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Abstract

This thesis is concerned with the modeling and analysis of a two—phase thin film flow with in-
soluble surfactant. We consider two immiscible, viscous, incompressible Newtonian fluids on
top of each other on a solid substrate with a layer of insoluble surfactant. By cross—sectional
averaging and applying lubrication approximation, as in [27, 29|, we obtain simplified evolu-
tion equations for the two film heights and the surfactant concentration. Depending on the
considered driving force, the system of evolution equations is strongly coupled, degenerate
and either of second (gravity driven) or of fourth order (capillary driven). Based on recent
achievements regarding the local well-posedness and asymptotic stability of steady states
for thin film equations with surfactant [19] as well as for two—phase thin film flows [23, 24|
we prove analog results for the gravity and capillary driven two-phase thin film flow with
insoluble surfactant, respectively. This is done by methods of semigroup theory and the
principal of linearized stability. Due to the degeneracy in the evolution equations for the
film heights, which may occur when one of the film heights decreases to zero, it is in general
not clear whether one can prove global well-posedness results. This leads to the study of the
existence of non—negative global weak solutions, which is investigated for the fourth—order
system describing the capillary driven two—phase thin film flow with insoluble surfactant.
The idea is to construct via Galerkin approximation global weak solutions to a family of
regularized systems, which tend in the limit to a global non—negative weak solution of the
original system. The proof relays strongly on the existence of an energy functional and com-
bines results from [20, 22, 26]. In [22] the existence of non—negative global weak solutions
for a thin—film approximation of a two-phase Stokes problem is studied, whereas |20, 26]
investigate the existence of non—negative global weak solutions for a thin film equation with
insoluble surfactant driven by capillary forces.

Keywords: Thin film equations, surfactant, degenerate parabolic equations






Zusammenfassung

Die vorliegende Arbeit befasst sich mit der Modellierung und dem Studium von Zwei—Phasen
Diinnfilmgleichungen mit unloslichen Tensiden. Wir betrachten zwei iibereinander gelagerte
diinne Filme sich nicht mischender, viskoser, inkompressibler Newtonscher Fliissigkeiten auf
einem soliden, undurchléssigen Boden, wobei sich auf der Oberfliche der oberen Fliissigkeit
eine Schicht von Tensiden befindet. Unter der Annahme, dass der Zwei-Phasen Film in
eine horizontale Richtung uniform ist, wenden wir, wie in [27, 29|, die Methode der Lu-
brikationsapproximation an, um vereinfachte Gleichungen zu erhalten, die die Evolution der
beiden Filmhohen und der Tensidkonzentration beschreiben. Das System von Evolutions-
gleichungen ist stark gekoppelt, degeneriert und, je nachdem, welche physikalische Kraft als
fiihrend betrachtet wird, von vierter oder von zweiter Ordnung. Betrachtet man Gravita-
tion als dominierend, so ist das System von zweiter Ordnung, wohingegen das System unter
Beriicksichtigung von kapillaren Kréften Terme vierter Ordnung aufweist. Basierend auf
jiingsten Resultaten beziiglich der Wohlgestelltheit und asymptotischen Stabilitit von Equi-
libria fiir Diinnfilmgleichungen mit Tensiden [19] und fiir Zwei—Phasen Diinnfilmgleichungen
[23, 24], zeigen wir dhnliche Ergebnisse fiir die Zwei—Phasen Diinnfilmgleichungen mit un-
16slichen Tensiden, wobei wir sowohl das System mit kapillaren Kréften als auch das mit
Gravitation als dominierende Kraft betrachten. Fiir das Studium der Wohlgestelltheit und
der asymptotischen Stabilitit von Equilibria verwenden wir Methoden aus der Halbgrup-
pentheorie sowie das Prinzip der linearisierten Stabilitdt. Aufgrund der Degeneriertheit der
Evolutionsgleichungen fiir die Filmhohen, ist im Allgemeinen die globale Wohlgestelltheit
nicht zu erwarten. Dies fiilhrt zum Studium von (nicht negativen) schwachen Lésungen,
welche wir fiir das System vierter untersuchen. Die Idee ist, Galerkin Approximationen
fiir eine Familie von regularisierten Systemen zu konstruieren, die global existieren und im

Grenzwert gegen eine nicht negative globale schwache Losung des urspriinglichen Systems

il



konvergieren. Der Beweis basiert essenziell auf der Existenz eines Energiefunktionals. Wir
kombinieren Resultate aus der Arbeit [22], in dem die Existenz von nicht negativen globalen
schwachen Losungen fiir eine Diinnfilmapproximation des Zwei—Phasen Stokes Problems un-
tersucht wird, und [20, 26], in denen die Existenz von nicht negativen globalen Losungen fiir
eine Diinnfilmgleichung mit unloslichen Tensiden bewiesen wird.

Schlagworte: Diinnfilmgleichungen, Tenside, degenerierte parabolische Gleichungen
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Introduction

The study of thin film equations constitutes a rich and complex area of research with a long
list of contributions by physicists, engineers and mathematicians. Of particular fascination
for many scientists is the role of surface tension and the influence of surface active agents
(short surfactants) on the dynamics of thin liquid films since this finds applications in various
industrial and biomedical fields. As for instants in surfactant replacement therapy, which
is used to treat the immature lungs of premature infants, coating flow technology or film
drainage in emulsions and foams. A report on the diverse areas of applications of surfactant
can be found in [34] and the references therein.

Surfactants act on the surface of a fluid film by lowering the surface tension and induce a
twofold dynamic. On the one hand, the resulting surface gradients influence the dynamics
of the fluid film. On the other hand, the surfactants spread along the interface (from low
surface tension to high surface tension). The latter effect is named after the Italian physicist
Carlo Giuseppe Matteo Marangoni and called Marangoni effect. This phenomenon has
already been observed, but not explained in the 17th century. Two centuries later, in 1871,
Marangoni was the first to publish explaining results for the spreading of a substrate due to
surface tension gradients, followed by other physicists like van der Mensbrugghe and Liidtge.
For a survey on the historical investigations of the Marangoni effect we refer to [4, 36] and

references therein.

There is a large amount of literature regarding the dynamics of thin films with surfactant in
different settings or configurations, such as soluble/insoluble surfactant, presences/negligence
of driving forces as intermolecular (van der Waals), gravitational and capillary forces, contact
angle of the thin liquid to the (impermeable) bottom, known under non—/partial or complete
wetting, to name a few. Pioneering results on the dynamics of a thin fluid with insoluble

surfactant are [27, 29, 30|, where the approach via lubrication approzimation for thin liquid
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films is introduced and first numerical result are presented under consideration of different
driving forces. Applying lubrication approximation, the parameters are scaled in accordance
to the undisturbed film height and the governing equations for the motion of the fluids and
the surfactant spreading are considered in the limit where the film height tends to zero. The
resulting equations do not represent the complex mechanisms of the problem completely,
but still they preserve many of the main features of its physics. A survey on the theory of

modeling thin film flows can be found for instance in [39, 40].

Mathematically the analysis of a thin film flow with insoluble surfactant corresponds to a
free boundary problem for the Navier-Stokes equation together with a transport equation on
the upper free surface. In virtue of lubrication approximation, the resulting equations for the
evolution of the film height is nonlinear, degenerate, of fourth order (in general) and strongly
coupled to a second—order, nonlinear transport equation for the surfactant concentration.
Depending on the considered driving forces, the evolution equation for the film height is of
fourth order (if capillary forces are taken into account) or of second order (if capillary forces

are neglected).

Although, during the last decades there has been various modeling and numerical treatment
of several aspects of the surfactant induced movement of thin films (see e.g. [6, 9, 10, 14, 27,
29, 30, 35]), only recently analytical investigations have started. An overview regarding the
analytical and numerical achievements for thin films with surface tension until the end of the
20th century can be found in [37]. The main feature all models share, derived under different
assumptions on the driving forces, is the degeneracy, which occurs in the equations when
the variable representing the film thickness decreases to zero. The mathematical analysis is
especially concerned with questions regarding the well-posedness of a model, that is, whether
a solution exists (at least locally in time), if it is unique (depending on the initial data) and if
the solution is continuously dependent on the initial data. Due to the possible occurrence of
degeneracies, it is in general not clear whether one can prove the existence of global solutions

in a classical sense. This leads to the study of so—called weak solutions.

Results regarding non—negative global weak solutions of equations modeling the dynamics of
a thin liquid film have been studied among others by [5, 7, 8]. Regarding the one—phase prob-
lem with insoluble surfactant, several authors contributed to the analysis of well-posedness

and existence of global weak solutions for a coupled system of evolution equations describ-
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ing the dynamics of the interface and the surfactant spreading under certain assumptions on
the driving forces. Local existence for a thin film with insoluble surfactant driven only by
Marangoni forces (surface tension gradients) has been studied in [42]|. In absence of capillary
and intermolecular forces but including gravitational forces, the via lubrication approxima-
tion derived system in [19] is of second order and local well-posedness as well as asymptotic
stability of steady states are proven. In particular, the surfactants in [19] are considered to
be soluble, which leads to an additional evolution equation for the surfactant distribution in
the bulk. In [21] the existence of global weak solutions is investigated for the system derived
in [19] in the case of insoluble surfactant. Taking instead of gravitational forces capillary
effects into account, the equation describing the evolution of the thin film is of fourth order
and strongly coupled to a second—order transport equation for the surfactant concentration.
By using the method of Galerkin approrimation and compact embeddings, the existence of
global non—negative weak solutions have been shown in [20, 26, 47]. In [15] additionally
gravitational forces are included and an upper bound for the non—negative weak solution for

the surfactant concentration is stated (I < 1).

Being interested in the dynamics of a two—phase thin film flow with insoluble surfactant, we
resort not only to results for thin film equations with surfactant, but also to the analytical
studies of two—phase thin films. As for instance in [24] local well-posedeness and asymptotic
stability of a thin—film approximation of the two—phase Stokes problem are investigated by
methods of semigroup theory and the principal of linearized stability. A similar approach
has also been successfully applied in [23| to prove local existence and stability results for a
strongly coupled fourth—order parabolic degenerate system modeling the motion of two thin
fluid films in the presence of gravity and capillary forces. The existence of non—negative weak
solutions for a degenerate parabolic system approximating the two—phase stokes problem is

investigated in [22] by the method of Galerkin approximation and compact embeddings.

It turns out (see e.g. [15, 19, 20, 21, 22, 23, 24, 26]) that in the mathematical analysis
of thin films the existence of an energy functional becomes a crucial part studying the
stability of steady states and in particular in proving the existence of global weak solutions.
In the context of steady states the energy functional determines the set of steady states
in [19, 23, 24]. Studying weak solutions of degenerate systems describing the evolution

of thin films, commonly regularized systems are considered (cf. e.g. [15, 20, 21, 22, 26])
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and the existence of global weak solutions of a family of regularized systems is shown.
The energy functional then provides necessary a priori estimates, which allow to extract
weakly convergent subsequences tending in the limit to a global weak solution of the original

problem.

In this thesis a mathematical model for the evolution of a two—phase flow with insoluble
surfactant is presented. The two—phase flow consists of two immiscible, incompressible New-
tonian and viscous thin liquid films on top of each other on a solid substrate. We assume
that there is no contact angle between the two—phase flow and the bottom, which places
the setting in the context of complete wetting. The interface of the upper fluid is endowed
with a layer of insoluble surfactant. By cross—sectional averaging and applying lubrication
approximation, the resulting system of evolution equations consists of two equations describ-
ing the evolution of the two film heights and one equation for the surfactant concentration
on a one—dimensional domain. A numerical treatment of the approximation of a two—phase
thin film with insoluble surfactant can be found in [6], where the presence of surfactant is
assumed to be on both interfaces (liquid-liquid and liquid—gas).

In Chapter 1 the two—phase thin film flow with insoluble surfactant is introduced and lubri-
cation approximation is applied to the governing equations for the motion of viscous fluid
films, which is the full Navier—Stokes equation, and an advection—transport equation for
the surfactant spreading together with suitable boundary conditions (no-slip and kinematic
boundary condition together with balance equations on the free surfaces). We consider both,
gravitational and capillary forces, but neglect intermolecular forces (van der Waaals forces)
since they are highly unlikely to be of the same order as gravitational forces (cf. [29]), so
that considering both simultaneously appears to be physically not relevant. Equipping the
system of evolution equations with Neumann-boundary conditions and initial data, we study
in Chapter 2 and 3 the existence and asymptotic stability of the system when either capillary
forces (Chapter 2) or gravitational forces (Chapter 3) are neglected. In addition to the local
well-posedness result in Chapter 3, we also investigate the existence of non—negative global
weak solutions.

Using the functional analytical tool of semigroups we prove in Chapter 2 the local well-

posedness for the gravity driven two-phase flow with insoluble surfactant. Similar as in
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|19, 24] we show that there exists an energy functional for the system of evolution equations.
In particular, the energy functional determines (uniquely, in virtue of given initial data) the
set of steady states to be of the form when the two thin films are flat and the surfactant is
uniquely disturbed. By means of the principal of linearized stability we show according to
to [19, 24] the asymptotic stability of the steady states. The proof relays essential due to
the fact that the surfactant spreading is not only due to Marangoni forces but also due to
a strictly positive diffusion coefficient in the transport equation for the surfactant spreading
(D > 0). This is in accordance to the phenomenon explained in |27], that due to diffusion
along the surface, the surfactant spreading not only accelerates but also decreases the film

disturbance.

Chapter 3 is devoted to the study of the system derived by lubrication approximation in
Chapter 1, when taking capillary forces instead of gravity into account. Since the evolution
equations are strongly coupled and of fourth order for the two film heights and additionally
strongly coupled to the second—order transport equation for the surfactant concentration,
the analysis of local well-posedness is more involved than in the case of the second—order
parabolic system considered in Chapter 2. Even though the existence of global weak solutions
for the one—phase thin film equation with insoluble surfactant driven by capillary forces is
shown in [20, 26|, to our knowledge local well-posedness results of this system have not
yet been investigated. Orienting on [23|, in Section 3.1 local well-posedness is shown for
the capillary driven two—phase thin film equation with insoluble surfactant by methods of
semigroup theory. Under an additional assumption on the surface tension another local
well-posedness result is shown in Appendix 77, generalizing the result in Section 3.1, if the
assumption on the surface tension is satisfied. Proving the existence of an energy functional,
the result regarding asymptotic stability is based on [19, 23]. The system considered in
[20, 26] can be recovered in Section 3.1 by setting the initial data of the lower fluid to zero.
Hence, the well-posedness serves also for the one—phase thin film with insoluble surfactant
driven by capillary forces. Section 3.3 is concerned with the existence of non—negative global
weak solutions to the capillary driven two—phase flow with insoluble surfactant. The strategy
here is to assemble the proof combining results from [20, 22, 26, 47]. We regularize the system
and show by Galerkin approximation and an energy functional that the family of regularized

systems possesses global weak solutions, which are so far not claimed to be non—negative.
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The energy functional provides a priori estimates which imply compact embeddings and
allow to extract weakly convergent subsequences, which tend in the limit to non—negative

functions being solutions of the original system.

General Notations and Conventions

In this section we introduce some notation, which will be frequently used in the sequel.

Linear Operators. Suppose that (E,|| -||) and (F,| - ||) are Banach spaces. The space
of all linear and bounded operators from E into F' is denoted by L(E, F) and the norm
H . Hﬁ(EJ‘_‘) is given by

[Alle.p = sup [|Az|p.
Jall <1

For linear and bounded operators from E into itself we write £(E) instead of L(E, E).

A linear operator A € L(E, F) is called compact if the image of the unit ball is relatively
compact in F. We say that a (not necessary bounded) linear operator A from a vector
subspace dom(A) of E, called domain of A, into E is closed if for every sequence (z,)nen in
dom(A) that converges to z in E with (Ax,),en converges to y in F one has z € dom(A)

and Az = y. The resolvent set of an operator A € L(FE) is defined by
o(A) :={Xx € C| (A~ )" belongs to L(E)}
and the spectrum of A by
spec(A) :=C\ o(A).
Further, we say A is densely defined exactly when dom—(A) =F.

Let E be a Banach space over a field F. The set E' := L(E,F) of all linear, continuous

functions from E into I is called the dual space of .. We denote by
{)e

the dual pairing between E' and E.

Embeddings. Let F and F be Banach spaces with F' C E. If the inclusion map ¢ : F' —

E, x — x is continuous then F' is called continuously embedded in E and we write

F— FE.
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The subspace F' is said to be compactly embedded in E if I — E and the inclusion map
t: F— FE is compact, we write

F < F.

Function Spaces. Let 2 C R” be an open subset and f : 2 — R™, m € N, a measurable

function. Then, for 1 < p < co we denote by L,(Q2) := {f : & — R™ measurable and || f||, <

oo} the space of p-Lebesgue integrable functions, where the norm || - ||, is given by
1
p
([ir@re) . 1sp<o
£ llp = Q
ess s, | (2)] p=oco.

Note that L,(£2) is an equivalence class with f ~ g, if f = g almost everywhere. The space
Ly(Q) is a Hilbert space and we denote the scalar product in Ly(£2) by (- | -),. The Sobolev
space H*(Q) for k € N is defined to consists of functions f € Lo(2), whose first k weak

derivatives again belong to Ly(€2) and the norm of a function f € H*() is given by

k 3
1 fllge == (Znagng) .
=0

The Bessel potential spaces H*(2), s > 0, occur as complex interpolation spaces between
two Sobolev spaces

H*(Q) = [H*(Q), H'()]o,
where 6 € [0,1] and s := (1 — 0)k + 61. Moreover, we denote by C''~(£2) the space of locally

Lipschitz continuous functions on €.

General Conventions. If (z,).en is a sequence, we understand by taking a subsequence
(not relabeled), that we consider without denotation in the sequel (x,, Jren. Similar, if we
consider two sequences (z,)neny and (yn)neny and extract a subsequence (not relabeled) of
(%n)nen, we consider in the sequel without denotation (z,, )xeny and (yy, )ren. The variables
t, "> 0 and = € R will always denote the time and space, respectively. Further, if ) :=
(0, L), we set Qp := (0, L) x (0,7). We denote by ¢ > 0 various constants, which may differ
from occurrence to occurrence. The dependence of ¢ on the free variables is denoted by
c(+,+,...). Sometimes we write ¢ = ¢(,-,...) in order to emphasize the dependence. Else, ¢
denotes a positive constant, independent of the free variables. Unless otherwise stated, the

underlying vector field is R.






1. Physical Model for the Two—Phase Thin Film with Insoluble Surfactant

We consider two viscous, incompressible Newtonian and immiscible thin films on top of
each other on a horizontal impermeable bottom at z = 0 occupying the regions 2, 2o,
respectively, with a layer of insoluble surfactant on the surface of the upper fluid. The contact
angle between the fluids and the solid ground is assumed to be zero, which corresponds to
the frame of complete wetting. The surfactant is acting on the interface of the upper fluid
by lowering the surface tension. We assume the surface tension on the interface separating
the fluids to be independent of external influences and the material outside of the two—phase
flow to have no effect on the fluids. In particular, the material outside is assumed to be static

and with zero pressure. Let L be the length of the two—phase film and take the undisturbed

film height H to be given as small compared to the film length, that is % = ¢ with e < 1.
By cross—sectional averaging we assume the film to be uniform in one horizontal level and
let x and z denote the horizontal and vertical direction, respectively. Further, we denote the
two film heights by f and g, so that the free surfaces at time ¢t > 0 and position = € (0, L)
are located at z = hy(t,x) := f(t,x) and z = hso(t,x) := (f + g)(¢t,z). The concentration of

surfactant at time ¢t > 0 and position x € (0, L) is given by I'(¢, z).

z
F<t7 CL’) ’\
g(t, ) z = hay(t, x)
- & T z=M(t )
f(t,x)
> T

As common in the analysis of thin films (see e.g. [27, 29| for pioneering works), we apply

a lubrication approximation to the governing equations for the dynamics of the fluids and



the surfactant concentration together with suitable boundary conditions, in order obtain
simplified evolution equations for the two film heights f, g and the concentration of surfactant
I' on the fluid-gas interface. Set i = 1,2, then the velocity field of the fluid contained in €2;
will be denoted by v; = (u;, w;), where each particle of the fluid contained in €2; is moving
with the velocity w;(t,z,2) in horizontal and w;(¢,x, z) in vertical direction. The velocity
and the pressure, given by p;, are functions of position and time. The gravitational constant
is given by v = (0, G). Moreover, assuming the fluid to be incompressible and Newtonian,

the density and viscosity of the fluids, denoted by p; and p; are material constants.

Governing equations. In fluid dynamics, the governing equations for the motion of a
viscous, incompressible and Newtonian fluid occupying €2;,7 = 1,2, is given by the Navier—
Stokes equation

pi(Oyv; + (v; - V)vy) = piAv; — Vp; — piy. (1.1)
Further, conservation of mass for incompressible fluids implies the continuity equation

in Q;, i = 1,2. The dynamics of thin liquid films is strongly influenced by surface tension (cf.
e.g. [32]). Since surface tension affects only the free surface, it does not appear in the Navier—
Stokes equation, but contributes to the motion of a fluid through boundary conditions. The
surfactant spreading on the free surface z = hy is governed by the advection—transport
equation

AT + 0, (usT' — DO,T) =0, (1.3)

where D > 0 is the surface diffusion coefficient. Note that additionally to the diffusion,
the spreading of surfactant is also induced by surface tension gradients, which occur due to
the present of surfactant itself (Marangoni effect). This effect will enter into the tangential

balance equation (1.13).

Boundary conditions. Besides initial data, we need to implement boundary conditions
at the impermeable bottom and on the free surfaces in order to well-pose the two—phase
thin film flow with insoluble surfactant.

Since the bottom at z = 0 is impermeable, there is no mass transfer across this boundary and

the perpendicular velocity at the bottom is zero. There is a long historical and philosophical

10



1. Physical Model for the Two—Phase Thin Film with Insoluble Surfactant

discussion about whether to assume in fluid dynamics a no—slip or a slip condition on an
impermeable, solid bottom (see e.g [16, 38] and references therein). Still, in the case of a
viscous fluid, the no—slip boundary condition is commonly accepted and employed in the
theoretical study of fluid flows. An example, where by lubrication approximation a thin
film model with insoluble surfactant has been derived using a slip condition on the solid
substrate, can be found in [47]. In accordance to e.g. [17, 19, 20, 26, 27|, we impose the

no—slip boundary condition, so that
v = (u,wy) =0 on z=0. (1.4)

We suppose the velocity field to be continuous across the immiscible fluid—fluid interface
z = f, which means that the velocities at the interface coincide in tangential direction (in

analogy to the no—slip boundary condition at the bottom)
(Ul — ’Ug) . tl =0 on z = hl (15)

and since there is no diffusion at the interface, the velocities also coincide in normal direction

as a consequence of conservation of mass. Hence

(v —vg9)-my =0 on z=h,. (1.6)
Here, n; := \/ﬁ(—&rhi, 1) and t; := \/ﬁ(lﬁxhi) denote the unit normal and

tangential vector at h;, i = 1,2 respectively. Note that (1.5), (1.6) already imply that
V] = Uy on z=h,. (1.7)
Indeed, owing to (1.5), (1.6) we obtain that

Uy — Uy = —6xh1(w1 - wg), (18)

W1 — Wy = 8$h1(ul - UQ). (19)

At the points where h; is flat (thus 9,h1=0) the velocity fields are equal at the interface,
that is v; = vy. In the case that 0,h; # 0, we multiply (1.9) by —0d,h; and deduce that
up — uy = —0hi(wy — wy) = —(0,h1)*(uy — ug). This is only possible if u; = uy, which in

turn implies that w; = ws, in virtue of d,h; # 0. Hence, v; = vy on z = h;.

11



Due to interfacial tension, the stress balance equation at an interface between two immiscible

materials occupying the regions Q_ and €2, has to be satisfied (cf. e.g. [11])
[X_ =X |n=o0krn+ Vo, (1.10)

where >, ¥, denote the stress tensor of the fluid in €2, Q. respectively, o the surface
tension coefficient, x the mean curvature, Vio := Vo — n(n - Vo) the gradient of ¢ in
direction of the surface and n the outer normal pointing into €2,. The first term on the right
hand side of (1.10) represents capillary forces and the second term Marangoni forces. Since
we assume the material outside of the two—phase flow have zero pressure, the stress balance

equation takes the form

[Z(Ulvpl) - E(W;M)]”l = o1k + Vo on z=hy, (1 11)

Y (v2, p2)ne = O9KoNg + V09 on z = hy,

where Y (v;,p;) = %ui(VUi + Vol) — p; denotes the stress tensor, o; the surface tension
coefficient and V,o; the gradient of o; in direction of the surface h;, i = 1,2. Multiplying

(1.11) by n;, yields the normal stress balance equation

(E(vi,p1) = Blva, po)lna) -my = o161, 2= hy,
(1.12)

(X(v2, p2)ng) - ng = 09K, 2= hg,

where the mean curvature k; of the interface h; is given by k; = (1‘23‘—:1"2)3, 1 =1,2. The
+|0zhi 2

surface tension coefficient o1 on z = hy is constant, whereas the surface tension coefficient of

the free surface of the upper fluid depends non-increasingly on the surfactant concentration
Bp02(T)

V/1+|02ha|”

Thus, multiplying (1.11) by the tangential vector ¢;, leads to the tangential stress balance

09 = OQ(F). Hence Vsal-tl =0 and VSO'Q'tQ = V02~t2—n2(n2-V02)-t2 = VO'Q'tQ =

equation
([E(Uhpl) - 2(027])2)}”1) : tl - O; z = hl;
(1.13)
(B(vg, p2)na) - ta = _ %) 2 = ha.

1+ [0.ho?

Observe that the normal stress balance is controlled by the capillary forces, whereas the
Marangoni forces, induced by the surfactant, enter the tangential stress balance equation.
We assume that the particles on the interfaces z = h;,i = 1,2 stay there when time

evolves. Consider the particle trajectory (z(t),z(t)). Then z'(t) = wu(t,z(t),2(t)) and

12



1. Physical Model for the Two—Phase Thin Film with Insoluble Surfactant

2'(t) = w(t, x(t), 2(t)). Since the particle is supposed to stay on z = h;, we deduce that
z(t) = h(t, x(t)). (1.14)
By differentiating (1.14), we obtain the so—called kinematic boundary condition
Oph; + u;0xh; = w; on z=h,. (1.15)

We summarize that the motion of the two—phase thin film flow with insoluble surfactant is
described by the Navier-Stokes equation (1.1) together with the continuity equation (1.2),
the surfactant spreading equation (1.3) and the boundary conditions (1.4), (1.7), (1.12),
(1.13) and (1.15).

1.1. Lubrication Approximation

The method of lubrication approximation [27, 29, 30| enables us to simplify the system of
equations by rescaling the parameters and considering the system in the limit, where the
quotient % = ¢ tends to zero. The equations we obtain do not represent the complex mech-
anisms of the original problem completely, but still preserve the main features. Introducing

the dimensionless variables

F=2 t = "ot
xr = — z = — = T
L7 H’ 0
and
u(t,z, z) = au(t, z, 2), w(t,x, z) = pw(t,z, 2), p(t,x,z) =vp(t, T, 2)
with dimensions [a] = [8] = 2,[r] = 1,[7] = 2%, we rescale first the Navier-Stokes

equation (1.1). In order to simplify the notation, we suppress the subscript ¢ for now:
p(Ou + udpu + wdu) = p(0%u + 0*u) — d,p,
p(Oyw + ud,w + wdw) = p(0*w + O*w) — d.p — pG.

Substituting the variables from above leads to

2
b O o af _ & 92 Y22\ Ty 5
P (@5 Toﬁtu+ I Uaxu + H wazu 12 <L28ju+ H285u> I D5 (1 16)
p | BeFro0mw + a—ﬁﬂ(’)—w + 5—21178@ = u ﬁa?uv + ﬂa?w — lafp — pG. .
L " H 2" H?2? H™

13



1.1. Lubrication Approximation

For equal order of dimensions we claim that e*ry = ¢ = % which means

a=c"rnL and B =L (1.17)

Observe that (1.17) implies g = . Hence, physically interpreted, the velocity in horizontal
direction is high compared to the velocity in vertical direction. Plugging (1.17) into (1.16),

we obtain that
k-2

2kr2 [ (Ot + u0zu + wO-u) = us LTO (e°02u + 0Zu) — % D,
gszl 0l
pe?* 73 L (05w + udz0 + wdzw) = N—L (07w + Zw) — 7% G,
which is equivalent to

L2

2k P70 (8{@ + U0z + WOz ) = 2 (202u + 0%u) — L 2D,
HT0 I (1.18)
k2 PTOE ol (8,511) + 40w + wow) = eF (202w + 02w) — T op-a.
v EUTo Ko

In order to keep the pressure and gravitation term in the second equation of (1.18) and again

the pressure term in the first equation of (1.18) set
v=c¢euty and k=3.
Thus, dividing the first equation of (1.18) by ¢ yields

e?Re (Ot + udzu + wozu) = (202u+ 0%u) — Oz,

I (1.19)
~a
HTo

is the so—called Reynold’s number, which is the ratio of inertial forces

e°Re (0w + udzw + wozw) = &2 (202w + 0*w) — Ozp —

where Re := £moL

to viscous forces and characterizes whether the flow is laminar (small Reynold’s number)
or turbulent (high Reynold’s number). Hence, the film being thin enough, we can assume

the flow to be laminar. Letting € tend to zero in (1.19) and using again the subscript i, we

obtain
—0:pi + 02u; = 0,
L in €, i=1,2. (1.20)
- Zﬁi - P G = 07
HiTo

The lubrication approximation does not affect neither the continuity equation (1.2) nor the
no-slip boundary conditions (1.4), (1.7) or the kinematic boundary condition (1.14). Indeed,
rescaling (1.2) we obtain that

14



1. Physical Model for the Two—Phase Thin Film with Insoluble Surfactant

Using (1.17) and dividing by €* leads to

Note that in the rescaled framework the bottom and accordingly the free surfaces are located
at Z =0 and h; = % for i = 1,2, respectively. Rescaling the no-slip and the kinematic

boundary conditions yields

v, = 0 on z= O,
) (1.22)
U7 = vy on z= hl
and
Othi + 1;0zh; = w;  on Z=h i=1,2, (1.23)

Rescaling the normal and tangential boundary conditions, given in (1.12) and (1.13), we have
to determine how to scale the surface tension and the surfactant concentration. In order
to understand the choice of scaling for the surfactant concentration, we illustrate roughly
a characteristic of surfactant. Surfactant molecules are amphiphilic and can be imagined
to have the form of a head (hydrophilic) with a tale (hydrophobic). Getting into contact
with the free surface, the surfactant places its hydrophilic parts into the structure of the
molecules on the fluid surface and thus reduces the surface tension. Since the surfactant is
assumed to be insoluble it does not diffuse into the bulk but stays on the surface pointing
its tale (hydrophobic part) outside of the two-phase flow. If the surfactant concentration
reaches a certain critical value I',,,, the so—called critical micelle concentration, the surfactant
molecules aggregate such that the heads of the molecules surround the tales (like a spherical,
called micelle). A further increase of surfactant contributes only to the micelles and does
not have any significant additional decreasing effect on the surface tension. We refer to [43]
for a detailed chemical background on surfactant.

In accordance to [29], we set I = % and
o9 = T L (og + 526)

where 0§ is the rescaled surface tension coefficient of the interface when I' = T, and & the
part of the surface tension coefficient, which depends on the the surfactant concentration.
Recall that oy = py70¢ is constant, since the surface tension coefficient of the interface

between the fluids is independent of I', for the insoluble surfactant is acting on the surface

15



1.1. Lubrication Approximation

of the upper fluid only. The equation for the normal stress boundary condition on z = h; is

given by (1.12)

281’“1 - p_l a;vwl + azul Q@xUQ — & @cwg -+ @ZUQ ) hl -9 hl
M1 _ 2 o T
H1 o .
O,wy + Ouy 20wy — P Opwy + Oyug 20w — P2 1 1
H 2
O'laghl

1+ |0,h ]2

This is equivalent to

Ulaghl

V14|00 ]?

- NQ(awa + aZuQ)] + 2(#18;,;?1)1 - M?awa)'

= Q\th1!2(u10xu1 - Mzaz"@) - (1 + ’axh1|2)(]71 - Pz) - 23xh1[ul(3xw1 + 32161)

By rescaling the variables, we obtain that

Jfﬂ)m@%les
It [0 22

— 285351637'0[,1111 (anDl&Q + 85711) — ,u282(c9fu_)252 + 85122)] + 25470(u18iw1 — ugafﬂ)g).

= 2[0zh1|*e° 10 (110511 — p20slia) — (14 |0z |*€%)eTo (P — Dapia)

Dividing the above equation by ¢ and then letting ¢ tend to zero, the normal boundary

condition at z = hy reads
05020 = pr — 2 ps. (1.24)
H1
At the interface z = hy, the normal boundary condition (1.12) yields

P2

Zaach N [L_ axw2 + azu2 _8£Bh2 _ath 0'282h2
2 2 . — —:c’
3;,;@02 + azUQ 281,7“02 — p—2 1 1 V 1+ ‘athP

thus

7207 hy 5 oy D2
= U2 2(9mu2\8mh2] — (1 + |azh2| ) - -2 (0xw2 —+ @uQ) 8$h2 + 28xw2

V 1+ [0:ho|? 1)

Substituting the rescaled variables implies

(o5 + 625(F)))Tou28%7l26 &]

=120 | 26051 |Ozho|* — (1 + |0:ha*e?) €

\/ 1+ |a§;BQ|2€2 H2

— 2€3u2T0 (82852172 + 82712) 8@]_12 + 28485511_}2.
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1. Physical Model for the Two—Phase Thin Film with Insoluble Surfactant

Dividing the above equation by e and then letting ¢ tend to zero, the normal boundary
condition on z = hy is given by

0502hy = Po. (1.25)
Considering the tangential boundary condition (1.13), we need to proceed the approximation

again on both interfaces separately. Starting with the bottom layer on z = hy, we have

20,1 — 2L Dwy + D.uy 20,13 — 2 By + duun\ | (o, |
m 251 o | he M2 . .
azwl + 8Zu1 Q&Ewl - — &ng + 8/&2 283311}2 - — 1 8$h1
H1 H2

= 0.
This is equivalent to
24110,y (001 — Optir) — 2190, hy (Owy — Opuin) + (1 — |9phy [*) (Opwy + Oouy)
— pia(1 = |0:11 [*) (Bp w2 + O.us) = 0.
Using the rescaled parameters yields
24110z h1* (£0:1 — Optty) — 2120z h1e* (€059 — Ozig) + py (1 — |0zhy|?e®)e? (€2 0wy + Oz11y)
— p12(1 — |0zhy|2e?)e? (2055 + Os1is) = 0.

Dividing the above equation by £2 and then letting € tend to zero we obtain the tangential

boundary condition at z = hy

ulagﬂl — IUQagﬂQ =0. (126)

On z = hy, the tangential boundary condition (1.13) reads

2617,62 — % 8xw2 + aZUQ _ath 1 azO—(F)
H2 2 : =,
&sz + 82u2 28$w2 — & 1 3mh2 V 1 + |aach2|2
2

thus

2,u28mhg(8zw2 — axUQ) + ,LLQ(]. - |8zh2|2)(8mw2 + ELuz) = 810(1“)\/ 1 + |8xh2|2

Using the dimensionless variables, we get

28@71264(685’11_)2 — (9@112) + (1 — ’ajﬁ2|252)52(528fu_)2 —+ (951_02) = 82855'(F)\/ 1+ ]655712|2€2.
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1.1. Lubrication Approximation

Dividing by 2 and letting then ¢ tend to zero implies
Ozily = 0;6(I)  on  Z = hy. (1.27)
The remaining equation to consider is the equation for the surfactant spreading (1.3)
Ol + 0, (usI” — DO,I") = 0.

We rescale the diffusion coefficient D > 0 via D = dD, with d = o = Le®r,. Using the

scaled variables above, yields again

O + 0z(usl — DO;T) =0  on Zz= hy. (1.28)
Gathering (1.20)—(1.28), we obtain the following simplified and dimensionless equations for
the motion of the two—phase thin film with insoluble surfactant

8,,3]9@'—1—(93% =0

Navier—Stokes in €, (1.29)
dpi—G =0
Incompressibility Oyu; + 0,w; =0 in Q; (1.30)
Conservation of mass/no-slip (1.31)
w1 = W2, U] = U2 Z:hl
Kinematic boundary condition Oih; + w;0,h; = w; z=h; (1.32)
(
—p1+Epy = 0502 z=M
Normal boundary condition X (1.33)
\ —P2 = UgaihZ z = hy
(
p10ur = 20 uy 2=
Tangential boundary condition (1.34)
0,us = 0,09 2= hy
\
Surfactant spreading 0" + 0, (u2I' — DO,I") =0 2z = hy (1.35)
where
iL 1 .
G;:= P G, of == —07, i=1,2 (1.36)
HiTo ToL

are a modified gravitational constant depending on the density and viscosity of the fluid and
a modified constant surface tension coefficient, respectively. In addition, we suppressed the

bars in order to simplify notation.
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1. Physical Model for the Two—Phase Thin Film with Insoluble Surfactant

1.2. Evolution Equations

Similar as in [19], we use (1.29)—(1.35) in order to derive evolution equations for the two film
heights f, g and the concentration of surfactant I'. Set
2
= —, 1.37
s (1.37)

the relative viscosity between the two fluids.

Evolution equation f = h;. Integrating (1.29) with respect to z and using (1.33) we

obtain equations for the pressure in the fluids contained in €;,7 =1, 2,
pi(t,z,2) = Gi(f(t,x) = 2) = ppa(t, a, f) — 070 f(t, @), (1.38)
pa(t,z, 2) = Go(f(t, @) + g(t,2) — 2) = 0505 (f + g)(t, ). (1.39)

Plugging equation (1.39) into (1.38), the pressure within the lower fluid is given by

pi(t,w, 2) = Gi(f(t,z) — 2) = uGag(t, x) — poso2(f + g)(t,x) — o502 f(t, x).
Differentiating with respect to = and using (1.29) implies
—02ur(t, w,2) = Gr0uf (t,w) + pGa0ag(t, x) — pos0;(f + g)(t,7) — 010, (¢, 7),
hence, by (1.34),
doui(t,z,2) = — (Glaxf(t7 ) + pGa0,g(t, x) — posdy(f + g)(t, x) — ot f(t, 35)) (f(t,x) —z)
+ pdus(t, x, f).
Integrating with respect to z yields, in view of the no—slip boundary condition (1.31),

u(t, @, 2) = — (G10. f(t, @) + pGa0,9(t, x) — posoi(f + g)(t,x) — o502 f(t, x))
, (1.40)
X (f(t,x)z - 522) + pd.us(t, x, f)z.

Note that

f(t)
/ uun(t,x,2) dz = —wn (b2, 2) = —Ouf (£, 7) — wn(t, z, FOuf (2, ),
0
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1.2. Evolution Equations

by (1.30)-(1.32). Thus

which is equivalent to

f(tx)
0f(t2) =0 [ { (Gr0.S(t.0) + uGadiglt, ) = ol + 9)(t.2) = 0102(0.)

X <f(t, T)z — %ZQ> — poyus(t, x, f)z} dz =0.
(1.41)

In order to obtain an evolution equation for f, which depends only on ¢,I" and f itself we

need to determine an equation for us. Recalling (1.39) and using (1.29), (1.34), we get

8Zu2(t,m,z) - - (GQaa;(f + g)(t,l’) - O-gag(f + g)(t’m)) (f + g — Z)(t,l’) + a:vO-Q(F<t7$))'

(1.42)
Hence, (1.41) and (1.42) imply that
o.f - o, {(Glf—g " G2uﬁ> 0, f + Gap (J;?’ %) .9 - nL0.0(r)
1 12 B (1.43)
— ((01 + o5p) Y + 02,u—> Of — (? + TQ) aig] =0,

where f, g and I" depend on (¢,z) € (0,00) x (0, L).
Evolution equation g = hy — h;. Owing to (1.31), which states that u; = ug on z = hy,
and (1.40), (1.42), we obtain that
1 1
ua(t,,2) = = (Gadu(f + )(t,2) = 0503(f + 9)(1,2)) [( +9) (t,2)z = 52 = 5 /2(t,)

~ folt.0)| + Duoa(T(E,2))[z = f(t, )]

f2(t )
2

— (Glaxf(t> ) + Gopdag(t, x) — posd(f + g)(t,x) — o502 f (2, m))

— 1(Ga0.(f + 9)(t,2) = 5OS + 9)(8,2)) (Fg)(ts2) + pdaera(T(t,2) (1, 2).
(1.44)

Hence, in virtue of (1.31), (1.32), the evolution equation for g is determined by

(f+9) ()
Og(t,x) + Oy / ug(t,x,2z)dz | =0
f

(t.z)
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1. Physical Model for the Two—Phase Thin Film with Insoluble Surfactant

and it follows from (1.44) that

r 2
0yg — Oy [(G2—+G1—+G2Nf O f + (G2—+G2M (T‘ng >> zJ

g
3 2

(ufg + ) (05% + (0] + o3u) f2g + USMfQQ) xRS (1.45)
3
(8ot (e ) Y] o,

where f, g and ' depend on (t,z) € (0,00) x (0, L).

Evolution equation for I'. The equation for surfactant spreading on the layer z = hy is

given by the advection-transport equation (1.35)
Ol + 0, (usl” — DO,I") = 0.
In view of (1.44) we obtain the following equation for the evolution of I':

g f? 9 f?
o' — 0, |:(G25 + Gl? + Gzﬂfﬂ) Lo, f + (GQE + Gapt (— + fg)) ['0.g

2
g ¥ oswg) o (1.46)

2 2

2 2
= (05% + o5 (f + fg)> Fﬁig} =0

where f, g and T" depend on (¢, x) € (0,00) x (0, L).

System of evolution equations. Recalling (1.43), (1.45), (1.46), the evolution of the film

heights of the two—phase flow and the surfactant spreading is given by a strongly coupled,
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1.2. Evolution Equations

degenerate system of equations of fourth order:

(8tf—8x[<G1—3+G2ui)8f+G2 <f3 f—?g) 8xg—u—28xa(f‘)

3 2
3 2 3 2
—((af+0§u)‘g +02uf—) dBf— o (f +f—> a2 } =
3 29 93 2
Org — &p[ <G2— + Gl_ + Gaopfyg ) Onf + (ng + Gap (7 + fg )) g

2

3
~ (nto+ 5 ) 0uot) = (o5 + (05 + o L2 + ouss?) 025

3 2
—(as%w;u(f—wg)) g =0,

g f? 9 f?
o' — 3z[ <G25 + G1? + G2Mfg> Lo, f+ <G2? + Gapt (? + f9>) ['0.g

2 2
(] + 9)T0u0(r) + DO — (o8 + (o5 + o5

5+ Uéufg) rosf
2 2
k - (0§%+0§u (f +fg)) i’g} =0,

(1.47a)
for t > 0 and « € (0, L) with initial data at t =0
f(0,9)=fo, ¢(0,)=g0, T(0,:)=Ty (1.47b)
and boundary conditions
(1.47¢)

Utlzaif = ‘72839 =0

at * = 0, L. The degeneracy occurs in the equations for f and g in the sense that if f
or g become zero in the first or second equation of (1.47a), respectively, the highest order
terms (to be precise both, the fourth and second order terms) vanish. Hence, the system
(1.47a) is not uniformly parabolic. It is said to be strongly coupled, since each equation
contains highest order derivatives of all three unknowns. Note here, that the highest order
of the surfactant concentration I' is of second order in contrast to the highest orders of the
film heights f and g, which occur as fourth-order derivatives. Observe also that due to the
special structure of (1.47a), the boundary conditions (1.47¢) guarantee that the mass of the

each fluid and the mass of surfactant concentration is preserved.

22



1. Physical Model for the Two—Phase Thin Film with Insoluble Surfactant

Setting formally f = 0, the system (1.47) describes the evolution of a thin film endowed
with insoluble surfactant, which has been derived and studied numerically in [29].

Neglecting constant surface tension, but keeping gravitation, that is
o] =05 =0, G >0,

(1.47) reduces to a strongly coupled, degenerate system of second order

( 3 2 3 2 2
Ocf = O KGlf— + wa_) Ouf + Gopt <‘}; %) g — u—axa(r)} =0,
f2

g9° g9’ f?g
0rg — O, G2§+G1—+G2Mf9 O f + G2§+G2M T‘ng 0x9

2

- (ufg + %) azU(F)} =0,

92 f2 92 f2
o' — 0, [(G25 + Gl? + G2Mfg> Lo, f + (G25 + Gapt ( + f9)> 0.9

—(uf +9)T0,0(T) + D(‘)xl“] —

(1.48a)
for t > 0 and = € (0, L) with initial data at ¢ =0
f0.-) = fo, 9(0,:) = g0, T(0,-) =T (1.48Db)
and Neumann—boundary conditions
Opf = 0,9 =0,I"=0 (1.48c¢)

at x = 0, L. Formally, setting f = 0, the system (1.48) describes the evolution of a thin film
endowed with insoluble surfactant, driven by gravity only, where capillary effects are ne-
glected. This system has been studied numerically in [27, 29| and analytically in [19, 21, 26],
where in [19] the surfactant are considered to be soluble. Local existence of strong solutions
and asymptotic stability of steady states, which are, in virtue of an energy functional, de-
termined by constants, are shown. In the case of a thin film with insoluble surfactant, the
authors in [21, 26| investigate the existence global weak solutions. In Chapter 2, the system
(1.48) is studied and following the ideas in [19, 24] local existence of strong solutions and
an asymptotic stability result are shown for the two—phase thin film equation with insoluble

surfactant driven by gravity.
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1.2. Evolution Equations

Neglecting the gravitational force and keeping instead the capillary effects, which means
that we set

01,05 >0, G =0,

(1.47) reduces to a system consisting of two strongly coupled, degenerate equations of fourth
order, which are additionally strongly coupled to the diffusion equation for the surfactant

concentration, where the highest orders appear as second—order derivatives.

af+a (of + o3 f3 AP r =
t 1 0~ +‘72H2 9 f + ogp 0pg + 1 axg(r) =0

2
@g+8{( %— 0y+@mff+waﬁf)ﬁf+( %-+%/(fg+fg)) 3

(fg+g)6’0( )}zo

N f? : 9 f?
o, + 0, [ 3 (o] + oSp)— 5 +J§,ufg) Lo3f + <J§E+0§u< —i—fg))ﬂ?jg

+(uf +9) P00 (T) — DamF] =0,

(1.49a)
for t > 0 and = € (0, L) with initial data at t =0
f(07 ) - f07 9(07 ) = 9o, F(07 ) - FO (149b)
and boundary conditions
(1.49c¢)

Oof =99 =0

at © = 0, L. A similar system without surfactant has been studied analytically in [22, 24|
as a thin—film approximation of the two—phase Stokes problem. In the cases when formally
f =01in (1.49) (see [15, 21, 26]), the existence of global weak solutions to the one—phase thin
film model driven by capillary effects and insoluble surfactant is shown. The authors use the
method of Galerkin approximation in order to obtain global weak solutions to a family of
regularized systems, which tends in the limit to a global weak solution of the thin film flow
with insoluble surfactant. By further regularization [21] receives more regularity of the weak
solution for the surfactant concentration, which allows to prove non—negativity of the weak

solutions not only for the film heights but also for the surfactant concentration. In Chapter
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1. Physical Model for the Two—Phase Thin Film with Insoluble Surfactant

3, we prove in the first two sections a local existence and asymptotic stability result for
(1.49). Even though the system is of mixed order, which requires a more involved analysis,
we follow the structure and use ideas from [19, 24]. Combining [21, 22, 26] we investigate
in the third section of Chapter 3 the existence of non—negative global weak solutions for the
fourth—order two—phase thin film model driven by capillary effects and insoluble surfactant

(1.49).
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2. Second Order Two—Phase Thin Film Model Driven by Gravity with Insoluble

Surfactant

In this section we prove a well-posedness and asymptotic stability result for the two—phase
thin film equation with insoluble surfactant, where the motion of the fluids is driven by
gravity only (constant surface tension as a governing force is neglected). We apply the tool
of analytic semigroups (cf. e.g. |2, 3, 33, 41]) in order to prove local well-posedness, and the
principle of linearized stability to deduce an asymptotic stability result for the steady state
solutions, which are, in view of an energy functional, determined to consist of constants.
The evolution of the thin—film flow is described by (1.48), which is a degenerate, strongly
coupled parabolic system of second order. Following the methods used in [19, 24|, where local
existence and asymptotic stability of strong solutions for systems modeling the evolution of
a thin film with soluble surfactant and for systems describing a thin—film approximation of
the two—phase Stokes problem, respectively, is shown, we prove analog results for (1.48). We

recall the gravity driven two—phase flow with insoluble surfactant (1.48)

(oo (L v el Yo+ con (L 1+ 190 “9,0()] =0

g0 |(65 + Gyt os G (5 5 ao oo <o
g’ ’g g 24

09 = Ou KG2§ +Gi- + quf92> Ouf + (Ggg + Gap (7 + ng)) Org

- (ufg + %2) (%U(F)} =0,

2 2

g f g f?
o' — 0, (GQE + G1? + Gg,ufg) Lo, f + <G23 + Gap (? + f9>) ['0.g

—(uf+9)T0,0(I') + D(?IF] =0
(2.1a)
for t > 0 and = € (0, L) with initial data at ¢ =0

f(0>) :f07 g<07') :goa F(07) =TI’ (2'1b)
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and Neumann-boundary conditions
O.f = 0,9 =0, =0, (2.1c)

at © = 0, L. The parameters, which appear in (2.1a) are related to material properties of

the fluids, cf. (1.36) and (1.37). We impose the following assumptions:

G1) The density of the fluid on the bottom of the two-phase flow is higher than the density

of the fluid on top, that is p; > ps.
Assumption G1) in particular ensures, in view of (1.36) and (1.37), that

The surface tension, which depends on the surfactant concentration is assumed to be twice

continuous differentiable and non-increasing
S1) o € C*R) and —o'(s) > 0 for all s > 0.
Moreover, let ® be a function, such that

Al) @ € C%(R) with ®(1) = &'(1) = 0 and

a'(s)

S

>0 for all s > 0.

CI)//(S) _

In order to study the well-posedness of the system of evolution equations (2.1), we need to

find suitable spaces for solutions to work with. For the remainder of this section, we define
LQ = L2(07 La Rg)a
HY = H3(0, L; R?) := {u € H*0, L; R?) | 0,u(0) = d,u(L) = 0},

where H?(0, L;R3) is the Sobolev space consisting of functions u € Lo, whose first and
second distributional derivatives belong again to Ly. The variable u is to be seen as the triple
u:= (f,g,I'). Observe that we already incorporated the Neumann-boundary condition in

the space H%. For a € [0,1] we define

U := H2(0, L;R*) N C([0, L], (0, 00)?),
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where

{ue H**(0,L;R3) | O,u =0atz =0, L}, if a>3
HY = HY(0, L;R?) =

H?*(0, L;R?), if ael0,4],

with H?*(0, L; R3) := Lo, H?|, being the complex interpolation space between H? and Lo,
called the Bessel potential space. Let o > 2, then (cf. [46, Theorem 4.6.1 ¢)])

1 C C'([0, LI )

and U® C H3" is an open subset. For u = (f,g,T') € U* we define the diffusion matrix

3 2 3 2 2
GhL + Gople Gt (5 + 52) —pLo'(1)
ac(u) = G2% + G5+ Gopfg? G2gz),—3+G2N (% +f92> - (Mngr%) o'()
(G2% + G5+ Gafg) T (Go% + Gon (54 f9) )T = (uf +9)To'(T) + D
(2.3)
and recast the problem (2.1) as an autonomous quasi-linear equation in the space L?
Ou+ Ag(u)u =0, t >0, u(0) = u®, (2.4)
where the operator Ag : U* — L(H%, L) is given by
Ag(u)w = =0, (ag(u)d,w), ue U we Hy (2.5)

and u0 = (0, ¢°, 7).

2.1. Local Well-Posedness

Studying the operator Ag defined in (2.5), we prove that, assuming G1), S1), Al) and
u® € U?, there exists a unique, strictly positive solution on some time interval [0,7T'), where
T € (0,00) depends on the initial datum u°® € U*. We claim that for fixed u € U®, the linear
operator Ag(u) € L(H%, Ls) is the negative generator of an analytic semigroup. Observe
that the principal symbol of the linear operator Ag(u), u € U?, defined in (2.5) is given
by the matrix ag(u), which has positive eigenvalues in virtue of G1) and S1). Indeed, the

eigenvalues of ag(u) are the roots of

det(ag(u) — A1d) = A3 — AX2 + BA — C (2.6)
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2.1. Local Well-Posedness

with
A = —(uf + T (D) + D+ G & + GoZ + Gop (f29 + f9?)

B = (Gfg+f4gG2M)[G1—G2M]+D<G13 (G1+G2,u>fg+G,u +G23)

—o'(D)T (Glu{—Q +[G1 — Gaplpl? + G L2 + GLEE + Gy — Gop] I + 202;@)
C = (D <G2% + Gz/ﬁ%) — O'I(F)F (GQ% + Gzﬂ%)) [Gl — Gg,u]

(2.7)

We refer to Lemma A.1 for a more detailed derivation of (2.7). We want to apply the Hurwitz
Lemma, which states that the roots of the cubic polynomial (2.6) are strictly positive if
A/ B,C >0and AB— C > 0. Since u € U* and therefore point—wise positive, we deduce
due to Assumption G1) and S1) that A, B,C > 0. Observe that
f3 3 f4 2

AB > (~o'(T)T(uf +g) + D) <G2 qu) (G — Gyl

Hence

AB - C > ((—a’(F)F(uf +9)+ D) (Ggi + wa‘*g?)

9 12
f3 3 f4g2 , f3 4 f4g3
3.4 4 3
> —o'(D)Tuf (Ggf g + Gmfgg ) Gy — Gop] > 0

and the Hurwitz Lemma implies the strict positivity of all eigenvalues of ag(u). It follows
from |2, Ex. 4.3.e)] that (Ag(u), B) is normally elliptic, where Bw = d,w at x = 0, L for
w € U® Taking into account that the coefficients of the matrix ag(u) are continuously
differentiable and A depends smoothly on its coefficients, |2, Theorem 4.1] implies that
—Ag(u) € H(H%, Ly) and

—Ag € C' (U, H(Hy, Ly)). (2.8)
With this, [2, Theorem 12.1] guarantees the following well-posedness result for (2.1):

Theorem 2.1 (Local Existence). Let v € (2,1] and u® = (f°,¢°,T°) € U*. Assuming G1)

and S1), the problem (2.4) admits a unique positive strong solution
u=(f,9,T) € C([0,T),U*)NC*([0,T), L) N C*((0,T), Ly) N C((0,T), H)

with mazimal time of existence T € (0,00]. Moreover, u depends in U“ conlinuously on ils

initial datum u®.
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Remark that Assumption G1) is crucial in order to obtain the well-posedness result. Hence,
studying local strong solutions of (2.1), we need to exclude the case when p; = po, that is,
when both fluids have the same density but may differ in their viscous behavior. If p; = po,
then G; = Gap (cf. (1.36) and (1.37)) and it is easy to see that the matrix ag(u) has an
eigenvalue A = 0 (note that then C'= 0 in (2.7)). In this case we can no longer apply the
theory in [2].

2.2. Asymptotic Stability

We show that the only steady states of (2.1) are of the form where the films are flat and
the surfactant concentration is uniquely disturbed. Under the assumption that the surface
tension is strictly decreasing, we obtain that that the steady states are asymptotically stable.
Similar as in [21, 24, 23|, we prove the existence of an energy functional, which provides
together with Assumption G1) that the set of steady states is determined by constants if the
surface tension strictly decreasing. Moreover, we show that if u, > 0 is a steady state, then
it is asymptotically stable. Considering the system (2.1), it is clear that u, = (fs, g«, ['s),
where f,, g. and I', are positive constants, is an equilibrium. In order to determine all steady

state solutions of (2.1), we show that £ : U* — [0, 00), defined by
E(u) = /L{1 (Mf%r (f + )2> + icb(r)} da
' 0 2 G g Go 7
where u = (f,g,I') € U* and the function ® being such that (cf. Assumption Al))
d"(s)s = —0o'(s) >0, for s>0,

is an energy functional for (2.1), that is, £ decreases along solutions u given by Theorem

2.1. Observe that, physically interpreted, the terms fOL% (Gl(;T?f“fQ + (f —|—g)2> dx and

fUL GLQQD(F) dx represent the kinetic and the free surface energy, respectively.

Proposition 2.2 (Energy Functional). Let be a € (3,1] and u® = (f°,¢°,T°) € U* . Then,

under the assumption of G1) and S1), the corresponding solution u = (f,g,T") to (2.1) given
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by Theorem 2.1 satisfies

d ["[1(Ci=Gopp ) 1

— - —o(T
dt0{2( G 1T U*”)*GQ()}‘“

:_/0 {[f231(\G/13J;_‘2FMG2M9 §<\/@ga (f+g)— M)}

VGs

e~ |

[\/Wgé’ (f+9)— %} +

VGt oV 2

g 2 D " 2
- r —9"9,I"
+4G2|8xa( )| +G2 |0, }d:v

(2.9)
fort e (0,T).

Proof. Since u = (f,g,T") satisfies (2.1), we use integration by parts, where the boundary

terms vanish due to the Neumann—-boundary conditions and the special structure of (2.1)
and obtain that

d Gi— Gopt 4y 2\, )
o {2( Gt (frgp) + 0 o

L /
:/ {Wfatf+(f+g)8t(f+g)+q)(r)atr} dx
0 2

G

L _ 3 2 3 2 2
:_/ {GIG—Swﬁ f {(Glf—+G2uf—)(9 f+Gop (é %)ag / (910'( )}} dx

3 2 3 2 2
(f+9) [(Glf——l—Gguf—)&f—l—GQu(J; %)89—;%8 a(T)

e
( 2—+G1—+G,ufg>amf—|—<G2%3+G2u(ﬁ+fg)) )
(e )ac]}

2 f2 g2 f2
—/ { a 8x [(G2—+G1—+G2Mfg) ro,f + (0254‘02#( +f9>)rax9
0 2

— (uf +9)L0po(I) + DﬁxF} } dx

_lGl - G2,U 2
5 G OpfO,0(l) f } dx
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L
— /0 {%&a(f + 9)0u(G1f + Gapg) f° + %G2M|a$(f +9) f2g - %Maa:(f +9)0,0(T) f?

G
+ flax(f +9)°¢* + %ﬁx(f + 9)0u(G1f + Gopg) f2g + Gapl0:(f + 9)* f ¢

— 50 + 9)0.0(T) — 0ulf + 9)2.0(T) g } do

_/OL{ (2+G_1f72+“f9> H(1e)0:f = (92+u(f2+fg)) (12)0zg

1 2 D " 2
+ g Wl +9) 0.0(D)P + -2 (D)|o,0P | d

Observe that

1 G1 GQ,U

3 G 0o fO(Gr1f + Gapg) f* + 8 (f 4+ 9)0:(G1f + Gopg) f*

f3

|8 (G1f + Gapg)l?

and
5 (G = G0 fOLS +9)fg + 5Gapl0n(f + ) P20 + 30:(F + 9)0u(Grf + Gapig) g

= [?90.(f + 9)0:(G1f + Gapg).

Hence

d L 1 Gl—Ggﬂ 1
il G (Fa s o) s gamf e

3
= —/0 {3£2 10:(GLf + Gapg)|? + f290:(f + 9)0:(G1 + Gap) + Gapf ¢210:(f + 9)I?

+ flé‘x(f + 9)19° — 5-0.0(1)0:(G1f + Gapg) — g°0,0(D)u(f + 9)

—2ufgo.o(D)o.(f + g) + <G_ + —) 10,0(D)|? + G%Q)”]@J‘]Q} dr

z—/o {3£2 0.(G1f + Gapg)|* + [\/Ggu f90.(f +9) — \/\/ga (F)]

i e Vil

+ Gwax(GlerGgug)( Gapfg0:(f +9) — \/G_za (r)) +4_G2‘3 o(T)|?
VGag? V39 " b, )

i v R w Ol e AU }dx
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2.2. Asymptotic Stability

Finally, we note that the first three terms in the integral above can be written as

30.(Gf + Gapg) . V3 ViTo,o\ ]’
[ 30 + (\/ Gopfg0.(f +g) — T)]

+ i {\/qufg&r(f +9) — %1 ,

which yields the assertion. O

Note that all terms on the right—hand side of the energy equality (2.9) are non—positive.
Hence, if u = (f,g,") is an equilibrium to (2.1), every single term on the right—hand side
has to vanish, which implies that 0,0(I') = 0,(f + ¢) = 0.(G1f + Gaug) = 0. If o is strictly

decreasing, we deduce that f, g and I are constant, in view of Assumption G1).

Corollary 2.3. Suppose that o € C?*(R) is strictly decreasing and Assumption G1) is sat-
isfied. Then, the only positive steady states to (2.1) are of the form (fs, g«, ') € U* with

constants fi, gs«, I'x > 0.

In order to study the stability properties of these equilibria, we observe first, by a simple com-
putation, that the mass of each fluid and the mass of surfactant concentration is preserved

by the evolution of the system, which is due to the Neumann—boundary conditions.

Lemma 2.4 (Conservation of mass). Let u = (f,g,T') be a solution to (2.1) as found in

Theorem 2.1. Then, the mass of u is preserved with time, that 1s,

d [t d [t d [~
%/o f(t,z)dr =0 and ), g(t,x)dx =0 and i), [(t,z)de =0

on (0,T).

The remainder of this section is dedicated to prove that, assuming the averaged initial
surfactant concentration to be small, there exists for every initial data being close enough
to the steady state a global positive strong solution to (2.1) tending exponentially to the
constant steady state.

Set s = (fy, gx, I's) With f,, g, ['x being positive constants and denote by

(h) = %/0 h(z) da
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2. Second Order Two—Phase Thin Film Model Driven by Gravity with Insoluble Surfactant

the average (with respect to space) of a function h. Let u = (f, g,I") be the unique strong
solution to (2.1) corresponding to the initial data u® = (f°, ¢°,T°) € U, satisfying (f°) =

fer (g°) = g and (T'°) = T.. By conservation of mass (cf. Lemma 2.4), it is clear that then
(u(t)) = (us) forall ¢e]0,7).

In order to study the stability property of the equilibrium wu,, we follow the ideas used
in [19, 24] and eliminate the non-zero constant functions from the space we work in by

introducing the projection P € L(Ly) N L(H%), defined by

Pu:i=u— (u) = (f—%/OLf(x)dx,g—%/OLg(x)dx,F—%/OLF(x)dx).

Clearly, P defines a projection as
P?*u= PPu= P(u— (u)) = Pu.
By means of the continuous projection we can decompose the spaces
Ly =PLy® (1 — P)Ls,
HY = PHY & (1 - P)Hy,

into direct sums (cf. [44, Theorem 5.16|), where PLy, PH3 contain the non—constant
functions and the zero function in Ly, H% and (1 — P)Lo, (1 — P)H% contain the constant
functions in Lo, H%, respectively. Due to mass conservation and continuity in ¢ = 0, a
solution w of (2.1), which satisfies initially (1 — P)u(0) = w, fulfills (1 — P)u(t) = u, as
long as the solution exists. Hence, we can decompose the solution v with respect to the

orthogonal sums:

u(t) = z(t) + u, € PLy® (1 — P)Ly,  t>0,

with 2(t) = Pu(t). By u being the corresponding solution to the initial data u® € U®, the

function z = u — wu, is a solution of
iz + Az + u.)z =0, 2(0) = u° — u,.

Hence, the stability property for u, is equivalent to the one for the stationary solution z = 0

of

Oz + Atz = (AL — Az + . z=: F(2), (2.10)

)’PH?V)
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2.2. Asymptotic Stability

with ALw = Ag(u.)w for w € PHZ. Due to the Neumann-boundary conditions, both
operators, A% and [z — Ag(z + u4)z], map PH% into PLy. Indeed, if 2 € PH,, then

(1 - P)ALz = (ALz) = / Ox(ac(us)0y2) dz
and
1 L
(1—-P)Ac(z+u)z = (Ag(z +u,)) = _Z/ Or(a(z + uy)0y2) do =
0

Note that, in view of PH% being continuously embedded into PL,, the set PH% is an open
neighborhood of zero in PLy. Furthermore,

F € CY(PH3,PLy) with F(0)= F'(0) =0, (2.11)
where F” denotes the Fréchet derivative of F.

Lemma 2.5. The operator Ay : PHY C PLy — PLy belongs to H(PH?%, PLy), that is,

— A7, is the generator of an analytic semigroup on PLs.

Proof. We already know from (2.8) that —Ag € C'~(U*, H(H%, Ls)), hence —Ag(u,) €
H(H%, Ly). By means of the orthogonal projection P we can represent —Ag(u,) as a matrix

operator

—A U 2 0
ludlom OV C P o (1 - PYHR, PLy @ (1— P)Lo)
0 0

—Ac(u,) =

Because Ag(u,)(1 — P)w = 0, the second column of the matrix has zero entries. Moreover
(1= P)Ag(u)w = (Ag(u)w) = — 1 fo (ag(u.)0,w) = 0 for w € H%, which justifies the
zero in the first entry of the second row. It follows from [3, Theorem 1.1.6.3] that

—Ag(us)

m
In order to prove asymptotic stability for the equilibrium z = 0 of (2.10), we apply the

principle of linearized stability (cf. [33, 9.1.1]). For this purpose we state the following

lemma:

Lemma 2.6. Suppose o € C*(R) is strictly decreasing and Assumption G1) is satisfied.
Then there are numbers £,wy > 0 such that the spectrum spec(—Ay) of —Ag, is contained in

the half plane [Re z < —wy| provided that 0 < T, < e.
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Proof. Take w® = (f°,¢°,T%) € PL, arbitrary and let w(t) := e~*cw’, t > 0, be the unique

strong solution in PLs to the linearized problem
Ow + Agw = 0, t>0, w(0) = w’. (2.12)

By definition of A}, = Ag(u.), the function w = (f,g,T') € PH% satisfies

a2 (f+9) f+g
0, f —0, | az(w)d, | f —0,
zI’ r

where z > 0 is a constant and the matrix aZ (u.) is given by

3 2 2 2
dy GQ'U (% + %) _G1(32G2u (:u% + ﬂf*g* + %) U/(F*)
3 2 3 2
Gaope (f? + ng> (G1 — Gap) ks —pufa'(T,) ,
2 2 2

where

L Gaop g_i’ fS 2
dl-_Gl_G2,u<G23 +G2/1’ +fg*+fg* )

ds := —z(ufs + g.)Two’(T) + 2D.

Introducing the to af(u.) corresponding symmetric matrix

dy Gapt (%ﬁ + %)
be(us) == | Gap (%3 + ff;*) (G —Gop) k|- (2.13)
j k ds
with
. 1 qu f2 9* , gz f2
= —= - - * Yx F* - - * Yk F* )
1 z f2
we obtain that
14 o f+y f+y
21 2 2 2 =
it (G2 ol L+ Ir2) = | o | g [foc| s 0
r r
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2.2. Asymptotic Stability

If I'y = 0, the matrix b%(fs, g+, 0) is positive definite for some sufficiently large constant
z > 0, since all principal minors are positive. For a detailed computation we refer to Lemma
A.2. Hence, there exists € = &(f,, g«) > 0 such that for 0 < T', < e the matrix b5 (f., g«, ['x)

is positive definite and we deduce that
2

1d G f+y
21 9 ) )
e L L . < ollo.
2 dt (Gl_G2M|’f+g||2+||f||2—|—z|] H2) < -—nlo f
r

2

for some positive constant n > 0. Recall that the average value of w := (f + g, f,I") where
(f,g,T') € PH% is given by () = 0. Hence, there exists, by Poincaré’s inequality, a constant

¢ > 0 such that [|w]|2 < ¢7'|0,w||3 and it follows that

= quzgﬂf+m@+nﬂ@+4w%)s—mﬂu+gﬁ+nﬂ@+mwa

Set m := max{ Gopp 1}, then

G1-Gap
i ( Gop

_—Hf+gH§+Hf!|§+zHFH§> < —B(mlf +gll3 +mlflI3 +m|T3)
G — Gap

_nc G2/J“

< 2 2 r 2
< -2 (G4 gl + IR + AT

(2.14)
We will show that @ = (f + g, f,T'), where (f,g,I') is a solution to (2.12), has exponential
decay, which implies that also w = (f, ¢,[') is exponentially decreasing. Observe that for
w=(f+g fT)€PL

~ Gaop 2 2 2
[[w]l]2 (Gl—G2u||f+g||2+”f”2+z” 12

defines an equivalent norm on PL,. In virtue of (2.14), we deduce that 4|||@||3 < —C|||||[3

with C':= 21> > 0. Hence,
- S~ .
lwflle < e = [|[@°l]]2,  t>0, @ =(f"+4" f,1). (2.15)

By equivalence of the norms |||-|||> and || - ||» and (2.15), we obtain that ||@|, < ée~'% |||
for some constant ¢ > 0,

which means that @w has exponential decay. Therefore, also w has exponential decay and
lw(®)ll2 = [le™ " w’lla < Me™™ [

for some M > 1 and wy > 0. We deduce that spec(—Ag) C [Rez < —wy). O
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Combining Lemma 2.5, Lemma 2.6 and (2.11), we can apply [33, Theorem 9.1.2] and arrive
at the following asymptotic stability result for steady states of (2.1):

Theorem 2.7 (Asymptotic Stability). Let o € C?*(R) be strictly decreasing and Assumption
G1) be satisfied. Further let f., g« > 0 be arbitrary. Then there exist numbers € = &(fi, gs) >
0, w>0 and M > 1, such that for 0 < T, < e and any initial data u® = (f°,¢",1°) € H%
with (f°) = f., (¢°) = g« and (T°) =T, satisfying the smallness condition ||[u® — u| g2 < e,

there exists a unique global positive solution
f,9,T € C([0,00),U*) N C*([0,00), Ly) N C*((0,00), Ly) N C((0,00), Hyy)
to (2.1). The solution satisfies
lu(t) = wllm> + |0u(t)]ls < Me ™ |[u” —w.llm= for t=0,

where w, = (fi, gs, L').
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3. Fourth Order Two—Phase Thin Film Model Driven by Capillary Effects with

Insoluble Surfactant

This chapter is devoted to study the two—phase thin film equation equipped with insoluble
surfactant, where capillary effects serve as the only driving force. Here we neglect the effect
of gravitation on the motion of the two—phase flow. Analogously to the previous chapter,
we prove in the first and second section a well-posedness and asymptotic stability result.
It occurs in particular one major difference in treating the fourth-order system (1.49) with
regard to the second-order system studied in Chapter 2. Observe that (1.49) is of fourth
order in the evolution equations for the two film heights and only of second order in the
evolution equation for the surfactant concentration, which is strongly coupled to the fourth—
order equations. Translating (1.49) into an abstract setting, the appearing matrix operator
is of mixed order. The strong coupling of evolution equations of different orders courses
difficulties in studying the matrix operator. Still, demanding a smallness condition on the
surfactant concentration, we are able to show, by a perturbation argument, that the matrix
operator is a generator of an analytic semigroup, such that as before |2, Theorem 12.1]
implies the well-posedness. We will see that, in contrary to Theorem 2.1, which states the
well-posedness for the gravity driven two-phase thin film flow, considering the two-phase
thin film with insoluble surfactant, where capillary effects are the only driving force, we
do not need any assumption on the density of the two fluids (in Theorem 2.1, we forced
the fluid with higher density to be on the bottom in order to establish well-posedness).
As before, an energy functional provides that the set of steady states is determined by the
solutions of (1.49), which are constant. Studying stability properties of these steady states
then is similar to the analysis in the previous chapter. The third section of this chapter is
devoted to study the existence of non-negative global weak solutions to (1.49). Following

the approach used in [20, 22, 26|, we regularize the system (1.49) and prove, by using a
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(Galerkin approximation, the existence of global weak solutions to the regularized problem.
In doing so, we obtain a family of weak solutions to the regularized systems possessing a
converging subsequence, whose limit function is non—negative, under the assumption of non—
negative initial data, and provides a global weak solution to the original system. Since the
weak solutions to (1.49) appear as limit functions of converging subsequences, it is not clear
whether they can be proven to be unique. As the main ingredient in the analysis of weak
solutions to (1.49) serves an energy functional by providing a priori estimates, which allow
to extract converging subsequences of the Galerkin approximation.

Recall the system of evolution equations given in (1.49)

(

3 3 2

<

8tf+8m[((al+02u)f5+ Qufz )an+ 2u<f3+f2 >8§g+,u—28xa(l“)] =0
+

|

2

+(uf+ %) 0ot =0

2 2
or+o.| (s 5L+ (05 + o3 +osufe) ror + (o g—+02u(f + 7)) ety

3 2
Ohg + Oy [(oz + (05 + o5u) T + asuff) Of + (osg

2

+(uf +9) P00 (T) — D@:F] =

(3.1a)
for t > 0 and = € (0, L) with initial data at t =0
f(Ou ) = fo) 9(07 ) = 907 F<07 ) = FO (Slb)
and boundary conditions
O, f = 0,9 =0, =0,
(3.1c)

Osf =039 =0
at x = 0, L. We impose the following assumptions: Given the surface tension coefficients

o1 = o{ > 0 and oy of the form

05(T") = o5 +a(D),

where I' is the surfactant concentration, we assume that the part of the surface tension,
which is independent of the concentration of surfactant, is strictly positive and the part of

the surface tension, which depends on I', is non—increasing, that is,
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S1) o € C*R) and —o’(s) > 0 for all s > 0,
S2) of,05 > 0.
Moreover, let ® be a function, such that

Al) ® € C*(R) with ®(1) = ®'(1) = 0 and

/
P(s) = _os) >0  foralls>0.
s

3.1. Local Well-Posedness

We need to define suitable spaces for the well-posedness of the system of evolution equations

(3.1). Given k € N and n € N, we set in the sequel

HE(0, L;R™) == {u € H*(0, L; R™) | 9*'u(0) = 0 u(L) = 0 for all | € N with 2142 < k}.

These spaces are well defined by the Sobolev Embedding Theorem and endowed with the

usual Sobolev norms. Since the system we are analyzing features both, second— and fourth—

order derivatives, the space Hg(0,L;R?) x H%(0,L;R) will play an important role. For

a € [0,1] and £ > 0 we define
0% := (H{(0,L;R?) x H3*(0,L;R)) N C([0, L], (0, 00)?),

02 :=0"N{u=(f.g,T) € HE(0, L;R?) x HE*(0, L;R) | [|T[| 2o < e},

where
{ue H*(0,L;R") | Opu = OPu=0atz =0, L}, if se (4],
Hy(0,L;R™) := < {u e H¥0,L;R") | d,u=0atz =0, L}, if se (3,1,
H*(0, L;R"), if sel0,3

with H*(0, L; R™) being the Bessel potential space for s € [0,4]. The product space

Hy(0, L;R?) x HE'(0, L; R)

is the complex interpolation space [Ly(0, L; R?) x Ly(0, L; R), H5(0, L; R?) x H%(0, L; R)],
for a € [0,1] between the product spaces Hz(0, L;R?) x H%(0, L;R) and Lo(0, L; R?) x

Ly(0, L;R). If o > L, then (cf. [46, Theorem 4.6.1 e)])

Hy(0, Ly R*) x HE*(0, L;R) € C*([0, L] R*) N C*([0, L]; R).
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3.1. Local Well-Posedness

Furthermore, O® and O% are open subsets in Hz*(0, L; R?) x H¥*(0,L;R). Note that the
boundary conditions as well as the positivity are already incorporated into the sets O and

O2. For each v = (f,g,T") € O* we define the matrix
oSyl + ol o3 (%3 + @) L po'(T)
ac(u) = | o$% + 05,58 + osufg® o5 +osp (f—;g + ng) (% + ufg) o) |,
(055 + 0 +osufg) T (055 +o5u (5 +f9) )T (uf + 9o’ (D) = D
where 0f, := 0§+ oSu, and rewrite the problem (3.1) as a quasi-linear equation in the space
L2(0, L; R?)
Oru+ Ac(u)u =0, t>0, u(0) = u’, (3.2)

where u® = (f°, ¢°, T°) and the operator A, := 0% — L(H(0, L; R*)x H%(0, L; R), Lo(0, L; R?))

is given by
af

Ac(u)w =0, | ac(u) | 937 , for we O%w:=(f,§,T) e Hy0,L;R*)xH%(0, L; R).
9,T

Letting o € (g, 1), we prove that there exists € > 0, such that starting with an initial data
u’ € O% and under the Assumptions S1) and S2), there exists a unique, strong solution on

some time interval [0,7), where T' € (0, oc] depends on the initial datum u° € O%.

Theorem 3.1 (Local Existence). Let a € (£,1), S1) and S2) be satisfied. Then, there exists
e > 0, such that given u® = (f°, ¢°,T°) € O%, the problem (3.2) possesses a unique mazimal

strong solution
(f,9,T) €C(10,T);02) (1 C2(0,T); Ly(0, Li R) A1 C((0, T); H(0, Li R2) x HE(0, L; R)
NCH((0,T); L2 (0, Ly R?)),

with mazimal time of existence T € (0,00]. Moreover, u = (f,q,T") depends in O% continu-

ously on its initial datum u®.

Set By := Ly(0, L;R3) and Ey := H3(0, L; R?*) x H%(0, L; R). Furthermore let Ey := [Ey, Ey)g
be the complex interpolation space between E; and Ej for 6 € [0,1]. With

O(e) = C([0, L]; (0,00)*) N {u = (f,9,T) € H'(0, L;R?) x H*(0, L; R) | |7 2o < &},
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we identify O = O(e) N E,. By taking into account that A. depends smoothly on its

coefficients we obtain that

A. € C' (0%, L(Ey, Ey)). (3.3)

We show that for fixed u € O2, the linear operator A.(u) € L(Ei, Ey) is the negative
generator of an analytic semigroup. Then, Theorem 3.1 is a consequence of [2, Theorem

12.1].

Theorem 3.2. Under Assumption S1) and S2), there exists € > 0, such that given u =
(f,g,T) € O%, the operator —A.(u) generates an analytic semigroup in Ly(0, L;R?), that is

—Ac(u) € H(Hp(0, L;R?) x HE(0, L;R); Lo (0, L; R?)).

Observe, that the linear operator A.(u), where u = (f,g,I') € O¢

@, can be considered a

matrix operator of the form

AdfogT) = | 09 ARG TN 0L R x B0, LiR), Lo(0, L R)),

An(f,9,T) Axn(f,g,T)

(3.4)
with
/ WL+ osud ey (24 12 .
(A1 (f,9)) e ohy + o5l 7 (?JFTQ) g (4
| i) ’ ’ 2 N 2 z | _ s
(3.5)
2,
i = po' (I ~
(Aa(f,9,0) T := 0, E <)/ ar )|
(%Jrﬂfg)cf(l“)
! f

(o0 | ) =0 ((05% + 05,5 +osufg) T (055 + o5 (5 + 1)) T) 0 .
(Ass(f.9. D) T i= 0, (((uf + )T’ (T) = D) &)

for (f,g,T) € O% and (f,§,T) € HL(0, L; R?) x H(0, L; R). We want to make use of an

result from [3], which states a characterization of matrix generators.
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3.1. Local Well-Posedness

Theorem 3.3 ([3]|, Theorem 1.1.6.1, Remark 1.1.6.2 ). Let (Ey, E1), (Fo, F1) be densely in-
jected Banach couples. Then (Ey x Fy, Ey X F1) is a densely injected Banach couple as well.

Suppose that

All A12
A= E;C(El XFl,E()XFo)
AQI A22
and

All € H<E17E07 thl) and A22 € H(F17F07 527(“)2)'

If one of the following holds, then A € H(E, x Fy, Ey X Fpy, —*—, max{w, g})

1—kr?
i) Put
= max{ri (1 + ral| Aol c(er, )5 K2} and  w:= max{w;,ws}

and suppose that there are r € (0, %) and B > 0 such that
[Aveylle, < rllyle +Blyllr, vy e b (3.6)
ii) Put
= max{ra(1 + k|| Asallc(m,E0))s K1} and  w:= max{w;,ws}

and suppose that there are r € (0, %) and B > 0 such that

| A2yl m < rllylle + Bllyll 2, y € E. (3.7)

Motivated by the above theorem, we want to prove that for each u € O the operator —A.(u)
generates an analytic semigroup, by showing first that —A;1(u), —Age(u) generate analytic
semigroups. Observe that due to an interpolation estimate (cf. |3, Proposition 1.2.2.1]) and
Young’s inequality the norm ||0%h||y of a function h € H', where k,l € N and k <[ — 1 can

be estimated as follows
105RI15 < 1Alle < [RNGalIRI3 70 < ellhll3 + (e, 0)||R]13 (3.8)

for all € > 0, where § = ¥ and c(e,0) > 0 is a constant depending on ¢ and 6. In virtue
of such an estimate, we could apply Theorem 3.3 easily, if Aj2(u) or Ay (u) would consist
of lower order terms, respectively. However, since Aj3(u) contains second—order derivatives
acting on H%(0, L) and Aj5(u) contains fourth-order derivatives acting on H*(0, L), it is not

obvious whether one can obtain an estimate like (3.6) or (3.7).
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Since A9 (f,g,0) = 0, it follows immediately from Theorem 3.3 that, if u = (f,¢,I') € O,

the matrix operator
—AUf,9,T) == —Ac(f,9,0)  belongs to H(Hg(0, L, R?) x H5(0, L; R), L(0, L; R?))

if —A11(f,9), —Aa(f,g,T) generate analytic semigroups. Then, by means of a perturbation
argument, we obtain the existence of € > 0, such that A.(u),u € O2, is the negative generator

of an analytic semigroup.

Proposition 3.4. Let a € (£,1), S1) and S2) be satisfied. Then
i) —Au(f.g) € H(Hp(0,L,R?), L»(0, L, R?)) for all (f,g) € {Hg(0,L;R?*) | f, g > 0},
i) —Ag(u) € H(H%(0, L;R), Ly(0, L, R)) for all u € O°.

It is already well known, that the strongly elliptic second-order operator Ags(u), u € O%, is
the negative generator of an analytic semigroup on Ly(0, L; R) (cf. e.g. [41, Theorem 7.2.7]).
Remark that the strong ellipticity of As(u), u € O%, is due to Assumption S1) and D > 0.
We are left to show part i) of Proposition 3.4.

Following the lines of the proof of [24, Lemma 4.1|, where a similar proof is investigated for
the more general case n > 1 (here Q = (0, L) C R), we show Proposition 3.4 i) by verifying
the Lopatinskii—Shapiro condition for the pair (A, B), where A := A;;(X)Y = 9,(a(X)d2Y)
for X = (f,g9) € {X € H¥(0,L;R?) | X > 0} fixed and Y € Hp(0, L; R?) with

o + oy osn (& +132)

ay = [ TrErme o EEE ) ) mae=n
05 + o5t Fosufg” o5 +osu <T+f9 )

and B being the boundary operator B := (B, Bo, B3, B;) with
BY =(1,0)0,Y,  ByY =(0,1)9,Y,  B3Y =(1,0)02Y,  B,Y =(0,1)9}Y

on 90 = {0, L} for Y € HZ(0, L;R?). The associate principal symbols of (A, B) are given
by

ax(, €) = (X (2))]¢]* for (r,6)€[0,L] xR,

be(z,€) = ((1,0)¢,(0,1)¢, (1,0)€%, (0,1)&%) for (z,€) € {0,L} x R.
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3.1. Local Well-Posedness

The operator A is normally elliptic, since
spec(ar(z,€)) C[Rez >0]  forall (z,§)€0,L]x{{eR]|[¢] =1},

which can be easily verified by observing that the principal minors of a are positive, which
implies that a is positive definite. The boundary operator B is said to satisfy the Lopatinskii—
Shapiro condition with respect to A if for each (z, ) belonging to the tangent bundle T'(0N2)
and X\ € [Rez > 0] with (£, \) # 0 the only exponentially decaying solution of the boundary

value problem on the half-line
A+ ar(z, & +i0)|]u=0, t>0, br(z, & 4+ 10;)u(0) =0 (3.9)

is the zero solution. Then, the boundary value problem (A, B) is normally elliptic if A is
normally elliptic and B satisfies (3.9).

Due to [2, Remark 4.2 b)| it is sufficient to verify the Lopatinskii-Shaprio condition (3.9)
for (A,B) in order to prove that A is the negative generator of an analytic semigroup.
Since 2 = (0, L) is a subset of an one-dimensional space, the boundary 02 = {0, L} is of
dimension zero, which implies that the tangent space at the boundary is zero. This simplifies
the Lopatinskii-Shapiro condition (3.9) in this respect that we are left to to show that for
all A € [Re z > 0] the only exponentially decaying solution of the boundary value problem
on the half-line

Nt an(@,id)u=0, t>0,  by(x,id)u(0)=0 (3.10)

is the zero solution. The argumentation in the sequel follows the lines in the proof of |24,

Lemma 4.1] setting & = 0. The boundary value problem (3.10) is equivalent to

Aattuy + Xa?uy + u§4) =0,

t>0 (3.11)
Aa?luy + Aa®us + ) =0,
with initial conditions
u(0) = uy(0) = uy"(0) = uy'(0) =0, (3.12)

where ugk) denotes the kth derivative of u;, ¢ = 1,2 and the matrix (a¥/);<; j<» the inverse of
a(X), which exists by a(X) being positive definite. Since A # 0, we can express uy in virtue

of the first equation in (3.11) as

ul + Xy | (3.13)

Uy = —
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so that

4) _
U™ = _)\a12

[ugg) + )\allu§4) .

By means of the above equations, we obtain from the second equation in (3.11) an 8th-order

ordinary differential equation for u:
u§8> + Aa™ + a22]u§4) + A2 [a11a22 — a12a21] up = 0, t>0 (3.14)
with initial conditions
i (0) = uf(0) = uf”(0) = ui”(0) = 0. (3.15)

A general solution of (3.14) is given by the polynomial

8
ur(t) =Y exet, £ >0, (3.16)
k=1
where {A;, € C | k=1,...,8} are the roots of the characteristic polynomial
A%+ Ma't 4 oA + N2 [a11a22 — auam} =0.

A solution to the above equation of 8th—order is given via

A
AL = 2 <—[a11 +a?]) £ /(a — a2)? —|—4a12a21) — \E,,

with £4 < 0 and E, # E_. Hence, the roots Ay are given by
1 1
Mp=t—1+)Y/—FE,, Ayu=+—(1—-0)/-F
172 \/5( ) + 3/4 \/5( ) +
1 1
Asjg=t—=(1+1i)y/—E_, Arg=t—(1—1i)y/—E_.
5/6 \/5( )V 7/8 \/5( )V

Recall that u; is claimed to have exponential decay, which implies in virtue of Re A, > 0 for

ke {1,3,5,7}, that ¢1,cs3,¢5,¢7 = 0. In view of (3.15) and (3.16) we deduce that

ugl)(O) A2 A4 A6 Ag Co
i) | (A3 AT AR AR e
ut? (0) A3 A} AY AD | e
ui”(0) A} AT AL AL \es
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3.2. Asymptotic Stability

Due to E, # E_ it is clear that Ay # Ay # Ag # Ag and the determinant of the 4 x 4 matrix
above is different from zero. Hence, co, ¢4, cg, cg = 0. This implies that u; = uy = 0 in virtue
of (3.13) and (3.16), which completes the proof. Eventually, we conclude that, in virtue of
Proposition 3.4, the operator —A? belongs to H(H%(0, L, R?) x H%(0, L;R), Ly (0, L; R?)).

Introducing the operator B : O% — L(H%(0, L, R?) x H%(0, L;R), Lo(0, L; R?)), defined by

0 0
B(u) = _ , for uweOF,
Agl (U) AQQ(U)

where Aoy (f, g, D) := 0, ((uf + g)To’(1)0,T) for T € H?(0, L;R), we obtain that for all &
there exists € > 0, such that if u = (f, ¢,I') € O,

||B(U)||L(H;43(0,L,R2)xH%(QL;R),LQ(O,L;RB)) <é.
Hence, by means of a perturbation argument (cf. [3, Theorem 1.3.1] ), the operator
—A.(u) = —A%u) — B(u)  belongs to H(HE(0,L,R*) x H5(0, L;R), Ly(0, L; R?))
for all w € OY and Theorem 3.1 is a consequence of (3.3) and |2, Theorem 12.1].

Remark 3.5. An alternative proof of Proposition 3.4 i) by showing that the operator Ay (X)

is sectorial, is included in Appendiz A.2.

3.2. Asymptotic Stability

In this section we study the stability properties of equilibrium solutions to (3.1). Following
the approach as in [19, 24|, the analysis is similar to the one applied in Section 2.2. Observe

that formally the functional

Cc
0y

00 = [ {500 + DR+ STt 4 e do @17

2054
dissipates along solutions of (1.49). Comparing the systems (2.1a) and (3.1a), the evolution
equations for the fourth—order system can be recovered from (2.1a) by replacing the appear-
ing third order derivatives 9> by (negative) first order derivatives —0, and Gy by o¢ + oSu,
Go by 0of, respectively. Therefore (after integrating by parts the terms involving f and g
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twice), the same computation as in the previous section yields (formally)

Tetr.0.m)0)

e

2

(05 + oSp) f + o5pg) ? (\/Us_ugai(f +9)+ j{%ama(r))]

2

2

+
2

Vi [\/\/?gai(f +9)+ 2—:/[2—53330@)]

f [\/U_Egai(f +g)+ 2—%am0—<r>

2

&(T)

1 2
= g V2.0 (D)
(3.18)

But, the regularity of the local solutions found in Theorem 3.1 is not sufficient in order to
differentiate the functional with respect to time. However, like in [24], we may improve the

regularity of a solution u of (3.1).

Corollary 3.6. The local solution u found in Theorem 3.1 admits the regularity
we CR((0,T); H(0, L;R?) x HEZ(0, L; R)).
Proof. We follow the lines in [24, Section 4.1]. Theorem 3.1 provides that
ue C((0,7); Hg(0, L;R?) x HE(0, L;R)) N C*((0,T); Lo(0, L; R?)).

By [3, Proposition II.1.1.2|, this implies that

ue C°((0,T); HE (0, L; R*) x HF (0, L; R))
for 6 € [0,1]. For p € (%, 1), the Sobolev Embedding Theorem yields

ue C'7((0,T);C'([0, L], R?) x C([0, L], R)).
Since A, depends smoothly on its coefficients, we deduce from Theorem 3.2 that

—Ac(u) € C'P((0,T); H(Hp(0, L;R?) x HE(0, L; R))).

Note that w := u solves the linear parabolic problem

Ow + A(u)w =0, w(0) = u(0) = u°.
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3.2. Asymptotic Stability

By |2, Theorem 10.1], the unique solution w profits from the regularizing’ effect for parabolic

equations and we obtain, in view of w = u, that
ue CUP((0,7); Hy(0, L; R?) x Hg(0, L;R)) N C*77((0,T); Ls(0, L; R?)). (3.19)

Since p € (£,1), (3.19) yields in particular that u € C2((0,T); HL(0, L;R?) x H2(0, L;R)) N
C2((0,T); Ly(0, L; R?)) and, by [33, Proposition 1.1.5],

w € CH((0,T); H(0, L;R?) x HE(0, L; R)) N1 C%((0,T); La(0, L; R*))
C C37((0,T); H (0, L;R?) x HE (0, L; R), Ly(0, L; R?) x Ly(0, L; R))
for 5 € (0,1). Set 6 = }, then u € CF((0,T); H(0, L:R?) x H3(0, L; R)). -

The above Corollary allows us to differentiate (3.17) with respect to time and we find (3.18)
satisfied for a solution u given by Theorem 3.1. Since all the terms on the right-hand side
of (3.18) are non—positive, if u, = (fs, g«, [x) is a steady solution of (1.49), each term on
the right-hand side of (3.18) needs to vanish. We deduce that, due to Assumption S2),
0, = 03f, = 93g. = 0. Hence, T',,0%f, and 0%g. are a constant, which in particular
implies that 0, f. and 0,g. are linear functions. In virtue of the boundary conditions, we

deduce that 0, f, = 0,9, = 0. Thus also f, and g, are constant.

Corollary 3.7. The only positive steady state solutions to (3.1) are of the form (fs, g«, ),

where f., g« and Iy are positive constants.

Observe, by a simple computation, that the mass of each fluid and the mass of the surfactant
concentration is preserved by the evolution of the system, which is due to the boundary

conditions.

Lemma 3.8 (Conservation of mass). Let u = (f,g,I") be a solution to (3.1) as found in

Theorem 3.1. Then the mass of u is preserved with time, that s

d [t d [* d [t
E/o f(t,z)dr =0 and ), g(t,x)dx =0 and i), L(t,z)de =0

on (0,7T).

The last part of this section is devoted to prove that, assuming the averaged initial surfactant

concentration to be sufficiently small, there exists for every initial data close enough to the
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steady state a global positive strong solution to (3.1) tending exponentially to the constant
steady state, which is given by the average initial data. As in the previous section we denote

by

the average of a function h with regard to space and introduce the projection
P e L(Ly(0,L;R*)) N L(HK(0, L;R?) x HE(0,L;R)),  Pu:=u— (u).

Recall that due to mass conservation and continuity in ¢ = 0, a solution u of (3.1), which
satisfies initially (1—P)u(0) = w, fulfills (1—P)u(t) = u. as long as the solution exists. By the
projection, we can decompose the spaces Ly(0, L; R?) = PLy(0, L; R?) @ (1 — P)Lo(0, L; R?)
and H3(0, L; R?) x H3(0, L;R) = P(Hp(0, L;R?) x H%(0,L;R)) & (1 — P)(HE(0, L; R?) x

H%(0, L; R) and express a solution u in the terms
u(t) = 2(t) + s

with z(t) = Pu(t) = u(t) — (u(t)) = u(t) — u, for all t > 0. If u is the corresponding solution
of (1.49) to the the initial data u® € Hx(0, L, R?) x H%(0, L; R), then 2z = u—u, is a solution
of

Oz + A(z 4+ uy)z = 0.

Hence, the stability property of u, is equivalent to the one for the stationary solution z = 0
of
Oz + ALz = (Az — Ac(z + )

)) z=: F(z), (3.20)
where A%w := A.(u.)w for w € H(0, L; R?) x H%(0, L;R). Observe that

P(HLxHZ

(1—P)(A¥2) =0 and (1— P)A(z+u.)z=0 forzec P(HE(0,L;R?) x H3(0, L;R?)),
due to u, being constant and z satisfying the boundary conditions. Hence,
F e CYP(H%(0,L;R?) x H3(0,L;R)), P(L(0, L,R?))) with F(0) = F'(0) =0, (3.21)

where F’ denotes the Frechét derivative of F. Problem (3.20) is in fact the restriction of
(3.2) to the subspace P(L(0, L;R?)) of Ly(0, L;R3), where the constant functions (except
the zero function) are eliminated. Next we prove a lemma providing the necessary conditions
in order to apply the principle of linearized stability (cf. [33, Theorem 9.1.2]), which implies
the asymptotic stability of the zero solution z = 0 of (3.20).
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Lemma 3.9. There exists a constant €. > 0, such that of 0 < I'y, < e, the operator —A;
belongs to H(P(H%(0, L;R?) x H%(0, L; R?), P(Ls(0, L; R3))), that is, —A?* is the generator
of an analytic semigroup on PLy(0,L;R3). Further, there exists wy > 0, such that the

spectrum spec(—A?%) of —A% is contained in the half plane [Rez < —wy).

Proof. We know already from Theorem 3.2, that there exists €; > 0 such that A’ €
H(HE(0, L; R?) x H%(0,L;R?)) provided that 0 < I', < &;. By the same argument as

in Lemma 2.5, we can represent —A? as a matrix operator

~Ael by ) € H(P(HL(0, L;R?) x HZ(0, L;R)), P(L(0, L; R%))).

0 0

—AF =

Now, [3, Theorem 1.1.6.3] implies that

*
(&

€ H(P(HA(0,L;R?) x H%(0, L; R)), P(Ly(0, L; R?))).

P(HLxHZ%)

In order to study the spectrum of A*, let w® = (f°,¢° %) € P(Ly(0, L; R?)) be arbitrary and

w(t) := e cw’ be the unique strong solution in P(Ly(0, L; R3)) of the linearized problem
Ow + Alw =0, w(0) = w’, (3.22)

which exists in virtue of A’ being the negative generator of an analytic semigroup. Note

that if w = (f,¢,T") is a solution to (3.22), then

OX(f+9) OX(f+9)
Hf||§+ZHF||§) Norgry| o o2y o,
0, 0,

1d
2dt

o1

C
Oapt

(||<f+g>u§+

where z € R and b2 being the symmetric matrix

3 3 3 2
5% + o5k (% + [l + f*gf> o (% + f*zg*> l
z — c ff ff * (Uc)2 ff
forye | (5 2e) 5 :
l k —z(pfe + )T’ (Ty) + 2D
with
1 of§ ff Cg* c *2
k= 5 (—U—%?UI(F*)—FZ <025+02M (?+f*g* I )
1 g? 2
* / cJ*
l:= B (— (Mf*g* + 5) o'(l'y) + ZUlgr*) -
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Observe that similar to (2.13), for sufficiently large z € R, the matrix bZ( f., g, 0) is positive
definite since, due to Assumption S2), its leading principal minors are positive, when choosing
z suitable. Hence, there exists ey = €3(f., g.) > 0 depending on f, and g,, such that for
0 < I'y < &9, the matrix bZ(f., g« ['x) is positive definite. Therefore, we find a positive
constant v > 0, such that

2

1 ) 2(f +9)
g
SNO(F +9)lls+ —Z-Nof Iz + zllarls < —v ||| a2f
Ol
0, I’

Recall that the average value of w := (f + g, f,[') € P(H%(0, L,R?) x H%(0, L,R)) is zero,

so that we find, by Poincaré’s inequality a constant ¢ > 0, such that

C
01

Cc
Oop

1
SNOf + 95+ —=l10uf 15 + 10Tz < —c (If +gllz + 1 £115+ IT13)
Following the argumentation in Section 2, we deduce that w has exponential decay, that is,

lwll3 < Me™™ [lw®|3

and spec(—A}) C [Rez < —wy] for some M > 1 and wy > 0. Setting ¢, := min{ey, ey} the

proof of Lemma 3.9 is complete. O

Combining Lemma 3.9 and (3.21), the principle of linearized stability (|33, Theorem 9.1.2])

implies the following theorem:

Theorem 3.10 (Asymptotic Stability). Let u, = (fs,gx, 1) be a positive steady state
solution of (1.49). Then f., g. and Ty are positive constants and there exist numbers
ex = €(fe,94) > 0,w > 0 and M > 1, such that for 0 < T, < e, and any initial data
u’ = (f2,¢° 1% € Hj(0,L,R?) x H%(0, L,R) with (f°) = f., (¢") = g. and (I'°) =T,

satisfying the smallness condition
lu® — U*HngHg < Exy
the solution u of (3.1) found in Theorem 3.1 exists globally and

i) = walligyrmy, + 10Ol < Me ! — gy, Jor all 120,
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3.3. Weak Solutions

3.3. Weak Solutions

Following |20, 22, 26|, we prove in this section the existence of a global weak solution to
(1.49). The mathematical model describing the evolution of a two—phase flow driven by

capillary effects only and endowed with a layer of insoluble surfactant is given by (cf. (1.49))

o f + 0, |:Uf;8§f + o5 <f; + f;g) O2(f +g)+ u%za;pa(F)] =0,

2

2 3 2
Org + Oy {af%ai’f + (%% + oo (% + f92>) B(f+g)+ (ufg + %) (%a(F)] =0,

2 2 2
or + 0, |othroi + (a5 + o5 (5 + £9) ) 00U +0)+ (T + ) P00 (D)

—D@xF] =0,
\
(3.23a)
for t > 0 and = € (0, L) with initial conditions at ¢ =0
f0,) =7 ¢(0,)=4¢° TI(0,-)=T" (3.23b)
and boundary conditions at x =0, L
O f = 0pg =01 =0,
(3.23¢)

05 f = d3g=0.
We recall the assumptions from the beginning of this chapter and impose additionally As-
sumption A2) and A3) below: Given the surface tension coeflicients oy = 0§ > 0 and oy of

the form

oo(I') = 05 + o(I),

where I' is the surfactant concentration, we assume that the part of the surface tension,
which is independent of the concentration of surfactant, is strictly positive and the part of

the surface tension, which depends on I', is non-increasing, that is,
S1) o € C*(R) and —o’(s) > 0 for all s > 0.

S2) of,05 > 0.
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Moreover, let ® be a function, such that

Al) @ € C*(R) with ®(1) = ®'(1) = 0 and

o'(s)

(I)N(S) - _

for all s € R. (3.24)
s

A2) There exists cp > 0 such that ®”(s) > cq for all s € R.

A3) There exists Cp > 0 and some r € (0,2) for which ®”(s) < Cs(|s|” + 1) for all s € R.

In A1)-A3), we suppose the assumptions to hold on the whole real line instead of the
physically relevant range [0,00). For our purpose, this is needed due to the fact that a—
priori it is not clear whether the solution we construct for the surfactant concentration is
non—negative. Unfortunately, theses assumptions do not allow to consider surface tension
profiles as commonly used and suggested in [27]. In [20] the existence of non—negative weak
solutions for the one—phase thin film with insoluble surfactant is shown under less restrictive
assumptions on the surface profile, which allows for more general surface tension profiles.

Following the same approach as in [20, 26|, where global weak solutions to a one—phase thin
film model with insoluble surfactant are proven and 22|, where the existence of global weak
solutions to a two—phase thin film model is shown, we combine these results and prove the
following theorem, which states the existence of global weak solutions for the fourth—order
two—phase thin film problem with insoluble surfactant (3.23). Moreover, we show that the
solutions corresponding to non—negative initial data stay non—negative almost everywhere,

which is again done by the same methods used in [20, 22].

Theorem 3.11 (Global Weak Solutions). Let f°,¢° € H'(0,L) and T° € Ly;41)(0, L),
where r € (0,2) corresponds to Assumption AS3), be non-negative functions. Then, there

exists at least one global weak solution (f,g,T") of problem (3.23) in the sense that:
a) the solution has the regularity
f.9.€ L0, T H'(0, L)) N (0, T (0. 2)) for all ae [0,2),
'€ Loo(0,T; Ly(0,L)) N Ly(0,T5 H'(0, L)) N C([0, T); (H'(0, L))

for all T >0,
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3.3. Weak Solutions

b) (f,9.T)(0) = (f°.¢°.T) and f >0, g >0, T > 0 in o, where '(0) = T° and T > 0

18 to be understood as almost everywhere,

¢) the mass of the fluids is conserved, that is for almost every t > 0 we have
LFOh =11 @l =g, IT@I = [T,

d) defining for every T > 0 the sets
Pr={(t,x) € Qp: f(t,x) >0} and P, :={(t,z) € Qr: g(t,z) > 0},

we have 2 f,03g € Ly(Py N'P,) and there exist functions Hy, Hy, Hr € Ly(Qr), which
can be identified on the set Py NP, with

Hy = —'\ZMJ” [—SJ;SM@i((UT + o5p) f + ospg) + ? (\/@gai(f +9)+ \/\/%axa(r))] )

Hy = Vo | oot osf + o) + = (Vogmaok(s + )+ YEo.om))]

=" 9 | e Vol
+ %92 [%gaﬁ(f +g) + 2—%%0@) ,
e = 30y | Lok + o+ ogng) + 2= (Vmeoits +9)+ 0.0
n i’;spg [\/Egai(f +9) + 2—%@0@) + irgﬁxa(F) — DO,T.
Further.
/0 (OO, €O dt = [ Hppgda), (3.25)
/0 g0, () dt = [ Hppgda), (3.26)
/0 0T, €(0)) m dt = [ Hro.dG (3.27)

for all £ € Ly(0,T; H(0, L)).
e) the energy inequality

E(f,9.)(T) +D(f,9,0)T) < E(f°,9",T7)

58
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15 satisfied for almost all T > 0, where

(a0 = [ {0+ aor s TP Lo} d

and

1 :
DUGTNT) = [ F| g oot + o5 + ot
M Pg

+\/7§ (\/%Tugai’(f +9)+ %@dﬁ)] d(x,1)

+ /7> o if [\/a_ggéi(f+g) + 2—\/\/2@0@)1 d(z,t)

+ /mepgg [\/\/?gai’(f +9)+ 2—%@0—@)1 d(z, 1)

+/ Lg‘ﬁma(F)Pd(l’,t) +/ 2@”(F)|8IF|2d(x,t).
ar 403 Q7 05

In order to prove the existence of global weak solutions to (3.23), we construct a family
of regularized systems, which tend in the limit to the original system, and prove by using
a Galerkin approximation and a—priori estimates that there exist global weak solutions to
the regularized problems (Section 3.3.1). In a second step we show that a certain sequence
of weak solutions of the regularized problems tends in the limit to a weak solution of the

original problem (Section 3.3.2).

3.3.1. The Regularized Systems

Proceeding analogously to what follows, it is also possible to construct Galerkin approxima-
tions (f", g™, I'"),en directly for the original system (3.23). However, there occur technical
problems as for example the lack of an energy functional, which would provide not only
the global existence of the Galerkin approximations but also needed a—priori bounds on the
Galerkin approximation, which allow to extract subsequences converging to a weak solution
of (3.23). This difficulty arises due to the degeneracy in (3.23a), which may appear in the

first and second equation if f and g decrease to zero, respectively. To avoid this, we define
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3.3. Weak Solutions

for every ¢ € (0, 1] the function a. : R — Ry by

a:(s) = ¢ + max{0, s} for s € R

and replace f and g in (3.23a) by a.(f) > 0 and a.(g) > 0, respectively. In doing so, we may
prove Theorem 3.11, by combining the ideas in [22| and [26], apart from the non-—negativity
of I'. In [20] a similar result as in [26] is shown, where additionally the non-—negativity of I
is proven. This is done by substituting the terms involving I'" in the evolution equations by
a truncation operator, which ensures that the solutions of the regularized problems satisfy
the non—negativity of the surfactant concentration. In accordance to [20] we introduce the

truncation function

s, if se(0,1),
T(s):=14 2—s, if sec[l,2], T(s)=T(-s), if s<0
0, if s>2,

and put 7; := e T (-¢) for e71(0,1]. Further, we set
o.(s) := /Sﬁ(a’(T))dT, for seR.
1
Note, that by construction and Assumption S2), 0. € C}(R)
lol(s)] < |o'(s)] for all seR. (3.28)

Associated to 0., we introduce a truncation of the identity

T.(s) == saé(s) for seR. (3.29)

This is well-defined in view of (3.28). We emphasize that 7. has compact support supp(7.) C

[—2e71, 271, is Liptschitz continuous and

I7-(s)| < |s| for seR, (3.30)
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which implies that ||7.||eo < 2¢7!. Using now a. for f, g and the truncation 7. of the identity

for the surfactant concentration I', we introduce the regularized problem

atf€_|_8 |: (f) 83f5+0_2 (a’e(fs)s + a’E(fE)Qa’E(g€>)ai(fg_i_gE)+Ma5<f€>zaxag<rs)1
3 3 2 2
=0,

0,9 + 0, l Maifs n (agaa(ge)g + oSu <M + as(fe)ae(gs)2>>

O+ g+ (u%(fE)ag(gE) ¥ L)) axag<r5>} o,

2
(ot + (oL g (L) " ta (faian) )
)

<7 (D)0 o+ 92) + (na-(£) + a-(g.)) 7(D)2,0-(Ie) = DOLT] =0
(3.31)

in Qr supplemented with initial and boundary conditions (3.23b), (3.23c). Observe that

(fa)

o', + 0, {

(formally), if £ tends to zero and the limit functions lim. o fo = f, lim.,0g. = ¢ and
lim._,oI'. = I" are non—negative, a., 7. tend to the identity and the regularized system tends
to the original system. The system (3.31) is more regular than (3.23a) in the sense that
the coefficients of the fourth—-order terms in the equations for f and ¢ are bounded from
below by € > 0. Hence, (3.31) is uniformly parabolic. We show that for any fixed £ > 0 the
problem (3.31), supplemented with initial and boundary conditions (3.23b), (3.23c), admits

a global weak solution.

Theorem 3.12 (Global Weak Solutions for the Regularized Systems). Let € € (0, 1] be fized
and (f°,¢°,1°) € (H'(0,L))* X Low41)(0, L), where r € (0,2) corresponds to Assumption
A3). Then, for any T > 0 there exists at least one triple of functions (f., g.,T'.) having the

reqularity

forge € Loo(0,T; HY(0, L)) N Lo(0, T; H3(0, L)) N C([0, T]; C*([0, L])), @ € [0, 1),

[. € Loo(0,T; Ly(0, L)) N Ly(0,T; H'(0, L)) N C([0, L], (H'(0, L))",

atfsu atga atF S L2<O> T; (Hl (07 L))/)7
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3.3. Weak Solutions

satisfying
T
| o, conma= [ Foga.n, (3.3
0 Qp
| @i = | Fogdi (3.3
0 Qr
T
| @raw.cwym i~ | Focie.o. (3.35)
0 Qr
with
3 3 2 2
7y o= ot gy b g (L P g ) 12 ).
2 3 2
i o gy (o0 g (ML) o (f)an(0?) ) 027+ 0

+ (uaa(fe)ae(ga) + ag(g€)2) 3mUa(Fe>} :

o | s+ (o8 o (U 4 fae)) ) 0ok + a0
(£ +0.(9)) . (0)0,0.(0) ~ DAL
for all € € Ly(0, T; H'(0, L)). Further
(100, 0., 72(0.)) = (1", ", T (3.0
and the mass of the fluids and the surfactant concentration is preserved

L L L
= 0 = 0 15 € = 0 1 .
/0 fe(t) dz = |[f7[|1, /0 9e(t) dz = ||g°| /0 Le(t) do = |17 (3.37)

for almost all t > 0. Moreover, there holds the energy inequality

E(fer 9o, T)(T) + De(fe, 92, T)(T) < E(f°, 9%, 1) (3-38)

for almost all T' > 0, where

D.(fengrnTT) = { 1) | o £04(65 + o5 . + )

\/—
)

VR

eelaths + 0+ L)) Ve
Vosuac(g=)02(f- + ge) + \/U—gé’x E(Fs))] }d( ,t)
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V3
205
s

N 3 2
+/QTCL€(98) [W%(ge)am(fa +9g.) + %axae(rs)] d(z,t)

+/ ia‘e(fa) [\/U_gaa(%)ag(fe +9:) + ax(jE(Fa)] d(z,1)
Qp

1 2 g LD " 2
+ [ —a.(g:)|00-(T) " d(z, 1) + —®(T.) |0, |" d(x,t).
ar 403 0o Jo 02

Proving Theorem 3.12, we first construct a Galerkin approximation for a weak solution of

problem (3.31), (3.23b) and (3.23c).

Approximation of a Weak Solution of (3.31) by Fourier Series Expansions. Let
e € (0,1] be fixed. Following |22, 26, 47|, we construct a solution to (3.31), (3.23b) and
(3.23c) by the method of Galerkin approximation. That is, we are seeking for functions
2. g2, I'7, such that the problem is satisfied in a weak sense, when testing against functions
from an n—dimensional subspace. These solutions are called Galerkin approxrimations.

Note that the normalized eigenvectors of —A : H?(0, L) — Ly(0, L), which satisfy zero

Neumann—boundary conditions are given by

1 2 kmx
o = \/; and O = \/;cos (T) , k>1,

and form an orthonormal basis in Ls(0,L). Tt is known that any function belonging to
H'(0,L) can be written as » .- ag¢y, where the series converges in H'(0,L) and oy, :=
(f | )y for k> 0. We refer to e.g. [13]| for more details. We take a Galerkin-ansatz
for f.,g. and ®(T.). Since ® € C'(R) and ®” > 0, by (3.24), there exists a continuous
differentiable inverse function W := (®')~!. Set v. := ®'(T.), then I'. = W(v.) and

o (W(v) W)
W(v)  o'(W(v))

Dpo(W(v)) = ol(W(v))W'(v)d,v = —1.(W (v)) 0,0 = —1.(W(v))0,0,

so that the third equation of (3.31) becomes

o (u) +0. ot L oo + (595 4o (U 4 s )

X T (W) + 92) = (nac(f2) + a:(9:)) 7o (W (02))* 0,0 — DOW (v.)| = 0.

Observe that Assumption A2) implies that

/CD”(t)dt /(|t|’”+1)dt‘ — (|s—1|—|—
1 1

'(s)] = < Cy

s D (3.39)

r+1 r+1
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3.3. Weak Solutions

Hence, ®'(T°) € Ly(0, L), by T € Lo41y(0,L). For f°,¢° € H'(0,L) and v° := &'(I?) €

Ly (0, L) there exist sequences (for)ken, (gok )ken and (vox)ren, such that

=) fadk  with  fy — f° in H'(0,L),

k=0

g6 = Zg()kgbk with gy — ¢° in H(0, L),

vy = Z Vok Dk with vi — v? in Ly(0, L).
k=0

We seek for continuous differentiable functions
ot ) - ZFk Vor(x), gr(t,x) : ZG’f Yor(x), vl(tx) =) VFU)er(z) in Q,
k=0

which solve (3.31) when testing with functions from the linear subspace spanned by {¢q, ..., ¢, }
and which satisfy initially

O =f g0, =g 0,) = .

Set I := W (v?). By construction the functions f2, ", v? satisfy the boundary condition.
Due to 0,vr = ®"(I'?)0,I'? = 0 at x = 0, L and ®” > 0 by (3.24), we obtain that also I'”
satisfies 0,I'? =0 at x =0, L.

Lemma 3.13. For ¢ € (0,1] fized and for any T > 0, the problem (3.31), (3.23b), (3.23¢c)
admits for every n € N a unique global Galerkin approximation (fI, g2, "), where T'T =

W(v?). The approxzimation has for each n € N the reqularity

ool € CH[0,T]; C*(0, L)),

7 e C'([0,T];C*(0, L))
and the boundary conditions
O =3¢ = 0, f" = 09" = 0,1 =0 at v=0,L

are satisfied. Furthermore, conservation of mass

L L L
" dx = 0 1, g dr = 0 1, Fg dr = FO 1 .
/0 f2() (hael /0 ge(t) lg° /0 () de = |7 (3.40)
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for all t > 0 and the energy equality

E(f2, g2, TINT) + De(f2 g2, TENT) = E(f5'5 955 10) (3.41)
hold true for all T > 0.

Proof. We test the equations in (3.31) successively with ¢y, ..., ¢, and integrate by parts.
Due to the boundary conditions and the special structure of the equations in (3.31), the
boundary terms vanish and we obtain a system of ordinary differential equations, which due
to the Picard-Lindelof Theorem admits a unique local solution. Testing (3.31) against ¢,
for some j € {0,...,n} yields

0y (A o (S V)
—u%?ywv(vs» o2 [0.6;) =0
(Oug™ | 65), — ( M&”’f" ( ae(ggﬁ + o5 (w +a5(fa")a5(9?)2>)

<O(f" 4 ) + (uaa(f?)aa(g?) _ oelge) ) (W ()00

2

<atw<vs>|¢j>2—(aiaf(ff")QTE( s+ (a5 a:(ge)” g (S UV 4 (fals )

2 2 2

X TE(W(U?»ag(fg +g') — (pa(f2) + a-(g)) (TE(W(U6)>)2&EU§ — Do, W (v7)

Define W := (Uy, Uy, U3) : R3HD — R hy

Uy (p,g,r Zp (01 (o))" 55, zcbg)

+ Z(Pk +q") (Ugﬂ <a€<@f(p))3 + as(@f(p))Qae(@g(q))> 0y

axqu)? — 0.

890 ¢J)
2

3 2

ax¢]> )
2

Uy ,(p,q.r) = Zpk (Ufas(@f(p))QaE(@g(q))8§¢k axqu) n Z(pk L) ((agag(@g(q))g

2 3
k=1 k=1

ax ¢])
2

=Y (P o
k=1

+a0,()ax(0,(0)? ) ) 020
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—Z ((sat@ sty + L) . wo,0))0u0n

(%cf)j)
2

3x¢j>2 + Zn:(p’“ +q") ((%’W

k=1
&pcbj)
2

- ((uas(@f(p))+as(@g(9))) (T (W (00(r))))*0utpr — DW (04 (7)) u i

k=1

and

waytpar)i= 30t (=L w0, )02

va (O 4 oty @) ) ) WL

x¢j>2a

for j =0,...,n, (p,q,r) € R3" D and

- Zpk¢k7 Oy(q) = qu¢k, O,(r) := Zrk¢k
k=0 k=0

Note that for (F,G,V) := (F°,...,F",GY ...,G", V2 ... V™) we obtain the ordinary dif-

13

ferential equation

d
E(F’ G, V) :‘I]<F,G, V), (F, G, V)<O) == (fOOu---f0n7g007---gOn7U007--~UOn)- (342)

The function ¥ = (¥, ¥y, ¥3) : R3FD — R3™+ s Jocally Lipschitz continuous, since
a. as well as 7. are locally Lipschitz continuous, so that the problem (3.42) admits due to
the Picard-Lindelsf Theorem a unique local solution (F,G, V) € (C([0,T"),R™))®, where

[0,77) is the maximal time interval of existence. Hence,

¢gr € CH([0,11);C>([0, L)),

Iz e C'([0,77): € ([0, L]))

is a local weak solution of (3.31) in the sense that it solves the system by testing against the
finite dimensional subspace spanned by {¢y,...,¢,}. Note that the regularity of I'?(¢) for
each t € [0,7) can only be shown to be continuous differentiable, since I' = W (v?) and

W is assumed to be only once continuous differentiable. In order to prove that the solution

is global in time for every n € N, we use that the functional

Lo o 1
ezt = [ e a4 g+ e} do
Oalb O3
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decreases along the solution (f, g2, ') of (3.31).

d ("1 of 1
Fn _ ~19, n nYy |2 1 2 —o(r" d
ettt =5 [ {50+ b 4 s jo el + o) o

L c 1
— / {&E(ff + g2)0:0:(fI + g7) + JCI Op [l OO0 f2 + —fb’(F?)@J?} dz
0 Ol 03

L
= [ oot v+ Zezrag: - oor ) as
0

O5H 2
Since 0, (f(t)+g2(t)) as well as %8§f§(t) and =07 (t) = = ®'(I'2(¢))"! belong to span{dy, ..., ¢, }
for all ¢ € [0,77), we may use them as test functions for the equations (3.31) and obtain
that

4
dt J,

L{%@(f:w?)ﬁ 20; 0,7 + — @F"}dw
-/ L{a§<f:+g2> [a a2 g (
0
a (fn)? cae(fg)zc%(gg)aif:

— n—y (W () 0,v + 0 5

n\3 n)2 n
(o0 4 o (MR (oot ) et + o

f )Zaé(gg) n n
S o+ )

I 1 o
- (natmyaten) + L) nvyae| | as

_/OL {83f” {(02/)L as(é”) P+ of (as(éﬁ)?’ N ag(f?);as(g?)) P+ o)

A o] b ao

C
o5 2

. /{a (S (SEE o rmantan)) ) OV )22 + )

- BB waanse + (B + Salat)) OV ()02

op) 2 o 2
D
03

Note that, though we used integration by parts, the boundary terms vanish due to the

!Now, it becomes clear why we used a Galerkin—ansatz for v = ®(T") instead of I, which would have been
the more natural choice. Assume we took the Galerkin—ansatz for I'. Since ®' is nonlinear, it would not

be possible to write ®'(T") as a linear combination of ¢, 0 < k < n.
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boundary conditions. Since 0,0.(W(v)) = —7.(W (v))d,v, we obtain that

d g 1 n ny|2
o[ e ae

L n\3 n\3 n\2 n
—— [ {oscr v ot g s o (SUEE oy SUEPEED) gy gy

1
1 2 n
+ —9(T dx
205 €| o5 ( 5)}

g ) 4 g LD gy

+ (O_gas(gs) + O—SN (as(fsn)2a€(gg> + aa(ff)%(ﬂ?f)) ag(fan _|_gg)

# (atater) + L) oo owion| | as

[ o [ g (| )

_U_f—a5<fg)2Ta(W(v?))axv?] } dz
0§ 2

. /{(%ﬂ( a:(/2)° +a5(f”)a5(ga))>3x05(W(U))a§(ff+gg)

+“—§waﬂs<w<v>>a§f§+( a(f) + —a€<gs>) B0 (W ()2

oy 2 03
D
03
and an analog computation as in the proof of Proposition 2.2 leads to the claim (3.41)

E(fZ, 92, TO(T) + D(f2, 92, TI)T) = E(f5' 95, 16)

for all T € [0, 7). Due to the energy inequality (3.41), ||0,f"(¢)||3 is bounded by a constant
depending on the initial data fJ, g¢, I'y for every t € [0,T2), so that

n

10, £2 (¢ HQ—(ZF"f mk!ZFf(t)am) = (FE)0u0 | FE()0a0r),

2 k=0

| FE(OP[10:00113

=0

o

is bounded, where we use the fact that (0,0 | Ox¢n), = 0 for k # . Therefore, F¥(t) is
uniformly bounded for all ¢ € [0,7) and k € 0,...,n. Likewise one shows that G¥(¢) is

uniformly bounded for all ¢ € [0,77) and k € 0,...,n. The energy inequality gives a bound
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on (®(I'?))nen in Loo(0,77; L1(0,L)). Using Assumption A2) and ®(1) = ¢'(1) = 0, we
obtain that

s t
d(s) = / / " (u) du dt > %q)(s —1)*  forall se€R. (3.43)
1 J1
Hence
L L L 4 (L
/ \I‘?(t)|2 dr = / |(T2(t) — 1+ 1)|2dx < 2/ I (t) — 1\2 +1lder < — O(I'2(t)) dr + 2L
0 0 0 Co Jo
< M?,

by (®(I'?))nen being bounded in Lo (0,77; Ly(0,L)) and (3.43), where M is a constant
independent of t € [0,77), n € N and ¢ € (0, 1]. Hence

HF?”LOO(O,TE”;LQ(O,L)) S M, fOY n e N,eS € (O, 1] (344)

We will show that v” is uniformly bounded on [0, 77*), which implies the uniform boundedness

of I'?, by |v2| > |ey(I'F — 1) (cf. Assumption A3) and v, = ®'(I'?)). Recall from (3.39) that

st 1
7’+1_r—|—1D'

Hence v?(t) = ®'(I'?(t)) is bounded in L,(0, L) with p = %1 That is,

wganﬁ:;AL

for some constant C' > 0, which is independent of n € N and ¢ € (0, 1]. Assume that v(t) is

|®'(s)| < Co (\s — 1]+

p

dr < C for all te0,7)

szk(t>¢k($)

not uniformly bounded for every ¢ € [0, 77"), then there exists a sequence (tx)yen C [0,77)
with ¢ty — T for N — oo and &' € {0,...,n} such that V¥ (ty) — oo if ty — T

Set M (t) := maxo<p<n |VF(t)|, then

L| ™ vk P
Ve
M(t)? < de < C for all t e [0,7T)). 3.45
oy [ ;&Wﬂmmﬂ r<C forall te[017) (3.45)
Note that ‘Xj[k—(%) € [—1,1] and there exists & € {0,...,n} such that ‘]/f;((f)) = 1 for each
t € [0,7"). We suppose that for all § > 0 there exists ¢ € [0,7}"), such that

dr < 6

n‘/gkt p
> o)

k=0

/
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3.3. Weak Solutions

and prove a contradiction. Observe that § = =+ € (0,1) —= Y ho %&?gﬁk(x)‘ <1, so
that
2 2 2P
1 "L VE(t) t o1 KVE® ’
- =\ dr < = d
(n+1)2 ;M(t)¢k2 /0 n—l—lkz ) x—/o n+1kZ:0M(t)¢k(x) g
" VE(t) )
n+1 /0 %Mt x<(n+1)p‘
We deduce that
VA S AOIIENAD |V :
€ _ € € _ € 1)2-P
k=0 k=0 1=0 9 k=0

vi) |?
M(?)

diction to the definition of M (t). Hence, there exists a constant m > 0, such that
p
VE(t
[ 8o
0

k=0
Since M (ty) — oo if ty tends to T2, we find Ny > 0 such that M (ty)? > % forall N > N,.

M(tN)p/O

which contradicts (3.45) and we have shown that v is uniformly bounded for all ¢ € [0, 7).

< &(n+1)*7 for each k € {0,...,n}. This is a contra-

dx >m for all ¢e0,717).

Therefore

Ve ]
ZM( )¢k(> de>C  forall N >N,

k=0

We conclude that the Galerkin approximation (f, g2, I'") exists globally.

Furthermore, the mass of each fluid and the surfactant concentration is preserved by the
Galerkin approximation, which is a consequence of testing the equations in (3.31) against
the constant function ¢ = 1, integrating by parts and using that 92" = 92¢g" = 9,I" =
at x = 0, L. Hence, also (3.40) is satisfied, which completes the proof. O

The next step is to prove that the GGalerkin approximations converge towards weak solutions

of (3.31), (3.23b), (3.23¢).

Convergence of the Galerkin Approximations. Let 7T > 0 be fixed. In Lemma 3.13 we
have seen that for every n € N, € € (0, 1], there exists a unique global Galerkin approximation
g2, ' of the regularized system (3.31), (3.23b), (3.23c) in the sense that (3.31) is satisfied

when testing against functions belonging to the finite dimensional subspace spanned by
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{¢0,...¢n}. We show that there exists a weakly converging subsequence of (f2, g%, I'")pen,
such that the accumulation point is a weak solution of the regularized problem in sense
of Theorem 3.12. The proof will mainly base on a-priori estimates provided by the energy
inequality (3.41) and follows [22, 26, 47]. Next, we collect all bounds satisfied by the Galerkin
approximation (f2, g, I'")nen, which are uniform in n € N, € € (0, 1], resulting directly from

(3.41):

{0.f2,0.9% | n € Nye € (0,1]} in Lo (0,7 L2(0, L)), (3.46)

{B(I") | neN,e € (0,1]} in Loo(0,7; L1 (0, L)), (3.47)

{ aa<fg>{ L (1) (0 + o50) 7+ gt

V3o5H .
Vi in Ly (Qr),
+4 (\/Uéuaa(g?)ai(ff +gr) + —cﬁzaa(F?)ﬂ neN,e e (0, 1}}
V35

(3.48)

voac(fr oSna. (g3 (f* + " ﬂ o (I'"
{ E(fs){m E(gs>a:p(fe +gz—:)+\/0_—gafﬂ 5(FE):|

n e N e € (0, 1]} in Ly (Q7),

(3.49)

{\/ae(gg) [@ae(g?)afé(f? + ') + v3 &c%(F?)]

n e N, e € (0, 1]} in Ly (Q7),

V3 2\/o5
(3.50)
{\/ae(gg)ﬁzag(F?) |neN,ee (0, 1]} in Ly(Qr),
(3.51)
{\/@”(rg)axrg IneN,e e (0, 1]} in L(Qr).
(3.52)

Note, that (3.48)—(3.51) also imply bounds of
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3.3. Weak Solutions

a n 1 a n\ 93 o¢ ot n ot n
{ €(fs) |:\/m €(fs )am(( 1+ 2:u>fs + 2:“’95)

in L2 (QT),
+%(W@m@®@mw@m+§%@%w5ﬂneN@ewJ@
(3.53)
{ae(f2)303((0% + o5 f2 + o5ug?) | n € Ny € (0,1]} in Ly(Qr),
(3.54)
{ac(g2) 202072 + g I m e N,e € (0,1]} in Ly(Qr).
(3.55)

Lemma 3.14. The Galerkin approrimation satisfies

i) {f"g"|neNee (0,1} bounded in Lo (0,T; H'(0, L)),
{fm, 9" | n € N} bounded in Lo (0,T; H*(0, L)) N Ly(0,T; H3(0, L)),

i) {T"|neNee (0,1} bounded in Lo(0,T; Ly(0, L)) N Ly(0,T; HY(0, L)).
We emphasize that Lemma 3.14 ii) implies the bound of
{I'? |neN,e e (0,1]} in  Lg(Qr),
due to |18, Proposition 1.3.2].

Proof of Lemma 8.14. i) We know from (3.46) that {0,f | n € N,e € (0, 1]} is bounded
in Lo(0,7;Ly(0,L)). By the Poincaré-Wirtinger Theorem and conservation of mass, we

deduce that

1 [F 1 [F 1
nmwﬁfmw-/ﬁ@m—%—/ﬁmms¢wmm+—w%
L J 5 |VLJo VL
for some constant ¢ > 0 independent of n € N, € € (0, 1]. Tt follows that
{f* " |n€N,e € (0,1]} is bounded in L. (0,T; H'(0,L)). (3.56)

For ¢ € (0, 1] fixed, it follows from (3.54), (3.55) and the definition of a. that

§ C C n C n n § C C n C n
e2 |02 ((of + osp) fI' + o5ugl)|le < llac(f2)202((0f + osp) fI' + o5pgl)|la < ¢ (3.57)
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and
e2 |2 (f2 + g™)|l2 < llac(g™) 23 (f + g2 < ¢ (3.58)

for some constant ¢ > 0. Since of,05 > 0 (cf. Assumption S1)), we deduce from (3.57),

(3.58) that there exists a constant ¢ = ¢(¢) > 0, such that

107 12 1| Loty 110292 | Loty < (). (3.59)
Again by the Poincaré—Wirtinger Theorem

’ 2 rn 2 T< 3 rn ‘L g 2 rn
/0 102 F ()| dt < / AR Oll+ | 7= / G2 [ (1) du

for all £ > 0 and some constant ¢ > 0 independent of ¢ > 0, since by construction

fOL O2fr(t)dr = O, f(t, L) — 0, f(t,0) = 0. Together with (3.46), (3.56) and (3.59) we

2 T
) i< [ ool
0

have shown that
{f* g"|n €N} boundedin Ly(0,7T;H*(0,L)),

where the prove for (g7),en works likewise.

i1) We know already from (3.44), that
{TZ |neN,e € (0,1]} isbounded in L. (0,75 Ly(0,L)).
It is left to show that {I'” | n € N,e € (0,1]} is bounded in Ly(0,T; H'(0, L)).
T T T
I o = | T2 nomdt = [ IT20Ed+ [ JartolEa:
0 0 0

< TIT2E ooy + o [ col 2@ B
0

We use Assumption A2) in order to estimate the second term on the right—hand side

I . I .
[ elarioBa < - [veT@aolsd,
0 0
which is bounded, due to (3.52). Hence, together with (3.44),

{T?|n €N,e € (0,1]} is bounded in L (0,T;L:(0,L)) N Ly(0,T; H'(0, L)).
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3.3. Weak Solutions

Let us notice that the bounds f", ¢g" € Ly(0,T, H3(0, L)) are only provided, since we fixed
e € (0,1] (cf. (3.57), (3.58)). We loose these bounds in the limit when e tends to zero. All
other bounds we established so far are uniform not only in n € N, but also in € € (0, 1].
We make use of the a—priori bounds provided by the energy inequality and the facts that
{f2,g” | neN,e € (0,1]} is bounded in Ly (Q27) and {T'” | n € N,e € (0,1]} is bounded in
Ls(Qr) (cf. Lemma 3.14) in order to derive uniform bounds for the time derivatives of the

Galerkin approximation. Setting
ac(f2)05((of + a5p) f2' + o5pgl)

Bl

e,n V Uc:u n 1
Hf’ = v 2 CLE(fe2 )2 { =
V3 3o51

+_

2

oCua.(a® 3( fn n ﬂ o (T
Vospa (g3 (f2 + g2 + N AR))] :

as(f1)02((0f + osp) [ + o5pgl)

V3051
2
V3

_|_

<\/O-g—ﬂas<g?)83(f£ +g2) + %‘%"E(F? N
\/§

n\ 93/ £n n n
a-(g2)0,(f + g) + 2\/0_589505(1—‘6)] )

V5 o0y | VOS5

(ga)[\/g
1
V3a5p

+i <\/05—/La5<g?)a§(f€“ +g7) + %(‘%Us@?))}

a:-(fM((of + o5p) [ + o5pgl)

i = e |

V3 &

+ ‘/?TE(F?)CLE(QQ) [\/Eas(g?)ai’(fﬁ +92) + Q—%GIUE(F?)]
+ A0 (g)0,0.(02) - DO,
it will be useful in the sequel to rewrite the system (3.31) as
ofr = —aa:H?n7
Do = —0,H=", (3.60)
aI" = —9,HZ".

Lemma 3.15. The time derivatives of the Galerkin approximation satisfy

{0uf2, 002, 02 | n€N,e € (0,1]}  bounded in  Ly(0,T; (H'(0, L)),
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Proof. Observe that H", H>" € Ly(Qr), since

1

L arny = H—Waausf [ :
V3 V3o

as(f1)02((0f + o5p) f2 + o5ugl)

2

e (Vamaaryos( e+ + %@"6“?))]

La2(Qr)

< H%ae(ﬁ”)g

1 1
ac(f)} { 0 (F1)03((05 + o%ya) £ + oSugl)

S RVETE T
m
03

Lo (Qr)

<,
La2(Qr)

+\/7§ (\/Ué_ﬂas(g?)ai(f? +92) + \/L_azas(F?))]

by (3.48) and Lemma 3.14 i), and

@%(g?)%(f?) [—1 ac(f1)05((5 + o5) 2 + o5ugl)

Hen _
I8 e = | —

2 c n\ 93/ £n n \/ﬁ n
5 <\/02_ua5(95)5z(f5 +97) + \/U—gaxas(mﬂ
\/0-_5 n\2 \/;5 n\ a3/ fn n \/g n
+ \/g as(ga) [ \/g af(ga )8x(fa + ga) + 2—\/0__563505(F8)]
Lo 1
Loo(Q7) ( as () L/?)O%N

- H@%(ggma(ﬁﬁ
+% <\/@as(g?)0$(f£ +98) + %Wmﬂ

Lo(Qr)

as(f1)02((0f + o5p) [ + o5ug?)

La2(Qr)

<,

+

\/0_5 ny\2 \/0_5 n\ 93/ fn n \/g n
73 a-(gr') [Wae(%)@x(f; +g') + 2—\/0_58’”05@5)]

by (3.50), (3.53) and Lemma 3.14 i), where ¢ > 0 is a constant independent of n € N,

L2(Qr)

e € (0,1]. Regularizing in (3.23) the terms involving I' by introducing the bounded function

7. for £ € (0, 1] allows us to estimate H." likewise in Lo (S27), by

305 1
VR 210 12) | g 2005 + o) 2+ o5t

VHE ) = H

2 (@%(g:)az(fs o)+ %W’E(Fg))}

Y rragt) [\/Eag(g?)ﬁi(fﬁ ba)+ 2—%@%@2)]

_|_
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%Te(rg)ae(gg)a o.(T) — DO,I™

%(QT)

3 1
Hﬁ >{ 21020+ o) 2 + )

+% (@axgmai(f: i)+ %aﬂa(m))]

<)y (

La2(Qr)

V305 V03 3 V3
n n n I
+ 2 as(g€> \/g (ga )ax(fa +g&) 2\/_8 Ue( )
L2(Qr)
1
+ ' Za’e(gg>8$05(F?> > + D ||aZFgHL2(QT) < C,
La(Qr)

in virtue of (3.50), (3.51), (3.53) and Lemma 3.14, where ¢ > 0 is a constant independent
of n € N, € € (0,1]. Indeed, due to (3.30) and Lemma 3.14, there exists a constant ¢ > 0,
independent of n € N, ¢ € (0,1], such that ||7.(I2)||1..r) < IT2 | 1o e <

Note that if f € (H'(0, L))NLy(0, L), the dual pairing between f and a function g € H'(0, L)
reduces to the scalar product in Lo(0, L), that is

(fs9)0m = (F19)s, (3.62)

since a function in L,(0, L) is identified with a functional in (L9(0,L))" via f — (f | -),.
Given ¢ € H'(0, L), we define the truncation for each n € N

n

&= (€] 6r)y b € span{eo, ..., dn}.

k=0
The Galerkin approximation (f, g7, I'?) satisfies (3.60) when testing against functions be-

longing to span{¢y, ..., d,}, so that

(OS2 (), ) = (Ouf (1) [ €7)y = (H"(t) | 0:€"), < [HF" (O)]12110:€" 12 < [1H" ®)ll2 18]l 0.2

for every t > 0, where the last inequality holds due to Parseval’s identity, which implies that

1013 = (Z (0a€ | B1), 1 ‘ Z 9 | k), ) =D (| $)3 01 | (0 | B1)y S0),

1=0 1,k=0

2Without regularizing (3.23) by introducing 7., the uniform bound {I'” | n € N,e € (0,1]} C Lg(Qr) (cf.
Lemma 3.14) would lead to
(H")nen  bounded in - L3 (Qr), (3.61)

which is due to the Holder inequality.
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=) (0 | 1)y 60 | (0E | Gy B1)y = Y (0uE [ B)3 <D (0l | 1)
=0 =0

1=0
= 110:8]13 < l1€l31 0,0

Hence, the function 9, f"(¢) belongs to the dual (H'(0,L)) of H'(0,L) for all ¢ > 0 and

integration with respect to time yields

||atfn||L2 0,T,(H(0,L)) / [0 2 (1 || (H(0,L)) /0 sup [ (OS2 (1) | €), |2dt

”£”H1(0,L)S1

< [z OB = 1

Analogously one shows 06217, oz 00)y) < 1H5" (1o a0d 1OT2IL, 00 @00y <

1HE" (|7, (> SO that
{0,f",0,g", 0, | n € N,e € (0,1]} is bounded in Ly (0,7, (H'(0,L))").
[

Let € € (0,1] be fixed. Lemma 3.14 and 3.15 provide necessary bounds for the Galerkin

approximation (f, g7, I'?) to extract weakly convergent subsequences. Since
HY(0,L) <= C*([0, L]) — (H'(0,L)), H?*(0,L) < C***([0, L]) < (H*(0,L))
for all a € [0, 3) by the Rellich-Kondrachov Theorem (cf. |1, Theorem 6.3]), the bounds of
{fr g’ |neN} in Loo(0,T; H(0,L)) N Lx(0,T; H*(0, L)),
{0,f2,0,% Im €N} in Ly(0,T; (H'(0,L))),
imply in virtue of |45, Corollary 4] that

(f")nen, (6% )nen  are relatively compact in - C([0,T]; C*([0, L])) N Ly (0, T; C***([0, L]))
(3.63)

3The regularity for 9;I'" is a consequence of the improved regularity Hi™™ € Ly(Qr) due to regularizing

the terms involving I' by 7.(I"). Without regularizing, the time derivative of I'? would satisfy
oiT? € Ly (0,T;(W3(0, L)),

where (W4(0, L))’ denotes the dual space of W4 (0, L).
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for v € [0, 5). Observe that since H'(0,L) < L(0, L) (cf. [1, Theorem 6.3] ), we deduce
that Ly(0,T) = (Ly(0,T)) < (H' (0, L)) (cf. e.g. [44, Theorem 4.19]). Hence, the bounds
of

{I" |neN} in Ly(0,T;Ly(0,L)) N Ly(0,T; H'(0, L)),
{0,I" |n e N} in  Ly(0,T; (H'(0,L)))
imply that
(T™)pen s relatively compact in  C([0, T); (H*(0,L))") N Ly(0,T;C*([0, L]))  (3.64)

for « € [0,5). The relative compactnesses in (3.63) and (3.64) provide the existence of

converging subsequences (not relabeled)

fir—fo i C([0,T];C%([0, L])) N La(0,T5 C*F4 ([0, L)), (3.65)
gt —g. i C([0,T];C([0, L)) N Ly(0,T; C*+([0, L])), (3.66)
™ —T. in  C([0,T]; (H'0,L))) N Ly(0,T; C*([0, L])). (3.67)

Lemma 3.16. The limit functions f., g. obtained in (3.65), (3.66) belong to
Loo(0,T; H'(0, L)) N Ly(0,T; H*(0, L))
and there ezists a subsequence (not relabeled), such that
hfr Obf. O 0 in Lo(Qr) for k=123 (3.68)
Moreover, the time derivatives 0y f., 0;g. belong to Lo(0,T; (H(0,L))") with
O fe — ofe, Orge — Orge in Ly(0,T;(H"(0,L))").

Proof. We will prove the statements only for f, the proofs for g are similar. Owing to
Lemma 3.14 1), the sequence (f"),cn is bounded in Ly(0,T; H3(0, L)). Thus, by Eberlein—

Smulyan’s theorem, there exists a weakly convergent subsequence (not relabeled), such that
fi=f. o in Ly(0,T3H*(0,L)) (3.69)

for some f. € Ly(0,T; H*(0,L)). The weak convergence of (f"),en in (3.69) implies the
strong convergence

= f. in D(Q).

£
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Together with (3.65), we deduce that f. = f. € Ly(0,T; H*(0,L)). Hence, in virtue of
(3.69), the claim (3.68) is satisfied. Due to Lemma 3.14 i) there exists M > 0 independent
of n € N,t > 0, such that

(f2(t))nen C EHl(o,L)(O, M).

Since the unit ball of a Hilbert space is weakly closed, we obtain the existence of a weakly

convergent subsequence (not relabeled), such that for almost all ¢ > 0
fr) = f:()  in HY(0,L),

where the identification of the limit is again due to (3.65). We conclude that the limit
function of (f™),en belongs to L, (0,T; H'(0,L)) N Ly(0,T; H3(0, L)).

In view of Lemma 3.15, the time derivative (0;f")nen is bounded in the Hilbert space
Ly(0,T; (H'Y(0,L))). Thus, by Eberlein-Smulyan’s theorem, there exists a weakly conver-

gent subsequence (not relabeled)
Off = h in Ly(0,T5(H'(0, L)),

for some limit function h € Ly(0,T; (H(0,L))’). That is, for all £ € C2°(Qr), we obtain in
virtue of (3.65), that

/0 OS2 (1), £ ot = — / (2 (8), D)) e dt

— —/0 (fe(t), 0i&(1)) g dl :/0 (Ouf=(£), E()) g dlt.

Hence h = 0, f-..
O

Remark 3.17. Note that the bounds of (f7)nen, (9%)neny in Loo(0,T; H'(0, L)) and the
bounds of (0:f™)nen, (019 )nen in Lo(0,T; (H*(0,L))) (cf. Lemma 3.14 and Lemma 3.15)
are independent of € € (0,1]. Therefore, in virtue of [45, Corollary 4] and Lemma 3.16, we
obtain that

{f.,9: 1€ €(0,1]} is bounded in Lo (0,T; H'(0,L)).

This uniform bound will be in particular necessary in the proof of Theorem 3.23, where we

show the non-negativity of the family of Galerkin approximations (I';).c(0,1)-
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In the following lemma we collect some information regarding weak and strong convergences
concerning (I'?),cy in certain Hilbert spaces. Note that all convergences are independent of

e € (0,1].

Lemma 3.18. The family (I'?),en satisfies

i) T!— T, in Ly(Qr)NC([0,T); (H'(0,L))") for allq € [2,6),
i)  0,I" — 0,T. in  Ly(Qr),
iii) O — ;L. in  Ly(0,T; (H' (0, L)),
w) () — d(T.) in  Le(0,T;L1(0, L)),
" 1" . 6
) @) — (T, i Ly(@r) forall g€ 3,),
.

vi) A/ P"(I7)0, [T — /P"([)0. . in Ly(Qr),

where the weak convergences are considered as convergent subsequences, which are not rela-

beled.

Proof. i) Due to (3.67), I'” converges strongly to I'. in Ly(Q27) and (I'?),en is bounded
in Lg(Q2r), by Lemma 3.14. Since Lg(€2r) is a reflexive Banach space, we can extract, by

Eberlein—Smulyan’s theorem, a weakly convergent subsequence (not relabeled) with
" ~T. in LgQr)

for some limit function T, € Lg(Q7). Hence I'" — T, in the dual space of Lg(Qr), which is
identified with Lg(QT). In virtue of (3.67), we deduce that I'. = T'.. Using an interpolation

estimate (cf. [1, Theorem 2.11]), we obtain
IT2 = Tellg < T2 = Tell, =T = Tellf

for 6 € [0,1] and % = % + 2. Choosing | = 2 and p = 6 it follows from Lemma 3.14 and
(3.67) that
IT2 = Tellg < (IT2lls + [ITelle) "L = Tefl; — 0

6

1395 € [2,6) and n — oo.

for ¢ =
ii) and iii) are a consequence of Lemma 3.14 and 3.15 and Eberlein-Smulyan’s theorem,

where the identification of the limits is due to (3.67).
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iv) Since I'" — I in L (Qr), there is a subsequence of (I'?),ey (not relabeled) such that
['" — I'. point-wise almost everywhere. Hence ®(I'") — &(I") almost everywhere, by ®

being continuous (cf. Assumption Al)) and (3.47) implies that
(T — o(T,) in Ly (0,7T;L1(0, L)).

v) Since ®” is continuous by Assumption Al) and I'? — I in L,(Qr) for ¢ € [2,6), we
have ®"(T'?) — ®"(T'.) point—wise almost everywhere. By means of Assumption A3), which

states that ®”(s) < Cs(]s|” + 1) for all s € R, we deduce that
12" (TN, < ClITL" + 115,

which is bounded for p € [2,%). Since r € (0,2), it follows that (®"(I'2))nen C Ly(Qr) for
pE [3, ;) and

P"(T7) — ®"(I'.) in Ly(Qr) for pe [3, g)

vi) Owing to (3.52) and Eberlein—Smulyan’s theorem, we can extract a weakly convergent

subsequence (not relabeled), such that

VO'TMO,I" = v in  Ly(Q), (3.70)

where v € Ly(€Qr) is the limit function, which we show to coincide with /®”(I'.)0,I'.. For
all £ € C°(Qr) we have

/ (VFTL. ~ o) d(e.t) = | (VI - VETD) AL o, )

Qrp

+ / VETDEWD,T. — 0,7 d(x, 1) (3.71)
/ (/" (T1)0,I" — v)€ d(z, 1),

where the last integral on the right-hand side tends to zero, due to (3.70). Notice that, in

view of part iv) and the square root being continuous, /®”(I'") — /®"(I'.) in L,(Q2r)
for p € [6, %) Hence, it follows from part ii), that also the first two integrals of the right—

hand side of (3.71) tend to zero as n — oo. Therefore, the limit v is identified with

VO (T, .. 0
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Lemma 3.19. The Galerkin approximation (I'?),en has a further subsequence (not rela-

beled), such that

0,0.(I'Y) = 0o (I'.) in  Ls(Qr)
for s € [2,12).

57 8+r

Proof. Note that in virtue of (3.24) and (3.29) we can write

(L7
0,0.(2) = o (T2)0,T7 = L)

3

0'(T2)0, T = —7o(T2) /@ (I2)/®"(I2)3, I

Since I'" — I'. in L,(Qr) for p € [2,6) (cf. Lemma 3.18 1)), there exists a subsequence (not
relabeled), such that the convergence is point—wise almost everywhere. Taking into account
that 7. is continuous and, by construction, |7.(s)| < |s| for all s € R (cf. (3.30)), we deduce

that
7.(T2) — 7.(T%) in  L,(Qr), for pel26). (3.72)

The Holder inequality implies that

[7e(T2) V" (T2 [ < [I7=(TD) lp[[v S (T2) llg

for p € 2,6), g € [6,72), by (3.72) and Lemma 3.18, with .- = & + 2 € (3}, 3], so that

3 12
() /O™ ))er is bounded in Ly, () & [—, )
(7=(I'2) (I'2))nen  is bounded in (Qr) for me T

Thus, owing to (3.72) and /®"(T?) — /®"(I.) in L,(Qr) for p € [6,%2) (cf. Lemma
3.18), we deuce that

R (OVE(TE) — nCIVPT) i L@ for me [ ),

oy (3.73)

Recalling that the energy inequality provides the bound of (1/®”(I'?)0,I'?)nen in Lo(Q27)
(cf. Lemma 3.18), we apply again the Holder inequality and obtain that

1020 (TD)[[s < NI7e(T2) v/ " (T2)[|m ||/ @ (T2) 0T 22,

1_ 1,1 o (84r T
where ¢ = - 4 5 € (55, §|. Hence,

12
(0,0(I'2)),eny  1s bounded in Ly (Qr), for se€ [6 >

5’8—1—7“
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By Eberlein-Smulyan’s theorem and L,(Q7) being reflexive for s € [, + 12 there exists a
weakly convergent subsequence (not relabeled), such that
0,0(T") = —7.(I"™)\/®"(In) /" (I™)9,I" — v in Ly(Qp), (3.74)

for some v € Ly(Qr). In order to identify the limit v with 0,0(I;.) let & be an arbitrary

function belonging C°(£2r) and consider

/Q (0,0(T.) —v)éd(z,t) = /Q (—TE(FE)\/@ )/ @"(T.)0,T. —U>§d(:p t)
—— [ nroverie (¢@f JouT. - Do) di
Qr
/Q V& (I2)0,I2¢ ( o"(T.) — 7.(I") @”(Fg)) d(z, 1)

_/Q (T & T BT + ) € da, ).
(3.75)

The last integral on the right-hand side of (3.75) tends to zero by (3.74). Since we have
VO (T)0,T" — /O (T.)9,T. in Ly(Qr), the first integral on the right-hand side of (3.75)
tends to zero because 7.(T.)\/®"(T.)¢ € L,(Qr) with ¢ > 2, by (3.73). The second in-
tegral on the right-hand side of (3.75) also tends to zero in view of 7.(I'?),/®"(I'?) —
7.(L2)y/®"(T.) in L,(Qr) for ¢ € [2,52) with r € (0,2). Thus, ¢ can be chosen to be

27 24r
greater then 3 and (\/®"(I'?)0,I78)nen C La(Qr) C L3 (1) , where L (€2r) is identified
with the dual space (L3(€Q7))". O

Since (f7, g")(t) tends towards (f-, g-)(t) in (C*([0, L]))?, by (3.65), (3.66), for every t > 0
and a € [0, 1), the initial data

fs(()) = fO) ge(o) = g0
are satisfied and
[FAGIE Fae lg=() Il = llg° 11

for all ¢ > 0. In virtue of I — T, in C([0,T]; (H'(0,L))) (c¢f. (3.67)), we obtain
7(0) — T.(0) in (H'(0,L)). Recall that by definition and construction of the Galerkin
approximation

[7(0) = WL (0)) = W(eg) - W) =Ty
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in L,(Qr) for p=2(r + 1). Hence, we deduce that the initial datum T'.(0) = T is satisfied.
By (3.67), (I'"),en converges towards I'. in Ly(0,7; C*([0, L])), which implies the existence
of a further subsequence of (I'?),en (not relabeled) such that I'?(t) — T'.(¢) for almost
every t > 0 in C%([0, L]). Therefore,

IO = IT for almost all ¢ > 0.

Now we want to prove that the energy inequality still holds for the limit (f, g.,c) of the
Galerkin approximation. Since by construction a. and 7. are locally Lipschitz (3.65)—(3.67)

imply that
ac(f) — ac(f:)  in C(Qp), (3.76)
a-(g?) — a-(g:)  in C(Qr), (3.77)
7.(I") — 7.(T.)  in Ly(0,T5C*([0, L])) (3.78)

for & € [0,1). The energy inequality implies that (y/a-(g?)0,0.(I'"))nen is bounded in

Ly(Qr) (cf.(3.51)). Since Lo(€27) is a reflexive Banach space, we use Eberlein-Smulyan’s

theorem and extract a weakly convergent subsequence (not relabeled), so that

Vae(g)0,0.(I2) = v in  Lo(Qr) (3.79)

for some limit function v in Ly(Qr). In order to identify v with /a.(g:)0,0-(I'c), consider
for arbitrary ¢ € C>®(Qyr)

/ Vae:(g:)0,0:(T) —v)d(z,t) / vV a:(9:)€ (00 (T 0,0.(I')) d(z,1)
Qp
0,0 (I'2)E (x/ae ge) — Vae(g” > x,t) (3.80)

Qr
/ Va:(gr)0,0:(I'2) —v)éd(x,t),

where the last term converges to zero by (3.79) and the other terms on the right—hand side

tend to zero by Lemma 3.19 and (3.77). Hence,

a-(g2)0 — v/ a:(g:)0,0(T in Ly(Qr). (3.81)

84



4th Order Two—Phase Thin Film Model Driven by Capillary Effects with Insoluble Surfactant

Observe that (3.51), (3.76), (3.77), and a.(s) > ¢ > 0 for all s € R imply that

<\/ a:(fr)00-(I'7)) >n N (\/%\/ (gr)0ro:(I'2) ) is bounded in  Ly(r).
E E neN

Hence, by Eberlein-Smulyan’s theorem, there exists a subsequence (not relabeled), such that
ac(f2)00.(I'7) = w in Ly(Qr)

for some limit function w € Ly(€Q7). The identification of w as y/a.(f)0,0-(I;) is then
analog to (3.80), so that

a:(f1)0,0-(I'?) = vae(f:)0.0-(I in  Ly(Qr). (3.82)

Hence, there exist weakly convergent subsequences (not relabeled) with

1
() { et ) 2+ o)

+\/7§ <\/og_ua5(g?)ai(f? + gg) + \/io_%amgé(rg))]
1

) [ Tt Ot + )+ o)

30§

+§ (@%(%)ai(fs +g:) + fgﬂg@w”&(m)]

in Lo(Qr), (3.83)

o [\/os—uag@s)ai(fs Fat %aﬂswz)}

A [@mgg)@z(fg fa)+ %axaxre)]

in Lo(Qr), (3.84)

a:(g) [?é%?af(gg)éﬁ(f?‘+-9?)-+ 5%;§§6aoz(F?)]

. in LQ(QT), (385)
- aa(ga) [@aa(%)ai(fa “‘98) + \/§ 85505(1—‘5)]

V3 N
by means of (3.76), (3.77), (3.81), (3.82) and Lemma 3.16. We deduce that, owing to Lemma
3.18 vi) and (3.81)(3.85) there exists a subsequence (not relabeled), such that

D(f, g2 TNT) = Do(fer g, TNT)  forall T > 0. (3.86)

Since the norm of the limit function of a weakly convergent sequence can be estimated from

above, we obtain in virtue of (3.86) that

D(fey e, T)(T) < liminf D (f, g2, T2)(T) forall 7 > 0. (3.87)
n—oo
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Moreover, E(f, g2, I'")(T) — E(f-, 9:, Le)(T) for almost all T > 0, by (3.65), (3.66) and
Lemma 3.18 iv). Hence, we have shown that, in view of (3.87), the energy inequality (3.38)
holds.

To finish the proof of Theorem 3.12, we are only left to show that (3.33)—(3.35) are satisfied.
Let £ € Ly(0,T; H'(0, L)) be given. For each n € N consider the truncation

n

£n<tv ) = (€<t? ) ‘ ¢k)2 Pr, te (07 T)'

k=0

Using integration by parts, we find that for every n € N

| @z eanmie= [ mrog . (3.89)

Qr
We show that we can pass to the limit n — oo in (3.88), after possibly extracting a further

subsequence. Observe that (3.76) and (3.83) imply that
H?n — H;’; in LQ(QT)7

where Hj is given by

H; = \;%MQE(J[&)Q {\/S%W%(fs)ai«af + oop) fo + o5pge)

Jr\/75 <\/o—§_ua5(ge)a§(f€ +9g.) + %%%(D))] .

Due to

HE"0,6" d(, 1) = / (H3"— H2)o,6" dudt+ | Hi0,(6"—€) d(wt)+ | Hi0. d(w, 1),
QT QT QT QT

the weak convergence of (H;’")neN towards H]‘E and the strong convergence 0,£" — 0,¢ in
Lo(27), we obtain

/Q 0. dvdt — | Hjogda) (3.89)

Since, by Lebesgue dominated convergence, £" — & in Lo(0,T; H'(0, L)), it follows from
Lemma 3.16 that

(O fl € — (O fe; ) in La(Qr) (3.90)

and (3.33) is satisfied in virtue of (3.88), (3.89) and (3.90). Using (3.76), (3.77), (3.84) and
(3.85) we obtain that
Hg,n — HS in LQ(QT),
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where H ; is identified as

H; 1= Y000 1) | 00T + o) e+ o)
i \/osua 3 ﬂ o
+\/§ ( Suac(g:)0,; (f- + ge) + \/U—Sam E(Ps))}

+ a-(g:)? [@ag(gs)ai(fe +9.) + ﬁﬁxae(l)] :

V3 V3 2\/05
Analogously, since (Hp™)pen is bounded in Ly(Qr), we obtain that
H?n — HIE‘ in LQ(QT),

where the limit function

Ht 1= Y (00 1) | oo £)0(65 + o5 . + o)
i osua s ﬂ o
+ 2 (Vs + 00+ Lduo(r )]

+ 2U§Ts(rs)as<gs> [\/Eas(gs)ag(fs +9:) + 2—\\;?2.—58105(F8)]

1
+ ZTE(PE)aa<gg>axaa(Fe) - Da;rrsa

can be identified in view of (3.65)-(3.67), (3.82), (3.83), (3.85) and Lemma 3.18. Passing
to the limit as in (3.88), we deduce that (3.34) and (3.35) are satisfied, so that the proof of

Theorem 3.12 is complete.

3.3.2. Existence and Non—Negativity of Weak Solutions for the Original System

In this section we prove the main result Theorem 3.11. We use the global weak solutions
(fe, 92, c)ze(0,1) of the regularized problem (3.31) to find, in the limit ¢ ™\, 0, global weak
solutions of the original problem (3.23). We emphasize that in the sequel, the initial data
10,¢° 19 are non—negative. Following [22| we show that if (ex)reny C (0, 1] is such that
er \( 0 for k — oo and there exist functions f,g € C(Qr) with

fer = 1 9o, — g in C(Qp) for k— oo, (3.91)
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then the accumulation points f, g are non-negative. Considering the sequence (I'.).c(0,1], we
use the idea in [20] to prove that already (I':).c(o,1) = 0, so that if there exists a function
e Ly(0,T;C([0, L])) with T — T'in Ly(0,7; C*([0, L])) for € N\ 0, the almost everywhere

non-negativity of the accumulation point I' will be inherited from (I'.).c(0,1]-

Non—Negativity of the Accumulation Points of the Galerkin Approximation.
Let (ex)ken C (0,1] be such that g, N\, 0 for & — oo and assume there exist functions
f.,g € C(Qr), such that (3.91) is satisfied. In order to show that for non-negative initial
data f°, ¢° the accumulation points (f,g) as in (3.91) satisfy the non—negativity property,
we define in analogy to [22] a function ¢» € C*°(R), which is non-negative, supported in

[—1,0] and satisfies
0
/1/1(x) da :/ W(z) dz = 1. (3.92)
R -1
Further, let x; : R — R be defined by
0 poo
x1(x) == / / WY(T)drds for zeR
and (xs)s>0 be the associated mollifier
x
xs(x) == 5)(1(5). (3.93)
Then, the following properties hold true
Lemma 3.20. The function x5 satisfies
i) |lxs —max{—1d,0}| s <9,
1) [Xslloo < 1 and [[X§lloc < 679 oc,
i) |sx§(s)| < K for all s € [—0,0], where K = ||¢)||oo,
iv) x5(s) =0 on R\ [—0,0].

Proof. 1) ||xs — max {—1d,0}||c = sup,eg [0x1(5) — dmax {—%,0}|. If z > 0, then x;(x) as

well as max{—z,0} are zero. Let < —1, then

/:/SOw(r)dT—ms

x1(2) = max{—z,0}| =
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g/xl /Sow(r)df—l'ds—i—/j /SUZZJ(T)dT—l‘dSS/_i

in virtue of (3.92). Since fso () dr € (0,1) for all s € (0,1), we deduce that

0
/ W(r)dr — 1‘ ds,

Ix1(7) — max{—z,0}| < 1.
Similar, if z € [~1,0], we obtain that

Ix1(z) — max{—=z,0}| < /0 /Ow(T) dr — 1‘ ds < /01 ds = —x < 1.

Hence ||xs — max {—1d,0}||oc <.

ii) By (3.92), xj(z) = xi(%) = — [« ¢(7)dr implies ||xj[l« < 1. Moreover, xj(z) =
4

ox1(5) = 67'9(%). Hence [[x§lloo < 67" {|)|oc-

iii) The statement follows directly from ii).

iv) Since xj(s) = $¢(%) and supp (¢) C [—1,0], we obtain that x§(s) =0 on R\ [=§,0]. O

We emphasize that xs is a smooth approximation of max{—-,0}. The following lemma will

play the key role in proving the non—negativity of f and g.

Lemma 3.21. There exists a constant ¢ > 0, independent of € € (0,1] and t > 0, such that

the Galerkin approximations f. and g. satisfy

< Ve, < ceVite (3.94)

| xAnns | xrtaoyas

for all e € (0,1] and t > 0.

Proof. Let 6 > 0. The statement is true for t = 0, since x z(f°) = xz(¢9°) = 0 for f°,¢° > 0.
By [28, Lemma 7.5], the composition y4(f.) belongs to Ly(0,T; H'). Notice that formally*

% Xo(fo) () dx = (X5(f) (), 0 fo(8)) 1
OL (3.95)
% [ al02) (1) de = X3 (92)(0) g1 -

40;f-(t), 0rg-(t) € (H(0, L))" for almost every ¢ > 0, so that the dual pairings in (3.95) exist. However,
they only coincide with their left-hand side, respectively, if d; f-(t), 0;9-(t) € (H'(0, L))’ NL2(0, L). Then
(cf. (3.62))

d L L
G [ U0 = [ G010 e = 0, BF6)s = (G, DL0)) -
0 0
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Recalling that f°, ¢° > 0, which is why the terms fOL xs(f0) dx = fOL xs(9°) dz equal zero,
(3.95) yields after (formally) taking the integral with respect to time and integration by

parts

L
/Xa(fs dx—/ Hx 2 (£.)0f. (. 1),
Qp
(3.96)

L
/ (D) dr = | Hix(9.)0n9. (.
0 T

for all T > 0. Assume that (3.96) holds true. Since x§ = 0 on R\ [=0,0], the Holder
inequality implies that

( / o (L(T) dx)2 < ( /[_KfESO]H?XS'(fa)@xfa d(x, t>)2

o5l 2 1 3 c . .
< Ae fe |: (e f&‘ 896 o]+ o5 f5_|_o— [Lg.
(/[_wl 5 ae£)? | a0 (o + o5 fe + o5ug.)

+\/7§ <\/O§_Mas(ga)ag(f5 + gs) + \/\/ozgaxgs(rs))] Xg(fa)axfg d(x’ t))

Vosu XA ,
= /[—5§fs§0] V3 of2) { a=(fe) 0z (01 + o3p) fe + o3119)
+\/7§ (\/@as(gs)ag(fs + ge) + \/L(%&EUE(FE))] d(z,t)

< / ae (£ IXL L) P10 o2 d, ).
[-0<f<0]

Choosing now ¢ := /¢ and recalling that a. = € on (—o00,0], the energy inequality (3.38)
together with Lemma 3.20 iii) imply the existence of a constant ¢ > 0, independent of

€ (0, 1], such that

L

o X\E(fs(T)) dx

UG I NATATEAT )

< e[t ( / I3xfal2d(fcat)>2 < OVTe,

which is the desired estimate for f. in (3.94). Using a similar argument we prove the

statement for g.. We obtain again by Holder’s inequality that

(/OLXa(gg(T)) daﬁ) < (/[_KQESO]H;Xis’(QE)@xgg d($7t)>2

2
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V3a5p 1 o c
< ([ () [ 0000t + ot + o)

2

2 (@%(gg)ai(fe +9) + %W”H

+ as(gs)ag(fe +g:) +

VB Ve 2,05

<J
[76§g£ SO]

2

2 (@%(gs)ai(fs +9:) + %@“f(”)}

o5 (g.)? [\/@ V3 axaE(FE)D X5 (92 ) Oz Ge d(fv,t))

\/W\/T { a(fe) 83((01—1—02”)]”84—02,&95)

x / 0 (f2)a- (9.2 X2 (92)21sg. P dz, )
[-0<g:<0]

o
[7(5§g5 SO}

< / a(0) X2 () P10, £ d(z, ).
[ 6§95§0]

2

d(x,t)

\/_ \/ [ ga ag(fe + ga) + 2—\\;_2'_58$0-(F6)]

By taking d := /¢, using that a. = ¢ on (—o00, 0] and the energy inequality (3.38), we obtain

the existence of a constant ¢ > 0, independent of € € (0, 1], such that

Sc( / szwwuio\amgsﬁcz(x,t)) +c( / a2rw||zoraxg€|2d<x,t>)
QT QT

SC\/Ts,

’/OLX\E(QE(T)) dx

which proves the second statement in (3.94).
Now we are left to show that (3.96) holds true. Consider for ¢ > 0

d [* L

& tora = [irwosoa (3.97)
and remark that the integrals in (3.97) exist in virtue of to the regularity properties of the
Galerkin approximation f7. Since x5(f"(t)) belongs to H'(0, L) for all ¢ > 0, we can use its

Fourier expansion as a test function for J, fI' and find that

& steeyde = [measod = [ a3 (e [ o0,od

k=0
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n

= [(or > 4z o0y one

:/0 Hy™ (£)0: (Z (G | m)mk) d.

Integrating with respect to time yields

n

/0 Vs (f2(T)) dir = / ern / HE"S" O (0) | 6y 0utnd(at)  (3.98)

for all T > 0. Since the function ys is continuous and f(t) — f.(t) point—wise for every
t > 0, the left—hand side of (3.98) tends to fOL Xs(f-(T)) dz. Owing to f° being non—negative,
the first integral on the right—hand side of (3.98) vanishes and we are only left to prove that
we can pass to the limit in the second term of the right-hand side of (3.98). First observe

that

X500 fe = OG0 | ¢)y Outhr = (xg'(fs)(t)azfe > (G0) | én), amm)

k=0 k=0

+ ) (G E) = X5 E) | bn)y Outir
(3.99)

Note that, since f.(t) € H'(0, L), the composition x5(f.(t)) belongs to H'(0, L), due to

X5 € Loo(R) (cf. |28, Lemma 7.5| ). Thus, x5(f-(t)) possesses a Fourier expansion and

n

S OGUE®) | dr)y bk = X5(fo(8)  in HY0,L).

k=0

Hence, the first term of the right—hand side of (3.99) converges to zero in Ly(€2r), since

X5 (F0)Dufe =D (G Uf(8) | 1)3 Dutor = Os <X3(fs(t)) =X OGU0) [ ), ¢k> —0

k=0 k=0
in Ly(0,L). Regarding the convergence in Lo(Qr) of the second term in (3.99), note that
the sum is the truncation function of the Fourier expansion of xj(f:)0.f- — x5(f)0. fI' and

may be estimated as follows

n 2

D () = X6 | dr)y Butr

k=0

< IXG(f)0nfe — X5 (F2)0:£2 113

2

= [IX5 (f2)0ufe = X5(F2)0ufe + X5 (f2)u fe — x5 (f2) 0 f2 3
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2 (x5 (fe) = X5 (N0 fellz + 11x5 (FZ N Oa fe — O f2113) -

Since xj = 64 (5) and 1 is globally Lipschitz continuous, we deduce, that

X5 (fe) = X5 (fI% < es @) fe = £211%

and, in virtue of Lemma 3.20 ii),

X5 (f1I% < e2(9),

for some constants ¢1(0), c2(0) > 0, depending on § > 0. Hence

n 2

D G = X5(F) | dr)y Outoi

k=0

2 (1O = SN fellz + c2()10ufe — Duf213)

2

which tends to zero if n — oo, by (3.65) and Lemma 3.20 ii). Hence,

n

D OGUD) [ 6k)y Otk — X5(f)0ufe in La(Qr).

k=0
Since (H;")nen converges weakly to H§ in Ly(Qr), we deduce that
/ Hy nz X5 ‘ ¢k x¢k d(x,t) - H;Xg(fs)amfa d(l’,t)

QT QT

n

- / (" — HO(f2)0nfo d(, ) + / " (Z G | mamk—xg%fgaxﬁ) d(z, )

k=0
tends to zero if n — oco. Therefore, we can pass to the limit also in the second term of (3.98),
which implies the first statement in (3.96). The assertion for g. in (3.96) works similarly,

such that the proof of the lemma is complete. O

The next corollary shows that an accumulation point (f, g) of the Galerkin approximation

(fers Ger )er, @s in (3.91) is non—negative.

Corollary 3.22. Assume that f°,¢° > 0, then an accumulation point (f,g) € (C(Qr))? of

the Galerkin approzimation ([, , ge.)e, as in (3.91) is non—negative.

€k

Proof. Let (e)ken € (0, 1] be such that g, N\, 0 for & — oo. Consider

Ixver(fer) = max{—f, 0}|oc < [Ixymr(fer) = Xyar(F)lloo + Ix e (f) — max{—f, 0}
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3.3. Weak Solutions

< ||f5k - f“oo + \/aa

by Lemma 3.20 i) and ii). Hence, (3.91) and Lemma 3.20 ii) guarantee the convergence

Xy (fer) — max{—f,0} in C(Qr). Recall that in the previous lemma we have shown that

< C\/Ték,

Axﬁﬁdﬂﬂw

where ¢ > 0 is a constant independent of € € (0, 1] and 7" > 0. Hence, letting k tend to zero,

implies that
L
/ max{—f(t),0} dz =0
0

for all ¢ € [0,T], which proves the statement for f. The non—negativity of g follows by the

same argumentation®. O

Following the idea in [20], we prove in the next theorem that the sequence (I'c).c(o,1) already

admits the almost everywhere non—negativity property.

Theorem 3.23. Assume that T° > 0, then the Galerkin approzimation T, € € (0,1], is

non—neqative almost everywhere in Q.

Proof. Let 6 > 0 and x; the function defined in (3.93). Then, xs(I'*(¢)) € H*(0, L) for all
t >0 and

& mmenas = [urmario = [Tarm3 (6 o, ods,

which yields after integration with respect to time

n

Axmwmw=LH?Zummmmummmw (3.100)

k=0
for each T" > 0. We can pass to the limit in (3.100), by the same argument as in the proof

of Lemma 3.21, and obtain

AXMWWMZQ%%MMMM% (3.101)

5The proof of Corollary 3.22 is essentially due to Lemma 3.21, which provides an estimate depending on
e of the negative part of a function. Remark that we did not claim the non-negativity of (f:, g:)ce(0,1

itself , but only for an accumulation point of this family, when € \ 0.
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4th Order Two—Phase Thin Film Model Driven by Capillary Effects with Insoluble Surfactant

where HE represents the limit of a weakly convergent subsequence of H." in Ly(Qr)°. By

construction xj =0 on R\ [—0,0], so that (3.101) yields

[ tmyie= [ {0 [ et 908t ot + o

2 - 5 ﬂ i
+% (x/%_uas(gs)ax(fs +9.) + \/U_gax E(FE)N
+ \/?Ta(rs)as(ga) [%as(ge)ag(fe + gg) 2\\;__8 Us( )]

+17—6(F€>a€(g€)a$0-6( ) D8 I, } ( )a L. d(ZE t>

4
305 1 3
< [ {5200 | 2102 + o + i)

+% (@axgaai(fs ) + %aﬁ(m)]

V5
V3
1

+ZTE(F€)ag(gE)0xOE(FE)} X5 (L), T d(x,t),

V305

+ Y20 (1)ac(ge) [ (92)0,(f + g2) +

ﬁ&;%(re)]

2 2\/05

where Qs := [0 < T'. < 0] and we used the fact that x§ = 6 '¢(3) > 0, which implies
—Dx4(T2)]0,T|*> < 0. By means of |7.(s)x5(s)| < |sxi(s)| < K if |s| <6 (c¢f. Lemma 3.20
iii)), we deduce that

/ (0T de
m |V

f6)83<<01 + oop) [ + o3pge)

A

V3a51

6Recall that without regularizing the terms involving I' in (3.23) by means of 7., we would obtain that (cf.
(3.61))
en _ rye .
HL Hf in Ls(Qr).

Note that then passing to the limit in (3.100) would not have been possible, since H'" — HF in Lz (Qr)

would have demanded that

n

D OGID), b1)20sdk — X5 (T)0:Te i Ls(Qr),
k=0

which is out of reach if 0,7 in Lo(Q7) only (cf. Lemma 3.18 ii)).
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3.3. Weak Solutions

+i (@ae(gs)a§<f6 + ge) + io_/gam0'5<rs>>:| azrs

} d(z, 1)

Vs Ve
@ as<gs> . K ; CLs(gs) %as(gs)ai(fs + gs) + 2—%810'5<F5)] 0,1, d<x7 t)
+ }1 H Ve (9e) K Cseri<o ‘\/aa(ge)aé(n)c‘)xra d(z,1).

By Holder’s inequality, the estimates implied by the energy inequality (3.38), the bound
of (0:1'2)cc(o1] in Lo(£2) and the definition of a. together with (f:)-c(,1]; (9c)-c(0,1) being
bounded in L, (Qr) (cf. Remark 3.17), the above inequality implies that

L
/ Xs(Te(t)) dx < c/ 0,027 d(x,t)
0 [—6<T=<0]

for some constant ¢ > 0. It follows from [31, Lemma A.4| that for almost all ¢ > 0

L L
/ mas {—T.(¢), 0} da = %ir%/ Yo(T(t)) da < 0.
0 —YJo

which completes the proof. O

Existence of Weak Solutions to the Original Problem. Now, we prove that there
exists indeed an accumulation point of the Galerkin approximation (f;, g, I'c)zc(01] being
a global weak solutions to the original problem (3.23). Note that the following bounds,

established before, are uniform in ¢ € (0, 1]:

{fe9: 12 €(0,1]} in L.o(0,T; H'(0,L)), (3.102)
{0ifs,0eg- | € € (0,1]} in Ly(0,T, (H'(0,L))"), (3.103)
(T. | €(0,1]} in L,(Qr), q€[2,6), (3.104)
{0T. | e € (0,1]} in Ls (0, T; (H'(0, L)),

(3.105)
{9, | £ €(0,1]} in Ly(Qr), (3.106)
{(T.) | e € (0,1]} in Loo(0,T; Ly (0, L)),  (3.107)
{(VO"(T)8,T. | € € (0,1]} in Ly(Qr), (3.108)
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4th Order Two—Phase Thin Film Model Driven by Capillary Effects with Insoluble Surfactant

{\/ a:(f) {\/;—QE(fs)ai((af + o5u) f- + o5pge)

Rl TT

+£ (\/@ae(ga)ﬁg(f” +9:) + ﬂ@aa(Fe))] e € (0, 1]} e

5 (! NG
{ a-(f.) :\/a;_ﬂag(ge)a;’;’(fa +g.) + \/ia%a$as(rg): e € (0, 1}} in Ly(Qr), (3.110)
{ a:(g:) -%Mgs)@i(fs +9e) + Q—%GNE(FJ- e € (0, 1]} in Ly(Qr), (3.111)
{(Va:(g:)d.0.(T2) | £ € (0,1]} in Ly(Qr). (3.112)

We emphasize, that the bounds 92 f and 92¢” in Ly(Q7) have not been uniform in € € (0, 1]
and we loose these regularities, when passing to the limit ¢ N\, 0. However, by the same

arguments used before, we find a sequence (g )ren € (0, 1] with g N\, 0, such that

foo—f and g, —g in - C([0,T],C%(|0, L])), (3.113)
foo—=f and g, —g in  Ly(0,T; H'([0,L])), (3.114)
Ofep = Of, and 99, — Gg  in  Ly(0,T;(H'([0,L]))), (3.115)
I, —T in Ly(0,7:C([0, L)) N C([0, T]; (H'(0, L))'),
(3.116)
r, =T in  Ly(0,T; H'(0, L)), (3.117)
o, — o, in  Ly(0,T; (H'(0,L))), (3.118)
D(T.,) — () in Loo(0,T; Ly(0, L)), (3.119)

for a € [0, 3). Observe that, as before, (3.102), (3.113) and (3.114) imply
Opfe,(t) = Ouf(2t) and 0z, (1) — 0x9(t) in  Ly(0,L).

for almost all ¢ € [0,7] and
f,9 € Lu(0,T, H'(0, L)). (3.120)

Further, ®(I') € L (0,7"; L;(0, L)) implies that

T € Loo(0,T; Ly(0, L)), (3.121)
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3.3. Weak Solutions

due to Assumption A2). Thus, by (3.113), (3.116), (3.120) and (3.121) we have shown
the regularity for f,g and I" claimed by Theorem 3.11 a). In virtue of Corollary 3.22, the
functions f and g are non-negative, whereas I' > 0 almost everywhere in view of Theorem
3.23 and (3.116). Further, f(0) = f°, g(0) = ¢° point-wise and I'(0) = T'° almost everywhere,
by (3.36), (3.113) and (3.116). Therefore claim b) of Theorem 3.11 is satisfied. Due to (3.37),
(3.113) and (3.116), the mass conservation property is satisfied for almost every ¢ > 0, which
proves part ¢) of Theorem 3.11.

Next we establish the identities in Theorem 3.11 d). In order to be able to pass to the limit
in (3.33)-(3.35), we investigate, like in [20, Proof of Theorem 3|, the convergence of the
regularized terms 7. and o., which occur in Hf, H; and Hf. Note first that (as in Lemma
3.18), we can prove that (I'.).c(0,1) is bounded in Lg(§2r) and the convergence I'. — T takes

place in L,(€Qr) for p € [2,6). Moreover, by construction

ECP

1
1 r+1 r
T.(s) =s for 0<s<s,:= [(—) — 1] , (3.122)

which is due to Assumption A3). Indeed, by definition, 7.(s) = sif o.(s) = T-(c'(s)) = o'(s),
which in turn is satisfied if

lo'(s)| < et (3.123)

Using Assumption A3), it is sufficient to show that
r+1 1
(|s|""'+s) <—  for s>0 (3.124)
ECP

in order to guarantee that (3.123) is satisfied. Assume s < s., then

1\ 71
s 4+ 1< <—>
ECy
and we deduce twofold

1\ mt 1\ 71
st s < (—) s and 5 < (—) ) (3.125)

ECp ECp
Inserting the second inequality in (3.125) into the first one, we obtain (3.124). Thus, 7.(s) = s

for 0 < s < s.. In particular,
ol(s)=d'(s) for all s €0, s]. (3.126)

Lemma 3.24. There exists a subsequence (not relabeled) of (I'c)zc0,1) satisfying
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4th Order Two—Phase Thin Film Model Driven by Capillary Effects with Insoluble Surfactant

i) 17.(I.) — T in L,(Qr) for q € [3,6),

i) 0p0:(Tc) = 0p0(T) in Ly(Qp) for s € [1, 55

Proof. Recall that I'. > 0 almost everywhere, due to Theorem 3.23.
i) We show first that

—1 in L,(Qr) forany p>1. (3.127)

Then, the statement follows in virtue of

T(T¢)

£

HTe(FE) - F“p < HTa(Fs) - FEHP + “FE - F”p < ||F6||6 —1 + Hre - FH

P

P I

. - I'in L,(Qr) for m € [2,6) and (3.127). In order to prove (3.127), recall that
7.(F.) =T, if I, <s. (cf. (3.122)). Thus, for any p > 1

€ F5 8 € Fa P e FS P
/ relle) d(m,t):/ relle) d(x,t)g/ 2p(7( ) —1)d(x,t)
ar | Te r.>s) | Le [Ce>se] I
¢ Cp, T
<ot [ <t [ Han < 92D
[De>se] [[e>s.] Se Se

(3.128)

since |7.(s)| < |s] and (I'c)ce(0,1) being uniformly bounded in Lg(§27). Letting € tend to zero,
(3.128) implies the assertion in view of s. — oo if € N\, 0.

ii) Given p € [1, %), R>1and ¢ € (0,1], such that 1 < R < s., we have that

Idwa—d@Wﬂ%w—[ eyl = P 1)
max{l'c,'}<R (3129)

+/ 0/(T.) — o/ ()P d(a, ).
[Te>RJU[I'>R]

Estimating the integrals on the right-hand side of (3.129) separately, noting that o, = o’
everywhere in [['. < R] (cf. (3.126)) and since ¢’ € C'(R), the Mean Value Theorem implies
that the first integral reduces to

/ |¢@a—aWWﬂaw=/‘ 0/(T.) — o' ()P d(z )
[max{T':,I'}<R]

[max{T'¢,'}<R]

(3.130)
< HU”HLOO(O,R)/ T, — TP d(z, t),
[max{I':,I'}<R]
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3.3. Weak Solutions

which tends to zero if € N\, 0 for any p € [1,6). The second integral yields in virtue of
lol] < |o’| and Assumption A3)

/ (T~ O dat) < [ 2 (|0 (N)P + |/ (D)) de. 1)
[[e>R]U[I'>R]

[C->R]U[T>R]

< 2PC¢/ (T2 4+ 1|7+ |T(T" 4+ 1)|Pd(x, t)
[Ce>RJU[T>R]
< P10y / {retD) 4 et (e, t)
[Te>RJUI'>R]

< 2P0y 2 max{I'., T} d(z, t)
[Te>RJUT>R]

2p+3
— e | masx{T, T} D RS20+ iz, 1)
Rb—p(r [[e>RJUC>R)

20 / , ,
< = % +1%d(z,1).
R6=PU4D) Jio © morsrg|

(3.131)

Again, since (I';).c(,1] is bounded in Lg(€7) and thus, in virtue of (3.116), also I € Lg(Qr),
we may let first ¢ N\, 0 and then R — oo in (3.131). Gathering (3.129)-(3.131), we have

shown that

/ / . 6
o.(I'.) — o'() in L,(Qr) for pe [1, 7’+—1> (3.132)

Since r € (0,2), we can choose p > 21in (3.132). Note that (0,0.(I'2))-c(0,1] = (0L(I'2)0:I'c)ec(0,1]
is bounded in L(Qq) for s € [1,-%7), since (0:I'c)ee(0,1) is bounded in Ly(Qr), (02(T:))ee(o,)
is bounded in L, (Qr) for p € [1, -%;) and Hélder’s inequality. Hence, by Eberlein-Smulyan’s
theorem, there exists a subsequence (not relabeled), such that d,0.(I'.) converges weakly to
a function v in Lg(2r). The identification of the limit v with 9,0(I") follows in virtue of

| @0ty —gate) = [ (@0.0(0) - T+ [ (@uonT) — o) dlo)
Qr Qp

Qp

- /Q /(D)@ — ,T)Ed(w,t) + | 8T(o'(T) — o (T))€ d(x, )

Qp
—i—/ (0,0L(T:) — v)¢d(x,t),
Qr
which tends to zero for arbitrary & € C™(Qr) by 9,0.(T.) — v in L,(Qr), (3.117) and

(3.132). This proves the statement. O
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Let £ € Ly(0,T; H'(0,L)) be given and (fe, g=, I')ce(01) be the Galerkin approximation of
the regularized system, which admits a subsequence converging towards (f, g,I"). We know

from (3.33) that

wF) [j%)a?’((al o+ oingn) + 5 (Va0 + 00 + Vi aea‘a))]
4\/_[ 01+02u)f+02u9)+£<\/3933f+g) 20 (I ))]
1 5 \/’ 3 3
FVae(fe) [\/_as 9:)0; (f= + ge) + NG 0z0< (T ] [\/_ga (f +9)+ 70 (T)],
o0 [%%(gs)aim o)+ 2—%@0&(&)] ~ V3 l%gai’(f . xa<r>] ,

a=(g:) c

N
1os0eo(D)

in Ly(PrNP,). By using the same arguments as before, we are now able to identity the limit

function Hy on the set Py NP, where f and g are strictly positive as

o 4o 1 c c . 3
Hyp= @f [mfafé((al + o5p) f + osug) + % (x/ag,ug(?g(f +g)+ \/‘/U%aza(r)ﬂ .

Analogously we prove (3.26), (3.27), where the limit functions H,, Hr are identified as

_ /3asp 1 N ¢ 2 : Vi
Hy =>4/ {Wfai((al + o) [+ oppg) + 7 (\/Uzug&i(f +g) + \/—U—gamG(F))l

a5 \/‘7_5 3 V3
+\/§g[\/§93x(f+g)+2—\/a—gax0(r)]

and

i \/302

Lf L/—fa?’((al +o5p) f + o5pg) % (\/%Tugai(f +9)+ \/g@xa(m)}

V3045 V05 s V3 1 _
+ Ig \/ggam(f—l-g) + 2\/0_58;,;0'(1_‘) + 4Fg8$0(1“) Do,T

on Py N P,. Finally, similar as before, we pass to the weak limit in the energy inequality

(3.38) and obtain claim Theorem 3.11 e), by (3.113), (3.119).

Remark 3.25. Recall that the surfactant concentration is rescaled by I' = 2, where I',, is

the critical micelle concentration (cf. Section 1.1). Hence, from a physical pomt of view it is
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3.3. Weak Solutions

expected that the weak solution I', constructed above, satisfies not only the non—negativity
property, but also 0 < I' < 1. In [15] a thin film model with insoluble surfactant taking
into account gravitational, capillary and van der Waals forces is studied and the existence

of global non—negative weak solutions as well as the upper bound I' < 1 is investigated.
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A. Appendix

A.1. Calculations
Let for each uw € U® the matrix ag(u) be given as in (2.3). We prove that all eigenvalues of
ag(u) are strictly positive.

Lemma A.1l. If Assumption G1) and A1) are satisfied, all eigenvalues of ag(u) are strictly

positive for each fived u € U“.

Proof. Set for u = (f,g,I') € U

Q= G1%3+G2,u%, a = Gap (fjer%)

bi=Gol + Gi L2 + Gopfg?, bi= Ga% + o (52 + fg?)

c = (Ggé—l—Glf;—l—Ggufg) I c:= (G2%+G2M f;—i—fg))F
d =~ uo'(I), e =~ (nfg+%) o (T)

h:=—(uf+g)l'o'(I')+ D.
Since we assume o’ to be non-positive (cf. Al)), @,a,b,b,c,é,h > 0 and d,e > 0. The

matrix ag(u) in (3.1) can be written as

a a d
ag(u)=1b b e
¢c ¢ h

and the eigenvalues of ag(u) are the roots of

det(a(u) — A1d) = X® — XN2[h + @ + b] + A[ab — @b + h(a + b) — cd — ée]
(A.1)
—[h(ab — ab) + d(be — be) + e(ac — ac)].
Rewriting (A.1) as
XN — AN+ BN —-C =0,
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where A := h+a+b, B := ab—ab+h(a+b)—cd—ce and C := h(ab—ab)+d(bé—bc)+e(ac—ac),
we can use the Hurwitz Lemma and prove the statement by showing that A, B,C' > 0 and

AB — C > 0. We have
A = —(uf + 9T () + D+ G L+ Gol + Gop (29 + f )

B = (G2f3g + f4g2G2/L> [Gl — GQ,M] + D <G1 3 (Gl + GQ,LL) I%g +G ,U _'_G2%)
fa°

43
2

—o' ()T (Gllu{_g + [G1 — G2M]Mﬂ + Glu + Glf <y |G — Gapl fo2 + 2G>
o = ( <G2 + Gopls ) o' (1) (GQf + Gopls ))[GI—GW].
Assumption G1) implies that G; — Gop > 0, thus A, B,C > 0. Observe that
f3 3 f4 2

AB > (D= o (D) (uf +9)) <G2 Gw) G = Gt

Hence
AB=C > ((~o'T)T(uf +9) + D) (Golif" + Goplit")
D (%Gg + waj—,f) +o'(D)T (Ggfg—g n Gw%)) Gy — Gopl]
= —o'(II[G1 = Gapluf (%% + GQM%) >0

Applying the Hurwitz Lemma, we deduce that the spectrum of ag(u) is for each fixed u € U

consists only of strictly positive numbers. O

In the next lemma we show that there exists z > 0, such that the matrix b ( fs, g, 0), defined

n (2.13), where f,, g, > 0 are constants, is positive definite

Lemma A.2. Let Assumption G1) and S1) be satisfied. Then, there exists z > 0, such that

the matriz b (fs, g«,0) is positive definite.

Proof. The matrix b (f, g«,0) is given by

3 3 3 2 .
s (G + Gop (B + f29.+ 1.62)) Gan (B +82)

z 3 2 3
b6(f+: 9, 0) := Gapt (f?* + f*%) (G1 — Gop) &z k

with
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k= —§u7 a'(0).

In order to prove that the matrix (A.2) is positive definite, we show that its leading principal

minors are positive. Denote its first, second and third principal minor by M, My and
. 3 3 . e

M3, respectively. Clearly M; = Tc?c%u (Gg%* + Gap (% + f2g. + f*gf)) is positive, by

assumption G1). The second principal minor M, is given by

3 3 3 3 2 2
My = G2 (o + Gon (5 + F20.+ £.62)) (Gr = G § = (Gap? (5 + 22
g3 4 2
= Gon (Go% + GanigE).

hence M, > 0. It remains to show that also M3 = det(b(fs, g«, 0)) is positive. We calculate

via Leibniz formula

4 G 3 3
M3 = ZDMQ — ZO’ (O)IU |:J; Gl_—2é2u (G2 3 +G2/JJ (J;) —|—f29* "‘f*g*))

Gz 2 2 g* fs

G f? g: £ ffg*
_Gl_GZMfQ(ﬂ7+uf*g* 2)G2 (3 9 )}

Since D and M, are strictly positive, there exists z > 0, such that M3 > 0 and we have

shown, that the matrix 0% (fs, g«, 0) is positive definite. m

A.2. Alternative proof of Proposition 3.4 i)

We give an alternative proof of Proposition 3.4 i) by showing the sectorial property of A1 (X),
which is based on a similar result in [23]. Fix X = (f,9) € {H(0,L;R?) | f,g > 0}.
Introducing a weighted scalar product, we show that A := A;;(X) satisfies the conditions
of being a densely defined, sectorial operator, which implies that —A is the generator of an
analytic semigroup. Set

;.73

P T
a1 = (UT + USM)? + UQ/LT, aio = 0‘5” (E + g) ,

7 77 - 7 77 -
ag = 0§§+(0$+0§u)7+05uf§2, Az = U§§+U§M +f9% .
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Then, since X € {H#(0,L;R?) | f,g > 0}, we can ensure that a; > 0,1 <i,j < 2 and
belong to C?([0, L];R). Observe that

a1 > A12021- (A.3)

Using the strict positivity of X, we define, in accordance to [23], a weighted scalar product

on H%(0, L; R?), where k € N, by the relation
(X]Xjkﬁ:E:/‘@ﬂ%ﬁ%f+am@g%§®: (A.4)
=070

for X = (f,9), X = (f,§) € H5(0, L; R?). Since a1, and ayy are both continuous and positive
functions, it is clear that
I lhe= 1

defines an equivalent norm to the usual Sobolev norm |||/ z+. In order to avoid any confusion,
note that within this paragraph (Proof of Proposition 3.4 i)), || -||2 and (- | -), always denote
the above introduced norm and scalar product on the Sobolev space H?(0,L;R?). The
Ly—norm and scalar product of a function X is then given by || X||p and (- | -),, respectively.
The following three lemmata provide estimates, which imply that the operator A is closed

and dissipative.

Lemma A.3. There exist constants cy, A\g > 0 such that
IAX]S = col XI5 = MllXNG for X € Hy(0,L;R?). (A.5)
Proof. By definition of the introduced norm, we have
L
HAXH% = / {a21 ‘896 (anai’f -+ a128£g> |2 “+ a2 ‘895 (aglaif + aggaig) ‘2} dx
0
L 2
>m / {10,0002f + andif + 003 + adly
0
410,00 f + an0Lf + 0,030 + andlg|'} da,

where m := min{a;s, as }. Since (z +y)* > 322 — 3y?, we obtain that
5 _ M L 4 4 |2 4 4 12
[AX 5 > e {‘allazf + a120,9]” + |a2105 f + a2:0,g] } dx
0

—d ([19; 116 + 1979115)
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3m [F
= T/ {(a, + a3)|05 f1* + 2(a11a12 + az1a22)0; fOrg + (a3, + a3,)]059]°} dx
0

—d (19;f11g + 19;91l6) -

where d > 0 is a constant depending on a;j, ||0,ai;|l, 1 < 4,5 < 2. Note that, since

11092 75 a21Q12 (Cf (A?))),

2 2 2 2N 2 2 2 2 2 2 2 2
\/(an + azy)(afy + asy) = \/anam + aj a5y + a3,a7; + a0

= \/(Gnam + a21a92)? + (a11a22 — a21a12)?

= (aj1a12 + aga) + ¢

for some ¢ > 0. Thus,

(anans + amaz) =/ (ah +a3)(ady + ad) — ¢ = \/ (@) + a3) (6, + ady) (1= F),

here 0 < k := A < 1. We deduce that
v \/(a%ﬁ‘a%l)(“%z“‘a%)

2

3m

L
lax|p =2 [ { V= 0+ a2+ /(= Rt + a0k

+k ((ady + a3))|03f* + (a%y + ) |02gl%) } dx — d (02£15 + 119791l5)

> e (102115 + 102 £15) — d (I12:£116 + 11929115)

> e (IF15 + 1lgllz) — (e + U5+ llglls)

for e > 0 being a constant. By an interpolation estimate and Young’s inequality (cf. (3.8)),

we deduce the existence of ¢, A\g > 0, such that (A.5) is satisfied. O

Lemma A.4. For all X € Hj(0, L; R?) there exist constants c1, Ay > 0, such that
(AX | X)y > et XI5 = MIIXG. (A.6)

Proof. Given X € H%(0, L; R?), we obtain in virtue of two times integration by parts, where

the boundary terms vanish due to the boundary conditions,

L
(AX ‘ X)O = / {aﬂ@x (anagf + auai’g) f + alQam (a218£f + a22a§g) g} dx
0
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L
= _/ {(a1103f + a12059) O (a1 [) + (02105 f + a22859) 0x(a129) } dz,
0

= /OL {92 f0:(an0u(an f)) + 02g0s(a120x (a2 )
+07f0,(a210,(a129)) + 0290n (200, (a129)) } d,

- /0 (0210, (@10mOuf + a110stn ] + 1200 + a1 0s0120)
+0290, (01202105 f + a1105001 f + 220120, + 4220, 0129) } da

> /OL {a11a01|02 f? + 22101202 f 02 g + a12a20|02g|* } da
= E (192 fllo +118Zgl0) (111 + llgllh)

where £ > 0 is a constant depending on ||a;j|le; [|02aij]|oc and [|02a;j]loe, 1 < 4,7 < 2.
Note that we used the chain rule for Sobolev functions, which states that a € W¥ (0, L; R?)
and X € H*(0,L;R?) imply aX € H*(0,L;R?) and 9,(aX) = 9,aX + ad, X (see e.g. |25,
Theorem 5.8.4]). The integrand of the first integral in the last estimate above can be written

as!

a11a21 |02 |2 + 2a2101202 fO2g + a12a22|02g]?

=\ [ fanaadif + Vanazole) + (1 - ) [1921]" +102aP’]

a110a22 a110a22

Hence, in virtue of ajjasy > ajzag; (cf. (A.3)), there exist constants ¢, E > 0 with
(AX | X)y = e ([102£116 + 1979116) — £ (192f 1o + [192g]l0) (1f 1l + llgll1)
<e(IIXlz = 1X17) = EIXo[1X
<o X|3 = MIXI,
by an interpolation estimate and Young’s inequality, for some constants c;, Ay > 0. O

Lemma A.5 (Dissipativity). There exist constants cy, \x > 0, such that

| (A4 X)) X2 > col| X4 forall X> X\, and X € Hp(0, L;R?).

'Here appears the only situation, where we make use of the, by (A.4), introduced norm.
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Proof. For X € H%(0, L; R?), we obtain that
(A +X2) XI5 = [JAX§ + 2X (AX | X))o + NI X 5.
Then, Lemma A.3 and A.4 imply that
(A + X)X > ol XIE + (A2 — 200 — M) X[ XI2.
Hence, there exists A, cg > 0, such that the assertion is satisfied for all A > A,. O
Note that the estimate given in Lemma A.3 implies that the operator
A Hp(0, L;R?) C Ly(0, L; R?) — Ly(0, L; R?)

is closed. To see this, take a sequence (X,,)neny C Hy(0, L; R?), which converges in Ly (0, L; R?)
towards a limit function X € Ly(0, L;R?) and AX,, — Y in Ly(0, L;R?). Then, (AX,)nen
is a Cauchy sequence in Ly(0, L; R?). Now, Lemma A.3 warrant that (X, ),y is a Cauchy
sequence in H%(0, L; R?). We deduce that X € Hz(0, L; R?) and

[AX = Yo < [AX — AXalo + [AX, = Yo = 0,

by A being continuous on H3(0, L; R?) and the assumption AX,, — Y in Ly(0, L; R?). This
indicates that A is a closed operator.

We show that the operator A : H3(0, L; R?) C Ly(0, L;R?) — Ly(0, L; R?) is sectorial, that
is, the spectrum spec(A) of A is contained in a sector ) = {z € C| —v < arg(z) < v},
where v € (0,7/2) and for all A\ € Y ¢ where ) ° denotes the complement of )" . there

exists M > 1, such that
M

1A =X e < o

Since A is densely defined, the operator being sectorial implies that —A generates an analytic
semigroup. We want to make use of [41, Theorem 1.3.9], which implies the sectorial property
of A. To this end, we show that there exists A\, > 0 such that for all A > \,, the operator
A+ )\ € L(HE(0,L;R?), Ly(0, L; R?)) is bijective. If X € HA(0, L; R?), Lemma A.5 implies

that the operator A + X is bounded from below in Ly (0, L; R?)

I(A+NX|2>c|X]|?  forall A> . (A7)
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Observe, that (A.7) ensures that the linear operator A+ X is injective and closed. It remains
to show that A + ) is surjective for all A > \,. We define a continuous bilinear form closely

related to the operator A + \
By : H3(0,L;R?) x H3(0,L;R) = R
by
~ L ~ ~

BA[X, X] Z—/ {ﬁif&r [anam(amf) + aglam(algg)} —+ 6’59&,3 [a128m<a21f) —+ a228m<a12§)i| } dx

0

L ~
+ )\/ as ff + aagg dx
0

(A.8)

for X = (f,g) and X = (f,§) € H%(0,L;R?). Note that if in addition X € H(0, L; R?),
the relation

By[X, X] = ((A FAX | 5()0 (A.9)
is satisfied. Moreover, if X € H3(0, L; R?), Lemma A.4 ensures that
BAlX, X] = (A+N)X [ X)gA = (AX | X), + A|X[5 > ¢l X3 (A.10)

for all A > A, if A, sufficiently large. Taking into account that Hp(0, L; R?) is a dense subset
of H%(0, L; R?) and B, is continuous, we infer that (A.10) is satisfied for all X € H%(0, L; R?).
Thus the bilinear form (A.8) is coercive. Observe that for all F' = (F}, Fy) € Ly(0, L; R?)

F(X) = (F | X),

defines a linear functional on Ly(0, L; R?). Since the continuous bilinear form By, is coercive
on H%(0, L;R?), the LaxMilgram Theorem implies that for every F € Ly(0, L; R?) there
exists a unique X € H%(0, L; R?) such that

By[X, X] = (F | X)O for all X € H2(0,L;R?). (A.11)

We conclude that it remains to show, that indeed X belongs to H3(0, L;R?). Then, by
C>((0,L); R?), the space of smooth functions with compact support, being a subset of
H%(0, L; R?), we infer from (A.9) and (A.11), that for every F' € Ly(0, L; R?) there exists a
unique X € HE(0, L; R?), such that (A + \)X = F. This means that A + X is surjective.
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In order to show that X belongs to H%(0, L;R?), observe that (A.11) holds true for all
X € C((0,L); R?). We deduce that in particular

L B N L B
/0 {a}; F0u[a110 (a0 )] + 8290, [a120. (a1 f)]} dr = /0 (Fy — \f) f da, (A.12)

L L
/ {0210, (0102 (@129)] + 290 (4220 (a129)] } do = / (Fy — Ag) §do (A.13)
0 0
for all X = (f,§) € C°((0, L); R?). Now, (A.12) yields

L L
/ (Fy = \f) fde = 8210, [allﬁx(agl f“)] + 9290, [auaw(a21 f)} } da
0

0

L
= / {aif |:8xa118x((121f~) + anai(aglf)] -+ Q,%g [8xa128m(a21f) + algﬁg(aglf)} } dx
0
L
= / { (8§f&ca11 + aigaxam) 3x(a21f) + (5§fa11 + 539412) 55(021]?)} dx
0

L
= / { (aifaxau + aigamGIQ) Opag f + (8§f6’mau + aigaxGIQ) a2 0, f
0

+ (aifan + 8§ga12) aiazlf +2 (8§fa11 + 3§ga12) 0210, f
+ (3§fa11 + 8§ga12) am(‘?if} d!L‘,
which is equivalent to

L L
/ Flf dx :/ { ((85]”&,3@11 + ﬁgg&ralg) as1 + 2 (8§fa11 -+ a,zgam) amazl) (9mf
0 0 (A.14)

+ (aifall + Gggalg) algégf} d:E,
where
Fyi=(F = \f)— ((8§f3xan + aigaxalz) D1 + (8§fau + aig&n) 82@21) € Ly(0, L;R).
(A.15)

Following a similar computation for (A.13) yields analogously

L L
/ Fygdx :/ { ((aifaxam + 0§g0xa22) ajg + 2 (azfam + 8;%9@22) azaIQ) 029
0 0 (A.16)

+ (8§fa21 + 8%9@22) aglaig} dl‘,

where

Fy = (F, — \g) — ((éﬁf@wazl + 859@@2) Opa12 + (@%fam + 3596622) 83%2) € Ly(0, L;R).
(A.17)
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Since (A.14), (A.16) hold true for all (f,§) € C°((0, L); R?), we deduce that
F=-0, [(8§f3x011 + 859395@12) ag + 2 (8§fa11 + 89239@12) 816621} + 02 [(aif&n + 839042) alz] )

F=—0, {((ﬁfazam + 8§93xa22) ajg + 2 (fﬁfam + 8§gagg) 314112} + 02 [(3§fa21 + 892396122) a21]
(A.18)

in the sense of distributions. In virtue of Fy, F; belonging to Lo(0, L; R), the above equations
imply that

—ax[ (02 fO,a11 + 02g0pa12) az + 2 (02 fary + 02garz) Opazy — 0y [(02fars + 02gass) aso] } ,
— 0Oy [ (aifaxam + 8§g&pa2z) ajg + 2 (azfam + 8§gazz) 019 — Oy [(aifazl + 359%2) CL21} ]
belong to Ly(0, L; R), which in turn yields

((ﬁf@zau + azg&can) 921 + 2 (éﬁfau + &igam) &Eagl — 81 [(Qifau + éﬁgalg) alz] s
(A.19)

(aif&,;agl =+ 3§gﬁma22) a12 + 2 (8§fa21 -+ a,%g(lgg) 896@12 — 833 [(83]”@21 -+ 8§ga22) CL21:|
(A.20)

are elements in H'(0, L;R) Since H'(0,L;R) C Lo(0,L;R) and the first two terms in
(A.19), (A.20), respectively, belong to Ls(0, L; R), the last terms in (A.19), (A.20) belong to
Ly(0, L; R) as well. In view of the fact that a;; € C?(0, L;R), 1 <, j < 2 is strictly positive,
we deduce that

and2f + a1202g and 0102 f + ax02g belong to  H'(0, L; R). (A.21)

The above implies that 22 (a0, f + asd7g) € H'(0, L;R). Hence

a0 + 1202y — 22 (@02 f + an0g) = UG € (0, LiR).
22 22

Due to a;; > 0,1 < 4,75 < 2 and aj1a2 > asaz (cf. (A.3)), this yields that f € H?(0, L; R),
which in turn implies in view of (A.21), that also g € H3(0, L; R). Hence, the first two terms
in (A.19), (A.20), respectively, belong to H'(0, L; R), so that the last terms in (A.19), (A.20)
belong to H'(0, L;R) as well. Repeating the same argumentation, we arrive at X = (f,g) €
H*0, L; R?). Thus, for F' € Ly(0, L; R), there exists X € H*(0, L; R?) N H%(0, L; R?), such
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that (A.11) is satisfied. We need to verify that X satisfies the boundary condition 92X =0
at x = 0,L. In view of X € H*(0,L;R?), (A.15), (A.17) and (A.18), a straight forward

computation yields

(Fr = X\f)=F+ ((Q%fan + aigalz) D2as + (Q%f@xau + éﬁg@xam) axaﬂ) ( )
A.22

= (910, [auﬁi’f + a12a§9] )
(Fy = Ag) = Fy + (92 fan + O3gaz) Oars + (97 f0an + 0g0s022) Oya2) (A.23)
A.23

= 190, [ama;j’f + a22ag9] .

By means of (A.11) and the definition of B, (A.8), we obtain after integrating by parts twice

(F—)\X | X)O = By[X, X] - A (X | X)O

sz,L) (A.24)

= - (aif [@11a21f+ a21a12£~7} + 829 [a12@21f+ a22021£~1}

L ~ b r
+/ {a213x [ané’if + G128§29] J+ad, [amé’if + (1228529] f]} dx
0

for all X € H%(0,L;R?). Now, (A.22), (A.23) imply that the boundary term in (A.24)
needs to vanish for all X € H%(0, L;R?). We deduce that 0X = 0 at = 0, L and thus,
X € Hp(0,L;R?). Summarizing, we have shown that the operator A + X : H3(0, L; R?) —
L»(0, L; R?) is an isomorphism.

Given k € N, denote by HE (0, L; R?) := {X, +iX. | X,, X. € H}(0, L;R?)} the complexi-
fication of H(0, L; R?), which is again a Hilbert space with scalar product

(XT X, | X+ zX)k - (XT | X,.)k + (Xc | Xc)k g (X,, | X)k +i (XC | X,,)k .
In the case k = 0, we write Ly (0, L; R?) := H} (0, L; R?) and let
Ac: Hp (0,L;R?*) = Ly (0, L; R?)
be the complexification of A defined by

Ad(X, +iX,) = AX, +iAX, for X =X, +iX, € Hp (0, [;R?).

Note that A, is a well-defined operator and A.X = AX for X € H3(0, L; R?). By the same
arguments as above, the operator A+ € L(Hp (0, L;R?), Ly (0, L; R?)) is an isomorphism
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for all Re A > \,, meaning that the non—positive half-axis is contained in the resolvent set
of A, + \.. Analogously to the analysis in [23], we estimate the numerical range S of the

operator A, + \,, which is defined by
St A = (A + A)X | Xy, | X € Hj (0. LR},
Due to (A.6), the the real part of S(A.+ \.) can be estimated as

Re ((Ac + X)X | X)o. = (A + M) X | Xp)g + (A + ) Xe [ Xe),

> e (|13 + [ Xel3) = el X5, > 0.
Note that in virtue of applying integration by parts twice, there exists C' > 0, such that
(420X X) | <@+ ) (IX13+ IX13)

for X, X € H4(0, L; R?) . Hence, an estimate for the imaginary part of the numerical range

is given by

[Tm ((Ac + M) X | X)o o | < TUA+ )X [ Xe)o |+ (A +A)Xe | Xr)g |

< 2(C+ ) (I3 + 1Xellz) < ellXls..

where ¢ > 0 is a constant. We conclude that the numerical range is contained in a sector

> o =12 € C| -0 < arg(z) < 0} in the right-half plane, which has angle § < 7.

C

/

CP(AC“F}\*) /'/S(Ac“l’)\*) CZ@

Choosing v € (6, %), there exists a constant Cy € (0,1)?, such that d(A : S(Ac+A.)) > Cy|A|
for A in the complement of > . denoted by > ¢, where d(\ : S(A.+\.)) indicates the distance

2The constant Cy is given by Cy = sin(|v — 0)).
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of A from S(A.+ A\.). We infer from [41, Theorem 1.3.9], that the spectrum spec(A. + A,)
of A.+ A, is contained in ) and that for all A € >~° the estimate

1 1
<
(N2 S(A.+ M) = ColA

I((Ac + ) = N) o) <
d

holds true.

§4§ec(Ac + Ax)

226 C p(Ac+ As) Qi

It follows from [33, Proposition 2.1.11] that A.+ . is sectorial and —(A.+\,) is the generator
of an analytic semigroup. Hence, due to the perturbation by a linear, bounded operator and

in view of [33, Theorem 2.1.3], —A is the generator of an analytic semigroup.
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