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He who is to be a good ruler must have first been ruled.
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Abstract

The development of stable narrow-linewidth lasers is essential for high-resolution spectroscopy
and tests of fundamental physics, as well as interferometric measurements, such as gravita-
tional wave detection. In the field of optical frequency standards, the instability of the clock
interrogation laser limits the performance of the most sophisticated optical frequency standards
to a level of 10−16/

√
τ for long averaging times τ . Typically, laser stabilization is performed

by locking a laser frequency to a resonance of an external high-finesse optical cavity, thus
converting the cavity’s passive length stability into a frequency stability. The length stability is
fundamentally limited by thermal noise; Brownian motion causes local random displacement
in the cavity spacer, mirror substrates and mirror coatings. On a less fundamental level, the
cavity length is sensitive to the deformation of the cavity material under external perturbations
(i.g. vibrations, thermal expansion) and to the variation of the refractive index.

This thesis presents a 39.5 cm long optical cavity featuring an estimated thermal noise
limited frequency stability at the level of 7×10−17 at 1 s. The stabilized 1070 nm wavelength
laser will be frequency-doubled twice (to 267 nm) and used for sub-Hertz clock interrogation
of the Al+ optical frequency standard in PTB.

The first part of the thesis consists of the theoretical study of two approaches to reduce
the thermal noise in optical cavities. In the first approach, we investigate the potential and
limitations of operating the cavity close to instability, where the beam diameter on the mirrors
becomes large. Our analysis shows that even a 10 cm short cavity can achieve a thermal
noise limited fractional frequency instability in the low 10−16 regime. In the second approach,
we increase the length of the optical cavity. We show that a 39.5 cm long cavity has the
potential for a fractional frequency instability on the order of 7×10−17. Using finite-element
simulations, we design a 39.5 cm cavity, made of ultra-low-expansion material and fused-silica
mirrors, with a reduced sensitivity of . 10−11/m·s−2 for vibration-induced fractional length
changes in all three directions.

The second part of the thesis describes the experimental realization and characterization of
the built 39.5 cm long environmentally insensitive cavity. The measured fractional frequency
sensitivity to vibration is around or below 10−11/m·s−2 in all three directions. In addition, the
effects of thermal fluctuations and vacuum pressure variations on the fractional frequency in-
stability is below the thermal noise limit for averaging times up to 4×104 s. Laser stabilization
to the cavity was performed using the Pound-Drever-Hall technique. The evaluated residual
amplitude modulation effect shows an induced fractional frequency instability of 4×10−16 for
averaging times shorter than 200 s. Laser intensity stabilization was performed and shows a
flicker floor noise limit for the achievable fractional frequency instability of few 10−16.

In the third part, the frequency of the laser stabilized to the 39.5 cm cavity was compared to
that of several stable lasers present at PTB. The measurements where performed after transfer-
ring the laser via a 350 m long stabilized optical fiber. A frequency comb allows the frequency
comparison between lasers of different wavelengths. The results show a flicker floor laser
frequency instability at 1.1× 10−15 for averaging times between 2 s and 200 s. Finally, we
discuss the technical issues limiting the current performance of the cavity stabilization and
point out possible improvements that will allow us to reach the theoretical thermal noise limit.
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Zusammenfassung

Die Entwicklung stabiler Laser mit geringer Linienbreite ist essentiell für hochauflösende
Spektroskopie und Tests fundamentaler physikalischer Theorien, sowie interferometrischer
Messungen, wie z. B. Gravitationswellendetektion. Im Bereich der optischen Frequenz-
standards ist die Instabilität der am höchsten entwickelten Systeme durch deren Uhrenabfrage-
laser im Bereich von 10−16/

√
τ für lange Mittelungszeiten τ begrenzt. Die Laserfrequenz

wird hier für gewöhnlich auf die Resonanz eines externen optischen Resonators mit hoher
Güte stabilisiert, wodurch die passive Längenstabilität des Resonators in eine Frequenzstabil-
ität übersetzt wird. Die Längenstabilität ist fundamental durch thermisches Rauschen begrenzt;
Brown’sche Bewegung verursacht hierbei lokale statistische Verschiebungen im Material des
Resonatorabstandhalters, der Spiegel, sowie der Spiegelbeschichtungen. Auf einem weniger
fundamentalen Niveau hängt die Resonatorlänge von Deformationen des Resonatormaterials
unter äußeren Störeinflüssen (z. B. Vibrationen, thermische Ausdehnung), sowie von Än-
derungen im Brechungsindex ab.

Die vorliegende Arbeit präsentiert einen 39.5 cm langen optischen Resonator mit einer
geschätzten Frequenzinstabilität von ungefähr 7×10−17 bei 1 s. Der bei einer Wellenlänge von
1070 nm stabilisierte Laser wird zweimal frequenzverdoppelt (auf 267 nm) und anschließend
zur Abfrage des Uhrenübergangs des Al+ optischen Frequenzstandards an der PTB verwendet.

Der erste Teil der Arbeit beinhaltet theoretische Untersuchungen von zwei Ansätzen zur
Reduzierung des thermischen Rauschens in optischen Resonatoren. Im ersten Ansatz unter-
suchen wir Potential und Limitierung von optischen Resonatoren nahe der Instabilität, bei
denen der Strahldurchmesser auf den Spiegeln groß wird. Unsere Analyse zeigt, dass bere-
its mit einem 10 cm langen Resonator eine durch thermisches Rauschen begrenzte relative
Frequenzinstabilität von wenigen 10−16 erreicht werden kann. Im zweiten Ansatz vergrößern
wir die Länge des Resonators. Wir zeigen, dass mit einem 39.5 cm langen Resonator po-
tentiell eine relative Frequenzinstabilität von 7× 10−17 erreicht werden kann. Mit Hilfe von
Finite-Elemente-Simulationen entwickeln wir einen 39.5 cm langen Resonator aus Ultra-Low-
Expansion Material und Fused-Silica Spiegeln und mit einer reduzierten Empfindlichkeit auf
vibrationsbedingte Längenänderungen in allen drei Raumrichtungen von . 10−11/(m · s−2).

Im zweiten Teil der Arbeit wird die experimentelle Umsetzung und Charakterisierung
des 39.5 cm langen umweltunempfindlichen Resonators beschrieben. Die gemessene relative
Empfindlichkeit der Frequenz auf Vibrationen beträgt um die 10−11/(m · s−2) oder weniger
in allen drei Raumrichtungen. Des Weiteren liegen die Beiträge der thermischen Fluktuatio-
nen und Vakuumdruckänderungen zur relativen Frequenzinstabilität unterhalb des thermischen
Rauschens für Mittelungszeiten von bis zu 4× 104 s. Die Laserstabilisierung wurde mithilfe
der Pound-Drever-Hall-Methode durchgeführt. Die hierbei gemessene Restamplitudenmo-
dulation führt zu einer relativen Frequenzinstabilität von 4× 10−16 für Mittelungszeiten von
weniger als 200 s. Die Stabilisierung der Laserintensität führt zu einer durch Untergrund-
rauschen begrenzten erreichbaren relativen Frequenzinstabilität von wenigen 10−16.

Im dritten Teil wird die Frequenz des auf den 39.5 cm langen Resonator stabilisierten
Lasers mit weiteren an der PTB vorhandenen stabilen Lasern verglichen. Die Messungen wur-
den nach dem Transfer des Laserlichts durch einen 350 m langen stabilisierten Lichtwellen-
leiter durchgeführt. Ein Frequenzkamm erlaubt dabei den Vergleich zwischen Lasern mit
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verschiedener Wellenlänge. Das Ergebnis zeigt eine relative Laserfrequenzinstabilität bei
einem fluktuierenden Untergrund von 1.1×10−15 für Mittelungszeiten zwischen 2 s und 200
s. Abschließend diskutieren wir technische Aspekte, durch welche die bisherige Lasersta-
bilisierungsqualität begrenzt ist, und zeigen dabei mögliche Verbesserungen auf, die es uns
erlauben sollten, die durch das thermische Rauschen theoretisch gesetzte Grenze zu erreichen.

Schlagwörter: Optischer Resonator, Frequenzstabilisierung, Thermisches Rauschen, Op-
tische Uhr, Vibrationsempfindlichkeit.

keywords: optical cavities, frequency stabilization, thermal noise, optical clock, vibration
sensitivity.
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Chapter 1

Introduction

Frequency-stabilized lasers are a key element in modern precision measurements. The scien-
tific community demonstrates an increasing interest in the interaction between light and matter,
i.e. laser cooling and trapping of atoms [1–3] and the measurement and manipulation of indi-
vidual quantum systems [4–6]. The development of frequency stabilization and measurement
techniques [7, 8] pushes researchers to establish ultra-narrow linewidth lasers, with applica-
tions ranging from tests of fundamental physics [9,10], over gravitational wave detection [11]
to atomic frequency standards [12–16].

Ultra-stable lasers are particulary important for the field of frequency metrology. The sta-
bilized optical laser frequency is used for precision spectroscopy of atoms with narrow atomic
transitions, which serve as stable and accurate references for optical frequency standards. In
the case of frequency standards employing trapped ions or neutral atoms, the development
of cutting-edge techniques for stabilizing optical frequencies, and femtosecond mode-locked
lasers for the comparison and absolute measurement of optical frequencies, have revolution-
ized the field [17]. Besides applications in modern length and frequency metrology [18], the
use of optical frequency standards is extended to various fields ranging from research in fun-
damental physics to commercial applications including the measurement of fundamental con-
stants and their variation with time (i.e. fine-structure constant α), geodesy, precision satellite
navigation, etc. [19].

The stability of a clock improves with increasing frequency of the oscillator. Compared
with microwave frequency standards, optical frequency standards using an intercombination
line in atomic species such as ytterbium, indium, mercury and strontium [12, 15, 16, 20–23]
are at least 100 times more stable than the best Cs fountain microwave clock [24]. The newly
established quantum state interrogation technique using quantum logic spectroscopy [6, 25]
have enabled the development of the single aluminum ion frequency standard using 27Al+.
Such a clock, built at NIST, was classified in 2010 as the world’s most stable clock, with a
frequency instability of 2.8×10−15/

√
τ where τ is the averaging time, a frequency uncertainty

on the order of several parts in 1018, and proven reproducibility with a fractional frequency
difference between two Al+ clocks of −1.8×10−17 [14]. However, the short-term instability
of the clock interrogation laser of 3× 10−16 at 1 s [26] remains the primary limit for Al+

frequency standards. Indeed, until today, the performance of the most sophisticated optical
clocks with a theoretical instability of well below 10−17 in 1 s is limited by the short term
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CHAPTER 1. INTRODUCTION

stability of their local oscillator at the level of a few 10−16/
√

τ for long averaging time τ [12,
22]

During the last decade, efforts have been multiplied to realise a laser with the lowest pos-
sible short term instability. The most common method relies on the use of a passive optical
resonator as a frequency ruler [27]. The optical path length inside a passive optical cavity
defines the resonance frequency of the stabilized laser. However, this length is subject to per-
turbations. Environmental perturbations on the cavity optical path length such as temperature
fluctuations, mechanical and acoustic vibrations and refractive index variations, can be signif-
icantly suppressed by placing the cavity in a vibration isolated vacuum system with stabilized
temperature. However a fundamental limit to the cavity length stability arises from the thermal
noise; Brownian motion causes local random displacements in the cavity spacer, mirror sub-
strates, and mirror coatings, not avoidable above the absolute zero temperature [28]. State of
the art lasers stabilized to passive cavities show a thermal-noise-limited fractional frequency
instability on the order of 1 to 3×10−16 at 1 s [29–31].

Numata et al. showed that, for a cavity made of ultra-low expansion glass and operating at
room temperature, the dominant source of thermal noise comes from the mirrors. The thermal
noise scaling is proportional to the mechanical losses in the mirror substrate, but inversely
proportional to the laser mode diameter at the mirrors. The work reported in this thesis follows
this lead and we analyze the feasibility of two alternative approaches to increase the mode size
on the mirrors. The first approach is based on cavities operated close to instability, i.e. with
a near-planar or near-concentric mirror configuration, whereas the second approach relies on
increasing the cavity length. This study brings us to design and realise a 39.5 cm long stable
optical cavity with an estimated thermal noise limit of 7× 10−17 at one second. This cavity
will then stabilize the 1070 nm clock for the interrogation of the clock transition in the Al+

ion at PTB [32].

Outline of thesis

In addition to the introduction presented in this first chapter, this thesis contains four main
chapters concluded by a summary chapter. The chapters are organized as follows:

• Chapter 2: The necessary tools for understanding the notion of laser frequency stabiliza-
tion are presented. Allan deviation analysis of the frequency instability as well as laser
noise sources and their effect on a single ion frequency standard are explained. We also
present the theory of a passive optical resonator, and the use of the Pound-Drever-Hall
technique for laser frequency stabilization to a passive optical resonator.

• Chapter 3: A theoretical study of reducing thermal noise in optical cavities is presented.
Here, we analyze the feasibility of two alternative approaches to increase the mode size
on the mirrors. The first approach is based on cavities operated close to instability,
i.e. with a near-planar or near-concentric mirror configuration, whereas the second re-
lies on long cavities. In the latter approach, relative frequency fluctuations are further
suppressed since they scale with the inverse of the cavity length. We show through sim-
ulations that a 10 cm long cavity, when operated near instability, can achieve a thermal-
noise-limited instability of 1.5× 10−16 at 1 s, whereas a 39.5 cm long cavity has the

2



CHAPTER 1. INTRODUCTION

potential to achieve an instability below 10−16 at 1 s. Possible technical limitations of
near-concentric and near-planar cavities arising from the dense mode structure close to
instability and an estimation of the effects on the laser frequency stabilization are inves-
tigated. A major challenge for long cavities is the required insensitivity to accelerations.
We present a 39.5 cm long cavity design with a vibration sensitivity of the fractional
length change of < 10−10/g in all three directions, assuming realistic machining toler-
ances. The results of this chapter have been published in [33].

• Chapter 4: The experimental details of the optical and electronic setup of the laser stabi-
lization to the 39.5 cm long cavity are presented. We show in this chapter that we have
realized an environmentally insensitive long optical cavity. The measured cavity sensi-
tivity to mechanical vibrations at frequencies below 100 Hz is on the order of 10−11/g
in the axial direction and 10−12/g in the horizontal and vertical directions, the lowest
reported up to the present for such a long cavity. We also show that the temperature and
pressure perturbations were suppressed to below the thermal noise limit. By locking the
laser to this high finesse cavity, we show that the free running diode laser noise is sup-
pressed also below the thermal noise level of the cavity. We show as well the intensity
stabilization performance and passive residual amplitude modulation suppression, and
an evaluation of their effect on the final cavity performance.

• Chapter 5: The performance of the laser stabilized to the 39.5 cm long cavity is measured
and presented in this chapter. To perform this measurement the laser is transferred via
a 350 m stabilized fiber to be compared to two different stable lasers, present at PTB,
and operating at different wavelengths. The frequency comparison is performed via a
frequency comb. In this chapter we show the technique used for stabilizing the fiber link.
The frequency stability comparison of lasers with different wavelengths via a frequency
comb is then outlined. A fractional frequency instability of 1.1×10−15 for an averaging
time between 2 s and 200 s was obtained for our system. A discussion of the limits of
the ultimate performance of the cavity is presented at the end of this chapter.

• Chapter 6: The summary and outlook chapter gives a general overview about the ob-
tained theoretical and experimental results, and an outlook of steps that we intend to
take in order to improve the current performance of the laser stabilization.
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Chapter 2

Concept of a stable optical local oscillator

Frequency stabilized laser sources are a key feature of fundamental physics experiments, par-
ticularly in the field of frequency standards. Optical frequency metrology improves in terms
of stability essentially by improving the stability of the local oscillator (laser) used for probing
the atomic reference. Nowadays, frequency stabilization techniques are based on the com-
parison of the laser frequency to external stable reference frequencies, such as from spectral
hole burning in cryogenically cooled crystals (i.e. Tm3+:Y3Al5O12 or Eu3+:Y2SiO5) [34, 35]
or from an atomic or molecular absorption line (i.e iodine) [36, 37]. More commonly used
in optical frequency standards is laser frequency stabilization to a passive optical cavity; the
stability of the cavity optical path length is transferred to stabilize the laser frequency.

In this chapter we consider laser frequency stabilization to a cavity (etalon) of perfectly
constant length. We will start by explaining how we characterize the laser frequency insta-
bility using Allan deviation and classify the different types of noise. In the second part we
describe the single ion Al+ frequency standard and the effect of laser instability on the clock
performance. In the third part we first present a brief review of the relevant properties for our
study of a Fabry-Perot (FP) cavity, then we present the Pound-Driver-Hall technique used for
locking the laser frequency to an optical resonance of the optical cavity.

2.1 Evaluation of frequency instability: Allan deviation
The performance of a frequency standard is evaluated from the stability of the local oscillator
(laser). A common technique for describing frequency fluctuations and characterizing the
stability of the local oscillator consists of calculating the Allan variance σ2

y (τ) as a function of
the measurement time τ [19]. σy(τ) is called the Allan deviation.

Consider the evolution of the frequency over time, ν(t), measured using a frequency
counter that gives, for every data point, a frequency average ν̄n over a sampling time (gat-
ing time) τ as:

ν̄n =
1
τ

∫ tn+τ

tn
ν(t)dt. (2.1)

Taking the standard deviation of N data points for different values of τ can give information
about the long term drifts of the laser frequency, but will conceal information about frequency
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fluctuations that happen within different averaging times, and thus lose essential information
for the study of the frequency instability and its origins. The Allan deviation method consists
of taking the differences between adjacent data points, thus giving integration time resolved
measurements of frequency fluctuations. The Allan deviation with different integration times
of the frequency instability is calculated as:

σν(τ) =

√√√√ 1
2(N−1)

N−1

∑
n=1

(ν̄n+1− ν̄n). (2.2)

A meticulous theoretical study of this method can be found in [19].
The Allan deviation can be expressed for the fractional (normalized) frequency instability

σy(τ) and we have:

σy(τ) =
σν(τ)

ν0
, (2.3)

where ν0 is the frequency of the local oscillator. In practice, we choose the minimum averaging
time τ depending on the type of noise we would like to identify. For example, we choose the
integration time in the frequency counter of a beat-note signal between two oscillators to be
as small as possible (e.g. 100 ms) to be able to identify noise at short time scales, and we take
long intervals (e.g. 5 s) for low frequency noise (e.g. temperature fluctuation).

It is also possible to calculate the Allan deviation from a noise spectrum if this spec-
trum is measured. This is useful, for example, to characterize the contribution of different
noise sources to the fractional frequency instability. Consider the power spectral density
(PSD) Sν( f ), the Fourier transform of the autocorrelation function of the frequency excur-
sion ∆ν(t) = ν(t)−ν0� ν0, where ν(t) is the instantaneous frequency at time t and ν0 is the
mean frequency of the oscillator. It is transformed into the PSD of the fractional frequency
fluctuation Sy( f ) via normalization as:

Sy( f ) =
1

ν2
0

Sν( f ) (2.4)

with f the Fourier frequency, and the unit of Sy( f ) is [Hz2/Hz]. The PSD of the fractional
frequency fluctuation can also be obtained from the phase fluctuation of the oscillator ∆φ(t)
with ∆ν(t) = 1

2π

d∆φ(t)
dt , resulting in:

Sy( f ) =
f 2

ν2
0

Sφ ( f ) (2.5)

where the unit of Sφ ( f ) is [rad2/Hz].
It is often possible to classify Sy( f ) into known noise models that are functions of the

Fourier frequency to the power of an integer α:

Sy( f ) =
2

∑
α=−2

hα f α . (2.6)
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Noise type Sy( f ) Sφ ( f ) σ2
y (τ) Mod σ2

y (τ) Possible sources

Random walk FN h−2 f−2 , fh→ ∞ ν2
0 h−2 f−4 (2π2h−2/3)τ+1 ∝ τ+1 physical environment (me-

chanical shock / vibration,
temperature fluctuation)

Flicker FN h−1 f−1 , fh→ ∞ ν2
0 h−1 f−3 2h−1 ln2τ0 ∝ τ0 resonance mechanism

of an active oscillator,
thermal noise (Brownian
motion), electronics, or
environmental conditions

White FN h0 f 0 , fh→ ∞ ν2
0 h0 f−2 (h0/2)τ−1 ∝ τ−1 shot noise (Quantum

projection noise), Johnson-
Nyquist (thermal) noise,
Schawlow-Townes noise
(diode laser)

Flicker PhN h1 f , f < fh ν2
0 h1 f−1 h11.038+3ln(2π fhτ)

(4π2)τ2 ∝ τ−2 phase noise from fiber
link, electronic compo-
nents (electronic amplifiers,
frequency multipliers),
frequency sources

White PhN h2 f 2 , f < fh ν2
0 h2 f 0 [3h2 fh/(4π2)]τ−2 ∝ τ−3 frequency generator or

sources, electronic ampli-
fiers

Table 2.1: Power spectral density of fractional frequency fluctuation converted into Allan
variance σ2

y (τ) and the modified Allan variance Mod σ2
y (τ) [19]. PhN denotes phase noise and

FN denotes frequency noise. fh is the cut-off frequency of the measurement system bandwidth
where 2π fhτ � 1. Possible sources of the different noises in the scheme of a laser stabilized
to a passive resonator are mentioned.

In Tab. 2.1, we cite the most common noise types and some of their possible sources in the
case of an oscillator [19]. The conversion from the power spectral density (frequency domain)
to the Allan variance (time domain) is performed by [38]:

σ
2
y (τ) = 2

∫
∞

0
Sy( f )

sin(πτ f )4

(πτ f )4 d f . (2.7)

By considering the Allan deviation behaviour, one can identify the dominant noise mechanisms
in the system. However, it can be that the PSD of different noises present the same Allan
deviation behaviour: such is the case for flicker phase noise and white phase noise at high
Fourier frequencies. In this case, the modified Allan deviation is used:

Mod σ
2
y (τ) = 2

∫
∞

0
Sy(f)

sin(πτf)6

(πnτf)2 sin(πτ0f)2 df (2.8)

where τ = nτ0, and τ0 is the minimum measurement interval, and n is the number of points
averaged to obtain Mod σ2

y (τ) in the limit that 2π fhτ0� 1, as in Tab. 2.1.
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It is important to note that the evaluation of instability (σ2
y (τ))AB of a system A is deter-

mined relative to the instability of a second system B and it is not possible to know which
one of the two systems is limiting the comparison. Three oscillators need to be compared in
order to determine the individual instability of each. This is performed using the three pair-
comparisons or the three-cornered-hat technique [39]. The principle is illustrated in Fig. 2.1.
Considering the oscillators A, B, and C, the individual instabilities can be deduced by compar-

A

C

B

σA

σBC

σAB

σC

σAC

σB

Figure 2.1: Three-cornered hat.

ing them pair by pair giving:

(σ2
y (τ))A =

1
2
((σ2

y (τ))AB +(σ2
y (τ))AC− (σ2

y (τ))BC)

(σ2
y (τ))B =

1
2
((σ2

y (τ))BA +(σ2
y (τ))BC− (σ2

y (τ))AC)

(σ2
y (τ))C =

1
2
((σ2

y (τ))CA +(σ2
y (τ))CB− (σ2

y (τ))AB)

(2.9)

However, this technique is only valid for completely independent oscillators. There exist dif-
ferent mathematical models for calculating the individual stabilities of N oscillators with and
without assumption of correlation of the noises between them [40–43].

In a frequency standard experiment, characterizing the laser fractional frequency instability
using Allan deviation is useful in determining the limiting noise in the overall performance of
the frequency standard.

2.2 Relevance of laser instability for ion frequency standards
An optical frequency standard using a single trapped ion is based on the sequential interroga-
tion of a dipole-forbidden optical transition in the electronic structure of the clock ion with a
local oscillator (i.e. laser). The discriminant signal obtained from this interrogation is used in a
feedback loop to control the laser frequency in order to lock it to the atomic resonance. A fre-
quency comb is used as a frequency divider to enable counting the stabilized laser frequency.
The stability and accuracy of the local oscillator thus represent the performance over time as
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a frequency standard. The stability of a single ion clock is fundamentally limited by quantum
projection noise (QPN) [44]: the randomness of single quantum jumps between ground and
excited state per interrogation cycle, which averages down as the number of interrogations in-
creases. However, a major limit on the frequency standard stability arises from the fact that the
time of an interrogation cycle of the ion is limited by the coherence time of the local oscillator.
In fact, during the time that the feedback signal to correct the laser frequency is absent (i.e. the
time to prepare the ion for interrogations), the phase of the laser evolves randomly. For this
reason the achievable clock performance depends on the laser noise. In order to understand the
effect on a single ion frequency standard’s stability, a brief introduction to the Al+ ion clock
and the effect of laser instability on its final performance are given.

In the Al+ optical clock, the optical clock transition between the 1S0 and 3P0 states has
a natural linewidth with ∆ν0 = 8 mHz at ν0 = 1.12× 1015 Hz corresponding to a transition
wavelength of 267.4 nm [45]. The used laser light locked to the cavity has a 1069.6 nm wave-
length, and is frequency-doubled twice before it is used for the clock transition interrogation.
A simplified scheme of the Al+ optical clock is presented in Fig. 2.2.

Consider the interrogation laser of linewidth ΓL, with a white frequency noise. In the case
of a narrow linewidth where ∆νL� ∆ν0, the QPN limited stability is determined by the signal-
to-noise ratio (SNR), and by the quality factor of the atomic transition Q = ν0

∆ν0
. The QPN can

be expressed in terms of the Allan deviation of the ion detection noise σy,ion over an averaging
time τ by:

σy,ion =
C

SNR
1
Q

√
tc
τ
≈ ∆ν0

ν0

√
tc
τ

(2.10)

where tc = T + td is the duration of one interrogation cycle where T is the probe time, and td
is dead time (needed for the preparation and detection of the ion). C is a numerical constant
of order unity. The SNR measured for a single ion is equal to one, and C/SNR ≈ 1. Several
studies of the optimum feedback strategies for interrogating an ion clock [46, 47] show that,
for the Al+ clock where tc≈ T , a fundamental instability limit of σy,ion≈ 8.2×10−17/

√
τ/s is

feasible by applying a Ramsey excitation scheme to the ion while σy,ion ≈ 1.1×10−16/
√

τ/s
is feasible by applying a Rabi excitation scheme.

For a resolved laser linewidth ∆νL on the the order of the natural linewidth ∆ν0 of the
Al+ clock transition, the difference between the Ramsey and Rabi excitation methods is less
pronounced and the Allan deviation of the frequency standard can be approximated to:

σy,ion(τ)≈ 2
∆νL

ν0

√
1

2π∆ν0τ
, (2.11)

where σy,ion(τ) ≈ 1× 10−16/
√

τ/s using a Ramsey excitation scheme and σy,ion(τ) ≈ 1.2×
10−16/

√
τ/s using a Rabi excitation scheme [46, 47]. This means that the Al+ frequency

standard instability can reach 10−18 in about 1 hour of averaging time when ∆νL ≈ 8 mHz.
This assumes a laser short term instability during the interrogation time of σy,L = ∆νL/ν0 ≤
1×10−17.

In the case of a broad laser linewidth of ∆νL > ∆ν0 (non-resolved transition), one must
shorten the ion probe time T to T < 1/2π∆νL in order to adjust the Fourier transform limit
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to the laser linewidth [46]. The clock instability after one interrogation cycle scales as 1/T ,
whereas the instability averages as σy(τ) ∝

1
T

√
tc/τ . Since tc ≈ T , the clock instability is

proportional to 1/(
√

T τ), thus proportional to
√

∆νL/τ .
The stability of a laser locked to an ultra-stable passive cavity is fundamentally limited

by the thermal noise of the cavity (see Chap. 3) which is a flicker frequency noise. In this
study, we show that with a proper choice of the reference cavity, the Allan deviation of the
cavity thermal noise limit can reach σy,L ≈ 7× 10−17, thus providing an average frequency
fluctuation from 1 s to the next on the order of 20 mHz at 1070 nm. This laser performance
results in ∆νL ≈ 80 mHz at 267 nm, which means that the Al+ frequency standard will reach
an instability level of 1×10−18 in about 24 hours of averaging time.

PDH laser 
stabilization 

Laser 
Oscillator

1070 nm 267 nm

Internal State Detection

Quantium logic 
interrogation 

 

   27 Al : clock ion 
40 +Ca: logic ion 

Ion trap for:

Fast frequency feedback

Slow frequency feedback

Frequency  
reading  

Ultra-stable passive optical resonator

Frequency doubling
stages (4)

Frequency comb

(f)

Figure 2.2: Principle of the Al+ frequency standard. The interrogation of the Al+ ion is
based on the quantum logic spectroscopy of the 267.4 nm clock transition [6] using Ca+ as
logic ion [32]. The Pound Drever Hall (PDH) laser stabilization to the passive optical cavity
and the fast feedback loop form the short term stabilization of the laser. The quantum logic
interrogation of the Al+ clock transition and the slow frequency feedback form the long term
stabilization of the laser. The frequency reading is done via a frequency comb making the
frequency countable [48].

2.3 Theory of an optical resonator
Fabry-Perot cavity

The basic theory of the Fabry-Perot (FP) interferometer has been developed and cited in dif-
ferent optics references [49–51]. In this section we recall the relevant theoretical background
for our study of laser stabilization to a FP etalon. We consider an optical resonator made
of two flat mirrors Mi∈{1,2} with the corresponding amplitude reflection and amplitude trans-
mission coefficients ri and ti respectively, separated by the optical path length of the cav-
ity L as shown in Fig. 2.3. We consider an incident monochromatic electromagnetic beam
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L

M (t ,r )1 1 1 M (t ,r )2 2 2

RE
~

0

~
E

TE
~

IE
~

Figure 2.3: Illustration of a FP resonator of length L made of two flat mirrors Mi∈{1,2} with
the corresponding amplitude reflection and transmission coefficients ri and ti respectively. Ẽ0
symbolizes the incident electromagnetic field, ẼI is the internal field, ẼT is the transmitted
field and ẼR is the reflected field.

Ẽ0 = E0 exp(ı(ωt −−→k .−→r )) of frequency ω , where −→r is the position vector and
−→
k wave-

vector where |−→k |= k = 2π/λ = ω/c, and λ is the laser wavelength. This laser is propagating
toward the first mirror and normal to it. Assuming that the laser phase

−→
k .−→r = 0 at the surface

of the first mirror. and a perfect mode coupling to the cavity, the beam will penetrate the cav-
ity, make several round trips inside the resonator and accumulate in each trip a phase factor of
∆φ = exp(−ıω · 2L

c ), with c being the speed of light, and λ being the laser wavelength. The
complex amplitude of the electromagnetic field ẼI confined inside the cavity has the following
expression :

ẼI = t1E0

∞

∑
n=o

(r1r2 exp(−ıω2L/c))n =
t1E0

1− r1r2 exp(−ıω2L/c)
. (2.12)

The constructive interference inside the cavity will result in a transmitted beam. The expres-
sion is then calculated from the internal field as:

ẼT = ẼI exp(−ıωL/c)t2 = E0
t1t2 exp(−ıωL/c)

1− r1r2 exp(−ıω2L/c)
. (2.13)

From Eq.2.13 one can calculate the well known expression of the transmitted electromag-
netic field intensity from a FP cavity:

IT ' ẼT Ẽ∗T = E2
0

t2
1 t2

2
1+ r2

1r2
2−2r1r2 cos(ω2L/c)

(2.14)

that represents an Airy function with maxima at ωq = qc/2L, where q is an integer.
The frequency separation between two peaks of the Airy function is one characteristic of

the FP cavity and is called the Free Spectral Range (FSR).

∆ωFSR = ωq+1−ωq =
c

2L
. (2.15)
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One free spectral range corresponds to a phase shift between two transmitted electromag-
netic fields of ∆φ = 2π . It is also the inverse of one round trip travel time of a photon inside
the cavity.

The full width at half maximum of the Airy peaks represents the linewidth of the cavity
and is given by:

Γ =
c

2L
(1− r1r2)

π
√

r1r2
. (2.16)

It corresponds to the inverse of the lifetime of the photon inside the cavity. The free spectral
range ∆ωFSR normalised to the linewidth of the cavity Γ is another important characteristic of
the optical cavity, the cavity finesse:

F =
∆ωFSR

Γ
=

π
√

r1r2

1− r1r2
, (2.17)

that can be approximated to π/(1− r1r2) for highly reflective mirrors. For a high finesse
cavity, and for a laser frequency ω close to the cavity resonance frequency ωq one can write
the transmitted intensity as a Lorentzian function of ω , ωq and the cavity linewidth Γ:

IT =
Imax

1+ 4
Γ2 (ω−ωq)2 (2.18)

with Imax =
1
2ε0c(E0t1t2/(1− r2

1r2
2))

2 as the maximum transmitted intensity for a lossless cav-
ity, with ε0 is the vacuum permittivity and c is the speed of light. This means that for a
high finesse cavity the transmitted peaks are narrow compared to the cavity FSR, and thus the
Fabry-Perot etalon can be used as a narrow optical filter. The normalized IT is plotted as a
function of the laser frequency detuning from the cavity resonance ∆ = ω−ωq in Fig. 2.4(a).

The reflected electromagnetic field ẼR from the optical cavity is a coherent sum of the
beam that gets reflected without entering the cavity and a beam that leaks out of the cavity
from M1:

ẼR =−r1E0 +E0
t2
1 r2 exp(−ıω2L/c)

1− r1r2 exp(−ıω2L/c)
. (2.19)

Close to the cavity resonance, the two fields contributing to ẼR have about the same amplitude,
but they are out of phase by π when the cavity is perfectly resonant. As a consequence, the
two parts destructively interfere and no light is reflected from the cavity. However, the relative
phase between the two beams will depend strongly on the frequency of the laser beam [19].

For a symmetric (r1 = r2 = r and t1 = t2 = t) and lossless cavity (r2 + t2 = 1) cavity, the
reflection coefficient is written :

R(ω) =
ẼR

Ẽ0
= r

1− exp(−ıω2L/c)
1− r2 exp(−ıω2L/c)

. (2.20)

In this case, one can see that the reflected wave has a minimum at ω2L/c = 2π . In Fig. 2.4, we
plot the normalized intensity (b) and the phase (c) of R(∆ = ω−ωq). The model of a planar-
mirror resonator described above is useful for introducing a FP cavity. However in practice, it
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Figure 2.4: Signals from Fabry Perot cavity of finesse F= 1000, and length L = 39.5 cm.
(a) Transmitted intensity IT from a FP cavity as in Eq. 2.14. (b) and (c) are the normalized
intensity and the phase of the reflection field R(ω), respectively, as in Eq. 2.20.

10



CHAPTER 2. CONCEPT OF A STABLE OPTICAL LOCAL OSCILLATOR

is highly sensitive to misalignment1 and thus the field can not be confined successfully between
the mirrors. For stable operation, at least one of the mirrors should have a curvature.

Spectral characterization of an optical cavity

L

M (t ,r )1 1 1 M (t ,r )2 2 2

R1 R2

w1 w2

RE
~

0

~
E

IE
~

TE
~

Figure 2.5: Illustration of an optical resonator of length L made of two mirrors Mi∈{1,2}
with radius of curvature Ri and with the corresponding amplitude reflection and transmission
coefficients ri and ti respectively. Ẽ0 symbolizes the incident electromagnetic field, ẼI is the
internal field, ẼT is the transmitted field and ẼR is the reflected field. w1 and w2 are the beam
radii of the Gaussian beam at the mirror inner surface.

We recall the expression for the Gaussian beam [50] inside the optical cavity and the dif-
ferent optical modes. This will give an important characterization of the type of the cavity,
its spectral properties, and its stability. Consider an optical resonator made of two mirrors
Mi∈{1,2} with the corresponding radii of curvature Ri and separated by L as in Fig. 2.5. The
confinement of a Gaussian beam inside the cavity requires the wavefront curvatures of the
beam to match the mirror radii. Using the propagation law for a Gaussian beam, we find the
beam radii (1/e2 of the laser intensity) at the mirror reflecting surfaces to be:

w1 =

√
Lλ

π
·
[

g2

g1(1−g1g2)

]1/4
(2.21)

for mirror M1 and

w2 =

√
Lλ

π
·
[

g1

g2(1−g1g2)

]1/4
(2.22)

for mirror M2, where gi = 1− L
Ri

are the so called stability parameters. Thus, for a real and
positive spot size on the mirrors, the product g1g2 must satisfy the stability condition:

0≤ g1g2 ≤ 1. (2.23)

1This model is physically meaningful if the mirrors have infinite extend with respect to the laser beam that
should in turn be a perfect plane wave.
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In other terms, the Gaussian beam can form optical modes inside a stable resonator if the
condition of Eq. 2.23 is satisfied. Otherwise, the resonator is considered unstable. We have
seen in Eq. 2.15 the resonance condition that gives the spacing ∆ωFSR between the different
modes, called axial modes or fundamental modes of the optical cavity with frequencies ωq =
ω00q. With every axial mode, we have a number of transversal mode frequencies ωnmq (with
indices nmq with q fixed), also called higher order modes:

ωnmq =
c

2L

(
q+(n+m+1)

arccos
√

g1g2

π

)
(2.24)

and

∆ωhom = ω(n+1)mq−ωnmq = ωn(m+1)q−ωnmq =
c

2L

(
arccos

√
g1g2

π

)
. (2.25)

The higher order mode spacing ∆ωhom corresponds to a Gouy phase shift [50] accumulated
per round trip of the Gaussian beam inside the cavity and we can then write:

ωnmq =
c

2L
+q∆ωFSR +(n+m)∆ωhom. (2.26)

We note that, for a fixed q, all higher order modes with n+m equal to the same constant are
degenerate (i.e. ω11q = ω02q = ω20q)2. A wide range of configurations of g1 and g2 can form
a stable cavity, but for our study, we will focus in Chapter 3 on two particular configurations
close to the boundaries of the stability condition imposed by Eq. 2.23. For a symmetric cavity
with R1 = R2 = R, The two configurations close to instability are the near-planar (R� L,
gi ≈ 1) and the near-concentric (R≈ L/2, gi ≈−1).

The near-planar configuration is characterized by a large spot size on the mirrors, and the
beam waist is almost constant along the cavity. In this case, the beam divergence is very small,
but since the cavity is close to instability, it is particulary sensitive to angular misalignment of
the mirrors (See Section 3.2.2). When we look at the frequency spectrum for such a cavity,
using Eq.2.25, we find that:

∆ωhom (near−planar) = ∆ωFSR(
1
π

√
2L
R
)� ∆ωFSR, (2.27)

which means that the higher order modes shift close to the fundamental modes of the cavity.
This can be a limitation for stabilizing a laser to the cavity, as we will see in the next chapter
(See Section 3.2).

The near-concentric configuration has also the advantage of a large spot size on the mirrors,
but the waist at the center of the cavity becomes very small. In this case the beam divergence
is very large in addition to the high sensitivity to mirror misalignment, and we write:

∆ωhom (near−concentric) = ∆ωFSR(1−
2
π

√
ε

R
), (2.28)

2Assuming mirrors with cylindrical symmetry. If the mirrors were astigmatic then the transverse modes would
not be degenerate.
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with ε = L− 2R & 0. This means that the higher order mode spacing is almost as big as the
axial mode spacing which makes the higher order modes near-degenerate with the fundamental
(ω01q = ω10q approaching ω00(q+1)). This spacing can also affect the laser stabilization as we
will discuss in the next chapter (See Section 3.2).

2.4 Introduction to the Pound Drever Hall technique
The stability of a passive optical cavity is typically transferred to a laser frequency using the
Pound Drever Hall (PDH) technique [27]. It is based on a measurement of the dispersive
response of the cavity as a function of laser detuning from cavity resonance [19,52]. Figure 2.6

EOM

λ/4

~

Polarizer PBS

Φ

PD

LPF

PID

Laser

Optical cavity

RF

LO

Optical path

Electric connection

~ RF-synthesizer

Mixer Φ Phase shifter

Figure 2.6: Optical set-up of a PDH stabilization scheme. PD: Photo-diode of the PDH de-
tection, LPF: Low-pass-filter. LO is the local oscillator signal from the RF-synthesizer driving
the EOM and RF is the AC-signal from the PD. A phase shifter is used to compensate for
the phase difference between the RF and LO signals. PID: Proportional+Integral+Differential
servo, EOM: electro-optical modulator. PBS: polarized beam splitter, and λ/4: quarter wave-
plate.

illustrates the optical set-up of a PDH stabilization scheme. Consider a cavity with resonance
frequency ω00q = 2πν0, and a free-running laser frequency ω = 2πν , detuned from resonance
by ∆ = ν − ν0. We modulate the phase of the incident beam Ẽ0 using an Electro-Optical
Modulator (EOM) with modulation frequency Ω. The modulated incident beam will have
modulation sidebands at ±nΩ where n is the order of the sideband. The incident beam is then
written using Bessel functions [52]:

Ẽ0 = E0 exp(ıωt)[J0(β )+
∞

∑
n=1

Jn(β )exp(ınΩt)+
∞

∑
n=1

(−1)nJn(β )exp(−ınΩt)] (2.29)

with Jn(β ) being the nth order Bessel function of the first kind as a function of the modulation
depth β .
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The reflected signal from the cavity ẼR contains the carrier frequency plus the reflected
modulation sidebands. The reflection function for a high finesse cavity (see Eq. 2.20) can be
written as:

R(∆) =−∆(∆+ ıΓ/2)
(Γ/2)2 +∆2 (2.30)

where the magnitude can be approximated by a Lorentzian for ∆� ∆ωFSR. Taking into ac-
count the first and second modulation sidebands only (±Ω and ±2Ω) and using Eq. 2.30 for
the corresponding frequencies, we get:

ẼR = E0[R(∆)J0(β )exp(ı∆t)

+
∞

∑
n=1

R(∆+nΩ)Jn(β )exp(ı(ω +nΩ)t)

+
∞

∑
n=1

(−1)nR(∆−nΩ)Jn(β )exp(ı(ω−nΩ)t)].

(2.31)

As seen in Fig. 2.4, the phase of the reflection function R(∆) is strongly dependent on
∆. In the PDH technique, the error signal and thus the frequency shift are derived from the
measurement of this phase. This is accomplished by relating the phase of the carrier to the two
first order side bands contained in the beat signal of the reflected light. The expression of the
reflected power is calculated including the interaction between different reflected fields (the
carrier frequency and the first order modulation sidebands), to obtain the following analytical
expression taking into account first order modulation sidebands only:

Pref = Pc|R(ω)|2 +Ps(|R(ω +Ω)|2 + |R(ω−Ω)|2)
+2P0J0(β )J1(β ){ℜ[R(∆)R∗(∆+Ω)

−R∗(∆)R(∆−Ω)]cos(Ωt)
+ℑ[R(∆)R∗(∆+Ω)−R∗(∆)R(∆−Ω)]sin(Ωt)}
+O(2Ω)).

(2.32)

Here, Pc = P0J2
0(β ) and Ps = P0J2

1(β ) are the amplitude of the reflected carrier and sidebands
respectively, where P0 =

1
2ε0cE2

0 ' Pc+2Ps is the total power in the incident beam3, and ℜ and
ℑ refers to the real and the imaginary part, respectively. In practice, the signal is demodulated
through mixing with the local oscillator field EL∼ sin(Ωt+ϕ), where ϕ is the phase difference
between the RF signal (from the PD) and the local oscillator, that will be compensated by a
phase shifter in Fig. 2.6. It is then low pass filtered to recover the sin(Ωt) term in Eq. 2.32,
which is the error signal. For the common situation of a fast modulation frequency (Ω� Γ),
the error signal becomes:

ε(∆) =−2P0J0(β )J1(β )ℑ[R(∆)R∗(∆+Ω)

−R∗(∆)R(∆−Ω)]
(2.33)

A plot of the normalized error signal is shown in Fig. 2.7.

3We neglect the interference effects with higher order modulation sidebands for small modulation depth β
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CHAPTER 2. CONCEPT OF A STABLE OPTICAL LOCAL OSCILLATOR

Close to the cavity resonance (∆� Γ), the second order terms in Ω in Eq. 2.33 are neg-
ligible and [R(∆)R∗(∆+Ω)−R∗(∆)R(∆−Ω)] ≈ −ı2ℑ[R(∆)]. We can approximate the error
signal in this region with a linear function of the frequency shift δω , where the slope is called
the frequency discriminant D, and write the near-resonance error signal as εNR =D×δω with:

D =−8P0J0(β )J1(β )
1
Γ
. (2.34)
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Figure 2.7: Illustration of a normalized error signal as in Eq. 2.33 as a function of the
detuning ∆. Ω is the modulation frequency, β = 1.08, F = 1000, L = 39.5 cm.

The PDH technique using a FP cavity transforms the frequency fluctuation into an elec-
tronic signal via the frequency discriminant D. The steepness of the slope and its magnitude
will define how good the lock can be: steep and large in magnitude means more sensitivity to
frequency fluctuation and thus better correction. To optimise the slope, we can conclude from
Eq. 2.34 that the cavity linewidth Γ needs to be as narrow as possible, and that the optimum
modulation depth corresponds to β = 1.08.

The expression for the discriminant in Eq. 2.34 is valid for frequencies below the band-
width of the cavity (|∆′| ≤ Γ/2), but the PDH technique remains valid for higher detuning and
is not limited by the cavity bandwidth. Oded Mor and Ady Arie show in [53] that for higher
detunings, the expression for D becomes:

DLP(∆
′) =

D
1+ ı(2∆′

Γ
)

(2.35)

where the discriminant DLP functions as a first order low pass filter with the corner frequency
being half the linewidth of the cavity. This filtering effect can be compensated by adding
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CHAPTER 2. CONCEPT OF A STABLE OPTICAL LOCAL OSCILLATOR

a servo design such as a PID system (Proportional+Integral+Differential servo), which is a
high-bandwidth low-noise electronic amplifier [53]. The transfer function of the servo is de-
scribed in Sec. 4.2.2. To close the loop, the amplified and phase-compensated electronic error
signal is fed back to a laser actuator to correct for the frequency noise. PDH is a powerful
technique that is not limited by the bandwidth of the cavity. When the laser is in lock, the er-
ror signal is insensitive to first order to the modulation depth β , the modulation frequency Ω,
and the laser intensity on the photodiode. Every element in the PDH stabilization loop (phase
modulator, servo, actuator, etc.) can add noise that will contribute to an "effective" error signal
and disturb the lock to the cavity. These effects will be discussed in Sec. 4.2.2 and Sec. 4.2.3.
The performance is ideally limited by the shot noise of the detection photodiode as we will
discuss in Sec. 4.2.2. We showed in this chapter the principle of stabilization a laser using the
PDH technique to a passive optical resonator with a stable optical path length. In reality, the
optical path length of the cavity is fundamentally not stable as we will show in next chapter
and this will be the major practical limit of the laser stability.
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Chapter 3

Reducing the effect of thermal noise

In a typical setup for optical frequency standards, the local oscillator source is a laser of fre-
quency ν = c

λ
where c is the speed of light and λ is the laser wavelength, which is stabilized

to one of the modes of a linear Fabry-Pérot (FP) cavity (see Chap. 2). Several noise sources
can change the optical path length L of the cavity. A small cavity length fluctuation ∆L� λ

results in an undesirable frequency fluctuation ∆ν , related by:

∆L
L

=−∆ν

ν
. (3.1)

Disturbances such as pressure and temperature fluctuations, as well as vibrations, can be
reduced by placing the cavity in a vacuum chamber equipped with sufficient active and passive
thermal control and careful isolation from mechanical and acoustic vibrations (see Chap. 4).

On a more fundamental level, thermal noise induces optical path length fluctuations [54].
Brownian motion causes local random displacements in the cavity spacer, mirror substrates
and mirror coatings, limiting the achievable length stability of optical reference cavities. A
theoretical description based on the Fluctuation Dissipation Theorem (FDT) indicates that the
thermal noise strongly depends on material parameters, such as the mechanical loss angle (φ ),
and also on the size of the optical mode on the mirrors [55].

One of the dominant sources of thermal noise arises from the mirror coatings due to their
high mechanical losses [28, 56]. Increasing the mode size of the beam on the mirror surface
averages the thermal fluctuations over a larger surface and thus reduces the corresponding
thermal noise contribution [57]. This can for example be achieved through the excitation of
higher-order transverse modes [58]. In this chapter, we analyze the feasibility of two alter-
native approaches that increase the mode size on the mirrors. The first approach is based on
cavities operated close to instability, i.e. with a near-planar or near-concentric mirror config-
uration (Sec 2.3), whereas the second relies on using long cavities. In the latter approach,
relative frequency fluctuations are further suppressed since they scale with the inverse of the
square root of the cavity length.

In the first section of this chapter we present a short overview of the analytical model of
thermal noise and we give the results of finite element simulations of the frequency fluctua-
tions in short and long cavities, with stable and near-unstable configurations. We show through
simulations that a 10 cm long cavity, when operated near instability, can achieve a thermal-
noise-limited instability of 1.5×10−16 in 1 s, whereas a 39.5 cm long cavity has the potential
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CHAPTER 3. REDUCING THE EFFECT OF THERMAL NOISE

to achieve an instability below 10−16 in 1 s. A major challenge for long cavities is meeting the
required insensitivity to accelerations. We present a 39.5 cm long cavity design with a vibra-
tion sensitivity of the fractional length change of < 10−10/g in all three directions, assuming
realistic machining tolerances. In the second section we focus on the possible technical limi-
tations of near-concentric and near-planar cavities arising from the dense mode structure that
exists close to instability. We then estimate the alignment sensitivity of cavities operating close
to instability. The third section focuses on the simulation results of the mechanical design of a
vibration insensitive 39.5 cm long cavity.

Part of the work presented here has been published as Amairi et al., (2013) [33].

3.1 Thermal noise theory in optical cavities
According to the the Fluctuation Dissipation Theorem (FDT), a non-zero temperature results
in length fluctuations of the cavity body with random amplitudes proportional to the mechani-
cal losses in the system [59,60]. One can distinguish two sources of thermally-induced length
changes in an optical cavity [57]. The first source is the Brownian motion of the particles
within the system at a defined temperature. The second source is the thermoelastic noise that
occurs due to the phase delay of the relaxation of thermal distributions in the body (thermo-
dynamic fluctuations of temperature). The last effect is negligible compared to the Brownian
noise in the cases we are treating of Fused Silica (FS) mirror substrates [61]. In this section
we consider the Brownian thermal noise only.

3.1.1 Fluctuation Dissipation Theorem

The Fluctuation Dissipation Theorem (FDT) relates the thermal noise to unavoidable mechan-
ical losses in the system [59, 60]. The resulting relative displacement noise amplitude

√
SL/L

for a cavity is converted into fractional frequency noise by the relation 3.1 and we get:

√
SL

L
=

√
Sν

ν
. (3.2)

Numata et al. derived analytical expressions for the thermal noise contributions of different
parts of the cavity system [28], that have been further improved by Kessler et al. [62]. The
power spectral density of the displacement noise in a spacer of length L and mechanical loss
φspacer can be written as:

Sspacer(ω) =
4kBT

ω

L
A E

φspacer, (3.3)

where kB is the Boltzmann constant, ω is the angular noise frequency, T is the temperature, A
is the end face area of the spacer excluding the center bore, and E is Young’s modulus. The
frequency noise from thermal noise of the spacer scales with the length as 1/

√
L as seen by

combining Eq. 3.2 and 3.3.
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CHAPTER 3. REDUCING THE EFFECT OF THERMAL NOISE

The thermal noise from the mirror substrate can be derived by modelling it as an infinite
half space, resulting in the following expression:

Ssub(ω) =
4kBT

ω

1−σ2
√

πE
φsub

w
, (3.4)

where σ is Poisson’s ratio, w is the radius of the laser mode on the mirror, and φsub is the
mechanical loss of the substrate.

For a coating of thickness d, the simplified expression of its thermal fluctuation spectrum
is:

Scoat(ω) =
4kBT

ω

2(1+σ)(1−2σ)

πE
d

w2 φcoat, (3.5)

where φcoat denotes the mechanical losses of a homogenous coating layer.
The dominant source of thermal noise for typical reference cavities arises from the mirror

substrates and their coatings [28]. Choosing fused silica for the mirror material, with its one
order of magnitude higher mechanical quality factor Q= 1/φ compared to ultra-low expansion
glass, significantly reduces the thermal noise. Cavities made entirely of high mechanical Q
materials, such as single-crystal silicon [63], have been investigated. This leaves the coatings
on the cavity mirrors as the major contribution to the thermal noise owing to their more than
two orders of magnitude larger mechanical losses compared to fused silica. The analytical
expression in Eq. 3.5 suggests several options to reduce the coating thermal noise that have
been experimentally investigated.

For example, decreasing the mechanical loss φcoat by replacing the commonly employed
amorphous SiO2/Ta2O5 Bragg-reflector stacks by epitaxial AlxGa1−xAs distributed Bragg Re-
flectors coatings is a promising approach [64]. Recently, these crystalline coatings used in free-
standing mechanical resonators have displayed an exceptional mechanical quality factor Q of
up to 40,000 at room temperature and exhibited a finesse of about 150,000 at 1064 nm [65].

Other proposals suggest thermal noise compensated multi-layer coating designs [66, 67]
that exploit the coherent character of stochastic displacement and correlated strains from the
mirror coating and substrate.

Khalili suggested to reduce the thickness d of the coating and compensate the loss in reflec-
tivity by adding another mirror behind the first [68,69]. The two separated coating stacks form
an etalon, which results in high reflectivity of the coating two-mirror system when tuned into
anti-resonance, whereas the thermal noise is dominated by the first (thinner) coating, leading
to a lower thermal noise compared to a single-mirror high-reflective coating.

Coating-free mirrors based on a surface nanostructure that creates a resonant surface wave-
guide are yet another possibility [70]. However, the low experimentally achieved optical re-
flectivity and the difficulty of producing such mirrors with curvature, a requirement for sta-
ble optical cavities, currently limits their use for optical frequency metrology. We show in
Appendix A results of the reflectivity of a micro-structured mirror that we measured with a
tunable laser1.

1Fabricated at Institut für Angewandte Physik Friedrich-Schiller-Universität in Jena, Germany.
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CHAPTER 3. REDUCING THE EFFECT OF THERMAL NOISE

3.1.2 Estimation of thermal noise for different cavities

Most experimentally realized stable cavity designs are hemispherical cavities using a flat mir-
ror and a second mirror with 0.5 to 1 m radius of curvature. This configuration is well within
the stability regime and the mode radius on the mirrors increases with cavity length. Moreover,
according to Eq. 3.2, the fractional frequency noise decreases with increasing length of the cav-
ity as 1/

√
L for the spacer contribution (See Eq. 3.3) and 1/L for the substrate and the coating

contributions (Eq. 3.4 and 3.5). Consequently, the best thermal-noise-limited fractional insta-
bilities of 2×10−16 and 1×10−16 were achieved for cavities 29 cm [29] and 40 cm [30] long,
respectively.

However, according to Eqs. 3.4 and 3.5, the thermal noise contribution of the substrate and
the coating scale with 1/w and 1/w2, respectively, which suggests to enlarge the TEM00 mode
on the mirror surface. The radius of the optical mode on the mirror surfaces is a function of
the distance between the mirrors and their radii of curvature as explained in Eq. 2.21 and 2.22.
The two symmetric configurations close to instability for which the mode sizes on the mirrors
increase considerably are the near-planar (R� L, gi ≈ 1) and the near-concentric (R ≈ L/2,
gi ≈ −1) configurations (See Sec 2.3). Both approaches for cavities with large mode field
diameter pose different technical difficulties that will be addressed in sections 3.2 and 3.3.

In the following, we present numerical estimates of the thermal noise for various cavity
geometries, in particular short near-planar cavities and long cavities, and compare them to ex-
isting systems. The calculations are based on a direct application of the FDT using Levin’s
theorem [55], implemented by Finite Element Simulations (FEM) using the commercial pro-
gram Comsol Multiphysics [71]. The simulation is similar to the work presented in [62], ex-
cept for the coating contribution to the thermal noise which was calculated using the analytical
expression of Eq. 3.5.

Table 3.1 provides a summary of the estimated Allan deviation σν (See 2.1) of the fre-
quency (flicker) noise for 3 different geometrical cavity designs and lists the individual contri-
butions from the spacer, the substrate, and the coating to the frequency instability. The relative
frequency instability is calculated for the implemented or planned operating wavelength of
the respective cavity. However, the selected wavelength plays only a minor role with longer
wavelengths providing a slightly better performance due to a larger mode size on the mirrors.
For cavities with coating-dominated thermal noise, doubling the wavelength also doubles the
thickness of the required coating [72], leaving the overall noise contribution constant.

According to the table, the major contribution to thermal noise for all cases stems from
the coated mirrors, which is in good agreement with the findings of reference [28] and the
experimentally achieved thermal noise limits of 3× 10−16 [26] and 6.7× 10−16 [73] for (A)
and (C), respectively. For the cavities with 24 cm length, replacing the ULE mirror substrates
of case (A) by lower mechanical loss Fused Silica (FS) substrates would improve the frequency
stability by a factor of two (case (B)).

The thermal-noise-limited performance of 10 cm long cavities is treated with plane/concave
(C) and near-planar (D) mirror configurations. In case (D) the mode radius on the mirrors is
increased to 766 µm, resulting in a reduction of the frequency instability by a factor of two
compared to (C). It is remarkable that using an optical configuration near instability for a cav-
ity of only 10 cm length provides a frequency stability comparable to the performance of a
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CHAPTER 3. REDUCING THE EFFECT OF THERMAL NOISE

much longer cavity such as the 24 cm long cavity of case (B). This design is particularly at-
tractive for applications requiring portable optical cavities [77–80]. Possible technical issues
in the realization of such a cavity are discussed in section 3.2.

Cases (E) and (F) compare the improvement in frequency instability for a 39.5 cm long
cavity when moving from a plane/concave (E) to a near-concentric (F) configuration. The long
cavities result in improvements in the frequency stability by factors of 4 and 6 compared to
case (A), while the improvement between the design of the stable plano-concave cavity (E) and
the near-concentric cavity (F) is about 30 %. Recently, a cavity similar to case (E) has been
implemented with a slightly different mirror configuration, demonstrating a thermal-noise-
limited instability of 1×10−16 [30], similar to what we aim for in this work. When operated
close to instability, both cavity geometries offer superior thermal-noise-limited performance
compared to more stable geometries.

3.2 Cavities with large mode field diameter
As we have seen in Sec. 2.3, operating optical cavities close to instability results in an increased
alignment sensitivity and a small frequency spacing between axial modes and higher order
modes. The close spacing of higher-order modes can disturb the stabilization scheme of the
resonance frequency. Furthermore, the cavity becomes sensitive to misalignment of the mirrors
that can significantly shift the position and angle of the optical mode axis inside the cavity. This
leads to an enhanced sensitivity to seismic and acoustic vibrations (see Sec 3.3).

For the remainder of this section, we consider cavities with higher-order mode spacing
∆ωhom = |ω00q−ω01q| ≈ 2π×27 MHz, corresponding to the cases (D) and (F) of Table 3.1.

3.2.1 Influence of higher-order modes on the error signal
We aim to perform laser stabilization to the optical cavity using the Pound Drever Hall (PDH)
technique (See Chap. 2.4). Typically, higher-order modes are neglected in the error signal
analysis. However, imperfect mode matching into the cavity can lead to non-negligible cou-
pling to these modes. Off-resonant coupling of the laser to these modes can result in a small
offset in the error signal of the fundamental mode. Beam pointing fluctuations will then lead
to a fluctuation in the offset of the error signal and therefore instabilities in the laser frequency.

We investigated the two scenarios shown in Fig. 3.1: (A) off-resonant coupling of the
first higher-order mode near the fundamental resonance interacting with the PDH modulation
sidebands, and (B) near-coincidence of the fundamental resonance ω00q with higher-order
modes ωnmq±1 of a different longitudinal mode of the cavity. In both cases, by carefully
choosing the length of the cavity, the ω00q-resonance is made to lie close to the center between
two higher-order modes to avoid PDH lock disturbance. The required length accuracy of the
spacer of a cavity near instability (gi ≈±1) can be estimated using:

δL� ∆Lhom =
∆ωhom

2

∆ωFSR×ξ
, (3.6)

where ∆Lhom is the required change in length to shift the resonance frequency ω00q between
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Figure 3.1: Example of two longitudinal modes (in green and blue) with higher-order
mode distributions in a Fabry-Perot cavity of free spectral range ∆ωFSR = 2π × 1.5 GHz.
For illustrative purposes, the relative amplitude of the TEMmnq modes is scaled according
to 1/(m + n + 1). Inset (A) depicts the interaction of higher-order modes with a spacing
∆ωhom = 2π × 27 MHz with the modulation sidebands at Ω = 2π × 20 MHz. Inset (B) il-
lustrates the near-coincidence of the higher-order modes from a different longitudinal mode
with the fundamental mode.
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Figure 3.2: Error signal including first and second order modulation sidebands. The modula-
tion frequency is Ω= 2π×20 MHz, the modulation depth β = 1 and we assume for illustrative
purposes a finesse of 5000. The green (I) and blue (II) regions are discussed in the text.
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two neighboring higher order modes (i.e ωmnq−1 and ωmn+1q−1) and ξ = ∂∆ωhom
∂L . For δL =

∆Lhom/10, we estimate that δL for the 10 cm near-planar cavity [Table 3.1(D)] is on the order
of 370 µm. This result is compared to the case of the near-concentric 39.5 cm long cavity
[Table 3.1(F)] which has a similar higher order mode spacing and δL is on the order of 70 µm
due to the smaller ∆ωFSR. However, for the same cavity finesse, the long cavity has a narrower
linewidth compared to the short one, which relaxes the tolerances on δL. For the short cavity,
coincidences occur at very large mode indices due to its large free spectral range for which the
coupling efficiency is expected to be small.

The effect of an off-resonant higher-order mode on the PDH error signal (case (A) of
Fig. 3.1) is evaluated assuming a coupling efficiency ηhom = 0.1 of the laser beam to this
first higher-order mode of the cavity. In addition, we assume this coupling to fluctuate by
δηhom/ηhom = 10% to estimate the frequency fluctuations. This represents a worst case sce-
nario. A plot of the normalized error signal (See Eq. 2.33) to illustrate the different cases is
shown in Fig. 3.2. The general expression of the frequency shift is obtained by dividing the
offset contributed by the off-resonant higher order mode at detuning ∆, δηhom ·εhom(∆), by the
frequency discriminant D from Eq. 2.34:

δω(∆) = δηhom ·
εhom(∆)

D
. (3.7)

To understand the effect of the higher-order mode, e.g. TEM010, on the PDH error signal, we
consider two possible cases.

The first case is for Γ�∆ωhom <Ω as shown in Fig. 3.2 by the green area around ∆≈Ω/2.
We recall that Γ is the linewidth of the cavity as in Eq. 2.16, and Ω is the modulation frequency.
As an example, we use Eq. 3.7 to calculate the laser frequency deviation δω(Ω

2 ) due to a
distortion of the error signal by a higher-order mode situated at ∆ = Ω

2 for a 10 cm long
cavity with a finesse F = 105, a modulation index of β = 1, and a modulation frequency of
Ω = 2π × 20 MHz. In this case, the frequency fluctuation is estimated to be on the order of
δω(Ω

2 ) = 2π×75 mHz. This value is too large for operating a laser with < 10−16 instability
and therefore we conclude the first higher order mode resonance must be beyond the first
modulation sideband.

The second case is for Ω < ∆ωhom < 2 Ω as shown in Fig. 3.2 by the blue colored area
around ∆ ≈ 3Ω/2. As an example, for a higher-order mode situated exactly at 3Ω/2 and for
the parameters stated above, we get δω(3Ω

2 ) =−2π×6.6 mHz, still representing a fairly large
shift. However, the error signal has a zero crossing at ∆ = ∆0 ≈ 1.67 Ω for our parameters.
If the first higher-order mode is at ∆ = ∆0 from the longitudinal mode resonance, this mode
will have no influence on the error signal of the fundamental mode. This situation can always
be achieved by adjusting the sideband modulation frequency. We evaluate the influence of
the next higher order mode on the error signal for this case to be −2π × 1.6 mHz and thus
tolerable.

3.2.2 Alignment tolerances for near-instability cavities
Cavities close to instability are more sensitive to misalignment of the mirrors. This requires
tight tolerances to spacer and mirror manufacturing, and to mirror alignment. The displace-
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Figure 3.3: Illustration of the misalignment and the mode displacement in a stable FP res-
onator. The original positions are drawn in green and the misaligned positions are drawn in
blue.

ment of the optical mode from the center of the mirror and the geometrical axis of the spacer
affects the vibration sensitivity of the optical cavity as we will discuss in Section 3.3. In order
to estimate the required tolerances, we consider a FP resonator made of two mirrors Si with
the corresponding radii of curvature Ri and centers Ci, separated by the optical path length of
the cavity L (see Fig. 3.3). If the mirror Si is tilted by an angle θi, the center of the mode
intensity pattern on each mirror Si shifts by a distance ∆xi from the geometrical axis [50] due
to a rotation of the optical axis by an angle ∆α according to:

∆α =
(1−g2)θ1− (1−g1)θ2

1−g1g2

∆x1 =
g2

1−g1g2
×Lθ1 +

1
1−g1g2

×Lθ2

∆x2 =
1

1−g1g2
×Lθ1 +

g1

1−g1g2
×Lθ2.

For the case of a 10 cm long FP cavity with a near-planar mirror configuration [Table 3.1(D)],
we estimate a shift of |∆x1 +∆x2|= 100 µm for a mirror tilt of ±0.8 µrad while with a near-
concentric mirror configuration (R1=R2=5.1 cm), the same shift occurs for a mirror tilt of
±0.1mrad. We note that the sensitivity to mirror tilt scales with the length of the cavity for
fixed g1 and g2. In addition, for near-concentric cavities, the positioning of the mirrors on the
end face of the spacer is critical, particulary for long near-concentric cavities. A shift ∆r of
one mirror center from the symmetry axis of the cavity results in a rotation of the optical axis
by an angle γ ' ∆r

2R−L . This leads to a displacement ∆x = γ ×R of the optical mode on both
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mirrors. We estimate for a 39.5 cm long cavity [Table 3.1(F)], that a shift of 10 µm of one
mirror results in a mode displacement of 400 µm.

We conclude from these estimates that for a long cavity, working with a configuration close
to instability requires challenging mechanical machining and alignment tolerances. However,
for a short cavity the required tolerances are technically feasible.

3.3 Design of a vibration insensitive long optical cavity
As indicated in Table 3.1, long cavities can reach a thermal noise limited instability below
10−16. However, low-frequency seismic and acoustic noise in the environment of the cavity
causes fluctuations of the optical path length, particularly for long cavities with their intrinsi-
cally higher sensitivity to vibrations.

In this study, we adopt the approach of Nazarova et al. [81] to take advantage of the sym-
metries of the cavity spacer for intrinsic cancellation of length changes. The sign of the length
change varies depending on the position of the support with respect to the symmetry plane that
is orthogonal to the direction of the acceleration. In the case of individual support points, all
points have to lie in the symmetry plane and act symmetrically on it for perfect length change
cancellation. Thus, careful positioning of the mounting points allows supporting the cavity
spacer with significantly reduced sensitivity to accelerations in all three directions. During
the past years, significant effort was put into designing reference cavity systems with inherent
insensitivity to vibrations [73, 77, 81–89].

Although length fluctuation and bending of the cavity can in principle be compensated,
imperfections of the spacer manufacturing and mounting process lead to a non-zero vibration
sensitivity.

The analysis of the sensitivity to vibrations and the results for an optimized mounting con-
figuration are presented in this section, before comparing different diameter-length ratio con-
figurations of a 39.5 cm long cavity. We end the section by estimating the effect of asymmetric
spacer machining and unequal force distribution on the vibration sensitivity of the cavity.

3.3.1 Optimized long cavity design: FEM simulations
Vibrations of mechanical or acoustic origin usually have a frequency below 100 Hz. For
example, street traffic noise frequency is between 10 and 100 Hz, while upper-floor building
vibrations are in the range of 1 to 10 Hz. Acting on an elastic body such as a cavity spacer,
these vibrations lead to a linear deformation of its shape through Hooke’s law. The first order
relative change of the optical path length in a cavity subject to accelerations a j in the direction
j is given by:

∆L
L

=−∆ν

ν
= ∑

j=x,y,z
a jk j + ∑

j=x,y,z
a jκ j∆r. (3.8)

The first sum on the right-hand side of Eq. 3.8 describes a relative length change under a j with
the sensitivity coefficient k j. The second sum denotes a relative change in optical path length
due to a tilt of the mirrors, characterized by the coefficient κ j, in the case where the optical
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mode is displaced from the mechanical symmetry axis of the cavity by an average distance ∆r.
In the ideal case, where ∆r = 0, the mirror tilt θ has a second order effect on the length change
δL ∝ θ 2, which can be neglected [50].

We have performed simulations using the Finite Element Method (FEM) [71] to determine
the optimum position of the supporting points for a 39.5 cm long cavity. The simulation
provides a solution for which the cavity length variations k j vanish and residual angle tilt
coefficients κ j became small, as well as the sensitivities of these coefficients to changes from
the optimum support point positions.

The mounting strategy described in the following is the result of several FEM simulations
made for multiple cavity designs (See Appendix B). This chosen design has the smallest resid-
ual sensitivity to vibration in the axial direction, and the largest tolerances with respect to
machining, and allows a large degree of adjustability of the support points.

dz
dy

Cut lines
Mirrors

Central bore
10mmØ

    Evacuation
         holes

74mm

74mm

Y

X

Z

Supporting area
2mmØ 

dl

20mm

dx

A

Figure 3.4: Parameters of the 39.5 cm long cavity. The inset shows the parameters for one
of the cut-outs by which the cavity will be supported, and the blue point indicates the fixed
contact position of the mechanical support.

The parameters of the 39.5 cm long cavity are presented in Fig. 3.4. The spacer has a
cuboid shape with a square cross section of 74 mm side length. For the simulation, we assume
that the ULE spacer material is perfectly homogenous, as well as the FS mirror material. A
force density −→a ·ρx with |−→a | = |−→g | = 9.8 m s−2 is applied to the ULE spacer of density ρs
= 2210 kg m−3, and on the FS mirrors of density ρm = 2203 kg m−3. It induces a quasi-static
elastic deformation, as we study low frequency effects.

As shown in Fig. 3.4, four small cut-outs have been designed in the ULE spacer (two on
each side) in order to support the cavity. All the cut-outs (box (A) in Fig. 3.4) have the same
dimensions. The size of the cut-outs is a compromise between maximum adjustability of the
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support points and the retention of the symmetry between upper and lower halves of the spacer
by choosing the support points as close as possible to the central horizontal symmetry plane.
The mechanical support of the cavity is in contact with the ULE spacer only in a small circular
area of 2 mm diameter to reduce thermal conductivity between the heat-shields (see Chap. 4)
and the cavity through the supporting legs. The displacement of the mirror and its tilting angle
are evaluated from the displacement field2 Uz: the component along the optical axis (Z) of
the displacement of the vertical cut-line (for the case of vertical (along Y ) or axial (along Z)
accelerations) and the horizontal cut-line (for the case of horizontal accelerations (along X)),
crossing the center of the mirror, as shown by the green and red lines of Fig. 3.4, respectively.

U
(m

)
Z

y-Coordinate (mm) on mirror cut line

U
(m

)
Z

y-Coordinate (mm) on mirror cut line

ba

dy=0
dy=5 mm
dy=10 mm

dz=72.6 mm
dz=82.6 mm
dz=92.6 mm

Figure 3.5: Support-point-dependent mirror displacement and tilt under vertical acceleration
shown in Fig. 3.4. Z-component of the displacement field, Uz(y), along the vertical mirror
cut-line as a function of the (a) dy (dz = 83 mm fixed) and (b) dz (dy = 0.5 mm fixed) positions
of the cut-out. Length changes and mirror tilts manifest themselves as offsets and non-zero
slopes of the curves, respectively. The simulations show that length changes are sensitive to
the dy position, whereas tilt is introduced by a non-optimum dz.

To find the optimum mounting points and to estimate the allowed machining tolerances,
we vary symmetrically the position of the four cut-outs within the spacer3.

We first consider vertical acceleration along the Y axis. The volume of the cut-outs and
in particular their height dl (dimension of the cut-out along the Y axis) break the symmetry
of the cavity with respect to the middle horizontal symmetry plane (Z,X). This results in a

2As calculated by the simulation program COMSOL.
3In the simulation, we vary the position of the entire cut-out, while the supporting point is fixed at the center

of the cut-out.
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finite axial length change under vertical acceleration through Poisson’s ratio [81], see (a) in
Fig. 3.5. This effect scales with the diameter of the cavity and can be cancelled by optimizing
the parameter dy (position of the cut-out along the Y axis, relative to the middle horizontal
plane of the cavity).

Mirror tilt is introduced through the asymmetric expansion of the spacer with respect to
the middle horizontal plane (X ,Z) due to Poisson’s ratio, and through the bending of the cavity
around the support points with two extreme cases: supporting in the center leads to downward
tilt of the ends of the cavity, whereas supporting at the ends results in an upward tilt. In between
these two configurations, there is an optimum position with vanishing total mirror tilt that can
be found by adjusting dz (position of the cut-out along the optical axis Z, starting from the end
faces), see (b) in Fig. 3.5.

The simulation process is iterative; two of the three parameters (dx, dz and dy) are fixed,
while the third one is varied. The depth of the cut-out dx (from the side face of the spacer
towards the optical axis) is optimized first such that both the mirror displacement and the
mirror tilt are canceled for the same fixed value of dx. Close to the optimum values of dz and
dy, the three parameters can be considered independent and a small variation (<500 µm) of dx
has a negligible effect on the mirror tilt and length change of the cavity.

The relative displacement values at the mirror center as a function of the parameter dy are
plotted in Fig. 3.6 (a). The tilt angle of the mirror is plotted as a function of the parameter dz
in Fig. 3.6 (b). The simulations confirm the dependence of the length change and the mirror
tilt on the variables dy and dz, respectively, and that these two variables can be considered as
independent. Linear fits to the data shown in Fig. 3.6 provide us with the optimum positions
dz = 82.6 mm and dy = 0.5 mm. The slope of these fits is a measure of the sensitivities ky
and κy to machining tolerances δdy and δdz for the cut-outs, and to ∆r. The sensitivity to
changes in the support points for horizontal and axial accelerations was determined using the
same methods as for the vertical direction.

Table 3.2 presents a summary of the simulation results as functions of sensitivities to the
machining tolerances for a 39.5 cm long cavity loaded with vertical, axial, and horizontal
acceleration fields. The symmetry of the cavity spacer with respect to horizontal (along X) and
axial (along Z) accelerations is maintained through the mounting structure, thus eliminating
length changes along the cavity axis. For axial acceleration, a mirror tilt occurs due to dy 6= 0
which can not be avoided unless the supporting legs are exactly on the horizontal symmetry
plane (dy = 0). By choosing cut-outs of small volume, we reduce the magnitude of the dy
parameter to dy = 0.5 mm and get a tolerable sensitivity to axial acceleration of 63×10−12/g
for the ideal case of δdy = 0. For the horizontal acceleration, the optimum cut-out position
agrees with the optimum value found for the vertical acceleration within the precision of the
simulations.

The measured vibration spectrum in our laboratory is a few µg/
√

Hz at 1 Hz in all three
directions (See Chapter. 4, Fig. 4.15). Thus, to achieve a relative length change below the
expected thermal noise limit (∆L

L < 10−16), we need the machining tolerances for making the
supporting cut-outs on the spacer to be in the order of a few hundred µm. The large sensitivity
to mirror tilt in long cavities requires an alignment of the optical axis with the geometrical axis
on the mirrors (∆r) to be precise to within a few 100 µm. Both requirements are achievable
with current technology.
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Figure 3.6: Simulated cavity length change and tilt under vertical acceleration as a func-
tion of parameters dy and dz. (a) Relative cavity length change Uz/L at the center of
the mirror as a function of the cut-out position dy for fixed dz = 83 mm. A linear fit
provides the optimum value of dy = 0.5 mm and a sensitivity to machining tolerances of
ky = 42× 10−12 · δdy/(g·mm). (b) Cavity mirror tilt as a function of the cut-out position
dz for fixed dy = 0.5 mm. A linear fit provides the optimum value of dz = 82.6 mm and a
sensitivity to machining tolerances in dz of κy = 84×10−12 ·δdz/(g· mm2).
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Direction of acceleration
Tolerances

g = 9.8 ms−2 k j κ j

(10−12/(g·mm)) (10−12/(g·mm2))

Vertical (Y) 42 ·δdy 84 ·δdz

Horizontal (X) ≈ 0 68 ·δdz

Axial (Z) ≈ 0 126 · (dy−δdy)

Table 3.2: Optimum support point positions and acceleration sensitivities to machining tol-
erances of a 39.5 cm long cavity with a square cross section of 74 mm side length. For the
vertical acceleration, we evaluate the sensitivities of Fig. 3.6, and we use the same method for
evaluation under horizontal and axial accelerations.

3.3.2 Influence of the diameter-length ratio

Bending of the mirrors under accelerations orthogonal to the optical axis is caused by a bend of
the entire spacer (extremal for support points either in the center or the outer points along the
optical axis), and an asymmetric expansion along the cavity axis of the lower and upper halves
of the cavity due to Poisson’s ratio [81]. For vertically mounted cavities these two effects can-
cel for a certain diameter-length ratio [73]. For the horizontally mounted cavities considered
here, the effects add constructively, and an additional length change is introduced. However,
by choosing an appropriate diameter-length ratio, we can balance the sensitivities to length
change and tilt. In Fig. 3.7, we compare the relevant factors k j and κ j under vertical, axial and
horizontal accelerations for different square cross sections of a 39.5 cm long cuboid cavity.
The sensitivity to mirror tilt becomes larger for smaller cross sections, whereas the sensitivity
to length changes under accelerations perpendicular to the optical axis scales linearly with the
cross section.

We found that, given machining tolerances on the order of a few 100 µm, square cross
sections between 65 mm and 85 mm offer a good tradeoff between length and tilt sensitivity.

3.3.3 Asymmetric spacer and inhomogeneous loading forces

We investigated the influence of geometrical deviations from the optimum cavity shape to as-
sess the required machining tolerances, which become critical for longer cavities. Through
numerical simulations, we estimate the sensitivity of a 39.5 cm long cavity to accelerations in
the case of an asymmetric spacer that has an end surface tilted by an angle α around a hori-
zontal axis, while maintaining the calculated optimal support points for a perfect rectangular
shape. The sensitivity of the cavity becomes 4.9× 10−9α/(g · rad) and 4× 10−8α/(g · rad)
under vertical and axial accelerations, respectively. The horizontal acceleration is unchanged,
since in this case the corresponding symmetry is not broken. We expect that a tilt along the
vertical axis results in similar sensitivities for horizontal and axial accelerations. We conclude,
for a 39.5 cm long cavity of width and depth equal to 74 mm, that the faces of opposing sides of
the cavity should be parallel to within 0.1 mrad to achieve a sensitivity of less than 10−11/g to
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accelerations in all directions. This requirement is technically achievable and might be further
relaxed by experimentally determining new optimal support point positions (See Chap 4).
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Figure 3.7: Variation of the sensitivity coefficients for mirror tilt κ j and mirror displacement
k j as a function of the spacer cross section, under vertical (Y axis), axial (Z axis), and horizontal
(X axis) accelerations. The length of the spacer is fixed to 39.5 cm as well as the shape of the
supporting cut-outs. We have assumed ∆r = 0.5 mm and δdy = 0.5 mm for the calculation.
The dashed lines are a guide to the eye.

Equal distribution of the total reaction forces
−→
F = m−→a applied between the supporting

points is also of crucial importance, and an unexpected force imbalance may be a reason
for differences between theoretical results and experimental measurements of the vibration
sensitivities [77]. FEM simulations show that a force difference ∆F applied between two
pairs of supporting legs induces a sensitivity of 7.4× 10−9/g · ∆F

F in the axial direction and
2.4× 10−10/g · ∆F

F in the vertical direction, for this cavity of mass m = 5 kg. Equal force
distribution to within 1% between the supporting legs is therefore of major importance for
a vibration insensitive cavity. Equalizing the forces applied on the cavity could be achieved
either by using elastic supports or by converting the four-point support into an effective three-
point support as we will show in Chap. 4.

3.3.4 Limitation of the FEM simulation
We use the finite element simulation method to calculate the component displacements and
strains under external loads. This method depends strongly on the size of the mesh elements4:

4A prior knowledge of the FEM simulation software, largely used in modeling, is assumed in this subsection.
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the more accurately the mesh matches the cavity geometry, the more accurate the analysis
results will be. We see a clear difference in the simulation results using predefined meshing
methods on COMSOL. For example, we see an error in the vibration sensitivity on the order of
10−10/(g.mm) when changing from predefined "fine" to predefined "normal" meshing. Similar
effects on cavity simulation results have been discussed by Nazarova [90]. It is possible to
make the meshing much finer around the critical calculation zones i.e. mirror cut-lines (see
Fig. 3.4), then increase the element integration size with a defined "growing rate" over the rest
of the spacer body. For that, we use an adaptive meshing procedure5 with up to 2 generations
of calculation iteration to produce the most accurate meshing possible for the cavity and to
avoid being limited by the simulation time or computer memory. Using this technique, we
estimate the meshing error to be on the order of 10−12/(g.mm).

5Adaptive meshing is a COMSOL function. It allows an automatic adjustment (after some iterations) of the
meshing. We use 25 mesh elements around the cut-lines and an element growth rate factor of 1.5).
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Chapter 4

Laser stabilization system

We have seen in the first two chapters that the frequency stability of a cavity resonance depends
on the length stability of the cavity as ∆L/L=−∆ν/ν . In addition to vibrations, environmental
influences such as pressure and temperature fluctuations change the optical distance between
the two mirrors and thus the resonance frequency of the cavity. In order to reduce these distur-
bances, have placed the cavity in a vacuum chamber provided with the heat-shields for active
and passive thermal control, and carefully isolated it from mechanical and acoustic vibrations.
An external cavity diode laser (ECDL) was locked to the cavity. By changing external pa-
rameters (i.e. cavity temperature, vibration force, etc.) and comparing the laser’s frequency
to other cavities or to a stable RF-signal via an optical frequency comb, the sensitivity of the
cavity resonance frequency to these effects was evaluated.

This chapter is divided into two sections. In the first section we will present the mechanical
setting of the cavity. The effect of the four external perturbations, thermal expansion, mechan-
ical vibration, and linear drift of the cavity, as well as pressure perturbations in the vacuum
chamber are presented and evaluated. The implemented solutions for minimizing these ef-
fects are explained. In the second section we focus on the laser locking performance using the
PDH technique, the effect of residual amplitude modulation (RAM), and the influence of laser
intensity instability on the performance of the cavity.

In this chapter and at the end of each subsection, the influence of environmental effects and
perturbations from the laser locking scheme on the cavity performance are evaluated in terms
of fractional frequency instability and compared to the limit imposed by the thermal noise of
the cavity.

4.1 Realization of the environmentally insensitive optical cav-
ity

4.1.1 Temperature stabilization

Fluctuations of the temperature T of the cavity affects its length stability, which is typically
relevant for time scales larger than a second. The fractional variation of the cavity length as a
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function of the temperature variation in the interval from Ti to Tf is given by:

∆L
L

=
∫ Tf

Ti

α(Tf )dT (4.1)

where α(T ) is the Coefficient of Thermal Expansion (CTE) as a function of the temperature
T . The effect of temperature fluctuations can be reduced by choosing low thermal expansion
materials for the cavity and by thermal isolation and temperature stabilization of its housing
system. We will start by presenting the thermal properties of the 39.5 cm optical cavity and
then describe the housing system. We then report on a measurement of the thermal expansion
behaviour of the cavity and determine its optimum operating temperature as well as the effect
of the temperature instability on the overall performance of the stabilized laser.

Thermal properties of the 39.5 cm cavity

Ultra Low Expansion glass ceramic (Corningr ULE) is used as the spacer material because of
its combination of ultra low thermal expansion properties [91] and relatively low mechanical
losses compared to e.g. Zerodur1. This TiO2-doped silica glass has a temperature dependent
CTE αs(T ) that is zero at a specific temperature Ts and can be approximated to second order
in T by:

αs(T ) = as(T −Ts)+bs(T −Ts)
2, (4.2)

where as is on the order of 10−9/K2 and bs is on the order -10−11/K3 denoting the linear and
quadratic temperature coefficients, respectively. Ts is the CTE null temperature, which for
Corning ULE is usually specified to be around 20◦C [92].

The mirrors are made of Fused Silica (FS) in order to reduce their dominant contribution to
the thermal noise (See Chap. 3). However, fused silica has a relatively high thermal expansion
coefficient2 αm of about 500×10−9/K.

The CTE mismatch between the ULE spacer and the FS mirrors leads to an effective CTE
αeff(T ) of the system (ULE spacer + two FS mirrors) that can be written as [93]:

αeff(T ) = αs(T )+ξ
2Rm

L
(αm−αs(T )) (4.3)

where ξ is the coupling coefficient assuming a linear stress-strain relation between the spacer
and the optically contacted mirror, Rm is the radius of the mirror and L is the length of the
cavity. The coupling coefficient ξ is positive and depends only on the geometry of the spacer
and mirrors and their mechanical properties; it is independent of the temperature and their
thermal expansion properties [92]. It is worth mentioning that here we neglect the effect of the
thermal expansion of the mirror coating since it was shown in [93] to be negligible compared
to the expansion of the substrate itself.

Since the mismatch of CTE αm−αs(T ) is positive, and the CTE slope a of the spacer in
Eq. 4.2 as well as ξ are positive, the system (ULE spacer + FS mirrors) will have a higher

1Mechanical losses in Zerodur are φZ ≈ 3× 10−4, and the linear coefficient of thermal expansion is ≈ 5×
10−9/K2.

2considered constant for temperatures around 30◦C
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αeff(T ). Thus, the final CTE null temperature T0 that corresponds to the minimum thermal
expansion of the cavity made of ULE spacer and FS mirrors will be below the CTE null
temperature Ts of the cavity made of ULE only. FEM simulations (see Chap. 3) of the 39.5 cm
cavity thermal expansion behaviour, assuming Ts = 20◦C, which is the most common case for
Corningr ULE are plotted in Fig. 4.1. Changing from ULE mirrors to FS mirrors shifts the
CTE null point of the cavity by about −10◦C.
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Figure 4.1: FEM simulated thermal expansion of an optical cavity with a ULE spacer
(L=39.5 cm, D=7.4 cm), and two mirrors of diameter 2Rm =2.54 cm, as a function of the
temperature in ◦C. The red line shows the behaviour of a cavity made of ULE (mirror sub-
strates and the spacer are made of ULE) assuming the CTE null temperature of the ULE is at
Ts = 20◦C. The blue line is the expansion behaviour of the same cavity spacer but with mirrors
made of FS. The minimum expansion temperature is shifted by about −10◦C

Despite specifications by Corningr, ULE exhibits strongly varying CTE null temperatures,
usually below 20◦C. Using FS mirrors, this temperature is further reduced, requiring cooling
of the entire cavity to below room temperature [94]. This is typically accomplished through
Peltier cooling of the bottom of the cavity, requiring a technologically challenging setup to
guarantee a homogeneous distribution of temperature around the cavity.

Legero et al. proposed to reduce the effect of FS mirrors on the thermal properties of ULE
by contacting ULE rings on the back of the FS mirrors [92].

In our case, the spacer is made of a different type of Corning ULE material that has larger
TiO2 content than what Corning usually offers, which puts its intrinsic CTE null point Ts above
50◦C. This means that contacting the FS mirrors will bring the optimum operating temperature
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T0 in our case to above room temperature. For this, we design a housing system that maintains
homogenous temperature around the cavity by only heating.

Heat transfer laws

The design of the housing system that we are about to describe provides a high thermal isola-
tion for the cavity. In our case, the heat transfer can be conductive or radiative. According to
Fourier’s law, the conductive heat transfer q̇c from a system at fixed temperature T1 toward a
system of temperature T2(t > t0) with T2(t0)< T1, through material of thermal conductivity λ

of length d and contact surface ac is:

q̇c = λ
ac

d
(T1−T2(t)). (4.4)

The conductive heat transfer depends on the conductivity of the connecting material and the
contact surfaces, and can be reduced by choosing a connecting material with low thermal con-
ductivity between the different parts of the housing and by minimizing their contact surfaces.

However, the heat transfer through thermal radiation, especially for our operating tempera-
ture above 40◦C, can limit the thermal isolation between the different parts of the housing and
the cavity. The radiative heat flow q̇rad from a surface A1 of temperature T1 to a surface A2 of
temperature T2(t0)< T1 is written as [95]:

q̇rad = σSB(
1

A1ε1
+

1
A2ε2

− 1
A1

)−1(T 4
1 −T2(t)4) (4.5)

where σSB is the Stefan-Boltzmann constant3, and ε1 and ε2 are the emissivity of the surfaces
A1 and A2, respectively. The emissivity is a property of the material surface that ranges from
0 to 1 and defines the ratio of the transmitted heat compared to a black-body of emissivity
ε = 1. A perfectly reflective surface would have an emissivity equal to zero, so it is possible to
reduce the heat emissivity by using a highly reflective coating on the housing surfaces and by
polishing them to better than λ/10. For a small applied temperature step with T1−T2(t)� T1,
a first order approximation of Eq. 4.5 can be written as:

q̇rad ≈ 4σSBT 3
1 (

1
A1ε1

+
1

A2ε2
− 1

A1
)−1(T1−T2(t)). (4.6)

Taking into account both the radiative and conductive heat transfer, one can express the vari-
ation of the temperature T2 of the system (2) under the influence of the temperature T1 of the
system (1) as a function of time using Eq. 4.6 and Eq. 4.4 by:

Cp(2)
∂T2(t)

∂ t
= q̇rad + q̇c = Λ12(T1−T2(t)) (4.7)

where Cp(2) = M2× cp(2) is the thermal capacity of the system (2) of mass M2 and specific
heat capacity cp(2), and Λ12 is the total heat flow between systems (1) and (2). A solution

3σSB = 5.6703×10−8 W/(m2K4).
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of Eq. 4.7 consists of the exponential propagation of the heat from T1 towards T2 that is char-
acterized by the time constant τ1 = Cp(2)/Λ12. Thus, fluctuations of the temperature T1 that
occur on a time scale faster than the time constant τ1, will be attenuated (filtered) as if 1/τ1 is
the cut-off frequency of a first order low-pass filter between systems (1) and (2). In order to
minimize the thermal fluctuation at the level of the optical cavity, two heat shields are placed
around it, where the temperature of the outer heat shield is actively stabilized, which results in
the combination of two first-order low-pass filters in series with different time constants.

Design of the cavity housing

We describe here the mounting system and housings starting from the cavity and going toward
the outside. A sketch of the housing design for the stable 39.5 cm cavity is presented in Fig. 4.2
and the precise dimensions of the cavity chamber system can be found in Appendix D.

Vacuum chamber

Invar support
ULE plate

Vibration isolation
platform 

Inner heat shield (T )2

Active outer heat shield (T )1

Teflon balls 

Viton pads

 Optical cavity (T )c

Figure 4.2: Schematic diagram of the 39.5 cm long cavity inside the vacuum chamber. The
cavity supports (invar with viton pads on the top) are resting on a ULE plate which is placed
inside the first (inner) heat shield made of gold coated brass. Three teflon balls serve as ther-
mal isolation between the ULE plate and the first heat shield and three more between the first
and second heat shield. The second heat shield, made of aluminum, is used for the active tem-
perature stabilization inside the vacuum chamber, also made of aluminum. The temperature
notations assigned to the different parts are: Tc for the cavity temperature, T2 for the inner
heat shield temperature, and T1 for the active heat shield temperature. The insert photo of the
active heat shield shows the serpentine pattern of the heating wire. This wire is fixed to the
heat shield facets with 3 mm thick aluminum plates (the kapton tape (of brown color) shown
on the photo is removed before fixing the plates).

The cavity (heat capacity cp(ULE)=767 J/(kg·K), mass Mc = 5.07 kg) is placed on two invar
U-shaped supports (see Sec. 4.1.2), that are resting on the top of a ULE plate (same material as
the spacer) in order to reduce the radial tension that might accrue from the thermal expansion
of the rest of the metallic housing. The Invar (thermal conductivity λinvar=13 W/(m·K), height
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= 40 mm) that is used for supporting the cavity has a less than 20 mm2 contact surface with
the ULE plate (thermal conductivity λULE=1.31 W/(m·K), thickness = 5 mm) and no direct
contact with the cavity, since we use viton half spheres on the top of each support (thermal
conductivity λviton=0.26 W/(m·K), height 2 mm).

The ULE plate is placed on top of three teflon balls inside the first heat shield (of tempera-
ture T1 in Fig. 4.2) made of gold coated brass (heat capacity cp(Brass)=377 J/(kg·K), density:
8525 kg/m3, thickness = 10 mm, mass M1= 9.46 kg). The heat conduction between the ULE
plate and the inner heat shields is minimised by using these three teflon4 spheres of diame-
ter ds = 7.93 mm (Thermal conductivity λte f lon = 0.25 W/(m·K)) on a kinematic mount5 for
maximum mounting stability and minimum contact surfaces ac ≈ 32 mm2 (much smaller than
d2

s as for a cylinder). The polished gold coating of the brass (emissivity of gold εAu = 0.02)
minimizes the radiative heat transfer between this heat shield and the cavity (emissivity of
glass and ULE εULE = 0.91) as well as the rest of the housing system.

Three more teflon spheres (ds = 7.93 mm) are used to place the passive inner heat shield
inside the second heat shield (of temperature labeled T2 in Fig. 4.2), and reduce the conductive
heat transfer between them. Aluminum is used for building the second (outer) heat shield (heat
capacity cp(Al)= 897 J/(kg·K), density: 2701 kg/m3, thickness = 10 mm, mass M2= 9.51 kg).
The temperature of the outer heat shield is actively stabilized. Since we will need to heat the
chamber in order to operate the cavity at the CTE null point, i.e. above 40◦C, the outer surface
of the first heat shield contains grooves in which we place about 40 m of heating wire6 in a
serpentine pattern (separation distance 2 mm) for a homogeneous thermal distribution around
the cavity. Six polished aluminium plates (∼ 3 mm thickness) are used to hold the wire firmly
to each side of the active heat shield and fixed with vacuum compatible screws (no additional
adhesive). A picture taken during this procedure can be seen in Fig. 4.2. The surfaces of this
aluminum heat shield and the aluminum plates are polished7 in order to minimise the radiative
heat transfer to the rest of the system (emissivity of polished aluminum εAl = 0.04). The used
highly heat conductive housing materials homogenize the temperature distribution around the
cavity.

The temperature stabilization of the active heat shield (labeled 2 in fig. 4.2) is realized
by connecting the heating wire (around the outer heat shield) to a PI temperature controller
system8. Eight temperature sensors9 are glued using thermally conductive, vacuum compat-
ible two-component epoxy 10 to different sides of the shield and connected through a sub-D
feedthrough to the temperature controller for a feedback of the temperature.

Finally, this outer heat shield is placed inside the vacuum chamber on top of three bigger
teflon balls with ds = 50.8 mm in order to leave space for an eventual third passive heat shield.
The custom made vacuum chamber is made of aluminum (wall thickness 30 mm) polished

4Polytetrafluoroethylene (PTFE).
5All degrees of freedom within the horizontal plan are fixed with minimum constraints. The center of gravity

of the mounted system coincides with the center of mass the triangle formed by the balls.
60.4 mm diameter, KAPW1X040 Kapton insulated copper wires, LewVac.
7Aluminum polishing paste used manually, chemical polishing is to be avoided with this type of 6061 alu-

minum alloy.
8Thermo-electric controller TEC from ibrt.com
9Glass-encapsulated sensor type B57560G1303+005 NTC-30KΩ@25◦C

10two-component Aremco-BondTM860 Thermally Conductive Epoxy, Aremco.
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from the inside for a minimum radiative heat transfer with the rest of the system. The use
of highly conductive material such as brass (thermal conductivity λbrass = 109 W/(m·K)) and
aluminum (λAL = 205 W/(m·K)) allows a homogeneous thermal distribution around the cavity.

The two heat-shields around the cavity acts as a heat capacitance that filters the short term
thermal fluctuations. The thermal time constant is modeled by taking into account both kinds
of thermal transfer mechanisms explained in Eq. 4.4 and Eq. 4.6. According to Eq. 4.7, the
variation of the temperature over time of the inner heat shield T2(t) and that of the cavity Tc(t)
is related to the fixed temperature of the active heat shield T1 by the coupled equations:

∂T2(t)
∂ t

=
1
τ1
(T1−T2)−

1
τc
(Tc−T2)

∂Tc(t)
∂ t

=
1
τ2
(T2−Tc)

(4.8)

where τ1 is the time constant between the active heat shield and the inner heat shield and
τ2 is the time constant between the inner heat shield and the cavity. τc describes the time
constant of the temperature propagation from the cavity toward the inner heat shield (which is
much longer than τ1 and τ2). Using the material properties described above, we obtain from
our model τ1 = 3.9 days, τ2 = 5.9 days and τc = 41.2 days (calculated at 1/e of the final
temperature).

The term in (1/τc)(Tc−T2) can be neglected due to the slow heat transmission from cavity
to the inner heat shield compared to that from the active heat shield to the inner heat shield.
From Eq. 4.8, we calculate the cavity temperature Tc(t) that shows an exponential behaviour
with two time constants given by:

Tc(t) = Ti +(Tf −Ti).

[
1− τ1

τ1− τ2
exp
(
− t

τ1

)
+

τ2

τ1− τ2
exp
(
− t

τ2

)]
(4.9)

where Ti and Tf = T1 are the initial and final temperatures of the cavity, respectively. The time
constants τ1 and τ2 allow the cavity to be insensitive to thermal fluctuations at the active heat
shield that occur on a time scale shorter than 9.8 days. However, thermal sensor connection
via copper wires (λcopper = 401 W/(m·K), 0.4 mm diameter), which have a heat-transfer in
the order of 4 mW per meter for a temperature difference of 20.5◦C, and the windows on the
sides of the vacuum chamber, create additional conductive and radiative heat transfer paths
that results from the temperature gradient between the active heat shield and the rest of the
laboratory (Tlab = 23−27◦C), and can modify the estimated time constants.

In addition to a good thermal isolation, the cavity must be operated at the CTE null tem-
perature for minimum thermal expansion. We describe in the following the temperature stabi-
lization system used to identify the CTE null temperature of our 39.5 cm cavity and determine
the real time constants of the system.

Measurement of the CTE null temperature and of the thermal time constant

We stabilized a 1070 nm laser (see Sec. 4.2.2) to the cavity at room temperature and under
10−5 mbar vacuum pressure. The stabilized laser is transferred via a 100 m long fiber to a
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different lab (on the 5th floor of the same building), containing a frequency comb referenced to
a hydrogen maser. A frequency beat-note is established between our laser and the frequency
comb. An AC-coupled photodiode measures the beat-note frequency in the RF, which is sent
to a frequency counter11 to record the beat-note frequency shifting as the cavity temperature
changes.
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Data

−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

∆
 L

/L

Figure 4.3: Relative length change of the cavity as a function of the temperature. The
parabolic fit is made as in Eq. 4.10. The minimum of thermal expansion corresponds to T0 =
45.50(1)◦C. These results were established for one temperature step (36◦C to 46◦C), and
recorded over 7 days of measurements. The discontinuities in the measured data (in blue)
occurred when one of the lasers of the frequency beat-note (our laser or the reference laser
from the comb) was out of lock.

In order to monitor the temperature of the ULE cavity, we attach an extra sensor12 to
the ULE spacer (out of the temperature stabilization loop) using vacuum compatible Kapton
tape. This sensor is removed after the conclusion of the CTE point measurements. We sweep
the temperature of the active heat shield from 36◦C to 46◦C in order to find the temperature of
minimum thermal expansion. The relative length change ∆L/L as a function of the temperature
is shown in Fig. 4.3. When changing the temperature of the cavity, the frequency of the beat-
note shifts following the cubic law of the thermal expansion of the cavity as a function of

11FXE High Resolution Multichannel Synchronous Phase Recorder, K+K Messtechnik GmbH
12Sensor type B57560G103F NTC 10KΩ@25◦C
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temperature, which corresponds to:

∆ν

ν
=−∆L

L
=

a
2
(Tc−T0)

2 +
b
3
(T0−Tc)

3 +C0. (4.10)

By fitting this expression to the data, we estimate T0 = 45.50(1)◦C for the CTE null tempera-
ture at which the length variation of our cavity is minimum, and a = 1.03(1)× 10−9/K2 and
b =−12.3(2)×10−12/K3 the linear and quadratic thermal coefficients, respectively, from the
fit. C0 is an arbitrary constant, and a function of the initial conditions. The linear drift of the
cavity over time of 0.2 Hz/s due to the aging of the material was removed in this evaluation [92]
and will be discussed separately in Sec. 4.1.3. According to these results and to Eq. 4.10, a
temperature change of 1 mK will introduce a frequency change on the order of one kHz when
operating the cavity at 38◦C, whereas at T = T0, the frequency variation will be suppressed to
0.1 Hz for the same temperature variation. This confirms the fact that operating the cavity at
T0 reduces its sensitivity to temperature fluctuations.

Evaluation of the cavity temperature instability

At a small temperature offset δT from the CTE point of the cavity (δT = |Tc−T0| � T0), the
Allan deviation of the cavity fractional temperature fluctuation σ c

T is related to the induced
fractional (length) frequency stability σy by:

σy ≈ a|δT |σ c
T . (4.11)

Thus, in order to operate the cavity at the thermal noise limit of 7×10−17 at 1 s, while |δT |=
1 mK, the instability of the temperature at the level of the cavity σ c

T should not be higher than
70 µK at 1 s.

The cavity temperature instability σ c
T is evaluated from the active heat-shield temperature

variation over time T1(t), taking into account the filtering effect from the time constants of the
heat shields.

For this evaluation, we record the temperature of the active heat shield via one of the in-
loop sensors13. The Fast Fourier Transform (FFT) of T1(t) is then filtered by applying the
transfer function obtained from the heat-shield time constants as:

HLP(ω) =
1√

1+( ω

ω1
)2
· 1√

1+( ω

ω2
)2

(4.12)

where ω is the Fourier frequency of the temperature fluctuation, ω1 = 1/τ1 is the cut-off
frequency of the first low pass filter (active heat shield to passive heat shield), and ω2 = 1/τ2
is the cut-off frequency of the second low pass filter (passive heat shield to cavity). From the
inverse of this filtered temperature FFT we obtain the temperature fluctuations at the cavity.

Two parameters are important for evaluating the induced fractional frequency stability:

13The temperature stabilization software gives a real-time reading of the temperature of the stabilized system.
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• The first parameter is the value of the time constants τ1 and τ2. In our case, an out-of-
loop sensor remains at the level of the inner heat shield14. This sensor is connected by
a Kapton wire (∼ 1 m length, λcopper = 401 W/(m·K), wire diameter 0.4 mm), which
has a non-negligible conductive heat transfer in the order of 4 mW for temperature dif-
ference of 20.5 K between the inner heat shield and the vacuum chamber. This sensor
shortens the thermal time constant of the system thus it should be removed in the future.
Nevertheless, we measured the current thermal time constants, which are found to be
τ1 = 0.6 days and τ2 = 2.5 days, in order to have a realistic estimation of the effect of
thermal fluctuations on the current stability of the cavity length.

• The second parameter is the cavity temperature offset from the CTE point δT = Tc−T0.
The quadratic behaviour of the frequency as a function of the temperature (Eq. 4.10)
changes the cavity sensitivity to thermal fluctuations as a function of the set value of Tc.
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Figure 4.4: Allan deviation of temperature fluctuations as a function of the averaging time
τ . Allan deviation of temperature fluctuations at the measured active heat-shield σ1

T , and
extrapolated at the cavity σ c

T using Eq. 4.9 in case (1) (τ1 = 3.9 days, τ2 = 5.9 days), case (2)
(τ1 = 0.6 days, τ2 = 2.5 days), and case (3) (τ1 = 0.2 days, τ2 = 0 days)

14This sensor is used for an out-of-loop evaluation of the temperature excursion.
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The stability performance of the temperature controller at T1 is measured at the active heat
shield. Fig. 4.4 shows the in-loop relative instability of the temperature σ1

T , which decreases
over time. In order to evaluate the effect of the time constants (first parameter discussed above),
and thus the cavity temperature fluctuation, three different pairs of first order low pass filters
(see Eq. 4.12) are applied to the FFT of T1. The first case corresponds to the calculated time
constants of our cavity housing (τ1 = 3.9 days and τ2 = 5.9 days), the second case corresponds
to the measured time constants in our system (τ1 = 0.6 days and τ2 = 2.5 days), and the third
corresponds to the estimated single time constant for the case of having no heat shield in the
system with τ1 = 0.2 days and τ2 = 0. Fig. 4.4 compares the Allan deviation of the relative
temperature fluctuation at the cavity σ c

T for the three filter types in order to show the influence
of heat-shielding and the different time constants.
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Figure 4.5: Allan deviation of the fractional frequency fluctuations as a function of the
averaging time τ , calculated for the cavity temperature fluctuation σ c

T of case (2) (where
τ1 = 0.6 days and τ2 = 2.5 days, see Fig. 4.4), and for three different temperature shifts |δT |
from the cavity CTE null temperature. The results are compared with the thermal noise funda-
mental limit of the cavity stability (red dashed line). For temperature shifts |δT |< 10 mK, the
temperature fluctuations do not limit the cavity stability for time scales shorter than 5000 s.

The Allan deviation of the fractional frequency fluctuations is calculated using Eq. 4.11 and
the cavity temperature instability (calculated with the measured time constants of our system,
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case (2) of τ1 = 0.6 days and τ2 = 2.5 days, see Fig. 4.4), for three different temperature shifts
from the CTE null temperature of the cavity |δT |= 1 mK, |δT |= 10 mK and |δT |= 100 mK.
The results are plotted in Fig. 4.5. This shows that for a temperature shift of 10 mK or less
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Figure 4.6: Histogram of the temperature excursion δT = T2−T0 measured at the level of
the passive heat shield. It shows an asymmetric temperature distribution (the heating process
is faster than the cooling process due to the use of a heating wire for temperature stabilization)
that can be approximated by a normal distribution with a standard variance of about 4 mK.

from the cavity CTE, the temperature fluctuation will not limit the cavity stability at time
scales shorter than 5000 s. In order to observe the temperature excursion around the CTE-null
point, a temperature sensor15 (out-of-loop) placed on the passive heat shield (at T2) was used
for recording the temperature fluctuation over 15 days. A histogram of this data is plotted in
Fig. 4.6. It shows a temperature excursion on the order of 4 mK. Thus, temperature fluctuations
of the cavity are suppressed to a level below the thermal noise limit for integration times up to
2×104 s.

15It should be removed in order to maximize the thermal isolation.
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4.1.2 Mechanical Vibration isolation

We showed in section 3.3 FEM simulations performed to obtain a mounting design of the
39.5 cm long cavity which permits low sensitivity to environmental acceleration vibrations.

The cavity housing system has been described in Sec. 4.1.1. Here, we start by presenting
the ULE spacer that was machined as well as the measured machining and mounting toler-
ances. After that, we present the measurement technique used to evaluate the cavity vibration
sensitivities in all three directions. We show and discuss results of the cavity vibration sen-
sitivities obtained with two different mounting strategies. The measurement results of the
spectrum of the mechanical and acoustic noise between 0.1 and 100 Hz in our laboratory en-
vironment and on the vibration isolation platform are shown in the third subsection. Finally
we present the effect of vibration in terms of fractional frequency instability and compare its
Allan deviation to the estimated thermal noise limit of the cavity.

ULE spacer machining

In section 3.3, we estimated that under acceleration forces of few µg, a cavity relative length
change below the expected thermal noise limit (∆L

L < 10−16) is achievable if the machining
tolerances are in the order of a few hundred µm. The ULE cavity spacer machining was
performed by a specialized company16. The ULE material was provided by our group. It is
worth mentioning that drilling the optical hole in a cubic ULE spacer that is 39.5 cm long
(width and depth 7.4 cm), was not possible without cutting the spacer into halves, due to the
sensitivity of the glass material17. After performing a precise and centered drill in each half,
the two pieces were optically contacted again. The cavity design can be found in Appendix D.

The precision of the machining was verified by sending the cavity to a specialized mea-
surement division within PTB18. The machining tolerances (on the surface parallelism, optical
contact of the two halves, centering of the optical hole, etc.) are below 50 µm. However, the
most significant machining error of 90 µm was found in one of the four cut-outs of the cavity.
This corresponds to the δdy tolerance (see Sec. 3.3.1), and is within the acceptable machining
tolerances.

The optical contact of the mirrors to the center of the optical hole of the spacer (See 4.2.1)
was made within an estimated precision error of 60 µm19. This corresponds to a ∆r (see
Sec. 3.3.1) shift between the optical axis and the geometrical center of the cavity, which is also
within the acceptable machining tolerance.

The positioning of the cavity support was performed manually. An electronic caliper is
used to measure δdz and δdx with a positioning precision of up to 100 µm (see Sec. 3.3.1).

16Optrovision
17This was the case in 2011; since then some companies specialized in silicon machining started to offer

drilling long holes in ULE glass.
18Tactile technique (ZEISS Calypso). Credit to Dr. Norbert Gerwien.
19Measurement of the position of the mirror was made using an electronic caliper
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Vibration sensitivity measurement technique

In order to determine the vibration sensitivity of the optical cavity, we record at the frequency
shift of the laser when locked to the cavity as a function of an applied acceleration in all three
directions. For this purpose, a 10 cm long cavity is used as a frequency reference. The optical
set up is illustrated in Fig. 4.7.
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Figure 4.7: Optical set-up used for the 39.5 cm optical cavity vibration sensitivity mea-
surements. One path of the laser is sent to the 39.5 cm cavity and the other path is sent to
a 10 cm long reference cavity used for the vibration sensitivity measurement (delimited by
purple box). The laser is locked to the long clock cavity, and then shifted by an Acousto-Optic
Modulator (AOM) toward a resonance frequency of the short reference cavity. The AOM
frequency locking signal is then used to identify the main laser frequency shift due to the vi-
bration of the 39.5 cm long clock cavity. Both cavities are inside vacuum chambers (below
10−5 mbar). PBS : Polarizing Beam Splitter, APP : Anamorphic Prism Pair, PID (1) and PID
(2): Proportional-Integral-Derivative controllers used for the first (clock cavity: 39.5 cm long)
and second (reference cavity: 10 cm long) PDH frequency locks at ∆ν0 and ∆νref respectively.

We separate the laser beam of frequency ν into two paths: one to be locked to the reso-
nance frequency ν0 of the 39.5 cm long cavity using the PDH lock technique (See section 2.4),
and the second to be shifted by an Acousto-Optic Modulator20 (AOM) toward a resonance fre-
quency of the 10 cm reference cavity, νref. We drive and scan the AOM’s RF-frequency using
a Voltage-Controlled Oscillator (VCO)21. A second PDH lock uses this VCO as an actuator
to lock the laser (originally stabilized to the 39.5 cm cavity) to the reference cavity resonance.
This way the first beam path is frequency locked at ν0 and the second beam is locked at
νref. When the 39.5 cm long cavity undergoes vibrations, the optical path length of the cavity

20Type: Inc. AOMO 3200-1117, Crystal Technology.
21Marconi 2023B Signal Generator. We use the DC modulation input to correct the RF frequency output sent

to the AOM
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changes and thus the source laser frequency shifts by ∆ν . The amplitude of the frequency shift
depends on the amplitude of the acceleration applied to the cavity. The reference cavity PDH
system (originally locked at νref) is subject to the same frequency shift via the laser source and
the PID (noted PID(2) in Fig. 4.7) corrects for it by applying a correction voltage to the VCO
proportional to ∆ν . Using the calibrated VCO conversion factor in [Hz/V], we calculate the
frequency shift ∆ν applied to the AOM (in [Hz]) as a function of the voltage correction signal
(in [V]) obtained from the PID.

We place three identical vibration sensors (geophones22) pointing in the three directions
of the lab: vertical (Y ), horizontal (X) and axial (Z), as shown in Fig. 4.7, and identical to the
orientation used in Chap. 3. The 39.5 cm long cavity is resting on a passive vibration isolation
platform23, while the reference cavity together with the laser source24 are placed on an optical
breadboard25.

Once the laser is locked in the first path to the 39.5 cm long cavity and in the second path
to the 10 cm long cavity, we manually apply oscillation movements (frequency ≈ 1 Hz) in
the three directions independently. The geophones provide a voltage signal proportional to
the applied acceleration with a (linear) sensitivity of 0.1 g/V (g = 9.8 ms−2) between 0.1 and
100 Hz. The DC correction signal (from PID(2) in Fig. 4.7), in addition to the signals from
the geophones, are recorded via an oscilloscope.

An example of the measurement results is plotted in Fig. 4.8 where the recorded volt-
ages are converted to the corresponding accelerations (for the geophones) and to fractional
frequency deviation (for the PID). By applying an acceleration in the axial direction aA, the
corresponding axial geophone records a large oscillation signal (in blue) while the other two
(vertical geophone signal aV in red and horizontal signal aH in green) have minimal oscilla-
tions. The fractional frequency deviation ∆ν/ν0, where ∆ν is the frequency shift correction
applied to the AOM, is plotted in purple. The sensitivity to axial acceleration is then obtained
by solving the equation:

∆ν

ν
− ∑

j=A,H,V
a js j = 0 (4.13)

where s j is the cavity sensitivity to acceleration in the direction j (A: axial, V: vertical, H:
horizontal) per 1/g [1/g] (g = 9.8 ms−2), and at a specific support point. It is different from
k j (coefficient of relative cavity length change [1/(g·m)]) and κ j (coefficient of mirrors tilt
[1/(g·m2)]) that are the cavity sensitivity to machining tolerance δdy, δdz and ∆r under a j, as
described by Eq. 3.8. However, the value of s j results from machining tolerances and other
effects that can influence the cavity symmetry (i.e spacer inhomogeneity, force unbalancing
etc.).

In our case, we can change the parameter δdz by moving the supporting point along the Z
(optical) axis, thus one can have an approximative idea about the actual κ j of the cavity when
a horizontal or a vertical acceleration is applied, as well as the cavity sensitive to δdz under

22High sensitive accelerometer, with ceramic flexural ICP, working range 0.1 to 200 Hz, model:393B31PCB,
Signal Conditioner (Model 480B21), Piezotronics.

23vibration isolation platform type 250BM-1, Minus-K.
24Toptica: SYST DL PRO, Semiconductor laser diode: LD-1060-0150-AR-1.
25Thorlabs PBI51506 with enhanced vibration damping effect
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Figure 4.8: Vibration sensitivity measurement signals. The blue, green and red signals show
the axial, horizontal and vertical accelerations respectively, as a function of time while shak-
ing the cavity along the axial direction. The purple signal is the vibration induced fractional
frequency deviation ("Frac. freq. dev"). All signals are band pass filtered around the shaking
frequency (1±0.5 Hz) to reduce the detection noise. These results belong to the 4-legged sup-
port (See Fig 4.9). The results correspond to an axial vibration sensitivity of 15.1×10−10/g
with a VCO conversion factor of 5 Hz/mV.
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axial acceleration which was found to be negligible in the FEM simulations (See Tab. 3.2).
By solving Eq. 4.13, we take into account the residual coupled motion between the different
accelerations. The phase shift between the acceleration signal and the fractional frequency
deviation signal is neglected in Eq. 4.13. In fact, in most of our recorded data this phase is
π (this means there is a (-) sign in front of Eq. 4.13) or negligible (≈ 0 phase shift). This
is possible because the coupling between the motion in different directions is small. If the
coupling is strong (i.e. rotation of the cavity) then the phase shift between the different signal
increases and Eq. 4.13 is no longer valid. This method of measuring the 39.5 cm long cavity
vibration sensitivities is applied for two different cavity mounting strategies and the results are
compared to the FEM simulations presented in Sec. 3.3.

Vibration sensitivity measurement results

The mounting of the cavity is important for minimizing its vibration sensitivity. We have found
by means of FEM simulations four points from which we can support the cavity with mini-
mum cavity length change under accelerations, however unbalanced force loading between
the different supporting points increases the cavity vibration sensitivity compared to the ideal
simulation model (see Sec. 3.3). Two different mounting strategies are evaluated in order to
select the optimum cavity support scheme. The first strategy is supporting the cavity with four

Figure 4.9: The 39.5 cm long optical cavity supported with the first mounting strategy. Four
C-shaped legs made of Peek are placed on a 1 cm thick ULE plate and support the cavity from
the four cut-outs. The viton pads between the spacer and the legs where not placed when these
pictures were taken. The details of the cavity geometry are in Fig. 3.4.

viton (elastomer) half spheres of diameter ≈ 4 mm (estimated contact surface with the spacer
≈ 12 mm2) placed on top of four C-shaped legs made of Peek (Polyetheretherketone). The
use of viton26 between the spacer and the supporting legs softens the support and improves
the force distribution among the supporting legs. It also reduces the cavity sensitivity to high-
frequency vibrations, particulary in the vertical direction [94]. The four legs are then placed on
a 1 cm thick plate made of ULE (same material as the spacer of the clock cavity) so that the dis-

26Viton is a vacuum compatible, highly viscous elastomer with high surface tension. Below 100◦C, viton has
less than 10% compressibility [96]. It also has the capacity for remembering its original shape for a long time.
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tance between the legs remains constant even after temperature variation. We support the cav-
ity from the four cut-outs as explained in Sec. 3.3 (See Fig. 3.4). Figure 4.9 shows a picture of
the cavity resting on the four-leg mounting. The VCO conversion factor is set to 15 Hz/mV, and
the frequency of the applied vibrations is around 1 Hz. The measured vibration sensitivities s j
at optimized support positions (dz = 82.6 mm) are: 1.1(2)×10−10/g in the vertical direction,
14.0(4)×10−10/g in the horizontal direction and 15.1(3)×10−10/g in the axial direction. The
cavity was fabricated with machining tolerances on the parameter δdy (See Fig. 3.4) of below
100 µm, giving an estimated sensitivity to vibration on the order of 10−11/g assuming equal
forces on all four support points (See Tab. 3.2). However, the measured results are one order
of magnitude higher. This can be explained by the fact that supporting the cavity with four
independent legs induces an unequal distribution of forces between the four supporting points,
in agreement with the estimations presented in Sec. 3.3.3.

To overcome this problem, a second mounting strategy was implemented, consisting of
converting the four supporting points into three with equalized force distribution.

Figure 4.10: The 39.5 cm long optical cavity supported with the second mounting strategy.
Two U-shaped Invar supports are placed between the cavity and a 0.5 cm thick ULE plate,
which is thinner than the original ULE plate for reasons of alignment with the vacuum chamber
windows. The first half of the cavity is fixed in all directions and rotations, due to the two
contact-cylinders on the bottom of the first U-shaped support. The second half of the cavity
has a free degree of rotation around the central axis of the cavity due to the single contact-
cylinder placed at the center of the bottom of the second U-shaped support. Two of the viton
half-spheres between the Invar supports and the ULE cavity are visible in these pictures (in
black).

Fig. 4.10 shows the second mounting strategy. The four viton half spheres are now placed
on top of two U-shaped supports made of Invar (nickel-iron alloy) which is a low thermal
expansion material27. The first U-shaped support has two contact-cylinders at the bottom
while the second one has only one contact-cylinder in the middle, to allow free movement
of half the spacer toward an equilibrium of force load. The two supports are placed directly

27Linear coefficient of thermal expansion: 10−6/K.
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on top the ULE plate. The technical drawings of the Invar supports and corresponding ULE
plate are in Appendix D. This mounting method is convenient for an automatic balancing of
the forces between the four cut-outs, and thus approaching the theoretical idea of equal force
distribution assumed for the FEM simulation.

In order to study the effectiveness of this second supporting method, several vibration
sensitivity measurements are done with the viton half spheres at different points along the Z
(axial) direction. This is equivalent to what is done in the FEM simulation in Sec. 3.3 by
varying δdz with respect to the optimum position of dz = 82.6 mm. In the simulations the
cut-out position is shifted, whereas here we only move the supporting point within the cut-out
(the position of the viton half sphere).

Figure 4.11: Sensitivity of the cavity to vertical acceleration as a function δdz position of the
supporting point along the optical axis. The measured cavity vertical acceleration sensitivity
as a function of δdz (blue circles) is given a sensitivity of κY ·∆r = 42× 10−12/(g·mm) (red
line). The linear fit is obtained by using a non-linear least squares analysis. The error bars on
the measured points represent the statistical error calculated by repeating the measurements
5 times at each position. The FEM simulated cavity sensitivity to vertical acceleration (blue
line) is κY ·∆r = 5×10−12/(g·mm), taking into account a mismatch between the cavity optical
axis alignment with the geometric center of the cavity of ∆r = 60µm, no error in the cut-outs
machining (δdy = 0) (see Sec. 3.3), and a FEM simulation error of 5×10−11/(g·mm) (dashed
area).

The results of the vertical acceleration sensitivity as a function of δdz are plotted in
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Fig. 4.11 and compared to the simulated sensitivity. The simulated sensitivity to δdz under
vertical acceleration, as in Sec. 3.3, is κY ·∆r = 5×10−12/(g·mm) for ∆r = 60 µm (estimated
mismatch between the optical axis and the geometrical central axis of the cavity, discussed
earlier). The results show that the 39.5 cm cavity sensitivity to δdz under vertical acceleration
is κY ·∆r = 42×10−12/(g·mm). The measured sensitivity to the δdz is one order of magnitude
higher than predicted by FEM simulation, which may be the result of either an asymmetry
produced while manually placing the viton pads (i.e. variation in the depth with respect to the
cut-outs δdx (see Sec. 3.3), a ∆r higher than 60 µm, or both, in addition to an incomplete load
balancing and inhomogeneous ULE material. Nevertheless we measure a minimum vertical
vibration sensitivity for δdz = 0, in agreement with the position predicted by FEM simulations
(see Sec. 3.3).

Figure 4.12: Sensitivity of the cavity to horizontal acceleration as a function δdz position of
the supporting point along the optical axis. The measured cavity vertical acceleration sensitiv-
ity as a function of δdz (blue circles) gives a sensitivity of κX ·∆r = 163×10−12/(g·mm) (red
line). The linear fit is obtained by using a non-linear least squares analysis. The error bars on
the measured points represent the statistical error calculated by repeating the measurements 5
times at each position. The FEM simulated cavity sensitivity to horizontal acceleration (blue
line) is κX ·∆r = 4×10−12/(g·mm), taking into account a mismatch between the cavity optical
axis alignment with the geometric center of the cavity of ∆r = 60µm, no error in the cut-outs
machining (δdy = 0) (see Sec. 3.3), and a FEM simulation error of 5×10−11/(g·mm) (dashed
area).

The sensitivity of the cavity to horizontal acceleration as a function of the supporting po-
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sition along the Z axis δdz, is measured as well. The results are presented in Fig. 4.12 and
compared to the simulation results. These measurements show that the cavity sensitivity to
δdz under horizontal acceleration κX ·∆r = 163×10−12/(g·mm), which is about two orders of
magnitude higher than the simulated result of κX ·∆r = 4× 10−12/(g·mm) (for ∆r = 60µm).
This discrepancy can be due to an asymmetry that accrues while manually positioning the vi-
ton pads with respect to the middle plane (Y ,Z) as in the case of the vertical vibrations. The
results also show that it is possible to operate the cavity at δdz = 0, (where the effect of the
vertical acceleration is minimal) with a sensitivity to horizontal acceleration below 10−10/g.
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Figure 4.13: Sensitivity of the cavity to axial acceleration as a function δdz position of the
supporting point along the optical axis

In the case of axial acceleration applied to the cavity, the FEM simulation shows that the
cavity is insensitive to δdz in first order (see Tab. 3.2). The measured results of the axial accel-
eration sensitive to δdz are shown in Fig. 4.13. Results show that cavity fractional frequency
changes did not flip sign as a function δdz in the case of an applied axial accelerations, and
that the cavity sensitivity to axial accelerations sA increases to above 10−10/g, when supported
at |δdz|> 2 mm. This may be due to the spacer inhomogeneity. However, from the measure-
ments, one can conclude that the minimum sensitivity to axial accelerations is obtained for
δdz = 0, thus at the calculated optimum supporting point.

Finally, we support the cavity using the second mounting strategy at optimum dz= 82.6 mm
found by FEM simulation and approved by the measurements. A residual error of δdz±
100 µm from the viton pads positioning is assumed. The measured cavity sensitivity of the
cavity to vertical, horizontal and axial acceleration is sV = 3(2)× 10−12/g, sH = 12(3)×
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Figure 4.14: Vibration Sensitivity Comparison. A: The cavity we study in this thesis. B:
Cavity design from Swallows et al. [30], C: Cavity design used in Kessler et al. [63], D: Cavity
design from Webster et al. [77]. E: 5 cm diameter spherical cavity designed by Leibrandt et
al. [89], which has also shown a vibration sensitivity below 10−12/g in all three directions
using a real-time feed-forward cancellation of length fluctuations.
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10−12/g and sA = 2(1)× 10−12/g, for a vibration frequency around ≈ 1 Hz. The new U-
shaped supports allow an extra degree of freedom to the cavity that contributes to an equal
force distribution over the four cut-outs. The results are then in good agreement with the
simulated case in which all the supporting points have the same acceleration constraint. The
performance of the 39.5 cm cavity results is compared in Fig. 4.14 to other experimentally
realized cavities showing that this long cavity mounted with effective-3 point support strategy
allows a vibration sensitivity as small as a 5 cm long cavity [77].

In order to reduce the fractional frequency instability due to vibrations below the thermal
noise limit, the mechanical vibrations sensed by the cavity must be suppressed to below a
µg. In the following we present the vibration isolation system of the cavity and the resulting
fractional frequency instability in terms of Allan deviation.

Vibration isolation system

The cavity is placed on a passive Vibration Isolation Platform (VIP) to isolate vibrations of
mechanical origin below 100 Hz. The VIP in turn is placed on top of a sand box28 on an
aluminum plate. The sand permits further isolation of the VIP platform from the floor. Finally,
we operate the cavity in a 5 m2 dedicated laboratory situated in the basement of our building
to avoid vibrations and oscillation that might exist in the clock experiment laboratory situated
at the 5th floor of the same building. We measure the acceleration amplitude spectral density
on the floor of the laboratory and compare this to the spectrum on top of the VIP. The mea-
surements are performed using three identical geophones pointing at the three directions of the
lab: vertical, horizontal and axial (same convention of directions used in chapter 3.).

Figure 4.15 (a) shows that the vibration accelerations (mechanical and acoustic) are similar
in all three directions. The VIP suppresses the vibrations between 0.2 Hz and 90 Hz. The
isolation efficiency has been improved by ensuring that the load on the VIP approaches the
weight of 123 kg required by the manufacturer as one can see in Fig. 4.15 (b).

The vertical acceleration on the VIP (with 125 kg load) were compared to the vertical
accelerations on the floor of the laboratory. The transmissibility of the VIP is then obtained
and compared to the manufacturer specifications [97]. The result plotted in Fig. 4.16, show
that the VIP vibration suppression efficiency is about 20dB less then specified between 10 and
100Hz.

Results in terms of Allan deviation

The laser fractional frequency instability due to vibrations is calculated using the vibration
noise spectrum of the cavity platform shown in Fig. 4.15 and the measured vibration sensitiv-
ities from Eq. 4.13. The power spectral density of the mechanical vibration noise spectrum in
the direction j (A: axial, V: vertical, H: horizontal): S j

vib(Hz) [g2/Hz] is converted into Allan
deviation σ

j
v (τ) [g] using Eq. 2.7. Assuming no correlation between the vibrations in the three

directions (H, V and A), and assuming that the vibration sensitivities s j are independent of the

28775 Kg of sand with diameter <1 mm.
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vibration frequency, the fractional frequency instability can be written as:

σy(τ) =

√
∑

j=A,H,V
(σ

j
v (τ)× s j)2. (4.14)

The obtained Allan deviation is plotted in Fig. 4.17 as well as the calculated thermal noise
limit of the cavity. The Allan deviation of the fractional frequency instability due to vibrations
on the VIP is below the thermal noise limit for averaging times longer than 0.05 s.
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Figure 4.17: Vibration contribution to Allan deviation of the laser frequency stabilized to the
39.5 cm optical cavity as a function of the averaging time τ . The red dashed line is the thermal
noise limit as estimated in Sec. 3.1.1.

We have shown in this section the realization of a 39.5 cm long cavity with a vibration
sensitivity less than 10−11/m·s−2 in all three directions. Thus, the residual mechanical vibra-
tions, measured between 0.1 Hz and 100 Hz on the vibration isolation platform, will not limit
the short term stability of the laser. We plan in the future to implement an acoustic vibration
(frequencies higher than 100 Hz) isolation box around the vacuum chamber, since the effect of
these vibrations on the cavity performance have not been taken into account in our evaluation.

4.1.3 Linear drift
Even though the cavity spacer is made of an ultra-low expansion material, and operated at
the zero-crossing temperature for minimum thermal expansion as in Sec. 4.1.1, there persists
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an additional limiting factor to the frequency stability, which is a linear drift in cavity length.
In fact, the aging of the glass material manifests itself as a slow volume contraction over
time [87]. The optical contacting of the mirrors also induces stress on the spacer material that
settles over some years. This length drift effect is linear over averaging times t− t0 of several
days and one can write the linear temporal length (frequency) drift as [92]:

∆L
L

=−∆ν

ν
= γ(t− t0) (4.15)

where γ is the temporal drift coefficient in [1/s]. In terms of Allan deviation, a simple relation-
ship relates γ to the fractional frequency instability as σy = γ/

√
2 · τ [19].

For much longer times scales going up to some years, the drift rate decreases exponen-
tially [87].

In our case, the optical contact of the mirrors on the 39.5 cm long cavity was made in June
2013. Two measurements of the short term linear drift of our cavity were performed and the
results are shown in Fig. 4.18.
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Figure 4.18: Linear drift of the laser frequency as a function of time. Left: Al vs H-Maser;
refers to the measurement of the cavity linear drift from a beat-note frequency between our
laser (Al) and the frequency comb stabilized to the Hydrogen maser (H-Maser), measurement
made in August 2013. The data in this case is noisy due to the unstabilized fiber link. Right: Al
vs Si; refers to the measurement of the cavity linear drift from a beat-note frequency between
our laser (Al) and the stable laser based on a Silicon cavity (Si) [31], which has negligible
linear drift, measurement made in March 2014. The fiber link in the second measurement was
stabilized.

The first linear drift measurement was performed in August 2013. For this measurement,
the laser, stabilized to the cavity, was transferred to the experimental laboratory (5th floor)
via a 100 m fiber. As described in Sec. 4.1.1, a beat note between our laser and a frequency
comb referenced to the Hydrogen maser was performed. A record of the beat-note frequency
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counting over≈ 35 min shows a linear frequency drift on the order of 0.21 Hz/s measured over
200 s, which corresponds to a fractional frequency stability of σy(1s) = 5.3×10−16.

The second measurement was performed in March 2014. For this measurement, the laser
was transferred via a 350 m long fiber and compared to a second ultra-stable laser referenced
to the silicon cavity [63] present at PTB via a frequency comb (for details see Sec. 5.1 and
Sec. 5.2). The comparison beat-note frequency shows a linear drift of 0.13 Hz/s that corre-
sponds to σy(1s) = 3.3×10−16. The silicon cavity used as a reference has a negligible linear
drift (≈ µHz/s) [31].

This intrinsic drift of the cavity length is not avoidable and is the major reason for which we
need an atomic reference for the long term stabilization of frequency standards (See Sec. 2.2).
However, this drift is measurable, predictable and relatively slow; thus, it is possible to correct
for it by taking it into account in the servo feedback while interrogating the atomic refer-
ence [98].

4.1.4 Pressure stabilization
Pressure fluctuations in the cavity vacuum chamber lead to a fluctuation of the refractive index
in the air, ∆n, and thus a fluctuation of the optical path length ∆L between the two mirrors, since
L = n ·Lg where Lg is the geometrical distance between the two mirrors. The relationship is
described by:

∆L
L

=−∆ν

ν
≈ ∆n. (4.16)

For a 1070 nm laser wavelength and constant temperature29of T = 45.5◦C, the Allan devia-
tion of the refraction index σn as a function of the Allan deviation of the fractional pressure
fluctuation σP is estimated30 according to [99] by:

σn ≈ 2.4×10−7
σP/mbar. (4.17)

This means that the fluctuation of the pressure should be below 10−10/mbar in order to pose
no limitation for a cavity at a thermal noise limit of 7×10−17.

The housing system of the cavity is composed of two heat-shields and a vacuum chamber
(see Sec. 4.1.1). The vacuum chamber, as well as the first heat-shields, are made of alu-
minum31, a material known for its low outgassing and good vacuum properties. The second
(inner) heat shield is made of brass32 coated with gold, to make it suitable for ultra-low Vac-
uum. In order to remove water and other trace gases that could adhere to the aluminum, the
vacuum chamber (with the aluminum heat shield placed inside) was heated under vacuum up
to 150◦C for three weeks33. After cleaning the ensemble of chamber and the two heat shields
with an ultrasonic acetone bath, we place the cavity inside it and seal it using indium wire
(1 mm diameter) as a gasket.

Using a turbo pumping station34, the pressure inside the cavity housing is reduced to 8×
29Temperature of minimum thermal expansion of the cavity as we will show in Sec. 4.1.1
30n−1≈ 2.4×10−7P/mbar
31The aluminum alloy 6061
32Aluminum Alloy made of copper and zinc
33Baking under vacuum ≈ 10−5mbar
34Pfeiffer Vacom, iCube.
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10−7 mbar. An ion pump35 is used to maintain a low pressure. By evaluating the ion pump
current36, we estimate that a final pressure of 2.4×10−8 mbar is reached, and its fluctuations
are evaluated and converted into Allan deviation of the frequency using Eq. 4.17. The results
are plotted in Fig. 4.19.

The Allan deviation shows that the pressure fluctuations induce fluctuation of the frequency
below 10−17, which means that for the current pressure of about 10−8 mbar we have a 1%
fluctuation of the pressure with σP ≈ 10−10 mbar. Thus, pressure fluctuations in our cavity
vacuum chamber do not limit the stability for measurement times shorter than 104 s.
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Figure 4.19: Pressure fluctuation contribution to Allan deviation of the laser frequency. The
red dashed line is the thermal noise limit as estimated in Sec. 3.1.1.

35Type 20 l/s (VacIon Plus 20 StarCell)
36The controller of the ion pump (MiniVac Controller, 230V, Agilent) features of a DC-voltage output with 1 V

= 1 mA, from the data-sheet of the ion pump we obtain the conversion factor of 1.7×10−3, used for evaluating
the pressure.
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4.2 Laser stabilization to an optical cavity

4.2.1 High finesse optical cavity

In order to build an ultra-stable laser, the mirrors of the optical cavity the laser is stabilized to
must be highly reflective. As shown in section 2.4, the sensitivity to laser frequency fluctua-
tions is defined by the frequency discriminant D from Eq 2.34. Since the cavity has a fixed
free spectral range for a fixed length, the linewidth of the cavity (See Eq. 2.16) can be reduced
by increasing the cavity finesse.

For our experiment we chose to optically contact two highly reflective mirrors produced
by ATFilms37. The substrate is made of Fused Silica (FS) coated with a 6 µm thik high
reflective multi-layer Bragg reflector over an 8 mm aperture for the plane mirror substrate
surface, and 12 mm for the concave (1 m Radius of curvature) mirror surface. The mirrors
have a diameter of 2.54 cm (1 inch) and a thickness of 6.35 mm. The coatings are deposited
by Ion Beam Sputtering (IBS). This kind of dielectric coating is known for its low absorption
losses specified to less than 1 ppm. The mirror substrates are polished to a roughness of less
than 10−10 m RMS. Roughness leads to scattering losses that limit the finesse. The coating
has a high number of dielectric layers (≈ 40) which allow to have highly reflective mirrors.
Cleaning the mirror coating is a delicate procedure that can be done with pure acetone. We use
untouched (no additional cleaning), out-of-the-box mirrors, and we optically contact them to
the center of the optical hole in the spacer using a metallic mask for alignment (see Fig. 4.20).

Figure 4.20: Pictures taken while contacting one mirror to the spacer. The interference
fringes (colored rings around the center of the mirrors) disappear completely once the optical
contact is established. The contacting was done in a laminar flow box for dust protection with
the help of Dr. Thomas Legero (PTB).

It is possible to measure the finesse of the cavity using the exponential decay of the stored
energy τs [100, 101]. The cavity storage time τs is the time required for a 1/e decay of the

37http://www.atf-ppc.com
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cavity transmitted intensity. It is related to the finesse of the cavity F and its linewidth Γ by:

τs =
1
Γ
=

FL
cπ

. (4.18)

The experimental set-up for measuring the finesse shown in Fig. 4.21. When the transmitted
intensity measured on the photodiode reaches a threshold set by the controller, a switch turns
off the Acousto-Optic Modulator38 (AOM) that acts as a fast shutter to stop the incident beam
toward the cavity within about 1 µs.

AOM

~

PDLaser

Optical cavity
Optical path

Electric connection

ControllerSwitch

RF-synthesizer 

+1

Figure 4.21: Sketch of cavity high-finesse measurement optical setup. AOM: Acousto-Optic
Modulator, PD: photodiode.

We scan the laser over a fundamental mode (TEM00) of the cavity with a 30% transmission
efficiency39, and under a vacuum pressure of 10−5 mbar. In Fig. 4.22 we show the transmit-
ted voltage from the cavity after switching off the AOM. From the exponential decay time
constant τs = 274.1±2 µs we conclude that the finesse of our cavity is F = 650000±6,000,
corresponding to a mirror reflectivity of R ≈ 99.9995. This finesse is only observable under
vacuum; at room pressure absorption losses due to the air in the cavity limit the finesse to
420,000. From this result, we calculate a cavity linewidth of Γ = 2π × 580.6 Hz. The nar-
row linewidth increases the frequency discriminant signal amplitude and thus optimizes the
performance of the PDH lock.

4.2.2 Pound Drever Hall lock performance
We implement a PDH locking scheme, outlined in Sec. 2.4, to stabilize the 1070 nm wave-
length laser to the 39.5 cm cavity. Stable locking of a laser to a cavity at a level better than
10−16 requires excellent control of a number of potentially detrimental effects (error signal
asymmetry, phase shift between the PDH detection RF-signal and the local oscillator (see
Sec. 2.4)), electronic noise and detection shot noise, laser intensity stability, residual ampli-
tude modulation (RAM), etc.

38Type: Crystal Technology, Inc. AOMO 3200-1117
39Efficiency = output power/input power
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Figure 4.22: Cavity transmitted signal as a function of time. The time constant of exponential
decay of the intra-cavity power gives a measurement of the cavity finesse. This measurement
was done under vacuum pressure equal to 10−5 mbar. For measurements done at room pressure
(1 bar) the time constant is in the order of 175 µs, which corresponds to a finesse of 420,000.

We start the section with a full description of the PDH optical and electronic settings of our
experiment. At the end of the section we recall the fundamental limit of the PDH technique,
which is the photodetection shot noise, and compare it to the achieved laser noise suppression.
The performance of the PDH technique is then evaluated in terms of fractional frequency
instability and compared to that of a free running laser and to the estimated thermal noise
limit.

Optical setup

Fig. 4.23 shows a sketch of the optical and electronic setup used in the PDH laser stabiliza-
tion scheme. The red line in this figure represents the optical path of the laser as it is in the
experiment. The laser used is a grating stabilized external cavity diode laser (ECDL)40 at a
wavelength of 1070 nm and measured output power of 56 mW41.

Two optical isolators 42 are placed after the diode laser head to suppress the reflected light
from the cavity and the rest of the optics by more than 100 dB, to prevent laser disturbance the

40DL PRO, Semiconductor laser diode: LD-1060-0150-AR-1. Toptica Photonics AG.
41Power as of January 2014, for current set to 240 mA and temperature set to 19.9◦C.
42Double stage Faraday isolator TGG (> 60 dB isolation, 90% transmission) Altechna and IO-5-1064-HP

(38-44 dB isolation, 93% transmission) Thorlabs.
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laser or even damage of the diode laser. They are followed by an anamorphic prism pair43 to
render the elliptic laser beam from the diode laser to a circular shape.

The laser is then sent to an Acousto-Optic Modulator44 (AOM-1) that is used for intensity
stabilization (see Sec. 4.2.4). A Phase Locked Loop stabilized crystal oscillator 45 referenced
to a stable 10 MHz reference derived from a Hydrogen maser at PTB, is used as RF-synthesiser
to generate the 200 MHz operating frequency of the AOM. The first-order diffracted beam
(+200 MHz) is transferred from this first optical table to a second optical table that is mounted
on top of the vibration isolation platform (VIP) of the cavity, via a 2 m long polarization-
maintaining (PM) optical fiber46 with 65% transmission efficiency. This table contains the
optical setup related to the stabilization of the laser to the cavity (i.e. optical coupling, Electro-
Optical-Modulator (EOM) for the PDH signal generation, photodiodes, intensity stabilization
optics (Sec. 4.2.4), and fiber stabilization optics (Sec. 5.1). This compact system reduces the
free space optical path and thus the sensitivity to air currents in the lab.

A half-wave plate (λ/2) is placed after the 2 m fiber, followed by a Wollaston prism47

splitting the beam into two orthogonally polarized beams, where the first is used for the PDH
stabilization while the second is sent to the clock experiment via a 120 m long fiber (see
Sec. 5.1). The wave plate is used to adjust the power distribution between the two beams since
only 10 to 30µW are needed for the cavity locking scheme, while the rest of the power is used
for the clock experiment.

In order to realise the PDH lock (for theory see Sec. 2.4.), the laser is sent through an EOM
to generate the modulation sidebands. At this stage residual amplitude modulation (RAM)
is introduced, which needs to be minimized as described and evaluated in Sec. 4.2.3. The
EOM 48 is based on a single KTiOPO4 (KTP) crystal with a Brewster-cut (A small angle be-
tween the input and the output facets) to reduce the EOM crystal-induced RAM. A Glan-Laser
Polarizer49 is placed in front of the EOM for a high polarization purity along the principal
modulation axis of the EOM. An additional optical isolator50 is used after the EOM to prevent
any etalon effect between the cavity and the EOM output facet (see Sec. 4.2.3).

Laser coupling to the cavity requires the incident laser beam to have the correct waist size
focused on the flat coupling mirror and to be centered with respect to the geometrical center of
the cavity mirrors for maximum cavity mode matching. The beam is collimated51 at the output
of the 2 m fiber and the size of the beam focus at the cavity incoupling flat mirror was adjusted
using a focusing lens in order to match the calculated size (Eq. 2.22) of 291 µm (see Tab. 3.1.).
A quarter wave plate (λ/4) placed directly in front of the cavity rotates the polarization of the
reflected beam by 90◦, which is separated from the incoming beam using a Wollaston prism.
The use of a Wollaston prism instead of a polarizing beam splitter reduces potential etaloning
effects and interferences between the incident and reflected beams (Sec. 4.2.3). The reflected

43PS879-C, Thorlabs
44Type: Inc. AOMO 3200-1117, Crystal Technology.
45PLL oscillator MKU XO1PLL-696: 10 MHz to 100 MHz + frequency doubler, Mini-Circuits.
46P3-980-PM-FC-2, Thorlabs.
47WP10-B, Thorlabs
48EOM-320IR2, Time base
49PZ2-C10
50IO-5-1064-HP, Thorlabs.
51Fiber collimators 60FC-4-A8-07 Schaefter + Kirchhoff GmbH.
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beam is then redirected and focused to the PDH detection photodiode.

Electronic setup

The black line in Fig. 4.23 shows the electronic connection of the stabilization servo loop,
i.e. from the PDH detection PD to the PID and back to the laser head. The PDH detection
photodiode52 has a bandwidth of 125 MHz, which is fast enough to detect the phase modu-
lated beams at the modulation frequency. The responsivity of the photodiode is 0.65 A/W at
1070 nm wavelength. The home-built circuit of the PD contains an internal low noise amplifier
for an amplified output signal of 60mV/µW.

A custom Direct Digital Synthesis (DDS) device is used as an RF-frequency synthesizer
to drive the EOM at the modulation frequency of Ω = 95.6 MHz and as an electronic Local
Oscillator (LO). It is referenced to the 10 MHz stable RF-reference from the Hydrogen Maser
at PTB and amplified to provide 1.66 W (∼ 32.6 dBm) of power to the EOM for an optimum
sideband modulation depth of β = 1.08. The use of a relatively high modulation frequency
(Ω = 95.6 MHz) decreases sensitivity of the locking servo loop to the electronic noise at lower
frequencies [52].

A power splitter53 at the output of the RF-synthesizer splits the power between the RF-
amplifier that drives the EOM and the signal used as LO. The LO signal is mixed54 with the
AC signal of the PDH detection photo-diode. It is recommended to use a DC-block55 at the
RF input of the mixer. The phase difference between the RF and LO (Sec. 2.4) is optimized
by a proper choice of the cable length from the PD to the mixer since inserting a phase shifter
can add noise to the RF signal. In fact, an electronic signal of 95.66 MHz frequency traveling
a coaxial cable experiences a time delay of about 5 ns/m, which corresponds to a phase delay
of about 172◦/m.

The PDH error signal at the output of the mixer is sent to the PID system. We use the com-
mercial Fast Analogue Linewidth Control FALC56 that regulates the current of the diode laser
(fast feedback path) and the piezo of the external diode laser cavity (slow feedback path) by
applying negative feedback to counteract frequency deviations from cavity resonance. When
the accumulated phase shift in the servo loop (e.g. from cables or electronics) is about 180◦,
the feedback will become positive and the servo loop will add noise to the laser. At this point
the overall gain must not exceed unity to prevent oscillation of the lock. This limits the servo
bandwidth. However the gain should be maximum at lower frequencies which requires the
use of integrators (low-pass filters) in addition to a proportional gain (proportional part of the
PID). The differential filter introduces a phase advance in the loop at high frequencies which
allows maximization of the servo bandwidth [53]. The FALC used in our PDH locking scheme
is adjusted as follows:

• The setpoint input of the FALC is held at 0 V (by short circuiting it) and the error signal
(with the appropriate polarity) is centered around the setpoint using an offset trimpot.

52FDGA05, active Area 0.2 mm2, Thorlabs.
53ZFSC-2-1-S+, Mini-Circuits.
54ZX05-1-S+, Mini-Circuits.
55we use BLK-89+, Mini-Circuits.
56FALC-110, Toptica Photonics AG.
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Figure 4.24: Calculated Bode diagram of the fast path PID transfer function. According
to the FALC manual, our settings of three lag-lead filters of the FALC are as follows: XSLI
(cut-off 1 Hz and 2000 Hz, Gain 26 dB), SLI (cut-off 1 kHz and 140kHz Gain 37 dB) and
FLI (off) and FLD (cut-off 190 kHz and 1MHz, Gain 0 dB). Main gain+cavity: describes the
main gain of the servo including the PID main gain and the cut-off frequency of the cavity
(560 kHz), and this gain is adjusted in the simulation so that the overall transfer function of the
PID crosses the unity-gain (0 dB) at the measured servo-bandwidth of 560 kHz. The second
branch ULI is not presented in the plot, but it takes over increasing the gain at low-frequencies
(below 1 Hz). The variation of the gain with frequency at the unity-gain frequency is kept
below 20dB/decade so that the overall phase of the servo does not exceed 90◦.

68



CHAPTER 4. LASER STABILIZATION SYSTEM

The input gain is set to 1 (minimum), since the RF signal is already amplified by the PD
circuit. In this way we avoid extra delay in the feedback loop due to the input gain.

• The FALC has two parallel circuit branches. The first is the fast feedback branch that
modulates the laser current57. It is composed of three lag-lead filter stages: extra slow
limited integrator (XSLI), slow limited integrator (SLI), and fast limited integrator (FLI)
and fast limited differentiator (FLD). The main gain of the proportional part of this
branch is set via a potentiometer and adjusted for a maximum locking bandwidth and
high noise suppression as will be discussed later. The second branch is the unlimited
integrator (ULI) which regulates the piezo of the external laser cavity and offers high
voltage amplification. It corrects for slow frequency drifts (for example temperature
fluctuations), using the same error signal, by adding an unlimited gain to the PID at very
low frequencies (particularly below the ESLI low corner frequency of about 1 Hz in the
Toptica FALC).

• The final transfer function of the servo loop takes into account the linewidth of the
cavity as the cut-off frequency of an additional low-pass filter made of the cavity coupled
system (i.e. cavity, PDH detection PD, mixer), thus providing an additional integrator
and gain to the PID, that we call: main gain + cavity.

• The fast and slow parts of the integrator are in parallel and use the same error signal,
so any sub-millivolt offset between them is amplified by the ULI to several volts and
deteriorates the quality of the lock. Extra trimpot exist to cancel this offset for the
settings described above.

No filter was added after the mixer (contrary to what is shown in Fig. 2.6) since the FALC
bandwidth is below the modulation frequency and has no external input offset. The input gain
is set to minimum (0 dB) since the RF-signal is already amplified by the PD circuit.

In order to evaluate the total transfer function and the gain of this servo loop, the behaviour
of the fast branch of the FALC (lag-lead filters), and the estimated transfer function of the
integrator (main gain + cavity) are simulated and plotted in Fig. 4.24, showing the resulting
servo loop transfer function and its evolution toward unity-gain (0 dB) (dashed black line). The
gain level of the integrator (main grain + cavity) is adjusted in the simulation in such a way that
the total current feedback crosses 0 dB at the measured servo bandwidth of 560 kHz (discussed
in the following). Fig. 4.24 shows also that, with the described FALC settings, the overall noise
suppression increases by up to 60 dB/decade at low frequencies due to the overlap between
the different integrators (20 dB/decade for each), while it is decreased to below 20 dB/decade
when it crosses the unity-gain frequency for minimum phase accumulation in the loop.

After the lock was established the linewidth of the laser is much smaller than the cavity
linewidth. At this point input coupling of the laser to the cavity is optimized by observing the
transmitted signal from the cavity. We obtain a coupling efficiency of 30% for an input power
of 10µW.

57Modulation via ac FET-current control, accessible via BNC connection to the MOD-DC input of our diode
laser

69



CHAPTER 4. LASER STABILIZATION SYSTEM

d

a b

c

Figure 4.25: RF signal of the PDH detection photodiode taken with the spectrum analyser.
(a) The photo-diode RF signal shows a peak at the modulation frequency that results from
the reflected modulation sideband interference with the reflected carrier frequency (containing
free running laser noise), far from the cavity resonance (out-of-loop) (see Sec.4.2.3). The
three remanning graphs present the RF signal at the laser resonance with the cavity (in-loop)
for various settings of the FALC main gain: (b) at maximum gain (just before going out-of-
lock) showing the servo-bumps that correspond to a servo bandwidth of Ω− f ≈ 560 kHz, (c)
at relatively lower gain compared to case (b) showing the same servo bandwidth, (c) at the
optimum gain setting where the servo-bumps are minimized and the laser noise suppression
around the modulation frequency is maximum. The residual peak at the modulation frequency
in-loop (with the marker D1) is the remaining quadrature of the photodiode RF-signal that
has not been demodulated by the PDH mixer. This effect can be neglected since the laser
stabilization relies on the quadrature of the RF-signal that has exactly a 90◦ phase shift with
the LO.

70



CHAPTER 4. LASER STABILIZATION SYSTEM

Evaluation of the PDH lock performance

Once the laser lock to the cavity is established using the fast and slow feedback loops, the
FALC settings (i.e. main gain and cut-off frequencies of the integrators) are adjusted in order
to increase the servo bandwidth and gain, and thus efficiently suppress the laser noise. The
servo bandwidth is determined by looking at the remaining laser noise of the RF signal (the
mixer input signal from the PD) in-loop (while the laser is in lock) around the modulation
frequency Ω using a spectrum analyzer58 (see Fig. 4.23 (PDH evaluation signal)). The cavity
converts laser frequency noise to phase noise of the carrier with respect to the sidebands, which
interfere to give the RF signal (see Sec. 2.4). By observing the RF-signal in-loop, one can see
the laser noise being suppressed symmetrically around the modulation frequency by the PID
as shown in Fig. 4.25. The servo-bumps in Fig. 4.25(b,c) indicate the frequency at which the
servo accumulates a total phase shift of 180◦ and begins to add noise to the laser. The measured
bandwidth is about 560 kHz.
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Figure 4.26: Measurement of the power spectral density of the PDH evaluation signal, as
a function of the Fourier frequency f . The locked laser noise is measured with three locking
configurations: (a) main gain level below the optimum, (b) main gain at the optimum level and
(c) main gain above the optimum level. (out-of-loop): detection noise measured out-of-loop
and far from resonance.

The gain was reduced to an optimum operation point with reduced servo-bumps as shown
in Fig. 4.25(d). Since the servo loop cannot distinguish between electronic noise and laser
frequency noise, a high gain might also reduce the electronic noise by adding fluctuations to

58Rohde and Schwarz spectrum analyser
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the laser frequency (i.e. oscillations on the current to compensate for the electronic noise). For
this reason a trade-off is made in order to have a servo loop limited by the white electronic
noise of the system with a high gain at low frequencies for optimum laser noise cancellation.
The optimum PDH main gain level was determined by monitoring the error signal (at the
output of the mixer) in-loop with a fast Fourier transform analyser (FFT) 59 while varying the
FALC main gain. The PSD of the noise measured with the FFT [in dBV/

√
Hz)] is converted

to power units [V2/Hz] to obtain a voltage noise PSD SV . The PDH frequency discriminator
(conversion factor in [V/Hz])) is measured as the peak-to-peak amplitude Vpp of the error
signal, visualized on an oscilloscope while scanning the unlocked laser frequency across a
cavity resonance with no DC feedback to the laser. The frequency discriminator is then given
by D = Vpp/Γ, where Γ = 580.6 Hz is the cavity linewidth (Sec.4.2.1). This slope is corrected
by taking into account the low pass filtering effect of the cavity as a function of the Fourier
frequency f :

D( f ) = D/
√

1+(2 f/Γ)2. (4.19)

Finally the PSD of the frequency noise is obtained as Sν( f ) = SV ( f )/D( f )2. In our case,
Vpp = 110 mV (with the FALC having an input load of 50 Ω connected to the mixer) and
D = 3.44×10−4 V/Hz.

Fig. 4.26 shows the laser noise in three locking configurations: (a) main gain level below
the optimum, (b) main gain at the optimum level and (c) main gain above the optimum level.
A lower bound to the laser noise is the electronic detection noise that can be seen at the error
signal out-of-loop and far from the cavity resonance. In case (a) the laser noise is higher than
the detection noise. In case (b) the laser noise is suppressed efficiently up to the level of the
detection noise. In case (c) the servo loop partially corrects for the detection noise, which
disturbs the laser frequency stability.

Ideally, a PDH lock is limited by the shot noise of the photodiode due to the quantum
nature of light. This shot-noise current is amplified by the servo and fed into the laser by the
actuator, thus adding undesirable frequency noise. To estimate the best locking performance,
we consider the power reflected onto the PDH detection photodetector (PD-1) Pr. Under ideal
conditions at resonance, only the reflected power from the sidebands is left and we can write
Pr ' 2J1(β )

2P0 ' 2Ps. The power spectral density of the shot noise is frequency independent
and can be written as [52]:

SSN = 2hν(2Ps) (4.20)

where hν is the energy of a photon (h = Planck’s constant). It is then converted into frequency
noise by the PDH error signal slope (Eq. 2.34) D:

Sy =
SSN

D2 =
Γ2

16
hν

Pc
. (4.21)

Since we cannot stabilize the laser below the detection shot noise, we can estimate the mini-
mum linewidth of the laser with respect to the cavity in this PDH servo loop using the simple
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Figure 4.27: Allan deviation of the stabilized and the unstabilized laser noise (with white
frequency noise (Schawlow-Townes only [103]) with respect to the thermal noise limit as a
function of the averaging time τ .

relation for a white noise spectrum ∆νPDH = πSy [102]. An estimation made for a cavity with
length L = 39.5 cm and finesse 6.5×105 using a laser of ν = 280 THz and Pc = 10 µW, gives
Γ = 580 Hz, corresponding to a minimum frequency noise of about 4× 10−10 Hz2/Hz or a
shot noise limited laser linewidth of ∆νPDH ≈ 1.2×10−9 Hz.

However, the electronic noise in the PDH lock can be orders of magnitude higher due to
a non-ideal mode matching to the cavity (reflection of the carrier frequency that leads to a
non-zero error signal), electronic noise from the servo loop (e.g. amplifier noise, non linearity
of the mixer, etc.). Nevertheless, we estimate that the white frequency noise between 10 Hz
and 3 kHz of the locked laser give a linewidth of the laser with respect to the cavity on the
order of ∆LC = π ·Sν ≈ 0.15 mHz. Thus, the servo loop will not limit the stability of the laser
with a target linewidth of around 20 mHz.

The instability of the locked laser ((b) in Fig. 4.26) is also calculated in terms of fractional
frequency Allan deviation and compared to the free running laser instability in Fig. 4.27. The
stabilized laser noise with respect to the cavity shows a level lower than the fundamental

59HP-35670A
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thermal noise limit. The evaluation of the PDH performance shows a low noise limit, however
the ultimate performance of the PDH scheme relies on the stability of the detected error signal
and specifically the RF signal in the PDH detection.

A major limit to the laser stabilization is the residual amplitude modulation (RAM), which
is discussed in the following section.

4.2.3 Residual Amplitude Modulation (RAM)

In the PDH stabilization scheme, the error signal should be equal to zero when the laser is on
resonance with the cavity, the carrier frequency is (partially) transmitted, and the sidebands
are totally reflected and cancel each other. Any perturbation of this symmetry (i.e. sidebands
with unequal magnitude, phase asymmetry around the carrier, or both), especially when this
perturbation is not constant in time, disturbs the error signal locking point (See Sec. 2.4) by
adding a fluctuating DC-offset and thus deteriorating the laser stabilization procedure. A major
distortion to the modulation sidebands symmetry comes from residual amplitude modulation
(RAM). In fact, the EOM and the optical setup between the EOM and the cavity form a very
low finesse resonator that acts as a frequency to amplitude converter. This will create an
amplitude asymmetry between the red and the blue sideband of the frequency modulated laser,
which appears as an additional oscillation of the intensity on the PDH detection photodiode at
the modulation frequency, which results in a DC-offset of the error signal.

The RAM-induced fractional frequency instability σy(τ) can be written as [104]:

σy(τ) = σRAM(τ)
Γ

ν
. (4.22)

For our cavity measured linewidth of Γ = 580.6 Hz at ν ≈ 280 THz laser frequency, the Allan
deviation of the RAM fluctuations σRAM should be below 10−5 in order to operate the cavity
at the thermal noise limit of σy ≈ 7×10−17.

A number of techniques have been developed to overcome the RAM by an active cancel-
lation of this effect [31, 105–108]. A recent publication [104] shows a possible reduction of
the RAM induced by a waveguide-based EOM to σRAM ≈ 1×10−5 by implementing an active
servo with a DC electric field and temperature stabilization of the EOM.

The work presented here does not contain an active cancellation of RAM; instead, this
effect is evaluated in order to understand its limitation on the laser stability performance. We
start by presenting our passive method for minimizing the RAM effect. Then, an evaluation in
terms of Allan deviation with respect to the estimated thermal noise limit of laser stability is
given.

Minimization of the RAM effect

The PDH optical and electronic settings are shown in Fig. 4.23. Possible RAM sources and
corresponding methods used for minimizing their effect of the laser stabilization (described in
Sec. 4.2.2) are given in the following:

74



CHAPTER 4. LASER STABILIZATION SYSTEM

• The internal backscattering between the EOM facets. To minimize this effect, we use a
Brewster-cut EOM that has a small angle between the facets of the KTP crystal, which
in turn has a small piezo-electric effect60.

• Mismatch between the light polarization and the modulation axis of the EOM. In this
case the polarization is rotated with the modulation frequency of the EOM, and the
polarizing beam splitter placed after the EOM (to redirect the reflected beam from the
cavity) produces an amplitude modulated beam. This effect can be reduced by using a
Glan-Laser Polarizer in front of the EOM, and a precise alignment of the EOM crystal,
for a high polarization purity along the principal modulation axis.

• Etalon effect between the cavity mirror and the end facet of the EOM. An additional
optical isolator is used after the EOM to prevent such parasitic cavity. In addition, all
optics between the EOM and the cavity are AR coated for our wavelength and slightly
tilted to prevent etalons. The cavity mirrors have a small angle (0.5-2◦) between their
facets and the beam samplers used as viewports for the heat shields and the vacuum
chamber windows are AR coated on both sides and also have a 0.5◦ angle between
facets to avoid plane-parallel etalon effects (Vacuum chamber design can be found in
Appendix D).

The passive solutions presented above to minimize the RAM effect can not prevent tem-
perature fluctuations in the experimental environment from disturbing the stability of the po-
larization alignment with the principal axis of the EOM. Other defects in the EOM such as the
non-homogeneity of the modulation-RF field in the EOM crystal due to an imperfection in the
crystal itself also causes RAM effects. However, with a brewster-cut EOM, the major contri-
bution to RAM comes usually from the etalon effect between the different optical components
that are between the EOM and the coupling cavity mirror.

Another effect that can disturb the error signal detection is the cross talk between the RF
source for the frequency modulation of the EOM and the PDH detection photodiode (PD).
This can generate DC-offset fluctuation after the mixer. In our case, shielding the EOM, the
DDS box and the PD minimizes the RF pick-up noise to below -80 dB and obtain a final RF
signal-to-noise ratio of more than 40 dB.

Evaluation of the RAM effect

The evaluation of the RAM effect is performed with the laser turned off-resonance with the
cavity. It is important to note that an off-resonance (laser out of lock) estimation of the RAM
will give a lower bound on this effect, which might be even higher when the laser is in lock.
In fact, spurious etalons can disturb, due to the line pulling effect, the resonance frequency of
the laser with the reference cavity. On the other hand, an in-loop evaluation of RAM is not
conclusive since more noise sources from the servo-loop electronics are added to the RAM
noise spectrum, such as electronic noise and fluctuations of the differences between ground
levels of the different electronic components.

60Crystals used in the EOMs are also piezo-electric and induce an avoidable amplitude modulation particularly
when they are driven at frequencies close to acoustic resonances of the crystal.
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In our case, an evaluation of the RAM effect is made off-resonance at the DC output of
the mixer (see Fig. 4.23) in the PDH setup. This signal is equivalent to the error signal DC
level. When the RAM effect is high, one can see this non-zero DC-signal far from the cavity
resonance frequency. In our case, a precise voltmeter61 is used to evaluate the behaviour of the
error signal DC-level. A time series of the voltage is then converted into a fractional frequency
Allan deviation using the same conversion factor from Eq. 4.19. Fig. 4.28 shows the results
for the off-resonance RAM measurements.
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Figure 4.28: Fractional frequency instability due to RAM effect, RF pick-up noise on the
PDH detection PD, and ground loop fluctuations as a function of the averaging time τ , com-
pared with the estimated thermal noise limit of the frequency stability (dashed red line).

From Fig. 4.28 and Eq. 4.22 we can conclude that the RAM effect in our setting is only
reduced to σRAM ≈ 2×10−4 and thus induces a fractional frequency stability of up to 4×10−16

for times shorter than 200 s. In order to evaluate the noise sources contributing to such high
fractional frequency instability, a second evaluation is made while the laser beam going to the
PDH detection PD is blocked in order to distinguish the effect of the RF pick-up noise on
the PD from the RAM effect (the modulated laser light). An additional measurement consists
of evaluating the ground level fluctuations between the ground of the power supply of the
FALC and the ground level at the mixer (from PD supply and the DDS box of the RF local
oscillator), since a variation over time of the ground level between the FALC and the mixer

61Precise digital multimeter 34410A, Agilent Technology.
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induces an additional oscillation at the DC-level of the error signal and influences the laser
lock performance.

The RF pick-up contribution to the fractional frequency stability is below 10−17 between 1
and 200 s, while the ground fluctuation induces a fractional frequency stability above 5×10−17

for the same time scale. For both evaluated cases, the RAM effect (measurement done with
the laser going to the PD) is dominant and limits the performance of the system.

Several steps could be done in order to improve RAM and the electronic noise disturbing
the DC level of the error signal, such as:

• Active cancellation of the RAM effect

• Ground-loop cancellation

Other groups where able to stabilize RAM to below 10−5 [104]. Thus following these steps
we would be abel to reduce the RAM induced fractional frequency instability below the level
of the thermal noise limit.

4.2.4 Laser intensity stabilization
Intensity stabilization is crucial for improving the performance of ultra-stable optical cavities.
When the laser is resonant with the cavity, the power circulating inside this optical resonator
is resonantly enhanced due to the high mirror reflectivity. The power inside the cavity PI can
be written as a linear function of the coupled power P0 as:

PI ≈
F

π
×P0 (4.23)

where F is the cavity finesse. In our case, the measured finesse is about F = 650,000 (see
Sec. 4.2.1), which means that for a coupled input power of 10 µW, the circulating power inside
the cavity is about 2.06 W. The laser beam inside the cavity applies a local heating on the mirror
that has a power density of 628 W/cm2 for our case, where the beam radius on the mirrors is on
average 450 µm. The intensity absorbed by the coating creates a spatially varying temperature
distribution and the thermal expansion deforms the coating and the substrate, particulary with
the FS substrate that has a relatively high coefficient of thermal expansion (see Sec. 4.1.1).
This effect results in cavity length fluctuations that are converted into frequency fluctuations
correlated with to the laser power fluctuations. Depending on the cavity finesse, the type of
the mirrors, cavity length etc., the sensitivity to intensity fluctuations χc ([Hz/W]) is specific to
each cavity. It relates the Allan deviation of the cavity transmitted intensity fluctuations σI(τ)
[W] at the laser frequency ν0 to the fractional frequency fluctuation σy(τ) by:

σy(τ) =
χc

ν0
σI(τ). (4.24)

In this section, we present two measurements. The first one consists of stabilizing the
laser intensity and identifying the cavity frequency sensitivity to intensity fluctuations χc. The
second one consists of evaluating the performance of the implemented intensity stabilization
scheme. Results in terms of Allan deviation will be given and compared to the thermal noise
limit.
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Cavity sensitivity to intensity fluctuation

An active cancelation of the laser intensity fluctuation is performed using the transmitted beam
from the cavity. A sketch of the intensity stabilization system is presented in Fig. 4.29.

The transmitted laser beam from the cavity is detected using the photodiode62 PD-1, with
responsivity of Rλ = 0.1 A/W at 1070 nm wavelength, showing an amplified output signal
of 79 mV/µW (measured voltage with respect to the transmitted beam power sent to this
photodiode) in the transmitted laser power. The resulting DC-voltage is compared with a
stable voltage source of measured voltage stability σv,re f =10−6 V (See Appendix E). An error
signal is generated and sent to a PI-servo (See Appendix E) to adjust the power level at the
AOM63. The PI contains one integrator and two operational amplifiers to minimize the internal
electronic thermal noise that influences the stability of the reference voltage source64. The
measured time constant of the intensity stabilization servo-loop is 65(5) µs. Details of the
electronic components are presented in Appendix E.

Detecting the transmitted laser beam (from the cavity) for the intensity stabilization is
recommended since the photodiode after the cavity is insensitive to non-resonant stray light or
polarization fluctuations that would occur when using a beam sampler to extract a part of the
incident beam. Although this limits the intensity stabilization bandwidth to frequencies below
the linewidth of the cavity, this still includes the averaging time of interest.

Once the laser is locked to the cavity, the intensity is stabilized using all of the cavity
transmitted intensity on PD-1. In order to evaluate the frequency shift due to the intensity
variation and thus calibrate χc, we manually change the set voltage of the PI and observe the
frequency shift due to the changing input intensity. The temporal response behaviour of the
frequency shift is not evaluated since the set voltage is shifted manually.

Fig. 4.30 shows the frequency shift with the level of the transmitted intensity as a function
of the measurement time (linear drift is removed from the data, see Chap. 5). The shift shows
that χc = 132(20) Hz/µW. According to Eq. 4.24, the intensity should be stable to within
σI = 0.14 nW in order to reach the thermal noise limit.

Intensity stabilization results

For the final intensity stabilization setup, the more sensitive photodiode PD-265 with a respon-
sivity of 0.7 A/W at 1070 nm wavelength and amplified output signal of 0.6 V/µW is used
in-loop. The first (less sensitive) photodiode PD-1 is now used for an out-of-loop evaluation of
the intensity stabilization performance. The transmitted beam is split equally by a polarizing
beam splitter (PBS) into two transmitted beams for the two photodiodes. The DC-voltage out-
put of PD-1 is measured over time66 and the instability in terms of Allan deviation is converted
first into the Allan deviation of the intensity fluctuation using PD-1 sensitivity of (79 mV/µW),
and then converted into a fractional frequency instability using the measured sensitivity factor

62S5971, active area 1.2 mm2, Hamamatsu
63custom RF-amplifier (PTB design) with DC modulation input controlling the RF output power level
64Pin Programmable, precision voltage reference AD584-K. Maximum trimmed temperature coefficient of

15 ppm/◦C.
65DFGA10, active area= 1.1mm2

66Precise digital multimeter 34410A, Agilent Technology.
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χc and Eq. 4.24. The results for the stabilized laser (stabilization on, measured with PD-1
out-of-loop) plotted in squares in Fig. 4.31, shows that the Allan deviation of the fractional
frequency instability due to the intensity fluctuation has a flicker floor noise at the level of
4×10−16.
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Figure 4.30: Variation of the laser frequency for different values of transmitted intensities
(the power was measured with PD-2 of sensitivity 79 mV/µW). A fit to the data results in a
sensitivity of the stabilized laser frequency of χc = 132(20) Hz/µW to the transmitted inten-
sity.

Several estimations done in order to evaluate the limiting factors in the intensity stabiliza-
tion schemes are shown in the same plot.

The sensitivity of PD-1 is limited in principle by electronic noises, Johnson-Nyquist noise
and shot-noise due to the finite number of photons in the light on the PD. The Johnson-Nyquist
noise and shot-noise both have a 1/

√
τ behaviour in terms of Allan deviation (See Tab. 2.1).

Nevertheless, an estimate of the Allan deviation of the PD-1 shot-noise is done in order to
compare it with the measured results. The mean power of the laser on PD-1 is measured to be
Pt2 = 1.3 µW and the quantum efficiency of PD-1 is η =Rλ hν/e≈ 11%, where Rλ = 0.1 A/W
is the responsivity, e is the elementary charge and h is the Planck constant. The shot noise can
then be evaluated from the photocurrent with:

σSN(τ) =

√
hν0

ηPt2

√
1
τ
≈ 1.1×10−6√

τ (4.25)

80



CHAPTER 4. LASER STABILIZATION SYSTEM

where ν0 is the laser frequency in resonance with the cavity (280 THz). This corresponds
also to the Allan deviation of the relative power fluctuation, and we can calculate a relative
frequency fluctuation using the sensitivity factor χc:

σy(τ) =
Pt2

ν0
χcσSN(τ)≈ 7×10−19√

τ. (4.26)

PD-2 has a shot noise limit of about 3×10−19/
√

τ . This means the photodiode shot-noise
does not limit the current performance of the intensity stabilization. However, the electronic
noise has a behaviour of 1/ f (See Tab. 2.1), which means it contributes a flicker floor to the
Allan deviation. This is evaluated by blocking the laser beam on PD-1. Fig. 4.31 (triangles)
shows that this is also not responsible for the current performance of the fractional frequency
fluctuation from the intensity instability (squares). The dark noise (with blocked laser) of the
sensitive photodiode PD-2 is also evaluated for the limitation on the intensity stability, but it
shows similar results as for PD-1.

This means that either the detected light on the photodiode does in fact fluctuate in intensity
with σI = 0.86 nW, a factor of 6 higher than what is required for thermal noise limited clock
cavity performance.

The polarization axis of the quarter-wave plate (λ/4) placed in front of the PBS (See
Fig. 4.29) to split the cavity transmitted beam is sensitive to room temperature variation and
cold air flows (both are present in our lab). A rotation of the polarized light occurs and changes
the power ratio at the level of the photodiodes (in-loop and out-of-loop). This adds intensity
noise to the system and thus induces higher fractional frequency instability. In order to evaluate
the effect of temperature variation on the polarized light, we heat67 for a short time the λ/4
plate while the intensity is stabilized. The results of the out-of-loop evaluation of this effect is
plotted in Fig. 4.31 (in stars). The measurement proves that the temperature changes in the lab
can induce an additional intensity fluctuations in the system.

A flicker fractional frequency instability of 4×10−16 due to the intensity instability is not
sufficiently low to achieve the thermal noise limit (dashed red line in Fig. 4.31). This might
be due to thermal effects on the photodiode amplifier that increase the internal noise in both
(in-loop and out-of-loop) photodiodes. In addition, the quarter wave plate placed in front of
the polarizing beam splitter to split the transmitted beam into the in-loop and out-of-loop pho-
todiodes is not an optimum choice since the sensitivity of the λ/4 plate to temperature may in-
duce polarization rotation on the PBS. Replacing the system (λ/4 + PBS) by a non-polarizing
(50/50) beam splitter and the use of photodiodes with identical sensitivity (type PD-2) for the
intensity stabilization and the out-of-loop characterization, can reduce the frequency fractional
instability due to the intensity instability. Covering of the optical system and isolating it from
air flows and room temperature variations can further reduce the intensity instability.

67Using a heat gun at lowest temperature setting in order not to damage the wave plate. Heating for short time
before evaluating the intensity stability.
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Figure 4.31: Allan deviation of the intensity instability contribution to the fractional fre-
quency instability σy(τ) as a function of the the averaging time. The power of the transmitted
laser from the cavity is split into two beams equal in intensity to within 1%, using a quarter-
wave plate (λ/4) in front of a PBS as shown in Fig 4.29, for the in-loop (PD-2) and the out-of-
loop (PD-1) photodiodes (1.3 µW each). (squares): Out-of-loop the evaluation of σy(τ) using
PD-2 (similar results for PD-1 used out-of-loop) with the intensity stabilization on. (stars):
Out-of loop measurement (using PD-2) while heating the λ/4 which induces a fluctuation on
the power ratio at the level of the PBS. (circles): σy(τ) for non-stabilized transmitted laser
power. (triangles): The measurement of the electronic (dark) noise contribution to σy(τ) from
PD-2 (triangle up) and PD-1 (triangle down) with all incoming laser and room light blocked.
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Chapter 5

Performance of the Clock cavity

In the previous chapter, we have presented the experimental evaluation of individual contri-
butions from the environmental perturbations and the stabilization scheme to the fractional
frequency instability of the 1070 nm laser locked to the 39.5 cm cavity. In order to measure
the achieved performance of the cavity, the stabilized laser is transferred via a 350 m optical
fiber and compared with two different ultra-stable lasers at PTB using a frequency comb. A
general overview of the laser stabilization optical setup is presented in Appendix C.

The results are presented in this chapter. In the first section, we describe the fiber noise can-
cellation technique used to stabilize the 300 m fiber link. In the second section we explain the
technique of using a frequency comb to compare ultra-stable lasers of different wavelengths.
The last section of this chapter contains the cavity performance results as well as a discussion
about possible ways of improving it.

5.1 Fiber link stabilization
The 1070 nm stabilized laser is transferred from the cavity laboratory located in the sub-
basement of the building (−1st floor), via a 100 m long polarization maintaining (PM) fiber1,
to the ion clock experimental laboratory (5th floor) for interrogating the Al+ ion. This link was
used when we characterize the thermal properties of the cavity (see Sec. 4.1.1). By connecting
the end of this fiber to a second 250 m long PM fiber1, the laser is sent to a different building
at PTB (Paschen Bau) where two additional stable laser systems are used for a comparison in
terms of stability (see 5.2). Thus, the stabilized laser must travel a total of 350 m of fiber.

Fiber links are a useful tool for frequency standards that allow ultra-stable laser trans-
fer [109, 110] for comparison and manipulation. However, they are sensitive to environmental
perturbations (i.g. temperature fluctuation, acoustic pressure variation, etc.) that add phase
noise to the transmitted laser and thus cause degradation of the laser frequency stability [111].
For this reason, fiber phase noise compensation is required.

In this section we first review the major noise sources of an optical fiber link. In the second
part, the 350 m fiber noise compensation scheme and its limits are presented. An in-loop

1 Commercial polarization maintaining fiber with cut-off wavelength 840 nm-1020 nm, FC-APC, type Bow-
Tie HB1000, Company: Fibercore.
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evaluation of the fiber noise compensation in terms of fractional frequency Allan deviation in
the third and laser part is given.

Fiber induced frequency noise

A laser sent through the fiber arrives after a time delay of τ f = n f L f /c where L f is the geo-
metrical length of the fiber (350 m), n f ≈ 1.5 is the refractive index of the glass core of the
fiber and c is the speed of light. The modulation of the fiber optical path length (n f ·L f ) due to
a fluctuation of the refractive index of the glass core results in phase noise that is accumulated
by a laser while traveling in the fiber and added to the original frequency noise of the laser,
thus broadening its line. The measured instability at the end of the fiber thus becomes higher.

The fluctuations of the refractive index n f (T,P) inside the fiber are the result of envi-
ronmental perturbation effects such as unstable temperature (T ) and mechanical and acoustic
vibrations that act as a pressure P applied to the fiber. The propagating laser phase changes
inside the fiber as a function of time t, inducing an instantaneous frequency change of ∆ν f ib
that can be written as [112]:

∆ν f ib =
dφ f ib

dt
=

2π

λ

d
[
n f (T,P) ·L f (T,P)

]
dt

. (5.1)

The refractive index variations as a function of the temperature and pressure (d(n f (T,P))/dt)
have a greater effect on optical path length inside the fiber than the thermal and mechanical
expansion of the fiber glass core (d(L f (T,P))/dt) [113]. These effects can be interpreted as
Doppler frequency shift of the laser inside the fiber which can be approximated as:

∆ν f ib ≈
2πL f

λ

(
d(n f )

dT
dT
dt

+
d(n f )

dP
dP
dt

)
(5.2)

This Doppler shift increases with the length of the fiber L f . However, it is possible to compen-
sate for it using an acousto-optic modulator (AOM) [111] as we will show.

Fiber noise compensation

For compensating the frequency fluctuations in the fiber link, a heterodyne interferometric
technique is implemented [111]. It consists of comparing the laser frequency before and after
the fiber link and correcting for the frequency shift between them. Since the two ends of the
fiber are situated in two different laboratories, a mirror at the output of the fiber is used to
reflect the laser back through the fiber to form the interferometer. This technique assumes that
the noise accumulated by the laser in its trip through the fiber is the same as that accumulated
on the return trip. A total delay of 2τ f = 2n f L f /c is accumulated. This technique correctly
cancels the phase noise induced by the fiber as long as the coherence time of the laser is much
longer than the time delay in the fiber, so that the light phase at both ends of the fiber is
correlated2. For our case, we aim to achieve a laser linewidth well below 1 Hz, corresponding
to a coherence length of 6×104 km, orders of magnitude longer than the fiber length.

2If the coherence time of the laser is shorter than the delay time of the fiber, the laser phase at the two ends
will be uncorrelated.
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Figure 5.1: Optical setup for fiber induced frequency noise cancellation using a heterodyne
interferometer. BS: beam sampler (90/10) for sending about 10% of the light to the reference
arm of the interferometer and 90% of the rest of the power to the fiber. PLL: phase locked
loop used as a tracking oscillator of the RF beat note frequency with a bandwidth of 5 MHz,
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oscillator (Marconi with DC-modulation input as in Sec. 4.1.2) and Pol: Glan Taylor polarizer.
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A schematic of the optical setup used for the fiber noise cancellation is presented in
Fig. 5.1. The stabilized laser at frequency ν0 is split using a beam sampler (BS)3 into two
paths. The short arm of the interferometer (10% of the power) located before AOM (1) is used
as the reference arm (assuming no phase noise in the arm). The long arm contains the AOM
(1), the fiber and a second AOM (2) after the fiber. The light in the short path is reflected by
a mirror, crosses the BS a second time and is then directed towards a photodiode. The laser
in the long path is frequency shifted using a first AOM4 (1) by νAOM1 = +215.8 MHz where
the frequency is provided by a VCO5 referenced to the 10 MHz signal from a the Hydrogen
maser. The polarization of the diffracted beam is rotated using a λ/2 wave-plate to meet the
polarization axis of the first 100 m long PM fiber, to which it is coupled with 70% coupling ef-
ficiency. On the 5th floor (location of the ion experiment), the fiber is connected to the second
fiber of 250 m length, using a mating sleeve6 to send the laser to the frequency comparison in
a second lab (Paschen bau, PTB ≈200 m away from our building). During this trip through
the fiber, the laser accumulates a frequency shift of ∆ν f ib.

At the end of the second fiber, the laser is again frequency shifted (negative shift) using the
second AOM (2) by νAOM2 = −200 MHz. The total frequency shift of the diffracted beam is
then:

215.8 MHz+∆ν f ib−200 MHz = ∆ν f ib +15.8 MHz. (5.3)

The diffracted beam from AOM (2) is then reflected back and coupled to the fiber with the
same incoming polarization7, using a stable mirror, for a precise fiber noise cancelling. The
returning beam crosses the AOM (2) for the second time and accumulates a second negative
frequency shift νAOM2 = −200 MHz. Traveling the fiber, the laser accumulates a second fre-
quency shift ∆ν f ib and then crosses AOM (1) a second time and adds a laser frequency shift of
νAOM1 =+215.8 MHz. The laser frequency is in total shifted by:

∆ν f ib +15.8 MHz−200 MHz+∆ν f ib +215.8 MHz = 31.6 MHz+2×∆ν f ib. (5.4)

The superposition of the short path beam and the long path beam will result in a beat-note at
the photodiode at 31.6 MHz+2×∆ν f ib. The amplitude of the beat is optimized using a polar-
izer. The photodiode8 we use for detection is AC-coupled with 46 dB RF-signal amplification.
The reason of using a frequency of 31.6 MHz is to minimize the photodiode RF-pick-up of
frequency multiples of 10 MHz present in our laboratory.

The RF-signal from the photodiode is amplified and spectrally purified by means of a
phase locked loop oscillator that also optimizes the signal to noise ratio of the signal (to about
40 db). A custom Direct Digital Synthesis (DDS) device generates a stable 31.6 MHz signal

3Beam sampler BSF10-C, Thorlabs.
4Type: Inc. AOMO 3200-1117, Crystal Technology.
5Marconi 2023B Signal Generator. We use the DC modulation input to correct the RF frequency output

toward the AOM.
6ADAFC3, Thorlabs.
7The PM fiber has two orthogonal axes: the slow one with high refraction index and the fast one with a low

refraction index. The fiber noise cancellation should be applied to a laser traveling back and forth on the same
axes, otherwise the frequency correction can be compromised by a differential effect of the two polarization
speed.

8FDGA10, active area 0.8 mm2, Thorlabs, integrated into a home-built amplifier circuit.
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(from the 10 MHz RF-signal of the Hydrogen maser), and is used as a stable Local Oscillator
(LO). A custom made digital phase-frequency comparator compares the LO signal to the beat
RF-signal and generates an error signal. The PI (proportional integral filter) is used to convert
the error signal into a DC voltage that is then fed-back to the DC modulation input of the
VCO. The signal in Fig. 5.2 shows the locked heterodyne beat note in-loop, that results from
the interference of the reference laser beam (short path) and the reflected laser through the
fiber (long path). The interference pattern results from the fact that the laser is coherent after a
round trip in the fiber and interferes with itself on the photodiode.

Figure 5.2: Power spectrum of the in-loop RF beat-signal observed using a spectrum ana-
lyser. The interference pattern results from the finite (≈ 3.5 µs) round trip delay in the fiber.
The bandwidth of the spectrum analyser (10 kHz) limits the resolution of the central peak.

The heterodyne technique measurement is efficient in detecting very small phase (fre-
quency) shifts induced by the fiber noise. However, this technique has three major limita-
tions [114]. The first limit is the delay time of the fiber: an accumulated phase shift of π

occurs at a Fourier frequency of f = 1/4τ f and results in positive feedback to the stabilization
loop, limiting the servo bandwidth (servo-bumps appear at harmonics of 1/4τ f and increase
the overall integrated timing jitter).

The second limit is the residual fiber noise. In fact, the heterodyne technique corrects for a
phase noise accumulated during a full round trip of the light in the fiber (2∆ν f ib), however, at
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the detector, the laser that has only crossed one-way of fiber will suffer uncompensated phase
noise. The effectiveness of one-way noise cancellation is fundamentally limited by the delay
time of the fiber τ f . The reader can find more information about this effect in [114].

The third limit of the technique is the interferometer phase noise: The fiber noise cancella-
tion scheme consists of the laser propagating both in the fiber and a second part where the laser
propagates in the free-space interferometer (i.e. between the mirrors, the AOMs and the pho-
todiodes). The noise in this part of the interferometer is not controlled, potentially prone by air
flows and temperature changes in the labs at both ends of the fiber, and it is not distinguishable
from the fiber noise and thus erroneously corrected. [114].

The use of several RF-electronics (RF-synthesizers for two AOMs in different buildings,
PLL, etc) induces cumulative RF-phase noise that can disturb the fiber stabilization scheme.
This noise becomes negligible when all the RF-synthesizers are referenced to a common
10 MHz reference signal from the Hydrogen maser that is in turn stabilized to the same Cs
fountain at PTB.

Evaluation of the fiber noise cancellation

Counting the fiber beat-note frequency using a frequency counter9, provides an in-loop evalua-
tion of the fiber noise. Fig. 5.3 shows the Allan deviation of the fractional frequency instability
of the fiber beat note frequency. When the fiber is unstabilized the beat-note Allan deviation
has a flicker floor noise behaviour at time scales above 1 s. At shorter time scales (<0.7 s), the
fiber noise increases due to slow vibrations. This data was taken under relatively quite condi-
tions (overnight). However, the fiber noise level from one measurement to the next depends
on the acoustic and mechanical vibrations around the fiber.

When the fiber stabilization is on, the in-loop fractional frequency instability of the stabi-
lized laser noise shows a white frequency noise behaviour that averages as (1/τ), where τ is
the averaging time. The value of 2×10−18/τ indicates that the heterodyne setup is efficiently
suppressing the fiber noise in the loop. The real level of the frequency noise in the fiber is
not observable in Fig. 5.3. However, we emphasize that the time delay and more precisely the
one-way uncanceled fiber noise for the 350 m long fiber should not degrade the performance
of the fiber stabilization above 10−17, since much longer fibers such as the 172 km long fiber
in [110], shows an out-of-loop fiber noise Allan deviation below 5×10−16/τ .

We have shown in this section, the heterodyne fiber noise cancellation technique used for
transferring the cavity stabilized light. In our case, the 350 m long transfer of the stabilized
laser is used for comparing the stability of our laser locked to the 39.5 cm cavity with different
laser systems within PTB. An in-loop evaluation of this method does not show the real fiber
noise level, but shows that the stabilization scheme is working properly, and has a lower noise
limit below 10−18 for averaging times longer than 1 s.

9FXE High Resolution Multichannel Synchronous Phase Recorder, K+K Messtechnik GmbH
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Figure 5.3: Allan deviation of the fractional frequency instability induced by the fiber noise
measured by counting the beat-note frequency of the heterodyne fiber interferometer as pre-
sented in Fig. 5.1. The solid squares present the unstabilized fiber noise. The solid triangles
present the in-loop stabilized fiber noise. For both measurements the laser frequency was sta-
bilized to the 39.5 cm long cavity. The theoretical thermal noise limit of the 39.5 cm long
cavity stabilized laser is plotted as a dashed line.

5.2 Stability comparison of two different lasers

During the last 15 years, the use of mode-locked femtosecond lasers has substantially facil-
itated optical frequency measurements [115, 116] and thus, has increased the use of optical
frequencies in diverse ultra-precise measurements i.e. spectroscopy, astronomy, tests of fun-
damental constants etc. [117]. It has also become an indispensable tool in the field of optical
frequency standards, where they are used as part of a clockwork that converts the optical fre-
quencies to the microwave frequency regime, where the time unit is defined and the clock
signal is electronically countable [118–123].

The mode-locked laser generates femtosecond pulses that, in the frequency domain, consist
of a series of frequencies equally spared by the repetition rate νrep, hence the name frequency
comb. Each line in the spectrum of the frequency comb is at a frequency νm that can be
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described as:
νm = νceo +mνrep (5.5)

where νceo is the so-called carrier envelope offset frequency describing the offset of the entire
comb with respect to zero frequency, m is the integer order number of the mode and νrep is the
repetition rate.

Using Eq. 5.5 for an absolute frequency measurement requires the detection and stabiliza-
tion of νceo and νrep, which is typically performed using a stable reference frequency (i.e. a
stable RF signal from a hydrogen maser) [118]. However, the residual frequency noise from
fluctuations of νceo and νrep in each comb tooth limits the frequency measurement stability. A
more detailed description of the different types and functionalities of the frequency comb can
be found in [19, 120]

The use of a frequency comb as a transfer-oscillator [124] enables, inter alia, the compar-
ison between two ultra-stable lasers without introducing additional noise from the frequency
comb itself [14, 63, 125, 126].

(m /m )1 2 

ceo

c

B
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
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I(f)

1 2

Figure 5.4: Simplified schematic of the transfer-oscillator technique used for comparing two
frequencies ν1 and ν2 via a frequency comb. Left: the intensity I( f ) of the frequency comb
is schematized as a function of frequency. Right: the signal processing scheme for frequency
comparison as described in Eqs. 5.6- 5.9. DDS: direct digital synthesis.

In this section, we describe how this particular application of the frequency comb is used
to compare the stability of the 1070 nm laser, that is in turn stabilized to our 39.5 cm cavity,
with other stable lasers present in PTB operating at different wavelengths. The principle of the
comparison of two stable lasers using a frequency comb is schematized in Fig. 5.4.

Consider two lasers of different frequencies ν1 and ν2, both within the output spectrum of
the frequency comb10. In order to compare them, a beat-note of each laser with the frequency
comb is realized, resulting in:

∆1 = ν1−νceo−m1νrep (5.6)

for the first beat-note ∆1 between the laser of frequency ν1 and the nearest comb tooth of order
m1, and

∆2 = ν2−νceo−m2νre f (5.7)
10The frequency comb used in our case (located at Paschen Bau, PTB) is a femtosecond fiber laser with

νrep = 250 MHz, MenloSystems.
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for the second beat-note ∆2 between the laser of frequency ν2 and the nearest comb tooth of
order m2. These two beat notes are then mixed with the νceo of the comb to subtract it, which
is usually obtained from a beat between one comb tooth and its double in frequency within the
same comb. If the comb does not have a large enough spectrum to do so, as it is the case for
the comb used here, then a non-linear process is required to broaden the comb spectrum [127].
Results of the beat-notes mixing with the νceo are given by:

νA = ν1−m1νre f

νB = ν2−m2νre f .
(5.8)

One of these frequencies, for example νB, is then divided by the factor m2/m1. The rescaled
frequency is produced by a direct digital synthesis (DDS) signal generator phase locked to νB.
Mixing the frequencies m1/m2 ·νB and νA results in:

νc = νA−νB = ν1−
m1

m2
ν2. (5.9)

The obtained frequency νc is independent of the comb parameters νrep and νceo, and thus
independent of any frequency noise that can be introduced to the measurement by imperfect
stabilization of these two parameters. By measuring νc, the Allan deviation of ν1 compared to
ν2 is deduced.

Comparing ultra-stable lasers at different wavelengths using a frequency comb does not
degrade the quality of the measurement or influence the resulting Allan deviation. It is a
reliable tool for the comparison optical frequencies with uncertainties approaching the 10−19

level [125] owing to the phase locks between all involved frequencies. The reader can find
more details about the transfer-oscillator technique in [124].

In our case, the first laser used for the comparison was built by T. Legero et al. [128], and
the second one by C. Hagemann et al [31, 63]. The use of a second stable laser with similar
performance in the comparison allows the estimation of the individual frequency instabilities
as discussed in Sec. 2.1.

5.3 Results and discussion
Cavity instability results

After transferring the laser via the 350 m stabilized fiber (see Sec. 5.1), two ultra-stable laser
systems Ref-1 and Ref-2 are used in order to evaluate the stability of our 1070 nm laser (Al-
cavity) and thus determine the performance of the 39.5 cm cavity. The lasers used in the
comparison are referred to by the following names:

• Ref-1: the 1550 nm laser stabilized to the silicon cavity [31], [63]. This system is known
the be one of the most stable lasers at PTB, showing a frequency instability on the order
of 4×10−16 between 1 s and 10 s and a negligible linear drift [128].

• Ref-2: the 1550 nm laser stabilized to a 10 cm long cavity made entirely of ULE. This
cavity currently has a frequency stability on the order of 1× 10−15 between 0.2 s and
100 s and a long term linear drift of about 5 mHz/s(at the time of this measurement).
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• Al-cavity: The 1070 nm laser stabilized to our 39.5 cm long cavity, since it will be used
as the clock laser of the Al+ frequency standard at PTB.
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Figure 5.5: Allan deviation of the fractional frequency instabilities as a function of the av-
eraging time τ of the three lasers used in the three-cornered hat analysis: (Al-cavity) for the
39.5 cm cavity stabilized laser, (Ref-1) for the silicon cavity stabilized laser [63], and (Ref-2)
for the 10 cm all ULE cavity [128]. The left plot shows the results with linear drift and the
right plot shows the results after removing linear drift. The method used in the calculation of
the three-cornered hat [41], assuming no correlations (i.e. from common vibrations at PTB)
between the three lasers, but the results remain the same if the method of no-correlation is used
instead [42].

The three-cornered hat technique used in this measurement is explained in Sec. 2.1.
Fig. 5.5 shows the three cornered hat measurement results in terms of the individual Allan

deviations of the lasers used in the three cornered hat comparison, before and after removing
the residual linear drift of each cavity (See. 4.1.3).

The measured Allan deviation of the 39.5 cm cavity stabilized laser (Al-cavity) shows a
flicker floor behaviour of the laser instability at 1.1× 10−15 in the measurement averaging
interval between 2 s and 20 s. This is about an order of magnitude above the expected thermal
noise instability of 7×10−17 at 1 s.

In order to identify the limiting factor that deteriorates the stability of our cavity, we
summarize the different effects contributing to the cavity instability discussed in Chap. 4 in
Fig. 5.6.

Discussion of the results

From Fig. 5.6, the origin for the measured instability on the order of 10−15 is not evident. In
this section, we present our evaluation of the possible causes that may limit the cavity stability
to this level. We start by the two effects that we are concerned about the most:
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Figure 5.6: Summary of instability contributions, as discussed and evaluated in Chap. 4, to
the fractional frequency instability of the laser as a function of the averaging time τ . The Al-
cavity Allan deviation is the current performance of the 39.5 cm cavity stabilized laser (large
blue circles) after removing the linear drift. The effect of the linear drift is plotted separately
(small brown circles). The cavity thermal expansion effect (dark blue stars) is plotted assuming
4 mK of temperature excursion from the CTE null point Sec. 4.1.1 . The dashed red line
represents the theoretical thermal noise limit.
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• Intensity stabilization: it was shown in the previous chapter, Sec. 4.2.4, that intensity
fluctuations induce frequency instability, and that the influence can increase due to the
sensitivity of the current intensity stabilization optical setup to room temperature varia-
tions. However, the intensity contribution to the laser instability shown in Fig. 5.6 was
not measured at the exact same time we collected the data for the laser instability.

• Fiber link stabilization: the stability of the 350 m fiber link was evaluated in Sec. 5.1
in-loop, which means that the real level of the fiber frequency noise is not known. Even
though it is unlikely that the fiber caused the observed flicker frequency noise of the
laser, a more conclusive evaluation of the quality of the fiber noise contribution to the
laser is required.

For these reasons, the laser frequency instability was evaluated a second time (compared with
Ref-1), in order to observe separately the intensity fluctuations and the fiber noise effects. The
results in terms of Allan deviation are presented in Fig. 5.7.
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Figure 5.7: Allan deviation of the fractional frequency instability as a function of the aver-
aging time. (Al-cavity vs Ref-1): Allan deviation of the fractional frequency instability of the
39.5 cm cavity stabilized laser (blue cycles) compared with Ref-1 (Silicon cavity). Left: the
effect of a non stabilized laser intensity (full diamond) while the fiber link is stabilized. Right:
the effect of the unstabilized fiber link (full triangles) while the intensity was stabilized.

From Fig.5.7, one can see that the intensity fluctuation has a different contribution to the
laser noise than the fiber does. While an unstabilized fiber leads to increased laser noise at
low averaging times below 1 s, the unstabilized intensity causes increased laser noise levels at
longer averaging times. From these results, one could suspect that the fiber noise effect is not
likely the cause of instability for time scales above one second. However, the Allan deviation
of fractional frequency instability due to intensity instability could possibly be the limiting
factor in our system at the time of the measurement (See Sec. 4.2.4).
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Another effect, the residual amplitude modulation (RAM) (See Sec. 4.2.3), was also evalu-
ated out-of-loop, and could be responsible for these increases of the laser instability, depending
on the level of the RF-noise at the modulation frequency or the electronic noise during the ac-
tual measurements.

Possible improvement

Even though the origins of the observed flicker frequency noise with σy ≈ 10−15 between 2 s
and 200 s is not completely clear, we propose several steps that may improve the results:

• Modifying the current setup of the intensity stabilization shown in Fig. 4.29 by using
a 50/50 beam splitter for the cavity transmitted beam in order to eliminate the λ/4
waveplate and the polarizing beam splitter. With this approach, we can reduce the effect
of the room temperature on the performance of the intensity stabilization.

• Active cancellation of the RAM effect (See Sec.4.2.3).

• Minimization of air circulation in the cavity experimental lab, room light (i.e. from
computers) and low frequency acoustic vibrations by placing an acoustic box around the
cavity vacuum chamber.

• Elimination of possible ground loops in the laboratory, which can influence the perfor-
mance of the different electronics.

• Stabilization of the laboratory room temperature.

• Careful reevaluation of noise sources and their fluctuations over time.

Implementation of the first two points should allow us in principle to achieve the thermal
noise limit of the cavity and enable us to analyze and eliminate any remaining and unaccounted
for detrimental effects to the laser stability.

Although the goal of having an ultra-stable laser that is limited by the thermal noise level
of the 39.5 cm long cavity was not achieved, the measured flicker floor level of 10−15 between
2 s and 200 s in terms of instability is most likely the results of a technical limitation that can
be improved in the future.
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Chapter 6

Summary and Outlook

The main motivation of this thesis was to build an ultra-stable passive optical cavity that will
be used for the sub-Hertz spectroscopy of a single ion aluminum frequency standard at PTB.

Laser stabilization to passive optical cavities is fundamentally limited by thermal noise
originating from the cavity mirror coatings. In this work we investigated two different ap-
proaches to reduce the thermal noise effects in optical cavities by increasing the laser mode
size on the mirrors. The first approach consists of operating the cavity near instability. The re-
sults show that a thermal noise limit at the level of 10−16 at one second is attainable for a 10 cm
long cavity. This is useful for the development of ultra-stable portable lasers, e.g. for portable
stable lasers [79], transportable frequency standards [80], and for future space missions of
gravitational wave detectors such as Laser Interferometer Space Antenna (LISA) [129] and
GRACE-2 Follow-on [130], for which short cavities with reduced thermal noise are advanta-
geous. The second approach consists of increasing the cavity length. We calculated that for a
39.5 cm long cavity, a thermal noise-limited Allan deviation below 10−16 at 1 s is reachable
when the cavity is operating under optically stable conditions.

A challenging task appears when choosing to design a long cavity in terms vibration sen-
sitivity. Using numerical simulations, we were able to design a quasi-symmetric 39.5 cm long
cavity made of ultra-low expansion spacer material and fused silica mirrors, for which the
estimated thermal noise limit is 7× 10−17 at 1 s. The numerical simulations were also used
to predict the optimum supporting points of the cavity for a minimum acceleration vibration
sensitivity. Furthermore, the adjustable design allows correction for machining tolerances by
possible adjustment of the support position.

For the experimental part of this thesis, highly reflective mirrors were optically contacted
to the 39.5 cm long cavity spacer with especially designed supporting points. A UHV cham-
ber, containing two heat shields, where one has an actively stabilized temperature, was de-
signed and assembled to protect the cavity from environmental perturbations. The system
was installed in a dedicated laboratory, where all of the electronics, the laser system, and the
vibration isolation system are contained around the optical cavity.

By characterizing the different aspects of the cavity, it was shown for the first time that
an almost 40 cm long cavity can have a measured vibration sensitivity equal to or below
10−12/m·s2 in all three directions, in agreement with what the numerical simulation predicted.
With this design, we show that an insensitive cavity was realized, with vibration, temperature,
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and pressure fractional length instabilities below the calculated thermal noise limit.
The Pound Driver Hall laser stabilization technique was implemented, showing a robust

suppression of the free running laser noise up to a 560 kHz bandwidth, due to the narrow
cavity linewidth of 2π × 580 Hz. However, this technique is sensitive to residual amplitude
modulation (RAM). A passive minimization of RAM was performed and leads to an induced
fractional frequency instability of up to 4×10−16 for averaging times shorter than 200 s. The
current result can be improved by implementing an active RAM cancellation scheme. The
relatively high thermal expansion coefficient of the fused silica mirrors of the cavity make
it particularly sensitive to intra-cavity power fluctuations and leads to an estimated induced
fractional frequency instability (flicker floor) of 4×10−16. This level can increase due to the
sensitivity of the current intensity stabilization optical setup to variations of the room tem-
perature. We plan to improve the current optical setup in order to reduce the temperature
dependency.

The evaluation of the performance of the cavity requires the transfer of the stabilized laser
via a 350 m fiber to a different laboratory at PTB. The evaluation of the implemented fiber
noise cancellation scheme shows an in-loop fractional frequency instability averaging as 2×
10−18/τ , which we assume not to be a limitation on the transferred laser stability. Using a
frequency comb, the frequency of the laser stabilized to the 39.5 cm cavity was compared to
that of several stable lasers present at PTB. The results show a flicker floor at σy = 1.1×10−15

for averaging times between 2 s and 200 s. We believe that these results do not represent the
optimum laser stabilization that the 39.5 cm cavity could achieve. Corrections to technical
limitations such as the residual amplitude modulation and the laser intensity stabilization can
help to improve these results. In the future, we aim to correct these limitations on the current
performance of the cavity. Replacing the currently used diode laser with a fiber laser will
further improve the stability of the laser.
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Appendix A

Test a monolithic high-reflectivity mirror

We have characterized the monolithic reflective mirror used by Dr. Daniel Friedrich et al. in
reference [70] at different laser wavelengths.

Figure A.1: Monolithic mirror from a nanostructured single silicon crystal as shown in ref-
erence [70].

These mirrors are based on a surface nanostructure on a single crystal of silicon. A picture
of this nanostructure is shown in Fig. A.1. The achieved high reflectivity relies on resonant
coupling to a guided optical mode of the surface nanostructure. Since no coating is involved,
these mirrors benefit from the quality factor of Q ∼ 108 for silicon at room temperature [57],
meaning mechanical losses φ = 1/Q two orders of magnitude lower than for dielectric coating.
Thus, such mirrors will reduce the thermal noise effect on ultra-stable cavities.

In reference [70], the reflectivity of this nanostructured mirror was measured to be R =
(99.79±0.01)% at 1.55 µm wavelength. Theoretical simulations predicts a reflectivity maxi-
mum for about 1.543 µm laser wavelength. At PTB, we used a tunable laser with a range of
1.44 µm to 1.64 µm wavelength, with which we evaluated the reflectivity of the monolithic
mirror for different wavelengths1. The maximum power of this laser is 7.9 mW. We build a

1With the help of Dr. Daniel Friedrich from Max-Planck-Institut für Gravitationsphysik (Albert-Einstein-
Institut)
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cavity made of one coupling mirror of known high reflectivity of R1 = r2
1 = 99.9841% (mea-

sured value for wavelength between 1.52 µm and 1.57 µm) and one nanostructured mirror of
reflectivity R2 = r2

2. The low power of the laser was not suitable to reproduce the measure-
ments with the method used in reference [70], where the laser is frequency modulated and the
reflected modulation sidebands are used as a scale for determining the width of the transmitted
carrier peak. Since the two cavity mirrors have different reflectivity values, the cavity has an
impedance mismatching and thus losses in the Airy transmitted peak intensity and higher re-
flected power. For a lossless Fabry Perot cavity, the power reflection factor PRF can be written
on resonance as a function of the reflectivity of the mirrors r1 and r2:

PRF =
r2

1 + r2
2−2r1r2

1+ r2
1r2

2−2r1r2
×η (A.1)

where η is the correction factor (0≤η ≤ 1) that reflects the mode matching efficiency (Chap. 2).
Using this formula and replacing r1 by the known value of the reflectivity of the coupling mir-
ror, we can find out the reflectivity of the nanostructured mirror r2 by measuring the power
reflection factor of the cavity for different laser wavelengths2. We obtain the value of the
correction factor η by equating our results for the reflectivity of the nanostructured mirror at
1.55 µm to the value given in reference [70] and then using the resulting correction factor to
extrapolate the results for different wavelengths.
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Detected Airy peak
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Airy peaks

Figure A.2: Reflected intensity of the cavity made of one monolithic silicon mirror and one
dielectric reference mirror (inverted signal). Power of the laser is 7.9 mW at 1.545 µm, the
scope is at Peak detection acquisition mode.

A typical reflection spectrum taken while scanning the tunable laser is given in Fig. A.2.
The position of the spot laser on the nanostructured mirror was optimized according by maxi-
mizing the dip amplitude in the reflected intensity.

2The movable mount of the monolithic mirror blocks the cavity transmitted beam.
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We find3 the peaks in every reflected power signal, and averaged over the different values
to get the Airy peak intensity that we call intensity A. The DC offset is different for different
wavelengths, and we can average over the DC line to get the DC offset value that we call
intensity B. The relative intensity of the Airy peaks, is in this case 1-A/B. The power reflection
function is then plotted against the different wavelengths to create Fig. A.3.
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Figure A.3: Power reflection factor as a function of the wavelength of the laser at an optimum
position of the monolithic silicon mirror. The power of the laser is 7.68 mW. The size of the
laser beam on the monolithic planar mirror is 67 µm. The error-bar is calculated from the
standard deviation of the Airy peak intensities and the DC signal and added according the
error propagation theorem.

At 1.550 µm wavelength we have a power reflection factor equal to 0.091 that corresponds
to a reflectivity of the monolithic mirror equal to R2 = 99.79% if we choose the mode matching
correction factor η = 81.2% to reproduce the same reflectivity value of reference [70]. We
use this same correction factor to deduce the reflectivity of the monolithic mirror at different
wavelengths. For a power reflection factor equal to 0.123± 0.006 which means a coupling
efficiency equal to 12.31% at a wavelength of 1.545 µm, we calculate a higher reflectivity of
the mirror equal to (R2 = 99.81± 0.02)% for η = 81.2%. The high error bar is due to the
high statistical error contribution from the DC signal due to the low power of the laser and the
photodiode residual noise.

3We use the script "peak-finder Matlab script" available online under math-
works.de/matlabcentral/fileexchange.
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Appendix B

Comparison of different cavity mounting
concepts

The mounting design discussed in Sec. 3.3 was the result of a detailed investigation of several
mounting concepts for 39.5 cm long ULE cavity spacers. In Tab. B.1 a summary of the vibra-
tion sensitivity and the machining tolerance of three different mounting strategies for cavities
of outer dimension 39.5×15×15 cm3 is given. Similar mounting designs have been discussed
previously [81, 83, 87], and we adapted them for the case of a long spacer. We determined the
optimum support points and sensitivity to tolerances for all cases as described in the previous
section. We found that the vibration sensitivity to machining tolerances of all studied designs
is very similar and thus not a selection criteria. However, practical aspects, such as manufac-
turing feasibility, and adjustability of the support points determined the choice for the design
studied in detail in Sec. 3.3.

The spacer in case A of Tab. B.1 is supported from the bottom through 4 blind holes of a
fixed diameter of 8 mm and a depth of 70.4 mm. The end surface of the blind hole is lower
than the center horizontal (X ,Z) plane of the cavity by dy = 4.6 mm to compensate the length
change induced by the symmetry-breaking with respect to this plane. We simulate the case of
supporting the cavity with pads of 2 mm diameter fixed onto four supporting legs that enter
these blind holes. A major limitation of this design consists in the lack of degrees of freedom
with respect to positioning the supporting legs inside the blind holes to compensate small
errors. In principle, this could be alleviated by choosing a larger diameter for the holes, or
going through a mushroom design [84]. However, machining of such a long blind hole with
the required precision is challenging.

The spacer in case B mitigates this problem to some degree by being rotated by 45◦ [87]
around its optical axis with respect to the designs in A and C. The supporting legs are placed
in four blind holes of fixed diameter 8 mm. We simulate the case of supporting the cavity
with pads of 2 mm diameter fixed onto four supporting legs. The end surface of the blind hole
is 6.1 mm below the middle plane of symmetry (X ,Z) to eliminate the sensitivity to vertical
acceleration.

The spacer in case C is designed to reduce the asymmetry introduced by the supporting
cut-outs as much as possible. The rectangular cut-outs on the sides of the spacer are 1.1 mm
below the (X ,Z) middle plane of the cavity to compensate the asymmetry due to these cut-
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outs. We simulate the case of supporting the cavity with four pads of 2 mm diameter from
these cut-outs. The advantage of this design is the possibility of moving the pads in both X
and Z direction that helps optimizing the dx and dz parameters. At the same time, the small
cut-outs can be easily machined with high precision, well below the required tolerances of
a few hundred µm. The geometry of this design is very similar to the design discussed in
Sec. 3.3, however, the diameter of the cavity considered here is 15 cm.

Design of the cavity 

(dl =7.5mm,dl =5mm,depth,x depth,y

dl =5mm)depth,z

 j
-12 2 (10 /(g·mm))

kj
-12 (10 /(g·mm))

Direction of acceleration

-21 g = 9.8 ms

≈0 

Y

X

Z

Tolerances

Vertical 140  dy · 20 dz· 

Horizontal

Axial ≈0 47  dy-dy)·

Vertical 150  dy·

Horizontal ≈0 20  dz·

Axial ≈0 76  dy-dy)·

Vertical 130  dy· 20  dz·

Horizontal ≈0 36  dz·

Axial ≈0 89  dy-dy)·

dz
dy
dldepth,x

dy
dz

dx

A

C

B

dydz

dx

  dz19 ·

 26  dz·

Table B.1: FEM simulation results for the machining tolerances of 3 different mechanical
support designs of optical cavities made of ULE spacer and FS mirrors. L= 39.5 cm is the
length of the cavity, the depth and width of all spacers is D= 15 cm. The. dldepth,x,dldepth,y and
dldepth,z are the dimensions of the cutouts in the case B. For case A and C the position along
the X axis noted by dx is optimized then fixed since its influence is minor once we optimize
dy parameter (position along Y axis) and δdz parameter (position along Z axis)

.
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Complete optical Setup
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Vacuum system design
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