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Abstract

This thesis explores some questions regarding the combinatorial structure of cluster alge-
bras and cluster categories, with a strong focus on cluster algebras and cluster categories
of infinite rank.

Recently, cluster algebras of infinite rank have received more and more attention.
We formalize the way in which one can think about cluster algebras of infinite rank by
showing that every rooted cluster algebra of infinite rank can be written as a colimit of
rooted cluster algebras of finite rank. Relying on the proof of the positivity conjecture for
skew-symmetric cluster algebras of finite rank by Lee and Schiffler, it follows as a direct
consequence that the positivity conjecture holds for skew-symmetric cluster algebras of
infinite rank.

The framework for our colimit construction is the category of rooted cluster algebras
introduced by Assem, Dupont and Schiffler. We further investigate this category and
give a sufficient and necessary condition for a ring homomorphism between cluster alge-
bras to give rise to a rooted cluster morphism without specializations. Assem, Dupont
and Schiffler proposed the problem of a classification of ideal rooted cluster morphisms.
We provide a partial solution by showing that every rooted cluster morphism without
specializations is ideal, but in general rooted cluster morphisms are not ideal.

We further investigate the combinatorial structure of cluster categories of infinite
rank by studying mutation of torsion pairs in the important example of discrete cluster
categories of Dynkin type A, which are cluster categories of infinite rank studied by Igusa
and Todorov. Work in progress by Holm and Jgrgensen combinatorially classifies torsion
pairs in discrete cluster categories of Dynkin type A. Relying on this classification, we
provide a complete combinatorial model for mutation of torsion pairs in these categories.

Torsion pairs in cluster categories of finite Dynkin type D have been classified by Holm,
Jorgensen and Rubey. We combinatorially describe mutations of torsion pairs in these
cluster categories. The situation displays less symmetry than in Dynkin type A, providing

additional challenges, but nevertheless allows for a nice combinatorial description.






Zusammenfassung

Die vorliegende Arbeit befasst sich mit Fragen zur kombinatorischen Struktur von Clus-
ter-Algebren und Cluster-Kategorien, mit einem Fokus auf Cluster-Algebren und Cluster-
Kategorien von unendlichem Rang.

In den letzten Jahren wurde Cluster-Algebren von unendlichem Rang mehr und mehr
Beachtung geschenkt. Wir zeigen, dass jede Cluster-Algebra von unendlichem Rang
als Colimes von Cluster-Algebren endlichen Ranges geschrieben werden kann. Eine
wichtige Konsequenz dieses Resultats erlaubt uns den Beweis der Positivitatsvermutung
fiir schiefsymmetrische Cluster-Algebren von unendlichem Rang. Die Positivitdtsvermu-
tung war eine lange offenstehende Vermutung in der Cluster-Theorie, die erst kiirzlich
von Lee und Schiffler fiir schiefsymmetrische Cluster-Algebren von endlichem Rang be-
wiesen wurde. Der Rahmen fiir unsere Colimeskonstruktion ist die von Assem, Dupont
und Schiffler eingefiihrte Kategorie von verwurzelten Cluster-Algebren. Wir befassen
uns weiter mit dieser Kategorie und geben eine hinreichende und notwendige Bedingung,
wann ein Ring-Homomorphismus zwischen Cluster-Algebren einen verwurzelten Cluster-
Morphismus ohne Spezialisierungen induziert. Ausserdem geben wir eine Teilantwort
auf die Frage von Assem, Dupont und Schiffler, welche verwurzelten Cluster-Morphismen
ideal sind. Anders als von ihnen vermutet, ist nicht jeder verwurzelte Cluster-Morphismus
ideal und wir présentieren ein Gegenbeispiel. Wir zeigen ausserdem, dass jeder ver-
wurzelte Cluster-Morphismus ohne Spezialisierungen ideal ist.

Des Weiteren untersuchen wir die kombinatorische Struktur von Cluster-Kategorien
von unendlichem Rang, indem wir Mutationen von Torsionspaaren im wichtigen Beispiel
von diskreten Cluster-Kategorien von Dynkin-Typ A untersuchen. Dies sind von Igusa
und Todorov untersuchte Cluster-Kategorien von unendlichem Rang. Laufende Studien
von Holm und Jgrgensen klassifizieren Torsionspaare in diskreten Cluster-Kategorien von
Dynkin-Typ A durch einen kombinatorischen Zugang. Wir nutzen diese Klassifizierung,
um ein vollstdndiges kombinatorisches Modell fiir Mutationen von Torsionspaaren in
diskreten Cluster-Kategorien von Dynkin-Typ A zu geben.

Torsionspaare in den Cluster-Kategorien von endlichem Dynkin-Typ D wurden von
Holm, Jgrgensen und Rubey klassifiziert. Wir beschreiben Mutationen von Torsions-
paaren in diesen Cluster-Kategorien. Die Situation weist weniger Symmetrie auf als in
Dynkin-Typ A, was uns vor neue Herausforderungen stellt. Dennoch ist eine kombina-

torisch klare Interpretation der Mutationen moglich.






Acknowledgements

My thanks go to my supervisor Thorsten Holm for being a guide through the past three
years, providing constant mathematical and mental support. I am deeply grateful to
Karin Baur, without whom I would not be where I am now.

I would like to thank all of the other people who have enriched my research through
fantastic discussions and much-appreciated advice. These are in particular David Pauk-
sztello, David Ploog, Adam-Christiaan van Roosmalen and Jan Grabowski. It would be
careless to omit Greg Stevenson from this list, yet my thanks to him go far beyond that.

My thanks go to my family, who, coming from completely different professional back-
grounds, would rarely tire to ask me what I was working on at the moment. My special
thanks go to my mother for supporting me in every imaginable way. My sanity is owed
to Latek, who does not care about mathematics or workflow or deadlines and who knows

that, more often than not, the solution lies in a nice, long walk.

This work has been carried out in the framework of the research priority programme
SPP 1388 Darstellungstheorie of the Deutsche Forschungsgemeinschaft (DFG) and 1
gratefully acknowledge financial support through the grant HO 1880/5-1.



Keywords: Cluster algebras of infinite rank, cluster categories, mutation of torsion pairs
in triangulated categories
Schlagworte: Cluster-Algebren von unendlichem Rang, Cluster-Kategorien, Mutation

von Torsionspaaren in triangulierten Kategorien



Contents

1 Introduction 11
2 Cluster algebras of infinite rank as colimits 15
2.1 Introduction . . . . . . . ... 15
2.2 Rooted cluster algebras . . . . . . . ... oo 16
221 Seeds. . . . . .. 16
2.2.2 Mutation . . . ... 21
2.2.3 Rooted cluster algebras . . . . . .. ... ... 23
2.3 Rooted cluster morphisms and the category of rooted cluster algebras . . 26
2.3.1 Rooted cluster morphisms . . . . . ... ... ... ... ..... 27
2.3.2 Ideal rooted cluster morphisms . . . . . .. .. .. ... .. ... 30
2.3.3 The category of rooted cluster algebras . . . . . . ... ... ... 32
2.3.4 Coproducts and connectedness of seeds . . . . . . ... ... ... 33
2.3.5 Isomorphisms of rooted cluster algebras . . . . . . . .. ... ... 37
2.3.6  Rooted cluster morphisms without specializations . . . . . . . .. 40

2.4 Rooted cluster algebras of infinite rank as colimits of rooted cluster alge-

bras of finite rank . . . . .. ..o 51
2.4.1 Colimits and limits in Clus . . . . . . . .. .. ... ... .... o1
2.4.2 Rooted cluster algebras of infinite rank as colimits . . . . . . . .. 53
2.4.3 Positivity for cluster algebras of infinite rank . . . . . . . .. . .. D7

2.4.4 Rooted cluster algebras from infinite triangulations of the closed disc 58

3 Cluster categories 61
3.1 Introduction . . . . . . . . ... 61
3.2 Cluster categories as a categorification of cluster algebras . . . . . . . .. 62

3.2.1 Cluster categories . . . . . . . . . . ... 62
3.2.2  Cluster categories and cluster algebras . . . . . . ... ... ... 65
3.2.3 Cluster structures . . . . . . . . ... L 68
3.3 Cluster categories of infinite rank . . . . . . . ... ... ... ... .. 69
3.3.1 A cluster category of infinite Dynkin type A . . . . . . .. .. .. 70
3.3.2 Discrete and continuous cluster categories of Dynkin type A . . . 71

9



10

CONTENTS

4 Mutation of torsion pairs

4.1
4.2

4.3

4.4

Introduction . . . . . .. ..
Torsion pairs and mutation in triangulated categories . . . . . . . . . ..
4.2.1 Torsion pairs in triangulated categories . . . . . . . . .. ... ..
4.2.2 Mutation in triangulated categories . . . . . .. . .. .. ... ..
Torsion pairs and their mutation in discrete cluster categories of Dynkin
type A . o
4.3.1 Torsion pairs in discrete cluster categories of Dynkin type A
4.3.2 Mutation of torsion pairs in discrete cluster categories of Dynkin
type A . .
Torsion pairs and their mutation in cluster categories of finite Dynkin type

4.4.1 Cluster categories of finite Dynkin type D: a combinatorial model
4.4.2 Torsion pairs in cluster categories of finite Dynkin type D
4.4.3 Non-crossing diagrams of Dynkin type D and mutation . . . . . .

4.4.4 Mutation of torsion pairs in cluster categories of finite Dynkin type

5 Bibliography

Appendices

A Wissenschaftlicher Werdegang

86
87

90

95
96
99
100



Chapter 1
Introduction

Cluster algebras were introduced by Fomin and Zelevinsky [FZ1] at the beginning of
this millennium, motivated by the study of total positivity and dual canonical bases in
Lie theory. They have grown increasingly popular over the past decade and enjoy the
attention of an active research community; not least because they are of interest in a
vast variety of mathematical fields, reaching far beyond their original ties with combina-
torial algebra. Despite their young age, deep connections between cluster algebras and
diverse areas of mathematics such as Teichmiiller theory, Poisson geometry, mathematical
physics, integrable systems and the representation theory of finite dimensional algebras
have emerged. A collection of interesting problems and open conjectures concerning clus-
ter algebras — made even more beautiful by virtue of being easy to state yet hard to prove
—more than justify the standing of cluster theory as a mathematical field in its own right.
A nice example is the positivity conjecture, which — having been conjectured by Fomin
and Zelevinsky in [FZ1] — persisted as an open problem for more than ten years until
being solved very recently for skew-symmetric cluster algebras of finite rank by Lee and
Schiffler [LS].

Put briefly, cluster algebras are commutative rings with a combinatorial structure.
Classically, to give a presentation of an algebra, one specifies a set of generators and
defining relations. The fundamental idea of a cluster algebra is different: We start with
a so-called initial seed X, consisting of a distinguished subset of generators X called a
cluster, which is simply a set of indeterminates over Q, and a combinatorial rule, encoded
in a skew-symmetrizable locally finite integer matrix B. Inductively, by a process called
mutation, we obtain a family of seeds from this initial seed, each new seed consisting again
of a cluster and a skew-symmetrizable matrix. All clusters are of the same cardinality,
and the union of their elements, which are called cluster variables, generate the cluster
algebra associated to the seed Y. The initial seed ¥ is by no means unique — every other
seed which we obtain from X by mutation gives rise to the same cluster algebra.

This thesis is concerned with several topics in the intersection of combinatorics, alge-
bra, and category theory that fall into the framework of cluster algebras and categories.

The main theme of the work is the study of infinite clusters in various guises. What fol-

11



12 CHAPTER 1. INTRODUCTION

lows serves as both a gentle introduction to and rough outline of the results we present,
beginning with the category of rooted cluster algebras, passing via cluster categories, and
ending with mutation of torsion pairs in discrete cluster categories of Dynkin type A and
in cluster categories of finite Dynkin type D.

(Classically, clusters are finite. However, the theory can be extended naturally to
allow infinite clusters, giving rise to cluster algebras of infinite rank. While most of the
research on cluster algebras in the past decade has focused on cluster algebras of finite
rank, recently an interest in cluster algebras of infinite rank has arisen, appearing for
example in work by Hernandez and Leclerc [HL] as well as in joint work with Grabowski
[GG]. Cluster algebras of infinite rank are the main focus of our studies in Chapter
2. We formalize the way in which one can think about cluster algebras of infinite rank
by showing that we can consider them as colimits of cluster algebras of finite rank.
The context for these considerations is the category Clus of rooted cluster algebras,
introduced by Assem, Dupont and Schiffler [ADS]. Rooted cluster algebras are pointed
versions of cluster algebras, that is we fix an initial seed. This allows for a rigorous
definition of what it means for a ring homomorphism between rooted cluster algebras
to commute with mutation — which is exactly what we want for a natural map between
cluster algebras. This idea gives rise to the concept of rooted cluster morphisms, which
provide the morphisms in the category Clus, while rooted cluster algebras are the objects.

The main result Theorem 2.4.7 of Chapter 2 can be stated as follows.

Theorem. Fvery rooted cluster algebra of infinite rank is isomorphic to a colimit of

rooted cluster algebras of finite rank.

This theorem provides useful insights into the nature of cluster algebras of infinite rank
and we expect it to facilitate the generalization of a range of properties for cluster algebras
of finite rank to cluster algebras of infinite rank. Notably, the positivity conjecture, which
was proved by Lee and Schiffler [LS] for skew-symmetric cluster algebras of finite rank,
holds for skew-symmetric cluster algebras of infinite rank as a consequence of Theorem
2.4.7. This is shown in Theorem 2.4.10.

On the way to our main result, we encounter and solve a few problems concerning
rooted cluster morphisms, including the question from [ADS] asking whether or not every
rooted cluster morphism is ideal — the answer is no in general as we show in Theorem
2.3.16, but yes for the important class of rooted cluster morphisms without specializations
(see Proposition 2.3.33).

The second part of this thesis concerns cluster categories. Various classical problems
for cluster algebras profited from the categorical approach to cluster theory provided by
Buan, Marsh, Reineke, Reiten and Todorov [BMRRT] with the introduction of cluster
categories and an alternative approach to categorification via preprojective algebras by
Geiss, Leclerc and Schroer (see [GLS] for a comprehensive overview). Chapter 3 provides a

short overview of the theory of cluster categories. The basic idea is that all combinatorial
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aspects of cluster algebras find a translation into cluster categories: There will be a
categorical analogue of clusters, of cluster variables and of mutation. Like many aspects
of cluster algebras, the research on the infinite case is strongly promoted by the study
of their categorical counterparts and in recent years, the work on cluster categories of
infinite rank by Holm and Jgrgensen [HJ] as well as Igusa and Todorov (for example
[IT1], [IT2] and [IT3]) has provided meaningful insights into the combinatorial structure
of infinite versions of cluster categories of Dynkin type A. These cluster categories form
the content of Section 3.3, where we first consider the cluster category of infinite Dynkin
type Ay in Section 3.3.1 studied by Holm and Jgrgensen and later its generalization due
to Igusa and Todorov via discrete cluster categories of Dynkin type A in Section 3.3.2.
Very roughly speaking, discrete cluster categories of Dynkin type A have a combinatorial
interpretation via arcs in the closed disc with discrete sets of endpoints on its boundary.
Indecomposable objects of the discrete cluster category C(Z) associated to the subset
Z C S! correspond to arcs with endpoints in Z and its subcategories correspond to sets
of such arcs.

The combinatorial structure on discrete cluster categories of Dynkin type A not only
allows for a canonical generalization of the cluster structures from finite Dynkin type A,
it also enables further combinatorial generalizations. In particular, work in progress by
Holm and Jgrgensen combinatorially classifies torsion pairs in discrete cluster categories
of Dynkin type A, generalizing the classification of torsion pairs in the cluster category
of infinite Dynkin type A by Ng [Ng] and in cluster categories of finite Dynkin type A
by Holm, Jgrgensen and Rubey [HJR1]. Holm and Jgrgensen show that torsion pairs in
the discrete cluster category C(Z) associated to Z C S are in one-to-one correspondence
with certain sets of arcs with endpoints in Z, which we call Ptolemy diagrams of Z.
Torsion pairs in triangulated categories were introduced by Iyama and Yoshino [IY],
providing a triangulated version of torsion pairs in abelian categories due to Dickson
[D]. In the same paper [IY], Iyama and Yoshino introduced mutation in triangulated
categories, providing a generalization of the categorical version of mutation of clusters.
Zhou and Zhu [ZZ2] have shown that in nice enough circumstances, mutation of a torsion
pair in a triangulated category T gives rise to another torsion pair in 7" . Chapter 4 is
devoted to the study of torsion pairs in triangulated categories and their mutations. In
Section 4.3, we present a combinatorial model for mutation of torsion pairs in discrete
cluster categories of Dynkin type A via mutation of the corresponding Ptolemy diagrams.
The main result of Section 4.3 can be loosely stated as follows — the precise statement is

given in Theorem 4.3.10.

Theorem. Mutation of a torsion pair in the discrete cluster category C(Z) corresponds

to mutation of the associated Ptolemy diagram of Z.

This generalizes results by Zhou and Zhu [ZZ2], who combinatorially described mu-
tation of torsion pairs in the cluster categories of finite Dynkin type A and of infinite

Dynkin type A..
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The combinatorial model for discrete Dynkin type A is very nice, as it is quite sym-
metric. It gets more complicated once we move on to Dynkin type D: Using the com-
binatorial model for finite Dynkin type D introduced by Fomin and Zelevinsky [FZ3],
Holm, Jgrgensen and Rubey [HJR2] classified torsion pairs in cluster categories of finite
Dynkin type D. Some of the symmetry of the Dynkin type A case gets lost, since we have
to deal with the exceptional vertices of Dynkin diagrams of type D. However, inspired
by the approach for Dynkin type A, a clean combinatorial classification of torsion pairs
in the cluster category of Dynkin type D,, for n > 4 via so-called Ptolemy diagrams of
Dynkin type D, is possible. In Section 4.4 we use this classification to describe mutation
of torsion pairs in cluster categories of finite Dynkin type D combinatorially. The main

result of this section, Theorem 4.4.21, can be loosely stated as follows.

Theorem. Mutation of a torsion pair in the cluster category of Dynkin type D, corre-

sponds to mutation of the associated Ptolemy diagram of Dynkin type D,,.

This thesis is organized as follows. Chapter 2 is concerned with the study of the
category of rooted cluster algebras. In Section 2.2 we review the most important defini-
tions along with explanations and examples. In Section 2.3 we present the category of
rooted cluster algebras as introduced by Assem, Dupont and Schiffler [ADS]. We prove
helpful new facts about the morphisms in this category, which are called rooted cluster
morphisms. In particular, we answer an open question from [ADS] by showing that not
every rooted cluster morphism is ideal in Section 2.3.2 and we give a complete character-
ization of rooted cluster morphisms without specializations in Section 2.3.6. Section 2.4
deals with colimits in the category of rooted cluster algebras and contains our main result
Theorem 2.4.7 stating that every rooted cluster algebra can be written as a colimit of
rooted cluster algebras of finite rank. Section 2.4.3 presents, as an important application
of our main result, the generalization of Lee and Schiffler’s [LS] solution to the positivity
conjecture for skew-symmetric cluster algebras of finite rank to skew-symmetric cluster
algebras of infinite rank.

In Chapter 3 we review cluster categories. Section 3.2 presents an overview of the
most relevant features of cluster categories to the results in this thesis. We explain how
the combinatorial structures of cluster categories and cluster algebras are linked. In line
with our interest in cluster algebras of infinite rank we dedicate Section 3.3 to the work
on cluster categories of infinite rank as studied by Holm and Jgrgensen [HJ] and Igusa
and Todorov ([IT1] and [IT3]).

Mutation of torsion pairs in triangulated categories forms the content of Chapter 4.
Section 4.2 presents an overview of the concepts of torsion pairs and mutation in triangu-
lated categories and we see how they relate to cluster structures on cluster categories. In
Section 4.3 we present a combinatorial model for the mutation of torsion pairs in discrete
cluster categories of Dynkin type A and in Section 4.4 we present a combinatorial model

for the mutation of torsion pairs in cluster categories of finite Dynkin type D.



Chapter 2

Cluster algebras of infinite rank as

colimits

2.1 Introduction

This chapter is concerned with cluster algebras, with the aim of presenting a better
understanding of cluster algebras of infinite rank. In general, when passing from finite to
infinite cardinality, it is natural to consider limits or colimits in an appropriate category.
The optimal framework for our purposes is given by the category Clus of rooted cluster
algebras, which was introduced by Assem, Dupont and Schiffler [ADS]. The objects of
Clus are what can be thought of as pointed versions of cluster algebras; they are pairs
consisting of a cluster algebra and a fixed initial seed. Fixing a distinguished initial
seed allows for the definition of natural maps between cluster algebras, so-called rooted
cluster morphisms, which are ring homomorphisms commuting with mutation and which
provide the morphisms for the category Clus. We review the most important definitions

in Section 2.2.

The category Clus of rooted cluster algebras and its morphisms are very new concepts,
only having been introduced in Assem, Dupont and Schiffler’s paper [ADS] from 2014.
In Section 2.3 we devote some space to the study of rooted cluster morphisms and show
a few useful properties. In particular we answer an open question on ideal rooted cluster
morphisms. A rooted cluster morphism is ideal, if its image coincides with the rooted
cluster algebra generated by the image of the initial seed. Assem, Dupont and Schiffler
ask in [ADS, Problem 2.12] for a characterization of ideal rooted cluster morphisms.
We answer part of this question by showing that not every rooted cluster morphism is
necessarily ideal in Theorem 2.3.16. The counterexample we provide is a rooted cluster
morphism with specializations, that is, some cluster variables get sent to integers. Rooted
cluster morphisms without specializations are more nicely behaved and we characterize
them by a necessary and sufficient combinatorial condition. As a result we show that

every rooted cluster morphism without specializations is ideal (see Proposition 2.3.33).

15
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In Section 2.4 we proceed to study colimits in the category Clus. We show that the
category Clus is neither complete nor cocomplete, that is, limits and colimits do not in
general exist. However, it has sufficient colimits to express any cluster algebra of infinite
rank as a colimit of cluster algebras of finite rank, as we show in our main result (see
Theorem 2.4.7).

Theorem. FEvery rooted cluster algebra of infinite rank can be written as a colimit of

rooted cluster algebras of finite rank in the category Clus.

We expect this statement to be a useful tool in extending results that are known
for (certain) cluster algebras of finite rank to cluster algebras of infinite rank. As an
important application, we show in Theorem 2.4.10 that the positivity conjecture, as
shown by Lee and Schiffler in [LS] for skew-symmetric cluster algebras of finite rank,
holds for skew-symmetric cluster algebras of infinite rank.

Important sources of (rooted) cluster algebras are triangulations of marked surfaces,
as studied for triangulations of surfaces with finitely many marked points by Fomin,
Shapiro and Thurston [FST]. An important inspiration for our work on cluster algebras
of infinite rank stems from recent work on cluster categories of infinite rank as carried
out by Holm and Jgrgensen in [HJ] and by Igusa and Todorov in [IT1] and [IT3], which
uses countable triangulations of the closed disc with infinitely many marked points as a
combinatorial model. (Serving as a purely motivational concept here, we will talk about
cluster categories in more detail in Chapter 3.) Section 2.4.4 is concerned with cluster
algebras associated to countable triangulations of the closed disc, providing an algebraic
interpretation of these cluster categories. It is a direct consequence of our main result,
Theorem 2.4.7, that every rooted cluster algebra arising from a countable triangulation
of the closed disc can be written as a colimit of finite rooted cluster algebras. We show
that all the finite rooted cluster algebras occurring in this colimit can be taken to be of

finite Dynkin type A.

2.2 Rooted cluster algebras

Cluster algebras have been introduced by Fomin and Zelevinsky [FZ1]. Throughout this
thesis we work with cluster algebras of geometric type and in this chapter we consider
their rooted versions, which we obtain by fixing an initial seed. Rooted cluster algebras

are the objects in the category Clus we want to work in, and which was introduced by
Assem, Dupont and Schiffler [ADS].

2.2.1 Seeds

All the information we need to construct a (rooted) cluster algebra is contained in a

so-called seed. Along with a distinguished subset of generators for our cluster algebra, it
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contains a rule that describes how a prescribed set of generators and the relations between
them can be obtained. This rule can be encoded in a skew-symmetrizable integer matrix.
A skew-symmetrizable integer matriz is a square integer matrix B such that there exists

a diagonal matrix D with positive integer entries and a skew-symmetric integer matrix
S with S = DB.

Definition 2.2.1 ([FZ2, Section 1.2]). A seed is a triple ¥ = (X, ex, B), where

e X is a countable set of indeterminates over Z, i.e. the field Fy, = Q(z | x € X) of
rational functions in X is a purely transcendental field extension of Q. The set X
is called the cluster of X.

e ex C X is a subset of the cluster. The elements of ex are called the exchangeable
variables of 3. The elements X \ ex are called the coefficients of 3.

o B = (byw)ywex is a skew-symmetrizable integer matrix with rows and columns
labelled by X, which is locally finite, i.e. for every v € X there are only finitely
many non-zero entries b,,, and b,,. The matrix B is called the exchange matriz of
2.

The field Fx, = Q(z | z € X) is called the ambient field of the seed 3. Two seeds ¥ =
(X, ex, B = (byw)vwex) and X' = (X', ex’, B' = (b],),.wex’) are called isomorphic, and we
write ¥ = ¥, if there exists a bijection f: X — X’ inducing a bijection f: ex — ex’ such

that for all v, w € X we have b,,, = b’f(v)f(w).

Remark 2.2.2. The assumption of countability of the cluster X in a seed is not necessary
for any of our results to hold (up to a minor change in Theorem 2.4.7, cf. Remark 2.4.9).
However, as we will see in Remark 2.3.22, from a combinatorial viewpoint one does not
observe any new phenomena by considering uncountable seeds. Where appropriate, we

will include a short remark clarifying the situation for uncountable clusters.

Often when giving examples it is more intuitive to think of the combinatorics of a
seed as encoded in a quiver instead of in a matrix. This is possible if the exchange matrix

is skew-symmetric.

Remark 2.2.3. If the exchange matrix B of the seed ¥ = (X, ex, B) is skew-symmetric,
we can express it via a quiver Qg. The vertices of Qg are labelled by elements in the
cluster X and there are b,,, arrows from v to w whenever b,, > 0. The quiver ()p is
locally finite, i.e. there are only finitely many arrows incident with every vertex. For a
seed whose exchange matrix is skew-symmetric by abuse of notation we will often write
Y = (X, ex,Qp) for the seed ¥ = (X, ex, B).

Conversely, to any locally finite quiver without loops or 2-cycles we can associate a

locally finite skew-symmetric matrix, with rows and columns labelled by the vertices and



18 CHAPTER 2. CLUSTER ALGEBRAS OF INFINITE RANK AS COLIMITS

with entries

#{arrows from i to j}, if there are arrows from i to j
bij = { —#{arrows from j to i}, if there are arrows from j to i

0, otherwise.

Thus we can use locally finite skew-symmetric matrices and locally finite quivers inter-

changeably.

To any seed ¥ = (X,ex,B) we can naturally associate its opposite seed P =
(X,ex, —B), by reversing all signs in the exchange matrix B. If B is skew-symmetric,
this corresponds to reversing all arrows in the associated quiver ()p which gives rise to

the opposite quiver Q% .

Notation 2.2.4. From now on, when we consider a seed with a skew-symmetric exchange

matrix pictured as a quiver, we will mark vertices associated to coefficients with squares.

Example 2.2.5. Consider the seed

0 1 0 0
-1 0 -1 =2
Y= ({x1, 29,23, 24}, {1, 29}, :
(ERENENEN N ) I
2 0 0

Its exchange matrix is skew-symmetric, and we can express it via a quiver:
S = ({1, w2, 03,24}, {1, 22}, 1 = F2 H ),

Its opposite seed is given by
YP = ({xy, x9, w3, x4}, {x1, 22}, T1 < T2 )

An important source of seeds is provided by triangulations of surfaces with (possibly
infinitely many) marked points. Throughout this chapter we will follow the example of
countable triangulations of the closed disc with marked points on the boundary. This
provides a connection to the work of Holm and Jorgensen [HJ] and Igusa and Todorov
([IT3, Section 2.4] and [IT1]), covering cluster categories of countable rank which have
combinatorial models via triangulations of the closed disc. In this chapter, cluster cat-
egories do not appear, except for the aforementioned motivational purpose and we will
provide an overview of cluster categories later in Chapter 3 with a short introduction
to the cluster categories of infinite rank studied by Holm and Jgrgensen and Igusa and
Todorov in Sections 3.3.1 and 3.3.2.
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Let us start by defining what we mean by a triangulation of the closed disc Dy. We
cover the boundary 0D, = S* of the closed disc by R in the usual way: e: R — S, x

e(r) = e,

Notation 2.2.6. For any two elements a # b € S choose a lifting @ € R of a and b € R
of b under the map e such that @ < b < @+ 2r. Then we denote by la, b] the image

[a,b] = e([a, b]).
We define the open interval (a,b) and the half-open intervals [a, b) and (a, b] analogously.

We view Dy C R? as a topological space with the standard topology. Let Z C S* be
a subset of the boundary of Dy. To rule out trivial cases, throughout we assume that

any such subset contains at least two elements, i.e. |Z| > 2.

Definition 2.2.7. An arc of Z is a two-element subset of Z, i.e. a set {z,x;} C Z with
xo # x1. An arc {xg, z1} of Z is called an edge of Z if (xg,21)NZ =0 or (z1,20)NZ = 0.
An arc of Z that is not an edge of Z is called an internal arc of Z.

Two arcs {xg, x1} and {yo,y1} are said to cross if either yo € (x¢, 1) and y; € (21, x0)
or y; € (zo,x1) and yo € (x1,x0), i.e. if the straight line connecting z and x; crosses the
straight line connecting yy and y; in the closed disc.

A triangulation of the closed disc with marked points Z is a maximal collection T
of pairwise non-crossing arcs of Z, i.e. a collection 7 of non-crossing arcs of Z such
that every arc of Z that is not contained in T crosses at least one arc in 7. We call a

triangulation T a countable triangulation of the closed disc, if the set T is countable.

Remark 2.2.8. Note that in order for a triangulation 7T of the closed disc with marked
points Z to be countable, the set Z C S! does not need to be countable. Consider for

example Z = St and the triangulation

T#{e(éf)m(W)} [0 >0,0<m< 27}

of the closed disc with marked points S!, where the endpoints of the arcs in 7 are
a countable dense subset of S' (see Figure 3.4 for a picture). Thus 7 is a countable
triangulation of the closed disc with uncountably many marked points Z = S*. Similarly,

any subset Z C S! allows a countable triangulation of the closed disc with marked points
Z.

Remark 2.2.9. An edge of a subset Z C S crosses no other arcs of Z. Thus by definition
every triangulation of the closed disc with marked points Z C S! must contain all edges

of Z. Note that the set of edges can be empty, for example if we have Z = S'.

To any countable triangulation of the closed disc we can associate a seed, via the same
method that has been introduced by Fomin, Shapiro and Thurston [FST, Definition 4.1

and Section 5] for finite triangulations of surfaces.
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Definition 2.2.10. Let 7 be a countable triangulation of the closed disc with marked
points Z C S*. The seed Y7 associated to T is the skew-symmetric seed X7 = (T, exr, Q1)

defined as follows.
e The elements in the cluster are labelled by the arcs in T.

e An arc {zg,x1} € T is called exchangeable in T, if it is the diagonal of a quadrilat-
eral in T, i.e. if there exist vertices yo,y1 € Z with yo € (xg, 1) and y; € (21, x0)
such that {zo,yo}, {vo, 1}, {x1, 11} and {y1,z0} lie in 7. The exchangeable vari-

ables exy are labelled by exchangeable arcs in T .

e The exchange matrix of 7 is skew-symmetric and we express it via the quiver Qr:
The vertices of Q7 are labelled by the arcs in T, and for {x¢, z1},{vo,y1} € T there
is an arrow {zg, 1} — {yo,y1} in Q7 if and only if the arcs {zo, x1} and {yo, y1}

are sides of a common triangle in 7 and {yo, 1} lies in a clockwise direction from

{zo, 21}

{y07 yl}
{zo, 21}

Remark 2.2.11. If we omit the countability assumption on the cluster of a seed (cf. Remark
2.2.2), we do not need countable triangulations, but rather any triangulation of the closed

disc will give rise to a seed with possibly uncountable cluster.

Because every arc in T is the side of at most two triangles in 7, the quiver Q7 is
locally finite and the seed X7 associated to a triangulation 7 of the closed disc is indeed
a seed in the sense of Definition 2.2.1 in light of Remark 2.2.3.

Remark 2.2.12. An exchangeable arc in a triangulation 7 of the closed disc is always
internal, as every edge is adjacent to at most one triangle in 7 and hence cannot be
the diagonal of a quadrilateral in 7. However, not every internal arc is necessarily

exchangeable. Consider for example the subset

Zz{@(Z) kez\ {0} C S

which has exactly one limit point at 1, and the triangulation 7 of the closed disc with

marked points Z whose internal arcs are given by

Tow = {{e (5 ) e (5 )1k € Zoayulie (=5 ) e (<5 )Hk € Zoajulle (5 ) e (<5 )

(see Figure 2.1), i.e. T consists of the union of 7, and all edges of Z. The arc

{e(5),e(=%5)} € T is internal. However, it is not exchangeable: If it was, then it would
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Figure 2.1: In this example of a triangulation the internal arc {—i, i} is not exchangeable.

have to be contained in a quadrilateral in 7", so there would exist a z € (e(—73),e(5))NZ
with {e(§), 2}, {z,e(=5)} € T. However, if z € (1,e(5)) then the arc {z,e(—75)} inter-
sects infinitely many of the arcs in {{e(5),e(%)}k € Zsp} C T and otherwise, if z €
(e(=%),1), the arc {e(5), 2} intersects infinitely many of the arcs in {{e(—75),e(%)}k €
Zo} C T. This leads to a contradiction, since arcs in 7 have to be pairwise non-crossing.

2.2.2 Mutation

A seed ¥ = (X, ex, B) contains all of the data that is needed to construct the associated
(rooted) cluster algebra. In order to actually obtain generators for the cluster algebra, a
combinatorial process, which is called mutation, is applied. The information needed to

perform mutation is encoded in the exchange matrix B.

Definition 2.2.13 ([FZ2, Definition 1.1]). Let ¥ = (X,ex, B) be a seed and let x €
ex be an exchangeable variable of 3. We denote the mutation of ¥ at x by u,(¥X) =
(p2(X), pz(ex), pz(B)). It is defined by the following data.

e For any y € X the mutation of y at x is defined by

pa(y) =y, ify #x

and

H /szv + H v*bzv
X: v X: zv
ve bzow>0 ve bayv <0 c fz (21)

T

pe(T) =

The equations of the form (2.1) are called exchange relations. The cluster, respec-

tively the exchangeable variables, of the seed p,(X) thus are

1z(X) = {pz(y)ly € X} = (X\2) U piz(x) and
pa(ex) = {pa(y)ly € ex} = (ex\z) U po ().
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T

Y N

Iy I

Figure 2.2: Diagonal flip at the arc v = {xg, 21}

e The matrix j1,(B) = (bss)s.wep.(x) 15 given by matriz mutation of B at x: For

0 =tz (v) and W = p,(w) set

7 —byyw if v =12 or w =z,
bow = pa(bow) = , .
b”w + 5(|bv$’bx'w + bvx’bxw‘), otherwise.

Remark 2.2.14. The following facts are well-known and straightforward to check.

(1) Mutation is involutive, i.e. for a seed ¥ = (X,ex, B) and any x € ex we have

() © Hz(2) = X

(2) Let ¥ = (X,ex, B) be a seed and let x € ex. The cluster yu,(X) of the seed 1, (%)
is a transcendence basis of the ambient field Fx. = Q(X) of X.

In the case where the exchange matrix B is skew-symmetric, mutation of B corre-
sponds to quiver mutation of the associated quiver (g, where mutation of the quiver ()g
at a vertex v of @p is denoted by 11,(@p) := Qu,(B)-

Consider our standard example of a seed X7 = (X7, exr, Q7) associated to a count-
able triangulation 7 of the closed disc with marked points Z C S'. Geometrically,
mutation of X7 at an exchangeable variable in exs can be represented by a so-called
diagonal flip of 7. Every exchangeable arc {zo, 21} € exy is the diagonal of a unique
quadrilateral with vertices xg, x1, 2, and x] in Z, whose sides {zo, 2y}, {x(, x1}, {21, 2]}
and {z/,zo} are all contained in 7. The diagonal flip of T at o = {x¢,x1} is the map
fo: T — (T \ «) U@ which replaces the arc o in 7 by the arc @ = {z{, 2]} of Z and
leaves all other arcs invariant, see Figure 2.2.

It is well-known for finite triangulations of the closed disc that for any exchangeable
arc a € T we have p,(Q7) = Qy, (). Since mutations of quivers and diagonal flips
are defined locally, only a finite subquiver of Q7 is affected by the mutation at a: This
is the full subquiver consisting of o and those vertices of ()7 that are labelled by the
arcs of the unique quadrilateral in 7 that has a as a diagonal. Therefore the equality

ta(Q71) = Qy.(7) remains true for infinite triangulations.
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2.2.3 Rooted cluster algebras

Mutation of a seed at any exchangeable variable in its cluster yields another seed, which
again can be mutated at any exchangeable variable in its respective cluster. Thus we can
successively mutate a seed ¥ along what are called Y-admissible sequences. Mutation
along all possible »-admissible sequences will provide a prescribed set of generators of
the cluster algebra associated to the seed X, the definition of which we will recall in this

section.

Definition 2.2.15 ([ADS, Definition 1.3]). Let ¥ = (X, ex, B) be a seed. For [ > 1 a
sequence (x1,...,x;) is called ¥-admissible if x; € ex and for every 2 < k < [, we have
T € gy, © ... 0 iz (ex). The empty sequence of length | = 0 is X-admissible for every

seed ¥ and mutation of X along the empty sequence leaves ¥ invariant. We denote by
Mut(X) = {ptg, © ... 0 1y, (X) | 1 > 0, (21, ..., 2;) L-admissible}

the set of all seeds which can be reached from X by iterated mutation along ¥-admissible

sequences and call it the mutation class of 3.

Since mutation is involutive (see Remark 2.2.14 (1)), it is clear that mutation along
Y-admissible sequences induces an equivalence relation on seeds, where two seeds ¥ and
Y are mutation equivalent if and only if there exists a 3-admissible sequence (1, ..., x;)
with 1z, 0...0 g, (¥) = 3. The mutation class of a seed ¥ is thus really an equivalence
class. Analogously, mutation equivalence of locally finite, skew-symmetrizable exchange

matrices is defined.

Remark 2.2.16. Note that it is a direct consequence of Definition 2.2.13 that if two seeds
Y and Y are mutation equivalent, then the coefficients of X are precisely the coefficients
of ¥/ and that by Remark 2.2.14 (2), any two mutation equivalent seeds give rise to the

same ambient field Fy = Fsy.

By mutating a seed ¥ along all possible X-admissible sequences we obtain the mutation
class Mut(X) of ¥ and with it a collection of overlapping clusters. Let P(Fy) denote the
powerset (i.e. the set of all subsets) of the ambient field Fs,, and let

cly: Mut(X) — P(Fy), (X, éx, B) — X

be the map assigning to each seed in the mutation class of ¥ its cluster. We now define the
cluster algebra associated to a given seed . The original definition for cluster algebras

of finite rank is given by Fomin and Zelevinsky in [FZ1, Definition 2.3].

Definition 2.2.17. Let X be a seed. The cluster algebra associated to Y is the Z-
subalgebra of its ambient field Fx given by

AX) =Z[z | x € cs(Mut(X))] C Fs.
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The elements of clyx(Mut(X)) are called the cluster variables and the coefficients of ¥ are
called the coefficients of the cluster algebra A(X). We call the cluster algebra A(X)
coefficient-free, if X = ex and we call it skew-symmetric, if the matrix B is skew-
symmetric. The rank of the cluster algebra A(X) is defined as the cardinality of the

cluster of X.

Remark 2.2.18. Traditionally, the rank of a cluster algebra A(Y) is defined as the cardi-
nality of the set of exchangeable variables of 32, while we define it as the cardinality of the
cluster of ¥. A major point of interest in this thesis are cluster algebras of infinite rank,
and when we talk about those we explicitely want to include cluster algebras associated

to seeds with infinitely many coefficients but only finitely many exchangeable variables.

Example 2.2.19. For a seed ¥ = (X, (), B) with no exchangeable cluster variables, we
have Mut(X) = {X} and the cluster algebra A(X) is isomorphic to the polynomial algebra
Zlz | x € X]. The empty seed Xy = (0,0, D) gives rise to the cluster algebra A(3g) = Z.

Two seeds in the same mutation class give rise to the same cluster algebra. To
rigorously define morphisms between cluster algebras in the sense of [ADS] (as we will

do in Section 2.3) it is necessary to fix an initial seed.

Definition 2.2.20 ([ADS, Definition 1.4]). For any given seed ¥ the rooted cluster algebra
with initial seed ¥ is the pair (A(X), X), where A(X) is the cluster algebra associated to .
We call the rooted cluster algebra (A(X), X) coefficient-free, respectively skew-symmetric,
if A(X) is coefficient-free, respectively skew-symmetric. The cluster variables, respectively
the coefficients, of the rooted cluster algebra (LA(X), X) are defined as the cluster variables,
respectively the coefficients of A(X) and the rank of (A(X),Y) is defined as the rank of
A(X).

Two distinct seeds in the same mutation class do not give rise to the same rooted
cluster algebra. We can think of rooted cluster algebras as pointed versions of cluster

algebras.

Example 2.2.21. Consider the seed

Y= ({xlva}a {xZ}v T2 )

There are only two seeds in the mutation class of 3, namely X itself and

$1+1 Il—l—l

pay (3) = ({1,

I R Ny )

The rooted cluster algebra (A(X), ) is of rank two, its cluster variables are 1,z and

% and it has one coefficient ;. As a ring, the cluster algebra A(X) is of the form

A(Y) = Z[wy, 32, 7] [ (w22) = 71 + 1).
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Remark 2.2.22. Combinatorially, the coefficients of a cluster algebra are not very interest-
ing: They do not get changed under mutation and we just “carry them along”. However,
cluster algebras occurring in nature frequently have coefficients. For instance, the Z-form
of the homogeneous coordinate ring C[Gr(2,n)] of the Grassmannian of planes in C”,
considered as a projective variety via the Pliicker embedding, carries the structure of
a cluster algebra with coefficients. Thus it is important to develop the theory in this
generality. Fomin and Zelevinsky [FZ2] assumed coefficients to be invertible. Contrary
to this we, as in [ADS], do not assume invertibility of coefficients. We could pass to the

case of invertible coefficients simply by localizing at coefficients.

Let 7 be a countable triangulation of the closed disc with marked points Z C S*.
Recall that the cluster variables in the associated seed ¥+ are labelled by the arcs of T
and mutation is represented by diagonal flips. We denote by R the set of arcs

Rr={pa,0...0 e (@) |1 >0, €T, (cv1,...,qp) is Xr-admissible}

and call its elements the arcs that can be reached from T. These are all of the arcs of Z
we obtain from 7 by finite sequences of successive diagonal flips, and they correspond
to the cluster variables of A(X7), which effectively are all variables we obtain from the

initial cluster by successive mutation at exchangeable variables.

Remark 2.2.23. If T is finite, then all arcs of Z can be reached from 7. However, this is
not necessarily the case if 7 is infinite. For example, as in Remark 2.2.12 consider the

subset
Z—{e(})kez\{oppcs'
and the triangulation 7 of the closed disc with marked points Z whose internal arcs are

given by

Tow={{e (5 ) e (3 )1k € Zoaputie (5 ) e (—F )Mk € Zoapul{e (5 ) e (<5 )

(see Figure 2.1). The arc {e(—%),e(})} of Z cannot be reached from 7. If it could, then
there would be an [ > 0, a ¥r-admissible sequence (ay,...,q;) of arcs of Z and an arc
a € T, such that
T, T
{6<_Z)7€(Z)} = floy O+ O oy () € figy 0.0 pia, (T).

However, the two infinite triangulations pia, o ... 0 e, (7) and 7 differ only by finitely
many elements. Since {e(—7),e(})} crosses infinitely many arcs in 7 it also crosses
infinitely many arcs in fin, © ... 0 i, (7). This contradicts the fact that pi,, ... 0 g, (T)

is a triangulation.

The exchange relations (cf. Equation (2.1) in Definition 2.2.13) for mutation of seeds
in Mut(X7) are the Plicker relations: For any two arcs {xg, x1} and {yo,y1} in Rr, such

that {zo, 1} and {yo,y1} cross, we have

{{L‘o,l‘l}{yo, yl} = {x07y0}{x1a yl} + {$07y1}{l'1,y0}.
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We denote the ideal generated by the Plicker relations in 7 by J7. Then the cluster
algebra A(X7) is the ring generated by all arcs of Ry being subject to the Pliicker

relations:

A(X7) = Zloo | a € Rrl/Jr.

Remark 2.2.24. If T is a finite triangulation of the closed disc with marked points Z C S*
of cardinality |Z| = n + 3 for an n > 1, then the ring A(X7) is a cluster algebra of
Dynkin type A,, i.e. it is skew-symmetric and the full subquiver of the exchange quiver
of ¥ consisting of the vertices associated to the exchangeable variables of ¥+ is mutation
equivalent to an orientation of the Dynkin diagram A,,. There is no ambiguity here, as all
orientations of the Dynkin diagram A,, are mutation equivalent as quivers. (This can be
checked for example by successive quiver mutations at sources and sinks.) In particular,
up to ring isomorphism, there is exactly one coefficient-free cluster algebra of Dynkin
type A,. We say that the cluster algebra A(X7), respectively the rooted cluster algebra
(A(X7),27) is of finite Dynkin type A. A closer look reveals that base change to C yields
the homogeneous coordinate ring C[Gr(2,n + 3)] of the Grassmannian of planes in C"*3

via the Pliicker embedding, as shown by Fomin and Zelevinsky [FZ2, Proposition 12.7].

In the case where Z C S! is discrete with exactly one limit point the cluster algebras
associated to triangulations of Z have been studied in [GG]. After base change to C they
are subrings of the homogeneous coordinate ring of the doubly infinite Grassmannian of
planes via the Pliicker embedding. Note that this is in analogy with our observations

above on cluster algebras of finite Dynkin type A.

2.3 Rooted cluster morphisms and the category of

rooted cluster algebras

When working with cluster algebras, it is natural to wonder what a “morphism of cluster
algebras” should be. Intuitively we want such maps to be ring homomorphisms commut-
ing with mutation. In [FZ2, Section 1.2], Fomin and Zelevinsky considered what they
called strong isomorphisms of cluster algebras. These are isomorphisms of rings between
cluster algebras that map each seed to an isomorphic seed. This idea was generalized by
Assem, Schiffler and Shramchenko in [ASS] via the notion of cluster automorphisms. A
cluster automorphism is a ring automorphism of a cluster algebra which sends a distin-
guished seed 3 to another seed f(X) in the mutation class of 3, such that f commutes
with mutation at every variable in the two clusters. Again, only ring homomorphisms be-
tween isomorphic rings are considered. Furthermore, only coefficient-free cluster algebras
are considered and cluster automorphisms always bijectively map clusters to clusters:

There is no way to “delete” cluster variables.
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2.3.1 Rooted cluster morphisms

In [ADS] Assem, Dupont and Schiffler introduced the notion of rooted cluster morphisms.
Passing from cluster algebras to rooted cluster algebras by fixing an initial seed allows for
a rigorous definition of what one means for a ring homomorphism between not necessarily

ring isomorphic cluster algebras to commute with mutation.

Definition 2.3.1 ([ADS, Definition 2.1]). Let ¥ and ¥’ be seeds and let f: A(X) —
A(Y') be a map between their associated cluster algebras, see Definition 2.2.17. A -
admissible sequence (z1, ..., x;) whose image (f(z1),..., f(z;)) is ¥’-admissible is called
(f, %, X)) -biadmissible.

Definition 2.3.2 ([ADS, Definition 2.2]). Let ¥ = (X,ex, B) and ¥’ = (X', ex/, B') be
seeds and let (A(X),) and (A(X'),Y’) be the corresponding rooted cluster algebras,
see Definition 2.2.20. A rooted cluster morphism from (A(X), %) to (A(X'),%’) is a ring
homomorphism f: A(X) — A(X’) of unital rings, i.e. a ring homomorphism with f(1) =

1, satisfying the following conditions:
CM1 f(X)C X' UZ.
CM2 f(ex) Cex'UZ.

CM3 The homomorphism f commutes with mutation along (f, >, ¥)-biadmissible se-

quences, i.e. for every (f, X, ¥')-biadmissible sequence (x1,...,x;) we have

Sz, 0 -0 p1ay () = pp() © - © tpian) (f(9))
for all y € X with f(y) € X'

Notation 2.3.3. From now on by abuse of notation we write A(X) for the rooted cluster
algebra (A(X),X).

Remark 2.3.4. Every cluster automorphism in the sense of Assem, Schiffler und Shram-
chenko [ASS] can be viewed as a rooted cluster morphism from a skew-symmetric,
coefficient-free rooted cluster algebra A(X) of finite rank to itself (where skew-symmetry,
finite rank and coefficient-freeness are the assumptions in [ASS] for the definition of a
cluster automorphism). Thus rooted cluster morphisms really provide a generalization of

the concept of cluster automorphisms.

The following example includes some of the more interesting things that can happen
with rooted cluster morphisms: Firstly, they may exist between non-isomorphic rings, fur-
ther we may “delete” cluster variables by sending them to integers and we may “defreeze”

coefficients by sending them to exchangeable cluster variables.

Example 2.3.5. Consider the seeds

X = ({$17I‘2,I’3}, {1'2,1‘3},@ T2 3 )
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and

Y= {yny2), {yr, v}, N

The associated cluster algebras are as rings isomorphic to

13+ 1 290 +1 2123 +29+1
A(L) 2 Z]zy, 2, 75, ——, = 2

i) T3 ’ ToT3
yr+1 yat1 y1+y2+1]

Y2 vy Y12
Consider the ring homomorphism f: A(X) — A(X’) we obtain from the projection of x5

Y2 )

A(E,) = Z[yh Y2,

to 1, which acts on the cluster variables of ¥ as z; — y; for © = 1,2 and x3 — 1. This
ring homomorphism satisfies axioms CM1 and CM2 by definition. The only exchangeable
cluster variable in ¥ whose image is exchangeable in ' is xo with f(x3) = ys, so the first
entry of every (f, 3, ¥')-biadmissible sequence has to be xo. We have

Ffaz)) = f (P20) = B8

and, since f(x;) # f(xq) for i = 1,3, we have f(z,(2:)) = f(@:) = iy, (f(2;)). Fur-
thermore, the only exchangeable cluster variable in i, (%) whose image is exchangeable

7 = iy (2) = Hsaa) (f (2))

N fuy, (') 1S fay(22) With f(pe, (22)) = py,(y2), so all (f, 2, ¥’)-biadmissible sequences
have alternating entries xs and ji,, (z2). Since mutation is involutive (see Remark 2.2.14),
the ring homomorphism f commutes with mutation along any of these sequences. Thus

axiom CM3 is satisfied and f is a rooted cluster morphism.

The following proposition shows that the conditions for a map f: A(X) — A(X') to

be a rooted cluster morphism are preserved under mutation along biadmissible sequences.

Proposition 2.3.6. Let X and X' be seeds and let f: A(X) — A(X') be a rooted cluster
morphism. Then for every (f, 3, X')-biadmissible sequence (z1, ..., x;), the map f induces
a rooted cluster morphism f: A(X) — A(X') between the rooted cluster algebras with
initial seeds ¥ = fig) 0 ... 0 iz, (X) and X' = Pof(z) © - - O hp@n(X).

Proof. Because ¥ and 3, respectively ¥/ and ', are mutation equivalent, we have AX) =
A(X) and A(X) = A(X) as algebras, so f: AX) — A(X) is well-defined as a ring
homomorphism. Let ¥ = (X,ex, B) and ¥/ = (X/,ex/, B') and let ¥ = (X, ¢k, B) and
> = (X,,e&;’ ,B'). Then every element 7 of X (respectively of €x) is of the form # =
ez, O . .0py, () for an & € X (respectively x € ex). If f(x) € Z, then because (z1, ..., ;) is
(f, X, ¥)-biadmissible we have x # z; forall 1 <i <[. Thus Z = z and f(z) = f(x) € Z.
On the other hand, if f(z) ¢ Z, then by axiom CM1 (respectively CM2) we have f(x) € X’
(respectively f(z) € ex’). Thus by axiom CM3 for f: A(X) — A(X') we have

f(Z) = pp@y o -0 prpn(f(z))

which lies in X (respectively in éx'). Thus f: A(S) — A(S') satisfies axioms CM]1
and CM2. Because €x = [z 0 ... 0 iz (ex) and €X' = fif@) © ... O fp@,)(ex), ev-
ery (f,%,%")-biadmissible sequence (y1,...,Ymn) gives rise to a (f,%,Y)-biadmissible
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sequence (T1,...,%5,Y1,...,Ym). Let now § € X be such that f(§) € X'. We have
U= flz; ©...0 iy, (y) for a y € X. If f(y) € Z, then with the same argument as above we
have § = y and thus f(7) € Z. Therefore whenever we have f(y) € X' we have f (y) e X'
and by axiom CM3 for f: A(X) — A(X') we have

Sy, 00 iy (§)) = f(Hy,, © - 0 fyy © pay © . 0 figy (Y))
= f(ym) © + -+ © Hif(ys) © Hf(ay) © -+ - © ff(ay) (f(Y))

= If(ym) © -+ © Bn) (f (7))
Thus axiom CM3 is satisfied for f: A(X) — A(X). O

We will show in Proposition 2.3.9 that a rooted cluster morphism is quite limited
in its action on exchangeable variables of the initial seed: It has to be injective on the
exchangeable variables that are not being sent to integers. Furthermore, it cannot map
any coefficients to the same cluster variable to which it maps an exchangeable variable.
It may however send two coefficients to the same cluster variable, as long as it is careful

about their exchangeable neighbours.

Definition 2.3.7. Let ¥ = (X, ex, B = (byw)vwex) be a seed and let x € X be a cluster
variable in ¥. We call a cluster variable y € X a neighbour of x in X, if b,, # 0.

Remark 2.3.8. Note that being neighbours is a symmetric relation: For a given seed
Y. = (X, ex, B) a cluster variable z € X is a neighbour of y € X in ¥ if and only if y is a
neighbour of x in X. We then say that = and y are neighbours in X.

Proposition 2.3.9. Let 3 = (X, ex, B = (byw)vwex) and ¥ = (X', ex’, B') be seeds and
let f: A(X) — A(X) be a rooted cluster morphism. If x # y are cluster variables of ¥
with f(x) = f(y) € X', then both x and y are coefficients of ¥. In that case for any
z € ex that is a neighbour of both x and y in ¥ and such that f(z) € ex’, the entries b,,

and b, have the same sign.

Proof. Let x € ex with f(x) € X'. We want to show that f(y) # f(z) for every cluster
variable y € X \z. By axiom CM2 we have f(z) € ex’ and the sequence () is (f, %, ¥')-
biadmissible. Let y € X with y # x. If f(y) € Z then we have f(z) # f(y), thus assume
f(y) € X'. By axiom CM3 we obtain

f) = fpa(y)) = by (f(y))-

Assume for a contradiction that f(y) = f(z) =: 2’ € ex’. This would imply 2’ = p./(2').

Writing B’ = (b, )z yex’ We thus would have

(P =dus()= I o+ I v,

veX’: v,,>0 veX': v,, <0

which contradicts algebraic independence of the cluster variables in X'.
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We now prove the second part of the statement. Let x # y € X\ ex be coefficients
of 3. Assume for a contradiction that f(z) = f(y) = 2/ € X’ and there exists a z € ex
which is a neighbour of both z and y in ¥ with f(z) € ex’ such that b,, and b,, have

opposite signs. Without loss of generality assume b, > 0 and b, < 0. Then we have

flepn(2)= I f@'+ [ fl)™

VEX: byy>0 vEX: byy<0
-~ H f(’U)bzv 4 H f(’U)_bw ]
TAVEX: byy >0 YAVEX: byy<0

By axiom CM3 this has to be equal to

FOun (N = II @)%+ I @) e,

/N /Y
VEX! W, >0 VEX! Y, <0

and since we either have b, > 0 or b}, < 0 the cluster variable 2’ cannot divide
both summands on the right hand side. This contradicts algebraic independence of the

variables in X'.

]

Corollary 2.3.10. Let ¥ = (X,ex, B = (byw)vwex) and ¥ = (X', ex', B') be seeds and
let f: A(X) — A(Y') be a rooted cluster morphism. Consider any (f, ¥, %')-biadmissible
sequence (xy,...,x;). If x # y are cluster variables in pi,, o ... o p., (X) with f(x) =
fY) € ey o . ppe)(X), then both x and y are coefficients of £. In that case, for any
exchangeable neighbour z € piz, o ... 0 piz,(ex) of both x and y in g, o . ..o p., (X) with

f(2) € gy © ... 0 ppy(ex’) the entries pig, o ... 0 fiz (boy) and pig, o ... 0 g, (byy) of the
Matrix iy, o . ..o uz, (B) have the same sign.

Proof. By Remark 2.2.16 the coefficients of i, o ... 0 u, (X) =: 3 are precisely the
coefficients of ¥. The statement follows from Proposition 2.3.9 by using Proposition

2.3.6 to view f as a rooted cluster morphism with source A(%). O

2.3.2 Ideal rooted cluster morphisms

An ideal rooted cluster morphism is a rooted cluster morphism f: A(X) — A(X') whose
image f(A(X)) is the rooted cluster algebra with initial seed f(X) the image of ¥. In
the discussion before [ADS, Problem 2.12] (which asks for a characterization of all ideal
rooted cluster morphisms), the authors asked whether every rooted cluster morphism was
ideal. In this section we answer the question by showing that not every rooted cluster

morphism is ideal.
Definition 2.3.11 ([ADS, Definition 2.8]). Let

Y= (X,ex,B) and ¥ =X ex',B"' = (b),,)vwex’)
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be seeds and let f: A(X) — A(X’) be a rooted cluster morphism. Then the image f(X)
of the seed ¥ under the morphism f is the seed

f(Z) = (f(X) N le f(ex) N eX,a .f(B) = (b;w)v,wef(X)ﬂX’)~

Note that the exchangeable variables of the image seed f(X) all are images of ex-
changeable variables of . We might well have exchangeable variables of ¥ that lie in

the image f(X\ ex) of the coefficients of ¥ — these are not exchangeable variables of f(3).
Example 2.3.12. Consider the seeds
o {]
2: ({x1,$2,$3,x4,$5,x671‘7},{xl,xg,x:g}, T1 — T2 )

and

N
E, = ({y17y27y37Z17227a}a {y17y27y3aa}7 o — b2 E “1 : Y3 — 2 «—a )

and the map f: {z1,x9, x3, 24, x5, 6, 27} — {Y1, Y2, Y3, 21, 22, ¢} which maps

x>y fori =123
x; v+ 2z for i = 4,57

Tg > 29.

As we will see in Example 2.3.40 this map induces a rooted cluster morphism f: A(X) —
A(Y'). The image f(X) is the seed

F(2) = ({1, v2,s, 21, 22}, {y1, y2, ys }, Y1 — Y2 g: Y3 ).

If f: A(X) — A(Y') is a rooted cluster morphism, then the seed f(X) is an example
of what is called a full subseed of the seed ¥'.

Definition 2.3.13 ([ADS, Definition 4.9]). Let ¥’ = (X', ex’, B = (b),,,)vwex’) be a seed.
A full subseed of ¥' is a seed ¥ = (X, ex, B = (byw)v.wex) such that

e XCX,
e ex C ex/,

e B is the submatrix of B’ formed by the entries labelled by X x X, i.e. for all v,w € X

/
we have by, = b,,.

Remark 2.3.14. Note that while all exchangeable variables of a full subseed of ¥’ have to
be exchangeable variables of ', cluster variables which are coefficients in the full subseed

are not necessarily coefficients in 3.
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Definition 2.3.15 ([ADS, Definition 2.11]). A rooted cluster morphism f: A(X) —
A(Y) is called ideal if its image is the rooted cluster algebra with initial seed f(X), i.e.

if f(A(%)) = A(f(%)).

In [ADS, Lemma 2.10] the authors showed that the inclusion A(f(X)) C f(A(X))
holds for any rooted cluster morphism f: A(X) — A(X’). We can show that the converse

is not true in general.
Theorem 2.3.16. Not every rooted cluster morphism is ideal.

Proof. We give an example of a rooted cluster morphism that is not ideal. Consider the

seeds

5 = ({ar, az, 2}, {x},[@1] -z -[az])
and
¥ = ({ylay2}7{y1792}7 B——=%n )

As rings, the cluster algebras are isomorphic to
A(X) = Zlay, as, 1’7»’17/]/@95’ = ay + ap)

and

1 1 1
A(E/)gzlyl7y27 +y17 +y27 +y1+y2]
Y2 h Y1Y2
Consider the ring homomorphism f: A(X) — A(X’) defined by the algebraic extension

of the map which sends

a; — 1 as — —1

x—0 oy

Because f(z2') = 0 = f(a1 + a2) this is well-defined. Furthermore, it satisfies the
axioms CM1 and CM2 for a rooted cluster morphism and because there are no (f, 2, ¥')-
biadmissible sequences it trivially satisfies axiom CM3 and thus is a rooted cluster
morphism. The image of the seed ¥ is f(X) = (0,0,0) and thus as a ring we have
A(f(X)) = Z. However, the image of the cluster algebra A(X) is f(A(X)) = Z[y]. O

2.3.3 The category of rooted cluster algebras

Considering rooted cluster algebras and rooted cluster morphisms gives rise to a category.

Definition 2.3.17 ([ADS, Definition 2.6]). The category of rooted cluster algebras Clus
is the category which has as objects rooted cluster algebras and as morphisms rooted

cluster morphisms.

In [ADS, Section 2] it was shown that Clus satisfies the axioms of a category. In
particular, axiom CM2 for rooted cluster morphisms is necessary to ensure that compo-
sitions of rooted cluster morphisms are again rooted cluster morphisms, as the following

example illustrates.
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Example 2.3.18. Consider the seeds
¥ = ({931,352,373}a {952}7@ -2 '@) )
%o = ({2},0,[2])

X3 = ({y17y2}7 {y17y2}7 Y1 —=1Y2 )

with associated cluster algebras

A(S1) = Zlar, 09, w5, T

[, AX2) =Z[7

X2

and

A(Ss) = Zlys, v, 1 ) 1 o L+ +yz]‘
n Y2 Y1Y2

Consider the ring homomorphisms f: A(X;) — A(X2), which is defined by sending z; —

zforalli=1,2,3, and g: A(Xy) — A(X3) defined by sending z — y;. Both f: A(3;) —

A(Xs) and g: A(X2) — A(X3) satisfy axiom CM1, but f does not satisfy axiom CM2.

Axiom CM3 is satisfied trivially by both f and g, since there are neither (f, ¥, ¥5) nor

(g, X2, X3)-biadmissible sequences. However, the composition go f does not satisfy axiom

CM3: Consider the (g o f, X1, 33)-biadmissible sequence (x5). We have

90 f(par(22)) = g o f (ml;zx?’) =g(2) =2
but .
Lgof(zs) (g © f(22)) = piy, (Y1) = y1y2.

2.3.4 Coproducts and connectedness of seeds

Assem, Dupont and Schiffler showed in [ADS, Lemma 5.1] that countable coproducts
exist in the category Clus of rooted cluster algebras. Taking coproducts of a countable
family {A(X;)}ier of rooted cluster algebras amounts to taking what can be intuitively
described as the disjoint union ¥ of their seeds. The seeds ¥; will be full subseeds of the

seed Y which are mutually disconnected.

Definition 2.3.19. Let ¥ = (X,ex, B) be a seed. A sequence xg,z1,...,x; of cluster
variables in X with [ > 0 such that for any 0 < ¢ < [ the cluster variables z; and x;; are
neighbours in X is called a path of length | in 3. We call two cluster variables z,y € X
connected in ¥, if there exists a path xg,...,z; of finite length [ > 0 in ¥ such that
x = xg and y = x;. We call the seed X connected if any two cluster variables z,y € X are
connected in ¥. We call a rooted cluster algebra A(X) connected if its initial seed ¥ is

connected.

Remark 2.3.20. If 3 = (X, ex, B) is a seed with skew-symmetric exchange matrix B, it is

connected if and only if the underlying graph of the associated quiver ()p is connected.
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We can decompose any seed into its connected components. For a seed
X = (Xa €Xx, B = (bvw)v,wEX)

and an element z € X of its cluster, the connected component of x in ¥ is the full
connected subseed Y, of ¥ consisting of those cluster variables in X that are connected

to x and such that all coefficients in ¥, are also coefficients in X, i.e.
Ez - (sz exM qu Bx - (bvw)v,wEXx)a

where X, = {y € X | z and y are connected in ¥}. The decomposition is given as

follows: Let {¥X; = (Xj, ex;, Bj = (b,,)vwex;)}jer for a countable index set I be the set
of mutually distinct connected components in . Since no vertex in X; is connected to
any vertex in X; for ¢ # j € I, we have b, = 0 for z € X; and y € X; with ¢ # j € I.
Thus we have X = U;c; X; and ex = [;¢; ex;, and the matrix B has the matrices B; for

J € I as block-diagonal entries, i.e. by, = b, if v,w € X; for some j € I and b,,, = 0

vw
otherwise.
Remark 2.3.21. It is a direct consequence of the definition of matrix mutation (cf. Defi-

nition 2.2.13) that mutation of seeds respects connected components.

Conversely we can build a new seed from a countable collection of seeds by taking
the disjoint union of the clusters and the exchangeable variables and constructing a
big matrix which contains all of their exchange matrices as block-diagonal entries: Let
{3, = (X,,ex;, Bj)}jer be a countable collection of seeds. Denote by | | the disjoint union

and set

L% = (L Xy, [ ex;, B),

jeI jel  jel
where B is the block-diagonal matrix with blocks B; for j € I. The analogous construc-
tion for rooted cluster algebras is taking coproducts; by [ADS, Lemma 5.1], the category
Clus of rooted cluster algebras admits countable coproducts [] and for a countable index

set I we have

[TAE) = ALE)).

jel jel
The seeds XJ; for j € I are mutually disconnected full subseeds of ¥. On the other hand,
since we can decompose any given seed into its connected components and there are only
countably many cluster variables, given a rooted cluster algebra A(X) we can write it as

a countable coproduct of connected rooted cluster algebras.

Remark 2.3.22. If we omit the countability assumption for clusters of seeds (cf. Remark
2.2.2), then uncountable coproducts exist: This follows directly from the proof of [ADS,
Lemma 5.1], where the countability assumption is solely needed for the cluster of the
coproduct to be countable. All of the other arguments go through directly.

In fact, having uncountably many connected components is the only way for a seed to

have an uncountable cluster; if a seed is connected, then the fact that it has a countable
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cluster is automatic: Let X = (X, ex, B) be a connected seed and let z € X. For [ > 0
we set X; = {y € X | z and y are connected by a path of length [ in X}. Because B is
locally finite, for each [ > 0, the set X, is finite and because Y is connected, we have
X = U0 X;. Therefore, X is countable.

Thus every connected component of a seed has a countable cluster. As a consequence,
one does not currently gain much from considering uncountable clusters. The usual
operations on seeds, namely mutations along (finite) admissible sequences, affect only
finitely many connected components and hence only operate on a countable full subseed
which is not connected to its invariant complement. So for all practical purposes one can

restrict to working with countable seeds without any substantial loss of generality.

Let us consider again the example of a countable triangulation 7T of the closed disc
with marked points Z C S*. Note that by definition of the seed Y7 associated to 7 two
cluster variables a, 5 € T are neighbours in X7 if and only if the arcs o and [ are sides of
a common triangle in 7 and they are connected in X7 if and only if there exists a & > 0
and a sequence of arcs 7, ..., V, such that a« = vy and g = v and for all 0 < i < k the
arcs y; and 7,41 are sides of a common triangle in 7. It turns out that the connected
components of Y7 depend on the behaviour of arcs in 7 in the neighbourhood of limit

points of Z.

Definition 2.3.23. Let Z C S'. We say that a sequence {z}icz., of points in Z
converging to z converges to z € St from the right, if for any x € S? the set [z,2) N Z is
infinite and the set (z,z] N Z is finite. We say that it converges to z € S* from the left,
if for any = € S* the set [z, 2) N Z is finite and the set (z,z] N Z is infinite. We say that
it converges to z € S from both sides, if for any z € S* both the set [z,z) N Z and the
set (z,2] N Z are infinite.

Let {a;, bi}iez., be a sequence of arcs of Z and let the sequence of endpoints converge
to a = ligrlai € Stand b = ligbi € S'. If both sequences of endpoints {ai}iez., and
{bi}iez, are non-constant, we say that the sequence {a;, b; }icz., of arcs is a nestif a = b
and we say that it is a half-nest if a # b.

If the sequence {a; }icz., is constant and the sequence {b; }iez., is non-constant, we say
that the sequence {a;, b;}icz., of arcs is a right-fountain at a converging to b, if {b;}icz.,
converges to b from the right, we say that it is a left-fountain at a converging to b, if
{bi}iez., converges to b from the left and we say that it is a fountain at a converging to
b, if {bi }icz., converges to b from both sides. We call a sequence {a;, b; }icz., of arcs in Z
a split fountain converging to b, if it can be partitioned into a left fountain {a;, b;}iez_,
at a; € Z converging to b € S and a right fountain {a,., bi}icz, at a, € Z converging to
b with a; # a,.

To determine the connected components of the seed Y7 associated to a given countable
triangulation 7 of the closed disc with marked points Z it is helpful to view any half-

nest, fountain and right-or left-fountain {a;, b;}icz., as converging to an arc {a, b} of the
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0

Figure 2.3: Triangulations of the closed disc consisting of (from left to right) a right

fountain at a € Z, a left fountain at a and a fountain at a, all converging to the limit arc

{a, b} of the respective triangulation
a a
b% §
Figure 2.4: A triangulation of the closed disc consisting of a half nest converging to the

limit arc {a, b} of the triangulation, and a nest where the sequence of endpoints converges

to a

topological closure Z of Z C S', where a = hﬂ a; and b = hgrl b;. Let T be a triangulation
of the closed disc with marked points Z and let {a, b} be an arc of Z such that there is a
half-nest, fountain and right-or left-fountain in 7~ converging {a,b}. Then we call {a, b}
a limit arc of T. Figure 2.3 provides an illustration of a left-fountain, a right-fountain

and a fountain, while Figure 2.4 illustrates a half-nest and a nest.

Lemma 2.3.24. Let T be a countable triangulation of the closed disc with marked points
Z C St Two arcs {xg, 21} # {yo,y1} are connected in X7 if and only if there is no limit
arc {a,b} of T such that xo,x1 € |a,b] and yo,y1 € [b,a] or vice-versa.

Proof. First assume that there exists a limit arc {a, b} of 7. It is straightforward to check
that there cannot be a finite sequence of arcs connecting any arc with endpoints in [a, b]
with a distinct arc with endpoints in [b, a], since there are infinitely many arcs from the
right-or left-fountain, fountain or half-nest in 7 converging to the limit arc {a, b} of 7 in
between.

On the other hand, assume that {xo, 21} and {yo, 1} are not connected. Without
loss of generality let (zo,21) C (2, y0) C (z0,%1). We can construct a sequence of arcs
{ai, bi}icz,, by setting ap = x¢ and by = x; and for 4 > 1 choosing {a;, b;} such that
{a;_1,b;_1} and {a;, b;} are sides of a common triangle in 7 and such that a; € [y, a;_1]
and b; € [b;_1,y0]. Because {z¢,x1} and {yo,y1} are not connected, a; and b; are well-
defined for all ¢ > 0 and at least one of the sequences {a;};cz and {b; }icz is not constant.
Both sequences of endpoints {a;}iez., and {b;}icz., are monotone and bounded above

and below and thus {a;, bi}iEZzo is a half-nest, fountain or right-or left-fountain converging



2.3. ROOTED CLUSTER MORPHISMS 37

Figure 2.5: This picture illustrates a partition of a triangulation 7 of the closed disc with
marked points Z C S! into connected components. The arcs in 7 are drawn in grey, the

limit arcs of 7 are drawn in black. Limit points of Z are marked by bullets.

to a limit arc {a, b} of T such that xy,z; € [a,b] and yo,y1 € [b, al. O

Remark 2.3.25. For a given countable triangulation 7" with marked points Z C S! the
limit arcs {a, b} of T partition the seed 37 associated to 7 into connected components.
If a limit arc {a,b} of T is not an arc of Z (in particular this is always the case if Z
is discrete) then it divides Y7 into two mutually disconnected components. If the limit
arc {a,b} of T is an arc of Z, then it is an arc in 7 (because it cannot cross any arc of
T) and it provides an additional connected component, consisting only of the arc {a, b}
itself. Figure 2.5 provides an illustration of the partition of a triangulation into connected

components.

Lemma 2.3.26. Let T be a countable triangulation of the closed disc with marked points
Z C S and let X7 be the associated seed. Then the rooted cluster algebra A(X7) is
isomorphic to a coproduct of connected rooted cluster algebras associated to countable

triangulations of the closed disc.

Proof. The limit arcs of 7 partition the seed ¥+ associated to 7 into countably many
(since T is countable) connected components {¥7. };c; for some countable index set I.
Thus by the discussion in Section 2.3.4 the rooted cluster algebra A(X7) is isomorphic
to the countable coproduct [[;c; A(X7). O

2.3.5 Isomorphisms of rooted cluster algebras

An isomorphism of rooted cluster algebras implies a close combinatorial relation between
their initial seeds. First, we introduce some useful terminology.

Let ¥ = (X, ex, B) be a seed. We say that two cluster variables x,y € X are connected
by exchangeable variables in ¥ if there exists a path xg,x1,...,2; of finite length [ > 0
in ¥ (see Definition 2.3.19), such that x = z¢, y = x;, and 1, ..., 2,1 lie in ex. Further,
if [ € {0,1} then at least one of xy and z; has to lie in ex. Thus, two coefficients that
are neighbours are not necessarily connected by exchangeable variables and a coefficient
is not necessarily connected to itself by exchangeable variables. For an exchangeable

variable x € ex we define the exchangeably connected component of x in X to be the full
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subseed X5° = (X5*, ex N X5, By = (byw)vwexer) of 3 where
X¢" ={y € X | z and y are connected by exchangeable variables in ¥},

Partitioning a seed into its exchangeably connected components can be useful when
studying mutations of a seed; mutations within an exchangeably connected component

leave all other exchangeably connected components unchanged.

Remark 2.3.27. We can decompose any seed 3 = (X, ex, B) into its exchangeably con-
nected components {%; = (X;, ex;, Bj = (b}, )v.wex, ) }jer, Where I is a countable index set
and ex = Lljcrex;. Mutation along a Xj;-admissible sequence leaves all other exchange-
ably connected components unchanged (up to entries of the exchange matrix labelled by
coefficients), i.e. if (z1,..., ;) is a ¥;-admissible sequence and y € ex; with i # j € I we

have

(l’%l O...0 g (E))y = (Xjanj7Bj - ([N)%w)v,wexj>v

where b7, = bl for all v,w € ex’. This follows directly from the fact that mutation at an
exchangeable variable x of > only affects entries in the exchange matrix that are labelled
by neighbours of x in ¥. No entries that are labelled by exchangeable variables of any
other exchangeably connected component are affected.

In particular, the same holds true for connected components rather than just ex-
changeably connected components: Mutation in one connected component does not af-
fect any other connected component, since two cluster variables in different connected

components are necessarily in different exchangeably connected components.

Definition 2.3.28. We call two seeds ¥ = (X, ex, B = (byy)vwex) and ¥/ = (X' ex/, B =
(V) )owexs) similar, if there exists a bijection p: X — X' restricting to a bijection
p: ex — ex’ such that for every exchangeable variable x € X the exchangeably con-

nected component X¢* of x in ¥ is isomorphic (cf. Definition 2.2.1) to the exchangeably

ex

connected component oz

) of p(x) in ¥’ or to its opposite seed (Xg,))?
Example 2.3.29. Consider the seeds

1 = ({@1, 02, 03, 24, 25, w6}, {21, 09, 34, w5}, T = T2 —{ T3> T4 — 25 ),
joo

S0 = ({y1, Y2, Y3, Y, Us» U6 b {01, Y2, Yar Y5}, Y1 — Y2 = U3 f— ¥4 — U5 )

and
Z]3 - ({zla 294 23y R4, 25, ZG}; {217Z27Z4725}7 A1 — 22 - F4 = 25 )
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Each of the three seeds consists of two distinct exchangeably connected components,
which for 3; are the full subseeds

(X1)5 = ({w1, 22, w3}, {71, 22}, ¥1 — 22 )

and

(21)363‘: - ({x37x47'r57x6}7 {x47$5}7 L4 — 5 )

Similarly, we can determine the two distinct exchangeably connected components of ¥
and Y3 and we see that ¥, and X, are similar ((3,)57 = (32)57 and (31)57 = ((32)57)),
but neither is similar to ¥3: There is no exchangeably connected component of 5 nor of

33 that is isomorphic to (X3)57 or ((X3)F)°.

Theorem 2.3.30. The rooted cluster algebras A(X) and A(X') are isomorphic if and

only if their initial seeds ¥ and X' are similar.

This statement can be derived from [ADS, Section 3]. However, we consider the case
where a seed might consist of several exchangeably connected components, so for the

convenience of the reader we give a short proof.

Proof. Let ¥ = (X, ex, B = (byy)vwex) and X' = (X', ex’, B’ = (b),,,)vwex’) be similar via
a bijection ¢: X — X'. Tt involves some calculations to check that ¢ induces a rooted
cluster morphism; in the interest of not giving a rather technical argument twice, we
refer to a result that will be proved in Section 2.3.6: In Theorem 2.3.37 we give three
necessary and sufficient conditions for a map between clusters of seeds to give rise to a
rooted cluster morphism. It is straightforward to check that ¢ satisfies all of these: Since
it is a bijection restricting to a bijection from ex to ex’ it satisfies conditions (1) and
(2). It satisfies condition (3) because for every two exchangeable cluster variables = and
y in the same exchangeably connected component of > we have b;(m)w, = byp-1(w) and
bfp(y)w, = by (ur () ' = ~byo1(ur) for all w' € X' . Thus it

induces a rooted cluster morphism f: A(X) — A(X). For the same reasons, the inverse

yorb = —byp-1(uw) and b:p(
o1 X" — X induces a rooted cluster morphism g: A(X') — A(X). It remains to check
that f and g are mutual inverses as rooted cluster morphisms.

Let x be a cluster variable in A(X). It is of the form = = p,, o ... 0 u,, (y) for some
y € X and a Y-admissible sequence (x1,...,7;). By induction on the length [ of the
admissible sequence, we show that g o f(z) = x and thus g o f is the identity on A(%):
If I =0 we have go f(x) = o top(z) = 2. If go f is the identity on all cluster variables

which can be written as a mutation along a Y-admissible sequence of length [ — 1, then

in particular g o f(tts;_jo..0pe, (¥)) = oy, © -0 fie, (y) and go f(z;) = 2y and (21, ..., 77)
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is (g o f, 3, ¥)-biadmissible. Thus by axiom CM3 for g o f we have

g0 f(x) = figof(e)) © - - © Hgofa) (g0 f())
= [lz, © Hgof(zr_1) © - - - © figor(e) (g © f(¥))
= 1z, (g 0 f(pay © - 0 1y (y)))
= fly, O ... 0 iz (y) = .

The argument for f o g being the identity on A(X') is symmetric and thus f is a rooted
cluster isomorphism.

On the other hand, if f: A(X) — A(Y') is a rooted cluster isomorphism then by
[ADS, Corollary 3.2] it induces a bijection ¢: X — X'. By condition (3) of Theorem
2.3.37 it follows that X and Y are similar under this bijection. O

Two rooted cluster algebras with mutation equivalent initial seeds are in general not

isomorphic in Clus.
Example 2.3.31. Consider the seed
Z — ({I17ZU2,I'3}, {xl,x2,$3}7 L1 — 12 «— 13 )

and its mutation at x;
/ / Ty +1 /
Y= Nm(E) - ({xl - T?‘T??x?:}ﬂ {$1,ZE2,I‘3}, 33,1 — T2 — T3 )
The seeds 3 and ¥’ are not similar, thus the associated cluster algebras A(X) and A(X)
are not isomorphic. Indeed, if f: A(X) — A(X') were an isomorphism of rooted cluster
algebras, then it would be an isomorphism of rings with f({z1,zq,23}) = {2}, 22, x3}.
Thus we would have f(x;) = x5 for some i € {1,2,3}. To avoid confusion, denote

mutation of the seed 3 by x* and mutation of the seed ¥/ by p>. We have

flag)+l _ flaa)+l Lo q

f(z1) z2 )
X)) = J fle)f(es)+l _ flz)f(@s)+l  sp o
f(uxl (xl)) f((tg) — T 5 lf 1 = 2

fl2)+1 _ f(w2)+l e -

G T e ifi=3

none of which can be equal to
, T, +x
ILL?Q (3:2) = ! 3 ‘
T2

So f does not satisfy axiom CM3.

2.3.6 Rooted cluster morphisms without specializations

The definition of rooted cluster morphisms (see Definition 2.3.2) allows cluster variables
to be sent to integers. Sending a cluster variable to an integer is called a specialization.
Given the seeds ¥ = (X, ex, B) and ¥/ = (X', ex, B') we call a rooted cluster morphism
[+ AZ) = A(Y) a rooted cluster morphism without specializations, if f(X) C X', i.e. if

all cluster variables get sent to cluster variables.
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Lemma 2.3.32. Let f: A(X) — A(X') be a rooted cluster morphism without specializa-

tions. Then every Y-admissible sequence is (f, %, ¥')-biadmissible.

Proof. We prove the claim by induction on the length [ of a Y-admissible sequence. It is
satisfied trivially for sequences of length [ = 0 . Assume now that it is satisfied for all
Y-admissible sequences of lengths at most [ > 0 and let (z1,...,x;41) be a X-admissible
sequence of length [ 4+ 1. By Definition 2.2.15 we have x4 = py, 0 ... 0 g, (y) for some
y € ex and thus — because, by induction hypothesis, (z1,...,x;) is (f, 2, ¥)-biadmissible
— f(@i41) = f(pay © - 0 piay (Y)) = figy) © - © fpay)(f(y)) by axiom CM3. By axiom
CM2 f(y) € ex’ so we have f(x141) € fif(z)) © ... 0 iy (ex’) and thus (z4,...,2141) is
(f, %, ¥)-biadmissible. O

Lemma 2.3.32 helps us to further understand ideal rooted cluster morphisms (see
Definition 2.3.15): In [ADS, Problem 2.12], Assem, Dupont and Schiffler asked for a
classification of ideal rooted cluster morphisms. We provide a partial answer via the
following consequence.

Proposition 2.3.33. Fvery rooted cluster morphism without specializations is ideal.

Proof. Let 3 = (X,ex, B) and ¥/ = (X', ex/, B') be seeds and let f: A(X) — A(X') be
a rooted cluster morphism without specializations. Every element of f(A(X)) can be
written as an integer polynomial in the images of cluster variables of A(X). A cluster
variable z € A(X) is of the form x = p,, o ... 0 u, (y) for y € X and a X-admissible
sequence (r1,...,7;). Because f is without specializations we have f(y) € X' and by
Lemma 2.3.32 (f(x1),..., f(x;)) is ¥'-admissible. By axiom CM3 we obtain f(x)

Lf(a) © -0 fp(f(y)). This is an element of A(f(X)) and thus f(A(X)) C A(f(X)).
The other inclusion always holds and was proved in [ADS, Lemma 2.1]. O

Generally, if we have a rooted cluster morphism f: A(X) — A(X') the combinatorial
structures of the two seeds ¥ and ¥ are linked via those exchangeable cluster variables
in the cluster of ¥ that do not get sent to integers. This provides a particularly strong
combinatorial link between two rooted cluster algebras A(X) and A(X') for which there

exists a rooted cluster morphism f: A(X) — A(X') without specializations.

Lemma 2.3.34. Let ¥ = (X, ex, B = (byy)vwex) and X' = (X', ex’, B = (b)) o wrex’)
be seeds and let f: A(X) — A(YX') be a rooted cluster morphism. Let x € ex be an ez-

changeable variable of > with f(x) € ex’. Consider the exchangeably connected component

f(z)??z) = (f(X)ea(cat) nx’ f(ex) f(x) Nex’ (bvw)v wEf(X);gf )OX')

of f(x) in the full subseed f(X) C X'. Then we have

Vi = O by for all f(y) € f(ex)§, Nex’ and allv' € X' or
veX: f(v)=v'
Vigpw =— D by for all f(y) € fex)§{,y Nex’ and allv' € X,

veX: f(v)=v’
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where the empty sum is taken to be 0. In particular, if x,y € ex with f(x), f(y) € exX/,
/ _
then we have U,y ) = Fbay.

Before we give the proof for Lemma 2.3.34, we want to explore its meaning in more
detail by visualizing the statement for skew-symmetric rooted cluster algebras. Let ¥ =
(X,ex, Q) and ¥’ = (X', ex’, Q') be skew-symmetric seeds with their combinatorial data
encoded in the quivers @, respectively @', and let f: A(X) — A(X') be a rooted cluster
morphism. Then Lemma 2.3.34 implies that for every = € ex with f(x) € ex’ one of the

following two holds:

e The arrows incident with x “are invariant under f”, i.e. the number of arrows
starting (respectively ending) in x as a vertex of @) is equal to the number of arrows

starting (respectively ending) in f(z) as a vertex of Q'.

e The arrows incident with x “change direction under f”, i.e. the number of arrows
starting (respectively ending) in x as a vertex of () is equal to the number of arrows

ending (respectively starting) in f(z) as a vertex of @'

Furthermore, for every y € ex whose image f(y) lies in the same exchangeably connected
component of the image seed f(3) as f(z), the arrows incident with y are invariant under
f if and only if the arrows incident with x are, and equivalently, the arrows incident with
y change direction under f if and only if the arrows incident with x do. We now prove
Lemma 2.3.34.

Proof. Let X = {z € X | f(z) € X'} be the set of cluster variables in X that get
mapped to cluster variables in X" and let 2 € X Nex with f(z) = 2/. Because f is a ring

homomorphism we have

oI 11 o)

VEX: by >0 VEX: bey<0
=k I f@" 4k [I flo)™"
veX: byy>0 vEX: by <0

for some kq, ko € Z. By axiom CM3 this has to be equal to

i (@) f(@) = po(a)e = T @)+ T @)%

veX’: ¥, ,>0 veX: b, <0
We set
M1 — H f(v)bmv ]\42 — H f(,U)—b:cv
vEX: by >0 vEX: by <0
M{ _ H (v/)b;,v, Mé _ H (U/>—b;/v/’
veX: v, >0 veX: b, <0
T v T'v

and thus have ky My + ko My = M| + MJ, where M, My, M| and M) are non-zero monic

monomials in X’ over Z. Assume first that b,,, = 0 for all v/ € X'. Then we have
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M] = M) = 1, which implies ki M; + koMs = 2 and by algebraic independence of
variables in X' we have M; = M, = 1. Therefore we have b, = 0 for all v € X and in
particular for all v € X' we have 0 = ¥/, = > f(v)=v' bzv = 0. Assume now that there
exists a 2/ € X' with b.,_, # 0. Without loss of generality we may assume b, > 0. Then
z" divides M. Since 2’ does not divide M, and M|, M} # 0, by algebraic independence
of variables in X' either z divides M; or z divides M,. If z divides M;, by comparing
coefficients of 2’ we obtain kyM; = M| and koM, = M), and if z divides M, we obtain
ki My = M} and ko My = M. Either way, since M| and M} are monic, we get

and the first case implies
/f(x)v’ = b;/v/ — Z ban
veX: f(v)=v’

for all v € X" and the second case implies

b/f($)vl == b;/vl - — Z bxv

veX: f(v)=v'

for all v/ € X'. In particular, if 2,y € ex NX then by Proposition 2.3.9 we have b}(x)f(
b,
Let now x,y € X Nex be cluster variables such that their images f(x) and f(y) are

Y)

cluster variables in the same exchangeably connected component of f(X) and let them
be connected by the path f(z) = f(xo), f(z1),..., f(z) = f(y) with z1,..., 21 € ex.

Assume that we have
/
Bow = 2. bw

veX: f(v)=v'
for all v' € X', i.e. no signs occur. By the above argument, this is the case if and only if
b’f(z) f(z1) = baz,. Iteratively applying the same argument to z; fori=0,...,1 —1, yields
that this holds if and only if V)., = b
only if b, )@ = w1y, Which holds if and only if

b/f(y)v’ - Z by

veX: f(v)=v'

for all 0 < ¢ < [; in particular if and

TiLi41

for all ' € X'. This proves the claim.
]

Remark 2.3.35. The proof of Lemma 2.3.34 also tells us something about specializations of
cluster variables. If ¥ = (X, ex, B) and ¥/ = (X', ex’, B) are seeds and f: A(X) — A(Y)
is a rooted cluster morphism, then for an = € ex with f(x) € ex’ the following holds:
If f(z) has at least one neighbour in f(X), i.e. if it is not its own connected component
in f(3), then all neighbours of x in ¥ that do not get mapped to cluster variables get
mapped into {£1}. This follows directly from Equation (2.2) in the proof.
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In the following, we want to characterize rooted cluster morphisms without special-

izations. Before we do that, we observe the following useful fact.

Remark 2.3.36. Let ¥ = (X, ex, B) and ¥’ = (X', ex’, B') be seeds. Any map f: X — X'
gives rise to a unique ring homomorphism f: A(X) — Fy/, because all elements of the ring
A(X) are Laurent polynomials in X. Thus in particular every rooted cluster morphism
without specializations is uniquely determined by its values on the cluster of the initial

seed.

Theorem 2.3.37. Let ¥ = (X,ex, B = (byw)vwex) and ¥ = (X', ex', B' = (b},) v wex’)
be seeds and let f: X — X' be a map. Then the algebraic extension of f to A(X) gives
rise to a rooted cluster morphism f: A(X) — A(X') if and only if the following hold:

(1) The map f restricts to an injection f |ox: ex — ex’.

(2) If f(x) = f(y) for some x # y € X then both x and y are coefficients of . In
that case for any X-admissible sequence (xq,...,x;), setting fiy, o ... 0 fi,,(3) =:
(X,ex, B = (bow)pwex), for any neighbour z € ex of both x and y in ¥ the entries

I;m and lN)Zy have the same sign.
(3) Let x € ex and consider the exchangeably connected component
)5y = (105 (€) 5y Braduwercoss,)

of f(x) in the full subseed f(X) C X'. Then we have

b/f(y)v’ = Z by, for all f(y) € f(ex)fffm) and all v € X or
veX: f(v)=v
= ;() by for all f(y) € f(ex)§,) and all v’ € X,
veX: f(v)=v’

where the empty sum is taken to be 0.

Remark 2.3.38. Condition (2) of Theorem 2.3.37 is not always easy to check for two given
seeds ¥ = (X,ex, B) and ¥/ = (X', ex’, B’) and a map f: X — X'. However, it is useful
for checking when such a map does not induce a rooted cluster morphism. On the other
hand, if for all z,y € X\ ex with f(x) = f(y) we have b,, = b, for all v € ex then it is
straightforward to check using the definition of matrix mutation in Definition 2.2.13 that

condition (2) is satisfied.

Proof. Assume first that the map f extends to a rooted cluster morphism. By axiom CM?2
and Proposition 2.3.9 point (1) holds. By Lemma 2.3.32 every Y-admissible sequence is
(f,%,%')-biadmissible and thus by Corollary 2.3.10 point (2) holds. By Lemma 2.3.34
point (3) is satisfied.
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Assume, on the other hand, that f: X — X' is a map satisfying conditions (1) to (3).
By Remark 2.3.36, it gives rise to a unique ring homomorphism f: A(X) — Fx. This
ring homomorphism satisfies axioms CM1 and CM2 by definition and condition (1). It
remains to check axiom CM3 and that the image f(.A(X)) is contained in A(X).

We show the following points for every Y-admissible sequence (1, ..., z;) by induction
on the length [.

(a) The sequence (x1,...,x;) is (f, 2, >')-biadmissible.

(b) For any y € X we have
Ftz 00 pia () = ppany © -0 prpn (F(y)).

(c) Set

fhay © - ey (B) =2 X = (X, 6k, B = (bvw)v,wefi)

to be the mutation of the seed ¥ along (xy,..., ;) and

I
L) © - i) (D) = 2 = (X, &', B' = (,,,), pex')

to be the mutation of ¥’ along (f(z1),..., f(x)). If f(z) = f(y) for some x # y €
X, then both z and y are coefficients of . (This is equivalent to saying that for
any z € ex and any y € X with z # y we have f(z) # f(y).)

(d) For every v € ex we have

S

l;’f(y)v, = o for all v/ € X' or

eX: f(v
1!
Oy = —

S

o for all ' € X,
“fv

><x

and for all y € ex such that f(z) and f(y) lie in the same exchangeably connected
component of f(3) we have

/
Ow = b
veX: f(v)=v'
for all v/ € X' if and only if
-, -
Of gy = bye
veX: f(v)=v’
for all v’ € X
If these conditions are satisfied for every Y-admissible sequence (zy,...,x;), then by

condition (b) axiom CM3 is satisfied and by conditions (a) and (b) the image of A(X)
under the algebraic extension of f lies in A(3'). Conditions (c) and (d) are used to help

prove conditions (a) and (b).
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We check conditions (a) to (d) for arbitrary 3-admissible sequences by induction on
their length [. For a Y-admissible sequence of length [ = 0 conditions (a) and (b) are
satisfied trivially, condition (c) is satisfied by condition (2) and condition (d) is satisfied
by condition (3). Assume now that they are satisfied for all ¥-admissible sequences of

length <[ and let (xy,...,z;41) be a Y-admissible sequence of length [ + 1. We set

and

~ ~7 ~
Nf(arz) o... pf(xl)(E’) = E/ = (X ,ex’, B, = (b;UJ)v,wEX/)

as above.

(a) We have x;11 = fiz, 0 ... 0 piy, (y) for some y € ex and thus f(x;11) = f(pg, 0...0
P (V) = Hy(zy) © - .- © fpz)(f(y)) by induction assumption (b) on the sequence
(z1,...,2;). By condition (1) we have f(y) € ex’ and thus f(z141) € ppayo...0
Pfy(ex’) and (z1,...,241) is (f, X, X')-biadmissible.

(b) Let y € X. We have p,, 0...0 u, (y) € X and 2,41 € ox. If we have x,, #
iz, O ... O fiz, (y) this implies

fpz, 000 pay (y) # f(2141)

by induction assumption (c). In this case mutation at x;,q, respectively at f(x;11)
acts trivially on gy, o ... 0 s, (y), respectively on fip,) o ... 0 fiy)(f(y)) and we
obtain

.f(:umﬂ 00 fiay (Y)) = f(pay © - - 0 i (y))
= [f(z) O -0 Mf(m)(f(y))
= Hf(pa) -+ © 'uf(ml)(f(y»’

where the second equality follows from induction assumption (b) on the sequence

(21,...,2). If, on the other hand, x;41 = pz, 0 ... 0 fis, (y) then we have

M ffer s T f(o) e
v€Xiby 1 v>0 v€X:by 10 <0

Pl o0t (4) = o CE)

By induction assumption (d) we have

7 7 ~ !

faw = O bay foralle’ € X or
veX: f(v)=v’

A 7 o

}(mlﬂ)v/ =— Z by, ,0 for all v € X,
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Without loss of generality, assume that the first equation holds (otherwise we can
simply change the signs below accordingly). By condition (2), for any v' € X' all
non-trivial summands in

Z 63«“1“”

veX: f(v)=v'

have the same sign. Therefore for any v’ € 5(,, we have Z;f(
bey.yo > 0 for all v € X with f(v) = v/, and by
for all v € X with f(v) =v'. We get

+ > 0 if and only if
=0

Ty41)v

, = 0 if and only if b

xl+1)U Ti+1v

/ E}(z )’ / (ve)'('fz(v):v’bzhrlv)
I @)= II )=
UIGX/:E}(IZ+1)v’>O v’EX/:5}<Il+1)U/>O
= I j@)le

UEX:BIHIU>O

and the analogous statement for the product over v/ € X with 6}(zz+1)v’ < 0.

Substituting into Equation (2.3) we obtain

7! /

I @ s [ (@) e
veX' b >0 veX b <0
. FCTANDLY fapp1)v’
f(luxH»l O...Oluxl(y)) - f<$l+1) )

which by definition of mutation is equal to

fp ) (F(@11) = B (f (e, © - 0 1y (1))

By induction assumption (b) we obtain

f(/“l’xl+1 ©...0 Mm(y)) = Kf(xi4) @+ © :uf(m)(f(y))'

Let now = € g, (ex) and y € uxm(f() with z # y. We want to show that
f(x) # f(y). We have x = iy, (%) and y = piy,,, (y) for some T € ex and g € X
with & # §. If both & # 241 and § # 41, then 2 = & € ex and y = § € X and
by induction assumption (c¢) we have f(z) # f(y). Thus assume without loss of

generality that T = ;.1 and § # ;1. Then we have

f(@)f(w141) = f(ﬂxm(i’?lﬂ))f@lﬂ) )
- I s T f) e

v€X:by 1 v>0 v€Xiby v <0

and thus f(x) divides the right hand side of the equation. On the other hand, we
have f(y) = f(tte,, (7)) = f(7) € X'. Assume for a contradiction that f(z) = f(y).
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I~n particular, this implies f(z) € X' By algebraic independence of the elements of
X, f (z) must divide both

[T s

vef(:gzl+1v>0

and

[T fw) e

vEX:i)zl+1v<0

This would mean that there exist v # w € X with f(v) = f(w) and such that
bxmv > 0 and bxmw < 0, which contradicts condition (2). Thus we have f(z) #

f).

Set now
fary(B) =: B = (Bow)v,we i, (%)
and
Mf(mm)( ) =B = (61)11})1) Wwep g, ) (X)

Fix v = pg,, (0) € pay,, (€X). By definition of matrix mutation (Definition 2.2.13),
for all w = i, ,, (W) € py,,, (X) we have

51}11} = ,uxl_,_l (bf)ﬂ)) =

- —bsg, if 0 =241 or W = 2744

Dot + (1021 [Barers + Diwyyn [Dar, o], else.

We have shown that condition (b) holds for the sequence (z1, ..., x;+1) and thus we

~ ~ )
have f(v) = f¢(z,,,)(f(?)). Thus for every w' = pip(z,,,)(0") € sz, ,)(X) we have

_N}(ﬁ)u*/v if f(0) = f(zi41) or @' = f(z111)
/ =, -
Bf(v)w, B Mf(xlﬂ)(bf(ﬁ)w’) - b/f(f)) (|b/ ) f(@i41) |bf(xl+1)w/ + b/ (®) |b/

Flxip) Y f(ei41)w |)’

else.
By induction assumption (d) we have
o = b a0 0 = b

for all @ € X and the signs of the two sums are the same if f (0) and f(x;41) are

W fa) 7 0- Note
by induction assumption (d)

connected by a path of variables in f(ex), hence in particular if B}(
Y (@141) ib
and f(0) = f(x;41) if and only if ¥ = x;,; by assumption (c). Setting

further that since © € eéx we have Z~)’f(ﬁ B2t 1

Sf(xlﬂ) = Z bﬂ?zﬂw

WeX: f(w)=w'
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we obtain

|
gn
\g
j=pki

o), if 0=z or ' = f(z141)

H_

\g
o> U
<t

I

+

DO =

(‘bf)lerl ’ (:ESf(le)) + bﬁlerl |Sf(33l+1) D ) else.

6}(17)11" =% _6773514-1)7 if W' = f(l'l—f—l)

where the last equality holds because for w = p,,,, (1) by condition (b) we have

f(w) = f(:uﬂcurl (UNJ)) = Mf(xz+1)(f(w))

Thus for every w' = fip(,, (@) we have f(w) = w' = pife,, ) (@') if and only if
f(w) =
Observe that by definition of matrix mutation, if for z,y € j,,,(X) with z =

oy, (T) ~aund Y = My, (9) we have B}, # 0, then we have E’f(j)f(g) # 0
or both V), # 0 and g r, ) # 0. Therefore, if two variables f(z) =

Mf($l+1)(f<j>> S f<M331+1 <X>> and f(y) = Mf($l+1)(f(g)> S f(:uﬂ?url (X>> are exchange—

ably connected in f(ps,,, (X)), then f(#) and f() are exchangeably connected in
f (f]) Thus the signs of the sums in a given exchangeably connected component of
f() carry over from B’ to B’ and we obtain by induction assumption (d) that

B;‘(x)u/ = Z B:vw

u€pay 1 (X): f(u)=v/

for all v’ € uf(wm)(f(/) if and only if

B }(y)U’ - Z Byw

ueuzl+1 s f(u)=u’ (X)

)

for all v’ € pry,,,)(X).
[

Remark 2.3.39. Theorem 2.3.37 implies that, for a rooted cluster morphism f: A(X) —
A(Y') without specializations, the full subseed (ex, ex, (byw)vweex) Of exchangeable vari-
ables of ¥ = (X, ex, B = (byw)v,wex) is similar to a full subseed of 3.
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Theorem 2.3.37 shows that rooted cluster morphisms without specializations are quite
restrictive. It is helpful to visualize this via skew-symmetric rooted cluster algebras where
the exchange matrices can be encoded in quivers. Let A(X) and A(X') be skew-symmetric
rooted cluster algebras with initial seeds ¥ = (X,ex, Q) and ¥’ = (X', ex’, Q’), where
the exchange matrices are represented via the quivers ) and @' respectively, and let
f: A(X) — A(Y') be a rooted cluster morphism without specializations. Two coefficients
x #y € X\ ex may get sent to the same cluster variable if and only if there is no path in
@ of length two between x and y that passes through an exchangeable variable. In any
case, the number of arrows between f(x) € f(ex) and f(y) € f(X) in Q' is equal to the
sum of the number of arrows between x and the preimages of y (where we do not worry
about the directions of the arrows). The following example highlights most interesting
features of rooted cluster morphisms without specializations: We may glue vertices to
images of coefficients and we may glue together coefficients of ¥ while keeping track of all
the arrows that directly connect them to exchangeable variables. Furthermore, we can
always add or remove arrows between images of coefficients of ¥ and we can turn any

coefficient into an exchangeable variable.

Example 2.3.40. Consider the seeds
T3 —| 26
E - (X - {$1,$2,$3,$4,$57$6,x7}, {$1,$27$3}, 1 — 22 7 )

ENE

and

YW =X = ylﬂy2E21(y;>Z2<—a
—( == {y17y27y37Z17227a}a{y17y27y3aa’}7 — )

and the map f: {71, 22, 73, T4, T5, T6, T7} — {Y1, Y2, Y3, 21, 22, a} which maps

x>y fori=1,2.3
x; >z for i = 4,57

Tg > 29.

We check that f satisfies conditions (1), (2) and (3) from Theorem 2.3.37. By defini-
tion of f, the restriction of f to the exchangeable variables of X is an injection that maps
into the exchangeable variables of 3, thus condition (1) is satisfied.

The variables x4, x5 and x7 all get mapped to the same variable, so we have to check
condition (2) for those. Firstly, they are all coefficients. Let now (xy,...,;) be a -
admissible sequence and set ¥ = pi,, 0. .. 0 1, (8) with ¥ = (X, ¢k, Q). We have to check
that in Q there are no paths of length 2 passing through an exchangeable vertex v € ex
from any of x4, x5 and z7 to any of x4, x5 or z7 (i.e. no paths of the form z; — v — z;
for i,7 € {4,5,7}). Since z7 is its own connected component in ¥, and therefore also

in X, we have no arrow between x; and any v € ex in (). Furthermore, we can check
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the condition for the two exchangeably connected components 357 = (X7, ex;”, Q5%) and

¥ = (X5, exgr, Qgr) individually, by Remark 2.3.27. It is straightforward but tedious to
check that both Q%7 and Q5! are mutation finite along 3J,,-, respectively 3,,-admissible
sequences, with ten quivers in the mutation class of Q5% and two quivers in the mutation
class of Q5% and that the condition (2) holds for all of them.

Finally, we can see that in the exchangeably connected component f (X)?”fxl) of the
image seed f(X) (see Example 2.3.12) the number of arrows from f(z) € f(ex) to f(y) €
f(X) is equal to the sum of arrows from x to the preimages of y and vice versa. In the
other exchangeably connected component f (X)jﬂ(”x&) of f(X), the number of arrows from
f(z) € f(ex) to f(y) € f(X) is equal to the sum of arrows from the preimages of y to x

and vice versa. Thus condition (3) is satisfied.

2.4 Rooted cluster algebras of infinite rank as colim-

its of rooted cluster algebras of finite rank

In this section, we show that every rooted cluster algebra of infinite rank can be written
as a linear colimit of rooted cluster algebras of finite rank. This yields a formal way to
manipulate cluster algebras of infinite rank by viewing them locally as cluster algebras

of finite rank.

2.4.1 Colimits and limits in Clus

We start by recalling the notion of limit and colimit. Let C and J be categories and let
F: J — C be a diagram of type J in the category C, i.e. a functor from J to C.

The limit im(F') of F (if it exists) is an object lim(F) € C together with a family
of morphisms f;: lim(F) — F(i) in C indexed by the objects i € J such that for any
morphism f;;: i — j in J we have F(fi;) o f; = f; and lim(F) is universal with this
property. That is, for any object C' € C with a family of morphisms ¢;: C' — F(i) in C
for objects i € J such that F(f;;)og; = g; for all morphisms f;;: ¢ — j in J there exists

a unique morphism h: C' — lim(F') such that the following diagram commutes.

|s

gi lim( F) 9gj

% F(fmk

The dual notion of the limit of F' is the colimit colim(F) of F. If it exists, it is
an object colim(F) € C together with a family of morphisms f;: F'(i) — colim(F') in

F(i) F(j)

C indexed by the objects 7« € J such that for any morphism f;;: ¢ — j in J we have
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fjo F(fi;) = fi and for any object C' € C with a family of morphisms g;: F'(i) = C in C
for objects ¢ € J such that g; o F'(fi;) = g; for all morphisms f;;: i — j in J there exists

a unique morphism h: colim(F') — C such that the following diagram commutes.

|

9/ colim(F) \¥

A limit lim(F") or colimit colim(F) is called finite, respectively infinite if the index

(fiz)

F(i) F(j)

category J in the diagram F': J — C is finite, respectively infinite. It is called small if
the index category J in the diagram F': J — C is small. A category is called complete,

respectively cocomplete, if it has all small limits, respectively colimits.

Remark 2.4.1. Products are examples of limits. They are limits of diagrams F': J — C,
where J is a discrete category, i.e. a category with no morphisms except the identity
morphisms. Dually, coproducts are examples of colimits.

Coequalizers are examples for finite colimits. They are colimits of diagrams G : J —
C, where J is the category with two objects ¢; and i and two parallel morphisms i1 = i
in addition to the identity morphisms. Dually, equalizers are examples of finite limits.

In fact, these are rather important examples as having equalizers and small products is
necessary and sufficient for a category to be complete, and dually a category is cocomplete
if and only if it has coequalizers and small coproducts, see for example Mac Lane’s book
ML, Chapter V].

Theorem 2.4.2. The category Clus is neither complete nor cocomplete.

Proof. 1f the category Clus were complete, then finite products would exist, cf. Remark
2.4.1. However, by [ADS, Proposition 5.4], the category Clus does not admit finite
products, hence it cannot be complete.

Furthermore, if Clus were cocomplete then coequalizers would exist. However, con-

sider the seeds
Yo = ({zo, 71}, {zo; 21}, 00 — 1) and Xy = ({yo, y1}, {¥0, Y1} %0 — ¥1)
and the parallel rooted cluster isomorphisms defined by the algebraic extensions of

A(Xo) — A(%)) and - A(Xo) — A(%))

;= y; fori=0,1 x; > y1—; for i =0, 1.

f:

Assume for a contradiction that there exists a coequalizer for f and g, i.e. a rooted

cluster algebra A(X) with initial seed ¥ = (X, ex, B) with a rooted cluster morphism
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v: A(X;) — A(X) such that po f = @og and it is universal with this property. Because
v is a rooted cluster morphism and ¢ o f = ¢ o g we have p(yy) = p(y1) € exUZ. By
Proposition 2.3.9 two distinct exchangeable variables of ¥; cannot be sent to the same
exchangeable variable via a rooted cluster morphism. Thus we must have ¢(yo) = ©(y1) €
Z. Consider the empty seed Xy = (0,0,0). As a ring, we have A(Xy) = Z. Consider the
rooted cluster morphisms ¢ : A(3;) — A(%), defined by sending all cluster variables in
A(31) to 0, and v9: A(X;) — A(Xy) defined by evaluating both yy and y; at 1. Because
a rooted cluster morphism is a ring homomorphism between unital rings, any rooted
cluster morphism from A(X) to A(Xy) acts as the identity on the subring Z. Thus, if
©(yo) = ¢(y1) # 0, then 1)1 does not factor through ¢ and if ¢(yo) = ¢(y1) = 0, then 1
does not factor through . Therefore there exists no coequalizer for f and g and Clus is

not cocomplete. []

2.4.2 Rooted cluster algebras of infinite rank as colimits

Even though colimits do not in general exist in C'lus, we can show that there are sufficient
colimits such that every rooted cluster algebra of infinite rank is isomorphic to a colimit
of rooted cluster algebras of finite rank. More precisely, we can write them as linear
colimits. A colimit colim(F') in a category C is called linear, if the index category J of
the diagram F: J — C is a set endowed with a linear order viewed as a category. A
diagram F': J — C where J is endowed with a linear order < is just a linear system of
objects in C, that is a family of objects {C;}ics and a family of morphisms {fi;}i<jes
such that fjr o fij = fir and f;; = idg, for all 7 < 7 < kin J. In order to explicitly
construct a suitable linear system of rooted cluster algebras of finite rank, we use the fact

that in certain nice cases inclusions of subseeds give rise to rooted cluster morphisms.

In general, if 3 is a full subseed of ¥’ (see Definition 2.3.13), the natural inclusion of
rings A(X) — Fyx does not give rise to a rooted cluster morphism A(3) — A(Y'), see
[ADS, Remark 4.10]. However, we can fix this with an additional condition which has to

do with how the subseed is connected to the bigger seed.

Definition 2.4.3. Let Y/ = (X', ex’, B') be a seed with a full subseed ¥ = (X,ex, B =
(buw)w.wex) such that for every x € X with a neighbour y € X"\ X in ¥’ we have z € X\ ex,

i.e. x is a coefficient of 3. Then we say that X and X' are connected only by coefficients
of 2.

Example 2.4.4. Consider the seed

s — T3 —»
- = e
Y= (X - {$1,$2,$3,J]4,$5,ZL‘6},{ZE17$2,$3,$5}, )
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and its full subseed
21 == (Xl == {x17x27'r47x5}7 {x17x2}7 TL — T2 )

The seeds Y1 and Y are only connected by coefficients of 3;: The only elements of X;
which have neighbours belonging to X'\ X; in X' are x4 and x5 (they have both the

neighbour z3), and both x4 and z5 are coefficients of ¥;. Consider now the full subseed
Yy = (Xo = {@1, 22}, {w1, 22}, ¥1 = T2 )

of ¥'. The seeds Y5 and ¥’ are not connected only by coefficients of ¥y: The element

x9 € Xy is an exchangeable variable of ¥y and it has neighbours x4 and x5 in >'.
The condition of being connected only by coefficients is transitive.

Lemma 2.4.5. If ¥ = (X,ex, B) is a full subseed of ' = (X', ex', B") and X' is a full
subseed of ¥ = (X" ex”, B"), such that ¥ and X' are only connected by coefficients in 3
and such that X' and X" are only connected by coefficients in X/, then 3 and X" are only

connected by coefficients in 3.

Proof. If x € ex is an exchangeable variable of 3 then, by the definition of full subseed,
it is an exchangeable variable of ¥'. Because ¥’ and " are only connected by coefficients
of ¥, z cannot have a neighbour in X" that lies in X"\ X'. All neighbours of z in %"
thus lie in X', and, because ¥’ is a full subseed of ¥”, these are exactly those variables
that are neighbours of z in ¥’. Because ¥ and X' are only connected by coefficients in X,

these neighbours must be elements of X. O]

If 3 is a full subseed of ¥’, such that the seeds are connected only by coefficients of

Y, then the inclusion of ¥ in ¥ induces a rooted cluster morphism.

Lemma 2.4.6. Let ¥ = (X, ex, B) be a full subseed of X' = (X', ex’, B') such that ¥ and
Y are connected only by coefficients of ¥.. Then the inclusion f: X — X' gives rise to a
rooted cluster morphism f: A(X) — A(Y).

Proof. This follows directly from Theorem 2.3.37. O]

For any given rooted cluster algebra A(X) we can build a linear system {A(3;)}icz
of rooted cluster algebras whose initial seeds are finite full subseeds ¥; of ¥ such that for
all ¢ € Z, the seeds X; and X are only connected by coefficients of ;. Further, we can
construct it in a way, such that for all ¢« < j the seed X; is a full subseed of X; and the
two are connected only by coefficients of 3J;. This construction yields a linear system of
rooted cluster algebras of finite rank which has the desired rooted cluster algebra A(X)

as its colimit.
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Theorem 2.4.7. Every rooted cluster algebra is isomorphic to a linear colimit of rooted

cluster algebras of finite rank in the category Clus of rooted cluster algebras.

Proof. Let A(X) be a rooted cluster algebra with initial seed X = (X, ex, B = (byw )v,wex)-
Let ¥ = [ |;c; ¥’ be its decomposition into connected seeds with ¥/ = (X7, ex’, BY) for
J € J, where J is some countable index set (since the cluster X is countable by Definition
2.2.1, there are only countably many connected components). We can thus write the
rooted cluster algebra A(X) as the countable coproduct of the connected rooted cluster
algebras A(X7):
A(D) = [T AEY).
j€J

For notational simplicity we assume J = {0,1,...,n} for some n € Zs, if J is finite,
and J = Z>, if J is infinite. We construct a linear system of rooted cluster algebras as
follows. For j € J choose x% € X7 and inductively define full subseeds 2{ of 3 by

) = (X{, ex), By) = ({3}, 0, [0])
Sl = (Xlipsextiy, Bl)

= (XZ U{w € X | by # 0 for some v € Xg},Xgﬂex,Berl), fori >0

where B! 1 is the full submatrix of B formed by the entries labelled by X/ 4 X X/ +1- Note
that because B is skew-symmetrizable b,,, # 0 is equivalent to b,, # 0. Because B’ is
locally finite, for all 4 > 0 the cluster X? in the seed Y7 is finite. We set

Y= H 1
JjeJy<i
and write 3; = (X;, 6x;, B; = ((Ei)vw)v,we %,)- Because the cluster in each of the seeds
Zf,j for j € J with 0 < j < i is finite, so is the cluster X; of ;. By definition, the seed
f]i is a full subseed of the seed ii—i—l for all 7+ > 0 and all the seeds f]z- are full subseeds of
3.

We now want to show that for all ¢ > 0 the seeds f)i and iHl are connected only by
coefficients of 3;. From that it follows by Lemma 2.4.5, that 3; and f]j for all + < j are
connected only by coefficients of 3;. Because the subseeds Z{ and Z{,/ are by definition
mutually disconnected for j # j' in J and any i,7 € Z>, it is enough to check that
>7 and X 41 are connected only by coefficients of 57 for any i € Z and j € J. Let

z€ex and y € X 1 with by, # 0. We want to show that this implies y € XJ. We have
i > 0, since ex)) = 0 for all j € J. Tt follows that = € ex) = XJ_ Nex C X/, and thus
y € {w € X | by, # 0 for some v € X |} € XJ. Therefore ¥; and %;,; are connected
only by coefficients of ;. The same argument shows that for any 7 > 0 the seeds ¥; and
S are connected only by coefficients of ;.

By Lemma 2.4.6 for 0 < ¢ < j, the natural inclusion f;;: Xi — Xj gives rise to a rooted
cluster morphism f;;: A(f]z) — A(f]j). For all 0 < ¢ < j <k we have fj, o f;; = fir and

fii = id 4(5,,), so the morphisms form a linear system of rooted cluster algebras of finite
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rank. Further, again by Lemma 2.4.6, for i > 0 the natural inclusion f;: X; — X gives
rise to a rooted cluster morphism f;: A(3;) — A(X). We show that A(X) together with
the maps fi: A(X;) — A(X) for i > 0 is in fact the colimit of this linear system in the
category of rooted cluster algebras.

Because for any j € J, the seed Y7 is connected, we have X’ = Ui>o X{ and thus

x=[x=JUx¥=UL¥=U%

jeJ jeTi>0 i>0jeJ i>0

Because every exchange relation in A(X) lifts to an exchange relation in A(X;) for all
i big enough (by virtue of the exchange matrices B; being arbitrarily large restrictions
of the exchange matrix B), any fixed element of A(X) is contained in A(X;) for all i
sufficiently large.

Let ¥ = (X',ex’, Q') be a seed such that for all ¢ > 0 there are rooted cluster
morphisms g;: A(%;) — A(X') compatible with the linear system fi;: A(%;) — A(Z;).
We define a ring homomorphism f: A(X) — A(X) by f(z) = g:(z), whenever z € A(%;),

i.e. it is the unique ring homomorphism making the following diagram commute.

A(Z))

For every x € X (respectively x € ex), there exists a k > 0 such that = € X, (respectively
T € €x;) for all i > k. Thus f(z) = gi(x) for all i > k lies in X' (respectively in ex’),
because g; is a rooted cluster morphism for all ¢ > 0. Thus the ring homomorphism f
satisfies axioms CM1 and CM2. Let now (z1,...,x;) be a (f, 3, ¥')-biadmissible sequence
and let y € X such that f(y) € X’. Then there exists an i > 0 such that y € X; and the

sequence (z1,...,x;) is (gi, %i, X')-biadmissible. Thus we get

f(/LIz O... O:urrl(y)) = f o fi(ﬂrz ©...0 :U’ffl(y))
= Gi(Hay © - 0 Hay (Y)) = Hgaay) © - - - © Hgs(an) (9:(Y)))
= ff(z) © - - © fhp(a) (f(Y)).

Therefore the ring homomorphism f satisfies CM3 and is a rooted cluster morphism.

Thus A(X) satisfies the required universal property. O

Remark 2.4.8. Work in progress by Stovicek and van Roosmalen shows the analogue of
Theorem 2.4.7 for cluster categories of infinite rank. However, their approach is different

and it is not clear that either result can be easily obtained from the other.
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Remark 2.4.9. The proof of Theorem 2.4.7 assumes that the seed of our cluster algebra
has a countable cluster. We can omit this assumption, but the price we pay is that the
colimit is no longer linear. If we allow seeds with uncountable clusters, by Remark 2.3.22
every connected component is still countable. For any given rooted cluster algebra of
possibly uncountable rank, we can take the decomposition of its initial seed into (possibly
uncountably many) connected components. This allows us to write our rooted cluster
algebra as a (possibly uncountable) coproduct of linear colimits of rooted cluster algebras
of finite rank, which — since taking coproducts is a special example of a colimit — is a

colimit of rooted cluster algebras of finite rank.

2.4.3 Positivity for cluster algebras of infinite rank

Fomin and Zelevinsky showed in [FZ1, Theorem 3.1] that every cluster variable of a cluster
algebra of finite rank is a Laurent polynomial in the elements of its initial cluster over
Z and they conjectured that the coefficients in this Laurent polynomial are nonnegative.
The so-called positivity conjecture has been a central problem in the theory of cluster
algebras and has recently been solved by Lee and Schiffler [LS] for all skew-symmetric
cluster algebras of finite rank. Previously, the problem had been solved via different
approaches for important special cases, such as for acyclic cluster algebras by Kimura
and Qin [KQ] and for cluster algebras from surfaces by Musiker, Schiffler and Williams
[MSW].

Theorem 2.4.10. The positivity conjecture holds for every skew-symmetric cluster alge-
bra of infinite rank, i.e. for every skew-symmetric cluster algebra A(X) of infinite rank
associated to a seed ¥ = (X, ex, Q)), every cluster variable in A(X) is a Laurent polynomial

in X over Z with nonnegative coefficients.

Proof. Let ¥ = (X, ex, Q) be a skew-symmetric cluster algebra of infinite rank. Using the
construction in the proof of Theorem 2.4.7, the associated rooted cluster algebra A(X)
can be written as a linear colimit A(X) = colim(A(;)) of a linear system {A(%;)};ez of
skew-symmetric rooted cluster algebras of finite rank with seeds ¥; = (X, ex;, B;) and
with canonical inclusions f;: A(X;) — A(X) fori € Z. Let & € A(X) be a cluster variable,
thus & = pg, o ... 0 g, (z) for some z € X and some Y-admissible sequence (z1, ..., 2;).
Then there exists an ¢ € Z such that = € X; and (zy,...,7;) is X;-admissible. Set
Y = g O ... 0 g (z) in A(X;). By axiom CM3 for f; we have fi(y) = 2. By [LS,
Theorem 4.2], the cluster variable y € A(Y;) is a Laurent polynomial in X; over Z with
nonnegative coefficients. Since f; is a ring homomorphism (with f;(1) = 1) the image

Z = fi(y) is a Laurent polynomial in f;(X;) C X over Z with nonnegative coefficients. [

Remark 2.4.11. The positivity conjecture still holds if we allow uncountable clusters: Let
A(Y) be a rooted cluster algebra of uncountable rank. We can decompose it into its

connected components A(Y;) with seeds 3; = (X;, ex;, B;) for ¢ € I for some uncountable
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index set I. By Remark 2.3.22, for all i € I the rooted cluster algebra A(%;) is of
countable rank and, by the defintion of coproduct, every cluster variable z in A(X) lives
in the cluster algebra A(X;) of countable rank for a unique ¢ € I. Since the positivity
conjecture holds for A(Y;), the cluster variable x is a Laurent Polynomial in X; with
nonnegative integer coefficients, and thus in particular a Laurent polynomial in X with

nonnegative integer coefficients.

2.4.4 Rooted cluster algebras from infinite triangulations of the

closed disc

It follows from Theorem 2.4.7 that every rooted cluster algebra arising from a countable
triangulation of the closed disc can be written as a colimit of rooted cluster algebras of
finite rank. Moreover, as we will see in this section, it can be written as a linear colimit
of rooted cluster algebras that arise from finite triangulations of the closed disc. Thus
we obtain a formal way of treating cluster algebras associated to infinite triangulations
of the closed disc as infinite versions of cluster algebras of Dynkin type A. This provides
the algebraic analogue of the work of Holm and Jgrgensen [HJ] and Igusa and Todorov
([IT1], [IT3, Section 2.4]), who introduced infinite versions of cluster categories of Dynkin
type A. A short introduction to these cluster categories will be given in Sections 3.3.1
and 3.3.2 of Chapter 3.

Theorem 2.4.12. Let T be a countable triangulation of the closed disc with marked
points Z. Then the associated rooted cluster algebra A(X7) is isomorphic to a countable
coproduct A(X7) = [l;e; A(X7;) of linear colimits A(X7) = colim(A(Xrs) of rooted
cluster algebras A(ETZ_J-) of finite Dynkin type A. Z

Proof. We can directly translate the proof of Theorem 2.4.7 to this situation. Let first
T be a connected triangulation. We can build a linear system of rooted cluster algebras

associated to finite triangulations of the closed disc as follows. Let {z¢,z;} € T and set
To = {{xo,1}} and for all i > 0 set

there exists a 8 € 7; such that o and
7;+1_7;U{ae7" * P ﬁ}

are sides of a common triangle in T

where, for all 7 > 0, 7; as a triangulation of the closed disc with marked points Z; being
the endpoints of arcs in 7;. We pass from 7; to 7;11 by glueing triangles to all of those
edges of Z; that are not edges of Z. We can write T as the countable union of these

finite triangulations of the closed disc which are ordered by inclusion:

T=UT:, with 7 C7T; forall j >i>0.

>0

By Lemma 2.4.6, the natural inclusions f;;: A(X7;) — A(X7;) for 0 < i < j provide a

linear system of rooted cluster algebras and following the lines of the proof of Theorem
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2.4.7 there is an isomorphism of rooted cluster algebras
A(X7) = colim(A(X7)).

The rooted cluster algebras A(X7;) are associated to finite triangulations of the closed
disc and thus are of finite Dynkin type A. By Lemma 2.3.26, every rooted cluster algebra
associated to a triangulation of the closed disc is isomorphic to a coproduct of rooted
cluster algebras associated to connected triangulations of the closed disc. This proves the

claim. O

Remark 2.4.13. The idea of the proof of Theorem 2.4.12 follows the construction in the
proof of Theorem 2.4.7. Glueing on arcs to the edges of the triangulations corresponds

to glueing on new cluster variables to coefficients.

In the case where the set of marked points Z C S has precisely one limit point, the
cluster algebras associated to triangulations of Z have been classified by their connected
components in [GG].

In the language of the category Clus we can reformulate the main result from [GG]

as follows.

Theorem 2.4.14 ([GG, Theorems 3.11 and 3.16]). Let Z be a discrete subset of S* with
exactly one limit point and let T be a triangulation of Z. Then one of the following holds:

(1) The triangulation T has a nest and the rooted cluster algebra A(XT) is isomorphic

to an infinite linear colimit of rooted cluster algebras of finite Dynkin type A.

(2) The triangulation T has a fountain and the rooted cluster algebra A(X7) is iso-
morphic to the coproduct of two infinite linear colimits of rooted cluster algebras of
finite Dynkin type A.

(3) The triangulation T has a split fountain and the rooted cluster algebra A(Xy) is
isomorphic to the coproduct of a rooted cluster algebra of finite Dynkin type A and

two infinite linear colimits of rooted cluster algebras of finite Dynkin type A.

Remark 2.4.15. In a similar fashion it is possible to classify rooted cluster algebras as-
sociated to arbitrary triangulations of the closed disc with marked points Z C S*. The
decomposition of a fixed triangulation 7 into connected components can be worked out
directly with the help of Lemma 2.3.24 and Remark 2.3.25.

The work in [GG| was inspired by Holm and Jorgensen’s study of the cluster category
of infinite Dynkin type A.. Igusa and Todorov introduced generalizations of this cluster
category in [IT1] and [IT3]. More details on these cluster categories will be given in
Section 3.3 of Chapter 3. All of these cluster categories have combinatorial interpretations
via countable triangulations of the closed disc and thus find their algebraic counterparts

in our cluster algebras associated to triangulations of the closed disc. In Section 3.3.2
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we explicitly describe how to obtain the rooted cluster algebra that allows the same
combinatorics as the continuous cluster category of Dynkin type A (as studied in [IT1])

as a colimit of rooted cluster algebras of finite Dynkin type A.



Chapter 3

Cluster categories

3.1 Introduction

An important step towards a better understanding of cluster algebras has been made by
their categorification, which started with the introduction of cluster categories by Buan,
Marsh, Reineke, Reiten and Todorov in [BMRRT]. In Section 3.2.1 we focus on this
construction, which works for skew-symmetric, coefficient-free cluster algebras of finite

rank, whose exchange quivers are mutation-equivalent to an acyclic quiver.

This categorification allowed for elegant proofs of structural properties of cluster al-
gebras, that had not been known before, such as the proof of the positivity conjecture
for cluster algebras of simply laced Dynkin type by Caldero and Keller in [CK1] and the
denominator conjecture for acyclic cluster algebras, i.e. cluster algebras whose exchange
quivers are mutation-equivalent to an acyclic quiver, by the same authors in [CK2]. The
basic idea of a categorical version of cluster algebras is that all the combinatorial concepts
we know from cluster algebras will reappear: The cluster variables will find their analogue
in indecomposable objects, the clusters in certain subcategories, which are sometimes also
called clusters, and we will have a concept of mutation, that allows us to uniquely replace
an indecomposable object in a cluster by a new one in order to obtain another cluster.
Cluster categories in the sense of [BMRRT] are triangulated categories by Keller [K], and
the explicit description of mutation on the categorical level relies on this triangulated

structure.

There are more triangulated categories than just the classical cluster categories which
mirror the combinatorics of cluster algebras. Buan, Iyama, Reiten and Scott [BIRS] in-
troduced the notion of cluster structures on triangulated categories. The classical cluster
categories from [BMRRT] carry a natural cluster structure in the expected way. How-
ever, these are not the only categories with cluster structures. In particular, categories
with a cluster structure might have infinite clusters and thus provide analogues of cluster
algebras of infinite rank. Important examples of cluster categories of infinite rank have

been studied by Holm and Jgrgensen (see [HJ] for a cluster algebra of infinite Dynkin

61
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type A) and by Igusa and Todorov (see [IT1] and [IT3] for the continuous cluster cate-
gory of Dynkin type A and, amongst more general examples, discrete cluster categories
of Dynkin type A).

Conventions Throughout the rest of this thesis, we work over an algebraically closed
field k. All triangulated categories are assumed to be k-linear, Hom-finite and Krull-
Schmidt and functors are assumed to be k-linear. All subcategories of a triangulated
category T are assumed to be full and closed under isomorphisms, direct summands and
finite direct sums and we write X C T, if X is a subcategory of T'. In the same vein we
write x € X for an object x in X. If A is a collection of objects in T', we denote by add A
its additive hull.

We express any skew-symmetric cluster algebra without coefficients via a quiver @,
cf. Remark 2.2.3. We associate to a locally finite quiver without loops or 2-cycles a seed
Yo = (Xq, Xg, Q) (see Definition 2.2.1) whose cluster variables are labelled by vertices of
@ and all of which are exchangeable. We write A for the coefficient-free cluster algebra

A(Xg) associated to Xg (see Definition 2.2.17) and call it the cluster algebra associated
to Q.

3.2 Cluster categories as a categorification of cluster

algebras

In [BMRRT], Buan, Marsh, Reineke, Reiten and Todorov introduced the cluster category
Cy associated to a finite dimensional hereditary algebra H, i.e. a finite dimensional algebra
of global dimension at most one. Every such algebra H is derived equivalent to the path
algebra kQ of a finite quiver ) without oriented cycles (in fact, if in addition H is basic
it is even Morita equivalent to such a path algebra, see or example Assem, Simson and
Skowronski’s book [ASiSk, Chapter VII, Theorem 1.7]). The cluster category Cy yields
a categorical interpretation of the combinatorics of the cluster algebra Ag associated to

the quiver Q.

3.2.1 Cluster categories

In this section, we recall the definition of cluster categories as introduced in [BMRRT]. Let
‘H be a finite dimensional hereditary algebra and consider the bounded derived category
D?(mod H) of finitely generated right H-modules. Since H is hereditary, the objects of
DP(mod H) are finite sums of shifts of indecomposable objects of mod H#. The morphisms
are given by (shifts of) morphisms and extensions in mod H (see for example Happel’s
book [H2]). This category is triangulated and has Auslander-Reiten triangles (see Reiten
and Van den Bergh’s article [RVdB, Section 1.2] for the definition), as shown by Happel
[H1, Section 3.6]. Denote by X the shift functor and by 7 the Auslander-Reiten translation
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of D’(modH). The cluster category associated to H is defined as the orbit category
Cy := D(mod 7{)/7"12.

That is, the objects of Cy are just the objects of D’(modH) and the morphism spaces

are given by
HOIIlCH (I? y) = H Home(modH)((T—lz)i(x)7 y)7

=
for z,y € Cy. By [BMRRT] the cluster category Cy is a k-linear, Hom-finite, Krull-
Schmidt category and by Keller [K], it is canonically triangulated with shift functor X
— that is, it inherits the shift functor from D’(mod H). By Reiten and Van den Bergh
[RVdB, Theorem 1.2.4] the category D°(modH) having Auslander-Reiten triangles is
equivalent to it having a Serre functor S, which is then given by S = 7% and the cluster
category Cy inherits the Serre functor S. In general, a Serre functor on a triangulated
category 7' is an exact functor S: T" — T, such that Serre duality is satisfied: For any
two objects z,y € T
Homry(x,y) = Homry(y, Sx)*,

where * denotes the dual space. If a Serre functor exists it is unique up to unique natural
isomorphism. A triangulated category with shift functor ¥ and a Serre functor S is called

n-Calabi- Yau, if there exists an isomorphism of functors S = »".

Remark 3.2.1. On any triangulated category T with shift functor ¥, Auslander-Reiten
translation 7 and Serre functor S we have S = 73, and thus 7 = ¥ as functors on 7T if

and only if T" is 2-Calabi-Yau. Since 7 = ¥ on Cy, the cluster category Cy associated to
H is 2-Calabi-Yau.

Notation 3.2.2. For a triangulated category T with shift functor ¥ we set
Exty(x,y) := Homp(z, Xy).

This notation is standard and extends the usual notion of extensions: If A is an abelian

category and z,y € A, then
Hom ps( 4)(, Sy) = Extly(z, y).

So, using the isomorphism Home,, (x, ¥y) = Home, (Xy, X?2)* in C coming from
Serre duality, we get
Exte,, (2,y) = Exte, (y,2)".

Hence the dimension of Ext® is symmetric in its two arguments. This symmetry will be
implicitly used throughout the rest of this thesis.

For combinatorial computations, as we will carry out in Chapter 4, it is useful to
consider Auslander-Reiten quivers of categories. The Auslander-Reiten quiver I'(C) of

an abelian category C' with Auslander-Reiten sequences, or of a triangulated category
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C' with Auslander-Reiten triangles (see for example [ASiSk, Chapter IV] for a thorough
introduction to Auslander-Reiten theory for finite dimensional algebras, and [H2, Chap-
ter 1.4] for the triangulated setting) is the quiver with vertices given by isomorphism
classes of indecomposable objects in C' and number of arrows given by the dimension
of the space of irreducible maps between them. Consider the case where H is of finite
representation type, i.e. by Gabriel’s theorem it is isomorphic to the path algebra k@) of
a simply laced Dynkin quiver (). By [H1, Corollary 4.5(i)] the Auslander-Reiten quiver
['(D’(mod H)) is the repetitive quiver ZQ. Its vertices are pairs (i,v) with ¢ € Z and
v € @, where @ is the set of vertices of ). For every arrow a: v — w in @) there are
arrows «;: (i,v) — (i,w) and o(ay): (i — 1,w) — (4,v) in T(D(mod H)) for all i € Z.
We consider the example where our quiver has underlying diagram D,, for n > 4. This
is the case which will be considered in Section 4.4 of Chapter 4, when we study mutation
of torsion pairs in cluster categories of finite Dynkin type D. The module categories of
the path algebras of any two orientations of a Dynkin diagram are derived equivalent
(this is a well-known fact and can be shown using BGP-reflection functors as introduced
by Bernstein, Gelfand and Ponomarev [BGP| ). Let @ have underlying diagram D,,.
Since we are only interested in D°(mod kQ) and its orbit category Crg, we can, without
loss of generality, assume that () is a linear orientation of D,, and label its vertices in the

following way:

(n—1)4

e

1 2 3 i — (n—2)

N

(n—1)_

We write D?(mod kQ) = D°(mod kD,,), and Crg = Cip,,, since as noted above
D(mod kQ) = D’(mod kQ') and Crg = Cro

for any other orientation " of the Dynkin diagram D,. For any n > 4, the cluster
category Cip, is called a cluster category of finite Dynkin type D. Figure 3.1 provides
an illustration of the Auslander-Reiten quiver I'(D°(modkD,)). For a general finite
dimensional hereditary algebra H, the functor 7713 is an auto-equivalence of the category
D’(mod H) and thus induces an action on the vertices of I'(D’(mod #H)). The Auslander-
Reiten translation 7 acts on the vertices of the Auslander-Reiten quiver by sending each
vertex to its left-most neighbour, i.e. 7: (i,v) — (i — 1,v) for all i € Z and all vertices
v of ). Note how this is reflected in the way we draw the Auslander-Reiten quiver;
for any indecomposable object m of D’(mod H)and its Auslander-Reiten translation 7m,
the corresponding vertices in I'(D°(mod H)) are drawn on the same horizontal level. In
Figure 3.1 we depict the action of the Auslander-Reiten translation by dashed arrows. The
natural embedding of the category mod H into the bounded derived category D’(mod H )
induces an embedding of the Auslander-Reiten quiver I'(mod H) into I'(D®(mod H)) and
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0,(n—=1)4) ¢<=----~- (1L, (n=1)4) ¢<=----~- (2, (n—1)4)
~~'.—)(0(n71) )*)*)(l(nfl) )*l.-»<.—)(2,(n71),)
(0,3) <= ======-~-~- (1,3). (=== === === (2,3)
(0,2) <= == - - ——— oo (1,2) <= ————mmm oo (2,2)

Figure 3.1: The Auslander-Reiten quiver T'(D°(mod kD,,)) with the action of the

Auslander-Reiten translation indicated by dashed arrows

we can view I'(D’(mod H)) as being naturally covered by the shifted copies of I'(mod H).
This explains the action of 3 on vertices of I'(D’(mod H)). Identifying the vertices in
the orbits of 77'% on I'(D?(mod H)) gives rise to the Auslander-Reiten quiver I'(Cy) of
the cluster category. For an explicit combinatorial description of the action of 77'¥ on
the vertices of I'(D?(mod kQ)) for a simply laced Dynkin quiver @, we refer the reader
to Table 1 in Miyachi and Yekutieli’s paper [MY] and restrict ourselves to the example
of Dynkin type D,. In D’(mod kD,) the auto-equivalence 77! acts on the vertices of
[(Db(mod kD,,)) as

(1,7) = (i+mn,j) for 1 <j <i+n,
-1 . . .
TN (i+mn,(n—1)4)if n is even,
(Za (n - 1)i) = . . .
(i+mn,(n—1)z) if n is odd.
Note that this action depends on the parity of n.
We use the coordinate system induced from the one on I'(D?(mod kD,,)) to label the
vertices of I'(Cp,, ), using 0 up to (n — 1) as first coordinates, i.e. choosing a fundamental

domain as indicated in Figure 3.2.

3.2.2 Cluster categories and cluster algebras

Let @ be a finite connected acyclic quiver; more generally, we could take a finite connected
quiver mutation equivalent to an acyclic quiver (), as then the associated cluster algebras
are equal, i.e. 4o = Ag, and we can consider the cluster category Cyq. A particularly
nice feature of the cluster category Ciq is that it models the combinatorial structure of
the cluster algebra Ay associated to the quiver (). This means that we have analogues
in the cluster category Cyg for each of the basic combinatorial elements of the cluster

algebra Ag: We find a natural concept of clusters, cluster variables and mutation in Cyg.
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(0,(n = 1)4) (n=1,(n—1)4) 0, (n —1)4)
,“_ﬁ(o (n—1)_ )ﬁ.” A.Aﬁ(o (n—1)_)
(, 3) (nflS) (0 3)
(0,2) (n712 (0,2)

SN /\/

(0,1) (n —1,1) (0,1)

Figure 3.2: In this picture of the Auslander-Reiten quiver I'(Cyp,, ), any two vertices with
the same labelling are identified. Note that the morphisms “wrap around” and we can

picture I'(Cxp, ) as lying on a cylinder.

First, there is a bijection between indecomposable objects in Cjg and cluster variables
of Ag. In general, an explicit description of this bijection is given by the Caldero-
Chapoton map as introduced by Caldero and Chaperon [CC] for @ a simply laced Dynkin
quiver and by Caldero and Keller [CK2] for @) acyclic. Those indecomposable objects
that come from projective kQ-modules (via the composition of the natural embedding
mod k@ — DP(mod kQ) with the canonical projection D°(mod kQ) — Crq) correspond
to cluster variables in the seed X¢ associated to ). In the simply laced Dynkin case, the
indecomposable objects of Ciq and the cluster variables of Ay are both in bijection with
the almost positive roots (i.e. the union of the positive roots and the simple negative
roots) of the simple Lie-algebra associated to the underlying diagram of @), as shown by
Fomin and Zelevinsky in [FZ2, Theorem 1.9].

The analogues of clusters in Crg are given by cluster tilting subcategories, as they
are called by Buan, Iyama, Reiten and Scott in [BIRS], see also Iyama’s paper [I], where
they are called maximal 1-orthogonal subcategories, and [BMRRT], where, without the
assumption of functorial finiteness, they are called Ext-configurations. A subcategory
X C T of a triangulated category T is called functorially finite, if for all ¢ € T there
exists a right X-approximation, i.e. a morphism f: x — t with x € X such that all
morphisms from an object of X to t factor through f, and a left X -approximation, i.e.
a morphism ¢: t — 2’ with 2/ € X such that all morphisms from ¢ to an object of X
factor through g. Let us introduce some notation before we give the definition of a cluster

tilting subcategory.

Notation 3.2.3. For a subcategory X of a triangulated category T', we denote by X+ the
subcategory X+ = {t € T|Homy(x,t) = 0 Vo € X} and dually by X the subcategory
X ={t € T|Homy(t,x) =0Vz € X}.
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Definition 3.2.4. Let T be a triangulated category with shift functor ¥ (recall that we
assume it to be k-linear, Hom-finite and Krull-Schmidt.) A subcategory X C T is called
rigid, if Ext'(x,y) = 0 for all z,y € X. It is called mazimal rigid, if it is maximal with
this property, i.e. if it is rigid and if X C Y with Y a rigid subcategory of T, then X =Y.
A subcategory X C T is called a cluster tilting subcategory of T if it is functorially finite
and X = (271X)L = H(ZX).

Remark 3.2.5. While cluster tilting subcategories are always maximal rigid by definition,
maximal rigid subcategories need not be cluster tilting. Counterexamples were given for
example by Burban, Iyama, Keller and Reiten [BIKR] in stable categories of maximal
Cohen-Macaulay modules over odd-dimensional isolated hypersurface singularities or by
Buan, Marsh and Vatne [BMV] in cluster tubes.

If T is 2-Calabi-Yau — in particular if 7 = Cpg — then by Serre duality we have
Ext!(z,y) = Ext!(y,z)* for any two objects 2,y € T, so (871 X)+ = “(ZX) holds true
for any subcategory X C T

The “tilting” in the name cluster tilting subcategory stems from tilting theory: A
tilting module in the module category mod H of a finite dimensional basic hereditary al-
gebra H is a H-module z with Ext] ,,(z,2) = 0, and such that  has n non-isomorphic
indecomposable summands, where n is the number of simple H-modules, i.e. the number
of vertices of @ if H is Morita equivalent to kQ. It has been shown in [BMRRT, The-
orem 3.3] that every tilting module in mod k@ induces a cluster tilting subcategory of
Cro (through the functor from mod k@ to Cyg given by the composition of the natural
inclusion mod k@ — D’(mod k@) and the natural projection D’(mod kQ) — Cig). On
the other hand every cluster tilting subcategory of Ciq is induced by a tilting module in
some module category mod H, where H is a finite dimensional hereditary algebra derived
equivalent to k(). In particular, up to isomorphism there are n distinct indecomposable
objects in a cluster tilting subcategory of Cg. This number coincides with the cardinality
of the clusters of Ag. Moreover, the Caldero-Chapoton map induces a bijection between
cluster tilting subcategories of Cy and clusters of Ag. For example, the additive hull of
the indecomposable objects that come from projective kQ)-modules forms a cluster tilting
subcategory of Cig, since the projective modules give rise to a tilting object in mod kQ).
This subcategory corresponds to the cluster in the seed X¢ associated to Q.

If X =add{xz,...,x,} is a cluster tilting subcategory with mutually non-isomorphic
indecomposable objects 1, ..., x,, then by [BMRRT, Theorem 5.1] for every i =1,...,n

there exists a up to isomorphism unique x} # z;, such that
pe, (X)) :=add{xy, ..., T, 2], Tiv1, ..., Tn )

is again a cluster tilting subcategory. Thus we have a concept of mutation of cluster
tilting subcategories in Cy.
Consider the case where () is an orientation of a simply laced Dynkin quiver. As

with any acyclic quiver @), the indecomposable objects of Cy are in bijection with the
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cluster variables of Ag. In this case there are only finitely many cluster variables by [FZ2,
Theorem 1.5]. Thus every subcategory of Cyq is automatically functorially finite and in
this situation the cluster tilting subcategories are just the maximal rigid subcategories of
Cro (for example by [ZZ1, Theorem 2.6]). We can view them as maximal collections of
pairwise non-isomorphic and mutually compatible indecomposable objects, where we say
that two indecomposable objects .,y € Ciq are compatible if Extém (z,y) = 0. Then the
cluster tilting subcategories of Ciq are of the form add X, where X is a maximal set of

pairwise mutually compatible indecomposable objects of Cyg.

Remark 3.2.6. From Remark 2.2.24 in Chapter 2 we know that finite triangulations of
the closed disc provide a combinatorial model for cluster algebras of finite Dynkin type
A: Exchangeable cluster variables correspond to internal arcs of a fixed finite subset
Z C S' and clusters correspond to triangulations of the closed disc with marked points
Z. Via the bijection between cluster variables in Ag and indecomposable objects in Cyq
this provides a combinatorial model for cluster categories of finite Dynkin type A, i.e. of
cluster categories associated to a hereditary algebra k(), where () is an orientation of a
Dynkin diagram A,, for some n > 1. In this case, compatibility of two objects is encoded

by non-crossing of the corresponding arcs.

3.2.3 Cluster structures

The combinatorial structure on a category mirroring the structure of a cluster algebra
can also be found in other categories besides the cluster categories associated to finite
dimensional hereditary algebras. In particular, the cluster categories of infinite rank which
we will consider in Section 3.3 require a more general approach to cluster categories. The
basic combinatorial structure we want to have on triangulated categories to provide a
categorification of cluster algebras is formalized by the concept of cluster structures on

triangulated categories.

Definition 3.2.7 ([BIRS, Section I.1]). Let T be a triangulated category. (Recall that
we assume it to be Hom-finite, A-linear and Krull-Schmidt.) A cluster structure on T is

a collection of sets X of indecomposable objects, called clusters, such that the following
axioms CS1, CS2, CS3 and CS4 are satisfied.

CS1 For every cluster X and each indecomposable object z € X there exists a up to
isomorphism unique indecomposable object z* € T that is not isomorphic to =z,
such that p,(X) := (X \ {z})U{z*} is also a cluster. The pair (z,z*) is called an

exchange pair and we call the cluster u,(X) the mutation of X at .

CS2 Consider the subcategory D := add(X \ {z}). For an exchange pair (z, z*) as above

there exist distinguished triangles
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and

¢
r——d x* Yz

with d,d’ € D and where f and s are left D-approximations and ¢g and ¢ are right

D-approximations. These distinguished triangles are called exchange triangles.

For any subcategory C' C T the quiver of C is defined as the quiver of its opposite
endomorphism algebra End(C')?. Here, the endomorphism algebra of C' is

End(C)= € Home(z,y),
z,y€lnd C
where Ind¢ is a set of representatives of the isomorphism classes of indecomposable objects

in C. The multiplication is induced by composition.
CS3 For every cluster X the quiver of the subcategory add X has no loops or 2-cycles.

CS4 The quiver of the subcategory add i, (X) is the mutation of the quiver of add X at
the vertex x (see Definition 2.2.13).

Axiom CS1 tells us that mutation of clusters is defined, and, analogously to mutation
of clusters in cluster algebras, is given by uniquely replacing one indecomposable object
(which represents a cluster variable). Axiom CS2 further provides an analogue of the
exchange relations in the cluster algebra via exchange triangles. For a formal way of
connecting the concept of exchange triangles in cluster categories associated to finite
dimensional hereditary algebras to exchange relations of their algebraic counterparts, we
refer the interested reader to the work of Caldero and Keller [CK1] and [CK2].

Axiom CS3 is needed for axiom CS4 to make sense — quiver mutation is only defined for
quivers without loops or 2-cycles (i.e. those quivers that are associated to skew-symmetric
matrices, cf. Remark 2.2.3). Axiom CS4 finally tells us that mutation of clusters in a
cluster structure follows the same combinatorial rules as mutation of clusters in cluster

algebras.

3.3 Cluster categories of infinite rank

In general, if a triangulated category T has cluster tilting subcategories whose quivers
have no loops or 2-cycles, they form a cluster structure on 7' by [BIRS, Proposition 1.1.6].
These cluster tilting subcategories may have infinitely many indecomposable objects up
to isomorphism. If 7" has a cluster structure with clusters of infinite cardinality, we call T’
a cluster category of infinite rank. Cluster categories of infinite rank provide a categorical
interpretation of cluster algebras of infinite rank. The examples in this section provide a
categorical analogue for the cluster algebras of infinite rank coming from triangulations
of the closed disc studied in Section 2.4.4.



70 CHAPTER 3. CLUSTER CATEGORIES

3.3.1 A cluster category of infinite Dynkin type A

A nice concrete example of a cluster category of infinite rank has been studied by Holm
and Jgrgensen in [HJ]. Consider the quiver @) given by a sink-source orientation of the

infinite Dynkin diagram A.:

and the derived category D’(mod kQ) of complexes of kQ-modules with finite dimensional
total homology. Let Y denote its shift functor and 7 its Auslander-Reiten translation.

Analogously to the case for finite acyclic quivers, we consider the category

Ca.. = D! (mod kQ) /7'

o<}

which we call the cluster category of infinite Dynkin type As. We recall from [HJ] that
this is a 2-Calabi-Yau triangulated category. It was shown in [HJ, Section 5] that the
cluster tilting subcategories of the category C4_ form a cluster structure on C4_. In [HJ,
Section 3| a combinatorial model was introduced for the cluster structure on C4 via
triangulations of the co-gon, by which we mean the integers equipped with their natural
linear order. In keeping with the convention of Chapter 2 we describe the model via
triangulations of the closed disc with marked points Z C S*, such that Z has exactly

one limit point, e.g.
Z:{e(;> m e Z\ {0}} C &'

which has its unique limit point at 1 (cf. Section 2.2.1 for notation). Note that the two
combinatorial models are completely analogous — we obtain the oo-gon by cutting S*
with marked points Z at the limit point of Z.

Let Z2 = {e (%) lm € Z \ {0}} € S'. The indecomposable objects in C4_ are in
bijection with the internal arcs of Z, such that for objects x,y € C4_. we have Ext!(z,y) =
0 if and only if the arcs corresponding to x and y do not cross. As in finite Dynkin type A
we have a notion of compatibility between two indecomposable objects (cf. Remark 3.2.6):
Two indecomposable objects are compatible if the Ext'-space between them vanishes,
which is the case if and only if the corresponding arcs do not cross. The maximal rigid
subcategories of C4__ thus correspond to triangulations of the closed disc with marked
points Z. Unlike in finite Dynkin type A, not all maximal rigid subcategories of C4__ are
cluster tilting subcategories, since we do not get functorial finiteness for free. By [HJ,
Theorem 4.4] the cluster tilting subcategories correspond to those triangulations that have
either a nest or a fountain (cf. Definition 2.3.23). Triangulations with a split fountain
correspond to maximal rigid subcategories that are not functorially finite. Mutation of
cluster tilting subcategories corresponds to diagonal flips (cf. Figure 2.2).

Here we see very nicely from a combinatorial viewpoint why maximal rigid subcat-

egories are not necessarily enough for a cluster structure: Consider for example the
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triangulation T of the closed disc with marked points Z from Remark 2.2.12. It has

internal arcs given by

Toe={le(5) e (DM € Zogpulfe (=3 ) e (2 Mk € Zogulte (5 ) e (<51
(see Figure 2.1), i.e. T is the union of 7;,; and all edges of Z = {e (%) |m € Z\{0}} C S*.

This is a triangulation with a split fountain and thus corresponds to a maximal rigid
subcategory of C4_ that is not functorially finite. Recall from Remark 2.2.12 that the
arc a = {e(%),e(=5)} € T is internal but not exchangeable. Thus the subcategory
add X7 of C4_ with indecomposable objects X7 corresponding to 7 is not mutable at
the indecomposable object x, € X7 corresponding to o: The indecomposable z, is (up to
isomorphism) the only indecomposable object in = (X add(X 7\ {z,})) that is not already
contained in add(X7 \ {z,}).

An algebraic interpretation of the cluster structure on the category C4_ has been
given in joint work with Grabowski [GG]: We classified cluster algebras associated to
triangulations of the oco-gon. Not all triangulations are mutation equivalent via finite
admissible sequences of diagonal flips; in fact there are uncountably many mutation
classes. They give rise to different cluster algebras. Briefly put, triangulations without
a fountain or split fountain give rise to cluster algebra structures on the homogeneous
coordinate ring of an infinite version of the Grassmannian (see [GG] for more detail) and
other triangulations yield cluster structures on proper subalgebras of the coordinate ring.
In light of our results from Chapter 2, they are all colimits of finite coproducts of cluster
algebras of finite Dynkin type A (cf. Theorem 2.4.14).

3.3.2 Discrete and continuous cluster categories of Dynkin type

A

Instead of just considering triangulations of the closed disc with marked points Z, where
Z has only one limit point, we could allow multiple limit points. We consider first the

discrete case.

Definition 3.3.1. A subset Z C S is called admissible, if it is discrete, contains at least
four points and satisfies the two-sided limit condition: For every sequence in Z converging
to a limit point @ € S* from the left, there is a sequence in Z converging to a from the

right and vice versa (see Definition 2.3.23 for terminology).

We discussed rooted cluster algebras associated to countably infinite triangulations
of the closed disc — including those whose marked points form an admissible set — in
Section 2.4.4. For admissible sets of marked points, Igusa and Todorov [IT3] provided
the categorical analogue. Let Z C S! be an admissible subset. The discrete cluster

category C(Z) of Dynkin type A associated to Z is the k-linear, additive category with

e indecomposable objects given by internal arcs of Z and
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Yo

Ty i)

20

U1 21
/

Y1

Figure 3.3: There are morphisms from {zg, 21} to {yo, y1} and vice versa and morphisms
from {xo, 21} to {yo,y;} and vice versa. There are morphisms from {yo, 1} to {vo,v;},
but none from {yo, v} to {yo,y1} and every morphism from {zg,x1} to {yo,v;} fac-

tors through {yo,4:1}. There are no morphisms in either direction between {xg,z;} and

{20,21}.

e morphisms between indecomposable objects given by

k, if yo € [xo,x1) and y; € [x1, o) or Vice versa

Home(z)({®o, 21}, {yo, 1 }) =
0, otherwise,

such that

e a non-zero morphism in Home(z)({xo, 21}, {yo, y1}) factors through {z, 2} if and

only if 2 € [0, yo] and 21 € [z1, y1].

Figure 3.3 provides an example of indecomposable objects in C(Z) and in the caption
we describe if morphisms exist between them. Note that if two arcs cross, there are always
non-zero morphisms in both directions between the two corresponding indecomposable

objects.

Remark 3.3.2. Igusa and Todorov define discrete cluster categories in the slightly more
general setting where Z is a cyclically ordered set with an admissible automorphism, see
[IT3, Theorem 2.4.1] and [IT3, Lemma 2.4.12]. We restrict ourselves to those discrete
cluster categories associated to admissible subsets of S!, since they correspond to special
cases of the ongoing example from Chapter 2 of rooted cluster algebras coming from
triangulations of the closed disc. Further, for admissible subsets Z C S, torsion pairs in
C(Z2) are classified in work in progress by Holm and Jgrgensen. This will be of interest
in Chapter 4, when we study mutation of torsion pairs in discrete cluster categories of

Dynkin type A.
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It can be seen directly from the combinatorial models that in the case where Z has
exactly one limit point, the category C(Z) is isomorphic to the category C4_ of infinite
Dynkin type Ay described in Section 3.3.1, and when |Z] = n is finite, it is isomorphic to
the classical cluster category of Dynkin type A,, (see Remark 3.2.6). Igusa and Todorov
constructed the category C(Z) as the stable category of a Frobenius category and thus
it is triangulated. This is where (implicitly) the admissibility condition on the subset
Z C St and in particular the two-sided limit condition, is used. Recall that we did not
have these restrictions in Chapter 2 when studying rooted cluster algebras associated to
triangulations of the closed disc.

The discreteness and two-sided limit condition for Z imply that every point x € Z
has a successor s(x), i.e. a unique point s(x) € Z, such that Z N (x,s(x)) = 0, and a
predecessor p(z), i.e. a unique point p(x) € Z, such that Z N (p(z),z) = . On objects,
the shift functor is given by X({x¢,z1}) = {p(x0),p(z1)} and we obtain (cf. Notation
3.2.2)

EXté(z)({JUo, 1’1}, {y(), 3/1}) = HomC(Z)({xo, $1}> E{ym y1})

k, if {zg,x1} and {yo, 41} cross

0, otherwise.

It follows directly that Exté(z)(X, Y) = Exté(z)(Y, X) for any two objects X,Y € C(Z)
and it was further shown in [IT3, Theorem 2.4.5] that the discrete cluster category C(Z2)
is 2-Calabi-Yau.

Adapting the methods from [HJ], it was shown in [IT3, Section 2.4.2] that C(Z) has
a cluster structure with clusters given by those triangulations of the closed disc with
marked points Z, in which for every right-fountain converging to a limit point a, there
is a left-fountain converging to a and vice versa (cf. Definition 2.3.23). Mutation is, as
for cluster algebras associated to triangulations of the closed disc, given by diagonal flips
(cf. Figure 2.2).

One can even take the construction one step further and consider a continuous set of
marked points, e.g. Z = S'. In [IT1], Igusa and Todorov described a category which has
precisely this underlying combinatorial model. We will not go into detail here, as this
category is not relevant for the rest of this thesis. Let us just mention that it provides a
nice example of a cluster category of infinite rank categorifying a cluster algebra of infinite
rank which occurs as a colimit of cluster algebras of finite Dynkin type A. We refer the
interested reader to [IT1] as well as [IT2] for a thorough explanation. The central idea
is to consider the limit of the cluster categories of Dynkin type A, as n goes to infinity.
The continuous cluster category C. of Dynkin type A is the k-linear, additive category

whose indecomposable objects are given by arcs of S' and morphism spaces are given by

|k, ifyo € [0, 21) and y; € [w1,70) or vice versa

Home, ({z0, 21}, {vo, v1})
0, otherwise,
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where a non-zero morphism in Home_({zo, 1}, {v0,y1}) factors through {zo, 21} if and
only if zg € [zo,yo| and 2, € [x1,y1]. Again, Igusa and Todorov showed that this category
is equivalent to the stable category of a Frobenius category and the category C; is therefore
triangulated. Igusa and Todorov showed that C, has a cluster structure. The clusters are
given by triangulations of the closed disc that are all equivalent to the so-called standard
cluster, where we say that two triangulations 7; and 75 of the closed disc are equivalent, if
there exists an orientation-preserving homeomorphism ¢: S' — S1, such that o(77) = Ts.

The standard cluster is defined as the triangulation

ﬁtz{{e(n;) ’€<W>}|nzo,0§m<2’”‘“}a

see Figure 3.4. Mutation is, as usual, given by diagonal flips. Informally speaking, up to
rearranging the endpoints of arcs in the triangulation while preserving their cyclic order,
all clusters look the same. In particular, they all give rise to the same exchange quiver
Q7.,, in the sense of Definition 2.2.10, see Figure 3.5. The quiver @7, has a countably
infinite set of vertices and every vertex of (), is a vertex in exactly two oriented three-
cycles. A very interesting feature, that we can also observe when looking at diagonal flips
in T4, is that mutation at any vertex leaves the quiver ()7, invariant.

The continuous cluster category C, of Dynkin type A is the categorical version of the
cluster algebra A(37.,), in the sense that they share the same combinatorics. Our work
from Section 2.4.4 in Chapter 2 provides further support for Igusa and Todorov’s idea

that the continuous cluster category is a limit of cluster categories of Dynkin type A,, as
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n goes to infinity: By Theorem 2.4.12 the rooted cluster algebra A(Xr.,) is isomorphic
to a countable coproduct of linear colimits of cluster algebras of finite Dynkin type A. In
fact, it is isomorphic to a linear colimit of rooted cluster algebras of finite Dynkin type A:
We can construct the triangulation 7, by starting with a triangulation of the closed disc
with four marked points and successively glueing on triangles to all the edges, thus really
taking the limit in every direction. More precisely, we can construct a linear system of

rooted cluster algebras A(Xr,) for n > 1, where

1
7= (e (r) e (M5 10 < m <2y
and the rooted cluster morphism f,,,: A(X7,,) — A(X7,) for n > m is defined by the
natural embedding (see Lemma 2.4.6). Then the rooted cluster algebra A(Xg) is the
colimit of this system and for all n > 1 the cluster algebra A(X7,) is of finite Dynkin
type A (cf. the proof of Theorem 2.4.12).
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Chapter 4

Mutation of torsion pairs

4.1 Introduction

In this chapter, we discuss mutation of torsion pairs in triangulated categories from a com-
binatorial perspective. An important motivation for mutation in triangulated categories
stems from cluster theory. As we have seen in Chapter 3, cluster categories mimic the
combinatorics of cluster algebras and we obtain a categorical interpretation of mutation

using the categories’ triangulated structures.

Iyama and Yoshino [IY] introduced a more general concept of mutation in triangulated
categories. Every subcategory X of T' can be mutated in two directions with respect to a
rigid subcategory D C T, yielding two subcategories pup(X) and pp,(X). The mutation
of cluster tilting subcategories in the sense of Buan, Iyama, Reiten and Scott [BIRS] (see

Definition 3.2.7) is a special case of this notion of mutation in a triangulated category.

Not all triangulated categories have cluster tilting subcategories, for example cluster
tubes as shown by Buan, Marsh and Vatne [BMV, Corollary 2.7]. However, triangulated
categories always contain torsion pairs, which were introduced by Iyama and Yoshino
in [IY] and which we will discuss in more detail in Section 4.2.1: A torsion pair in a
triangulated category T is a pair of subcategories (X, Y"), such that there are no non-zero
morphisms from X to Y and every object in T can be written as an extension of an object
in Y by an object in X. This provides a triangulated version of the classical notion of

torsion pairs in abelian categories due to Dickson [D].

Any torsion pair (X,Y) is defined uniquely by the subcategory X, which is called its
torsion part or equivalently by the subcategory Y, which is called its torsion-free part.
Cluster tilting subcategories can be viewed as a special case of torsion pairs, as every
cluster tilting subcategory of T is the torsion part of a torsion pair in 7" (cf. Example 4.2.3).
It is natural to ask how to define mutation of torsion pairs to provide a generalization of
mutation of cluster tilting subcategories. It was shown by Zhou and Zhu [ZZ2] that if a
triangulated category T' (as usual we assume k-linearity, Hom-finiteness and the Krull-

Schmidt property) has Auslander-Reiten triangles, then mutation of a torsion pair in T

77
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in the sense of Iyama and Yoshino [IY] with respect to a suitably nice rigid subcategory

D yields another torsion pair in 7.

In Section 4.3 we provide a combinatorial model for mutation of torsion pairs in
discrete cluster categories of Dynkin type A, relying on work in progress by Holm and
Jorgensen, who classify torsion pairs in these categories. In the discrete cluster category
C(Z) associated to an admissible subset Z C S, torsion pairs are in one-to-one corre-
spondence with nice Ptolemy diagrams of Z. In general, we call a set of internal arcs
of Z a diagram of Z and Ptolemy diagrams of Z are diagrams of Z satisfying a cer-
tain combinatorial property: Roughly speaking, whenever two arcs in a Ptolemy diagram
cross, their convex hull also needs to be contained in the Ptolemy diagram (see Section
4.3.1 for a precise definition). Holm and Jgrgensen use the fact that the dimension of
Ext'-spaces between two indecomposable objects can be read off the combinatorial model
by counting how many times (in this case either once or not at all) the arcs corresponding
to the objects cross. This allows one to determine which diagrams of Z are associated
to torsion parts of torsion pairs. They turn out to be Ptolemy diagrams and vice versa,
every Ptolemy diagram represents the torsion part of a torsion pair. Just like mutation
of a torsion pair in C(Z) depends on a nice rigid subcategory D C C(Z), mutation of
the corresponding Ptolemy diagram of Z is defined with respect to the diagram & of Z
corresponding to the subcategory D (cf. Definition 4.3.5). Since D is rigid, any such dia-
gram & consists of pairwise non-crossing arcs and we geometrically define the mutations
i and 1, as mutually inverse bijections on internal arcs of Z that do not cross any arcs
of 2. We show in Theorem 4.3.10 that mutation of Ptolemy diagrams of Z provides a
combinatorial model for mutation of torsion pairs in the discrete cluster category C(Z).
As we have seen in Section 3.3.2, the cluster categories of finite Dynkin type A and of
infinite Dynkin type A, (see Section 3.3.1) are special examples of discrete cluster cat-
egories of Dynkin type A. Our work in Section 4.3 generalizes results by Zhou and Zhu
[Z72] who provide a combinatorial model for those two special cases, where they rely on
the classification of torsion pairs in the cluster category of type A, due to Ng [Ng] and
of finite Dynkin type A due to Holm, Jorgensen and Rubey [HJR1].

In Section 4.4 we provide a combinatorial description of mutation of torsion pairs in
cluster categories of finite Dynkin type D. The situation is more complicated than in
type A, because we have to deal with the indecomposable objects in the cluster category
which arise from the exceptional vertices of Dynkin diagrams of type D. Holm, Jgrgensen
and Rubey [HJR2] classified torsion pairs in the cluster category of Dynkin type D,, for
n > 4 using Ptolemy diagrams of Dynkin type D,,. They used a combinatorial model for
Dynkin type D,, which was first introduced by Fomin and Zelevinsky in [FZ3] and which
is closely related to the model for the cluster category of Dynkin type D, of Schiffler
[Sch] using triangulations of the punctured disc. We will discuss this model in detail in
Section 4.4.1: For the cluster category of Dynkin type D,, with n > 4 consider the regular

2n-gon Ps,,. An arc of Py, is a pair of vertices of P,, and an arc that is invariant under
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rotation by 7 is called a diameter. We consider rotationally symmetric pairs of arcs and
introduce two copies of each diameter; a red one and a green one. Then indecomposable
objects in the cluster category Cip, are identified with rotationally symmetric pairs of
arcs and red and green diameters in the regular 2n-gon. Subcategories (which as usual
are assumed to be full and closed under isomorphisms, direct summands and finite direct
sums) thus correspond to collections of arcs, that are invariant under rotation by 7 and
which we call diagrams of Dynkin type D,,.

It was shown by Holm, Jgrgensen and Rubey in [HJR2] that torsion parts of torsion
pairs in Cip, correspond to diagrams of Dynkin type D,, with a distinctive combinatorial
property, called Ptolemy diagrams of Dynkin type D,, (see Section 4.4.2). They resemble
Ptolemy diagrams of Z for admissible subsets Z C S! and an integral part of the idea for
the classification is again that the dimension of Ext'-spaces between two indecomposable
objects can be read off from the combinatorial model by counting the number of times the
corresponding pairs of arcs, respectively diameters cross. In this case, we can have Ext!-
spaces of dimension zero, one or two. Again, we define mutation of a Ptolemy diagram
of Dynkin type D,, with respect to a subdiagram % corresponding to a rigid subcategory
D. Any such subdiagram & consists of pairwise non-crossing arcs and divides the 2n-gon
into convex polygons which we call Z-cells of Dynkin type D,. As in discrete Dynkin
type A, we define the mutations 1 and p, as mutually inverse bijections on arcs that
do not cross any arcs of Z (cf. Definition 4.4.15). Essentially, the mutations pg and gy,
can be thought of as rotating the arcs within each of the Z-cells of Dynkin type D,, in a
clockwise respectively anticlockwise direction. We show in Theorem 4.3.10 that mutation
of Ptolemy diagrams of Dynkin type D, provides a combinatorial model for mutation of

torsion pairs in the cluster category Cip, .

Conventions We still use the same conventions as in Chapter 3. For instance, recall
that all triangulated categories are assumed to be k-linear, Hom-finite and Krull-Schmidt
and all subcategories are assumed to be full and closed under isomorphisms, direct sum-
mands and finite direct sums. In particular this means that to describe a subcategory X
of a triangulated category T, it is sufficient to identify its indecomposable objects up to

isomorphism.

4.2 Torsion pairs and mutation in triangulated cate-

gories

We have seen in Chapter 3 how certain triangulated categories can be used to model the
combinatorial structure of cluster algebras. Classically, the cluster structure is given by
cluster tilting subcategories. However, not all triangulated categories have cluster tilting

subcategories (for example cluster tubes, as shown by Buan, Marsh and Vatne [BMV]),
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but they always allow torsion pairs (for example the trivial one (7°,0)). Every cluster
tilting subcategory gives rise to a torsion pair (as we will see in Example 4.2.3), so we
can view torsion pairs as a generalization of cluster tilting subcategories. Before we study
mutation of torsion pairs in discrete cluster categories of Dynkin type A and in cluster
categories of finite Dynkin type D in Sections 4.3 and 4.4, we review the general concepts

of torsion pairs and mutation in triangulated categories.

4.2.1 Torsion pairs in triangulated categories

Torsion pairs in triangulated categories were introduced by Iyama and Yoshino in [IY].
From now on let T be a triangulated category with shift functor ¥ and recall that we

assume it to be k-linear, Hom-finite and Krull-Schmidt.

Definition 4.2.1 ([IY, Definition 2.2]). A torsion pairin T is a pair (X,Y") of subcate-
gories of T" such that

TP1 Homy(z,y) =0forallz € X and y € Y.

TP2 For each t € T there exists a distinguished triangle
r—=t—y— X

withzx € X andy €Y.

In a torsion pair (X,Y), the subcategory X is called the torsion part and the subcategory
Y is called the torsion-free part of (X,Y).

Remark 4.2.2. Definition 4.2.1 provides a triangulated version of torsion pairs in abelian
categories as introduced by Dickson [D]. The terminology originates in the notion of a
torsion pair in the special case of the abelian category mod Z of finitely generated abelian
groups. Every finitely generated abelian group is a (split) extension of a torsion-free
group by a torsion one. Furthermore, there are no maps from torsion abelian groups
to torsion-free abelian groups. So the finitely generated torsion abelian groups and the
finitely generated torsion-free abelian groups form a torsion pair in the abelian category
mod Z.

Before we provide an example and a short proof of some well-known properties, we
introduce some terminology: A subcategory X C T is called contravariantly finite, if
every t € T has a right X-approximation, i.e. a morphism f: x — t with x € X, such
that every morphism from an object of X into t factors through f. It is called covariantly
finite, if every t € T has a left X -approrimation, i .e. a morphism ¢: t — 2’ with 2’ € X,
such that every morphism from ¢ into an object of X factors through g. Recall (from
the paragraph before Notation 3.2.3) that the subcategory X C T is called functorially

finite, if it is both contravariantly and covariantly finite.
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Example 4.2.3. Every cluster tilting subcategory X C T (see Definition 3.2.4) gives
rise to a torsion pair (X, X*1) (cf. Notation 3.2.3): Axiom TP1 is satisfied by definition.
Let now t € T. Because X is a cluster tilting subcategory, it is functorially finite and

thus there exists a right X-approximation f: x — t, which we complete to a triangle:
r—t—y— 2.
For any € X, applying Homy(Z, —) to the triangle yields the long exact sequence
... = Homy (%, z) - Homy(Z,t) — Homy(Z,y) — Homyp(Z, Xx) — ...

Because X is cluster tilting, we have Homr(Z,¥x) = 0 and because f: z — t is a right
X-approximation, the morphism Homyz(Z, x) — Homyp(Z,t) is surjective. It follows that
Homy(Z,y) = 0 for all # € X and thus y € X*. Therefore, axiom TP2 is satisfied.

The following lemma summarizes some well-known and useful properties for torsion
pairs. As we could find no convenient reference for all of the statements given, we include

a proof for the convenience of the reader.
Lemma 4.2.4. Let (X,Y) be a torsion pair in T. Then the following hold.

(i) Y = X, so the torsion-free part is uniquely determined by the torsion part.
(1) X = LY, so the torsion part is uniquely determined by the torsion-free part.
(131) X is contravariantly finite and extension closed.

(iv) Y is covariantly finite and extension closed.

(v) X = (X1 and Y = (1Y)

Proof. (i) It follows directly from axiom TP1 that Y C X*. Let now t € X*t. By

axiom TP2 there exists a distinguished triangle

xft Y Yx

with 2 € X and y € Y. Because t € X+, we have f = 0 and thus y = ¢t ® Xz and

because Y is closed under direct summands, we have t € Y.
(ii) This is proved dually to (i).
(iii) Let t € T. By axiom TP2, there exists a distinguished triangle

It Y Y

with x € X and y € Y. For any & € X, applying Homr (%, —) to the triangle yields

the long exact sequence

... — Hom¢(%,z) - Homy(2,t) — Homyp(Z,y) — Homy (2, X2) — ...
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Because by axiom TP1 Homr(Z,y) = 0, the morphism Homy(Z,2z) — Homr(Z,1)
is surjective, i.e. every morphism from Z to ¢ factors through f. Thus f is a right

X-approximation and X is contravariantly finite.

Consider now a distinguished triangle

z t g 2T

with Z,7" € X. For a y € Y, applying Homr(—, y) to the triangle yields the long

exact sequence
... = Homz(X7,y) — Homz (7', y) — Homp(t,y) — Homp(Z,y) — ...

By axiom TP1, we have Homy (%', y) = 0 = Homr (%, y) and therefore Homy(t,y) =
0. Therefore t € 1Y, which by part (ii) is equal to X, and thus X is extension

closed.
(iv) This is proved dually to (iii).

(v) This follows directly from (i) and (ii).
[l

Remark 4.2.5. By Lemma 4.2.4, every torsion pair in T is of the form (X, X'), where
X C T is a contravariantly finite and extension closed subcategory. Instead of thinking
of a torsion pair as a pair of subcategories, it is common to just think about it in terms
of its torsion part (or equivalently its torsion-free part). It is for purely historical reasons

(cf. Remark 4.2.2) that the term torsion pair prevails.

In fact, conditions (iii) and (v) in Lemma 4.2.4 are not only necessary, but sufficient.

Iyama and Yoshino prove the following:

Proposition 4.2.6 ([IY, Proposition 2.3]). A subcategory X C T is the torsion part of

a torsion pair if and only if it is a contravariantly finite subcategory with +(X+) = X.

Studying torsion pairs in T thus boils down to studying contravariantly finite sub-
categories X with +(X1) = X. This point of view turns out to be particularly useful
when classifying torsion pairs in those cluster categories of Dynkin type which have com-
binatorial models via triangulations of surfaces with marked points. These are generally
modelled such that dimensions of Ext'-spaces can be read off by counting crossings of arcs.
The condition +(X*+) = X can, in the examples we provide in the following chapters,
be nicely translated into certain configurations of arcs in the respective combinatorial

models.

Example 4.2.7. Recall from Remark 2.2.24 that, for n > 1, triangulations of the closed
disc with marked points Z, where | Z| = n+ 3 provide a combinatorial model for a cluster

algebra of Dynkin type A,,. The exchangeable cluster variables correspond to internal arcs
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of Z, clusters correspond to triangulations of the closed disc with marked points Z and
mutations to diagonal flips. Analogously, this model works for the cluster category Cia,
(which encodes the coefficient-free cluster algebra of Dynkin type A,,): Indecomposable
objects correspond to internal arcs of Z and cluster tilting subcategories to triangulations
of the closed disc with marked points Z. Further, the dimension of the Ext'-space between
two indecomposable objects can be read off directly from the geometric picture: It is one-
dimensional if the corresponding arcs cross and zero otherwise.

If X C Cia, is a subcategory whose indecomposable objects correspond to a set of
arcs 2, then ~ (LX) = (2'X)* (the two are equal, since Cya, is 2-Calabi-Yau, see for
example Remark 3.2.5) has as indecomposable objects all those corresponding to internal

arcs that do not cross any of the arcs in 2" and these will be denoted by
nc Z = {a an internal arc of Z | @ does not cross any arc in 2"}

The condition +(X*) = X translates to the combinatorial condition nc(nc 27) = 2" by
[HJR1, Proposition 2.3]. Since there are only finitely many indecomposable objects (up
to isomorphism) in C4, and Cy4, is Hom-finite, every subcategory of Cy4, is functorially
finite. The subcategories of Cia, that are the torsion part of a torsion pair are thus
precisely those that correspond to a set of arcs 2~ with nc(nec 27) = 2.

Holm, Jgrgensen and Rubey [HJR1, Theorem A] classified torsion pairs in Cga, using
this idea. They showed that torsion pairs are in a one-to-one correspondence with so-
called Ptolemy diagrams of Z, with |Z| = n + 3: A subcategory X C Cga, is the
torsion part of a torsion pair if and only if the corresponding set of arcs 2" is a Ptolemy
diagram of Z. A set of arcs P of an admissible subset Z C S! (see Definition 3.3.1) is
called a Ptolemy diagram of Z if it satisfies the Ptolemy condition: For every two arcs
{zo,z1},{v0,y1} € P such that {zg, 21} and {yo,y1} cross, every arc in their convex hull,
i.e. in the collection of arcs {xg, yo}, {yo, 1}, {x1, 11} and {y1,z0} of Z, is an edge of Z
or contained in P (see Section 4.3.1 for more details). This concept was inspired by work
of Ng [Ng], who classified torsion pairs in the cluster category Ca__ of infinite Dynkin
type As. We will look at torsion pairs in discrete cluster categories of Dynkin type A
more generally in Section 4.3, which will include both finite Dynkin type A and infinite
Dynkin type A, as special cases.

In this example we see combinatorially how cluster tilting subcategories are torsion
parts of torsion pairs in Cya,,: They correspond to triangulations of the closed disc with
marked points Z with |Z| = n + 3. Triangulations are Ptolemy diagrams of Z, since the

Ptolemy condition is satisfied trivially as no two arcs in a triangulation cross.

4.2.2 Mutation in triangulated categories

Mutation in triangulated categories with respect to rigid subcategories has been studied
by Iyama and Yoshino [IY] and in cluster categories provides a generalization of mutation

of cluster tilting subcategories. Zhou and Zhu [ZZ2] have shown that applying this general
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mutation with respect to a suitably nice rigid subcategory to a torsion pair produces

another torsion pair.

Definition 4.2.8 ([IY, Definition 2.5]). Fix a rigid subcategory D of T' (see Definition
3.2.4). For a subcategory M C T, the mutations of M with respect to D are the subcat-

egories
1. up(M) of objects t € ~(£D) such that there exists a distinguished triangle

mfd t ¥m

with m € M and d € D.

2. up(M) of objects t € (X71D)* such that there exists a distinguished triangle

t——sd—2>m Yt

with m € M and d € D.
A pair (M, N) of subcategories M, N C T is called a D-mutation pair if
DCNCup(M) and D CMCpup(N).

Remark 4.2.9. The assumption in 1. of Definition 4.2.8 that ¢ € L(ED) is in fact equivalent
to asking that the morphism f in the distinguished triangle is a left D-approximation:

Consider any distinguished triangle

mfd t Ym

with m € M and d € D. For any d € D, applying Homp(—, cZ) to the triangle yields the

long exact sequence

... = Homry(t,d) — Homp(d, d) — Homy(m, d) — Homr(t, ¥d) — Homy(d, Xd) — ...

Because D is rigid, Homy(d, 3d) = 0 and so the morphism Homy(m, d) — Homp(¢, 3d) is
surjective. Thus Homy(t, ©d) = 0 if and only if the morphism Homy (d, d) — Homg(m, d)
is surjective. Thus, since d € D was chosen arbitrarily, t € L(ED) if and only if f is a
left D-approximation.

Dually, the assumption in 2. of Definition 4.2.8 that ¢t € (X7'D)* is equivalent to

asking that the morphism ¢ in the distinguished triangle is a right D-approximation.

Example 4.2.10. Assume that T has cluster tilting subcategories which form a cluster
structure and let X be a cluster. The subcategory add X is cluster tilting, and in partic-
ular rigid. Let x € X be any indecomposable object in X and consider the subcategory

D := add(X \ z) C add X, which, as a subcategory of a rigid subcategory, is also rigid.
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Then comparing Definition 4.2.8 with Definition 3.2.7, CS2, the mutation of add X with

respect to D corresponds to the mutation of X at x, i.e.

add(j1, (X)) = ip(X) = up(X).

In this sense, we can view mutation in triangulated categories as a generalization of
mutation of cluster tilting subcategories. Note that in this special case, the mutations

pup(X) and pp,(X) are equal. This is not generally the case (see for example Figure 4.14).

The following statement is well-known, but we give a short proof for the convenience

of the reader.

Lemma 4.2.11. Mutation with respect to a rigid subcategory D C T leaves D invariant,
i.e. we have up(D) = up(D) = D.

Proof. Let d € D and let

d d t—2-nd

be a distinguished triangle with d € D and t € L(ED). Since the map ¢ — >.d is zero,
the triangle splits and we get d’ = d @& t and because every subcategory is assumed to be
closed under direct summands, we have ¢t € D. Thus we have (D) C D. On the other
hand for any object d in D, the distinguished triangle 0 —>d =——=d ——0 exists and
thus we have equality; p,(D) = D. Dually one shows that up(D) = D. O

Remark 4.2.12. By [IY, Proposition 2.6, for any D-mutation pair (M, N) in T we have
M = up(N) and N = pp,(M). This implies that the mutations pp and pp, are mutually
inverse, i.e. up(pup(M)) = M and pu,(up(N)) = N.

We are interested in mutating torsion pairs by mutating the torsion part and the
torsion-free part in the sense of Definition 4.2.8. First, we observe a useful fact. Let
X C T be a subcategory. Then the subcategory X N (X1 X)L of T' (and thus any of its
subcategories) is automatically rigid: For z,y € X N (X71X)* we have

Exty(z,y) = Homp(z, Xy) & Homp (X2, y) = 0,

since # € X and y € (X7'X)%. Thus mutation in 7" in the sense of Definition 4.2.8 is
defined with respect to any subcategory of X N (X71X)L. Note further, that the shift
YD of any rigid subcategory D C T' is again rigid, since for all objects x,y € T we
have Exty(Xx, Yy) = Extyp(r,y). Assume that 7 has Auslander-Reiten triangles and

Auslander-Reiten translation 7. Zhou and Zhu prove the following.

Theorem 4.2.13 ( [ZZ2, Theorem 3.8]). Let (X,Y) be a torsion pair in T and let
D C XN(S71X)LE C T be a functorially finite subcategory satisfying 7D = $D. Then the
pairs of subcategories pup(X,Y) == (up(X), pep(Y)) and pip(X,Y) == (up(X), psp(Y))
are torsion pairs in T as well.
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Remark 4.2.14. The examples in which we study mutation of torsion pairs combinatorially
(namely discrete cluster categories of Dynkin type A in Section 4.3 and cluster categories
of finite Dynkin type D in Section 4.4) are all 2-Calabi-Yau (see Section 3.3.2 for the
former and Remark 3.2.1 for the latter case). If a triangulated category T is 2-Calabi-
Yau with Auslander-Reiten translation 7, then by Remark 3.2.1 every subcategory D C T
satisfies 7D = X D. Thus if T is 2-Calabi-Yau, we can consider mutation of a torsion pair
(X,Y) in T with respect to any functorially finite subcategory D C X N (X71X)*.

Example 4.2.15. Consider the cluster category Cia, of Dynkin type A, and its combi-
natorial model via arcs of Z, where Z C S* is a set of marked points on the boundary of
the closed disc with |Z] = n+3. Recall from Example 4.2.7, that a subcategory X C Cya,
is the torsion part of a torsion pair (X,Y) if and only if the corresponding set of arcs
2 of Z is a Ptolemy diagram of Z. Consider a rigid subcategory D C X N (X71X)*.
Because Cy 4, is Hom-finite with finitely many isomorphism classes of indecomposable ob-
jects, functorial finiteness is automatic and, as noted above, since Cy4, is 2-Calabi-Yau,
we have 7D = ¥ D. Consider the set of arcs & of Z corresponding to D. The fact that
D is rigid translates to & consisting of pairwise non-crossing arcs of Z. The subcategory
X N (E71X)+ corresponds to the set of arcs 2 Nnc 2", thus 2 C 2 Nnc 2.

Zhou and Zhu [ZZ2] defined mutation of a Ptolemy diagram 2~ of Z with respect to
such subdiagrams 2 C 2 Nnc 2 consisting of mutually non-crossing arcs and showed
that it provides a combinatorial model for mutation of torsion pairs. Geometrically, it can
be interpreted as a generalization of diagonal flips. This is analogous to the way in which
mutation in triangulated categories can be seen as a generalization of mutation of cluster
tilting subcategories, cf. Example 4.2.10. Zhou and Zhu also provide a combinatorial
realization of mutation of torsion pairs in the cluster category C,4_ of infinite Dynkin
type Ao. In Section 4.3 we provide a generalization of these results via a combinatorial

model for mutation of torsion pairs in discrete cluster categories of Dynkin type A.

4.3 Torsion pairs and their mutation in discrete clus-

ter categories of Dynkin type A

Work in progress by Holm and Jgrgensen provides a combinatorial classification of torsion
pairs in discrete cluster categories of Dynkin type A (cf. Section 3.3.2). This generalizes
both the classification of torsion pairs in the cluster category C,4_ of infinite Dynkin type
A, by Ng [Ng] and in cluster categories of finite Dynkin type A by Holm, Jgrgensen
and Rubey [HJR1]. In this section, we provide an interpretation of mutation of torsion
pairs in discrete cluster categories of Dynkin type A via a combinatorial model: We
define mutation of Ptolemy diagrams of an admissible subset Z C S! and prove that it
corresponds to mutation of torsion pairs in the discrete cluster category C(Z) associated

to Z. This in turn generalizes work by Zhou and Zhu [ZZ2], who provided a combinatorial
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model for mutation of torsion pairs in the category C4_ and in the cluster categories of

finite Dynkin type A, as mentioned in Example 4.2.15.

4.3.1 Torsion pairs in discrete cluster categories of Dynkin type

A

Throughout the rest of Section 4.3 let Z C S' be an admissible subset (see Definition
3.3.1) and denote its set of edges by £(Z). We call any set 2" of internal arcs of Z a
diagram of Z, and a subset of 2" will be called a subdiagram of 2 . Recall that the
indecomposable objects of the discrete cluster category C(Z) are labelled by the internal
arcs of Z. Thus to any subcategory of C(Z) we can associate a diagram of Z consisting
of the indecomposable objects of Z.

Let X be a subcategory of the discrete cluster category C(Z) associated to Z and let
Z be the associated diagram of Z. Recall from Proposition 4.2.6 that X is the torsion
part of a torsion pair if and only if it is contravariantly finite and X = L(X 1). These

conditions can be nicely translated into the combinatorial model.

Theorem 4.3.1 (Holm-Jgrgensen). The subcategory X is contravariantly finite if and
only if & satisfies the following condition:

CF1 For every sequence {a;, b; }icz., of arcs in 2" such that {a;}icz., converges toa € St
from the right and {b; }icz., converges to b € ST from the left or from the right, there
is a sequence {a;, b }icz., of arcs in X such that {aj}icz., converges to a from the
left and {b;}icz., converges to b from the left.

Dually one can show that the subcategory X is covariantly finite if and only if 2~

satisfies the following condition:

CF2 For every sequence {a;, b; }icz., of arcs in 2" such that {a; }iez., converges to a € St
from the left and {bi}iEZZO converges to b € S* from the left or from the right, there
is a sequence {a;, b; }icz., of arcs in 2" such that {a;}icz., converges to a from the

right and {0} }icz., converges to b from the right.

It remains to translate the condition X = L(X 1) into the combinatorial model. Con-

sider the diagram

nc 2 = {« an internal arc of Z | & does not cross any arc in 2"}

of Z. Holm and Jorgensen showed that X = ~(X1) if and only if 2" = nc(nc.2") and
that this holds if and only if 2 satisfies the following two conditions:

(Ptolemy) If two arcs {zg, x1} and {yo,y1} in 2" cross, then the arcs {xo, yo}, {vo, x1}, {z1, 1}
and {y;,zo} of Z liein Z"U &(2).
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Ty o ) x;

Figure 4.1: The diagram Z on the left does not satisfy the Ptolemy condition, but
satisfies CF1 and the diagram 2”" on the right does not satisfy CF1, but satisfies the
Ptolemy condition. Neither satisfies the blocking condition: Every element in (z¢, z1)NZ
is {xo, z1 }-blocked by 2, but {zg, z1} ¢ 2" and every element in (z(, z}) N 2 is {xf, 2} }-
blocked by 27, but {zf,«,} ¢ 2.

(Blocking) Let {zg,z1} be an internal arc of Z such that for every z € (29, 1) N Z there is an
arc {yo, 1} € Z with z € (yo,y1) C (20, x1). Then we have {zg, 2,1} € 2 .

If 2 satisfies the Ptolemy condition, then 2" is called a Ptolemy diagram of Z. 1f {xq, x1}
is an arc of Z and for a z € (z¢, x1)NZ thereisa {yo, 11} € Z with z € (yo, 1) C (20, 1),
the marked point z is called {xq,z;}-blocked by Z .

Theorem 4.3.2 (Holm-Jgrgensen). The subcategory X C C(Z) is the torsion part of a
torsion pair if and only if 2 satisfies conditions CF1, Ptolemy and Blocking.

Not all diagrams of Z satisfy the blocking condition, cf. Figure 4.1. However, as
the following lemma shows, we can omit the blocking condition from the assumptions in
Theorem 4.3.2.

Lemma 4.3.3. If 2 is a Ptolemy diagram of Z satisfying CF1, then Z satisfies the
blocking condition.

To prove Lemma 4.3.3, we use the following helpful result. We observe that the cyclic
order on S induces a total order on any proper interval [a,b] & S*, and for x,y € [a, ]

we write <[, v if and only if [a, 2] C [a, y].

Lemma 4.3.4. If 2 is a diagram such that every right fountain in 2 is a subsequence

of a fountain in X", then for every arc {xg,x1} of Z the extremum
Tmaz = max{l €ZnN [ZL'(),CCl] | {I()?l} €U E(Z)}

with respect to the order <iy, .| exists. In particular, if 2 satisfies CF1, then every right
fountain in Z is a subsequence of a fountain in Z . If Z is a diagram such that every
left fountain in 2 is a subsequence of a fountain in 2", then for every arc {x¢,x1} of Z

the extremum

Tmin = mm{l € ZnN [l’o,l’l] ‘ {l’l,l} € 2 U g(Z)}
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with respect to the order <y, ., exists. In particular, if 2~ satisfies CF2, then every left

fountain in Z is a subsequence of a fountain in Z .

Proof. First note that if CF1 holds for a diagram 27, then taking the sequence {b; }icz.,
in CF1 to be constant yields that every right fountain in 2~ must be a subsequence of
a fountain in 2. Dually, if 2" satisfies CF2 then every left fountain in 2" must be a
subsequence of a fountain in 2. We prove the existence of z,,,, under the assumption
that every right fountain in %" is the subsequence of a fountain, the existence of x,,;,
under the dual assumption can be proved analogously.

The set {l € Z N [xg,z1] | {x0o,l} € Z°U E(Z)} is non-empty, since it contains
the successor s(xg) of xy (cf. Section 3.3.2 for terminology). If it is finite, it contains
a maximal element, which proves the claim in this case. Else, if it is infinite, there is
a left or a right fountain in 2~ at zy converging to some a € (o, ;). By assumption,
for every right fountain in 2" at xy converging to a there is a left fountain in 2" at xg
converging to a, so we have a left fountain at xy converging to a. Consider the set of such

left fountains:
F = {b € [z, x;] | there is a left fountain in 2~ at z( converging to b}.

The set F is closed as a subset of S': For every x € S'\ F there is an open neighbourhood
r e U C S' with UNJF = 0, since otherwise we would have x € [x¢, 7] and there would
be infinitely many arcs of the form {x, b;} with endpoints b; in every open neighbourhood
of z. Thus there would be a left fountain, or a right fountain and consequently also a
left fountain, at zy converging to x and we would get z € F, which contradicts the
assumption.

Thus F is non-empty, closed and bounded in S! and therefore has a maximum d. We
have d # x4, since z1 € Z and so, because Z is discrete (cf. Definition 3.3.1), 21 cannot
be the limit point of a non-constant sequence in Z, i.e. there cannot be a fountain at x

converging to x;. Consider now the set

It is non-empty, since there is a left fountain in 2" at zy converging to d. Furthermore, it
has a maximum: Else, because it is bounded, there would be a right fountain at x( in 2~
converging to its supremum de (d, 1], and by assumption this would be a subsequence
of a fountain in .2~ converging to d, contradicting the maximality of d. Thus M contains
a maximal element and we get Zp,a, = max{l € Z N [zg,x1] | {z0,l} € Z U E(2)} =
max M. O

We can now prove Lemma 4.3.3.

Proof. Let {zg,z1} be an internal arc of Z such that every z € (zg,z1) N Z is {xg, x1}-
blocked by 2". Consider the set {I € Z N [xg,x1] | {x0,l} € Z U E(Z)}. By Lemma
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4.3.4, it has a maximum a. Assume for a contradiction that a # x;. Then a € (zg,x;)
and by assumption it is {z, x; }-blocked by 2Z". Thus there exists a {yo,y1} € £ with
a € (Yo,11) € (2o, 21). Since a <y, Y1, by maximality of a we must have yo # .
However, in that case we have yy € (z¢,a) and y; € (a, x1], so the arcs {z, a} and {yo, y1}
cross. By the Ptolemy condition we have {xg,y;} € 2 which contradicts the maximality
of a. Therefore, we must have 1 = max{l € Z N[z, x| | {z0,l} € Z U E(Z)} and thus
in particular {xg, 2,1} € 2. O

4.3.2 Mutation of torsion pairs in discrete cluster categories of
Dynkin type A

In this section, we define mutation of diagrams of Z and prove that mutation of Ptolemy
diagrams of Z provides a combinatorial model for mutation of torsion pairs in the discrete
cluster category C(Z) associated to Z. Let (X,Y) be a torsion pair in C(Z) and let
D C X N (X71X)* be a functorially finite subcategory. Since C(Z) is 2-Calabi-Yau (cf.
Section 3.3.2) we have 7D = XD (cf. Remark 4.2.14) and D, as a subcategory of the
rigid subcategory X N (X71X)+, is rigid. So, according to Theorem 4.2.13, mutating
the torsion pair (X,Y") with respect to D yields the torsion pairs (up(X), usp(Y')) and
(1p(X), 55p(Y)).

In order to obtain a combinatorial approach to mutation of torsion pairs we trans-
late the situation into the combinatorial model: Let 2  be the Ptolemy diagram of Z
corresponding to the torsion part X and let & be the diagram corresponding to the
subcategory D. The fact that D is rigid translates to & being a non-crossing dia-
gram, i.e. the arcs in & are pairwise non-crossing. Since the Ext'-space between two
objects vanishes if and only if the two corresponding arcs do not cross, the subcategory
(Z1X)E = H(2X) corresponds to the diagram nc .2 of Z. Thus the fact that D is a
subcategory of X N (X71X)* translates to Z being a subdiagram of 2" Nnc .2 . Because
D is functorially finite, the diagram & satisfies conditions CF1 and CF2 by Theorem 4.3.1
and the paragraph thereafter. In particular, by Lemma 4.3.4, it satisfies the following

condition:

FF For every right (respectively left) fountain {a, b;}icz., in Z at a € Z converging to
b e S* there is a left (respectively right) fountain {a,b}}icz., in Z at a converging
to b.

Let Z be any non-crossing diagram of Z satisfying condition FF. In the following, we
define mutation of a subdiagram 2 C nc %2 with respect to 2. Note that by Lemma
4.3.4 for every internal arc {xg,z;} of Z the extrema

xy =min{l € ZN[xg,x1] | {z1,l} € 2U E(2)}
vy =max{l € ZN[xy,x0] | {x1,l} € ZU E(2)}

exist.
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Figure 4.2: The arcs in the non-crossing diagram & are marked with thick lines. We
picture the image py({zo,1}) = {xf, 27} of the element {xg,z1} in nc 2 under the

map fig.

Definition 4.3.5. Let Z be a non-crossing diagram of Z satisfying condition FF. We
define the map
po: nc 2 — {arcs of Z}

by setting

no({xo, x1}) = {zg, 27 }.
Dually, we define the map

to: nc 2 — {arcs of Z}

by setting
pg ({0, 21}) = {xg, 21 }-
Figure 4.2 provides an example for the map up.

Remark 4.3.6. Note that ug leaves any arc in & invariant, since for {zo, 21} € Z we have

xd = x; and 27 = xo. Dually, the map u, leaves any arcs in 2 invariant.
0 1 0 Y P Htg Yy

Lemma 4.3.7. The maps py and p, from Definition 4.3.5 are mutually inverse bijec-

tions on nc 9.

Proof. We first that show that the image of pg lies in nc 2. Let {xg, 21} be in nc 2.
If {zo,21} € 2, then by Remark 4.3.6, ugy({zo,z1}) = {z0,21} € 2 C nc 2. Assume
{20, 21} € (nc 2)\ Z with pug({xe, z1}) = {xd, 2T }. Let {yo,y1} be an arc of Z crossing
{zg,x} with

Yo € (x5, x7) = (xf,z1) U{x1} U (21,27)
y1 € (x7,2g) = (27, m0) U{zo} U (20, 27).

We want to show that {yo,y1} & 2. If yo € (x1,27), respectively y; € (w0, ) (see
Figure 4.3) then the arc {yo,y1} crosses {z1,2]} € P, respectively {zo,z{} € Z and
hence cannot lie in the non-crossing diagram 2. If yy € (2, 1) and y; € (z7,70), then
{yo, 1} crosses {zg, 1} € nc Z and hence cannot lie in 2, cf. Figure 4.4. If yy € (2, 1)

and y; = xg, then {yo,y1} cannot lie in Z since this would contradict the maximality of
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g

S —

(xlu x;r)

Figure 4.3: If yo € (21, 27), respectively y; € (29, zg), then the arc {yo, 1}, marked by a

dotted line, crosses {x1,z] }, respectively {xo, z{}.

(xg, 1) (fBT, IBO)

Figure 4.4: If yo € (zd, 1) and y; € (x7,20), then {yo,y1} crosses {zg, z1}.
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(‘(Ei_alﬁ)

Figure 4.5: Hlustration of the case where y, € (xar, x1) and y; = x¢ and the case where

Yo = 1 and y; € (z7, z0)

zg in {l € ZN[xg,x1] | {z0, I} € ZU E(Z)}, cf. Figure 4.5. Similarly, if yo = z; and
y1 € (z1,m0), then {yo,y1} & 2 because of the maximality of =i in {l € Z N [z, 0] |
{z1,l} € 2U E(2)}. Finally, if yo = x1 and y; = xo, then {yo, y1} = {x0, 21} ¢ 2.
Thus any arc crossing {zg,z7} cannot lie in 2, and we get {zg, 2]} € nc 2, so the
image of iy lies in nc Z. Analogously, it can be shown that the image of y, lies in nc 2.
We now show that pg o p, is the identity on nc 2. The fact that pg, o pg is the
identity can be shown analogously. If {zg, 21} € 2, then both ug and uy, leave {zo, z1}
invariant. On the other hand given {x¢, 1} € (nc 2) \ Z with u,({zo,21}) = {zg, 27}

and pz({xg, #1}) = {(29)", (217) "}, we have

(x))" =max{l € ZN [z, 2] | {z1,l} € 2U E(2)}
=max{l € ZN (z7,2y) | {z7,1} € 2U E(2)},

where the second equality holds because {z;,x; } ¢ 2. By definition of z; and x; we
have zy € {l € ZN (z1,2y) | {z1,1} € 20U &(Z)}. We show that x; is maximal in
this set: Let m € (z1, 2y ) with m >(or az) 1 and consider the arc {z1,m} of Z. Since
m € (x1,25) C (21,%0) and x7 € (xg,x1) the arc {m, 2z} crosses the arc {zo,x;} and
thus cannot lie in ZU £(Z). Thus m cannot liein {{ € ZN(z7,zq) | {z7,l} € QU E(Z)}
showing that x; is maximal in this set. This proves (x7 )% = z;.

The fact (zy)" = x¢ is equivalent and we thus obtain pg,(1e({xo, 21})) = {xo, 1}
Thus py, o 1y is the identity on nc 2. m

Mirroring the definition of mutation pairs in triangulated categories we define the

following.

Definition 4.3.8. Let 2 be a non-crossing diagram satisfying FF. We call a pair (2", 2”)
of subdiagrams 2", 2" C nc ¥ a Z-mutation pair if 2 C 2" C u,(2") and 2 C 2 C
o (27).

Remark 4.3.9. Note that since py is a bijection with inverse piy,, for any Z-mutation pair
(2, Z") we have 27" = (X)) and 2" = puxp(2Z").

We can now state our main theorem for this section.
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Theorem 4.3.10. Let 2 be a Ptolemy diagram of Z satisfying condition CF1, i.e. cor-
responding to the torsion part of a torsion pair (X,Y) in C(Z). Let 2 C Z Nnc X
be a subdiagram satisfying conditions CF1 and CF2, i.e. corresponding to a functo-
rially finite subcategory D C X N (X71X)*L. Then the mutation ug(2), respectively
wo(Z), corresponds to the torsion part of the torsion pair (up(X), usp(Y')), respectively

(1p(X), psp(Y)).
Theorem 4.3.10 is a direct consequence of the following, more general, result:

Theorem 4.3.11. Let 9 be a non-crossing diagram of Z satisfying condition FF and
corresponding to the subcategory D of C(Z). Let 2, 2" C nc 2 be diagrams of Z, with
Z corresponding to the subcategory X C l(ZD) and X" corresponding to the subcategory
X' C L(ED). Then (2, 27" is a D-mutation pair if and only if (X, X') is a D-mutation

DAIT.
Using Theorem 4.3.11, we can prove Theorem 4.3.10 as follows.

Proof. Let the notation be as in Theorem 4.3.10. Because Z is a subdiagram of 2" Nnc 2
it is non-crossing and we have 2~ C nc . Because it satisfies conditions CF1 and CF2 it
satisfies condition FF by Lemma 4.3.4. Applying Theorem 4.4.22 to the Z-mutation pair
(2, 1y (X)), respectively to the Z-mutation pair (ug(Z), Z), yields the result. ]

For the proof of Theorem 4.3.11, we need to compute some distinguished triangles.
For this, we make use of the cluster structure given by those triangulations of the closed
disc with marked points Z which satisfy FF (cf. Section 3.3.2). More precisely we use
the existence of the exchange triangles according to Definition 3.2.7, CS2. This relies
on [IT3, Proposition 2.4.9] which states that for any triangulation 7 of the closed disc
with marked points Z and any arc {xg, 1} € T there is a unique arc {yo, y1 } of Z which
crosses {xg, x1} with yo € (x1,x0) and y; € (29, 1) and such that all of {zg, 1}, {y1, 21},
{z1,y0} and {yo, o} are in (T \ {xo,x1}) U E(Z). Further, as elaborated in [IT3] we get

a distinguished triangle

{zo, 21} = {zo, w0} @ {z1, 11} = {vo, y1} = 2{xo, 21},

where the first morphism is a left (C(Z) \ {{xo, z1}})-approximation and where we asso-

ciate a zero-object to any edge of Z. Using this we can prove Theorem 4.3.11.

Proof. Assume first that (27, 2”') is a Z-mutation pair. We have 2 C 27, 2" and thus
D C X, X'. By Lemma 4.2.11 we further have D C up(X'), up(X). It remains to show
that we also have = € up(X’) for those objects x € X with ¢ D and 2’ € pup(X) for
those objects 2’ € X’ with 2’ ¢ D.

The indecomposable objects in X but not in D are labelled by the arcs in 2"\ 2
and the indecomposable objects in X’ but not in D are labelled by the arcs in 2\ 2 =
o (Z)\ 2. Consider an arc {zg, z1} € 2 \Z and its mutation {zg, 27 } = py{ze,x1} €
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Z'. Tt suffices to show that as objects in C(Z) we have {zg, 1} € up(X’') and {xy,z7} €
up(X). By assumption, both arcs {zg,z1} € 2 and {zg,27} € 2" lie in nc 2, so
{2, 21} and {zg,z7 } label indecomposable objects in +(XD) = (£7*D)*. Furthermore,
we can complete the pairwise non-crossing arcs {zo, x1}, {xo, 27 }, {1, 21}, {z1, 27 } and
{zy, 20} to a triangulation T of the closed disc with marked points Z. So by [IT3,

Proposition 2.4.9] there exists a distinguished triangle of the form
{x()? Il} - {x1_7 $1} D {355> $0} - {x67 $1_} - Z{x(b $1} ) (41)

and {z7,21} & {xy, 20} lies in D. Therefore we have {zy,z7} € up(X) and {zg, 21} €
pp(X7).

On the other hand let (X, X’) be a D-mutation pair and let X be the subcategory
corresponding to the diagram p,,(2"). Then because (27, 5 (Z")) is a Z-mutation pair,
the pair (X,X) is a D-mutation pair and therefore by Remark 4.2.12 we have X =
up(X) = X’. So the diagram p,(.2") corresponds to X’ and we get that u,(2) = 2"
and (27, 2"') is a P-mutation pair. O

4.4 'Torsion pairs and their mutation in cluster cate-

gories of finite Dynkin type D

In this section, we provide a combinatorial model for mutation of torsion pairs in cluster
categories of finite Dynkin type D. The situation is more complicated than in Dynkin
type A, since we have to deal with the indecomposable objects coming from the excep-
tional vertices of Dynkin diagrams of type D. For the Dynkin diagram D, with n > 4
(throughout this Chapter, when we refer to the Dynkin diagram of type D,, or related
combinatorial concepts, we always assume n > 4) these are the vertices (n — 1)_ and

(n — 1), in the following picture:

(n—1)4

~

1 2 3 i — (n—2)

AN

(n—1)_

Recall from Section 3.2.1, that every two orientations @ and Q' of D,, give rise to equiv-
alent cluster categories Crg = Crqr. Therefore it is justified to talk about the cluster
category of Dynkin type D,,. In Section 3.2.1, the cluster category Cip, of Dynkin type
D,, was discussed as an example. It is a triangulated, k-linear, Hom-finite, Krull-Schmidt
category and thus satisfies all prerequisites we had on our ambient category in the discus-
sion of torsion pairs and mutation in triangulated categories in Section 4.2. Furthermore,
as discussed in Section 3.2.1, it is 2-Calabi-Yau, which facilitates some considerations

when discussing mutation of torsion pairs.
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4.4.1 Cluster categories of finite Dynkin type D: a combinato-

rial model

The combinatorial model for Dynkin type D, introduced by Fomin and Zelevinsky in
[FZ3] offers a geometric interpretation of the cluster category of Dynkin type D,,. Iso-
morphism classes of indecomposable objects are represented by rotation-invariant pairs
of arcs and diameters in a regular 2n-gon. As a useful property, this combinatorial model
allows for an easy way to determine the dimension of the extension space between two
indecomposable objects by counting the number of times the corresponding pairs of arcs
or diameters in the regular 2n-gon cross.

Consider the regular 2n-gon Ps,, with vertices labelled consecutively in an anticlock-

wise direction by 0,1, ..., 2n — 1. Throughout we will calculate modulo 2n.

Definition 4.4.1. An arc of P, is an unordered pair of vertices {a, b} of Py, with a # b.
An arc of the form {a,a + 1}, for a =0,...,2n — 1, is called an edge of Py,. An internal
arc of Py, is an arc of Py, that is not an edge. Each arc {a,b} of Py, has a partner
{a 4+ n,b+ n} which is obtained from {a,b} by rotation by m. An arc of Py, is called a
diameter if it is w-rotation invariant, i.e. if it is of the form {a,a+n}. A non-diameter arc
{a, b} together with its partner {a+mn,b+n} is called a pair of arcs and denoted by {a, b}.
For each diameter {a,a +n} we introduce two coloured diameters: A red one {a,a +n},
and a green one mg. By abuse of notation we sometimes omit the index and just
write {a,a + n} for a coloured diameter, which could be either red or green. If we omit
the overline and simply write {a,a + n}, we refer to the diameter {a,a + n} without a
colour. We set
E(Pyy,) := {pairs of edges of Py, }

and

A(Ps,,) := {coloured diameters and pairs of arcs of Py, } \ €(Pan).

Figure 4.8 features some examples of pairs of arcs and coloured diameters.

Denote by I'(Ckp, )o the set of vertices of the Auslander—Reiten quiver I'(Cgp,, ), which
correspond to isomorphism classes of indecomposable objects in Cyp,, and recall the
labelling of I'(Cyp, )o from Figure 3.2. We define a bijection ¢: I'(Cxp,)o — A(P2n) by
sending, for 0 < a <n —1,

(a,b) = {a,a+b+ 1} for 1 <b<n-—1,
a,a+n} ifa=0 mod 2,
(@ = 1)) o {120
p: {a,a+n}, ifa=1 mod 2,

(. (n— 1)) {a,a+n} ifa=0 mod 2,
a,(n—1)_) —

{a;a+mn}, ifa=1 mod 2.

This map provides the connection between the cluster category Cip, and the combina-

torial model for Dynkin type D,. It sends vertices without a sign in I'(Cyp, ) to pairs
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0T, - - e, T, ¢---- [0
/ N / NeA
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{02) ¢=-------~- w3y n71n+1} ffffff 10,2y

Figure 4.6: The vertices of the Auslander-Reiten quiver I'(Cyp, ) are labelled by pairs of
arcs and coloured diameters of P,,,. The action of the Auslander-Reiten translation 7 is

marked by dashed arrows.

/CD\ (o) /@\ /
O == O = 0

NSNS NS
NSNS NS

Figure 4.7: The vertices in I'(Cxp, ) marked with a dashed circle get matched to green

diameters, those marked with a continuous circle get matched to red diameters.

of internal arcs of Py, and alternatingly matches the vertices (a,(n — 1)4) to red and
green diameters. The isomorphism classes of indecomposable objects in Cyp, are thus
labelled by A(Ps,). Figure 4.6 shows the Auslander-Reiten quiver I'(Cyp,) with the
new labelling. Note that the indexing diameters alternate in colour along both the top
and the second to top horizontal levels of the Auslander-Reiten quiver. In other words,
the Auslander-Reiten translation 7 changes the colours of the diameters, i.e. we have
7({a,a +n},) = {a—1,a — 1+ n}, and 7({a,a + n},) = {a — 1,a — 1 4+ n}, for all
0 <a<n-—1 We have drawn in the Auslander-Reiten translation in Figure 4.6 as an
illustration. Figure 4.7 provides an illustration of the alternating matching of colours to

the vertices associated to diameters.
Subcategories of Cyp, correspond to subsets of A(Ps,) and we call any subset 2 C

A(Pa,) a diagram of Dynkin type D,,, and if the context is clear sometimes just a diagram
for short. A subset 2 C 2 of a diagram 2 is called a subdiagram of 2 . Any diagram
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o QOB

Figure 4.8: The pictures illustrate from left to right: Two pairs of arcs crossing once,
two pairs of arcs crossing twice, a diameter crossing a pair of arcs and two diameters of

different colour crossing.

of Dynkin type D, is invariant under rotation by 7.

Definition 4.4.2. Two arcs {a,b} and {z,y} of Py, are said to cross, if a,b, z and y are
pairwise distinct and they lie on the boundary of P, in the order a,z,b,y or x,a,y,b
when moving in an anticlockwise direction. We have the following notion of elements of

A(Ps,,) crossing:

e Two pairs of arcs {a,b} and {z,y} are said to cross once, if the arc {a,b} crosses
either {z,y} or {x +n,y+n}. They are said to cross twice, if the arc {a, b} crosses
both {z,y} and {z +n,y + n}.

e A coloured diameter {a,a + n} and a pair of arcs {x,y} are said to cross once, if

the arc {a,a + n} crosses {z,y}.

e Two coloured diameters {a,a + n}, and {z,z +n}, of different colours are said to
cross once if the arcs {a,a + n} and {z,z + n} cross. Two diameters of the same

colour do not cross.

Figure 4.8 illustrates the crossing of arcs. Throughout this paper, when drawing
diagrams we will draw green diameters as wriggly lines and red diameters as straight
lines.

The combinatorial model for the cluster category of Dynkin type D, via A(Ps,) is
closely related to the model introduced by Schiffler [Sch], where triangulations of the
punctured disc were used to first combinatorially describe the cluster category of Dynkin
type D,. In particular, [Sch, Proposition 1.3] translates directly to this model and can

be stated as follows:

Proposition 4.4.3 ([Sch, Proposition 1.3]). Let {a,b} and {z,y} be elements of A(Pay,)

and consider the corresponding indecomposable objects in Cyp,. Then the number of

times {a,b} and {x,y} cross is equal to the dimension dimExt,,  ({a,b},{z,y}) of the

Ext'-space between them.

For the sake of clarity let us explicitly note that the above proposition determines all

extensions between such objects: Because Cyp, is 2-Calabi-Yau we have

dim(Ext' ({a, b}, {z,y})) = dim(Ext' ({z, y}, {a, b})).
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4.4.2 Torsion pairs in cluster categories of finite Dynkin type D

Torsion pairs in the cluster category of Dynkin type D, have been classified by Holm,
Jorgensen and Rubey in [HJR2] via the combinatorial model described in Section 4.4.1.

Recall that by Proposition 4.2.6 a subcategory X C Cyp, is the torsion part of a torsion
pair if and only if it is contravariantly finite and L(X 1) = X. Since there are only finitely
many indecomposable objects in Cyp, , every subcategory is functorially finite, so the aim
is to classify all subcategories X satisfying L(X 1) = X. As in the example for discrete
cluster categories of Dynkin type A (cf. Section 4.3.1), this condition translates nicely to
the combinatorial model. Let X C Cyp, be a subcategory corresponding to the diagram
Z" of Dynkin type D,,. Set

nc 2 = {{a,b} € A(Pa,) | {a,b} crosses no element of 2"}.

By [HJR2, Proposition 3.5], the pair (X, X1) is a torsion pair in Cyp, if and only if 2~ =
nc(ne Z7). In light of this result, the problem of classifying torsion pairs in Cyp, boils
down to finding a combinatorial description for diagrams 2" of Dynkin type D,, satisfying
Z =nc(nc Z"). Diagrams satisfying this condition can be described combinatorially by

considering all their crossing elements, as in the following definition.

Definition 4.4.4 ([HJR2, Definition 4.1]). Let 2" be a diagram of Dynkin type D,,. It
is called a Ptolemy diagram of Dynkin type D,, if for any two crossing elements {a, b} and
{z,y} of Z the following hold:

Pt1 If {a,b} and {z,y} are pairs of arcs, then each of {a,z}, {z,b}, {b,y} and {y,a}
lies in 2" U E(Poy,). If any of {a, z}, {x, b}, {b,y} or {y,a} is a diameter, then both
the red and the green copy of that diameter lie in 2.

Pt2 If {a,b} and {x,y} are diameters of different colour, then {a,z} = {b,y} and
{z,0} ={y,a} liein Z U E(Pay).

Pt3 If {a, b} is a diameter and {z,y} is a pair of arcs, then those of {a, 2}, {z, b}, {b,y}
and {y, a} which do not cross {z,y} lie in 2" U E(Pa,). Furthermore, the diameters
{z,z 4+ n} and {y,y + n} of the same colour as {a,b} also lie in 2.

Figure 4.9 illustrates the axioms for a Ptolemy diagram.

Holm, Jgrgensen and Rubey present the following useful classification of torsion pairs

in the cluster category Cip, of Dynkin type D,,.

Theorem 4.4.5 ([HJR2, Theorem 1.1]). Let X be a subcategory of Cyp, and let 2~ be
the corresponding diagram of Dynkin type D,,. Then the following are equivalent.

o The pair (X, X™1) is a torsion pair in Cyp, .

e The diagram X is a Ptolemy diagram of Dynkin type D,,.
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0 I

Figure 4.9: The axioms for a Ptolemy diagram of Dynkin type D,, illustrated: Whenever

two elements, drawn with thin lines, of a Ptolemy diagram 2~ of Dynkin type D,, cross,
then the thick lines must be contained in 2" U &E(Pay,).

4.4.3 Non-crossing diagrams of Dynkin type D and mutation

Throughout this section, let 2 denote a non-crossing diagram of Dynkin type D,,, i.e. a
diagram of Dynkin type D, with pairwise non-crossing elements. We define mutation
of subdiagrams of nc ¥ with respect to Z using the concept of Z-cells of Dynkin type
D,,. Informally speaking, Z-cells of Dynkin type D,, are convex polygons with edges
in 22U E(Pa,) whose diagonals do not lie in . However, the presence of diameters
means that we have to be careful with the definition. The idea of Z-cells of Dynkin
type D, is inspired by Zhou and Zhu [ZZ2], who introduced D-cells for non-crossing
subdiagrams D of Ptolemy diagrams of Z, where Z C S* is a finite subset or an admissible
subset with exactly one limit point (i.e. the combinatorial model corresponding to cluster
categories of finite Dynkin type A and the cluster category C4_ of infinite Dynkin type
A, respectively).

For a formal definition of Z-cells, it is useful to replace some of the diameters in
A(Ps,) by pairs of radii.

Definition 4.4.6. We introduce an additional central vertex ¢, which is placed at the
centre of Py, and additional arcs {a,c} for a € {0,...,2n — 1}, which we call radii. The
m-rotation {a + n,c} of a radius {a, c} is again a radius and together they form the pair
of radii {a,c}. For each pair of radii {a,c} we introduce a copy mr of the colour red
and a copy {a, c} , of the colour green.

We define the replacement map r4 as follows. If & has no diameters, then we set
rg : A(Pan) U E(Pay) = A(Pa2n) U E(Pay) to be the identity. Otherwise we define

Tg: A(PQn) U g(Pgn) — A(PQn) U 8(7)2”) U {WW € {O, ey 2n — 1}}

by r4({a,b}) = {a,b} for every pair of arcs {a,b} € A(Ps,) U E(P2,) and for every
0 <a < n we define

{a,a+n}, if{a,a+n}, €9
{a,c},, if{a,a+n}, & 2.

that is, a red diameter {a,a + n}, gets sent to a pair of radii if and only if the green

ro({a,a+nt}, ) =

diameter {a,a + n}, does not lie in & and a green diameter {z,z + n}, gets sent to a

pair of radii if and only if the red diameter {z,z + n}, does not lie in Z.
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872

L

Figure 4.10: The diameters lying in the non-crossing subdiagrams %, respectively %, are

marked by thick lines. The picture shows how some diameters in A(Ps,) get replaced by

pairs of radii and some stay as diameters under the replacement maps ry, and r,.

Figure 4.10 illustrates how the replacement map acts on diameters for different non-
crossing diagrams.

A pair of radii Wh , 1s said to cross a diameter or pair of arcs {a, b} if and only
if the corresponding diameter {z,z +n},  crosses {a,b}. Two pairs of radii {z,c},
and {a,c}, . are said to cross if and only if the corresponding diameters {z,z +n},
and {a,a +n},, cross. Furthermore, two radii {a,c} and {z,c} do not cross for any
a,z €{0,...,2n — 1},

One neat effect of replacing diameters with pairs of radii according to the replace-
ment map, is that the image r4(%) of the non-crossing diagram & consists of pairwise
geometrically non-crossing arcs, i.e. where in & we had the possibility of diameters of the
same colour crossing as arcs, we cannot have that situation in r4(%), as the following

lemma shows.

Lemma 4.4.7. If {a,b} and {x,y} lie in r4(Z) then the arcs {a,b} and {x,y} do not

CT0SS.

Proof. Assume for a contradiction that the arcs {a,b} and {z,y} cross and that {a,b}

and {z,y} lie in r4(Z). Because Z is non-crossing, the elements {a,b} # {z,y} must

be diameters of the same colour in &, without loss of generality {a,b} = {a,a +n}, and
{z,y} = {x,2 +n},. Because {a,a+n}, and {x,x +n}, are in 2, both mg,
which crosses {a,a+n}, and {a,a +n}, , which crosses {x,z +n},, cannot lie in .
Therefore r4({a,a +n},) = {a,c}, and ry({z,z +n} ) = {x,c}, , which contradicts the
assumption that {a,b} and {z,y} lie in r4(2). O

When talking about angles between arcs, we adhere to the following convention.

Notation 4.4.8. For two arcs {x,y} and {y, z} we denote by <t(z,y, z) the angle covered
when rotating {x,y} to {y, z} in a clockwise direction. We assume 0 < <(z,y, z) < 27.
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Figure 4.11: Example for a non-central pair of Z-cells

dy _—_dq dy _—_dq d2 dq dy_—_dq
AN A .
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dy T— dp—1— T dy —

k
2

Figure 4.12: Examples for central pairs of Z-cells. From left to right: When Z contains
no diameters; when & contains one diameter; when 2 contains more than one diameter

and all are of the same colour; when % contains two diameters of different colour

We can now give a rigorous definition of Z-cells of Dynkin type D,,.

Definition 4.4.9. Let Z be a non-crossing diagram of Dynkin type D,,. A Z-cell of
Dynkin type D,,, or P-cell for short, is a polygon (dy,...,d) with k > 3 with vertices
di,...,dp € {0,...,2n — 1} U {c}, ordered in an anticlockwise fashion, such that for
1=1,...,k we have

[odin} €r0(2)U E(Py),

where we calculate modulo £ in the indices. Furthermore, for any {d;,v} € r4(%2) with
<(d;—1,d;,v) # 0 we have

0 < <(di—1,d;,div1) < <(di-1,d;,v).

We call a Z-cell (dy,...,d;) of Dynkin type D, together with its 7-rotation (d; +
n,...,dr +n) (where we set ¢ +n = ¢) a pair of Z-cells and denote it by (dy, ..., dy).
We call a pair of Z-cells central, if they contain the centre ¢ of the polygon Psy,.

Figure 4.11 shows an example of a non-central pair of Z-cells, i.e. a pair of P-cells

which does not contain the centre of Py,. Figure 4.12 shows examples of central pairs of
D-cells.
The examples of Z-cells we provided are convex. In fact, all of them are.

Lemma 4.4.10. Every Z-cell of Dynkin type D,, is convez.

Proof. Let (dy,...,d) be a Z-cell of Dynkin type D,. The interior angles are the an-
gles <t(d;_1,d;,d;y1) for i € {1,...,k} (calculating modulo k). If d; € {0,...,2n — 1},
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a a2 az

b2 bS

Figure 4.13: The pictures illustrate three different non-crossing diagrams %; (fori = 1,2, 3
labelled from left to right) marked by thick lines, with an element {a;, b;} of (nc Z;) \ %;
and the pair of Z;-cells it is contained in. The pair of Z;-cells containing {a;, b;} €

nc %; \ Z; is marked in grey.

then <I<di,1,di,di+1) S <I(dl'71,di,di -+ 1) < m. If dz = C, then <I<di,1,di,di+1) S
<(d;_1,d;,d;i—1 +n) = 7m. Thus all interior angles are less or equal to 7, and (dy, ..., d)
O

1S convex.

We can use Z-cells to define mutation of subdiagrams of nc & with respect to . We
start by showing (in Lemma 4.4.12) that each element of (nc Z) \ Z is contained in a

unique pair of Z-cells, by which we mean the following.

Definition 4.4.11. We say that a diameter or a pair of arcs {a, b} € A(Pa,) is contained
in a pair of P-cells (dy,...,dy) if r9({a,b}) = {d;,d;} for some 7,57 € {1,...,k} with
j ¢ fi— 14,0+ 1}

For a pair of arcs {a,b} to be contained in a pair of Z-cells {d,...,d;) means that
either the arc {a,b} is a diagonal in (dy,...,d) and {a + n,b + n} is a diagonal in
(dy4n,...,d,+n) or vice versa. For a coloured diameter {a,a + n} to be contained in a
pair of Z-cells (dy, ..., d;) can mean any of the following two: Either 74 ({a,a +n}) is a
diameter and it is a diagonal in (dy, ..., d) and (d; +n,...,d,+n) or it is a pair of radii
and {a, c} is a diagonal in (dy, ..., d;) and {a+n,c} is a diagonal in (d; +n, ..., dy +n)

or vice versa.

Lemma 4.4.12. Every element {a,b} € A(Pa,) which is contained in a pair of D-cells
(dy,...,dy) lies in (nc 2)\ 2. On the other hand, every element {a,b} € (ncZ)\ Z is
contained in a unique pair of P-cells.

Figure 4.13 shows, for different non-crossing diagrams Z; of Dynkin type D,,, examples
of elements of nc Z; \ Z; and the pairs of Z;-cells they are contained in. The proof of

Lemma 4.4.12 uses the following useful fact.

Lemma 4.4.13. Let {z,y},{y, 2z}, {y,2'} € r4(2). Then we have <(z,y, z) = <(z,y, ')
if and only if z = 2.

Proof. Assume that <(x,y, 2) = <(x,y,2’). If both z and 2’ liein {0, ..., 2n—1} it follows
from the regularity of Py, that z = 2’. Otherwise, if ¢ € {z, 2’} then z # 2’ would imply
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{z,2'} = {c,y+n}. Without loss of generality we may assume z = ¢ and 2’ = y + n, and
{y, 2} ={y.c}, € r9(2) is of the colour red, so ro({y,y +n},) = {y,c}, € r4(Z) and
{y,y +n}, € 2. Then, by definition of the replacement map, ro({y,y +n},) = {y,c},.

Therefore, both diameters {y,y +n}, and {y,y + n}, get replaced by pairs of radii under

the replacement map rg, which contradicts the assumption that {y, 2’} = {y,y + n} €
T@(.@) ]

We can now prove Lemma 4.4.12.

Proof. Assume that {a,b} € A(Ps,) is contained in a pair of Z-cells (dy, ..., d;). Assume
for a contradiction that {a, b} lies in . Then for some 1 <, j < kwith j ¢ {i—1,47,i+1},
we have r4({a,b}) = {d;,d;} € r9(2). By Lemma 4.4.10 the polygon (di,...,dy) is
convex, so we have <((d;_1,d;,d;) < <(di—1,d;,d;+1), where we cannot have equality
by Lemma 4.4.13. By minimality of <(d;_1, d;, d;+1) we must have <((d;_1,d;,d;) =0, so
either d; = cor d;_; = c and both ;' ({d;, d;}) and r,,'({d;, d;_1 }) are coloured diameters
in 2 with underlying non-coloured diameter {d;,d; + n}. Because {d;,d;} # {di,d;—1}
they must be of different colour. This contradicts the definition of the replacement map

79 and the fact that we have d;_; = c or d; = c¢. So we have {a,b} ¢ 2. Assume now
that {x,y} € A(Py,) crosses {a,b}. Then either it crosses a pair of sides of (dy,...,d)
or it is also contained in (di,...,ds). In particular, the diameter or pair of arcs {z,y}
cannot lie in & and thus {a,b} € (nc Z2) \ Z. This proves the first statement of Lemma
4.4.12.

Let {a,b} € (nc2)\ 2 with r4({a,b}) = {a/,0/}. We first show the existence of a
P-cell of Dynkin type D,, containing {a,b}. Construct a sequence of vertices by setting

dy =d
b= min {we {0, 20— 1} u{{a 0] € ro(2)U E(Po)}
and for 7 > 2:
dit1 = min ~ {v€{0,...,2n — 1} U{c}{di,v} € r9(2) U E(Pan)}-
<(di—1,d;,w)>0

We show that there exists a k € Z, such that (dy,...,dy) is a polygon. Since the set
of vertices {0,...,2n — 1} U {c} is finite, there is a k € Zs3, such that dy,; = d; for
some i < k. Choose k to be minimal with this property, i.e. let £ be such that there
isal <4< k with di; = d; and such that dy,..., d; are pairwise distinct. Since by
Lemma 4.4.7 the arcs {d;,d;41} for 1 < j < k are pairwise non-crossing, (d;, ..., dy) is
a polygon. Assume for a contradiction that ¢ > 2. Then <((dg,d;,d; 1) # 0. Otherwise,
by Lemma 4.4.13 we get di = d;y+1 and thus d; = dpi1 = d;12, which contradicts the
condition <((d;, d;+1,d;+2) # 0. So we have, by the definition of d;,

Udi—1,d;, divr) < <(dy, di, digr)
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and thus, since {d;_1,d;} does not intersect any side of the polygon (d;,...,d), it is a
diagonal or a side in (d;,...,dg). Therefore we have d;_, = d; for some i < [ < k. This
contradicts the assumption that dq, ..., d, are pairwise distinct. Therefore d; = d; and
(dy,...,dg) is a polygon.

By definition, for 1 < i < k the angles <t(d;_1, d;, d;11) satisfy the minimality condition
for angles in a Z-cell of Dynkin type D,,. Furthermore, if {d;,v} € 75(A(Pa,)) is such
that 0 < <t(dy,dy,v) < <(dy,dy,dy), then either it is contained in {(dy,...,d;) or it
intersects one of its pairs of sides. Thus by the first part of the proof it cannot be an
element of 2. So <((dy, di, ds) satisfies the minimality condition for angles in a Z-cell of

Dynkin type D,, and the polygon (di,...,dy) is a Z-cell of Dynkin type D,.

Because r4({a,b}) = {a’,0'} does not intersect any of the pairs of sides {d;, di1} of
{dy,...,d;) and because by definition of dy we have <(V/,d’,dy) < <t(dy,dy, ds), the arc
{a’,b'} is a diagonal in the polygon (dy, ..., d) and thus {a,b} is contained in (dy, ..., d).

It remains to show uniqueness. Let {a,b} € (nc2)\ 2 with ry({a,b}) = {d/,V/}

and assume it is contained in the pairs of Z-cells (dy,...,d;) and (d,...,d,,). Without

loss of generality we may assume o' = d; = dj, and V' = d; = d), for some 1 <i,j < k
and 1 < 4,j° < k. First assume <(d;_1,d;,d},_;) = 0. By Lemma 4.4.13 we have
d;—1 = d},_; and inductively, using minimality of the exterior angles of both Z-cells, we
obtain (dy,...,dx) = (dy,...,d)). Consider now the case where <((d;_y,d;,d;_;) > 0.
Without loss of generality we may assume <((d;_1, d;, d;,_;) < m, otherwise interchange the
roles of (dy,...,dy) and (d}, ..., d},). By Lemma 4.4.10, both (dy, ..., dy) and (d}, ..., d}.)

are convex. We have
<(d;—1,d;, dj) = <(di-1, d;, dgul) + <I(d;/71, d;, dj)

and by convexity of (dy,...,d},) we have <(d},_,,d;,d;) = <(djy_y, djy, d}) < w. Thus
both angles on the right hand side are smaller or equal to 7 and we obtain

Udimr, diy diy_y) < <(dior,d;, dj) < <(dizi,d;, diga),

where the last inequality holds by convexity of (dy, ..., dy). On the other hand, minimality
of the exterior angles of (dy,...,dy) ensures that <t(d;_1,d;,dit1) < <(di—1,d;, d_y).

Thus we have equality and by Lemma 4.4.13 we have d},_; = d;;;. By convexity of the
P-cells we have 0 < <(dj,d;, d;+1) < 7 and thus either we have

0 = <(dit1,di, dj) = <(dir-1,d;, dj) or
T < Udit1, diy dj) = <(dir—1,di, dj) < .
The second case implies

Udi—y, dy, d;) = <(di—y, di, dy

7/ —

1) + <[(d;-/_1, diadj) = <(di—17divd;’—1) +m,

which contradicts the fact that <(d;—1,d;,d;) < 7 and 0 < <(d;_1,d;,d},_;) < m. Thus
we must have 0 = <t(d;11,d;, d;) and both 7' ({d;,diy1}) and ;' ({d;, d;}) = {a, b} are
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diameters with d;;; = ¢ or d; = c¢. Without loss of generality we may assume that the
diameter r,'({d;,d;+1}) € 2 is red. Then {a,b} must be green and by definition of the
map ry we get that ro({a,b},) = {d;;d;}, is a diameter and d; # c. Thus we have

di+1 = dj,_; = c and because none of the elements of & is crossed by Wg =
{a,b}, € nc 7 or {d;,d; + n}, € Z the diameter {d;, d; + n}, is the only diameter in &
and it follows that d; o = d},_, = d;+n. By rotation invariance of 2 we get (dy,...,dy) =
(di, . dyy).

[l

A special situation, which is worth considering in more detail, is the case where we
have a m-rotation invariant Z-cell, such as in the left-most picture of Figure 4.12. This is
only possible for certain diagrams &. The following result summarizes the most important

facts about the case where we have a w-rotation invariant Z-cell.

Lemma 4.4.14. There exists a w-rotation tnvariant P -cell
<d17"'7dk> = <d1+n77dk+n>

of Dynkin type D,, if and only if & contains no diameters. In this case, the m-rotation
invariant P-cell of Dynkin type D,, is unique, central and it contains all diameters in
(nc 2)\ 2. Furthermore, if (dy,...,dy) is a w-rotation invariant P-cell of Dynkin type
D, then {d;,d;} is a diameter if and only if {d;_1,d;_1} is a diameter.

Proof. Let (dy,...,d) be a m-rotation invariant Z-cell of Dynkin type D,,. It is of the

form

(di, ... di) = (d, . di,di g =dy+n,. . di=ds + ),

with & > 4 even. In particular, {d;,d;} is a diameter if and only if j = ¥ + 4, which
is the case if and only if {d;_1,d;_1} is a diameter. Furthermore with the diameters
{di,d; +n} = {d,, d§+i}7 the Z-cell (dy,...,dy) of Dynkin type D,, contains the central

vertex c. It is thus a central Z-cell of Dynkin type D, and c lies in its interior. Any

diameter {a,a +n} € A(Py,) contains the vertex ¢ and is therefore either contained in
(dy,...,dg) or crosses one of the pairs of arcs {d;,d;y1}. So any 7-rotation invariant
P-cell of Dynkin type D,, contains all diameters in (nc2) \ 2 and if there is a 7-
rotation invariant Z-cell (dy, ..., d) of Dynkin type D,,, there is at least one diameter in
(nc 2)\ 2, e.g. {d1,d, +n}. By Lemma 4.4.12 the m-rotation invariant Z-cell of Dynkin
type D,, is thus unique if it exists and in this case, also by Lemma 4.4.12, & contains no
diameters.

Suppose, on the other hand, that & contains no diameters. By [HJR2, Lemma 5.1],
there exists a diameter {a,a + n} in (nc 2)\ 2. By rotation invariance of Z and because
9 contains no diameters, the diameter {a,a + n} is contained in a w-rotation invariant

ZP-cell. Thus in particular such a Z-cell exists. O
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We now have all the necessary machinery ready to define mutation with respect to
2. Informally speaking, one can think of the mutation s, respectively p,,, as rotating
the interior of each Z-cell of Dynkin type D,, in an anticlockwise, respectively clockwise,

direction.

Definition 4.4.15. For every non-crossing diagram & of Dynkin type D,, we define the
mutation maps

pg: nc -nc? and gy ncy —-nc?

as follows.
e The maps 1y and piy, leave Z C nc & invariant:

idy .

K 9 1

g~ Mo

e Suppose {a,b} € (nc?)\ 2. By Lemma 4.4.12, the element {a,b} is contained
in a unique pair of Z-cells (di,...,d;) and thus r4({a,b}) = {d;,d;} for some
i,7 €{1,...,k}. We set

pg({a,b}) = r5' ({disr, dja})

and
pig({a,b}) = r5' ({dicy, d;j—1}),

where the colour of jig({a, b}), respectively p,({a,b}), if it is a diameter, is specified

as follows.

— If 2 contains no diameters, then by Lemma 4.4.14 all diameters are contained
in the unique central pair of Z-cells (dy,...,d,) and only diameters get mu-

tated to diameters. We define both 15 and iy, to change their colour. So if

{a,b} is a red diameter, both py({a,b}) and u,({a,b}) are set to be green

and vice versa.

— If & contains more than one diameter of the same colour, then all diameters

in 7 are of the same colour. Those of uy({a,b}) and u,({a,b}) which are

diameters are set to be of the same colour as all the diameters in .

— If 2 contains exactly one diameter {z,z +n}, then if uy({a,b}) = {a’,¥'},
respectively i, ({a,b}) = {a”,b"}, is a diameter, it is set to be of differ-
ent colour than {z,x 4+ n} if and only if {a’,b'} = {x,z + n}, respectively
{a",V"} = {z,x +n}. In all other cases, if u»({a,b}), respectively u,({a,b}),

is a diameter, it is set to be of the same colour as {z,z + n}.

Note that in the case where Z contains two diameters of different colour, the dia-

gram (nc 7) \ 2 of Dynkin type D,, does not contain any diameters.
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SS€

Figure 4.14: This picture illustrates the mutation with respect to a non-crossing diagram
2 (marked by thick lines) of some elements in nc & contained in a non-central pair of
P-cells. As we will see later (Theorem 4.4.22), combinatorial mutation of diagrams of
Dynkin type D,, corresponds to mutation in the triangulated category Cyp,. In this
picture we see nicely that the mutations py and p, give rise to different diagrams of

Dynkin type D,,, which correspond to different subcategories of Cyp, .

OOC

Figure 4.15: This figure illustrates mutation with respect to a non-crossing diagram &
(marked by thick lines) which contains no diameters. Only diameters get mutated to

diameters and mutation changes their colour.

Figures 4.14 provides an example of mutation of elements contained in a non-central
pair of P-cells. Figures 4.15 to 4.17 provide some examples of mutation of elements con-
tained in central pairs of Z-cells for different possible configurations of the non-crossing
diagram &, where we cover the case where Z contains no diameters, where it contains

more than one diameters of the same colour and where it contains exactly one diameter.

Remark 4.4.16. For any non-crossing diagram & of Dynkin type D,,, the map pg: nc ¥ —

nc 7 is a bijection with inverse p,.

The following definition mirrors the definition of D-mutation pairs in triangulated

categories by Iyama and Yoshino [IY], cf Definition 4.2.8.

Definition 4.4.17. Let 2" and 2" be subdiagrams of nc 2. We call the pair of diagrams
(2, Z") of Dynkin type D,, a Z-mutation pairif 9 C X' C u,(2) and 2 C 2 C
pa(Z7).

Remark 4.4.18. Since pgy is a bijection on nc & with inverse ji,,, for any Z-mutation pair
(2, Z") we have 2" = ug(2") and 2" = uy,(Z).

According to Definition 4.4.15, the colour we assign to a diameter we obtain by mu-
tation with respect to Z depends on what the diagram & looks like. It is useful to note
that the following always holds.
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Ko %
Ko Ko

Figure 4.16: This picture illustrates the mutation of some elements in nc & with respect to
a non-crossing diagram 2 (marked by thick lines) which contains more than one diameter

of the same colour. Pairs of arcs can get glued together to diameters and diameters can

get split up into pairs of arcs when mutating.

K kg

Figure 4.17: This picture illustrates the mutation of some elements in nc & with respect

to a non-crossing diagram 2 (marked by thick lines) which contains exactly one diameter.
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Lemma 4.4.19. Mutation changes the colour of diameters: Let {a,b} be a diameter
in (nc2)\ 2 such that juy({a,b}) (respectively po({a,b})) is also a diameter. Then
po({a,b}) (respectively py({a,b}) is of different colour than {a,b}.

Proof. If & contains no diameters this is explicitly stated in Definition 4.4.15. If &
contains two diameters of different colour, then (nc )\ Z contains no diameters, so the
statement is trivial. Thus we only have to consider the case where ¥ contains at least
one diameter and all its diameters are of the same colour.

We first note that if 74 ({a,b}) is a pair of radii then r4(us({a,b})) is not: Since
the ending vertices of r4({a,b}) and r4 (s ({a,b})) are pairwise distinct, at most one of
them can be the central vertex c.

If 2 contains more than one diameter of the same colour, then every diameter in
(nc Z)\ Z gets mapped to a pair of radii under the map r4. Thus, in this case, diameters
do not get mutated to diameters.

It remains to check the case where 2 contains exactly one diameter. Assume that
both {a,b} € (nc?)\ Z and juy({a,b}) (respectively u,({a,b})) are diameters. Since
ro({a,b}) and r4 (s ({a,b})) (respectively 74(u,({a,b}))) cannot both be pairs of radii,
one of them has to be a diameter. However, there is only one diameter in r4((nc 2)\ 2)
and it is of different colour to all the pairs of radii in 74((nc 2) \ &). Therefore mutation

changes colour. O

Before we start explaining how the combinatorial concept of mutation from Definition
4.4.15 encodes mutation in the triangulated category Cip,, we note one last useful fact

about mutation of diameters.

Lemma 4.4.20. Consider a diameter {a,a+n} € nc . If uy({a,a+n}) is a pair of

arcs, or if p,({a,a +n}) is a pair of arcs, then ro({a,a +n}) = {a,c} is a pair of radii.

The way we may think about Lemma 4.4.20 is that only pairs of radii may get split

up into pairs of arcs and diameters have to stay “whole” (at least for one mutation step).

Proof. Let {a,a+n} = r;'({dd;}). 1f ug)({a,a—l—n}) = r,;"{dix1,dj=1} is a pair of
arcs, then the four vertices d;11,d;11, (dix1 +n) and (d;+1 + n) are pairwise distinct. By
rotation invariance of &, the element {d;,d;} = ry({a,a+n}) € r4(Z) cannot be a

diameter. n

4.4.4 Mutation of torsion pairs in cluster categories of finite
Dynkin type D

Our goal is to give a combinatorial interpretation for mutation of torsion pairs in the
cluster category Cip,via mutation of Ptolemy diagrams of Dynkin type D,. Since Cip,
is 2-Calabi-Yau, every subcategory satisfies 7D = XD (cf. Remark 4.2.14) and since it

contains only finitely many indecomposable objects (up to isomorphism), any subcategory
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is functorially finite. By Theorem 4.2.13 mutation of a torsion pair (X,Y) in Cyp, is
thus defined with respect to every subcategory D C X N (X71X)+. We now want to
translate this into our combinatorial model: The torsion part X of the torsion pair
(X,Y) corresponds to a Ptolemy diagram 2~ of Dynkin type D, and the subcategory
XN(Z71X)* corresponds to the diagram 2" Nnc 2 of those arcs in 2~ that do not cross
any other arcs in 2". A subcategory D C X N (X71X)* corresponds to a subdiagram
2 C Z NncZ. Any subdiagram of 2 NncZ is a non-crossing diagram of Dynkin
type D,,. This corresponds to the fact, that any subcategory of X N (X71X)* is rigid,
since rigid subcategories correspond to non-crossing diagrams — recall from Proposition
4.4.3 that crossings count dimensions of Ext'-spaces between indecomposable objects.
Mutation of Ptolemy diagrams of Dynkin type D,, provides a combinatorial model for
mutation of torsion pairs in the cluster category of Dynkin type D,,. This is formalized

in the following result.

Theorem 4.4.21. Let 2 be a Ptolemy diagram of Dynkin type D,, corresponding to the
torsion part of a torsion pair (X,Y) in Cyp, and let 9 C Z Nnc 2" be a subdiagram
corresponding to a subcategory D C X N (X71X)L. The mutation py(Z), respectively
po(Z7) corresponds to the torsion part of the torsion pair (up(X), psp(Y')), respectively

of (p(X), psp(Y))-
Theorem 4.4.21 is a direct corollary of the following, more general result.

Theorem 4.4.22. Let & be a non-crossing diagram of Dynkin type D,, corresponding to a
rigid subcategory D of Cxp,,. Let 2 and 2" be subdiagrams of nc 2 with % corresponding
to the subcategory X and 2" corresponding to the subcategory X' of Cyp, . Then (2, Z™)
is a P-mutation pair if and only if (X, X") is a D-mutation pair.

The proof of Theorem 4.4.21 follows from Theorem 4.4.22 as follows.

Proof. Because Z is a subdiagram of 2" Nnc 2" it is non-crossing and we have 2~ C nc .
Applying Theorem 4.4.22 to the Z-mutation pairs (27, i, (Z")) and (ugy(Z"), Z°) yields
the result. O]

In order to understand how the combinatorial and the categorical mutations agree,
we want to calculate middle terms of extensions between certain indecomposable objects

in the cluster category Cyp,. The proof of 4.4.22 relies on the following lemma.

Lemma 4.4.23. Let & be a non-crossing diagram of Dynkin type D,, corresponding to the
rigid subcategory D of Cyp, . Consider the indecomposable objects in Cyp, corresponding
to {z,y} € (nc D)\ 2 and to its mutation pu,({x,y}). Then there exists a distinguished
triangle

{z.y} —=d——py({z,y}) —Z{z,y}
in Cyp, withd e D.
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Using this result, we can prove Theorem 4.4.22.

Proof. Assume that (27, 2”) is a Z-mutation pair. We show that (X, X’) is a D-
mutation pair, i.e. that D C X C pp(X’) and D C X' C pp(X) (cf. Definition 4.2.8).
Because 2 C 27, 2" we have D C X, X’. By Lemma 4.2.11 we have D = up(D) C
pip(X') and D = up(D) C pp(X).

It remains to show that every object m’ in X’ which is not an object in D is contained
in pu5(X) and that every object m in X which is not an object in D is contained in pp(X’).
The indecomposable objects in X but not in D are labelled by arcs {z,y} € 2 \Z. The
indecomposable objects in X’ but not in D are labelled by arcs in 27\2 = u, (2 \2),
which are of the form p,({z,y}) for some {z,y} € 27\ 2.

Since both {z,y} and u,({z,y}) lie in nc 2, they both label objects in +(XD) =
(X~'D)*. Furthermore, by Lemma 4.4.23, for every element {x,y} € (nc 2)\ 2 there is

a distinguished triangle

{z,y} —=d—p;({z,y}) —S{z, 4}, (4.2)

with d € D. So {z,y} € up(X') and u,({x,y}) € pup(X) and thus all indecomposable
objects in X’ lie in pp(X) and all indecomposable objects in X lie in pp(X’). Since all
subcategories are assumed to be closed under finite direct sums and isomorphisms, this
proves the first direction of the claim.

On the other hand, suppose (X, X’) is a D-mutation pair and let X be the subcategory
corresponding to the diagram p,(2"). Then, because (2, pi5,(Z")) is a Z-mutation pair,
the pair (X, X) is a D-mutation pair, therefore X = p5(X) = X’. So the diagram p,,(2")
corresponds to X’ and we get that 1, (2) = 2" and (27, 2”') is a Z-mutation pair. [J

The rest of this section is devoted to the proof of Lemma 4.4.23. It can be worked
out using methods introduced by Buan, Marsh, Reineke, Reiten and Todorov [BMRRT].
They used graphical calculus to calculate short exact sequences in the module category
mod kD,,, which induce distinguished triangles in Cyp,. This technique works when we
have one-dimensional Ext'-spaces. This is the case in our setting, as the following lemma

indicates.

Lemma 4.4.24. Let & be a non-crossing diagram of Dynkin type D,,. Consider the
indecomposable object in Cyp, corresponding to {a,b} € nc Z and the one corresponding

to its mutation pgy({a,b}). We have

dim(EXt(llan ({a7 b}v :ué({% b})) =L

Proof. By Proposition 4.4.3, the dimension of the extension space between two indecom-
posable objects is equal to the number of times the corresponding pairs of arcs cross (cf.
Definition 4.4.2). Let {d, ..., d) be the pair of Z-cells containing {a,b} and pu({a,b})
with {a,b} = r,'({d;,d;}) and u;({a,b}) = r;'({di_1,d;_1}). The vertices d;,d;_1,d;
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Figure 4.18: This figure illustrates the contradiction we obtain when we assume that

{d;,d;} and pg,({d;,d;}) = {di—1,d;—1} cross twice.

and d;_; appear in this order in an anticlockwise direction on the boundary of (d, . .., dy).

The two arcs {d;,d;} and {d;_1,d;_1} thus cross. We distinguish the following cases.

e If both {a,b} and u,({a,b}) are diameters then by Lemma 4.4.19 they are of

different colour, so they cross once.

e If one of {a,b} and p,({a,b}) is a diameter and the other one is a pair of arcs it

follows directly from Definition 4.4.2 that they cross once.

e Now consider the case where both {a,b} and u({a,b}) are pairs of arcs. We show
that {d;, d;} and {d;_1,d;_1} cannot cross twice, i.e. we show that if the arc {d;, d;}

crosses {d;_1,d;_1} it cannot cross its partner {d;_y + n,d;_1 + n}. Assume, for

a contradiction, that it does and without loss of generality assume d; < d; + n.
Then both d;_; and d;—; +n would lie between d; and d; in a clockwise direction,
cf. Figure 4.18. This would imply that {d;,d;_1} and {d;,d;} cross. However,
{d;,d;_1} lies in r4(2) and {d;,d;} is a pair of arcs in 2", so this contradicts the
fact that 2 C nc 2.

O

By [BMRRT, Proposition 1.6] the indecomposable objects in the cluster category
Cip, are either induced by indecomposable kD,,-modules or by shifts of indecomposable

projective kD,-modules. We label the (up to isomorphism) unique module which induces

an indecomposable object {a,b} € Cyp, by Mgy, see Figure 4.19 for the Auslander-
Reiten quiver I'(mod kD,,) of the module category with this labelling. The projective
modules are the modules of the form M7y for 2 <j <n.

To compute the middle term of extensions in mod kD,,, the notion of starting and
ending frame in mod kD,, is a useful concept. Defined in [BMRRT, Definition 8.4] for
a vertex in the Auslander-Reiten quiver I'(mod kD, ), we formulate the starting and
ending frame for representatives of the isomorphism classes of indecomposable modules
in mod k£D,,, which is equivalent, as vertices in the Auslander-Reiten quiver are labelled

by isomorphism classes of indecomposable objects. Let

A(mod kD,,) = {mz 7 | {a,b} € A(Pan)}
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{On} {1 n+1} {n 2,2n— 1}
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Figure 4.19: The Auslander-Reiten quiver I'(mod kD,,) of the module category mod kD,,:
The colours of the indexing diameters alternate along both the top and the second to top

horizontal levels.

be the set of indecomposable modules in mod k£D,, that label the vertices of the Auslander-
Reiten quiver according to our labelling. There is one representative in A(mod kD,,) for

each isomorphism class of indecomposable modules of mod kD,,.

Definition 4.4.25 ([BMRRT, Definition 8.4]). Let me 5 € A(mod kD). Its starting
frame Fy(mz7y) and ending frame F.(mg3y)) are defined as follows:

H Tabl? 0 d
Fs(mm) = {m € A(mOd ]{,‘Dn) OMgD,, (m{a,b} m) 7é an }

Homan (mm, Tm) =0

H ,m—) # 0 and
Fe(mpgy) = {m € A(mod kD,,) omyp, (M, myggy) 7 0 an }

Homy,p, (771 m, mgy) =0

Before we explicitly state what the starting and ending frames of modules in mod kD,
look like, we observe that [BMRRT, Corollary 8.5] allows us to work out middle terms
occuring in extensions between two modules in mod kD,,, if we know their starting and
ending frame: Let My and My be indecomposable objects in mod kD,, such that

ExtiDn(mm, mz;5y) is one-dimensional. Then the (up to isomorphism) unique middle

term 7 occuring in each non-trivial extension of m Tt} by m ol is the direct sum of one

copy of each indecomposable object in the intersection F(mg—s) N Fe(mgz):

D m.

o) Fe(megy)

I

m
meFs(m

The starting and ending frames can be worked out using the tables in Bongartz’s

paper [B, Section 1.3], see also [BMRRT, Section 8]. For an indecomposable module
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m{am_n}.gv;vr vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv

m——
{a,a+n}, ,

i——
{a,b}
m{b,a—l—n}

<

Figure 4.20: The lines mark the starting frame of the module my 4+ in ['(mod kD,,). The

M=oy

area into which there are non-trivial morphisms from MGy is marked in grey.

Mgy € A(mod kD,,) with 0 < a < b < a + n, they are given by:

{mey € AlmodkD,,) [b<y <a+n—1}

U {m{a,a—i-n}g’ m{a,a—i—n}r}
Fy(megy) =
U{mgz € A(mod kDy) |a <z <b—2}
U{mg oy € A(modkDy) | b <z <n—2}
and
{my € Almod kD,) [a+2 <y < b}
U{mgzy € A(mod kDy,) [b—n+1< 2 <a}
Fe(mzgy) =

U {m{b—n 5}, " b—n b}, }
U{mg—7 € A(modkDy) |b—n+2 <y < a},
cf. Figures 4.20 and 4.21. For a module Mgy, € A(mod kD,,) with 0 < a <n—2

associated to a red diameter the starting and ending frames are given by

{mgamy € AlmodkDy) |a <z <n -2}

F( a,aTt+n )
and
Fi(m - {mgy € AlmodkDy) [a+2 <y <a+n}
Maatny, U{mgzrg, la =2 >0},

as picture in Figures 4.22 and 4.23. The starting and ending frame for modules corre-
sponding to green diameters is given analogously.

Using these ideas, we now provide a proof for Lemma 4.4.23. First we observe how
we can calculate extensions in Cyp, via the module category mod kD,: Consider two

indecomposable objects {a, b}, {z,y} € Cyp, that are both induced by indecomposable
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o
m{b—n,a}

T ——;Y Mg avay

Figure 4.21: The lines mark the ending frame of M5y in the Auslander-Reiten quiver
['(mod kD,,). The area from which there are non-trivial morphisms into M5y i marked

in grey.

m{qqa_"_n}r () @ [ J

Figure 4.22: The line and the bullets mark the starting frame of my——~ in I'(mod kD,,).

The bullets correspond to all vertices of the form {z,z 4+ n}_ with a <z <n-—2.

m{a7a+n}T

Figure 4.23: The line and the bullets mark the ending frame of My, iR ['(mod kD,,).

The bullets correspond to all vertices of the form {z,z 4+ n}, with 1 <z <a.
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modules M5y respectively My in mod kD,. Assume that the object M5y is a
projective kD,-module. Then by [BMRRT, Proposition 1.7(d)] we have

EXtéan ({aa b}) {[E, y}) = EthlfDn (mm7 m@) S EthlfDn (m@7 mm)

Because my v is assumed to be projective, we have Ext,, Dn(mW7 mm) = 0 and thus

Extéwn ({a,b},{z,y}) = Ext,chn(mi{w}, mm).

Whenever the elements {a, b} and {z,y} in A(Ps,) intersect exactly once, this extension
space is one-dimensional and we can apply [BMRRT, Corollary 8.5] to calculate short
exact sequences in mod kD,,, which induce distinguished triangles in Cyp, . For simplicity,
it will be convenient to not distinguish between pairs of edges and other pairs of arcs.
We associate to a pair of edges {a,a + 1} € A(Py,) with 0 < a < 2n — 1 a zero-object
in Cyp, , denoted {a,a + 1} = 0 and the zero-module m—— = 0 in mod kD,,. We can

{a,a+1}
now prove Lemma 4.4.23.

Proof. Let {z,y} € (nc Z)\ Z and let it and its mutation p,({z,y}) be contained in the
pair of Z-cells (di,...,dy) with {z,y} = r,;'({d;,d;}) and py{z,y} = ;' ({di_1,d;_1})
for some 7,5 € {1,...,k}. The vertices d;,d;_1,d;,d;,—; appear in this order in an anti-

clockwise direction on the boundary of the Z-cell (dy, ..., dy). Without loss of generality,
we may assume that {z,y} is induced by a projective module M7 and thus assume
d; =0and d; € {2,...,n} U{c}. Otherwise we obtain the desired distinguished triangle
by shifting.

First consider the case where p,({z,y}) is induced by the shift of a projective module,
ie.diy=2n—1andd; ; € {l,...,d; — 1} U{c}. In particular, {d;_1,d;} is a pair of
edges.

e Suppose that {z,y} = {d;,d;} is a pair of arcs. Then we have 0 =d; < d;_; < d; <
n. In particular, {d;_1,d;} is a pair of arcs. If it is a pair of edges, then as objects in

Cikp, we have u,,({z,y}) = X{z,y} and we obtain the desired distinguished triangle

{l’,y} HOHM%({xﬂy}) - E{l‘,y}

with middle term 0 € D. Otherwise, if {d;_1,d;} is a pair of internal arcs, then
{0,dj_1 + 1} and {d;_1,d;} cross precisely once. Intersecting the starting frame of

Mg

0T 1] with the ending frame of Mg} yields the short exact sequence

0

MY0.d,—1+1) 70,4,y MY, dy) 0,

which, since £{0,d;_1 + 1} = {2n —1,d;.1} = puy({z,y}) and {0,d;} = {z,y},
induces the distinguished triangle

{9} —=A{djr, dj} — py ({2, y}) —=X{z, y}

in Cyp,, whose middle term lies in D.



118

CHAPTER 4. MUTATION OF TORSION PAIRS

e Now suppose that {z,y} = {0,n} is a coloured diameter. If u,({z,y}) is also a

diameter, then

M;ﬂ({xay}) = {2n - 17” - 1} = Z{may}
which yields the distinguished triangle
{%, y} — 00— Mé({xv y}) - Z{ZL‘, y}v

with middle term 0 € D. If on the other hand pg,({z,y}) is a pair of arcs, the

pair of arcs {0,d;_1 + 1} crosses the diameter {d;_1,d;_1 + n} once and intersect-

ing the starting frame of m—

I'(mod kD,,) yields the short exact sequence

with the ending frame of mg——5——y in

O—>m{0 — 0,

&ty Momy,,

j—l»dj—l"rn}ng

where {0,n}, . = {z,y}, , has the same colour as {d;_1,d;—1 + n}, . Because the
diameter {z, y} was mutated to a pair of arcs {d;_1, d;_1} we have d; = ¢ by Lemma
4.4.20. Thus we have {d;_1,d;—1 +n}, = T_;/l({dj_l,dj}T’g) and the short exact

sequence above gives rise to the distinguished triangle

{w.uh g = o' ({djo1,di}, ) = {20 = 1,dja} = pp({r,0}) = 2w},

in Cxp,, where {z,y}, is of the same colour as {d;_1,d;}, .. Hence the middle

term lies in D.

Now consider the case, where the indecomposable object i, ({z,y}) is induced by a kD,,-

module. By Lemma 4.4.24, the elements {z,y} and u,({z,y}) of A(Pay,) cross exactly

once, so we can apply [BMRRT, Corollary 8.5] to calculate middle terms of extensions of

M\ Gl by My in mod kD,,.

e Suppose both {z,y} and p,,({z,y}) are pairs of arcs. We have 0 = d; < d;_; <

dj <n <di—1 <2n— 1. Because {d;,d;} and {d;,_1,d;_1} intersect exactly once,
and since we have d; < d;j_; < d; we cannot have d; +n < d;_1 < d; +n. Thus
either d; +n < d;_y < 2n —1or d; < d;_y < n. In both cases, if d;_1 # n,
intersecting the starting frame of the module Mio.aT with the ending frame of the

module MG di} yields the short exact sequence

0— Mot~ gt @ Maay — "aaay 0,
in mod kD,, which induces the distinguished triangle
{z.y} = r5' ({die1, di}) ® 15" ({dj-1, d;}) = S{z, y}

with middle term in D. If on the other hand d;_; = n, then we obtain the short

exact sequence

0= mgay = Mg a7 © Mo, © Mo, = Mg 0
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This induces the distinguished triangle

{z,y} = rg'({djm1.d;}) @75 ({0,n},) ® 1y ({0,n}) = E{z,y}.

Because d; = 0 and d;_; = n are neighbouring vertices of the Z-cell (dy,...,dy),
the red diameter {0,n}, or the green diameter Wg have to lie in 2. Without
loss of generality assume that {0,n}, € 2. Then by definition of the replacement
map 7, the green diameter Wg is also contained in . Thus the middle term

of the distinguished triangle is an object in D.

e Suppose now {z,y} = {0,n} is a diameter and uy,({z,y}) is a pair of arcs. By
Lemma 4.4.20 we have d; = c¢. Since the arcs {0,c} and {d;_1,d;_1} cross (both
are diagonals in the Z-cell (di, ..., dx)) we have 0 < d;_1 < d;_1 +n < n and thus

0<di-1+n <dj_1+n <d;_;. Intersecting the starting frame of Mgy with the
g
ending frame of UG sy yields the short exact sequence

0— m{Oﬁl}T,g - U P D m{dj—17dj—1+n}r,g - m{dz‘—1+n7dj—1+n} — 0,

where {d;_1,d;_1 +n}, , has the same colour as {0,n}, .. This induces the distin-
guished triangle
MG, = Mg @), D Madsy 7 My 7 M eap

where {d;_1,d;}, , is of the same colour as {z,y}, . The middle term thus lies in
D. Dual considerations show, that if {z,y} is a pair of arcs and ug,({z,y}) is a

diameter, we can find the desired distinguished triangle.

e Finally, suppose both {z,y} and p,({z,y}) are diameters. By Lemma 4.4.19

they are of different colour. Without loss of generality let {z,y} = {0,n}, and
po({x,y}) = 5 {dir, dj 1},

If d;_y = c then, because the vertices d;,d;,d;_1,d;_; are pairwise distinct and
d; = 0, we have d; = n and 0 < d;j_; < n. The intersection of the starting frame of

the module Mgy with the ending frame of the module m e yields the

j—1.dj—1+4n},
short exact sequence

0— MG, — MG} — my — 0.

dj—1,dj—14n},

Because {d;_1,n} = {d;_1,d;} we get the induced distinguished triangle

{z,y} = {dj—1. d;} = po{z,y} — X{z,y}
with {dj—la d]} eD.
If on the other hand d;_; # ¢, then n < d;_; < 2n — 1 and intersecting the starting

frame of the module Mgy, with the ending frame of the module M i ],

yields the short exact sequence

— 0.

O%mmr—)m{d —m

i—1+n,n} {di—1+nadi—1}g
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Because d; = 0 we have {d;_1 +n,n} = {d;_1,d;} and we get the induced distin-
guished triangle

{z,y} = {die1, di} — pol{z,y} — E{z,y}

with {di—la dl} eD.
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