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Abstract

I classify spacelike self-similar shrinking solutions of the mean curvature flow in pseudo-
euclidean space in arbitrary codimension, if the mean curvature vector is nonzero and the
principal normal vector is parallel in the normal bundle. Moreover, I exclude the existence of
such self-shrinkers in several cases. The classification is analogous to the existing classification

in the euclidean case [Hui93, Smo05].
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Zusammenfassung

Ich klassifiziere raumartige selbstahnliche schrumpfende Losungen des mittleren Kriitmmungs-
flusses im pseudo-euklidischen Raum beliebiger Kodimension, falls der mittlere Kriimmungs-
vektor nirgends verschwindet und der Hauptnormalenvektor im Normalenbiindel parallel ist.
Dartiiber hinaus zeige ich, dass die Existenz solch selbstahnlicher Losungen in einigen Fallen
ausgeschlossen ist. Die Klassifikation ist analog zu der existierenden Klassifikation im euk-

lidischen Raum [Hui93, Smo05].

Stichworte: Mittlerer Krimmungsfluss, Selbstdhnliche Losungen, pseudo-euklidisch
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Introduction

The Mean Curvature Flow (MCF) of an immersion F' : M — N of a smooth manifold M
into a Riemannian manifold (N, h) is a natural way to deform this immersion into something
“rounder” or “more regular”. It is a smooth family of isometric immersions F; : M — N,
t €[0,7)! that satisfies

dF;

%:ﬁ, Fo(z) = F(x),

The regularizing effect comes from H= tr(VdF), which is just the Laplace-Beltrami operator
A applied to each coordinate function of F' if N has flat metric (for example the euclidean
space), so that the MCF is the solution of a system of generalised heat equations.

Another motivation for this flow is that it is the negative L?-gradient flow of the volume
functional in the space of the immersions, so that it decreases the volume of the immersed
manifold in the fastest possible direction.

This equation was proposed by [Mul56] to model the formation of grain boundaries in
annealing metals and was also studied by [Bra78] from the viewpoint of geometric measure
theory (an integral formulation of the MCF using varifolds), as written by Smoczyk in his
survey on higher codimensional mean curvature flow [Smolla]. The mean curvature flow has
been studied since then by many different authors, some of them will be mentioned along this
introduction. Nowadays, there are several other introductions and surveys on this subject in
different contexts, for example [Whi02], [Ilm97b], [Nev11] and books [Eck04], [RS10], [Man10],
[Bra78] and [Zhu02].

The mean curvature flow is the solution of a system of partial differential equations. As in
[Smolla] one calculates the linearization of the operator H on the class of smooth immersions
(the trace of VdF') and finds out that the MCF is a degenerate system of quasilinear parabolic
partial differential equations. This system can be modified to a strictly parabolic system of

equations using a tubular neighborhood or the DeTurck’s trick (as in [Man10] and [Bak11b]

'We take this T" as the maximal existence time for the MCF.
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respectively) and thence has short time existence and uniqueness guaranteed by the theory
of partial differential equations if M, N are smooth and M is closed. If M is not compact,
there are some results that guarantee existence and uniqueness in special cases. For example,
Ecker and Huisken showed in [EH89] smooth long time existence for solutions of the MCF
of entire graphs with Lipschitz initial condition and a lower bound greater than zero on the
scalar product of the normal direction with the “height” direction of the graph; Ecker proved
independently the long time existence for spacelike hypersurfaces in the Minkowski space
RY™ without extra conditions on the initial immersion in [Eck97]. In my dissertation, the
questions of existence are not directly dealt with, but we classify a special case (self-shrinking

solutions) under certain conditions in terms of minimal submanifolds.

One of the problems of the MCF is that it also produces singularities. Suppose now that
the target manifold IV is some Euclidean space, i. e. R™ with the usual scalar product. In an
important work on the MCF of convex compact hypersurfaces [Hui84|, Huisken showed that
the supremum of the norm of the second fundamental form sup,, ||A||?> explodes as t — T
(the maximal existence time) if there is a finite time (7" < co) singularity?. This happens
because an upper bound on the second fundamental form would imply upper bounds on
all the derivatives V(k)Aij and the solution could be then extended beyond T, which is a
contradiction. However, this can be done not only for hypersurfaces, but for a broader class
of manifolds and in any codimension (see [Smolla] Proposition 3.11 and Remark 3.12 or

[Cooll]).

In a subsequent work [Hui90], Huisken showed, with his famous monotonicity formula,
that hypersurfaces satisfying a natural® growth in the second fundamental form:

Co

A2 < —2
InﬁXll |© < AT —1)"

for some constant Cy > 0, deform asymptotically near a singularity to self-similar solutions of
the MCF after some blow up process (rescaling the surface and changing the time variable).
This result depends only on the existence of some integrals with respect to the backwards
heat kernel and holds, for example, if M is closed. Later Ilmanen [Ilm97a] and White [Whi94]

proved that the all finite time singularities in the generalized sense of the Brakke flow [Bra7§]

2But the main result in this paper of Huisken is that convex compact hypersurfaces are deformed to
spheres after some blow up process. This result also works in other contexts, like the volume preserving MCF
of hypersurfaces near a sphere [ES98], which has long time existence and converges exponentially to a sphere.
3This is the growth rate of some simple hypersurfaces, like spheres and cylinders.
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are self-similar solutions of the MCF.

These self-similar solutions of the MCF are also called self-shrinkers to avoid confusion
with other types of solutions that preserve the “form” of the surface, like self-expanders and
translating solutions. They are homotheties that shrink the initial manifold and are given by
the equation

H=_rt

Because of the relation between singularities of the MCF and self-shrinkers, there is inter-
est in classifying and giving examples of these in special cases. Abresch and Langer [ALS6]
gave the complete classification of the closed plane curves that shrink homothetically, they
are the circles and the so called Abresch & Langer curves. These are transcendental curves
given by two integers % << g, where m is the rotation index and the curve closes up in
n periods of the curvature. Huisken proved in [Hui93] that the self-shrinking hypersurfaces
with non-negative mean curvature (compact or non-compact) are spheres, cylinders and the
product of an Abresch & Langer curve with an affine space. The result of Huisken was later
generalized by Smoczyk [Smo05] for higher codimensional immersions, with the assumption
that the principal normal is parallel in the normal bundle and ||H|jg # 0. A related result
was found by Cao and Li [CL11] in any codimension: the self-shrinkers with ||A[|?> < 1 are
spheres, planes or cylinders. There are also Bernstein type results for self-shrinkers in higher
codimension of Q. Ding and Z. Wang [DW09], who generalize works of Lu Wang [Wan09]
and Huisken & Ecker [EH89]. Recently, Baker [Baklla] proved that high codimensional self-
shrinkers under certain conditions for the second fundamental tensor and mean curvature

vector are spheres or cylinders.

For hypersurfaces in R3, there are examples of a shrinking doughnut of Angenent [Ang92]
and many numerical examples of Chopp [Cho94] and Ilmanen [Ilm97b], like “punctured sad-
dles“ made of many handles crushing at the same time, which are highly unstable, depending
on the surface having many symmetries. Colding and Minicozzi [CMI09] showed that the
only stable singularities for smooth closed embedded surfaces in R? are cylinders and spheres.
For the Lagrangian MCF, Joyce, Lee and Tsui [JLT10], Anciaux [Anc06] and Wang [Wan08a]

have examples. There are other results in different contexts.

The main purpose of this work is to study self-shrinkers of the MCF in higher codimen-

sion in the pseudo-euclidean case. By that we mean that the target manifold N is not a
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Riemannian manifold but a pseudo-euclidean space (R™ with some inner product (-,-)* which
is nondegenerate but not necessarily positive definite), so that the most interesting new case
is the Minkowski space R'™. The MCF of spacelike hypersurfaces in the Minkowski space was
studied for example by Ecker [Eck97] and a generalization of it (the MCF with some forcing
term to obtain a prescribed mean curvature) was considered by Ecker and Huisken [EH91].
Gerhardt [Ger08] also studies curvature flows in semi-Riemannian manifolds, specially the
inverse mean curvature flow. Beyond this Bergner and Schéafer [BS11] have noted that, in
order to find 2-dimensional self-similar solutions (not only the shrinking ones, but also the
expanding and the translating solutions) of the mean curvature flow in the 3-dimensional
Minkowski space, it is enough to find a surface of prescribed anisotropic mean curvature.
Beyond this, Li & Salavessa have some results for the MCF of spacelike graphs [LS09] in
product manifolds.

The first chapter of this dissertation is a short introduction on pseudo-Euclidean geometry
based on O’Neill [O’N83] and some fundamental equations for immersions.

The second chapter is about the homotheties of the MCF that lie in hyperquadrics. As
a test case we first consider the hyperquadrics H""1(k) := {z € (R, (-,")) : (z,z) = k}
for some k£ € R. They are a natural generalization of the euclidean spheres and one finds,
similarly to Smoczyk’s result in [Smo05] for spheres in the Euclidean space E", that the
homotheties (with the pullback of the metric being nondegenerate) of the MCF with initial
immersion contained in a hyperquadric are exactly the minimally immersed submanifolds of
the hyperquadric if k£ > 0 or £ < 0, as Theorems 2.2.1 and 2.2.2 state. Moreover, given the
initial minimal immersion, the flow can be explicitly calculated. If £ = 0 (the light cone),
a homothety with nondegenerate first fundamental form would immediately leave the light
cone and thence could not® be a homothety starting at t = 0 because the light cone is star
shaped, as stated in Theorem 2.2.3. But, as Ecker noted in [Eck97], the upper light-cone
would immediately change to a hyperquadric and the explicit solution of the MCF with the
upper light-cone as initial condition in the Minkowski space (R'™) would be the graph of the

function

5(x.t) = \/llel3 + 2(n — 1)1,

which is a homothety after ¢t = 0.

*We denote || X||? := (X, X).
5One could expect to find at least some stationary solutions in the light cone, like straight lines, but for
such a line the metric is degenerate and thence this case is not included in Theorem 2.2.3.
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There is a big difference between the flow of minimal surfaces of the hyperquadrics with
k > 0 and the ones with k& < 0; if £ > 0, they shrink to a point (at least the compact ones)
in finite time, but if k£ < 0, they expand and never produce singularities. Beyond this, they
are given by different equations. The following results are for the shrinking® case, which are

the isometric immersions F' : M — (R, (-,-)) satisfying
H=-F"

Our “domain” manifold M is always assumed to be smooth, path connected, complete
and orientable.

If one considers the self shrinkers and self-expanders that are contained in the hyper-
quadrics as submanifolds in the pseudo-euclidean space (R™,(:,-)), then one observes that
VLH =0 and V*v = 0. A natural question is whether these conditions are also sufficient
to guarantee that a spacelike’ self-shrinker lies in a hyperquadric. The condition ViH =0
implies this immediately if M is compact, because ||H |2 is then constant and the maximum

principle implies, with equation
A||IF|? =2m - 2| H]|]?, (1)

that ||F||? is constant. So, in this work, we examine the self-shrinkers of the MCF with
|H|? # 0 and V+v = 0. The condition V- = 0 is natural because it holds for any
hypersurface.

The third chapter deals with fundamental equations for self-shrinkers with the principal
normal parallel in the normal bundle and the compact case. The fourth chapter is about the
non-compact case.

Equation (1) already shows that there are no compact self-shrinkers with ||H|2 < 0.
In this dissertation, the inexistence of self-shrinkers with ||H |2 < 0 is proven, also in the

non-compact case under certain hypothesis, as stated in the following theorem:

Theorem 5.0.15 There are no spacelike self-shrinkers F : M — (R™, (-,-)) of the MCF that
satisfy

o (M) unbounded and F is mainly negative and has bounded geometry or

5The expanding case satisfies H=F".
"We use elliptic methods to obtain our results (maximum principles, that do not hold for hyperbolic
equations).
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o |H|? <0 and one of the following:
1. M is compact.
2. F(M) is unbounded, M is stochastic complete and sup,; ||F||* < oo.

3. F(M) is unbounded, F is mainly positive, has bounded geometry and the principal

normal parallel in the normal bundle.

Remark 0.0.1. The bounded geometry condition here assumed is more restrictive than the
one usually assumed in the literature (see def. 4.0.20) and I use mainly positive and negative
as in definition 4.0.15.

As a consequence of this, the Minkowski space does not (in all of our treated cases)
have spacelike self-shrinking hypersurfaces. This could already be seen from the, already
mentioned, Ecker’s longtime existence result for spacelike hypersurfaces in Minkowsky space.

If |H||2 > 0, one finds, just as Smoczyk in [Smo05] for the Euclidean case, that if M is
compact and dim(M) > 2, the only spacelike self-shrinkers of the MCF with || H||2(p) # 0,

Vp € M, and V+v = 0 are the minimal® submanifolds of hyperquadrics:

Theorem 3.0.10 Let M be a closed smooth manifold and F : M — (R™,(-,-)) be a smooth

immersion, which is a spacelike self-shrinker of the mean curvature flow, i.e. F satisfies,
H=-F"' (2)

Besides assume m := dim(M) # 1. Then the mean curvature vector H satisfies | H|?(p) # 0
for all p € M and the principal normal v is parallel in the normal bundle (VJ‘I/ =0) if, and

only if, F is a minimal immersion in the hyperquadric H"~*(m).

This dimensional restriction is in fact optimal because in dimension one there are the
Abresch & Langer curves which are self-shrinkers and do not lie in spheres.

To prove this Theorem we use the maximum principle on the function

where A is the second fundamental tensor of F. With this, one gets ||P||2 = ||H||* and then

a nice formula for A||H||2, which delivers, through careful consideration on the cigenvalues

8By minimal we mean the ones satisfying H = 0. We use this name because the condition H = 0 is then
mnemonic, although this condition does not imply minimality of the volume functional in pseudo-euclidean
spaces, so they are just critical points of the volume functional.
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of P and partial integration, V||H|| = 0. Then equation (1) delivers that ||F|? is constant
by the maximum principle.

Again following Smoczyk in the non-compact case, one finds that the self-shrinkers with
Hﬁ > > 0 are products of affine spaces with minimal submanifolds of hyperquadrics or with

solutions of the curve shortening flow” as stated:

Theorem 5.0.17 Let M be a smooth manifold and F : M — R?"™ be a mainly positive,
spacelike, shrinking self-similar solution of the mean curvature flow with bounded geometry
such that F(M) is unbounded. Beyond that, let F satisfy the conditions: |H|J*(p) # 0 for all
p € M and the principal normal is parallel in the normal bundle (V+v = 0). Then one of
the two holds:

F(M)=H, xR™" or
F(M)=TxR™ !

where H, is an r-dimensional minimal surface of the hyperquadric H"~'(r) (in addition
||I;T\|2 =r>0) and T is a rescaling of an Abresch & Langer curve in a spacelike plane. By

R™" we mean an m — r dimensional spacelike affine space in R®™,

The proof of this Theorem is long and internally divided in lemmas to make its several
steps easier to recognize. It was necessary to divide the proof in two cases. In both of them
we split T'M into two involutive distributions. Then we use the Theorem of Frobenius 6.2.4
to get foliations on M whose leaves are totally geodesic immersed in M. After this, we
calculate a formula that relates the second fundamental tensor of F' with these distributions.
In particular the second fundamental tensor of F' is zero when restricted to one of these
distributions, so that the leaves of this distribution are totally geodesic in (R?™,(-,-)) and
then considering parallel transports inside these leaves, one finds that they are parallel affine
subspaces of R?™. The other distribution delivers the H, and I'" parts in the last Theorem.
We get this considering the second fundamental tensor and mean curvature vectors of the
inclusion of the leaves related to this distribution, with some extra effort to prove that I' lies
on a plane (based on an idea of [Hui93]). In the last step we construct an explicit map from

these second leaves times R™~" onto F(M).

The results called Theorems (with exception of the Theorem of Frobenius and of the

Theorem of Hopf and Rinow) are new and/or generalizations.

9The curve shortening flow is the MCF for plane curves.
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In the appendix, there are some results used in this work that are not proven here. Before

the Bibliography there is an index and a list of symbols.



Chapter 1

Introduction to Pseudo-Euclidean
Geometry

1.1 Pseudo-Euclidean Spaces and Hyperquadrics
In this chapter, we introduce some basic definitions and properties of pseudo-euclidean spaces,
most of the definitions and Theorems on this section are based on the book [O’N83] by O‘Neil.

Definition 1.1.1. Let V be an n-dimensional vector space (for our pourposes R™). An
inner product (-,-) over V is a nondegenerate symmetric bilinear form on V. This means an

application (-,-) : V' x V — R that is

e symmetric: (z,y) = (y,z) for all z,y € V,

e bilinear: (ax + [y, w) = a(z,w) + By, w) for all z,y,w € V and «, 5 € R,

e nondegenerate: (z,w) =0 for all w € V implies = 0.
An inner product is said to be positive definite [or negative definite| if

|2]|? := (z,z) > 0for < 0] V& € V with = # 0.

A vector space with an inner product is called an inner product space.

An important number related to an inner product is the “number of directions” in which
it is negative definite:

Definition 1.1.2. The index n of an inner product (-,-) over V is the maximum of the

dimensions of subspaces W C V' on which (-, -)|w is negative definite.

Example 1.1.3. The Euclidean space E™ of dimension n, which is R"™ equipped with the
usual inner product is an inner product space.

Another inner product space is the Minkowski space:

9
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Definition 1.1.4. The Minkowski n-space (R%™") is the real n-dimensional space R" endowed
with the inner product (-,-) defined through

(x,y) = —2'y' + 2%+ 2"y

for all z,y € R, x = (2},...,2"),y = (y',...,y"). If we identify T,R>"® = RL" for any
x € R™ this inner product defines a metric (that is not positive definite) on R™. This metric
is called the Minkowski metric.

The Euclidean space has index 0 and the Minkowski space has index 1.

The property of being nondegenerate is fundamental to our applications and it can be

characterized as follows:

Lemma 1.1.5. A symmetric bilinear form is nondegenerate if, and only if, its matrixz relative

to one (hence every) basis is invertible.

Proof. Let {e1,e2,...,en} be a basis of V' and write a;; := (e;,e;). If v € V, then (v,w) =0
for all w € V if, and only if, (v,e;) = 0 for i = 1,...,n because of the bilinearity of (-, -).

Then
n n
<U, 6i> = <Z vjej, €i> = Z vjaij
j=1 i=1
Thus, (-,-) is degenerated if, and only if, there are numbers vy, ..., v, such that Zj vja;; =0
for each i = 1,...,n, but this is exactly the linear independence of the rows of (a;;) and this
is equivalent to (a;;) being singular. O

Definition 1.1.6. Let U C V be a vector subspace of V. The normal subspace U~ is the set

Ut ={veV:(vu)=0VuecU}

Given a vector subspace U C V', we would like to decompose the whole space into V' =
U @ U™, as it is possible for subspaces in E”. Such decomposition is possible exactly when

V' is nondegenerate. The following Lemma is needed to prove this in Lemma 1.1.9.
Lemma 1.1.7. If W is a subspace of an inner product space V', then

1. dimW +dimW+ =n=dimV

2. (WhHt=w

Proof. 1. Let eq,...,e, be a basis of V' such that eq,...,e; is a basis of W and a;; :=
(€i, ;) the coefficients of the matrix that represents this inner product in this basis. On
the other hand v € W if, and only if, (v,e;) = 0 for i = 1,...,k, which in coordinate

terms is

n
Zaijvj:O for 1 <i<k.
j=1
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This is a system of k-linear equations in n variables. Because of Lemma 1.1.5 the rows
of the coefficient matrix are linearly independent, so that the matrix of the system
has rank k. Hence the space of solutions of this system has dimension n — k. As the

solutions of this system are exactly the vectors in W, it holds that dim W+ = n — k.

2. Because of part 1 we know dim W+ + dim(W+)t = n = dim W + dim W+ which
implies that dim(W+)+ = dimW. On the other hand v € (W)t means v 1 W+,
but all elements in W are orthogonal to the elements in W by definition, so that
W C (WH)* and, as the two subspaces have the same dimension, W = (W+)+.

U

Definition 1.1.8. A subspace W of an inner product space V is called nondegenerate if

(-,-)|w is nondegenerate.

A subspace of an inner product space (with the induced bilinear form) will not always
be an inner product space itself. For example if the inner product is not positive definite
there will be a non-zero vector v with ||v||?> = 0 (such a vector is called a null vector or
a lightlike vector) and the restriction of the inner product to the space generated by v is
degenerated, thus not an inner product. The following Lemma gives a characterization of

this phenomenon.

Lemma 1.1.9. A subspace W of an inner product space V is nondegenerate if, and only if,
V=W+W-=

Proof. From linear algebra it is true that
dim(W + W) + dim(W N W) = dim W + dim W+,

but we know from the previous Lemma that dim W +dim W+ = n, so that dim(W+W=) =n
if, and only if, dim(WNW+) = 0. However dim W +dim W+ = n if, and only if, W+W+ =V
because W 4+ W+ C V. It also holds that dim(W N W) = 0 if, and only if, given v € W,
(v,w) =0 for all w € W implies v = 0, which completes the proof. O

Remark 1.1.10. As (W)L = W it holds that W+ W+ = V if, and only if, WL+ (W)L =

V, this means that W is nondegenerate if, and only if, W+ is nondegenerate.

It is possible to classify the vectors in an inner product space into three classes:
Definition 1.1.11. Let v € V be a vector. v is said to be

spacelike if (v,v) >0 or v =0,
null if (v,v) =0 and v # 0,
timelike  if (v,v) < 0.

We say that a vector subspace W of V' is spacelike if all w € W are spacelike.
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We would like to have an orthonormal basis for an inner product space in the sense of the
Euclidean space, but this is not always possible because there can be vectors with negative

length. So we consider a generalized concept of orthonormality:

Definition 1.1.12. Let V be a n-dimensional inner product space. A wunit vector v € V
is a vector such that ||v]|> = £1. A set of k mutually orthogonal unit vectors is said to be

orthonormal.

A set of n orthonormal vectors will be necessarily linearly independent and thence an

orthonormal basis of V.
Lemma 1.1.13. An inner product space V- # 0 has an orthonormal basis.

Proof. Since (-,-) is nondegenerate, there is a vector v € V such that |[v||? = (v,v) # 0, then

v
e = ——
Hvll?]

is a unit vector. Thus it suffices, by induction, to show that any orthonormal set ey, ..., ek

with k£ < n :=dim (V') can be enlarged by one.

From the unit condition it is clear that the matrix representation of restriction of the
metric (-,-) over the span of the set ey, ..., e is an invertible matrix. Then the Remark of
Lemma 1.1.9 implies that the complement of this set is nondegenerate, so that we can choose

one vector more. Which completes the proof. O

We would like to be able to write a vector in this orthonormal basis.

Lemma 1.1.14. Let {e1,...,e,} be an orthonormal basis for V. with €; := (e;,e;). Then

each v € V has a unique representation

n
v = Z ei(v, e;)e;
i=1

Proof. To prove that this is a representation of v it is enough to show that v minus this sum
is orthogonal to each e;, j = 1,...,n, because the nondegeneracy would imply that v minus

this sum is equal to zero, so

n
< E ei(v, e ez,ej> (v,e5) g ei(v, e;)(ei, e;)
=1

(v, ej) ZEZ (v, €;)0i5€
= <Uv€j> - <Uvej> =0

From the linearly independence of the basis it follows that this representation is unique. [
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The aim of this work is to consider self-similar solutions of the mean curvature flow in a
pseudo-euclidean space, i. e. a vector space R" equipped with some inner product that is not

positive definite. So from now on the space that we will use is R”® with some inner product.

In this space we can consider the set of all points with constant distance to the origin:

Definition 1.1.15. For n € {2,3,...} we call the set
H'" (k) = {z e R": ||z||* = k}

Hyperquadric of dimension n — 1 and parameter k, k € R fixed.

These hyperquadrics are just quadratic surfaces by definition. We disconsider the case
n = 1 because these hyperquadrics would then be only two points, zero or the empty space,
which are not interesting. In the Minkowski space, the hyperquadric H" (k) for k > 0 is
also called de Sitter space (dS,_1). If k < 0, the hyperquadric H"~!(k) is also called Anti
de Sitter space (AdS,_1) and the cone H" 1(0) is called light cone. We use the notation
H" (k) because, in this work, the cases k > 0 and k < 0 are considered at once in several

Propositions (despite their different geometry).

Example 1.1.16. 1) If we consider R? with the canonical basis and the inner product given
in this basis by the matrix A,

A= 01,
-1

oSO O W
O = O

then the piece of the hyperquadric for £k = —1 between the planes z = —4 and z = 4 is the

surface drawn in figure 1.1

I

N

N

o
NN NN

A

Figure 1.1: 322 + 3¢? — 22 = —1

2) If we consider R? with the canonical basis and the inner product given in this basis by
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the matrix A,

3
A=10
0

O vk O
@)

then the hyperquadric for k£ = 1 is the surface drawn in figure 1.2

[

o
o

=}

o
o

JLL g gLl

AN

Figure 1.2: 322 + %yQ +22=1

We want to consider the mean curvature flow of manifolds immersed in these hyper-
quadrics, so we first have to answer whether these objects are manifolds.

Proposition 1.1.17. Let (R™, (-,-)) be an inner product space. If k # 0 then the hyperquadric
H (k) is a smooth manifold. H"~1(0) is not a smooth manifold, but H" (k) \ {0} is.

Proof. The inner product (-,-) defines a quadratic form @ : R" — R through Q(z) = (x,z)

for all x € R™. If (aj;) is the matrix that represents (-,-) in the canonical basis then
Qx) =) aijziz),
ij

which is smooth. The Jacobian J,Q of @ at the point z € R" is given by
JxQ = 2Za1jxj,... ,QZanj{L‘j = 2[(aij)l']T.
J J

As the inner product is nondegenerate, the matrix (a;;) is invertible and it follows that the
only solution of (a;j)x = 0is = 0. So that each point x € R", x # 0 is a regular point of
@, which implies that every k € R, k # 0 is a regular value of (). Because of the Theorem
of the regular value the inverse image Q~!(k) of a regular value k is a n — 1 dimensional
(embedded) smooth submanifold or empty. The value 0 € R is a regular value of @ restricted
to R™ \ {0} and then its inverse image is a smooth submanifold (the light-cone without the
origin) of R™. O

It is possible to generalize the notion of inner product space to differentiable manifolds.
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Definition 1.1.18. Let M be a differentiable manifold and (-,-) € T'(T*M ® T*M) be a
smooth section such that (-,-)(z) is an inner product for each # € M. Then (-, ) is called
a semi-Riemannian metric over M and the pair (M, (-,-)) is called a semi-Riemannian

manifold.

Let N be a differentiable manifold, F' : N — M be an immersion and g := F*(,-)
the pullback of the semi-Riemannian metric over M. If g is nondegenerate N is also a semi-
Riemannian manifold. N is said to be spacelike if g is a Riemannian metric on N (symmetric,

nondegenerate and positive-definite).

1.2 Connections on Semi-Riemannian Manifolds

In this section, we introduce some basic notions of semi-Riemannian manifolds like connec-
tions and curvatures together with some properties of them and the notation that we use.
Let (-, ) be an inner product on R"”, M a m-dimensional manifold and F' : M — (R", (-,-))
an immersion. The identification of 7,R™ with R™ induces a semi-Riemannian metric (denoted
also by (-,-)) on R™ and the immersion F induces a semi-Riemannian metric (also called the
first fundamental form) g := F*(-,-) over M, if it is nondegenerate. As we are interested
in solutions of the mean curvature flow we will assume that ¢ is nondegenerate, because
the mean curvature vector is not well defined if g is degenerate. Let VY be the Levi-Civita
connection® of (M, g) and D be the Levi-Civita connection on (R™, (-,-)) (pointwise just the

usual derivative). Then:

dF(V%Y) = (Dapx)dF(Y)) "

The vector bundle TR™ = R” x R™ is the map 7 : R” x R® — R" given by
7(x,V) =z for any (z,V) € TR".
The immersion F' induces the following vector bundles on M:
e The pullback bundle is defined with the set
F*TR" :={(p,V) e M xTR" | F(p) =n(V)} C M x TR",

and the map ' : F*TR"™ — M, given by 7/(p, V) = p.

'The Koszul’s formula (with this inner product) defines a unique metric and torsion-free connection.
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e The normal bundle is defined with the set
TM* = {(p,V) e M xTR" | F(p) =n(V) and (V, F;) =0,Vi=1,....,m} C M x TR",

and the map 7" : TM~+ — M, given by 7" (p,V) = p.
We also use the following connections on several bundles:

e VI'TR" on the pullback bundle defined as Vi TR"Y := Dgyp(x)Y for any X € I'(TM)
and Y € I'(F*TR"™).

e V- on the normal bundle defined as VY = (DdF(X)Y)J- for any X € I'(TM) and
Y e I(TM*1).

e V* on the dual of a bundle E over M defined through (Vie)(e) := X (e(e)) — e(Vxe)
for any X e I'(T'M), e € I'(E) and € € T'(E*).

e VE®F on the product bundle E @ F of two bundles E and F over M defined as

VE (e f) =VEex f+ea VLS

We usually omit most of the superscript indicating where the bundle is. We just use V for
most of the cases and V= if we project, on the normal bundle, the component of the tensor

that lies in TM~. For example, for X € T(TM) and Y ® Z € T(TM @ TM*), it holds

VxY®2)=(VxY)®Z+Y ® (VxZ)

V(Y@ 2Z)=(VxY)®Z+Y @ (Vx2Z).

Other important objects are the second fundamental tensor and the mean curvature

vector, they are extrinsic curvatures given by an isometric immersion.

Definition 1.2.1. Let (M, g) and (N, h) be semi-Riemannian manifolds and F' : M — N an

immersion. We say that F' is an isometric immersion if g = F*h.

Definition 1.2.2. Let (M, g) and (N, h) be semi-Riemannian manifolds and F' : M — N
be an isometric immersion. The second fundamental tensor A € T'(F*TN @ T*M @ T*M) is
defined as A := VdF', with dF understood as a section in T*"M ® F*T'N. The trace of A,
H :=trA e T(F*TN), is called the mean curvature vector.

0 8)‘

Remark 1.2.3. The mean curvature vector is locally written as H= g7 A ( 5t B

Remark 1.2.4. Sometimes we write Ap or Hp for the second fundamental tensor and the
mean curvature vector of an isometric immersion F' to make clear which immersion generates
them.
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Remark 1.2.5. The second fundamental tensor and the mean curvature vector are defined

for isometric immersions, although we do not always make explicit mention to the metrics.

We use Latin letters for indices of tensors on M and Greek letters for indices of tensors
on the target manifold N, in our case (R, (-,-)) (for example the Christoffel symbols of the
connection V9 are Ffj and the Christoffel symbols of the connection D are I'gs = 0). We also

use the Einstein’s convention for sums. With this notation we have:

. O 0N (g (O e O\ (O 2
Ay i= (VdF) (83:“ 8atj> - <v<8mk da” @ 6y°‘)> (837“ 8xj>

PFe 9 9FC _ . [ 8 9
021027 Oy * Oxk (Vdz®) (81:"’ &v]) @ Ay
2Fe 9 oF [, ) B
T 9xidxd Oy Oak (dx (vaazi W)) © Y™
2Fe 9 9FC , 9

T 0xi0xi dy>  Oat L dy> Vivits (1)

~

In the case F' : M — R" one can identify R" = Ty, R" for any p € M, and consider

F e I'(F*TR™). This way VF € I'(T*M ® F*TR™) makes sense and we denote V;V;F =
o)

(V2 VF) (%) = V.o

dxt

(V o F® da:k) (%). It is clear from the local representation of
oz

the second fundamental form (equation (1.1)) that it is a symmetric tensor.

Remark 1.2.6. The covariant derivative is not tensorial. But given T' € T'(T*M®* QT M®"),
VT is another tensor, VI' € T'(T*M®s*! @ TM®"). For example, in local coordinates, if
Tlfjda;i ® % e N(T*M ®TM), we write VlTZ-j for the coeficients of this new tensor VlTijdxl ®
da' ® 52 € T(T*M @ T*M ® TM), which are defined through

-0 0 0
VTJ =V Tk s R
4 9 o ( s dv 83;’“) (ﬁxl> (1.2)

This new tensor is related to Tij by equation (1.2). In this work we write tensors locally
but derivate in the sense of this remark, rather than deriving only the coefficients. This way
to deal with tensors is called tensor analysis or Ricci calculus, one can find more details in
[CLNO6], pg 8.

The following product rule is then satisfied:

Lemma 1.2.7. Let E be a fiber bundle over M, {e1,...,e,} a local basis to E and €*,. .., €"
the dual base to E*. Besides let A, B € T'(E*®FE) be tensors over M, locally written A;-ej®ei
and BLe® @ e,, and V a connection on E. Then A;Biek ®e € '(E*®FE) and

Vi(ALB]) = VA Bl + ALV, Bj. (1.3)
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Proof.

VZA§e,—V o (Ale* ®e;) (e)
a l
BA’
(‘) l

ez—i-AZVil (ej)ei + Ale® (e;)V o e;

ozl

_ Al S(vi )ez—i—A’Vi

9zl 9zl

On the other hand, for Bi, we have

Bj 8Bj B] s Bj
Vl 1€ = or l (V%ekz) € + kv%eja
ox ox

so that

i RJ aAJ J i 2 i 27

ViAiBle; = -2 Ble; ~ ALBLe (V o ¢;) e+ AJBLV o e
8 B ozl
and
% J zaB] i Dj .S i nJ S
AjViBle; = Aj e — AjBle (vaa ex) ei + ALBle (v%ej) ei.

Then finally

N oA o
(VidiB] + A}V1B] ) e; =51 Blei + ABIV s e

Al %Bj - A;Bges (Vﬁek) €

= Vi (ALB])e;

It is not hard to see that such a product rule holds for tensors with more components,
with components on different bundles (as long as they can be correctly composed) and for

the composition of more than two tensors.

Maximum principles play a big role by the theory of mean curvature flow. We need some

Laplacian operators in this work:

Definition 1.2.8. The Laplace Beltrami operator (which is sometimes called just Laplacian
in the literature) A : C°(M) — C*°(M) is defined, for f € C*°(M), as

Af =tr[V(Vf)].
Let F: M — N be an immersion, a,b,c € N,

Q=TM®.. TMT'M®.. T"MRF'TN®...® F*'TN

TV
a b c
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and
UV=TM®@.. TMQT*M® .. T"MQTM*+® ... TM=*

~~ ~~
(&

a b

The (rough) Laplacian operator acting on tensors A : Q —  is defined, for X € I'(Q2) as
AX = tr[V(VX)].

The (rough) Laplacian operator on the nmormal bundle acting on tensors A+ : ¥ — ¥ is
defined, for Y € I'(¥) as
ALY = tr[VEH(VEY)).

So that in the tensor analysis notation they are written A := ¢¥ V;V; and AL =
g% V,f‘VjL. Beyond this, using the tensor analysis notation, the second fundamental tensor

AeT(T*M @ T*M ® F*TN) is written A;; = V;V,;F and it follows
H = AF.

Now we will derive some basic equations about the second fundamental tensor:

Lemma 1.2.9. Let (M,g) be a semi-Riemannian manifold, F : (M,g) — (R™,(-,-)) be an
isometric immersion and A be the second fundamental tensor of F. Then A(X,Y)(p) €
T,M* for all X,Y € T(TM) and p € M.

Proof. As A is a tensor, it is enough to calculate this in local coordinates at a point p. Let
{%, cey %} be a local basis to TM and F} := % be its image through dF, then

(Aij, Fy) = (ViV;F,ViF) = Vg — (F;, ViV F) = —(F};, Ay)

which implies that
(Aij, [7) + (Ag, Fj) = 0,

it follows
0 = (Asj, Fi) + (Au, ) + (A, Fy) + (Aig, i) — (Ajiy Fi) — (Aji, Fr)
= 2<Ail) Ej>a
because of the symmetry of A and, as i,j and [ are arbitrary elements of the set {1,...,m}.

O]

It follows immediately that:

Corollary 1.2.10. Let (M, g) be a semi-Riemannian manifold, F : (M,g) — (R™,(-,-)) be

an isometric immersion and H be the mean curvature vector of F. Then ﬁ(p) eT,M*.

Definition 1.2.11. Let (M, g) be a semi-Riemannian manifold, £ be a vector bundle over M
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and V a connection on E. The Riemannian curvature tensor? RV € T(EQ E*@T*M @T*M)
of M is the tensor defined for any X,Y € I'(T'M) and o € E as

RY(X,Y)o := VxVyo — VyVxo — Vixyo.
If (-,-) is an inner product on each fiber of E we denote, for X,Y € I'(T'M) and ¢,0 € T'(E),
RY(C,0,X,Y) i= (¢, RY (X, Y)o).

If £ =TM, it is possible to take the trace with respect to the first and third variables of the
tensor R := RTM(. ... .) (from now on we omit the superscript in this case). This trace is
called the Ricci tensor and written Ric € T'(T*M ® T*M), so that for any X,Y € I'(T'M)

Ric(X,Y) :=trR(-, X, Y)
Taking another trace we have the inner curvature s € C*°(M)

s := trRic.

It is not hard to see that the Riemannian curvature is in fact a tensor. One can see
this, for example, in the book Riemannian Geometry [dC92] from do Carmo for the tangent
bundle or calculate it in local coordinates. We defined the Riemannian curvature tensor for
vector bundles in general but we are only interested in two cases: the tangent bundle T'M

over M and the normal bundle TM*.
We write the Riemannian curvature vector with respect to the tangent bundle in local
coordinates:
R’kij% =R <8 8.) %,
x Ox*’ 0x7 ) Oz
and

0" 0% D’ B )~ Tk
We will always use the metric to lower and lift indices of tensors, for example lel-j =

Rlsingk. One can see, for example in the book [dC92], from do Carmo that this tensor

satisfies the following equations:

Rakij = —Rpsij = —Rskji = Rijsk,

Rgpij + Rgiji + Rsjri = 0. (First Bianchi Identity)

20’ Neill [O’N83] also uses this name, although the “Riemannian” does not have anything to do with the
metric now.
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The Ricci tensor is written in local coordinates I;; = Ry gt = R";kj.

1.3 Structural Equations

In order to get geometric information about F'(M) we need to deduce some basic relations
between the tensors so far defined; these equations are called structural equations. These are
the fundamental equations that give important information about the second fundamental
form, the mean curvature vector and the curvatures of the manifold M like: Codazzi equation,

Gaufl equation and Ricci equation.

Proposition 1.3.1 (Codazzi Equation). Let F : (M,g) — (R™,(-,-)) be an immersion,
A e I'(F*TR" @ T*M ® T*M) be the second fundamental tensor of this immersion and
X, Y,V eI(TM). Then

(VxA)Y,V) = (VyA)(X,V) = =dF(R(X,Y)V) (1.4)
Proof. First, by definition,
(VxA)(Y, V) =Vx(AY,V)) - A(VxY,V) = A(Y, VxV),
but on the other hand
(VxVydF)(V) = (Vx(VAF(Y)))(V)

(
(Vx(VAE)(Y) + (VAE(VxY))(V)
(VxA)(Y,V)+ A(VxY,V),

which implies that

(VxA)Y, V) = (Vy A)(X, V) =(VxVydF)(V) = A(VxY,V)
— (VyVxdF)(V)+ A(Vy X, V)
=(VxVydF)(V) = (VyVxdF)(V)
— (Vuxy-vyxdF)(V)
_(RFTRSTM (X y)aF)(V)

because VxY — Vy X = [X,Y]. To finalize the proof we calculate, using the fact that the

Christoffel symbols in (R", (-, -)) are all zero, in local coordinates



22 CHAPTER 1. INTRODUCTION TO PSEUDO-EUCLIDEAN GEOMETRY

VoV (dwi® ai) (ai) —
=V (vaz et 5L 4 OV o ai) <£u>
(vafkvai Ut etV dr 8V o L ) (aiu)
= (Vaikvaildxi@a;) (aiu)

o (o0 ,.( 0 0 . B
= [axk (axzdx <ax)> " ok <df” <Vax>)

We write the Codazzi equation in local coordinates as

ViAi; — VA = R* i

and with this we write the Codazzi equation considering A as a section in the normal bundle,

AeT(TM* @ TM* ® TM*),

VZJ‘AZ] — V%Alj = [leij - ViAlj}L

VIJ_AZ] VJ_AIJ [R_]I’L ] =0 (15)

The next important equation is the Gaufl equation. For that we will need the following
Lemma, where we understand A € I'(F*TR" @ TM* @ TM*).

Lemma 1.3.2. Let (M,g) be a semi-Riemannian manifold, F: (M,g) — (R™,(-,-)) be an
isometric immersion, A be the second fundamental tensor of F and X,Y,V,W € I'(TM).
Then

(VxA)(Y, V), dF(W)) = —(A(Y, V), A(X, W)). (1.6)
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Proof. Since A(Y,V), € T,M= for all Y,V € T,M, it follows that

0 =X (A(Y,V),dF(W)) = (Vx(A(Y, V)),dF(W)) + (A(Y, V),V x (dF(W)))
=(VxA)(Y, V) + A(VxY,V) + A(Y,VxV),dF(W))
(A, V), (VxdE)W + dF(VxW))
—{(VxA)Y, V), dF(W)) + (A(Y, V), (VxdF)W)
—{(VxA)Y, V), dF(W)) + (A(Y, V), A(X, W)).

O]

Proposition 1.3.3 (Gaufl equation). Let (M, g) be a semi-Riemannian manifold, F : (M, g) —
(R™, (-,-)) be an isometric immersion, g := F*(-,-) be the first fundamental form, A be the
second fundamental tensor of F and X, Y, V,W € T'(TM). Then

(AX, V), A(Y, W) = (A(Y, V), A(X, W) = —g(R(X,Y)V, W) (1.7)

Proof. It holds from the last Lemma that

(AX, V), A(Y,W)) — (A(Y, V), A(X, W)) =
(VxA) (Y, V) = (VyA)(X,V),dF(W))
(Vx(A(Y,V)) = A(VxY,V) — A(Y,VxV)
—Vy(A(X,V))+ A(Vy X, V) 4+ A(X,VyV),dF(W))
=(Vx[(VydF)(V)] = Vv vdF|(V) = [VydF](VxV)

= Vy[(VxdF)(V)] + [Vv, xdF|(V) + [VxdF|(VyV),dF(W))
=(Vx[VydF(V) = dF(Vy V)] = VyydF(V) + dF[Vy .y (V)]
—VydF(VxV)+dF(VyVxV) = Vy|[VxdF (V) —dF(VxV)]
+ Ve, xdF(V) — dF[Ve, x(V)] + VxdE(Vy V) — dF(V xVy V), dE(W))
—(dF[VxVyV = VyVxV = Vxy)V],dF(W)) = —g(R(X,Y)V, W),

because (R", (-, -)) has curvature 0 (0 = (VxVydF (V) — VyVxdF (V) - Vxy)dF'(V)). O
We write this equation in local coordinates as
Riij = (Aik, Aji) — (Aji, Aur). (1.8)

The next important equation is the Ricci-equation:

Proposition 1.3.4 (Ricci equation). Let (M, g) be a semi-Riemannian manifold, F : (M, g) —
(R™, (-,-)) be an isometric immersion, A be the second fundamental tensor of F, R* be the
Riemannian curvature tensor of the normal bundle, X,Y € T(TM) and n € T(TM~*). Then

RH(X,Y)n = tr({n, A(Y, ) A(X, ) — tr((n, A (X, ) A(Y,)). (1.9)
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Proof. Let us write {el = %, ceeyEp = &cim} for the local frame induced by the coordinates
and F; := dF(e;) fori =1,...,m. For Z € T'(F*TR"), it is not hard to see that the projection

of Z in the normal bundle is given by the expression
Zt =7 —(Z, F)¢'F.
Using this and the fact that a section in TM~ can be seen as a section in F*TR" we calculate

Vin =Vyn — (Vyn, F)g"Fy = Vyn+ (n, Vy F)g"F,
=Vyn+ (n, VydF(e;)) g" F,
=Vyn + (n, (VydF)(e;) + dF (Vye;)) ¢ F
=Vyn + (n, A(Y, e;)) g F.

,
m,

From this follows

- 8 ) J_
VxVyn=|Vx <Vw7 + <n, A (Y, W) > g”ﬂ)]

r . . €L
= |VxVyn+ X (A Y,e) ") B+ (1, AV e) 6"V B

= [VxVyn+ {n, AV ) g (VxdF) (o) + dF (Vxer)]
=[VxVyn* + (0, A(Y,ei)) g" A (X, e1)

and finally
RH(X,Y)n =VxVyn — VyVyn — Vix yn
=[VxVyn—VyVxn—Vixyml"
+( AY, @) g"A (X e) — (0, A(X,e:)) g"A(Y, )
=(n, A(Y, &) g"A(X, &) — (0, A(X,€)) g"A (Y, 1),
because the curvature of the bundle F*TR" is zero. O

The Riemannian curvature tensor of the normal bundle Rf-j can be seen as the section
(R (%,5%) ) e N(T*M*®@T*M* ). To do this we identify the bundle (TM1)* with the
bundle TM* through the inner product, so that we can consider the Riemannian curvature
in the normal bundle as a 2-form (from the definition it is clear the anti-symmetry in the two

vectorfields over TM) over M with values in TM~+ ® TM+ and denote it with RZLJ In this

notation the Ricci equation is written
R =Aj @ AF — Ay, @ AS = Ay N AT (1.10)

We end this section with the very usefull commutation formula:
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Lemma 1.3.5. Let M be a m-dimensional differentiable manifold, E be a vector bundle of
dimension & over M and V be a connection on this bundle. If T;lki¢ el(T"M ®...®
T"M @ E®...Q FE) then

. . al‘..ad, . . al.‘.ad, 011 ad,
ViVily, v, = ViVily, k" = ZZRkw Kook 1Pk 41K (1.11)
h= lp—
o QL1 By
55> R3S ,
h=14=1
Proof. We prove by induction. To make the equations smaller let us write e; := % and

{E1,...,Es} for a local trivialization of E and E? to the dual of E,. Let X € I'(E) with
X =XE,.
ViVjX = (Vei(VX))(ej) = VeiVer — VVEier

which implies that

VZVJX _ vjsz :veiver — Vveier — Vej VEiX + VvejeiX
=VeVe, X = Ve, Ve, X =V, e;-v. e, X = Rlei,¢j) X

because the Levi-Civita connection is torsionfree. The case Y € I'(T* M) is analogous.

Let us now assume that the Theorem is true for some ¢ and r fixed. Then for ¢ + 1 we

get

ViV By, ® ... ® Ea,,, ® da™ © ... ® dz*r)
-V; V (T, %“Eal ®...® Eay,,
=V, V(T %“Em ®...® E% ®d" ®...®da") ® Egg
~V;V; ( T, o B, ®...®Ea¢ @da" @ ... @de") @ Egy
+ T,j; k%Eal ®...0 EBa, ®d2" ®@ ... @ d2a"" @ (ViV;jEy11 — V;ViEgi1)

o al Ot k1 k
__ZZR/%U ki...kp—1pkpy1.. krE ®“‘®Ea¢+1 ®dz™ ® ... @dz™
h=1p=1

®dz"' @ ... @ dz*r)

+ Z Z REZT;? kO:h 18any1-qpp1 By ®...® Ea¢+1 Qdf & ... @ dzkr
h—15—1

+ ZTO” DS RO Bay ® ... ® Eay,, ®dah @ ... @ da™

o al Ot k1 k
__ZZR/%U ki...kp—1pkpy1.. krE ®“‘®Ea¢+1 ®da™ © ... @dz™
h=1p=1

¢+1 5
LS Rty o o, @de. e dd
h=16=1

where we wrote the sum on the indices h, p and 3 because it might not be clear up to which

natural number they are summing, since it is not always up to the maximal possible. We
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took E apart just to mean that it was not to be considered in the covariant derivatives,

Qg1
but, if one changes the order in such a tensor product, it is also necessary to change the order
of the components in the resulting tensor to compare it with the original one. This completes

the proof for ¢ 4+ 1. The case r + 1 is analogous. O



Chapter 2

Hyperquadric Homotheties of the
MCF

We are interested in the homotheties generated by the mean curvature flow in (R, (-,)).
There are two types of homotheties, the ones that shrink (called self-shrinkers) and the ones
that grow (called self-expanders)®. In the Euclidean case the mean curvature flow (MCF) has
no compact self-expanders because the comparison with Spheres (Proposition 3.3 of [Eck04])
shows that a compact initial immersion will stay inside any sphere that contains it, and
thence cannot grow. There are many results about self-shrinkers in the Euclidean case. For
example in [AL86], U. Abresch & J. Langer found the self-shrinker curves on the plane;
in [Hui93], G. Huisken classified the self-shrinking hypersurfaces with non-negative (scalar)
mean curvature and in [Smo05], K. Smoczyk classified the self-shrinkers in higher codimension
with principal normal parallel in the normal bundle. But even in the Riemannian case there
is no complete classification of all possible homotheties generated by the MCF, so that finding
such a classification in a pseudo-euclidean space would be an unattainable objective. In this

chapter we consider the hyperquadric homotheties of the MCF.

2.1 Hyperquadric Homotheties of the MCF

We now consider surfaces that change homothetically in time with the MCF. Without loss
of generality let the homothety center be the origin of (R™,(-,-)). So we consider that there
is a rescaling function ¢(t), such that the rescaled immersion does not change the surface (as
a set).

Definition 2.1.1. Let M be a smooth manifold, (N, h) be a semi-Riemannian manifold and

Fy: M — N be an immersion. A smooth a family of isometric immersions F': M x [0,T) —

'The stationary solutions are not considered in this work because we need H]ZJH2 #0.

27
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N, for some T > 0, such that the metric g; := F(-,t)*h is nondegenerate for all ¢ € [0,7T) is

called a solution of the mean curvature flow with initial immersion Fy if it satisfies

dF

E(p,t) = H(p), and F(p,0) = Fy(p) Ype M,t € [0,T), (2.1)

where H is the mean curvature vector of the immersion F(-,t) : M — (N, h).

Now we consider properties of homotheties generated by the mean curvature flow. Let
F:Mx[0,T) — (R"(-,-)) be a solution of the MCF for some initial immersion. Suppose
that this solution generates a homothety, this means that there is a differentiable rescaling
function ¢ : [0,7) — (0,00) with ¢(0) = 1 such that the rescaled immersion only changes
F(M) in tangential directions and thence preserves the form of the initial surface, so that

F := cF satisfies

dF
<dt(p,t), ﬂ> =0 Ve T,M*, (2.2)

where T, M~ is the normal space of M at point p with respect to the immersion F(-,t) (which

is the same as the normal space of F(-,t) because F is just a rescaling of F.) and the following

dF dar . . N 1
_<dt’y>_<cdt+6F’V> Vo e TM™,

g—_tpt
&

Definition 2.1.2. Let F': M x [0,T) — (R",(-,-)) be a solution of the MCF for some initial

immersion. If there is a differentiable function ¢ : [0,7") — (0, c0) with ¢(0) = 1 such that

holds:

which implies

H=-5p (2.3)
c
we say that F' is an homothety of the MCF.

Where we used the fact that the mean curvature vector H (p,t) is normal (with respect
to the inner product (-,-) of R") to T,M ¥(p,t) € M x [0,T). Beyond this, as the Christoffel
symbols of (R™, (-,-)) are all zero, we have that H(t) = VIV,;F(t) = AF(t), where AF is the
Laplace-Beltrami? operator of (M, g;) on real functions of M applied to each component F®
of F.

From now on, we use normal, norm, inner product and others always with respect to

the pseudo-euclidean inner product, unless we say the contrary. We will not use the index

2If the metric is positive-definite, which is mainly the case in this work, but the results for hyperquadric
solutions in this chapter do not depend on the signature of the metric.
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¢+ on the metric anymore, just indices for its representation in local coordinates, although
the metric always depends on ¢. We shall also write F(t) for F(-,¢) when whishing to make
explicit mention to the time t.

In particular we look now at the hyperquadric homotheties of the MCF in (R", (-, -))

Definition 2.1.3. Let G : M — (R",(-,-)) be an immersion. We say that G lies in some
hyperquadric or is hyperquadric if
IGI* = k.

k € R constant, for all z € M.

From now on let F': M x[0,T) — (R™, (-,-)) be a homothety of the MCF'. It could happen
that some solutions of the flow in which the initial immersion lies in a hyperquadric, i. e.
F(x,0) € H™ (k) for all x € M, cease lying in some hyperquadric during the flow, i. e.
there is no function k(t) such that F(x,t) C H" 1(k(t)) for all z € M. This cannot happen

for homotheties, as the following result states:

Lemma 2.1.4. If F(0,7) C H" Y(k(0)) for all x € M then F(t,x) C H" '(k(t)) for all
x € M, for some function k :[0,T) — R.

Proof. From equation (2.2) we know that the rescaled immersion F is such that % eI(TM)
for all t € [0,T), this means that F just moves points over the initial surface, this implies
| E||> = k(0) for all t € [0,T). So that F' = ¢(t)F implies that ||F(t,z)||* = ¢ 2(t)k(0), and

as this does not depend on the point x € M, so it is in some hyperquadric. O

Definition 2.1.5. A hyperquadric homothety of the mean curvature flow F : M x [0,T) —
(R™, (-,-)) is a homothety of the mean curvature flow, such that F'(-,¢) is hyperquadric for all
tel[0,7).

As the position vector in a hyperquadric is normal (with respect to the inner product
that generates the hyperquadric) to the hyperquadric, it follows that F' is always orthogonal
to H"(k(t)):

Corollary 2.1.6. F(z,t) € T,M* for all (z,t) € M x [0,T).

Proof. In local coordinates, for any ¢ € [0,7)

0 . _
0=l 2(k(0)] = VI F()|? = 2(Fi(t), F(t)) YI€{1,...,m}
which implies that F(t) stays in F(M,t)* as long as a solution exists. O

With this, ||F||? can be calculated:

Lemma 2.1.7. ||F(t)||?> = k(0) — 2mt fort € [0,T).
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Proof. For t = 0 it is clear that ||F(0)||?> = k(0). And for all t € [0,T):

d

%HF(t)HQ =2 <th(t),F(t)> =2 <Fl(t),F(t)>

=2 <vjij(t)7F(t)> =-2 <F(t)j,F(t)l> gjl = —2m,

where Corollary 2.1.6 is used for V7 (F;, F) = 0, this completes the proof. O

Definition 2.1.8. Let (M, g) and (N, h) be semi-Riemannian manifolds and G : M — N an
isometric immersion. G is called a minimal immersion if the mean curvature vector ﬁg of
this immersion is identically zero

He =0.

If G is a minimal immersion we say that M (or G(M)) is a minimal surface of N.

We use the name minimal because the condition H = 0 is then mnemonic, but the
“minimal immersions” in our sense are just critical points of the volume functional, not
always minima of this functional, as it occurs in the euclidean case.

We prove now that a hyperquadric homothety of the mean curvature flow is a minimal
immersion in the hyperquadric H" ! (k(0) —2mt) for all t € [0, T). We will need the following
Lemma:

Lemma 2.1.9. Let F : M — N and G : N — P be isometric immersions between semi-

Riemannian manifolds (M, g), (N, h) and (P,l). Denote Hp, He and Haop the mean curva-
tures of F', G and G o F' respectively. Then:

Heop = dG(Hp) + try(VdG) (dF-, dF-) ,

where tryy is the trace with respect to (M, g), given in local coordinates by

try (VdG) (dF-,dF-) = ¢ (VdQG) (dF <£i> dF <aij>> .

Proof. For any x € M it holds

(Vd(G o F)), = V(dGp(y) o dF)
(Vd(G o F))y = (VdG) p(z)(dF-, dF-) + dGp(z o VAF, (2.4)

because the Levi-Civita connection of M is just the tangent projection of the Levi-Civita
connection of N and this product rule can be calculated as in Lemma 1.2.7 with different
bundles. The result follows if we take the trace. O

Then it can be proven:
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Theorem 2.1.10. Let F': M x[0,T) — (R"™,(-,-)) be a hyperquadric homothety of the mean
curvature flow, then F(M,t) is a minimal surface of the hyperquadric H" 1 (|| F(0)|* — 2mt)
for allt €[0,T).

Proof. We consider the natural inclusion I(t) of the hyperquadric H"1(k(0) — 2mt) into
(R™, (-,-)) 3, which is a diffeomorphism on its image, and the immersion G : M — H" (k)
defined as G := I~ o F, as in the figure:

Hn—l(k(o) _ 2mt) L (Rn’ <.7 >)

GT/

M

Let us write H F, ﬁg H 7 for the mean curvature vectors of F', G and [ respectively. About
the terms in the relation between Hp and He given by Lemma 2.1.9 the following holds

e Hpe TM*,
o dI(Hg) € (dI(TH™ 1)),

e ¢ (VdI) (dG (d?:l) ,dG (%)) € TH™ " for this is just a sum on the second funda-

mental tensor of the immersion I.

If F is a hyperquadric homothety of the MCF, equation (2.3) implies that there is a
function 5 : [0,7") — R such that

Hp = B(t)F+ = B(t)F = Hp € (TH"')*.
Thus, dI (ﬁg) is the only term tangential to the hyperquadric in Lemma 2.1.9, thence

dI(Hg) =0 and Hg = 0 (for I is an immersion). O

Further, we can calculate 8. Let t € [0,T) be fixed and x € M be any point

BIF (DI = (Fp, F) = —(F, F)g = —m

= P =~ (29

and Lemma 2.1.7 implies that

— m

e (t) = = Ty =m0 (2.6)

3Tf k(0) — 2mt = 0 we consider I(t) : H"~'(0) \ {0} — R™ because H" *(0) is not an n — 1-dimensional
manifold. But even in some generalized sense the point 0 would not be a great trouble for a homothety
because, if F(z,t) = 0, then H(z,t) = ¢/cF*(x,t) = 0, and the minimal condition would be held at this
point.
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2.2 Existence and Uniqueness
2.2.1 Immersion in the Hyperquadric 7"~!(k) with & > 0.

Let |[F(z,0)||?> = k > 0 for all z € M. To found the F(z,t) explicitly we need, from eq. (2.3)
and (2.6), to solve the ordinary differential equation

¢ m

c k-—2mt
with initial condition ¢(0) = 1. This equation has a unique solution, which is the function

¢:[0,T) — R, with T = £ defined through

so that
. de

Ci=— = mVk(k — 2mt) 32,

It follows from equation (2.6), for any (z,t) € M x [0,T") that

%F(m,t) — Hpp(@) = ——2—F(x,t) = —%F(x,t) — %(cF(t)) = 0. (2.7)

Hence cF(z,t) = F(z,0) and
Fla,t) = %F(:c,()). (2.8)

By construction we proved that if there is a hyperquadric homothety of the MCF, then every
other solution of the MCF has to be equal to it, so it is unique. The pull back F*(-,-) stays
invertible all along the flow (for g;;(t) = (%) ’ 9:j(0)) so that these constructions make sense
for t € [0,T"). It is clear that T is the maximal time existence, because lim;_.7 F'(x,t) = 0 for
all x € M. So, if there is a solution of the mean curvature flow, this will be only one.

We still have to deal with the question of existence. As we saw in Theorem 2.1.10,
a hyperquadric homothety of the mean curvature flow has to be a minimal surface of the
hyperquadric. This motivates the following Theorem:

Theorem 2.2.1. Let F' : M™ — (R",(-,-)) be an immersion such that g := F*(-,-) is
nondegenerate and |F||> = k € R, k > 0, then the solution of the MCF of this initial
immersion is a homothety if, and only if, F : M — H" (k) is a minimal immersion in
the hyperquadric H"~'(k). The mean curvature flow of F has a solution F : M x [0,T) —
(R™, (-,+)) with T = %; moreover, the solution is F(z,t) := ¢~ (t)F(z), with c(t) == VEk(k —
omt)~ Y2, Y(x,t) € M x [0,T).
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Proof. We have already proven that a homothety with initial immersion in a hyperquadric
is a minimal immersion in some hyperquadric for every ¢ € [0,T) (Theorem 2.1.10). We now

need to prove that the MCF of a minimal immersion generates a homothety.

Let us write F(t) := F(-,t). We consider the natural inclusion I of the hyperquadric
H" (k) into (R™,(-,-)) and the immersion G : M — H" (k) defined as G := "' o F. By
Lemma 2.1.9 it is true that

_ . y 8 8

zqudU<M§<5z> ﬂy(él))

because F'(0) is a minimal immersion on the hyperquadric. Moreover, H F(0) is orthogonal to
H*1(||F(0)]|?) (for the second fundamental form of I is orthogonal to H" (|| F(0)[|?)), but
so is F'(0), such that there is a function ¢ : M — R with ﬁF(o) = @F(0) (for the codimension

of the hyperquadric is one). One can calculate ¢:

PlIF(O)|* = (Hp), F(0)) = —g" (V,;F(0), V;F(0)) = —m

BEOIE

Now consider the following deformation: F(t) = ¢ 1(¢)F(0), which is an homothety by
definition; then it holds g%/ (¢) = ¢2(t)g* (0). But ﬁp( 1 = g V;V;F(t) implies

— ﬁF(O) =

Hrw = e fro =~ me®FO)

On the other hand, for the function ¢ given in the statement of the Theorem,

df;it) _ % (C(lt)) F(0) = —C%(t)F(O)

IFOIPAFO)? — 2mt)>2
||F( IIPUIEO)* = 2mt)~!

R OFO) = fro,

Therefore this is a solution of the mean curvature flow. That this is the only solution in the

class of homotheties follows from the explicit solution (eq. (2.8)) previously given. O

2.2.2 Immersion in the Hyperquadric H"~!(k) with & < 0.

Let ||F(z,0)||> = k < 0 for all z € M. To found the F(z,t) explicitly we need, from eq. (2.3)

and (2.6), to solve the ordinary differential equation

¢ m
k—2mt’
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with initial condition ¢(0) = 1. This equation has a unique solution, which is the function

¢:[0,00) — R, defined through

so that

¢ = % = —mV—k(—k 4 2mt)~3/2.

It follows from equation (2.6), for any (z,t) € M x [0,T"), that

9 pa,t) = (1)) = -

¢ d
o F(z,t) = —EF(a:,t) = a(cF(:v,t)) =0. (2.9)

_mo
k—2mt
Hence is ¢F(z,t) = F(z,0) and

1
F(z,t) = EF(ZE,O). (2.10)

By construction we proved that if there is a hyperquadric homothety of the MCF, then every
other solution has to be equal to it, so it is unique. The pull back F*(-,-) stays invertible all
along the flow (for g;;(t) = (%) ’ 9ij(0)) so that these constructions make sense for t € [0, c0)
and we have long time existence, moreover, if there is a solution of the mean curvature flow,

this is the only one.

We still have to deal with the question of existence. As we saw in Theorem 2.1.10,
a hyperquadric homothety of the mean curvature flow has to be a minimal surface of the

hyperquadric. This motivates the following Theorem:

Theorem 2.2.2. Let F' : M™ — (R",(-,-)) be an immersion such that g := F*(-,-) is
nondegenerate and ||F||> = k € R, k < 0, then the solution of the MCF of this initial
immersion is a homothety if, and only if, F : M — H" (k) is a minimal immersion in the
hyperquadric H" (k). The mean curvature flow of F has a solution F(t) : M x [0,00) —
(R™, (-,-)); moreover, the solution is F(x,t) := ¢ (t)F(x), with c(t) := v/—k(—k+2mt)~1/2,
for all (z,t) € M x [0, 00).

Proof. We have already proven that a homothety with initial immersion in a hyperquadric
is a minimal immersion in some hyperquadric for every ¢t € [0,T) (Theorem 2.1.10). We now

need to prove that the MCF of a minimal immersion generates a homothety.

Let us write F'(t) := F(-,t). We consider the natural inclusion I of the hyperquadric
H" (k) into (R™,(-,-)) and the immersion G : M — H" (k) defined as G := "1 o F. By
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Lemma 2.1.9 it is true that

. . g o o
i - e+ wan) (ac ( 2) aa (12)

= g" (V) <dG (aa > 1 <0§“J>>

because F'(0) is a minimal immersion on the hyperquadric. Moreover, H F(0) is orthogonal to
H"1(||F(0)]|?) (for the second fundamental form of I is orthogonal to H"~(||F(0)/|?)), but
so is F'(0), such that there is a function ¢ : M — R with ﬁF(O) = pF (for the codimension

of the hyperquadric is one). One can calculate ¢:

PIFO)|* = (Hp), F(0)) = —g" (V,;F(0), V;F(0)) = —m

— m
I O

Now consider the following deformation: F(t) = ¢ !(¢)F(0), which is an homothety by
definition; then it holds ¢ (t) = c*(¢)g“(0). But ﬁp(t) = ¢g"¥V,;V;F(t) implies

m

[F(0)

On the other hand, for the function ¢ given in the statement of the Theorem,

C“;Et) _ % <(1)> F(0) = —%(t)F(O)

my/—[FO)[P(=[|F(O)| + 2mt) =32

—IIF( M= [F O + 2me)

|
= “TropEeOF O = fro

Therefore this is a solution of the mean curvature flow. That this is the only solution in the

Hpuy = c(t)Hpgy = TFO)E c(t)F(0).

class of homotheties follows from the explicit solution (eq. (2.10)) previously given. O

2.2.3 Immersion in the Hyperquadric /"~*(0)

Let F': M x [0,T) be a homothety generated by the MCF with ||F(z,0)||? = 0 for all x € M.

From Lemma 2.1.7 it holds || F(z,t)||? = —2mt if F*(-,-) is nondegenerate, so that
IF (B2 <0 (2.11)

for all (z,t) € M x (0,T).

On the other hand, c(t)F(z,t) € F(M,0) because F is a homothety, so that
0= [le(t)F(z,1)|* = e(t)?| F(a, 1)

But ¢(t) # 0 because F(M,t) = {0} for ¢(t) = 0, which cannot be an immersion, then
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|F(z,t)||?> =0 for all t € [0,T). Which is a contradiction to eq. (2.11). So we proved

Theorem 2.2.3. There are no hyperquadric homotheties of the MCF F : M x [0,T) —
(R™, (-,-)) with nondegenerate metric such that F(M,0) C H"~1(0).

a

Remark 2.2.4. One could expect to find at least some stationary solutions in the light cone,
like straight lines, but for such a line the metric is degenerate and thence this case is not
included in Theorem 2.2.3.

Remark 2.2.5. But, as Ecker noted in [Eck97], the upper light-cone would immediately
change to a hyperquadric and the explicitly solution to the MCF with the upper light-cone
as initial condition in R"™ is given by the family of graphs §; : R*™1 — R

() = /ol +2(n — 1)t

for any t € [0, 00), which is a homothety after ¢ = 0.

Remark 2.2.6. There is an important difference between minimal immersions in H" (k)
for k> 0 and k£ < 0.
If |F(z,0)||> = k > 0, for x € M, then

- m

Hp(p(z) = —Ec2(t)F(x,t)

has the opposite sign as F'(z,t), and F' shrinks under the MCF.
If |F(z,0)||> = k < 0, for x € M, then

—

m
Hp(.p(x) = = (1) F(,1)
has the same sign as F'(z,t), and F' expands under the MCF.

Definition 2.2.7. Let (N, h) be a semi-Riemannian manifold, M a smooth manifold and
F : M — N an immersion such that the mean curvature vector of F satisfies ||H (z)||2 % 0

for all x € M. The principal normal is the vectorfield
_H
VI

Remark 2.2.8. It is clear from equation (2.6) that H =% 0 everywhere for a hyperquadric

V=

homothety of the mean curvature flow, so that v can be defined and by the same equation:
v satisfies V41 := (V]*(Rn’<"'>)y)L =0 and H satisfies VIH = 0.

Example 2.2.9 (The Hyperquadrics in Minkowski space). There are many works about
homotheties of the MCF in E", so that the most relevant new case in this work are the
homotheties in the 4-dimensional Minkowski Space R™*. The hyperquadrics in RY? are just
a cone (for k = 0), hyperboloids of one sheet (for k& > 0) or hyperboloids of two sheets (for
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k < 0). If one writes an atlas for a hyperquadric in RY™, one can see that H" (k) is a
spacelike for k < 0 but that T, H"~!(k) has vectors with negative length for k¥ > 0 at any
peM.

\\ﬁ\\
Zonm, TR
Y00, RSN
LTS

Figure 2.1: Light Cone Figure 2.2: H?(1) Figure 2.3: H?(—1)

Of course H"~!(k) is a minimal submanifold of itself if £ < 0, so that the mean curvature
flow of the natural immersion in R is just the homothety given in the last section. And
we have long time existence for k < 0. We saw that a minimal surface of H" !(k) for
k = ||[F(0)||> > 0 converges pointwise to the origin of R"™. Unfortunately, the metric of
H" (k) is nondegenerate for k > 0, but if we consider the homothety F(t) := ¢~1(¢)F(0) of
the last section the whole hyperquadric converges in the Hausdorff norm to the light cone,
as we prove now:

Let Y = (Y1,...,Y,) be a point in the light cone, so that it holds Y7 = +/Y# + ... + Y,2.

e If Y2+ ...+ Y2 >|F(0)|? - 2mt, define

Xy = /Y2 4o+ Y2~ [FO)]2 + 2m,

so that the point X := (X1, Ya,...,Y,) is in K" 1(|[F(0)||* — 2mt). Then the Euclidean
distance between X and Y is

d(X,Y) < \JYE — X2 = V]FO)[? — 2mt.

e If Y2+ ...+ Y2 <|F(0)||>—2mt and Y2 + ... +Y,2 # 0, define

o JIE©)? = 2mt
R GRS

so that a > 1 and the point X := (0,aYs,...,aY,) is in H"1(||F(0)||> — 2mt). Then

the Euclidean distance between X and Y is

d(X,Y) < \JY2+(1—a2(Y3+...+Y2)

< Y2 (- a?) (Y2 +...+Y2) < VIFO) —2mt.

e If Y2+ ...+ Y2 =0 then Y; = 0. Define X := (\/||F(0)||2 — 2mt,0...,0). This point
is in the hyperquadric H" !(||F(0)||> — 2mt) and the Euclidean distance between X
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and Y is
d(X,Y) = V| F(0)||> — 2mt.

The three possibilities show that, for any Y in the light cone

ﬁ?f a(y, X) < VIIF0)|* — 2mt

XeH—1(|F(0)]|2—2mt)

and it follows, denoting the light cone as H"~1(0), that

a(y, X) < V|F(0)[* - 2mt,

sup inf
yern—1(0) XEH1(|F(0)[|2—2mt)

but this goes to 0 as t goes to ||F2(70r3”2.
Analogously we get that
sup inf  d(Y,X) <+|F()?—-2mt —0
XeHn—1(||F(0)]|2—2mt) Y EH"1(0)
F(0)|?
as t goes to %

This completes the example.



Chapter 3

Principal Normal Parallel in the
Normal Bundle

The two types of homotheties (self-shrinkers and self-expanders) lead, after rescaling, to
different equations H=-Flor H= FL as further explained. We restrict our attention
in this chapter to the self-shrinkers of the MCF that have a special property (the principal
normal is parallel in the normal bundle).

In chapter 2 we saw that the hyperquadric homotheties of the MCF have two properties:

e The mean curvature vector H is, at every point x € M, not a null-vector.

T

is parallel in the normal bundle, this means V+v = 0,

e The principal normal v :=

Ty

1121

if one considers a complexification of the tangent and normal bundles, the second condition

‘mt

is equivalent! to the possibly imaginary vector field v := being parallel in the normal

el

bundle.

In this chapter we prove that a compact spacelike self-shrinker cannot satisfy |H|2 < m
(in particular cannot be negative) for all € M and we also prove that the two conditions
above are enough, if the dimension of M is different from 1, to ensure that a self-shrinker is

hyperquadric, as the following Theorem states:

Theorem 3.0.10. 2 Let M be a closed smooth manifold and F : M — (R™, (-,-)) be a smooth

immersion, which is a spacelike® self-shrinker of the mean curvature flow, i.e. F satisfies,

H=—F* (3.1)

tassuming || H||® # 0Vz € M

2As |H|)? > 0 this is a slight generalization of Smoczyk’s result for spacelike minimal immersed manifolds
of the hyperquadrics of positive squared norm.

3The norm of all the tangent directions need to have the same sign or we cannot say anything about the
sign of the Laplacian of a function at a maximum point and thence not use the maximum principle

39
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Besides, assume m := dim(M) # 1. Then the mean curvature vector H satisfies | H||?(p) # 0
for all p € M and the principal normal v is parallel in the normal bundle NJ‘I/ =0) if, and
only if, F is a minimal immersion in the hyperquadric H™ 1 (m).

Instead of writing F'(-,t) we shall write only F. Chapter 2 was the first part of this
Theorem, we just need to prove now that ||F||? = m for a spacelike self-shrinker of the MCF
with principal normal parallel in the normal bundle. We prove this using the maximum
principle on the function ||F||?. But to do this it is necessary first to deduce some equations

related with this function.

3.1 Fundamental Equations

In this section we calculate several equations involving the Laplacian of some tensors like the
second fundamental form, the mean curvature vector, the Riemannian curvature and others.
These equations are of great use to find geometric information about the manifold. For this

purpose we use three auxiliary tensors

—

Pij = (H, Aij), Qij == (A}, Agz), Sijht = (Aij; Arr)-

Using GauB3 equation (eq. (1.8)) we write the Ricci curvature in terms of these tensors as
_ Kl _ Kl kl _/f ky _

Rij = g" Rty = 9" (A, Aji) — 9" (Aji, Au) = (H, Aji) — (Aji, A7) = Py — Qij. (3.2

In this notation the useful Simon’s equation is written as

Proposition 3.1.1.
Vﬁvfﬁ = AlAkl + Rkileij — R;;Ail + Q;Azk — Skileij (3.3)
Proof.

Vi Vi =ViVig?Aij = g9V Vi Ay
g 0

y g o g o g
=gV} Vit Ay — g7 Ry, AY — "R A — + g”Ré@AU@

i o kil g o
=AY Ay — Rupi A" — Ryp AY + (Ayy, A AL — (Agy, Ap) AT

=AY A + Rupj A7 — Ri Ay + Qi Ay — Spaj AY,

where we used the commutation formula (Lemma 1.3.5) from the first to the second line and
the Codazzi equation (eq. (1.5)). O

The equations that we calculated until now are general equations, in the sense that they



3.1. FUNDAMENTAL EQUATIONS 41

are true for immersions that satisfy the necessary conditions in which they are stated. We
shall, from now on, use the main assumption that we have a self-similar shrinking solution of
the mean curvature flow. To be more specific:

Let F': M x [0,T) — (R™,(-,-)) be a solution of the mean curvature flow, this means a
smooth family (depending on a parameter ¢ in the interval [0, 7)) of immersions that satisfies
the equation

d -
—F=H.
dt

Moreover, suppose that this family is a homothety of the mean curvature flow, which means
that there is a rescalling function ¢ : [0,7) — (0,00), such that c(t)F (¢, M) is equal to
F(0,M) as a set, so that ¢(t)F(t) only moves the points inside F'(M,0), which means that
Llc(t)F(t)] € TM and, as in eq. (2.2), F satisfies

g=-Spt,
C

From this equation it is possible to see that we can assume ¢ # 0 for all ¢t € [0,T) because if
¢(t) = 0 then H(t) = 0 everywhere in M, which means that the flow has stopped. But the

sign of ¢ still plays an important role, if it is positive it means that:

e The rescaling function c is growing and thence the immersion F' is decreasing,

e The mean curvature vector points in the opposite direction of F=+,

if ¢ has negative sign, we have the contrary, as figure* 3.1 shows.

For a fixed time ¢ € [0,T") take k > 0, then consider another rescaled immersion: F :=kF,
which satisfies § = k%g, ' = k~2¢~ ! and ]:? = ”‘J’vivjﬁ — k~'H so that this constant
can be chosen as k = ‘%(t)‘ and one has H = —F+ or H = F+ depending on the directions
of F and H , as in the previous figure. We shall restrict ourselves to the self-shrinker case,

this means we consider, from now on, a fixed ¢ € [0,7) and the case
H=-F*.

On the other hand, from Huisken ([Hui90]), if an isometric immersion Go : M — (R", (-,-))

satisfies Heg, = —G3 then the homothetic deformation G : M x [0,1/2) — (R", (-, ")) given

4These two curves do not change homothetically with the MCF, these drawings just show that, in a general
curve moving under some flow, H could point in the same direction of F* or in the opposite direction.
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FL

Figure 3.1: The two rescaling cases

G(z,t) := V1 —-2tGy

satisfies G(z,0) = Gp and

d = _ -

so that the deformation is (up to a tangential component) the mean curvature flow, but
tangential components do not change the form of the immersed manifold, so that an immer-
sion shrinks homothetically under the MCF if, and only if®, it satisfies equation (3.4). This
motivates the following definition:

Definition 3.1.2. Let F': (M, g) — (R", (-,-)) be an isometric immersion, i. e. g := F*(-,-).

We say that F' is a self-shrinker (or a self-similar shrinking solution) of the MCF if

H=—-F"* (3.4)

From equation (3.4) it is clear that the projection of the position vector in the normal
bundle is important for our calculations, and it can be easily written in terms of the tangential

projection. This motivates us to define the following the 1-form:
1 2 i
0= idHFH = (F;, F)dx (3.5)

such that 67 F; = 0;g" F} is the pointwise projection of F' in the tangent plane, with 0; =

(F;, F). Then we calculate:

Vib; = Vi(Fj, F) = (Aij, F) + (Fi, Fj) = (A5, F) + g4

SUp to rescaling.
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We follow with
ViEFL = (Vi(F — 08 F))t = (Fy — V0 Fy — 08 Ay )t = 08 Ay, (3.6)

and

So that

ViViFt =—Vi(0FAj) = — (Vi Aj + 08V Aj)
= — (Vi A + 0"V, Aje)t = —(((Ai, F) + gi) g™ Aji + 08V Aji) -

— — Aij — (AP FH A, — 0F VA

where we used the Codazzi equation (Theorem 1.3.1) in the last step. From this follows that

ViVHiH = —ViVHiF+ = Ajj — PFA + 0"V A, (3.8)

and

AYH = giViVEH = B - PR Ay + 0FVEH. (3.9)

Now we are able to calculate the Laplacian of the squared norm of the mean curvature vector.

A|H|? =7V, V(H, H) = 29 Vi(V,;H, H) = 297V(V{ H, H)
=2¢"((V;, Vi H,H) + (Vi H,V;H))
=2¢"((V{V+H, H) + (V+H, VH))
—2(ATH, H) + 2|V H|? = 2(H — P* Ay, + 0V H, H) + 2| V*-H|?

A|HIP =2 H? = 2| P|* + 2|V H|? + (F T, VIIH|?), (3.10)

because

20"ViiH, H) =2(F, F))g" (Vi H, H) = (F, F,)g"*V(H, H)

=((F, B)g"F,, Vi (H, H\g" F) = (FT, V|| H|?.
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For the squared norm of the second fundamental form, using Simon’s equation (Theorem

3.1.1), one gets:

2(A, (V22 H) =g™g"2( Ay, ViV H)
=g g*'2( A, AT Ay + Riiy A7 — Ry Ay + Q) Aig, — Sray A”)
=2(A, AT A) + 2(AF Ry ATy — 2(AF Ri Ay)
+ 2( AR Qi Ai) — 2(AM Sy AV
=A|JA? = 2| VA2 + 2R 57

—2R;;Q" +2||Q||* — 2SS

On the other hand, using eq. (1.10) for the Ricci tensor on the normal bundle, we get

IR =(Aje ® AF — Ay, @ A¥, Al @ AV — A} @ A7)
— (Ajp, Aj)(AF, AV) 1+ (Ag, A]) (AN, AY)

IR )12 =QrQ™ — SinjuS™" — Sjra S + QuQ™ = 2/|Q|1* — 28, S7M. (3.11)
So that, using these last two equations, we reach

2(A, (V)2 H) =A[|A|]* = 2|V A|® + 2R, SV — 2R;QY + || RM|)?
=AJJA|? = 2|V A2 + 2(Ag, Aj) ST
— 2(Aq, Aje) STH — 2(Pyj — Qi5)QY + ||R|?
=A||Al]? = 2|V A + 28, S"H
— 28k S — 2P;QY + 2| Q| + || R

2(A, (V)2 H) =A[|A|P = 2|V AJ? + 21IS]* - 2(P, Q) + 2| R, (3.12)

where we used the Gaufl equation (eq. (1.8)), equation (3.2) that relates the Ricci tensor to

the tensors P and @ and eq. (3.11) in the last step.

On the other hand, we can calculate an equation for A|lA||? using Simon’s equation

(Theorem 3.1.1) in the following way:
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First, with equations (3.8) and (3.1.1), we have

A Ay =VEVEH — Ry AY + RL Ay — Qi Aig + Skit; AY
=Ap — PLAy + 0'Vir Ay + Ri Ay — Qi A + (Skirj — Ruar) AV

AT A=Ay — Qi Ay — Qi A + 0"'Vir Ay + (Skitj — Ryarj) AY, (3.13)
which implies

AJA|P =g ViV (A, AM) = 2(AF Ay, AMY + 297 (Vi Ay, Vi AM)
=2(Ap — QL Ay — Q) Auk, + 0"V Ay + (Skity — Riij) A9, AM)
+ 2| V+tA4l?
=2||A|* = 4|lQ|I* + (F T, V[ A[I*) + 2(2Skit; — Sri) S + 2| VA

AJIAI? =2/ Al = 2| RH1? + (FT, VIIAII%) = 2(IS]1* + 2 VAP, (3.14)
where we used the Gaufl equation (eq. (1.8)), equation (3.11) and

2OV Ay, AFYY =2(F, F) g (Vi Ay, AFYY = (F, F) 6"V (Agy, AR

=((F, F;)g"™ Fy, Vi(Ap, A" g Fy) = (FT, V| A|%).

Theorem 3.1.3. Let M be a closed smooth manifold and F : M — (R™,(-,-)) be a spacelike
self-shrinker of the mean curvature flow. Then it cannot hold ||H||? < m := dim(M).

Proof. If ||H||? < m for all z € M, then
A||F|? = 2¢Y(F;, F}) 4+ 2(AF, F) = 2m — 2||H||? > 0. (3.15)

Otherwise, as M is close, let z € M with ||[F(z)|* = maxyen ||[F(y)||> and choose Rie-
mannian normal coordinates for a neighborhood of x. Then g;; = ¢;; and Ffj =0 at z,
thus

AIFI@) = Y 5o IFIPa),
- Ox'0x*

Now let v be the geodesic through x in the direction of 821-. Then the restriction of || F||?

over 7 also has a maximum at x and

52 7
o IFI2@) = (IFI2],) (2) <0

by the test of the second derivative for real functions, so that A||F||?(z) < 0, which contradicts
(3.15). O

Remark 3.1.4. In particular there are no spacelike self-shrinkers with ||H||2 < 0 and no
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spacelike self-shrinkers if the index of (R™, (-,-)) is n — m.

3.2 The Compact Case

The special case that we consider now are the self-shrinkers of the MCF that satisfy the

following conditions:

e The mean curvature vector is not a null vector

| H (z)||?> # 0, for all 2 € M.

1

Tl H is parallel in the normal bundle

e The principal normal v :=

where we write ||H|| to the complex function \/W : M — C, which is well defined
(with /=1 = 4), because ||H||> # 0 everywhere and thus ||[H||? does not change sign.
Although Theorem 3.1.3 implies that ||H |2 > 0 in the compact case, we also consider
the possibility that ||ﬁ |2 < 0 for the calculations in this chapter because we are going
to need them in the non-compact case. A remark is that this definition is different from
the motivation at the beginning of last section, but it is clear that the property of being

parallel in the normal bundle is equivalent.

Note that the complex function ||H|| is a pure real or a pure imaginary all over M. So
v may not to be a real vector, but a vector field in the complexification of the pullback
over M of TR™ (F~'TRZ). Over this bundle, we use the complex linear extension (VC) of
the Levi-Civita connection in (R", (-,-)) as connection. So that, for Z € I'(F~'TRZY), with

Z=X+1Y and X,Y,V € I'(TM), we have
VSZ =VyX +iVyY.

We also need to extend the inner product (,) to the complex numbers and we do that

linearly, too

(X1 +1iY1, Xo +iY2)c = (X1, Xo) — (Y2, Y2) +i((X1, Y2) + (Y1, X2)).
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To the metric in product bundles we shall use the metric g on the elements in T'M and T M*

and the complexified inner product on the elements in F~!'T RE.

Remark 3.2.1. It should be said that these new “metrics” are not semi-Riemannian metrics,

because they deliver complex numbers.

Additionally, we still have to explain what we mean by the normal projection of a complex
vector and that is, for X € T'(F*TR"), the real case projection X+ = X — (X, F})g" Fj and
for pure imaginary vectors (iX)+ = i(X'). We only consider projections of pure real or pure

imaginary tensors.

Remark 3.2.2. An important remark is that the principal normal is pure real or pure
imaginary, that the mean curvature vector is pure real and the second fundamental tensor
is pure real and in the following there are no sums of a real and imaginary vector fields or
sums of a real and imaginary functions. So that, because of the linearity of the extensions,
we will have just whole real equations multiplied by ¢ or just real equations and the metrics
and connections just work as in the real case (maybe multiplied by i). Then we will not write

the subscript indicating that the object is complex.

A parallel principal normal (in the normal bundle) can simplify some of the equations

that we previously calculated because of its properties:

—

Vi H = Vi (|Hl|lv) = Vi H]|lv (3.16)

and

N = gIVEVE(IH ) = 67V |y = Al E . (3.17)

From this, using equation (3.9), we calculate
PIAy = H+ 60"V H — A H = (| H| + 6°Vi | H| - A H|)v,

which means that P% 4;; is a vector field in the same direction as v (or iv, if v is imaginary).

Then follows the Lemma:

Lemma 3.2.3. Let F : M — (R"™,(-,-)) be an immersion such that the principal normal is

parallel in normal bundle, then

ij A — IPI? _ pijpkl _ IP||*
1. P Az] ”ﬁ”l/ 2. Szyklp P ||FI||2

3. PfAy=PFA, 4 Sy PYPH = QuPiP

Proof. 1. PUA; = PU{v, Ayj)v = 7 Py = |:Elll v
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9. SijklPUPkl — <AijPZJ;AklPkl> — <|||‘];__11|H v, ‘|‘|§[‘HH 1/> = |||‘§|‘|‘2

3. To the third item we first need

ViVIH - VIVEH = (V|| H|| - V;Vi| H|)v

O H|  O\H| .  PUH| . O|H|
B <3ﬂ8ﬂ = ok 0 gpigat T par Lt |V =0

so that, using equation (3.8), we have

0=V{ViH-ViVia
=Aij — PFA; + 0FV Ajy — Aji + PP A — 0FV Ay,
= — Pl Ay + Pl Ay

thanks to the Codazzi equation (eq. (1.5)).

4. Finally, using item 3,

Sinji P PH =(Ay P, A PM)
(AIPE Ay PRy = Qg PEPHL

Using these last equations we can prove:

Lemma 3.2.4. Let F': M — (R",(-,-)) be a self-shrinker of the MCF such that the principal

normal is parallel in normal bundle, then

4 - g2 o (IPI? 1PI2 o
(VA VA ) P = <VHH||,v< ) ) r VAR (38)
1] || || ||

Proof. We start calculating

(V4H,VE Ay ) P =VHH| (v, VE Ay ) P = V¥ H| V(0 Ay) PY

. P,; g
=V*|H|V, ( 3 )P”

|H]|
- (kaij - ka{lHPZy) pii
i
1 = 1P| =
=——(V||H||, VIP?) - | V|| ]|
2| H| |H|



3.2. THE COMPACT CASE 49

o 2 N Pl2 4| P2 ﬁ 3 ﬁ
<V!HH,V<” “4>>:<VHH,’V\L I*_ 4PPLAYS] u>
G &l ||
(VIALVIPE)

= = IV 1]
[ H ]| HHII5

and

These two equations imply that

4 oin 5 2 (VIALYIPE) IPI o
= (VL Ay ) PY = A T — a9 ]
1] I I
2 - P|? P|?
-2 (<V||H|,v<”q”4)>+ 4l ”5IIVHHIII2>
I I ||
= LB o
Eil
4 ; 2 - P|? P|?
(VLA P =2 <vuﬂw,v<” q”4>>+ TR CRERT)
1] 1] I il

O

We write some tensors with indices to avoid confusion when there is a sum of two tensors

and it is not clear which term applies to each input of the tensor. We continue calculating

Vil g~ 119 ()|

= T
2
2 P 4 =i [ Pjk .
GHVHHHH 2| P+ — 5 |V = — —=—VilH|V 2= | pik
IIHH | H || | H || | H || | H |
2
2 P
= 6HVHHHH 1P| + — S |Vi (‘1)
IH]| | H || | H ||
2 = V|P|?
- —(V|H|,—= V|| H |12 P>
| H || | H |4 HHH6
2
2 P
SV IANIPIE + —— [V ()
||H|| | H || | H |
2 = | P2 |P||2
—ﬂ<V|H|,V< = | A=V
| Hl | H || IH]|
2 e\ P 2 1P|
= 2w () 2 A - 2 () v (D
| H || | H || | H || 1H]| | H ||
2
L 2 P
and x = 175 |V <HﬁH>H
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IVIE? — =
5] IIHH6 1]

_ 2 || ViPu VillH| Py
1H|2 || | H]| EiE
2 — 2

2 Vi Pjk VillH || Pk 4

:Hﬁ”Q ' = lHﬁH2j B HHH5 <V Py, V; HHH >
LIVPIE L IPIP o 2 /v|P|? _,
GO A T-TANT- TR
LIVPIE L IPIP o 2 1212\ |, PIPVIE]

- NVIE]? = S (V2 | 4 =L V||

@ || 15| 15|
N7 N 2 <

. P|?
VIH|,V <”J4>>
1H]]

2

P\ _ VPP PP o

|V ( )H s VI (320)
1] [ A

4 Sk
—ﬁ<VHHH,V< ).
1] ||

Lemma 3.2.5. Let F : M x [0,T) — (R",(-,-)) be a self-shrinker of the MCF such that
|H||2 # 0 for all z € M and the principal normal is parallel in the normal bundle. Then

P2 2 _ P S P;
A (H *H4> o VillH||—=+ Ik — | H||V; (yﬁ)
| H]| | Hl IH|| | H|

Proof. We begin using equations (3.9) and (3.13) to calculate

With this we get the equation:

2
1|

IIHH

2

(3.21)

APy =V*Vi(H, Ayj) = VF(VicH, Aij) + (H, Vi Ay))
(VR VL Ay + 2(VEH VYA + (H, VRV A)
—(H — PM Ay + 0FVEH, Ay) + 2(ViEH, VE A
+(H, Aij — QF Ay — Q¥ Ay + 0"V Ay, + (Sijt — Rinjo) AM)
=P — PESyy; + (0FVEH, Aij) + 2(VEH VT Ay)
+ Py — Q¥ Py — Q¥ P + (Sikjt — Rinjt) P + (H, 05 V- Ayj)
—2P,; — P Sy + 2(ViEH, V* Aiy) — QE Py — Q5 Py
+ (Sikjt — —Sijrr + Sang) P™ + 0F Vi Py
=2P;; + 2(VTH, V*Aij) — Q¥ Py — Qk Py
+2(Sikjt — Sijr) PH + (FT,VPy),
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o1

where we used the GauB equation (eq. (1.8)) and, as in previous calculations, 0¥V P;; =

(FT,VPy).

From this follows that
A||P||* =A(P;PY) = 2AP;;PY + 2(VP,VP)
=4||P|]* + 4V H, V" Ayj) PY + 4(Sinjt — Sijia) PH P
—4QF Py PY 4+ 2(FT VPP +2|VP|?

R . P4
2| VPP + (FT, V| P|?) + 4(VEH, V- Ayy) P - 4”ﬁ"2 4P|,
where we used Lemma 3.2.3 in the last step.
On the other side
P|? 4 P|? . 1P P2V, ||H
A <|| ﬁ||4> vy, <|| ﬁ||4> _ v (v IPIE _  IPIil H)
i 1| [ Ed
_AIPP VAPIPYVAIA] IPIPAIA] L IPIPVAIA VA
||| EiE EiE |H |15
_OIPI _ ViIA] (viHPP P12V an)
R BRI R
1P| - ” PPNV A2
2 (20 E|IH| + 20 H|)I?) - 8-
i i

which implies that

P>\ _A|P|? - P|?
A (r q||4) L <qu||,v <|| ﬁ|4>>
|H) E ] 1]

e A2 - P2 IV
IH]° 1H ]

Using the equations for A[|P||? and A||H|2 (eq. (3.10)) we get, for f:= A <H}f”2>,

]

2|VP|? + (KT, VI|IP|?) + 4V H, VI Ay P IPIPIV A2

f=

ik i
8 " P|J? P|? " "
- <er|r,v (” J'4>> oV vt e+ (p7, v )
Kl || I
_ <FT o <||p||2> > L 2AVPIP 4 AVEH, VA PY
R R

8 - P|? P|?
- <er|r,v (” jl4>> 12125y 1 2,
] ] I

(3.22)
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then we apply equations (3.20) and (3.19)

h <||||§|\||z> ) <FT’V <‘\|§|r’;>> : uéu <V”ﬁ”’v <r|r’§||||i>>

2
2 . P . P;
= VzHH”%k_ [H|[Vi (1) )
IH]| 1| IH]|
where we used that V-H = V| H|v. O

In order to get some more specific (besides the equations that we already calculated)
geometric information on the self-shrinkers of the mean curvature flow we need a further
assumption: that M is closed, to effectively use the maximum principle. So, until the end of

this chapter, let M be closed.

Proposition 3.2.6. Let M be a closed smooth manifold and F : M — (R™,(-,-)) be a smooth

immersion, which is a spacelike self-shrinker of the mean curvature flow, i.e. F satisfies
H=-F+

Besides, assume that the mean curvature vector H satisfies |H||> # 0 and the principal

normal v satisfies Vv = 0. Then

2

I . P
VilH| & — [ H||V; (i) =0. (3.23)
I1H]] I1H]]
Proof. First we note that although the function ||H|| is complex, the 3-tensor V;| H H% —

|H||V; (HPT?H) has only real coefficients, because ||H|| is either pure real or pure imaginary

and ||H|| is in the numerators and denominators of the expression®. This implies that

— P — P
Hvinﬂwi’“ —|H|V; ()
15| 15|

We first use the maximum principle on the function

2

[0

L to show that this function is

constant.

From Lemma 3.2.5, we can write

P|? 2 - P|?
A(”~”4> S<FT_ 2 VHHH’V<HJ4>>_
14| | 2] 14|

2
. . i . .
maximum is assumed is an interior point of some chart because M has no boundary. In this

The function u := has a maximum in M because M is closed. The point where the

v, H|?
Al H| Pj, — Vi Pjy.

Sthis could also be seen rewriting the expression as WiE
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chart we write

0*u ii 2 = ou
— [ ¢TF + (F, B) ¢* — =V, ||H||¢* | = < 0.

The strong elliptic maximum principle (Prop. 6.1.1) implies that u is constant in this coor-

dinate neighborhood, and, from M being path connected, this can be extended to all charts,

so that the coordinate independent function u satisfies:

1P|

—— =k € R with k >0,
| H|

then V (”127”2) =0and A <||||§||||Z) = 0. Then theorem 3.2.5 implies that

4 Py,
o 2y, (2
IIHH I1H]]

2

We now rewrite the equality that we just proved in another way.
First, we see that eq. (3.23) implies

]k

Fi 0 3.24
|| 1| v <IIHII> ’ (324

as a tensor, because this is a pure covariant tensor over M and M is spacelike.

Second, using the Codazzi equation (eq. (1.3.1)) and V+v = 0, we calculate

P;
v( 3’“) =Vi(v, Aj) = (v, Vi Ajp)

IH|
P,
=(v, V+Ap) = Vi{v, Ag) = V; ( ok ) .

IH]|

Third, using equation (3.24), we write

- P P‘k
(v 1A ijHM) + ( — ||V ( ))
HHH 14| HHH 14|

= Pi = Pk
= ( zHHH VjHH\ﬁ> + ( j =
HHH | H |l | H |

= Pi
( ZHHH - VjlH| =~ >7
HHH | H |l

" P;
— AV, ( J“ >>
1|
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which implies

2 2
. P L P; L P; . P
O—HWHHH - —HHHW< i’“) —HWHH\i—VjHHHi
[l [ [Eil [
Now, expanding this norm we find
Lo IPI2 V|| H L
v VA g P <o
12 A
IV I NP — |Vl H I BI? =0. (3.25)

We are going to use this equation to show that the immersion F' is hyperquadric, i. e.
IF|?=q€eR
What remains to prove of Theorem 3.0.10 Let M be a closed smooth manifold and
F: M — (R" (-,-)) be an immersion, which is a spacelike self-shrinker of the mean curvature
flow, i.e. F satisfies,

H=-F*
Besides, assume that the mean curvature vector H satisfies |H||> # 0 and the principal

normal v satisfies Vv = 0. If m := dim(M) # 1, then
|F(z)||> =mVYz € M.

Proof. We now calculate at a point p € M fixed. As the 2-tensor P is symmetric, it is also
diagonalizable and has only real eigenvalues Aq,..., \,,. Let Vi,...,V,, be an orthonormal
basis of eigenvectors associated with Ay, ..., Am. Then we write V| H|| = >aiVi, a; € Cso
that by equation (3.25)

0= PIPIVIAIIZ ~ IP(VIEDI =Y NAVIHNI? - af), (3.26)

but A? > 0 because \; € R, beyond this ||ﬁ || is pure real or pure imaginary everywhere and

all the ay’s have to agree with || H|| about being real or imaginary, which implies that

11112 2 2
IVIAI? —af =) a3
J#

is nonnegative for all i € {1,...,m} if | H| is real and nonpositive for all i € {1,...,m} if

|H|| is imaginary. This implies, with eq. (3.26), that
NAVIHN? = af) =0 Vi e {1,...,m}.

As tr(P) = PijgV = |H |2 # 0, it follows that P # 0 and there is at least a j € {1,...,n}
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such that \; # 0 and the last equation implies that
0=[VIHI> —af = af—af = af = a; =0Vi#},
i i#]

because the a;’s are all real or all imaginary. From this follows that |V||H||||2 = a? and
VA = a;V;. )

Now let us assume, by contradiction, that there is an « € M such that V| H|| # 0 at this
point.

Then o; # 0 and for all ¢ # j

0=X(IVIH]I? - af) = XfaF = X\ =0,

so that P;; has only one nonzero eigenvalue and the associated eigenvector is VIH|/IVIH]]-

At this point we have

PP
IPI? = = (P = 1A = =1,

P2 _
I

but we have already shown that this quotient is constant, so that the equation
holds not only at this point but everywhere in M.
Then, using ||P||? = ||H||*, with equation (3.10) we calculate

2VIH N + 21 HIAINH] =A1HI? = 2| H|* = 2| P||* + 2|V H]|? + (F+, V|| H]?)
2| || ANH| =2 H|* = 2 H|* + 2| H|[(FT, V| H])

and it follows
AlH|| = |H| - |H|?+ (FT, V| H|). (3.27)

We integrate both sides of this equation. First integrate the terms of it separately taking
advantage of the fact that M is closed:

/ AJH| =0,
M

7, using that Au =div o grad u, and

because of the Divergence Theorem
/M<FT,V||ﬁH> - /M<F,ﬂ>glkvkuﬁu . /M Vi(F, F) g™ |
_ / (Fr, g ||| + (F, A)g™* | H|

M
- / \H| + / VAP,
M M

such that

0= / AH| = / V|~ [H]? + (FL V) = (1 m) / |,
M M M

[y div(X) = [,,(X,7) with 7 the exterior normal vector on OM.
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which is impossible for m # 1.

From this contradiction we know that V|| H| = 0 everywhere in M and it follows that
V1L H = V||H||v = 0 and, more importantly, that the norm of H is constant.

On the other hand

A||F|? = 2(F;, F) g + 2(AF, F) = 29,9 + 2(H, F) = 2m — 2||H|)?.

If the constant 2m — 2||H|? is other than zero (for example > 0) it would lead to a
contradiction with the second derivative’s test (at a local maximum of ||F||? holds A||F||? <
0), so that A||F|? = 0 everywhere in M.

Again using the maximum principle (Prop. 6.1.1), we find that ||F||* is constant. We
can calculate this norm in that we see 6§ = d||F||> = V|| F||?> = 0, which implies that F €
[(TM%1), so that H = —F and replacing ||F||2 = ||H|2 and A||F||?2 < 0 in eq. (3.2) we get
1H|* = m. O

Note that the condition dim(M) # 1 is optimal, because the result does not hold for the
curve shortening flow®, because the Abresch & Langer curves are not contained in a circle.
The following picture is an example of a closed geodesic (an ellipse) in the 1-leaf hyper-

boloid in R13. It is a minimal submanifold of H?(1) and thus a spacelike self-shrinker of the

MCEF.

Figure 3.2: A Compact Self-Shrinker of the MCF

8The MCF for plane curves.



Chapter 4

The Non-Compact Case

We now consider non-compact self-shrinkers. The maximum principle that we used in the
compact case cannot be used here. A tool in this case is to integrate over the whole mani-
fold with respect to some function (a backwards heat kernel) and use partial integration to
get geometric information from the equations. For that we are considering that F'(M) is

unbounded, so that M itself is noncompact. By unbounded we mean:

Definition 4.0.7. Let us consider in R™ the usual topology, i. e. the topology of the
euclidean open balls. A set B C R™ is unbounded if there is no compact set C, with B C C.

Remark 4.0.8. If F(M) is unbounded, then, in particular, it is not contained in any eu-
clidean sphere and thence ||F||2 is also unbounded, i. e. for every k € R there is a € M
with || F||2(x) > k.

In the pseudo-euclidean case there are minimal submanifolds of the hyperquadrics (hy-
perboloids), which are noncompact and are homotheties of the mean curvature flow with
principal normal parallel in the normal bundle. But all of these hyperquadrics are asymp-
totic to the light cone and, in particular, have the norm || F||?> bounded (constant). But these
hyperquadrics do not satisfy the contitions that we need to integrate, so they do not appear
in our results.

In the compact case (chapter 3) we proved that |[H||? < m implies that F is not a
self-shrinker of the MCF; in the non-compact case a similar result holds if M is stochastic

complete! and sup,, ||F||? < +oc.

Theorem 4.0.9. The mean curvature vector of a stochastic complete, spacelike, self-shrinker
of the mean curvature flow F : M — (R™, (-,-)) cannot satisfy, for all p € M,

|H|? < m —e,

1See definition 6.1.2 in the section Maximum principles in appendix.

o7
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for some € > 0 if supy; || F||? < +oo.

Proof. If there is an € > 0 such that |H||2 < m — ¢ for all # € M, then
A||F|? = 297 (F;, Fj) + 2(AF, F) = 2m — 2||H||> > 2e,

but using the weak Omori-Yau maximum principle (Prop. 6.1.3, item 4) there is a sequence

{zx} of points in M with the property

A (zr) <

T =

which contradicts A||F|?(z) > 2¢ for all x € M. O

Remark 4.0.10. In particular, there are no stochastic complete, spacelike self-shrinkers of

the mean curvature flow with sup,; [|[F||? < +oo and ||H||? < 0.

Let us take a closer look to the pseudo-euclidean case.

Definition 4.0.11. Let (R™, (-,-)) be an inner product space and {ej, ..., e, } an orthonormal
basis such that (eq,eq) = —1 for o € {1,...,q} and (eq, €q) = 1 for a € {¢+1,...,n}, which
we denote R%™. For a vector X € R?™ we define his negative (X_) and positive (X)

projections as
q

X_=-— Z(X, €a)ea

a=1

and
n

Xy = Z (X, eq)eq-

a=g+1
Remark 4.0.12. One sees immediately that || X2 = [| X4 [|* — || X_||? and || X|* = || X+]|* +
el
Remark 4.0.13. It also holds that X = X, + X_ and || X||?> = 0 exactly when || X|? =
—[|X_||?. So that X € (R",(-,-)), X # 0, is in the light cone if, and only if,

e
X2

These projections can be extend for tensors. Let A € N(F*TR?" @ T"M ® ... @ T*M ®
TM @ ...@TM). Identifying FyTR?" with R?", for p € M, considering {e1,...,en} an
orthonormal basis as in the last definition to Tp(,)R?™ and taking the inner product just in
the component of the tensor that lies in F*TR%™, i. e.

q

A_=— Z(A,ea) ® eq

and
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Remark 4.0.14. Note that R?" is the direct sum of two vector subspaces
Vi={X e R¥"|X = (X!,...,X90,...,0)}

and
‘/2 = {X & R(Ln’X - (07 . 707Xq+17’ "’Xn)}’

which are orthogonal.
In V5 the inner product induced by (-, -) is positive definite and one can use the Cauchy-
Schwarz inequality, for V,W € V,

(VW)L < VWL

but in V; the inner product induced by (-, -) is negative definite and one can use the Cauchy-
Schwarz inequality for —(-,-), so that V. W € V;

| = (VW) < VEIVIDVTWR).

Let us now see more precisely how the hyperquadrics are asymptotic to the light-cone.

Let X € H" 1(c), ¢ # 0, with || X||2 = k, then:
I X4 |]* — | X_|1* =k
X[ + [ X |* =c
and it follows
FroX P=e X Pok=
so that

c—k
2 M

c+k

X_||? =
X 5

IX4 1% =
and, if | X 4|2 # 0 (this is the case if k > —c),

X ke
X412 ke

But the hyperquadrics are unbounded, this means that for every ¢ > 0 one can choose k. € R
large enough, so that
X%

l—e<—FT—-5<1+e¢
| X412

for all X € H"1(c) with || X2 > k..
We consider the case, somewhat opposed to the hyperquadrics above considered, where

F(M) goes away from the light cone. More precisely:
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Definition 4.0.15. Let M be a smooth manifold and F': M — R?%™ be an immersion with
F(M) unbounded. We say that F' (or F'(M)) is mainly positive if there is an € > 0 and
k € R, such that Vx € M

1 ()|
1F ()]

And we say that F' (or F(M)) is mainly negative if there is an € > 0 and k € R, such that
Ve e M

|F(2)|2 >k = —1———><1—¢

|I1F ()1

Figure 4.1: Mainly Positive Case

This means that there is an (Euclidean) angle § with tan (% — 0) < 1 — € between F(x)
and the light cone for any x € M such that F(x) lies outside some big euclidean sphere (or
tan (% — 0) > 1 + € in the mainly negative case), as in figure 4.1.

I

Now we consider the behavior of ||F'(x)||* for x in M outside these big Euclidean spheres.

Lemma 4.0.16. If F(M) is mainly positive and unbounded, then ||F||> > §|F(z)||2 and
| F||? is unbounded.

Proof. If F(M) is mainly positive it holds, for z € M such that |[F(z)||2 > k, with k and €
as in def. 4.0.15:

HFHQ(HC)Z 1F (@)~ |17 + 1F ()41 > el F(2)+ ]
(I1F @)+ 1* = I1F ()-11%) = *HF( )z,

l\')\m

because ||F(z)4||* > —||F(z)—|?. This means that |F||* > $|F(z)||%, but F(M) unbounded,
so that || F'||? is unbounded. O

Lemma 4.0.17. If F(M) is mainly negative and unbounded, then —||F||* > §||F(z)||Z and
| F||? is unbounded.

Proof. If F(M) is mainly negative it holds, for x € M such that ||[F(x)||3 > k, with k and €
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as in def. 4.0.15,
—|IFII? = =||F(2)-|I* = | F(2)+]* > —e| F(a)-|
€ €
> — S (IF @) = 1F @) ) = SIF@IE,

because ||F(z)4||*> < —|F(z)-||*>. This means that —||F|? > $||F(z)||#, but F(M) un-
bounded, so that || F||? is unbounded. O

Remark 4.0.18. If F is a spacelike self-shrinker such that F(M) is mainly negative and
unbounded then for x € M such that ||F(z)||2 > k, with k as in def. 4.0.15, it holds that

0> [F(@)|® = [[F-@) >+ |F ()| > ||1H ()|,
but if M is stochastic complete, then Theorem 4.0.9 implies that F' cannot be a self-shrinker

of the MCF with || H||2(p) # 0 for all p € M.

Definition 4.0.19. Let M be a smooth manifold and f, g : M — C be continuous functions.
We say that f grows polynomially with respect to ¢ if there is some polynomial P : R — R
such that

[ ()] < B(lg(x)]) VzeN,

where | - | is the norm of the complex number, |a| = v/aa.

In order to integrate we will still need to assume that the immersion F' is “nice”:

Definition 4.0.20. Let F' : M — R%" be a spacelike isometric immersion. We say that F

has bounded geometry if:

1. There are c,dy € R for every k € NU {0} such that?.

[(V)*AL]? < e,
—[(V)*A_||? < dy.

2. The function ”11;(” grows polynomially with respect to || F||2.

3. The growth of volume of geodesic balls and their boundaries is polynomial with respect
to the radius. This means that there are polynomials 3,2 : R — R such that, for any
p€ M and R > 0.

vol(By(R)) < P(R) vol(0By(R)) < Q(R),

where Bj,(R) is the geodesic ball of radius R and center p and 0B,(R) its boundary.
The volume vol(0B,(R)) of the boundary of the geodesic ball is the m — 1 dimensional

volume.

2In [Smo05] polynomial growth (with respect to | F||?) of ||(V)*A||? is enough to guarantee integrability
and some bounded growth on ||A||?> over some integral curves, but in our case the polynomial growth would
guarantee the integrability but not the bounded growth on ||A||2 over some integral curves that are needed
below.
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4. F is inverse Lipschitz with respect to the euclidean norm in R™. This means, by
definition, that there are constants k1, ko > 0 such that

1F(x) = F(y)llz = kid(z,y) — k2 Va,y € M,

where d(z,y) is the distance induced by the metric g on M.

Remark 4.0.21. There is the constant ko added in the Inverse Lipschitz condition in order
to allow self-intersections on F'(M), but the distance between two points that self-intersect

must be globally smaller or equal than ks /k;.

To integrate we need some control on geodesic balls of M, which we get in the following

Propositions.

Lemma 4.0.22. Let F : M — R%™ be an inverse Lipschitz immersion with respect to
the euclidean norm in R™, Qr := {X € F(M) C R?" : || X||g < R} and p € M be a
fized point such that F(p) € Qr. Then there is an (open) geodesic ball Br/(p) of radius
R’ = (2R + ko)/k1, where ki, ko are the constants in the inverse Lipschitz condition, and
center p such that F~Y(Qgr) C Br/(p).

Proof. For any X € Q let x € F~1(X), then
2R = |[F(p)le + [|F(2)lle = |[F(p) — F(z)|e = kid(p, x) — k2,
which means that = € Br/(p). O
Corollary 4.0.23. Let Q, R, p € F~1(Q) and R’ be as in the last Lemma and y € M. Then
dip,y) >R = y¢Q,

this means | F(y)||g > R.

We continue by proving results for mainly positive immersions (the mainly negative ones
will be discarded further below).
Remark 4.0.24. From Lemma 4.0.16: ||F(z)|3 < 2| F(z)|*.

In the next Lemma we get a polynomial control of the radius of big geodesic balls in terms
of || F]|?.

Lemma 4.0.25. Let F : M — R%™ be a mainly positive, inverse Lipschitz immersion and
p € M. Then there is R > 0 € R and k3, ks € R such that © ¢ By(R) implies d(p,z) <
k|| F (@) || + ka.

Proof. Let (1 >)e > 0 and k be such as in the definition of mainly positive (def. 4.0.15). Now
we consider ;= {X € F(M)|| X||g < k} and let R be big enough so that F~1(Q2) C B,(R)



63

(by Lemma 4.0.22 assuming, without loss of generality, that p € F~1(Q)). Let x € M, be
such that « ¢ B,(R), then ||F'(z)||g > k and, by Rem. 4.0.24, it holds

IF@)I < 21 F )P,

But F: M — R%" is inverse Lipschitz, so that there are k1, ko > 0 with
2
kid(p,z) — ko <[|F(p) — F(2)[[e < [[F®)[e + [ F(@)|e < [|F(p)|e + \[IIF@)

which completes the proof taking ks = %\/g and ks = (||F(p)||g + k2)/k1. O

Remark 4.0.26. From Lemma 4.0.25 it follows that the distance to a fixed point p € M
grows polynomially with respect to ||F||? and thence the radius of a big ball has to be smaller

than some polynomial of the infimum of || F||? on the boundary of this ball.

Now let us continue considering the growth of some other functions in M with respect to
[Pl
Let p € M be a point and {Vi,...,V,,} be an orthonormal basis of T, and extend it

locally so that VV;(p) =0 for alli =1,...,m, then

Zﬁn KA (Vi V) |2<Z¢i|| JeAL) (Vi V)P = \J2(V)F A

But H is the trace of A, so that

(V)b H | !2 = J
m
=1

2
FIAL(Vi, Vi)

iu AL (Vi, Vi)||? < /£(V)RAL]2,

which implies:

—IVPH-|I? < =[(V)FA-|* < g, (4.1)
IOV Ho|? < (V)AL < dy (4.2)

everywhere in M.

Then the bounded geometry assumption excludes the mainly negative case for space-
like self-shrinkers, because —dy < ||H||? < ¢o and, in this case, |F||? has no lower bound (by
Lemma 4.0.17 ), but ||F||> = [|[F"|> + |F*||? and |F"||> > 0, which implies that ||F*|? is

not bounded below. This contradicts ||FL||> = ||[H|2. We then proved:
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Theorem 4.0.27. There are no unbounded mainly negative spacelike self-shrinkers of the

mean curvature flow with bounded geometry.

Although it is necessary that ||F||> — 400 note that ||H||? could, so far, still be negative.
Remark 4.0.28. As a remark to the notation we always take the positive (or negative)
projection last. This means, for example, that Fi = (F1),.

Until now, we have calculated inequalities for the positive and negative projections of

some tensors, but we also need inequalities for whole tensors.

Lemma 4.0.29. For any X,Y € R?" it holds

(XY < XY+ V(S IX P VY ]R)
Proof.

(XY =[{X54 Vi) + (X Yo | < (X, Vi) + | = (X, Y0
<IX Y+ VS IX- )V (Y1)

This implies:

Lemma 4.0.30. I[f A, BeT'(F'TR?"®TM ®@... TMQT*M ® ... T*M) are such that
WAL, A, | Byl, |B=|| grow polynomially with respect to || F||?, then so does |(A, B)|.

Proof. Let p € M be a point and {e,...,en} be an orthonormal basis to T, M, beyond this
let

Agi:’f}i))eﬂ ®...Q¢€j = Alei,...,e;)
and

BUbile. o @ ej, = B(eiy,...,€,)

(815e-ig) J1

so that A(th,jz) Bl € F*TR%"(p) and
1

( 7'“7ik)’ (217“'77;16)

_ (J1edt) (i)
A, B) [ =] Z | <A(i11,...,i;i>’B(illv...,z‘;i)>
U1y J1 5o
(J15-001)  R(J1sedt)
Z ‘<A(i1,~~~:ik)’B(i17~--,ik)>‘

UL yeee ks 15001

IA

and the conclusion follows immediately with Lemma 4.0.29. O

Remark 4.0.31. At any point p € M,
IFI? = 12+ [1FT)1% (4.3)

so that, from ||| H||?| < ¢o+do, it holds that ||F T ||> grows polynomially with respect to ||F]|2.
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Lemma 4.0.32. Let F': M — R%™ be a spacelike, mainly positive, immersion with bounded
geometry and f : M — R be some kind of polynomial (of inner products) of H, A, their
covariant derivatives, F, F' and the function —=, then f has polynomial growth with respect

) (1|
to || F||*.

Proof. As M has a positive definite metric, one can use the Cauchy-Schwarz inequality for
FT and tensors on TM and T*M and equation (4.3) grants the desired growth for F'T.
Beyond this, the Lemma follows from the bounded geometry on ||(V)¥A||, |(V)*H|| and H;TII
together with Lemmas 4.0.29 and 4.0.30.

We will integrate over the whole manifold with respect to the following heat kernel:

o) = exp <_H1;!2> .

Lemma 4.0.33. Let F: M — R%™ be a spacelike, mainly positive, immersion with bounded

p: M — R defined as

geometry and F(M) unbounded, beyond this let f : M — R be some polynomial (of inner

products) of ﬁ, A, their covariant derivatives, F, F1 and the function —=—. Then

IH|l

’/ fpdu’ < 00;
M

beyond this, one can use partial integration

| oV @i = [ (Vp. V(@)
M M

Proof. By Lemma 4.0.32 f has polynomial growth with respect to ||F||2. Otherwise let
R € R be big enough so that the mainly positive condition is satisfied (for some € > 0) for all
x € M with |F(z)||g > R and let p € M be a fixed point with ||F(p)||g < R. Then choose
R! = (2V/R+i+k2)/k1 as in Lemma 4.0.22, where ki, ko are the inverse Lipschitz constants,
so that ||F(z)||g > VR +1, for all € By(R.) and for all i = 1,2,... Beyond this, for any
N e N,

oy

i=1

< pf(x)du

/ pf(z)dp / pf(z)du /
Bp(RYy) Bp(Ryp) Bp(Ry)\Bp(R;_;)

Because of the polynomial growth of f (Lemma 4.0.32) and vol(B,(R)) (definition 4.0.20)
with respect to ||F(z)||? and Rem. 4.0.26, it is possible to make R big enough so that, for
every © € (By(R!) \ Bp(R]_,)) and for all € N, it holds that

T 2
BRI\ B(F). s pfa) < PIF@P e (<EFE) )
Bp(R)\Bp(R;_,)

for some polynomial P : R — R. But, because of the exponential decay of exp <2|F(2x)”2) , the

right side of this inequality is smaller than any inverse polynomial in ||F'(x)||?, in particular
smaller than || F(x)| 2 whenever ||F(z)||? > Q, for some Q € R. On the other hand, because
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of Cor. 4.0.23 and Rem. 4.0.24, for any = € (B,(R}) \ Bp(R;_;)), it holds that
17 (@)|I* >

IF ()l > 5(R+i—1)

DN

for every x € By(R;) \ Bp(R;_,) so that if R is big enough so that §R > @, the right side of

eq. (4.4) is smaller than m, for some C' € R. This implies, for any N € N,

<

[ et
Bp(RYy)

N C
+;(R+i1)2

> C
__~  __eR
+;(R+i—1)2 <

| e
Bp(Ry)

/ pf(x)dp
By(Ry)

Then the bounded convergence Theorem of Lebesgue implies that the sequence f(z)x By(R)s

<

with xp,(r;) the characteristic function of the ball By(R!), converges to an integrable func-
tion, which is f.

Using the divergence Theorem with 7 as the outher normal to 0B, (R) it holds that

/B (T ) = /8 .

P

pVaf@dn— [ (Tp.Vf(a))dn
) Bp(R)

but
/ PV f(x)dp — 0
OB, (R)

when R — oo through an argument analogous to the first part of this Lemma because
vol(0Bp(R)) is growing much slower than pV, f(x) is going to zero. Thence the claim on

partial integration holds. O

By this, all integrals in the next Lemma are finite.

Lemma 4.0.34. Let F : M — R?" be a spacelike, mainly positive, self-shrinker of the mean
curvature flow with bounded geometry such that F(M) is unbounded. Beyond this, let F
satisfy ||H|? # 0 and Vv = 0. Then

L P - P
Vil H == = 1H[IV: <”>=0

1H]] 1H]]

2

Proof. From equation (3.2.5) we have
P|? P|? P> 2 = Pk - Pji
[ ol q”QA(” ~”4>du=/ VL _2_No i 2 - g (2
M || H] 1H]] M [H|*H] IH]] 1]

P|? P|?
A L <FT7V (n qu4>>
1] 1]
P2 2 - P|?
I H||2iq <VHH,,V <|| q||4>>d%
R ]
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but, using partial integration®, we have the following

P|? P|? P|? P|?
o (H qu4> - <vpu I ¢ (H ﬁr4)>
TN w\ AR\
HP||2> 712 o (1217 1P [ oz (1212
+p V( =— | H[I", V| = +p = (VIHI V| = dp
< 1) R || )
P|? P2 . P2
M gL <FT,v <H qr\4>>+p,H (H !!4)“
v ] 1] IH]
P|* 2 = P
I 2 <V”HH’V<H qu4>>dﬂ
|| 1] 14

2
so that, equating the two equations for fM ,0‘H I* A (&) du,

|H |2 R
2
P|? P|?
/ pH I - Hﬂll
| H |6 | H |4

IIHII Iy (I!];I])

but ||H|[2 # 0, so that ||H|? has the same sign everywhere and so have the summands

2
+pl H?

VillH |

dp = 0. (4.5)

inside the integral. This implies in particular, using ||P||* # 0 (because P = 0 would imply

IH] = 0), that
. P
Vil |, (1>
B Ed

ik Pjy,
Vil H| ] — | H||V ( . ) =
IH|| IH||

And we follow exactly as in the compact case.

2

and, as M is spacelike,

Lemma 4.0.35. Let M be a smooth manifold and F' : M — R%™ be mainly positive, spacelike,
self-shrinker of the mean curvature flow with bounded geometry such that F(M) is unbounded,
beyond that let F satisfy the conditions: HﬁHQ(p) £ 0 for all p € M and the principal normal
is parallel in the normal bundle (V+v =0). Then one of the two holds

1. V||H|| = 0 everywhere on M
. ||§HEH|| is the only eigenvector associated with a nonzero eigenvalue of P.

Proof. First, from Lemma 4.0.34

ik Pjy,
= Vi|H| Bk |H||V <1> = 0. (4.6)
I H ||

#0ne could use V' ( IPI® 7. ( B4

[
in the form of Lemma 4.0.33.

? )) =V (le”z) Vi ( Bl ) + P12 A (”13”2) to put the first expression

Il H 15112 Il H]4 I1H ]
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Second, using the Codazzi equation (eq. (1.3.1)) and V+v = 0, we calculate

P
Vi <H;7\> =Viv, Aji) = (v, Vi- Aji)

P,
:<V, Vj‘Azk> = Vj<l/, Azk> = Vj (HI;H) .

Third, using equation (3.24), we write

Pk = sz = P@k Pk
(V | HI||—L- vj||HH~> + (VJHHH — || H||V ( . ))
| H|| | Hl | H|| | H||
= P = P = P Py,
= (Vz’HHHi - vj||HH~> + (VJHHH — || H||V ( = ))
| H| | H| | H|| | H|

— P — P
— (viani’“ - Vj||H\|ik> ,
|H]| IH]|

which implies

2 2
Pjy, - P B
= H 1||H|| — | H|v ( ) = ||Vz'||H|i — VjllH[—=-
HHII [Ezd] [H || IH ||
Now, expanding this norm we find that
S22 Vi IIHH i & i
IVIHIN? = 5 PV | H | P* =0,
1= H|
IVIEIPIPI* = | PV H])I* =0. (4.7)

We now calculate at a point p € M fixed. As the 2-tensor P is symmetric, it is also
diagonalizable and has only real eigenvalues A1,..., \p,. Let Vi,...,V,, be an orthonormal
basis of eigenvectors associated with A1,...,Am. Then we write V| H| = >iaiVi, a5 € C,
so that by equation (4.7)

0= |IPIPIVIEI® — IP(VIH])? = ZAQ (IVILE? = af), (4.8)

but A? > 0 because \; € R, beyond this | H || is pure real or pure imaginary everywhere and

all the a;’s have to agree with ||H|| about being real or imaginary, which implies that

IVIEI? —af =" aF

JF

is nonnegative for all i € {1,...,m} if | H| is real and nonpositive for all i € {1,...,m} if

|H|| is imaginary. This implies, with eq. (4.8), that

A AVIAN? —af) =0 Vie{1,...,m}.
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As tr(P) = PijgV = |H||? # 0, it follows that P # 0 and there is at least a j € {1,...,n}
such that \; # 0 and the last equation implies that

0=|VIH|I?—af =) af-af=> of = a;=0Vi#j
i i

From this, it follows that | V|| H||||2 = ajz and V| H| = o, Vj.
If there is an 2 € M such that V|| H||(z) # 0, then a; # 0 and for all ¢ # j

0=\ (IVIIH|* - af) = Ao = X =0,

so that P;; has only one nonzero eigenvalue and the associated eigenvector is VAV H]|-
0

The rest of the proof in the compact case cannot be extended to the noncompact case, so

that we are forced to consider two different possibilities:

1. V|| H|| = 0 everywhere on M

2. There is a point p € M with V| H|(p) # 0, at which H;I:g”\\ is the only eigenvector

associated with a nonzero eigenvalue of P.

We have to treat these two cases separately.

4.1 The First Case

The proof of the following Theorem is relatively extensive, it is internally divided into several
Lemmas for the comfort of the reader.

As a remark to the notation: Throughout the proof of the next Theorem, we identify
vectors, vectorfields and some curves in different manifolds through the immersions among
then several times without explicit mention in order to avoid the notation becoming too
heavy.

Theorem 4.1.1. Let M be a smooth manifold and F : M — R?™ be a mainly positive,
spacelike, shrinking self-similar solution of the mean curvature flow with bounded geometry
such that F(M) is unbounded. Beyond that, let F satisfy the conditions: |H||2(p) # 0, Vp €
M, and the principal normal is parallel in the normal bundle (V+v =0). If V|| H]|/(p) = 0

for allp e M, then
F(M)=H, xR™™", (4.9)

where H, is an r-dimensional minimal surface of the hyperquadric H" 1 (r) with ||I;T||2 =r>

0 and R™™" is an m — r dimensional spacelike affine space in RT™,



70 CHAPTER 4. THE NON-COMPACT CASE

Proof. First we see that V|| H|| = 0 implies VX H = V|| H|lv = 0 and it follows, from equation
(3.7), that
0'A;; = 0. (4.10)

On the other hand, V||H|| = 0 implies that ||H||? is constant, so that, with Lemma 4.0.34, it
holds VP = 0 and then equation (3.8) implies

(ViViH H) = (A = PF Ay + 0"V Ajy, H)
0= Py — PFPy, (4.11)

so that P = P?; this means P is a projection and the only possible eigenvalues of P are 1
and 0.

First, consider the multiplicity of the eigenvalues of P. Let us write r(p) for the multi-

plicity of the eigenvalue 1 at a point p € M. Because of Vi F;; = 0 we get
Vil PI*(p) = 2V P PY =0,

but ||P||?>(p) = r(p) (because the eigenvalues of P are only 0 or 1.) which implies that r is
constant. So that
IH|? =7 > 0. (4.12)

We consider the eigenspaces associated with these two eigenvalues, they define the distri-
butions EM and FM given at and point p € M by

EM,:={VeT,M:P(V)=V}, FM,:={VeT,M:P(V)=0}, (4.13)

or in local coordinates Pij Vi=VJ (and Pl-j Vi = 0). As the eigenspaces are orthogonal we
have T,M = EM, & FM,. From equation (4.10) we have, for all V' € ,M, that

O(V) =0,V =0;P/Vi=0, (4.14)

which means that EM,, C ker().

Lemma 4.1.2. Under the hypothesis of Theorem 4.1.1 the distributions EM and FM are

involutive®*.

Proof. For e,e9 € I'(EM) and fi, fo € T'(FM), from VP = 0, we get

P(Veleg) :V61P(62) = veleg, (415)
P(V, f2) =V P(f2) = V1,0 =0, (4.16)

ie. Veeg € IN(EM) and Vi, fo € T'(FM). As the Levi-Civita connection is torsion free we

4For involutive see definition 6.2.3.
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have
[61, 62] :Veleg — v6261 S F(EM), (4.17)
[f1. fo] =V fo = Vi, [r € T(FM). (4.18)
So EM and FM are involutive. O

By the Theorem of Frobenius (Theorem 6.2.4), these distributions define two foliations,
such that, at each p € M, there are two leaves £, and F, that intersect orthogonally at p.
We want to understand what they are. The inclusions of these leaves in M, which we denote
by ig, and if,, are immersions (one sees this immediately remembering that the charts on

the leaves are induced by the charts on M) and one can draw the following diagrams:

M—EsRe R"
ie,

M-
T A):gp inT Afp
E F,

P p

In order to understand what the image of the leaves &, and F, in R?™ are, we need
further information on the second fundamental tensor of F'. To understand it better we need

an auxiliary tensor:

Let us define the tensor
(P * A)” = PikAkj,

although this definition is local, it is globally well defined, because contractions of tensors are

tensors. This is a symmetric tensor (by Lemma 3.2.3).

Lemma 4.1.3. Under the hypothesis of Theorem 4.1.1, the following equations hold for the

second fundamental tensor of F':

OFVi Ay =0, (4.19)
Ay = PFAy;. (4.20)

Proof. First, from (3.8) (with VH = 0) and (4.11), we get

0"V (Pl Ay;) =Pl6" V- Ajj = PIP" Ay — PLAj; =
6"V (Pl Ay) =P} Aij — P/ 4 = 0. (4.21)

We claim that to prove (4.20), it is enough to show

1A=]? = [P+ Ax]f*.



72 CHAPTER 4. THE NON-COMPACT CASE
One sees this using eq. (4.11) and calculating

1AL = P AL|® =[|Ag] + [P Ay = 2(Pa(As)j, AY)
=l AL]? + 1P Ax|® — 2(Pa(As)j, PAY)
1AL = Px Ax|® =[|A£ ] — |P* Az,

sothat A= Px A& ||[AL — Px AL|? =0< ||AL]]? = |P x AL|*

Let us then prove that ||AL|? = ||P * AL|>. First of all, we see, using (3.8) (with
V.H =0), (4.11) and 0¥V (P} A;;) = 0, that

Vi ([AL]? — [P Axl?) =2(AY, 0" Vi (As),;) = 2(AY, PF(AL)y,; — (Aw),y)
O V(| A£]® = |Px A<|?) =2(A7, PP} (As)y; — (As);) = —2([ A<l® — [P x Ax[?).
(4.22)

If @ = 0 at some point p € M, then this equation implies ||AL||? = ||[Px AL |?> and A;; = Pl Ay,
at this point. So, without loss of generality, we can consider only the points ¢ € M with
0(q) # 0. Fix one of these and consider the integral curve v : (—a,b) — M of 6 (the vector
field identified with this 1-form through the metric®) with v(0) = ¢, for some a,b > 0. Along

this curve we define the function

F(s) = 11017 (+(s)),

and get
d
%f =V, [0]1? = 0"V |0]* = 206"V,

but, from H= —FJ-,
Vil; = Vi(F, F}) = gij — (H, Aij)

and 0'V,;0; = 0; because of equation (4.10), so that
Ly_of (1.23)
ds® 77 ’
This has a unique solution with f(0) = [|0]|*(q):

16112 ((s)) = lI6]*(g)e** > 0,

in particular ||0?(v(s)) # 0 for all s € (a,b), then these integral curves do not cross any
singular point and the maximal integral curve is defined for all R (a = —o0, b = oc0) and
it is not closed (because of injectivity of €2*). Over this same curve we define functions
fr:R—R,

F(s) = (JALl? = 1P * AL]*)(2(s))

5Tt is often written 6% in the literature, but we write just 6 here, because it is expressed, in local coordinates,
as 0' while the 1-form 0 is expressed 0.
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and, using equation (4.22), get

dfy .
Is =Y(|AL|? = |IP* As|?) = 0"Vi (| Ax|® — | P * Ax]?)

= —2(|A=|® — |1 P * Ax|®) = —2fx.
This has a unique solution with f1(0) = (| AL||2 — || P = A+||?)(q):

(IAL]® = 1P+ A=[*)(v()) = (IA£]* = [IP * A£[*)(q)e ™.

If (|[Ax]|? = ||[P* A+||?)(q) # 0, then (|[A4||? — || P * A+||?)(y(s)) — +o0 as s — —oo and this
contradicts the boundedness of the second fundamental tensor (from the bounded geometry
condition). So, [|A4||> — ||[P * A+||> = 0 and A = P * A. Then equation (4.21) implies
(4.19). O

Let us now examine the leaves of the distribution EM.

Lemma 4.1.4. Under the hypothesis of Theorem 4.1.1 it holds that &, is immersed into
HY(||F||*(p)) through F o ig,. Beyond this, £, is geodesically complete and there is ¢ € M

so that F oig, is a minimal immersion into K"~ (|| F|*(q)).

Proof. First of all, £, is an r-dimensional manifold immersed in M under the natural inclusion
ig, : & — M, then Foig, : £ — R?™ is also immersion and we can consider the second
fundamental tensors of them:

M~ Ran

ig
pT Agp

Ep

Let us drop the index p to make the notation not so heavy. So, Ap.;, and A;. denote the
second fundamental tensors of F o ig and ig respectively. From equation (2.4), identifying
vector fields over &, and in M through dig, it holds that

AFoig =Apr+ dF(AlS) (424)

On the other hand one can write®, for local vector fields ey, e € T'(TE,), the second funda-

mental tensor of the immersion ig as
Aig(e1,e2) = Ve,ea — Vi e, (4.25)

where V' is the Levi-Civita connection of &, (with respect to metric induced by the inclusion)
and we are identifying vectors in T,€ with vectors in T, M through dig,”. But V., e; € T(EM)
by eq. (4.15) and dig(V, ez) € T'(EM) by definition, but A, (e1,e2) € I(TEL), so that
equation (4.25) implies

A, =0, (4.26)

50One can easily see that this agrees with the previous definition of the second fundamental tensor in local
coordinates.
"For more details on this a reference is [dC92].
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which means (by definition) that i¢ is a totally geodesic immersion. This means, in particular,
that the (image through ig of the) geodesics of £, are geodesics of M too, because eq. (4.26)
with eq. (4.25) implies that V = V'.

Let us now show that &, is a complete manifold. This is done in the following Note to

easily cite this same argument in other parts of the work.

Note 4.1.5. Let v : (—a,b) — &,, a,b > 0, be a maximally extended geodesic of &, (the
interval is open because of the definition of a leaf, as a union of plaques), we set § :=ig o~.
Then 0 = V%ﬁ =V 55 implies that ¢ is a geodesic of M. As M is geodesically complete,
6 can be infinitely extended, 4 : R — M. By contradiction let us assume that b < oo
(the case a # oo is analogous). As the tensor P is continuous and P(4(t)) = 4(t) for all
t € (—a,b), it holds that P(5(b)) = 6(b) i. e. §(b) € EM. Now consider the leaf Es(b)-
Let ig(55)) be the immersion of this leaf in M and po € (ig((;(b)))*l(éb), then its differential
digs5(b)) * TpoEsm) — E€Ms ) is bijective. Let V := (dig(5(b)))_15(b) and o : (—c,d) — E5p) be
the geodesic with 79(0) = po and 7p(0) = V. Then &g := ig(5()) © 0 is the geodesic of M with
50(0) = 8(b) and 86o(0) = §(b), so that dy(t) = §(t+b). This means that §(b—e) € ig(56))(Esv))
for all € € (0,¢). This way Es) and &, are the same leaf and this contradicts the maximality
of b < 00. So, a =b = 0o and &, is geodesically complete.

V=viil

From equation (4.14) we get, for any q € £, and all V' € EM;, (), B

0= 0;V7 = (F,F;)V/ = (F,dF(V)),
which means that F(ig(q)) € ch‘,’pL (the normal bundle of the immersion F' oig) and
VIFI? = 2VI(F;, F) = 2(dF(V), F) = 0, (4.27)

so that ||F||? is constant on the leaf £, (but it depends on p), and Foig(&,) is contained in the
hyperquadric H* (|| F||*(p)). As the inclusion of H"1(||F||?(p)) in (R",(-,-)) is a bijective
immersion on its image, it holds that &, is immersed in the hyperquadric H" (|| F||*(p)).

Let us now take a look at a special leaf of the distribution £M. Because of Remark 4.0.24,
we have that ||F||> > £/2||F||3 > k1 outside the euclidean sphere S"~1(2k; /€) but, by Lemma
4.0.22, the inverse image of {X € R?™ : || X||2 < 2k;/E} through F is contained in a geodesic
ball of M. Let k1 > inf.eps ||[F(z)||%, then inf,ep ||[F(z)||* must be assumed by some point
inside the geodesic ball, i. e. there is a point ¢ € M, such that ||F(q)||? = mingeps || F(x)|%.
Let us consider the leaf £&. We choose this “smallest“ leaf to prove that it is a minimal
surface of the hyperquadric. At the end of this Theorem we get that F'(M) is some kind of
cylinder. The figure 4.2 shows the intersection of a cylinder with two spheres, the small circle
in the middle is a minimal surface of the smallest sphere but the two other circles are not a
minimal surfaces of the bigger sphere.

The norm of F' must be constant over this leaf by eq. (4.27), so that all the points of
the leaf minimize the norm of F. But then, 2(dF(X), F) = X||F|> = 0 for any X € T/M,

¢ €ig(&), this means that F(q') is orthogonal to Ty M, i. e.

F(¢') = F(¢) (4.28)
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Figure 4.2: Intersection of a cylinder with spheres

for every ¢’ € &,.

We claim that F oig(&;) is a minimal surface of the hyperquadric H" (|| F||*(q)). First,
the Levi-Civita connection on the hyperquadric is given by the projection (Prym-1) of the
Levi-Civita connection of R%™, which we denote D, into the tangent bundle of the hyper-
quadric. The following holds for the second fundamental tensor Asn—1 of the immersion of
&y in H™ (|| F||*(q)) for any X,Y € T,&,

Apnr(X,Y) = Pr (DxY) = VY = Pr (DxY - VxY)
H— H—

Aanl(Xv Y) :HE£1(AFOi5 (X, Y)) = HEL)El(AF(X? Y)): (4‘29)

where, in the last step, we used eq. (4.24) with A;, =0 (eq. (4.26)).
On the other hand, let us take a vector V & Tq/ML, ¢ € &;, that is orthogonal to ﬁ,

then, using that P 4;; is in the same direction as H (from Lemma 3.2.3), one gets
(P9 A;;, V) =0.

Let us now take an orthonormal basis {e1, ..., ey, fi,..., fm—r} of Ty M such that {ei,... e}
is a basis of EMy and {f1,..., fim—r} is a basis of FMy then

r

tre (A, V) =) (V, Ales, e5))
=1

= ZW, A(P(e;), i) +

m—r
(V,A(P(fi), fi)) = try(V, P A) = 0,

i=1

where we used that P(e;) = e; and P(f;) = 0. This holds for any ¢’ € ig(&;) and means that

tre A = a(z)H for some continuous function a : £, € R. With this, using eq. (4.28), eq. (4.29)

and denoting Hyym—1 the mean curvature vector of the immersion of &, into HL(|| F|12(q)),

we get at ¢’

Hyn1 = legl(trgA) = Hligl(aH) = Hggl(—aFi) = legl(—a(x)F) =0,

because the position vector is orthogonal to the hyperquadric. This means that &, is a minimal
surface of the hyperquadric H"~1(r) because ||F||%(q) = |[H|/%(q) = r by eq. (4.12). O

We will now analyse the leaves of the distribution FM.
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Lemma 4.1.6. Under the hypothesis of Theorem 4.1.1, it holds that F o iz(F,) is an affine
space in RY™ for any p € M. Beyond that, if q¢ € ig(Ep), then F oir(Fy) and Foir(Fy) are

parallel.

Proof. First, we show that they are affine subspaces of R?". Let ¢ € ix(Fp) be an arbitrary
point and f € FM, and X € T,M be vectors, then equation (4.20) (A;; = PFAy;) implies

A(f,X) = X7 ' Ayj = X7 f' P Ay = 0 (4.30)

because FM, is formed by the vectors in the null space of P.
It is clear that the natural inclusion iz, : F, — M is an immersion, so that Foiz, : ) —

R%™ is also an immersion and we can consider the second fundamental tensors of them:

F
M ——>Ra"

iF,
”T A;p

Fp

let us drop the index p to make the notation less heavy. As a result, Apo;, and A;, denote
the second fundamental tensors of F o ir and ix respectively. From equation (2.4), we have
that

Afpoiy = Ap + dF (A ).

Equation (4.30) implies that Apo;, = dF'(A;,). On the other hand, one can write, for vector
fields f1, fo € T'(T'F,), the second fundamental tensor of the immersion ix as

Ai]:(fhf?):vflfQ_ /flf27 (431)

where V' is the Levi-Civita connection of F,, (with respect to the first fundamental form of
Fp) and we are identifying vectors in T),F with vectors in T, M through di #8. From the fact
that Vy, fo € I(FM|;,(£,)) (equation (4.16)) and V' fo € I'(TF,) (by definition) it holds
that

Ai.=0

iF
because A;, € I‘(T}";-). So, Apoir = 0, which means that 7, is totally geodesic and,
analogous to Lemma 4.1.4 for &,, the geodesics of F, are also complete. Writing D for
the L.C. connection on R%", one has Dy, fo = Ap(fi,f2) + Vi fo = Vg, fo so that (the
image through F o iz of) the geodesics of F,, are also geodesics of R%"™ (which are straight
lines). Furthermore, F, is geodesically complete, thence for any X € T,F, it holds that
Foig(p)+dFodir(X) € Foir(Fp) (identifying vectors in Tp(,)R?™ with points in R?"™),
so that each connected component of F o ir(F),) is an affine m — r-dimensional subspace of
R%™ by the linearity of d(F oix), but a leaf of a foliation has only one connected component
by definition and it follows that F' o ix(F,) is an affine m — r-dimensional subspace of R%".

Let us fix p and prove that F o iz (F,) is parallel to F o iz(Fp) for any p’ € ig(E,). For
this, let 7 : [0,1] — ig(&p) be a smooth curve with v(0) = p and (1) = p and let f, € FM,

8For more details on this a reference is [dC92].
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be a vector. Denote by f(t) the parallel transport of f, along v with respect to V. From
VP =0, it holds that Vs (Pf(t)) = P(V4f(t)) = 0, which means that P(f(t)) is the parallel
translation of P(f,) = 0, so that P(f(t)) = 0 and f(t) € FM;.oq) for all ¢ € [0,1]. By
writing the second fundamental tensor of F' like equation (4.31) we get, using eq. (4.30),

Dy f(t) = V5 f(t) + A(Y, £(1) = O,

where D is the Levi-Civita connection of R%™. This means that dF o f(t) is also the parallel
translation of dF o f, in R?", which is dF o f(t) = dF o f, for all t € [0, 1]. This means that
dF o dig(T,Fp) C dF o dir(TyFy). Analogously, dF o dir(TyF,) C dF o dir(T,F,). But we
already know that the integral leaves of F are affine subspaces, so that they are equal, up to

a translation, to their tangent spaces and thus are parallel. O

All that is left of Theorem 4.1.1 is to show that F(M) is the product F(&;) x F(F),
where ¢ € M minimizes || F||?.

Let ¢ € M be a minimal point of ||F||?> and {fi,..., f;—r} be an orthonormal basis of
FM,. We define a function b : & x R™™" — F(M), given by

h(p, X) = F(ig(p)) + X'dF(f;) VX = (XL, X)) eR™T, pe &,

As all the leaves Fy, ¢’ € &, are parallel, the image of b is indeed contained in F(M). Let
us consider in R™™" the canonical metric and in & x R™™" the product metric, so that b is
an isometry because F' and ig are isometries.

&, x R™™" is geodesically complete (Corollary 6.3.2). We claim that b is surjective. To
see this, take (p,X) € & x R™ ™", y := h(p,X) € F(M), and z € F(M). Let y/ € M and
2’ € M be such that F(y') = y and F(z') = z. From the fact that M is geodesically complete
(hypothesis), there is a vector Y € T,y M such that exp(Y) = 2’ (by the Theorem of Hopf and
Rinow, Thr. 6.3.1). Then decompose Y = Y] + Y, with Y} € T),, and Y5 = Y{ fi(p) € FM,.
Now denote Yz := (Y3, ..., Yy"™"), then for the exponential in & x R™" it holds that

h(exp(Y1, Yaq)) =exp(dh(Y1, Yog)) = exp(dF o dig(Y1) + dF(Y3))
— Flexp(die(Y1) + Y2) = F(exp(¥)) = =,

where we understand F'(M) locally as a manifold (isometric to M and with the same di-
mension) and thence define the exponential there locally, so that, by the compactness of the
domain of the geodesic segment connecting 3’ and 2/, the exponential is well defined. This
proves that z € h(&E x R™™").

Then F(M) is the product of an affine space with a minimal surface of the hyperquadric
H 1 (r) with | H|? = r. O

Remark 4.1.7. The induced (from R%™) inner product on the affine space has to be positive

definite, because I’ is spacelike.
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4.2 The Second Case

As a remark to the notation: Throughout the proof of the next Theorem, we identify vec-
tors, vectorfields and some curves in different manifolds through the immersions among then

without explicit mention several times in order to avoid the notation becoming too heavy.

v\ H
IvViH

Let us now consider the case where is the only eigenvector associated with a

non-zero eigenvalue of P.

Theorem 4.2.1. Let M be a smooth manifold and F : M — R%™ be a mainly positive,
spacelike, shrinking self-similar solution of the mean curvature flow with bounded geometry
such that F(M) is unbounded. Beyond that, let F satisfy the conditions: |H|%(p) # 0 for all
p € M and the principal normal is parallel in the normal bundle (Vv =0). If V||H||(p) # 0
for some p € M, then

F(M)=TxR™ (4.32)

where T is a rescaling of an Abresch & Langer curve in a spacelike plane and R™ ' is an

m — 1 dimensional spacelike affine space in RT™,

Proof. Let p € M be a point with V| H]||(p) # 0 and {e;}1=1...,n an orthonormal basis of

V|H|

R o } '

that the only nonzero element of the matrix that represents P in this base is the element in

the first row and first column. But tr(P) = El<ﬁ, Alei,e;)) = | H||?, so this first element of
VIH o 1512

IVIHI IH1%

T, M made by the eigenvectors of P with e; = (p). We have, just as in Lemma 4.0.35,

the matrix has to be |[H||? and the eigenvalue associated with

i VIH|

, e V]
ANE

1A= =
IV

(4.33)

and
IP|* = | H|*

at this point, but this equation holds all over M because equation 4.5 together with the fact
that V| H| & — | H|V; (ij) = 0 (Lemma 4.0.34) implies that

IH|l IH|l
2
P 2
v (12l dp =0
|| H [|*

/mmw
M
VCWP>:O
Gk

because M is spacelike and || H || # 0.

and

Remark 4.2.2. Let us choose Riemannian normal coordinates on a neighborhood of p such

that 8?:1' (p) = e;, then it holds in p: Pj; = Hﬁ”261i51j and g;; = d;5, thus it follows that

Pz-kAkj = 01if ¢ # 1 and, from Lemma 3.2.3, item (3), that PikAkj = 0if j # 1 so that
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PFAL = PFA:, which is in the direction of v/||H| from Lemma 3.2.3 (item 1), thence the

component of PikAkj in F*(R%™) has the same direction as ”I”?” forall i,j €1,...,m and

1 - .,
Pl Ayj = Pl (v, Agj)v = mﬂkpkﬂ/ = |H* 816t o1r0150 = | H || P,
i. e. PxA=|H|P®v, but this can be done for any p € M with V|| H]|(p) # 0, so that this
tensor equality holds in any region of M that satisfies V| H | (p) # 0, and this is written in

(any) local coordinates as
PF Ay = ||H||Pyv. (4.34)

Let us now define
N = {pe M: V||| £0}.

Note that M is the inverse image of the set (—oo, 0) U (0, 00) trough the function b : M — R,
b(p) := ||V||H||||2, which is continuous, so that M is open, and thus a submanifold of M
(possibly incomplete). Let U C M be a connected component of M. We consider over U the
distributions EU and FU given on each point by

EU, :={V e T,U : PV = |H|*V}, (4.35)
FU, :={V e T,U : PV = 0}. (4.36)
In order to investigate these distributions we need further information about the second
funcamental tensor. For this purpose we define the tensor A= A- ||11§||P ® v, which is
written in local coordinates .
/iij = Aij - —= PijV.
[ H]

Lemma 4.2.3. Under the hypothesis of Theorem 4.2.1, it holds

1
J Y
[H ||
Proof. From eq. (3.7) we calculate
|||V H|| = (ViH, H) = 0" Py, (4.37)
this equation together with the fact that ||§”ng| is an eigenvector of P (associated with the

eigenvalue || H|[2) implies

Hk

_IEIVAIVIA] IV
FiE

PL(V,||H _ -
(VIH]) TiE |

O(VIH|) =

(4.38)

In order to attain AU = 0 we will consider, as in the first case, the integral curves of a certain
vectorfield: The projection of F' in FU, that is

O(VHIAND o 7 1 .
IV 1H]]
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For A one calculates the following:

o o 1 - 1
0% Ay = <‘9k - — ||H||> (Aki - ﬂPkiV)
| H | [ H ||

=0 = Vil = g VI M+ T

T H3VJHHHP’€AM—0’CAM 7 H?

=0" Ay — Vil|H|lv = 0" A — Vi H =0,

V¥ | P

=0k A, — Vi H | Pijv

where we used (4.33), (4.34) and (4.37) (and eq. (3.7) in the last step). From this, the

following can be deduced

0 =V (6% Ay)

= <5zk ~ P+ 7 ||2Vzll 1|V H]|| - Hﬁll> Api + 0°V Ay

IH]]

= Ay — HHHVZVICHHHAm-FHkV Api, (4.39)

because equations (4.33) and (4.34) with PFPy; = ||H|?P; imply that PFA, = 0 and
equations (4.33), (4.34) and (4.37) imply

Lo . L1
VHI|H || Agi =V*|| H|| Agi — kaH”ﬂsz
Pf Ay — | H|| V|| H|lv

IIHII
=0'Pav — | H| Vil H|lv = |H |Vl Hlv — | H||V:| H|v = 0.

On the other hand, take a point p € U, Riemannian normal coordinates in a neighborhood

of this point such that % = |I§”g”|| and calculate fori € 1,...,nand j € 2,...,n,
8 S )
ViV, |I1H]|| = VilH H =) —(VIH|, Vo —=)=0
ozt xJ

because % € FU, and V%%(p) = 0. But V,;V,|H| is symmetric (one can see this

writing it in local coordinates). So that VZ-Vijle is nonzero only if i = j = 1, but the trace

of it is the Laplacian, so that using Pj; = ||ﬁ||251i51j we get

ViVl H| = =Py, (4.40)
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could do the same for every point p € U, this holds in the whole M. So that, with eq. (4.34),

2 A o s
V. VF|H| A = PF A,
AH]| 1
[Pz IR T 1T
_AH|

and equation (4.39) turns out to be
0"V A = — Ay (4.41)
Finally, we calculate using eq. (4.37)

Vill6)1> =2v:6,6"
[HIVAlHY  AIH] 0 VillH]

=2 (9,» om0

— — 7 —

| H |2 | H | | H ||

V| H VIEIZ_ -~  AlH .
120 gy~ WIEIE gy - S JPizVZHHH)
| H|| | H|| | H||
VHIVIHI Vil H VIHIIZ_ . -
5 (Qi%z ill \L ;H I qu I Hq !H ViIHH),
| H|| | H|l | H|

but using eq. (4.37)

. . . . 1 . .
0"Vl H|| = (F, F*) V| H|| — m@ F) PMV||H|

= (F,F)Vi|H| - (F.F*) V| H| = 0.

which was already expected since 0 is the pointwise projection of F' onto FU and ||§”gH|| €
['(EU), so that it holds
BV |10|2) = 206, — 26 (92- - VHIHLIT\H> — 242 (4.42)

Now we can prove that AZ] =0. If§ = 0 at some point p € U, then equation (4.41) implies
/L‘j =0and A4;; = ”—}IHPUV at this point. So, without loss of generality, we can consider only
the points ¢ € U with 6(q) # 0. Take one of these fixed and consider the maximal integral
curve 7 : (—a,b) — M of 6%, with 4(0) = ¢ and a,b > 0 € R. Although we calculated (4.42)
in a connected component of U, it is clear that this holds in the whole M and, by continuity,
in M. These integral curves can go outside M , but in open sets of M \ M the equations, up
to eq. (4.23), of the first case hold because M \ M is given by the points with V|| H|| = 0 and
(until this equation) everything is calculated locally in the first case. This way, in an open

set of M \ M, it holds 6 = 6 and this implies, from eq. (4.23), that equation (4.42) holds
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globally in M. Along this curve we define the function

£(s) = 101 (+(s)),

and get
d o o o o
= = V5617 = 6 )16]1* = 2/|9))*

using equation (4.42) (and 6 = 6 in the open sets of M \ M) But this equation has a unique
solution with f(0) = ||6]|2(q)

1617 ((s)) = 1611 (a)¢* > 0,

this means these integral curves do not cross any singular point and thence the maximal
integral curve is defined in all R (a = oo, b = o0) and it is not closed (because of injectivity

of €?!). Over this same curve we define other functions fi:R—>R,

fe(s) = (IA£[*) (v (s))
and for the derivative of this function, using equation (4.41), we get in M

af .. - 5 i
Y 1AL = 20 (Vi (As)y A7)

=2 <(z‘ii)ijajlii> = —2f.

We still have to check if this holds in open sets of M \ M. In open sets of M\ ]\Zf, P = p?
(eq. (4.11)) implies that the only non-zero eigenvalue of P is 1, then VP = 0'° together with
| P||?> = r, where r is the multiplicity of the eigenvalue 1, implies that  is constant, but M is
connected and, in ﬁ, the tensor P has only one non-zero eigenvalue and it has multiplicity 1,

then P has only one non-zero eigenvalue and it has multiplicity 1 also in open sets of M \ M.

Therefore, as in Remark 4.2.2, we get that PikAf is in the direction of ”g ” and
o2 1 ’ - 9 2 ij 1 .
[A£]]” =||As — mPC@ ve| = [Azll” - W<Aiapijl/i> + WHPH [ Hot||
AL~ P Pt )+ P
A P LA (4.43)
(4.44)

10This is at the beginning of the first case.
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and

S ﬁ ﬁi ; 1i Ii—i ﬁ:ﬁ:
|1 P % As|? =(Py(As)k, PIAYY = <B <Ak,4> — P <AJ, - > q>
! A/ IH| IH] / [[H]]

il L IPI%, 7
k pi pl
=P P PZZP]wHHiHQ = W’\Hﬂ:’\Qa

using Pj; = PZ-kP]k (eq. (4.11)), thence, by eq. 4.43, it holds

1

1AL]? = Al — —=
(i

IPIPIH]? = | A]? = || P Ax|? (4.45)

and equation (4.22) implies that Z—J; = —2f holds in the whole manifold M. This O.D.E. has
a unique solution with f(0) = ||A]2(q):

(A% (v(9)) = (AP (@)e.

If (| A+]|?)(q) # 0 then (]|A+|?)(7(s)) — +o0 as s — —oo and this contradicts the bound-
edness of the second fundamental tensor (by the definition of bounded geometry). So that

|A+[2 =0 and

1
Aij = fPijI/ (446)
1]

holds in M as we wanted to show. O

We prove now that the distributions EU and FU are involutive.

Lemma 4.2.4. Under the hypothesis of Theorem 4.2.1 the distributions EU and FU are

involutive.

Proof. First of all recall that U is one dimensional and is spanned by V|| H||/||[V|H]||||(p) at
any p € U. By equation 4.40 it holds that V¢Vj||ﬁH = VjVi||ﬁ|| and it follows

VIlIVIH|I? = 2ViVF| H | Vil H|| = 2V V|| ||V H|

— VIVIAIIP = 2V, VIl

Then let p € U be a point and X, € T,U be normal to VIIH|/IIVIH||||(p); beyond this,
let X € I'(TUJ,,) be the parallel transport of X, over all geodesics through p in a small
neighborhood V' of p. Then at p

(VIVIANP X ) =2( Vg7 VIH], X )

= 2V A (VIH], X ) = 2(VIH, Vo X ) =0,

so that from V|[V|H|||* = 2(|VIAI)VIVIH]I it holds that (|VIH|)VIVIH]|(p) €
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£U,. But this holds for any p in U so that (||[V||H||||)V||V|H|||| € T(EU). Therefore

L ( AL > B A R R /1
VI IVIEEN ) IV IETE VI V] IV A2
_ly <V'f||ﬁu Vil ) I R i
2 \IVIHNVIEN ) VI IVl ]2
V'“HHH viw -2 VillH|
VI V(A2
_VilIVIIH] - VFIH]| Vv A —EL Vil H|
IVIEI IV IV A2
VIH| _VIVIH] VE| || o o
vl o == Vil VIH[[ ) VIH[ € T(EV).
e VI (V1] IVI[H I
Then, as any X,Y € I'(EU) are of the form X = :L“ngan and Y = yllgllg”” for some
z,y € C*°(U), it holds that
V| H v V| H
Y—x( ” _,H (y)) 1] +2yV oy M e T'(EV). (4.47)
VI IV 1A e VA

But this could be done for any p € U, so that, just as in the first case, £U is in particular
involutive. So, by the Theorem of Frobenius, there is a foliation, whose tangent spaces of
the leaves are given by this distribution. The leaves are immersed in M and, again as in the
first case, they are totally geodesic (analogous to eq. (4.25) and eq. (4.26)). This means, in
particular, for any p € U, that a geodesic of the one dimensional leaf (£,) that goes through

p is also a geodesic of U.

Let p € U be a fixed point, and take Riemannian normal coordinates on a neighborhood

) V| H
of p such that 52 (p) = HVHH’HH'

at this point p, as Pj; = ||ﬁ\|251i51j. So, for V,W € I'(FU), using the fact that FU, L U,

VA t
=A< (EV), we ge

This way the tensor P is written, in these coordinates and

0= (V||H|,V)=Vv|H]|,
from this, remembering Ffj (p) = 0, follows
Vv P = Vy|H|*161; =0

and
P(VyW) =Vy(PW)=0.

This means

VyW e T(FU) Y V,W € T(FU). (4.48)

As this holds for any p € U and the final expressions do not depend on local coordinates
this holds in the whole M and FU is involutive. O
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Remark 4.2.5. It follows then, by the Theorem of Frobenius, that the distribution FU gives
rise to a foliation, whose leaf through a point p € M is written 7, and the distribution EU
gives rise to a foliation, whose leaf through a point p € M is written &,. Beyond this, the

leaves are immersed in M with immersions i¢ and ir.
Now we can see what these integral leaves are.

Lemma 4.2.6. Under the hypothesis of Theorem 4.2.1, it holds that F o iz(F,) is an affine
space in RT™ for all p € U. Beyond that, if q € ic(Ep), then F oir(Fy,) and F oir(F,) are

parallel.

Proof. Let p € U be a point and F,, be the leaf of the distribution FU that goes through this
point. First, we show this leaf is an affine subspaces of R%". Let ¢ € ix(F,) be an arbitrary
point, f € FU, and X € T, M be vectors, then equation (4.46) implies

A(f,X) = XTfiA,; = XjfiHI;HPiju ~0 (4.49)
because FM is formed by the vectors in the null space of P.

It is clear that the natural inclusion iz, : F, — U C M is an immersion'!, so that
Foig, : Fp — R?™ is also an immersion and we can consider the second fundamental tensors
of them:

M—_Fogan,

iF,
”T A;p

Fp

let us drop the index p to make the notation less heavy. As a result, Apo;, and A;, denote
the second fundamental tensors of F o ix and ir respectively. From equation (2.4) we know
that

Apoiy = Ap + dF(4;,).

Equation (4.49) implies that Ap vanishes if applied to vectors of the distribution FU. On the
other hand one can write, for vector fields fi, fo € I'(T'F,), the second fundamental tensor of

the immersion 77 as

Ai]:(fl)fZ):vflfQ_vlflf27 (450)

where V' is the Levi-Civita connection of F,, (with respect to the first fundamental form of
Fp) and we identify vectors in T, F, with vectors in FM, through dir. From the fact that
Vi fo € T(FU) (by equation (4.48)) and dig(V', f2)(z) € FU;.(y) (by definition) it holds
that

A, =0, thus Vy fo= V’flfg, (4.51)

because A;,(f1, f2) € F(T}"]}). As a result,

AFO’L']: = 07

1 One can see this remembering that the charts of the leaves are induced by the charts of M.
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i. e. F oirx is totally geodesic and

Dy, fo=A(f1, f2) + Vi fo =V fo =V fo (4.52)

implies that the (image through Foiz of the) geodesics of F,, are also geodesics of R%", which
are straight lines, but U is not geodesically complete, so that the (image through F o iz of
the) geodesics of F, could only be some intervals of these lines.

We prove now that F, is geodesically complete. Let ¢ : (—a,b) — Fp, a,b > 0, be a
maximally extended geodesic of F, and 7 := iz 0 J, as M is geodesically complete, v can be
extended v : R — M. Just as in Note 4.1.5 the equations 4;, = 0, P(y(t)) = 0Vt € (—a,b)
and the geodesic completeness of M imply that if a # oo or b # oo, then ¢ could be further
extended (which contradicts the fact that ¢ is maximally extended) as long as y(t) € U.

We claim that v(¢) € U for all ¢ € [—a,b]. To prove this, we need to show that

V|| H||(y(t)) # 0 for t = —a and t = b. By equation (4.49) it holds for every ¢ € (—a, b)
ViV | =0,

so that V| H||(v(t)) is the parallel transport of V|| H||(v(0)). Beyond this, eq. (4.49) also
implies

D;V|H| =V, V| H||

so that dF (V| H|(7(t))) is the parallel transport of dF (V| H|(7(0))) over the line'? in R%"
defined by dF(%(0)) and F(+(0)). This means that dF (V| H|)(y(t)) = dF (V| H|(7(0))) # 0
for all t € [—a,b]. But dF is linear, so that V| H | (y(t)) # 0 for all t € [—a, b], thence y(t) € U
for all ¢ € [—a, b], which contradicts the maximality of (—a,b). So, () is defined for all t € R
and F oir o is a whole line in R?™. Then, analogous to Lemma 4.1.6 of the first case,
F oir(Fp,) is an affine m — r-dimensional subspace of R%".

Let us first fix p and prove that F,, is parallel to F, for any p’ € &,. As &, is a 1-
dimensional manifold (a curve), we parametrize it by arc length: ¢ : [0,a] — ig(&,) with
¢(0) = p and ¢(a) = p'. Then, let f, € FM, be a vector and f(¢) the parallel transport of f,
along ¢ with respect to the Levi-Civita connection V of M. From %(é, f) = <V<~é, f@)+
(¢, Vf(t)) = 0 follows that (¢, f(t)) = (¢(0),fp) = 0 and f(t) € FU for all t € [0,q],
because £U, is one-dimensional and T,U = FU, ® EU, for any q € U. By writing the second
fundamental tensor of F' like equation (4.50) we get, using eq. (4.49),

D¢f(t) = Vef(8) + A f(1) =0,

where D is the Levi-Civita connection of R?%".

This means that dF'(f(t)) is also the parallel translation of dF'(f,) in R%", which is
dF(f(t)) = dF(fp) for all t € [0,a]. This means that dF'(FU,) C dF(FUy). Analogously,
dF(FUy) C dF(FU,). But we already know that the leaves of FU are affine subspaces, so

that they are equal, up to a translation, to their tangent spaces, and thence are parallel. [

Let us now consider the 1-dimensional leaf of &, for some p € U.

2From eq. (4.52) F o~ is a geodesic of R”™ and thence a straight line.
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Lemma 4.2.7. Under the hypothesis of Theorem 4.2.1, it holds that the image of &, through
Foig, on R®™ lies in a plane for everyp € U.

Proof. First of all, £, is a 1-dimensional immersed submanifold in U C M C M, under the
natural inclusion ig, : £, — U C M, so that Foig, : £, — R?%" is also an immersion and we

can consider the second fundamental tensors of them

F
M —>Ra"

ig

Ep

let us drop the index p to make the notation less heavy. So, Aro;, and A;. denote the second

fundamental tensors of F oi¢ and ig respectively. From equation (2.4) we have that

Apoig =Ar+ dF(AlS) (4.53)

On the other hand, one can write, for vector fields e, ea € I'(T'E,), the second fundamental

tensor of the immersion ig as

Aig (61, 62) = Veleg - V’el €9, (4.54)

where V' is the Levi-Civita connection of &, (with respect to metric induced by the inclusion)
and we identify vectors in T;,€ with vectors in T, M through dig. But V., es € I'(EM) by eq.
(4.47) and A;,(e1,e2) € T(TEL), so that equation (4.54) implies that

A, =0, (4.55)

£

so that &, is a geodesic of U C M C M. By Lemma 4.0.35, EU, is spanned by VIH/IVIH] ()
for any p’ € U. Let v(s) : (—a,b) — M be the local parametrization by arc lenght of this
geodesic in one of the directions +V||H||/||V||H|||| with ¥(0) = p. The domain of ~, (—a, b),

is open because &, is a leaf in the open subset U C M.

We claim that this curve lies in a plane. First of all
d d V| H|
—(Foy)=dF od ()z:l:dF — |,
a7 " \ds NE
d? v|A|
——(F o) =V Loy (idF <ﬂ
ds® IEAT IVIH]

V| H V|H
= (V V| dF) (H> +dF <V v U)
I IVIH A [IVIH]

Vi H V|| H q
Y I Hq !!2 | i,
VI H[]

T

4|
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where we used equation (4.46) and Vs+ = 0. Concerning v, we get, for any N € T,U",

<Vi i VvN> =0,
VI

because Vv = 0. For f € T'(FU), we get

V||
Voo ndF ()Y =+ 2 am () = {1,V oy dF
< SNL (f)> ||VHHH||< ) < ot (f)>

V||
= 7A t— = 7f \Y v| B f
<” ( S ) < L2 >>
. gp<ivugfu’f>:
7\

where equation (4.46) and the fact that f is in the kernel of P were used. Finally, identifying
vector fields in M and in R%"™ through dF,

<v . ivuﬁu>_ V|| < v|d| >_<UD v|A| >
+ V"i - 7 ’ N v
wian VI IV V1] i (VI
V|H| V|H V| H
:_<V,A< 17 _vIA]| )Wv”m 1] >
IVIEN VAN i IV IE]]

1 VIH| V|H| .
- - ﬂP< L VIR — i,

IH \NVIHN [IVIH]
so that -
- VI|H
V. wyay v=—|H|dF (iU> : (4.56)
A IVIH |

Let H be an (pure real or pure imaginary) antiderivative of HI:_i || restricted to 7, so that
H(t) = | H||(7(t)). Then the family of vectorfields!? V, € I((F o )~ 1(R%™)), for a € R if
|H||? > 0 or o =i with 8 € R if || H||2 < 0, given by

Vo :=cos(H + a)dF (iwu{,) —sin(H + a)v
IV H[]]
satisfies
d . LV H]| 5
— (Vo) == || H||sin(H + a)dF <q + cos(H + o) ||H||v
dt IV H[]]

- - V|| H
— cos(H + a)||H v + sin(H + )| H||dF (iH) o,
VLA

this means that any V,, is parallel translated over F' oy : R — R%" (thence a constant

13Note that although v can be an imaginary vector field, V,, is real.
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vector). But V,, and V,, are linearly independent for any a; # as € [0,27) (or i # iag €

[0,27) if ||H||? < 0) because \;HZHII and H are not zero and orthogonal. This implies that

+dF (”z”g””) can be written as a linear combination of two vector fields of the family V,,
and lies in the constant plane defined by this family of vector fields and a point of F'o~. By

the unicity of the solution (Picard-Lindel6f Theorem) of the O.D.E.

, V| H]|
=+dF | —— , 0) =p,
7' (t) (HVHHHH> (t) 7(0) =p

in R?™ and in the plane defined by the family V,, it holds that the curve F o~ lies in this

|I§”g”|| and H are orthogonal to any f € FU.
O

plane, which is orthogonal to Foir(F),) because

Remark 4.2.8. Until this point all was done inside an open set U C M C M such that
V|| H||(p) # 0 for all p € U, we still need to extend these results over the whole manifold.

We want to get a result over the whole manifold M, not only on a connected component
U of M. For that, we need to take a closer look at the set M\ M = {p € M : V| H||(p) = 0}.
In M the same equations hold as in M , so that we only need to look at the open sets of
M\ M.

As 6 =0 and ||A||2 = ||A||2 — || P * A||? (eq. (4.45)) in any open sets of M \ M, Lemma
4.1.3 is proven in this case exactly as Lemma 4.2.3 in any open subset V' C M \ M , thence
all equations up to eq. (4.27) of the first case also hold in V. Let us consider V' maximal,
such that OV C 9M, this implies, for a point ¢ € OV, that the tensor P has only one nonzero
eigenvalue, and it has to be 1, because on the boundary the equations for M and for V hold
(by continuity), but the multiplicity of the eigenvalue 1 in V' is constant because VP = 0
in this set and P also has only one eigenvector associated with a nonzero eigenvalue in V.
Beyond this, in V, |[H||2 = tr(P) = 1 by eq. (4.12), so that if there is such a nonempty open
set V, then ||H||2 > 0 on the whole of M, because ||H|? # 0.

In V, one also gets two orthogonal distributions, £’V and F'V, which are involutive and
totally geodesic; beyond that, the leaves of 7'V are affine spaces, so that F,, || F, for any
p,q € & C V. In particular, for any p € V, the equations A;; = PfAkj (eq. (4.20)) and
VP =0 (from Lemma 4.0.34) hold. We denote the leaves that contain p € V' by &, and F),
and their immersions in M by ¢¢/ and igs respectively.

We now prove that Lemma 4.2.7 also holds for leaves for the distribution £'V.

Lemma 4.2.9. Under the hypothesis of Theorem 4.2.1, it holds that the image of 51’, through

Fo igy On R%™ lies in a plane for every p € V.

Proof. Let § : (a,b) — V C M be a maximal, by arc length, parametrization of the 1-
dimensional immersed submanifold &, and v := F o d. Then, for any ¢’ € ig/(E,), let
{f1,--., fm=1} be a basis of F My so that {¥, fi,..., fm—1} is a basis of Ty M and equation
(4.20) implies

A(¥,%) = A(P(7),4) + ZA(P(f@-), fi) = A(,3) + Z Alfi f)=H.
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then it follows that

because |[H||?2 =1 in V and
d : . . .
(G dF ) =aP() (v3) = (v DareydF ()

=—(yv)y=-1,

but for any f € T'(F'V):

(G dF ()} =dF() 01 ) = (0 DapeydF (1)
= - <V7A(77f)> - <I/,V§f> =0,

because (4.20) implies A(f, X) = 0 for all X € T'(TV). Further, for any N € TI'(TV"), it
holds that

d
<dty,N> = (Vyv,N) =0,

due to Vv =0, so that
d :
%V ==
by this, one sees that the family of vectorfields Vs € T'((F o v)~}(TR%")), defined for each
68 €R as

Vp = cos(t + B)dF(¥) — sin(t + [)v

is parallel translated in R%™ and thence F' o 7 is contained in the plane defined by two

vectorfields of this family and a point of v (analogous to Lemma 4.2.7). O

Now let us see what the whole M looks like. We saw then, that the tensor P has globally

only one non-zero eigenvector and that the eigenspaces of P give globally the distributions

EM:={VeM:PV)=|H|*V}
FM :={V e M:P(V)=0},

which are involutive and whose leaves (€, and F,) are totally geodesic (by different reasons
on M and in M \M) with the inclusion ig and 7. By continuity on the boundary points, all
the leaves of FM are (m — 1)-dimensional affine spaces of R%™. Let v : R — M be a, by arc
length, parametrization of the leaf &, for some p € M, then, for any f € T'(FM), Dyf=0
(by different reasons on M and in M \ ﬂ), and, analogous to the last part of Lemma 4.2.6,
all the leaves of M that go through points of &, are parallel.

141t is defined for all R because of the geodesic completeness of M and the totally geodesic property of the
leaf
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Lemma 4.2.10. Under the hypothesis of Theorem 4.2.1, let p € M and v : R — M be a, by
arc length, parametrization of the leaf &, then v lies in a 2-dimensional plane, beyond this

the plane is normal to the affine space F oix(Fy), for any q € ig(&p).

Proof. The curve ~ lies in a plane. To see this, one defines the family of vectorfields V, €
D((F o) | (TR)) as

Vo 1= cos(H + a)dF (%) — sin(H + a)v,
with H an anti derivative of the restriction of ||H|| over v, then

Dip)Va =0,

because of Lemmas 4.2.7 and 4.2.9 using that 4 = :t||§”ngl on M and, as |H|| =1 € R in

M\M, H =t + k (remember that ||H||2 > 0if V # () in M \ M, for some k € R. Taking
two linearly independent vectorfields in this family (Just two different o’s in [0, 27) because

and v are always nonzero and orthogonal.) it holds that the curve stays in the plane defined
VIHI
VI

by them. This plane is normal to F oir(F,) for any ¢ € &, because so are v and

Let us see what a particular leaf of &, looks like.

Lemma 4.2.11. Under the hypothesis of Theorem 4.2.1, there is a ¢ € M such that £; is a

self-shrinker in R?™, this means that
Hpoie (z) = —(F oig(x))*,

for every x € &,.

Proof. Because of Remark 4.0.24, we have that ||F||? > £/2||F||2 > ki outside the eu-
clidean sphere S"~1(2k; /&) but, by Lemma 4.0.22, the inverse image of {X € R?" : || X2 <
2k1/E} through F is contained in a geodesic ball of M. Let k; > infieps [|F(2)|?, then
inf,e s ||[F(2)]|? must be assumed by some point inside the geodesic ball, i. e. there is a point
q € M, such that ||F(q)||*> = mingeps |F()||?. In particular, this implies that

0= V{|[F|* = (V/F,F) = (dF(f). F),

for any f € FM,.

Let 6 : R — &; be a, by arc length, parametrization of the leaf & with ig(6(0)) = ¢ and
write v 1= ig 0 6. It holds, for any ¢ € ig(&,), that F o ix(Fy)||F oir(F,), so that one
identifies f € FM, = FM, C R?"™ and calculates

(Fon(t),dF(f)) = </0 dFO"}/(S)dS+Fo'y(O),dF(f)>

- /O (dF 04(s), dF(f)) ds + (F o 1(0), dF(f)) = 0,
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because ¥(s) € EM L FM, in particular this means that
(Foigod(t),dF(f))y=0VteR. (4.57)

Then denote Té’pL the normal bundle of &, with respect to the immersion F oig. Then eq.
(4.57) implies
projres (F o) = (Fov)".

Otherwise A;; = mﬂ-jy (equation (4.46)) in open sets of M and A;j = PFAL; in M\M,

so that the only direction that plays a role in the second fundamental tensor is 4 and
H=tryAp = tl“gpAF = tré‘pAFoig = Hpoipg,

where we used equations (4.26) and (4.24) in the open sets of M/M and equations (4.53)
and (4.55) in M to get Ap = Apoig.
This implies that

—

Hroig (3(t) = H(y(t)) = —F*(6(t)) = —projre; 1(t),

so that ig : £, — R?" is a shrinking self-similar solution of the curve shortening flow. O

Now we prove that F(M) is the product F(&,) x F(F;), where ¢ € M minimizes || F||?.
Let ¢ € M be a minimal point of ||F||?> and {fi,..., f;i—r} be an orthonormal basis of
FM,. We define a function b : & x R™™" — F(M), given by

b(p, X) = F(ig(p)) + X'dF(f;) VX = (X' X)) ER™T pe &,

As all the leaves Fy, ¢’ € &, are parallel, the image of h is indeed contained in F(M). Let
us consider in R™™" the canonical metric and in & x R™™" the product metric, so that b is
an isometry because F' and ig are isometries.

&, x R™™" is geodesically complete (Corollary 6.3.2). We claim that b is surjective. To
see this, take (p,X) € & xR™ ", y := h(p,X) € F(M) and z € F(M). Let y € M and
2’ € M be such that F(y') = y and F(2') = z. From the fact that M is geodesically complete
(hypothesis), there is a vector Y € T,y M such that exp(Y') = 2’ (by the Theorem of Hopf and
Rinow, Thr. 6.3.1). Then decompose Y = Y; + Y5 with Y € T,,&, and Y = Y{ fi(p) € FM,,.
Now denote Yz := (Y3, ..., Yy" "), then for the exponential in & x R™" it holds that

h(exp(Yl, Ygo)) = exp(dh(Yl, Yéo)) = exp(dF o dlg(Yl) —+ dF(YQ))
=F(exp(dig(Y1) + Y2) = F(exp(Y)) = z,

where we understand F'(M) locally as a manifold (isometric to M and with the same di-
mension) and thence define the exponential there locally, so that, by the compactness of the
domain of the geodesic segment connecting 3’ and 2/, the exponential is well defined. This
proves that z € h(E x R™™").

Then F(M) is the product of an affine space with a shrinking self-similar solution of the
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mean curvature flow for plane curves.
So we got the product of an affine space with a self-shrinking curve that lies on a plane.

Finally, let us take a closer look at each of the factors in this product.

Remark 4.2.12. At the affine space, the induced (from R?") inner product has to be positive

definite, because we assumed that F' is a spacelike immersion.

Note that in R%™ the way in which the plane lies in the whole space affects the inner
product in the plane. From the fact that we considered only spacelike immersions, at least
one of the directions in the plane that contains F' o ig(&,) must be positive definite.

If (-,-) restricted to the plane is positive definite one can find a basis made of two or-
thogonal vectors of length 1, and if one writes the self-shrinking curve in this basis one has
just a usual self-shrinker of the curve shortening flow. This is a well studied subject and a
classification of such was given by [AL86] and can also be found in [Hall0]. The closed self-
shrinkers of the curve shortening flow are called the Abresch & Langer curves, there are also
some curves that ”do not close” and are dense in some annulus. These curves are not in our
classification because they would not satisfy the inverse Lipschitz condition. So that, in our
case, the self-shrinking solutions of the mean curvature flow in the plane are just dilatations
of the Abresch & Langer curves in E2.

If (-,-) restricted to the plane is degenerate, then the mean curvature vector, which is
orthogonal to the tangent direction (which is positive definite), is a null vector, and this is
outside the case we are treating (||H||? # 0).

If (-,-) restricted to the plane has one positive and one negative directions, then there
could be some different self-shrinkers of the curve shortening flow. But there are none: Ecker
showed in [Eck97] the long time existence of spacelike hypersurfaces in the Minkowski space

RY™ but a self-shrinker can only exist for a finite time as eq. (3.1) shows. Then:

Remark 4.2.13. The self-shrinking curve lies in a plane whose induced inner product is

positive definite.
O

Remark 4.2.14. In particular, remarks 4.2.12 and 4.2.13 imply that M is contained in the
product of an affine space and a plane, both spacelike, so that ||ﬁ 12 > 0.
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Chapter 5

Summary

In this chapter, we summarize the main results obtained in this work.

First, we found that there are no spacelike self-shrinkers of the mean curvature flow with
timelike mean curvature in any of the treated cases, so that Theorems 3.1.3, 4.0.9, 4.0.27,
4.1.1 and Remark 4.2.14 sum up to:

Theorem 5.0.15. There are no spacelike self-shrinkers F' : M — (R™, (-,-)) of the MCF that
satisfy

o (M) unbounded and F is mainly negative and has bounded geometry or

e ||H|% <0 and one of the following:
1. M is compact.

2. F(M) is unbounded, M is stochastic complete and
supyy || F||? < oo.

3. F(M) is unbounded, F is mainly positive, has bounded geometry and the principal

normal parallel in the normal bundle.

Remark 5.0.16. As an immediate consequence there are no spacelike self-shrinking hyper-
surfaces of the MCF in the Minkowski space R1" that are compact or stochastic complete or
mainly positive with || H||2 # 0 everywhere.

One expects singularities (at least some of them) to be modeled by self-shrinkers so
that this result (which holds for immersions of any codimension) could point to a long time
existence of spacelike hypersurfaces with timelike mean curvature vector in a more general
context as the one of [Eck97] for hypersurfaces in Minkowski space.

Beyond this, summing up 4.1.1 and 4.2.1, the following classification holds:

Theorem 5.0.17. Let M be a smooth manifold and F : M — R?™ be a mainly positive,

spacelike, shrinking self-similar solution of the mean curvature flow with bounded geometry

95
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such that F(M) is unbounded. Beyond that, let F satisfy the conditions: |H|%(p) # 0 for all
p € M and the principal normal is parallel in the normal bundle NJ‘V = 0). Then one of
the two holds:

F(M)=H, xR™" or
F(M)=T x R™ 1,

where H, is an r-dimensional minimal surface of the hyperquadric H" '(r) (in addition
\|I:7H2 =r>0) and ' is a rescaling of an Abresch €& Langer curve in a spacelike plane. By

R™™" we mean an m — r dimensional spacelike affine space in RT™.



Chapter 6

Appendix

We will now list some of the results we use in the work and do not prove.

6.1 Maximum Principles

Proposition 6.1.1 (Strong Maximum Principle). Let G be a bounded domain of R™ and L
be an elliptic! differential operator, defined for all u € C%(G)

- d%u " du
Hls= 2 g + 2 gy

where the coefficients a;j,b; : G — R are continuous functions and suppose that L satisfies
the equation
Llu] > 0.

If w has a maximum at an interior point of G, then u is constant in G.

A proof of this can be found in [CH89], page 326.

As a remark it is clear, replacing the function u for —u, that the condition L[u] < 0, is
also enough to guarantee that the minimum is at the border or v is constant.

We also use a maximum principle for non-compact Riemannian manifolds, which is equiv-

alent to the stochastic completeness of the manifold.

Definition 6.1.2. A Riemannian Manifold M is said to be stochastic complete if, for some
(and therefore any) (z,t) € M x (0,400), it holds that

/ P(x,yvt)d?/: 17
M

where p(x,y,t) is the heat kernel of the Laplacian operator.

Note that this heat kernel is different from the one used in Chapter 4, here it is a funda-

mental solution of %u = Awu which depends on the base manifold and is equal to the heat

'The quadratic form defined by a;; is positive definite
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kernel of Chapter 4 only when the base manifold is flat.

Proposition 6.1.3 (Weak Omori-Yau maximum principle). Let (M,g) be a smooth, con-

nected, non-compact Riemannian manifold. Then the following are equivalent:
1. M 1is stochastic complete.
2. For every X > 0, the only non-negative, bounded smooth solution u of Au = Au is u = 0.

3. For every u € C?(M) with supy; u < +00, and for every a > 0 set Q = {x € M :
u(z) > supy;u —a}. Then info, Au <0

4. For every u € C*(M) with sup,; u < +oo there exists a sequence {x,}, n = 1,2,...,

such that, for every n, u(z,) > supy u — = and Au(z,) < L.

This statement can be found in [PRS03] and has its origins in [Yau75] and [Omo67].

6.2 Foliations

For a more detailed description of foliations, leaves and a proof of the Frobenius Theorem

the book [CLN85] can be consulted.

Definition 6.2.1. Let M be a smooth manifold of dimension m. A C” foliation of dimension

n of M is a C" atlas F on M which is maximal and has the two following properties:

1. If (U,p) € F then o(U) = Uy x Us C R™ x R™™™ where U; and Uj are open sets in R”

and R respectively.

2. If (U,¢) and (V1)) € F are such that U NV # () then the change of coordinates map
Yo l:ipUNV)—(UNV) is of the form

Yoo Hz,y) = (hi(x,y), ha(y)).

We say that M is foliated by F, or that F is a foliated structure of dimension n and
class C" on M.

For (U, ¢) € F like in the last definition the sets of the form =1 (U; x {c}) with ¢ € Us
are called plaques of F.

A path of plaques of F is a sequence a1, o, .. ., oy of plaques of F such that o;Naj11 # 0
for all j € {1,2...,k —1}. Note that M is covered by plaques of F, so that we can define
the following equivalence relation:

Definition 6.2.2. Let p,q € M. We say that p is equivalent to ¢ (p ~ q) if there exists a

path of plaques a1, ...,a; with p € a1 and ¢ € ag. The equivalence classes of ~ are called

leaves of F.
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It is an important remark that every leaf is a differentiable manifold with the atlas induced
by the foliation F, which is immersed in M by the inclusion map.

The foliations are related to the following concepts by the Theorem of Frobenius:

Definition 6.2.3. Let M be a smooth manifold. A k-dimensional distribution over M is a
map D : M — TM that associates, to each p € M, a k-dimensional subspace of T,M. A
k-dimensional distribution is said to be differentiable (of class C") if it can be locally spanned
by k differentiable (of class C") vectorfields. A distribution is said to be involutive if, given
any two vectorfields X, Y € T'(TM) with X (p),Y (p) € D(p) for all p € M, it holds

[X,Y](p) € D(p).

Theorem 6.2.4 (of Frobenius). Let D be a differentiable (of class C", r > 1) k-dimensional
distribution on a smooth manifold M. If D is involutive then there exists a C” foliation F
such that, for any p € M, the leaf |, that goes through p, satisfies T, = D(p). Conversely,

the tangent bundle of a leaf of a distribution is involutive.

6.3 Geodesic Completeness

Theorem 6.3.1 (of Hopf and Rinow). Let M be a smooth Riemannian manifold and p € M

a point. The following statements are equivalent:

1. exp,, is defined for all vectors in T, M.
2. Bounded and closed sets are compact.
3. M is complete as a metric space.

4. M 1is geodesic complete.

5. There is a sequence of compact sets K, € M, with K,, C K;41\0Kp+1 and U, K, = M,
such that, if ¢, € M is a sequence with q, ¢ K, then d(p,qn) — oo for any p € M.

Beyond this, any of these implies: For all ¢ € M there is a geodesic v connecting p and q
such that the length of v equal to d(p,q).

A proof of this Theorem can be found in [dC92]. As a corollary one gets that the product

of geodesic complete manifolds is geodesic complete.

Corollary 6.3.2. Let M, N be smooth, geodesic complete, Riemannian manifolds, then M x

N (with the product metric) is geodesic complete.

Proof. Let us use the characterization given by item 3 of the Theorem of Hopf and Rinow. Let
pn € M x N be a Cauchy sequence, p, = (an,b,) with a,, € M and b, € N. As the product
metric is the sum of the metrics on M and N the projection of a curve in M x N over M (or

N) gives a (piecewise smooth) curve of smaller length. This means that d(ay,, ap,) < d(pn, pPm)
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and d(by, by,) < d(pn, pm) so that a, and b, are Cauchy sequences on M and N respectively,

so that, by the completeness of M and N they converge to a € M and b € N respectively

and then p, — (a,b). O
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List of Symbols

A Second fundamental tensor
D The Levi-Civita connection of R%"
H The mean curvature vector (field)
H (k) {z e RY"|(x,x) = k}
P Py = (H, Ajj)
PxA Px Ajj := Pl Ay
Prymn—1 The projection on the tangent bundle of H"~!
Q Qij = (A, A%)
R The Riemannian curvature tensor
S Sijr = (Aij, Ar)
Xy The projection of X € I'(F*R%™) on the positive directions of R?"
X_ The projection of X € I'(F*R%™) on the negative directions of R™
X+ Xy or X_
y+ The projection of Y € T'(F*R?™) on the normal bundle
Yy’ The projection of Y € T'(F*R%™) on the tangent bundle
0 0= Ld|F[1?)
\Y The Levi-Civita connection of M (and the gradient induced by it)
A The (rough) Laplace-Beltrami operator
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