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A B S T R A C T

Within the scope of this thesis, precision isotope shift measurements
using a new spectroscopy technique were performed. The method is
based on quantum logic spectroscopy, where the quantized motional
states are utilized to transfer the spectroscopic information onto a sec-
ond ion, the logic ion. This ion is used for sympathetically cooling and
the detection of the spectroscopic signal. Photon recoil spectroscopy
extends quantum logic spectroscopy to enable frequency measure-
ments of transitions with relatively short lifetime of the excited state.
For further optimizing the developed method, new technologies were
investigated, which enable an improved control of the ions in the
trap and consequently improve the signal to noise ratio of the spec-
troscopic technique. On the one hand, new photonic crystal fibers
were investigated for single mode guidance of ultraviolet (UV) radia-
tion and implemented in the setup. These fibers enable an improved
coherent manipulation of the logic ion through a reduction of inten-
sity fluctuations at the position of the ion. Another improvement was
achieved using the technique of stimulated Raman adiabatic passage
(STIRAP), where time-dependent laser pulses are used for coherent
manipulation of the state of the ion. The technique enables efficient
detection of the motional ground state population and consequently
improves the expected spectroscopic signal.
After the characterization of the new spectroscopic technique, isotope
shift measurements were performed on different calcium isotopes.
For this purpose the different ions were isotope-selectively loaded
into the trap and successively investigated spectroscopically. The iso-
tope shift is (among others) caused by the change in the nuclear
charge radius due to the different number of neutrons in the core.
Therefore, measurements of the isotopic shift enable investigations of
the structure of the nucleus. For this investigation Ca+ is an interest-
ing candidate since here two isotopes with so-called magical neutron
numbers are stable and naturally abundant. Additionally, the results
of the isotope measurements are needed to improve the comparison
of laboratory data with astrophysical measurements to reveal possi-
ble time and space variations of fundamental constants.
Keywords: Precision spectroscopy, isotope shift, UV single mode fiber
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Z U S A M M E N FA S S U N G

Im Rahmen dieser Dissertation wurden Präzisionsmessungen zur Iso-
topieverschiebung an Kalzium Ionen mit Hilfe einer neuartigen Spek-
troskopiemethode durchgeführt. Die Methode beruht auf der Quan-
tenlogikspektroskopie, bei der die quantisierten Bewegungszustände
in einer Ionenfalle ausgenutzt werden um die spektroskopische Infor-
mation auf ein zweites Ion, das Logik Ion, zu übertragen. Dieses Ion
dient der Coulomb-vermittelten Laserkühlung sowie der Detektion
des spektroskopischen Signals. Mit der Photonenrückstoßspektrosko-
pie wurde die Quantenlogikspektroskopie erweitert um Übergänge
mit einer relativ kurzen Lebensdauer des angeregten Zustands ver-
messen zu können.
Zur weiteren Optimierung der entwickelten Methode wurden neuar-
tige Technologien verwendet um die Kontrolle über die Ionen in
der Falle zu verbessern wodurch das Signal-Rausch-Verhältnis der
Spektroskopie erhöht werden konnte. Zum einen wurden photoni-
sche Kristallfasern auf einmodige Strahlungsleitung im ultraviolet-
ten Spektralbereich untersucht und in den Aufbau integriert. Diese
Fasern ermöglichen die Verbesserung der kohärenten Manipulation
des Logik Ions durch die Reduzierung von Intensitätsschwankungen
an der Position des Ions. Eine weitere Verbesserung bietet die Tech-
nik des Raman stimulierten adiabatischen Übergangs (engl. Stimu-
lated Raman Adiabatic Passage, STIRAP), bei der die Zeitabhängigkeit
von Laserpulsen zur kohärenten Manipulation ausgenutzt wird um
den Zustand des Atoms zu beeinflussen. Die Methode erlaubt eine
effektive Detektion der Bevölkerung des Grundzustandes und führt
dadurch zu einer Verbesserung des zu erwartenden Spektroskopie
Signals.
Nach der Charakterisierung der Methode wurden die Messungen
zur Isotopieverschiebung unterschiedlicher Kalzium Isotope durchge-
führt. Sie wird unter anderem durch den (aufgrund der geänderten
Neutronenzahl) veränderten nuklearen Ladungsradius des Kernes
hervorgerufen. Deshalb ermöglichen Messungen der Isotopieverschie-
bung Aussagen über die Struktur der Atomkerne. Für diese Unter-
suchungen ist insbesondere Ca+ eine interessante Spezies, da hier
zwei Isotope mit sogenannten magischen Neutronenzahlen stabil sind
und natürlich vorkommen. Die gewonnenen Resultate werden eben-
falls zur Verbesserung des Vergleichs von Labordaten mit astronomis-
chen Messungen benötigt, die mögliche zeitliche und räumliche Vari-
ationen von fundamentalen Konstanten aufklären sollen.
Schlagworte: Präzisionsspektroskopie, Isotopieverschiebung, einmodige
UV Faser
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1
I N T R O D U C T I O N

Spectroscopy is one of the key instruments that provides insight into
the structure of atoms and molecules. After the first experiments of
the decomposition of visible light using a prism by Newton in the
17th century and later the discovery of dark lines in the spectra of the
sun by Fraunhofer [1] at the beginning of the 19th century, Ångstrom
identified bright lines in the spectra of an electric spark. For the first
time he assigned them to the substance of the metal electrodes and
the gas between them [2] and by that performed the first spectro-
scopic experiment [3]. By the beginning of the 20th century, spectro-
scopic experiments were one of the major experimental tools lead-
ing to the discoveries of the laws of quantum mechanics. With the
invention and further developments of the laser as a monochromatic,
tunable, coherent light source, a rapid increase in precision of spectro-
scopic experiments was achieved and spectroscopy became a promi-
nent tool in the fields of physics, chemistry and medical science [4].
During the last decades, plenty of novel experimental techniques
were developed to discover new physical effects and to test funda-
mental theories, such as the standard model. Higher and higher en-
ergies can be used in the experiments to test fundamental theories in
energy regions not reached before. One prominent example of this
approach is the discovery of the Higgs Boson at CERN in 2012 [5]. An-
other strategy to discover new physical effects is to investigate rare
substances or elements. Here, for example isotopes with a short life-
time can be investigated to determine the structure of unstable nuclei.
This led to the discovery of halo neutrons, that reside far away from
the nuclear core and whose interaction with the core are not yet fully
understood [6, 7]. A third approach to explore the limits of todays
physical models is to perform spectroscopy on atomic properties with
extremely high accuracy. One may detect small deviations from theo-
retical predictions and explore the limits of current theories.
One prerequisite for high precision spectroscopy experiments is the
accurate control of the environment of the investigated atoms or ions.
Trapping of ions in electrical fields [8] or atoms in optical dipole traps
(at the so called "magical wavelength") enabled measurements in a
well controlled environment. After the first implementation of laser
cooling [9, 10] to reduce Doppler broadening and shifts obscuring
the measured spectra, these traps became an ideal tool to perform
high precision measurements of atomic transition frequencies. Dif-
ferent techniques were developed to cool the ions further below the
Doppler cooling limit [11, 12]. Furthermore, for trapped ions, side-
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2 introduction

band cooling [13, 14] can be used to prepare the ion in the motional
groundstate of the trap potential. Through laser cooling the Lamb-
Dicke regime can be reached, where the ions are strongly localized
in the trap, and transitions changing their motional state are strongly
suppressed, thus enabling recoil free detection of the ion’s transition
frequencies. Therefore, experimental investigations of atomic transi-
tions resolving the natural linewidth were possible, allowing the de-
tection of the center frequency with sub-natural linewidth accuracy.
This led to record precision measurements in optical clocks with un-
precedented relative inaccuracies [15, 16].
This new level of precision permits the detection of very small quan-
tities, such as the frequency shift caused by the earth’s gravitational
potential. Measuring the atomic frequency at different positions on
earth reveals differences of its potential between these positions. Thus
one can map out the earths gravitational potential using portable op-
tical clocks. Another application of high precision measurements is
the search for a variation of fundamental constants to test predic-
tions of fundamental theories. One appropriate observable for testing
these variations is the fine-structure constant, which describes the
strength of the electromagnetic coupling. Assuming the fine-structure
constant changes with time and space, the atomic transition frequen-
cies changes accordingly. To investigate this effect, different strategies
can be followed to detect such small frequency variations.
One can compare two highly precise optical clocks using different
atomic transitions over long timescales and search for a relative change
of the two transition frequencies. Along these lines, recent experi-
ments set a lower bound for a possible temporal variation of the fine-
structure constant and the electron-to-proton mass ratio [17, 18, 19].
Another approach is to compare the results of laboratory measure-
ments of different transition frequencies with astrophysical measure-
ments of absorption spectra from interstellar clouds. These absorp-
tion lines are imprinted in the emitted light from a quasar detected
with large telescopes on earth in the so called quasar absorption
spectroscopy [20, 21]. Since it takes on the order of 10

10 years for
the light to reach the earth after traveling through the interstellar
cloud, these measurements can be used to compare the transition
frequencies from 10

10 years ago with today’s electronic spectra. For
this analysis precise laboratory data of the absolute frequencies and
isotope shifts of many different species and transitions are required
[22]. Using this type of analysis indications of a spatial variation of
the fine-structure constant over cosmological length scales have been
found [23, 24]. Most of the data used in the analysis was measured
using discharge cells. These experiments are not able to resolve the
isotope shift of the transitions due to Doppler broadening. Further-
more, the analysis assumes the same abundance of isotopes in the
interstellar medium as on earth. Therefore, the determined variation
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of the finestructure constant can be mimicked by a change of the iso-
topic abundances. To eliminate isotopic effects in the analysis, precise
laboratory data for isotopic shifts of the relevant lines is desired [25].
Depending on the atomic structure, or more specifically the lifetime
of the involved states, the measurement of atomic transition frequen-
cies require different spectroscopic techniques. Furthermore, for many
species the lack of an appropriate transition for laser cooling results
in Doppler broadening and the shifts obscuring the measured spec-
tra. This problem was overcome in the quantum logic spectroscopy
(QLS) technique [26], where a so called logic ion with an appropri-
ate cooling transition was used to cool and detect the state of the
ion under investigation. But this technique is limited to transitions in-
volving a long-lived upper state. Building on the principle of QLS, we
investigated a novel spectroscopy technique that enables the precise
measurement of transitions and isotopic shifts in a regime of interme-
diate and short upper state lifetimes, the photon recoil spectroscopy
(PRS). In future experiments the technique may be applied for mea-
surements of transitions of highly charged or molecular ions which
show an increased sensitivity to variations of fundamental constants
[27]. Furthermore, it can be used to measure absolute frequencies and
isotope shifts of complex metal ions like titanium and iron with high
precision, as these values are important for the analysis of the quasar
absorption data [22].
Precise isotope shift measurements are also of interest in nuclear
physics. Nuclear properties such as the relative change in the nuclear
charge radius can be derived from optical isotope shift measurements
[28, 29], which serve as an ideal tool to complement direct measure-
ments from electron scattering and muonic x-ray experiments. The
isotope shift arises from two effects. The first one is associated with
the change of the mass of the nucleus resulting in a shift of the recoil
energy for different isotopes. The second one is due to the modified
charge distribution in the nucleus resulting from the different num-
ber of neutrons in the core. The precise measurement of isotope shifts
enables the determination of the mass and field shift constants re-
lated to these effects using a King plot analysis [30]. A higher level of
precision may even permit the detection of very small effects in the
determination of the isotope shift. This may be contributions from
higher order nuclear charge radii, relativistic, or quantum electrody-
namics (QED) effects. In these investigations alkali-earth metal ions
are of special importance, since they incorporate a rather simple elec-
tronic structure, consisting of an inert-gas like electron core and a
single valence electron [31]. The complex calculations for these sys-
tems [32, 33] can than be compared to the precisely measured isotope
shift. Here we present measurements of the isotope shift of Ca+ with
an unprecedented accuracy of below 100 kHz and improved the un-
certainty of these values by up to two orders of magnitude. From the



4 introduction

data we extracted the field and mass shift constants. The latter is to
our knowledge the most accurately determined mass shift constant of
a complex system. Using these high accurate isotope shift measure-
ments, different theoretical models may be validated as performed
for other elements in references [6, 7, 34], but the complex structure
of the calcium ions make these calculations challenging. Additionally,
an improved value of the nuclear charge radius was determined us-
ing the measured isotope shift.
For the successful implementation of the spectroscopy technique pre-
sented within this thesis, new technologies had to be developed. One
helpful tool in laser spectroscopy experiments are optical fibers. Us-
ing fibers, the light necessary to perform spectroscopy can be guided
efficiently to the investigated object, but to be applicable to spectro-
scopic investigations the fibers need to transmit only the fundamental
mode. Many transition frequencies that are spectroscopically investi-
gated are located in the ultraviolet (UV) spectral region. UV radiation
creates defects, so called color centers, in the glass that absorb the
radiation, making these fibers useless for spectroscopic applications
[35]. Recently, a new class of fibers emerged that are able to guide
light in a hollow core, avoiding UV induced damage [36]. In the work
presented here, we extended the applicability of fibers in spectro-
scopic experiments to the ultraviolet spectral region by demonstrat-
ing single mode guidance of UV radiation using hollow core photonic
crystal fibers of the Kagomé type [37].
During the last century many techniques emerging from quantum
information processing are used in metrological investigations, espe-
cially in precision spectroscopy [26, 38, 39]. All these experiments
show that coherent control of atoms and ions by laser fields and the
preparation of non-classical states can serve as an important toolbox
to improve spectroscopic experiments. Another well established class
of techniques are adiabatic techniques used for precise control of the
atom’s internal state. In this thesis we implemented and characterized
stimulated Raman adiabatic passage (STIRAP) to improve the detec-
tion of our spectroscopic signal. This technique studied for trapped
ions in [40], provides efficient and robust control of the internal state
of the ions. Here we show that it can be used to efficiently transfer
population between two electronic states independent of the motional
state of the ion. Together with the implementation of the single mode
UV fiber, the STIRAP technique enabled the high accuracy of the spec-
troscopy technique described in this thesis.
The thesis is structured as follows. After an introduction, the theo-
retical framework of the experiments discussed in this thesis is pro-
vided in Chapter 2. Here, ion trapping as well as the coupling of the
trapped ion to light fields is described. Afterwards, the experimental
setup is presented in Chapter 3. To be able to perform spectroscopy
with high precision new technologies were implemented in the ex-
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periment. Therefore, the next chapters describe these improvements.
We first present the characterization of a new photonic crystal fiber
in Chapter 4. This fiber was used to reduce intensity fluctuations at
the position of the ion by stabilizing the beam position close to the
ion. In Chapter 5 we discuss the STIRAP technique to manipulate the
ions internal state independent of the ion’s motion. Thus improving
the control of the ions in the trap and enabling the isotope shift mea-
surements presented in Chapter 6. From these measurements relative
and absolute field and mass shift constants were extracted and the
uncertainty of changes of the mean square nuclear charge radius de-
termined. The thesis ends with a summary and an outlook in Chap-
ter 7.





2
T H E O R E T I C A L B A C K G R O U N D

All experiments described in this thesis are performed on ions in a
linear Paul trap [8]. In these traps the ions are confined by pondero-
motive forces, which arise for a charged particle in a high frequency,
inhomogeneous potential. If the charged particle enters the trap it will
oscillate due to the time dependent potential. Averaging over one os-
cillation period leads to a non-zero electrical field gradient as long as
the ion is not oscillating around the minimum of the trap potential.
This leads to a ponderomotive force directing the ion to the center of
the trap where it is then confined. These traps incorporated in ultra
high vacuum systems provide the possibility to trap atomic systems
isolated from the environment. Together with coherent control tech-
niques to manipulate the atomic systems they became the basis for
experiments in different fields of physics like quantum simulation
[41], quantum computation [42] and precision spectroscopy in optical
clocks [19]. The importance of these experiments were acknowledged
by the Nobel Price in 2012 awarded in part to Dave Wineland who
pioneered the advance of coherent manipulation in trapped ion sys-
tems.
In the following, a short introduction to ion trapping is presented
and the motion of the ions in the trap is derived in Section 2.1. If
two ions are trapped in the trap the motion of the two ions is cou-
pled as will be shown in Section 2.2. The common motion of the ions
can be used to transfer spectroscopic information between the ions
as shown in the spectroscopy technique described in Chapter 6. Dif-
ferent motional states that are relevant for the work in this thesis are
discussed in Section 2.3. Afterwards, the interaction of the ion with
laser light is introduced by first providing a theoretical model of a
two level atom interacting with a light field. Due to the motion in the
trap the energy spectrum of the ion consists of an electronic and a
motional part. As will be shown in Section 2.4 for a two level atom,
transitions between electronic levels can be excited where the motion
of the ion is reduced, excited or unchanged. These transitions can be
used to cool the ion to the ground state of motion, which is the initial
state for many experiments in this thesis. Since we use a Raman beam
configuration for the coherent manipulation, the two level model of
the atom is extended to consider three relevant levels of the atom in-
teracting with two light fields in Section 2.5. A short summary closes
this chapter.

7



8 theoretical background

2.1 ion trapping

In the following the principle of ion trapping is introduced and the
equation of motion of the ions in the trap is derived. The discussion
is based on the descriptions in reference [43], where the equations of
motion are derived classically. A quantum mechanical derivation can
for example be found in references [44, 45] and leads to equivalent
results. The interested reader is referred to references [8, 45, 46, 47]
for more information on ion trapping.
There is no solution of Laplace’s equation that could lead to a three di-
mensional confinement of a charged particle with static electric fields
(Theorem of Earnshaw). But time dependent oscillating potentials can
be used to confine the motion of a charged particle in all three dimen-
sions, as, for example, in the linear Paul trap [8]. A schematic of such
a trap is shown in Figure 1. Considering the cylindrical symmetry, we
define the direction perpendicular to the symmetry axis of the trap as
the radial direction and the direction along the symmetry axis as the
axial direction. For radial confinement a voltage oscillating at a radio
frequency (RF) is applied to two opposing blade-shaped electrodes,
whereas the other two are grounded. For confinement along the axial
direction a DC voltage is applied to two additional electrodes, the so
called endcaps.

r 0

z
01

Figure 1: Schematic of the ion trap. A voltage oscillating at a radio fre-
quency is applied between two opposing blades, whereas the other
two blades are grounded. For axial confinement a DC voltage is ap-
plied to the two endcaps.

For a charged particle close to the symmetry axis of the ion trap,
this configuration establishes an electric quadrupole potential along
the radial direction which is given by [43]:

φr (x,y, t) =
V0
2

(
1+

x2 − y2

r20

)
cos (Ωrft) , (1)

where r0 is the distance between two opposing blades, and Ωrf and
V0 are the frequency and the peak voltage of the driving oscillating
field applied to the blades. The potential in axial direction is given
by:

φa (z, t) =
κU0
z2o

(
z2 −

1

2

(
x2 + y2

))
. (2)
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Here κ is a geometric factor and z0 is the distance of the endcaps. The
total potential generated by the trap is given by the sum of the radial
(Equation (1)) and the axial potential (Equation (2)). The forces acting
on a charged particle in the trap potential are given by the gradient
of the potential and can be used to derive the equation of motion of a
particle with mass m and charge q in the trap. According to Newtons
second law of motion they read:

m
d

dt
~r = q~E = −q∇φ (~r, t) . (3)

This equation can be rewritten in the form of the Mathieu equation:

üi + [ai + 2qi cos (Ωrft)]
Ω2rf
4
ui = 0, (4)

with ui as the ion’s position, the dots as the time derivative and the
stability parameters ai and qi defined as:

ax = ay = −
1

2
az =

4qκU0

mz20Ω
2
rf

(5)

and
qx = −qy =

2qV0

mr20Ω
2
rf

,qz = 0. (6)

The trap used to perform the experiments described in this thesis
operates in the regime of small stability parameters a,q << 1, where
the Matthieu equation has stable solutions. In first order in q they
read:

ui(t) ≈ ai cos (ωit+φsi)
[
1+

qi
2

cos (Ωrft)
]

, (7)

where φsi is a phase related to the initial position and velocity of the
particle and

ωi =
Ωrf
2

(
ai +

1

2
q2i

)1/2
. (8)

The stable solution of Mathieus equation (Equation (7)) show that
the motion consists of two parts, where the first is called the secu-
lar motion, which is equivalent to the motion of a particle in a static
harmonic potential at frequency ωi. The second part of Equation (7)
is called micromotion and originates from the driving field. Its am-
plitude is suppressed by a factor of qi/2 with respect to the secular
motion and its oscillation frequency is equal to the drive frequency
Ωrf. Since qi � 1 for the trap used to perform the experiments de-
scribed in this thesis, this motion is neglected in the following.
The derivation of the equation of motion is assuming an ideal sym-
metric potential. If the ion is exposed to additional electrical fields
that move the ion from its optimum position, an additional driven mo-
tion is induced. The amplitude of this so-called excess micromotion
is strongly dependent on the position of the ion in the trap. Several
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techniques are established to detect and minimize the undesired ex-
cess motion using electrodes providing electrical fields, which move
the ion to the node of the potential [43]. The effect was characterized
in reference [48] for our experimental setup and it was shown that the
effect of the micromotion is negligible when the ion is placed at the
position of lowest excess micromotion. This micromotion compensa-
tion was routinely carried out during our investigations. Thus, excess
micromotion is neglected in the following description.

2.2 two ion crystals

For the spectroscopy technique described below we need to trap two
ions simultaneously in the trap. Each ion experiences the repulsive
potential due to the Coulomb interaction from the other ion in addi-
tion to the harmonic potential. The multi ion motion in a Paul trap
which is important for many different experiments has been exten-
sively studied in different laboratories. The interested reader is re-
ferred to references [49, 50, 51, 52, 53] for a detailed description.
However, for the experiments described in this thesis only the mo-
tion of two ions along the trap axis is relevant. Hence we will focus
on this motion in the following. Assuming that laser cooling has been
applied, the two ions will localize at the two potential minima created
by the superposition of the trap potential and the Coulomb repulsion
given by:

V =
1

2
u0x

2
1 +

1

2
u0x

2
2 +

1

2

e2/4πε0
|x1 − x2|

+
1

2

e2/4πε0
|x2 − x1|

(9)

Following the approach in reference [51] for small oscillations, the
potential is approximated by its Taylor expansion. Then the system
is transformed into the normal mode basis, where we calculate the
frequencies of the normal modes:

ω2ip,z =
1+ µ−

√
1− µ+ µ2

µ
ω2z;

ω2op,z =
1+ µ+

√
1− µ+ µ2

µ
ω2z.

(10)

In the equation we introduced the mass ratio µ = m2/m1 and the
oscillation frequency νz of a single ion with mass m1. The coupled
motion of the ions along the axis is a superposition of two orthogonal
modes, namely the in-phase (ip) mode and the out-of-phase mode
(op). They can be considered as independent harmonic oscillators and
can be addressed individually with laser pulses.
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2.3 quantum mechanical states of motion in the ion

trap

In analogy to the classical description we can use the harmonic ap-
proximation in a quantum mechanical approach (see for example
[44]), where the secular motion of the ion is approximated by the
quantum mechanical harmonic oscillator model. Using this approach,
we can define a basis of motional states according to the Fock state
basis of the harmonic oscillator:

â |n〉 =
√
n |n− 1〉 ;

â† |n〉 =
√
n+ 1 |n+ 1〉 ;

n̂ |n〉 = n |n〉 ,
(11)

where â is the annihilation, â† is the creation and n̂ is the number op-
erator of a specific mode. In the trap, different motional states of the
ion can be created [54]. The different motional states can be expanded
in the Fock state basis according to:

|ψ〉 =
∞∑
i=0

pn |n〉 . (12)

Here pn denotes the probability of the ion to be in the specific Fock
state. The most relevant states in the context of this thesis are the
motional ground state, the thermal state and the coherent state of
motion. The ground state is a pure quantum state in the Fock state
basis and the lowest energy state of the harmonic oscillator. It can be
written as:

|ψ〉 = |0〉 . (13)

When the ion is in thermal equilibrium with an external reservoir
of temperature T , the average occupation in the Fock state basis will
follow the Boltzmann distribution:

pn = pn(T) = (1− exp (− hωz/kBT)) exp (−n hωz/kBT) , (14)

with kB as the Boltzmann constant. As shown in [55], a thermal state
is created using the Doppler cooling technique [56, 57], where a laser
beam with a lower frequency than the atomic resonance (red detuned)
is used to extract energy out of the system utilizing the asymmetric
energy balance during scattering in the presence of the Doppler effect.
From energy considerations of the scattering process, a cooling limit
can be derived as for example in [55, 58]. This is called the Doppler
cooling temperature TD:

TD =
 hΓ

2kB
, (15)

where Γ is the linewidth of the used transition and kB is the Boltz-
mann constant. Since we describe two ions in a trap, the definition
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of a temperature is inconvenient and it is more useful to express
the probability with respect to the mean occupation number of Fock
states. Then the state distribution can be written as:

pn(n̄) =
n̄n

(n̄+ 1)n+1
, (16)

As described below, we can use laser pulses to cool the ion from a
thermal state to the motional ground state. From the ground state,
which is also the lowest energy state in the coherent state basis, we
can create any coherent state |α〉 by application of the displacement
operator onto the ground state:

D̂ = exp
(
αâ† +α∗â

)
. (17)

The coherent state can be expressed in the Fock state basis with the
state distribution:

pn(n̄) = n̄
nexp (−n̄) /n!, (18)

where n̄ = |α|2 is the mean motional state occupation number. The
displacement operator can be implemented in the experiment using
several techniques. In Section 6.2 for example we coherently excite
the motion of the two ion crystal by applying an oscillating electri-
cal field between the endcaps of the ion trap [54, 59]. This can be
described by the application of the displacement operator onto the
motional state of the ion. In the spectroscopy technique described in
Section 6.3, however, we implemented the coherent displacement us-
ing laser pulses, which are synchronized to the ion’s motion in the
trap. This efficiently depopulates the ground state of motion. As an
illustration, the state distributions of a thermally distributed and a
coherent state are plotted in the Fock state basis in Figure 2.
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Figure 2: Population of motional states in the ion trap. In a) the thermal
and in b) the coherent distribution is plotted for a mean motional
state occupation number n̄ ≈ 9, corresponding to the lowest reach-
able energy using Doppler cooling for a 25Mg+ ion in our trap.
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2.4 trapped two level system coupled to a classical

light field

In the experiments discussed in this thesis the trapped ions interact
with laser light. In this section a theoretical description of the inter-
action of electromagnetic radiation with trapped ions is provided fol-
lowing the discussion in reference [46, 45]. Here we consider only two
relevant electronic energy states of the ion in the harmonic pseudo po-
tential of the trap.
For the derivation we assume that the atom can be considered as a
positively charged core and a valence electron. Additionally, we make
use of the dipole approximation, where we assume that the electri-
cal field, with wavelength of hundreds of nanometers, does not vary
over the spatial distribution of the atom, which is usually less than
a nanometer. The Hamiltonian H describing the system consists of
three parts [46, 45, 60]:

H = Ha +Hm +Hi. (19)

The first part is the atomic Hamiltonian, which can be expanded onto
an orthonormal basis of atomic eigenstates. Considering only two
relevant energy levels of the atom, defined as |↓〉 and |↑〉, the Hamil-
tonian is given by:

Ha =  h
(
ω↓ |↓〉 〈↓|+ω↑ |↑〉 〈↑|

)
. (20)

where  hω↓ is the energy of the |↓〉 state and  hω↑ is the energy of
the |↑〉 state. The Hamiltonian can be further simplified using the
spin-1/2 algebra represented by the Pauli matrices and the identity
operator, which are given by:

|↓〉 〈↑|+ |↑〉 〈↓|→ σ̂x; − i (|↓〉 〈↑|+ |↑〉 〈↓|)→ σ̂y;

|↑〉 〈↑|− |↓〉 〈↓|→ σ̂z; |↓〉 〈↓|+ |↑〉 〈↑|→ Î;

|↑〉 〈↓|→ σ+; |↓〉 〈↑|→ σ−.

(21)

Using this representation and rescaling the energy by  h
(
ω↑ +ω↓

)
/2

the atomic Hamiltonian reads:

Ha =  h
ωa

2
σz, (22)

with ωa = ω↑ −ω↓, as the atomic transition frequency.
The second part of the Hamiltonian describing the system is the mo-
tional Hamiltonian. As discussed in the last section, the motion of the
ion in the trap can be described approximately as that of a quantum
mechanical harmonic oscillator:

Hm =  hωi

(
n̂i +

1

2

)
, (23)
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with n̂i = â
†
iâi as the number operator, and â

†
i and âi as the har-

monic oscillator creation and annihilation operators, respectively, as
defined in the last section. The index i stands for different motional
modes of the ions in the trap. In the following we limit the discussion
to the center of mass motion along the trap axis z and omit the index
i. Furthermore, we define the normal mode frequency of this mode
as ωz.
The third part of the Hamiltonian describes the coupling between the
ion and the electrical field and is given by [45]:

Hi =
 hΩ0
2

(σ+ + σ−)
(
e(i(kẑ−ωlt)) + e−i(kẑ−ωlt)

)
(24)

where ωl is the laser frequency and we have introduced the Rabi
frequency, which, for dipole allowed transitions, is given by Ω0 =

~µ↓↑~E0/ h. Here ~µ↓↑ is the dipole matrix element of the transition from
|↓〉 to |↑〉 and ~E0 the electrical field amplitude of the driving field.
Here, we use a semi-classical model, in which the electrical field is
considered classically. This is justified since we use sufficiently large
laser powers, so that the light consists of many photons and quantum
effects play a minor role. In the Hamiltonian we can identify the posi-
tion operator ẑ, which, in the harmonic oscillator model, is given by
[46]:

ẑ =

√
 h

2mω

(
â+ â†

)
= z0

(
â+ â†

)
. (25)

Additionally we introduce the Lamb-Dicke factor:

η = ~k~z0 =
 h |k| cos θ√
2m hωz

, (26)

where θ describes the angle between the ~k vector of the electromag-
netic wave and the trap axis ẑ. The square of the Lamb-Dicke factor
equals the ratio between the photon recoil energy and the energy
splitting between the motional states. Now we transform the total
Hamiltonian (Equation (19)) to a rotating frame by means of a uni-
tary transformation:

H ′i = Û
† (t)HiÛ (t) . (27)

For the transformation the Hamiltonian is split into two parts H =

H0 +Hi depending on the frame, in which we want to transform.
The unitary operator Û is given by:

Û (t) = exp

(
−
i
 h
H0t

)
. (28)

We transform into a reference frame rotating at the laser frequency
and the trap frequency and consequently define H0 = Ha +Hm and
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H1 = Hi. After application of the rotating wave approximation and
reordering the terms, the Hamiltonian in the rotating frame reads:

H ′i =
 hΩ0
2
σ+exp

(
i
[
η
(
âe−iωzt + â†eiωzt

)
−∆t

])
+ h.c. (29)

where we defined ∆ = ω−ω0 as the detuning of the laser field to
the atomic transition. In the regime where the atomic wavefunction is
much smaller than the wavelength λ/2π, which means that the ion is
strongly localized in the trap center, we can expand the exponential
function. The Hamiltonian in the so called Lamb-Dicke regime reads:

H ′i =
 hΩ0
2
σ+
(
1+ iη

(
âe−iωzt + â†eiωzt

))
e−i∆t + h.c. (30)

Here we can identify three resonances at ∆ = −ωz, 0, ωz. For the
resonance at ∆ = 0 the Hamiltonian corresponds to so called carrier
transition where only the electronic state of the atom is changed while
the motional state stays the same. In the first order approximation
the coupling strength for carrier transition corresponds to the Rabi
frequency Ωn,n ′ = Ω0. The resonances at ∆ = −ωz, ωz are called
the red and blue sidebands, respectively. Starting from the electronic
ground state, for the blue sideband the electronic state is changed
and simultaneously one quantum of motion is added to the system,
whereas for the red sideband the motion is reduced while changing
the electronic state.
The repeated application of laser pulses tuned to the red sideband
with a subsequent decay to the electronic ground state on a carrier
transition can be used to cool the ion to its motional groundstate
(sideband cooling). This state is the initial state of most of the experi-
ments presented in this thesis.
Using the Hamiltonian in Equation (29), we can calculate the transi-
tion strength between different motional sub-states of the two atomic
states by evaluating the matrix element:

〈↑,n ′| H ′i |↓,n〉 = e−i∆t
 hΩ0
2
〈n ′| exp

(
iη
(
ã+ ã†

))
|n〉 , (31)

with the rotating operators ã = âe−iωzt. Here we can extract the Rabi
frequency of the trapped ion system:

Ωn ′,n = Ω0 〈n ′| exp
(
iη
(
ã+ ã†

))
|n〉 . (32)

The Rabi frequency can be further evaluated and reads [46]:

Ωn ′,n = Ω0 exp
[
−η2/2

]
(n<!/n>!)1/2 η|n

′−n|L
|n ′−n|
n<

(
η2
)

, (33)

where n< and n> is the lesser and greater of n ′ and n, respectively.
The Lαn are the generalized Laguerre polynomials given by:

Lαn (X) =

n∑
m=0

(−1)m
(
n+α

n−m

)
Xm

m!
. (34)



16 theoretical background

According to Equation (33) we can calculate the coupling strength for
carrier and sideband transitions in our setup, see Figure 3.

Figure 3: Relative Rabi frequencies. Relative Rabi frequencies of the transi-
tions of different motional state of a single 25Mg+ ion in the trap,
with a Lamb-Dicke factor of 0.3, corresponding to a secular fre-
quency of 2.22 MHz; green: carrier, blue: blue sideband, red: red
sideband.

We can now investigate the dynamics of the system. Considering
a resonant coupling between two states |↓,n〉 and |↑,n ′〉, we conse-
quently regard only these two states and the wavefunction of the
atom can be written as:

ψ = c↓,n |↓,n〉+ c↑,n ′ |↑,n ′〉 . (35)

Inserting the wavefunction into Schrödinger’s equation leads to:

ċ↑,n ′ = −i(1+|n ′−n|)e−i(∆t)Ωn ′,nc↓,n;

ċ↓,n = −i(1−|n ′−n|)e−i(∆t)Ωn ′,nc↑,n ′ .
(36)

Solving Equation (36) using Laplace transformation we get for the
resonant case where ∆ = 0:

ψ (t) =

(
cos (Ωn ′,nt) −ieiφ sin (Ωn ′,nt)

−ie−iφ sin (Ωn ′,nt) cos (Ωn ′,nt)

)
ψ (0) , (37)

where the exponent is given by φ =
(
π
2
|n ′ −n|

)
. This equation show

so called Rabi oscillations between different motional levels of the
electronic transition. Therefore, by matching the laser pulse duration
we can transfer the population between different states. For example
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a pulse duration of t = π/Ωn ′,n yields a complete population in-
version and the laser pulse is called a π pulse. Instead of a dipole-
allowed transition, in the experiment we have to drive transitions
between long-lived metastable states using a Raman beam configu-
ration, which is described in the next section.

2.5 three level system coupled with two light fields :
raman transitions

In the experiment we use Raman transitions to couple two hyperfine
states of an 25Mg+ ion. The coupling is described by approximating
the 25Mg+ level scheme by the three level system with two laser cou-
plings shown in Figure 4. The two laser beams are detuned to the
excited level |2〉 but the frequency difference of the two laser beams
is tuned to bridge the energy difference between the states |1〉 and
|3〉. The laser coupling the state |1〉 with the state |2〉 is often called
the pump beam and the one coupling the state |3〉 with the state |2〉 is
called the Stokes beam. For clarity the additional energy splitting due
to the trapping potential is neglected in the following. The Hamilto-

W
P

D
P

W
S

D
S

ú ñ3

ú ñ1

ú ñ2

Figure 4: Three level atom coupled to two light fields. The so called Stokes
laser couples the states |3〉 and |2〉 with a detuning ∆s and Rabi
frequency Ωs whereas the Pump beam couples the states |1〉 and
|2〉 with a detuning ∆p and Rabi frequency Ωp

nian of the system in the rotating wave approximation can be written
as:

H =
 h

2

 0 Ωp 0

Ωp 2∆p Ωs

0 Ωs 2 (∆p −∆s)

 (38)

Where the Ωi are the Rabi frequencies and the ∆i are the detunings
of the pump and the Stokes lasers with respect to the one photon reso-
nances. Neglecting the trap, the state vector can be written according
to Equation (35):

ψ = c1 |1〉+ c2 |2〉+ c3 |3〉 . (39)
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Using Schrödinger’s equation we can calculate the time evolution and
get the coupled system of differential equations:

iċ1 =
1

2
Ωpc2;

iċ2 =
1

2
Ωpc1 +∆pc2 +

1

2
Ωsc3;

iċ3 =
1

2
Ωsc2 + (∆p −∆s) c3.

(40)

We are interested in the two photon resonance case, where ∆p = ∆s =

∆ and the difference in the last equation is zero. Additionally we
consider that the couplings Ωi are small compared to the detunings
∆i. Now we adiabatically eliminate state |2〉 using ċ2 = 0 [61, 62] and
get:

iċ1 = −
Ωp

4∆
(Ωpc1 +Ωsc3) ;

iċ3 = −
Ωs

4∆
(Ωpc1 +Ωsc3) .

(41)

Here we can extract an effective Hamiltonian:

Heff = −
1

4∆

(
Ω2p ΩpΩs

ΩpΩs Ω2s

)
(42)

This Hamiltonian is equivalent to the two level Hamiltonian in Equa-
tion (24) with the effective Rabi frequency:

Ωeff =
ΩpΩs

2∆
. (43)

We can compare this equation to the off-resonant scattering rate of
the pump and the Stokes beam given by [58]:

Γsc;p,s =
Γ

2

Ω2p,s/2

∆2 +Ω2p,s/2+ Γ
2/4

, (44)

with Γ = 1/τ and τ as the lifetime of the excited state |3〉. Here we see
that for large detunings ∆ the effective Rabi frequency scales with 1/∆
and the off-resonant scattering with 1/∆2. Therefore a compromise
has to be found where an acceptable Rabi frequency can be achieved
for the used laser power while keeping the off-resonant scattering
as small as possible. This will be further discussed for our setup in
Section 3.3.1. Additionally to the effective Rabi frequency we identify
in Equation (42) a shift of the energy levels with respect to each other
by:

δ =
Ω2p

4∆
−
Ω2s
4∆

. (45)

This shift is the AC Stark shift due to the presence of the two light
fields. In the experiment we scan the transitions frequencies and we
coherently manipulate the ions using the transition frequency includ-
ing the AC Stark shift.
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2.6 summary

In this chapter the basic theoretical framework of the work presented
in this thesis was provided. First ion trapping and the motion of an
ion in the trap were described. Afterwards, two ion crystals and dif-
ferent states of motion in the ion trap have been discussed and an
introduction of the atom light interaction is provided first in the two
level atom model coupled with one light field. In the end of the chap-
ter this model was extended to consider three energy levels of the
atom coupled with two light fields by means of Raman transitions.
The framework given in this chapter is extended at the beginning
of each chapter to cover the more specific problems of the described
content.





3
E X P E R I M E N TA L S E T U P

The experiments described in this thesis are based on coherent opera-
tions by means of laser pulses performed on a 25Mg+ ion trapped in
a linear Paul trap. These operations rely on the coherence between
the optical carrier phase and the atomic phase. For the precision
isotope shift measurements presented in Chapter 6, additional laser
beams with frequencies near resonant to the 2S1/2 → 2P1/2 and the
2D3/2 → 2P1/2 transitions of the calcium isotopes are needed. Fur-
thermore, the frequency of these lasers need to be counted. This is
done by electronically stabilizing and comparing them to a frequency
comb, referenced to the SI second in the German National Metrology
Institute (PTB). Additional laser setups are used to photo-ionize the
atoms from an atomic beam, thus providing the ions that are trapped
in the electronic potential of the trap. The vacuum chamber and the
linear Paul trap used in the experiments are described in detail in
reference [48].
After a short description of the ion trap and its relevant parameters in
Section 3.1, the laser systems needed for isotope-selective photoion-
ization of the different ions are described. Afterwards, a short sum-
mary of the laser system for the coherent manipulation of 25Mg+ is
provided in Section 3.3. Furthermore, the orientation and polarization
of all lasers with respect to the ions and the quantization axis is dis-
cussed. In Section 3.4 the laser systems used to excite and manipulate
the Ca+ spectroscopy ions and its frequency stabilization setup are
introduced. In the last section of this chapter a simplified schematic
of the complete spectroscopy setup is displayed.

3.1 the ion trap

We use the ion trap shown schematically in Figure 1 and described
in reference [48] for the experiments. An AC voltage oscillating at a
frequency of 24.8 MHz is applied to a helical resonator for amplitude
enhancement [48]. Here, typically an electrical power of 3 − 5 W is
coupled into the resonator. Its output is then applied to two of the
stainless steel blades, which together with the two grounded blades
generate the potential, that confines the ions radially in the ion trap
(see Figure 1). The axial confinement is provided by a DC voltage of
up to 2 kV applied to the two endcaps. For our trap this leads to
normal mode frequencies of 2.22 MHz in the axial and ≈ 5 MHz in
the radial direction for a single 25Mg+ ion. An additional differen-

21
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tial voltage of up to 150 V between the two endcaps and additional
stray field compensation electrodes, between which a voltage of up to
500 V can be applied, are used to move the ion to the point of lowest
micromotion in the trap (see Section 2.1).

3.2 ionization laser systems

For the isotope shift measurements two ion crystals, consisting of a
25Mg+ logic ion and different Ca+ spectroscopy isotopes, are loaded
into the trap. This is done via two-step photoionizing an atomic beam
from a resistively heated steel tube filled with a powder of the cor-
responding material. For the photoionization of the 25Mg atoms, the
frequency quadrupled output of an extended cavity diode laser (ECDL)
with a wavelength of 285 nm after quadrupling is used. The laser first
excites the atoms from the 1S0 to the 1P1 excited state and in a second
step the same laser ionizes the atoms. Additionally, a laser beam at a
wavelength of 280 nm used for Doppler cooling is applied simultane-
ously, to enhance the ionization rate and cool the generated ions.

1
S 0

1
P 1

422 nm

375 nm

Ca + e
+ -

b)

1
S 0

1
P 1

285 nm

285 nm

Mg + e
+ -

a)

Figure 5: Energy scheme and laser wavelength for photo-ionizing the neu-
tral atoms. a) Mg (wavelength taken from [63]) and b) Ca (wave-
length taken from [64]). Isotopic shifts of neutral calcium and a
detailed description of the isotope selective loading are given in
Section 6.2. Energy levels not to scale.

The different Ca+ isotopes are excited to the 1P1 state using a fre-
quency doubled ECDL with a frequency of 423 nm after doubling. By
tuning the laser frequency resonant to the isotope specific transition
frequencies [64], isotope selective loading can be achieved by adjust-
ing the loading parameters as described in Section 6.2. Ionization of
the excited calcium atoms is accomplished using the output of a laser
diode with a wavelength of 375 nm. Both laser beams are guided
through single mode optical fibers providing a Gaussian beam pro-
file before entering the vacuum chamber along the trap axis.
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3.3 experimental setup for coherent manipulation of

magnesium

For cooling and coherent manipulation on the 25Mg+ ion we use
the setup described in [65]. The frequency quadrupled output of an
Ytterbium doped fiber laser1 in addition with an electro-optical mod-
ulator2 (EOM) generates the laser beams for Doppler cooling (see Sec-
tion 2.3), Raman sideband cooling (see Section 2.4) and for the co-
herent manipulation. The plus first order sideband of the EOM, oper-
ated at a modulation frequency of 2π · 9.2 GHz, is in resonance with
the 2S1/2(F = 3,mF = 3) → 2P3/2(F = 4,mF = 4) transition for
Doppler cooling and state discrimination, as explained in the next
section (Section 3.3.1). Here, F denotes the total angular momentum
and mF its projection along the magnetic field direction. The optical
carrier is used, with an additional acousto-optical modulator (AOM)
setup, to create the Raman laser beams that couple the hyperfine
states |↑〉 =2 S1/2(F = 3,mF = 3) and |↓〉 =2 S1/2(F = 2,mF = 2),
forming the selected qubit. The level scheme of 25Mg+ with the de-
scribed couplings is displayed in Figure 6.
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Figure 6: Relevant level scheme of the 25Mg+ ion and the lasers for coher-
ent manipulation. The different electronic states are split by the
hyperfine splitting and the degeneracy of the magnetic substates
is lifted by an external magnetic field. Energy levels not to scale.
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Figure 7: Vacuum chamber with beam alignment. The Doppler cooling
beam is aligned along the magnetic field direction. The two Raman
laser beams span a 90

◦ angle with each other, such that their rel-
ative ~k-vector is aligned along the trap axis. The photo-ionization
laser as well as the two lasers used to excite the calcium ions are
aligned along the axis of the ion trap.

Additionally, a second frequency quadrupled fiber laser supplying
the σ+ repump beam is used to couple the S1/2(F = 2,mF = 2) with
the P1/2(F = 3,mF = 3) state for efficient ground state cooling as de-
scribed in [66, 67].
The Doppler cooling laser beam axis is aligned parallel to an ex-

ternally generated magnetic field. It spans an angle of 45
◦ with the

trap axis to provide cooling of the ion’s motion in all three directions
defined by the trap. Here we used circular σ+ polarization to make
use of the cycling transition of the 25Mg+ ion (2S1/2(F = 3,mF =

3) → 2P3/2(F = 4,mF = 4)), where the upper 2P3/2(F = 4,mF = 4)

state can only decay into the 2S1/2(F = 3,mF = 3) state (see Fig-
ure 6). The Raman beams are aligned in the plane spanned by the
magnetic field vector ~B and the trap axis. One is counter propagat-
ing to the Doppler cooling beam and has a circular polarization (σ+

polarization), while the other one is aligned perpendicular to it and
is linearly polarized (π polarization). This, combined with a relative
~k-vector along the trap axis, enabling coherent manipulation of the
motional modes along that direction, provides the desired couplings
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as depicted in the level scheme (Figure 6). To illustrate the laser con-
figuration, a sketch of the vacuum chamber with the ion trap and the
lasers used in the experiments is shown in Figure 7.
Additionally, to the laser couplings an electromagnetic wave oscillat-
ing at a radio frequency (RF) of ≈ 1.789 GHz can be applied to couple
the qubit states utilizing a directional antenna outside the vacuum
chamber (see Figure 6). The signals oscillating at radio frequencies
driving the AOMs are generated and controlled via a pulse sequencer
based on a field programmable gate array [68]. This is controlled us-
ing the experimental control computer via an open source python
server. It provides eight phase coherent radio frequency signals cre-
ated by direct digital synthesizer (DDS) boards which are controlled
via on board voltage controlled gain amplifiers (VGA). Additionally,
several transistor transistor logic (TTL) outputs can be controlled with
the sequencer board.

3.3.1 Measurement principle and coherence of Raman beams

To determine the quantum mechanical state of a single ion we do
a projective measurement using the electron shelving technique [69].
Here the two different qubit states of the ions are distinguished by
resonantly coupling one of the states, in our case the |↓〉, to an aux-
iliary state |aux〉 with a short lifetime (of the order of nanoseconds).
If the ion is in this state (the so called bright state) it scatters on the
order of millions of photons per second, whereas if it is in the |↑〉 state
(the dark state) the laser is not resonant and not many photons are
scattered. We collect a fraction of these photons and detect them with
a photo-multiplier tube. In this way we can distinguish the two states
by counting the number of detected photons.
If, however, the ion is prepared in a superposition state |ψ〉 = c↓ |↓〉+
c↓ |↑〉 and we apply the laser coupling, in the measurement process
the ion is projected either onto |↓〉 or |↑〉. To be able to determine the
state amplitude we have to repeat the measurement and average the
results. Due to the probabilistic nature of the measurement process
and the limited number of measurements, we determine the state am-
plitude with an uncertainty, which is called quantum projection noise
(QPN) and is given by [70]:

QPN =
√
p↑ ·

(
1− p↑

)
/N (46)

where p↑ represents the probability to be in the |↑〉 state and is given
by p↑ =

∣∣c↑∣∣2. For measurements on a single ion, N is the number of
measurements. This limit can be reached using the electron shelving
technique, as described in [69] and is the fundamental limit in the
spectroscopy technique described in Chapter 6.
If we prepare the 25Mg+ ion in the |↑〉 state and couple the |↓〉 with
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Figure 8: Off-resonant excitation Measured state depopulation from off-
resonant Raman scattering for the ion initialized in the |↑〉 (red)
and the |↑〉 state (blue). The fitted exponential decay yields the de-
cay rates of γ|↓〉 =1.1± 0.1 ms−1 and γ|↑〉 =4.4± 0.4 ms−1 for the
two states.

the |aux〉 = 2P3/2(F = 4,mF = 4) state, the laser frequency is detuned
by 1.789 GHz to the |↑〉 state. This leads to off-resonant depumping
from the |↑〉 to the |↓〉 state as shown in [48]. Therefore, the detection
time is limited, leading to an overlap of the detected photon distribu-
tions for the ion initialized in the bright and the dark state for a mean
detected bright state photon number of about 3 photons for a detec-
tion time of 8 µs. This results in a detection error, since the histogram
of the detected photons for the bright state has significant popula-
tion at 0, resulting in false state discrimination using the threshold
technique. In this technique the two qubit states are distinguished by
setting a threshold and assign the ions state depending on whether
more photons (assigned to |↑〉 state) or less photons (assigned to |↓〉
state) than this threshold are detected. To reduce the detection error
we use the π detection technique, characterized in [71], where two
detection pulses are applied with an intermediate radio frequency
π-pulse, which inverts the two states. Keeping only anti-correlated
detection events, errors are detected and discarded. This way the de-
tection efficiency is improved to higher than 97 % and made more
robust.
Besides the detection, the state preparation is important in the ex-

periment. As described above, we use a Raman beam configuration
to coherently manipulate the states of the ion. Here, the limited de-
tuning leads to off-resonant scattering, that reduces the fidelity of all
coherent manipulation operations. We investigated the influence of
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the off-resonant excitation by initially preparing the ion in one of the
two qubit states and successive application of the Raman laser beams.
The frequency of the lasers is detuned to the two-photon resonance
by half the distance to the next resonance (1.1 MHz). This way we pre-
clude coherent couplings between the two states, thus revealing the
effect of off-resonant excitation. Depopulation of the initial state as a
function of the applied Raman laser time is displayed in Figure 8.
Here we see that, due to off-resonant excitation, the dark state (|↑〉)
is depumped to the bright state and vice versa. An exponential fit to
the experimental data yields a decay rate of γ|↓〉 =1.1± 0.1 ms−1 and
γ|↑〉 =4.4± 0.4 ms−1 for the two states. The smaller decay rate for the
|↓〉 state can be explained considering the off-resonant couplings be-
tween the involved states. Taking the atomic level structure and the
different coupling strength of the levels given by the Clebsch-Gordan
coefficients (given for 25Mg+ in [48]) into account, the number of off-
resonant scattering events, where the internal state of the ion changes,
is on the order of 4 times smaller for the |↓〉 as for the |↑〉. Additionally,
for the |↑〉 state, the detuning of the lasers to the excited 2P3/2 state
is smaller and leads to an increased off-resonant scattering rate. As
described in Section 2.5, a larger detuning would reduce this effect,
but to keep the same effective Rabi frequency, the laser power needs
to be increased, which would require a new high power Raman laser
system.

3.4 the calcium spectroscopy laser system

The lasers used to excite the calcium transitions are ECDLs electroni-
cally frequency stabilized to a frequency comb. The lasers are located
in another laboratory and their output signals are transmitted via
single mode fiber into the laboratory, where the experiments are per-
formed. The AOM setup to control and scan the laser was build up
on the experimental table and is controlled via the pulse sequencer
described above. The level structure of the Ca+ spectroscopy ion to-
gether with the laser couplings is depicted in Figure 9.
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Figure 9: Calcium level scheme. Relevant level scheme of the even Ca+

isotopes with the laser couplings. The degeneracy of the magnetic
substates of the electronic levels is lifted by the external magnetic
field.

The spectroscopy light at a wavelength of 397 nm is created by a
frequency doubled ECDL3. A few mW of light of its fundamental sig-
nal at 794 nm is used to stabilize its frequency with respect to the
second harmonic output signal of a fiber optical frequency comb4, us-
ing a phase/frequency comparator. The two characteristic frequencies
of the comb, determining the absolute frequency of its teeth, namely
the carrier-envelope-offset frequency and the repetition rate, are stabi-
lized to the 10 MHz reference signal obtained from a hydrogen maser,
which is referenced to the SI second in PTB. The second laser used to
manipulate the calcium ions is an ECDL5 providing light with a wave-
length of ≈ 866 nm. Here, a few mW of light are coupled out and
used to frequency stabilize the laser to a second amplified and fre-
quency doubled output signal of the same frequency comb. For both
lasers a similar electronic setup is used to provide the error signal
for frequency stabilization. After overlapping the laser beams with
the comb light, the measured beat signal is mixed with a referenced
DDS board. To compensate slow frequency drifts on timescales of sec-
onds, the filtered difference frequency fref− fbeat is compared to the
10 MHz reference signal using a phase/frequency comparator. This
comparator produces the error signal which is fed back via a piezo
actuator to the grating of the laser for frequency correction. The elec-
tronic setup for the frequency stabilization is depicted in Figure 10.

3 Toptica DL SHG
4 Menlo systems FC1500

5 Toptica DL Pro
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Figure 10: Electronic circuit for the frequency stabilization of the spec-
troscopy lasers. The beat signal of the spectroscopy lasers is
recorded with a photodiode. The consecutive low (SLP-X+) and
high (SHP-X+) pass filters are chosen in a way that they build a
bandpass filter around the desired beat frequency. After filtering,
the signal is mixed with the output frequency of a referenced
DDS board so that the difference frequency is around 10 MHz.
After a second filtering stage, this frequency is compared to the
10 MHz reference and the error signal of the comparator is fed
back to the grating of the ECDL.

As described above, the stabilized laser light of the two lasers used
to excite the calcium ions are transmitted to the experimental labora-
tory via single mode optical fibers. After the fiber an AOM6 in double-
pass configuration is used to shift the frequency of the laser resonant
with the 2S1/2 → 2P1/2 transition. Scanning the AOM drive frequency
leads to detuning-dependent distortions of the beam profile (see Sec-
tion 4.3), which are transformed into intensity fluctuations by cou-
pling the diffracted light into a single mode optical fiber. To eliminate
these residual intensity fluctuations, the output power of the laser
light is electronically stabilized after the fiber using a proportional-
integral control loop. After stabilization, a subsequent AOM7 is used
to create the short laser pulses and a second single mode optical fiber8

is used for spatial filtering, i.e. to provide a Gaussian beam shape of
the spectroscopy light. The beam is then overlapped with the beam
from a second laser resonant with the 2D3/2 → 2P1/2 transition in
Ca+. This beam at a wavelength of 866 nm passes a double-pass AOM

(for frequency scanning) and a subsequent fiber (for spatial filtering).
Since the desired pulse length for the application of this laser is much
longer than the one for the laser at 397 nm, the same AOM is used for
switching and scanning the frequency of this laser beam. A schematic
of the setup is shown in Figure 11.

6 Brimrose Corp. TEF-200-50-397

7 IntraAction Corp. ASM-2202B8

8 Oz optics QPMJ-3A3A-400-3/125-3-5-1
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Figure 11: Optical setup for the manipulation of the spectroscopy lasers.
Abbreviations: λ/2: half waveplate; PD: Photodiode; GP: Glan Po-
larizer; PID: Proportional Integral Controller Loop; TA, Tapered
Amplifier. After frequency doubling the laser light at 397 nm
passes through an AOM in double pass configuration for fre-
quency scanning. After a single mode optical fiber the light passes
through a second AOM for switching and a second fiber. The light
of the second laser at 866 nm passes one AOM in double pass con-
figuration which is at the same time used to switch the light.

After overlapping, the two laser beams are guided into the vacuum
chamber along the trap axis (see Figure 7). A Glan laser polarizer
in front of the vacuum chamber provides linear polarization of both
laser beams. The polarization is aligned in the horizontal plane span-
ning an angle of 45

◦ with an external magnetic field of approximately
5.8 G. As described above, this field lifts the degeneracy of the Zee-
man sublevels, and with the linear polarization of the spectroscopy
lasers we drive all π transitions as well as equal amounts of σ+ and
σ− transitions. We thus expect a symmetric excitation profile of the
relevant transition.
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Figure 12: Stability of the spectroscopy laser a) Overlapped Allan devia-
tion of the spectroscopy laser. b) Measured line profile and resid-
uals of the measured data from the fitted Gaussian function. No
asymmetry of the line profile could be detected within the mea-
surement uncertainty.

3.5 laser instability

For the spectroscopy we use ECDLs which provide linewidth on the
order of 100 kHz for integration times of 5 µs. This linewidth is much
smaller than the frequency resolution of our measurement on this
timescale. Frequency drifts on timescales larger than a few millisec-
onds are compensated by minimizing the frequency deviations of the
laser from a chosen tooth of the frequency comb, as described above.
This is done using the piezo actuator that controls the frequency of
the laser via a grating in the laser cavity. Additionally, we exam-
ined the symmetry properties of the line shape of the lasers, since
asymmetries would cause an undetected systematic shift in the fre-
quency measurement. Therefore, we measured the beat frequency of
the comb with an ultra-stable laser provided by a neighboring labora-
tory (reference laser 1 in [72]) to be able to detect asymmetries of the
individual comb tooth. In a similar experiment we measured the beat
of the spectroscopy lasers with the comb (shown in Figure 12). The
slope of a linear fit to the residuals was > 4 · 10

−4 MHz−1, whereas
the measured point to point fluctuation of the signal was on the or-
der of 10

−3 . In conclusion, no asymmetry was detected within the
measurement uncertainties.
Additionally to the symmetry properties of the laser line shape, we

investigated the in-loop frequency stability of the 866 nm laser by
counting the beat frequency with an electronic counter referenced
to the maser frequency. The overlapped Allan deviation [73] of the
beat signal is displayed in Figure 12. This two sample variance is a
tool used to investigate the statistical properties of a measured data
set and can be used to identify noise processes in the measurement.
Here we see that for increasing measurement time the deviation re-
duces with 1/τ, which indicates that the dominant noise source is
flicker phase noise in the measured time regime (see for example
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[74]). For averaging times longer than 1 s, the relative frequency un-
certainty (as measured with respect to the frequency comb) is lower
than 10

−12. This is on the same order as the maser frequency uncer-
tainty on this timescale. Such frequency fluctuations are negligible
for our measurements, where frequency deviations on the order of a
few kilohertz are tolerable. A similar analysis of the stability of the
spectroscopy laser providing light with a wavelength of 397 nm leads
to an uncertainty on the same order of magnitude.

3.6 complete setup

Now we can put all parts used in the experiment together and show
a simplified schematic of the complete setup, displayed in Figure 13.
To give an impression of the size of the experiment the dimensions
of the parts of the setup located in the laboratories are shown. From
these dimensions it can be seen, that a large free space AOM setup
is used to control the laser beams for the coherent manipulation of
the 25Mg+ logic ion. Beam pointing fluctuations cause errors in the
coherent manipulation and limit the fidelity of our operations. How
we reduced this errors using hollow core photonic crystal fibers (PCF)
is discussed in the next chapter.
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Figure 13: Complete laser setup needed for PRS. The complete laser setup
used to perform photon recoil spectroscopy (PRS) on different
calcium isotopes is shown. For the Magnesium laser systems,
which are located in the laboratory where the experiments are
performed, the dimensions of the different parts of the setup are
shown. Abbreviations: SHG: second harmonic generation cavity;
CSF cesium fountain clock; PFC; phase/frequency comparator;
comb: frequency comb; Lock in amp.: Lock in amplifier



4
S I N G L E M O D E F I B E R F O R U V A P P L I C AT I O N S

In the precision spectroscopy experiment described in Chapter 6 the
trapped ions are controlled using coherent operations utilizing laser
pulses. As shown in [75], one of the dominant errors in coherent ma-
nipulation of hyperfine qubit states is the relative intensity noise (RIN)
at the position of the ion. If the frequency of the atomic transition
is located in the ultraviolet spectral region, the laser beams used to
control the ions are normally transmitted via long free space beam
paths before they interact with the ion. Here, mirror vibrations and
air turbulences lead to large beam pointing fluctuations. The result-
ing intensity fluctuations at the position of the ion lead to Rabi fre-
quency fluctuations, which are translated into variations of the pre-
pared atomic state between consecutive experiments using a laser
pulse with a fixed duration. Assuming the Rabi frequency fluctua-
tions to be Gaussian distributed, we can model the detected mean
atomic state for different interaction times, as shown in Figure 14.
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Figure 14: Simulated Rabi oscillations. Simulated Rabi oscillation for Gaus-
sian distributed intensity fluctuations.The full width at half max-
imum of the Gaussian distribution is 1 % (blue), 5 % (red) and
10 % (green) of the mean Rabi frequency.

Here we see that the intensity noise lead to a reduced contrast if
the fluctuations in Rabi frequency are on the order of a few percent.
Therefore, a high stability of the laser intensity at the position of the
ion is desired for experiments using coherent manipulation.
There are different ways to achieve a stable beam position. For exam-
ple, one could avoid air currents using tubing that surround the beam

33
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path. In our setup a complete sealing would prevent optical access
needed to align the acousto optical modulators. Other approaches
are based on spatial filtering using pinholes or active beam path stabi-
lization schemes. In applications using visible or infrared IR radiation,
single mode optical fibers are most commonly used to remove beam
pointing errors. However, up until recently, such fibers were not avail-
able for the UV. In this spectral region glass undergoes the effect of
solarization, where defects called color centers form and hinder the
transmission of UV radiation. This can be overcome using photonic
crystal fibers (PCF) of the Kagomé type, where the light is transmitted
in the hollow core of the fiber. We had the opportunity to test new
fibers produced by the group of Philip Russell at the Max Planck In-
stitute for the Science of Light in Erlangen, promising promising a
good beam quality and pointing stability by single-mode guidance
of UV radiation. In view of the higher fidelity of coherent manipula-
tions with stable single-mode fiber beam delivery, a trade-off in laser
power is acceptable, in particular, since high power laser systems are
readily available [65].
Here we report on the characterization of a series of Kagomé-PCFs
with different core diameters D ≈ 20 µm and different core wall thick-
ness. After introducing the guiding mechanisms of different kinds of
photonic crystal fibers in Section 4.1, the optical properties of the in-
vestigated fibers are presented in Section 4.2. Finally, we show that
use of Kagomé-PCF in our trapped ion experiment increases the co-
herence time of the internal state transfer due to a reduction in beam-
pointing instabilities in Section 4.3.
Parts of the following results were published by the author and his co-authors
in [76].

4.1 guiding mechanisms in photonic crystal fibers

In conventional fibers the guiding mechanisms that confines the light
in the fibre core is well understood and can be explained by total in-
ternal reflection at the interface of two materials with different refrac-
tive index, the cladding and the core. The number of guided modes
in the core is determined by the dimensionless V parameter defined
as [77, 78]:

V =
2πρ

λ

(
n2co −n

2
cl

)
, (47)

where ρ is the core radius and nco and ncl are the core and cladding
refractive indices. From this parameter, the number of guided modes
of the fiber can be calculated. For V numbers smaller than 2.405 a sin-
gle degenerate pair of modes is guided by the fiber and it is said to
be single mode [77, 78]. Although according to Equation (47), single-
mode guidance can be maintained (for the same core-cladding index



4.1 guiding mechanisms in photonic crystal fibers 35

a) b) c) d)

Figure 15: Sketches of different photonic crystal structures. The black re-
gions are hollow and the gray regions are glass. a) Solid core PCF.
b) triangular-lattice Photonic bandgap fiber. c) Kagomé fiber. d)
Bragg fiber.

step) by reducing the core diameter by the ratio of the wavelengths,
the optical power density in the core increases and the transmission
degrades over time due to UV-induced color center formation and op-
tical damage in the core [35].
A different class of fibers that have the potential to overcome these
problems are photonic crystal fibers first demonstrated in 1997 [79].
These fibers consist of a periodic transverse microstructure surround-
ing and confining the light in the core.
For photonic crystal fibers depending on the periodic structure three

distinct guiding mechanisms were identified [80, 81]. The first mech-
anism is a modified form of total internal reflection [79], for PCFs
where the core index is larger than the average index in the cladding
(Figure 15 a)). An effective V number can be derived and by adjust-
ing the fiber parameters, like hole size d and pitch Λ (center-center
spacing of the holes), single mode guidance can be achieved over a
large transmission band. These fibers have the intriguing property
that for d/Λ < 0.42 they only support the fundamental mode and are
therefore called endlessly single mode. These fibers can be designed
to have a large mode field diameter which reduces the optical power
density in the glass, but since they posses a solid core, they still suffer
from UV induced damage. For example, Yamamoto et al. found that in
a PCF with a solid silica core the transmission dropped by more than
90 % after ≈ 4 hours when using 3 mW continuous wave CW light at
250 nm [35].
The second guiding mechanism is based on photonic bandgaps and
was first demonstrated in 1998 [82]. In analogy to electronic semicon-
ductors, where due to the crystal symmetry an electronic band gap is
established, the periodicity in these materials creates a photonic band
gap [78, 80, 81, 36]. The periodic cladding structure can have differ-
ent shapes, e.g. a honeycomb structure [82] or a triangular structure
(Figure 15 b)) [36]. Modes in the periodically ordered glass fractions,
which together with the air holes form the cladding of the fiber, estab-
lish frequency dependent transmission bands separated by bandgaps,
where no modes can be transmitted in the cladding. Therefore, light
transmitted in a hollow-core, which in the electronic bandgap anal-
ogy corresponds to a defect, can be confined as long as its frequency
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lies in the range of these bandgaps. Here, no coupling to the cladding
exists and the light is confined. The confinement loss of these fibers
should theoretically be much lower than the limit for standard step in-
dex fibers of ≈ 0.16 dB/km set by Rayleigh scattering in the glass. But
due to scattering at the intrinsic roughness of the air/glass interface
in the photonic bandgap fibers, the minimum loss has not reached
this theoretical limit [81]. An additional drawback of these fibers is
their limited transmission bandwidth.
The third guiding mechanism is not yet fully understood. The pho-
tonic structure of this class of fibers consist of relatively large air-filled
areas surrounded by glass struts on the order of hundreds of nm. The
fiber cladding can contain different structures, e.g. a square lattice
[83] or the Kagomé structure (Figure 15 c)) as the fibers investigated
in the following sections. For these fibers, the cladding structure does
not establish photonic bandgaps, but light is still guided in a hol-
low core. One proposed explanation is based on a low density of
photonic states in the cladding of the fiber [84]. This together with
the extremely low overlap of the core mode with the surrounding
glass inhibits the coupling between core and cladding modes and con-
fines the light in the fiber core [83]. Furthermore, a phase mismatch
between core and cladding modes reduces the coupling and conse-
quently enhances the confinement [84]. Another explanation for the
guiding mechanism in these fibers is using a model based on Bragg
fibers (Figure 15 d)), where the cladding contains concentric glass
rings separated by air. In the actual structure, the glass connections
needed to mechanically support the rings are causing loss resonances
[85]. Recent studies on Kagomé-PCF indicate that only the inner silica
ring is necessary to guide the light and the guiding does not benefit
from additional layers of air holes [86], in contrast to the predictions
from the inhibited coupling and the Bragg fiber model. Further in-
vestigations are necessary to develop a complete description of the
guiding mechanism in the low loss regions of these fibers. However,
the principal high loss bands of the fibers can be calculated using
the antiresonant reflecting optical waveguide (ARROW) model [87, 88].
According to the model, the loss bands occur for wavelengths, where
the core mode phase-matches to modes guided in the core wall, i.e.,
when [87, 81]:

khcw

√
n2g (λ) −n

2
m = mπ (48)

where m is an integer number, nm is the modal index (slightly less
than 1 for the fundamental mode), hcw is the core wall thickness,
k = 2π/λ is the vacuum wavevector and ng(λ) is the wavelength-
dependent refractive index of the glass. By proper adjustment of the
parameters during drawing of the fiber, the wall thickness can be ad-
justed so that the loss bands are furthest away from the wavelength
of interest.
Recent experiments on nonlinear spectral broadening in gas-filled
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Figure 16: Scanning electron micrographs (SEMs) of the investigated fibers.
(a) SEM of fiber sample A. (b) Close-up of the core structure of
fiber A with core-wall thickness measurements. The core diame-
ter (measured flat-to-flat) is ≈ 19 µm. (c) Similar close-up for fiber
B, with flat-to-flat core diameter of ≈ 20 µm. SEM images were
provided by the Max Planck Institute for the Science of Light,
Erlangen.

hollow core Kagomé-style PCF have shown that these fibers are able
to guide ultrashort pulses of UV light with losses of order 3 dB/m
[89]. Other experiments have demonstrated single-mode beam qual-
ity in Kagomé-PCF. Additionally, finite element simulations indicate
that the light-in-glass fraction in these fibers is typically < 0.01 % [90],
which circumvents the problem of UV-induced long-term damage in
the glass. Recently a Kagomé-PCF with 2 dB/m loss at 355 nm was
demonstrated, but due to the relatively large core diameter (≈ 30 µm)
it was highly multimode [91]. Kagomé-PCF can be made effectively
single-mode by decreasing the core size until higher-order modes
have significantly higher propagation losses than the fundamental
mode. Since in Kagomé PCF the loss is expected to depend strongly
on variations in the core wall thickness, we investigated fibers with
different core wall thicknesses for single mode guidance of light at
280 nm as described in the following.

4.2 characterization of pcfs

The investigated PCFs were drawn in the group of Philip Russell at
the Max Planck Institute for the Science of Light. The output of the
fibers with core diameter larger than 20 µm was interspersed with
contributions of higher order modes. For two fibers with a core di-
ameter of D ≈ 20 µm, effectively single mode guidance was observed.
Scanning electron micrographs (SEMs) of the structures of these two
fibers are displayed in Figure 16.
Careful analysis of the SEMs show that for the first fiber (fiber A

in the following) the core wall thickness hcw varies over the range
240± 20 nm, whereas for the second fiber (fiber B) it varies over the
range 205± 15 nm. For the characterization of the UV guiding prop-
erties of the two fibers, the frequency quadrupled output of a fiber
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Figure 17: Fiber test setup. After mode cleaning the beam shape with a
20 µm pinhole a telescope with a magnification of 0.75 is used for
mode matching into the PCF. Abbreviations: λ/2: half waveplate;
GP: Glan Polarizer.

laser at around 280 nm was used. After the second doubling cavity
the beam was extracted from the setup providing an output power of
approximately 4 mW after spatial filtering. Since more output power
was desired for the long-time test, the second laser in our setup usu-
ally used for the coherent control, driving the 2S1/2 → 2P3/2 tran-
sition, was used. This laser provides an output power of more than
20 mW at a wavelength of around 280 nm after mode cleaning.
A schematic of the fiber test setup is displayed in Figure 17. After

the second frequency doubling cavity, the beam is extracted from the
experimental setup and focused onto a pinhole with a diameter of
20 µm. After collimation, using a lens with a focal length of 100 mm,
a Glan polarizer is used to assure linear polarization in front of the
fiber. The beam is then focused onto the fiber end using a lens with
a focal length of 75 mm. This results in a beam diameter of approx-
imately 15 µm, matched to the mode field diameter (MFD ≈ π

4D,
where D is the core diameter) of the Kagomé PCF [92].

4.2.1 Characterization of the output modes of the fibers

The robustness of the single-mode guidance was tested by monitor-
ing the output beam profile while translating the input coupling
beam across the input facet of the fiber. Little evidence of higher-
order modes was observed (Figure 18). We note that in Ref. [91] the
350 nm light output from a fiber with 30 µm core diameter showed a
highly multimoded pattern. The Kagomé-PCFs considered here are
effectively single-mode due to a smaller core diameter (≈ 20 µm).
Therefore higher-order modes experience larger propagation losses,
which means that the fibers act as mode-cleaners.
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Figure 18: Measured near-field intensity profiles. The output profiles of
fiber A were measured for different transverse positions of the in-
put beam. The coordinates refer to the horizontal and vertical dis-
placements (in µm) of the focused laser spot from the core center.
The intensity profiles are not perfectly symmetrical with respect
to off-center displacements; this could both be due to asymmetry
in the fiber structure as well as because the transverse position
could not be controlled to better than ≈ 1 µm
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Figure 19: Attenuation and bending loss measurements. (a) Cut-back loss
measurement for fiber A (red) and fiber B (blue) at a wavelength
of 280 nm. The dB scale is normalized so that 0 dB corresponds
to the transmitted power without the fiber. The linear fits corre-
spond to a loss of 2.9 dB/m (red, fiber A) and 0.8 dB/m (blue,
fiber B). (b) Bending loss measurements for fiber A for bending
radii of 1.6 cm (red) and 4.0 cm (blue). The linear fits correspond
to 2.7 dB/m (red) and 2.9 dB/m (blue) for the two different bend
radii.

4.2.2 Loss, bending, and polarization properties

The loss of the fiber was measured using the cut-back technique, with-
out changing the fiber in-coupling and keeping the fiber as straight as
possible to minimize bending loss. The results are shown in Figure 19

a). As described in Section 4.2, fiber A had a measured core-wall
thickness in the range ≈ 220 − 260 nm (Figure 16), and yielded a loss
of ≈ 3 dB/m, whereas for fiber B the measured loss was ≈ 0.8 dB/m
for a core-wall thickness in the range ≈ 190 − 220 nm. As shown in
finite element method FEM simulation performed by the group of
Philip Russell [76], there is a strong sensitivity of the loss resonances
to the core wall thickness. Azimuthal asymmetry of the core walls
and their expected variation along the actual fiber therefore do not
allow a direct quantitative comparison between experiment and sim-
ulation. However, the measured losses are compatible with the sim-
ulated ones. In particular, the fiber with smaller core-wall thickness
exhibits lower losses, since the mean core wall thickness is further
away from the main loss resonance around hcw = 255 nm. Several
mW of power at 280 nm were transmitted, typically ≈ 50 % of the
launched power for fiber A (≈ 1 m fiber length) and ≈ 70 % for fiber
B (≈ 1.3 m length). Bending was found to cause large variations in
the transmitted power, probably due to enhanced leakage into the
cladding and coupling to high-loss higher-order modes. However, we
found no bending loss-induced degradation in transmission for fibers
which were kept either straight or at bend-radii larger than 20.0 cm.
To quantify the bend-sensitivity for smaller bending radii, the output
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Figure 20: Polarization measurements. Polarization dependence of the nor-
malized output power (a) for a 4 m (orange and yellow) and a
1 m (red) piece of fiber A. Between the two measurements of the
4 m piece of the fiber the whole fiber was turned by 4

◦. (b) com-
parison of fiber A and fiber B with different core wall thickness;
red: fiber A, blue: fiber B.

power was measured while winding fiber A around a mandrel. The
transmitted power exhibited strong fluctuations depending on the ex-
act position and twist of the fiber. We believe that this additional loss
is caused by geometrical deformation during bending of the fiber. To
minimize this effect, the output power was recorded while rearrang-
ing the fiber and the maximum measured power was used to derive
the bending loss. A fit to the relative transmission for different num-
bers of wrapping turns led to a loss of 2.9 dB/m for a bending radius
of 1.6 cm and a loss of 2.7 dB/m for a bending radius of 4.0 cm as
shown in Figure 19 b). The similarity of these values might be due to
different remaining contributions from the loss caused by geometrical
deformation and the associated enhanced leakage into the cladding.
A more elaborate method excluding this additional loss would be nec-
essary to resolve this issue.
It was also found that the transmission depends on the polarization

state of the light. This is normally not expected in Kagomé-PCFs with
perfect six-fold symmetry, but as discussed above, the loss is sensitive
to nm-scale variations in core-wall thickness. Azimuthal variations
in core-wall thickness can therefore result in polarization-dependent
loss. In Figure 20 a) the normalized transmission along 4 m (yellow
and orange) and 1 m (red) lengths of fiber is plotted, while varying
the linear input polarization. For the 4 m piece of fiber A we find
≈ 50 % (0.8 dB/m) difference in output power between orthogonal
input polarizations, wheras for the 1 m length of the same fiber there
is a maximum difference of ≈ 20 % (1.0 dB/m). We verified that this
effect was really due to the structure of the fiber by rotating the 4 m
piece of the fiber in the setup. As shown in Figure 20 a) this just ro-
tated the shape of the polarization dependence, supporting that the
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Figure 21: Long-time transmission measurement. Relative transmitted
power in the Kagomé-PCF over time when 15 mW of 280 nm CW
light is coupled into the fiber.

effect was indeed due to the structure of the fiber. We further com-
pared two different fibers with different core wall thicknesses in Fig-
ure 20 b). There is a maximum≈ 20 % (1.0 dB/m) difference in output
power between orthogonal polarizations for fiber A, and a maximum
≈ 10 % (0.5 dB/m) difference for fiber B. Given the high sensitivity of
loss on the core-wall thickness, the observed ≈ 10 − 20 % variation in
transmission is compatible with the observed azimuthal asymmetry
in core-wall thickness (Figure 16 b), c)). This is supported by the even
stronger polarization dependent loss for the 4 m long fiber. Other
asymmetries in the structure (e.g. small variations in core-wall length)
could also play a role.

4.2.3 Long-time transmission measurement

As mentioned in the introduction, there is a demand for optical fibers
that can deliver UV light with high beam quality without degrada-
tion due to UV-induced damage to the glass core. FEM calculations
indicate that less than 0.01 % of the light in a perfect Kagomé-PCF

is guided in the glass [90], which suggests that UV-induced damage
should be largely eliminated. To investigate this, 15 mW of 280 nm
CW light was launched into fiber A and the transmission monitored
continuously over time. As shown in Figure 21, there are no signs of
UV-induced damage over the 14 hours of continuous measurements.
We additionally made experiments in which the Kagomé PCF was left
to transmit around 50 % of more than 15 mW input UV light for alto-
gether more than 100 hours. Within the measurement error we could
not detect a change in the transmission over this time period.
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a) b)

Figure 22: Beam profile with and without fiber. a) The AOMs in the optical
setup distort the beam profile, which leads to an additional inten-
sity gradients across the beam profile. b) The Kagomé PCF cleans
the profile to a near-Gaussian transverse mode shape.

4.3 application

In order to study the applicability of the fiber in trapped ion exper-
iments, an intensity stabilization set-up was implemented. The ends
of two 1.2 m long pieces of fiber B were fixed with adhesive tape in
V-grooves of an aluminum block. The fibers were used to replace two
periscope systems that connected two stacked platforms. The beam
was widened to a waist of approximately 0.7 mm (1/e radius) using
a telescope and then focused down using a lens with a focal length
of 75 mm. With this simple setup, we achieved typically more than
50 % transmission through both fibers using approximately 6 mW of
input power. The distance from the output face of the fibers to the
trapped ion was kept as short as possible to minimize residual point-
ing fluctuations. The distance was approximatly 50 cm, limited by the
distance of the vacuum windows from the trap and the needed op-
tical setup for intensity stabilization. As mentioned above, pointing
instabilities lead to intensity fluctuations at the position of the ion and
can therefore limit the laser control of its internal state. As described
in Section 3.3, we use a setup of several AOMs to bridge the frequency
difference between the two qubit states for the coherent manipula-
tion of the 25Mg+ ions. Since no single-mode fibers were previously
available at a wavelength of 280 nm, the original setup consisted of
free-space beam-paths more than 5 m long. Air turbulence and small
vibrations of mirrors as well as other optical components led to no-
ticeable pointing fluctuations at the position of the ion.
Furthermore, the AOMs distorted the beam shape, which caused

additional intensity gradients across the beam profile as shown in
Figure 22. These distortions arise from the limited size of the trans-
ducer that creates the sound wave and additional thermal effects [93].
We minimize thermal effects during the sequence by supplying addi-
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tional RF pulses to the AOMs at the end of the sequence to keep their
temperature as constant as possible. After the AOMs, the two Raman
laser beams were cleaned to a near-Gaussian transverse mode shape
using the hollow core Kagomé-PCFs discussed here. This effectively
turns beam pointing fluctuations before the fiber into intensity fluctu-
ations after the fiber. After the fiber, the intensity was stabilized using
an electronic control loop. The effect of beam-pointing fluctuations
was investigated by measuring the contrast of laser-driven coherent
internal state oscillations both with and without a Kagomé-PCF. To
this end we recorded the internal state of the ion after coupling the
two hyperfine states via the Raman lasers for different pulse dura-
tions (Rabi flopping). The excitation probability is determined by av-
eraging the result of approximately 250 repetitions of the experiment
per Raman interaction time. If the position of the laser beam and
therefore the light intensity on the ion fluctuates, the Rabi frequency
(which is a function of the laser intensity) will change between sub-
sequent experiments. During the averaging process this results in a
reduction of the measured Rabi oscillation contrast (see Figure 14),
which can be described as a damped oscillation of the ground state
population [94]:

P|↓〉(t) =
1

2

[
1+ e−γt cos (Ω0t)

]
, (49)

where Ω0 is the mean Rabi frequency, γ = ΓΩ20/2 the decay rate of
the Rabi oscillations, and Γ a scale-factor for the intensity noise. Com-
peting effects that reduce the Rabi oscillation contrast further are the
motional excitation of the ion in the trap due to its non-zero tem-
perature, and off-resonant scattering of the Raman beams [95]. Off-
resonant scattering is not a fundamental limitation, since it can be
mitigated by detuning the Raman resonance further from the atomic
transition. Preparation of the ion close to the motional ground state of
the |↓〉-state via Raman sideband cooling [65] at the beginning of each
experimental cycle, eliminates the influence of motional excitation on
the Rabi-flopping contrast. After cooling to a mean motional excita-
tion of n̄ = 0.02± 0.02, we applied the Raman coupling for different
pulse durations while actively stabilizing the intensity of the Raman
lasers using a sample-and-hold intensity stabilization circuit.



4.3 application 45

0 20 40 60 80 100
0

0.2

0.4

0.6

0.8

1

|
-ñ
st

at
e 

p
o
p
u
la

ti
o
n

¬

Raman interaction time ( s)m

g ±= 4.1 0.1 ms
-1

¬

0 20 40 60 80 100
0

0.2

0.4

0.6

0.8

1

Raman interaction time ( s)m

|
-ñ
st

at
e 

p
o
p
u
la

ti
o
n g ±= 8.5 0.6 ms

-1

b)

a)

Figure 23: Measured Raman Rabi oscillations. Raman Rabi oscillations (a)
without Kagomé-PCF and (b) with Kagomé-PCF in the set-up. The
decay rate is extracted from a fit to Equation (49) and the mean
value over 7 measurements is displayed in the corresponding
graphs. The residual decay is dominated by off-resonant excita-
tion from the Raman lasers due to the limited Raman detuning
of ≈ 9.2 GHz. Errorbars are on the order of 3 % and are omitted
for clearity.

Figure 23 shows experimental data for the Rabi flopping curves
with and without the Kagomé-PCF, together with a corresponding
fit according to Equation (49). The extracted dephasing rate γ is av-
eraged over 7 different measurements in each configuration, where
one of the 7 measurements is displayed in Figure 23. The result-
ing weighted average of the decay rates is 4.1± 0.1 ms−1 with, and
8.5± 0.6 ms−1 without the Kagomé-PCF in place, respectively. The
relatively strong residual decay is dominated by off-resonant exci-
tation of the ion to the electronically excited 2P3/2 state, due to the
limited Raman detuning of ≈ 9.2 GHz. As shown in Section 3.3.1,
the measurements of off-resonantly coupled internal state of the ion
yielded the decay rates of the two states γ|↓〉 = 1.1± 0.1 ms−1 and
γ|↑〉 = 4.4± 0.4 ms−1, which are comparable with the residual de-
phasing rate of the Rabi oscillation with the Kagomé-PCF in the set-
up (see Figure 23 b)). Further investigations at a larger Raman detun-
ing would be necessary to determine the ultimate limit of residual
Rabi frequency fluctuations. The experimental results indicate that
Kagomé-PCF can significantly reduce one of the dominant errors in
coherent manipulation of trapped ions [75]. An additional advantage
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of adding the Kagomé-PCF to this type of setup for trapped ion exper-
iments is that any realignment of the beam-path before the fiber does
not shift the focal position on the ion, which is typically cumbersome
to achieve in free-space set-ups.

4.4 conclusions and outlook

In this chapter we investigated the applicability of Kagomé-style pho-
tonic crystal fibers for transmission of UV radiation. We showed that
Kagomé-PCFs are able to guide several mW of UV radiation in a single
mode fashion with losses below 1 dB and with no additional loss due
to bending for typical bend radii larger than 20.0 cm. Additionally we
showed, that unlike in solid-core fibers, there is no perceptible drop
in transmission due to UV-induced damage, even after 100 hours of
operation at 15 mW.
Furthermore, in this chapter we showed that the Kagomé PCF mounted
in a simple setup and without additional treatments can be used to
significantly reduce beam pointing fluctuations and serve as an align-
ment tool for large optical setups, as the output facet of the fiber is
fixed with respect to the ion’s position.
The performance of the fibers may be further improved by shap-
ing the core differently to optimize the core surround during the
fiber fabrication process, instead of having a hexagonal shape. Recent
experiments on hypocycloid core shaped hollow-core Kagomé PCF

show transmission in the infrared and the optical regime with loss
of 17 dB/km at 1064 nm [96]. This reduction in loss can be explained
by a reduced spatial overlap of the core field and the silica-surround,
which is mainly responsible for the loss of these fibers.
An alternative approach to provide single mode fibers in the UV

regime was recently reported and is based on hydrogen-loading of
a solid-core photonic crystal fiber [97]. Large mode area fibers were
used to achieve a relatively low optical power density in the core and
provide the guidance of only a single mode. The effect of UV solariza-
tion [98] was reduced by exposing the fiber to high pressure hydrogen
and subsequently illuminating the fiber with UV radiation. The UV ra-
diation forms color centers in the glass, that react with the hydrogen.
This reaction deactivates the color centers or shifts their resonance
frequency. This prevents the degradation of the fiber and reduces its
attenuation in the wavelength range from 200 nm to 400 nm. These
fibers provide a low bending sensitivity and a comparable loss to the
Kagomé fibers presented in this chapter. However, the Kagomé PCF

may be advantageous for high power or pulsed laser applications
since the light is guided in air for the Kagomé PCFs presented here,
whereas the radiation in the hydrogen loaded fibers is still guided in
glass.



5
M O T I O N A L S TAT E I N D E P E N D E N T T R A N S F E R
U S I N G S T I M U L AT E D R A M A N A D I A B AT I C
PA S S A G E

In this chapter we investigate the stimulated Raman adiabatic passage
(STIRAP) technique to transfer population between two electronic lev-
els independent of the ions’ motion. In the spectroscopy technique
described in Chapter 6 we use the STIRAP technique to detect the
residual motional ground state population after motional excitation.
To do so, we use a red sideband pulse that transfers all the population
that is not in the motional ground state to an electronic excited state.
Here, the coupling between electronic levels depends on the specific
motional state of the ion in the trap (see Section 2.4). The signal ob-
tained from PRS is based on motional excitation of a common normal
mode of the ions, leaving the motional state of the ion distributed over
several trap levels. Under these conditions, it is not possible to imple-
ment a π pulse for all motional states simultaneously. Consequently,
we need a technique that is independent of the coupling strength,
to ensure efficient transfer between the electronic levels. This is the
case for adiabatic transfer schemes. Here the population inversion
between two levels is achievable as long as the adiabatic theorem is
fulfilled. This theorem was first proven by Max Born and Vladimir
Fock in 1928. It states that [99]:

If a physical system is initialized in a specific quantum state and it
is changed adiabatically, the transition probability to another state

of the system is infinitely small.

Adiabatic means that the total energy of the system, which is de-
scribed by the time dependent Hamiltonian, varies slowly in time
compared to the energy gap between the eigenstates. Thus, a prepara-
tion process obeying this theorem can be used to transfer population
between atomic states. The general idea is to use laser fields to create
new eigenstates of the coupled laser-atom system. Then, these eigen-
states are rotated adiabatically, with respect to the bare atomic state
basis, from the initial to the target state. As long as the rotation is
slow compared to the energy gap between the states, the system will
stay in its eigenstate and the population is transferred between the
two atomic states. Adiabatic passage was first demonstrated in nu-
clear magnetic resonance experiments, where the nuclear magnetic
moment of atoms in a solid were controlled using oscillating mag-
netic fields [100]. Later, adiabatic techniques have been demonstrated
in atomic and molecular systems using laser pulses [101, 102, 103]. A
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detailed review of adiabatic processes used to control populations in
atoms and molecules can be found in references [104, 105].
In trapped ion systems dominantly two techniques were investigated,
namely the rapid adiabatic passage RAP [106] and the stimulated Ra-
man adiabatic passage [40] (STIRAP) technique. In the RAP technique a
frequency and amplitude chirped pulse is used to tailor the dynamics
of the dressed state used for the transfer of population between the
two atomic states. In the experiment, the time dependence of the in-
tensity has a Gaussian shape, whereas the frequency is varied linearly
in time. The STIRAP technique, on the other hand, employs delayed
pulses for the transfer. Additionally, in a trapped ion system the ma-
nipulation of motional states using RAP on sideband transitions was
demonstrated [107]. Here we present for the first time theoretical and
experimental studies of the STIRAP transfer using sideband transitions
and show the applicability of the technique to efficiently detect the
residual groundstate population of a motionally excited ion.
This chapter is structured as follows. The next section provides an in-
troduction to the STIRAP theory followed by a short description of the
density matrix simulations and the experimental implementation in
section Section 5.2. Afterwards, the simulated results are used to de-
scribe the transfer process and experimental parameters for efficient
transfer in our setup are derived and compared to measurements. Af-
ter optimizing the parameters, the main result, the motional indepen-
dent transfer, is investigated in Section 5.3.2. Afterwards, the transfer
efficiency of the STIRAP process is compared to the π pulse technique
in Section 5.3.3. The chapter ends with a discussion of the results.

5.1 stirap theory

In the following, we investigate the population transfer between two
energy states of an atom using the stimulated Raman adiabatic pas-
sage (STIRAP) technique. The technique can be described considering
the Hamiltonian of a three level system coupled to two light fields
in the rotating wave approximation (see Equation (38)). As in chapter
Section 2.5, the laser coupling the |1〉 and the |3〉 state is called the
pump laser and the laser coupling the |2〉 and the |3〉 state is called
the Stokes laser. For the technique we introduce time dependent cou-
plings Ωp(t), Ωs(t) between the energy levels, shown together with
the corresponding energy diagram in Figure 24. The dynamics of the
system can be described in the eigenbasis of the Hamiltonian, but the
derivation of the eigenvalues and the eigenvectors of the Hamiltonian
is not trivial. Explicit and case sensitive expressions of the eigenval-
ues and eigenvectors are given in reference [108]. For the relevant case
in our system, where we assume two photon resonance ∆p = ∆s = ∆,
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Figure 24: STIRAP pulse sequence. a) Three level atom together with the
coupling laser Rabi frequencies Ωp and Ωs. b) Time dependence
of the Rabi frequencies normalized to their maximum value. Ad-
ditionally the pulse length is defined as the full width at half
maximum and the delay of the two pulses is defined, as the se-
paration of the Rabi frequency maxima.

the eigenvalues of the Hamiltonian can be derived and dividing by  h,
the corresponding eigenfrequencies are given by:

ω0 = 0,

ω+ =
1

2

(
∆+

√
∆2 +Ω2p +Ω

2
s

)
,

ω− =
1

2

(
∆−

√
∆2 +Ω2p +Ω

2
s

)
.

(50)

Furthermore, the energy eigenstates of the coupled atom-light-system
are given by:

|a0〉 = cosΘ |1〉− sinΘ |3〉 ,
|a+〉 = sinφ sinΘ |1〉+ cosφ |2〉+ sinφ cosΘ |3〉 ,
|a−〉 = cosφ sinΘ |1〉− sinφ |2〉+ cosφ cosΘ |3〉 ,

(51)

where the so-called mixing angles Θ and φ are related to the Rabi
frequencies and the detuning of the coupling lasers from the upper
state as follows:

tanΘ =
Ωp

Ωs
, (52)

tanφ =

(
Ω2p +Ω

2
s

)1/2(
Ω2p +Ω

2
s +∆

2
)1/2

+∆
. (53)

The eigenstates of the Hamiltonian are called the dressed states of
the combined matter-field-system, or in the context of STIRAP, the
adiabatic states. In the experiment we use the Raman beam config-
uration described in Section 3.3 for the STIRAP sequence where the
beams are detuned by 9.2 GHz from the excited state |2〉. The reso-
nant Rabi frequencies of the two beams are approximately 43 MHz.
Therefore, ∆ � ΩP,ΩS and the mixing angle φ becomes 0, leading
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Figure 25: Eigenenergies and basis of the dressed states. Dressed state ba-
sis for a) the beginning and b) the end of the STIRAP sequence.
c) Time evolution of the eigenenergies of the dressed states. The
energy of state |a+〉 is separated by the detuning from the other
two states, which are split by the applied laser field.

to tanφ→ 0 according to Equation (53). Then the eigenvectors of the
system simplify to:

|a0〉 = cosΘ |1〉− sinΘ |3〉
|a+〉 = |2〉
|a−〉 = sinΘ |1〉+ cosΘ |3〉

(54)

For the discussion of the transfer process, we plot the eigenenergy val-
ues of the system using the STIRAP sequence displayed in Figure 24.
Additionally, the dressed state eigenvectors with respect to the bare
state basis are shown for the beginning and the end of the STIRAP

sequence in Figure 25. The basic principle of the transfer can be un-
derstood from the eigenstate equations Equation (54), the pulse se-
quence shown in Figure 24, and the eigenenergies. At the beginning
of the sequence, only the Stokes laser field interacts with the atom
and the adiabatic state |a0〉 is aligned parallel to the initially popu-
lated electronic ground state |1〉. Due to the presence of the Stokes
laser field, the initially degenerate energies of the system ω− and ω0
are split due to the ac stark effect. As long as this energy splitting is
large compared to the change of the total energy of the system, no
transition to other states will occur and the system stays in its instan-
taneous eigenstate, as stated by the adiabatic theorem. By ramping
the strength of the relative couplings between the three states such
that only the pump laser induces a significant coupling at the end
of the sequence, we can change the mixing angle Θ from 0 to π/2
("counterintuitive" pulse sequence). Doing so, we rotate the dressed
state basis with respect to the bare state basis by 90

◦, which means
rotating |a0〉 from |1〉 to − |3〉 around |2〉, as shown in Figure 25 a) and
b). If adiabaticity is maintained during the process, the population
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Figure 26: Time dependence of the adiabatic criterion The couplings (left
side of Equation (57), red) and the energy (right side of Equa-
tion (57), blue) are shown for a fixed pulse length of 100 µs and
(a) a delay time of 30 µs, (b) a delay time of 80 µs and (c) a delay
time of 130 µs.

will stay in the eigenstate |a0〉 and will follow the rotation, transfer-
ring it from the bare state |1〉 to state |3〉 without populating state |2〉.
Here we can see that the transfer is also possible if the pump and the
Stokes lasers are resonant with the one photon transitions, although
state |2〉 has a short lifetime. This is one of the salient features of the
STIRAP process discussed in the literature, which is not possible us-
ing other coherent manipulations techniques. From Equation (54) we
can see that in the far detuned case we can use the "intuitive" pulse
sequences as well to transfer the population, i. e. pump pulse pre-
ceding the Stokes pulse. For this case, the eigenstate |a−〉 is aligned
parallel to |1〉 at the beginning of the sequence and is then rotated to
|3〉. As mentioned above, the adiabatic criterion has to be fulfilled in
the STIRAP sequence, i.e. the energy splitting must be larger than the
couplings between the states [102, 109]:

〈a0| d
dt

|a±〉 �
∣∣ω± −ω0

∣∣ (55)

The left side of the equation can be evaluated and it reads for the two
states |a±〉:

〈a0| d
dt

|a+〉 = 0,

〈a0| d
dt

|a−〉 = −Θ̇ =
Ω̇pΩs −ΩpΩ̇s
Ω2p +Ω

2
s

(56)

Here we see that transitions to state |2〉 are not allowed due to the
large detuning. We now insert the second equation in Equation (55)
and get:

Ω̇pΩs −ΩpΩ̇s
Ω2p +Ω

2
s

�
∣∣ω± −ω0

∣∣ (57)

We get a time dependent adiabatic criterion which is plotted for three
cases, i.e. for a pulse length of 100 µs and a delay time of 30 µs, 80 µs
and 110 µs in Figure 26. We see that, in the case of long delay times,
the adiabatic criterion is not fulfilled in between the two pulses. In
contrast, if short delay times are used, the adiabatic criterion is not ful-
filled at the beginning and the end of the pulse sequence. This means
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that transitions between the adiabatic states 〈a0| and 〈a+| may occur
for these cases. At the time in between the two pulses adiabaticity can
be obtained by either using long pulses or choosing a short delay. But,
as shown in Figure 26, the adiabatic criterion is not fulfilled for small
delay times at the beginning and the end of the sequence. Therefore,
transitions between |a0〉 and |a−〉 occur, leaving the ion in a superpo-
sition of state |a0〉 and state |a−〉, when the adiabatic criterion starts
to be fulfilled and thus hindering complete population inversion.
As we have seen in this section, there is a certain parameter regime
where adiabatic transfer is possible. To determine appropriate experi-
mental parameters, where the population transfer is efficient, we have
performed density matrix simulation and implemented the technique
experimentally, as described in the following.

5.2 stirap simulation and implementation

5.2.1 STIRAP simulation

We used the density matrix formalism to perform numerical simu-
lations and determine the parameter regime for efficient population
transfer using the STIRAP process. Therefore, we integrated the master
equation numerically and derived the time dependence of the atomic
state populations. In general, the master equation can be expressed
as:

dρ

dt
= Lρ. (58)

Here L is the Liouvillian operator. Our qubit states |1〉 and |3〉 are mag-
netic sub-states of the hyperfine splitted ground state of the 25Mg+

ion and spontaneous emission from these long-lived states is neglected
in the simulation. The detuning of the lasers with respect to the ex-
cited |2〉 state is 2π · 9.2GHz and, as discussed in Section 3.3, the off-
resonant scattering rates are on the order of 1.1 ms−1 and 4.4 ms−1

for the two hyperfine ground states. This off-resonant scattering de-
stroys the coherence between the atom and reduces the detected sig-
nal. However, this effect is small and since the consideration of off-
resonant scattering increases the complexity of the simulation exces-
sively, we neglected this effect in the simulations. In this case the time
evolution of the system can be described by a Hamiltonian H and the
Liouvillian acts on the density matrix as follows:

L = −i [H, ρ] = −i (Hρ− ρH) (59)

The quantized motion of the ion in the trap is included in the simu-
lations as the tensor product of the electronic and the harmonic trap
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levels:

|ψ〉 = |e〉 ⊗ |n〉 (60)

where |e〉 and |n〉 describe vectors containing the electronic levels and
the trap levels, respectively. This way, we are able to simulate carrier
as well as sideband transitions. The time dependence of the STIRAP

process is incorporated by time-dependent Rabi frequencies in the
Hamiltonian, where for the simulation a Gaussian pulseshape was
assumed. The parameters of the pulses are defined as:

Ωs(t) = Ωs,max · exp

(
−
(t− ts)

2

2t2width

)

Ωp(t) = Ωp,max · exp

(
−
(t− tp)

2

2t2width

)
,

(61)

where we define tpl = 2
√
2ln2 · twidth as the pulse length. Furtheron,

the tp,s are the centers and theΩp,max andΩs,max are the maximum
Rabi frequencies of the two pulses. Additionally, we denote the delay
between the pulses as tdelay = ts − tp.
All the simulations presented in the following were performed using
the quantum optics toolbox in the Matlab programming language
[110]. Here the density matrix formalism is used to integrate the mas-
ter equation. Because the Hamiltonian of the system is time depen-
dent, the solver "solvemc" is used. This program performs a direct
integration of the master equation to calculate the density matrix ρ
for consecutive times. More details of this procedure can be found in
[111].

5.2.2 Experimental implementation of the STIRAP sequence

In order to compare the simulated with the experimental results we
fitted a Gaussian function to the measured pulses. The measured
pulse length of the π Raman beam is around 12 % shorter than the
pulse length of the σ beam, due to technical imperfections. Therefore
we derive an effective pulse length (mean of the Gaussian full width
at half maximum FWHM) from the fit and measured the effective de-
lay time of the two pulses. These values, which were ranging from a
few to two hundred microseconds, are used to compare the measured
data to the simulations.
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Figure 27: Measured STIRAP sequence. Time evolution of the laser inten-
sities of the two Raman beams measured with a photodiode. For
comparison fits to Gaussian-shaped pulses are displayed.

5.3 stirap results

5.3.1 Characterization of the STIRAP transfer

In the following, we use the simulation results to investigate the in-
fluence of the delay of the two laser pulses for a fixed pulse length of
100 µs for carrier transitions.
We see that both pulse orders, pump preceding Stokes and vice versa,
are able to transfer all the population from the initial to the final state.
This behavior is a result of neglecting spontaneous emission in the
simulation, justified by the large detuning. This is in contrast to the
resonant STIRAP process, where during the intuitive pulse order (i.e.
pump pulse precede Stokes pulse), the upper state |2〉 gets signifi-
cantly populated and due to its short lifetime decays, which destroys
the coherence between the atom and the lasers. For the counterintu-
itive pulse order (i.e. Stokes pulse precede pump pulse) even in the
resonant case the state |2〉 is not populated and complete population
transfer is possible. As can be seen in the lower part of Figure 28, for a
delay time of 26 µs, the transfer process consists of two contributions,
one oscillating and one adiabatic part. For this pulse length the adi-
abatic criterion is not fulfilled at the beginning of the sequence and
the time evolution can be understood as a superposition of Rabi oscil-
lations, which is the transfer mechanism for the case of overlapping
pulses (zero delay time), and an adiabatic part of the population trans-
fer, which is the case for an appropriately chosen delay time (shown
in Figure 28 c))). In this regime the population transfer strongly de-
pends on the pulse length of the two Raman beams. For a delay time
of 80 µs we see adiabatic transfer where the population is transfered



5.3 stirap results 55

−200 −100 0 100 200
0

0.2

0.4

0.6

0.8

1
a)

delay time (µs)

|↑
〉−

st
at

e 
po

pu
la

tio
n

0 100 200 300 400 500
0

0.2

0.4

0.6

0.8

1
b)

time (µs)

|↑
〉−

st
at

e 
po

p.
 / 

R
el

. R
ab

i F
re

q.

0 100 200 300 400 500
0

0.2

0.4

0.6

0.8

1
c)

time (µs)

|↑
〉−

st
at

e 
po

p.
 / 

R
el

. R
ab

i F
re

q.

0 100 200 300 400 500
0

0.2

0.4

0.6

0.8

1
d)

time (µs)

|↑
〉−

st
at

e 
po

p.
 / 

R
el

. R
ab

i F
re

q.

Figure 28: Simulated delay time dependence for the STIRAP sequence.
a) Final state population as a function of delay time of the two
STIRAP pulses for a fixed pulse length. The colored bars indicate
the fixed delay times for which the time evolution of the pop-
ulation transfer is displayed in b) 26 µs, c) 80 µs, d) 136 µs. In
the background of the plots for the time evolution the pulses are
displayed (dashed lines, orange: Stokes laser, blue: Pump laser).
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Figure 29: Scan of the delay time between the two STIRAP pulses. For the
measurements the ion was initialized in the ground state and the
laser was driving a carrier transition. The plotted line is a moving
average of the data and is added to guide the eye.

almost completely from state |1〉 to |3〉, whereas for a delay time of
136 µs the overlap of the pulses is too small, so that the transfer is
incomplete.
We investigated the delay time dependence of the population exper-

imentally for the same pulse length for a carrier transition with the
ion initialized in the motional ground state, see Figure 29. Here we
see that for the counter-intuitive pulse order, the maximum transfer
is on the order of 80 %, limited by offresonant excitation. In contrast,
the transfer efficiency reaches only 70 % for the intuitive pulse order.
This can be explained by the off-resonant couplings involved during
the different pulse orders: At the beginning of the sequence the ion
is initialized in the |↓〉 state and the σ+ polarized Raman beam can
only couple off-resonantly to the cycling transition. For this coupling
the state is not changed during one excitation/spontaneous emission
process. In contrast, for a π polarized beam this process may lead to
a change of the atomic state, hindering the subsequent STIRAP trans-
fer. For the population in the |↑〉 state, which is the atomic state at
the end of the sequence, the off-resonant coupling of both lasers is
on the same order leading to a comparable depumping. Altogether,
this leads to a reduced transfer efficiency for the intuitive pulse order.
Therefore, the counterintuitive pulse order is used in our experiment.
Despite this reduced contrast, the measured data is in agreement with
the simulated one.
We further investigated the transfer probability with respect to the
pulse length for different delays between the pulses. For this we in-
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Figure 30: Simulated and measured transfer probability for different de-
lay scaling factors and pulse length for carrier transitions. Red
corresponds to no and blue to complete transfer. For the simula-
tions and the measurements the ion was initialized in the ground
state of motion and the pulse length was scanned for different
delay scaling factors according to Equation (62).

troduce a scaling factor s for the delay time, which is related to the
pulse length as:

tdelay = s · tpulse. (62)

To investigate the transfer efficiency in our setup, we first simulated
the transfer probability for carrier transitions with the ion initialized
in the motional ground state and compare the result with the mea-
sured transfer probability for the same parameters in Figure 30. Ex-
periment and simulation agree qualitatively and show the same effect
as in Figure 29, i.e. the transfer depends on the exact pulse length for
small delay scaling factors. The behavior can be understood as a su-
perposition of an oscillating part of the time evolution of the vector
|a−〉 and an adiabatic evolution for the population in state |a0〉. The
transfer is slightly faster in the experiment than in the simulations,
which may be due to a higher Rabi frequency used in the experiment
and the imperfect pulse shape of the STIRAP pulses. The effective Rabi
frequency of the Raman transition in the experiment was measured
to be 104 kHz, which is slightly higher than the 100 kHz assumed for
simulation. Additionally, the from the ideal pulse shape may lead to
the enhanced oscillations in the experiment, since here the pulses en-
velope is less smooth (see Figure 27). Furthermore, the off-resonant
excitation leads to a degradation of the experimental signal for longer
pulse sequences. Despite these differences, the experimental data is
in qualitative agreement with the simulations and we can identify a
region of efficient adiabatic transfer. We can also compare the experi-
mental data with simulations for the blue sideband transition. As de-
scribed in Section 2.4, the Rabi frequency for sideband transitions is
reduced by the Lamb Dicke factor, which is approximately 0.3 for our
system parameters. Therefore, we need a longer pulse length to fulfill
the adiabatic criterion and to achieve efficient transfer. As can be seen
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Figure 31: Simulated transfer probability for different delay scaling fac-
tors and pulse length on for BSB transition. Red corresponds
to no and blue to complete transfer. For the simulations and the
measurements the ion was initialized in the ground state and the
pulse length was scanned for different delay scaling factors ac-
cording to Equation (62).

in Figure 31, we can again identify a region where we have efficient
adiabatic transfer for our given laser power and detuning. For the
carrier transition we achieve the best transfer for a delay scaling fac-
tor around s = 0.7 and pulse length of larger than 50 µs, whereas for
sideband transitions smaller scaling factors and longer pulse length
are necessary. For both transitions off-resonant excitation to the ex-
cited 2P3/2-state is limiting the final transfer efficiency. But, since we
need longer pulse lengths due to the smaller coupling for sideband
transitions, while the off-resonant scattering remains unchanged, it
has a stronger effect for blue sideband transitions, limiting the trans-
fer efficiency to 85 %.

5.3.2 Motional dependence of the STIRAP transfer

After estimation of the appropriate parameters for the transfer we are
now in a position to investigate the motional dependence of the trans-
fer efficiency. This will be the main result of this chapter. Using the
simulations we investigated the transfer efficiency depending on the
motional state for the lowest 15 trap levels for carrier and sideband
transitions. Employing the red sideband transition, we are able to dis-
tinguish the ground state population as described in the introduction
of this chapter.

In Figure 32 we can see that for the carrier transition the transfer
efficiency is reduced for higher motional levels. This is due to the
decrease in coupling strength associated with higher motional levels.
For the sideband transitions, the transfer becomes more adiabatic at
higher motional levels as the coupling strength increases with the mo-
tional quantum number. In the experiment, we can not probe each of
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Figure 32: Simulated transfer probability of the population for the lowest
15 motional levels. The transfer probability is displayed for a) the
carrier and b) the red sideband transition. Fock states are used
in the simulations, where dark blue corresponds to the motional
ground state and the color gets brighter for higher motional levels
and changes from blue to green, to red and finally to yellow for
n=15.

the motional states individually. Therefore, we experimentally tested
the motional dependence of the transfer by investigating the pulse
length dependence of the transfer for the ion initialized in the mo-
tional ground state and compare it to the efficiency for the ion initial-
ized in a thermal state. As can be seen from Figure 33, the transfer for
sideband transitions is slower when the ion is initialized in the mo-
tional ground state. This is due to the fact that higher motional states
with their associated stronger couplings are involved in the transfer
when the ion is initialized in a thermal state. For pulse lengths longer
than 100 µs, the two curves for the transfer on the blue sideband over-
lap with each other. This means that if the pulse lengths of the STIRAP

sequence are chosen long enough, we can transfer the population in-
dependent of the motional state of the ion. This is exactly what we
need for the spectroscopy experiment.
Additionally, the transfer efficiency for a red sideband transition is
plotted in Figure 33 for the ion initialized in a thermal state of motion.
If we assume that for a pulse length of 120 µs the transfer is complete,
we can calculate the mean value of the transferred population for a
pulse length between 120 µs and 150 µs. For the measurement, the
difference in transferred population for the blue and red sideband
is on the order of 0.08± 0.01 This corresponds to a ground state
population of a thermal distribution with a temperature of 1.3± 0.2
times the Doppler cooling temperature in agreement with tempera-
tures measured for ion trap experiments [112].
With this investigation we showed that we can detect the residual
ground state population efficiently using a red sideband STIRAP pulse.
Additionally, the detection efficiency does not depend on the specific
motional distribution as long as the transfer for the ground state is
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Figure 33: Scan of the transfer time for a STIRAP pulse sequence The ion
was initialized in the ground state (dark blue) and a thermal state
(light blue) for a blue sideband transition. Additionally the trans-
fer is displayed for a red sideband pulse, where the ion was ini-
tialized in a thermal state (orange). The plotted line is a moving
average of the data and is added to guide the eye. For clarity the
errorbars are omitted in the graph.

complete. In contrast, the π pulse technique suffers from incomplete
state transfer for any pulse length as shown in the next section.

5.3.3 Comparison of the transfer efficiency for STIRAP and Rabi oscilla-
tions

After showing the feasibility of motional state independent transfer
we can compare the transfer efficiency of the STIRAP process with that
of using Rabi oscillations for a Doppler cooled ion. For the compari-
son, we consider the total duration of the transfer process and there-
fore need to translate the full width at half maximum (FWHM) for the
STIRAP pulses to the total duration of the transfer. We considered only
the relevant part of the pulses and cut the parts where only one laser
is switched on at the beginning and the end of the sequence. This
leads to an effective transfer time of ttrans = tFWHM+ s · tFWHM for
the STIRAP process. Here, we assumed that the power of the Gaussian
pulse does not affect the transfer for times longer than tFWHM after
the maximum of the Gaussian. In the experiment, we also cut the
pulses accordingly, reducing the effective transfer time. Here we can
see that the transfer using a Raman Rabi oscillations is faster. After
approximately 12 µs the maximum transfer efficiency of below 80 %
is reached for the blue sideband transition. This transfer is sensitive to
the system parameters, especially to variations in Rabi frequency. The
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Figure 34: Comparison Rabi and Stirap transfer for a thermal distributed
state. The transfer probability is displayed for a) the blue side-
band and b) the carrier transition. For the measurements the ion
was initialized using Doppler cooling. The plotted line is a mov-
ing average of the data and is added to guide the eye. Addition-
ally, for clarity the errorbars are omitted in the graph.

STIRAP transfer, however, is slower but reaches a transfer efficiency of
higher than 85 % for transfer times on the order of 150 µs. One should
mention here, that the transfer using STIRAP is limited by offreso-
nant excitation, which can be circumvented using a larger Raman
detuning, whereas the transfer using Rabi oscillations is fundamen-
tally limited by the different couplings betwenn the motional states.
Additionally, for the STIRAP technique the transfer is robust against
variations of the Rabi frequency. On the carrier, the stronger motional
state dependence of the Rabi frequency leads to a faster dephasing
of the Rabi oscillations, as can be seen in Figure 34 b). Therefore, the
transfer efficiency using Raman Rabi oscillations is reduced to 50 %
whereas the transfer using the STIRAP technique is still on the order
of 75 % for our system parameters. Here the transfer efficiency with
respect to the blue sideband is reduced since the Rabi frequency has
a zero crossing at a motional state of n = 15. Population in a range
around this state can not be transferred efficiently.
In summary the STIRAP technique leads to higher transfer efficiencies
for our system parameters (limited by off-resonant excitation) than
the transfer based on Raman Rabi oscillations, but the time needed
for the transfer is longer. However, the transfer time is not that critical
for our experiments since the 150 µs needed for the STIRAP process is
short compared to the total time of the spectroscopy sequence, which
is on the millisecond range, as described in the following chapter.

5.4 discussion

In this chapter we have investigated the STIRAP technique to trans-
fer population between two hyperfine states of a 25Mg+ ion. After
the determination of appropriate system parameters used for efficient
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population transfer, we explored the dependence of the transfer effi-
ciency on the motional state of the ion. There, we showed that we can
transfer the population efficiently even for an ion in a thermally dis-
tributed state. Using this result, we presented an efficient way to de-
tect the motional ground state population based on a STIRAP red side-
band pulse. This detection is robust against fluctuations of the Rabi
frequencies and does not depend on the specific motional distribu-
tion. In contrast, for the transfer using Rabi oscillations, the optimum
π time depend on the specific motional distribution, thus hindering
the determination of the motional ground state population. Further-
more a separate Raman laser system providing a larger detuning
would allow transfer efficiencies approaching 100 % for the STIRAP,
making it an appropriate tool to determine the motional ground state
population. From this, a temperature can be determined for a motion-
ally excited ion. More elaborate pulse sequences using a combination
of STIRAP red sideband and RF pulses would even allow the detection
of higher motional state populations, enhancing the accuracy of the
determined temperature. Furthermore, the technique enables us to
perform photon recoil spectroscopy with high detection efficiency, as
described in the next chapter.



6
I S O T O P E S H I F T M E A S U R E M E N T S O F C A L C I U M
I O N S

The precise knowledge of isotope shifts is desirable in different fields
of physics ranging from the search for possible changes of fundamen-
tal constants in astrophysical investigations [113] to nuclear physics.
The precise determination of the mean square nuclear charge radius
from optical isotope shift measurements serves as an important com-
plement to the investigation of nuclear properties by means of muonic
scattering and x-ray measurements [28, 29]. For example optical iso-
tope shift measurements are used to determine the presence of halo
neutrons in 11Li [7] and 11Be [6]. The standard experimental tool to
measure isotope shifts of ions is fast ion beam collinear laser spec-
troscopy, which has achieved uncertainties on the order of a few
MHz for typical transition linewidth of tens of MHz. In the last years
many new spectroscopy techniques for precision measurements of
such broad transitions were developed for trapped ions [114, 38, 115,
116, 117, 118]. These techniques have the potential to reduce the un-
certainty of the measured isotopic shift of many different species to
below 1 MHz. The techniques presented in [115, 116, 118] are vari-
ations of the laser-induced fluorescence technique, where a laser is
used to directly measure the detuning dependence of the scattering
rate of the atomic transition. Here the sensitivity is limited by poor
collection efficiencies and does not reach the sensitivity of the photon
recoil spectroscopy technique we present here. In contrast in the tech-
nique presented in [117] the loss of coherence of a superposition state
due to the scattering of photons on a transition including one of the
two involved states is measured. This technique has a high sensitiv-
ity, on average the scattering of two photons could be detected, but it
relies on the specific level structure of the spectroscopy ion, thus lim-
iting its applicability to a few species. In the cat-state spectroscopy
technique [38], where an entangled state is used to amplify the mo-
mentum kick that the ion experiences during scattering, the highest
sensitivity was achieved by the detection of a single scattering event
per experimental cycle. However, in the experiment the authors did
not perform an absolute frequency measurement or a systematic shift
analysis, whereas the PRS technique has been characterized and used
to perform an absolute frequency measurement [114].
Up to now the most accurate isotope shift measurement of trapped
ions was performed on trapped Mg+ ions in an ion chain with a
measurement uncertainty of less than 100 kHz [119]. Magnesium pro-
vides only two stable naturally abundant even isotopes. This limits

63
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the accuracy of the nuclear constants derived from the measurements
[28]. Here we present isotope shift measurements of the 2S1/2 →
2P1/2 and the 2D3/2 → 2P1/2 transitions of the stable and natural
abundant even Ca+ isotopes using photon recoil spectroscopy [114].
For the technique, a two-ion crystal consisting of the so called "logic"
ion 25Mg+ and the investigated Ca+ isotope is used.
After a brief introduction to the theory of isotope shift, the potential
problems and solutions for isotope selective loading of the different
Ca+ ions are presented in Section 6.2. In Section 6.3 the photon re-
coil spectroscopy technique used to measure the isotopic shift is de-
scribed. How the technique is extended to enable the measurement
of non-closed transitions is discussed in Section 6.4. The results of the
isotope shift measurements and a comparison to calculations is pre-
sented in Section 6.5. The chapter ends with a summary and outlook
in Section 6.7.
Parts of the following results were submitted for publication [120].

6.1 isotope shift theory

The energy difference between two electronic states of an atom de-
pends on the structure and the mass of the nucleus and varies be-
tween different isotopes. The difference of the transition frequencies
between two different isotopes is called isotope shift. The influence
of nuclear properties on atomic spectra was first investigated in the
middle of the last century and can be found in the literature, for ex-
ample in [58, 121, 122, 123]. The following discussion is based on the
description in [121].
There are two different effects contributing to the isotopic shift, namely
the field and the mass shift. For light atoms the change in mass of the
core is the dominant contribution to the isotope shift. In the center
of mass system of the atom the sum of the momenta of the nucleus
pnuc and the electrons pi is zero [121]:

pnuc +
∑

pi = 0. (63)

The kinetic energy of the system can be calculated as:

p2nuc
2M

+
1

2me

∑
p2i =

1

2M

(∑
pi

)2
+

1

2me

∑
p2i (64)

with M as the nuclear and me as the electrons mass. Thus, the part of
the Hamiltonian concerning the motion of the nucleus can be written
as:

Hnuc =
1

2M

(∑
pi

)2
. (65)
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This energy can be understood as the recoil energy due to the finite
mass of the nucleus. In the literature the mass shift is divided into
two parts [123]:

1

2M

(∑
pi

)2
=

1

2M

∑
(pi)

2 +
1

M

∑
i<j

pipj

 , (66)

where the first part is called the normal mass shift which is sometimes
also called the Bohr reduced mass correction [122, 58] and the second
one is called the specific mass shift. The specific mass shift is difficult
to calculate since it involves two-body operators of correlated electron
momenta as can be seen from Equation (66). We see that the mass shift
is proportional to the inverse nuclear mass and if we now compare
two different isotopes of mass A and A ′, we can express the change
of the transition frequency as:

δνAA
′

mass = k

(
1

A
−
1

A ′

)
= k

A ′ −A

AA ′
, (67)

where we introduced the mass shift constant k = knms+ksms, result-
ing from the normal knms and the specific ksms mass shift. The factor
containing the inverse masses of the isotopes vanishes quickly with
increasing mass and the effect becomes small for ions with large mass
numbers. Therefore, in heavy atoms another effect, namely the field
shift due to the finite size of the nucleus plays the dominant role. This
field shift arises since the core constituents, the protons and the neu-
trons, order differently when the number of neutrons in the core is
changed, leading to a change in the nuclear charge distribution. This
results in a change of the binding energies of the electrons penetrat-
ing the core and therefore alters the transition frequency. The effect is
largest for S states since the wavefunction of other states vanishes for
small distances of the electron to the core center (r → 0). To evaluate
the shift we can calculate the change in the electron energy in the true
electrostatic potential φ(r) of the field of the nucleus in comparison
to the Coulomb potential −Ze/4πε0r [121]:

∆E = −e

∫ (
φ(r) −

Z

4πε0r

)
ψ2 (r)dV , (68)

where ψ (r) is the electronic wave function and ε0 is the vacuum
permittivity. The shape of the core potential can be approximated in
a simple model assuming an uniform electronic charge density over
the size of the core, leading to a quadratic potential energy (see for
example [58]). In this model we can evaluate the integral for an S

state and get [121, 58]:

∆E =
Ze2

6ε0
|ψ (0)|2 〈r2〉. (69)
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Figure 35: Modification of the potential energy of the electron due to the
non-zero size of the core. The red line corresponds to a pointlike
core. To indicate the effect of the finite size, the potential energy
for two different core sizes is displayed: The yellow line corre-
sponds to a smaller core than the blue line. The vertical yellow
and blue lines indicate the different nuclear charge radii r1 < r2.

with ψ (0) as the electronic wave function at r = 0 and 〈r2〉 as the
mean square nuclear charge radius. It is instructive to plot the mod-
ification of the electronic potential, due to the finite size of the core.
As indicated in Figure 35 and Equation (69), the field shift increases
for large nuclear charge radii. The change of the transition frequency,
however, depends on the relative strength of the effect for the two
involved energy levels. By introducing the field shift constant F and
neglecting higher moments of the nuclear charge distribution we can
write [28]:

δνAA
′

field = Fδ〈r2〉AA ′ , (70)

and in total the isotope shift can be expressed as:

δνAA
′
= Fδ

〈
r2
〉AA ′

+ k
A ′ −A

AA ′
. (71)

For two different transitions i and i ′ it follows that [28]:

δνAA
′

i = δνAA
′

i ′
Fi
Fi ′

+
A ′ −A

AA ′
·
(
ki − ki ′

Fi
Fi ′

)
, (72)

and we can plot the modified isotope shift:

mδνAA
′

i = δνAA
′

i

AA ′

A ′ −A
, (73)

for two different transitions (i,i’) and all pairs of A and A ′ against
each other in a so called King plot [30]. The data for the different
pairs A and A ′ should lie on a straight line with slope Fi/Fi ′ and
intercept ki− ki ′Fi/Fi ′ . These values can be compared to calculations
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and check for consistency of the theoretical models used for the cal-
culations. Additionally, deviations from the linear model could lead
to unexpected results such as higher order field shifts or relativistic
effects in mass shift.
Furthermore, we can use experimental data of the nuclear charge ra-
dius for the analysis. The radius can be measured using x-ray spec-
troscopy of muonic atoms, where the transitions are strongly affected
by the size of the nuclei due to the larger mass of the muon and
the resulting high probability of presence of the muon in the core
(see [124]), or electron scattering experiments. From Equation (71) it
follows that [28]:

mδνAA
′

i = Fimδ
〈
r2
〉AA ′

+ ki, (74)

where we introduced the modified mean square nuclear charge ra-
dius:

mδ
〈
r2t
〉AA ′

= δ
〈
r2t
〉AA ′ AA ′

A ′ −A
(75)

The isotope shift can be plotted against the nuclear charge radius (cor-
responding to Fi = 1 and ki = 0) and from the slope and the intercept
the field and the mass shift constant can be extracted directly.
In a more elaborate analysis, we can combine the two techniques and
perform a multidimensional King plot analysis [125], where we use
the isotope shifts of different transitions in combination with mea-
sured changes in mean square nuclear charge radii. To account for all
experimental uncertainties we estimate the desired nuclear parame-
ters and their uncertainties from a Monte-Carlo type analysis, where
we minimize the squared distances of the isotope shifts to the fitted
line and simultaneously optimize the position of the mδ

〈
r2m
〉AA ′ on

it for Gaussian distributed input parameters according to:

χ2 =
∑
AA ′

mδνAA ′i −
(
F1mδ

〈
r2t
〉AA ′

+ k1

)
σ
mδνAA

′
i

2

+
∑
AA ′

mδνAA ′i ′ −
(
F2mδ

〈
r2t
〉AA ′

+ k2

)
σ
mδνAA

′
i ′

2

+
∑
AA ′

(
mδ

〈
r2m
〉AA ′

−mδ
〈
r2t
〉AA ′

σAA
′

mδ〈r2m〉

)2
.

(76)

with respect to the parameters F1, F2, k1, k2,mδ
〈
r2t
〉40,42,mδ

〈
r2t
〉40,44

and mδ
〈
r2t
〉40,48. The σAA

′
are the corresponding errors of the mea-

sured modified isotope shifts and charge radii. The analysis enables,
although seeded with experimental modified relative mean square
nuclear charge radii mδ

〈
r2t
〉AA ′ , the determination of more accurate

values for these changes, using precise measurements of the isotope
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Figure 36: Estimated relative ionization probabilities. The relative ioniza-
tion probability of the isotopes were referenced to the most
abundant 40Ca isotope. For the estimation Doppler and satura-
tion broadening were considered with saturation parameter a)
s0 = 0.1 and b) s0 = 10 .

shift. In other words, we restrict the values for mδ
〈
r2t
〉A,A ′ by accu-

rately measured isotope shifts using the linear model in Equation (74).
A variation of this technique was used in [120] to extract the nuclear
parameters, providing almost the same values as the ones given be-
low. To provide more accurate isotope shift data, we performed pre-
cision measurements on the isotope shift of Ca+ ions using a new
spectroscopy technique, described in Section 6.3 and Section 6.4.

6.2 isotope-selective loading

For the precision isotope shift measurements we loaded consecutively
different two-ion crystals consisting of the 25Mg+ logic ion and the
different Ca+ isotopes as the spectroscopy ion. This was accomplished
via two-step photoionizing an atom beam from a heated steal tube
filled with a powder of the corresponding material as described in
Section 3.2. Isotope-selective loading of the different Ca+ isotopes
was achieved by tuning the frequency of a laser in resonance with the
1S0 → 1P1 transition of neutral Ca, taking into account the isotopic
shift [64]. The transition frequencies of the different isotopes differ
by approximately 200 MHz per mass unit. This shift is much larger
than the linewidth of the excitation laser, i.e. the frequency doubled
ECDL. In view of the natural linewidth of the transition of 35, 4 MHz
it allows for isotope-selective loading as long as additional broaden-
ing mechanisms of the atomic resonance line are not too large. For
loading we used a calcium powder with natural abundances of the
different isotopes. Due to the low natural abundance of some of the
isotopes (as can be seen in Table 1) the relative loading rate of these
isotopes is expected to be small. We estimated the relative loading
rates of the different calcium isotopes with respect to 40Ca from the



6.2 isotope-selective loading 69

mass Natural fIS,422 ftheory,ip

number abundance (MHz) (MHz)

40 96.900% 0 1.922

42 0.647% 394 1.889

44 2.090% 774 1.857

46 0.004% 1160 1.826

48 0.187% 1513 1.796

Table 1: Important properties for loading different isotopes of calcium.
Natural abundance, isotope shift of the 1S0 → 1P1 transition of the
neutral Ca and normal mode frequencies calculated according to
Equation (10) for the different isotopes considering a 25Mg+ single
ion trap frequency of 2.215 MHz.

excitation probability of the 1S0 → 1P1 transition in neutral calcium
multiplied by the natural abundance of the corresponding isotope, as
shown in Figure 36 for two laser intensities described by the satura-
tion parameter:

s0 = I/Isat (77)

where I is the intensity in the laser beam and Isat is the saturation
intensity of the transition given by [58]:

Isat =
π

3

hc

λ3τ
(78)

Here τ = 1/Γ is the radiative lifetime and λ the wavelength of the
transition, c is the speed of light and h is Planck’s constant. For the
1S0 → 1P1 transition in neutral Ca, the saturation intensity is on
the order of 30 µW/mm2 and can easily be saturated. In figure Fig-
ure 36 we see that for a certain detuning range the probability to
load 42Ca+, 44Ca+ and 48Ca+ ions is higher than for 40Ca+ as long
as the laser power is low. In the estimation Doppler and saturation
broadening were considered. The effect of transit time broadening
was estimated to be on the order of 1 MHz and thus was neglected.
The oven temperature was assumed to be around 500

◦C. We con-
sidered an atomic beam axis aligned perpendicular to the excitation
laser. The velocity of the atoms parallel to the excitation laser was es-
timated considering an aperture of 1 mm at a distance of 4 mm from
the oven design. Only the lower part of the oven is heated and the
upper part serves as aperture. Furthermore, the relative loading rate
was estimated for two different laser intensities with a saturation pa-
rameter of s0 = I/Isat = 0.1 and s0 = 10. In the experiment we were
able to reproducibly load single 40Ca+, 42Ca+, 44Ca+ and 48Ca+

ions by careful adjustment of the laser power, thus avoiding satura-
tion broaden the transition of the Ca atoms. However, due to the very
low abundance of 48Ca+ and limited control of the laser frequency,
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Figure 37: Mass spectroscopy signal for the different isotopes Measured
photon counts for different modulation frequencies applied to
the endcaps of the ion trap for the two ion crystals containing the
different Ca+ isotopes; red 40Ca+, orange 42Ca+, blue 44Ca+,
green 48Ca+. A fit to the data gives the normal mode frequency
of the in phase mode of the two ion crystal. Dashed lines: ex-
pected trap frequencies according to Table 1.

the loading rate of this isotope was only small, on the order of 1 ion
per 20 h.
After loading, the different isotopes can be distinguished by the mo-
tional normal mode frequencies of the two ion crystal in the trapping
potential given by Equation (10). The calculated frequencies for the
two axial modes in the trap are displayed in Table 1 together with the
isotope abundances and the isotope shift of the 1S0 → 1P1 transition
of the neutral Ca atom taken from [64].
Experimentally, we determined the normal mode frequencies of the

two-ion crystal by adding an AC-component with variable frequency
to the voltage between the endcaps of the ion trap [126]. As soon as
its frequency is resonant with the normal mode frequency, the ions
experienced a Doppler shift due to the increase in motional energy.
This leads to a reduction in fluorescence of the 25Mg+ ion, which is
measured using a photo multiplier tube. As shown in [67], the depen-
dence of the scattering rate on the AC frequency δω can be calculated
from the change in the ions’ velocity, due to the displacement of the
ions’ motional state by the additional electrical field. This field ac-
celerates the oscillation velocity in the trap and, depending on the
modulation frequency, the fluorescence due to the Doppler shift can
be calculated as:

Γsc =
Γ

2

s

1+ s2
1√

1+ [b · sinc (δωt/2)]
, (79)
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where s is the saturation parameter, Γ is the resonant scattering rate
of the transition and the parameter b takes the form:

b =
4k

Γ
√
1+ s2

√
 hωT
2m

Ωdt. (80)

Here ωT is the trap frequency, k is the magnitude of the wavevector
and Ωd is the displacement strength. This parameter together with
the center frequency, the amplitude, and an additional offset serve as
the fit parameters for the scans of the modulation frequency shown
in Figure 37. The modulation frequency was scanned for different
two-ion crystals containing the different Ca isotopes while the fluo-
rescence was measured using the PMT. The modulation frequency is
tuned to be resonant with the in-phase mode of the two-ion crystals.
A fit to Equation (10) leads to the center frequencies of 1.9221(3) MHz,
1.8883(3) MHz, 1.8564(5) MHz, and 1.7952(5) MHz for 40Ca, 42Ca,
44Ca and 48Ca, respectively. Good agreement is found with the ones
calculated from Equation (10), which are listed in Table 1.
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Figure 38: Photon recoil spectroscopy sequence. a) Motion and simplified
electronic level structure of the spectroscopy ion including the
2S1/2, 2P1/2 and 2D3/2 level. b) Motion and simplified level
structure of the logic ion, including the two qubit states and the
excited 2P3/2 state. c) Wigner function of the motional state of the
in-phase mode of the two-ion crystal. d) Experimental sequence.
The abbreviations stand for: DC: Doppler cooling; GSC: Ground
state cooling; Spec: Spectroscopy laser; Det: State detection. A
more detailed description is given in the text.
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Figure 39: Pulse timing for photon recoil spectroscopy The time T =

1/νt = 1/1.92 MHz is used to synchronize the pulses to the ion’s
motion. The pulse length was chosen to be tp ≈ 130 ns which cor-
responds to a duty cycle of d = 0.25. The repump time trepump
≈ 200 ns was chosen so that the repump pulses do not overlap
with the spectroscopy pulses.

6.3 photon recoil spectroscopy

After loading the two-ion crystals, isotope shift measurements for
the 2S1/2 → 2P1/2 transition of the different Ca+ isotopes were per-
formed using the photon recoil spectroscopy (PRS) technique we im-
plemented and characterized in our setup [114]. The experimental
sequence of the technique is displayed in Figure 38. After Doppler
cooling, we further cool the axial motional modes of the two ion crys-
tal via sideband cooling using a Raman beam configuration coupling
to the 2S1/2 → 2P3/2 transition at 280 nm in 25Mg+ [66, 114]. Af-
ter preparing the motional ground state of the two-ion crystal we
apply the spectroscopy laser. The recoil, imprinted onto the ion dur-
ing photon absorption, excites the motion of the two-ion crystal. This
motional excitation can be enhanced using pulsed laser excitation,
where the laser pulse repetition is matched to the motion of the two-
ion crystal [127, 38, 126]. The correct timing of the laser pulses with
respect to the phase of the ions’ motion (see Figure 39) restricts the
absorption to a period of time, when the ion is moving along the
laser direction. Thus, the photon and ion momentum are in phase
and the ions’ motion is efficiently enhanced. Since the motion of the
ion is seeded by the first absorption, matching the pulse repetition
rate to the normal mode frequency assures the synchronization of
the pulses with the phase of the ions’ motion. The excitation is illus-
trated in Figure 40 a), where the phase space representation of the
motional state is displayed. The phase matching assures excitation
along the momentum axis and efficiently reduces the overlap of the
final state with the ground state. It can be shown that this excitation
is equivalent to a displacement of the motional state in phase space
during photon absorption [67]. After excitation, the 2P1/2 state decays
spontaneously to the electronic ground state at an arbitrary motional
phase and along a random direction. Therefore, this process leads to
a diffusive part similar to the behavior in Figure 40 b), where the
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Figure 40: Excitation during photon recoil spectroscopy. a) The motional
excitation is coherent if short pulses synchronized to the trap fre-
quency are used for spectroscopy. b) The excitation is diffusive in
phase space if the excitation is continuous.

motional state of the ions becomes larger in phase space. This part
increases the motion of the ion as well but is much less efficient than
the coherent part. Furthermore, the non zero pulse length of the spec-
troscopy pulse leads to a reduced efficiency in the excitation of the
motion.
In the experiment the spectroscopy laser is applied in short pulses
with a duration of 125 ns and a repetition frequency matched with
the normal mode frequency of the in-phase mode of the two-ion crys-
tal (column 4 of Table 1). The duty cycle of the spectroscopy pulse
was d =

tp
T = 0.25. During the dark time tdark = T − tp between two

excitation pulses, the repump laser at 866 nm is applied in order to
prevent populating the metastable 2D3/2 state. Altogether the spec-
troscopy/repump cycles are repeated 70 times to provide the maxi-
mum motional excitation possible without onset of saturation for the
chosen experimental parameters. The motional excitation is then mea-
sured using a red sideband STIRAP pulse (Chapter 5) combined with
the subsequent determination of the 25Mg+ internal state. Further
details of the technique can be found in [67, 114].
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Figure 41: Photon recoil spectroscopy sequence for non-closed transitions.
a) Motion and simplified electronic level structure of the spec-
troscopy ion including the 2S1/2, 2P1/2 and 2D3/2 level. b) Mo-
tion and simplified level structure of the logic ion, including the
two qubit states and the excited 2P3/2 state. c) Wigner function
of the motional state of the in-phase mode of the two-ion crys-
tal. d) Experimental sequence. The abbreviations stand for: DC:
Doppler cooling; GSC: Ground state cooling; Spec: Spectroscopy
laser; Det: State detection. A more detailed description is given in
the text.

6.4 extension of the photon recoil spectroscopy tech-
nique to non-closed transitions

Additionally to the isotope shift of the 2S1/2 → 2P1/2 transition, we
measured the isotope shifts of the 2D3/2 → 2P1/2 transition in Ca+.
Here, the 2P1/2 state decays dominantly to the S1/2 ground state,
from where the ion can not be excited with the spectroscopy laser.
We adapted the experimental sequence for PRS as shown in Figure 41.

During initialization the Ca+ ion is prepared in the 2D3/2 state
by optical pumping using the laser resonant with the 2S1/2 → 2P1/2
transition. After ground state cooling, the spectroscopy laser driving
the 2D3/2 → 2P1/2 transition is applied and if it was resonant with
the transition, it pumped the ion into the 2S1/2 state with high prob-
ability (>93 % assuming only one scattered photon). Afterwards, a
laser resonant with the 2S1/2 → 2P1/2 transition (drive laser) is ap-
plied in a pulsed fashion with a pulse length of 125 ns synchronized
to the ions’ motion (see Figure 42). The 2P1/2 state decays with a
branching ratio of 1 : 14.5 [128] into the 2D3/2 state and the 2S1/2
state, respectively. Therefore, after 70 drive laser pulses, the ion was
most probably in the 2D3/2 state. After a short wait time twait, we
apply the sequence of spectroscopy and drive laser again and thus
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Figure 42: Pulse timing for photon recoil spectroscopy of non-closed tran-
sitions. The spectroscopy pulse length was chosen to be tspec
≈ 4 µs to assure the depletion of the meta stable 2D3/2 state
when the laser is applied on resonance. The time T = 1/νt =

1/1.92 MHz between consecutive drive laser pulses assures syn-
chronization to the ion’s motion and the pulse length was chosen
to be tp ≈ 130 ns which corresponds to a duty cycle of d = 0.25.
Additionally, a wait time was introduced in between two spec-
troscopy/excitation cycles for matching the phase of the ion’s mo-
tion to the drive laser frequency of consecutive excitation pulse
trains.

enhance the spectroscopy signal in form of motional excitation. The
consecutive pulse trains from the drive laser are timed with respect
to the trap frequency to assure coherent enhancement of the motional
excitation. After three of these spectroscopy/excitation sequences the
maximum possible excitation without onset of saturation effects is
reached in our experiment. The pulse timing and the laser couplings
are illustrated in Figure 42.

6.4.1 Measurement of the transition frequencies

For the isotope shift measurements described in Section 6.5, we mea-
sured the transition frequencies of the different isotopes using the
techniques described in the two preceding sections. Details of the
photon recoil spectroscopy technique to measure the 2S1/2 → 2P1/2
transition are found in [67, 114]. There, we performed an absolute fre-
quency measurement of the 2S1/2 → 2P1/2 transition in 40Ca+ with
an uncertainty of 88 kHz, of which 78 kHz result from systematic
and 42 kHz from statistical uncertainties. This means that we resolve
the line center of the transition to 1/300 of its observed linewidth.
Furtheron, we showed that we can achieve a signal to noise ratio
of one by absorbing 9.5(1.2) photons during one experimental cycle,
which enables spectroscopy of non-closed transitions or transitions
with an intrinsically low fluorescence rate. This is the case for exam-
ple in molecular, highly charged, and complex metal ions, and the
2D3/2 → 2P1/2 transition in Ca+.
In the following experimental results of the spectroscopy performed
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Figure 43: Resonance line scan. The displayed curve is the average of eight
single frequency scans of the 2D3/2 → 2P1/2 transition measured
on 40Ca+. The red line is the result of a density matrix simula-
tion of the 8 level system (see Figure 9) and has been adjusted in
amplitude by a factor of 0.89 and an offset of 0.16 to account for
experimental imperfections.

on the 2D3/2 → 2P1/2 transition are presented. Figure 43 shows a
frequency scan across the 2D3/2 → 2P1/2 transition of 40Ca+. In
the figure, the red line is the result of an 8-level (see Figure 9) den-
sity matrix simulation considering the dynamics according to the se-
quence shown in Figure 41 and corrected in amplitude by a factor
of 0.89 and an offset of 0.16 taking into account experimental imper-
fections. The reduced amplitude results from the limited STIRAP effi-
ciency and is in agreement with the results presented in Section 5.3,
where the transfer was shown to be limited by off-resonant excitation.
The additional offset was attributed to state initialization errors and
incomplete ground state cooling. This could be confirmed in a mea-
surement where the spectroscopy laser was applied far off-resonant.
The correction factors are taken from a least square analysis compar-
ing the measured with the simulated data. In the analysis the Rabi
frequency of the spectroscopy laser is used as an additional fit param-
eter and was extracted to be 2(1) MHz. Additionally, the extracted
linewidth of 34 MHz is in agreement with the natural linewidth of
the transition, broadened due to Zeeman broadening in the bias mag-
netic field necessary for ground state cooling of the 25Mg+ logic ion.
For the spectroscopy sequence described in Section 6.4, not only the
timing of the pulses in one pulse train is important, but the phase of
the laser pulse repetition of all drive laser pulses need to be matched
with the phase of the ion’s oscillation in the trap. If the time between
two pulse trains is not optimized the excitation can even be reduced.
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Figure 44: Wait time dependence of the spectroscopy signal. The red line is
the result of density matrix simulations with the same parameters
as used in the experiment.

For example if two pulse trains are applied with a relative phase of
180
◦ with respect to the motion of the ions, the photon and ion mo-

mentum are 180
◦ out of phase, resulting in motional de-excitation.

This leads to a cancellation of the coherent part of the motional ex-
citation leaving only the diffusive part for the signal generation. To
optimize the over-all excitation effect we introduced a wait time be-
tween two consecutive spectroscopy/motional excitation procedures
(see Figure 42), i.e. a well-defined difference between the repetition
phases of individual pulse trains. Figure 44 shows its effect on the |↑〉
state population after the complete spectroscopic sequence. The red
line in Figure 44 is the result of density matrix simulations and is in
good agreement with the data. The relatively high remaining signal
for a wait time of 1.3 µs, corresponding to a 180

◦ phase shift between
consecutive pulse trains with respect to the ions’ motion, results from
the odd number of repetitions of the sequence. For this case the coher-
ent part of the first two of the pulse trains cancel, but the third pulse
train excites the motion again. For the isotope shift measurements we
optimized the wait time to yield the maximum signal to noise ratio.

6.5 experimental results

After the discussion of the techniques used to perform the measure-
ments, we will now present their application determining the isotope
shift of Ca+ isotopes. We performed the measurements on different
isotopes in an interleaved fashion to minimize systematic errors, as
explained in the following. We first determined the atomic transition
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Figure 45: Determination of the frequency discriminant The frequency dis-
criminant D is determined from the slopes k1, k2 of the linear
fits to the measured data ±6 MHz around the probe frequencies
at the FWHM of the resonance curve. As an example, the mea-
surements used to determine the frequency discriminant for the
2D3/2 → 2P1/2 transition of 40Ca are shown. Error bars are omit-
ted for clarity.

frequency of 40Ca as a reference. Afterwards, we loaded a new two
ion crystal containing the logic ion and the calcium isotope under
investigation and measured its resonance frequency. After this mea-
surement we reloaded again and determined the transition frequency
of another 40Ca reference ion. During the measurements the spec-
troscopy laser frequency was counted using the frequency comb, as
described in Section 3.4. This way we are able to check for possi-
ble systematic effects that may affect the measurements on long time
scales.
For fast data acquisition we applied the two point sampling tech-

nique described in detail in [67, 114]. In brief, the population at half
maximum below (left) and above (right) the resonance line was mea-
sured and the difference was used to correct the center frequency
of the two probing frequencies νprobe =

(
νprobe,r + νprobe,l

)
/2 for

the next scan using a digital proportional-integral control loop. The
population difference δp in combination with the experimentally de-
termined slope at this position, the so called frequency discriminant
D, was used in the post evaluation to derive the center frequency of
the atomic transition, according to:

ν = νprobe −Dδp, (81)

The frequency discriminant D was measured on each measurement
day scanning the laser by ±6 MHz across both half-width points of
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the resonance, as shown in Figure 45. From such measurements of
the slope we determined the frequency discriminant according to:

D =
1

|k1|+ |k2|
, (82)

where k1 and k2 are the left and the right slopes, respectively. The un-
certainty of a single frequency measurement can be calculated using
the error propagation law, and is given by:

σν =

√(
Dσδp

)2
+ (δpσD)

2, (83)

where σδp and σD are the measurement uncertainties of the popula-
tion and the frequency discriminant, respectively. For each transition
frequency we averaged over approximately 100 single frequency mea-
surements. These consisted of 5 measurements on each side of the res-
onance taken in a random order. Each of the five measurements con-
sisted of 250 cycles of the experimental sequence to derive the state
of the ion after spectroscopy. The transition frequency was than cal-
culated as the mean of the single frequency measurements weighted
by the measurement uncertainty, calculated from eq. (83). After aver-
aging, the isotope shift δνAA

′
was calculated as the difference of the

two measured transition frequencies δνA and δνA
′
:

δνAA
′
= δνA

′
− δνA (84)

The frequency uncertainty of the averaged frequency measurement is
given by the standard deviation of the mean and the statistical error
of the isotope shift results from the error propagation law of the two
measured transition frequencies:

δνIS =

√
(νAδνA ′)

2 +
(
ν ′AδνA

)2 (85)
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Figure 46: Overlapped Allen deviation. Overlapped Allen deviation of the
measurement of the 2S1/2 → 2P1/2 transition for (a) 40Ca and
(b) 48Ca and for the 2D3/2 → 2P1/2 transitions for (c) 40Ca and
(d) 48Ca

We investigated the statistical properties of the frequency measure-
ments by plotting the overlapped Allan deviation for each measure-
ment. There was no sign of drifts or other unknown systematic ef-
fects for the measurements we performed. As an example, the over-
lapped Allan deviation for the measurement of the 2S1/2 → 2P1/2
and 2D3/2 → 2P1/2 transition for 40Ca+ and 48Ca+ is shown in
Figure 46.

6.5.1 Systematic effects

Additionally to the statistical uncertainty, there can be systematic ef-
fects that shift the measured frequency and need to be considered.
Since the isotope shift measurements were performed interleaved,
changes of the magnetic field or the laser power and the resulting
Stark and Zeeman shifts would be detectable in the two data sets
of the 40Ca reference measurements taken at the beginning and the
end of each measurement day. No such shifts were detected for the
performed measurements of the different isotopes at the level of the
statistical uncertainty.
This is also the case for the shift caused by the limited bandwidth

of the AOM creating the short pulses discussed in [114]. The cen-
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effect 2S1/2-2P1/2 2D3/2-2P1/2 removed

Stark shift < 1 < 1 y

Zeeman shift < 1 < 1 y

AOM shift < 1 < 1 y

laser calibration < 1 < 1 y

lineshape ≈ 10 < 1 n

2nd order Doppler < 1 < 1 y

RF Stark shift < 1 < 1 y

Table 2: Systematic shifts. All shifts are given in kHz. In column 2 and 3

systematic shifts for the two transitions are displayed. The third
column shows if the shift is removed, due to the interleaved fashion
of the measurement (y: yes; n:no). More details are given in the text.

ter frequency of the 8 MHz broad spectroscopy laser (resulting from
the 125 ns short pulses) is shifted due to the frequency-dependent
transmission profile of the acousto optical modulator. We confirmed
that this shift does not change during the day by interferometrically
measuring the spectrum of the beat-note between the first and zeroth
diffraction order output beams of the AOM before and after measur-
ing the isotope shift. For the measurement of the 2D3/2 → 2P1/2
transition this effect is orders of magnitude smaller than in the pho-
ton recoil spectroscopy scheme, since the pulses resonant with the
measured transition in this scheme are 4 µs long, reducing the spec-
tral width of the envelope to 250 kHz.
An effect inherent to the photon recoil spectroscopy technique is the
detuning-dependent Doppler shift as described in [114]. This shift is
present for the 2S1/2 → 2P1/2 transition and it differs for the differ-
ent isotopes due to the change in the normal mode frequency arising
from the mass difference. The shift was calculated using the simple
model derived in [114] and is smaller than 10 kHz for the different
isotopes. The uncertainty of these values is on the order of a kHz
and can be neglected with respect to the statistical uncertainty on
the order of 100 kHz of our measurements. The measured isotope
shifts were corrected by the calculated values of the shift. For the
measurement of the 2D3/2 → 2P1/2 transition this shift is expected
to be much smaller, since the motional excitation takes place on the
2S1/2 → 2P1/2 transition. Therefore, the influence of the spectroscopy
laser on the motion of the ion is small. Density matrix simulations of
the line profile show that the effect for the parameters used in the
experiment is below 1 kHz and is therefore negligible with respect to
the statistical uncertainty.
Another effect that may shift the measured frequency is the frequency
stability of the spectroscopy lasers. As described in Section 3.5 the un-
certainty of the laser lock and the laser linewidth are orders of magni-
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tude smaller than the frequency uncertainty required here and thus
can be neglected for the analysis.
Another effect we investigated was the effect of excess micromotion
and the resulting second order Doppler and Stark shifts. These shifts
are estimated in [67] for our system to be below 1 Hz and are even
reduced due to the differential measurement. Therefore they have
no influence on the measurement uncertainty. The resulting isotopic
shifts with the corresponding uncertainties are listed in Table 3. For
comparison, the previously most accurate measurements of the iso-
tope shifts are given.

δνAA
′

397 δνAA
′

397 δνAA
′

866 δνAA
′

866

A’ this work [32] this work [31]

42 425.706(94) 425(10) -2349.974(99) -2353.4(2.8)

44 849.534(74) 842(9) -4498.883(80) -4501.8(3.5)

48 1705.389(60) 1696(12) -8297.769(81) -8301.3(6.2)

Table 3: Measured isotope shifts of the two transitions. All shifts are given
in MHz and are referenced to the transitions in A =40Ca. For com-
parison previous measurements are provided in column 2 ([32]) and
4 ([31]).

6.6 king plot analysis of the isotope shift

We performed the three dimensional King plot analysis described in
Section 6.1. The measured isotope shifts of the two transitions and
the change of the mean square nuclear charge radius taken from [129]
were used. First, we illustrate the improved accuracy of the measure-
ments by plotting the isotope shift measurements of the two tran-
sitions against each other and compare them to the previous best
measurements [31, 32] in Figure 47.

This plot represents a projection of the three dimensional analysis
onto the two isotope shift axis. Here we can see agreement with the
former measurements, but an offset is observed. This is attributed to
difficulty in calibrating the acceleration voltage used to scan the reso-
nance frequency through the Doppler shift in fast ion beam colinear
laser spectroscopy used for the previous data. The small systematic
shifts of our measurements allow the calibration of this voltage and
thus significantly reduce systematic effects in this technique. In Fig-
ure 48, the projections onto the other two planes are displayed. From
the measured isotope shifts we can determine the electronic factors
that connect the nuclear properties to the measured electronic transi-
tion frequencies, as described in Section 6.1. The measured field and
mass shift constants are compared with theoretical calculations in Ta-



6.6 king plot analysis 83

350 360 370 380 390 400 410 420
-1995

-1990

-1985

-1980

-1975

-1970

mdn
397nm

(GHz amu)

m
d
n

8
6

6
n

m
(G

H
z 

am
u
)

Figure 47: King plot of the measured isotope shifts. Isotope shift measure-
ments of the 2D3/2 → 2P1/2 transition plotted against the mea-
sured shifts of the 2S1/2 → 2P1/2 transition. The red dots repre-
sent the formerly most accurate measurements and the blue dots
are the measurements presented here. For the insets the relevant
ranges were enlarged by a factor of approximately 30 and are
illustrating the quality of the fit.

ble 4. As can be seen from the table, the field shift constants are in
well agreement with the calculations. The calculated mass shift con-
stants are out of the range of the measurement uncertainties, since
these highly complex calculations do not provide the accuracy of our
measurements. This is mainly due to the fact that the field shift con-
stants are calculated from wave functions at the nucleus which can
be performed with a high accuracy, but the mass shift constants have
to be calculated from two body operators of correlated electron mo-
menta, as explained in Section 6.1. Therefore the determined values
may serve as a benchmark for future calculations.

transition 2S1/2 →2 P1/2 2D3/2 →2 P1/2
Fi,meas (MHz/fm2) -281.8(7.0) 87.7(2.2)

Fi,calc (MHz/fm2) [32] -285(3) 88(3)

Fi,calc (MHz/fm2) [130] -287 92

ki,meas (GHz amu) 408.73(40) -1990.05(13)

ki,calc (GHz amu) [130] 359 -2207

Table 4: Comparison of measured and calculated field and mass shift con-
stants. The constants were extracted from the multidimensional
King plot analysis in Equation (76).



84 isotope shift measurements of calcium ions

0 50 100 150 200

350

360

370

380

390

400

410

420

m <rd
2
> (amu fm

2
)

m
d
n

3
9

7
n

m
(G

H
z 

am
u

)

a)

0 50 100 150 200

-1990

-1985

-1980

-1975

-1970

m <rd
2
> (amu fm

2
)

m
d
n

8
6

6
n

m
(G

H
z 

am
u

)

b)

Figure 48: King plot of isotopic shifts plotted against the nuclear charge
radius. Measured isotope shifts of a) the 2S1/2 → 2P1/2 and b)
the 2D3/2 → 2P1/2 transition plotted against the nuclear charge
radii taken from [129]. For the insets the relevant ranges were
enlarged by a factor of approximately 8 and are illustrating the
quality of the fit.
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δ
〈
r2t
〉

(fm2) δ
〈
r2
〉

(fm2) δ
〈
r2
〉

(fm2)

isotope this work [125] [129]

42 0.2160(49) 0.2153(49) 0.210(7)

44 0.2824(65) 0.2832(64) 0.290(9)

48 0.0045(60) -0.0044(60) -0.005(6)

Table 5: Extracted change of mean square nuclear charge radius. The val-
ues were extracted from the three dimensional King plot analysis in
Equation (76) and are compared to former measurements

Additionally to the field and mass shift constants the three dimen-
sional analysis provides more precise values for the change of the
mean square nuclear charge radius (see Equation (76)). For compari-
son the values extracted from former isotope shift measurements are
given. The results are shown in Table 5. We see that the new anal-
ysis improves the accuracy of the changes in mean square nuclear
charge radius and is in excellent agreement with the values derived
for neutral calcium [125].

6.7 summary and outlook

In conclusion we measured the isotope shifts of the stable, even iso-
topes in calcium ions with the PRS technique and improved the accu-
racy of these shifts by up to 2 orders of magnitude. A modified tech-
nique has been introduced to measure non-closed transitions with
high accuracy. We showed that the technique of photon recoil spec-
troscopy is highly accurate and sensitive and is suitable to perform
precision isotope shift measurements of different species such as Fe+

or Ti+ for the investigation of the variation of fundamental constants,
where quasar absorption spectra are compared to laboratory data.
The isotope shifts are not resolved in the quasar absorption spectra
and precise laboratory data for the isotope shifts can resolve a possi-
ble source of systematic error in this analysis [131].
With the highly accurate isotope shift results we performed a multi-
dimensional King plot analysis and extracted the field and mass shift
constants of the measured transitions, using measured mean square
nuclear charge radii from [129]. To our knowledge we determined the
most precise mass shift constant of a complex atomic system. Further-
more, in the analysis we were able to reduce the uncertainty of the
relative mean square nuclear charge radii of the measured isotopes.
The improved uncertainty of the mass and the field shift constants
from the King plot analysis may be used to validate calculations and
determine optimal models used in current isotope shift calculations,
as for example in [7, 6], but the complicated structure of Ca+ makes
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these calculations challenging.



7
S U M M A RY A N D O U T L O O K

In this thesis precision measurements of the isotope shift in calcium
ions using the photon recoil spectroscopy technique have been pre-
sented. For the new spectroscopy technique new technologies en-
abling the high precision were developed and implemented in the
setup. One major improvement was the incorporation of a new pho-
tonic crystal fiber which provides single mode transmission of UV

radiation. In a collaboration with the Max Planck institute for the sci-
ence of light in Erlangen the guiding properties of the hollow core PCF

in the UV spectral region were characterized. The fiber exhibits an at-
tenuation as low as 0.8 dB/m, acceptable bend sensitivity for bending
radii used in the setup, and a single output mode. Most importantly,
we observed no UV induced damage during transmission of more
than 15 mW of UV radiation at a wavelength of 280 nm for more than
100 h. The implementation of the fiber in the setup led to a reduction
of beam pointing fluctuations at the ion’s position and consequently
improved the coherent control of our hyperfine qubit states. These
fluctuation were one of the main error contributions in the context
of coherent control operations of these qubits [75]. Furthermore, the
investigated hollow core PCF promises application in many fields of
physics, such as atomic clocks, quantum computation and quantum
simulation, where single mode guidance of UV radiation is desired.
Another technique that has been investigated in the scope of this the-
sis was STIRAP, which, among other adiabatic techniques, promises
motional state independent transfer between electronic energy levels
of atoms or ions. Here, we determined the parameter regime where
efficient transfer is possible in our setup and we found agreement be-
tween the measurements and density matrix simulations performed
for our system parameters. We were able to show that the technique
provides motional state-independent transfer of population between
two hyperfine states. Furthermore, using a STIRAP red sideband pulse,
we were able to efficiently detect the motional ground state popula-
tion and determine the temperature of the ion after Doppler cooling,
in agreement with typical temperatures after Doppler cooling in ion
trap experiments. Furthermore, we showed that for our system the
STIRAP technique is favorable compared to Rabi π-pulse technique to
transfer population between different hyperfine states for a thermally
distributed motional state of the ion. In future experiments the tech-
nique may be used to determine the population in different motional
states using more elaborate pulse sequences, consisting of STIRAP red
sideband and consecutive repump pulses on carrier transitions. Thus,

87
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enabling the determination of the motional state distribution of the
ion in the trap.
Using this new technologies, the photon recoil spectroscopy tech-
nique was used to perform isotope shift measurements in Ca+ ions.
Extending the technique to non-closed transitions, we were able to
measure the isotope shift of the 2S1/2 → 2P1/2 and the 2D3/2 →
2P1/2 transition of the even isotopes 42Ca+, 44Ca+ and 48Ca+ with
respect to 40Ca+. For all measurements an uncertainty below 100 kHz
was achieved, which represents an improvement by up to two orders
of magnitude over previous experiments. We extracted the relative
and absolute field and mass shift constants with a multi-dimensional
King plot analysis [125] of the spectroscopy data, including the mea-
sured isotope shifts of both transitions and the nuclear charge radius,
taken from [129]. We found agreement between the measured field
shift constants and calculated values [32, 130], but the calculated mass
shift constants differ significantly from the experimental results. The
complex calculations due to the many body structure of the ion are
challenging and do not yet reach the level of precision of our mea-
surements, making the determined mass shift constant a benchmark
for future calculations. In a future experiment the isotope shift of the
2S1/2 → 2P3/2-transition in calcium ions will be measured in our sys-
tem. The difference of the specific mass shift constants of the 2P1/2-
and the 2P3/2-state is calculated to be on the order of 4 GHz · amu
[130] leading to a difference of 17 MHz for the isotope shift between
40Ca+ and 48Ca+. This may enable the detection of differences of
the isotope shift between the 2P1/2 and the 2P3/2 level in calcium for
the first time.
In an absolute frequency measurement of the 40Ca+ 2S1/2 → 2P1/2
transition [114] we showed that the PRS technique is highly sensitive.
Only on the order of 10 photons need to be scattered during one spec-
troscopic cycle to achieve a signal to noise ratio of 1. This may enable
measurements of absolute frequencies and isotope shifts in complex
metal ions such as titanium or iron, where the number of scattered
photons during one experimental cycle is expected to be low. Also
for the spectroscopy of highly charged ions, whose hyperfine tran-
sitions are located in the visible range, this high sensitivity may be
an interesting alternative to the original QLS. These measurements
are relevant for the investigations of possible changes of fundamen-
tal constants, where especially the highly charged ions are predicted
to have a high sensitivity [27]. Furthermore, the sensitivity of the de-
veloped spectroscopy technique can be improved using non-classical
states of motion to transfer the spectroscopic information. For spec-
troscopy techniques utilizing the motion of the ions, the sensitivity
is proportional to the spread of the wavefunction of the ion. This
is enlarged for a squeezed state of motion, which for example can
be created by a parametric drive induced by an optical dipole force
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modulated at twice the normal mode frequency [54]. This may lead
to single photon sensitivity using the PRS technique. For example,
a motional Schrödinger cat state was utilized to demonstrate single
photon sensitivity [38].
In another approach, the technique can be modified to enable non-
destructive rotational state spectroscopy of molecular ions (see for
example [67]). Here the logic ion is trapped together with a molecu-
lar ion. A Raman coupling between two motional states via an optical
lattice can be used to non-destructively detect the rotational state of
the molecular ion. These states are coupled by black-body radiation
changing the rotational state of the molecule on timescales of seconds
[132]. The probability of the ion to be in a specific rotational state can
be detected by means of quantum jumps. By that, the molecular ion
may serve as an in situ temperature probe in the ion trap. Further-
more, after the detection of the ion in a specific rotational state, spec-
troscopy of a pure vibrational transition could be performed. This in-
vestigations are relevant in the context of variations of fundamental
constants, where they provide a high sensitivity to temporal changes
of the proton to electron mass ratio mp/me.
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