory contribution in panel (a) is phase-matched at positive propagation distances
close to the optical axis (r=0um, z=30 mm). Contrarily, the contributions from the long
trajectories are favorably phase-matched at negative propagation distances along off-axis
positions [208]. The phase matching characteristics of the long and short electron trajecto-
ries result in a differing spatial profile in the far field, where the radiation connected to the
short trajectories is emitted at an on-axis position as opposed to the radiation originating
from long trajectories, which is emitted at an off-axis position [42, 43].

The amplitude of a certain harmonic order is not only dependent on the phase matching
conditions, but also on the absorption properties and the length Ly,eq of the medium. The
absorption length is defined as Laps = 1/ (pnt0abs) With the frequency dependent ionization
cross-section o,ps and estimates the length over which no significant re-absorption effects
occur and the radiation propagates undisturbed. The detected harmonic signal NZ, hereby
scales as [209]:

4L2 _Lmea L d _ _Lmed
N&,, =p*d> abs 1+e Tabs —2cos (me) e <2Labs)] . (4.15)
ot 1 + 4W2(L§bs/Lgoh) coh

The length of the medium is denoted as L,eq and the dipole strength of the gth harmonic
order is labeled as d,.

4.1.4 Transient Phase Matching

So far, only the spatial influence of the phase mismatch has been observed. These phase
matching conditions not only differ along the spatial coordinate of the interaction region,
but also change drastically along the temporal envelope of the fundamental pulse [210]. The
emission of harmonic radiation therefore can favor certain positions along the temporal
shape of the pulse, which do not have to coincide with the peak of the pulse envelope [211-
214]. This effect is called transient phase matching (TPM) and is investigated for different
positions along z where the radial influence is reduced to the on-axis (r=0) contribution
along this thesis. Therefore, the wave-vector connected to the geometrical phase Egeo =
%gf)geo reduces to the Gouy-phase and shows no temporal dependency.

Two of the introduced contributions show a strong variation along the temporal pulses
envelope. First, the wave-vector of the atomic phase k.iom is constantly changing with a
linear dependence on the intensity and is expressed by:

- 0 2z
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