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KURZFASSUNG. Eine Vermutung von Manin sagt die Verteilung ratio-
naler Punkte auf Fano-Varietéten iiber Zahlkérpern vorher. Fiir manche
Varietaten kann sie, nach einer Parametrisierung der Menge der ra-
tionalen Punkte durch ganze Punkte auf affinen R&umen, durch das
Zahlen von Gitterpunkt verifiziert werden. Wenn die Parametrisierung
die Verbindung zwischen Cox-Ringen und universellen Torsoren verwen-
det, ist dieser Ansatz als Methode universeller Torsore bekannt.

In dieser Dissertation wird der Parametrisierungsschritt durch eine
Konstruktion ganzer Modelle von Torsoren mit Hilfe von endlich erzeug-
ten Cox-Ringen und durch eine explizite Beschreibung ihrer Mengen
von ganzen Punkten prézisiert. Diese Ergebnisse werden dann auf die
Parametrisierung der rationalen Punkte auf zerfallenden glatten del-
Pezzo-Flachen von Grad 4 und auf einer zerfallenden singuléren del-
Pezzo-Flache von Grad 4 angewendet. Sie werden auch verwendet, um
Manins Vermutung fiir zerfallende glatte eigentliche torische Varietéaten
iiber imaginar-quadratischen Koérpern herzuleiten.

Um die Methode universeller Torsore auf nicht-zerfallende Varieta-
ten zu Ubertragen, fithren wir verallgemeinerte Cox-Ringe und Cox-
Garben ein und untersuchen ihre Eigenschaften und ihr Verhéltnis zu
Torsoren unter Quasitori. Um die Anwendung auf Manins Vermutung
zu illustrieren, berechnen wir gewisse verallgemeinerte Cox-Ringe von
Chatelet-Flachen.

ABSTRACT. The distribution of rational points on Fano varieties over
number fields is predicted by Manin’s conjecture. For some varieties this
can be verified via lattice point counting after a parameterization of the
set of rational points via integral points on affine spaces. When the
parameterization uses the connection between Cox rings and universal
torsors, this approach is known as universal torsor method.

In this thesis the parameterization step is made precise by giving
a construction of integral models of torsors via finitely generated Cox
rings and by describing explicitely their sets of integral points. These
results are then applied to parameterize the rational points on split
smooth quartic del Pezzo surfaces and on a split singular quartic del
Pezzo surface. They are also used to deduce Manin’s conjecture for
split smooth proper toric varieties over imaginary quadratic fields.

To adapt the universal torsor method to non-split varieties we intro-
duce the notion of generalized Cox rings and Cox sheaves, and we study
their properties and the relation to torsors under quasitori. To illustrate
the application to Manin’s conjecture, we compute certain generalized
Cox rings of Chatelet surfaces.
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Introduction

The study of rational solutions of polynomial equations is a classical
topic in number theory that dates back to the work of Diophantus of Alexan-
dria in the third century. Since algebraic varieties are defined by systems of
polynomial equations and the solutions of the equations defining a variety
are its rational points, the task of solving diophantine equations translates
into the problem of determining the set of rational points of certain vari-
eties, or more generally schemes, in the language of algebraic geometry. The
first natural question to ask about the set of rational points of a variety is
whether it is nonempty. From the well known fact that the conic defined by
the equation

?+yP+22=0
has no rational points over Q, but becomes isomorphic to P! after a quadratic
extension, it is clear that the behavior depends on the choice of the base
field. If rational points exist, one may ask how many there are and how
they are distributed. This last question is particularly interesting if the set
of rational points is dense in the variety with respect to the Zariski topology,
which is the case considered in this thesis.

In 1979 Schanuel [Sch79] proved that over number fields the number of
rational points on P with Weil height at most B grows, asymptotically with
B, as CB""!, where C is a constant depending only on n and on the base
field. Inspired by Schanuel’s result and by some numerical data about the
distribution of Q-rational points on a smooth cubic surface, Manin [FMT89,
BM90] conjectured the following asymptotic formula for the number of
rational points of anticanonical height at most B on suitable open subsets

of Fano varieties with Zariski dense set of rational points over a number
field:

CB(log B)" !, (0.1)

where r is the Picard rank of the variety and C is a positive constant de-
pending on the geometry of the variety and on the base field. The reason
for considering open subsets instead of the whole variety is that on some
subvarieties, called accumulating, the number of rational points of bounded
height grows faster than on their complement. For example, the 27 lines on
a split smooth cubic surface are accumulating subvarieties [FMT89]. How-
ever, there are varieties for which the accumulating subvareties are Zariski
dense (e.g. [BT96]). On the other hand, the asymptotic formula holds
also for a number of quasi-Fano varieties that are not Fano (e.g. [BBDOT]).
Hence, a comprehensive formulation of the conjecture remains to be found.
See [Rud14] for a generalization of the conjecture that takes into account
the case of Zariski dense accumulating subvarieties, and [Pey95), Pey03] for
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10 INTRODUCTION

a generalization that considers quasi-Fano varieties and includes a precise
interpretation of the constant C as the product of a geometric invariant and
a Tamagawa number.

Manin’s conjecture has been attacked with various techniques. The
study of the zeta function attached to the height function via harmonic
analysis on adelic points has been successful for certain smooth compacti-
fications of algebraic groups over arbitrary number fields (e.g. [BT98] for
tori and |[CLTO02] for additive groups). An application of the circle method
introduced by Birch [Bir62], and extended by [Ski97] and others, verifies
the conjecture for some complete intersections where the dimension of the
variety is large with respect to the degree. A third approach, which was
developed for some (weak) del Pezzo surfaces to which the aforementioned
methods do not apply (e.g. [Bre02, BBDOT]), consists of parameterizing
the set of rational points via integral points on higher dimensional affine
spaces, and then counting integral points, which are lattice points, on cer-
tain subsets of such affine spaces. Since the parameterizations are usually
induced by a universal torsor, this approach is called the universal torsor
method. Universal torsors have been introduced and studied by Colliot-
Thélene and Sansuc [CTS76] as special torsors under quasitori (or groups
of multiplicative type) to investigate the existence of rational points on geo-
metrically rational varieties. They used torsors as descent varieties because
a torsor Y over a variety X under an algebraic group G gives a partition of
the set of rational points of X in terms of images of the points on its twists
Y = X

X(k) = |_| (Y (K)).

1
EeHﬁmof(k’G)

This holds in particular for universal torsors, and it remains true if we
replace the number field k& by its ring of integers (see Proposition for a
general version). For example, the universal torsor of the projective space
P" is A"t < {0} and the induced parameterization by integral points is

P(k) =| [{(wo:-:an) a1, 20 € O, (21, 20) = ¢},

where the disjoint union is over a set of integral representatives ¢ for the
ideal class group of the ring of integers 0} of the number field k, which is
isomorphic to the group H }ppf(k, Gyn). The work of Schanuel for projective
spaces uses this parameterization and is a fundamental example of proof via
the universal torsor method.

Besides his work, until recently the proofs that can be considered un-
der this approach concerned varieties defined over Q. The universal torsor
method in this case is easier because Q has class number 1 and Z has finite
unit group: {£1}. Hence, instead of counting rational points of bounded
height on a variety one typically counts Z-points on the universal torsor and
then divides the result by 2", where r is the Picard rank. Moreover, so far
universal torsor parameterizations are used mostly for split varieties, that is,
with trivial Galois action on the geometric Picard group. In this situation
two natural questions arise:

1. what is the universal torsor method over arbitrary number fields?
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2. what is the right approach to non-split varieties?

In an attempt to answer them, the first task of this thesis is to generalize
the universal torsor method to arbitrary number fields, at least the param-
eterization part.

The parameterization of the projective spaces presented above works
because P*(0},) = P"(k), because the natural morphism A" < {0} — P"
is a torsor also over 0, and because A"! \ {0} is embedded into an affine
space. For a general variety X, analogous requirements are the following: X
has a proper Oj-model 2", so that 27 (0}) = X (k), and there is an 2 -torsor
% under G:n, o, With an embedding as locally closed subset of an affine space

Agk. In this setting, which is typical for split projective varieties with free
finitely generated Picard group and finitely generated Cox ring (cf. Section
, we compute the twisted torsors (% as locally closed subsets of twisted
affine spaces and we obtain the following explicit description of their sets of
integral points as lattice points (cf. Theorem

N t
m(@® _ dee f: .
A (O)={ye@P ™" > fily)e Bl = 0k, gi(y) =0,1< 5 < s},
=1 =1

where gm(i) are fractional ideals of &) depending on ¢ and on the action of
the group G:n, o, On the torsor %/, and g; and f; are the polynomials defining

the closure of # and of its complement, respectively, in Agk. In particular,
to employ this result there is no need of computing the twists of #.

We face then the problem of finding 2~ and % that satisfy the require-
ments above. Salberger, who introduced the universal torsor method in
[Sal98] to prove Manin’s conjecture for smooth proper split toric varieties
over Q, used a parameterization via integral points on universal torsors of
the natural Z-models of toric varieties that are the Z-toric schemes defined
by the same fan. To compute the universal torsors he employed Cox’s char-
acterization of toric varieties as GIT quotients of certain open subsets of
affine spaces that correspond to the homogeneous coordinate rings, today
known as Cox rings, of the toric varieties [Cox95|. The realization of the
universal torsor of a variety as an open subset of the spectrum of its Cox
ring, if the latter is finitely generated, is a well known result over alge-
braically closed fields thanks to the work of Hassett [Has09] and others
[ADHL15]. Moreover, Cox rings for many quasi-Fano varieties, in par-
ticular surfaces, have been computed by Batyrev, Popov [BP04], Hassett,
Tschinkel [HTO04], Hausen, Keicher and Laface [HKL14], among others.
Except for some varieties for which the universal torsors were known or
computed (e.g. [Bre02, BBS14]), the parameterizations used to verify spe-
cial cases of Manin’s conjecture were obtained by ad hoc manipulations of
coordinates that, at least for split varieties, were usually inspired by the
descriptions of the Cox rings in terms of generators and relations.

In Chapter [3] we show how to use such descriptions of finitely generated
Cox rings over an algebraically closed field to produce integral models % —
Z of universal torsors of certain split varieties as locally closed subsets
of affine spaces by exhibiting the defining polynomial equations. We also
give conditions under which the obtained model ¢ is a torsor and 2 has
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certain properties, like being smooth or projective. In Section we apply
this procedure to compute integral models of universal torsors of smooth
split del Pezzo surfaces of degree four, that is, blowing-ups of P? in five
points

(1:0:0), (0:1:0), (0:0:1), (1:1:1), (a:b:c¢),

in general position. The second application that we present concerns the
singular del Pezzo surface of degree 4 with singularity type As 4+ A given
in P* by
ToT3 — Tokg = ToT1 + T1x3 + x% = 0.

In this case, we compute an integral model of the universal torsor of the
minimal desingularization X of the surface using the description of the Cox
ring provided in [Derl4], we prove that the model is a universal torsor in
the sense of [Sal98] (cf. Proposition [5.2), and we produce an explicit pa-
rameterization of the set of rational points via lattice points (cf. Proposition
[.3)), which agrees with the heuristic prediction in [DF14al. In joint work
with Frei [FP14] this parameterization is then used to prove Manin’s con-
jecture for X over arbitrary number fields via refined lattice point counting
techniques.

A third application of the universal torsor method is presented in Chap-
ter [6] Here we consider the same family of toric varieties of [Sal98|, and
we extend Salberger’s proof to imaginary quadratic fields. Toric varieties
are a classical topic in the literature about Manin’s conjecture. We recall
that Schanuel’s asymptotic formula for projective spaces [Sch79] inspired
Manin’s conjecture. Moreover, smooth projective toric varieties constituted
an important example worked out via harmonic analysis on adelic points
over arbitrary number fields [BT98] and over global fields of positive char-
acteristic [Boull], as well as via the universal torsor method over Q [Sal98§].
Recently, a certain singular toric cubic surface was picked to investigate the
universal torsor method over number fields beyond Q in [DJ13), [Frel3]|.
Therefore, they represent a natural choice to illustrate how the results of
Chapters [] and [3] apply to a family of varieties. We restrict to imaginary
quadratic fields, because a generalization of the the proofs in [Sch79, [Frel3]
does not seem straightforward.

Regarding the second of the two questions we asked above, we observe
that some proofs of Manin’s conjecture for non-split varieties make use of pa-
rameterizations induced by intermediate torsors. See, for example, [BBOT]|
for a singular del Pezzo surface of degree 4, and [BBP12] for the family of
Chatelet surfaces

4
z? + y2 = H lj (’LL, U)> (02)
j=1
where [y, . .., [l  are pairwise non-proportional linear polynomials. In the first

paper the parameterization is obtained by ad hoc computations unrelated to
the equations defining the Cox ring, and it is vaguely attributed to a torsor
that is not universal. In the second one, the universal torsors are explicitly
computed as well as the intermediate torsors. In both cases, with the results
of Section it is possible to prove that the intermediate torsors are torsors
under quasitori whose type is the natural injection of the Picard group of
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the variety into its geometric Picard group: quasi-universal torsors, in the
terminology of [CTS87]. We do it explicitly for the Chatelet surfaces (0.2).

Since the parameterizations via lattice points on the universal torsors
are computed using the natural embeddings into the spectra of the Cox
rings, we are prompted to investigate whether a similar property holds for
more general torsors under quasitori. We do it by introducing the notion of
generalized Coz rings in Chapter The Cox ring of a variety X over an
algebraically closed field & is a Pic(X)- or Cl(X)-graded k-algebra which is
isomorphic, as k-vector space, to the direct sum

D H°(X,0x(D)) (0:3)
D

over a system of representatives D for Pic(X) (respectively, CI(X)). If
Pic(X) (respectivley, Cl(X)) is free, the Cox ring can be defined directly
as a direct sum using a basis of the grading group [HK00, EKWO04]. In
general, the definition of a multiplication on turning the direct sum
into a graded ring is not obvious. This is done in [BHO03] for Pic(X)-graded
Cox rings and in [Hau08| for Cl1(X)-graded Cox rings by introducing Cox
sheaves, which are certain graded sheaves of Ox-algebras isomorphic, as
Ox-modules, to the direct sum @, Ox (D) analogous to (0.3). Cox rings
are then the rings of global sections of Cox sheaves, and Cox sheaves are
essentially the structure sheaves of the universal torsors. We find a similar
connection between generalized Cox rings and torsors under quasitori.

We first consider varieties over separably closed fields. We define the
generalized Cox sheaves and rings from an axiomatic point of view, gener-
alizing the axiomatic approach to Cox rings of [DP14]. The definition over
arbitrary fields is then provided by Galois descent, once we specify what
is a natural Galois action on a generalized Cox sheaf, or ring, of the base
extension X7 of the variety X under the inclusion of the base field £ in a
separable closure k. To each generalized Cox sheaf, or ring, is attached a
homomorphism of Gal(k/k)-modules X : M — Pic(X3) which is the type of
the associated torsor under the following correspondence (cf. Corollary

and Corollary [2.46)).

THEOREM 0.1. Let A : M — Pic(Xy) be a morphism of Gal(k/k)-
modules. The contravariant functor

{C’ox sheaves of X of type )\} — {X—torsors of type /\}
R +—— SpecyR

s an anti-equivalence of categories. If the image of X\ is generated by effective
divisor classes, then the covariant functor

{Cox sheaves of X of type )\} — {Cox rings of X of type )\}
R +— R(X)
induces a bijection between the set of isomorphism classes of Cox sheaves of

X of type A and the set of isomorphism classes of Cox rings of X of type A.

After investigating the existence of generalized Cox sheaves and rings
and their functoriality properties, we devote the last section of Chapter
to generalized Cox rings that are finitely generated as k-algebras. In
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particular, we prove that the torsor corresponding to a finitely generated
generalized Cox ring R can be realized as an open subset of Spec R, under
conditions analogous to the ones in [BHO3]|, and that such an embedding is
computable in terms of polynomial equations. As an application we compute
some Cox rings of identity and injective type over nonclosed fields for the
family of Chatelet surfaces (0.2). In Chapter [3] we actually show how to
produce integral models of torsors associated with certain finitely generated
generalized Cox rings of projective varieties, not necessarily of identity type.

Standard notation

Throughout this thesis, we denote by k a field, by k a separable closure
of k and by g the absolute Galois group Gal(k/k). If A is a ring, we write
H'(A, ") for the cohomology group H!'(Spec 4,-). Over a field we identify
étale cohomology with Galois cohomology.

A k-variety is a separated scheme of finite type over k. The structure
sheaf of a k-variety X is denoted by Ox, and we write k[X] for its ring of
global sections H°(X,Ox). The set of sections of an X-sheaf £ over an
open subset U of X are denoted by .Z(U) or by H°(U, £).

If A— A’ is a homomorphism of rings and X is a scheme over A, we
denote by X 4/ the base extension X Xgpeca Spec A’

If £ is a number field, we denote by O} its ring of integers, and by
Qy, Qo and €2, the sets of finite places, infinite places and all places of £,
respectively. For every place v € €, we denote by k, the completion of k
at the place v. For every v € Qy, if p is the prime ideal of 0} corresponding
to v, we denote by F, = F, = 0}, /p the residue field of k,.

If k' /k is an algebraic extension, we denote by 91/ /I the associated norm,
while 91 denotes the absolute norm of a fractional ideal. If a € k, we write
N(a) for the norm of the principal ideal a 0.

For every place v € Q, we denote by |- |, the absolute value of k,
normalized as follows: if 7 is the place of Q below v and Q; is the completion
of Q at 7, then |- [, := | My, q,(")|5, where |- |5 is the usual real or p-adic
absolute value on Qp. We use the symbol | - | for the real absolute value,

and we write #S for the cardinality of a set S.
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Torsors and generalized Cox rings






CHAPTER 1

Torsor parameterizations

This chapter gives an account of the parameterization properties of tor-
sors, with special emphasis on torsors under Gj,, over schemes defined over
Dedekind domains. The parameterization properties of torsors over varieties
under algebraic groups have been studied in [CTS87] and [SkoO1]. Here,
we consider more general base schemes. Proposition and the content of
Section are part of [FP14] §2].

1.1. Torsors

We start by recalling the definition and some basic properties of torsors.
We refer to [Mil80, §I11.4] and [Sko01, §2.2] for a more detailed discussion.

DEFINITION 1.1. Let X be a scheme. A left (right) sheaf of torsors over
X under a sheaf of groups G over X is an fppf-sheaf of sets ) over X with
an action of G such that there exists an fppf-covering (U; — X)) such that
Y|y, with the action of G|y, is isomorphic to G|y, with the left (respectively,
right) action of G|y, on itself for all .

If G and Y are representable by X-schemes G and Y, respectively, we
say that Y is a torsor over X (or X-torsor) under G. In this case, Definition
is equivalent to the following characterization.

DEFINITION 1.2. Let X be a scheme. A left (right) X-torsor under an X-
group scheme G is an X-scheme Y endowed with a left (respectively, right)
action of G compatible with the projections to X such that the structure
morphism Y — X is fppf and the map G xx Y — Y xx Y given by
(9,y) = (g *y,y) is an isomorphism.

If X is a Z-scheme for a given scheme Z, G is any Z-group scheme and
Y is an X-torsor under Gx := G Xz X, we say that Y is an X-torsor under
G.

In this thesis we consider only torsors under commutative groups. From
now on G denotes a commutative X- or Z-group scheme. For us, a mor-
phism of torsors is always a morphism of schemes that preserves the torsor
structures.

Isomorphism classes of torsors under commutative groups are classified
by fppf cohomology as follows. See [Mil80, Proposition I11.4.6] and [SkoO1),
§2.2].

PRrROPOSITION 1.3. Let X be a scheme. The set of isomorphism classes of

sheaves of X -torsors under a sheaf of abelian groups G over X is in bijection
with the group H}ppf(X, Gg).

17



18 1. TORSOR PARAMETERIZATIONS

If G is representable by an X-scheme G we write H }ppf(X , G) instead of
H }ppf(X ,G). We recall that if G is smooth, fppf cohomology can be replaced
by étale cohomology (cf. [BLR90, p. 152]).

Given a torsor Y over X under G, its class [Y] in H}ppf(X, G) can be
computed as follows. Let (U; — X) be an fppf-covering that trivializes
Y, and denote by 5; : Y xx U; — G xx U; the local isomorphisms. The
cocycle (f; ;)i ; determined by the induced automorphisms ;o ﬁi_l of G x x
U; x x Uj represents the class [Y] in H }ppf (X, G). Moreover, Y is isomorphic
to the torsor obtained by glueing G x x U; over any cocycle representing
[Y]. We recall that glueing over an fppf covering does not always result in
a scheme, as not every fppf-sheaf of algebras over X is representable by a
scheme. See [BLR90, §6] for representability, and [Mil80, Theorem III.4.3]
for representability of torsors.

We now introduce the notion of twisting X-torsors under G by elements
in the cohomology group H}ppf(X, G). Let Y be a torsor over X under G

and o € H}ppf(X, G). Let (U; — X) be an fppf-covering that trivializes both
Y and a, and let «; ;, B;; be automorphisms of G x x U; x x U; that define
cocycles representing a and [Y] respectively. Let & := (a; ;)i ;. We denote
by &) the sheaf of X-torsors under G obtained by glueing G x x U; over the
cocycle (o0 B )i ;- It is called the twist of Y by &, and has class [Y] — «
in H }ppf(X ,G). If 3 is representable, we denote by 5Y the corresponding
torsor. For a definition of twisted torsors when G is not commutative, see
[SkoO01], p. 20]

We recall that an X-torsor Y under G is trivial (namely, isomorphic to
the X-group G) exactly when Y — X has a section. Therefore, if X is a
Z-scheme, G a Z-group scheme and 7 : Y — X a torsor under G, the fibers
of m at Z-points of X are Z-torsors under G, and they contain a Z-point if
and only if they are isomorphic to G. Although the morphism 7 is surjective
by definition, it is not necessarily surjective at the level of Z-rational points,
but the family of twists of Y by elements of H'(Z,G) C H'(X, Q) induce
a partition on the set of Z-rational points of X as proven in the following
proposition. This result is well known if Z is the spectrum of a field k, X
is a k-variety and G an algebraic group. See [CTS87, (2.7.2)] and [SkoO1],
p. 22]. The proof given in [Sko01l p. 22] works also with Speck replaced
by an arbitrary base scheme Z. We include it here for completeness.

PROPOSITION 1.4. Let Z be a scheme, G an abelian group scheme over
Z, X a Z-scheme, and w:Y — X a torsor under Gx := G xz X. Assume
that the twisted torsors wY exist for all Z-torsors W under G (this is the
case, for example, if G is affine over Z). Then

X(2) = | | wr((wY)(Z)),

WleH}, +(2.G)

where U[W}EH} (2.6 is a disjoint union running through a system of rep-
PP ?

resentatives for the classes in H}ppf(Z, G) and wr : wY — X is a twist of
Y by [W] € H}ppf(Z, G).
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ProOOF. If X(Z) = 0 then Y (Z) = () for all X-torsors Y under G. Hence,
we can assume that X (Z) # (. Let W :=Y X x Z be the fiber of 7 at a Z-
point x : Z — X. Then W is a Z-torsor under G, because fppf-morphisms
are stable under base extension and the following diagram is commutative

GXZW WXZW
(g9, w) = (g% w,w)

~ ~

12

(GX X)(Y) xXZ—>(Y><XY) xXZ.
(9:9,2) = (9 %Y,y,2)

The fiber (wY') x x Z of w at the point x has a Z-rational point if and only
if it admits a section, which is equivalent to the requirement that (YY) x x
Z = G. But twisting commutes with base change, thus (YY) xx Z =
w(Y xx Z) = wW is a trivial torsor by [SkoO1l p. 21].

If x': Z — X is another Z-point of X, then the fiber (Y) xx Z of
at the point x’ has a Z-point if and only if W 2 Y x x Z, where the fibered
product on the right is induced by x’. O

1.2. Twisted torsors over Dedekind domains

We are going to describe the disjoint union of Proposition [1.4] in the
special case where Z is the spectrum of a Dedekind domain A and Y is a
locally closed subset of an affine space. In this case, the set of A-points on
the twisted torsors can be expressed in terms of the polynomial equations
defining Y and of ideals of A, without computing the twists explicitly.

In order to determine their sets of A-rational points, the twisted torsors
will be given as open subschemes of closed subschemes of certain A-vector
bundles that we call twisted affine spaces. Hence, we start with a definition
of those.

DEFINITION 1.5. Let A be a Dedekind domain with fraction field k, and
assume that we are given a Z"-grading on klyi, ..., yn] defined by degy; =
m@ € Z". For any r-tuple ¢ = (¢1,...,¢.) of nonzero fractional ideals of A,
we define the c-twisted affine space over A as the spectrum SAN := Spec(.R)
of the Z"-graded ring

£R = @ E_mRm - k[yla 7yN]7
mezL"

where ¢ := ¢ ™ - ¢ if m = (mq,...,m,), and Ry, is the degree-m-

part of Afyi,...,yn].

m

The twisted affine spaces defined above depend, of course, not only on N
and ¢, but also on the chosen Z"-grading. Here are some simple properties.

PROPOSITION 1.6. The c-twisted affine space over A defined above has
the following properties.

(i) There is a canonical isomorphism AN XSpec A Spec k = A{CV.
(i) Let U = Spec(Ay) be an affine open subset of Spec(A) such that
the fractional ideals ¢1 Ay, ..., ¢, Ay of Ay are principal. Then

QAN X Spec(A) U= Ag X Spec(A) U.
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(iii) Via base extension and the canonical isomorphism from we
have

ANA) = {(,. . yn) €N [y e ™ forall1 <i < N}

(iv) The twisted affine space EAN depends, up to isomorphism, only on
the ideal classes of ¢1,. .. ,¢p.

PRrOOF. The observation that (R ®4 k = k[y1,...,yn| implies For

je{l,...,r}, let ¢;j be a generator of ¢;Ay and, with m € Z", write ¢™ :=
~ —m®) —mN) ~

ch"'CZ:nr' Then£R®AAU:AU[Q m Yt,-.-,C m yN]:AU[ylv"‘7yN])

which implies For we observe that every A-homomorphism ¢ :
R — A extends uniquely to a k-homomorphism ¢ : k[y1,...,yn] — k. The

k-homomorphisms coming from such A-homomorphisms are exactly those
with ¢(.R) C A, that is, o(y;) € ¢ for all i € {1,...,N}. To prove
let b = (b1,...,b,) € (k)" and ¢} := bjc; for j E.{l,...,r}. Then
the k-automorphism of k[y1,...,yn] mapping y; — b_mmyi induces an A-
isomorphism between ([ and ¢ R. O

Next, we define twists of open subschemes of closed subschemes of Ag
as certain subschemes of twisted affine spaces.

DEFINITION 1.7. With the hypotheses of Definition [I.5] let Iy, Is be Z"-
homogeneous ideals of Alyi,...,yn], and let Y be the subscheme of Ag
defined by Y := V(I;) \ V(I2). With I, denoting the degree-m-part of I},
we define the ideals

= " Lim C R

mezL”
The twist of Y by c¢ is the subscheme of A" defined by

£Y = V(gfl) AN V(£I2)

PRrOPOSITION 1.8. The twist of Y by ¢ defined above has the following
properties.

(i) The canonical isomorphism from Proposition mduces an
isomorphism (Y Xgpec 4 Speck = Y.

(ii) Let U = Spec(Ay) be an affine open subset of Spec(A) such that
the fractional ideals ¢1 Ay, ..., ¢ Ay of Ay are principal. Then

gY X Spec(A) uv=y X Spec(A) U.

(iii) Via base extension and the canonical isomorphism from the set
of A-points (Y (A) is the subset of all y = (y1,...,yn) € KV with
a; € o foralli e {1,...,N}, such that
YD flyem=A4 (1.1)
mezr fEIg’m
and
g(y) =0 for all g € I. (1.2)

(iv) Y depends, up to isomorphism, only on the ideal classes of ¢1,. .., ¢;.
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PRrOOF. Since the inclusion A — k is flat and J1 ®4 k = [ ®4 k
under the canonical isomorphism R ®4 k = E[yi,...,yn]|, we see that
V(11) XSpec a Speck =2 V(I1) Xgpec 4 Speck. Let Iz be generated by homo-
geneous polynomials fi,..., fi € Afy1,...,yn], and for every ¢ € {1,...,t},
let b; 1,...,b;, be generators of the fractional ideal ¢~ deg fi Then 12 is gen-
erated in (R by the elements b; ; f;, and .Y is covered by affine open subsets
Spec(((12/c11)b, ,1,)- Moreover,

(R/cDh)b, ;5 @Ak = (Alyr, ..., yn]/T)s, @a k

for every i € {1,...,t} and j € {1,...,¢;}, which ShOWS
For j € {1,...,r}, let ¢; be a generator of ¢; Ay and, with m € Z", write

—m@ —mN)
="t Let g AU[yl,...,yN] — Ayle™™ "y1, ..., 7™ “yn] be
the isomorphism that sends y; — Q‘m(l)yi. For every homogeneous f € Iy
we obtain

1

(Alyr, - yn]/I) ®a Av = (Aulyr, - .- yn] /(I ®a Au)) g
(c(Aulyr, .- yn))/ee(I1 ®2a AU))gog(f)

(((R®a Av)/(chh ®4 AU))Q, acs s -

1

I

This proves since f € I, ® 4 Ay is equivalent to ¢~ degff € Jo®a Ay.
For |(4i), we first consider V' (cI1)(A). Via the identification in Proposition
(112)}, these points correspond to k-homomorphisms ¢ : k[y1,...,yn] = k

with p(y;) € gm(i) whose kernel contains the homogeneous ideal .J1 ®4 k =
I ®4 k, that is, to points y € kN with y; € gm(i) and satisfying .
Next, let us consider ((AY \ V(.I2))(A). These points correspond to
A-homomorphisms ¢ : ;R — A such that Jo Z ¢~ 1(p) for all prime ideals
p of A. That is, ¢(Jo)A = A. Keeping in mind that .I5 is generated by its
homogeneous elements and using the description of (A" (A) from Proposition

we see that (AN \V(cI3))(A) corresponds to the set of all y € k™

with y; € gm(i) and satisfying (|1.1).
To prove let b = (b1,...,b) € (K*)" and ¢} := bjc; for j €

{1,...,7r}. Then the k-automorphism of k[y1, ..., yn| mapping y; — b_m(i>yi
induces an A-isomorphism between (R and R which maps  I; isomorphi-
cally onto I;, for j € {1,2}. O

Now we can focus on the case where Y is a torsor over an A-scheme X.
Throughout the rest of this section, we assume the following setup.

Let A be a Dedekind domain with fraction field k, and let there be a
Z"-grading on k[y1, ..., yn] defined by degy; = m¥) € Z.

Let X be a separated scheme of finite type over A that admits an X-
torsor m : Y — X under a split torus G:n’ y- We assume that there are
Z"-homogeneous polynomials fi,..., f, g1,...,9s € A[y1,...,yn] such that
Y =V(g1,.--,9s)~V(f1,..., ft) as subscheme of A% Moreover, we assume
that the action of G;, y on Y is induced by the following action on points:

(1) (N)
(815 s 8r) *x (Y1, syn) = (8™ "y1,-..,8™ yn)
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for all s = (s1,...,s8:) € G}, 4(A) and (y1,...,yn) € Y (A), where we write
s = s)" - s for m = (my,...,m,) € Z". Under these assumptions, we
now define the twists of 7: Y — X.

DEFINITION 1.9. Under the above hypotheses, let ¢ = (¢1,...,¢.) be an
r-tuple of nonzero fractional ideals of A, and let ;Y be the twist of ¥ from
Definition Then the c¢-twist of m: Y — X is the morphism 7 : .Y — X
obtained by glueing the following morphisms:

U Y XSpec(A) U—X XSpec(A) U,

where U runs through an open covering of Spec(A) by affine subschemes
U = Spec(Ay) such that ¢; Ay, ..., ¢, Ay are principal ideals of Ay, and 7y
is defined as composition of 7 after the isomorphism ¢ : (Y Xgpec(a)y U —
Y Xgpec(a) U from Proposition induced by the isomorphism

—m) —m®) m®

¢ct Aulyr, .- yn] = Aule™™ Ty, ynl, v ™ Ty
where ¢; is a generator of ¢;Ay for j € {1,...,r}, and ™ :=¢" --- ¢ for
all m € Z". The definition of .m does not depend on the choice of the open
subsets U nor on the choice of the generators c.

Now we are ready to state the main result of this section.

THEOREM 1.10. The ¢ twists «w : Y — X defined above have the fol-
lowing properties.

(i) The morphism . : Y — X is a torsor over X under Gy, y of class
V] - [ € HY(X, G, ).

(ii) Let C be a system of representatives for the class group Pic(A) of
A. If X is proper over A then, under base extension, the set of
rational points on Xk decomposes as a disjoint union

Xic(h) = | ] enlcY(A)).

ceCcr
(iti) As a subset of kY, the set (Y (A) is equal to the set of all y € kN

whose coordinates y; lie in the fractional ideals gmm, satisfying the
coprimality conditions expressed by

t
Zfi(y)fdegfi —A
i=1

and the torsor equations

gj(y) =0 for all j € {1,...,s}.

PROOF. For every choice of affine open subsets U, U’ of Spec(A) as in
Definition and corresponding r-tuples ¢, ¢’ of generators for the prin-
cipal fractional ideals over U, resp. U’, let ¢, : Avnurlyi,. .., yn] —
Aunulyr,---,yn] be the isomorphism induced by the automorphism of
kly1,...,yn] mapping y; — g*m(l)g'm(l)yi, and ¢, the automorphism of
Y Xgpec(a) (U NU’) induced by ¢, . Then ¢p = ¢eer 0 der 0N Y Xgpec(a)
(UNU’). We observe that ¢, are the automorphisms induced by the

Gy, x-action of the cocycle (cflc’l, ..., ¢ el )y v that represents the class
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—[¢] € Hgt(Spec(A),G”myA). Thus 70 ¢ = T o Y Xgpee(ay (UNU'), as
m:Y — X is a torsor under Gy, v, and the morphism (7 is well defined.
Since the automorphisms ¢, are Gj, y-equivariant, the X-scheme (Y is
endowed with an action of G”m y» and the morphism (7 is an X-torsor under
Gr,.x of class [Y] —[¢] € HL(X, G,.x)s by construction.

We recall that two torsors with the same class in H} (X, G, x) are X-
isomorphic, so the images of their structure morphisms coincide as subsets
of X. Moreover,

Hyj,,p(Spec(A), Gy, 4) = Hy(Spec(A), Gy, 4) = Pic(A)",

as étale cohomology commutes with direct sums (see [Mil80, Remark I11.3.6
(@)).

By the valuative criterion of properness, Xy(k) = X(A) under base
extension. Thus, property follows from Proposition

Finally, (iii) was already proved in Proposition O

A similar parameterization was found by Robbiani [Rob98] for smooth
projective split toric varieties over number fields, and by Bourqui [Bou09]
for varieties over global fields of positive characteristic.







CHAPTER 2

Generalized Cox rings

In this chapter we investigate the algebraic side of torsors under qua-
sitori for varieties over arbitrary fields by introducing a generalization of the
notions of Cox sheaf and Cox ring.

A Cox ring of a variety X over an algebraically closed field & is a Pic(X)-
or Cl(X)-graded (depending on the definition) k-algebra which is isomor-
phic to the direct sum of the sets of global sections of the sheaves Ox (D)
associated with the divisor classes in the grading group.

Homogeneous coordinate rings, or Cox rings, were introduced by Cox for
toric varieties over C [Cox95| to study the analogies between toric varieties
and the projective space; then by Hu and Keel for projective varieties with
free finitely generated Picard group [HKOO] to characterize Mori dream
spaces; by Elizondo, Kurano and Watanabe for connected normal noether-
ian schemes with free finitely generated class group [EKWO04] to study cer-
tain linear systems of projective varieties obtained by blowing-up projective
spaces in finitely many points; by Berchtold and Hausen for varieties over
algebraically closed fields both as Pic(X)-graded [BHO03| and C1(X)-graded
rings [Hau08]. Recently, Cox rings for varieties over nonclosed fields were
considered in joint work with Derenthal [DP14] (see also [ADHL15|, §6.1]).
The content of this chapter is a generalization of [DP14].

2.1. Torsors under quasitori

We start by recalling the classification of torsors under quasitori from
[CTS87|, and we show that the structure sheaves of such torsors are equipped
with a natural grading by certain finitely generated Galois modules.

Let k be a field, fix a separable closure k of k, and let g be the Galois
group Gal(k/k). For us, a quasitorus over k is a smooth k-group of multi-
plicative type of finite type, namely, a reduced affine algebraic group G over k
such that Gy := G Xgpeck Spec k is diagonalizable. See [Gro64al, [Gro64b]
for an exhaustive presentation of groups of multiplicative type and their
properties. We recall that there is an antiequivalence of categories between
quasitori over k and finitely generated g-modules with order of the torsion
subgroup not divisible by the characteristic of k given by

G~ G = Homy (G, G, 1), M M®:=Speck[M]®,  (2.1)

where k[M]® := H (g, k[M]) is the subring of g-invariant elements of k[M].
See [Gro64al, Proposition 2.1] and [Gro64bl Proposition 1.4].

Now we review some basic properties of torsors under quasitori. We
refer to [CTS87] and [SkoO1] for a detailed investigation. Let X be a
k-variety and G a quasitorus over k. We recall from page that X7 :=

25



26 2. GENERALIZED COX RINGS

X Xspeck Speck, Gx = G XSpeck X and ze = Gx XSpeck Speck, and
k[X7] denotes the ring of global sectios of the structure sheaf of Xz.

According to [SkoO1l, Lemma 2.3.1] (cf. [CTS87, p. 408]), an X-torsor
Y under G defines a homomorphism of g-modules

type(Y) : é% — Pic(Xy),

as follows. Let (U; — X)) be an étale-covering of X that trivializes Y, and
(Bij)i; & cocycle representing [Y] in H'(X,Gx). Let o € Gy considered
as morphism G X; = G, Xy after base change. Under the identification
Pic(X3) = H' (X, Gm,x;), the image of o under type(Y') is the class of the
cocycle (a(fB;,5))i ;- The homomorphism type(Y') is called the type of Y. If
type(Y) = idpic(x,), then Y is called a universal torsor of X. See [CTS87,
§2.1]

Let p : X — Speck be the structure morphism of X, and assume that

k[X7)* = k*. By [CTS87, Theorem 1.5.1] (cf. [Sko01l, Corollary 2.3.9]),
there is an exact sequence

0= H'(k,G) 25 H'(X,Gx) 8 Homy(Gy, Pic(X7)) — H2(k,G), (2.2)

where the cohomology groups are computed with respect to the étale topol-
ogy, as GG is smooth. In particular, if k is separably closed, the map type is
an isomorphism (cf. [Gro64bl Proposition 1.4]).

REMARK 2.1. If X (k) # 0, then the map type is surjective by [CTST7,
Proposition 1]. In particular, X-torsors of every type exist.

The following proposition characterizes the structure sheaf of a torsor
under a quasitorus, and offers an explanation for the study of the objects
investigated in this chapter.

PropoSITION 2.2. Let X be a k-variety, G a quasitorus over k and
m:Y — X a torsor under G. Then mOy; is a sheaf of (/?\E—gmded Ox,-
algebras.

PROOF. Let A € Homg(é\g, Pic(X%)) be the type of Y. For every m €
Gr, let Z(m) be an invertible sheaf on X7 of class A(m) in Pic(Xy).
Let my, ..., my be generators of G, and let {U;}; be an open covering of

X7 that trivializes simultaneously £ (m1), ..., £ (my). For every m € é\Ev
let (X;;(m));; be a cocycle representing A(m) € Pic(Xz) = H' (Xg, G, x).
Then [Yz] € H' (X7, Gy) is the class of the cocycle (8;;);,; with

ﬁi’j S GE(Ui N Uj) = Hom(é%, OXE(UZ‘ N Uj))

defined by f;;(m) := A;j(m). (Recall that Gy = SpecE[C/l\E] under the
bijection (2.1))). Thus, {U;}; trivializes . Therefore,

—

7T*OYE|U¢ = OUi [GE]

for all ¢ and these isomorphisms glue over the cocycle (3;;):; to give an
isomorphism of Ox_-modules

0y, = P Z(m).

meGy
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This induces a Gz-grading on F*OYE. U

2.2. Over separably closed fields

Motivated by Proposition 2.2, we introduce generalized Cox sheaves and
Cox rings of varieties over separably closed fields. For the sake of brevity, we
say simply Cox sheaves or Cox rings of a given type. Then the Cox sheaves
and rings in the strict sense are called Cox sheaves and rings of identity
type.

We fix some notation for the rest of this section. Let k be a sepa-
rably closed field, and X an integral k-variety such that k[X]* = k*.
Let CaDiv(X) be the group of Cartier divisors of X. For every divisor
D € CaDiv(X) we denote by [D] its class in Pic(X). Given a Cartier di-
visor D = {(Uj, fi) }i, its associated sheaf Ox (D) is the invertible sheaf
obtained by gluing f;l(’)UZ.. This is a subsheaf of the constant sheaf as-
sociated with the function field k(X) of X. Therefore, given two Cartier
divisors Dy, Dy and sections s; € H°(U,Ox(D;)), i € {1,2}, the prod-
uct s189 € HY(U,Ox (D1 + Ds)) is well-defined. Given a Cartier divisor
D = {(U;, fi)}i and an element f € k(X)*, we denote by divp(f) the Cartier
divisor {(U;, ffi)}i- Note that f € H°(X,O(D)) if and only if divp(f) is
an effective divisor. The support of a Cartier divisor D = {(Uj, fi)}i is

Supp(D):={z € X : f; ¢ (’))X(’x if z € U;}.

Let M be a finitely generated abelian group, and assume that the char-
acteristic of k does not divide the order of its torsion subgroup. Let A :
M — Pic(X) be a group homomorphism, and

My :={(m,D) € M x CaDiv(X) : [D] = A(m)}.

2.2.1. Generalized Cox sheaves. We start with an axiomatic defini-
tion of generalized Cox sheaves.

DEFINITION 2.3. A Cox sheaf of X of type X is a sheaf R of M-graded
Ox-algebras together with a family of isomorphisms of Ox-modules

{¢m,D R — OX(D)}(m,D)eMA ,

where R, denotes the degree-m-part of R, such that for every (mi, Dy),
(mg, Dy) € M) there exists a nonzero constant « € k that satisfies

¢m1,D1 (81)¢m27D2 (52) = a¢m1+m2,D1+D2 (3132)

for all s; € Ry, (U), i € {1,2}, and all open subsets U of X.

A morphism of Cox sheaves of X of type A is a morphism of M-graded
Ox-algebras.

A structure of Coz sheaf of X of type A on a sheaf R of Ox-algebras con-
sists of an M-grading on R and a family of isomorphisms {¢m, b }(m,p)enm,
as above.

Via the following lemma, which characterizes the morphisms of Ox-
modules between invertible sheaves, and the remark that comes after we
show that a structure of generalized Cox sheaf is actually determined by a
subfamily of isomorphisms ¢, p. This lemma is also used later to determine
the automorphism group of a generalized Cox sheaf.
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LEMMA 2.4. Let D,D’ be two Cartier divisors and ¢ : Ox(D) —
Ox(D") a morphism of Ox-modules. Then there exists [ € k(X) such
that D = divp/(f) and (s) = fs for all s € H'(U,Ox (D)) and all open
subsets U C X. If D = D', then f € k[X].

ProOF. Without loss of generality, we can assume that D and D’ are
trivialized by the same open covering of X, say D = {(U;, f;)}; and D' =
{(Ui, 1) }i. Let s € HY(U;, Ox(D)). Then ¢(s) = 1 (f; ") fis, and (f; 1) =
wifI~" for some u; € HO(U;, Ox). Moreover, uif! ™ f; = ujfj'-_lfj in k(X)
for all 4 and j by restricting ¢ to U; N U;. Take f = uifi’_lfi. If D=D,
then f € HY(U;, Ox) for all i. Hence, f € k[X]. O

REMARK 2.5. The isomorphisms ¢, p in Definition are uniquely
determined up to multiplication by nonzero elements of k. Therefore, given
a Cox sheaf R of X of type A, we say that two families {¢m D} m,p)em,
and {d);n p}m,Dyen, define the same Cox sheaf structure on R if for every
(m, D) € My, there is oy, p € k™ such that ¢’m7D = Qun, DPm,D-

By Lemma [2.4] a Cox sheaf structure on R is determined once the
isomorphism ¢, p is known for a given (m, D) € M) for each m € M.

REMARK 2.6. The sheaves defined in [BHO3| Lemma 3.5], with the
family of isomorphisms in [BHO3, Lemma 3.5 (ii)], are generalized Cox
sheaves of identity type in the sense of Definition If X is locally factorial,
the Cox sheaves constructed in [ADHL15l Construction 1.4.2.1], with the
family of isomorphisms in [ADHL15, Lemma 1.4.3.4], are generalized Cox
sheaves of identity type in the sense of Definition [2.3

In [BHO3|, [ADHL15] and [DP14] Cox sheaves are constructed via a
presentation of the grading group, Pic(X) or CI(X), by a finitely generated
free group of line bundles, Weil divisors and Cartier divisors, respectively.
We show that generalized Cox sheaves of every type exist by means of a
generalization of these constructions that makes use of a presentation of the
grading group M by an abstract finitely generated free group. Later in this
section we present another procedure, see Construction which could
seem a more natural generalization of the constructions mentioned above.

CONSTRUCTION 2.7. Let
03Ag—=ASM—=0

be a presentation of M by a finitely generated free group A. Let Ly, ..., Ly
be a basis of A. For 1 < i < n, let D; be a Cartier divisor represent-
ing the class N((L;)) in Pic(X). For every L = Y " a;L; of A, let
St = Ox(Xoi=1a:D;). Endow S := @ Sy with the multiplication of
sections induced by the embeddings S, C k(X). Let x : Ag — k(X)™ be
a homomorphism of groups that satisfies divo(x(E)) = Y iy a;D; for all
E =" a,L; € Ag. We call x a character associated with S. Let T be the
sheaf of ideals of S locally generated by the sections 1 —x(E) for all E € Ay,
where 1 has degree 0 and x(E) has degree —E. We say that T is the sheaf
of ideals of S defined by x. Let R := S/Z and w : § — R the projection.
Then
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(i) T is M-homogeneous, and every A-homogeneous section of T is
zero;
(i4) m|s, : Sp — Ry(r) s an isomorphism of Ox-modules for all L € A;
(iii) R with any family of isomorphisms {ém.p}(m,pyem, induced by
{W’ELI}LEA is a Cox sheaf of X of type \.

PROOF. Since ¢(E) = 0 for all E € Ay, the sheaf 7 is M-homogeneous
and R is M-graded. To prove let U be an open subset of X and s €
H°(U,T) a homogeneous section of degree L € A. Let V be an open covering
of U such that for all V' € V we can write s|ly = > 55 (1 — x(E))sg with
SE € HO(V, @E’GAO SL+E’) for all £ € Ag. Let SE.E € HO(V,SL+E/), such
that sgp = ZE’EAO sg,r- Then

sy = 3 (1= X(B = BYX(E)sp. — (1= x(—E)x(E)sp ),
E,E'€No
where x(E')sp, g/ is homogeneous of degree L. Hence, s|y = > pcp (1 —
X(E))s; for suitable s € H°(V,Sy). Since s is homogeneous of degree L,
we get s|yy = 0 for all V € V. Hence, s = 0.

For note that 7|s, is injective for all L € A by Let U be an
open subset of X and L € A. We prove that m|gops,) : H'(U,SL) —
HO(U, Ry(r)) is surjective. Let s € HO(U, R(r)) and V an open covering of
U such that for all V € V there exists a section sy € HO(V, Drer, SL+E)
with m(sy) = s|y. Write sy = ZEGAO sy, g with sy g homogeneous of degree
L+ E. Then sy := sy — > pep, (1= x(E))sv,e is homogeneous of degree L
and 7(s|,) = s|y. Since sy, |vaw — Sy |vaw is a A-homogeneous section of Z,
the sections s{, glue to a section s’ € H°(U, Sr) such that 7(s') = s.

Finally, we prove For every (m, D) € M), choose L € p~!(m) and
an isomorphism of Ox-modules ¢y, p : St = Ox (D). Then

D _1 N
{¢m,D = wL,D O7T’SL . Rm — OX(D)}(m,D)GM)\

is an arbitrary family of isomorphisms induced by {7T|§L1} Lea. By Lemma
for every (ma, D1), (ma, D2) € M) there exists a nonzero constant a €

k that satisfies ¢y, D, (51)Pma,Ds(52) = Py £mo.Di+D,(S152) for all s; €
H(U,Ru,), i € {1,2}, and all open subsets U of X. O

REMARK 2.8. Since A is free and finitely generated, the same is true for
Ap. Hence, characters x as in Construction always exist.

The next proposition shows that the construction above does not depend
on the choice of the character .

PROPOSITION 2.9. The Cox sheaves defined in Construction[2.7] do not
depend on the choice of the character x, up to isomorphism of Cox sheaves.

Proor. Let A, Ag and S as in Construction Let x and Y’ be
two characters associated with S, and Z and Z’ the sheaves of ideals of S
defined by y and )/, respectively. Since A is free and finitely generated, k is
separably closed and the oder of the torsion subgroup of M is not divisible by
the characteristic of k, the character x’x~! : Ag — k> extends to a character
a: A — kX = Ek[X]*, that defines an automorphism ¢ : S — S by sending
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each homogeneous element s of degree L to a(L)s. Since ¢(1 — x(E)) =
1—a(E)x(E)=1—-X/'(E) for all E € A, the automorphism ) maps Z onto
7', inducing an isomorphism §/Z — S§/Z' of M-graded Ox-algebras. O

Finally we show that all Cox sheaves of X of type A are isomorphic, by
proving at the same time that every Cox sheaf of X of type A is isomorphic
to one defined in Construction and that the Cox sheaves obtained from
Construction [2.7] are all isomorphic.

ProprosITION 2.10. Let R be a Cox sheaf of X of type A. For every S
as in Construction[2.7], there exists a character x associated with S and an
isomorphism R = S/T of Cox sheaves of type X, where T is the sheaf of
ideals of S defined by x.

PROOF. Let Ag, A, ¢ and S be as in Construction[2.7] For every m € M,
we denote by R, the degree-m-part of R. Let &' := @, Ry

Let ¢m.p : Rim — Ox (D), for (m, D) € My, be a family of isomorphisms
associated with R. Let B be the basis of A chosen in Construction
and let AL be the monoid generated by B. For every L € B, denote by
Dy, the Cartier divisor representing the class A(¢(L)) in Pic(X) such that
St = Ox(Dyg). For every L € Ay, write L = > | L; with L; € BB, define
Dy, =", Dy, and let a, be the unique element of k* that satisfies

H ¢<P(Li),DLi <3'L) = aL¢50(L),DL (31 . Sn)

i=1
for all s; € HO(U, RSO(L'L)) and all open U C X. For every L € A, write

L = LT — L™ with LY, L™ € Ay, and define oy = aL+aZEoF1, where

a € k> is the unique constant that satisfies (bw(L),DL(S)QS@(L*),DF (s") =
ady(1+),p, , (ss') for all s € H(U,Ry(r)), 8 € H*(U,Ry(1~)) and all open
U C X. The constant ay, does not depend on the choice of L™ and L~.
The morphisms ¢, := ar¢,r),p, induce an isomorphism of A-graded Ox-
algebras ¢ : 8’ — S.

The map x : Ag — k(X)* defined by x(E) =¢_g(1) for all E € Ag, is a
character associated with S. Let Z' be the kernel of the projection 8" — R.
Then v (Z") is the sheaf Z of ideals of S defined by x. Thus ¢ induces an
isomorphism R = S/T. O

COROLLARY 2.11. There exists exactly one isomorphism class of Cox
sheaves of X of type A.

REMARK 2.12. The corollary above agrees with the fact that X-torsors
of type A exist and are all isomorphic, as the map type in (2.2) is an iso-
morphism if & is separably closed.

Now we turn to the relation between generalized Cox sheaves and torsors
under quasitori. This is made precise by the proposition below. We first
point out some properties of the generalized Cox sheaves.

REMARK 2.13. Let R be a Cox sheaf of X of type A. For every open
subset U of X that trivializes all elements of (M), there are isomorphisms

Rly = Oy[M] = P Oy.
meM
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Therefore, R is locally finitely generated as Ox-algebra and locally free as
O x-module.

PropoSITION 2.14. If 7 : Y — X is an X-torsor under M of type A,
then m,Oy is a Cox sheaf of X of type A. Conversely, if R is a Cox sheaf of
X of type A, then the relative spectrum Specxy R — X is an X-torsor under

M of type X.

PROOF. Let 7 :Y — X be an X-torsor under M of type A. By Propo-
sition and the antiequivalence , 1Oy is a sheaf of M-graded Ox-
algebras. In particular, there is an open covering {U; }; of X, Cartier divisors
Dy, = {(Ui, fim) }i, for m € M, such that [Dy,] = A(m) for all m € M, and
an isomorphism of O x-modules

¢ : W*Oy — @ Ox(Dm)

meM

such that ¢|y, : mOy|v, = @,en finOu; is an isomorphism of Op,-
algebras for all ¢. For all m € M, denote by (7«Oy ), the degree-m-part of
7Oy, and let ¢, p,, be the isomorphism

w0y + (MOy)im = Ox (D).

Let U be an open subset of X, and s1, s2 € m.Oy (U) homogeneous of degree
m1 and my, respectively. Then for all i,

$(5152)[Ur; = iy 1y S @) |Unw, fisma (s2)lUrv,

where the product on the right is computed in £(X). Since the elements
o1 4my iy fimy belong to HO(Uy, Ox)* for all 4, and f; ! Fima fims =

t,m1+ma
JT#L1+m2fj,m1fj,m2 in k(X)* for all 7 and j by restricting ¢, s; and sg to
U NU; NUj, the element o := fi7m1+m2f;nlh fi;iz belongs to k[X]* = k*,
and
Gm,Diny (81)Pm, Dy (82) = APy +ms, Doy 1,y (5152),

for all s1, s9 € .0y (U) homogeneous of degree m; and mg, respectively.

Conversely, let R be a Cox sheaf of X of type A. The morphism
Specy R — X induced by Oy C R is surjective. By Remark R
is locally free as Ox-module and locally finitely generated as Ox-algebra.
Hence, the morphism 7 is flat and of finite type. Moreover, R is locally iso-
morphic to M = Spec Ox [M] with the natural action of M on itself. Hence,

o~

m is an X-torsor under M.
Let {U;}; be an open covering that trivializes R. The class of Specy R

in H'(X, ]\/4\)() is represented by the cocycle (8;;);; with
Bm‘ € HOIn(M, Ox(Ui N Uj)x)

defined by f; ;(m) := fumf;nll for all m € M, where {(Uj, fi,m)}i belongs to
a fixed system of representatives for A(M). Therefore, type([Specy R]) =
A O

REMARK 2.15. The proposition above shows that Cox sheaves and tor-
sors of given type are equivalent notions. Therefore, Corollary can be
deduced from Proposition and the known results about torsors under
quasitori.
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In the next proposition we define the pull-back of a Cox sheaf of X of
type A under a morphism ¢ : M’ — M of finitely generated abelian groups.
This pull-back of generalized Cox sheaves corresponds to the push-forward
of torsors under quasitori under morphisms of quasitori (cf. [SkoO1], p. 21]
and Subsection .

PROPOSITION 2.16. Let ¢ : M' — M be a morphism of finitely generated
abelian groups. Assume that the characteristic of k does not divide the order
of the torsion subgroup of M'. If R is a Cox sheaf of X of type \, then

PR = P Ram)

meM’

with the multiplication induced by R is a Cox sheaf of X of type A o .

PROOF. Let M} := {(m/,D) € M’ x CaDiv(X) : [D] = A(¢(m))}. If
{om, D}(m, Dyen, is a family of isomorphisms associated with the Cox sheaf
R, then {¢y(m),p}m' D)err, together with the M’-grading, define a Cox
sheaf structure on ¢*R. ]

REMARK 2.17. As explained in [SkoO1l p. 25], torsors of a given type
can be obtained as push-forward of a universal torsor under the type ho-
momorphism. Analogously, Cox sheaves of X of type A can be obtained as
pull-back of a Cox sheaf of X of identity type under A by Proposition [2.16]

Inspired by Remark we give a second construction of generalized
Cox sheaves that coincides with Construction if A = idpie(x)-

CONSTRUCTION 2.18. Let D1, ..., D, be Cartier divisors on X whose
classes generate the subgroup AN(M) of Pic(X). Let A := @} | ZD; and Mg
the kernel of the morphism A — Pic(X) that sends an element D € A to the
class [D] of the corresponding Cartier divisor. Let

Ay :={(m,D) e M x A:[D] = Xm)},
and for every (m, D) € Ay, let S, py = Ox (D). Endow

S = @ Son.p)

(m,D)EAA

with the multiplication induced by the inclusions S, py € k(X). Let x :
Ao — k(X)* be a homomorphism of groups that satisfies divo(x(E)) =
Yo aiD; for all E =371 a;L; € Ag. We call x an identifying character
for A. Let T be the sheaf of ideals of S locally generated by the sections
1 — x(E) for all E € Ay, where 1 has degree (0,0) and x(E) has degree
(0, E). We say that T is the sheaf of ideals of S defined by x. Let R :=S/T

and m: S — R the projection. Then

(i) T is M-homogeneous, and every Ay-homogeneous section of T is

zero;
(ii) 7T|5(m’D) : Stm,p) — Rm 1s an isomorphism of Ox-modules for all
(m, D) € A)\,'

(i) R with any family of isomorphisms {¢m.p}(m,p)em, induced by
{7T|§(1m D)}(m,D)eAA is a Cox sheaf of X of type A.
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REMARK 2.19. The verification of the statements in Construction 2.1§
is similar to the proof of Construction The same argument that proves
Proposition 2.9 shows that the Cox sheaves defined in Constructions [2.18
do not depend on the choice of the character x, up to isomorphism of Cox
sheaves. Moreover, one can prove a result analogous to Proposition for
the Cox sheaves obtained from Construction 2.18

The following proposition shows that the groups A in Constructions
and can be realized as groups of Cartier divisors.

PROPOSITION 2.20. Given a finite set {D1,...,D,} of Cartier divisors,
there exists a basis {D1, ..., DL} of a free subgroup of CaDiv(X) with [D;] =
[D!] in Pic(X) for alli e {1,...,r}.

Proor. Without loss of generality, we can assume that Dq,..., D, are
trivialized by the same affine open covering of X, say D; = {(Uj, fi;)}j>1.
If there are fi,..., fr € k(X)* such that f{*--- f& € H°(Uy,Ox)* with

ai,...,ar € Z if and only if ay = --- = a, = 0, then the divisors D} :=
divp,(fif}') with i € {1,...,7} generate a free subgroup of CaDiv(X).
To produce rational functions fi,..., f as above, one can proceed as

follows. Let A = H°(Uy,Ox). If X has dimension 0 this lemma is trivial.
So, we assume that U has positive dimension, and hence infinitely many
closed points. We construct fi,..., fr by induction. Let f; € A be nonzero
and noninvertible. For 1 < i < r, let m; be a maximal ideal of A not
containing g; 1 := H;;ll fj. Since (gi—1) + m; = A, there exists an element
fi € m; such that (g;—1, f;) = A. Then (f;, fi) = Afor 1 <j <i—1and
fi # 0 since g;_1 is not invertible. Let a1,...,a, € Z not all zero such that
[[;_, fi% € A*. Up to a permutation of the indices, we can assume that
ai > -+- > a,. Since none of the f; is invertible, a; > 0 and a, < 0. We
write g := [[,.~o f;" and h =[], o f; *, so that g,h € A and gh™1 € A%,
Hence, (h) = (¢9) C (f1) in A. Then (f1) = (f1,h) = A, which contradicts
the fact that fi is not a unit in A. O

The following two constructions are used in the next section to relate
Cox sheaves to the existence of rational points. The first one is determined
by a splitting of the natural exact sequence that relates the function field of
X to its group of principal divisors.

CONSTRUCTION 2.21. Let o : k(X)* — k> be a splitting of the natural
exact sequence of groups

1=k = k(X)" = k(X)/E* — 1. (2.3)

For every m € M, let Dy, be a Cartier divisor representing the class A\(m)
in Pic(X) and Ry, := Ox (D). Endow R := @,,c 7y Rin with the following
multiplication of sections induced by o. For every open subset U of X and
homogeneous sections s1,s2 € R(U) of degree mi,mg € M, respectively, let
[ € k(X)™ be the unique element such that Dy, ym, = divp,, +D,., (f) and
o(f) = 1. Define s1s2 := fs152 € R +my(U), where the product on the
right is computed in k(X). Then R is a Cox sheaf of X of type X.
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Proor. By Remark it is enough to determine the isomorphisms
®m,D,, for m € M. These are chosen to be the identity and are compatible
with multiplication by construction. U

The second construction is determined by a splitting of the natural exact
sequence associated with the group of invertible sections on a small enough
open subset of X.

CONSTRUCTION 2.22. Let U C X be a nonempty open subset such that
A(M) is contained in the kernel of the natural morphism Pic(X) — Pic(U).
Let o : k[U)* — k> be a splitting of the natural exact sequence of groups

1=k = kU = kU B — 1. (2.4)

For everym € M, let Dy, be a Cartier divisor supported on X \U represent-
ing the class \(m) in Pic(X) and R, := Ox(Dy,). Endow R := B,,cps Rm
with the following multiplication of sections induced by o. For every open
subset V' of X and homogeneous sections s1,s2 € R(V') of degree my, mg €
M, respectively, let f € k[U]* be the unique element such that Dy, 4m, =
divp,, +D,,, (f) and o(f) = 1. Define s152 := fs152 € Rinyymy(V), where
the product on the right is computed in k(X). Then R is a Cox sheaf of X
of type A.

REMARK 2.23. Every rational point z € U(k) defines a splitting o, :
kU — k> of (2.4) by o.(f) := f(x) for all f € k[U]*.

We conclude this first presentation of generalized Cox sheaves by deter-
mining their group of automorphisms.

PROPOSITION 2.24. Let R be a Coz sheaf of X of type \. For every
h € M(k) = Hom(M,k>), let ¢ : R — R be the map defined as scalar
multiplication by h(m) on Ry, for all m € M. Then h +— 1y, defines an

—

isomorphism between M (k) and the group of Cox sheaf automorphisms of

R.

PrOOF. By Lemma [2.4] a Cox sheaf automorphism ¢ of R must be
scalar multiplication by some h,, € k* on each homogeneous part R,.
Moreover, hphy, = by for all m,m’ € M as v is compatible with the
multiplication in R. So, m e hy, defines a group homomorphism M — k*,
and hence an element h € M (k) such that ¢ = vy,. O

2.2.2. Generalized Cox rings. In [BHO03, [ ADHL15] a Cox ring is
the ring of global sections of a Cox sheaf. We give an axiomatic definition of
generalized Cox rings that is clearly satisfied by the rings of global sections
of the generalized Cox sheaves defined previously in Section

DEFINITION 2.25. A Cox ring of X of type X is an M-graded k-algebra
R together with a family of isomorphisms of k-vector spaces ¢, p : Ry, —
HY(X,0x(D)) for every (m, D) € M), where R, denotes the degree-m-part
of R, such that for every (mq,D1), (me, Dy) € M) there exists a nonzero
constant o € k that satisfies ¢y, D, (51)Pma, Dy (52) = Py +mo, D1+ Dy (5152)
for all s; € HY(X,Rum,), i € {1,2}.

A structure of Cox ring of X of type A on a k-algebra R is an M-grading
on R and a family of isomorphisms {¢m b} (m,p)enm, as above.
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We also define morphisms of generalized Cox rings of a given type.

DEFINITION 2.26. Let R and R’ be two Cox rings of X of type A\. A
morphism of M-graded k-algebras ¢ : R — R’ is a morphism of Coz rings of
X of type X if it is compatible with the families of isomorphisms ¢,, p and
¢y p associated with R and R’, respectively, as follows: for every (m, D) €

M), there is oy, p € k[X] such that gb;n,D oo gb;;D = am,p idgo(x,0x(D))-

REMARK 2.27. The isomorphisms ¢, p in Definition [2.25] are uniquely
determined up to multiplication by nonzero elements of k. Therefore, given
a Cox ring R, we say that two families ¢,, p and d);n’ p define the same Cox
ring structure on R if for every (m, D) € M), there is a,, p € k* such that

m.D = Qm,p®m,p (cf. Remark .

Moreover, a Cox ring structure on R is determined once the isomorphism
®m,p is known for a chosen (m,D) € M) for each m € M. Therefore, to
check whether a morphism of k-algebras between Cox rings of given type is

a morphism of Cox rings, it is enough to verify the condition in Definition
for a chosen (m, D) € M) for each m € M.

REMARK 2.28. Morphisms of Cox rings of X of type A respect the M-
gradings. However, a k-algebra morphism respecting the M-grading is not
necessarily a morphism of Cox rings of type A. For example, for X = IP’}C,
the Picard group Pic(X) is free of rank 1, and R = k[T, T1] is a Cox ring of
X of type idpic(x), where the Pic(X)-grading is the usual Z-grading by the
total degree, identifying effective divisor classes with nonnegative integers.
Mapping Ty and 73 to any linearly independent linear polynomials in Ty, 71
defines an automorphism of &[Ty, T1] respecting the grading, but any Cox
ring automorphism of R in the sense of Definition [2.26] is multiplication by
a scalar in k*.

An equivalent characterization of Cox rings of type A, which is similar
to [DP14], Definition 2.1], is provided by the following proposition.

PROPOSITION 2.29. An M -graded k-algebra R has a structure of Cox
ring of X of type A if and only if there exists a map

div: | (Bm ~ {0}) = CaDiv(X),
meM

where R, denotes the degree-m-part of R, such that for each (m,D) €
M, there is a k-vector space isomorphism ¢mp @ Rpm — HY(X,Ox(D))
satisfying div(s) = divp(¢m,p(s)) for all nonzero s € Ry,, and div(s;s2) =
div(s1) + div(sz2) for all nonzero homogeneous elements s1, s2 of R.

Proor. If R is a Cox ring of X of type A with family of isomorphisms
¢m,p as in Definition [2.25] for every m € M choose a divisor D € CaDiv(X)
such that (m, D) € M, and define div(s) := divp(¢m p(s)) for all nonzero
sER,,.

For the converse implication, assume that R is an M-graded k-algebra
endowed with a map div and isomorphisms ¢,, p as in the statement. We
prove that the family of isomorphisms ¢, p define a structure of Cox ring of
X of type A on R. For every (my, D), (ma, D3) € My and s; € HO(X, R, ),
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i € {1,2}, the elements

Qmy,mo;Dy,Dy *— ¢m1,D1 (Sl)¢m2,D2 (52)¢m1+m2,D1+D2 (5152)_1

do not depend on the chosen sections s; € HY(X,R,,,) because the mor-
phisms ¢, p are linear. Moreover, ®m,, m.:D,,D, belong to k* because

diVD1+D2 (¢m1+m2,D1+D2 (8182)) = diVD1 (¢m1,D1 (Sl)) =+ diVD2 (¢m2,D2 (52))'
O

By definition, the degree-m-part of a Cox ring of X of type A is nonzero
if and only if A(m) is an effective class in Pic(X). We denote by Mg the
subgroup of M generated by the elements m such that A(m) is effective in
Pic(X), and define Aeg := A|pr.y : Meg — Pic(X).

REMARK 2.30. A Cox ring of X of type A is also a Cox ring of X of type
X, for all X' : M’ — Pic(X) such that Mz = Meg and N5 = Aeg.

Since the degree-m-part of a Cox sheaf of X of type A is always nonzero,
we can expect that Cox sheaves of different types may have rings of global
sections that are isomorphic generalized Cox rings. The relation between
Cox rings and Cox sheaves of a given type is explained by the following
proposition.

ProposiTioN 2.31. Let R be a Cozx ring of X of type \. Then R is
isomorphic, as Cox ring of type X, to the ring of global sections of a Cozx
sheaf of X of type .

If M = Mg, then every automorphism of R as Cox ring of X of type
A is induced by a unique automorphism of the underlying Cox sheaf of X of
type A.

ProOOF. Forevery m € M, we denote by R,, the degree-m-part of R. Let
Gm.p : Ry — HY(X,0x (D)), for (m, D) € My, be a family of isomorphisms
associated with R.

Let Ag, A, ¢ and S be as in Construction 2.7 For every L € A, let
Dy, be the Cartier divisor on X such that Sy = Ox(Dyr). Let Aeg be the
subgroup of A generated by the elements L such that A(¢(L)) is effective in
Pic(X). We observe that Ag C Aeg. Since A is free and finitely generated,
the same is true for Aeg. Let Beg be a basis of Agg, and let Ay C Aeg be
the monoid generated by Beg. For every L € Ay, write L = " | L; with
L; € B, and let ap, be the unique element of £* that satisfies

n

11 @000, (si) = aLduw).p, (51 5n)

i=1
for all s; € Rz, with i € {1,...,n}. For every L € Acg such that A(¢(L))
is effective in Pic(X), write L = LT — L™ with LT, L~ € A, and define
ap = OéL+OéZEO[_1, where @ € k* is the unique constant that satisfies
ngo(L),DL(S)nga(L*),DL, (s") = APu(1+),D, 4 (ss') for all s € R,y and &' €
R, (r-)- The constant ay, does not depend on the choice of Lt and L™. The

isomorphisms ¢ := azl ;(1L) Dy, induce a surjective morphism of graded

k-algebras ¢ : H*(X,S) — R.
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The map x : Ag — k(X)* defined by x(E) = ¢"1,(1) for all E € A, is a
character associated with S. Let Z be the sheaf of ideals of S associated with
X, and R := S/Z. Then H°(X,S)/H"(X,Z) = H°(X,R) by Construction
and HY(X,T) is the kernel of ).

We show that the induced isomorphism ¢ : HY(X,S)/H®(X,T) — R is
a morphism of Cox rings. The Cox sheaf R is endowed with the family of
isomorphisms {¢/Tn,D}(m,D)€M/\ induced by {7T|§L1}L€A, where m: S — R is
the projection. For m € M such that A(m) is effective, let L € Aqg such that
¢(L) = m. Without loss of generality, we can assume that ¢, , = ﬂ\ng
Hence,

m.y 0¥ 0 (drp,) " = ap idpocx0x(Dy)) -

Assume now that M = Mg, and let ¢ be an automorphism of R(X).
By definition of automorphism of a Cox ring of X of type A, for every m € M
such that A\(m) is effective, there is a constant h,, € £ such that Y|z (x),, =
hum, idR(X)m. Moreover, Ny = By for all m,m’ € M as above as v
is compatible with the multiplication in R. Since A(M) is generated by
effective divisor classes, m /\hm defines a group homomorphism M —
k*, which is an element h € M(k), and hence an automorphism of R by

Proposition [2.24] O

REMARK 2.32. A morphism of Cox sheaves of X of type A induces a
morphism of Cox rings of X of type A between the rings of global sections.
Hence, for every A, there exists exactly one isomorphism class of Cox rings
of X of type A.

REMARK 2.33. As a consequence of Propositions and the
group of Cox ring automorphisms of a Cox ring of X of type A is isomorphic
to Meff(k).

REMARK 2.34. If A(M) contains an ample divisor class, then M = Mcg-.

2.3. Over nonclosed fields

In this section we define generalized Cox sheaves and Cox rings of a
variety over an arbitrary field by Galois descent, we classify them up to
isomorphism, we explain the relation with torsors under quasitori, and we
discuss some existence criteria. Moreover, we consider their functoriality
properties.

We start by fixing some notation for the rest of this section. Let k be a
field, fix a separable closure k of k, and let g be the Galois group Gal(k/k).
Any algebraic extension of k£ mentioned in this section is contained in k.

Let X be a geometrically integral k-variety such that k[Xz]* = k-
where X7 := X Xgpeck Spec k. The action of g on k induces an action on
A®p k (with g € g acting via id4 ®g) for any k-algebra A, and similarly on
OXE = Ox ® k. The action of an element g € g on X% is the one induced
by the action of g=! on O x;- For every g € g, we denote by gD the natural
Galois action on a divisor D € CaDiv(X%), by g(f) the natural Galois action
on an element f € k(X). All these actions are continuous (with respect to

the Krull topology on g and the discrete topology on the other objects). We
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will denote by g * s an action of g € g on a section s of a Cox sheaf (or an
element s of a Cox ring) of X7.

Let M be a g-module which is finitely generated as abelian group, and
assume that the characterstic of k does not divide the order of its torsion
subgroup. Let A : M — Pic(X%) be a homomorphism of g-modules.

2.3.1. Natural Galois actions. To define generalized Cox sheaves
and rings of X by Galois descent we need to specify what is a Galois action
compatible with the structure of Cox sheaf or ring on a generalized Cox
sheaf or ring, respectively, of Xt.

DEFINITION 2.35. A continuous g-action on a Cox sheaf R of X of
type A is called matural if, given an associated family of isomorphisms
{¢m.D}(m,D)en,, for every g € g and (m,D) € M), the automorphism
of R defined by the action of g restricts to an isomorphism R, — Rgpn, such
that g7 o pgmgpogo gf);}D is an automorphism of Ox, (D). A g-equivariant
Cox sheaf of Xz of type X is a Cox sheaf of X7 of type A with a natural
g-action.

Analogously, a continuous g-action on a Cox ring R of Xz of type A is
called natural if, given an associated family of isomorphisms { ¢, b } (m,p)en, »
for every g € g and (m, D) € M), the automorphism of R defined by the
action of g restricts to an isomorphism R,, — Ry, such that g7 lo Pem,gD ©

go gb;lD = OéidHO(XE Ox_ (D)) With a € kA g-equivariant Cox ring of X
) ? %
of type X is a Cox ring of Xz of type A with a natural g-action.
A morphism of g-equivariant Cox sheaves (rings) of Xz of type X is a
g-equivariant morphism of Cox sheaves (respectively, rings) of X of type A.

REMARK 2.36. Using the equivalent definition of generalized Cox ring
provided by Proposition [2.29] a continuous g-action on a Cox ring R of
X7 of type X is natural if and only if div(g * s) = gdiv(s) for all nonzero
homogeneous s € R and all g € g.

A natural g-action on a generalized Cox sheaf R of X7 of type A induces
a natural g-action on the Cox ring R(X7) of X7 of type A. The next propo-
sition shows that the converse holds if M = Mg, where Mg is the effective
subgroup of M defined before Remark

PROPOSITION 2.37. Let R be a Cox sheaf of X7 of type M = Meg. Then
every natural g-action on R(X%) is induced by a natural g-action on R.

PROOF. Assume that R(X7) is endowed with a natural g-action. Let
¢m,p * Rm — Ox (D), for (m,D) € M), be a family of isomorphisms
associated with R. For every g € g and (m, D) € M), such that A(m) is
effective in Pic(X7), let agm p € k™ be the unique constant such that

¢gm,gD 0 g = Qgm,DEOC ¢m,D-
For an arbitrary (m,D) € My, let (m™,DT),(m~,D~) € M) such that
m=m"—m~, D=D"—D" and A\(m") and A\(m™) are both effective in
Pic(X3). We define ag m.p := ag,m+7D+a;n,7D,Bg('y*1), where 3,v € k"
are the unique constants such that

¢m,D (S)¢m*,D* (5/) = 7¢m+,D+ (SS/)
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and

¢gm,gD <g * 3)¢gm*,gD* (g * S/) = 6¢gm+,gD+ (g * (38,))
for all s € R(X3)m and s’ € R(X%),,-- The constant oy, p do not depend
on the choice of (m™*, D%) and (m~, D).

For every homogeneous section s of R and every g € g, let g * s =
ag,mD(‘ﬁgyln,gD 0 g o ¢mp)(s) for any (m, D) € M) such that s has degree
m. This definition does not depend on the choice of the representative D
for A\(m) and induces a natural action of g on R in the sense of Definition
2.30 U

2.3.2. Generalized Cox sheaves and rings. We are ready to define
generalized Cox sheaves and Cox rings of X by Galois descent.

DEFINITION 2.38. A Cozx sheaf of X of type A is a sheaf R of Ox-algebras
together with a structure of Cox sheaf of X7 of type A on Ry := R ®; k
such that Rz with the induced action of g is a g-equivariant Cox sheaf of
X%. Analogously, a Coz ring of X of type \ is a k-algebra R together with
a structure of Cox ring of X7 of type A on Ry := R ®y k such that Ry with
the induced action of g is a g-equivariant Cox ring of Xz.

A morphism of Cox sheaves of X of type X is a morphism of Ox-algebras
¥ : R — R’ such that ¢ ®idy : Ry — R/E is a morphism of Cox sheaves
of X7 of type A. Analogously, a morphism of Cox rings of X of type X is
a morphism of k-algebras ¢ : R — R’ such that ¢ ® idg : Ry — R/E is a
morphism of Cox rings of X7 of type A.

The following proposition show that the notions of generalized Cox
sheaves and rings of X are equivalent to the notions of g-equivariant gener-
alized Cox sheaves and rings of Xz, respectively.

PROPOSITION 2.39. The covariant functors

g-equivariant Cox sheaves
{C’ox sheaves of X of type )\} — { }

of Xz of type A
R — RE

and
Cox Ti D ) g-equivariant Cox rings
{ ox rings of X of type } — { of Xy of type \ }

R +— RE
are equivalences of categories, with inverse functor H%(g, .).

PRroOOF. Let R be a g-equivariant Cox ring of Xz of type A, and R® :=
H(g, R) its subring of g-invariant elements. Since the action of g on R is
continuous, there is an isomorphism R® ®; k = R by [Mil12], Proposition
16.15]. Similarly, if R is a g-equivariant Cox sheaf of X3 of type A, then
the sheaf RY defined by R4(U) := H%g, R(U;)) for all open subsets U
of X is a Cox sheaf of X of type A\. Moreover, if ) : R — R’ is a g-
equivariant morphism of g-equivariant Cox sheaves of X7 of type A, then
P(R(Ug)?) € R/(Uy)® for every open subset U of X. Hence, 1 restricts to
a unique morphism 9 : R% — R'? of Cox sheaves of X of type A such that
¥ = ¢? ® id; under the identifications R = (R%); and R’ = (R'%);. O
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The following corollary establishes the connection between generalized
Cox sheaves and Cox rings of varieties over arbitrary fields.

COROLLARY 2.40. If R is a Coz sheaf of X of type A, then R(X) is a
Coz ring of X of type \.

If M = Mg, then this induces a bijection between the set of isomorphism
classes of Cox sheaves of X of type A and the set of isomorphism classes of
Cozx rings of X of type \.

PROOF. Let R be a Cox sheaf of X of type \. By Definition [2.38 Ry is
a g-equivariant Cox sheaf of X7. Hence, Rz (X7) is a Cox ring of X7 of type
A according to Definition Since the induced g-action turns it into a
g-equivariant Cox ring of type A, the ring of g-invariants R(X) = Rz (X3)?
is a Cox ring of X of type A (cf. Proposition .

Assume now that M = M,.g. Clearly isomorphic Cox sheaves of X of
type A give isomorphic Cox rings of X of type A if we take rings of global
sections. Hence, the map R — R(X) is well defined on isomorphism classes.
Surjectivity is a consequence of Propositions 2.31], 2.37] and [2.39] For injec-
tivity, assume that R and R’ are Cox sheaves of X satisfying R(X) = R'(X).
This isomorphism of Cox rings of X induces an isomorphism of g-equivariant
Cox rings R(X); = R'(X);, that extends to a unique isomorphism of Cox
sheaves ¢ : Ry — Ry by Proposition Since g7t ot ogo) is an
automorphism on Ry that induces the identity on R(X3) for every g € g,
by the uniqueness statement of Proposition m g loy ™t ogor is the
identity as well, which means that v is g-equivariant, and hence, restricts
to an isomorphism R = R/. O

We apply descent theory (see [Ser02] §III.1] or [Mill2, §16]) to clas-
sify Cox sheaves and Cox rings of X up to isomorphism. Recall that by
Corollary every two Cox sheaves of X of type A become isomorphic
after the field extension k& C k. Moreover, if 1) is an isomorphism of Cox
sheaves of type A between two g-equivariant Cox sheaves of X7 of type A,
then 8¢ := go o g~ ! is another isomorphism for all g € g, and sending
g to the automorphism ¢ ~! o 8¢ defines a map g — M (k) by Proposition
which turns out to be a 1-cocycle. The generalized Cox sheaves of X
of type A are then classified as follows.

PROPOSITION 2.41. Assume that X has a Cox sheaf R of type A. Sending
a Cox sheaf R' of X of type X with a Cox sheaf isomorphism 1) : Ry — R/E
to the class of the cocycle

g — Aut(Ry) = M(F), g ¢ o®y
defines an bijective map ]/"@m the set of isomorphism classes of Cox sheaves
of X of type X to H*(k, M).

PRrROOF. The class of the cocycle g — 1! 081 does not depend on the
choice of ¥). Moreover, if R, R” are two Cox sheaves of X of type A, and 1)’ :
Ry — RIE’ "Ry — R% are two Cox sheaf isomorphisms, the associated

cocycles have the same class in H'(k, ]\7) if and only if " o)/ ' : R/ — R
is g-equivariant. Hence, the map in the statement is injective.
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For surjectivity, note that a cocycle ¢ : g — M (k) defines a twisted
action
gxX Ry =Ry, (8:8) = (Yo, o (idr ®@8))(s),
where 9, is the automorphism defined in Proposition Since

H' (g, M(R)) = lim H'(Gal(K' /), M(K')),
k' /k
where the direct limit is taken over the finite Galois extensions k' of k inside
k, the twisted action defined by o is continuous, and hence it is a natural
g-action on Ry according to Definition 2.35 By Proposition [2.39} the sheaf
of invariants R? is a Cox sheaf of X of type A such that Ry = R° @ k. The
cocycle associated with this isomorphism is (idRE othg, 0 goidr, ngl)geg =
. O

REMARK 2.42. As a consequence of Corollary [2.40]and Proposition 2.
the map in Proposition [2.41] defines a bijection between the set of isomor-

phism classes of Cox rings of X of type A and H'!(k, Meff)

The inverse map to the bijection in Proposition is obtained by
twisting a Cox sheaf of X of type A by cocycles. Hence, we introduce the
notion of twisted generalized Cox sheaf.

DEFINITION 2.43. For every Cox sheaf R of X of type A and every
cocycle o : g — M(k), we denote by R the twisted Cox sheaf constructed
in the proof of Proposition

2.3.3. Relation to torsors under quasitori. Now we explore the
connection between Cox sheaves of X of type A and X-torsors of the same
type, and prove that they are equivalent notions. We start by showing that
the relative spectrum functor Spec y sends generalized Cox sheaves to torsors
of the same type and is compatible with twisting.

PROPOSITION 2.44. If R is a Cox sheaf of X of type A, then SpecX R
1s an X-torsor of type A\. Moreover, for each cocycle o : g — M(k’) the
X -torsor Specyx R has class [Specy R| — [o] in H (X, MX).

PRrROOF. Let R be a Cox sheaf of X of type A. Since Ry is a g-equivariant
Cox sheaf of X7, the action of M on Ry induced by the M-grading descends
to an action of M® = Spec k[M]? on R, where k[M]? is the subring of g-
invariant elements of k[M], and the canonical morphism Specy R — X is
an X-torsor of type A by Proposition [2.14] and quc—descent

Let 0 : g — M(k) be a cocycle. By Proposition the twisted Cox
sheaf R? corresponds to the g-equivariant Cox sheaf 7?, of X3 with the
twisted action of g given by (g, s) — o(g(s)) under the bijection of Propo-
sition W Thus, Specy R? is obtained by Galois descent from Spec P R
with the twisted g-action (g,z) — o, Y(g(z)). Therefore, [Specy R°] =

[Specyx R] — [o] in H(X, Z\/ZX) (cf. [Sko01l Example 2, p. 21]). O

The next proposition shows that the direct image of the structure sheaf
of an X-torsor of type A under the torsor morphism is a generalized Cox sheaf
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of the same type, and that the functor Specy in the previous proposition is
essentially surjective.

PROPOSITION 2.45. If m:Y — X is an X-torsor of type A, then m,Oy
is a Cox sheaf of X of type N\, Oy (Y) is a Coz ring of X of type A, and
Specy m.Oy =Y.

PROOF. Let m : Y — X be an X-torsor of type A. Let 7 : Y7 — Xg
be the induced Xz-torsor of type A. Then ﬁ*OyE is a Cox sheaf of Xz of
type A by Proposition g} The induced g-action on 7,Oy: is a natural
g-action in the sense of Definition [2.35] as it is given by automorphisms that
are compatible with the g-action on M. Hence, 7Oy is a Cox sheaf of X
of type A\ according to Definition [2.38, and Oy (Y) = (7.0y)(X) is a Cox
ring of X of type A by Corollary [2.40, Moreover, 7 is affine by [MEFK94],
Proposition 0.7]. Hence, Specy .0y =Y. O

The relation between generalized Cox sheaves and torsors under qua-
sitori is summarized by the following corollary.

COROLLARY 2.46. The contravariant functor

{Co:p sheaves of X of type )\} — {X—torsors of type )\}
R +~—— Specy R

s an anti-equivalence of categories with inverse functor

{X—torsors of type )\} — {C’om sheaves of X of type )\}
7:Y - X +— m0Oy.

PRroOOF. By Propositions and both functors are well-defined
and essentially surjective. Moreover, the functor Specy is fully faithful. O

2.3.4. Existence. Now we turn to existence criteria for generalized
Cox sheaves and rings of varieties over nonclosed fields. We start with an
example that shows that Cox rings of identity type do not always exist.

EXAMPLE 2.47. Let X C IP)%g be the conic defined by 2% + y? 4+ 22 = 0,
with X (R) = . It is the image of the closed immersion

:PIHXC, uwiv) = (2uo:u? — 0?1 i(u? 4+ 0?)).
C

A Cox ring of P{. of type idpj(pr) Is Clu,v], where u,v € H°(PL, O(1)) vanish
in (0:1),(1:0), respectively. If X has a Cox ring R of type idpj.(x.) over
R, then Rc is endowed with a natural action of g = Gal(C/R) = {id, g}.
Via the isomorphism ), this action pulls back to an action of g on the
Cox ring Clu,v] of ]P’(lC with the following properties. Since g exchanges
(0:1:1) =¢((1:0) and (0:1:—i) =((0: 1)), there exists « € C*
such that g(u) = av. Then g?(u) = u gives g(v) = g(a) 'u. Furthermore,
g exchanges (1 : 0:1) =((1:1)) and (1:0: —i) = ¢((1 : —1)), hence
g(u —v) = av — g(a)~'u should be a scalar multiple of u + v. This implies
a = —g(a)~!, which is impossible for a € C*. Therefore, the conic X
without R-rational points does not have a Cox ring of type idpjc(x,)-
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REMARK 2.48. By Proposition the existence of a Cox sheaf, or Cox
ring, of a given type A implies that all Cox sheaves (or rings) of X7 of type
A are g-equivariant. Therefore, we say that Cox sheaves (or rings) of X of

type A exist (cf. (2.2))).

The next proposition relates the existence of Cox sheaves to the existence
of g-equivariant characters in Construction [2.7]

PROPOSITION 2.49. Let M C M be a finite g-invariant set of generators
for M, and D a finite g-invariant set of Cartier divisors such that A\(M) =
{[D]: D € D}. Let

My :={(m,D) e M xD:[D] = Xm)}

with the componentwise action of g, and let A := @LEMA ZL with the
induced g-action. Let ¢ : A — M be defined by p((m,D)) = m for all
(m,D) € A, and S := D, pyer Ox(D) the associated Ox_-algebra as in
Construction [2.7

Then a Cox sheaf of X of type M\ exists if and only if there is a g-
equivariant character associated with S.

PROOF. Let Ay be the kernel of ¢, and let S, p) = OXE(D) for all
(m,D) € A. Given a g-equivariant character y : Ag — k(X3)* associated
with S. The sheaf 7 of ideals of S defined by x is invariant under the action
of g on S induced by the natural g-action on k(Xy). Therefore, R := S/Z
is a g-equivariant Cox sheaf of X7 of type A, and the sheaf of invariants R?
is a Cox sheaf of X of type A.

Assume now that R is a Cox sheaf of X of type A. Then Ry is a g-
equivariant Cox sheaf of X of type A\. By Proposition we can assume
that Ry = S/Z, where Z is the sheaf of ideals of S defined by a character
X : Ag — k(Xp)* associated with S. Let 7 : S — R be the projection.

Let ¢ p, for (m, D) € M), be a family of isomorphisms associated with
Ryz. Without loss of generality, we can assume that ¢, p = 7r|§(1m ) for all

(m, D) € A. By Definition and Lemma for every g € g and every
(m, D) € A, there exists a constant ag m p € k™ such that

—1
(7S ) © & ° T, (5) = gm0 (5)
for all sections s of S, py = Ox (D). These constants satisfy

Qg m+m’ . D+D" = Qgm, DO m!,.D’ Qgg!m,D = Qg g'mg'DE(Ag/ m.D)
for all (m,D),(m’,D') € A and all g,g’ € g. Moreover, x((0,gD)) =
ag.0,—p8(x((0,D))) for all (0,D) € Ap. Fix a system M) C M, of repre-
sentatives for the orbits under the action of g. For every (m, D) € M) and
every g € g, let By ep) = agm,p- Given L' € A, write L' = ZLGM)\ ar,L
with ay € Z, and define
s =[] B~

LeMy

The homomorphism x’ : Ag — k(X3)* that sends E € Ag to Bpx(E) is
g-equivariant and satisfies divo(x’((0, D))) = D for all (0, D) € Ay. O
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From |[CTS87, Proposition 2.2.8] we know that the existence of universal
torsors (that is, torsors of type idpje XE)) for a smooth variety X over a
nonclosed field £ is equivalent to the existence of a g-equivariant splitting of
the exact sequence

1=k = k(X)X = k(Xp)* k" — 1. (2.5)
Moreover, if U is a nonempty open subset of X, and M is the kernel of
the natural homomorphism Pic(Xz) — Pic(Uz), the existence of torsors of

injective type M C Pic(X7) is equivalent to the existence of a g-equivariant
splitting of the exact sequence

1=k = KU — kU /B — 1. (2.6)

As a consequence of Corollaries and and of Remark this is

also equivalent to the existence of Cox sheaves (and Cox rings if M = M)
of X of the same type.

In our more general setting, where X can be singular, we show how to

construct a Cox sheaf of X of type A starting from g-equivariant splittings

of such exact sequences. Then, Proposition gives a torsor of X of type
A in this setting, generalizing the above results of [CTS87].

PROPOSITION 2.50. (i) If admits a g-equivariant splitting,
then Cox sheaves and Cozx rings of X of type A exist.

(ii) If there exists a g-equivariant splitting of the exact sequence ([2.6)
associated with a nonempty open subset U of X such that \(M)
is contained in the kernel of the natural morphism Pic(Xy) —
Pic(Uy,), then Cox sheaves and Cox rings of X of type X\ exist.

PRrOOF. We prove Let 0 : k(X)* — k* be a g-equivariant splitting
of . For m € M, define D,,, and R, as in Construction Then the
Cox sheaf R := @,,c s Rm of X of type X defined in Construction is
equivariant with respect to the following action of g. For every g € g and
m € M, let f € k(X3)* be the unique element such that Dgp, = divgp,, (f)
and o(f) = 1. Define g x s := fg(s) € Rgpm for all sections s € R,,, where
the product on the right is computed in E(XE) The sheaf of invariants R®
is then a Cox sheaf of X of type A by Proposition and RI(X) is a
Cox ring of X of type A by Corollary . The proof of |(4z) is similar using
Construction O

Another way to produce generalized Cox sheaves and rings of varieties
over nonclosed fields is by pulling-back a given one.

REMARK 2.51. If X has a Cox sheaf of type A and ¢ : M’ — M is a mor-
phism of finitely generated g-modules, then the pull-back of a g-equivariant
Cox sheaf R of X7 of type A under ¢,

SO*R = @ Rgo(m)a
meM’
defined in Proposition inherits from R and action of g that turns it
into a g-equivariant Cox sheaf. Hence, Cox sheaves of X of type Ao ¢
exist by Proposition In particular, if X has a Cox sheaf of injective
type M" C Pic(X3) for any g-invariant subgroup M" of Pic(X7) such that
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A(M) € M”, then Cox sheaves of X of type A exist. Therefore, if X has a
Cox sheaf of identity type, then all Cox sheaves of X of all types exist.

We show now that a splitting of (2.6) is equivalent to the existence of
certain Cox sheaves of X of injective type, at least if X7 is locally factorial
(cf. [CTS87, Proposition 2.2.8 (v)]).

PROPOSITION 2.52. If X7 is locally factorial, and X has a Cox sheaf of
injective type X\, then the natural exact sequence has a g-equivariant
splitting for every nonempty open subset U C X such that A(M) is the kernel
of the natural morphism Pic(Xy) — Pic(Ug). If in addition k is perfect and
A = idpj¢( Xp) also the exact sequence admits a g-equivariant splitting.

PROOF. Let U C X be a nonempty open subset such that A(M) is con-
tained in the kernel of the natural morphism Pic(Xz) — Pic(Ur). Then
the group A of Cartier divisors on X supported outside Uy is free, finitely
generated and has a g-invariant basis (consisting of the prime divisors sup-
ported outside Uz). The group k[Uz]* /k” is naturally identified with the
subgroup Ag C A of principal divisors. By Proposition [2.49] there exists a g-
equivariant character x : Ag — k(X7)* associated with S := P ., Ox (D).
Since every element of Ag is supported outside Uz, the image of x is con-
tained in E[UE]X. Hence, x is a g-equivariant splitting of the exact sequence
(2.6)) associated with U.

Assume now that k is perfect and that A = idpj Xp)- Let X’ be the
smooth locus of X3 and U’ = UyNX'. Since Xy is normal, its singular locus
has codimension > 2. Hence, k(X3) = k(X') and k[Uz] = k[U’]. Then,
according to [CTS87], Proposition 2.2.8], the exact sequence admits a
g-equivariant splitting whenever does.

O

REMARK 2.53. As in Remark a k-rational point on U defines a
g-equivariant splitting of . Moreover, every smooth k-rational point on
X defines a g-equivariant splitting of by [CTS87, Remarque 2.2.3].
Therefore, if X has a smooth k-rational point, Cox sheaves and Cox rings of
X of any type exist by Proposition If X (k) # 0, the same result can
be obtained combining Remark [2.1] with Proposition

The existence of a k-rational point on X allows us to construct explicitly
a Cox sheaf of X of type A as follows (cf. [ADHL15| Construction 1.4.2.3]).

CONSTRUCTION 2.54. Let x € X (k). Let M C M be a finite g-invariant
set of generators for M, and D a finite g invariant set of Cartier divisors
of Xz supported outside x such that \(M) = {[D] : D € D}. Let

My :={(m,D) e M xD:[D] = Xm)}
with the componentwise action of g, and let A := @LGMA ZL with the in-
duced g-action. Let p : A — M be defined by o((m, D)) = m for all (m, D) €
A, and 8 := @, pyea Ox; (D) the associated Ox, -algebra as ?ZL Construc-
tion . Let Ay be the kernel of ¢. The morphism x : Ag — k(X7)* that
sends (0,D) € Ag to the unique element f € k(Xz)* such that divo(f) = D
and f(x) =1 is a g-equivariant character associated with S. Let T be the
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sheaf of ideals of S defined by x as in Construction|2.7. Then the Cox sheaf
R := S/ is g-equivariant by Proposition . Let  : Specxy R% — X be
the induced torsor of type A, then x € 7((Specy R9)(k)).

PRrROOF. The set of Cartier divisors of X7 that do not contain x in their
support form a g-invariant group that generates Pic(Xy). Indeed: if D =
{(Us, fi)}s is a Cartier divisor on X that contains x in its support, take j
such that € U;. Then the divisor divp( f;l) is linearly equivalent to D
and is supported outside x. Therefore, it is always possible to choose a set D
as in the statement. The character x defined by x as above is g-equivariant
because x is g-invariant.

Let U be an affine open neighborhood of x in X. Then the homomor-
phism ¢ : S(Uz) — k defined by t(s) := s(z) for all homogeneous sections
s € S(Uy,) is well defined because D is supported outside z for all (m, D) € A,
and g-equivariant because x is g-invariant. Since x(E)(z) = 1 for all E € Ao,
the homomorphism ¢ factors through R(Uy) and defines a k-rational point
on 7~ 1(x) by Galois descent. O

The following example shows that the existence of a k-rational point on
X is not necessary for the existence of Cox rings of X of arbitrary type.
We recall that if the g-action on M is trivial, a Cox ring of X of type
A: M — Pic(Xy) always exists.

EXAMPLE 2.55. Let k be an arbitrary number field. Let X be the smooth
projective fourfold over k in [Smel4, Theorem 3.6]. Then X (k) = 0 and
there is no étale (and hence, no algebraic) Brauer-Manin obstruction to the
Hasse principle. Moreover, Pic(X7) is a finitely generated abelian group, as
the Albanese variety of X is trivial. Therefore, X has a universal torsor by
[Sko01], Corollary 6.1.3], and Cox rings and Cox sheaves of X of all types

exist by Proposition and Remark

2.3.5. Functoriality. We discuss now the functoriality properties of
generalized Cox sheaves and rings of varieties over an arbitrary field. We
refer to [CTS87] and [BHO3]| for the analogous properties of torsors under
quasitori and of Cox rings of identity type, respectively.

By [CTS87, Proposition 1.5.2], the exact sequence is functorial in
X and G, _covariant in G and contravariant in X. If we denote by M the
g-module G dual to G under , the exact sequence is functorial in
X and M, contravariant with respect to both.

We consider first the functoriality with respect to morphisms of quasitori
G — @, or equivalently, with respect to the induced morphism of dual g-
modules ¢ : M" — M. If R is a Cox sheaf of X of type A : M — Pic(Xy),
the pull-back ¢*R := (¢*R;)? defined in Remark El is endowed with a
natural morphism of graded Ox-algebras compatible with ¢

©*R = R, (2.7)

obtained by Galois descent from the g-equivariant morphism ¢*Rz — Ry
that restricts to the identity (¢*Rg)m = (Rg)p(m) for allm € M’. Moreover,
each morphism 1) : R — R’ of Cox sheaves of X of type A pulls back under
¢ to a morphism ¢*(¢) : *R — ¢*R’ of Cox sheaves of X of type Ao ¢
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such that the following diagram is commutative

R ©*(¥) SR
b d

The pull-back of Cox sheaves under ¢ corresponds to the push-forward
of torsors defined in [Sko01, Example 3, p. 21] under the dual morphism of
quasitori  : G — G’. In particular, @, Specy R = Specy ¢*R.

We consider now the functoriality with respect to morphisms of k-
varieties. Let p : X’ — X be a morphism of k-varieties and R a Cox
sheaf of X of type A : M — Pic(X3). We denote by p* : Pic(Xz) — Pic(Xé)
the pull-back of divisor classes under p. We recall that the property of
being a torsor over X under G is stable under base extension. Therefore,
Specy: p*R = X' x x Specy R is an X'-torsor under M?9.

PROPOSITION 2.56. Let p: X' — X be a morphism of k-varieties, p* :
Pic(X7) — PiC(X/E) the induced pull-back of divisor classes, and R a Cox
sheaf of X of type X : M — Pic(Xy). Then, p*R is a Cox sheaf of X' of
type p* o A M — Pic(Xy).

PROOF. If {¢1,D}(m,D)em, is a family of isomorphisms associated with
the Cox sheaf R, then the family of isomorphisms

p*(d)m,D) : p*Rm — p*OX’(D)7
for (m, D) € M), defines a structure of Cox sheaf of X’ of type p* o A on
p*R, as p* commutes with direct limits. O

We summarize the results of this subsection in the following corollary.

COROLLARY 2.57. Let p : X' — X be a morphism of k-varieties, and
@ : M — M a morphism of g-modules.

(1) If R is a Cox sheaf of X of type X : M — Pic(Xy), then p*¢*R is
a Coz sheaf of X' of type
proXoyp: M — Pic(Xy).

(2) If ¥ : R = R’ is a morphism of Cox sheaves of X of type A, then
is a morphism of Cox sheaves of X' of type p* o X o .

(8) The the double pull-back p* o p* is a covariant functor from the cat-
egory of Cox sheaves of X of type X\ to the category of Cox sheaves

of X' of type p* o Ao .
(4) There is an isomorphism of functors between p* o ©* and ¢* o p*.

Proor. Parts and are a consequence of Proposition and the
discussion above.

For we observe that ¢* and p* are both covariant functors. For
we observe that p*p*R = ¢*p*R since p* commutes with direct limits, and
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hence, also p*(¢*(¥)) = ¢*(p™(¢)), as ¢* (1) and ¢*(p*(¢)) restrict to ¢ and
p*(1), respectively, on the homogeneous parts of the Cox sheaves. O

REMARK 2.58. The analogous functoriality properties of generalized Cox
rings can be deduced from Corollary via Corollary

REMARK 2.59. As in Corollary let p: X’ — X be a morphism of
k-varieties, assume that X’ has a Cox sheaf R’ of identity type, and let/\ R be
a Cox sheaf of X of type A. Up to twisting R’ by an element of H'(k, M) we
can assume that p*R = (p*oA\)*R’. Then there exists a natural morphism of
graded Ox/-algebras p*R — R’ as in , and also a morphism of graded
Ox-algebras R — p, R/, as p* and p, are adjoint functors. This gives a new
proof of the existence statement in [BHO3l, Proposition 5.3] by considering
k=Fkand \ = idpjc(x). We observe that in general p« R’ is not a generalized
Cox sheaf of X.

2.4. Finitely generated generalized Cox rings

We dedicate this section to investigate some properties of generalized
Cox rings that are finitely generated as k-algebras, with the purpose of
realizing the corresponding torsors under quasitori as locally closed subsets
of finite dimensional affine spaces. We first observe that the pull-back of a
generalized Cox ring under a morphism of grading groups, which we define in
the remark below by analogy with the pull-back of generalized Cox sheaves,
preserves finite generation.

REMARK 2.60. Assume that k& = k. Let M’ be a finitely generated
abelian group and assume that the characteristic of k£ does not divide the
order of the torsion subgroup of M’. Using Proposition and Proposi-
tion [2.31] we define the pull-back of a Cox ring R of X of type A under a
group homomorphism ¢ : M’ — M to be ¢*R := P, capv Rymy- f Ris a
finitely generated k-algebra, then also ¢*R is a finitely generated k-algebra
by [ADHL15| Proposition 1.1.2.4].

2.4.1. Embedded torsors. From [ADHL15, Construction 1.6.3.1]
(cf. [BHO3, Proposition 3.10], we know that given a variety X over an
algebraically closed field k with a Cox sheaf R of identity type such that
R(X) is a finitely generated k-algebra, then the universal torsor Specy R
embeds into Spec R(X) as an open subset, under some assumptions on X,
which are satisfied, for example, if X is locally factorial or projective. The
next proposition gives an analogous result for finitely generated generalized
Cox rings and arbitrary torsors under quasitori. We first describe the action
on a torsor of type A induced by the grading on the associated generalized
Cox sheaf.

REMARK 2.61. We recall from Proposition that, given a Cox sheaf
R of X of type A, the relative spectrum Specy R is an X-torsor of type A
under the action of M*® on Specy R induced by the M-grading on Rz. In

particular, Mo = Spec k[M]® and the action induced by the M-grading is
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determined by the g-equivariant M-action on Spec X; Ry, defined by
n n
Re(U) = kM| @ Re(U), Y sir Y mi@s;
i=1 i=1
for all open subsets U of X7 and all homogeneous sections s; € Ry(U)m, -
We observe that this defines also an action of M? on Spec R(X), and that
the natural morphism Specy R — Spec R(X) is M 9-equivariant.

PROPOSITION 2.62. Assume that k =k, that R is a Cox sheaf of X of
type A such that R(X) is finitely generated as a k-algebra, and that there are
nonzero homogeneous sections fi, ..., fi € R(X) of degreesmq,...,my € M,
respectively, such that the open subsets X \Supp(divp, (¢ém, p,(fi)) are affine

and cover X. Then the natural morphism Specy R — Spec R(X) is a M-
equivariant open immersion and the complement of the image is defined by

the ideal \/(f1,..., ft) of R(X).

PrOOF. Let m : Specy R — X be the morphism induced by Ox C
R. The open subsets 7~ (X \ Supp(divp, (¢m, p;(fi))) are affine and cover
Specy R. Moreover, R(X ~ Supp(divp,(¢m, p;(fi))) = R(X)[f; ] for all
i€ {l,...,t}. Hence, Specxy R — Spec R(X) is an open immersion whose
image is the union of the principal open subset of Spec R(X) defined by f;
fori e {1,...,t}. O

REMARK 2.63. The assumption of Proposition [2.62] on the affine open
covering is equivalent to the requirement that there are effective Cartier
divisors Di,...,D; on X such that [D;] € A(M) for all i € {1,...,t} and
such that the open subsets X \ Supp(D;) are affine and cover X. If \(M) =
Pic(X) this is the definition of divisorial variety [Bor63l, §3]. Among those
there are quasi-projective varieties and locally factorial varieties [Bor63),

§4].

If A\(M) contains the class of a very ample invertible sheaf on X, then
the hypothesis of Proposition [2.62] on the affine open covering is satisfied,
and the open immersion Specy R — SpecR(X) can be characterized as
follows (cf. [ADHL15|, Corollary 1.6.3.6]).

COROLLARY 2.64. Assume that k = k, that X is projective and has a Cox
sheaf R of type A such that R(X) is a finitely generated k-algebra, and there
is m € M such that A(m) is very ample. Then Specy R — Spec R(X) is a
]\/Z—equz’vam’ant open immersion and the complement of the image is defined
by the ideal \/(R(X)m) of R(X), where (R(X)m) is the ideal generated by
the degree-m-part of R(X).

2.4.2. Generators and relations. The following proposition and the
remark below explain how to realize a finitely generated generalized Cox ring
as a quotient of a polynomial ring. Without loss of generality, we assume
that M = Mg (cf. Remark .

PROPOSITION 2.65. Assume that k = k. Let mq,...,mn € M be a set
of generators for Meg. Let A := @Z]\Ll Zm;, and let Ay be the kernel of the
natural homomorphism ¢ : A — M. For 1 < i < N, let D; be a Cartier



50 2. GENERALIZED COX RINGS

divisor representing the class A(m;) in Pic(X), and for every L = Zfil a;m;
of A, let Dy, := Zf\il a;D;. Let x : Ay — k(X)* be a character associated
with the Ox-algebra S := @y Ox(Dr).

Endow S := k[n,...,nn] with the M-grading induced by assigning de-
gree m; to n; for each i € {1,...,N}. For every L € A, let

(Z)L : S@(L) — HO(X, Ox(DL))

be the linear map that sends nf* - - - n3 to X(Ef\il a;m;—L) forall (ay,...,aN) €
Zgo such that Zi\il aim; = @(L) in M. Let g1,...,9s € S be homogeneous
elements such that for eachi € {1,...,s}, if g; has degree p(L;) with L; € A,
then 1,(g;) = 0.

Then R :=S/(g1,.-.,9s) is a Coz ring of X of type X if and only if the
linear map

bo(r),01, * Rory = HY(X,0x(Dy))

induced by ¢, is an isomorphism for all L € A.

Conversely, if R is a finitely generated Cox ring of X of type A, then
there are gemerators mq,...,my of Mg, a character x and polynomials
91s---,9s € k[n1,...,nn] as above such that R = k[ny,...,nn]/(g1,--.,9s)-

PRrROOF. For the first statement, we notice that for all Ly, Lo € A,

br, (51)PL,(52) = OLy+L,(5152)

for all s1,s2 € S homogeneous of degrees ¢(L;) and ¢(L2), respectively,
because x is a group homomorphism.

Conversely, assume that R is a finitely generated Cox ring of X of type
A, and let s1,..., sy be a finite set of homogeneous elements that generate
R. Let for every i € {1,..., N}, let m; be the degree of s;. Sending 7; — s;
defines a surjective homomorphism 7 : k[ny,...,ny] — R of M-graded rings,
where the grading on S := k[ny,...,nn] is defined by assigning degree m;
ton; for i € {1,...,N}. Since S is noetherian, the kernel of 7 is generated
by finitely many homogeneous elements g1, ..., gs.

Since si,...,sy generate R, the elements myq,...,my generate Meg.
Let A := @fi 1 Zmy;, and let Ay be the kernel of the natural homomorphism
@w: AN — M. For1 <i< N,let D; be a Cartier divisor representing the class
A(m;) in Pic(X), and for every L = SN a;m; of A, let Dy, := SN a;D;.

Let ¢, p, for (m, D) € M), be a family of isomorphisms associated with
R. Let Ay := @Z]\il Z>om,;. For every L = ZZJL a;m; € Ay, let ap =
bp(r),p,, (57" ---s3). For every L € A such that A(¢(L)) is an effective
class, write L = L™ — L™ with L™, L™ € A, and define af, := ozL+ozZ}oz,
where o € k* is the unique constant such that ¢,(z) p, ()P0, - (s") =
ady(L+),D, (ss') for all s € Ry(r) and s" € R,;-). The constant oy, does
not depend on the choice of L™ and L~. If A\(p(L)) is not effective, take
ay, = 1.

The isomorphisms ¢y, := @Zldhp(L),DL satisfy

¢L1 (31)¢L2 (32) = ¢L1+L2 (3132)

for all s1,s9 € S homogeneous of degrees ¢(L1) and ¢(L2), respectively, for
all L1, Ly € A. Then, the map x : Ag — k(X)* defined by x(E) = ¢_g(1)
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for all E € Ag, is a character associated with @; ., Ox(Dr) that defines
on k[n,...,nn]/(g1,--.,9s) a structure of Cox ring of X of type A which
coincides with the one induced by R via 7. U

Over nonclosed fields we consider the following g-equivariant version of

Proposition

REMARK 2.66. Let k£ be an arbitrary field, and consider the construc-
tion in Proposition for X¢. If the set {(m1,D1),...,(my,Dn)} is
g-invariant with respect to the componentwise action of g, and the charac-
ter x is g-equivariant, then the morphisms ¢, defined by y are g-equivariant
for all L € A. Therefore, if R = S/(g1,...,9s) is a Cox ring of X7 of type A,
it is endowed with a natural g-action, and descends to a Cox ring RY of X
of type A by Proposition The ring RS9 is a finitely generated k-algebra
by faithfully flat descent.

2.4.3. Example: Cox rings for a family of Chatelet surfaces. As
an example, we describe Cox rings of Chatelet surfaces of identity type and
of injective type Pic(X) C Pic(X3) as quotients of polynomial rings.

A Chatelet surface X over a field k is a smooth compactification of an
affine surface defined in A3 by an equation of the form

22 —ay? = P(2),

where a € k* and P is a separable polynomial of degree 4. See [CTSSD8&7a,
CTSSDS&T7h].

We consider the family of Chatelet surfaces from [BBP12]. Assume
that @ = —1 is not a square in k and that P is a product of four linear
polynomials ;(u,v) = aju+bjv with pairwise non-proportional (a;, b;) € k2.
Let X7 C ]P’i X A,lc be defined by

4
z? +y? =t H li(u, 1),
j=1
and let Xy C IP’% X Ai be defined by
4
2?4+ y* =t H l;(1,v).
j=1

Let X be the Chatelet surface obtained by glueing X; and X, along the
isomorphism

Xin{u#0} = Xon{v#0}, ((z:y:t),u)— ((x:y:u%t),1/u).

An anticanonical morphism ¢ : X — IP’%, maps X onto the singular
quartic del Pezzo surface X' C ]P’i defined by

ToTo — :c% = :E% + xi — (axg + bxy + cxo)(d'xg + V'x1 + 1) = 0,
where

(a, b, C) = (alag, a1bs + ashy, blbg), (CLI, b/, Cl) = (a3a4, asbs + a4bs, b3b4).
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The singularities of Xé are P£ = (0:0:0:1: —(%i)), of type Ay, where

i2=—1, and X/E contains precisely eight lines of ]P’i:

D;-:t = {.1‘3 — (:Ei).%'4 =a;r1 + bj.’Eg =a;ro + bj.%’l = 0}, 1<5<4.

The anticanonical morphism 1) is a minimal desingularization of X’. Hence,
the Chatelet surface X is a weak del Pezzo surface. The (—1)-curves on Xz
are precisely the strict transforms of the lines on Xé, namely Dj[ given by

DN X 5= {z—(+)y =1(u,1) =0}

for 1 < j < 4. The (—2)-curves on Xy are the inverse images D of the
singularities P* € X%. They are determined by

DfNX,;={r— (£)y=t=0}.

The Dynkin diagram in Figure[I|encodes the configuration of negative curves
on Xz. For any two curves D, D’ in the diagram, the number of edges
between D and D’ is the intersection number [D].[D’].

D¢ Df Dy Dy
\ N _/
D2 - D2
Dy — Dy
Dy — Dy

FIGURE 1. Configuration of curves on Xz.

We observe that the lines Dji are all defined over k(i). In particular, they
are fixed under the action of Gal(k/k(i)), while Gal(k(i)/k) exchanges Dj
with D} for all j € {0,...,4}. Let A = Z'0 be the free abstract group with
basis {D]j.c}og j<4, and Ag the kernel of the homomorphism A — Pic(X7) that
sends a divisor to its class. According to [BBP12, (2.2), (2.3)], Pic(X3) =
75 is generated by the divisors in A, and Ay = Z* is generated by

Eij:=(Df + D7) = (D} + Dj),
Efigyqumy = (Dg + D + D) = (Dg + D + D),
for {i,7,l,m} = {1,2,3,4}. Note that Ejs, B3, E14, E{1 2y (34} form a
basis for Ay, because
Eij=-Eji, Ei;+Ej=Ey E;jam—Eia=Ejgyamy (28)

for all choices of {i,7,l,m} ={1,2,3,4}.
We show now that the rings in [BBP12l §4] are Cox rings of X of
identity type according to Proposition and Remark

PROPOSITION 2.67. The k-algebra

K[ s o 1/ (Dagn g + gm0y + Duanfn; Ni<icjaca,  (29)

R:
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where A; j = a;bj —ajb; for all 1 <i,5 < 4 and nj-E has degree D]j-E for all
0 <j <4, is a Cox ring of Xz of type idpiC(X?), together with the character
X : Ao — k(X3)* defined by

X(Eij) =" <

N T3 — iz
X(Efijy {1my) = < 3 2 >

aamxo + (1bm + amby)x1 + bbias
for all choices of {i,j,l,m} = {1,2,3,4}.

PrROOF. The map x is a group homomorphism because it respects the
equalities (2.8). This is verified by direct computations recalling that xgze =
x2. Moreover, by the definition of x and since it is a group homomorphism,
divo(x(F)) = E for all E € Ay. B

Let {¢r}zea be the linear maps for k[ng, . . . ,nff] defined by x in Propo-
sition [2.69]

We observe that the polynomials

9ija = Dign oy + Doy + Ay (2.10)

have all the same degree [D” + D;| = --- = [Df + D;] in Pic(X7), and
that

a;r1 + bi.xg )
)
a;jxr1 + bj!l?z

bp 4 p= (9ig1) = DiiX(Eim) + A5ux(Eim) + Arix(Ejm) = 0

forall 1 <i < j<l<4andalme{l,...,4}. By Propositionm
the Pic(Xy)-graded k-algebra R is a Cox ring of X as long as the induced
morphisms ¢|p) p are isomorphisms for all D € A. The results of [Der06)
6.4(iii)] and [ADHL15|, Theorem 5.4.4.5(3)], ensure that the ten generators
corresponding to the negative curves and the relations g; ;; in degree [DIr +
Dy ] are sufficient, namely, that each ¢[p) p is an isomorphism. O

We recall that the set {DSE, - ,fo} is g-equivariant, and that each
divisor is invariant under the action of Gal(k/k(i)). Let g € Gal(k(i)/k) =
Z/2Z be the nontrivial element. Then g(D;-r) = D; forall j € {0,...,4}.

ProPOSITION 2.68. The k-algebra
R := k[&]a,u])] € {Oa s 34}]/(§i,j,l)1§i<j<l§47
with
Gigi = Ni(& + uf) + D& + 1) + Ava(€F + 413) (2.11)
foralll <i<j<l<4,isa Coxring of X of type idpic(xz).
PRrROOF. The character x defined in Proposition [2.67] is g-equivariant
because for all choices of {i,j,I,m} = {1,2,3,4},
8(Eij) = Eijy 8Bty qimy) = Epumy i)
and
w3425 = (a10m@0+ (b +amby) w1 +bibma2) (aja;w0+ (a;bj+ajb;)z1 +bibjrs)

is the second equation of X’. Then the Cox ring R defined in Proposition
with the action of g that exchanges 77;' and n; for all 0 < j < 4is g-

equivariant by Remark Hence, the subring R of g-invariant elements
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of R is a Cox ring of X of type idpj¢( X7) by Proposition . We observe
that R = R via
&= +n;,)/2, wy=(n —n;)/(2),

so that nfzfj:tiuj for all j € {0,...,4}. O

Now we describe representatives for all isomorphism classes of Cox rings
of X of type idpjc( Xp)- We twist the Cox ring R in Proposition by an
element of H'(k,G), where G = Spec k[Pic(X7)]® is the k-quasitorus dual
to Pic(X3). By [GS06, Proposition 3.3.14], there is an exact sequence
0 — H'(Gal(k(i)/k), G(k(1))) — H' (g, G(k)) = H'(Gal(k, k(1)) Gy (k))-
We recall that Gal(k, k(i) acts trivially on Pic(X3) = Z%, so that Pic(Xj;))
equals Pic(X7). Then Gy = an k(i) and the last group in the exact
sequence above is trivial. Therefore, we always represent an element of
H'(k,G) by a cocycle o : Gal(k(i)/k) — G(k(i)), which is determined by
og € G(k(i)) = Homgz(Pic(Xy)), k(1)*), where g € Gal(k(i)/k) = Z/2Z is

the nontrivial element, as above.
PROPOSITION 2.69. The k-algebra
R = k[&j, 15,5 €{0,..., 4}/ (97 ; )1<i<j<i<a

with

9750 = D (&8 + i) + Djundy (& + 3) + Aunfy (6 +45) - (212)

9ig1* 1,7\S] 127 YRACHACY] oy LT \G 2% .
forall 1 <i< j<l<4, where

ng ;= Ug([Dj+ — Dj]) €k

fori,j €{1,...,4}, is a Coz ring of X of type idpic(x;)-

PROOF. The natural action of g on R twisted by o exchanges un with
crg([Djﬂ)nj+ for j € {0,...,4}, as in the proof of Proposition Then

& = (og([DF NS +n7)/2,  wj = (og([DFN)n —n;)/(20),
are invariant under the twisted action and

k&, 1,5 €40, 4} @ k = K05, 5 € {0,...,4}]
as
nf = og([DF)) 71 +ip) and ;=& —ip;. (2.13)
Substituting (2.13)) into (2.10) and multiplying by o4([D;"]), we obtain
(2.12). Moreover, we use the cocycle condition and the fact that og(E; ;) =1
for all 4, j € {1,...,4} to check that g(n7;) = nf, foralld,j € {1,...,4}. O

For £ = Q, the polynomials ey defining the twisted Cox rings R’
in Proposition are the same as the equations [BBP12, (4.2)], since
we can choose (n1,n2,n3,n4) € (Z ~ {0})* such that ng; = ni/n; for all
i,7 € {1,...,4}. Note that [BBP12| Proposition 4.9] shows that every
k-rational point on X can be lifted to a universal torsor corresponding to
a twisted Cox ring as above with (ni,ng,ng,n4) such that ninongng is a
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square in Z. We show that twisted Cox rings as above are characterized by
the fact that ningngng is a sum of two squares.

PROPOSITION 2.70. Let (n1,n2,n3,n4) € (KX)*. There is a cocycle o :
Gal(k(i)/k) — G(k(i)) such that ny; =n;/n; for all i,j € {1,...,4} if and
only if ningngng = o + B2 with o, B € k.

PRrROOF. Given a cocycle o as in the statement,
— o o o o _ 4 DY LoDt Dt 1L opt
ningngng = ning 1ng g ngy = niog([Dg + 2D7])g(og([Dy + 2D71)),

using [Fy3 4y 11,2y — £1,2] = [0] € Pic(Xj(;)) and the cocycle condition. Hence,
ningngng = o + % with a, B € k such that o4([Dy +2D{]) = (a+iB)/ni.
Conversely, if ninaonsngs = o2 + 2 with o, 8 € k,

og([DF]) == a+iB, oy([Dy]) = (a—iB) 7,

and

Ug([Dj]) = n;17 Ug([D;]) =mng, JE€ {1,....4}

defines a cocycle o : Gal(k(i)/k) — Homg(Pic(Xyq)), k(i)™). O

Since X has a Cox ring of identity type, Cox rings of X of arbitrary type
exist by Remark The next proposition computes a Cox ring of X of
injective type Pic(X) C Pic(Xz). We recall that Pic(X) = Pic(X3)® = Z2
is generated by [Df + Dy | and [Df + Dy]. Let R be the Cox ring of X
defined in Proposition [2.68

PROPOSITION 2.71. Every Cox ring of X of injective type Pic(X) C
Pic(X%) is isomorphic to the Pic(X)-graded k-algebra

4
kla,y,t,u,0]/ (2 + v — £ [ [ (aju + bjv)),
j=1

where x and y have degree [Df + Dy +2(Df +D7y)], t has degree [Df + Dy ],
and u and v have degree [Df + Dy ].

ProoF. By Remark and the fact that g acts trivially on Pic(X),
every Cox ring R’ of injective type Pic(X) C Pic(X3) is isomorphic to the
g-invariant subring of

D Bu

mePic(X)

where R is the Cox ring defined in Proposition For m € Pic(Xy), the
k-vector space R,, is generated by the monomials H?:O(n;')ej (77]._)6; with
ef € Z>p, for 0 < j < 4, and such that [Z?ZO(ejD;“—Fe;D;)] = m. Solving

these linear equations with m € Pic(X) for nonnegative e(jf, ey ejf, one finds

that R/E is isomorphic to the subring of R generated by the elements

4 4
0  =nd [[nf, 0 :=mw [In;> 6:=nin;,jec{o,.... 4},
3=0 =0
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that satisfy the relations
4
070 =60 [[ 05,  Aujbi+ A0+ A6 =0, 1<i<j<l<A
j=0
The elements x,y,t, u, v of R,E determined by

4 4
v+iy=nd [[nf, z—iy=n5 [[n;
3=0 J=0

t:ngna’ aju_‘_bj/l}:,r/jn;? ]6{1""74}7
are g-invariant and generate R/E‘ The kernel of the induced homomorphism

klx,y,t,u,v] — R is generated by
4
2?4y — 12 H(aju + bjv).
j=1
Hence, R’ & k[z,y,t,u,v]/(2? + y* — t2 H?Zl(aju +b;v)). O

REMARK 2.72. The Cox ring in Proposition corresponds to the
torsor in [BBP12l, Definition 4.1].



CHAPTER 3

Integral models of torsors

This chapter is devoted to descent properties of torsors under tori over
certain projective varieties. Given a noetherian integral domain A with
fraction field k, and a projective k-variety with a torsor of a given type
embedded in the spectrum of a finitely generated Cox ring of the same
type, we explain how to construct A-models of the torsor, of the variety and
of the torsor morphism so that the last one is a torsor. We also give some
criteria to determine certain properties of the models by looking at analogous
properties of the Cox ring. The content of this chapter is a generalization
of [FP14], §3].

3.1. A construction

We fix a separable closure k of the fraction field k of A. Let X be an
integral projective k-variety. Assume that X has a finitely generated Cox
ring R of type A : Z" — Pic(X) such that A(Z") contains an ample divisor
class. By Proposition [2.65 we can write

R=k[m,...,nn]/1,

where 71, ...,my are Z"-homogeneous, and I is a homogeneous ideal.

Let Y be an X torsor of type A. By Corollarym we can assume, with-
out loss of generality, that Y is an open subset of Spec R whose complement
is defined by monic monomials

f17"'7ftEE[Th?'--;nN]\\/j.

For i € {1 ., N}, let m® € Z" be the degree of 7;. We recall that

the action of ZT’ =G" mi o1 Y is induced by the action of (Gr — on Spec R

defined by the homomorphlsm
R — k‘[zl,zfl,. s Zry 2y, ]®kR nj r—)gm(j)@)nj,
where 2™ := z{" .- 2/ for all m = (my,...,m,) € Z" (cf. Remark [2.61).
CONSTRUCTION 3.1. Assume that the ideal I is generated by polynomials
91,195 € Alm, ... ,nn]. Let

R:= A[nla‘ . 777N]/(glv 798)7

and let Y be the complement of the closed subset of Spec R defined by
fiyeooy feo Forie {1,...,t}, let U; := SpecR[f[l] and

U; := U; Xspec 4 Spec k Specﬁ[f-_l].

Then {U; }1<i<t is an affine open covering of Y, the family {U;}1<i<t is an
affine open covering of Y, and Y= =2Y .
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The 7" -grading of R induces a Z"-grading on R by assigning the de-
grees of mi,...,nn. We assume that (R; f1,..., fi) satisfies the following
condition:

for every i,j € {1,...,t}, there is a homogeneous invertible

element of R[f;l] of degree a multiple of deg f;. (3.1)

Fori € {1,...,t}, let R; be the degree-0-part of the ring R[f; '] and V; :=
Spec(R;). Then R; @4k is the degree-0-part ofﬁ[fifl] foralli e {1,... t}.
Since Y — X is a geometric quotient under the action of G:;%E, gluing the
family of schemes {Spec(R; ®4 k)}1<i<t yields a variety isomorphic to X.
Let X be the A-scheme obtained by gluing {Vi}i<i<t. Then X is a model of
X over A and comes endowed with a natural morphism m:Y — X induced
by the inclusions R; — R[f; '] for i € {1,...,t}. Since the inclusions
R; — R[f;!] induce surjective morphisms U; — V; for all i € {1,...,t},
the morphism m is surjective. Moreover, w is of finite presentation because
X is noetherian and R[fi_l] is a finitely generated R;-algebra for every i €
{1,...,t}. Since f1,..., ft are Z"-homogeneous, the homomorphism

m()

R — A[zl,zfl,...,zr,z_1]®AR, nj 2 ® n;

induces an action of Gy, 4, on'Y which is given by

(1) (N)
s* (Y1 yn) = (8™ y1,..,8™ Tyn) (3.2)
on A-points s = (S1,...,8,) € GrmyA(A) and (y1,...,yn) € Y(A), where
s =51 s for allm = (my,...,m,) €L

Moreover, 7 is an X-torsor under G| , (compatible with the structure
of X -torsor of type X on Y ) if and only if © is flat and the morphism of
schemes ¢ : G, 4 XspecaY — Y X xY that sends (s,y) — (s*y,y), obtained
by gluing the morphisms

%’ : R[fzil] ®Ri R[fzil] — A[zlv Zfla ce ey 2y Zr_l] XA R[fiil])
()
nj @m 2™ @ nym
for 1 <i <t, is an isomorphism (cf. Definition .

REMARK 3.2. If A =k, then m : Y — X is a torsor of type A : Z" —
Pic(X), where the action of Gal(k/k) on Z" is trivial, by fpgc descent.

For X flat over A, we define the type of an X-torsor under Gy, 4 by
means of the following exact sequence analogous to (2.2))

0 — HY(A, G, 4) — HY(X, G}, x) 25 Homy (G, 4, Picxa),  (3.3)

which is obtained from the second exact sequence in [CTS87, p. 387] with
base scheme Spec A and group G] , via [CTS87, Proposition 1.4.1]. We
recall that Salberger introduced universal torsors for certain schemes defined
over noetherian base schemes [Sal98| Definition 5.14] by considering the
same exact sequence [Sal98| 5.13 (b)] for torsors under A-tori.

Under reasonable hypotheses, the following theorem shows that 7 : Y —

X is a torsor under G’"m 4 Whose type G/;;:l — Picx,4 induces A at the level
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of k-rational points. In particular, 7 is a universal torsor in the sense of
Salberger’s definition if A\ = idPic(Y)'

THEOREM 3.3. Let m be as in Constructz’on. If (R; f1, ..., ft) satisfies
the condition that

the degrees of the homogeneous invertible elements of R[fi_l] (3.4)
generate Z" for all i € {1,...,t}, '

then m is an X-torsor under Gy, 4. If we additionally assume that X (A) #
(0, that X is smooth, projective, of constant relative dimension, and with
geometrically integral fibers over A, and that for every prime ideal p of A
the cohomology groups Hi(Xk(p), OXk(p)) vanish for i € {1,2}, then m is an

—

X -torsor under GTm,A whose type G;, 4 — Picx 4 induces A at the level of

k-rational points. In particular, if X = idPic(Y)’ then w is a universal torsor

of X.

PRrROOF. Flatness of 7 is equivalent to flatness of all the inclusions R; —
R[f; ], namely, to injectivity of the induced morphisms J ®p, R[f; '] —
R[f7 '] for all ideals J of R;. Fix i € {1,...,t}. Let J be an ideal of R;.
A general element in the kernel of the induced morphism J ®pg, R| f;l] —
R[f7is h = > i1 hj ® b}, where h; € J has degree 0 and h; € R[f,
and such that 3°7_, hjhl =0 in R[f"]. Since R[f; '] is a graded ring, it is
enough to consider homogeneous elements h, i.e., with all h;. homogeneous
of fixed degree degh € Z". Since the degrees of the homogeneous invertible
elements of R fi_l] generate Z", there exists f € R| fz-_l]X of degree deg h.
Then h = (37_, hjhf ™) ® f =0 in J @p, R[f;'].

In order to prove that 1 is an isomorphism, it suffices to prove that
all v; are isomorphisms. Let ¢1,...,¢, be the canonical basis of Z". For
every i € {1,...,t} and I € {1,...,7r}, let h;; € R[f; '] be a homogeneous
element of degree ¢;. Then the morphism

Uit Al 2tz 2 @a RIS = RIS @R, RIS

that sends
1@n—1®n; and z®1w hy®hy)

forall j € {1,...,N}and [ € {1,...,r}, is well defined and inverse to v,
for all i € {1,...,t}.

Under the additional assumptions, the relative étale Picard functor of
X over A is representable by a twisted constant A-group scheme Picy, 4
by [Pir12] Proposition 2.1]. By [Har77, Corollary I11.12.9], R*p,Ox = 0,
where p : X — Spec(A) is the structure morphism. Since Y} is an Xj-
torsor of type A by Remark and the exact sequence is functorial,
the type of the torsor ¥ — X induces A at the level of k-rational points.
If A = idp;.(x), then Pic(X) = Z" has trivial Galois action by Remark
Hence, the group scheme Picy/ 4 is constant and represented by Z" by étale
descent, and the morphism

HomA((G’;mA, Picx/a) — Homk(anvk, Picx, /i)

is injective. O
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3.2. Some properties

This section provides sufficient conditions to check the various hypothe-
ses of Theorem We start by showing that the model X of Construction
[3.1] is independent of the choice of f1,..., fi, under some conditions.

LEMMA 3.4. Let fi,...,fl € kln,...,nn] ~ VI be monic monomi-
als such that (R; f1,..., fi, f1,..., fl)) satisfies the condition (3.1)). Let Cx
and C'y be the ideals of Aln1,...,nN] generated by fi,..., ft,91,-..,9s, and

flo- s fl o1, .., gs, Tespectively, and assume that \/C'"y = /Ca. Then X
is isomorphic to the A-model X' of X constructed using f1,..., fl, in Con-

struction [31

PrOOF. For every ¢ € {t+ 1,...,t +t'}, let f; :== f/_,, and V; :=
Spec(R;), where R; is the degree-O-part of R[f; !]. For 1 < i,j < t+ ¢,
let h;; € R f;l]X be a homogeneous element of degree —n; ;deg f; for
some positive integer n; ;, and let V; ; := Spec(Ri[(f;Li’jhi,j)*l]) C V;. Since
\/C’, = v/Cla, the ideal of R; generated by

Tit+1

n.:
fre1 ity e Jrar B Ry

contains f'f; " =1 for some positive integer n. Hence, V; = Uéi@lﬂ V;,; for
every i € {1,...,t}. Likewise, V; = |JjL, V;; forevery i € {t+1,... .t +¢'}.

The identifications Rz[(f]n” hi i)Y = R;[(f;7" hji)~Y] inside R[(f;f;) ']
induce isomorphisms V; ; = Vj;, for all 4,5 € {1,...,t+t'}, that are compat-
ible on the intersections. The schemes X and X’ are the gluing of {V; }1<i<¢,
and {Vi}i41<i<itv, respectively, along the isomorphisms mentioned above.
Since {V; j}1<i<t1+1<j<t+v is an open covering of X, {Vj;}1<iciir1<j<itr 18
an open covering of X', and all the isomorphisms V; ; = V;; are compatible
on the intersections, they glue to a global isomorphism X = X’. O

The next three propositions provide sufficient conditions for X having
geometrically integral fibers, and being smooth and projective over A.

PROPOSITION 3.5. If Spec(R) — Spec(A) has geometrically integral
fibers, then X — Spec(A) has geometrically integral fibers.

PROOF. Let p be a prime ideal of A, and let &’ be an algebraic extension
of the residue field k(p). Since R®4 k' is an integral domain by hypothesis,
the ring R; ® 4 k' is an integral domain for all i € {1,...,¢}. Thus, X is
covered by a family of integral open subsets {W; := Spec(R; ®4 k') }1<i<t
such that W; N W; is nonempty for all nonempty W; and W;. Indeed, for
i,j € {1,...,t}, the intersection W; N W is the spectrum of the degree-0-
part of the ring (R®4 k")[(fif;) '], which is nonzero whenever f; and f; are
nonzero elements of R ® 4 k'.

Given any nonempty open subset U of X}/ and nonzero sections s1, s €
Ox,, (U), there exist i1,42 € {1,...,t} such that Sj‘UﬂWij # 0 for j € {1,2}.
Therefore, 3j|UﬂWilﬂWi2 # 0 for j € {1,2} as W;,, W;, are integral, and
UnNWi, Wi N W, are dense in W;,. Thus, (s152)lunw;, nw,, # 0 and
s1s2 # 0 in Ox,, (U). O



3.2. SOME PROPERTIES 61

PROPOSITION 3.6. Assume that A is a Dedekind domain, X is smooth,
R is an integral domain, Spec(R) — Spec(A) has geometrically integral
fibers, and 7 is flat (the last holds, for example, if (3.4) is satisfied). If the

Jacobian matriz
dg;
o W)
n;j 1<i<s

1<jEN

has rank N —dim X —r for all y € Y (k(p)) and p € Spec(A), where k(p) is
an algebraic closure of the residue field k(p), then X is smooth over A.

PROOF. We prove first that Y is smooth over A. By [Gro67, Proposi-
tion 17.8.2], the scheme Y is smooth over A if and only if Y — Spec(A) is
flat and Yy, p) is smooth over k(p) for all p € Spec(A). Since R is an integral
domain and A — R is injective, R is a flat A-algebra by [Liu02) Corollary
1.2.14] as A is a Dedekind domain, and in particular Y is flat over A.

Since 7 : Y — X is a torsor under GTm,Y’ the fiber Y, of 7 at a point

z € X is a trivial k(z)-torsor under G’ k(z)> Where k(x) is the residue
field of X at x, (see [Mil80, Corollary I11.4.7 and Lemma I11.4.10]). Hence,

Y. =G k() has dimension r for all z € X, and Y has dimension dim X +r

by [Har77, Exercise I1.3.22]. Then dim Yj,,) > dim X+ for all p € Spec(A)
by [Gro66, Lemme 13.1.1]. Let p € Spec(A4). By the assumptions on
the Jacobian matrix and [Har77, Theorem 1.3.2 (c), Theorem 1.5.1 and
Proposition 1.5.2A], we conclude that dim Yy, = dim X + r and YW is
regular at all its closed points. Then Yy, is smooth over k(p).

Therefore, X is smooth over A by [Gro67, Proposition 17.7.7], as Y is

smooth over A and = is flat and surjective. O

REMARK 3.7. Assume that X is smooth and Pic(X) is finitely generated.
By [ADHL15, Theorem 1.5.1.1], a Cox ring of X of identity type is an
integral domain, hence also R is an integral domain, as the grading group
of R is free. Then R is an integral domain if and only if N Ay, ..., nn] =
(gla s 795)'

PROPOSITION 3.8. Assume that fi,..., ft have all the same degree m
such that A\(m) is very ample. Let Cr and Ca be the ideals of k[n1, ..., nnN]
and A[ni,...,nn], respectively, generated by fi,..., ft,91,--.,9s- If

VOE N A, ... nn] =/ Ca,

then X is projective over A.

PROOF. Since R is a finitely generated A-algebra, the Veronese subring
@neN Ry, where R, denotes the degree-nm-part of R, is a finitely gen-
erated A-algebra by [ADHL15, Proposition 1.1.2.4]. By [Gro61, Lemme
2.1.6], there exists a positive integer d such that R’ := @, .y Rpam is gen-
erated by Ry, as A-algebra. Let f{,..., f/, be generators of the A-module
Ram.-

For all i € {1,...,t'}, denote by R] the degree-0-part of R’[fi’_l], which
is generated by f{fi’_l, cey f{,f{_l and coincides with the degree-0O-part of
R[f/™']. We recall that Proj(R') is defined as gluing of the affine schemes
{V!! := Spec(R])}1<i<y along the isomorphisms on principal open subsets
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induced by the identifications Rg[f{fj’-_l] =R} [fj{fi’_l] inside R[(fi’fj’-)_l] for
1<i,j<t.

Let C’) be the ideal of A[ny,...,nn| generated by fi,..., fl,91,...,9s-
Since /Cy = w/Cf‘ and C’fl - C’;l by construction, there is an inclu-

sion of radical ideals v/C4 C /C7. By Corollary the polynomials
fi,..., [/ and g1,...,gs generate an ideal of k[n1,...,ny] whose radical is
\/Cy- Hence, VO € VC4. Since (R; fi,..., fu, fl,..., [}) satisfies the
condition , there is an isomorphism X = Proj(R’) by Lemma O

In the applications that we have in mind, X is obtained from IP’% by a
chain of blowing-ups at closed points. The next proposition provides some
conditions that make Construction [3.1] compatible with such blowing-ups
for Cox rings of identity type. This can be used to verify the cohomology
conditions of Theorem 3.3

In the situation of Construction we assume that X is a smooth
surface and that A\ = idPic(Y)- We assume that the effective divisor on X
corresponding to the section 7; is an integral curve D; for alli € {1,..., N},
and that Dy is a (—1)-curve on X. Let b: X — X be a birational morphism
that contracts exactly Dy according to Castelnuovo’s criterion. For every
i€ {l,...,N —1}, let D, = b(D;). Assume that = b(Dy) belongs to
D! exactly for i € {1,2}, and D; N Dy = . Then a Cox ring of X is
R =~ R/(ny —1) by [HKL14, Proposition 2.2], and the canonical pull-back
of sections is defined by

bR R, ni {771‘7]N ifie {.132}3
i otherwise.

Let V' C Specﬁl be the characteristic space of Y’, and let fi,...,f, €
k[n1,...,mn_1] be monic monomials that define the closed subset of Spec R
complement to Y. Let I’ be the ideal of k[m, ..., nn] generated by g1, . . ., gs
and ny — 1. Assume that T N Almp,...,nn] = (91,.-.,9s) and also I' N
Alni,....nnl = (g1,---,9s,mnv—1). Let " = R/(nn—1), and let Y/ — X' be
the A-model of the universal torsor Y’ — X defined in Constructionﬂ Let
Ca and C') be the ideals of A[n,...,nn] generated by fi,..., ft,g1,.--,9s
and b*(f)n, ... b*(f1)m, 0" (f1)m2, - b*(f)m2, 91, - - -, gs, respectively. We
assume that /Cy = /C, that holds for both (R; fi,..., ft) and

(R'; fi,-.-, fl)), and that (n1,72) is a prime ideal in .

PROPOSITION 3.9. Under the hypotheses listed above, X is a blowing-up
of X' with center the closed subscheme defined by n1,ms.

PRrROOF. Let f' € {f{,..., f/,} and f := b*(f’). Since Pic X = Pic(X) &
Z|Dy] and degn; = degb*n; — [Dy] for j € {1,2}, the degrees of the ho-
mogeneous invertible elements of R[(fn;) ] generate Pic(X) for j € {1,2}.

Hence, (3.4) holds for (R; b*(f1)m, ..., b*(f; ), b*(f1)n2, ..., b*(f})n2). Let
X}, be the spectrum of the degree-O-part R, of the ring R[fY, and let

Xy, be the spectrum of the degree-0-part R[(fn;)~ "o of the ring R[(fn;) ]
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for j € {1,2}. Let Y,f, be the complement in X of the support of the effec-
tive divisor corresponding to the section f’, analogously we define Yf and
Xy, for j € {1,2}. By [ADHLI5| Corollary 1.6.3.5], Xy, = Spec(Ry®4k).
Since D1 N Dy = () in Y, Yf = Yf’]l UYfm.

Let hi,he € R[f'~1]* be homogeneous elements of degrees — degn,
— deg 2, respectively. Then (n1h1,m2h2) is the ideal of R{ ®4 k defining
{z} N X

If f/ € (m,n2) in R, then x ¢ Y},, and b induces an isomorphism be-
tween X s = bil(ylfl) and Y/f,. That is, b* induces an isomorphism between
the degree-O-part of B [f~'] and the degree-0-part of R[f~!] that descends
to an isomorphism between R}, and the degree-0-part R[f ]y of R[f~!] with
the quotient morphism as inverse. Moreover, Xy, is the spectrum of the
degree-O-part of R[(fnjny)~Y] for j € {1,2}, as f is a multiple of nx in
R. Then Xy, U Xy, = Spec(R[f']o), as 1 € (mnnb*(h1), nennb*(h2)) in
R[fo.

If /"¢ (n,n2) in R, then x € Y}'/, and Xf = b_l(ylf/) is the blowing-
up of Y/f, with center z. The blowing-up of X }, with center V (n1h1,n2h2)
is covered by two open subsets that are the spectra of the degree-0-parts of
the localizations of @d>0(mh1,nghg)d at its degree-1-elements n;h; for j €
{1,2}, respectively. Such an open covering is isomorphic to the gluing of the
spectra of Rj[n;hi(n;h;)~1], for {i,j} = {1,2}. Since, for {i,j} = {1,2}, b*
induces an isomorphism Rj[n;hi(njh;) ] — R[(fn;) " o with the quotient
morphism as inverse, the gluing of Xy, and Xy, is the blowing-up of X7,
with center V(ni1hi,n2h2).

By Lemma@ the scheme X is isomorphic to the gluing of Xy« (), for
fred{fl,..., f/} and j € {1,2}. Hence, it is a blowing-up of X’ with center
the closed subscheme defined by 11, 7s. O
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CHAPTER 4

The universal torsor method

This chapter is devoted to a presentation of the universal torsor method
for Manin’s conjecture. After a historical introduction, we gather the results
of Chapters [I] and [3] and we explain their application. The actual applica-
tion of the method is then supported and further illustrated by the three
examples that constitute the rest of this thesis.

In the first section we introduce the method and fix some notation that
will be used in this and in the remaining chapters. The second section
presents some computations for the torsor parameterization in the case of
split smooth del Pezzo surfaces of degree 4.

4.1. The method

The universal torsor method is one of the techniques developed in re-
sponse to the following conjecture about the distribution of rational points
on Fano varieties formulated by Manin around 1989.

CONJECTURE 4.1 (Manin). Let X be a Fano variety over a number field
k, and let H : X (k) — Rx>o be the height function induced by an adelic
metrization on the anticanonical line bundle of X. If X (k) is Zariski dense
in X, then there exists an open subset U of X such that

#{x € U(k) : H(z) < B} ~ CB(log B)" !

as B — oo, where C is a constant depending on X and k, and r is the
Picard rank of X.

The conjecture was inspired by a result of Schanuel for projective spaces
[Sch79], which determines an asymptotic formula for the number of rational
points of bounded Weil height

Pr(k) = Rso, (xo:---:ap)— max |z;l,, (4.1)

0<i<n
veQy

over arbitrary number fields k. We recall from page that Q and Qs
denote the sets of all places and of the infinite places of k, respectively, and
that for every v € Q, the absolute value |- |, of k, is normalized as follows:
if 7 is the place of Q below v and Qp is the completion of Q at o, then
|- v = | My, )@, (")5, where |- |5 is the usual real or p-adic absolute value
on Qp. In general, if X — P} is a morphism induced by the anticanonical
sheaf, the function X (k) — R>( obtained by composition with the Weil
height is an anticanonical height on X.

The conjecture appeared first in [FMT89], where it is proven to hold
for generalized flag varieties, to be invariant under fiber product and com-
patible with the predictions of the circle method for complete intersections

67
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in projective spaces. In the same paper, it is observed that a variety may
contain proper closed subvarieties where the number of rational points of
bounded height grows faster than on their complement, and hence, domi-
nate the asymptotic behavior. For example, this happens for the 27 lines on
smooth cubic surfaces. These subvarieties are called accumulating subvari-
eties, and the subset U in the conjecture is usually their complement. But
a variety may contain infinitely many Zariski dense accumulating subvari-
eties [BT96], actually at most countably many [BM90]. In all the known
examples the rational points on the accumulating subvarieties form a thin
set in the sense of Serre [Ser89], and one can decide to count points on its
complement (e.g. [Rud14]). The constant C' in the asymptotic formula has
been interpreted in terms of local densities on the set of adelic points by
Peyre [Pey95), [Pey03|, refining thus the conjecture and extending it to a
wider class of varieties that are called quasi-Fano.

Manin’s conjecture has been attacked via harmonic analysis on adelic
points for compactification of certain algebraic groups (e.g. tori [BT96] and
additive groups [CLT02]), via the circle method for certain complete inter-
sections in projective spaces (e.g. [Pey95), Loul5]), and via other lattice
point counting techniques for varieties where the previous methods do not
apply [Bre02, BBDO07|. One of the common features of the proofs via
lattice points counting, is the preparatory parameterization of the set of ra-
tional points by integral points on certain higher dimensional affine spaces.
In some cases considering the affine cone of a projective variety is enough,
especially for varieties of Picard number 1. In general it seems that the
parameterizations are induced by torsors of type Pic(X) C Pic(X3), which
are universal torsors if the variety X is split, that is, the Galois action on
the geometric Picard group Pic(X7) is trivial. In some papers the role of
torsors is explicit (e.g. [Sal98, BBP12, BBS14]), but in most cases it is
just mentioned or guessed (e.g. [BBDO07, BBO0T]).

Until recently, except for [Sch79], all proofs making use of parameter-
izations explicitly or implicitly induced by torsors considered varieties over
Q. The first attempt to apply the universal torsor method over number
fields beyond Q (for a toric cubic surface over imaginary quadratic fields of
class number 1 [DJ13|, for the same surface over arbitrary number fields
[Frel3], for some other singular del Pezzo surfaces over imaginary quadratic
fields [DF14a, DF14b, DF15]) led to a better understanding of what is
a parameterization via integral points on universal torsors for varieties over
arbitrary number fields. This was presented for the first time in a gen-
eral and systematic way in joint work with Frei [FP14], which contains the
first proof of Manin’s conjecture over arbitrary number fields for a non-toric
variety via the universal torsor method (cf. Chapter [3)).

The universal torsor method for Manin’s conjecture consists of a param-
eterization step and a counting step. We fix a Dedekind domain A with field
of fractions k, and a separable closure k of k. In the applications k will be a
number field and A its ring of integers. The parameterization step is stated
at this level of generality by the following theorem that gathers some results
from Theorems [L.I0] and 323
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THEOREM 4.2. Let X be a smooth projective geometrically integral k-
variety with X (k) # 0. Assume that k[X7]* = E*, that Pic(X) = Z", and
that Xy has a Coz ring R of type Pic(X) C Pic(Xy,) that is finitely generated
as k-algebra. Let m : Y — Xz be a torsor of type Pic(X) C Pic(Xz).
Write R = kn1,...,nx]/(91,---,9s) with g1,...,7s € Alm,...,nn], and
let R := A[ni,...,nn]/(g1,...,9s). Assume that Spec R \'Y is defined by

monic monomaals f1, ..., ft in the variables n1,...,nn, and that the degrees
of the homogeneous invertible elements in R[f;l] generate Pic(X) for all
ie{l,...,t}.

Then

(1) there exists A-schemes 2 and % and a morphism 7@ : 2~ — ¥,
such that 2 = X, % = Y, 7 is an Z -torsor under G4 and
iduces ™ under base extension.

(2) If Z is proper,

X(k) = |_| (7 (A))

cecr

under the inclusion Z (A) C X (k), where C is a system of repre-
sentatives for the class group of A and 7 : % — 2 is a twist of
T by c.

(8) For every ¢ € C, the set (& (A) is equal to the set of all y € kN
whose coordinates y; lie in the fractional ideals ¢1°8™ | satisfying the
coprimality conditions expressed by

t
Zfi(y)g—degfi —A
i=1

and the torsor equations

gi(y) =0 for all j € {1,...,s}.

We restrict now to the case of a number field, and we denote by 0} its
ring of integers. Assume that X is quasi-Fano, let H be an anticanonical
height, and assume that the complement of the union of the accumulating
subvarieties in X is an open subset U. We keep using the notation introduced
in the theorem. After the parameterization step, the cardinality Ny g i (B)
of the set {x € U(k) : H(z) < B} is

Y #({ye#(O)na ' (Uk): H(x(y) < BY(67)").
ceCr

If we decompose €, as a direct product of its torsion subgroup uj with a
free subgroup %,

1
U,

Let F be a fundamental domain for the action of %" on % (k) C k%,
then the counting problem consists of estimating the cardinality of the sets
A(B) of points y in the lattice @Y | cdesn C kN such that

Nu,mk(B) = Y #{ye @ (O)n7  (UK): Hinly) < BY %) .

ceCr
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(a) gi(y) =0 forall i € {1,...,s};

(b) S0y fily)e™ doeti = Oy
(c) m(y) € U;
(d) y € F;

(e) H(m(y)) < B.

Usually, condition@is the hardest to handle because different choices of
the fundamental domain F may lead to very different subsets of &V defined
by @ .. @ usually unbounded. This explains why most of the applica-
tions of the universal torsor method over number fields beyond Q is restricted
to imaginary quadratic fields. The condition @ is typically handled by
Mobius inversion, see Section for an example. In some cases (cf. Propo-
sition and Section condition enables to express some coordinates
in terms of the others via@ Moreover, if|(c)|forces some coordinates y; to
be nonzero, the condition y; € ¢4°8™ gives M(y;) > N(c48") > 0. This new
condition combined with the height condition @ could lead to count lattice
points in bounded regions inside the R-vector space [[,cq_ kv (cf. Section

6.3)-

4.2. Smooth quartic del Pezzo surfaces

We now compute an integral model of a universal torsor for smooth split
del Pezzo surfaces of degree 4 over number fields. We also describe the lifting
of the height function to the twisted torsors and the preimage of the open
subset complement to the accumulating subvarieties.

Let k be a number field. We denote by &}, its ring of integers, and we fix
an algebraic closure k of k. Let X be a smooth del Pezzo surface of degree
4 over k such that the action of Gal(k/k) on Pic(X3) is trivial. Wihtout
loss of generality we can assume that X is a blowing-up ¢ : X — IP’% in the
following 5 points

P:=(1:0:0), P,:=(0:1:0), P3:=(0:0:1),
Py:=(1:1:1), Ps:=(a:b:c),

where a # b # ¢ # a and a,b,c € Op ~{0}. For 1 <i <5, let D; :== ¢~ Y(P)
be the exceptional divisor associated to P;, and ¢; := [D;] its class in Pic(X).
Let £y be the class of the inverse image under v of a line in Pz. Then 4y, ..., 45
form a basis of Pic(X) = Pic(Xy) = Z°.

For every 1 < ¢ < j <5, let D; ; be the strict transform under v of the
line in P4 passing through P; and P;. Let Dy be the strict transform under
1 of the conic in P2 passing through Pi,..., Ps. Then [D;;] = o — {; — {;
for all 1 §Z<] §5, and [D()] :250—51 —f2—£3—€4—€5.

By [Tsc09, Example 5.3.2], a Cox ring R of X of identity type is a
Pic(Xy)-graded k-algebra with 16 homogeneous generators and 20 homoge-
neous relations. We denote the generators by 7; for 0 < ¢ < 5 and n;; for
1 <i < j <5, where n; has degree [D;] and n; ; has degree [D; ;] for all ¢
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and j. According to [Tsc09, Example 5.3.2], the 20 relations are

12,3M4,5 + 12,4M3,5 — M2,5M3,4,  anon1 + bnaanz s — cn2.57M3 4 (4.2)
of degree [Dg] + /1,

1,3M4,5 + M1,4M3,5 — N1,573,4,  anon2 + by anzs — ani 5m3.4 (4.3)
of degree [Dg] + /s,

M2M4,5 +M,4M25 — M,5M2,4,  GNoM3 + CN14M2,5 — GN1,572,4 (4.4)
of degree [Dg] + /s,

Msn2,3 + M2m3s — M3n2s,  anona + (b—a)nanss — (¢ —a)nsnes
(4.5)

of degree [Dg] + /4,
N1,4M2,3 + M1,2M3,4 — M1,3M2,4, 02770775 + C(b - 0)771,2773,4 - b(C - a)Tl1,3772,4

(4.6)
of degree [Dg] + ¥,
NaN4 + 1,303 — M12M2,  anisns + bnians — eni 2 (4.7)
of degree £y — /1,
M2,4M4 + M2,3M3 — M12M1,  an2,575 + bz 3n3 — an 2m (4.8)
of degree £y — £o,
n3,4M4 + 2,302 — N1,3M,  aN3575 + CN2,37M2 — an1,3N (4.9)

of degree £y — /3,

NLAT + 13403 — M2,472,  anasns + (b—a)nzanz — (¢ — a)neane  (4.10)
of degree ¢y — £4, and

am sm + bnzsns — enasn,  anasna + (b —a)nzsns — (¢ — a)nasne (4.11)

of degree £y — 5.

We denote by K a canonical divisor on X. The anticanonical class
[— K] = 30y—¥1—ly—Ll3—L4—V5 is very ample and induces a closed immersion
X — IP’%, whose image is defined by two homogeneous polynomials of degree
2. In the next proposition we compute a basis of H%(Xz, O X (—K)).

PROPOSITION 4.3. The monomials

mmn2,5M,3M1,4, T271,372,472.5, 13712,471,3713,5, 7]473,57]1,472.4, 7]57]1,47]2,57]3,5
(4.12)

form a basis of the k-vector space E[,K}.

PRrROOF. Since X7 is a smooth del Pezzo surface and R[_ K] is isomorphic
to HO(Xz, Ox, (—K)), the dimension of R[_gj is computed as 9 — d, where
d is the degree of Xz. The k-vector space R[, K] is generated by the mono-
mials of degree [—K] in the generators ;,n; ;. These are the 10 monomials
nonin;ni; for 1 <4 < j < 5 and the 30 monomials h; ;i := 1111 .mMi.n
for {i,j,l,m,n} = {1,...,5}. Here n;; :=n;; if ¢ > j. Using the relations
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(14.2),...,(4.6) among the generators of R, we see that R _K) is generated by
(K]
the 30 monomials h; ;;, as

anommnzm,2 = cha 34 — bha3s, anonznsnz,s = ahs1s — bhs1 4,
anommnzm,s = chgos — bh32 4, anonenanz,s = ahyg s — bhy 35,
anomnanm,a = chaas — bhy 3 s, anonznsnzs = ahsza — bhs 14,
anomnsm,s = chs3a — bhs 24, anon3nanza = aha1s — chaas,

anonansnas = (¢ —a)hs 13— (b—a)hs 12, anonsnsnss = ahs2a — chs 4.
Using the other relations one proves that the monomials h; ;; all belong to
the vector space spanned by h125,h21,3, h32.4,h435, 51,4 in the following
order: h27375 and h57274 via " h173’5 and h37174 via , h2’174 and h47275
via , h372’5 and h571’3 via ‘) h172’4 and h471’3 via , h273’4 and
hs3a via [@.7), h1as and hsas via (&.8), heis and ha1s via ([4.9), hsio
and h5,172 via , h1,2’3 and h472’3 Vi, h274’5 and h572,3 via ,
h173’4 and h3’1,5 via , and h4’1,2 via ‘) O

Using the basis in Proposition we can find the equations defining
the image of an anticanonical embedding of X7 in IP’%.

PROPOSITION 4.4. An anticanonical image of X3 in IP’% s the closed
subvariety defined by the equations

cxo(xy — x5) + (@ — b)xs(x; —x5) =0
x1(cxs + (¢ — b)xs) + x5(brs — cxa) =0
in the homogeneous coordinates (x1 : -+ : x5) on ]P)%.
PROOF. The morphism ¥ :Y — ]P% that sends (7;,7;1) o<i<s to
1<5<i<5
(M72,5M1,3M1.4 © M201,302,402,5 © M3N02,47,373,5 © 14N3571,472,4 © T571,472,573,5)
factors as the composition of a closed immersion X7 — ]P’% induced by a

basis of HO(Xz, Ox, (—K)) corresponding to the elements (4.12) after the

universal torsor morphism Y — Xz. The image of W is the closed subvariety
of IP’% defined by the two quadratic equations in the statement. O

Now we choose suitable monomials that define the complement of a
universal torsor in Spec R and satisfy the condition with respect to
the integral model of R that we consider below. Let I be the ideal of R
generated by the monomials . Let J be the ideal of R generated by
the monomials

N1,2M1,5, M1,2M2,35 M1,5M4,5, 12,373,45 13,474,5- (4.13)

PROPOSITION 4.5. The open subscheme Y complement to V(IJ) in
Spec R is a universal torsor of Xz.

PROOF. Since —K is very ample, the open subscheme Y complement
to V(I) in Spec R is a universal torsor of Xz by Corollary As in the
proof of Proposition we denote by h; ;; the monomial 7,17 m7ixn for
{i,5,1,m,n} ={1,...,5}. The monomials

h134, haas, h315, hai2, hs23 € J
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form a basis of E[_ Kk]» because the relations (4.7),...,(4.11)) give

hios=hiss—hoss—ha12+ (c—a) ' ((b—c)hs1s + ahsas),
(b—a)higa—bhajo (b—a)hsis5+ahs23

ha1s = ; — haas + ,
- ¢ c—a
hgou = (c— a)h;,s_AC— chai2 +hais+ ahs 23 ; ch274,57 (4.14)

hazs=hiss—ha1s—ha12 —b (b —c)haas + ahsa3),
hsi4=higa—haio —hsos+a ' ((c—a)haus — bhsys).

Therefore, I C J, and the ideals I and I.J define the same closed subset of
Spec R. O

Let Oy be the ring of integers of k. We construct now an &j-model of
the universal torsor Y — Xz that is a torsor under G% Or
Let fi,..., fo5 be the monomials that we obtain by multiplying the

monomials with the monomials . Then f1,..., fos generate
the ideal I.J, and hence, define the complement of the universal torsor Y in
Spec R by Proposition Let R be the quotient of the polynomial ring
over 0} in the 16 variables n;,7;;, with 0 <7 <5 and 1 < j <1 <5, by
the ideal generated by the polynomials (£.2),...,[4.11), and let ¥ — 2
be the 0)-model of the universal torsor ¥ — X7 defined by f1,..., fo5 in
Construction We observe that the degrees of the variables 7; and 7;;
appearing in f; generate Pic(Xz) foralli € {1,...,25}. Since these variables
are invertible in R[f; '], the morphism % — 2  is a torsor under Gg% o, by
Theorem [3.3

Let I' and I” be the ideals of R generated by the monomials
and by fi,..., fas, respectively. From now on we assume that I’ = /1",
namely, that the complement of ¢ in Spec R is defined by the monomials
(4.12)). This holds, for example, if a, b, b—c and ¢—a belong to €,°, because
under such assumption the equations have coefficients in &). For a
concrete example, let k be a number field that contains a primitive 6-th root
of unity ¢, and take a = ¢, b= ¢? and ¢ = ( + (°.

To describe the lifting of the anticanonical height function induced by the
embedding in Proposition [£.4] to the twisted torsors, we consider a system C
of representatives for the class group of ). For any given ¢ = (¢q,...,¢5) €
C%, we denote by (7 : & — Z the twist of % constructed in Definition
The height H : X (k) — R>, defined as the Weil height after the
anticanonical embedding in IP’% given in Proposition lifts to the twisted
torsors as follows.

PROPOSITION 4.6. Let c € C. If VT = /1",

|y1y2,5y1,3y1,4|y7 \y2y1,3y2,4y2,5
H(m(y)) = N(eg eq - c5) H max { |Y3Y2,4Y1,3Y3,5|v, [Y4Y3,5Y1,4Y2,4
v€flo |YsY1,4Y2.5Y3 5|0

Uy

Vs

for ally = (yi,y;1) o<i<s € X (Oy).
1<G<I<5
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PROOF. For y € #(0}), let

hi(y) == y1y2,5y1.3Y1,4,  ha(y) := Yoy1,3Y2,4y25,  h3(Y) := Y3Y2,4¥1,3Y3,5,
ha(y) == yayssy1aye4, hs(y) := ysy1.4y2,593,5-
(4.15)

By Theorem every y € #(0y) satisfy
5

Z hi(y)eg et c5 = Oy,

i=1
and h;(y)cy e -+ c5 is an integral ideal of @), for all i € {1,...,5}. For
every prime ideal p of Oy, let n, € Z such that ca?’cl ceeCp = Hp p™, where
HP denotes a product over the prime ideals of 0. For every prime ideal
p of Oy, there exists i € {1,...5} such that p does not divide the ideal
hi(y)eger -+ - ¢, that is, |hi(y )\V =MN(P)"™ > |hj(y)], for all j € {1,...,5},
where v is the finite place of k associated with p. O

The preimage of the open subset U of X complement of the union of
the 16 lines D;, D;;, with 0 < ¢ <5 and 1 < j <[ < 5, under the torsor
morphism 7 : %, — X is defined by

5
IIn II we#o.

i=0  1<5<I<5
Therefore, it is contained in an closed subset of a 10-dimensional affine space

defined by the two cubic equations in the proposition below.

PROPOSITION 4.7. Let ¢ € CO. If VI' = VI" and a € O, the set
H(Op) N (7 1(U))(k) is equal to the set of all

Y= (Y1, Y2, Y3, Y1, Y5, Y1,3, Y14, Y2.4, Y2,5, ¥3,5) € (k)10
whose coordinates y;,y; ; lie in the fractional ideals cdegmi cdegnij regpec-
tively, satisfying the coprimality conditions

5

D hily)egPe e =0y,

i=1
with h; defined in (4.19)), and the two equations

(b= a)y1ysy1s + (b — a)y1yay1,a — byayay2.4 + ay2ysy25 = 0,
(c = a)y1ysy1,3 + cy1yay1,4 — cY2y1y2,4 + aysysyss = 0.
Proor. By Theorem the set % (0)) is equal to the set of y =

(Y05 -+ Y5, Y12, -, Ya5) € k'O, with y; € ¢d8" for all 0 < i < 5 and
y;.j € cde8Mii for all 1 <4 < j < 5, that are common zeros of the polynomials

(4.2)),...,(4.11)) and satisfy

Zh CO C1 +Cy = ﬁk.
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I I o i [Ti<jci<5 951 # 0, then
Y12 = Y5 (Ysy1,3 + yayr4) via @7),
y15 = (ay1) " (cyayas — bysyss) via (E11),
Y23 = (yoy3) " (Y1Y3Y1.3 + Y1VaY14 — YoYay2.4) Via and ({10),
Ys.a = Y3 ' (y2y2,4 — y1y1,4) via (E10),
Ya5 = (ay4)—1((c —a)y2y2,5 — (b —a)ysyss) via ,
Yo = (ay1ys)~ (cyay2,av2.5 — CY1y1.4Y2,5 — bYsy2.4Y35),
where the last equality is obtained from and from the previous compu-

tations. The localization of the ring R at the element H?:() Up H1<j<l<5 5,1
is hence isomorphic to the quotient of the O-algebra

Ox[n1, 12,13, 14, 75, M,3,M1,4,7112,4, 7112.,5, 773,5] [(771772773774775771,3771,4772,4?72,5773,5)_1]
by the ideal generated by

(b—a)mnsm.z + (b — a)mnam,a — bnemanza + anansnzs = 0,

(¢ —a)mnzn,z + cmnania — cnananza + anznsnzs = 0. U






CHAPTER 5

A singular quartic del Pezzo surface

Let k be a number field, and let S be the the anticanonically embedded
singular del Pezzo surface of degree 4 and type As+ A given in ]P’i by the
equations

LT3 — Toxy = Tox1 + T123 + 25 = 0. (5.1)
Let U be the complement of the lines in S, and let H be the anticanonical
height on S(k) induced by the Weil height on P} (k),

H(xg: - :my):= H max{|xoly, ..., |Ta|u}
veQy

We are interested in the asymptotic behavior of
Nuuk(B) :=#{zx e U(k): H(z) < B} (5.2)

as B — .

Manin’s conjecture for S over arbitrary number fields is proven in joint
work with Frei [FP14]. There, we parameterize the set of k-rational points
on U via integral points on an Oi-model of the universal torsor of a mini-
mal desingularization of S, and then we prove Manin’s conjecture for S via
refined lattice points counting techniques. We include here the parameteri-
zation step of the universal torsor method from the same paper.

5.1. An integral model

Let k be an algebraic closure of k, and X% the minimal desingularization
of S as in [Der14]. The aim of this section is to apply Theorem [1.10|to an
O)-model of a universal torsor of X7 obtained by Construction in order
to get a parameterization of U (k) via integral points on twisted torsors. An
elementary application of the results in [DF14a] would lead to the same
parameterization.

We start by describing the universal torsor of X7 inside the spectrum
of the associated Cox ring. By the data provided in [Der14, §3.4], X; is a
blowing-up of IP’% in five points in almost general position with Picard group
Pic(X3) = 75, and a Cox ring of X7 of identity type is a Pic(X7)-graded
k-algebra with nine generators and one homogeneous relation:

R =k, ..,n9l/(mng + nans + nznining)-
For i € {1,...,9}, the degree of ; is [D;] € Pic(Xy), where [D;] are the
divisor classes listed below. Let o, ..., /5 be the basis of Pic(X3) given in
[Deri4]. Then the intersection form is defined by ¢3 = 1, {2 = —1 for
1<i<5,and £;.0; =0 for all 0 < ¢ < j < 5. The classes
[D1] =45, [Do] =4y, [Ds] =143

"
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are the (—1)-curves on X,
[Ds] =ty — bz, [D4] = o — {3,
[De] = lo — by — Ly — U5, [Dr] =Ly — {1 — Ly — L3
are the (—2)-curves on X7, and
[Dg] = by — Ly, [Dg] = Ly — {5.

The Dynkin diagram in Figure [I] encodes the configuration of curves on
X% For any i # j the number of edges between D; and D; is the intersection

FIGURE 1. Configuration of curves on Xz.

number [D;].[D;]. For all 1 <i < j <9 such that [D;].[D;] =0, we call J; ;
the ideal of R generated by n; and n;, and we define

I 7 (5.3)

1<i<j<9

The following computations prove that the open subscheme Y of Spec R
complement to V(J) is defined by the global sections of a very ample divisor
on Xz. Therefore, it is a universal torsor of Xz by Corollary

Forall 1 < i < j <9, let Ai,j = Hle{l,...,Q}\{i,j} 7, and A778’9 =
ninen3nansne. Let J' be the ideal of R generated by the following monomials:

Azrgo, Aie, Ao, Aos, Asg, Aszs, Az, Ass, Asz. (5.4)

Let [D] := 94y — 301 — 20y — b3 — Ly — 5, and let I be the ideal of
R generated by D,z ~o Bnip)- Let I’ be the ideal of R generated by the
following monomials, coming from the relations in the right column:

A1 = m3mansnrngne (D] = [4D3 + 9Dy + 15D5 + 7D7 + Dg + Dy},

[
A1 36 := nanansnngne  [D] = [4D2 + Dy + 3D5 + 3D7 4 5Dg + Dy,
A 36 :=mnansnngne  [D] = [4D1 + Dy + 3D5 + 3D7 4 Dg + 5Dy],
Aysgi=mmansnente  [D] = [7D1 + 2Dy + D3 + 3Dg 4+ D7 4 5Dy],
Ays9 :=mmansnens  [D] = [2D1 + 7Dy + D3 + 3Dg 4+ D7 4 5Dg],
As 78 :=mmanznanene  [D] = [8D1 + 5D + 3D3 + Dy 4 6Dg + 3Dy,
As 79 :=mmanznanens  [D] = [5D1 + 8D + 3D3 + Dy 4 6Dg + 3Dg],
Azgo :=mmnanznansne [D] = [8D1 + 8Dy + 6D3 + 4Dy + 3D5 + 9Dg),
A1289 = mmnsnenr  [D] = [6D3 + 12Dy 4 19D5 + Dg + 8D7],
A134,9 :=mnsnen7ng  [D] = [6D2 + Ds + Dg + 2D7 + 6Dg],
Az348 = mnsnentne  [D] = [6D1 + D5+ Dg + 2D7 + 6Dg).
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PROPOSITION 5.1. The open subschemeY complement to V (.J) in Spec R
is a universal torsor of Xz.

PROOF. According to [Derl4) §3.4], the surface X is a blowing-up
of IP’% in five points. Such a description of X7 allows us to determine the

irreducible curves and the intersection pairing on X (see [Har77, §V.3]),
and to show that the divisor class [D] is ample by the Nakai-Moishezon
criterion. Then, by Corollary [2.64], the complement of the closed subset of
Spec R defined by I is a universal torsor of Xz

To finish the proof, it suffices to show that vI = /J. Computing
generators of the product shows that J C J' C v/J. The ideal I is
generated by the monomials H?:l n;* of degree n[D] for n > 0. Solving the
linear equations Z?:l e;[D;] = n[D] for nonnegative integers ey, ..., e9 and
arbitrary n > 0, one finds that I C I’ C v/I. Moreover, J' C I’. Using the
relation among the generators of R, we prove that I’ C v/J by the following
computations:

nsAe + nodAas = —n3minanrArae, NinenrAie + moAse = —m2ns A1z,
nsAse + Nininr Az = —mnoAzse, M2nsnaninrAss + n2Ass = —mngAsss,
Arg+ Aog = —msmininrAizso,  memsniniAss + m2Asz = —mnoAs s,
nananrAss + Az g = —mmgAazas, MusnanEnrArg +mAss = —nansAasg,
mananrAre + Asa = —mansAiz a0, MNsMANE Ao +mAs7 = —mansAs 7.
O

We construct now an &j-model of the universal torsor ¥ — X% which
is a universal torsor over a projective Oj-model of X7.
Let fi,..., fo be the following monomials of degree [D]:

T NATATE G, TaN3MANET7 879 TaNANE 6 TINS

TNANET7 87 T NATS 6315 R T

TR NETS N3 TETTIEN; S NaNATET8 NG -
Comparing f1,..., fo with the generators of J’, we see that the radical of

the ideal of R generated by fi,...,fs is V.J' = v/J. Hence, fi,...,fo
define the complement of the universal torsor Y of X7 in Spec R. Let R :=
Oklm, -, mol/(mmny + n2ns + n3nining), and let  — 2" be the Of-model
of the universal torsor Y — X7 defined by f1,..., fo in Construction
Some properties of this model are described in the following proposition,
which is an application of the results of Chapter

PROPOSITION 5.2. (i) The scheme % is smooth, projective, and
with geometrically integral fibers over Oy,.

(i4) For every prime ideal p of Oy, the fibre 2}y is obtained from P%(p)
by a chain of 5 blowing-ups at k(p)-points.

(iii) The morphism % — 2 is a universal torsor under G?m«%”'

PROOF. Simple computations show that the degrees of the variables 7;
appearing in f; generate Pic(Xy) for all 4 € {1,...,9}. Since these 7; are
invertible in R[f; '], the condition (3.4) holds for (R; f1,..., fo).
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Since g := 1119 + M2ms + N3n3NEn7 is irreducible in k(p)[n1, . . ., no] for all
prime ideals p of Oy, the O)-scheme 2 has geometrically integral fibers by
Proposition (3.5

The Jacobian matrix (0g/0n;)i<i<g is

(M9, M8, ManENT, 2n3maminz, 3nsmaning, O, n3mans, m2. m),

and has rank 1 on #(k(p)) because the monomials fi,..., fo belong to the
ideal generated by 71,72. Then 2 is smooth by Proposition [3.6
To verify the hypotheses of Proposition we define C/E and Clﬁk as the

ideals of k[n1,...,n9] and O[n1,...,no] generated by the monic monomials
in and g. One can check that C7-has a Grébner basis {h1,..., i} C Cp,
consisting of polynomials whose coefficients are all equal to 1. This implies
that C/Eﬂ ﬁk[nh . ,7]9] = (h1,....hy) = C:ﬁk

Since the radical of the ideal Cy (resp. Cyg, ) generated by fi, ..., fo and
g in k[n1,...,mo] (resp. in Ok[ni,...,mo]) coincides with the radical of Cr
(resp. of C/ﬁ’k)’ the hypotheses of Proposition are satisfied. Hence, 2 is
projective over Oy.

To prove let p be a prime ideal of @, and k(p) an algebraic closure of
the residue field k(p). By the data provided in [Der14|, X+ is a blowing-up

of a split toric k-variety Xé at a closed point and with exceptional divisor

corresponding to the section 17y € R. The center of the blowing-up b :
Xz — X% is the intersection of the prime divisors of Xé corresponding to

the sections 7g, 79 in the Cox ring R of X% under the identification

R =R/(m —1) = Ena, .., nol/ (g + 12 + maniming)
provided by [HKL14l Proposition 2.2]. The rays of the fan A defining Xé

correspond to the generators 7s,...,ng of . We denote them by p2,...,ps
(see Figure [2). Let 2" be the O-toric scheme defined by A as in [Sal98|

P8
P2 144
P6 P3 P4 P5

FIGURE 2. The fan A.

Remarks 8.6 (b)], and

R = ﬁk[nQ, ey 779]/(779 + 12ms + 773”277%777) = ﬁk[n% oo 7778]'
The fan A has 7 maximal cones. For 1 <14 < 7, let f/ be the product []n;
running over the indices j € {2,...,8} such that the ray p; does not belong
to the i-th maximal cone. By [Sal98| §8], the monomials fi,..., f; define

the complement of the universal torsor of Xé contained in Spec .
For every i € {1,...,7}, the open affine toric subvariety of X% corre-
sponding to the i-th maximal cone has trivial Picard group, and its com-
plement consists of the effective divisor defined by the section f/. Hence,
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(R'; f1,..., /%) satisfies (3.4), and 2" is the O)-model of X’ defined by Con-
struction B.11

Recall the notation before Proposition Since the radical of the ideal
of Oklm,...,no] generated by fi,..., fo is the radical of the ideal generated
by b*(f1)16, - - -, b* (f7)16, 0*(f1)n9, - - -, b* (f7)19, the model 2" is a blowing-
up of 2" with center the closed subscheme defined by 7,79 by Proposition
9.9

Since this closed subscheme is flat over O, the variety Zj, is the

blowing-up of %kf( ) in the k(p)-point defined by 7g,n9. Moreover, %kf( is

p p)
the split toric k(p)-variety defined by A, which is obtained from Pi(p) by
four toric blowing-ups at k(p)-points. Therefore, H*( 2}, O2,) = 0 for
i € {1,2} by [Har77, Proposition V.3.4] and [Ful93|, p. 74]. Hence, all the
hypotheses of Theorem [3.3] are satisfied. O

5.2. Parameterization

The action of anﬁk(ﬁk) =~ (0F)% on #(0O) is given by 1j where
m®, ..., m® e Z6 denote the degrees of 11, ..., ng, respectively, under the
identification Pic(X3) = 75 provided by the basis £y, ..., ¢s. Namely,

m® = (0,0,0,0,0,1),m® = (0,0,0,0,1,0),m® = (0,1,-1,0,0,0),
m(4) = (0707 17 _17070)7m(5) = (070707 17070)7m(6) - (17—17070’ _1’ _1)’
m” = (1,-1,-1,-1,0,0),m® = (1,0,0,0,-1,0),m® = (1,0,0,0,0, -1).

Before we apply Theorem to obtain a parameterization of U(k) by
integral points on twists of %/, we describe the preimage of U inside the
universal torsor, and we fix some more notation.

Let X := 2%, Y := %, and 7 : Y — X the base change of the universal
torsor morphism % — 2" under the inclusion ) C k. We observe that 7
is a universal torsor of X by Remark

Let ¥ :Y — St be the composition of the universal torsor morphism
Y — X% with the minimal desingularization morphism Xz — S. According
to [Der1d4, §3.4], the map U : Y (k) — Si(k) sends a point (y1,...,y9) €

Y (k) to the point

(Y2Ysyaysy6yTys © YTYaY3YaYe * Y1Y2Y3YTYEYEYT © Y1Y3YAYSY6YTY © YTYsYs)
(5.5)
in Sz(k) C P4(k). Since U is defined over k, it induces a morphism ¥ : Y —
S C IP’% which is given by 1’ on k-rational points.

Since 7 : Y — X is a geometric quotient, the invariant morphism W
factors through a minimal desingularization v : X — S, which is a model of
the minimal desingularization Xz — St.

We recall that U is defined as the complement of the lines in S. By
[Der14, Table 6], the surface Si contains exactly three lines of ]P’%. These
are defined over k and an easy computation shows that

SNU = {xpr1 = zox3 = 123 = 22 = 0}.

T2hen UL(S\U) = {mmansnansnens = 0}, and V-HU(k)) = Y(k)ﬁ(lﬂx)7 X
k.
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Let C be a fixed system of integral representatives for the class group
of O}, that is, it contains exactly one integral ideal from each class. For
any given ¢ = (cg,...,¢5) € C°, we denote by (7 : % — 2 the twist of &
constructed as in Definition [L9 We write

o _ {0} ifjefl,...,T)
Xk . Em(J) if] c {8’ 9}.
For v € Q and (z1,...,28) € kS with x1 # 0, we write

|3€2$3£B4965336$7968\,, ) !xfo%l‘:%,Mw%‘y )

‘xlmx%wix%x%xﬂy y
hy(x1,...,z8) := max ‘m3x4x5:c6x7(x3xix§x7 + .%'21‘8)‘” ,

x2x7x§ + xgxixga:%xg

gl
Let F be a fundamental domain for the action
of U x(0F)° on (k)" xk?,
induced by (3.2]), where u = (uo, ..., us) maps (y1,...,Yy9) to
(1) (9)
@™y, u™ ) (5.6)
After all these preparations, we define M (B) as the set of all

mD

(y1,-- . y9) € (cf X"‘XET(Q))H]-'
that satisfy the height conditions

1T rloulyr,- - oys)) <M(Ger" -5 )B, (5.7)
vEQ
the torsor equation
Y190 + y2ys + ysyivayr = 0, (5.8)
and the coprimality conditions
yie ™ e = o (5.9)

for all distinct nonadjacent vertices D;, D; in Figure |1, We can now reduce
the estimation of Ny 4 (B) to counting the M (B).

PROPOSITION 5.3. With the sets M (B) defined as above and Ny 1 (B)
as in[5.4, we have
1
Ny i(B) = 5— > #M(B).
ik ceCs

PROOF. Since U is contained in the smooth locus of S, the minimal
desingularization v : X — S induces an isomorphism v~ 1(U) — U, so

Nuk(B) = #{x € v (U)(k) | H(y(z)) < B}.
By Theorem there is a disjoint union
yHO)R) = | em(# (61) N OTHU(R))).

ceCh
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@

Let ¢ € C%. Since, for any y; € gm(j), the associated ideal y;¢ is an

integral ideal, the coprimality condition

H (yz&_mm + ng_mm) = Oy,
1<i<j<9
D:.D,;=0
is equivalent to the coprimality conditions (5.9). Then by Theorem [1.10}
Y (Op) NU~HU(k)) is the set of all

D m®

(ylv"wa)e(E* X X €y )

that satisfy (5.8)) and (5.9).
Let (y1,...,y9) € #(0)). Using the torsor equation (5.8) to eliminate

19, we see that

H(‘l/(yl,,yQ)) = H hU(UU(y17"'>y8))'
vEQ

Moreover, the coprimality conditions (5.9)) imply that

I Bolovur, - us) = N(y2usyaysysyrysOr + - - + yrysyo Or) " =
’UEQf

= N(cy%cr---c5).
Thus the condition H(W¥(y1,...,y9)) < B is equivalent to our height condi-

tions (5.7)).

Let 7' C F be a fundamental domain for the action of G?n, 0, (Ok) =
(67)% on (k*)™ x k? and consider the set M{(B) of all

(1) (9)
(yla'-'7y9)€(£;n X"'XET )m]:/

that satisfy (5.7)), (5.8) and (5.9).

Since the action of (¢,°)° on % (0}) is free, each orbit is the union of
#uy orbits of the induced action of %, x (0)°)°. Each of these orbits has
exactly one representative in F, so #M.(B) = #ux#M/(B).

Finally, we observe that the fibers of . are the orbits of the action
of G?n,%' on % . Hence, there is a bijection between the sets U(k) and

Ueees (2 (k) N1 U (k) N F'), so

Ny,uk(B) = Z #M[(B) =

ceCct

1
— M.(B). O
#ukc;@# «(B)

5.3. Manin’s conjecture

In joint work with Frei [FP14], we use the parameterization provided by
Proposition together with a suitable choice of the fundamental domain
F, to prove the following theorem.

THEOREM 5.4. Let k be a number field of degree d, let S be given in
IP’;‘; by (5.1), let U be the complement of the lines in S, and let € > 0. As
B — oo,

Ny x(B) = cs,uB(log B)® + O(B(log B)>~/4+),
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with an explicit cs g > 0. This formula agrees with Peyre’s refined version of
Manin’s conjecture [Pey03|, Formule empirique 5.1]. The implicit constant
i the error term depends on k and €.

The proof (cf. [FP14, §5-§13]) involves refined techinques, including o-
minimality, to count lattice points in certain unbounded subsets of R3¢,



CHAPTER 6

Toric varieties

In this chapter we generalize Salberger’s proof of Manin’s conjecture for
toric varieties over Q [Sal98|, by proving the following theorem.

THEOREM 6.1. Let X be a smooth equivariant compactification of a split
torus T over an imaginary quadratic number field k. Assume that the an-
ticanonical sheaf of X is generated by its global sections. Let H be the
toric anticanonical height function on X (k) defined in [Sal98, §10], and let
Nt i (B) be the number of k-rational points on T of toric anticanonical
height at most B. Then, for all € > 0,

Nrgx(B) = Cx mrB(log B ™' + O(B(1 4 log B)"~2T1//+¢),

where 1 is the rank of the Picard group of X, f is the smallest positive
integer such that there exist f rays of the fan X defining X not contained in
a cone of ¥, and Cx g is the constant predicted by Peyre in [Pey95].

Manin’s conjecture for toric varieties has been considered also by Batyrev
and Tschinkel [BT98] and Bourqui [Boull|, who proved it for smooth pro-
jective toric varieties over arbitrary number fields and over global fields of
positive characteristic, respectively, via harmonic analysis techniques. More-
over, the error term in [Sal98] was improved by de la Breteche in [Bre01]
by means of the precise estimations of multiple sums of arithmetic functions.
We also recall that Schanuel’s precursory work [Sch79| constitutes a proof
of Manin’s conjecture for projective spaces via universal torsor method over
arbitrary number fields, and that recently the same method has been ap-
plied over arbitrary number fields for a certain singular toric cubic surface
[Frel3|.

Our proof is an explicative application of the universal torsor method
for a family of varieties over number fields beyond Q. We restrict to the
case of imaginary quadratic fields because, even though the choice of a suit-
able fundamental domain for the action of (£,°)" is clear for some specific
varieties [Sch79, Frel3d|, it strongly depends on the features of the variety,
and hence, a generalization of the strategies of those papers to the family
considered above does not seem straightforward.

The chapter is organized as follows. In Section [6.1] we apply the results of
Chapter [I] to recover the parameterization via lattice points on the integral
universal torsors constructed in [Sal98] that is described in [Rob98], and
we show that the anticanonical height function defined in [Sal98] lifts to the
integral points on the twisted torsors involving just the absolute values at
the infinite places of the number field (cf. Proposition [6.2). In Section
we study a multiplicative function, introduced in [Pey95] and used also in

85
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[Sal98|, attached to the characteristic function of the set of integral coordi-
nates that belong to the universal torsor, and we perform Mobius inversion
to get rid of the coprimality conditions. Thus, we reduce to count lattice
points in bounded subsets D(B) of an R-vector space CV =2 R*V. Section
[6.3] contains the proof of Theorem Since the height function depends
only on the absolute value of the coordinates, we partition CV in strongly
convex rational polyhedral cones, each of them spanned by a fundamental
domain of the lattice which is a parallelotope F with the property that,
for every lattice point = in the cone, x + F intersects the boundary of the
region D(B) defined by the height function if and only if the lifted height
of x is at most B and the height of x + v is strictly greater than B, where
«v is the long diagonal of the parallelotope (cf. Subsection . For each
cone C, we compare the number of lattice points in C'N D(B) with the
volume of the region C' N D(B) (cf. Proposition [6.14)), and we estimate the
difference by counting the number of lattice points = € C' N D(B) such that
z+ F ¢ C N D(B) (cf. Proposition [6.13). In the last section we show that
Peyre’s conjecture [Pey95| is satisfied by the constant in the main term of
the asymptotic formula obtained in Section [6.3}

Cx.mr = (X)) Ak V2w, " (2m) N # 5 a, (6.1)

where «(X) is the constant defined in [Pey95| §2] (cf. [Sal98, §7]), & is
a constant depending on X and k (see (6.7)), Ay is the discriminant of k,
hy, is the class number of k, w; is the number of roots of 1 contained in k,
#¥maz 18 the number of maximal cones of the fan defining X. The results
of Sections and [6.2] up to hold for arbitrary number fields. The
content of this chapter first appeared in [Piel5].

6.1. Universal torsors and heights on toric varieties

6.1.1. Parameterization via universal torsors. Let X be a smooth
complete toric variety over a number field k that is an equivariant compact-
ification of a split torus 7. We denote by T the lattice of cocharactes of T’
and by ¥ the fan in T,g := Ty ®z R that defines X.

By [CTS76) §4] and [Sal98| §8] (cf. [Mad05, Appendix]), we know that
X has a universal torsor 7 : Y — X, which is unique up to isomorphism and
can be realized as the the toric variety defined by the pullback of ¥ under
the morphism of lattices

Ao =Ty, prrny,

where n, is the unique generator of p N Ty, Ay = B ex 1) Zp and (1)

denotes the set of rays of 3. We denote by A = 7~ (T) the torus contained
in Y whose group of cocharacters is A.. By [Cox95] a Cox ring of X of
identity type is a Pic(X)-graded polynomial ring in N := #3(1) variables

R=Klz,:pe (1),

where (1) is the set of rays of 3, and the degree of the variable z,, is the class
of the prime toric invariant divisor D, corresponding to the ray p. Moreover,
there is an open embedding ¥ — Afgv := Spec R whose complement is the
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closed subset defined by the monomials

QDU = H Tp, OE€ Ymaz,
peX(1)No(1)
where 3,4, is the set of maximal cones of 3, and o (1) is the set of rays of
¥ contained in the cone o (see [Sal98| §8]).
Let Oy, be the ring of integers of k. By [Sal98| Remark 8.6] (cf. Theorem
, the universal torsor ¥ — X admits an Oj-model # — 27, which is a
universal torsor of the &j-toric scheme 2 defined by the fan X, and

Y Agk V(2P 0 € D). (6.2)

Fix a basis ¢1,..., ¢, of Pic(X) (namely, an isomorphism Pic(X) = Z").
Let C be a system of representatives for the class group of k. By Theorem
the universal torsor % — 2 induces the following parameterization
of the set of rational points of X:

X(k) = || &2 (00)), (6.3)

ceCcr
where (7 : (& — 2 is the twist of @ — 2" according to Definition[I.9} The
parameterization can be made explicit as follows. For every ¢ = (¢1,...,¢,) €
C" and every divisor D of X, let ¢? := [[}_, ¢/, where ai,...,a, € Z are

determined by the equality [D] = Y7 ;a;¢; in Pic(X). For every z =
(Tp)pesq1) € EN and ¢ € C, let € = (Exp)pez(l) be defined by ¢, := z,cPr
for all p € ¥(1). For every o € Yz, let Dy = ZpEZ(l)\o(l) D, and
D
¢

-z

o .— HpEE(l)\G(I) [ With this notation,

P (O ={ze @ " > L=k (6.4)

pEE(l) €Y mazx
for all ¢ € C", by Theorem (cf. [Rob98| p. 15]).

6.1.2. Anticanonical height function. We recall the anticanonical
height function defined by Salberger in [Sal98, §10] and list some of its
properties. We need first some notation.

For every torus invariant divisor D = peER(1) a,D, of X and for every
0 € Ymaz, let ug p be the character of T' determined by us p(n,) = a, for
all p € o(1), and define D(0) := D — 3~ c5 1) to,D(1p) Dp.

We denote by —K the anticanonical divisor ) pER(1) D, of X. For every
0 € Ymae and p € X(1), let agp == 1 — up—k(np), so that —K(o) =
2 pex(1) QapDp. By [Sal98, Proposition 8.7 (a)], we know that if Ox (—K)
is generated by its global sections, then —K (o) is an effective divisor for all
0 € Ymaz, and oy, = 0 for all p € o(1). From now on, we assume that
Ox(—K) is generated by its global sections.

Let v € Q. For every z = (7,),ex1) € kN and every effective divisor
D= ZpEZ(l) a,D, of X, we denote by z” the product Hpez(l) T’

Let H : X(k) — R>¢ be the height function corresponding to the anti-
canonical divisor —K defined in [Sal98, (10.4)]. For every z € Y (k),

H(n(z))= [[ sup [z~*, (6.5)

VEQ]g 0€ X max
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by [Sal98, Proposition 10.14]. For integral points on the twisted torsors
that appear in (6.3]), the height (6.5)) can be expressed as product involving
just the archimedean places as the following proposition shows.

PROPOSITION 6.2. Let ¢ € C" and z € % (0}), then

H(r(@) = == [[ sw 25O,

hd Z/EQOO UGZmaz

PRrROOF. For every p € X(1), let myp,n,p € Z be defined by the equali-
ties ¢Pr = [1,p™e? and 2,0 =[], p"o», where [, denotes a product over
the prime ideals of 0. Let v € €1y be a finite place associated to a prime
ideal p of 0). Then

—K(o) ( 1 ) MiNg e a0 EpEE(l) Qo,pTp,p
|z v = :

N(p)

sup
O'Ezmaz

We write

min Z Qg pNpp = N Z Qo,p(Mpp — Mpp) + Z Qo pMp,p
ex(1)

OE€EX mazx €Y maz 62(1) pEE(l)
= UGHEHH Z Aop(Tpp — Mpyp) + Z Mpp;
" pen(1)~o (1) peE(1)
as oy, = 0forall p € 0(1) and [-K(0)] = [-K] in Pic(X) for all o € ;45

Since x, € ¢P¢ for all p € X(1), the inequality n,, > m,, holds for all
p € ¥(1). The coprimality condition }_ s Do = 0}, gives
min Z (npp = mpp) = 0.

O'szaz

pEX(1)N0o(1)

Hence, minges, ... 2o pex(1) QoMo = Dpex(1) Mpp, as —K(0) is effective
for all 0 € Yz O

LEMMA 6.3. Let v € Qp and z € Y (k,) then
—K())

27, < sup |z
O'GchLz

v

PRrOOF. By [Sal98| Proposition 9.2] there exists o € ¥4, such that

—-K
E%Kﬁ V < 1. Then |z=X]|, < |§’K(U)|V < Supgey, .. ]g’K(")L,. O

6.2. Mobius inversion

6.2.1. Generalized Mobius function. We introduce a generalized
Mébius function, like in [Sal98| §11] and [Pey95| §8.5], that we use to get
rid of the coprimality condition in via Mobius inversion. In order to
do so, we fix some notation.

Let Z be the set of nonzero ideals of ). For every 0 = (Dp)peg(l) €
V) let M) := [T es1) 9U0p) € Zso. For every prime ideal p of O, we
denote by Zmp a sum over the set of 3 = (9,),ex(1) € TV such that d, is a
nonnegative power of p for all p € £(1). We denote by ], a product over all
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prime ideals of €}, and by Z‘ﬁ(g)gbv Zm(g)zb a sum over the set of 9 € 7V
that satisfy 91(2) < b, D1(d) > b respectively.
For every b = (b)),ex(1) € TV and for every effective divisor D of the
form >° 1y apDp on X, let b = [Les bp’. We denote by
x: IV = {0,1}
the characteristic function of the subset

fbezV: Y =6} c IV

€Y mazx
For every 0 € ZV, let
xo: IV = {0,1}
be the characteristic function of the subset
{b ez 06} C IV,

where 9|b means b, C 9, for all p € X(1).
By [Pey95, Lemme 8.5.1], there exists a unique function p : ZV — 7Z

such that
X= > n@xa
2N
Moreover, for every d € ZV,
p@) =[] n@,), (6.6)
p

where 9, := (0,p)pex(1) With 9, a nonnegative power of p such that 9, =
[T, 9p,p holds in O for all p € X(1).
The next proposition shows some properties of p that we use later.

PROPOSITION 6.4. Let f € Z~q be the smallest number of rays of ¥ not
contained in a cone of X. Then

1) the product “@)5 and the sum N Lg)s converge abso-
P £<2,p N() €N N(Q)
lutely and coincide for s > 1/f; -
(i1) Yooy [1Q@)| = OBYIF=), for all & > 0;

(i) Lo/ R(@) = OWI744), for all & > 0.
ProOF. To prove we note that gives

w@)| _ |1(2,)] ()|
2 mor = 2 gy <12 oy
N@)<b N(@)<b

for all s € R and b > 0, and

. w@)]

blil{.lo Z m(g)s - HZ
vezN podp
NQ)<b

<

[1(2)]
MN)s’

Hence, it suffices to show that [, >, , J{{(%)l converges for s > 1/f.
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Let p be a prime ideal of €. The sum ZM |§((%))‘ is finite, because
p((p)pes(1y) = 0 for all N-tuples of non-negative integers (e,),cx (1) such
that e, > 2 for some p € X(1). If (e,),exn(1) is an N-tuple of non-negative
integers, not all 0, and e, = 0 for all p € (1) \ o(1) for a maximal
cone 0 € Ypaz, then p((p®),exa)) = 0. Therefore, if (e,),ex) is an
N-tuple of non-negative integers, not all 0, such that u((p),ex)) # O,

then M(p)/| N((p*)pes(1))- Then we can write

@) _ 1 1
2oy~ G ()

where @) is a polynomial with non-negative integer coefficients. For every
N-tuple (e,),ex(1) of non-negative integers, u((p),ex(1)) does not depend
on the choice of the prime ideal p. Hence, @ is independent of the choice of

p. Thus
1 1 1
¥ s (i) < @20 3 o

TLEZ>0

is convergent for s > 1/f. Here Zp denotes a sum over the prime ideals of
k.
Property follows from [(i)] because for every € > 0,

Q) e ()]
S ) < v 3 L e 5
N(e)<b s TRV o NI

Property [(iii)| can be proven using |(ii)| as follows:

Yy el zz'“ DI

m@)>b = by >bNQ)< b >b— 1m(a)<b'
1

I S L D ST

Y >b N <b/ N)<b—1

<Z Z b/2 T Z (@) =

b >bN(Q) < m(g)gb—1

b_l)l/f+5
=0 U= L0 =177 O

After Proposition [6.4][(1)] we define

HZ m S <°a 6.7)

cIN v

6.2.2. Mobius inversion for imaginary quadratic fields. From
now on we assume that k is an imaginary quadratic extension of Q. Let
wy, be the cardinality of the group of units &} of 0.

We identify with C the completion of k at its only infinite place and we
denote by | - |~ the corresponding absolute value normalized as at page
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For every z € CV let

h(z):= sup |z~ K.
O'GZmaz

For every ¢ € C", every 2 € ZV and every B > 0, we define

Ao(B) = {z € AN @) 0, + hlz) < (B,

pEN(1)
Ce(B) :={z € ¥ (Op) N A(k) : H(m(z)) < B}

Let 0 € IV be defined by 0, := Oy, for all p € X(1). Then
Acp(B) ={z € Acp(B) : e, }-

PROPOSITION 6.5. The sets Acy(B) and C¢(B) are finite for all ¢ € C",
alld € IV and all B > 0. In particular A y(B) = 0 if () > B.

PROOF. Let ¢ € C", 0 € IV, B > 0 and z € Aco(B). If d|¢,, Lemma
and the definition of —K give

NE) =N *) <N(X) = < < B,

and hence, |7)|0 < MN(0,cP2)N@) LB for all p € X(1), as z, # 0 for all
p € ¥(1). Thus A y(B) is finite, and A.(B) = 0 if N(d) > B. Moreover,
C(B) is finite as it is a subset of A ,(B) by (6.4 and Proposition O

PROPOSITION 6.6. With Ny g ) defined in Theorem|6.1) and the notation
above,

Nt k(B Z#C

k cecr

for all B > 0.
PRrROOF. Recall that Ny g ,(B) is the cardinality of the set
{z € T(k): H(n(z)) < B}.
Since 771(T) = A, the parameterization gives

T(k) = | | A2 (Or) N A(R)).

ceCr

Let ¢ € C". Since (7 is a torsor over 2" under G, ,- by Theorem
its fibers over Oj-rational points of 2~ are either empty or isomorphic to
(0))". Hence, each nonempty fiber of (@ over an Oj-rational point of 2
contains exactly wj, points. O

PROPOSITION 6.7. For every ¢ € C" and every B > 0,

#Ce(B) = ) p(@)#Ac0(B).

ez
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PROOF. The definition of x, 1 and xp, together with (6.4) and Propo-
sition [6.5] gives

#C(B)= > x)= D D p@xle,) =

§€A£,£(B) EGAE,Q(B) eIN
= > w@®) D xle) = Y #@)#A(B). O
eIN TEA: o (B) eIN

6.3. Verification of Manin’s conjecture

We prove Theorem by estimating the cardinality of the sets Ay (B),
namely by counting lattice points in the following sets.
For every ¢ € C" and every B > 0, let

D(B) = {z € CV : |zloc 2 N(c™*) Vp € B(1), h(z) < N(c")B}.

We note that Acp(B) = De(B) N €D exy1) 0,¢P% for all ¢ € C" and d € ZV.
In Proposition we approximate the cardinality of the sets A y(B) by
the volume of D (B) with respect to the Haar measure d,pz on CV = R2V
normalized such that the volume of a fundamental domain for the lattice
D,z 02,¢P7 is 1. Hence, we first compute the volume of D¢(B).

6.3.1. Volume computation. Following [Sal98, Notation 9.1], we
consider

L:T(C)=(C)M™X & Tp, 2+ (log|ei]so)1<i<dim x-
For every maximal cone o € Y4z, let C, be the closure of £L7!(—0) in

X(C).

REMARK 6.8. We observe that z € 7 1(C,) if and only if |zP»—Pr(?)| <
1 for all p € o(1), as the proof of [Sal98, Proposﬂnon 11.22] works with R
replaced by C, and in this case h(z) = |z~ 5|, (cf. the proof of [Sal98|
Proposition 9.8]).

PROPOSITION 6.9. Assume that r > 1. For every ¢ € C" and 0 € IV,
2m)N#% X

‘JT(D)/ dg,g& _ ( 77) # max]\(;[( )
De(B) (VIA])

where a(X) is the constant o peyre(X) defined in [Sal98, §7], and the implicit
constant in the error term does not depend on 9.

B(log B)" ' + O(B(1 +log B)"2)

PROOF. Fix ¢ € C". For every B > 0, the subset D(B) c CV
bounded by Lemma For every o € Yps, let Do (B) = D¢(B) N
7 1(Cy). Let 0’ # 0 in Bpae and p € o(1) ~ o’(1). Since [zPr—Pr(@)| =1
for all x € D¢s(B) N D, (B) (cf. proof of [Sal98 Proposition 11.22]),
and ug,p, # 0, the set D¢ 5(B) N D¢ o (B) is contained in a codimension 1
subvariety of CV =2 R?VN . Hence, fD (B) deoxz =0, and

o 2/

0€¥max
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Fix 0 € ¥p42- By [Lan70, Lemma V.2.2], the lattice ngDP in C = R? has
determinant M(d,c”7)\/|Ag|/2 for all p € X(1). Therefore,

2N
d 73& - / d£7
/Dc,aw) @) N E) (VIAKDY e, 8)

where dz is the usual Lebesgue measure on CV = R2V,
Passing to polar coordinates with y, := |z,|e/ M (cP?) for all p € £(1)
gives

2 N
[ e O,
Deo(B) NQ)(VIADY Jpga )
where dy is the usual Lebesgue measure on RY and D¢ ,(B) is the set of
Y€ RY that satisfy

21218) yp Z 17 H yao,p S B’ yp S H y;uo,Dp(np/) VIO c 0_(1)
P peS(1)~o (1) pes(l)~o(l)
(cf. Remark [6.8). Moreover, [Sal98)| (11.41)] gives
/ dy = a(X)B(log B)" ' + O(B(1 + log B)" ). O
D¢o(B)

As explained in the introduction, we compare the cardinality of the sets
A »(B) with the volume of D (B) after intersecting both with a suitable
partition of CV in strongly convex rational polyhedral cones. The next two
lemmas are the tool to produce such a partition.

6.3.2. Ideal lattices in C = R%. We show how to produce a partition
of C = R? in six cones generated by bases of an ideal lattice consisting of
vectors of small length with respect to the determinant of the lattice, with
the property that in each cone the sum of the generators is longer than their
difference.

LEMMA 6.10. Let a be a nonzero fractional ideal of k. Then there exist
v1,...,Vg € a such that, if we set vy := vy, then

(1) [0,1)v; +[0,1)viy; is a fundamental domain for the lattice a C C =
R? for alli € {1,...,6};

(2) we can write v; = (1;,0;) in polar coordinates for i € {1,...,6}
so that if we set 07 := 27 + 01, then 0 < 0;11 — 0; < 5 for all
ie{l,...,6};

(3) |viloo < 1677 2|Ak|N(a) for alli € {1,...,6}.

PROOF. Let wi,wy € a C R? be R-linearly independent elements such
that \wl\})f and |w2]<1>é2 are respectively the first and the second successive
minimum of the lattice a € R? with respect to the unit ball. Let ws :=
wy + we. For i € {1,2,3}, write w; = (n},6;) in polar coordinates with
0; € [0,2m). Without loss of generality we can assume that § < |6} —65] < .
Then the inequalities |w1|<1>é2 < |w2|}>é2 < |wy + wg‘é</32 force |05 — 01| < §
and [05 — 05| < . Let uy := wi, ug := w3, ug := wa, uq ‘= —wWi, Us := —Ww3
and ug := —wq. Fori € {1,...,6}, let v; :=u; if 05 — 0] > 0, and v; := u7_;
if 6, — 0] < 0.
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We recall that the lattice a C R? has determinant 9(a)+/|Ax|/2 (see

[Lan70, Lemma V.2.2] for example). Then [Cas59) §VIIL.4.3] gives
w1 |oo [W2 oo < 472 A| N(a)2.

Hence, [w1 oo, |w2|eo < 477 2| Ak N(a) as |wi]oo > N(a) for i € {1,2}. There-
fore, [vi]oo < 2(|w1loo + |W2|so) < 16772 Ag|N(a) for all i € {1,...,6}. O

LEMMA 6.11. Let L be a lattice in C =2 R?. Let vi,vo € L such that
[0,1)v; + [0,1)vg is a fundamental domain for L and there are 01,05 € R
with 0 < 03 — 01 < T and v; = (n;,6;) for i € {1,2} in polar coordinates.
Then

[W]oo < W+ Z|oo < |w+ V1 + V2|0

for all w € Z>ov1 + Z>ov2 and all x € [0, 1]vy + [0, 1]va, & # v1 + va.

ProOOF. Let w € Z>qv1 + Z>ov2 and r € [0, 1]’01 + [0, 1}1)2, T # vy + Vs,
We can write w = (n,0) and x = (1,6’) in polar coordinates, with 6; <
0,6’ < 65. Then

W + oo = |W]oo + |T|oo — 211 cos(m — 6 + &),
and cos(m — 0+ 6') <0, as |0/ — 0| < w/2. Similarly,
w4+ v1 + v2]0e > W+ Z|oo + V1 + V2 — Zoo,

and |v] +v2 — Z|eo > 0 as © # v1 + vo. O

In the rest of this section, if Lj,...,L, are lattices (or fundamental
domain of lattices) in C & R?, we denote by @} ; L; the lattice (respectively,
the fundamental domain) in C" = R?"” obtained as direct sum of the Lj;.

Before proceeding with the comparison between the cardinality of the

sets Aco(B) and the volume of D¢(B), we estimate the number of lattice
points close to the border of the domains D (B) where we count them.

6.3.3. Boundary estimation. First comes a technical result analo-
gous to [Sal98, Sublemma 11.24].

LEMMA 6.12. Let e,eq,...,e; € Z>o, e >0, B> 1, D € (0,1] such that
DB > 1. Let ¢, := max{ey,...,e,}/e. Then

T e
ST < max{1,¢,2°H(DB)Y(1 + log B)"
i=1
where the sum runs through the set of positive integers y1, . .., y, that satisfy

,
max{y1,...,yr} < B and Hyfz < DB.
i=1
PROOF. The proof goes by induction on r. Let S(D, B,e;eq, ..., e,) be
the sum in the statement. Assume first that » = 1. If e; = 0, then

S(D,B,e;0) <1+1logB < (DB)Y*(1 +log B) (6.8)
as DB > 1. If e; > 0, then

(DB)1/81+1 el €1,
S(D,B,e;er) < / ye tdy < *27(DB)1/8 <
0 e

< 12°(DB)¢(1 + log B)
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as (DB)Y/¢ > 1 and B > 1. Assume now that r > 1. If e, = 0, then
€—1 = € and

S(D,B,e;e,...,e,) =8S(D,B,eseq,...,e,—1)S(D, B,e;0) <
< max{1, .2 }(DB)/¢(1 + log B)" (1 + log B)
by the induction assumption and . Ifey,...,e >0, then

er_p

S(D,B,e;eq,. .. e) = Z v Sy, “D,B,eser,...,er—1) <
yr<(DB)/er

< max{1, .2 }(DB)"*(1 4 log B)"'S(D, B, e;0)
as (DB)I/ST < B and €,_1 < €. The expected result follows by . O

The next proposition, inspired by [Sal98| Lemma 11.25(b)], estimates
the number of lattice points near the border of certain subdomains of D.(B).

PROPOSITION 6.13. Assume thatr > 1. Letc€ C",0e€ IV, B> 1 and
p € X(1). For every p € $(1), let vp1,vp2 € 0,677 that satisfy Lemma
for the lattice ngD/’ in C = R2. Let

Fim @D (10,05, + 0. 1)p2)
pEX(1)

and let §cp 5(F; B) be the set

{z€Aa(B)N @B (Zz0vp1 + Z0vp2) : Mz +7) > N(e ) B},
peEX(1)

where v = (V) pex(1) € CN s defined by v, := 0 if p # p, V5 = V51 + V2.
Then there exist positive constants By and C4, both independent of B and
0, such that

#6c0.5(F; B) < C1NQ@) ' B(1 + log B)" 2 min{MN(d), 1 + log B}.
for all B > Bj.

PROOF. For every o € ¥4z, let d5 be the set of & € ., 5(F; B) such
that 7(z + ) € Cy. Then #0¢p 5(F;B) < >,y #0o and it suffices to
show that for every o € X,,4. there are positive constants B’ and C’, both
independent of B and 9, such that for all B > B’,

#5, < C'NE)'B(1 +log B)" "2 min{M(d), 1 + log B}.
Fix 0 € Yoo If € 8¢, 5(F; B), then m(z + ) € Cy if and only if
H |z + vy Zg'DP(npl) <1
pes(1)

for all p € ¢(1), and in this case

h(g—l—’y) = H |xp+’}’p ggpa
peX(1)N0o(1)
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as recalled in Remark Therefore, if ay; = 0 then d, = @ for all B > 0.
Hence, we assume that a5 > 0. Thus, d, is the set of 2 € B 51y (Zz0vp,1+
Z>0vp,2) that satisfy

|Zp]00 > N(0pc7?)  Vp € B(1), (6.9)
o< JI lap + 30l vpea(n), (6.10)
pes(1)~o(l)
h(z) <N(c¥)B, (6.11)
T 1z +7.057 > 9 5)B. (6.12)
peS (1)~ (1)
Let S:=%(1)\ (¢(1) U{p}). Then Lemma|6.3], (6.9) and give

( EpgSD ( —K—a, pr)

0 .
Toloo < B and 7P —~B
Lol = 07 5, Lkl < =gy e

peS peS
(6.13)
for every z € d,. Let S(B) be the set of (z,),es € D e 5(Z>0vp,1 +Z>0vp,2)
that satisfy and such that x, # 0 for all p € S.
For every z € d,, condition gives
1

N EYB '\ %o
ool < (e ) (6.14)
Hp€S| P|

Moreover, (6.12)) can be written as

|25+ ’7p|oo H |xp|%p > m(S_K)Ba
peS

and together with the triangular inequality for |- \%2 gives
2

1
N KB > 1
25l0 > (”) Chald | (6.15)

HpES ’ P‘aa g

Therefore, for every (x,),cs € S(B) there are at most

1

1 .
sl ( N(F)B )

N©P7) \ [1es |plod

elements of Z>gv;1 + Z>ovp2 that satisfy the conditions (6.14) and (6.15).
By (6.10)), for every (z,),es € S(B) and z; as above, there are at most

P CO uchp(n/)
A= sy L el

pea(l) preS(l)no(1)

elements (7)) ,cq(1) € ®p€0 (Z>0vp 1+ Z>ovp2) such that (z,),ex(1) € do,
where Cy = (7 + 64|Ak]7r )/2 The equality > D,(0) = —K(0) —

> pex(1)~o(1) Dp together with the triangular inequality for | - |<1x/>2, Lemma

peEo(l)
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and gives
t= s TI et =
= D P ploo -
Hpea(l) ‘ﬁ(bpg ) pEX(1)~o(1)
Cévjr <’.’Eﬁ + ’Yﬁ’oo>aa’ﬁ_1 Oéap 1
HpGo’(l) N(2,c") %500 pEX(1)~o(1)

ag 5—1)
Gy alagz\ a1
< 0 1+ |z)loa” .
[Toeoq) M@pc"”) ( T peEH o

(~o(1)
Then ((6.14) above gives
Qo pTo 2(aqs 5—1 ag
YO B) e ()T s
Hpea(l) N(0,e77) ™

Hence, there is a positive constant C' independent of B and 9 such that for
every (z,)pes € S(B) there are at most

pEeES

ao,p

1
ChyplaB' ™7 H\ 2o
Tploo
HpGE(I)\SmDP pES

elements (xp)pez(l)\s € ®pez(1)\s(Zzovp,1+Z20Up,2) such that (l'p)pez(l) €
Op-
For every p € 9, let y, := \xp|oo/‘ﬂ(bp ?). Then

. 5 es(oe !
#50 S (200) 109"((; PES\2 o,p - )|’)/p‘oo 2‘10'p Z Hyan.p :

2(2) HpeS m(ap) aap pES
(6.16)
where the sum runs through the set of (y,),es € (Z=0)" ! that satisfy

[Mw<Bne™  J[w<B [ %0,)
peS peS pED(1)~0(1)

If Ac>(B) = 0, then §, = (). Hence, we assume that A.(B) # (. Then
N@) < B by Proposition and [] ex1)o(1) N(0p)*» < B by and
(6.11)) and the fact that a,, = 0 for all p € o(1).

If NQ) [pes1)wo(1) NOp) " < 1, by Lemma and Lemma

there is a positive constant C” independent of B and 0 such that
#5, < C"NO)IB(1 +logB)" L.

If NQ) [ ex)on) N@p)"** = 1, then the inequality (6.16) holds
with the sum running through the set of (y,),es € (Z=0)" ! that satisfy
ITv. Ilve < B [ %)
peS peS peX(1)No(1)

By Lemma and Lemma there exists a positive constant C"” inde-
pendent of B and 0 such that

#0, < C"N@)'B(1+1log B)"!
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For every p € S, let z, := |2)]oo/N(cP?). We use Lemma to
estimate |y5|o. Then

Qop 1
)

_ _ 1 1
(2C0) 1 CAmHAx[2 NEp77)2  1-pit SO 2

1—5 22D
m(EZPES( 20(0',3) p)Hpez(l)\S m(ap) pES

where the sum runs through the set of (z,),es € (Z>0)" ! that satisfy
H 2p, H sz””) < B.
peS peS

We recall that 9(2;)'/2 [Mpesys N(,)"! < 1. By [Sal98, Sublemma
11.24] there exist positive constants B’ > 1 and C””; both independent of
B and 0, such that

#0, < C"B(1+logB)"* forall B> B
Take C’ = max{C”, C///7 C”H}. -

#0s

IN

6.3.4. Lattice point counting. The next proposition compares the
cardinality of the sets A.,(B) with the volume of D¢(B) computed above.

PROPOSITION 6.14. Assume thatr > 1. Letc € C", 0 € V. Then there
are positive constants Bo and Ca, both independent of 0 and of B, such that

#Aca(B) — / deoz
D(B)

for all B > Bs.

PROOF. If M(d) > B, then #A.5(B) = 0 by Proposition[6.5 By Propo-
sition there are positive constants B’ and C’, both independent of ? and
of B, such that [, p) degz < C N©) " 'B(log B)""! for all B > B'.

Assume now that 91(2) < B. For every p € X(1), let v,1,...,v,6 €
0,¢P% that satisfy Lemma and let v,7 :=v,1. Let T :={1,...,6}>(1).

For every i € I, let l)2 = DE(B)m®p€E(1) (RZOUp,ip+RZOvp,ip+l)- Then,

deox = / deoz. 6.17
/D (5 2L > b, Je2t (6.17)

el
Recall that Aco(B) = De(B) N D ex) 0,cP». Fix i € 1. Let 4; =
A.»(B) N D;. Since Uzel D; = D¢(B), we can compute # A, (B) using the

inclusion-exclusion principle. For every 4,4’ € I, i # i, there exists p € 3(1)
and j € {i,i'} such that A; N Ay C L; ,(B), where

< CoMN@)'B(14+log B) "2 min{N(?), 1+log B}.

Ljp(B) = (Zz0vp5,11® D (Zzovp;, +Z200p.,+1)) N De(B).
pes()~{p}

Then

#Aco(B) = > #A;| <2#  max )#LM(B), (6.18)

icl,pex(1
il iel,peX(
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and

#Aco(B) — / depz #A; — / depz
Dg(B) D;

Fix i € I. We compare #A; with the volume of D; by counting the
number of translated fundamental domains

Fé = @ ([0, 1)’Up’7;p + [0, 1)Up,ip+1)
peX(1)

< 2%l max L. (B)+
- gef,pezu)# in(B) ZGZI

of P peD(1) 0,¢P% contained in D; and those that intersect the boundary
Di ={zeD;:h(z) = m(g_K)B}.
Let z be an element of
L; = @ (Zzovmp + Zzovpyip+1).
peS(1)
By Lemma
Zploo < | + Tploo < [2p +Vp4, + Vpjiptiloo
for all p € (1) and all 2’ € F. Let ; := (vpi, + Vpi,+1)pex(1). Then
h(z) < h(z+2') < h(z+v) (6.19)
for all 2/ € F;. Hence, z + F; intersects [?1 if and only if
h(z) < N(F)B < hiz + 7).
Let
I :={x € Aj:x+ F; C D;},
Si(B) :={z € A; : h(z + ) > N(c *)B}.
Then #A; = #1; + #5:(B) and [}, deoz > #1;.
Write [p, deaz = [, D) depz + [ DD depz with

D) :=D;n{z € CV : |zy|00 > N(0,cP7), Vp € X(1)}.

Then

/ deot < / deot < (27| A V2N
DisDp {2ECN Jap|oo <M(2pcPP), VpEX(1)}

| dar<#laeli @t B)ND A0}
D -

Let z € L; such that (z + F;) N D} # 0. Then h(z) < N(c *)B by
(6.19). If = ¢ A;, then there exists p € ¥(1) such that z; = 0. Let z € L; be
defined by z, := v, 41 for all p € 3(1). Then [z,]o0 < 167 2| A% N(2,c77)
for all p € ¥(1) by Lemma [6.10, Let y € (z + F;) N D;. For all p € ¥(1),
then |2,/00 < yploe by Lemma [6.11) and [y,]ec > MN(0,¢77) since y € Dj.
Hence '

|Zp + 2ploo < 2(|Zploo + [2plo0) < 2(|Yploo + 167r_2|Ak| m(prDP)) <

< 2(1+ 167 | Ak])|Yploo
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Then z+z € L; ;(CB), where C := (2(1+167 2| Ay |)) " o Zmas 2pes(n) Yop
and

/ depz < #A; + Z #Lz',p(CB)-
D

/
i peX(1)

For every p € 3(1) and every z € L; ,(B) there exists an integer m > 0
such that z +muv,;, € S;(B). Hence, #L; ,(B) < #5;(B).
Thus,

/ deott < #1, 1 x| Ad V2N 1 #S,(B) + N#5,(CB),
D;
and

#A; — / depz
D;

and

#ALQ(B) - /Dc(B) dg,g&
< #I2m| A7) 4+ (2# + #I(N +2)) max{#5;(B), #5,(CB)}-

< 2D 72N + (N + 2) max{#S;(B), #S:(CB)},

<

It remains to estimate max;cr{#S5;(B), #S;(CB)}. Let i € I. For every
z € Si(B), there exists v € @ ex1){0,vpi, + vp,i,+1} and p € E(1) such
that &+ € 0cp,5(Fi; B). Hence, #5;(B) < 2V 3551y #0c0,5(Fi; B).

By Proposition there exist constants B” > 1 and C” > 7V, both
independent of ? and B, such that

#0c0,5(Fis B) < C"N@) "' B(1 4 log B)"~? min{MN(2), 1 + log B}
for all B> B”  all p€ X(1) and all i € I. Since C' > 1,
max{#5;(B), #5,(CB)} <
< N2NC"90(2)"1CB(1 + log(CB))" "2 min{M(d), 1 + log(CB)}
for all B > B”. Take By := max{B’, B"} and
Cy := max{C’, (2% + #I(N +2))N2NT1C"C(1 +logC)"}. O

ProOOF OF THEOREM [6.1] For r = 1 see [Sch79]. For r > 1, Proposi-
tion [6.6] gives

1
Nr o k(B) = o Z #C(B).
k ceCcr

Let Cy and By be the constants in Proposition [6.14 For all B > B»

Proposition , Proposition and Proposition and
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give
#CuB) x| depsl < 3 @) [#4(B) — [ deas| <
De(B) Rt De(B)
< CyB(1 +log B)" 2 > u@)|+(1+lgB) Y )]
B - ()
ez ez
N(2)<1+log B MN(@)>1+log B
= O(B(1 + log B)"~2+1/f+=)
for all € > 0. Apply Proposition with 0 = o. O

6.4. Compatibility with Peyre’s conjecture

We conclude this chapter by showing that the leading constant Cx g
in Theorem satisfies Peyre’s conjecture [Pey95, Conjecture 2.3.1].

We denote by Ay the ring of adeles of k. Let X(Ay)? be the inverse
image of 0 under the map

X(Ay,) — Homz(HZ(X, G)/H(k, Gpn), Q/Z)
in [Sal98, Proposition 6.7], and let X (k) be the closure of the diagonal
embedding of X (k) in X(Ag). Since X satisfies weak approximation by
[SkoO01), Theorem 5.1.2], the two inclusions

X(k) C X(Ar)° C X(Ay)

are equalities. We recall that since X is split there is just one class of
universal torsors over X. By [Sal98| Remarks 6.13, 7.8], Peyre’s conjecture
for X coincides then with [Sal98, Conjectures 7.12]:

Cx.mrp = a(X)7T(X, |l[Ix), (6.20)

where «(X) is the constant defined in [Pey95| §2] (cf. [Sal98| §7]), and
by [Sal98| Theorem 6.19], 7(X, ||||x) is the Tamagawa number defined in
[Sal98, Definition 6.18] associated to the class of the universal torsor = :
Y — X and to the adelic norm ||||x for X that defines H (cf. [Sal98|
(10.4))).

We recall that €2y denotes the set of finite places of k. For all v € €y,
let @, be the ring of integers of k,,. Since the model % — 2 is defined over
O}, [Sal98|, Proposition 9.14(a)] and [Sal98, Proposition 5.20(c)]EI give the
following expression for 7(X, ||||x)

6 (Ths(An)/Tws(k)moo(Xoo(AR) N 7(Y (©)) ] n(#(60)),
veQdy

Lef. [Sal98, (5.21)].
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where Tvg = G, is the Neron Severi torus of X, that is, the torus dual to

the geometric Picard group of X; Thg(Ay) is the kernel of the homomor-
phism

Tis(Ar) — Hom(Pic(X),R) 2R, (wi)1<i<r = [log [] lwiwly
veEQs Ve, \<icr
(6.21)
(cf. [Sal98, (5.18)]); @' is the Haar measure on T o(Ay)/Tns(k) induced
by the Haar measure O, on Tng(Ag) under the bijection established in
[Sal98, p. 167], where O is determined by the adelic order norm in [Sal98|
Remarks 5.9(b)] and by the convergence factors oo = 1, B, = L, (1,Tns)
for v € Qy defined in the proof of [Sal98, Lemma 5.16]; mq is the Borel
measure on X (C) defined by the adelic norm ||| x; Xoo(Ag)? is the compact
open subset of X (C) such that X (A)? = X (Ay)? x Hueﬂf Z(0,), where
X (A)? is defined in [Sal98|, Notation 6.8]; n,, is the Borel measure on Y (k)
defined by the v-adic norm ||| x_y of [Sal98l Theorem 5.17].
We are ready to show that the constant in Theorem satisfies
(6.20).

PROPOSITION 6.15. With the notation above

(i) O (Ths(Ay)/Tns(k)) = (2rhjwyt);
(ii) moo(Xoo(Ak)O Nm(Y(C))) = (27r)N—"#EmaI;

(iii)  Tlyea, no(Z(6,)) = x|AN2.

PrOOF. We first prove According to [Sal98, p. 167|, T'(k) is en-
dowed with the counting measure, and T s(Ag)/Th¢(Ag) is endowed with
the Haar measure pullback of the usual Lebesgue measure on R” under the
isomorphism induced by (6.21). By [Sal98, 3.28-3.30] and [Sal98|, Theorem
4.14],

O = H /BVWV
veQ
where w,, are the local Haar measures on T g(k,) canonically induced by an
invariant differential form of degree r on Ty g as in [Wei82l, §2.2] (cf. the lines
before Theorem 4.14 in [Sal98]). By [Sal98, Lemma 5.16] the convergence
factors B, coincide with the canonical correcting factors for T g defined in
[Ono61, §3.3]. Then,

0 (Ths(Ar)/Tns (k) = c(Ou; Tvs) = | Ak >y (Tws; k/k)

by [Ono61, (3.2.1)], where c(@oo;f]v\g) and v(Tng; k/k) are the numbers
defined in [Ono61), §3.2] and [Ono61), §3.5] respectively. We recall that
Ins = Gy, . 1s a split torus. Therefore, denoting by (i the Dedekind zeta
function of k,

(T k) = /(G k/K) = (Tim(s = 1)Ge(s)) = (1Ae ™/ 22mhpn )’
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by [Ono61], Proposition 3.5.1, Theorem 3.5.1] and [Wei67, Corollary to
Theorem VII.6.3].

To prove we recall that X(A)? = X(Ay), and that X(Ay) =
X(C)x Hz/eﬂf 2 (0,) as X is proper. Hence, X (A)? = X(C). Moreover,
7(Y(C)) = X(C) by [CTS87, (2.7.2)], and muo(X(C)) = 27)N " #X 0z
by [Sal98| Proposition 9.16].

We now prove Let v € Q1 and denote by p the corresponding prime
ideal of ). By [Sal98| Corollary 2.15, Proposition 9.14],

N
n(P(6,)) = #@@Fp)( ;fp”))

where pu, is the Haar measure on the additive locally compact group k,
normalized such that p,(0,)u,(OFP) = 1. Here €7 is the inverse different
of U,.

For z € FY, let 20y := (2} Oy, ..., xyOr) where (2,...,27) € OF
is a representative of the class z € (€y/p)"¥. Then, with the notation of
Subsection [6.2.1

# (F) = D xX(@Oiy) = D D n@xa(z6) Zu > xalz6)

zeFY zeFY 2P zeF)

Since p((p®),pex(1)) = 0 for all N-tuples of non-negative integers (e,),ex(1)
such that e, > 2 for some p € ¥(1), we can replace »_, , by the sum Z'g
running through the set of 3 = (p*) 5 (1) with e, € {0,1} for all p € X(1).

Let i € {1,...,N}. If 9; = O}, then d; | 2,0}, for all z € Fév. Ifo; = p,
then 9; | 2;0}, if and only if ; = 0 in F,. Hence, given 3 = (p) 51y with
e, €{0,1},

37 Xo(aOi) = #FFFI ™) = yFN )L,

N
QGFP

Then,
nl/(g(ﬁl/)> = /’Ll/(ﬁl/)N Z ‘Jlﬁ(((aa))
o,p -

Moreover, Hueﬂf w(0,) = |Ak]_1/2 because of the normalization of the

measures /i, and £ = [, Do 5 » m by 0
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