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Abstract

This thesis discusses the numerical solution of time-dependent scattering phenomena in
the half-space using retarded potential boundary integral equations. We consider the
case of a sound-hard, sound-soft or partially absorbing surface with a Robin boundary
condition. Time-domain boundary integral operators adapted to the surface are used
to solve this boundary problem. For the analysis of the boundary integral equations we
follow the approach of Bamberger and Ha-Duong and consider first the corresponding
boundary value problem for the Helmholtz equation in the frequency domain. We show
that in physically relevant situations the problems are well-posed and, in particular,
uniquely solvable.

For the bilinear form belonging to the Calderon projector we show coercivity and con-
tinuity.

We then discuss the efficient numerical solution of the boundary problem based on a
time-domain Galerkin boundary element method in Ri. A priori and a posteriori error
estimates are presented in space-time Sobolev norms. In particular, we show the relia-
bility of a residual type a posteriori error estimate for both the integral equation of the
first kind with the single layer potential and for the complete system associated to the
Calderon projector for the Robin problem with absorbing boundary conditions in ]R‘rjr.
The a priori estimates guarantee the convergence of our methods for the Dirichlet and
Robin problems in the half-space.

Numerical experiments for a spherical obstacle in the half-space confirm our theoretical
predictions in a simple situation, where an exact solution is available. We use the a pos-
teriori error estimates to define an adaptive time-domain boundary element procedure
for singular boundary data and thereby make a first step towards space-time adaptive
methods.

Numerical experiments on the sound radiation of real-world tyre models show the ap-
plicability of the developed methods to engineering problems. We compare our time-
domain simulations with the results from stabilized frequency-domain boundary element
methods. The experiments concern the sound radiation for given tyre vibrations, the
amplification of sound in the horn-like geometry where the tyre meets the street as well
as the Doppler shift of sound frequencies for a moving tyre.

Keywords. boundary element method, retarded potentials, absorbing half-space, a
proiri, a posteriori error estimates, tyre.
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Zusammenfassung

Diese Dissertation betrachtet die numerische Losung zeitabhéngiger Streuprobleme im
Halbraum mit Hilfe zeitabhangiger Randintegralgleichungen. Wir betrachten schall-
harte, schallweiche oder teilweise absorbierende Oberflachen mit einer Robin-Randbedingung.
Zur Losung des betrachteten Randwertproblems erweisen sich an die Oberfliache angepasste
Randintegraloperatoren als hilfreich.

Die Analyse der sich ergebenden Integralgleichungen folgt einem auf Bamberger und Ha-
Duong zuriickgehenden Zugang. Dafiir betrachten wir zuerst ein Fourier-transformiertes
Randwertproblem fiir die Helmholtzgleichung im Frequenzbereich. Wir zeigen, dass
dieses in den physikalisch relevanten Féllen wohlgestellt und insbesondere eindeutig
losbar ist. Dartliber hinaus weisen wir fiir eine mit Hilfe des Calderon-Projektors
definierte Bilinearform die Koerzivitat und Stetigkeit nach. Fiir die effiziente nu-
merische Losung des Randwertproblems présentieren wir eine zeitabhéangige Galerkin
Randelementmethode im R‘i. A priori and a posteriori Fehlerabschétzungen in Raum-
Zeit-Sobolevnormen werden hergeleitet. Insbesondere beweisen wir die Zuverlassigkeit
eines residualen a posteriori Fehlerschétzers sowohl fiir die Integralgleichung erster Art
mit dem Einfachschichtpotential als auch fiir das vollstandige zum Calderon-Projektor
gehorende System von Gleichungen fiir das absorbierende Robin-Problem im Ri'
Numerische Experimente fir eine Kugel als Hindernis im Halbraum bestatigen unsere
theoretischen Untersuchungen in einem einfachen Fall, in dem wir eine exakte Losung
angeben konnen. Basierend auf den a posteriori Abschéitzungen definieren wir eine
adaptive, zeitabhidngige Randelementmethode fiir singuldre Randdaten. Diese stellt
einen ersten Schritt hin zu allgemeineren Raum-Zeit-adaptiven Randelementmethoden
dar.

Numerische Experimente zur Schallabstrahlung realistischer Reifenmodelle zeigen die
Anwendbarkeit der entwickelten Methoden auf Ingenieurprobleme. Wir vergleichen un-
sere Simulationen im Zeitbereich mit Ergebnissen stabiliserter frequenzabhéngiger Ran-
delementmethoden. Die Experimente betrachten die Schallabstrahlung bei vorgegebe-
nen Reifenschwingungen, die Verstarkung des Schalls in der Horngeometrie zwischen
Reifen und Strafle sowie die Dopplerverschiebung der Schallfrequenz fiir einen bewegten
Reifen.

Schlagworte. Randelementemethode, retardierte Potentiale, absorbierender Halbraum,
a priori, a posteriori Fehlerabschatzungen, Reifen.
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0 Introduction

Many important physical applications such as electromagnetic wave propagation or the
computation of transient acoustic waves are governed by the wave equation. Such prob-
lems are posed in unbounded domains and the method of integral equations is used to
transform the wave equation in the integral equation on the boundary surface of the
scatterer. Numerical discretization methods are collocation methods with stabilization
techniques [16] [17] [18], Laplace-Fourier methods coupled with Galerkin boundary el-
ements in space [4] [13] [22] [23] [46] [47] and the convolution quadrature method for
the time discretization [7][31].

This thesis treats the time domain boundary element approach and is based on the
above mentioned Laplace-Fourier methods. This approach allows to describe the time-
wise behaviour of the sound radiation of car tyres, e.g. one can compute the Doppler
effect for a moving car, see Chapter 6.

It is split into theoretical parts (Chapters 1-4) and numerical parts (Chapters 5-6).
After the introductory Chapter 1 with the necessary definitions of the Fourier Laplace
transformation, anisotropic Sobolev spaces and boundary element spaces, we introduce
in Chapter 2 the retarded potentials of the single layer and of the double layer and
the corresponding boundary integral operators together with the jump relations. Then
we briefly describe the marching-on-in-time (MOT) scheme, which is used to solve the
space time discretized exterior Dirichlet, resp. Neumann problem in R3 based on a
Galerkin scheme for the boundary integral equations. A summary of known results for
the retarded single layer potential ansatz to treat the Dirichlet problem closes Chapter
2.

In the following Chapter 3 we consider the boundary value problem for the wave equa-
tion in the exterior domain in Rﬁ_ of a bounded domain €2 with Lipschitz boundary
I". Especially the case of a partially absorbing surface ['o, = ORi = R? with a Robin
boundary condition is considered. This boundary value problem is solved with a suitable
transient Green’s function for the half-space. An important step here is the derivation
of a representation formula for the solution (Theorem 3.1). For the analysis of the
boundary integral equations we follow the approach of Bamberger and Ha-Duong and
consider first the corresponding boundary value problem for the Helmholtz equation in
the frequency domain. We show that in physically relevant situations the problems are
well-posed and uniquely solvable. For the bilinear form a,, in belonging to the
Calderon projector we show coercivity (Theorem 3.3) and continuity (Theorem 3.5).
Then we consider in the time domain the corresponding boundary integral equation
for the acoustic scattering problem with a Robin boundary condition on I' and T'w.



0 Introduction

Like Bamberger and Ha-Duong, we can go from the time harmonic case to the time-
dependent case with the help of the inverse Fourier Laplace transformation, and hence
we can show continuity and coercivity of the corresponding bilinear form in in
anisotropic Sobolev spaces spaces (Theorem 3.7).

Chapter 4 decomposes into 2 parts: a) a priori error estimates in space-time Sobolev
spaces for the time-domain boundary element method in R? (Section 4.1). b) reliabil-
ity of a residual type a posteriori error estimate for integral equations of the first kind
with the single layer potential (Section 4.2) and the complete system of the Calderon
projector for the Robin problem with absorbing boundary conditions (Section 4.3) in
R3. The a priori error estimate in Section 4.1.2 concerns the initial boundary value
problem with Robin boundary conditions on I' UT'w,. We obtain this result (Theorem
4.2) by extending the techniques of Bamberger and Ha-Duong, there only Dirichlet or
Neumann problems are considered in R3. In our derivation of our a posteriori error
estimator we extend the approach of Carstensen and Stephan (for the elliptic case) to
our hyperbolic situation (Theorems 4.3 and 4.4). In Section 4.4 we present an adaptive
algorithm for space-time refinement and give numerical experiments for the first kind
integral equation with the single layer potential.

The second part of the dissertation starts in Section 5.1 with the description of the
boundary element method for the exterior boundary problem of the wave equation in
the half-space Ri with Robin boundary conditions on I',. Here we extend the approach
by Ostermann (there for R? and Dirichlet boundary conditions) to our situation. Then
the Neumann problem in the absorbing half-space is considered which leads to the in-
tegral equation of the second kind with the normal derivative of the single layer
potential. In Section 5.2 we first present numerical experiments for the half-space case
outside a sphere. Here, an exact solution is known and can be used for validation. Then
in Section 5.2.2 we consider the benchmark of the sound radiation of a tyre with sound
hard road I'so. Again the core part is the implementation of the BEM for the second
kind integral equation with the normal derivative of the single layer potential ,
now with a physical right hand side. The benchmark of a vibrating tyre is computed
in Section 5.2.3. The horn effect, another benchmark, is considered in Section 5.2.4.
Again numerical computations are compared with the engineering data.

Chapter 6 is dedicated to the analysis of a rolling tyre. First the corresponding Green’s
function is given and an exact solution is obtained via Lorentz transformation. Our
numerical experiments in Section 6.3 show the Doppler effect which appears when the
tyre moves towards the observer.

Our numerical experiments are carried out on an Intel Xeon computer server at the
Institute of Applied Mathematics at LUH with an extended version of the software
package maiprogs.



1 Notation and Definitions

1.1 Notation and Definitions:

We start this chapter with a brief introduction into the main concepts and definitions
connected with the Sobolev spaces used and some standard notations for distributions
(see e.g. [2]).

First we recall the definitions of the Fourier transform and the Laplace transform. For
u(t,.) € S(R), the Schwartz space of tempered functions, and 1 € R, the Fourier trans-
form with respect to the time variables is given by

Filu(t, )](n,.) :/emtu(t,.)dt,

R

and for u(.,z) € S(RY) and ¢ € R the Fourier transform with the respect to the space
variables is given by

fz[u(.,x)](.,f):/ €T (. ) da,

RN
Finally, for w = n+ic € C and for u(t,.) € LT (the space LT is introduced below), the
Fourier-Laplace transform with respect to the time variables is given by

Li[u(t, .)](w,.)—/}ReMu(t, .)dt.

We sometimes write @ instead of L4[u].

We introduce the standard definition of the L?()-space as the set of all functions
u : Q — R which are square-integrable over € in the sense of Lebesgue. L?(Q2) is a
Hilbert space with the scalar product

(u,v)o = (u,v) 2 = / u(z)v(z) dx
Q
and the corresponding norm

[lullo = v/ (u, u)o.

For u € L?()), 0%u represents the weak derivative in L?() which is given by

olaly

0u= ————
ot - - Oxy?



1 Notation and Definitions

where o = (o, ..., aq) with a; € Ny is a multiindex , |a| := ag + -+ + ag. Assuming
that 0%u € L()) we get

(¢, 0%) = (=) (0%, 1)y Vo € C(Q).

We denote by C*°(£2) the space of infinitely times differentiable functions on {2 and by
C3°(€2) the subspace of functions with compact support in €2, i.e. functions which are
non zero only on a compact subset of 2.

We define the Sobolev space H™({2) for a given integer m > 0 by

H™Q) ={uc L*(Q)| 0% c L*(Q) V|a| <m}.
The scalar product on H™ () is defined by

(4 0)m =Y (8%u,0v)o,

|| <m
with the associated norm
el = (u,u)p? = (> l0ull5)"/?,
lo|<m
and the corresponding semi-norm
fulm = () [0%ullp)'2.
la)|=m

We now define the Sobolev space on the boundary I' which is necessary to define the
integral operators (for details see e.g.Dautray and Lions [I5] and Sauter and Schwab
[41]). The L?-norm on I is defined similarly to the space L?(£2) and equipped with the

norm
ul 2 = / () ? ds,.

For simplicity, we assume that there exists a piecewise parameterization of the boundary
X:€&—x, £=(&, - ,€-1) eGCRT, zerl.

The definition of higher order Sobolev spaces on I' requires the partial derivatives with
respect to the parameters &

8au($) = (8@1) T <8§(j_1) . U(X(gla T 7£d—1))7 zel.

The Sobolev spaces of order k € Ny, k <[ on the boundary is defined as the closure of

the space {u € C®°(T') : ||u||x < oo} with respect to the norm

1/2

lulle = | D 110%ullZ2r)

o<k



1.1 Notation and Definitions:

The generalization of the case of the Sobolev spaces of real positive order s = k + r,
where k € Ny, r € (0,1) is realized by the corresponding Sobolev-Slobodeckii norm
1/2
llulls = (lfull§ + [ul?)

with the half-norm

[0 u(x) — 9*u(y)?
e = [ 3 /F /F i s ds,
lal=r

Employing the dual product

1/2

(u,v) :/Fu(x)v(x) dsg,

we introduce the Sobolev spaces H*(I") of negative order for s € (0,!] as the dual
spaces to H*(I')

H™(T) = (H*())’,

with the norm

ulls =  sup S8¥
0#£veHs () [[v]]s

Definition 1.1. Let |||
multiindex o«. Then

ki = Supgepn ([2]* +1) 3014« 1D*@(2)] for k,1 > 0 and any

S(RN) ={p¢€ COO(RN)] ||k < oo for all multi-indices k,1 € No}

is called the Schwartz space of tempered functions. The dual space of S(RYN) denoted
by S'(RN) is called the space of tempered distributions.

Let E be a Hilbert space and define
LT(0,E) = {f € D\.(E);e "'f € S,.(E)}

where D' (F) and S (F) denote, as usual, the sets of distributions and temperate
distributions on R, with values in E and support in [0, co[. It is clear that LT (o, E) C
LT (o', E)if o <o’

We denote by o(f) the infimum of all o such that f € LT (o, E'). We thus have the set
of Laplace transformable distributions with values in F given by

LT(E) = U LT(0,E) (1.1)

For f € LT(F), we define its Fourier-Laplace transform (as in the scalar case) by

flw)=F(e™" f)(n)



1 Notation and Definitions

for o > o(f) .

For convenience we recall here the main results on the Fourier-Laplace transform. For
reference, we state the well-known Paley-Wiener and the Parseval-Plancherel identity.
Lemma allows to map results of existence and uniqueness obtained in the frequency
domain to the time domain(reference), and Lemma can be used to deduce mapping
properties of the time dependent operators from the mapping properties of the time
independent operators.

Lemma 1.1. (Paley-Wiener) An E-valued function f(w) is the Fourier-Laplace trans-
form of f € LT(E) if and only if it is holomorphic in some half planes Cyy = {w €
C;Imw > oo} and if it is of temperate growth in some closed half planes of Cy,. This
last condition means that there exist o1 > og , C > 0 and k € N* such that

1/ @)lle < CA+ w)*

for all w with Imw > o07.

Lemma 1.2. (Parseval theorem) If f,g € L (R, E)N LT(E), one has the following

loc

formula
=[G gpde = [ G0, g0)p
R

27 JRtio

where (.,.)p is the hermitian product of E and o > max(o(f),o(g)).

Spatio-temporal Sobolev spaces:
Recall the definition of the H*(R")-norm

By = [ (1 P Lot P

For w € C # 0 with Im(w) = o > 0, the norm
o = [ (ol +1€P)Ta(e) P

is equivalent to the H.||§{S(RN)—norm.

For a domain 2 C R?, the w-indexed norm in H*() is given by
1
s = (| 190 + WPluf)? (1.2

As for the traces of elements of H!(Q), we introduce a partition of unity a; subordinate
to the covering of I' by open sets B;. We consider a smooth partition of unity, diffeomor-
phisms (p;) mapping each B; into the unit cube Q and B;NQ) into Q™ = {z € Q, x3 > 0},
thus B, NI into ¥ = {z € Q,x3 = 0}.

Now, for f defined on I', one sets

(0:f) (@) = (i f) 0 o7 H(a!,0) 2’ €%



1.1 Notation and Definitions:

and )
3

p
s,w, ' = 2 289/1'\ 2d )
llsior (;/RM + P17 €)] 5)

where G/J' (&) denotes the Fourier transform of this function.
According to [5] and the references therein, we can now define the following spaces:

Definition 1.2. Let s,0 € R and s > 0, 0 > 0 then
HE(RT, X) = {f € L(0,X);e 7 A°f € L*(R, X)}

where K“Tf(w) = (iw)* f(w). It is equipped with the norm

1 +oo+io 9 . 9 %
o= (50 [Pl )

—o0+1i0

/1

We also need the following spatio-temporal Sobolev spaces:

Definition 1.3. [8, p.41] Let s € R and m € R, then

Hy (R, H™(I)) = {u € LT(H*(T)) | |u

|s,m,r < 00}

It is equipped with the norm

1 +oo+io ) . 5 2
e = (55 [ WP IR rds)

—o0+10

-

For m € N we have

H3(R™, L*(I) = Hy(RY, L*(I)),
Hy(R*, H™T)) = {f € Hy(R", H"1()); Vf € H; ' (RT, H"H(D)%)}

and ||f(w)||m,w7p is defined recursively by

1 @)llow,r = 11F @)l 2(r)
1 @) wr = WP F @) 151w + 1V @710 -

Now we summarize some of the relevant results of the trace operator.

Lemma 1.3. (Lemma 1 in[22]) For o > 0, there exists a constant Cy(I') so that
Yy € H%(F) and w € {Im(w) > o} , Ju € HY(Q) so that

lull1w.0 < Co(D[¢]1 4 (1.3)

Lemma 1.4. (Lemma 2 inf29]) Let vy denote the trace operator on H'(Q)). Then for
alw e {Im(w) > o}
hotlly o < Co@llull s



1 Notation and Definitions
1.2 Discretisation of the Space and Time Domain

Let us assume that I' is the boundary of a nonempty, open, connected and bounded
Lipschitz domain  C R3. The outer normal on I' := 0 is denoted by n.

If I' is not polygonal we approximate it by a piecewise polynomial surface and write "
again for the approximation. For simplicity, we will use here a surface composed of N
triangular facets with the following properties

o I'=UN T,
e cach element I'; is closed with int(I';) # @

e for distinct I';, I'; C I it holds int(I';) Nint(I';) = @.

For the time discretization we consider a uniform decomposition of the time inter-
val [0,00) into subintervals I, = [t,—1,t,) with time step |I,| = At, such that ¢, =
nAt (n=1,---).
We choose a basis ¢f,---, ¢} of the space V} of piecewise polynomial functions of
degree p in space (continuous if p > 1) and a basis g4, ---, 3V04 of the space Vi, of
piecewise polynomial functions of degree of ¢ in time (continuous if p > 1).
Let Tg = Ti,---,Tn, be the spatial mesh for I" and 77 = [0, 1), [t1,t2), -, [TN,—1,T)
the time mesh for a finite subinterval [0, 7).
If the simplest type of meshes Tgr = Ts X Tr is considered, we can approximate
H:(RT, X) by the space of piecewise polynomials in space and time. It is simply the
tensor product of the approximation spaces in space and time, V,f and VAqt , and we
write [I3, p. 535]
A _ /P q
Viar = Vi @ Vay-

The approximation space is then

Vfﬁ’gt = {span(¢)}, ¥ has compact support on Tgr and Pl oy

is a polynomial of degree < pin z and < ¢ intVk >0, Vn > 1}.

We write 4™ = ™9 m = 1,---, Ny, for piecewise constant functions in time, and
B™ = ™ m =1,--., Ny for the basis of hat functions for the the space of piecewise
linear, continuous functions in time.

The hat functions 5™ have support on two time intervals, namely [t,,—1, tym)U[tm, tmt1),
and are given explicitly by

x—(t—tm1) , tE[tmo1,tm)
Bm(t) = m(thrl - t) , te [tmvthrl) . (1'4)
0 . ¢ [tm—latm) U [tma tm—i—l)



1.2 Discretisation of the Space and Time Domain

The indicator functions 7™ = B™° have support only in one time interval, namely
[tm—1,tm) and are given explicitly by

() =

{1 . tE [tm1,tm) 15

0 ) t ¢ [tm—latm)
We note that we can rewrite all the basis functions in terms of Heaviside functions

Y"(t) = H(t — tm-1) — H(t — tm)

1 1
B (t) = F(t —tm—1)7"(t) + A (tm1 — Y™ (2)
= (H(t —tm-1) — H(t ~ tm))t_Ai’;_l + (H(t — ty) — H(t — tmﬂ))tzz:

We further note that we understand the derivatives of 4™ in the distributional sense as
the difference of two Dirac distributions

AM(E) = 6t — tym1) — 8(t — tm).

The above expressions will be used throughout this thesis.






2 Retarded Potential Boundary Integral
Equation in R’

Before we consider the sound radiation in the half-space Ri in the next chapters we
collect here known results in R3. The propagation of acoustic waves in a homogeneous
medium in R? is governed by the scalar wave equation
2

Du:zc—g%fAu:(), (2.1)
where u is the acoustic pressure and c is the speed of sound in the considered medium.
In the following, we set ¢ = 1.
In order to study acoustic scattering problems we consider the following setting:
Let Q := Q¢ C R3 be an unbounded connected domain with bounded complement
0 = R3\Q and Lipschitz boundary T' = Q¢ = 9Q¢. Suppose that an incident field u’,
propagating in €, hits the scatterer Q' at a certain time. We assume that the incident
field has not reached Q' at t = 0 and that all functions are causal.
Moreover, after subtracting u* the following initial conditions hold

u(0,z) = gtu(o,x) =0 forze. (2.2)

The boundary conditions on I" are given by an operator B acting on
Bu(t,z) = f(t,z) inRt xT. (2.3)

If Bu = u we refer to ' as a soft scatterer and the above problem is called the Dirichlet

problem. For Bu = g—z — %%’; the problem is called the acoustic Robin problem or

an absorbing scatterer. « is known as the impedance function of the surface I', with
a(z) > 0 for all z € I'. For a(z) = 0 we have a hard scatterer and Neumann boundary
condition. For the scaterring problem we have

f(t,ﬂj‘) = _Buinc(t>$) :
The energy of the total pressure field u'°t := u + '™ is given by

1
E(t,u'") = 2/ (V' (t, z)|* + |a'°t (t, 2)|? dx .
Q

Note that we do not have to require an explicit radiation condition. The fundamental
solution of the scalar wave equation (2.1)) is

6(t —s— |z —y|)
|z — |

G(s,t,z,y) =

Y

11



2 Retarded Potential Boundary Integral Equation in R3

where 0 is the Dirac delta distribution.
According to [45] v admits an integral representation

u(t, ) = 1 /Fny(w—y) (@(T,y) N sb(ﬂy))dsy 1 [ p(r,y) ds, (2.4)

Cdr Jr o Jr—yl \Jz—y2 " |z -y 4 Jp |z —y]

for all (t,7) € QxR™ with a retarded time argument 7 := t—|z—y|, where p = uT—u~ =

+ - . . _
[u] and p = %Ln - %Ln = [g—:ﬂ with vt = limges,,rv(z), v~ = limgis,_,p v(x).

Remark 2.1. If ¢ # 1 the retarded time argument is T =t — |z — y|/c.

Definition 2.1. Define for (t,x) € RT x (R3\T') the retarded single layer potential by

_ 1 [ p(ry)
Sp(t,x) = I e =yl ds,

and the retarded double layer potential by

Dol z) = 1 /Fny-(fﬂ—y) (@(T,y) +¢(T,y)> ds,

4w z—yl \Jz—y]> |z—y|

Thus, (2.4) reads

where p = ut —u~ = [u] andp:%%—%Z[g%]-

Definition 2.2. We define the time domain or retarded potential boundary integral
operators for x € ' and t € RT. The single layer potential is given by

Vp(t,x) = L /p(T,y) dsy

27 r|$—y|

and its normal derivative with respect to x, the adjoint double layer potential, is

K'p(t,z) = L / Ny - pr(T’ ) do
r

™ lz—y| Y

1 [y (z—y) <p(ﬂy) +p(7’y)> ds, .

C2rJr Jr—yl \Jz—yl2 |z -y

The double layer potential is given by

1 (7, y)
Ko(t,z) = — [ —n, -V, 229 g
ot ) 27T/r v V‘T\x—y! 7y

1 [ n,-(z—y) (90(77@/) n %f’(T’y)) ds,

Cor e Jr—yl \Jz—y2 |z—y

and its normal derivative, the so-called hypersingular operator, is

1 t— o —

z'eQe—a |.1‘/ — y\

12



2.1 Retarded Potential Boundary Integral Equations

The definitions above differ from the more common one by a factor of two.

Remark 2.2. Formally it holds e. g. for the single layer potential that

i —s—lz— 1
Sp(t,z) = 47T//F ot —s—|o y’)p(s,y) doyds = — p(r,9) do
0

lz —y| dm Jp |z —yl Y

Denote the limits from Q¢ and QF by

[ — l‘
(W=, fm . u),
wl= lim ux).
( ) z—T, zeQt ( )

Theorem 2.1 (Jump relations). Let x € Q¢ or z € O, then for p,p € C2(R x I') there
holds

2(Sp)~ (t,x) = 2(Sp) " (t,z) = Vp(t, )

a(Sp)_ . /
2250 (4 2) = (1 + K')pl(t,2)

a(Sp)+ o /

2(De)~ (t,x) = (=1 + K)p(t, x)

2(Dp)*(t, ) = (I + K)p(t,x)

(D)~ _ ,0Dy)" _

Proof. See [24] (Lemma 3 and Lemma 4a). O
We introduce the jump across T', which is defined as [u] := u™ — u™, and define the

traces you = u and yyu = a—g. We can write the above theorem in a more compact way
resulting in the well known jump relations

[0Sp] =0 [nSp] = —p
oDl =¢ [n1D¢]=0.

2.1 Retarded Potential Boundary Integral Equations

In this section we focus on integral equations of the first and second kind. See [22] and
the references therein for the corresponding analysis for integral equations.

For the Dirichlet problem, or soft scatterer, due to the Corollary of Theorem 1 (p. 116)
in [24], we can represent the solution u of using a single layer ansatz for = ¢ I’

u(t,z) = Sp(t, x)

13



2 Retarded Potential Boundary Integral Equation in R3

with a density function p. The single layer ansatz is continuous across the boundary
(Theorem [2.1)) so that the indirect approach yields the boundary integral equation

Vp(t,x) =2f(t,x). (2.5)

The variational form reads as follows: Find p in a suitable space-time Sobolev space
such that for all test functions ¢

// Vp(t, x)0q(t, x)ds, dot = 2/ f(t,x)0q(t, x)dsy dyt (2.6)

where d,t = e27tdt . We will introduce suitable Sobolev spaces in Chapter 3.
On the other hand, we can use the representation formula ([2.4)) for given boundary data
uw = f on I' and obtain with Theorem 2.1 and p := y;u the direct formulation

Vp=(K-1)f. (2.7)
The variational form is to find p such that for all test functions ¢ the following holds:

/ Vp(t, z)0q(t, )ds, dyt = / (K =D f(t,x)0q(t,x)ds, dyt (2.8)

For the Neumann problem or hard scatterer, we can represent u using the double layer
potential by some density function ¢, i.e. u = Dy. The direct approach with a given
normal derivative d,u = f on the boundary I' yields

Weo=(I+Kf, (2.9)

where ¢ = yu.
The single layer potential ansatz leads to the indirect formulation

(I - K')p=-2f. (2.10)

The variational formulations of the Neumann problem are to find ¢ resp. p, such that

/ Wolt, 2)0ub(t, 2)dse dot = / / (L4 KV (b 2)b(t o)dsa dot . (211)
or or

o0

/ (I — K")p(t,x)0q(t, )ds, dst = —2/ f(t,2)0q(t, x)dsy dyt (2.12)

for all test functions.

14



2.2 The Marching On In Time Method

2.2 The Marching On In Time Method

Let us now summarize the fully discrete schemes as presented in the thesis of E. Os-
termann [40, Section 2.3.2] [35] [44]. The single layer potential ansatz using piecewise
constant test and trial functions results in the following algebraic system withn =1, ...

Z Vn—mpm _ 2(fn—1 o fn) ’
which yields
n—1
Q(fn_l _ fn) _ Z Vn—mpm ]
For ([2.8)) we obtain
n—1
V()pn ( fn 1 Z K" mfm Z anmpm

where V! is given in [40, (2.25)], K! in [40, (2.28)] with  := n—m are given explicitly in
[40, Section 2.3.2] and I denotes the corresponding mass matrix. The direct approach
for the Neumann problem for piecewise linear trial and piecewise constant test
functions in time yields

n n—1
WO =51 R ) (KT =Y W
m=1 m=

where W is defined as in [40, (2.27)] and K! is given in [40, (2.27)] .
Similary, for with piecewise constant trial and test functions in time we get

n—1

(AL T+ (K" =2F" = Y " (K')" ™™ .

m=1
The above fully discrete systems involve the computation of a series of matrices, that are
sparsely populated because the light cone integration domain FEj restricts the number
of interacting elements per time step.
Note that as observed in [40] the computation of each matrix only depends on the time
difference. Furthermore (see [40, Section 2.3.2]) for bounded surfaces I' the matrices
V=™ resp. W™, K™~ yanish whenever the time difference [ := n — m satisfies

/s [diamf] '
At
Now, as shown in [40] for each of the above equations we obtain an MOT scheme of the
form
n—1
"= "= Z AT g™ = " (2.13)

m=max(1,n—n)

15



2 Retarded Potential Boundary Integral Equation in R3

with
n—1
no__ fn _ § An—mxm’ n

m=1

IN
>

and

n—1 n
Z AT g™ = T — Z APl gmA (=)=l gy S f,
m=n—mn m=1
The abstract MOT scheme can be summarized as follows ([40, Algorithm 2.1]):

forn=1,... do

if n > [d‘amr] then

Domain of influence has passed the body;

No more matrix computation needed;

else

Allocate storage for basic Galerkin matrix G"~! ;
Compute G"1;

Compose the new retarded matrices;

Delete basic Galerkin entries that are not needed in the next time step;
end

Compute right hand side by matrix vector multiplication;
Solve the system of linear equations ;

Store new solution vector
end

Algorithm 1: Time Stepping Algorithm

The most expensive part of the MOT scheme is the computation of the matrix entries,
although the resulting matrices are sparse.

The computation of an entry in the Galerkin matrix, which is an integral of the type

Gij = / / ko (z = y)ei(y)p;(x) dsy dsz (2.14)
E;

where k,(z —y) = |xr — y|” and v > —1, is in detail described in [40, Chapter 4]. The
discrete light cone integration domain is given by

E ={(z,y) eI xIs.t. t; <|z—y| <t11}.
The basic idea is to rewrite (2.14)) on triangles T;,T; of the triangulation I'y, of I" as
v= / )05 () dy ds.
Iy, ThNE(x

= > / / ku(z —y)pi(y)p;(x) dsy dsy

T Ti€ln T, 1B ()

16



2.2 The Marching On In Time Method

where E(x) := By, (v) \ By(x) is the so called domain of influence of the point z.
B, (x) denotes the ball of radius r and center z. In [40] the hp-quadrature to compute
Gé’j” is introduced and analysed.

In Chapter 5 below we present our benchmark computations for the half-space case,
discussing e.g. sound radiation above the sound hard road. the results are obtained by
applying MOT together with a space-time discretization of the second kind boundary
integral equation with the normal derivative of the double layer potential on the surface
of the scatterer (tyre). The computations with our extended code use Ostermann’s hp-

quadrature and are written based on the software package MaiProgs [33].

17






3 Retarded Potential Boundary Integral
Equations in the Half-Space

3.1 The Transient Half-Space Green’s Function for an
Absorbing Plane

In this chapter we report from Ochmann [38] a model problem for the interaction of a
linear sound wave with a partially absorbing surface. Corresponding Green’s functions
in both frequency and time—-domain have been derived in [38] [39].

For small amplitudes the relationship between sound pressure u and the normal velocity
vy, of the surface is linear. Their ratio is the acoustic impedance and it is given by:

For simplicity we consider Z € R constant and define

ao = 2.
Z

We take ¢ = 1. Here pg is the density of the absorbing medium. «., is the specific
acoustic admittance of the surface. A rigid plane has the admittance ay = 0.
We consider an acoustic boundary condition of Robin type:

ou ou

I OZOOE =0,
where n is the unit normal vector to the boundary which points into 2€.
We would like to determine a Green’s function for the wave equation with this boundary
condition. The Green’s function represents the acoustic response in half-space to a Dirac
mass. It corresponds to a function G, which depends on the admittance oo, on a fixed
source point P € R3 | and on an observation point Q € R‘i, where Ri = {(z1, 22, 23) €
R3 : 23 > 0} is the half-space.
The Green’s function is defined in the sense of distributions in the half-space Ri by
placing a Dirac impulse 0(¢, 21, x2, x3—h) at time ¢ = 0 and at the location P = (0,0, h)
on the right-hand side of the wave equation.
It is therefore a solution to the following problem:

0*q

W—AGzé(t,:cl,ajg,xg—h) in R*‘XR‘:’_

19



3 Retarded Potential Boundary Integral Equations in the Half-Space

with the boundary condition on an infinite plane T'oo = {(z1,z2,23) € R3/23 = 0}:

oG oG

— —Q— =0. 1
0xs @ ot 0 (3 )

@ observation point (x,y,z)

r'm:; source z=h Y

In the frequency domain this can be written as the Helmholtz equation
Aé + WQG = 5(IL‘1, 2,3 — h)

with the following condition on 'y

Dr, G =0, (3.2)

Here [y = iwaeo.
In addition a radiation condition is imposed at infinity.
Using an ansatz going back to Sommerfeld, Ochmann tries to find a solution in the
form L
G =)+ 9(-h)+ [ " atmat) dn (33)

with the unknown function a(n) and the free-space Green’s function
1w z24a2+(z3—h)?

A e (s )

g(h) (3.4)

The second and third terms on the right-hand side of G represent the field reflected by
the plane I' .

To determine a(n) one inserts the ansatz for G in the equation (3-2). First we calculate
the normal derivative of G-

A —h
e a<n>§7<g<n>>dn

81‘3 |a:3:0 —00

20



3.1 The Transient Half-Space Green’s Function for an Absorbing Plane

using
99 _ 0y
oxs  On’
By performing an integration by parts, one obtains

assuming that am) gikry 4 (),
Tn n——00

Here, setting r, = \/W and rp, = \/W and substituting G and gTi

into the boundary condition (3.2)), one obtains

—h) . —h W 280 —h wr
M o [ O gy By [ ) Sy =0,
Th s O Th T

T —00 n

This equation holds provided that

{a(—h) — 2650 =0
865(7;7) + /Booa(n) =0.

The solution of these equations is
a(n) = 2Boge™ Pl (3.5)

By substituting equation (3.5)) into (3.3) we obtain

~

—h
G = §(h) + 3(—h) + 2Boge =" /_ e =BG () dy. (3.6)

Remark 3.1. We have assumed that: an) giwrn 0. From equation (3.5)), we

n n——00
see that this is satisfied only if Re(fo) < 0. It holds in particular if ase € R and
Im(w) > 0.

Starting from the expression for the half-space Green’s function in the frequency domain

iwr(h) iwr(—h) —h etwr(n)

© ¢ + 2ﬂooeﬁ°°h/ e P

¢= 4mr(h) + 4mr(—h) . 4mr(n) dr

with  7(h) = /22 + a3 + (x3 — h)2, G is obtained from G by the inverse Fourier
transform :
N 1 oo .
G=FG= / G(w)e “'dw.
27 J_o
In summary, the Green’s function over an infinite plane with the boundary condition

(3.1)) can be represented as

6(t—=r(h)  dt—r(=h) . 1¢
oy T dehy TE P

G:
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3 Retarded Potential Boundary Integral Equations in the Half-Space

where . (i)
- wwr(n
izgoo—ﬁooh/ e €
e ) T ™
Here one uses the known transform
(5(t —r(h)) B eiwr(h)
4nr(h) 7 4mr(h)’

It remains to calculate the inverse Fourier transform of the term 3:

z:pyg:aw/%'l1/ww@wwﬂaww5ww,m_
21 J_o r(n) \ 27

Setting
1(777t) - 1/ iweiw(r(n)fam(n+h))€7iwt dw

2 J_

one considers the Fourier integral

1o |
J(Tlat) = _27('/ ezw(r(n)_aoo(ﬁ-f—h))e—zwt dw

with 87(n. 1)
n,
I(n,t) =

(n,1) ot

Because of
J(n,t) = =0 (t —r(n) + ac(h + 1)) (3.7)
and by introducing the quantity
0¥y 5
ot

one gets after interchanging integration and differentiation

—h
Qoo 1
Yy = —= ——J(n,t)d
SR BN R

—as [TM1
= /_Oo r(n)(S(t—r(n)Jraoo(th?]))dﬁo

Hence substituting
T =7(n) — aoo(h +1)

with
T = 4 () — ol )
d
-y =)
_ (ws—m)
r(n) °°
and
dn —r(n)
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3.2 Integral Representation and Time-Domain Boundary Integral Equations for an Absorbing Half-Space

one has
oo [0 0t —T)dn
s r(—h) 7“(77) dr

0 > 6(t — T) e
27 /r(—h) (3 — 1) + asor(n)
o [* 8= —r(h)
o /_OO (x3 —n) + asor(n) i

The next step is to write the denominator in terms of 7 only.

I
S o 0

207 (m)? + 20007 (n) (w3 — h) + (903 —n)°

2o (m)? + 2000 (n) (w3 — ) + o (w3 — ) — (ady — 1) (w3 —n)*

27 () 4 2000 (n) (w3 — h) + al (x5 — ) + (a2, — 1)(R* — r(n)?)
r(1)* + 2000r(n) (23 — h) + a3 (583 —n)*+ (o2, — 1R’

(r(n) + aos(w3 — 1))* + (2, — 1)R?

= (T + aco(x3 + h)) (aio - )R2

(w3 =) + acer(n))’

Hence,

(23 — 1) + asor(n) = /(T + asolzs + h))2 + (a2, — 1)R2.
Inserting this expression into the definition of Y4 one obtains
5, = —Oloo /OO 0(t —7)H(T —r(—=h)) ir
2 0o V(T + ooz + h))2 + (o — 1)R2
|~ H(t —r(—h))
21 /(t + aco(ws + h))? + (a2

This gives a closed analytical representation of the Green’s function for an absorbing

o2, — 1R

half-space
_ 0@t —r(h)  6(t—r(=h))
¢= 47rr(h) + Amrr(—h) 2 (38)
with
—Q O H(t —r(—h))

-
2m Ot /(t + ao(ws + 1)) + (0% — DR

and R2:\/$%+w% .

3.2 Integral Representation and Time-Domain Boundary
Integral Equations for an Absorbing Half-Space

We consider the direct scattering problem of linear acoustic waves in an exterior Lips-
chitz domain Q°f = R3\Q (see Figure [3.1)), O is bounded and the incident field u; is
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3 Retarded Potential Boundary Integral Equations in the Half-Space

known. The goal is to find the scattered field u as a solution to the wave equation in the
exterior open and connected domain ¢, such that the total field up, decomposed as
up = uy + u, satisfies a homogeneous impedance boundary condition on the boundary
Nul.

Here the boundary of Q in Ri is denoted by T', while I'y, denotes {(x1,z2,23) € R3 :
r3 = 0}. Now, the unit normal n points out of Q¢ and on T'y, into Q°, (see figure).
Thus the initial and boundary problem for the wave equation is:

2
gté‘—Au:o in Rt x Q°
w(0,2) = %(o,m — 0 (3.9)
%—ag—;‘: in Rt xT
n
%—amg—?:o on RT x ' .
n

The geometry for the boundary value problem (3.9)) is depicted in Figure

n Q° =RY \ O

Too = {2z =0} T”

Figure 3.1: Geometry of the boundary value problem ({3.9))

3.2.1 Integral Representation

We are interested in expressing the solution u of the direct scattering problem (3.9)) by
means of an integral representation formula over I' (See Becache [§] for exterior domains
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3.2 Integral Representation and Time-Domain Boundary Integral Equations for an Absorbing Half-Space

in R3).

Theorem 3.1. Let u € L*(R*, HY(Q)) N H}(RT, L?(2)) be the solution of (3.9) for a
Lipschitz boundary I'. Then it holds in the sense of distributions:

oG
u(t, z) = / o, (&= T2, y)u(T,y)drdsy
Rt xT Oty €0t eR,

ou
- Git—r1,2,y)=—(7,y)drds
| Gt ram)ge s,

with G given in (3.8]).
Remark 3.2. If z € Q' we set u(t,z) =0 .

Proof. We define an extension of u to R x R3:

u =

N u(t, x) in Rt xQ°
0 otherwise.

The proof is divided into 3 steps.
1. Step: We show that u satisfies the following inhomogeneous wave equation:

—Oa = gz(t, x)0r + u(t, r)0p + gZ(t7 x)or., + u(t, z)dr_, (3.10)
where dr is the delta distribution on I', and the distribution df. is defined as follows:
00
(udf, 0) = —/ u— dtds,,
R

+xTI on

and

0
o ,9:—/ —— dtds, .
(udr, 0) er, Yo s

Let 6 € Cg°(R* x R%). Then we have:

(Oa, ) = (a,00) = u(t, x) ﬁg —Ab | (t,x)dtdx .
R+xQe ot

Since % = 0 in ©* and @ = 0 locally integrable it is enough to integrate over Q¢, where
U = U.
We now integrate by parts in time

20 2 0 00
/ u(t, x)a—2 dtdx = / 8—7;9 dtdx +/ [au - Gau} dx .
R+xQe at R+ xQe 8t e 8t at 0
In space we apply Green’s second theorem:
/ —u(t,z) A dtdx = —/ Aub dtdx +/ (u0p0 — 00pu) dtds,
Rt xQe Rt xQe Rt x9Q¢

= —/ Aub dtdzx —|—/ (u0pl — 00pu) dtds,
R+ xQe R+xT

+/ (u0p0 — 00pu) dtds, .
Rt %o
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3 Retarded Potential Boundary Integral Equations in the Half-Space
This implies

2
(O, 0) = (a,06) = / u(t, ) (83 - AH) (t,z)dtdx
Rt xQe ot
020
= / u(t, z) oo dtdr — / u(t, z) AOdtdx
R+ xQe ot Rt xQe

0%u 00 oul]™
—/];_XQE @0 dtdx‘i‘/ge [(‘%u_eﬁt}o d.f

— / Aub dtdx + / (w00 — 00pu) dtds,
Rt xQe Rt xI"

+ / (uOpl — 00pu) dtds,
Rt xIoo

0%u 00 oul™
- YU Au) 0dzdt P-4
/R+Xge <8t2 u> o +/Qe [at“ at]o v

+ / (u0n0 — 00pu) ds,dt + / (u0R0 — 00pu) dszdt .
Rt xI Rt xIso

By the assumptions on u and 6 the second integral vanishes. It remains:

2
(Oa, ) = / (6224 - Au) 0 dxdt + / (uOp8 — 00pu) dsgdt
Rt+xQe \ Of R+ XTI

+ / (u0n0 — 00pu) dsydt .
Rt XTI

Therefore

00  Ou
—Ou) 0 dxdt —u— + —0 ] ds,dt
/RJFXQ@ ( U) vty /R+><F < Uan - on > °

— / (w00 — 00pu) ds,dt .
Rt xToo

—(0a, 0)

We conclude

du

ou
—Ou = —Ou 1ge + —96 57
u U 1o +anf‘+ur+8n

51“00 + UCwaoo s

where 1qe is the characteristic function of 2¢. By assumption, u is a solution of Uw = 0.

So:
- ou ou
DO =— ?g loe + %(& + udp + a—népm + udp_

which is (3.10f). This proves (3.10).
2. Step: By (3.10), we observe that for ¢ € C§°(RT x R3)

(Ir+xoet, 0¢) — (Ig+xqeOu, @) = (O(1g+xqew), #) — (Ip+xoeDu, ¢)
Ove v,
= —( 5,700 +vedp + = 0r, + v, 0) . (3.11)
Since Ou = 0, the left hand side is equal to (1g+ e, J¢). While this identity extends
to ¢ € C°(R* x Q¢), provided ¢ is compactly supported in [0, 00), we would like to
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3.2 Integral Representation and Time-Domain Boundary Integral Equations for an Absorbing Half-Space

substitute ¢ = G, the Green’s function for the absorbing half-space (3.8). In this case
we have for all (¢,z) € RT x Q¢

(Ip+xoeu, UG) = (Ip+xqeu, 6:0z)
= (1R+Xﬂeu)(t7x) = U(t,{l}) )
and (3.11)) is the representation formula.
It remains to show that ([3.11)) holds for ¢(y,7) = G(z,y,t,7), given (t,z) € RT x Q°.
To do so, we fix x € C* so that x = 1 near the singularities of G: I.e. for given § > 0,

we set
I={llz—yl- (-7 <U{llz—y|-(t—-7) <5}

We set

xX(z,y,t,7) =1 when (x,y,t,7)€l
X(z,y,t,7) =0 when |lz—y|—(t—7)]>20 and ||z —¢'| — (t —7)| > 26,

and a suitable smooth function in between.
It is easy to check that (3.11]) extends to ¢ = (1 — x)G € C*®°(RT x Q°), i.e

du

ou
o _ / ou / iy
/R+x98 wO((1 - ¥)G) <8n5r—|—u5p+ anér‘” +udp__, (1 —X)G) .

It only remains to consider ¢ = YG. Assume that ¢ is small enough so that dist(z,T" U
o) > 25. We let xo € C°(RT x Q°) defined as

x2=1 when 0<dist(y,I’UTly) <0
x2=0 when dist(x,TUT'yw)> 25,

and a suitable smooth function in between.
We write

¢ = XG = x2XG + (1 — x2)XG .

The second term vanishes near I' UT',. We note

(1= x2)XG, Ou) = (O ((1 = x2)XG) , )

/ uldG dsydr
In{dist(y, Ul )>26}

+/ u((1 — x2)XG) dsydr
Teu{dist(y,I'Ulx) <28}

= u(t,x) + / uO((1 — x2)XG) dsydr
TeuU{dist(y,['Ulx) <26}

and hence
0 =u(t,x) +/ u((1 — x2)XG) dsydr .
Teu{dist(y,I'Uls ) <26}
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3 Retarded Potential Boundary Integral Equations in the Half-Space

Concerning ¢ = x2xG, note that
0 = (H0xG),w)

= / O(x2xXG)udsydr = / ubO(x2XG) dsydT
Rt xQe {dist(y,I'Ul'sc) <20}

+ / uO(x2XG) dsydr .
In{dist(y,['Ulsc)>20}
Together we obtain

0=u(t,x) +/ u((1 — x2)XG) dsydr
Teu{dist(y,I'Ul'sc ) <26}

+/ uO(x2XG) dsydT +/ ub(x2XG) dsydT .
{dist(y, Ul ) <26} In{dist(y,['Uls)>26}
Adding the formula for (1 — )G and letting § go to 0 we obtain
ou

..+ udh,, ). (3.12)

ou
t,r) = —(=—0 )
u(t, v) = —(526r + b +
3. Step: It remains to eliminate the contribution of I',. Using the boundary condition
at ' in (3.9), we see that
G

u(t,z) = / —a—u(T, y)G(t — 7, 2,y)dsydr + / u(t,y) 55— (t — 7, 2,y)ds,dr
Rtxr  On R+ xT 3"3;

+/ —E)U(T,y)G(t—T,x,y)dsydT+/ u(r,y)—aG (t — 7, z,y)dsydr
Rtx[y ON R+xToo ony
ou oG
= ——(1,y)G(t — 7, x,y)ds dT—I—/ w(T,y)=—(t — 7, x,y)ds,dr
| erGt - nepdsydr+ [ () n s,

+ / Cvoo%(’]', y)G(t — 7, z,y)ds,dT + / u(r, y)a—G(t — 7, 2,y)ds,dT .
R+ xToo ot R+ xToo Ony

Integration by parts in time yields
oG
u(T, y)a—(t — 7, 2,y)ds,dr

ou
u(t,x) = ——(1,y)G(t — T,2,y)ds dT+/
(t,2) /R+><F 371( )& Jdsy R+ xT Ny
0G

_ / a0 28 (1 = 7.2, yulr, y)ds,dr + / a(ry) 2% (¢t — 72, y)dsydr
R¥xlo O In

Rt xTso Y

= / _gu(’r? y)G(t - 7,7, y)dSydT + / u(’]‘7 y)aaCTv(t -1, y)dSydT )
Rfxr O R+xT Ty

O

3.2.2 A System of BIEs for the Robin Problem

Associated Helmholtz Problem

As realized by Bamberger and Ha-Duong [6] [5], it is useful to analyse an associated
Helmholtz problem in the frequency domain to obtain results for the wave equation.
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3.2 Integral Representation and Time-Domain Boundary Integral Equations for an Absorbing Half-Space

We will therefore look at a scattering problem for acoustic waves in the half-space. For
a fixed frequency w with Im(w) > o > 0 the following exterior problem is considered:

u® € H1(Q°),
(A+wHué(xr) =0 in Q¢
% 4 aiwu=f onl

% 4 agotwu® =0 on 'y

(3.13)

plus a decay condition(Sommerfeld’s radiation condition) for the outgoing wave at in-

finity

ou(x)
O]

(see e.g. Lemma 3.3 in [I4] for the full space case and [25] for the impedance radiation

u(z) = O(|z| ™),

—iwu(2) = o|z| 1), | — o0,

condition in the half-space case). This condition holds automatically since for Im(w) >
o > 0 the solution decays like exp(—oc|x|) and hence the solution belongs to H' and

not only H llo -

We also need an associated interior problem
ut € H(QY),
(A+wHui(z) =0 in QF (3.14)
o’

%—aiwui:g onl'.

Here, « is the admittance function of the surface I' and a is the admittance function
of the planar surface I's,. The right-hand sides f, g belong to H -3 (T"), and f is related
to the incident wave by

OUine
o (z).

The condition u¢ € H(Q°) replaces the Sommerfeld’s radiation condition at infinity

f(z) = —a(x)iwuin(x) —

for real frequencies.

Theorem 3.2. Let Im(w) > 0. The problems (3.13))-(3.14) admit at most one solution
for Re(a) > 0 and Re(as) > 0.

Proof. We consider the homogeneous exterior problem
u® € HY(Q°),
(A +w?)ué(xr) =0 in Q°
%—Faiwuezo on I
% 4 agotwu® =0 on Ny,
and the homogeneous interior problem
ut € HY (),
(A+wHul(z) =0 in QF

oul .
By — cawu =0 onl.
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3 Retarded Potential Boundary Integral Equations in the Half-Space

We show that these problems admit at most one solution, namely zero. To do so we
multiply the Helmholtz equation with iw@ and integrate over Q¢ U Qf. We obtain

/ Aw.ion + wiuioudr = 0.
QeuN?

Now, we apply Green’s first theorem to u¢ and ' to obtain

/ —i@|Vul?® + iw|w|?|u|® dx — / z‘w(au ae 2 ') ds, —/ 02 g dsy = 0.
QeuNt T on 0 oo 0

n n

Here, we have neglected a contribution from a large semi-ball which tends to zero as
the radius of the semi-ball goes to infinity.
We take the real part of this equality and use the boundary conditions:

aui e

ou® ; ou
o1 2 21,12 —_ /_-— —e i . _/ ; 7€ .
m(w) /QeuQi |Vul® + |w|*|u|” dz = Re( g iw( 5,0~ 5, ¢ )ds . ol dsg)

= Re(/ —iw(—oiwua’ — adwu'u') dsy — iw/ —Qoolwuu’ dsy)
r oo

:/—Re(a)(]w|2]u6]2+]w|2\ui|2)dsx+/ —Re(aoo)\w|2\ue\2dsx.
I

oo

Since Im(w) > 0, the conditions Re(a) > 0 and Re(as) > 0 ensure that u® = u® = 0
on I'ee UT and implies u® = u’ = 0 everywhere on Q¢ resp. 2’. The uniqueness of the
solution follows. O

The next step is to represent the solution of the wave equation in Q¢ and ¢ by means
of layer potentials using the representation formula for the Helmholtz equation.
A solution v € H*(Q%) U H'(92¢) of the Helmholtz equation can be expressed as:

u=2S,p—Dyp in QLUQC,
where .
ou'  Ou®
on  On
Sw is the single layer potential in the half-space associated to the absorbing boundary

condition on I's from (3.13)):

1 eiwlz—yl ewlz—y|
S = —
P () 4w /p (4%\93 — 9| + 4|z — y'|
—(z3+ys) etkr(n)

+26006*,800(x3+y3) / 6*50077
o0 mr(n)

where  7(n) = o2 +n? , 05 = |zs — ys| = V(21 —y1)? + (22 — y2)? and B =

W Dy, is the corresponding double layer potential

1 9 eiwlz—yl eiwlz—y'|
D S
(@) 4 /F ony (47rx — v * drt|z — |
—(z3+ys3) etkr(n)

_|_25ooe—ﬂoo(a?3+y3) / e Boon
- 4mr(n)

onlI'.

p=u'"—u® and p=

dn) p(y) dsy

dn) p(y) dsy.
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3.2 Integral Representation and Time-Domain Boundary Integral Equations for an Absorbing Half-Space

The relevant integral operators V,,, K, K/,, W, on T are:

1 etwlz—yl eiwlz—y'|
Vip(z) = —
Lp () 27 /1" <47T|:1: — | + dr|z — |
—(z3+ys3) 5 etkr(n)

_Boo (933+y3) —Poon
+2fce /Oo e () dn) p(y) dsy

27 Jr Ong \ 4n|z — y + dr|z — |

i s0(;5):1/ 0 <e"”|xy| eiwlz—y'|

—(z3+y3) etkr(n)

+2/8006_6oo(333+y3) / e Boon
0 4mr(n)

dn) p(y) dsy

1 o eiwlz—yl eiwlz—y'|
K S
wp () 27 /1" ony (47T|x — 9| * 4|z — |

—(z3+y3) etkr(n)

+2/8006_6oo(333+y3) / e~ Boon
0 4mr(n)

dn) p(y) dsy

1 52 eiwlz—yl eiw|zfy’|
W, = —
we () 21 Jr Ongny (47r|:n — 9| + drlr — |
—(z3+ys3) etkr(n)
42 e—ﬂoo(m—irys)/ e B0t d ds. .
Boc -~ Ty p(y) dsy

We use them to express the traces of w in term of ¢ and p:

2u¢ =Vyp— (I + K,)p

2ut =Vop+ (I —K,)p (3.15)
ou®

27 = (=I+ K )p—W,

o (=1 + K,,)p @

out

2 = (I+ K )p—Wyp.

o (I + K,)p @

Adding and substracting the boundary conditions (3.13))-(3.14])) on I', we have

%f%—%—f—aiwgo:f—i—g:F
p—aiwu® +u)=g—f=G.

Then using the equation (3.15)) of the trace u we find the following system of integral
equations:

K'p—W,0) —i —F
{( oD @) — iwap (3.16)

p —iwa(Vep — Kup) =G
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3 Retarded Potential Boundary Integral Equations in the Half-Space

If & # 0 multiplying the first equation by —iw1 and the second by éq, after integration
we obtain the weak formulation:

au, (U, V) = 1,(V). (3.17)
Here,
- . _ 1 _
a(U,V) = |w]? / apipds, + / —pgds, + iw / K! pipds,
r r« r
—io?:/ngmstm—iw/prcjdsw+iw/Kw<p(jdsx
r r r
and

- _ 1
l,(V) = z'a)/ Fids, + / —Gqds, ,
r ro
U=(¢.p),V=00q).
For a = 0, (3.16]) reduces to W, = K,G — F. The analysis of this case is analogous.

Theorem 3.3. (Coercivity)
Assume that Re(a) > 0,Re(awe) > 0. Then the following inequality holds for all U =
(¢.p) € H2(T) x I(I):

- 1
Re(au (U, 0)) 2 [[y/Re(=)pllg r + Collwllgw,p +[lwv/Re(a)el§ -

a
Proof. Taking the real part of the bilinear form a,, and using (3.15)), we calculate

o (Vo K.
Re(aw(U,U)) = Re/(KLp— Wap — iwap) (—iwg) + pr iwaf :p 2 ds.
I

out  ou . ; T
Re/F[an + o —iwao(u' — u®))io(u’ — u®) dsy

1 0ut  due  du'  dut . .,
+Re/poz(6n - 8n)(8n —%—zwa(u +u®)) dsy

out - _ou® _
=Re | w22 ui—22" ) ds,
e/sz( u 8nu) s

on
1 0wt Ouf :
—1—/\”—“\2 dsx—l—\wP/a!u’—ue\g dsg .
ra_oOn  0On I ~——
—_———

—pl2 =lel?

By Green’s formula using the derivative in direction of the interior normal.

ou® _ . . o -
— uéds, = — / (interior normal derivative on I' of u®)u®
r on r
ou® _ ou® _ ou® _
= — ue ds, — u® ds, + u€ dsy
T on r on r on
oo N~
ou’
Oxg
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3.2 Integral Representation and Time-Domain Boundary Integral Equations for an Absorbing Half-Space

Integration by parts on Q¢ leads to:
ou® _ ou®

— ueds, = Aufue + vu® Vue dr +
T on Qe T'so 8333

ou® _
:/ \Vue\2—w2]ue]2da:+/ - u®dsy
Qe Foc 8.'173

:/ \Vue\Q—w2]ue|2dx—/ iooow|uf)? dsy .
Qe T'oo

ue ds,

Therefore,

ou’ _
—Re2i@/ 6u uéds, = Re(2/ i@ Vub)? — iww?uf)? de — 2/ (i@ )iovaow|ul|? ds,)
r on Qe

:Re(2/ i(IJ|Vue|2iw|w|2|ue|2d:c+2/ Qoo |w[?|u|? dsy)

Ioo

:20/ |we|2+|w\2|ue|2dx+2/ Qoo|w|?|uf|? dsy .
Qe

e}

Similarly

o % _ . .
Re 2iw/ B ds, = Re(2/ iw| V' |* — iww?|ut|? dr)
T 871 (X3
= 20/ |Vut | + |wl?|ul|? da .
Qi
We conclude:

N [, 0u" — Ouf 1, 9 9 9
Re(aw(U,U))—Resz/F( -l )dsx—f—/ra]p| + |w| /Foz]<p| dsy

1
= 20/ |Vul® + |w|?|ul? dz + / Re(=)|p|* dsy + |w|? / Re(a)|p|? ds,
QiuQe r o r
+ 2/ Re(cras) | 2|2 dsa
Fs
1
220/ |Vu|2+|w|2|u|2d:17—|—/Re()|p2dsz—|—|w|2/Re(oz)g0|2dsx.
QiuQe r o r
Using the trace theorem in ¢ and Q°
lells wr < Cllulliwe,

it follows that

- - 1
Re(a,(U,U)) = || Re(a)pllg,r + Collsolléva +[lwy/Re(a)el 3 r-
O

Remark 3.3. Assume Re(as) > 0. Then a similar coercivity estimate holds for the
single layer potential V,,:

Re(iwVup, @) > Coll@llZy , r- (3.18)
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3 Retarded Potential Boundary Integral Equations in the Half-Space

Theorem 3.4. (Continuity)
Assume that Re(aso) > 0. The integral operators satisfy the following mapping proper-
ties for p € Hfé(lj) and ¢ € H%(F):

Vablly o < Calwlllpll_y (3.19)
Waipll_y o < Cololllely o (3.20)
1T~ Kadells o < Cololllglls o (3.21)
I~ KLl o < Colellpll_s - (3.22)
Proof. First we prove (3.19).
Let be p in Hfé(lj) and let v = S,¢. Then we saw that v verifies:
(A+w?)v(r)=0 in QUO°
% - % =p onl
v —v*=0 onT.
Applying Green’s Theorem in QU Q¢ we obtain
Ot~ 9 i =
iw—uvtdsy = —iwlw|*v'v'dr + [ iwVV'Vulde (3.23)
T on Qi Qi
and
ov® _ o _ - -
—/ i 2 e dsg —/ iw e ds, = / —iw|w|*vere dx—}—/ iwVvevuedr . (3.24)
o 81‘3 T on Qe Qe

Adding the two equations ([3.23) and (3.24]) we get

ov° _ ot o\ _
—/ i 2 e dsx—i—/ iw (v 7 )ve dsy —/ —iw[w\2]v|2da:+/ iw|Vo|? da.
. 8LU3 T on on QeuN? Qe

Using the boundary conditions on I' and I's, we obtain

/ aoo|w|2|ve|2dsx+/iwpv_€dsx:/ iw]w|2v|2dx+/ iw|vo|? dz .
T'eo r Qeun? QeuN?

We take the real part of this equation:

—/ Re(cras ) |w[2|0° 2 dss + Re </ iopu dsr> = 0 (I R e + 171 )
I'o I

It follows from Re(ao) > 0 and from the trace theorem (Lemma 1.4) that

Ro ( [ipoeds. ) 20 (1017 e+ 10 ) -
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3.2 Integral Representation and Time-Domain Boundary Integral Equations for an Absorbing Half-Space

Therefore :
wllpll_ s el 10113 o > 20110713

lllpll_y . = 20110°]13

and vjp = V,,p imply that

fwl
ol

(Vepll wr <

Now we prove the estimate (3.20). Let ¢ in H %(F) and let v = —D,p. Then we saw
that v verifies:

(A+w)() in QU Q°
Ot 0" —() onT

v'i—1*=¢ onl.

Moreover we have 2 a = —W,p.
Adding the two equations (3.23)) and ({3.24]) we obtain

,_81)6 - ‘_8’06 - — . 2 2 . 2
- iw—v¢ + [ iw—— (v' —0°) = —iw|w|*|v]* + iw|vul?.
I, 023 r on QeuQi QeuQ

By using the boundary condition on I' and ', we obtain the following equality:

8 e
—/ ozoo\wIQ\vﬂzdsx—i-/i(D v @dsm:/ —iw[w\lePdQ:—i—/ im|vol da.
oo r on QeuQ QeuQ

We take the real part of this equation:

. Ov® _ ;
—/ Re(aoo)|w|?|v¢)? ds, + Re (/ e godsz> =0 <||Ue||%,w,ﬂe + ||U’||%WQZ> )
o0 r

Because Re(aoo) > 0 and using Cauchy-Schwarz we obtain

(3.25)

1
HveHiw,ge < m’ wl[lel] 1 Q,er o H——,wF

Using Green’s theorem in 2¢ we obtain

— Ov wdsw—/ v godsx:/ —w2vewd:1:+/ Vv da
Too 8x3 T 8n e e

where ¢ € H'(Q°) as Lemma and =1 € H%(F)
For p € H %(F) we have by the trace theorem

ove _
’/pan‘Pde’ < hweellPlhweoe -

By Lemma [T.3]
ll e < U1y o
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3 Retarded Potential Boundary Integral Equations in the Half-Space

It follows that

ove
on

ove -
_ L bds,| < Clv°||1w.qe -
“p{¢EH%<r>/||¢%,w,F1}|/F an @ 1ol = Ol lhwg

From (3.25)) it follows that
a e
IWorll_1wr = ll5-llogwr < Cllv®llwee < Clwlllelly -

Using similar reasoning, we obtain the estimates and -

Theorem 3.5. (Continuity)
Assume that Re(ass) > 0 and o, 2 € L°(T). The bilinear form a, is continuous on

(H%(r) X L2(r)) X (H%(r) X LQ(F)).
Proof. Recall that with U = (¢, p) and V = (¢, q)
. _ 1 _
a,(U,V) = |wf? / appdsy + / —pqdsy + iw / K,pipds,
r r o r
—i@/thp@Zde—iw/prcjdsx—i—iw/ngocjdsw.
r r r

Now we estimate the various terms of the bilinear form a,, using Theorem

/ appds,| <
T
1
‘/ *pqu;r =
r &

iw / ! pbds,

jo]?

sl

C
S 02\w|2HpHo,w,FHQHO,w,F,

MQ

<C wF’
i@/FWaM@dSz < wllIWoll_1 o rlll1 o < CloPllelly g, pll¥lls g r
Z‘W/ Vupqdsy| < ‘Wmva‘ lor ‘QH_%M’F
r

< Clwl||p||_ 1orllal 1 ur

< Clwl? HPHo,w,FHQHO,w,F
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3.2 Integral Representation and Time-Domain Boundary Integral Equations for an Absorbing Half-Space

i /F Kopadss| < |l Kuglls o pllall s o
< Clolliglly wrllall s o r
< Clolliglly o rllallowr

Adding the 6 inequalities we get

a0, V) < Cy (Jwllplowr + @ligly o r ) (Wllalowr + wlilyor) - (3:26)

O]

Time-dependent Problem

We consider a time-dependent acoustic scattering problem with an absorbing object in
the half-space above the absorbing plane I'.
The scattered wave then satisfies the following initial boundary value problem:

(25 — A)us(t,z) =0 in Rt x Q°

u® _ 0ut _ +
a%-=f onR"xT

on (3.27
W — a2 =0 onRY x I )
= (0,2) = uc(0,2) =0 in Qe.

The corresponding interior problem is:
(&% — A)ui(t,z) =0 in RY x O
%—f—i—a%i:g on RT x T (3.28)
O (0,2) = ui(0,2) =0 in Q.

The solution of ((3.27) and (3.28]) satisfies the representation formula

u(t,z) = Sp(t,z) — Dp(t,x) Y(t,z) e RT x Q°UQ,
where '
ou'  Ouf
on  On

S is the single layer potential in the time domain for a half-space with an absorbing

on RT xT.

Y= ui - ue ) b=
boundary condition, defined by

Sp(t x)zl/p(t—lx—yl,y)ds +1/p(t—lx—y’\,y)ds
’ Ar Jpo o -yl Yodm o |z =y Y

Qoo o0 o H(t—s—|x—y’|)
Com ds y)ds,ds .
o O//F88[\/(t—8+a00193)2+(a§o—1)R2]p(s y)dsyds
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3 Retarded Potential Boundary Integral Equations in the Half-Space

The corresponding double layer potential D is:
0 (plt—|z—yly)

1 9 (plt—lz—yly) 1
Dep(t,z) = 471'/ Ony < |z — y| dsy ) + 471'/ Ony |z — /| dsy

o [ O (0 Hit—s—|z—y])
: 27To//F ony (83[\/(75 — 5+ aoo¥3)? + (ad, — 1)Rz]p(5’y)> dsyds -

As for the Helmholtz equation we have the following trace identities:

2u¢=Vp— I+ K)p

u' =Vp+ (I —-K)p (3.29)

Bu
25 =(-I+K))p-Wep

ou’
2
on

=T+ K)p-We.

The relevant boundary integral operators on I' are:

L [ p(t—I|z—yl,y) L [pt—|z—vy]|y)
Vplt,z) = — ds, + — d
Pt ) 27r/ |z — | v ¥ o lz — /| i

Qoo t—S—Iﬂﬁ—y'D
- s,y)dsy,ds ,
//88 N T e e i

1 0 (p(t—l|r—yly) 1 o (pt—lr—1yl]y)
K/(p(t,i') = 27_‘_/Fanx ( \x—y\ d +/ 8?135 ’w_y/‘ dSy

v [0 (0 Ht —s— |z —y|) s syds
T 0//6711 <8s[\/(t—8+aooq93)2+(ago_1)R2]p( a?/))dyd ,

1 [0 [(plt—lr—yly) 1/ 9 (pt—lz—y'ly)
Kottn) = oo [ o (Pt ) + 5 Ly (M) o

2T T 8ny

_OL.OOO o (o H(t—s—|z -y < s, ds
™ 0//r3ny (35[\/(t—8+04<>o193)2+(ago—l)RQ]p( ,y))dyd |

2 _ _ 2 _ _
1 d (p(t lz—yl.y) )+1 0 (p(t |z f/%y))dsy

21 Jr Ongn, |z — vyl 21 Jp Ongny |z — /|

aoo H(t—s—‘x—y")
// Inamy ( V(= s+ asct3)? + (02, — 1)R2]p(s,y)> dsyds -

Here 93 = 3 4 y3 and R* = (x1 — y1)* + (22 — y2)*.
Substituting formula (3.29)) into the boundary condition on I'; we obtain the following

Yy

Wep(t,z) =
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3.2 Integral Representation and Time-Domain Boundary Integral Equations for an Absorbing Half-Space

system for the unknown functions ¢ and p

{(—I+K’)p—W¢—a§t(Vp—(I+K)s0)=2f (3.30)
I+K)p-Weo+ad(Vp+(I—K)p)=2g.
Adding respectively substracting the two equations of (3.30), leads to
{(K’p ~Wy)+a22 =F (331)
p+alV® —K%¥)=aG.

Pairing these equations with test functions ) respectively 1 we obtain the following
space-time variational formulation:

/ 6_20t/ [(K/p—W(P)+OéSb]¢dSzdt:/ e_QUt/F¢dedt
0 r 0

r
—20t p ap a(lé / —20’t/ Gq
- ar T - T :
/0 e /F[ —I—(Vat Kat)}qu dt ; e g ds, dt

The system can be written as
a(U,V)=1(V), (3.32)

where U = (¢,p), V = (¢,¢) and
00 T ) )
a(U,V) = / e_zat/ <agb1/; + P + K'pyp — W) + Vpg — Kgoq) ds, dt, (3.33)
0 r

W(V) = / e 2t / Fyds, dt + / e 27 / @dsx dt. (3.34)
0 r 0 r @

Remark 3.4. The system of equations (3.31)) and the variational formulation (3.32))
are the inverse Fourier-Laplace transforms of (3.16) and (3.17)).

Later we will also require the time-domain mapping properties of the boundary integral
operators for general Sobolev exponents.

Theorem 3.6. The following operators are continuous for s € [—%, %], r € R:

Vo HIPA(RY, HH(D)) — HL(RT, HYT3 ()

K': HiP(RT, H*"3(T) — H(R*, H*"3(T))

K- H”“(R*,H”%(F)) - HT(]R*?H”%(F))
( (1) = H( () -

Remark 3.5. The +2 and +3 are still being improved.

Proof. For s = 0 the theorem follows from Theorem 3.5 by applying the Fourier-Laplace
transform. In fact, r + 2 and r + 3 may be replaced by r + 1 in this case. The general
case is discussed in a forthcoming preprint [20]. O
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3 Retarded Potential Boundary Integral Equations in the Half-Space

Together with Theorem the mapping properties imply continuity and coercivity of
the bilinear form a(U, V).

Theorem 3.7. Assume that Re(aso) > 0 and o, 2 € L®(T'). Then the bilinear form of
the variational formulation (3.32)) is continuous on (Hé (RT, Hz (T)) x HY(RT, L? (I‘))) X
(H;(R*, H%(I‘)) x HLY(RT, LZ(F))>, i.e., there exists Cy > 0 such that:

(U, V)| < Collpllror + llelh 1 p)lallvor + #9111 r) - (3.35)
If Re(a),Re(é) > 0, it verifies a coercivity estimate: There exists Cy > 0 such that:

a(U,0) 2 Co(llpl o + Iel2 ) 1+ 1913 0r) (3.36)

Proof. Equations (3.35)) and (3.36|) follow from Theorem and Theorem
Concerning (3.36) we note that

oco+io o
a(U,U) = [a(U,U)| = | ay(U, U)dw|
—oo+1i0
co+io o
> / Re(aw (17, 7)) dw
co+io
> C oco+io 9 9 d
(I + @+ @) de

> Ccr(HpHo,o,r + H‘PHO,%,F + |15 o) -

Similary (3.35) is a consequence of (3.26) and Cauchy-Schwarz. O

Remark 3.6. Similarly for the Dirichlet problem (see [22, (54)] and Corollary 3.50 in
[21] for the full space)

Hoo) = [ [ Vet dot = Collell_y . (3.37)
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4 Error Estimates

This chapter is divided into two parts. In the first part we derive a priori error estimates
in space-time Sobolev spaces for the time domain boundary element method [23][21].

In the second part we consider the reliability of residual a posteriori error estimates.
We use these a posteriori error estimates to define adaptive mesh refinements based
on local error indicators. The residual error estimate is similar to the error estimate
for elliptic boundary element problems, considered by Carstensen and Stephan [11] [12].

4.1 A priori Error Estimates

In this section we introduce two projection operators and their approximation proper-
ties, which are needed for the error analysis. Then we prove the convergence of Galerkin
approximations for the Dirichlet and acoustic boundary problems in a half-space.

We begin by recalling the projection operators onto the space H, ﬁ(At, R) of piecewise
polynomials of degree k in time [4].

Lemma 4.1. (Lemma 3 in [{]) For k < m let the operator IIn; : HP'(RT,R) —
HE(A,R) be defined by
(t —ty)"

(HAtf)(t) = f(tn) + (t - tn)f/(tn) + -+ Tf(k)(tn) th <t< tn-‘rl .

Then we have
|f — Iacfllo0 < CuAtFTH| £

o,k+1 -

Proof. We follow the proof in [4]. Taylor’s formula with integral remainder asserts that

1

(f =IIaef)(t) = il

t
/ (t — w)* FOHD (0)du tel,.
tn

With the help of the Cauchy-Schwarz inequality we have

1

2
’f_HAtﬂ SW

(t o tn)2k+1 /t(f(k+1) (u))Qdu )

2

By multiplying the result by e 2°* and integrating over the time intervall [t,, t,11) we
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4 FError Estimates

obtain
Pt ot 2 it 1 okt [ (k+1) 1, \\2
=20t £() — (1T H)2dt < —  (t—t, dudt
| et s < [ G [ )
< ;(t o tn)2k+1 /tn+1 e—20’u(f(k+1)(u))2du
T (kD2(2k + 1) tn
tn+1
/ 6_20(t_u)(t—tn)2k+1dt.
u
Using
tnt+1 2 (t—u) - tn+1 - Ap2k+2
—z0(l—Uu _ < _ <
/u e (t —tn) dt_/u (b= to)* Tt < S
we get

Pt ot 17 204 < A2 Pt ou (k+1) ()24

The summation over n gives us

0

oo 0 tn+1
/ e‘z"t]f(t) o (HAtf)(t)|2dt < Z/ e_QUt’f(t) — (HAtf)(t)|2dt
n=0 tn

At2k+2 e

AR (k+1) 1, \\2
= 202k + 1)(2k £ 2) ;J/tn e T (W) du

< CkAt2k+2 /0 e—QJu(f(k+1) (u))Qdu )

O
We note the following consequences:
Corollary 4.1. [J] Let f € HETY(RT,R). Then there holds for a constant Cj, that
1
1f = Tarfllyy < CAT2 || fllo g (4.1)
3
1f = Haeflly=r < CuAET2 || floga (4.2)

Proof. Because

(HAtf)/(t) = f/(tn) + (t - tn)f”(tn) +-o ff(k) (tn) = HAtf/(t)
we obtain

f = Hacflloa = 110:(f = ad)lloo + |[f = Haefllo0
< CR AN |0k + CuAEHY | 1|0k
< CRA*|| o1 + CuAFT | £]
< CoA|| fllg st -

o,k+1
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4.1 A priori Error Estimates

By interpolation
1 1
f = Hacflloy < If = Hacfllgollf = Hacfllgy
< CR A fllops1 -
The proof of equation (4.2)) is similar. O

While the above estimates have been discussed for the projection operator IIa; onto
the space of piecewise polynomials H(’ﬁ(At,R), analogous estimates are easily derived
for the interpolation operator ITa; onto the space of continuous, piecewise polynomials
VE,.

For the discretization in space we recall:

Lemma 4.2. ( Lemma 4 in [}]) Let II}, the orthogonal projection from L*(T) to VP
and m < p. Then

1f = I fll 2y < CR™ | fl s oy
mtd
1= thHH*%( = Ch™ 2| fl gmy(r)
holds for all f € H™TY(T).

T

Combining I, and ITa; resp. 17} A+ one obtains with Proposition 3.54 in [21]:

Lemma 4.3. Let f € H:(RT H™(T)),0<m<q¢+1,0<s<p+1,r<s,1<m
such that Ir > 0. Then if [,r <0

If = Iy o Iaefllrir < C(h* + (AP fllsim,r » (4.3)

where o :min{m—l,m—mélig)}, B=min{m+s—(+r),m+s— "0 Ifl,r>0,
B=m+s—(1+7).

Likewise (£.3) holds with IIx, instead of ITa;, and on finite time intervals [0, 7] without
the weight e~
We are also going to require inverse estimates like (3.182) in [21] for s,m <0

lpn,atlloor < C(AL)° max (R, At™)||ph,atlls,m.r

: : : P.q
for pp a¢ in the approximation spaces Vh’ 'A» Damely

1 .
th,AtHLf%,F < Eth’At”o’*%’F (in the proof of the Theorem 4.1)

1 )
llpn.atllor S Kthh,AtH0,0,F (in the proof of the Theorem 4.2)

1
llPnatllgrr S ﬁ”ph,At”U,O,F (in the proof of the Theorem 4.2).
727

The above inverse inequalities hold due to the standard estimates for regular finite
element functions in the usual Sobolev-spaces H*(I") [3] on one hand, and on the other
hand the weight function e~?* does not affect these inequalies (see [4, Lemma 2] ), c.f.
(3.177) in [211.
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4 Error Estimates
4.1.1 Dirichlet Boundary Value Problem in a Half-Space

We now use the above approximation results to discuss the convergence of Galerkin
approximations to the Dirichlet problem. Consider the variational form of the boundary
integral equation V¢ = f :
Find ¢ € HL(R+, H2(T')) such that
: _1
b(¢,0) = (f,¥) Ve H, R H 3(I)), (4.4)

where

bo.w) = [ [ Vétt.ayitt,a)dsedot
() = /0 h /F F(t, 2yt 2)ds, dyt

The Galerkin equations read:
Find ¢p,a¢ € V72, such that

b(dnat, Ynat) = L at) = / e 2 /r Froac(t, @) n ar(t, 2)ds, dt Vibpar € Vi ks
0
(4.5)

1

Theorem 4.1. For the solution ¢ € HC}(R+,H—2(F)) of (.4) and ¢par € VIR, of
(4.5) there holds:

6 = dnailo, 10 < C (Ifiae = fllyor

N———

. 1 1 . .
+¢1}?£t{(1 + Kt)HCf) —Ynadlo 1+ Kt”gb — ¥nadlo1r}
If in addition H:(R*, H™(T)), then

6 = onadllo 2.0 <€ (Ilfnae = fllyar

+(mm+¢umx1+1)+«M“+A””QJ'¢mmf>

At
where
in{ +1 m W in{m + +1 n +m—i—s}
o =min{m+-m— —— =min{m+s+-,m+s
! 2 2m+s)) ! 2’ om
m 1 m-+s—1

b

. 1
ag = min{m + =, m —

9 }aﬁzzmin{m+s—§,m—|—s—l—|—

2(m+s—1) 2m

and mZ—%,SZO.

Proof. We start with the coercivity applied to ¢n At — YAt € HI(RT, Hfé(lj)) with
YAt € Viae:

Cllon,at — @Z)h,AtHa_%’r < b(Pnat — & nat — Ynat) +0(¢ — Yn Aty Pnar — Yrat) -
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4.1 A priori Error Estimates

For the first term we obtain:

b(Pn,at — &5 Pnac — Vna) = / e 27 /F(fh,m — ) (bnar — Ynar) dsg dt

0
< | fn.ae = fllo,x pllon.ar = ¥nadllo 1 -

By continuity (Corollary 3.51 in [21I]) we can estimate the second term as follows:

(¢ = ¥nat, Snar = Ynar) < Cllé = bnacly 1 pllonae = natlh 1 p-

The inverse inequality in the time variable leads to

C
b(¢ — Vn.at, Phat — Vnae) < Kt"¢ — YnAt

-1 rllonar = Ynadlo 1 r

so that finally we get:
1
[ n,at — ¢h,At”0,—§,F < C{llfn,ae — le,%,F + E’W - ¢h,AtH1,—%,F}'
With the triangle inequality one shows that
I = Sn.adllo 1 r <o —=vnatllo 1 r+ llonar = Ynadlo 1 r

. 1
SC{Hfh,At_fHL%,F"' inf {[[¢ — Ynaello 11+ A |6 — Ynaelly —1p}}
Yh, At ek t

v D

0,—;,1“})

The second inequality follows from the approximation properties stated in Lemma 4.3.
O

<C (Hfh,At —fllar

1

+w1££t{(1 + Kt)Hﬁb —Ynadlo_1p+ Ktw TWN]

4.1.2 Acoustic Boundary Value Problem

Next, we consider the Galerkin equations for (3.32), i.e. find ®4 A+ = (Pn,at, PhAL) €
V,f”ﬁt X V,ﬁ’it such that YW, A+ = (qn,at, Ynat) € V,ﬁ’gt X V}Z’gt

~ < : < Gh,Atqh,A
a(®nae, Ypae) = L(Wh,At) ¢=/ e Qat/FhAt?/)h,At dsy dt+/ e 2“/}“;“@ dt .
0 r 0 r
(4.6)

We now derive an estimate for the error of the above Galerkin approximation to (3.32))
in the norm |||.||| defined by:

N

el = (el o + 1€l s p +lIelBor)* ¥@ = (p6).
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4 FError Estimates

Theorem 4.2. Assume that Re oo, Rea > 0 and a’,é € L>®(I"). For the solutions
1

® = (p,p) € Hy(RT, H>(T)) x Hy (R, L*(T)) of (.32) and ®par = (e, nae) of

(4.6) there holds:

I|[(p = ph,at, © — on,a)ll]
< Co (||Fpat— F

00,0 + ||Gh.at — Glloor)

1 .
1,5,1“)

1 1 .
+C, max Ty inf <||p—Qh,AtHl,0,F+H‘P_Iph,ﬁt
\/E (Qh,Ah'(bh,At)eVFﬁ’thV’zZt

If in addition ¢ € H3'(RY, H™(T)), p € H3(RT, H™2(T")), then we have

I[[(p = pr.at 0=nae)ll| < Co (||Fhat — Flloor + ||Ghat — Glloo,r)

1 1
F o (At’ wz) (2 + AP pllsy .t + (B2 + D)@l spimarr )
where
a1 =mq , Blzml—i—sl—l,
in{ ma g bop— D
Qo = mimny\mo — —-—.mo — ————— =m So — — .
2 2 27 2 2(m2 n 52) 9 2 2 2 2

Proof. We write ® = (p, ) and ¥ = (¢, ). We start with the coercivity (3.36) applied
to Oy — Upae € HY(RY, H™2(T)) and ¢y s

CO)l|@n,at — Unadll]* = C(T) (IIph,At = anaillbor + lenar = vnadls o

+|@n,at — ﬁ}hAtH%,o,r)

< a(®Ppat — Ynae Poar — Yiae)
=a(®Ppat — P, Ppat — Ynar) +a(P — Yy Ar, Proar — Vioat)
Taking into account (3.32)) and (3.33)-(3.34), we obtain for the first term :

o
a(@par— @, Pp A — Ypar) = / e 2t /(Fh,At — F)(on,at — Ynar) dsg dt
0 r

+ /OO 6_2“/(% - g)(ph,m — qn,at) dsy dt
0 roa Y
S Fwae = Flloorllenar — dnadloor
+ ||Gh,at = Glloo,r|lpr,at — an,atllo,o,r
< (1Fn,ae — Flloor + [|Grat — Glloor)
(| |on,at — Ynadlloor + |1Pr,at — anadl |0,0,1‘>
< ([1Fn,at — Flloor + [|Grat — Glloor) [ ®nat — Ynadlll -
Due to the continuity we can estimate the second term by

la(® — Wpat, Prat — Yhat)| < Co (Hp — qn.atllior + e — ¢h,AtH1,%,I‘>

: (H@h,m = Ynadly g r+ lpnac - Qh,AtHI,O,F> :
(4.7)

46



4.2 A Simple Residual A posteriori Estimate for TDBIE

Taking into account the inverse estimate from the first section of this chapter, we have

lonae = Ynaclli s S llenae = Ynacllo s p + llonae = ¥nacllos r

_1 _1 . ;
Sllenae = ¥nadlos p+ (72 + At72)[|énat = Ynadloor (4.8)

and in time

1
[1Pn,ae = anacllior < llphac = anadloor (4.9)
Now putting (4.8)) and (4.9) in (4.7) we get

|a(® — VAt Prar — Vo)l < Co (Hp — qnadlior + e - wh,mllér)

1 1 . .
A enat — wh,AtHoé,F + (ﬁ + E)H‘Ph,m — ¥n.atlloor

0,0,r>

Lo +ll¢ — wh,AtHl,%,F)

1
+E [Ph,At — qn At

1 1
< [ — _
>~ Co‘ max <At7 \/E) <Hp qh,At

1 ®n,ae = Un,adll-

Altogether, we conclude
1@ = paclll < Co ([[Fn,ae = Flloor + [|Ghat — Glloor) (4.10)

1 1
+ Cy max A ﬁ (Hp - Qh,AtHLOI + 1l — wh,AtHl,%,F)

+|[|® — Wp,adlll-

Using the interpolation operator from Lemma 4.4, we obtain the powers of h and At
stated in the theorem.

4.2 A Simple Residual A posteriori Estimate for TDBIE

In this section, we study a general framework for a posteriori error estimates in the
time domain boundary element method. An adaptive procedure is desired where the
algorithm itself decides when and where to refine the mesh in order to improve the
computed Galerkin solution.

One such strategy has been proposed by Carstensen and Stephan in the 1990s, whose
residual a posteriori error estimate we generalize to the hyperbolic case.

Consider the variational form of the wave equation in Ri \ © on the finite time—interval
[0, T7:

Find ¢ € HL([0, T], H 2(T') such that for all ¢ € HL([0,T], H2(T))
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4 Error Estimates
with
br(¢,v) = /OT/FVQB(t, z) Y(t, ) dsydt
<f',w>—/OT/Ff'(t,x) W(t,x) dsg dt .

As shown in [22], the bilinear form br is continuous, and also weakly coercive after
averaging in 7"

Proposition 4.1. For every ¢, € H&([O,T],H_%(F)) there holds:
lbr (9, ¥)| < CH(Z)HL—%,FHwHL—%,F

and

T T ot ]
o2y = [ wiooya=c [ [ [ Vitss) vs.o) dssds ar.

Proof. Continuity of the bilinear form is a consequence of the mapping properties in
Theorem 3.6, adapted to the finite interval [0, T'].

The coercivity estimate can be found in Equation (59) of [22], using slightly different
notation. O

Solving the continuous problem (4.11]) and its Galerkin discretization

br(dn.ae Yhat) = (fybnae) (4.12)

in V1, we will make use of Galerkin orthogonality:

br(¢ — dnaesbnar) =0 Ypar € VIR, -
Using ideas for the elliptic problem we conclude the following a posteriori estimate:

Theorem 4.3. Let ¢, ppat € H&([O,T],Hfé(]?)) be the solutions to (4.11) and its
discretized variant, and assume that R = f — V. ar € HO([0,T], HY(T)). Then

16 = Snadlly 1 S I Rlloar (At Rlloor + 15~ VRlloor)

< max{At, K} (|0 Rl r2o,71.220)) + IV R £2(o,77,22(r)))°

Remark 4.1. a) As the single-layer potential maps H*([0,T], L*(T")) continuously to
HO([0,T], HY(T)), V¢2h7At belongs to H°([0, T, H(T)) if, for example, ¢pp ar € H?(0,T], L*(T)).
The a posteriori estimate is therefore only valid for sufficiently smooth discretizations,

e.g. constructed from C'—continuous splines.

b) In practice, we will use At||0R||o,0r + ||k - VR| 0,0 as an error indicator.
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4.3 An A Posteriori Error Estimate for the Acoustic Problem
Proof of Theorem [{.5 We first note that for all ¢ A, € V}ﬁ’gt
T
6 — dnacll? _ir S / bi(¢ — bn.at, @ — Pn.ar) dt
T 0
T st T
[ [ 56 ona dss ds dt= [ bionso—onan de
o Jo Jr 0
T ot T
=[] [d6=nan dssdsat— [ nionans— vnan) d
o Jo Jr 0
T ot _ .
=[] [0 -vnane - nan ds, ds ar.
o Jo Jr

The last term may be estimated by:

T rt
/0 /0 /F(f - VGBh,At)(Cb —pat) dsg ds dt
T
N / (T =) /(f B V(étht)(¢ — YpAt) dsg ds
0 r

<T [|Rllo,2 pll¢ = dnadllo 1 p -
We use Y5, At = ¢dn,ar together with the interpolation inequality
IRl 1 - < [IRlloor/Rllorr -
727
As the residual is perpendicular to V1,

IRIZor = (R, R) = (R, R — {p ar)

< | Rllo,orlIR — ¥naelloor

for all Yy Ar € V}fﬁt, we obtain

IRllo0r < inf{|[R —vnacloor : Pnat € VL) -

Choosing {/;;17 At = ﬁh, AtR, based on the interpolation operator defined at the beginning
of this chapter, we obtain

| R[lo,0,r S At||O:R

loor +[Ih- VR[oor -

The theorem follows. O

4.3 An A Posteriori Error Estimate for the Acoustic Problem

The analysis of the acoustic boundary problem can be done in a similar way.
For a finite time interval [0, 7] we introduce the bilinear form

T o1 . .
rllem ) = [ [ (agis o Ko~ Wit Vig - Kga ) dsde.
(4.13)

49



4 FError Estimates

analogous to (3.33)) for 7" = co. With

Z(w,q):/OT/FFwsde/OOO/F?dsIdt, (4.14)

we consider the variational formulation for the wave equation in R? with acoustic bound-
ary conditions on I':
Find (¢,p) € HY([0,T], H2(T)) x H'([0,T], L*(T)) such that

ar((e,p), (¥, q) = 1(¥,q) (4.15)

for all (v, q) € H'([0,T], H2(T)) x H([0,T], L2(T)).

Again we observe from (3.36|) that the bilinear form ap satisfies a weak coercivity
estimate, even without averaging in T (cf. (66) of [22]):

Ip 3,0,F + {1 %),o,r + HSOHS 11 S ar((e,p), (v,p)) -
727

For now, we only observe a simple a posteriori estimate.

Theorem 4.4. Let (0,p), (¢n.at Phat) € HL(0,T), H2(T)) x HY([0,T], L*(T)) be the
solutions to (4.15)) and its discretized variant, and assume that

Ry =F — agnar — K'pnar + Wepae € L*([0,T], L*(I))
G

Ry =—— a 'prat — Vinar + Kpae € L([0,T), L*(T)) -

Then

P — pradlloor + 19 — nae
S Ralloor + (| B2

000 + [lp — SOh,AtHo,%,r

0,0, -

Proof. For every (v At, qh,At) € V,f ® VAqt as in Theorem (3.7| we have

1P = pradlgor + 1 — énadbor + e — Wh,AtHg,%,p

Sar((@ — enatD — Phat), (9 — QhAL, P — DhoAt))
= (R1,¢ — Ynae) + (R2,p — qnae)
< | Rilloo,rll = dnatlloor
+ [ Ralloo,rllp — qn.at
< ([I1R1llo,0,r + | R2]
(Ip = gn.atlloor + 1 — ¥nadlloor) -

0,0,

0,0,1') X

The assertion is obtained by choosing (¥n At, Gh.At) = (Ph,Ats PhAL)- d
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4.4 Numerical Example

Remark 4.2. Naturally, under stronger assumptions on Ri, Re we may obtain powers
of h and At on the right hand side by the following argument:

As in the proof of Theorem <R1,Jh7At) = (Ra,qn,at) = 0 for all (Jh,Ataqh,At) €
VP ® Vi, Hence

1R

Gor = (Ra2, Ra) = (Ra, Ry — qn,at)
< || Re

0,00 B2 — qn,atllo,0,r-
Choosing qn At = I a¢R2 yields e.g.

| R2llo,0r S At||0cR2llo.o,0 + ||h - VT R2|lo,0r + At||h - VIORy

loor

provided Ry € HY([0,T], HY(T)).
Assuming Ry € H([0,T), HY(T')), we similarly have

[Bull6.0.r = (By Ra) = (Ru, By = tp )
t ~
<Rl aorll | Ri=dnailysaar
0

Choosing Jh,At = IIj, At f(f R and s = % results in

[ R1lloor S At[|0:Rilloor + [|B - VrRilloor
+ At||h - VIO Ry

0,0 -

Altogether,

lp = pradlloor + 1 = énadlloor + [l = enadllo 1 r

S [Ralloor + [R2lloor

2
<S> A0 Rilloor + |IB - VRilloor
i=1

+ AtHh . V@tRZ-HO,OI .

4.4 Numerical Example

We consider the Dirichlet problem for the wave equation in the exterior of the three-
dimensional unit ball with a singular right hand side. In the formulation

Vo(t,z) = 4W/F P dsy = f(t,x)

as an integral equation of the first kind on the sphere I', we choose the right-hand side

. 2, x>0
ftx) = -
0, z21<0
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4 FError Estimates

The function f is a toy example for a time—independent singularity, similar to the
singular horn-like geometry where a tyre meets a street. We expect adaptive mesh
refinements to concentrate around the line of discontinuity of f , given by 1 = 0.
Starting with an initial coarse mesh Ty, we use the MOT scheme from Section to
obtain a Galerkin approximation to this equation. This approximate solution is given
by:

Ne N

Gnar(@,t) = > > W8 (D)pi(x)

m=1 i=1

where 8™ is the linear hat function

B (t) = (A TH(t — tm)xm — (¢ = tms1)Xme+1)

and ; is the piecewise linear hat function associated to node 1.

From ¢p a¢ and f we determine in every triangle A and every time interval I,
[tn—1,ts] the local error indicator

tn .
2 _ /t /A hvr(f — Vnadl?,

where the time integral is approximated by a Riemann sum.
As a first step towards a space-time adaptive Galerkin method, we concentrate on
space-adaptive mesh refinements based on the time-integrated indicator

N¢
o = Y na(ln)?
n=1

The term in the above a posteriori estimates, which involves the time—derivative of the
residual f —V¢n, at, is neglected in this example, because we expect na (I,,) to dominate
for this time—-independent singularity.

To compute na from ¢y A¢, we consider the gradient of V¢p Ay as a singular integral:

. 1 Onatt — |z —yly)  Gnaclt — |z —yly)
vVt z) = — - ’ ’ ds,, .
Plho) = o /r(w v) ( |z —y? * |z — y|? %

Explicitly,

YV onailt,z) Z Zsbm [/ (ﬁm(t — |z — y\)’ 5,3

mlzl

Hmt— o= o) L) s,
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4.4 Numerical Example

with
Yy
ei(y)B" (t—|x *yl)ids
/ lz —y> Y
1
() (HE =ty g — |z —y|) = Ht —t, — |z —9y|) —2d
= 37 L) (H(E =t~ o =y~ H( o= ) s,
1 ]
= 37 [0 T =t = o =) = = tuss o =) = ds,
1/ T—y
= 3 ‘Pi(y)ids
At t—tm <|z—y|<t—tm_1 ’:U—y|2 Y
1/ T—y
e eiy)T—z ds
At t—tmy1<|z—y|<t—tm ( )’J;_y|2 Y
and
[otwame— o=t s, = ot | pily) 2= ds
|z —yl? At bt <oyl <t—tm_1 T —ylP

_ =t / o) 2= s
At tft'rn+1§|x7y|§t7tm ' |x - y‘g Y

Here we calculate the integral over the complicated intersection of A with the light—cone
based on the routines also used to set—up the Galerkin matrix for V. From VV ¢, a¢(t, z)
we obtain the surface gradient

Vr(f(t, @) = Venalt,z) = V(f(t,2) = Vinat, ) — A.(7.9(f(t,2) — Vénalt, 2))).
The error indicators na lead to an adaptive algorithm, based on the 4 steps

SOLVE — ESTIMATE — MARK — REFINE.

Adaptive Algorithm:
Input: Spatial mesh T' = Ty, refinement parameter 6 € (0, 1), tolerance € > 0, data f.

1. Solve Viop At = f onT.

2. Compute the error indicators n(A) in each triangle A € T
3. Find npax = maxa n(A).

4. Stop if >, % (0;) < €2

5. Mark all A € T with n(A;) > 0Mmax-

6. Refine each marked triangle into 4 new triangles to obtain a new mesh T
(and project the new nodes onto the sphere). Choose At such that ﬁ—; <1 for all
traingles.

7. Go to 1.
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4 FError Estimates

Output: Approximation of ¢.

According to the a posteriori estimates derived in this Chapter, the error between the
approximate and the actual solution to the problem is bounded by a multiple of €, up
to quantities involving time—derivatives of the residual f —Vonat.

The numerical experiment depicted in Figure shows the first three meshes generated
by the above adaptive algorithm, starting with an initial icosahedral triangulation of
the sphere with 80 nodes. Most refinements are near the discontinuity of f, as expected.

Figure 4.1: The first three adaptively generated meshes for V¢ = f starting
from an icosahedral triangulation with 80 nodes, 6 = 0.9.

Unfortunately, the practical evaluation of ViV ¢p a¢(t,x)) as a singular integral is not
efficient. The computational time to calculate the error indicators in each triangle and
each time steps takes approximately 6 CPU seconds on standard desktop computer.
While this is easily parallelized, future work might instead investigate a finite difference
approximation of VrV¢p A

The above experiment presents only a first step towards space—time adaptive TDBEM,
for the case of the geometric singularities relevant to sound radiation of tyres. Fully
space—time adaptive methods have been explored by M. Glafke [2I]. The optimal use
of space-time adaptivity and its application to the acoustic boundary conditions in
Section 4.3 remain to be explored.
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5 Discretization and Numerical
Experiments

5.1 Numerical Discretization

5.1.1 The Dirichlet Problem in the Absorbing Half-Space

In this section we examine the exterior Dirichlet problem for the wave equation in the
half-space by using boundary integral methods. Consider the exterior Dirichlet problem

0%u ) .
w—Au:O in RT x Q
u(0,z) = (;L(O,x) =0 (5.1)
u=f onRTxT
ou ou n
%—amafo on R" x 'y, = {2z =0}.

As noted before, the Dirichlet problem is equivalent to finding a solution to the boundary
integral equation

Vo(t,z) = f(t,x) forall (t,x) e RT xT. (5.2)

We have already seen in Chapter 3 that the single layer potential V' in the half-space

is given by:

Vgo(ta 'T) = Vlgp(t, 1‘) + ‘/290@3 1‘) + V:?QD(tv 1‘)
1 |z — 1 —lz—v
B p(t — |z yl,y)ds p(t =]z —y \,y)dsy

TorJr eyl YUor oo oy

Qo oo o H(t—S—\x—y’D
o ds \y)dsyds,
" o//ras[\/(t—8+aoo193)2+(a§o—1)R2}p(s y)dsyds

where 93 = 23 + y3 and R? = (1 —y1)? + (22 — y2)%.

V1 is the single layer potential in the whole space R® and was previously considered
in thesis of Ostermann [40]. The term V5 is V; composed with a reflection at ', so
that V1 + V5 corresponds to the wave equation with homogeneous Neumann conditions
on I'sx. More general boundary conditions involve V3. We define the bilinear form
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5 Discretization and Numerical Experiments

associated with the single layer potential:

:/S_QUt/Vl(p(t?x)(j(ta x)dszdt—i—/e_%t/1/'2g0(t,$)Q(t,x)ds$dt
r r
0 0

—I—/e_QUt/%@(t,:n)q'(t,x)dsxdt.
r
0

The weak formulation of the Dirichlet problem then is
(0.0
a(p,q) = /ezat/ f(t,x)q(t,x)ds,dt  for all test functions q.
r

For the numerical approximation we consider a Galerkin discretization in space and
time. As ansatz functions we use tensor products of piecewise constant functions in
time and piecewise constant functions in space.

For the second term we write pp A¢(t, ) = SN Ne b4 () ym (t) Where v, and @;

m=1 i=1"
are the basis in time and in space. Then for ¢(t,z) = v,(t)¢;(z) we obtain

/ [ oonat it s =3 S0 [ [ xS0 g,

m17,1

where Y[~ (x,y) is defined by

T, ) = /0 Tt — | — o/ in (o) dt
= Xg (z.y) —xe,_ (2,9),

n—m—1 n—m

and the indicator function x 4(z) for a set A is given by

1 z€A
XA(x):{O xgéA.

The reflected acoustic cone E] is given by
E :={(z,y) eTxTst. t; <|lz—y|<tr1}.

Consequently, we have

// Von at(t, 2)q(t, x)ds,dt = Z ibm (// _ Mdsydsm

m=1 i=1
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5.1 Numerical Discretization

To calculate [ [, £l %dsydsz we basically follow the lines of [40]:
Let x in ]R‘rjr,

E'(2) 1= Bryyuo (1) \ Brpio (') = {y € R st rmain < J2” = y| < 7mmax}

the light cone or domain of influence corresponding to ' = (1, x2, —3), Tmin := t; and
Tmax = ti4+1. Then

We rewrite each of the integrals in (5.3 as

Giyj = Z /QDj(x)Pi,i’ (v)dss,

Ty Csupp p; Ty
T; C supp @

with a retarded potential P;; given by

1
Po@i= [ oewds,. (5.4

E'(x)NT;

Decomposition of the domain of integration E'(x) NT

We seek a parametric representation of the domain of integration E’(z)NT. The domain
of influence E’(x) of the point 2’ in T is an annular domain with center 2’ and radii 7y,
and rpax. Therefore, we have to integrate over those points in the triangle T" which lie
between two concentric spheres. The three-dimensional intersection can be rewritten as
a two-dimensional intersection in the plane of the triangle within a three-dimensional
space. Let z; denote the orthogonal projection of 2’ onto the plane & containing T'
and define d := |2/ — z}|, cf. Fig. Then

/
Ly

Figure 5.1: Example for a decomposition of E'(z) N'T with respect to x} into ng = 5
subelements
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5 Discretization and Numerical Experiments

Figure 5.2: Projection of 2’ onto the plane r

Figure 5.3: Representation of an edge e in polar coordinates (r,0).

E'(x)N&r = (B (x)\ By, (@) NEr ={y € Er + Ty <12 —y| < rpax) s
—d*)'/2. Thus

() \ Bpr(x}))NT.

where 7/ = (r2,
min / max min / max

E'(x)NT = (B,

Now we introduce polar coordinates (r, #) around z} and decompose E'(z)NT = ﬁj D,.
The subdomains D; have the form (see Figure : -

Dy :={(r,0) : 0 € (0,0141) and r € (r1,(0),72,4(0))} -
The radial limits r1; and r9; are given by

/ /
ry = {’rmin ec Brinin(x) P {rmax € ¢ Brinax(x)

To =
re(0) else re(0) else

9
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5.1 Numerical Discretization

where 7.(0) is

v-n

re(0) = (5.5)

nycosf +ngsinf’

as in Figure Here n = (n1,m2,n3)7 denotes the normal to the edge and v is any
point on e.
The integral (5.4)) then is the sum of integrals over the geometrically simpler pieces D;.

e W

Figure 5.4: Generic integration domains

We now consider the entries of the Galerkin matrix of the third term

//‘/E’)(Ph,At(t>$)Q(t,$)dsxdt =
I
0

//// T 0s [ (t—ita;z;)?'i_(j?:?—l)R

Using piecewise constant basis functions in time and space as above we obtain the

on.at(s,y)q(t, x)dsy dsyds dt .

matrix elements:

Vagjmn = = ////33[ t_S‘ita_ooZ?)_)|$_(yC;>|O)_1)R2

X Ym(8)i(y)in(t)pj(x)dsy dsyds dt .

As before we evaluate the time integration analytically. Let us first discuss the evalua-
tion of time integrals with one retarded time argument, i.e. given two functions f; and
f2, we need to calculate integrals of the form

//fl(t—s—|x—y|)f2(t)dtds. (5.6)
0 0

They occur in the computation of the Galerkin entries of the discrete space-time vari-
ational formulations discussed earlier.
Before we examine the retarded time integral more generally, we discuss a simple model
integral to clarify the chosen approach. Choose a piecewise constant basis function in
time as a sum of Heavyside functions

V() = xz,,(t) = H(t — tm—1) = H(t — tm)-
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5 Discretization and Numerical Experiments

Using integration by parts, we obtain with v™(0) = 0:

ﬁ‘f

o [ [0 H(t—s— |z~ ) -
W//as[ J(t — 5t awls)? & (530—1)32 V)Y db ds
0 0
aﬁoooo H(t—s— |z -1 S )
@ 0/0/[ V(= s+ ane¥3)? + (a2, — 1)R2 V() di d
0

7° t—s—raz—ym((s—tm_n—a(s—tm))ds
) V(= 5+ acc¥3)? + (a2, — 1)R?

(5(t - tnfl) - 5(t - tn)) dt

o /
oo/ t_tm 1—’$—y‘)
™ ) V(= tm—1 + ax?3)? + (a2, — 1)R?

Q

(5(t - 751171) - 6(t - tn)) dt

o 7 H(t—t, —|lz—1v
O < vl (8t — tn_) — 8(t — 1)) di
us ) \/(t —tm + ax¥3)? + (a2, — 1)R?
_ Qoo H(th—1—tm-1— ]:):—y’\) _ H(tn —tm—1 — ]x—y’\)
T \/(tno1 —tm-1 + acc¥3)?+ (a2 — DR2  /(tn — tm—1 + @oc¥3)2 + (a2, — 1)R2
 Hltwr—tu—lr—y) H(ty —ty ~lr— )
V(-1 — tm + @0o¥3)2 + (@2, — 1)R2  \/(ty — tim + axe¥s3)? + (o, — 1) R2
_ Qoo [ H(th-m-1— |z —¥']) 9 H(th-m — |z —y'|)
T \/(tn_m_1 + @oo3)? + (a2, — 1)R? \/(tn_m + aoo3)? + (a2, — 1)R?

B H(ty i1 — |z —)) )
Vtn—mi1 + ao¥3)? + (a2, — 1)RZ )
We define the four-dimensional set
K :={(z,y) eTxT : |z —¢[<t;},
and write

Qo 1

T /(ti + ase¥3)? + (a2, — 1)R?

L(l,z,y) =

Because K], _,,  C K], _,, C K,,_, ., the time-integral becomes

—Ln—m—Lz,y)xx, _ (z,y)+2L(n—m,z,y)xx;_ (2,9)
—Lin—m+Lz,y)xx,_  (2,9).
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5.1 Numerical Discretization

Therefore,

V3 ijmn = —//K/ L(n—m —1,2,y)0i(y)p;(x)dsy ds;

n—m-—1

+ 2//}(/ L(n—m,z,y)ei(y)p;(x)dsy ds,

- //, Lin—m+1,2z,9)pi(y)pj(z)dsy ds, .
n—m-41
The integrals over K l/ are computed like V7 and V5 with 7., = 0 and with kernels
L(l,z,y).

5.1.2 The Neumann Problem in the Absorbing Half-Space

Similarly to the Dirichlet, in this section we consider the Neumann problem for the
wave equation in the half-space:

(Z;L—Au:() in RT x Q°
u(0,x) = %(O,x) =0 (5.7)
g—z = on RT x T’
%—aw%:o on R x Iy .
The corresponding integral equation of the second kind is
(-1 + Ko(t,z) =2f(t,x), (5.8)

where

1 0 (ot—|z—yly) 1 0 (et—lz—vy|y)
K,@(t’x):%/panx( |$_y| dsy +27r/1ﬂ0n$ |:U—y’| dsy

Qoo T 0 0 Ht—7—|z—y
S [ (2 Uor v oy ) dsyar
T Ong \ 0T \/(t — 7 + ax¥3)? + (X — DR
The numerical implementation involves the term
Ht—7—|z—y)
V=T 4+ asls3)? + (a2, — 1)R2

E(t - T,l’,y) = _aﬁg[

- ] (5.9)

We define

A(T) == /(t = 7 + ao¥3)2 + (a2, — 1)R2
and obtain from (/5.9)
OA(T
05 0w d | HE-T—|z—y]) ZHLHE-7-|z-y)

Ox1 T Ot A(r) B A(T)?

_ Q0 0 |:($1 — 1) <5(t|;i;/|‘i(_¢)yl|) + O;%T_)?}H(t —Tole- y'l))} ’
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5 Discretization and Numerical Experiments

08 w0 [ (O-role-yf) k-l
(971’2_ T Ot [( 2 y2)< |z —y/|A(T) + A(r)? H(t | y’)>]7

=22 0 ) (T TS S oy

(97.%'3_ T Ot

Therefore,

0¥ ax 0 (x —y') ng ,
i iy you Ll G A

(a2, — 1) ((z1 — y1)m1 + (@2 — y2)ne) + (£ — 7 + asVs3)ng

A(T)3 H(t_T_ \x—y’\)].

+

We define

(03 — 1) (@1 — y1)n1 + (z2 — y2)na) + (t — 7 + oo¥3)13

5= ARy

As for V' we write the adjoint double layer potential as a sum of three terms:

K'o(t,x) = Kjo(t,z) + Kyo(t, ) + K3o(t, x)

where

Klp(t,r) = //87133 (1,y)drdy
o(t — -y
//awa:—ym ATl

+B(r)H(t — 7 — |z — y/)]e(7,y)drdy.
Convolution and integration by parts lead to

/ _ O (x—y’).nx % e
KBSO(tvx) - T T |l‘ _ y/’A(T) at (t ’IE Yy ‘7y)dy

=2 [ [ B =7 o -y N2E  drdy.
5 T

We note that the first term in K% has the same form as V5 with a different kernel

function,
(‘T — y/)'nz
[z —y'|A(T)
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5.1 Numerical Discretization

and its discretization is similar to the one of V5.
For piecewise constant ansatz and test functions in time we get

/ / BEYH(E — 17 — 3 — 3 )60 — tm_1) — 5(r — b)) drdt
- / Bt )H(t — t1 — |z — 3/ |)]dt
b1 .
— [ 1B~ b~ o~y

We call the first integral Zi(m,n) and the second Za(m,n) = Zi(m + 1,n). K}

3,.9mn

becomes:

Kiiimn = =7 // = 9) e o ()dsyds

3,igmn ;L . —y ‘A( ) J yox
/ L Y (s, ds
/ |93 -y \A( ) S
(07e%)
=2 [ (Zu(m,) = Zam, )] i) o)y

Now, we want to analyze Z1 (m,n) and Zs(m,n). With the substitution
uj =t —tj + ax¥s and a? = (o, — 1)R? we obtain

in

| — - t—t; Y
/ [(aoo ) ((1’1 yl)nl + (xQ yQ)n2) + ( j Qoo 3)n3H<t —t;— ‘CL‘ _ y/‘)]dt
A(t;)?
tn—1
2y o
J J y
— (@ = 1) (o =y + (o= gena) [ [
7] (u +a?)z 73 (uj—i—a)2
2 4
J J
Uj 1

= (2, — 1) ((z1 — y1)m1 + (w2 — y2)n2) + n3

a?/u? + a? a?\/u? +a?
J 71 J 73
J J

For the evaluation of the Zi(m,n) and Z3(m,n) we distinguish 6 different cases, de-
pending on r = |z — ¢/|.
case 1 : t, <typ_1+7r

Zi(m,n) =0 and Za(m,n) =0
case 2 : tp 1 <tp1+r<tp<tm+r

ln tn

1
g |
3 |:CL2 /12 +a’2:|tm1+r

Zi(m,n) = (ad—=1) (1 — y1)m + (2 — y2)na) [Wh}

tm—1+7
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5 Discretization and Numerical Experiments

and Za(m,n) =0, tp_1 —tm_1 <7 <tn <ty —tm_1
case 3ty 1+ T <tho1 <th <tm+7T

t t
U " 1 "
Zi(m,n) = (a2 —1) ((x1 — y1)n1 + (x2 — y2)n [] +n []
( ) ( fe’e) )(( 1 1) 1 ( 2 2) 2) a2 /u2_|_a2 - 3 a21/u2+a2 -

and Zg(m, n) =0,t,— tgl <7 <ty <tp—1—tm-1
case 4ty 1+ r<th1 <tym+r<t,

t t
U " 1 "
Zi(m,n) = (a2 —1) ((x1 — y1)n1 + (x2 — y2)n [] +n []
( ) ( e )(( 1 3/1) 1 ( 2 y2) 2) a2 /u2 a2 ¢ 3 a2v/u2 a2 t1

and
r<tp-1—tm-1

tn tn
U 1
2. /7,2 2] +n3[ 2. /02 2]
a*vus+aly, 4r a“vu* +a“ly, 4r

1 =t <7 <tp—1—tma

Zo(m,n) = (aZ—1) (21 — y)ma + (w2 — y2)ns) [

case bty 1T <ty +r<t,—1 <t,

t t
n 1 n

Zi(m,n) = a? —1) ((z1 — y1)n1 + (z9 — y2)n [u ] +n []
1( ) ( 0 )(( 1 yl) 1 ( 2 y2) 2) N - 3 CVE + a2 -

and
r<tp-1—1tm-1

t t
u " 1 "
Za(m,n) = aZ,—1 Ty —y1)n1 + (T2 — y2)n9 [] —i—%[]
r<th_1—1tm

case 6 : t, 1 <tpm1F+r<tym+r<t,

Zi(m,n) =0 and Zs(m,n) =0.

5.2 Numerical Experiment

5.2.1 Exact Solution for the Wave Equation in a Half-Space for I' = S? and
Corresponding TDBEM solution — A Comparison

Numerical tests of the convergence behaviour for our method require the knowledge of
exact solutions. In order to have suitable reference solutions for these experiments we
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5.2 Numerical Experiment

derive exact solutions of acoustic scattering problems in the case where the scatterer is
the unit ball in R3.
For radial functions u(r) the spherical Laplacian in R? has the form:

1 9 19
Au = ;(ru)rr = (87“2 + r&“) u.

In this case, the 3D wave equation reads as

2P 19N
o2 o2 ror )T

The general solution for this equation is
ult, ) = |z (¢ + 1) + (|2 = 1)), with |z =, (5.10)

where 9, ¢ are functions on R.
We consider the Cauchy problem with radial initial data,

% —Au=20
uli=0 = uo(|z)

9ulo = ur(|z]),

and we extend ug, u; to even functions on R: wug(—r) = ug(r), ui(—r) = uy(r).

Using (5.10|), we identify

w(0,2) = || (¢(|=]) + ¢ (|2]) = uo(|z]),
ou

5701 = |21 (&' (I2) = ¥/ (2])) = wi(Ja]). (5.11)
If we differentiate the first equation in and add this to the second, we obtain
{cb'(r) = 3 ((ruo(r)) + rui(r))
V' (r) = 3 ((ruo(r)) —rui(r)) -

Now, we integrate (5.12) to get
-
o(r) = %ruo(r) + %f suy(s)ds + Cq

Y(r) = 3rug(r) — 3 [ sui(s)ds + Cs.

o 4©

We use ([5.10)) and the initial condition to get

u(t,2) = o ((r -+ Duolr + )+ (r = Huolr — 1)
r+t

1
+ o / suyi(s)ds.

r—t
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5 Discretization and Numerical Experiments

For a rigid half-space where 9,% = 0 in R? x 0, we can take

a(t,x) = u(t,r(h)) +u(t,r(—h))

as a solution, where r(h) = |(z1, 22,23 — h — 1)| = /27 + 23 + (z3 — h — 1)2, 7(=h) =
((z1, 72,23 +h+1)| = /22 + 23 + (z3 + h + 1)2 and h is the distance of the ball to the
r1To-plane.

Furthermore, we assume that 8 i lt=0 = u1(|z[) = 0. Then

u(t,x) =

[(r(h) + t)uo(r(h) + 1) + (r(h) — t)uo(r(h) —1)]

1
o Ch)

2r(h)
[(r(=h) + tyuo(r(=h) + 1) + (r(=h) = )uo(r(=h) = )] .

For some fixed R > 0, we choose

ug(s) = 14 cos(77) |s| < R
up(s) =0 ls| > R.

For r > R, we have ug(t + r(h)) = 0 and uo(t + r(—h)) = 0. Hence, we get

ult,x) = ’”(hQ)T_ Luolr(h) - 1) + WUO(T(—@ —1)
r(h) — m(r(h) — 1)

= 2r(h)t {1 + COS(R):| H(R—|r(h) —t|)
4 W {1 + COS(W(T(_h)_t))] H(R — |r(=h) —t]),

and its radial derivative is

Oy — ar(rgi)(}:) Lo(r(h) — 1)) + &(Wuo(r(—h) —1)
For the first term we obtain
8T(T(2};)(}L_)tuo(r(h) _4)) = 2T(th)2 (1 + cos(TEZT1) ) —1r(h) — t))
_mr(h ) o m(r( ) t)
R 2() sin(Z JH(R — |r(h) —t]).

For the second term we consider the transformation to a spherical coordinate system

x (h) sin(0) cos(p)
y =r(h)sin(0)sin(yp)

I
<

and the inverse transformation

r(h) =+/22+y*+(z—h—1)?

0 = arccos(% ;{;51 )

7 = arctan(¥).
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5.2 Numerical Experiment

We have
% = sin(0) cos(y)
% = sin(#) sin(y)
% = cos(f) .

The chain rule for differentiation shows

ox oy 0z
—F, —F —F,(x,y,
8?” (:B y’ ) + 8T y(337y> Z) + 87" ('1: y Z)

= sin(@) cos(¢) Fy + sin(0) sin(y) Fyy + cos() F ,

87"F(r(_h)) -

where
m(r(—=h) —1)
R

NH(t—r(—h)+ R).
Then,

Fy(r(=h)) = Qer (=) Or(—p) F(r(=h)), (5.12)
Fy(r(=h)) = (9yr(=h))Op—n) F(r(=h)), (5.13)
F(r(=h)) = 0:r(=h)0r(n) F(r(=h)), (5.14)

where

— X
V22 +y2+(z+h+1)2

_ — y
Oyr(=h) T V222 (z+ht1)?

o _ z+h+41
9,r(—h) W vy

With (5.12)) it follows that

0, F(r(—h)) = (sin(#) cos(p)(0zr(—h)) + sin(f) sin(p) (0yr(—h))
+c0s(0)(9.1(—h))) Op(—pyF(r(=h)).

Altogether we get

Orayu = |5 (14 <05 ("0 )))—}; o g sin ““2‘”)] H(R ()~ )
([ (e (U0)) - Rty o)
CH(R ~ [r(~h) 1)) T(*,;;(_,f)h“)

Using a formula of Veit [48] for the Neumann problem

(I-K')p=2f (5.15)

we obtain an exact solution for the density. To do so we write f = fi + fo with

m(r(h) — mrh)—t . w(r(h)—
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5 Discretization and Numerical Experiments

and

The solution ¢ is then given by

1t/2] 1t/2]
ey =23 fit—2k) +2) / e~ (1 — 5 ds
k=0 k=0 2k

We have first tested the validity and accuracy of our scheme for the Galerkin approxi-
mation

(I — K")enat, Ynat) = 2{f, ¥nat)

with piecewise constant ansatz and test functions in space and time for on a
sphere.

In Figure the L?-norm of the analytical and the numerical density are presented for
At = 0.025. Figure[5.6|shows the very good agreement of the analytic and approximate
solution in zg = (0,0,2.8)" for R = 0.9, h = 0.63, At = 0.1 and 1080 uniform triangles.

L2-norm Ref=3 Delta t=0.025
8

°

T
7 \
51—
= |
24
(o}
o°
3
2
1
| I I
0 5 10

timeins

Figure 5.5: L?-norm of the density for the exact and Galerkin solution to the integral
equation (I — K)o = 2f.
Looking at the relative discretization errors

Ipat,n(ts xo) — p(t, o)l 2((0,10)) and leatn — ¢llL2(o,10);2(r))
Pt o)l 22 ([0,10) el 22 (0, 1022 (r))

for a family of discrete solutions where @a¢ p is the TD-BE Galerkin approximation of
@ and pa¢n = Spatn, We obtain a convergence rate of 0.4, 0.65 resp., with respect
to the degrees of freedom (dof), i.e. the product of number of time steps and number
of triangles, as plotted in Figure Here, both the time step size At as well as the
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5.2 Numerical Experiment

T T T T T
—— analytic solution |
——discrete solution, A t = 0.1, 1080 triangles

Pressure

Figure 5.6: Exact sound pressure and its Galerkin approximation in z¢ = (0,0, 2.8).

Relative Error
3,
T

107°F [—8=L%([0,10];L2(1))-error in densit
——L%([0,10])—error in pressure

. . . .
10° 10" 10° 10
Degrees of Freedom

Figure 5.7: Relative L?-errors of density ©At,n and pressure pa¢ .

mesh size h have been halved four times starting from At = 27!, The CFL coefficient
is At/h ~ 0.38. See Figure for two corresponding spacial meshes.

Note that the coerciveness of I — K’ in the space-time Sobolev space setting is an open
question, so is the convergence of the BEM Galerkin scheme not theoretically proven

yet.
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Figure 5.8: Uniform meshes for the sphere with 320 and 5120 triangles.

5.2.2 Numerical Experiments for the Sound Radiation of Tyres

We consider the radiation of time-dependent acoustic waves outside a tyre in the half-
space above a rigid surface, described by the equations

1 0% o4 .
CQW_APZO in R™ x Q° |
p(T,x) = gf(v', z)=0 inR” xQ°,
dp 82“71 apl
= =— - = Rt xT
8” (T? x) p 87-2 an (7_7 :U) on X Y
;ﬁ%(ﬂx)z() on RT x Ty .

Here, we use 7 to denote the physical time variable in seconds, {2¢ denotes the half-space
without the tyre, p(r,z) the scattered sound pressure and p!(7,z) an incident wave.
The coupling of the tyre vibrations and sound pressure is described by the boundary

condition gﬁ (r,2) = —pagfzn - %—’i(T, x), where u describes the elastic displacement of
the tyre.

For the numerical simulations, we use a rescaled time variable, ¢ = c7, so that

‘;Z’—Apzo in RT x Q°, (5.16)
p(t,z) = %(t,x) —0 iR xQ°, (5.17)
gz(t,x) = —pc? a;;;" (t,z) — %]:(t,:c) on R x T, (5.18)
;ﬂi(t,x) =0 onR* xTy. (5.19)

Our solution procedure transforms the boundary value problem into an integral equation
on the boundary I' of the tyre. It allows an efficient treatment of the half-space problem
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5.2 Numerical Experiment

(5.16]).
We describe the sound pressure with the help of the single layer potential of the half-
space,
1 [elt—]r—yly) 1L [ot—lz—=y1]y)
Sp(t dsy + — d 5.20
pltoa) = Set.a) = - [ AT gy, ¢ 2 [ AL s, (520)

where 1/ is the image of y mirrored at the plane I's
Using ([5.20)) in the wave equation leads to an equivalent integral equation of the second
kind:

5 0%y, 3p

(-1 + K'p(t,z) = 2@(t,x) = —2pc

o (5.21)

for the density ¢(t,x) on the surface I'. The transient adjoint double layer potential
K’ of the half-space as mentioned before has the form

Kot ) = 1/an.(y—x) (@(t—|$—y|’y)+¢(t—x—y|,y)) s,

2 |z —y| |z —yl? |z —y|
1 ng - (y —x t— |z -1, H(t — |z — '],

L fne-ly / )(90( | /%\y)JrsO( | lyy)> ds, .
2 Jp |z =y lz — v/ lz — v

We solve the integral equation (5.21]) in the weak sense, i.e. using a variational formu-
lation:
Find ¢(t, z) such that for any test function (¢, z) it holds:

/ / T4 K)ot @)t z)dss dt = 2 / (t DOt s, di. (5.22)
=0

t zel t=0 xzel

For the numerical solution of the equation we discretize the surface I' of the tyre
into triangles I';, as well as the time interval into intervals I,, = (tm—1,tm] of length
At.

As we did before, we approximate the solution ¢ of the equation by

9

Ny
onar(t,r) = > WY (il (5.23)

m=1 i1=1

where ¢; and v are piecewise constant. For the test functions we choose

Vnat(t,x) =" ()pj(z).

The discretized formulation for (5.22)) then reads as follows: Find ¢p A such that

// T+ K ona(t, 2)7" ()5 (@ dsxdt_Q// Jo;(x) dsg dt

(5.24)
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forj=1,...,Ngandn=1,..., N;.
According to the choice of the trial functions the integral on the left side of (5.24]) turns
into a sum

Ny Ng T
DI /F wi(7)pj(z) dsg /0 ()Y () dt

m=1 =1

e [ ([ e e a) O ) i, as

m=11=1

//</0T7 (t—lz—yl)v Udt)W%() () dsy dsy

T ng - (x — 1/
(0 57— o — oy <>dt) “f’,ﬁsoxy)soj(x)dsmdsy

27|z —y
T (t — |z —y' )" (t) dt e (@2 Y) () dsy ds (5.25)
0 7 y 27T’Q? _y,,g 902 y 90] xT Yy . .
Note that
T
| e e de = at 5., (5.26)
0
T
/0 Yt =l =y () dt = —XB,_ s (T = Y) + XBnor (T — Y) (5.27)

T
/0 V([ — Yy (E) d = (bnmsr — 2 — Y]) — X, (& — 1)

+ (|.CC - y| - tn—m—l)XEn_m—1<‘r - y) : (528)

Herewith we obtain for (/5.25))

—Ath / z) dsg + i ibm Ain + A (5.29)

m=1 =1

where

Ng (T —vy Ng - (T —y
Aip i= — / (72)%(@/)%(93) dsydsy + / (72)<Pi(y)90j(x)d5:cd3y
En—m-1 -y E - y\

27|z 2wz

+tnmi [ R @ sads, /| T R dsads,

b o)) dsads, — tun- Mo (0 2) e,
(5.30)

Al is obtained by taking y' instead of y and E/,_, E! | instead of E,_p,, Ep_pm—1.
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Therefore ([5.25)) becomes

Ns Nt Ns
m m Ng -\ —Y
— Aty b /Fsoz'(w)@j(@ dsy + Y > bl [tn—m—irl (/E (yg)%(y)@j(x)dszdsy
=1 n

m=1i=1 27l —

ng - (x —vy ng - (x—y
T /E (_/|3)(Pi(y)§0j(x)d3xd3y> —tn—m-1 ( /E (|3)‘Pi(y)¢j(x)d3xd3y
m n—m-—1

o 2mlz—y 2r|lx — y
Mo (@ Y) ) () dsed 5.31
+ . W‘Pz(y)%(l’) SzdSy | | - (5.31)
n—m-—1
Hence we can write (5.25)) in matrix form as
n
AT Q"+ ) (KT (5.32)
m=1
with the vector ¢ = (b7, ..., bR,s)T and

/
Y L Gl )R / e (@Y o (2)ds,
(K')" =t (/El P (y)pj(x)dspdsy + oy 2nln — P ©i(y)pj(w)dszdsy

—t (/E w—zg%@)%@)dsxdsy +/ W@i(y)@j(x)dsxdsy) .

-, 27w —y B 27|z — o]
(5.33)

For the right hand side F" in (5.24) we have

T tn
| [ =peinttainan dss de=—pe [ [ inita) dtonto) ds,
0 I r tn—l

tn I
- /F / %’;(t,@ dtoi(z) dse  (5.34)
tn—1

with v, = .
Hence F" = f* with

tw:wﬁﬂw%wmwm%—/wwAJM@w% (5.35)

r
tn o I
- / / X (1,2) digi(x) ds (5.36)
r tn—1 n
The Galerkin discretization in space and time leads to a marching in on-time (MOT)
algorithm, as seen in Chapter 2,
n—1

(AL T+ (K0 =2F" = Y " (K')"" ™™ .

m=1
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5 Discretization and Numerical Experiments

5.2.3 Numerical Experiment for a Vibrating Tyre
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Figure 5.9: Discretization of tyre used for computation of tyre vibration and Horn effect

We validate our code by comparing its results with results in frequency domain obtained
by W. Kropp and O. von Estorff and their groups at Chalmers University, Gothenburg
resp. TU Hamburg-Harburg. We solve (5.19) with p/ = 0 using the MOT scheme
(5.23), for the normal velocities @y obtained for a model tyre.

In practice, we use data for uy = vy in frequency domain provided by the colleagues
above and Fourier transform it into the time-domain. Kropp and von Estorff solve the

Helmholtz equation

Ap+w?p=0 in RT x 0 (5.37a)

gp (w,x) = —piwvy (w, x) on Rt x T (5.37b)
n

b (w,z) =0 on RT x T, (5.37c)
Oxs

They use piecewise constant ansatz functions and collocation together with a Fast
Multipole Method [27] to solve

N

=1
with
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IG(z,y) >
TL’ dsy | pj = Z/ G(x,y) dsypiwvn(w,y;) (5.38)
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o ctklz—yl etklz—y/| £ 30
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5.2 Numerical Experiment

Here y; is the midpoint of A; and p; is the numerical approximation to p in A;. While
this formulation in practice yields reliable results up to 1000Hz, for larger frequencies
they use a Burton-Miller stabilized method.

In the model, we consider an idealized tyre without profile (205/55R16). The corre-
sponding mesh consists of 12044 elements with 6027 nodes, see Figure

The velocities 4y are given at each node as a function of f = 5=, at 513 equidistant
frequencies from f = 0 to f = 1809.4 Hz. They are then Fourier transformed into a
function of time, wich is used to calculate the right hand side.

After solving for the density ¢ with At = 3.125.107% s, we evaluate the sound
pressure p(t,z) in 320 points in the hemisphere {x € R} : ||z[|2 = 1} outside the tyre.
The resulting p(t,x) for 320 resp. 200 time steps is Fourier transformed into the fre-
quency domain for each of the 320 points.

The A-weighted sound pressure level is a recognized approximates the human’s per-
ception of noise [26]. Figure shows the A-weighted sound pressure level of the
acoustic wave radiated from the tyre averaged over 321 points in the hemisphere
{z € R} : ||lz||, = 1}. As a reference, we use the results of [27], blue curve in Fig-
ure [5.10] which was calculated by a BEM collocation method with piecewise constant
trail functions [27] for the Helmholtz equation.

It is worth pointing out that for the blue curve a Burton-Miller stabilization is used
for frequencies above 1000Hz. The remaining curves all result form the same TDBEM
simulation where the difference is only the starting time from which onwards the point
evaluation of the sound pressure is considered. Except for the black curve, the other
once have the same qualitative behavior and only differ significantly to the blue curve
for the third-octave bands with center frequency 1600Hz and 2000Hz. Due to the use
of the particle velocities from the frequency domain and the discretization of the ramp
up function, a shock wave is emitted at the beginning of the simulation. Consider-
ing this artificial wave also in the Fourier transformation leads to distorted amplitudes
in the frequency spectrum, hence the black curve. This can be avoided by using the
point evaluation of the sound pressure from time t¢; onwards for the discrete Fourier
transformation.
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Figure 5.10: Comparison of the A-weighted sound pressure level averaged over 320
points and frequency bands for TDBEM and frequency—domain BEM, see
text for details.

Remark 5.1. The calculated pressure by the BEM-model in the time domain is trans-
formed by the FFT into the frequency domain. The frequency range is determined by
the step size of the time discretization and ranges from 0 to ﬁ. With N, time steps we

obtain a frequency resolution of m.

5.2.4 Numerical Experiment for the Horn Effect

The horn effect is the amplification of the sound field radiated by sound sources close
to the contact area between the tyre and the flat ground. It is due to the horn-like
geometry between tyre and street.

Experimentally, the horn effect is observed by measuring the pressure field radiated by
the tyre due to a given excitation on the one hand and the pressure radiated by the
same tyre and the same excitation but in the presence of a road on the other hand.
By taking the ratio of both pressure fields, amplification factors are calculated which
quantify the horn effect for the given tyre and the given excitation.

Because of the principle of acoustic reciprocity the measured pressure field is the same
if the source and the microphone switch positions. This means that the noise source
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5.2 Numerical Experiment

can be placed in front of the tyre and that the microphone can be placed inside the
contact region. This usually results in simpler experimental set-ups due to the fact that
the noise source, which usually requires a bit of space, is placed away from the contact
zone. This type of arrangement is used in this work.

Our calculations allow us to quantify the horn effect for a given tyre.

We consider the idealized last tyre from Section 5.2.3. It is located at a distance h;
above the origin (0,0, 0).

Engineers have studied the horn effect for a monopole point source located in ygc € I'so
of strength 1N/m for various single frequencies. They consider Neumann data given
for ysre = (0,0,ds) by ot _ W with

on
eiw‘x*ysrcl eiwleygrc|
G W, T,y = + ’
( STC) 47T|$ - ysrc| 47T‘$ - y{src’
z
e
J,hj' ,,,,,, gsrc } Ry
NAASNNN TS
ds | |
(—‘—’J
| dr |

Figure 5.11: Horn geometry

In the time domain, after Fourier transformation, we obtain a time-dependent point

source
ot — |z — ot — |z —1.
G(t7 x7 ysrc) — ( ’w ySTC’) ( |x y/ST’C|) (5'40)
47-("73 - ysrC’ 47T‘$5 - ysrc‘
Note that %’;’W) =0on .
Neglecting tyre vibrations pc? a;;é" we have to solve the integral equation
p oG n
(=1 + K'p(t,x) = —2(9—(15,3:) = f(t,x), (t,z) e R™ xT'. (5.41)
n

We use the additional parameters ds = 80mm, h; = 10mm, d, = 1m, h, = 0m

(see Figure |5.11]).

The components of the vector on the right hand side can be calculated analytically.
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Since we consider the case ysyc = Y, we have

(oo = — /ndt [ s { Pa Ware =) 50410 yl) (5.42)

4r ‘x - ysr6‘2

Ny - (ySTC - 37) 5(t _ ‘.TL' _ ySTCD} 903(35)

ATt|T — Ysrel?
=(I)+ ). (5.43)

Here

(1) = — / M (Yare — 7)
Fﬂ{$€F| tn71S|z_ysrc|§tn} 7T|$ — Ysre

_ / ds, Ng - (ysrc - f) (p](SC)
TiNE(ysre) T|T — Ysrel

is an integral over the domain of influence of ys,.. We compute it as in [40, (4.7)],[33].
The first term (I) can be evaluated more explicitly.

‘4/ dt/ sy Wore =0 s ey b+ B Yes ()

4r ‘:U - ySTCP

:/T dsy M{ 5( | _ysrc|)+5(tn—1_|x_ysrc|)}

Fi W’x - ysrc’2

1 : _ 1 : _
_ / Ny (ysrc 233) de . / Ny (ysrc 233) de
T )0 {e—yerel=tn_1} T = Ysrel T )10 {le—yerel=tn}  |T — Ysrel

1 1
= B} / Ny - (ysrc - .%') dsy — tg/ Ny - (ysrc - .%') dsy
th—l ij{lx_ys'rc‘:tn—l} Q0 n ij{|x_y5'rc‘:tn}

R (5.44)

2 2
iy mts

where ((t) denotes the length of the curve T; N {|x — yore| = t}.
Here we note that the integrand n, - (ysrc — ) is constant on each triangle T}. Indeed,
if a,b € T}, then a — b L n, and therefore

nx‘(ysrc_m):nx'(ysrc_y_(x_y)):nz'(ysrc_y)'

The amplification due to the horn effect in xy, is given by

pi(w,x
ALH (O.)) = 20 10g10 <,L§21((u} m.:p))||)> )
’ p

where py is the Fourier transformed of the emitted Dirac impulse and p; the Fourier
transformed of the Dirac impulse overlayed with the sound ration of the tyre. The
Fourier transformations are realized by the discrete FFT applied to a sample of each
wave where the time step size is the same has for the computation of the density. For
the sampling of the Dirac impulse the function 6(t — |z, — Ysre|) is first approximated
by a rectangular function where the rectangular has a width of At, center |z ¢p — Yscr|
and height (At)~!
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Calculation in the time domain

We use the discretization of Section 5.2.3. As time steps we take At = 0.01, At =
0.04, At = 0.16 which corresponding to 2.9155¢ — 05 s, 1.1662e — 04 s, 4.6647e — 04 s,
and we compute until 7" = 24. We solve the second kind integral equation (5.41) with
right hand side (5.42). The MOT method provides the coefficients ¢™ = (b"); at the
times mAt and thus the discretized density .

Substituting into ([5.20)) makes the calculation of the sound pressure p(t,zy,) at
the point xf, possible, which gives p; = p + G, see .

Comparison between measurements and calculations of the Horn Effect

The following figure shows experimentally measured amplification curves for 4 different
microphone positions in the frequency range from 300 Hz to 6 kHz. These measurements
serve as validation data for the BEM solutions.

When the distance from the horn is reduced the maximum of the amplification is reached
and is shifted to lower frequencies, [10].

304
—— d=10 mm —+— d=40 mm
254 ——d=20mm = ----- d=80 mm

20
AL 15
[dB]

10

100 1000 10°
frequency [Hz]

Figure 5.12: Experimentally measured amplification due to the Horn effect for different
values of d
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Figure 5.13: Calculated amplification due to the Horn effect for d = 80mm, tyre 1 mm
above ground.

Figure displays the computed amplifications for the frequencies from 200 to 2000
Hz. Calculations with the model and parameters described above are in qualitative
agreement with the experimental values. Especially they allow to predict the maximal
amplification and the frequencies at which it occurs.
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6 Rolling Tyre

External noise radiating from a tyre is one of the dominant noise sources of a vehicle as
shown in Figure [6.1] For moderate speeds it is the main noise heard by an an observer
at a distance from the street.

This chapter concerns the noise generated by a tyre rolling on the road. For this purpose
we develop a 3D time domain boundary element method based on the fundamental
solution for a moving wave equation with rotating data on the tyre.

I 85 4 I I

T Overall Noise -

3 80 #\d_:'__:___-_—___—:,_..-—,

@

£ 75 %4

@ . e

¢ /# Tire Noise | —
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o / = _____[__ -

c <1~

= g =

o 65 = - Powertrain Noise —
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2 : |

S 60 += 7l s e

= Fa Aerodynamic Noise

< 55 L | | | |
a0 60 70 a0 1) 100 110 120 130

Vehicle Speed, kph

Figure 6.1: Noise sources of a driving vehicle, Source: R. Bernard, R. Wayson. An Intro-
duction to Tire-Pavement Noise of Asphalt Pavement, Purdue University,
2005

6.1 Green’s Function for the Moving Wave Equation

We consider an acoustic point source ¢(¢,z) moving with constant speed v along the
xr1-axis at height h above the xjx9-plane. The acoustic sound pressure p is measured
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at Yy = (y17y27y3) .
The Lorentz transformation with respect to x and t is

t =~(t— M)
1 = y(x1 — Mt)
To = X9
T3 =123,

where M is the Mach number, M =v if c=1, and v = \/172

This transformation will be applied to the wave equation (21.1§\416ading to a new equation
1 J%uy,
2 o2
ur, is the solution of and Ay, is the Laplace operator written in the new coordinates
(T1,%2,73).

The Green’s function, which describes a moving point source in the new coordinates,

Ouy, := —Apur, =0. (6.1)

is given by .
G, b7 = LT =)
AT R[1 — M)
where Mp = A%ﬁ,f{:i—?)andé:’j—m-

The Lorentz transformation allows the moving source to be treated as a stationary
source in the Lorentz frame, and provides a model for the motion of the source.
The Dirichlet or Neumann boundary conditions are preserved under Lorentz transfor-
mation and we obtain the corresponding half-space Green’s function, for example
GEE5.7) = 5(£~—%— R) N 5({— F—R)
4rR[1 — Mp]  4nR'[1 — Mp,]

for Neumann boundary conditions on I's.
Using some unknown density ¢, we can represent the pressure as follows:

. 8 t—R t— R
p(E,7) = Sp(f, &) = / =Ry o / =By 4o (62
r 4mR[1 — Mg] r4nR'[1 — Mpg,]
We obtain the time-domain boundary integral equation
of
I+ Kp=2_-" .
(-1+K)p =25 (63)
and its discretized variant
0
(=1 + K')pn,at, ¥nat) = 2(%#/%,&) : (6.4)

Here the time-domain adjoint double layer operator in the moving frame is given by

~ 1 ne R - = ng R+ Rng, - M - -
K’ ,:z:/—ﬂ”'t—R, ds, — —— a t—R,y)ds
P8 =50 | R[l—MR]SO( ) dsy R[1 — Mp)? #l ) dsy
~ / ~ / ~
1 ng - R ~ - ng R +Rn, M . =
—‘—7 —.,7. t_R/, dS - ~ t_Ry dS .
%ARmﬁ%w V) dy = el Ry
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6.2 Exact Solution for the Moving Wave Equation
6.2 Exact Solution for the Moving Wave Equation

We consider the exact solution of the wave equation in Section 5.2.1. After a Lorentz
transformation the solution of the wave equation in the new coordinate system is

r(h) —~y(t —vay)
2r(h)

Un(t, 21,22, 23) = Uo(r(h) = ~(t = va))

# HER 1) () = 9t )

where

r(h) = \/i’% + 32+ (3 — h)?2 = \/72(301 —vt)?2 + 2% + (3 — h)?

P(—h) = \JE + 8+ (B3 + h)2 = /7221 — v0)? + 2F + (w5 + h)2.

The solution U,(t, z1, z2, z3) describes a noise source that moves with velocity v in the
r1-direction with %%’; = 0 on the road.
The solution for an observer sitting under the tyre on the road is

. f—fyf—cﬂi” + ot _ v
Ul(t, T1,72,%3) = ( 2;( : ))Uo(r —(t — 6—23:1))
7 — y(t — (21 + vt)) T .
+ 2;/ Uo(r' —~y(t — 6—2(331 +vt)))

where

F(h) = 128+ 83+ (@5 — D)2 #(—h) = \[2E + &G+ (&3 + h)2.

Therefore

Pl (- 7 1
~ - ~ . ¥ vy = _ _\~
U(t,Z1,%2,73) = o7 Uo ( + (v ,y)xl)
7 —Ly(y=-1)z 7 1
ol ol v _ \#
Ul = =+ (= D))

This is the solution of the wave equation moving on the road.

We will also be interested in rolling tyres, which rotate in addition to moving. They
are simply described by rotating data f on the moving tyre.

Given data f = f(t,x1,x2,23) in the stationary frame we get data for the rotating
frame at angular velocity w around the xs-axis through x3 = h:

T1 +wht 0 cos(wt) 0 —sin(wt) x1
o =(o|l+[ o 1 0 B
T3 h sin(wt) 0  cos(wt) x3—h

Solving for (z1,z2,x3) gives

x cos(wt) 0 sin(wt) T1 +wht
xT9 = 0 1 0 CZ‘Q 5
x3—h —sin(wt) 0 cos(wt) T3 —h
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6 Rolling Tyre
so that we get the data on the rolling tyre:
lel(t, T1,T9, :733) = F(t, COS(wt)jl—f-Sin(wt)(fg—h)—l—th, X9, h—sin(wt)i:1+cos(wt)(ig—h)) .

The angular velocity w and the velocity v in the x1 direction are related by the condition
v=wRh.

6.3 Numerical Experiment

In this section we present the numerical results for some test cases for the outgoing sound
wave in a moving frame. Here, the performance of the algorithm is demonstrated by
several examples for moving or rolling spheres and tyres.

In all examples we solve the Galerkin discretization of the integral equation ,
using piecewise constant ansatz and test functions in space and time.

X

Figure 6.2: Geometry of the moving tyre

For the first example we choose a sound source at the front of the sphere, which moves
with constant velocity v = 24,69km/h = 6.8583m /s above the plane (h = 0.001m) and
radiates with a frequency frq = 54.59 Hz.

The Cauchy data on the surface of the sphere are

cos(frq(t — =2l cos(frq(t — ==l

f(t7x) - 477(’«75 - ysrc’ - (:U - ysrc)'M) 47T(‘I - ygrc‘ - (.75 - yéTC)'M) .

(6.5)

We approximate the sphere by an icosahedron of 320 elements. In order to satisfy an
appropriate relation 5 = % = 0.5 between time and spatial discretizations, a time step
At = 0.4908 which corresponds to 0.001431s should be chosen. The sound pressure is

evaluated at position (2,0,0) .
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Pressure in Pa

6.3 Numerical Experiment

0.03{—

-0.01—

Timeins

Figure 6.3: Sound pressure in point (2,0,0) as a function of time (in seconds).

Figure shows how the noise level increases as the source approaches the microphone
and decreases when the source has passed.

In this example our resolution is too small to observe the Doppler shift A frq = _%- frq
of the frequency for a moving source source.

To see this effect in the numerical solution, we choose At = 0.15 which corresponds to
0.000437s and perform 2194 time steps, the other parameters being as in the previous
experiment. We evaluate the sound pressure as a function of time in the point x¢ =
(13,0,0). Figure|6.4]shows the Fourier transformed sound pressure p(f, zo) (normalized
to amplitude 1) in xg for frequencies up to 100Hz and compares the signal with the
Fourier transform of a sinusoidal wave sin(t;) in the same nodes t; = (j — 1)At. We
note the shift to the right of the dominant frequency, and with the current parameters
our frequency resolution suffices to clearly distinguish the two peaks. Figure [6.5| zooms
into the frequency band from 50 to 60Hz, where the location of the peaks is at the
expected frequencies 54.59Hz and % X 54.59 + 54.59 = 55.7Hz.

85

07
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pressure p(w,x0) (normalized to 1)

50
frequency (Hz)

Figure 6.4: Doppler effect: Fourier transformed sound pressure vs. sinusoidal signal as
a function of frequency in the point z¢y = (13,0,0).

pressure p(wx0) (normalized to 1)

55
frequency (Hz)

Figure 6.5: Doppler effect: Detailed view of the frequency band from 50 to 60Hz.
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6.3 Numerical Experiment

X

Figure 6.6: Geometry of the rolling tyre

The next numerical example considers the sound radiation of a rolling sphere. The
motion of the source is a combination of rotation and translation:

While the center of the sphere moves with constant velocity along the xi-axis, the
source is rotating around an axis parallel to the zg-axis through the center. This is
shown in the picture above (see Figure .

Figure[6.7|shows the sound emitted by a source, which started at the front of the sphere
and rolls over a microphone on the surface of the street at time 0.25s after % rotations.

o2 ! ! ! ! ! ! ! ! !

0 0.05 0.1 0.15 0.2 0.25 03 0.35 04 0.45
Timeins

Figure 6.7: Sound pressure (in Pa) at an evaluation point 1.5 m away on the road for
freq = 343 Hz.
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6 Rolling Tyre

6.4 Adaptive Methods for the Moving and Rolling Tyre

The a posteriori estimate in Theorem 4.3 continues to hold for the Dirichlet problem
Vro = f for a moving or rolling tyre. The proof is identical, and only the constants
of coercivity and continuity of the single layer potential depend on the velocity of the
tyre.

While we could neglect the time derivative in the resulting indicator for the standing
or moving tyre, this term becomes important once we rotate the data for a rolling tyre.
Also, as the singularities might no longer stay in the same part of the tyre in this case,
both space- and time-adaptive refinements are necessary as in Glafke thesis [21].
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