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BOUTET DE MONVEL’S CALCULUS VIA GROUPOID ACTIONS

KARSTEN BOHLEN

ABSTRACT

We consider general pseudodifferential boundary value problems on a Lie manifold with bound-
ary. This is accomplished by constructing a suitable generalization of the Boutet de Monvel
calculus for boundary value problems. The data consists of a compact manifold with corners M
which is endowed with a Lie structure of vector fields 2V, a so-called Lie manifold as introduced
by Bernd Ammann, Robert Lauter and Victor Nistor. We consider a Lie manifold M which
is split into two equal parts X, and X_ each of which are Lie manifolds which intersect in an
embedded hypersurface Y C X4. In this setup our goal is to describe a transmission Boutet de
Monvel calculus for boundary value problems.

Starting with a suitable Lie structure on a compact manifold with corners we consider the
groupoids integrating the Lie structures. The groupoid corresponding to the Lie structure on
the boundary hypersurface Y and the groupoid on the double Lie manifold M are used to
describe the pseudodifferential operators on the whole manifold and the boundary respectively.
First we consider the example of the b-vector fields and the corresponding minimal integrating
groupoids. There is a priori no relation between a chosen groupoid corresponding to the Lie
structure on M and a groupoid corresponding to the Lie structure on Y. We show that for b-
vector fields the two groupoids can be chosen in such a way that we obtain a bimodule structure
(a groupoid correspondence) and in mild cases these groupoids are isomorphic inside the category
of Lie groupoids (Morita equivalent).

With the help of the bimodule structure and canonically defined manifolds with corners, which
are blow-ups in particular cases, we define a class of extended Boutet de Monvel operators.
These operators take the form of matrices consisting of the pseudodifferential, potential, trace
and singular Green operators. At first we consider these operators as defined via their Schwartz
kernels which are conormal distributions. The bimodule structure consists in particular of
actions of the groupoids on the canonical blow-up spaces. These actions induce a multiplicative
structure and a convolution algebra structure on the extended calculus. Using this convolution
structure we establish closedness under composition of the extended calculus. Therefore in the
0-order case we obtain an algebra.

A deep result due to Ammann, Lauter and Nistor establishes a link between a pseudodifferential
calculus on an abstract Lie manifold and the pseudodifferential calculus on the integrating
groupoid. We generalize this representation of the groupoid pseudodifferential calculus to our
algebra of extended operators by first defining the class of represented operators and suitable
homomorphisms. Then we prove the generalized representation theorem for extended Boutet de
Monvel operators. This result can be viewed as a certain non-commutative completion of a Lie
manifold with boundary.

Then we define the restricted transmission Boutet de Monvel calculus by truncation of the ex-
tended operators. We define the representation for restricted operators and show closedness
under composition. Finally, we analyze the parametrix construction and in the last section state
the index problem for boundary value problems on Lie manifolds.

Keywords: Boutet de Monvel’s calculus, groupoid, Lie manifold.
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ZUSAMMENFASSUNG

Wir untersuchen allgemeine pseudodifferentielle Randwertprobleme auf einer Lie Mannigfaltigkeit
mit Rand. Dies wird erreicht mittels einer passenden Verallgemeinerung des Boutet de Mon-
vel Kalkiils fiir Randwertprobleme. Gegeben ist dabei eine kompakte Mannigfaltigkeit mit
Ecken M, welche mit einer Lie Struktur von Vektorfeldern 2} versehen ist, was eine soge-
nannte Lie-Mannigfaltigkeit ergibt nach Bernd Ammann, Robert Lauter und Victor Nistor.
Dabei betrachten wir eine Lie-Mannigfaltigkeit M, welche aus zwei Halbraumen X, and X_
besteht, welche ebenfalls Lie-Mannigfaltigkeiten sind, die sich in einer eingebetteten Hyperflache
Y iiberschneiden. Auf Basis dieser Daten beschreiben wir ein Transmissionskalkiil nach Boutet
de Monvel.

Von der Lie Struktur ausgehend betrachten wir Gruppoide, welche die Lie Struktur integrieren.
Ein Gruppoid, welcher die Lie Struktur auf der Hyperfliche Y integriert und der Gruppoid,
welcher die Lie-Struktur von M integriert werden verwendet um jeweils ein Pseudodifferential-
kalkiil auf der gesamten Mannigfaltigkeit und dem Rand zu definieren. Dabei betrachten wir
zunéchst fiir das Beispiel der b-Vektorfelder die korrespondierenden minimalen Gruppoide. Zu
beachten ist, dass a priori keine niitzliche Beziehung zwischen dem gewéhlten Gruppoid zur
Lie-Struktur auf M und dem Gruppoid zur Lie-Struktur auf YV existiert. Wir zeigen aber, dass
flir den Fall der b-Vektorfelder die Gruppoide so gewahlt werden kénnen, dass sie eine Bimodul-
Struktur oder Gruppoid-Korrespondenz definieren und in gutartigen Fallen ein Isomorphismus
in der Kategorie der Lie-Gruppoide existiert.

Mithilfe der Bimodul-Struktur und kanonischen Mannigfaltigkeiten mit Ecken, welche in bes-
timmten Spezialfillen Blow-Ups beschreiben, kénnen wir eine Klasse von fortgesetzen Boutet
de Monvel Operatoren beschreiben. Ein Element im fortgesetzten Kalkiil setzt sich zusam-
men aus Pseudodifferentialoperatoren, Potential-, Trace- und singuldren Greenoperatoren. Die
Operatoren sind charakterisiert durch ihre Schwartz-Kerne, welche konormale Distributionen
sind. Mittels der Gruppoid-Wirkungen auf die Blow-ups erhalten wir eine multiplikative Struk-
tur, welche eine Konvolutionsalgebrenstruktur induziert. Dies ermoglicht einen Beweis fiir die
Abgeschlossenheit unter Komposition im fortgesetzten Kalkiil. Insbesondere erhalten wir im
Ordnung 0 Fall eine Algebra.

Im néchsten Schritt verallgemeinern wir ein wichtiges Resultat von Ammann, Lauter und Nis-
tor iiber die Darstellung des Gruppoidkalkiils. Wir verallgemeinern diesen Satz auf die Algebra
von forgesetzten Operatoren vom Boutet de Monvel Typ, indem wir zunéchst den Darstellung-
shomomorphismus definieren. Dies stellt eine Form nichtkommutativer Vervollstandigung einer
Lie-Mannigfaltigkeit mit Rand dar.

Schlielich betrachten wir die eingeschréankten Boutet de Monvel Operatoren definiert mittels des
forgesetzten Kalkiils, zeigen die Abgeschlossenheit unter Komposition und definieren die Darstel-
lung dieser Algebra. Wir analysieren die Parametrix-Konstruktion und beschreiben im letzten
Abschnitt das verallgemeinerte Indexproblem fiir Randwertprobleme auf Lie-Mannigfaltigkeiten.

Schliisselworter: Boutet de Monvel Kalkiil, Gruppoid, Lie Mannigfaltigkeit.
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1. INTRODUCTION

The analysis on singular manifolds has a long history, and the subject is to a large degree moti-
vated by the study of partial differential equations (with or without boundary conditions) and
generalizations of index theory to the singular setting, e.g. Atiyah-Singer type index theorems.
One particular approach is based on the observation first made by A. Connes (cf. [§]) that
groupoids are good models for singular spaces. The outlines for a pseudodifferential calculus on
singular foliations were made precise for the general case of (longitudinally smooth) groupoids
later by B. Monthubert, V. Nistor, A. Weinstein and P. Xu; see e.g. [24]. Such a calculus can
be defined on manifolds with singularities of various types in a unified and general setting. A
notion of global ellipticity with Fredholm conditions is then also possible. On the other hand
it is important for applications in the study of PDE’s to also pose boundary conditions and a
parametrix for general boundary value problems. It has been a hard problem to incorporate
boundary conditions in the singular context. The construction of a refined parametrix, with
appropriate Fredholm conditions, in such a setting is particularly difficult for technical reasons
(the small calculus is not sufficient). In this work we will enlarge the groupoid pseudodifferen-
tial calculus and develop a notion of general pseudodifferential boundary value problems for the
groupoid calculus. The most natural approach seems to be a generalization of the Boutet de
Monvel calculus.

Boutet de Monvel’s calculus (e.g. [6]) was established in 1971. This calculus provides a con-
venient and general tool to study the classical boundary value problems. At the same time
parametrices are contained in the calculus and it is closed under composition of elements. The
elements of Boutet de Monvel’s algebra consist of matrices of operators which act in a suitable
sense as pseudodifferential operators but have non-pseudodifferential components.

It is thus our aim in this paper to first describe the calculus in terms of groupoids and groupoid
actions on suitable spaces. We start by recalling a characterization of Boutet de Monvel op-
erators in terms of conormal distributions due to Grubb / Hérmander. Then we recover the
characterization by letting groupoids act on suitable spaces.

We apply this understanding to the following problem: Given a manifold with corners and a
Lie structure encoding geometric singularities (the boundary at infinity) our objective is to pose
boundary conditions on regular strata which may intersect the singular boundary at infinity. A
convenient way to do this is to construct a Boutet de Monvel calculus adapted to this situation.
Similar problems have been considered in the literature before. The closest approach to our
problem is a work by T. Krainer (cf. [15]). There he considers from our view a special case of the
problem on a manifold with polycylindrical ends and cusp type singularities. The approach is also
considerably different from our own: first a local Boutet de Monvel calculus is constructed using
the collar neighborhood structure of the manifold with corners. Then the calculus is obtained
iteratively and closedness under composition is proven via induction on the codimension of the
manifold. The inductive approach is also employed for manifolds with fibered corners in the
construction of a pseudodifferential calculus in [I1I]. The inductive step in these proofs depends
strongly on the particular type of singularities (e.g. fibred or generalized cusps etc.). Therefore
this will not be the right approach in the more general setting we are considering here.

In our case we consider the following data: a Lie manifold (X,)) with boundary Y which is an
embedded, transversal hypersurface Y C X and which is a Lie submanifold of X (cf. [3], [2]).
From X we define the double M = 2X at the hypersurface Y which is a Lie manifold (M, 2V).
Transversality of Y in relation to M is briefly described by the following equality

T,M=T,F®T,Y, z€YNF (1)

for each given hyperface FF C OM.
Introduce the following notation for interior and boundary: by OM we mean the singular,
stratified boundary of the manifold with corners M.

My := M\ OM, Yp:=Y N My, Xo:=XNMyand Y :=Y NnoM.
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The hypersurface Y is endowed with a Lie structure as in [2]:
W= {Vy :V €2V,Vy tangent to Y'}. (2)

The goal is to construct a Boutet de Monvel calculus for general pseudodifferential boundary
value problems adapted to this data.

The pseudodifferential calculus on a Lie manifold was constructed in [3] via representations of
pseudodifferential operators on a Lie groupoid. This representation also yields closedness under
composition. We enlarge the calculus to take boundary conditions into account by first working
on the groupoid level.

In this approach at first we proceed as usual, i.e. find a Lie algebroid Asy — M such that
['(Agp) = 2V.

Via integrating the algebroid A3y we obtain a Lie groupoid G = M such that A(G) = Asy.
On the boundary Lie structure on Y we also obtain a groupoid Gy = Y in the same fashion
with an associated Lie algebroid mgy: Ag — Y.

The other essential ingredient in our construction is a refined blow-up X of Y x M with regard to
the diagonal Ay and X! of M xY with regard to Ay as manifolds with corners. The singularities
at the (codimension 2) intersection of Y with the singular boundary of M essentially are blown-
up and the boundary problem is posed on the blown-up version of the submanifolds. We require
there to be an isomorphism f between these longitudinally smooth spaces X and X*. Since the
hypersurface Y divides the double M = 2X we denote by X := X the right half and by X_
the left half.

These halves have corresponding Lie structures and hence corresponding groupoids G* = X .
On the symbols of pseudodifferential operators from the groupoid calculus we impose a fiberwise
or V-transmission property with regard to the subgroupoids G*,G~ C G.

The compatibility requirements we will state particularly imply that G*,G~ have fiberwise
boundaries consisting of the fibers X, for z € X4.

The Boutet de Monvel operators are defined and adapted to data given by the tuple (G, Gg, Gt x, Xt f).
This tuple merely depends on the initial Lie structure and integrability properties of the corre-
sponding Lie algebroids. In this sense the closedness under composition is ultimately equivalent
to the fact that the Lie algebroids occuring in the theory are integrable.

The Boutet de Monvel calculus adapted to this data should then be an algebra BY“?(G*, Gy) (of
order 0 and type 0) which is a subalgebra of:

C(GY)
B(G*,Gy) CEnd | o
Cee(Gs)

The first objective of this work is the proof of the following result.

Theorem (Theorem [8.5]in section[§]). Given a Lie manifold (X, V) with embedded hypersurface
Y C X yielding a Lie manifold X with boundary Y such that M = 2X, the double. Then for a
pair of associated groupoids G = M, Gy = Y adapted to a boundary structure the equivariant
transmission Boutet de Monvel calculus is closed under composition. This means that given the
order m € 7. we have

B™GT,Gy) - BY(GT,Gy) € B™(GT, Gy).

In the next section we describe a vector-representation of our algebra.

Just as in the case of a pseudodifferential operator on a groupoid there is a homomorphism
which maps B%0(G*,Gp) to an algebra B (X,Y).

The first algebra on the left consists of equivariant families on a suitable boundary structure.
The right hand side is the realization.

BY0(GT,Gp) = = + By (X, Y).



This latter algebra is defined to consist of matrices of pseudodifferential, trace, potential and
singular Green operators. These operators are extensions from the usual operator calculus on
the interior manifold with boundary (X, Yp).

Hence we want to define a homomorphism opy; of algebras from

C(GT) C*(X)
End ® 5 BY(GY Gy) = BYY(X,Y)CEnd | @
Ce(Ga) o=(Y)

It is a non-trivial task to prove that in certain particular cases gpps furnishes an isomorphism
between these two algebras. Furthermore, as can already be shown by simply viewing the special
case of pseudodifferential operators, it is not true in general. Instead we prove an analog of a
result due to Ammann, Lauter and Nistor (cf. [3]).

Theorem (Theorem in section [8]). Given the vector representation oy and a boundary
structure we have the following isomorphism

oy (B™0(GT,Gy)) = B(,"’D(X,Y).

In many ways our second algebra B;‘}’*, the vector representations of our first algebra, is more
practical. We will demonstrate this aspect in a future work.

In order to limit the size of the paper we restrict most discussions to the order-0 algebras. Future
goals include the realization of this algebra by means of a representation on the V-Sobolev
spaces, proving basic continuity properties and studying Fredholm conditions. A further future
goal is the proof of a topological Index Theorem for the adapted Boutet de Monvel calculus
and generalizing the formula given by Boutet de Monvel in [6]. At the end of the paper we
make some remarks on this problem. We also provide a statement of the index problem which
is independent of the calculus.

The paper is organized as follows. In section 2 we recall the general theory of Lie groupoids,
groupoid actions and Lie algebroids. There we also introduce operators defined via their
Schwartz kernels and discuss reduced kernels. Then in section 3 we define the general setup
for boundary value problems on manifolds with corners and fix the notation. Section 4 is con-
cerned with the notion of boundary structure. We motivate the definition by considering the
special case of b-vector fields. We prove that for the special case such a boundary structure or
tuple always exists. In section 5 we introduce the extended operators of Boutet de Monvel type
which are special instances of the operators defined in section 2. Then we show how to compose
these operators in section 6 and in section 7 we prove the first version of the representation
theorem for extended operators. Section 8 is concerned with the truncated Boutet de Monvel
algebra. The main results include closedness under composition and representation which are
derived from the corresponding results for the extended class. Finally, in section 9 we discuss
parametrices and the necessary construction of completions to obtain parametrices in the Lie
calculus.

Acknowledgements. First and foremost I thank my advisor Elmar Schrohe for his invaluable
support during my work on this project. Part of the research was completed while the author
was visiting the University of Metz Lorraine, UFR Mathematiques. I'm grateful to Victor Nistor
for his friendly hospitality and many helpful discussions. I thank Georges Skandalis for helpful
discussions during my visit to Universite Paris Diderot. Additionally, Magnus Goffeng and Julie
Rowlett made several suggestions which led to an improvement of the exposition. This research
is part of my PhD thesis and was conducted while I was a member of the Graduiertenkolleg
GRK 1463 at Leibniz University of Hannover. I thank the Deutsche Forschungsgemeinschaft
(DFG) for their financial support.
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2. GROUPOIDS, ACTIONS AND ALGEBROIDS

2.1. Lie groupoids.
Definition 2.1. Groupoids are small categories in which every morphism is invertible.

First we will introduce and fix the notation for the rest of this paper. Then we will give the

definition of a Lie groupoid. For more details on groupoids we refer the reader for example to
the book [25].

Notation 2.2. A groupoid will be denoted G = Q(O). We denote by g<1> the set of morphisms
and by G the set of objects. By a common abuse of notation we write G for (V).
The set of composable arrows is given as pullback

G =G xgo 6 = {(1.0) € G x G s r(n) = s()}.
We have the range / source maps r, s: G — G (0) such that vy E€Gis

v:s(y) = (7).
Also denote the inversion
i:G—G, vyt

and unit map

U Q(O) — G, z—u(r) =id, € G.
Multiplication is denoted by

m: G¥ =G, (y,m) =y
We also set
Gy 1= sil(x), g® .= ril(ar), Ggr:=G,NgGg"

for the r and s fibers and their intersection G%. The latter is easily checked to be a group for
each z € G0,

Axioms: One can summarize the maps in a sequence

GO MGty G s g0, g

With the above notation we can give an alternative way of defining groupoids axiomatically as
follows.

(i) (s o u)igw) = (rou)go =idgo).
(ii) For each v € G

(wor)(y) - y=1, v (uos)(y) =
(iii) soi =1, roi=s.
(i) For (v,1) € G@ we have
r(y-n) =r(), sly-n) = sn).
(v) For (71,72), (72,73) € G@ we have
(v1-72) 3= (2 73)-
(vi) For each v € G we have

7_1 Y= ids(’y)a v 7_1 = ldr('y) .
Definition 2.3. The 7-tuple (G, G r. s, m,u, i) defines a Lie groupoid if and only if G = G(©)
is a groupoid, M := @, G are C*°-manifolds (with corners), all the maps are C*° and s is
a submersion.
9



Remark 2.4. We notice that r is automatically a submersion due to the axiom 4ii). Hence the
pullback

O N

le SJ
G - M
exists in the C'*°-category if G is C*° and thus G is a smooth manifold as well.

2.2. Groupoid actions. Given a Lie groupoid G = M we introduce spaces X which are fibred
over g<0> and such that G acts on X. This notion as well as some of the notation is adapted
from the paper [26].

Definition 2.5. Let (X, q) be a G-space, i.e. ¢: X — M is a smooth map and X is a smooth
manifold. Set X %G := X x; G ={(z,7) € X X G :q(2) =r(y)} to be the composable elements.
We say that G acts on X from the right iff the following conditions hold:
i) For each (z,7) € X x G

a(z-y) = s(v).
i) For each (z,7) € X * G and (v,7) € G&

z-(y-m)=(2-7)n

iii) For each (z,7) € X * G we have

(z-7)- 7' =2

A left action of G on a G-space (X, p) is a right-action in the opposite category G°P.

Notation 2.6. Given two Lie groupoids G = M, H = N let (X,p) be an H-space and (X, q)
be a G-space.
A left action is denoted by
H—— X
|
N
and a right action by

X +—G

LS

M

Additionally, we fix the following notation for the fibers: XV := p~l(y), X, := ¢ '(z), y €
N, xe M.

Remark 2.7. Note that for any H-space (X, p) the pullback H * X exists in the C'*°-category
if H, X are C*°, which follows from the requirement that p be a surjective submersion. And
analogously for a G-space.

Consider the following actions of two Lie groupoids G, H:

HC X ~G
VN
q
HO GO

We can define a so-called left Haar system on X induced by the action of H and analogously a
right Haar system induced by the action of G. This enables us to define left- and right-operators
coming from the actions.

Let {\z},ego be a Haar system induced on & by the right action of G, see also [26], p. 6. This
is a family of measures such that

10



e The support is supp A\, = X, for each z € G(©.

e The map
GO sz [ fdr,
Xy
is C°°.
e We have the invariance condition
|t i@ = [ fwdngw), (3)
Xr () Xs(v)

Then also fix the right-multiplication for given v € G
Toy XT(’y) — Xs('y)a Zr=r 2z,

This is a diffeomorphism.
The induced operators acting on C'*°-functions are given by

RA/t CCOO(XS(,Y)) — CSO(XT(,Y)>, (va)(z) = f(z . ’)/), zeX.
These operators R, yield #-(anti-)homomorphisms since (R,)™! = R,-1 is the inverse and
R,,=R,oR,, (v,n) €G®.

Definition 2.8. i) A continuous linear operator T: C°(G) — C°(X) is called a right X-
operator if and only if T' = (1) ,cg© is a family of continuous linear operators T : C°(G,) —
C2°(X;) such that

R7—1TT(7)R7 = TS(’7)7 vyeQq. (4)

This can be expressed alternatively by requiring the following diagram to commute for each
veEG

o Tstv) oo
C (gs('y))4>cc (Xs(’y))

c
o
o 1) oo
Ce(Gr(y)) — C( o))
i) By analogy T: C°(X) — CX(H) is a left X-operator if and only if T = (Ty)yeHm) is a
family of continuous linear operators TY: C°(XY) — C2°(HY) such that the diagram

Co(as0y I ooy, )

oo pr 0 oo
Cc (X (7)) 4>Cc (HT(’Y))

commutes for each v € H where L, denotes in this case the corresponding left multiplication.

The next Proposition tells us that the family of Schwartz kernels (k) g for a given X-operator
can be replaced by a so-called reduced kernel. This is not unlike the situation for groupoids and
the pseudodifferential calculus where reduced kernels are used extensively (cf. [24]).

Proposition 2.9. Given a right-X -operator T: C°(G) — C(X). Then foru € CX(G), z € X
T = [ kol ) ding ()
q(z)

with kp(z -y~ == k1) (2,7) depending only on z - vt € X for each (2,77 1) € X xG.
11



Proof. First we can write for z € X

(R'y—lTr(v)R’y)u(Z) = (TT(W)R’YU)(Z ) 7_1) = / kr(w)(z : ’7_1a 77)“(”7) d/‘r('y) (77)

r(v)

B / oy (2271 ™ )u(@) dpag o) (7)

s(7)

via the substitution 7 := 7y and invariance of Haar system. By use of we see that the last
integral equals

(Tyyu)(2) = /g oy (22 1)) ooy (7).

s(v)
This implies the following identity by the uniqueness of the Schwartz kernel for T, for each
xeM

V'yeg ks('y) (Z’ 77) = kr('y)(z ’ 7_15 - 7_1)' (*)

1=%2.5vand 6§ =y ! -7, then

To see that kr is well-defined assume 8 = z - v
kow)(2,7) = ks() (2, 7) =@) ko) (20,7071
= ko) (870,707
= ks('y) (27’7)‘

This completes the proof. O

2.3. Lie algebroids. The aim of this section is to give a definition of Lie algebroids and subal-
gebroids. We restrict ourselves to the bare minimum needed in the following text of the paper.
For a more detailed exposition the reader may consult e.g. [20].

Definition 2.10. e A Lie algebroid is a tuple (F, o). Here m: E — M is a vector bundle
over a manifold M and po: E — T M is a vector bundle map such that

ooV, W]F(E) =[0oV, 00 W]F(TM)
and

V. fWlre) = fIV: Wl + o(V)(HW, f e C*(M), V,W € [(E).

e Given two Lie algebroids (A, p) and ( 0) over the same manifold M. Then a Lie
algebroid morphism is a map ¢: A — A makmg diagram commute

EAN
N

and such that ¢ preserves Lie bracket: o[V, W]r4) = [o(V), o(W)]r(rar)-

We briefly summarize some relevant facts about the construction of Lie algebroids.

e For any given Lie groupoid G we obtain an associated algebroid A(G) in a covariantly
functorial way. Define T°G := ker(ds) the s-vertical tangent bundle as a sub-bundle of
TG. Denote by I'(T°G) the smooth sections and define I'r(7°G) as the sections V' such
that

V() = (Ry):Vy for (n,7) € GP.
12



We then define the Lie-algebroid associated to G via the pullback

A(G) ~“ TG

|

M—2 3.

In other words A(G) := {(V,z)|ds(V) =0, u(z) =1, ==(V)}.

e There is a canonical isomorphism of Lie-algebras I'g(T°G) = T'(A(G)). The set of smooth
sections I'(A(G)) is a C*°(M)-module with the module operation f-V = (for)-V with
feC®(M).

e Let A(G) be given as above and define p: A(G) — T'M by p := dr o u*. Then (A(G), 0)
so defined furnishes a Lie algebroid.

e A Lie algebroid is said to be integrable if we can find an associated (with connected
s-fibers) Lie groupoid. Not every Lie algebroid is integrable [9].

3. LIE MANIFOLDS WITH BOUNDARY - THE SETUP

3.1. Manifolds with corners. In the following we will be concerned with compact manifolds
with corners. To this end we will now fix our terminology and recall the main definitions related
to manifolds with corners. Such manifolds are locally modelled on sets of the type [0, 00)* x R" ¥,
We give the following extrinsic definition (it depends on the choice of boundary defining func-
tions).

Definition 3.1. A Hausdorff topological space M is a manifold with embedded corners if the
following conditions hold.

i) The space M is an embedded submanifold of a smooth manifold (without corners) denoted
by M. If we denote this embedding by i: M — M then the smooth functions on M are
C®(M) = i*C>®(M).

i1) The boundary defining functions {p;};cs are fixed as maps p; € COO(]\/Z), i € I with

i(M) ={y € M:pi(y) >0} = (|{pi > 0}.
i€l
iii) For each J C I,z € M with pj(z) = 0 for each j € J it follows that {dp;(x)} e is linearly
independent.

The sets {p; = 0} will be called the closed hyperfaces of M. A manifold with corners M has a
boundary OM which is stratified by closed (intersecting) hyperfaces. The category of manifolds
with boundary is a subcategory of the category of manifolds with corners. We will not go
into further details concerning the categorical structure and the structure preserving maps (the
b-maps according to R. Melrose), but refer instead to the book [19], see also [16].

Additionally, we will be concerned with submanifolds of manifolds with corners. In this case
given a compact manifold with corners M we say that Y C M is a submanifold with corners if
Y is a manifold with corners and each hyperface F' of Y is a connected component of a set of
the form GNY, where G is a hyperface of M which intersects Y transversally.

An important concept is submersions between manifolds with corners which are defined as
follows.

Definition 3.2. A submersion between two manifolds with corners M and N is given by a
smooth map f: M — N such that df is everywhere surjective and v is an inward pointing
tangent vector of M if and only if df (v) is an inward pointing tangent vector of N.

The following result is relevant in the consideration of fibered spaces such as groupoids that
are longitudinally smooth (meaning the fibers G, = s~ (z), G* = r~'(z), z € G(©) are smooth
manifolds without corners).
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Lemma 3.3. Let f: M — N be a submersion between manifolds with corners M and N. Then
for each y € N the fiber f~'(y) are smooth manifolds without corners.

Proof. See [16], p.4. O
For the rest of this paper we fix the following notation and conventions.

Notation 3.4. e For any compact manifold with corners M we denote by OM the (strat-
ified) boundary at infinity and by My = M \ OM the interior. If Y C M is a submanifold
with corners we denote Yo =Y N My and Y =Y NoM.

e As stated in the introduction assume that Y is transversal to all faces of M in the sense
of on p. @] and that Y is of codimension one.

e Then, if F is an open hyperface in M we denote by F the closure in M.

e Denote by

OregF = OpegF = FNY

the regular boundary of F.

o If Fis such that FNY = () (we say that F is not incident to Y) then the regular
boundary is empty.

e In addition the notation OF = OF is the boundary at infinity of the hyperface, i.e.

OF = FN oM.

e Denote by Fi(M), Fi(M) the set of open and closed hyperfaces of the manifold with
corners M, and analogously F1(Y), F1(Y) the open and closed hyperfaces of Y.
e Also denote by Z(Y') the incident faces, i.e.

I(Y):={F e Fi(M): Y NF #0}.

e The boundary defining functions of Y are commonly denoted by (g;);e; with the index
set J. Denote by (p;)icr the boundary defining functions of M with the index set I.

3.2. Integrable algebroids. Our setup can be put in rather general terms. In this description
we take the algebroid as the fundamental object. First we define the notion of a Lie subalgebroid.

Definition 3.5. Given a manifold M and a submanifold N C M with algebroid (A, ¢) defined
over M. Then a Lie algebroid (A, g) over N is a subalgebroid of A iff A C Ay is a subbundle

equipped with a Lie algebroid structure s.t. the inclusion A A|n is a Lie algebroid morphism.

Consider the following situation. We are given a compact manifold with corners M and a
hypersurface Y of codimension 1 which is a transversal submanifold of M as a manifold with
corners.

Furthermore, let (A, p) be a Lie algebroid defined on M which is assumed to be integrable.
Also we assume that to the inclusion iy : Y < M there corresponds an inclusion of Lie algebroids
7o .Aa — .A|y

We have then the following well-known result (see e.g. [21], p. 4).

Proposition 3.6. Let Ay < A}y be a Lie algebroid morphism adapted to the data given above.
Then Ay is integrable.

For the benefit of the reader we briefly sketch the idea of the proof.

Proof. First from the integrability of A we find and fix a Lie groupoid G = M such that
A(G) = A. Via the inclusion iy : Y < M and the range map of G we define the pullback

P=YxyG——¢Gg

S

Yy — Y oM
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Then the anchor map ¢ of A and the inclusion of Lie algebroids Ay — A}y defines a foliation
F — M. We can thus consider the monodromy groupoid Mon(G, F). Since the action of G on
itself is a principal action it induces an action on Mon(G, F). Therefore it makes sense to define
the groupoid H := Mon(G, F)/G. Then it can be shown that this groupoid integrates Ay. O

In fact one can explicitely write down two choices of groupoids integrating Ay in this setup, see
also [2I], Thm. 2.3. The quotient of the monodromy groupoid

Himaz = Mon(G, F)/G
and the quotient of the holonomy groupoid

The latter is the s-connected cover of the monodromy groupoid.
There are in general several choices of groupoids integrating Ag.

Example 3.7. Consider the example of the algebroids A = TM, Ay = TY . In each case we could
take two different integrating groupoids. Either the pair groupoids M x M = M, Y xY Y
or alternatively the path groupoids (see [16], example 2.9) Pyy = M, Py = Y. This example
shows that there is not necessarily any relation between the chosen groupoids G, Gg integrating
the algebroids. We will address this issue further in the next section.

The following Theorem from [21], p. 6 is relevant in this context.

Theorem 3.8 (Moerdijk, Mrcun). Let G = M be a Lie groupoid integrating the algebroid A
over M. Assume Gy =Y is a subgroupoid of G|y which integrates the inclusion jo: Ay — Ay
Then such a subgroupoid Gy is unique up to isomorphism.

3.3. Regular boundary. In the following we want to consider a special case of the abstract
setup of the last section.

Definition 3.9. A Lie structure V on a given compact manifold with corners M is a C*>°(M)-
module of vector fields on M which is locally finitely generated, projective and closed under Lie
bracket. Furthermore, the vector fields in V are assumed to be tangent to the hyperfaces of M.

Ezxample 3.10. An example of a Lie structure on a compact manifold with corners M is V, C
(T M) which consists of all vector fields tangent to the hyperfaces of M. So in particular any
Lie structure is contained in Vj. The reader may consult [3] for more details on Lie manifolds.

We fix now the following data:

e A Lie manifold (X, V) which is made into a Lie manifold with boundary in the following
sense.

e We are given an embedded, codimension one hypersurface Y < X which is a submanifold
with corners.

e Denote by M = 2X the double of X at the hypersurface Y which is canonically endowed
with a Lie structure 2V s.t.

V={Vy:VeaV}

This notion of double makes sense as defined in [2]. Fix a Lie algebroid (m: A —
M, opr) such that T'(A) = 2V.
e The hypersurface Y is endowed with the Lie structure W as defined in (4)). Furthermore,
fix the vector bundle (7m5: Ag — Y, 0p) with I'(Ay) = W.
e And Ay C Ay being a Lie subalgebroid in the sense of Def.

Assumption A. We assume the algebroid A is such that the condition Ay, = T'Mp holds. As
well as (Ap)jy, = TYp. Under isomorphisms with induced anchor map ¢ and gy respectively.
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Remark 3.11. i) Any Lie algebroid associated with a Lie manifold is integrable. This fact
can be seen as a consequence of results in the seminal work of Crainic and Fernandes, see [9].
Another way to see this is from the assumption A Ay, = T Mo where My is dense in M. It was
shown in [I0] that with such a condition the algebroid is always integrable.

ii) To see that W C I'(TY') is in fact a Lie structure, note that W is closed under Lie bracket
and locally finitely generated, projective. Here Iy denotes the ideal of smooth functions on M
vanishing on Y.

iii) The Lie submanifold Y is in particular a submanifold with corners of codimension one. In
[2] it is shown that for such an embedding of Lie manifolds the condition

om(4p) + T, Y =T,M, pe oY
holds which reduces to the ordinary transversality condition ((1)).

We fix the singular normal bundleﬂ Ay /As =0 N = Y from the inclusion of Lie manifolds
Y — M as described in the next Lemma.
These facts are also given in [2] and are repeated here for the convenience of the reader.

Lemma 3.12. i) Given a face F of M such that FNY # 0, Y NF C F is a submanifold with
corners and we have

codim(Y NF)=dimM —dimY =1 (5)
computed relative to F.
ii) If we identify the orthogonal complement Aé in Ay with N we obtain the decomposition

For each y € Y the anchor op: A — TM induces an isomorphism
Ny = Ay/(As)y = TyM/T,)Y = N,Y. (7)

Proof. i) This follows from (T]).

it) Consider the metric g on M which is induced from a complete (compatible in the sense of
section Riemannian metric on A. As stated above Ag C A}y is in particular a sub vector
bundle of Ajy. Denote by ¢: Ay — Ajy/As the corresponding quotient mapping. Then we
consider the exact sequence

Ap—— Ay —» Ay [ As = N. (8)

The sequence splits as a short exact sequence of vector bundles. Using the Riemannian metric
we can obtain a splitting as an isomorphism n: A" — A3 such that gon = idy (cf. [2]). With
this isomorphism the decomposition @ is then clear.

The second assertion follows immediately from the transversality condition

T,Y + o(Ay) =T,M, y € 9Y.
O

Ammann, Lauter and Nistor (see [3]) have constructed a pseudodifferential calculus WS$,,(M)
adapted to a Lie manifold (M, 2V). This can be viewed as a suitable extension of the enveloping
algebra Diff3,,(M) generated by the 2V vector fields. The calculus is closed under composition.
This is proven by a representation on the corresponding groupoid calculus ¥*(G). Here G is
some (s-connected) groupoid integrating the Lie algebroid Asp. A pseudodifferential calculus
on the Lie manifold (Y, W) is thus also defined. We summarize in the following Proposition and
give some details for the benefit of the reader.

Proposition 3.13. There is a calculus of pseudodifferential operators U3,,(Y') defined on the
Lie manifold (Y, W) such that U3,,(Y") is a filtered algebra (it is closed under composition,).

IWe may also call this a Lie normal bundle as it is itself smooth (non-singular) but comes from the Lie
structure.
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Proof. The Lie structure W is a finitely generated and projective C*°(Y')-module. Knowing this
the vector bundle 75: Ay — Y such that I'(A4y) = W is obtained from the Serre-Swan theorem.
We also required that Ay is a Lie subalgebroid of Ajy. Either by the integrability of A and the
general result [3.6] or simply by observing that any Lie structure leads to integrable algebroids
(e.g. from [10]) it follows that Ay is also integrable. After making use of the pseudodifferential
calculus defined on a corresponding groupoid Gy integrating Ay and the representation Theorem
proven in [3] we infer that ¥$,,(Y') is closed under composition. O

Remark 3.14. i) As mentioned in the above proof operators in the pseudodifferential Lie
calculus are representations of operators in the corresponding groupoid calculus. This is proven
in [3], Thm. 3.2 and we use the notation g, gy for representations corresponding to the groupoids
G, Gg respectively, where G and Gy are fixed groupoids integrating the algebroids A, . 4g. Then
the representation theorem is the statement

00 U*(G) = W5y,(M), 0go ¥*(Gy) = Wy (Y).

We will discuss representation theory including the definition of the maps g, 0g further in section
@

ii) It can be checked easily from the definition that W is closed under Lie bracket. To be precise
W lies inside a quotient of 2). First we have the exact sequence

Iy2V—— 2V — 5 2V/2VIy

where Iy is the ideal of functions vanishing on Y. We can apply the acyclic functor I' (associating
to a smooth vector bundle the module of vector fields) to the exact sequence . Note that
[(2V/2V1y) = Ajy which yields the two exact sequences

Vf
Iy2V—— 2V —» 2Vy = 2V /2VIy
N

T(\).

4. BOUNDARY STRUCTURE

4.1. The b-Groupoid case. With the given Lie manifold with boundary we want to associate
a so-called boundary structure. To motivate the definition we start with the special case of b-
vector fields. Then we define a boundary structure and verify that at least for b-vector fields a
boundary structure always exists. What is necessary in the general case is a certain assumption
on the groupoids G, Gg, namely they ought to define a bimodule structure which we are going
to specify. In the case of b-vector fields we verify with certain restrictive conditions on M the
groupoids are Morita equivalent.
The boundary structure is in fact a good analogy for blow-ups of the corners which are the
intersections of Y with the (singular) boundary at infinity of M. These blow-ups are in our
setup canonically defined in terms of G and Gy, the groupoids integrating A and Ajp.
Therefore our notion of boundary structure requires no further assumptions. It only depends on
the Lie structure itself and the assumption that it leads to algebroids which are integrable via
compatible groupoids.
We recall first the definition of the b-groupoid from [22] (see also [16]). For this consider the
case V =V, where V, denotes the module of vector fields which are tangent to all hyperfaces of
X.
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Definition 4.1. Fix boundary defining functions (p;);er of M, then the groupoid is defined asﬂ
T(M) = {(,9, A = (Aier) € M x M x (RS) : pulw) = Npily), i € T}.
The composition and inverse is defined as follows:

(xv% >\) © (yv ZHUJ) = ({L‘, Z, A M)a ({L‘, Y, ()‘i)iel)_l = (y,x, ()‘;l)iel)'

Range and source maps are given by

r(z,y,\) =z, s(z,y,\) = y.

We define the b-groupoid G(M) as the union of the connected components containing the unit
of each s-fiber of TI(M).

Remark 4.2. i) The groupoid of the boundary G(Y') = Gy is defined analogously. Here we fix
the boundary defining functions (g;)jcs of Y. We have

I(Y) = {(z,5,)) € Y x Y x (R})” : (=) = Njq; (y), j € J},

and G(Y') is defined as the s-connected envelope of II(Y') which is the union of the s-connected
components

i1) Another way to define the b-groupoids is to use so-called decoupages as introduced by Monthu-
bert. For this we consider the embedding of the manifold with corners M into a smooth manifold
(without corners) M. Inside this manifold M there is a family of submanifolds € = (V;)ie7. Each
V; divides M into two connected components. The restrictions of the V; correspond to faces in
M. In [22] a smooth groupoid G(€) = M is defined such that

G(M) = G*(E)i-

Corresponding decoupages for Y and X are easily obtained defining the groupoids G(X) and
G(Y). They are given as follows

G(Y) = G(€)y, G(X) =G°(&)x-

These groupoids are therefore closed subgroupoids of G(£).

In what follows we assume a decoupage (M ,€) is fixed such that G(M) and G(Y) are the
corresponding b-groupoids.

Definition 4.3. We define the spaces X := G¢(£)¥ and &' := G°(€)Y,. Additionally, on X and
Xt we fix the canonical groupoid bimodule structure from the actions of the b-groupoids G (M)

and G(Y).

Lemma 4.4. The canonical action of the isotropy group I' :== G(M)Z, for a given x € My, on
X =G(E)M and Xt = G4(&)Y, is free and proper.

Proof. Consider the case of the right-action of I' on X for some fixed © € My. The assertion
for X! follows analogously. If z - g = z for a (z,g9) € X x ' it follows from the definition of the
composition in G(M) that g is the identity. Therefore the action of I' is free. Secondly, note that
the (right or left) action of I' on G is proper. From the definition of X, this I'-action restricts to
the right action of I' on X. We have a proper mapping ¢: X *I' - X x X, (2,9) — (2,2 9).
Hence we see that the right action of I" on X is proper. O

It is important to note that the fibers of the manifolds with corners X and X! are smooth (no
corners).

Lemma 4.5. The spaces X and X! are longitudinally smooth.

2This groupoid is commonly denoted I'(M). To avoid overuse of the symbol I we use this notation instead.
3Given a Lie groupoid G, the s-connected envelope G is also described as the smallest subgroupoid of G
containing the units g<°>.
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Proof. The assertion follows from the longitudinal smoothness of the groupoid G where 7, s are
surjective submersions in the sense of [24]. We have the actions

G(Y)—— X +——G(M)
p=ro
q=s

Since p, g are restrictions of ry, s we obtain that X has smooth fibers. The same reasoning
applies to X O

The strongest possible relation between the groupoids G(M) and G(Y) is that of isomorphism
in the category of Lie groupoids. An isomorphism in this category is given by (smooth) Morita
equivalence (cf. [27]).

In order to prove the next result we consider the following model case: M is such that Y
intersects every hyperface of M in exactly one codimension two face.

Consequence: Note that in particular every hyperface of M is incident, i.e. 71 (M) = Z(Y). In
the model case we have the equality |F1(Y)| = |Z(Y)| = |[F1(M)|. Since Y is transversal and of
codimension one to each face of Y there is exactly one incident hyperface in M so |Fi(Y)| >
|Z(Y)|. If Y intersects every hyperface of M exactly once we have |F1(Y)| < |F1(M)| = |Z(Y)].
Since every hyperface of Y arises from an intersection of Y with M, there will be the same
number of boundary defining functions for M and Y. We can therefore write in this case (p;);cs
and (¢;);jes for the boundary defining functions of M and Y respectively.

Now we can prove the following Theorem.

Theorem 4.6. In the model case there is a Morita equivalence G(M) ~x G(Y).

Proof. Recall X = G¢(&)M, Xt = G¢(€)Y,, then since G(Y) = X N X! we obtain a Morita
equivalence as follows. We have the canonical left and right actions G(Y') — X <= G(M) and
G(M) — Xt <+ G(Y). Tt is immediate to see that the actions of G(Y') and G(M) commute, i.e.
vo(zem) = (v-2)

for each (v,2) € G(Y) x X and (2,n) € X xG(M).

Secondly, G(Y) \ X is in bijective correspondence with G0 = M and X/G(M) is similarly
bijective to G(Y)(®) = Y. For this we first show that p induces the homeomorphism X /G(M) —
Y. We show that we have p(z) = p(w) for z, w € X if and only if there is a (necessarily
unique) 7 € G(M) such that z-n = w. So let z, w be such that p(z) = p(w) with z =
(@, y, (N)ies), w = (2,7, (i)ics). We set n := (y,7, (1t;/)j)jes) and we only need to verify
that 7 is actually contained in G(M). In order to see this note that we have two sequences
(2, yn) € Yo x My and (2},,9n) € Yo x My. Where we have convergence in local charts of
xh, = X, Yo — Y, Un — ¥ such that

Hence in particular we have y, — y, §, — ¢ such that

pilyn) _ ai(zh) <Qj(%)>_1 1

—L = — — =, 7€J, n— oo
i) pi(Gn) \pj(yn) Aj

Similarly, one shows that ¢ induces a homeomorphism Gy \ X — M, i.e. q(z) = ¢g(w) if and only

if there is a v € G(Y) such that v - z = w.

Finally, note that G acts on itself freely and properly. In particular the right action on G¢(& )AY/[ =

X is free and proper. O
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4.2. General definition. In the following we give the axioms necessary to define a boundary
structure. At first we state a standing assumption. This assumption will get rid of the ambiguity
in choice mentioned in example [3.7]

Assumption B. There is a decoupage (1\7 ,€) such that G = G°
GeE)M, xt = G°(€)Y; and a canonical bimodule structure (g,
M, Gs = Y are such that A= A(G), Ay = A(Gy).

Definition 4.7. A boundary structure is defined as a tuple (G, Gy, G, X, X!, f) consisting of a
Lie groupoid G = M and two manifolds (possibly with corners) X', X* which are diffeomorphic
via a flip diffeomorphism f and subgroupoids G* = X4 of G.

We impose the following axioms on this data:

i) A(G) = Asy as well as A(GT) = Ay, as Lie algebroids.

i) X and X! are G- and Gy-spaces each. We have smooth maps p: X — Y, ¢: X — M and
pt: Xt — M, ¢t: X' — Y such that p and ¢ are surjective submersions.

iii) Restricted to the interior we have

Xyoxnty =0~ (M) Ng~ ' (Yp) = Yo x My
Xy, = ()1 (Mo) N (¢") 1 (Yo) = My x Yp.

(O Go = G(E)y, X =
Gs). The groupoids § =

iv) The fibers of GT are the interiors of smooth manifolds with boundary, namely:
OregGi = Xy, € X4
OregGy = X, v € X_.

Remark 4.8. In the following discussion our goal will be to verify the properties of a boundary
structure for the case of b-vector fields. This includes the verification of assumption B in this
particular case. They also carry over easily to the case of the ¢, vector fields (generalized cusps)
as defined in [I8]. In the general case for arbitrary V it is possible to find such a boundary
structure with assumption B. First the groupoids GT exist by integrability of the algebroid
corresponding to the Lie structure V. One can check that the actions induce longitudinally
smooth manifolds X, X via the general method in [I7] as in the proof of Lemma While
axiom 4v) is more difficult to see in general. It can be seen for the special case of b-groupoids in
the following examples. The essential point is the application of the definition of a Lie manifold
with boundary.

Ezample 4.9. i) Consider a compact manifold X with boundary X = Y and interior X =
X \'Y. Then we also fix the double M = 2X. In this (trivial) case the spaces are given by
X :=Y x M, X' = M xY with the flip f(z/,y) = (y,2'), (2',y) € Y x M. We have here the
pair groupoids G = M x M, Gy =Y xY aswell as GT = X, x X,, G~ = X_ x X_. Then p,q
are just the projections m1: Y Xx M =Y, mo: Y X M — M.

i1) Consider the example of a manifold with corners X and the b-type vector fields V =V, for
the Lie structure and consider a regular embedded codimension one submanifold Y C X which
is transversal in the sense of , p- @ We can consider the double M = 2X as a Lie manifold
with Lie structure 2V. In this case since M x M is a manifold with corners the pair groupoid
M x M is no longer fiberwise smooth. Instead we use the groupoids as given by Monthubert
(cf. [22], see also [16]) and defined in the last section.

We can obtain a boundary structure for b-type vector fields by the next result.

Theorem 4.10. For a Lie manifold with boundary (X,V) where V =V, the b-vector fields,
there is an adapted boundary structure.

Proof. Denote by F(M), F(X) the collections of open faces of M and X respectively. Introduce
the following notation:
codim(F) := max{codim(z) : x € F'}
where codim(x) denotes the codimension of a point x in M.
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The groupoids and spaces that we defined in Definition can be written as sets as follows
g(M) — U FxFx (Ri)COdim(F),

FeF(M)
GX)= |J FxFx @)= =gang,
FeF(X)
GV)= |J (FnY)x(FnY)x Ry E™ =gy,
FeF(M)
X=6M)y= |J (FnNY)xax @)@,
F.GeF(M)
Xi=gMp = |J Fx(@nY)x ®y)~im),
F,GEF(M)

For the following argument we recall the notation introduced in the subsection We have
the fixed boundary defining functions for the hyperfaces of M and denote this family by (p;);er.
On Y there are the boundary defining functions (relative to Y'), denoted by (g;);ecs for some
index set J. These are the boundary defining functions of the faces from the intersections of Y’
with the strata of M. Consider now the topology of X and X*. It is defined in local charts by
the rule

Yo x Mo > (23, y0) = (2,9, A = (\j)jes) & ?j.gy ;

On the interior we only have the pair groupoids. This yields the trivial actions

Yo X Yo—— Yy x My +——My x My

p=m1

=X, n—o00, i€, j€J, x;—>x/, UYn — Y-

q=m2

Yo My

These actions can be extended continuously to the closure of Yy x My in G and also of My x Yy,
and we obtain from the definition of the topology that

X =Yy x MY, &t =My x vo°.

The continued actions are defined

GY)—— X +——G(M)
p=ro
q=s
Y M

Axiom i) holds because of [22] where it was shown that the given b-groupoids integrate the Lie
structure of b-vector fields. Then i) was verified in Lem. and i17) follows from the definition
of the action we just gave. Also note that the flip diffeomorphism f: X = X is defined by

f: (2, y, Ni)ies) = <y’x/7 <;z>z€J> '

It remains to verify condition iv). For this we define G* := G(X4) and prove that this groupoid
has the required property. Thus we want to show that

OregGy = X, x € X.

The boundary is possibly empty (for 2 not incident to the hypersurface Y). We have to distin-

guish two cases: x in the interior and z on the boundary of M. The groupoid fiber GF for x

in the interior My trivializes to the pair groupoids and this case is thus immediate. We need to

consider the case of a point on the boundary of M. Assume that x € F for some open face F
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of M which is incident to Y (i.e. shares a hyperface with Y'). By the local triviality property of
groupoids (see [22]) we have

Gr =2 F xR,
The same follows by definition for X, i.e.

Xy = Fij x RL
where Fj; denotes the face of I such that Fj; = FNY. Via the definition of the Lie manifold
with boundary (cf. [2]) we obtain that the component F' x R is the interior of a manifold with
boundary. In particular we see that

Oreg(F X RY) = Oreg(F x RY) = Fj; x RY.

In summary, we obtain

Yo for x € X
&egg; = Fij x R% for z incident to some F
0 otherwise
= X,.

5. OPERATORS ON GROUPOIDS

The next goal is to define potential, trace and singular Green operators on the groupoid level.
These operators should be equivariant families of operators on the fibers, similar to the case of
pseudodifferential operators on groupoids. The singular Green, trace and potential operators
are ordinarily defined so as to act like pseudodifferential operators in the cotangent direction
and as convolution operators in the normal direction. This somewhat complicated behaviour
is difficult to realize in the groupoid setting. The equivariance condition is especially hard to
realize. We start from a different but equivalent definition. Our approach is inspired by the
ordinary case of a smooth, compact manifold with boundary as explained in the appendix. Here
the trace, potential and singular Green operators are extended to the double of the manifold
and can be understood as conormal distributions with rapid decay along the normal direction.
In our general setting we would therefore like to consider conormal distributions on Y x M
and M x Y as well as M x M. Since we are working in the setting of manifolds with corners
we will desingularize these manifolds and pull back the integral kernels to the desingularized
versions. This is were the previously introduced notion of a boundary structure enters. For
the cases of M x M and Y x Y this is realized through the groupoids G and Gy respectively
and the pseudodifferential operators on groupoids. We introduce additional blowups X and X
with good properties (fibered over the manifolds Y and M) with regard to G and Gy. Then we
define the trace, potential and singular Green operators as distributions on these spaces and G
conormal to the diagonal Ay.

5.1. Actions. From now on we fiz: A boundary structure (G, Gy, G, X, X!, f) satisfying
assumption B adapted to our Lie manifold (X, V) with boundary Y and its double (M, 2V). We
then fix the groupoid actions which are summarized in the following picture. The first column
are the inclusions of the groupoids which both act on the second column.
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1y iy
Fix also Haar systems on the groupoids and fibered spaces as follows.

g : {Mm}xEMu X {Al‘}xEMa
Gs : {Ng}yGYy Xt {)‘tx}meM

In each case the system is a (left / right)-Haar system if the corresponding action is a (left /
right)-action.

5.2. Local charts. In order to define the operators on groupoids and actions as given in the
last section we have to introduce the local charts. The charts are given by diffeomorphisms
which preserve the s-fibers, see also [26], p. 3.
Fix the dimensions n = dim M = dim My, n — 1 = dim Y = dim Yj.
e A chart of G is an open subset ) C G which is diffeomorphic to two open subsets of
G x R™. Choose two open subsets Vy x Wy and V,. x W,.. Then choose two diffeomor-
phisms 1s: @ = Vi x W and ¢,.: Q — V. x W,.. Additionally, we require that these dif-
feomorphisms are fiber-preserving in the sense that s(¢s(x,w)) = x for (z,w) € Vs x Wy
and 7(¢p(x,w)) = x for (z,w) € V;, x W,. Hence we have the following commuting
diagrams:

r(Q) X Wy 27 0 2 5(Q) x W,

NN

Ve e——1(Q) () ——— Vs

e Similarly, the charts for X are given by the sets of the form Q = QN X for charts Q of
g fitting into the following commuting diagrams:

Vg x Wy <—Q—>Vt><W

//\\

W, q(O

e Analogously, Q C X* are charts with the actions reversed and hence in this case we have
the commuting diagrams:

VXW thW

//\\

Wy, «—— p(Q2

Definition 5.1. i) A family T = (T;) e of operators T, : C2°(G,) — C°(AXy) is a differentiable
family of trace type iff the following holds. Given any chart @ C G with fiber preserving

diffeomorphism, s(©2) ~ Q x W for some W C R™ open. Moreover for 2 := QN X such
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that W := W NR™! we have a fiber-preserving diffeomorphism q(Q) ~ Q x W, and for each

p e CX(N), p € CX(Q) the operator T has a Schwartz kernel
ke I™(s(Q) x W x W,Ap) =2 C®(s(Q)QI™(W x W, Ay,).

The operator ¢T, ¢ for each x € s(€2) corresponds to the Schwartz kernel k, via the diffeomor-
phisms X, NO2Wand G, NQ X2 W.

ii) Analogously, we define a family K = (K, )zenr of operators K: CX(XL) — C°(G,.) with the
charts reversed. This is called differentiable family of potential type.

iii) A differentiable family of singular Green type (G )ze s is a family of operators G, : C2°(G,) —
C2°(G,) defined as follows. Given any chart Q@ C G with fiber preserving diffeomorphism
5(Q) ~ Q x W for some W C R™ open and W = W N R L. Then for each ¢ € C()
the operator oGy has a Schwartz kernel

ke I™(s(Q) x W x W, Ay,) 2 C(s(Q)RI™(W x W, Ay).

Furthermore, oG, for each = € s(€2) corresponds to the Schwartz kernel k, via the diffeomor-
phism G, NQ = W.

Fix the following operations

pg: G x G — G, (v,m) —n

p: X xG—= X, (2,7) = z-y L,

PG x Xt = X, (y,2) =y Lz
whenever defined.
A trace type family T has a family of Schwartz kernels (k1),cas. Define the support of T as

supp(T) = | J supp(kT).
rzeM

The reduced support of T is written

supp, (1)) = p(supp(T)).

The analogous definitions for potential type operators K and Green type operators G are given
by

supp,t (K) = 't (supp(K)), supp,,, (G) = ug(supp(G)).

Definition 5.2. e An extended trace operator is a differentiable family T = (T, )zenr of
trace type which is a right X-operator (see Definition p- such that the reduced
support of T' is a compact subset of X.

e An extended potential operator is a differentiable family K = (K, ), of potential type
which is a left X'-operator such that the reduced support of K is a compact subset of
X.

e An extended singular Green operator is a differentiable family G = (G, )zen of singular
Green type which is equivariant and such that the reduced support of G is a compact
subset of G.

Remark 5.3. i) Since we also have a right action of G on X and X is diffeomorphic (via f)
to X' we obtain that being a left X*-operator is equivalent to the equivariance condition with
regard to the right action of G on X given in equation on p. . Hence a potential operator
is also a right operator with regard to X in this sense, which furnishes by the proof of Prop.
a reduced kernel for extended potential operators.

i1) Note that we obtain the reduced kernels for pseudodifferential operators on G and extended
singular Green operators with an argument completely analogous to the proof of Prop.
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Proposition 5.4. i) Given an extended trace operator T' the reduced kernel kr (see Proposition
, p. is a compactly supported distribution on X conormal to Ay.

ii) Analogously an extended potential operator K has reduced kernel ky a compactly supported
distribution on Xt conormal to Ay . Furthermore, K is the adjoint of an extended trace operator.
iii) An extended singular Green operator G has a reduced kernel kg being a compactly supported
distribution on G conormal to Ay .

Proof. We give a proof of conormality for the case i) of extended trace operators. The other
cases are the same.
Given a family of Schwartz kernels for (k1),cps contained in I (X, x G, X,) for each x € M.
Rewrite this as

kI = W (kT) 2, %G, s X C G (transversal).

Here y is the map X *G 3 (2,7) = z-y 1 € X and

(k). f) = <kT<z>, /

Then we need to show that: singsupp(kr) CY = Ay.
To this end let z € X \ Ay and ¢ € C°(X) a cutoff function such that ¢ is equal to 1 in a
neighborhood of Ay and equal to 0 in a neighborhood containing z. Then

(1= p)kr) = (1 —popu)u"(kr)

restricted to X x G, yields (1 — ¢ o u)kZ and this is C° because singsupp(kl) C A, & X, C
Xz x G, by definition. Hence (1 — o p)p* (k) is C°°, but this implies that (1 — ¢)kr is smooth
as well. This proves conormality.

Finally, we show that a trace operator is the adjoint of a potential operator and vice versa. Let
T = (Ty)zen be an extended trace operator and let (k1),cas be the corresponding family of
Schwartz kernels. The adjoint 7% = (T¥)zens is given by 1o : C°(X,) — C°(G,) such that for
u € C°(X;) we have

f(w77)>~

=z

(Tru)(y) = /X KT (o)) dhug (2).

s(y)

Define the family of operators K = (K )zen by K = T* and kX (v, 2) := kT (2,). We obtain a
family (kX),cn of distributions on G, x &, conormal to A, = X, for each x € M. In addition
K is equivariant with regard to the right action of G which is by remark equivalent to being
a left X’-operator. Hence K is an extended potential operator. The same argument shows that
the adjoint of an extended potential operator is an extended trace operator. ]

Notation 5.5. We fix the notation for the reduced kernels and denote by I;*(X, Ay) the space
of reduced kernels of extended trace operators of order m, by I™ (X!, Ay) the reduced kernels
of extended potential operators of order m and by I7*(G, Ay) the space of reduced kernels of
singular Green operators of order m. For the pseudodifferential operators on G of order m we use
the notation ¥™(G) for the space of operators and I"(G, Ajy) for the reduced kernels. With the
Schwartz kernel theorem it can be proven that the spaces ¥ (G) and I7*(G, Ajs) are isomorphic,
see [24], p. 24.

Remark 5.6. We will also use the notation
TG, Go) i= Tir 0 IT(X, Ay), K™(G,Gs) 1= Tpot o I7"(X", Ay),
gm,O(g’ g@) = jgr o Ién(g, AY)

for these classes of extended trace, potential and singular Green operators, respectively. The J.
in each case are the appropriate isomorphisms from the Schwartz kernel theorem.
Hence the operators defined previously act as follows. The mapping

Jirt I7(X, Ay) = T™0(G, Gy) € Hom(C2(G), C(X))
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is for z € X, kr € I"(X, Ay) given by
(Tin (k) (2) = /g br(z -y Yu(y) digge) (7)-
q(z)

Analogously for the potential operators we have
Tpor: 12M(X!, Ay) = K™(G,Gp) € Hom(CZ(XY), C°(G))
which for v € G, ki € I™(X?, Ay) is given by

Fralbry)() = [ |y - 2Jutz) ari ().

r(v)

Lastly, for the singular Green operators
Tgr: I(G, Ay) = G™(G,Gy) C Hom(C2(G), C(9))
we have for v € G, kg € IT"(G, Ay)

(Tor (kG )u)(7) = /g k(™ LYu(n) ditg( (n)-

s(v)

With any fibered space, longitudinally smooth via an action of a nice enough groupoid one
can associate an equivariant calculus of pseudodifferential operators. We want to define such
a calculus on X and X!. The following definition can in somewhat greater generality also be
found in [26].

Definition 5.7. A family of pseudodifferential operators of order m on X is defined as S =
(Sz)zenr such that

i) each Sy: C®(X,) = C>(AX,) is contained in U™ (X,).

i1) For each chart of X given by  ~ ¢(2) x W there is a smooth function a: ¢(Q2) — S™(T*W)
such that for each x € ¢(£2) we have

Sm|Qsz = az(y, Dy)

via identifying Q@ N A, with W. Here a,(y,&) = a(x)(y,£). We denote by ¥ (X) the set of
pseudodifferential families on X.

This leads immediately to a definition of equivariant pseudodifferential operators on X and X

Definition 5.8. The space of equivariant pseudodifferential operators ¥*(X)Y on X consists of
elements S = (S;)zenm of ¥*(X') such that the following equivariance condition holds

Ry18; () By = Ssy), 7 €G-

By analogy we define the equivariant pseudodifferential operators g\Il'(X ) on X' coming from
the left action of G. The equivariance condition in this case is given as in Definition i) on

p- 1

The operators defined here are in each case families parametrized over the double M. We have
to clarify what role the pseudodifferential operators defined on Gy play.

Proposition 5.9. We have the following exact sequence

O3 (M)T* ()9 U (X)F L 0 (G)

where T\’,)g/ is a well-defined restriction of families (Sy)zem — (Sy)zey. Here C3°(M) are the
smooth functions on M that vanish on Y .
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Proof. First note that Gy acts (from the left and the right) on itself. Extend this action to
the set of families (S,)yey with Sy, € ¥*((Gy)y). Invariance under this action is just the usual
equivariance condition for pseudodifferential operators. Together with the uniform support
condition we therefore recover the class of pseudodifferential operators, denoted ¥*(Gy).

The exactness of the sequence

C2 (M)W (X)—— T (X) —25 T* (Xiy)

for the restriction operator Ry defined by Ry ((Sz)zem) = (Sy)yey is immediate. Here note
that

Xy =q¢ '(Y)=r'(Y)Ns(Y) =Gy =G
by assumption.

Note also that by the previous remarks \I’*(X|Y)gg// > U*(Gy). This furnishes the exact sequence
of equivariant pseudodifferential operators with a well-defined restriction map R}g,

g

O (M)W ()9 W (X)9 T U (Xy )5 = T*(Gy).

6. COMPOSITIONS

In order to prove the main Theorem we first establish a Lemma about compositions of conormal
distributions.

Lemma 6.1. The classes of extended Boutet de Monvel operators are closed under compositions
induced by groupoid actions and convolution. More precisely we have the following compositions:

—~
o

w: I (X Ay) x I72(X, Ay ) — I7T2(G) Ay,
s I™U(X, Ay) x IM2(XY Ay) — Omitm2 ()9

s UM(X)9 X IM2(X, Ay) — I™Tm2 (X Ay),

w1 UM(G) x I™2(G, Ay) — I™T™2 (G Ay),

w: IT(G, Ay) x U™2(G) — I™T™2(G Ay),

w: I™(G, Ay) x I™2 (X!, Ay) — I™Tm2(xt Ay,
w1 IM(X, Ay) x U™2(G) — IMT™2(X, Ay),

w: UM(G) x T2 (XY, Ay) — ITTm2(X Ay,

s IM(XT, Ay) x T0m2 (1) — [mtme(xt Ay,
*: IM(X, Ay) x IT2(G, Ay) — I™ T2 (x| Ay).

— = = e
w N = O

—_ =
S Ot

e N N N T N N e T
~ ~
S N e e e e N N N N

—_
oo

Proof. We have the equivalences & , & and & by Prop. it).
Since the argument in each case goes along the same lines we only treat the first 3 cases of
compositions exemplarily.
i) We consider first the case of the composition @D Consider a family of extended trace operators
T = (T:)zem and extended potential operators K = (K,)zenr- Denote the corresponding family
of Schwartz kernels by kI € I"™ (X, x G, X;) as well as k& € I™2(G, x X!, &) for x € M.
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We make the following computation involving an interchange of integration we still have to
justify via a reduction to local coordinates. Let v € G, then

(K, - To)u(y >=/ KX (7, 2)(Tou) (2) AL (2)
/ / KE (3, 2T (2, m)un) dpie () dAL (2)
:/g EXT (v, m)u(n) dus(n).

KT
kz

The kernels of the composition would therefore take the form

T = [ R ) ).

This corresponds to the convolution of reduced kernels ki * kr which is immediately defined
from the actions.

First we check the support condition of the composed operator. The reduced support is compact
via the inclusion

supp,, (K - T) C pg(suppy(K) x suppy:(T)).

Here the inversion of elements in the spaces X and X'* is performed inside the groupoid G where
it is always defined.

Fix the projections

P1: X XG> X, po: X xXG—G.

Then by the uniform support condition the family 7' = (T, : x € U) is in particular properly
supported. This means for compact sets K1 C G, Ko C X we have that

p; H(K;) Nsupp(kr) C X x G,i = 1,2

is compact. We make use of this property for the following argument.

Next we check the smoothness property of compositions. Let f € C2°(G) be given, we will show
that Tf € C°(X). Assume that T = (T, : * € M) has a Schwartz kernel kr contained in
I=°(X,Ay) =), I™(X,Ay). Then kr is C* on the closed subset {(z,7) : ¢(2) = s(y)} of
X x G and via fiber preserving diffeomorphisms we obtain a C'*°-atlas. The function T'f yields
a smooth function because we integrate the kernels kX which are smooth functions. Hence we
can interchange integration and differentiation. Therefore T'f € C2°(X) for kr € I7°(X, Ay ).
Consider a general extended trace operator T. Let (v,2z) € G, X X and Q C G be a chart
with fiber preserving diffeomorphism Q ~ s(2) x W. We can assume that W C R" is convex,
open, 0 € W and that €2 is a neighborhood of ~ such that (z,0) gets mapped to 7 via the
diffeomorphism. We also set @ = QN X C X and W = W NR* ! with a fiber preserving
diffeomorphism Q ~ q(Q) x W (recall the fact that ¢ = S|gY, by assumption). By the previous
remarks the family T is properly supported, which implies in particular that each T}, is properly
supported for x € M. Hence we obtain that the kernels kg of T satisfy the support estimate

py! (q(@) X VQV> Npy! (S(Q) X V;) N Usupp(k{) C (q(fl) X 3‘;) X (s(ﬂ) X 3‘;)

therefore the fact that T'f € C2°(X) reduces to a computation in local coordinates.

Similar reasoning applies to potential operators. Using the same argument as above we deduce
that K f € C°(G) for f € C°(X) if K is smoothing. For a general K we note that each K is
properly supported for 2 € M and hence we obtain that the kernels kX of K satisfy the support
estimate

it (o0 7Y s (s ) ) < (s 40 o (s < 40



The smoothness of K f reduces to a computation in local coordinates. Consider the general
composition K - T for T an arbitrary extended trace operator and K an arbitrary extended
potential operator. Then make the suitable support estimates as above to show that K, - T, are
compositions of smooth families of conormal distributions which act on the sets W C R*, W C
R"~1. Tt then follows from a general theorem of Hérmander about compositions of conormal
distributions, see [14], Thm. 25.2.3, p. 21 that the composition T'- K yields a family of operators
each of which is a conormal distribution in the sense of Definition i)

We therefore obtain a properly supported family K -7 which is by the above argument uniformly
supported since K and T are each uniformly supported. Finally, we check the equivariance
property for the new family of operators G = K - T. Since (R,)™! = R, we can write the
equivariance condition from Definition [2.8|in the form

TT(’Y)R’Y = R'YTS("/)7 Vvyegq.

Since K is equivariant with regard to the right action of G on X by Remark i), the equiv-
ariance condition for K reads

R771Kr(,y) = KS(’Y)RW*I’ Y vyeq.
For v € G we calculate
Ry r (K- Ty Ry = Byo1 (Ko o) By = Bym1 K By T
-1
= Ky Ry1 - ByT(y) = Ko() (By) ™ - By)T(y) = Ki(y) - Ty
= (K- T)sy)

and hence K - T has the required equivariance property with regard to the right action of the
groupoid G. We have thus verified all the properties of an extended Green operator.

ii) Consider the next composition 7' - K: CX(X) — C°(X) which is again for z € X and
u € C(X) given by

(Ty - Ko)u(z) :/g T (2,7) (Kou) (7) dAs(7)
a(z)
_/ /Xt kL (2, KX (v, w)u(w) AL (w) dpig ()

= [ K ) axtw).
Xt
The kernel k1K is written
K ) = [ KDk () dis).
[

Now we can argue again analogously to i) that the composition has the right support condition
and via a reduction to local charts the formal computation can be made precise. We therefore
obtain a family of kernels k1K e rmitm2 (¥t x X, Ay,).

iii) The third composition S - T: C°(G) — C°(X) gives a family of extended trace operators.
We obtain for z € X,u € C°(G)

(S0 - To)u(z) = /X B (2, w)(Tou)(w) dAg ()
- / KS (2, w)KT (0, 7)u() dpta (7) dAp (10)

:/ EST (2, v u(y) dug (7).

Go

We obtain the kernel

EST(27) = /X kS (2, w)kT (1, 7) dAg (w).
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We proceed by making the analogous argument as in i), 7). The right support condition holds
on ¥U(X)Y e.g. via the identification from [5.9 . The rest of the reasoning then yields a family of
kernels k2T € I"™*™2 (X, x G,, Ax,) with the correct support condition. O

One can also obtain an equivalent definition of these operator classes based on explicit quanti-
zation for conormal distributions. We recall this definition with the help of the normal bundles
and fibrations introduced in the next section. Hence the reader should compare the notation
used here to the beginning of section [7] as well as Remark [7.2]

Let us consider the extended trace operator exemplarily and fix the normal bundle NYAy — Ay
to the inclusion Ay — X.

With the normal fibration we obtain a map ¥ which is a diffeomorphism from open neighbor-
hoods Ay C U C X to open neighborhoods of the zero section in NE¥Ay.

With the normal fibration of the embedding of Ay in X the open neighborhoods can be chosen
such that the following diagram commutes

U—Y  N¥Ay

-

ZX)/ E— ZX)/.

Moreover the condition ¥(z) =0< z€ Ay XY = gg)) holds.
Then we have the following result.

Proposition 6.2. The space of extended trace operators on X identifies with the space of dis-
tributional kernels kr € I (X, Ay) which are given by the integral

kr(2) /Aa . / e () (=), €, 6) den de’ (19)

with the Fourier modes

foe(a) = €O (2)
and a fized cutoff function x € C°(X). Here the symbol t is contained in the Hormander symbol
class SM(NYAL).

Proof. The representation follows from Hoérmander [I3], section 18.2 where the distributional
kernel kr € I (X, Ay) takes the form

k() = / @D (p(2), €) de
WHAY)s)

for a symbol ¢ contained in S™(NVYAY).
From - we have an 1somorphlsm N X Ay = Ay & N. Additionally, for a given z € X we can
trivialize the normal bundle N () = R. This yields the desired form O

Remark 6.3. With the above form of distributional kernels a trace operator is therefore with
u € C(X) written

(Tu)(2) = / br(z -7~ Yu(y) digge (1)
q(Z)

-/, /A <z>/ (71T D D8(p(2), uly) dE Ay ().

Ya(2)

Using some more notation from section [7] we can write the potential operators in this form as
well.
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For the potential operators we have for an open neighborhood Ay C U C X! the analogous
commuting square

U2 NY Ay

-

AY E—— Ay.

And the representation of distributional kernels is given by

() = | VO (2) k(g (2), ) de.
WA
Example 6.4. We return to the special case of a compact manifold X with boundary Y = 0X
as well as the double M = 2X. Then we note that the equivariant pseudodifferential operators
with regard to the pair groupoid Y x Y identify as follows
TH(Y x MMM >~ g (Y) = 0¥ (Y x Y)Y,

This follows because the equivariance implies that the families parametrized over x € M on the
left and over y € Y on the right are simply constant families.

By use of the previous representation of extended operators we can calculate the composition of
a pseudodifferential operators on the boundary with a trace operator using only the groupoid
action. Hence fix the distributional kernels kz € I (Y x M,Ay) and kg € I7*(Y x Y, Ay).
Since the definition is invariant under changes of coordinates we loosely identify M =Y x R in
the following calculatiorﬁ

Write the kernel of a trace operator for w = (w',w,) € Y x R

kr (2, w) = / / ! w0 by (o 0 9,)) db,, dE'
Y JNY

We trivialize the normal bundle N, Y = R.
Consider the following definition

k:T(z',w):/kg(z',w’;ﬁn)eiwne” do,,. (20)
R

This involves an interchange of integration which we justify by the rapid decay property along
the normal direction (compare appendix . Here kg(—, —;6y) is given for a fixed 6,, € R by

ko(2 w's0,) = / =0 0 6,) db. (21)
T%Y

We keep in mind that I}(Y x Y, Ay) is a filtered algebra with regard to convolution, and use

the action of Y X Y on Y x M to calculate for 2’ = (2/,w) with fixed cutoff xy € C°(Y xY), x €

C(Y x M)

(hsxkr)w) = [ [ [ )R et et 0 1, 01,0,)0(y . € b
y JTrYy JTY JR
:/ / / / X YR w)el et WDy 0,)b(y €) do' dE dy' do,
RJY JT5Y JTrY
= /[ks s« kg(—,—;00)] (2,0 )e" " df,,.
R

For 6, fixed we see from this convolution that kg * kg(—,—,0,) € I7T™2(Y x Y, Ay). This
example is a reflection of the fact that a trace operator acts in the tangential direction like

4In the global context this is the total space of the normal fibration from the tubular neighborhood theorem.
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a pseudodifferential operator on the boundary. With the additional rapid decay in the nor-
mal direction we can therefore reduce the composition S -7 to the form of a composition of
pseudodifferential operators on the boundary.

7. REPRESENTATION

Let us denote by Bﬁfp(Mg, Yy) the properly supported extended Boutet de Monvel operators of
order m, defined on the interior. In this section we introduce an algebra of extended operators
B%) (M,Y) on the double Lie manifold M. This is defined by extending the distributional kernels

in Bg;«%p(Mo, Yy) to take the Lie structure into account. Then we show that this class of operators
are in a certain sense the representations of operators in the groupoid calculus adapted to the
boundary structure from We also fix the actions with corresponding notation from

Next we fix a small tubular neighborhood Y C U4 C M and partition the manifold accordingly

M= (X, \U)UU U (X_\U). (22)

Introduce the singular normal bundles for the inclusions Ay «— X, Ay < X! as well as
Ay — G.
The singular normal bundles are denoted by

NY¥Ay =Y, NYAy - Y, N9Ay > Y

respectively.
Restricted to the interior we have by axiom i) in Def. the isomorphisms

NEAyly, = NYOMoAy - N¥ Aply, 2 NMOYoAy - NV9Ay |y, = NMoxMop,, (23)

Here we denote by N Y‘)XMUAYO the normal bundle to the inclusion Ay, — Yy x My and the
same for the others. Recall the identifications from [A]of the normal bundles, see also [12], p.227.
We can identify the normal bundles on the interior as subsets of T%(Yy x M), T (Mo x Yp) and
T*(My x My) respectively as follows.

Let j: T*(Yp X MO)\AYO — T*Ay, be the adjoint to the injection T'Ay, C T'(Yp X MO)IAYO'
Denote by by id x(—j) the mapping {&,n} — {£,—7(n)} then we write

NYO*MoAy = (id x (—5)) " Idiag(T* Ay, x T*Ay,) C T*(Yy x My).
Analogously:
NMOYOAy 2 (j x (—id)) " diag(T* Ay, x T*Ay,) C T (Mo x Yp),
NMoxMo Ay o (55 (—5)) Mdiag(T* Ay, x T*Ay,) C T*(My x My).

It is not hard to see that N¥ Ay can be identified with Ay which is isomorphic to Ay @ N.
Hence we can summarize.

Proposition 7.1. There are (non-canonical) isomorphisms

N¥Ay 2 Ag x Ny NY' Ay 2 N x Ay and N9Ay = Ay x N

Remark 7.2. i) On the singular normal bundles we define the Hérmander symbols spaces

SM(NYAL) C C®°(NYAY) such that for U C Y open with
NY¥AL |y =2 U xR xR, K C U compact.
We have the estimates for t € S™(NYAY)
DD} (2, €)] < Crapl@™ P, (2,6) € K xR"™ xR

for each o € NI, 3 € NI
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Note that we have by Hormander’s results a correspondence between the spaces of symbols on
the normal bundle to a smooth manifold and conormal distributions on the space (at least in
the smooth case, cf. [13], Thm 18.2.11):

TMX, Ay)/I7°(X, Ay) =2 S"(NYAY)/ST(NTAY)

where L is the obligatory correction of order
1 1
m=1L— Zdimz\f’—&— EdimAy.

We will ignore this order convention in the following discussions. Note that our earlier defini-
tion of smooth families of operators defined as conormal distributions suggests immediately a
quantization which we state next.

We can require additionally the (local) rapid decay property stated earlier and in the appendix,
then we use the notation SHN x Ay) for these symbol spaces.

And analogously the spaces

SRNY ALY C COWYAY), SNIAL) € CZ(NIAY).
ii) A second definition we will need is that of conormal distributions on the normal bundles
themselves. First given the normal and conormal bundles
m NYAy =Y, 7 NYAL 5 Y,
(and analogously for N**, N'9) define the fiberwise Fourier transform F: S(INYAy) — S(NYAL)

R © = [ 0 dc
7(O)=r(©)
The inverse is given by duality
FOQ=[ g peswray)

Here we use the notation S(NYAy), S(NYAL) for the spaces of rapidly decreasing functions
on the normal and conormal bundle respectively, see also [29], chapter 1.5.
Then the spaces of conormal distributions are defined as:

I(N*Ay, Ay) = F; 'S (NYAY)
and I™(NX*' Ay, Y), I™(N9Ay,Y) analogously.
As a final preparation we fix the notation for the next type of Fourier and partial Fourier

transform we need to consider. Fix the projections mg: TYy — Yo, To: T%Yy — Y. First given
a cutoff function x € C°(Ay) with a function u € C°(My) then we set

WX (V) x) = x (v )ulexp? (v'), x,).

Above exp? denotes the exponential on Ay (by restriction on TYp). Then the (partial) Fourier
transform is defined by

(Fermpru)X(&, xp) = e X (W 2y
T Yo
7o (€")
For the definition of the quantization rule we need some further notation. Let 0 < r < rg where
ro is the (positive) injectivity radius of M.

e First for the case of trace operators. We set
NYAy), = {v e NYAy : o] < r}

as well as
I NYAy, Ay) = I"(NFAy),, Ay).
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Fix the restriction
R: I[N (NF Ay, Ay) = I (N Ay Ay ).

We denote by ¥ the normal fibration of the inclusion Ay, — Yy x My such that U is
the local diffeomorphism mapping an open neighborhood of the zero section Oy, C V C
NYoxMo Ay onto an open neighborhood Ay, € U C Yy x My (cf. [29], Thm. 4.1.1).
Then we have the induced map on conormal distributions

U I (NYOMO Ay Ay ) — T (Yo x Mo, Ayy).
Also let x € C°(N*Ay) be a cutoff function which acts by multiplication
IMNYAy, Ay) = I[N (NY Ay, Ay).
e For potential operators we use the analogous notation:
R, W Ff X
e Finally, in the singular Green case we have the induced normal fibration
O I (NMOMO Ay Ay ) — I (Mo x Mo, Ayy).
and the fiberwise Fourier transform
Fi: IM(N9Ay, Ay) — ST(NIAY).
The restriction and cutoff is denoted by
RI: 17N (N9Ay, Ay) — Iy (NMO Mo Ay Ay,
and
p: IM(N9Ay, Ay) = ITH(N9Ay, Ay).
Definition 7.3 (Quantization). i) Define
qrx: STNTAY) = TMOM,Y)
such that for t € S™(NYA}) we have
arx(t) = Jir © qux (1)

where
qux(t) = V(R(XF; (1))
i1) Define
Gt s STNYAY) = K™(M,Y)
such that for k € Sm(NXtA§) we have
Ak xt (k) = Tpot © que x¢ (k).
ii1) Define
e STNIAY) = G™O(M,Y)
such that for g € S™(NY9A}) we have
46.,0(9) = Tpot © 42,0(9)-

Proposition 7.4. The fibrations qu ., qut\+ and qe , define properly supported Schwartz ker-
nels.

Proof. Consider exemplarily the trace operators. Since xR (t) is properly supported we find that
qr,(t) defines a properly supported operator. It is clear from the definition that g7 (t): C°(My) —
C(Yo) has the Schwartz kernel gy (t). O
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Instead of the cutoff function x € C°(N¥ Ay ) we may choose a cutoff function y € C°(Ay) and
require rapid decay on part of the normal bundle. It is immediate to see that these conditions
are interchangeable. The quantization rule for the calculus is described close to the boundary
in the tubular neighborhood U as follows.

i) Let t € STHNYA}) and x € C°(Ap) a cutoff function. Then the quantization for extended
trace operators is given as follows

g (u(z') = / / / (0! & ) (Forsert) (€ ) dEn davm €'
* Yo JN_ Yo JN* Yo

i) Let k € S\HN XtA;‘/) and x € C(Ap) a cutoff function. Then quantization for extended
potential operators is given as follows

QKX( ‘r xn /*Y /N Y 1xn,§n ( € gn)( v—>§’u) (gl)dgndgl-

iti) Let g € ST(NY9A}) and x € C2(Ay) a cutoff function. The quantization for extended
singular Green operators is then denoted by

zxn,fn ny In, /7 /a ! v —=¢’ X ,7 n dnd nd/-
e /*YO/NYO/NYO 900, €I () (Forcsgru) ¥ (€', ) diy

Remark 7.5. i) We remark that a Boutet de Monvel calculus consisting of the classes
(M), T™OM,Y), K™(M,Y), G™°(M,Y)

will not form an algebra. This fails already in the case of only pseudodifferential operators. The
basic reason is that two different Lie structures can yield the same metric on M (cf. [3]). Hence
we need to introduce special smoothing terms to obtain an algebra.

i1) The above quantization can be rewritten as follows. First trivialize the normal and conormal
bundles N,/Yp = R, N Y, = R. Then a substitution yields for a fixed x € C2°(Ap)

qr Xu /* Yo / / /YO +lyn§n (y/7 yn)X(T(xlv y/)7 Jj‘/)t(l‘/, §I7 gn) dyl dyn dén d§/

= Ky yuly)dy = | K (o' y)u(y)dy
Yo xR Uo

where K, (2',y) := K4, (2',y) is the integral kernel on Yy x Uy. Hence this kernel has the form
for (2/,y) € Yo x Up

N Fiynén rooN 1ot /
() /Y/ X(r(a' ) 2V ) de

iii) Let D,, be the differentiation in the normal direction, i.e. D, = 0 for some fixed 9 €
Diff]l,(M ) with support in our fixed tubular neighboorhood, which is differentiation in the nor-
mal direction close to Y. Then note the formal similarity between our quantization and the
quantization of boundary pseudodifferential operators:

qT,x(t) = %,x(t)(—a ) Dn)v

qK,x(k) = q@,x(k)(_v ) Dn)a

46.x(9) = qox(9)(—, =, Dn).
In fact this can also be shown for the restricted calculus, but we will not do so here.
Proposition 7.6. The quantizations qr,y, 4Ky, 4a, ore in each case independent of the choice

of cutoff functions up to smoothing errors.
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Proof. We show this exemplarily for the trace operators. Let t € SYHN YAY) and x, Y €
C(Ap). Then the kernel of g, (t) — gg(t) can be written:

U xn /* / >~<( ))€_i<5/’v/>+i<§"’m">t(:[,‘/,f) dg/ dé-n
(1)

“o(v)
Since the behaviour in the normal direction is taken care of by the rapid decay condition we
only need to regularize the integral in the cotangent direction. Note that the phase function
T*Yy 5 & — &'(v') has only critical points for v" = 0. For v/ # 0 we can therefore find a vector
field L such that Le!('») = iV,
Hence write for each k such that m +k < —n+1

KW, ) = / ¢~HE W i (LR (0! ) d

This shows g, 7 — qg,r is smoothing. O

From the compactness of M and Y we can associate to each vector field in 2V respectively W
a global flow

V3V dy:Rx M — M,
WaW Uy :RxY =Y.

Then consider the diffeomorphisms evaluated at time ¢t = 1
®(1,—): M > Mand ¥(1,-): Y - Y
and fix the corresponding group actions on functions which we denote by
2V 3V py: C°(M) = C®(M),
WoIW =y CPY) = CP(Y).

The upshot of this is a definition of the suitable smoothing terms for our calculus which we state
next.

Definition 7.7. i) The class of V-trace operators is defined as
70 - ,0
%ﬂ‘j (M,Y) := ymp(M?Y)—i_%Voo (M,Y).

Here 7™°(M,Y) consists of the extended operators from the previous definition. The residual
class is defined as follows

T Y (M,Y) := span{qy r(Dpvs - pv; : Vj €2V, x € C(Ap), t € SNYAY)}.
i1) The class of V-potential operators is defined in the same fashion
oy (M,Y) := K"™(M,Y) + K55°(M,Y)
with residual class
K522(M,Y) := span{qy x (k)w, - -, : Wj € W, x € CZ(Ay), k € Sy®(NY AL}
ii1) Lastly, the class of V-singular Green operators is defined as
G (M,Y) = G"™O(M.Y) + G (M.Y)
with residual class
Gy oY (M,Y') = span{gy.c(g)dv; -~ v,  V; € 2V, x € C(Ay), g € S (NIAL}.

iv) Then the calculus B’;,’O(M ,Y') of extended operators consists of matrices of the form

_(P+G K
()

for P € Wi},(M),S € ¥ (Y) and G an extended singular Green operator, K extended potential
and T extended trace operator.
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This extended calculus is related to our algebra defined in the boundary structure in a very
strong sense. In fact in many cases there is a canonical isomorphism which is furnished by the
so-called vector representation.

Remark 7.8. i) Recall the definition of the vector representations g associated to the groupoid
G and pp associated to the groupoid Gy. These are homomorphisms of (filtered) algebras (cf.

13])
0: End(C(G)) D U™ (G) — UI,(M) C End(C™(M))

and
0 End(C(Ga)) 2 U™(Gy) — Wi(Y) C End(C(Y)).
These can be viewed as suitable extensions of the anchor maps A — TM and Ay — TY (abusing

notation by using the same symbols).
The vector representations are uniquely characterized by the equations

P(por)=(o(P)p)or

for each p € C>*(M), P € ¥™(G).
As well as
S(org) = (0a(S)) org
for each ¢ € C°(Y) and S € U™ (Gy).
i1) We want to define the following vector representation
o= (M)
opm: B™0(G,X) = BR(M,Y) CEnd [ @
c=(Y)
which will turn out to be a well-defined surjective map and a homomorphism of algebras for
m = 0.
The homomorphism ppgjs is represented as a matrix

— 0 ont
eBM <Qtr 0o > '

It is uniquely determined by the defining property

a(fn) = (emn (7)) = ()

for each ¢ € O (M), € C*(Y) and A € B™9(G, X).

From this we can define linear mappings which represent trace, potential and singular Green
operators individually.

So given a trace operator 7', a potential operator K and a singular Green operator G (equivariant
families) we define

o (T) := oM <g 8> :

0 K
ont(K) = QBM <0 O> .

o(G) = oM (E); 8) .

For the pseudodifferential operator on the boundary we simply recover the definition of the
representation pg.

Theorem 7.9. Given a V-boundary structure the previously defined vector representation opnr
furnishes the isomorphism
opa o B™O(G, X) = B (M,Y).
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Proof. We have to check two inclusions for each matrix component of the homomorphism ppy.
For pseudodifferential operators we can refer to the result in [3], Thm. 3.2. The case of singular
Green operators I*(G, Ay) follows the same lines of reasoning (in fact, it is an easier case than
the trace and potential operators). The case of trace operators I"(X,Ay) = 7™9(G, X) is
equivalent to the case of potential operators I (Xt Ay) = K™(G,X) by duality i) (each
component of ppys is adjoint preserving).

Therefore we will establish the assertion for the trace operators. We need to show that (setting

0 = Qtr)
0o IT(X, Ay) = T (M, Y). (24)

First we will establish the commutativity of the following diagram:

(NXAy,Ay)*)[ (N Ay,Ay)LIF)(NYOXMOAYU,AYO)

Qs \Il*l

TG, X (X, Ay) —— s (Y x My, Ayy)

(p®r),
Tt (Gay X)o7 (X X Gy Ag)T —— T™(Yo x Mo, Ayy)
J JJ

TGy X)) s T (Mo, Yo)

Each of the maps in this diagram are defined as follows.
Fix r > 0 which is stricly smaller than the injectivity radius of the manifold M. Then we have
by the tubular neighborhood theorem (see [29], p. 53) an open embedding

a: (NYAy), - X
which induces the map on conormal distributions
IE?)(NXAy, Ay) — I(T(X,Ay).

The function x is a fixed cutoff function and the arrow means a multiplication by this function
and R denotes restriction. Furthermore, we fix a local diffeomorphism ¥ which maps diffeo-
morphically a neighborhood Oy C U C N*Ay of the zero section onto a neighborhood of
the diagonal Ay C V C X. Restricted to the interior we have by the previous identifications
of the normal bundles as subbundles of T*(Yy x M) the definition of the exponential map
U: T*(Yy x Mp), — (Yo X Mp)?. Then we recover the previously mentioned normal fibration for
the inclusion on the interior Ay, < Yy x Mjy. Hence we then denote by ¥, the induced (local)
mapping on conormal distributions. The map F; denotes the already defined fiberwise Fourier
transform, J is always the suitable isomorphism from the Schwartz kernel theorem, and p* is
the induced mapping coming from the multiplication p: (z,v) — z -y~ 1.

The illucidation of the mappings /. and (p ® r), requires a little more care.

For the remainder of the argument we fix a x € My and set I' := G for the isotropy group. On
G. we have the induced metric g, from the compatible metric g on .A. Hence we consider on X,
the Riemannian metric induced from g, on G,.

We have that r: G, — My and p: X, — Y| are surjective submersions. Furthermore, dp: TX, —
TYy and dr: TG, — T My are isometries with regard to the metric g,. It follows that r, p are
local diffeomorphisms. Additionally, the discrete group I' acts freely on G, from both sides
and on X, from the right. Hence we consider the right action of I' on X, x G,. We have
that G,/T' = My and &, /T" = Yy. Thus r, p are each covering maps with covering group I
Consider the I'-invariant functions C*°(G, )F =~ C®(Mp) and C®(X,)' = C>(Y)). For a given
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p € CX(My) and 1p € C(Yy) we have that ¢ o r is a I-invariant function on G, and 1 o p is
a I'-invariant function on X,. Hence for a given ¢ € C2°(My) the function T'(¢ o r) is defined
since T' is properly supported and there is a 1 € C°(Y)) such that

T(por)=1vop.
The operator (p ® 7). is then given by (p ® 7)«(T)p = 1. We can therefore rewrite the vector
representation o = g4 as
o(T) = (p@7r)+(ex(T))
and by the commutativity of the left-most rectangle obtain

on:(p@r)*oexoj:(p@)’r’)*ojoﬂ*-

Thus the operator (p ® r), is completely determined by the commutativity of the bottom rec-
tangle. The map [, in the diagram is defined by

—_—~—

L= (p&1), 0 4", (25)
It remains to prove that
lyoa,=V,0R. (26)

For this we need an alternative description of [, which is given as follows. The space Ipm,,(/'\.’x X

gx,Aw)F denotes the space of I'-invariant conormal distributions on X, x G,. Since G, is a
covering of My and X, is a covering of Yy with group I' we have the identifications

m '~ m I' A
Ipr(‘)(fﬂ x gI7AI) - Ipr((Xl‘ X gf) 7A:c>

Denote by 7 the map X, x G,/T" — Yy x My which is then also a covering map. This makes
it possible to identify a distribution with small support in X, x G, /T" with a distribution with
support in a small subset of Yy x Mp. The identifications extend by summation along the fibers
of 7: Xy x G /T — Yy x Mp. To any distribution uw on (X, x G,)/I' whose support intersects
only finitely many components of 7-(U) for any locally trivializing open set U C Yy x Mg we

associate a distribution 7, (u) € D'(Yp x My) = C°(Yy x Mp)'. The morphism (p ® r), identifies
then with 7.. We observe that

7(z,7) = (p(2),7(7)) = (po p(z,7), s 0 u(2,7))- (27)

Then define I, as follows: restrict a distribution u € D'(X, xG,/T") to Wy := p~*(Yp) xr~1(My) C
X, x G, and apply the pushforward given by (p,r): p~*(Yy) x 7~ 1(My) — Yy x Mp. Since
r~1(Mp) = s71(Mp) by assumption A on p. [15]it follows

e~

L=miop"=(p®r),ou. (28)
Hence l; = [, and we have an alternative description of I,.
This establishes since (p,7) is injective on a((N*Ay),) and 7: G, — My, p: X — Yy are
isometric coverings which preserve the exponential maps.
The equality stated in which we left open can now be established via the commutativity of
the diagram.
Consider the first inclusion %@’O(M Y) C o(7™9(G, X)). We have by commutativity

dor(t) = T oW oR oy o Fil(t)
= 04 0 J O (uy oxoff_l(t)

= o(T).
Where T = J ooy 0 X © .7-71 and t € S™(NYA%). Hence every operator of the form g, 7(t) is
in the range of p. We have thus shown that 7™9(M,Y’) C ggﬂm’o(g, X)).
Now let V' € 2V be a vector field and lift it to a vector field V on G. By integrating this vector
field let vy be the family of diffeomorphisms of each G,.
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We obtain
0 (QUp, -+ ¥y ) = (v, -y, € T, (M,Y)
where
Q=JoaoxoF; (1)
and Qy, -y, € T=0(G,Gp) = I7°°(X, Ay), since a regularizing distribution multiplied
with an operator induced by a diffeomorphism is regularizing.
Hence the first inclusion follows.
Consider the opposite inclusion o(.7"°(G, X)) C %@L’O(M, Y): Let T € 7™9(G,X) be given
and set t = J~1(T). Fix a cutoff function yq supported in a((N¥Ay),) C & and let x be such
that x = 1 on the support of xg o . Setting tg := xot we write
l
Tt —to) =Y _ Tty -ty
j=1
for t; € XI(_T;O(./\/'XAy,Ay), Vi, € 2V where
tj=a.oxoF;l(ty), to € STNYAY), t; € STOWNTAY), j>0.

Then we obtain

l
otr(T') = qy,r(to) + Z qx7T(tj)¢Vj1 ey € %7370(]\4, Y).
j=1

This concludes the proof. O

8. THE RESTRICTED CALCULUS

From the extended calculus one can easily define the corresponding restricted Boutet de Monvel
operators. For this we introduce the truncation operators on the manifold level and the groupoid
level. .
The restriction 7+ to the interior Xy := Xy \ Yy and the extension by zero operator e are given
on the manifold level by

rt

—_—3 R
L?*(Mo) — L*(Xo)
e

with rTet = id}2,) and eTrt being a projection onto a subspace of L?(Mj).
On the groupoid level we use the same symbols since it will be clear from context which is
meant. So we define the operators

rt

12(G) — [2(G")

with 7te = id 2(g+) and etr™ being a projection onto a subspace of L*(G).

First we are going to introduce an important propery of the pseudodifferential operators on
the groupoid ¥*(G). Namely we require that each element of the family P = (Py).en has the
transmission property with regard to the the boundary X.

Definition 8.1. The operator P € ¥™(G) has the transmission property if the symbol a €

(A*). Here the class of Hormander symbols a € S}"(.A*) consists of families a = (az)zenm
such that each symbol a, has the transmission property with regard to X, C G,. In particular
the operators (r* Pe™), map functions smooth up to the boundary X, to functions which have
the same property.

Ezample 8.2. e Notice first that if x € Mj is an interior point we have that G, = My and
we recover the transmission property on the interior manifold Xy with boundary Yj.
40



e In our trivial case G = M x M and M = 2X, X a compact manifold with boundary
0X =Y we recover the transmission property meaning W} (M) = U7(G).

Notation 8.3. The operation of truncation itself is given as a linear operator.
i) On the groupoid calculus this operator is given by

C>(G) .0 _(P+G K 5.0 [(rT(P+G)et rtK C>(GT)
End(cg%x)) DB™Y(G,X)> A= T g — C(A) = Tet g € End co(xy )
ii) On the extended calculus we define

C° (M) m,0 _(P+G K (N (P+ Gt rTK C(Xo)
End(Cgo(Yo)>DBQV (M,Y)BA—< T S>»—>C(A)—< Tet g € End o (Yy) )
Now we will give a definition of the restricted calculus defined on the boundary structure as well

as the representable operators on the Lie manifold with boundary (X,Y).

Definition 8.4. i) The restricted calculus on the boundary structure is defined as the set of
operators for m < 0
B™O(GT, X) :=C o B™Y(G, X).
i1) The class of representable operators is for m < 0 defined as
0 0
B (X,Y) :=CoBy; (M,Y).

The vector representation oy is defined by

() = (i (7)) ()

for A € B™0(GT, X) and p € C=°(Xp), 9 € C(Yp) such that gpps makes the following diagram
(as linear operators) is commutative

BYY(X,Y) +—— B™0(GT, X)

eBM
J g

By (M,Y) «— B™0(G, X).

The next result is now a consequence of our previous preparations.
Theorem 8.5. The restricted operators B®Y(GT, X) are closed under composition.

Proof. This is an immediate consequence of the proof of Lemma [6.1] The truncated operators
are honest Boutet de Monvel operators on a smooth manifold. The support estimates in the
proof of Lemma therefore reduce the calculations to the ordinary known case of properly
supported operators. O

Theorem 8.6. The vector representation induces an isomorphism for m <0
opnm o B™O(GT, X) = B (X, Y).
In particular B%’O(X, Y) is closed under composition.

Proof. This follows from the commutativity of the diagram in Definition [8.4] combined with
Theorem Since C,C and ppys are surjective we obtain the surjectivity of OBM as follows.
Let B € B]T’ (X,Y) then by surjectivity of oy and C we lift this to an element B € B™Y(G, X).

Then A :=C (B) is the required preimage. By commutativity we have

oM (A) = (8Brm © C)(B) = (C o opun)(B) = B.
Hence in this case op)y is surjective. It is also immediate that it is a well-defined homomorphism

of algebras. This yields the closedness under composition. O
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Finally, we are going to show that the operators in our algebra are continuous on L?-spaces. For
higher orders this result can be easily generalized to Sobolev spaces defined on the groupoids or
Lie manifolds as they were introduced e.g. in [2].

Theorem 8.7. Let A € B*(G*, X) such that

_(P4+G K
()

where P € W9 (G) a pseudodifferential operator with transmission property, T is a restriced trace
operator and K a restricted potential operator. G is a restricted singular Green operator, and
S € UO(X)Y is a pseudodifferential operator on the boundary.

Then we have the following continuous extensions

Py L*(GY) = LX(G7),
T: L*(GF) = L*(X),
K: L*(Xx)— L*G"),
G: L*(G*") — L*G™).

Proof. i) The continuous extension property of Py follows from the continuity on each fiber
(rtPe"), and the fiberwise transmission property. The continuity of S is also clear.

ii) Consider a trace operator T and denote by K = T* the L2-adjoint which is a potential
operator (cf. . By Theorem we have T - K is a pseudodifferential operator in WO(Xx)9.
Since T - K is of order zero T'- K: L?(X) — L?(X) continuously (via f).

Hence

(T*u, T*0) 12(g) = (u, TT*u) < Cllu

and thus K = T*: L?(X) — L*(G) is continuous. The same way we show continuity of the trace
operators.

ii1) Since the truncated operator G is a family of honest singular Green operators we know that
we can write these operators in the form K - T. Where K is a potential operator of order 0
and T a trace operator of order and type 0. Then the continuity of G is a consequence of the
continuity of 7' and K. O

Vector bundles

Up until now we have only considered scalar operators of Boutet de Monvel type. It does only
require minor modifications to consider operators acting on smooth sections of smooth vector
bundles, see also [24]. To this effect let £y, Fs — X be smooth vector bundles on X and Jy — Y
smooth vector bundles on Y. We can pull back these bundles to GT via E; := r*E; — Gt.
Similarly, the actions allow us to pull back the bundles J+ to X and obtain Jy — X.

It is not difficult to modify our construction for operators acting on the smooth sections such
that A € Bg’O(X, Y; Eq, Ey, J1) is a continuous linear operator

COO(X>E1) COO(XaEQ)
A: ® — ® .
CR(Y,J2)  C(Y, )

Similarly, A € B%(GT, &’; E;, ji) is a continuous linear operator

Cgo(g+7El) Cgo(g+’E~2)
A: ® = ® .
Cgo(ij-‘r) Cgo(ij—)
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9. PARAMETRIX

9.1. Guillemin completion. In this section we make preparations for the parametrix construc-
tions for elliptic elements in our algebra. For this we will define a suitable notion of ellipticity
in the next section. At the outset it is required to consider an enlarged groupoid calculus of
pseudodifferential operators. We present one approach based on non-canonical completions.
This ensures that inverses and parametrices are contained in the calculus. The material of this
section is mostly combined from [23] and [4]. We will nevertheless provide some details for the
benefit of the reader.

First we make a common assumption on the groupoid.

Assumption C. The groupoid G = M is Hausdorff.

This assumption has several simplifying consequences.

Lemma 9.1 ([23], p. 11). The vector representation oy yields an isomorphism
U(G) = Uy (M).

Proof. The injectivity of ops is a consequence of the Hausdorff condition on G. We consider for
a fixed z € My the evaluation morphism e,: ¥ (G) — U™ (G,) given by P = (Py)zen +— Ps.
The evaluation morphism e,: U™ (G) — ¥™(G,) is injective for z € My. In order to prove this
we first establish the claim: Let P = (Py)zem € Y™(G), then for any ¢ € C°(G) the map
x +— || Pppz] is continuous.

Proof of claim: Let ¢ € C°(G), then there is a ¢ € C°(G) such that ¢, = Pyp,. Then
x +— ||1z|| by a choice of Haar system (using the smoothness property of Haar systems) and the
Hausdorff property of G. This proves the claim.

To see that e, is injective for a fixed z € My let P, = 0. We need to show that then P, = 0
for each w € M, i.e. P = 0. By right invariance and the fact that Gy, = My x M it follows
that P, = 0 for each w € My. Let w € M be arbitrary, then we show that P, = 0 for any
P € C°(Gy). Let ¢ € C°(G) be such that ¢, = 1 which is possible since G,, C G is closed in
the locally compact Hausdorff space G. Then by the claim w — || Pyy]| is continuous and on
w € My the function vanishes. Since My is dense in M it follows P,p,, = 0 for each w € M.
Hence e, is indeed injective.

Using the canonical diffeomorphism G, = My we obtain a bijection j: ¥™(G.) — W} (M).
The composition of e, with j coincides with the representation gps. Since gps is known to be
surjective by the representation theorem (compare Remark i)) this proves that ops is an
isomorphism. O

Remark 9.2. i) Under certain additional conditions on the Lie manifold (considering so-called
CM-manifolds) we can in fact show that Assumption C implies that the induced representation
on: C*(G) — L(L?*(G)) is also injective. Therefore in this case G is automatically amenable.
We refer to [23] for the details.

i) Note that the Lemma implies also that gpjs furnishes an isomorphism B%°(GT, X)

B?,’O(X ,Y) under this assumption.

~

Given £ € A* we set

1
r(€) = (&) = (1 + [I€]*)

such that r € SL(A*).

We define the order reducing operators

Py :=op(r(£)®), s >0

and



For each f in the closure of the domain of the operator Ps define

I1£1ls := IPsfll3, s € R.

This norm gives rise to Sobolev spaces henceforth denoted by H?. It is equivalent to the Sobolev
spaces introduced in [2].

These order reductions are insufficient even though the symbol is clearly elliptic for the simple
reason that the parametrix is not contained in the calculus. To get to the actual order reduction
we need to do some more work.

The Guillemin completion is now defined as

W (M) = W (M) + U,,% (M) (29)
where W% is completed with regard to the seminorms

1Ml = 11 gz, -

Secondly, we set

U® = W% 4 CI. (30)

Let 2 C C be a domain and denote by O(Q2, E') the algebra of holomorphic functions on € with
values in a Fréchet space E. From [4] we cite the following Lemma on holomorphic families.
Lemma 9.3. i) Let A € O(Q,\IT%) a holomorphic family of elliptic operators. Then there is a
B e O(Q, V") such that

AB—1, BA—-1€0(Q,¥,7).
ii) There is a b € O(C,SY) with b(0) =1 and

a(r*)q(r=7b(z)) — I € ¥,,%,
q(r=7b(2))q(r®) — I € ¥,*.

Proof. i) The construction of B via asymptotic expansion is standard if we have shown that
holomorphic families are compatible with asymptotic expansions in the sense of the proof of
Prop. 4.1 in [4].

i1) Apply 1) to the family A(z) = q(r?)q(r—?). O

This puts us in a position to show that parametrices are contained in the Guillemin completion
and construct elliptic invertible elements (order reductions). Additionally, the following theorem
contains the basic algebraic properties: (¥*)-algebra and spectral invariance.

Theorem 9.4 (cf. [], [23]). i) W,°° is a Fréchet algebra and V" is a (V*)-algebra.

ii) For a given m € R there is a Q € V(M) such that Q™' € W(M)

ii) Let P € \Iiand f € O(c(P)) then f(P) € WY,

iii) For P € W} (M) with m > 0 which is elliptic and invertible, as a possibly unbounded operator
on L?, we have P! € \I/me

Proof. i) We check that the family of seminorms (|||, )nen as defined above is submultiplicative.

Since they generate a Fréchet topology this proves that W),° is a Fréchet algebra. Let Py, P €
U, and n € N then

[1PLPeln < (| Pl ccmo,mm) | P2l mmy < 1P nl| Palln-

For the U*-property we refer to the general result [4], Prop. A.1.
i1) Make use of the Lemma and set

R(z) == q(r*)q(r~"b(z)) — 1 € ¥,;>.
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Hence R € O(C,¥,,°°), R(0) = 0. For |z| < € with € > 0 sufficiently small R(z) is invertible on
L?(Mp). Thence q(r*)~! = q(r~*b(z))(I + R(z))~! € ¥,* for |z| < e sufficiently small. Choose
k such that |m| < ke. This yields that Q := [¢(r# )~!]¥ has the required property.

iti) The operator P € W™ is invertible if P € inv £(L3,). Then since inv(¥z>) is open it
follows that inversion is continuous. The integral

£P) = 5 [ $2) =P s
Y

exists and hence f(P) € U .

iii) a) Let Q € W, be such that Q'e \Ili’f} which is possible by ). Then P:=PQe \I/% is
elliptic, injective and bounded. From the ellipticity of Q! we obtain that the range of Q is H™
and by ellipticity of P we obtain that the domain of P is also H™. Thus P = PQ: H° — HY is
also surjective and hence invertible on L2 = H?. Therefore we can consider P = P € \1!%)/ as an
L?-bounded operator.

£) By the previous argument we can wlog assume that m = 0 and that P € \II% (M) is invertible
as an operator on L2

We show first the claim: There exists (Q,) such that Q, — P! with regard to | - 2z2)-
Clearly PP* is bounded and invertible. By continuity of the functional calculus, we obtain a
sequence (py,) of polynomials such that

pn(PP*) = (PP*) " in || - |l g(12)-
Set Q,, := P*p,(PP*), then we have
1P~ = Qullerzy = 1P7" = P*pu(PP*)| (12
<|IP*l 2 l(PP*) ™" = pu(PPY)| g (z2) — 0, n — oc.

This proves the claim.
Set R:= PQ — I € ¥,>°. With the claim it follows that

Pl1=Q-P'R= lim(Q — QnR).

Set Q' := Q — Q,R. For n sufficiently large this is a parametrix with
PQ =I1+R
This yields (I + R)™' — T € U, and P! = Q'(I + R))" € ¥),. O

9.2. Parametrices. In this section we will introduce the principal and principal boundary
symbol of an operator in our calculus. We will define the notion of ellipticity and show that
a parametrix exists under the previously stated conditions on the calculus. A major technical
problem is that in the Lie calculus already inverses of invertible operators are not necessar-
ily contained. This makes a parametrix construction difficult and we state here a version of
such a result. Presently, this relies on the strongest assumption made in this work. There
are at least two approaches to overcome the assumption: (1) using a larger calculus of pseu-
dodifferential operators (with asymptotics) or (2) completing the algebra of pseudodifferential
operators (non-canonically) such that inverses are contained. In the last section we outlined the
second approach. We will henceforth assume that our Boutet de Monvel calculus is built from
pseudodifferential operators which are completed in this way.
Fix the smooth, hermitian vector bundles £, Fo — X, J+ — Y and recall the notation for the
boundary algebroid and its co-bundle mg: Ay =Y, T5: A — Y.
We define next the principal symbol and principal boundary symbol on B™9(G*, X’; E1, Es, ji)
for m <0.

e Set T1X := ker dq for the vertical tangent bundle over X.

o Let A= (Ay)zex € B™0(GT, X) be a C*®°-family of Boutet de Monvel operators.

e Then for each z € X we have a Boutet de Monvel operator A, € Byap(Gi, X,).
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e Hence the principal symbol o(A,) and the principal boundary symbol oy(A,) are defined
invariantly on T*G and T* X, respectively.

e By right-invariance of the family A these symbols descend to a principal symbol o(A) and
principal boundary symbol o5(A) defined invariantly on A% and (T9X)* respectively.

By noting that T&X = Ay we make the following definition for principal and principal boundary
symbol on the represented algebra B:)n’o (X,Y) for m <0.

Definition 9.5. To an element A € B;R’O(X, Y Eq, Ey, J1) we associate the two principal sym-
bols.
i) The principal boundary symbol o (A) is defined as
0} (A) = ag)y (A).
This yields a section of the infinite dimensional bundle
C®(Ay, Hom(THEy )y @ Sy, ThEay @ Sy)).

Here Sy — Aj is a bundle with fiber S(Ry) on the inward pointing normal direction.
In particular the restriction of og to the interior (X, Y)) agrees with the principal boundary
symbol on the interior.
ii) The principal symbol 0¥ (A) which is the principal symbol of the pseudodifferential operator
in the upper left corner of the matrix A. This yields a section in

Coo( *+, HOIH(EI, EQ))

iii) Define by Z$’O(X Y E1, Ey, J1) the space consisting of pairs of principal symbols (a,ag).
These are homogenous or k-homogenous sections of the bundles A%, A}, respectively, with
canonical compatibility condition.

Assumption D. Given an invertible Boutet de Monvel operator A € B%’O (X,Y;Eq, Eo, Jy) the
inverse (o0 @ 09)(A)~! is defined and contained in E%’O(X, Y;Eq, Ey, Jy).

Assumption E. The calculus Bg ’O(X ,Y: Eq, Ey, J1) is asymptotically complete. That means
given a sequence of operators (A;);en, with A; € B;i’O(X,Y) there is a A € B?}O(XJ/) such

that
N

A— ZAi € B{,n*N*l’O(X,Y), for each N € Np.
=0
We write briefly A ~ »°>° A; for this.

Lemma 9.6. Given A, B € Bg’O(X,Y;El,Eg, J1) we have
oV(A-B) = 0¥ (A) - aV(B), oY(A-B) = o¥(A) - }(B).

Proof. As mentioned in section the vector representation furnishes an isomorphism

By (XY By, By, o) =BG, X5 By, By, Ja ).
Since the principal and principal boundary symbol are each defined invariantly on the bundles
A%, A} the computation reduces to the equivariant families of Boutet de Monvel operators.

Hence given A = (Az)zex, B = (By)zex in BYY(GT, X; E1, Ey, J1) we have
09(A - B) = 0p((Az - Br)zex) = (00(Az - Bz))zex
= (00(Az) - 09(Bz))zex = 09(A) - 09(B).
In the same way we obtain multiplicativity of the principal symbol. O
Since we will in the following only be concerned with represented operators we will simply write
o and oy for ¢¥ and ag.

For the following result and proof in the standard case see e. g. [28].
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Theorem 9.7. The following sequence is exact

ooy

B, (XY By, By, Ju)—— BUU(X, Y By, Ba, J1) % 55X, Y Er, Ba, ).

Proof. i) The same exact sequence holds for the interior calculus. Since the principal symbols are
extensions of the interior we immediately obtain that ker o & 0y = ker o Nker oy = B,, 1’O(X JY).
i1) To prove surjectivity let (a,ay) € E%’O.

Since we also have an analogous exact sequence for the class of pseudodifferential operators
Wi, oy it suffices to find singular Green, trace and potential operators in the preimage.

In a fixed small tubular neighborhood U = Y(,) trivialize the singular normal bundle . Let {U;}
be a normal covering of Y (assumed finite by compactness of Y') and let {¢;} be a subordinate
partition of unity. We also fix a boundary defining function py : M — R such that {py =0} =Y.
This is defined by the tubular neighborhood theorem for Lie manifolds (cf. [2]). Hence for the
diffeomorphism of tubular neighborhoods v: Y x (—e¢,¢) — U C M we have

(py ov) (2, 2n) = T, @ €Y, )y € (—€,€).

Let ¢ € C*®(Ry) be a cutoff function such that ¢(z,) = 0 close to 0. Hence we can locally on

each trivialization /\/'HJ; =~ U; x R, construct singular Green, potential and trace operators. Via

our partition of unity we obtain corresponding global symbols.
This furnishes a global right inverse morphism Opy,: E?}O — B?}’O. O

The notion of ellipticity we introduce here is the usual condition of Shapiro-Lopatinski type. It
is sufficient to obtain a parametrix.

Definition 9.8. An operator A € B\T’O(X,Y) is called V-elliptic iff (6™ & 05)(A) is pointwise
bijective.

Theorem 9.9. Let A € B%’O(XjY) be V-elliptic, then there is a parametriz B € Bg’O(X,Y)
which means that

I - AB e B,*"(X,Y), I — BA € B;”"(X,Y).

Proof. i) From the exact sequence given in Theorem there is a B € Bg’O(X ,Y) such that
(0 ®05)(B) = (0 ®0a)(A) .
Then by the multiplicativity of the principal symbol and the principal boundary symbol it follows
that
(c®oy)(I —AB) = 0.
Applying the exact sequence once more we have that R:=1 — AB € B,, L0(X,Y). Hence B is
a right parametrix of A of order 1. Setting By = B(I + R+ --- + R*~1) we obtain

AB,=(I—-R)(I+R+---+RF1H=T—R¥

with R* € B;k’O(X, Y). Thus By, is a right parametrix of A of order k.
ii) Let (Bg)ken, be a sequence of right parametrices of A of orders k € Ny. Using assumption

E we can find B ~ ), B; such that AB — I € B;OO’O(X, Y). Hence we have found a right
parametrix up to residual terms.
iii) Fix a right parametrix up to residual terms B; of A. Analogously to i) and ) we can find
a left parametrix Bs of A such that
I —ABy = Ry € B,”°(X,Y) and I — BoA = Ry € B,™°(X,Y).

Rewrite the operator AByAB; as follows

AByABy = ABy(I — R1) = A(I — R2)B1 = AB1 — ARyB; = (I — Ry) — ARy By
hence AByAB; + ARyBy = I — Ry so that

(ABQA + ARQ)Bl =1—R;.
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The left hand side of the previous equation equals
ABQ(I — Rl) + AR B

and note that this is = ABs mod B;oo’o(X, Y).

Hence Bj is also a right parametrix equal up to residual terms to I — R;. Analogously one
proves that B is also a left parametrix equal up to residual terms to I — Ro. It follows that
B; = By mod B;OO’O(X,Y) and therefore there is an operator B € B?,’O(X,Y) equal to B

mod B,,°(X,Y) and By mod By,*(X,Y) such that
I —AB e B,*"(X,Y), and I — BA € B,"(X,Y).

10. THE INDEX PROBLEM

We briefly indicate how to state an index problem for Lie manifolds with boundary. Although we
assume here that we are given a boundary structure, we state the problem independently of the
calculus. We expect that the Boutet de Monvel calculus or more precisely a suitable completion
thereof will play a crucial role in the resolution of the problem. The following approach is a
generalization of the statement of the index problem for compact manifolds with boundary from
[5]. This is based on the tangent groupoid of A. Connes, cf. [g].

First we introduce the semi-algebroid as follows. We fix an invariant connection V' on the
algebroid (AT — X, ") of the Lie manifold with boundary (X,V). Define the associated

exponential map exp = expv+ and the semi-algebroid
A={(z,v) € AT : exp,(—tv) € X, t small}.

Then construct a semi-groupoid G = X x I, I := [0, 1] which is the an~alog of Connes’s tangent
groupoid. Here we glue the groupoid G x (0, 1] to the semi-algebroid A. As a set this is written
G=G"x(0,1]UAx {0}

Note that restricted to the interior we get (since Q&O = Xy x X by assumption)

Xop X Xg X (0, 1] UTXg X {O}

which recovers the tangent groupoid which is also the adiabatic groupoid (Xg x Xg)*.

In general we consider the reduced C*-algebra C*(G) and define the evaluations at 0 and 1

eo: CH(G) — CHA),
e1: CH(G) = CHGT) = C*(G™).

We make the assumption that G* is amenable (see also Remark[9.2] 7)), hence C}(G*) = C*(G).
Then we obtain the short exact sequence
Co(0,1] ® C*(GF)—— CF(G) —= C;(A).

Note that Cy(0, 1]®@C*(G™) is contractible. Then apply the six-term exact sequence in K-theory.
We deduce from contractibility that the induced maps in K-theory (ep). are isomorphisms

K;(Cr(9)) = K;(Cr(A)), =0,

Therefore we can define the analytic index as the map ind;} : Ko(C*(A)) = Ko(C*(G1)) making
the following diagram commute

(e0)x!

K\ (Cr(AY)) Ko(Cy(9))
- (e1)x
1ndaJ( /
Ko(C*(G™)).
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We also obtain an analytic index on the interior pair groupoid with the same technique.

It remains to prove that ind] generalizes the Fredholm index for boundary value problems.
Moreover, an appropriate topological interpretation needs to be found. In particular one should
be able to relate the K-theory of C#(A) with the K-theory of Co(T*Xj). In the special case of
a compact manifold with boundary the K-theories are isomorphic as was shown in [5].

APPENDIX A. CONORMAL DISTRIBUTIONS

We recall a definition of the Boutet de Monvel calculus on which all of the preceding discussions
are based. This particular Theorem can be found in the standard reference [12], p.227.

First we set up the necessary notation. Here we are in the setting of a compact manifold with
boundary. This means our discussion here can be seen as an elaboration of Example i) of
a boundary structure in the simplest case.

Let X be a compact manifold with boundary X =Y and denote by M = 2X the double.
Since all the following calculations are local we identify X = @1, Y =R"!, M =R"

Then we have the setup G = M x M, Gy =Y x Y, G = X x X as pair groupoids, X :=
Y x M, Xt:=MxY.

We first recall the symbol calculus for Boutet de Monvel operators. Let g, t, k be the symbols
of singular Green, trace and potential operators of order m and type 0 respectively. To each
symbol we assign a continuous linear operator

g = opg(g) = G: CF(X) = C%(X),
t—opp(t) =T: C°(X) —» C(Y),
k— opg(k) =K: C®(Y) — C™(X).

Since trace operators and potential operators are adjoints of each other, we restrict discussion
to trace operators and singular Green operators. It will be more convenient to describe the
estimates for the associated symbol kernels g, t. These are given by

— 1 ~
Fxnﬁént<x/7 gna 5/) = t(xlv Tn, 6/)7
1 =1 -
fgnl—ﬂl?nfyn—)ﬂng(x/’ 77n7 f’l’“ 5/) = g(x,7 $n7 yru 5/)
The symbol kernels then are required to satisfy the L2-estimates
|DY, 2k DY o' DL DEglls < C(g)ymhth =t el (31)
(32)
for each o, f € N*"Land k, ¥/, I, ' € N and
|25, D, DEDRE(a' € an) |z, < Ly (33)

for each I,k € N,a, 3 € N1,
We are interested in the Boutet de Monvel operators as described by their Schwartz kernels.
These are defined as follows for (z,y) € X x X

Ka(z,y) = / ¢ Y e it g (of € ) dE dip, (34)
and for (2/,y) € X we have
r(a' ) = [ ! ) de e (35)
Furthermore, we define the sets
Yro={(,y) € X:a' =y zn = yo = 0} = Ay,

Zr={(2',y) €X xp =y, =0} XY
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for the trace operators. For the potential operators
Vi ={(x,9) e X' :2' =y, 2, =y, =0} = Ay,
Zig ={(z,y) e X"z, =y, =0} = Y2
Similarly, we have the sets for singular Green operators
Yo ={(x,y)€G:2' =y, 2, =y, =0} = Ay,
Zag={(z,y) €G:ap =y, =0} Y2
Then we have the following result

Lemma A.1. (Grubb, [12], p.227) i) Given a trace operator T € T™(X,Y) of order m and
type 0 we can extend the integral kernel ICr to the double 2X = M. Call this extended operator

and kernel Ty and Kr,_. Then K, is a conormal distribution in Im_%(Y x M, Ay) which has
rapid decay along the normal direction.
ii) Given a potential operator K € K™(X,Y) of order m the same procedure gives a conor-

mal distribution K in Im_i(M x Y,Ay). Such that Ky, has rapid decay along the normal
direction.
iii) A Green operator G € G™°(X,Y) of order m and type zero can be extended to a yield a

kernel Kq, in Im_i(M X M, Ay). With rapid decay along the normal direction.

Although the proof can be found in Grubb’s book, we include some arguments for the benefit
of the reader.

Proof. i) First as in [12] we Seeley extend the integral kernel of the trace operator to the double
M and so obtain the extended trace operator Ty : C*°(M) — C*°(Y'). Write this as

() = @m)™ /R = /R - /R /R e VI ntn g (o € &) uly yn) dyn dE dEy dy

(36)
with integral kernel
Kr, () = / Ty (af €' ) dE' d. (37)
Using Plancherel’s Theorem in as well as the elementary inequality sup, |¢(t)| < ||¢l2|| Deg||2
k
Bl o nm—i—lal-1 { (&)
|D, Dg, Dgity | < C(¢') : . (38)
" (€', &n)
This simplifies to
B o 116 () N
1D, DY ¢ ty] < Oyl < : > (39)
" (€, &n)

for e N*"1 g € N*, N € N.

Therefore ¢ belongs to S’ffo_l(]R x R?") by [13], Thm. 18.2.11.

Then we also obtain that K7, € I mfi(?( ,Yr). The rapid decay property as |,| — oo is
immediate from the last estimate.

i1) Given a potential operator K of order m.

This furnishes by the same analysis an extended kernel K contained in the space of conormal
distributions I™ 1 (X, V). B
ii1) We extend the Schwartz kernel Kg by applying the Seeley extension operator in the Ry
direction. We have the new kernel

Ka. (z,y) = / @Il iyntin g (4! € ) dE dny,
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with K¢ = Kg IR - Then (31)) corresponds to
D% DEE Dl o D (o €. 2 < (g™ Il

Applying the Plancherel theorem and the elementary inequality the same way again we obtain
the estimate

/ K / U
DB,Dk Dl D C /m—k—l—|a—l< f ) ( <£> )
1Dur D6, P, Dg9s ] < C1€) (€.6)/) \{€m)

for each o, B € N*~ 1 kK, I, ' e N.
By use of the elementary inequality
E+m)* <2Me)*(m)*, seR

we obtain from the last estimate

N

()
I+ 1817+ & +m7)
for each 3 € N*~1 9 € N* N € Nand a constant C = C(33,6, N). Then from [13], Thm. 18.2.11

we obtain that g, is a conormal distribution in Im—%(g,yg), and for |¢,] — oo, |nn| — o0
the kernel decays rapidly. O

D} DEe, g+ < C(&ym 'V <

With this we can state the main Theorem. First fix the restriction and extension by zero
operators r+ and et

rt
—_ 3 .
L*(M) <TL2(X)

e

with rte =id/2(x) and etr™ being a projection onto a subspace of L*(M).
Theorem A.2. i) An element in the Boutet de Monvel calculus A € B™°(X,Y) is given by

e rtGiet +rtPet rtK et
- rt T et S ’

Here the operators are entirely described by their Schwartz kernels which are conormal dis-
tributions; Kp € Im_%(M X M,Apr) and Kg € Im_%(Y x Y,Ay) for the pseudodifferen-
tial operators on M and the boundary Y, respectively. Additionally, P is required to fulfill
the transmission property (mapping functions smooth up to Y to functions also smooth up to

Y), and Ka, € Im_%(M X M, Ay) and rapidly decreasing along N Yo NN Zg. Furthermore,
Kr, € Im_i(Yx M, Ay) is rapidly decreasing along NYrNNZr, and Kg, € Im_%(MXY, Ay)
is rapidly decreasing along NYx "N Zrp.

ii) The zero calculus B*O(M,Y) consisting of extended operators

A, _ (PG Ky
A S

1s closed under composition. Furthermore, the truncation

P+Gy K+> s C(Ay) = <T+Pe+ +rtGiet rTK e"

BY(M,Y)3 Ay = ( T, g T et g

) e B"(X,Y)

s a linear, surjective operator.

Proof. i) This is the characterization of Boutet de Monvel’s operators in terms of conormal
distributions given in the previous Lemma.
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i1) The compositions in the extended calculus are furnished by convolutions of the integral kernels
which are conormal distributions. One can apply the trivial actions on the pair groupoids and
the corresponding convolution product

Y XYY XM+——MxM

Y M
as well as

MxM——MxY+——Y xY

M Y

A direct calcululation then shows that Kg x Kr yields again a conormal distribution which
describes a trace operator. The other cases can be handled by direct calculation as well. Alter-
natively, one may invoke the general result due to Hérmander [I4], Thm. 25.2.3. The surjectivity
of C is implied in the proof of Lemma since we can always Seeley extend each operator in
B%9(X,Y) which gives a preimage in B%°(M,Y). O

APPENDIX B. TUBULAR NEIGHBORHOOD

In the main part of the paper we have made use of the definition of Lie manifold with boundary
as well as the tubular neighborhood theorem. For completeness sake we briefly recall these
notions.

Let (M,V) be a Lie manifold, i.e. a compact manifold with corners M endowed with a Lie
structure (a C°°(M)-module of vector fields, locally finitely generated, projective). By the
Serre-Swan theorem there is a vector bundle A — M such that I'(A) = V. This carries the
structure of a Lie algebroid (cf. [3]).

A Riemannian metric on M is called compatible if g is a suitable restriction of a metric defined
on the algebroid A such that the following holds: for each z € M there is a neighborhood U,
in M and a local basis of vector fields {V;} from V such that {V;} forms an orthonormal frame
with regard to the metric g restricted to U,.

We summarize some geometric facts about the category of Lie manifolds (see e.g. [2]).

e (Moy, go) is of bounded geometry for a compatible metric gy on My. This means My has
bounded, positive injectivity radius and bounded covariant derivatives of the curvature
tensor.

e (Moy, go) is of infinite volume and complete.

Next fix the exponential map exp: A — M coming from the invariant connection defined by
the metric on A. Notice that from the the splitting in @ and the identification N = Aé‘ we in
particular obtain the normal exponential map

exp”: N =Y.

As was also shown in [2], section 2.3 with the compatible metric go on My we can find a
neighborhood Y C U C M such that on

Un Mo = (8}/0) X (—60,60)

the metric gg restricts to a product-type metric. This is just a tubular neighborhood theorem
for Lie manifolds. Such a Lie submanifold with this property is called tame in the above cited
reference and there it is also shown that a submanifold of codimension 1 is always tame.
Hence the following result holds:

52



Theorem B.1. ([2/, Thm. 2.7) Let Y be a codimension 1 Lie submanifold of M. For an e > 0
sufficiently small the normal exponential induces a diffeomorphism

1]

[24]
[25]
[26]

[27]

U:=Y x (—ee) S {VeN: |V|<e =N
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