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Abstract

The present dissertation discusses the theoretical and numerical analysis of the non-
linear Molodensky problem. We discuss on Hormander’s treatment of the nonlinear
Molodensky problem [19] and derive convergence rates for the Nash-Hormander me-
thod, which are missing in [19]. We also show estimates proving convergence of the
Nash-Hormander method with restart for the Molodensky problem.

The main focus of this work is the development of an implementable algorithm (with
and without smoother) for the Molodensky problem, based on the Nash-Hérmander
method.

We analyse two different approaches to solve the linearized Molodensky problem. The
first is based on solving the linearized Molodensky problem with the boundary element
method by solving pseudodifferential equations on a sequence of new surfaces with the
Galerkin method. We apply this approach to the Nash-Hormander method for the Mo-
lodensky problem with surface update. We analyse the evaluation of the Hessian matrix,
which is a key point in the Nash-Hormander algorithm in all its versions and is needed
for the update of the surfaces. Furthermore, we show that the heat kernel can be used
as a smoother in the Nash-Hoérmander algorithm.

The second approach to solve the linearized Molodensky problem is based on the use of
meshless methods. To get a first insight on the use of these methods, we first consider
the Neumann problem for the Laplacian exterior to an oblate spheroid, which gives a
better approximation of the true earth surface than the sphere. We use spherical radi-
al basis functions in the solution of the boundary integral equations arising from the
Dirichlet-to-Neumann map. This approach is particularly suitable for handling scat-
tered satellite data. Furthermore, we use spherical radial basis functions on the unit
sphere to approximate the solution of the linearized Molodensky problem.

Key words: nonlinear Molodensky problem, boundary element method, heat kernel
smoothing, spherical radial basis functions



Zusammenfassung

In der vorliegenden Dissertation wird das nichtlineare Molodensky-Problem sowohl
theoretisch wie auch numerisch analysiert. Wir stellen Hérmander’s Behandlung des
nichtlinearen Molodensky-Problems vor und leiten in [19] fehlende Konvergenzraten fiir
die Nash-H6rmander Methode her. Des Weiteren geben wir Abschéitzungen an, die die
Konvergenz der Nash-Hormander Methode mit Neustart fiir das Molodensky Problem
zeigen.

Das Hauptaugenmerk dieser Arbeit ruht auf der Entwicklung eines implementierbaren
Algorithmus (mit und ohne Glétter), basierend auf der Nash-Hormander Methode, fiir
das Molodensky Problem.

Insbesondere werden zwei unterschiedliche Ansétze zur Losung des linearisierten Pro-
blems vorgestellt. Der Erste basiert auf das Losen des linearisierten Molodensky-Pro-
blems mit der Randelementmethode durch das Losen von Pseudodifferentialgleichun-
gen auf einer Folge von neuen Oberflichen mit der Galerkin Methode. Wir wenden
diesen Ansatz auf die Nash-Hormander Methode fiir das Molodensky Problem mit
Oberflichenupdate an. Wir analysieren die Berechnung der Hessematrix, was ein we-
sentlicher Punkt im Nash-Hormander Algorithmus in all seinen Versionen ist, und fiir
die Oberflichenupdates notwendig ist. Des Weiteren zeigen wir, dass Glattung mit dem
Wiérmeleitungskern fiir den Nash-Hormander Algorithmus verwendet werden kann.
Der zweite Ansatz zur Losung des linearisierten Molodensky Problems basiert auf der
Verwendung sogenannter gitterfreien Methoden. Um einen ersten Einblick iiber den Ein-
satz dieser Methoden zu bekommen, betrachten wir als Erstes ein Neumann-Problem im
Auflenraum zum abgeplatteten Ellipsoid. Wir verwenden sphérische radiale Basisfunk-
tionen in der Losung der Randintegralgleichungen, die durch die Dirichlet-zu-Neumann
Abbildung entstehen. Dieser Ansatz ist besonders geeignet fiir die Handhabung von
Satellitendaten. Des Weiteren, verwenden wir sphérische radiale Basisfunktionen auf
der Einheitskugel, um die Losung des linearisierten Molodensky Problems zu approxi-
mieren.

Schlagworte: nichtlineares Molodensky Problem, Randelementmethode, Glattung mit
Wirmeleitungskern, sphérische radiale Basisfunktionen
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1. Introduction

The determination of the shape of the earth and its gravity field, from measured data, is
a problem of high importance in geodesy. Molodensky proposed in 1945 the direct gravi-
metric determination of the surface of the earth [29] [30]. The problem of Molodensky is
an exterior (geodetic) boundary value problem with given data on the earth surface. A
precise mathematical description of this problem was first given by L. Hérmander [19].
Hormander’s treatment of the nonlinear Molodensky problem is based on the contin-
uous implicit function theorem and its discrete version which is based on the method
of Nash [35]. We will refer to this method as the Nash-Hormander method. Hérman-
der applied the implicit function theorem to the Molodensky problem and proved that
Molodensky’s problem complies with the conditions of the implicit function theorem.
His mathematical procedure involves an appropriate smoothing. The convergence of
the abstract Nash-Hormander iteration procedure is proved in [I9] by using different
Holder norms and estimates for the linearized problem as well as for the nonlinearity.
The main result of Hormander’s work is a theorem on the existence and uniqueness of
Molodensky’s problem.

In this thesis we derive convergences rates for the Nash-Hérmander method (Theorem
2.2) which are missing in the original work of Hérmander. We show estimates proving
convergence of the Nash-Hormander algorithm with restart for the Molodensky prob-
lem. Furthermore, we develop implementable algorithms for the Molodensky problem
based on the Nash-Hormander method and on our method with restart - using the
boundary element method and discuss the numerical difficulties arising in the imple-
mentation.

There are many different approaches to solve the linearized Molodensky problem [12]
21, [48]. One of the methods to solve the linearized Molodensky problem is the standard
boundary element method as presented in [21] (for radial basis functions see [48]). In
this thesis, we also convert the linearized Molodensky problem to a pseudodifferential
equation (boundary integral equation) by making a single layer potential ansatz for the
gravitational potential u. By adding additional side conditions involving the first order
spherical harmonics, we obtain a well posed problem. Thus, we look for the density
of the single layer potential and the expansion coefficients of the spherical harmonics
as unknowns in the integral equation. Hence, we obtain approximate solutions via
the boundary element Galerkin scheme by approximating the density either by stan-
dard piecewise polynomials, here quadratic in Section [£.1] or by spherical radial basis
functions in Section [Z.1}

In this thesis we solve approximately the nonlinear Molodensky problem, which means
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that we reconstruct the shape of the earth by using given data of the gravitational
potential. We solve the linearized Molodensky problem (4.2) with the boundary element
method by solving pseudodifferential equations on a sequence of new surfaces with the
Galerkin method. Here, the new surfaces are obtained by updates which themselves are
obtained by solving a further exterior Dirichlet problem (4.5) for harmonic functions
with the single layer potential ansatz and computing the Hessian of this potential.
As mentioned above, an appropriate smoothing is necessary for the Nash-Hormander
iteration procedure. For this purpose, we apply a heat kernel smoothing using Laplace-
Beltrami eigenfunctions and use the algorithm by Seo and Chung [44]. We show that
the heat kernel can be used as smoother in the Nash-Hérmander algorithm (Theorem
4.1). Originally, Hérmander used smoothing with a suitable mollifier together with
Fourrier transformation (Theorem A.10 in [19]).

Another approach to treat the linearized Molodensky problem is based on the use of
meshless methods. First in Section [6.1] we consider the Neumann problem for the
Laplacian exterior to an oblate spheroid, which is a better approximation of the true
earth surface than the sphere. We use the Galerkin method with spherical radial basis
functions in the solution of the boundary integral equation arising from the Dirichlet-
to-Neumann map, which converts the boundary value problem into a pseudodifferential
equation on the oblate spheroid. This meshless approach with radial basis functions is
particularly suitable for handling scattered satellite data. In Section[7.I] we use spherical
radial basis functions on the unit sphere to approximate the solution of the linearized
Molodensky problem.

The principal gain of this work is the development of an implementable algorithm
(with/without smoother) for the Molodensky problem. For a good update of the surface
it is crucial to obtain good approximations for the Hessian of the gravity potential. The
accuracy of the evaluation of the Hessian matrix strongly influences the approximate
solution of the boundary integral equations resulting from the linearized Molodensky
problem and the auxiliary Dirichlet problem, which are solved on the updated surface.
We believe that our solution procedure by solving an appropriate sequence (of firstly
linearized Molodensky problems, then exterior Dirichlet problems and computation of
Hessian and finally, surface update and starting again with the linearized Molodensky
problem with the updated surfaces and so on) is suitable to approximate the solution
of the nonlinear Molodensky problem. Our numerical results show that it is necessary
to start with a fine mesh to get good, practicable results, because the dimension of the
approximation scheme (Galerkin BEM) remains the same as the triangulation on the
new surfaces are obtained as images of the vertices of the first mesh under the computed
surface update. We perform an extensive analysis on the numerical evaluation of the
Hessian. Furthermore, we present in Chapter [7] a meshless method for the solution of
the linearized Molodensky problem as an alternative solution procedure. Some results
of this meshless method have already been published in [7] 48]

This thesis is organized as follows:
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In Chapter [2| we first introduce, following Hormander [19], the abstract Nash-Horman-
der method for the continuous and discrete implicit function theorem. Then, we state
Hoérmander’s results on existence and convergence (Theorem 2.1) and uniqueness (Theo-
rem 2.3). Our main result of Chapter [2|is Theorem where we prove the convergence
of the discrete Nash-Hormander method with smoother -with and without restart -
together with an a priori error estimate ((2.43) and Proposition (2.1)).

Chapter |3] is dedicated to the Molodensky problem. Following again Hérmander [19],
we introduce the linearized and nonlinear Molodensky problems. We present in de-
tail Hérmanders existence and uniqueness proof of the nonlinear Molodensky problem
Theorem We work out numerous details which are omitted in [19].

In Chapter [ we first present a boundary element method to convert the linearized Molo-
densky problem and the additional Dirichlet problem into boundary integral equations,
using a single layer potential ansatz. We also analyse the convergence of the boundary
element approximation for these problems. Secondly, we identify the Nash-Hérmander
algorithm for the particular case of the Molodensky problem and present different ver-
sions: without and with smoother and furthermore with restart and smoother. Finally,
we show that heat kernel smoothing is suitable for the Nash-Hormander method.

Chapter [p| is devoted to numerical experiments for these three different versions of
the Nash-Hormander algorithm based on boundary element approximations. For a
sufficiently fine approximation of the initial surface our numerical simulations show
that the Nash-Hormander algorithm with restart and heat equation smoother gives
good results for a final surface which belongs to the measured gravity field. Here,
detailed numerical experiments for the computation of the Hessian in the 2d and 3d
case are presented. The computation of the Hessian is a crucial item in the Nash-
Hormander algorithm. Therefore we had to take here special care and thus we have
exploited various ways to compute the Hessian.

In Chapter [6] we discuss on the use of meshless methods in geophysical applications;
we solve the Neumann problem for the Laplacian exterior to an oblate spheroid by
solving the Dirichlet-to-Neumann map, which gives a pseudodifferential equation on
the spheroid.

In Chapter [7] we apply meshless methods to get Galerkin approximations to the solu-
tion of the linearized Molodensky problem on the unit sphere by solving a Fredholm
boundary integral equation of the second kind. In case of the unit sphere, the pseu-

dodifferential equation for the linearized Molodensky problem from Chapter 4| (4.8))
coincides with this boundary integral equation.

Further, the thesis contains 2 appendices. In Appendix A we list results from Hérman-
ders paper [19] and work out various details. Furthermore, we list some basic results on
boundary integral operators. In Appendix B we give a short introduction into spherical
radial basis functions.






2. An Abstract Framework for the Discrete
Nash-Hormander Method

In this chapter we introduce the abstract framework for the discrete Nash-Hormander
method. Following Hérmander [19], we analyse the continuous implicit function theo-
rem and then its discrete version, which is based on the method of Nash [35]. In doing
so, we will work out some of the important assertions and mention this at the appropri-
ate position. For some very technical details we refer to [19]. We also state Hormander’s
results on existence, convergence and uniqueness. This analysis is fundamental for the
analysis of the nonlinear Molodensky problem given in Chapter Furthermore, we
derive with Theorem 2.2 convergence rates for the Nash-Hormander method, which are
missing in the original work of Hormander and show a priori estimates proving the con-
vergence of the Nash-Hormander algorithm with restart for the Molodensky problem
(Proposition 2.1).

2.1. The Implicit Function Theorem and Smoothing

Let M be a given C°° manifold. The problem under consideration reads:
Let ® : C°(M,RN) — C°°(M,RN") and a smooth ug be given, find u close to uy such
that

O(u) = P(ug) + f (2.1)

for small f, provided that ®'(u) has a right inverse W(u) for u close to ug.

Following Hérmander [19], we first sketch a continuous parameter version of the proof
of the usual implicit function theorem [43]. Given ug for small f, find u(0), 6 € [0, c0),
such that uw(0) = wup, fo = ®(up) and fo + f = eh—>Holo ®(u(f)). This requires that

d®/df = ®'(u(0))u(f) = f, where & = %%, This holds if

where U(u) denotes the right inverse of ®'(u). Now, integrating this equation with
initial condition u(0) = uyg, gives a solution u = olim u(0) of ®(u) = fo+ f.
—00

More generally Hormander [19] takes h € C*° with

0 in (—o00,1/3)
1 in (2/3,00)
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with ®(u(0)) = fo+ h(0)f for

Here is a difficulty: If W(u)f is less regular than u, then we may get an unsolvable
Cauchy problem. We will explain this ”effect” for the case of the Molodensky problem
in Chapter In order to overcome this difficulty, Hormander follows the ideas of
Nash to apply smoothing [35]. He denotes by Sy a smoothing operator, which has the
properties listed in Theorem A.10 given in Appendix A.2 and by setting v = Spu he
replaces ¥ (u) by ¥(v). Concerning Sy, he demands that this may not be defined for
small ¢ and he lets 6 run from some large value 6y to co and remarks that the map
u — U(Spu) has nice properties under mild regularity conditions on ¥ (see below).
The Cauchy problem reads

u(0) = W(v(0)g(0), v(0) = Seu(0), u(fo) = uo, (2.2)

where g has to be prescribed so that u solves

d%‘P(UW)) = O'(u(0))i(0) = ' (u(0))¥(v(0))g(0) = g(6) + e(0). (2.3)

Here we define the error e as

e(0) = (2 (u(0)) — ®'(v(9)))u(0). (2.4)
This equation is a consequence of the following simple calculation

d%@(U(G)) = g(0) + @' (u(0))u(0) — g(0) = g(0) + ' (u(0))i(6) — 2'(v(0))(6).

By integrating ([2.3]) with u(0) — u(co) for 6 — oo we have

O (u(00)) — P(up) :/ g(@)dﬂ—i—/ e(0)do.
0o 6o
Because we want this to be equal to f, we define
0
/9 9(0)d0 := h(0 — 0)Syf — SeE(0), (2.5)
0

where .
B(0) = / e(@)h(0 — §)d0 (2.6)
0o
is the accumulated error up to #—1/3. Now, the function g is determined by the solution
up to § — 1/3 and thus, g can be considered as known in (2.2]). Following Hérmander
this is the reason why the integration of (2.2)) has to be extended to § = co. The error
due to the regularization operators Sy has to be corrected after 6 + 1/3, the new error
after 6 4+ 2/3, and so on.

In order to avoid regularity conditions on ¥, Hormander proposes to work with a
difference approximation to the differential equations of Nash. He introduces this in
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such a way that one stays very close to the differential equations. We present this
method in Section [2.2]
Now, using ([2.4) and Taylor’s theorem, the norm of

is dominated up to a constant by the norm of (®" (w,v(0) — u(6)),u()) where w =
nu(f) + (1 — n)v(f) for some n € [0,1]. Thus, the error e is essentially the second
differential of ® acting on (v(#) —w(0)) and 4(6), which are small for large 6, such that
the error e should be very small.

In order to analyse the continuity properties that we have to assume for ®”, we follow
Hormander [19) Section 2.1] and first consider a typical case where @ is a partial differ-
ential operator acting on functions u in a convex bounded set ) C R"™.

Let F(z,U) be smoothin z € Qand in U = {uq }ja|<m, where uq € R, v = (0u1, ..., o) €
77 . We set

B(u) = F(z, {0°u(z)}), 0 = (a‘zl)m . (8;)&".

Now, let F,, be the partial derivative of F' with respect to u,. We have then for the
second differential of ®

& (uyv,w) = Z Fa/g(m,{ﬁwu}wgm)@avaﬁw.

o], Bl<m
We first introduce the Holder spaces.

Definition 2.1 (Definition A.3 [19]). Let k € No,k < a <k +1 and B CR" compact,
convez such that B # 0.

Define
H(B) := {uc C*B) :|lullo = 51612 lu(z)] < oo and
fule = 3 sup Iao‘U(fL’)_— ?f:(y)l < o).
| =k TFYEB |z -yl
We also set #°(B) := C(B). Then S with the norm ||-||a := ||-||o+]| - |o is @ Banach
space.

Hormander claims that if a bound M is prescribed for |[0%ul|o, || < m, Theorems A.7
and A.8 yield for a > 0

||(I)”(U;”vw)||a < Ca,M(HU”m-&-anHm +[vllmllwllmta + 0llmllwllmlwllmsa)- (2.7)
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Next, we want to prove (2.7)). Applying Theorem A.7, we deduce

1" (wiv,w)lla = | D > Fapla, {07u})0 0w|q

la]<m | B]<m

<C > S {IFas(e {07 uh)llallov o]0 w]lo

la|<m |B]<m
+ | Fap (@, {07 u}) ol|0%0]|al|0%w |
+ (| Fap(, {07u})llo|0%0]lo]|0%w]la}-

Now by taking the maﬂx and noting that
«,

10%0llo < f[vllm,  [0%0lla < [|V]lmta
and that the same type of estimates hold for w, using [[0%ullp < M, we obtain

197 (s 0, w)lla < Crs {max | Fas (2 {0 uP a0l [0l +10llmerall 0l + [[0llm [0 ]lta -
(2.8)
Now, applying Theorem A.8 for || Fyg(z, {0"u})|q, we have two cases:

[Fap(@, 0" ulla+ | Fas(@, )llo, 0<a<1

||Fa5(3’37 o d"ull, < {
C| Fap(z, )1 107ul|$+ [ Fas(@, ) al OV ullat | Fap(z, ) o), a > 1.

Choosing now |y| < m, the first case gives
rgz}gx [Fap(@, {07u})[la < Cmllullmta-

For the second case we have for ||07u||{ by using Theorem A.5 and v < m

107l < [[ullmar < Callullmta

and we obtain
max [ Fap(z,{0"u})lla < Comllullm+a-

Combining now the last two estimates with (2.8) we have proved (2.7).

This estimate is similar to the estimate for the operator in the Molodensky problem
given in . Increasing a in , the order of differentiability increases in only
one of the factors in the summation terms of the right hand side of and there it
increases like a. More generally, Hormander [19, (2.1.5)] allows estimates of the form

19" (s v, W)l 7g4a < CLNVlmy+allwllmy + 1V ]lma ][]y +a+ (2.9)

(Iollms [wllms + [0llmsl[wllmg) [ullms+a, 0 < a < as,

where Ao, m1, ..., m5 are non-negative numbers. (Ao indicates that the norm refers to
the range space of ®, m and p will be used for norms in the domain of ®). Furthermore,
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(2.9) is only valid if u has a fixed bound in a suitable Holder class. He also assumes
concerning ¥ that [19] (2.1.6)]

2 ()gll+a < CUglr+a + lglrallvlpeta), 0 <a<aw (2.10)

when v is bounded in a suitable Holder class. This estimate is similar to given
there for the Molodensky problem. Using the estimates and , Hoérmander [19,
Theorem 2.2.2] shows the existence of a solution u € s+ of the equation ®(u) = f
with f € T M. a,ae and ay are large enough compared to the constants (mq,...)

in - - We will analyse this in Appendix

2.2. The Discrete Nash-Hormander Method

In this section we introduce Hérmander’s difference approximation to the system (2.2))-
(2.6) of Nash. Let 6, s large, and set for £ =0,1,2,...

O = (06 + )", D=0y — O .
Following the notation of Hormander, we set
U1 = up + Dglg, g = P(vk)gk, vk = Spy k- (2.11)
where 4y, is just a notation, which does not indicate differentiation. We form

@(u;H_l) — @(uk) = (I)(Uk + Akuk) - @(uk) - @/(uk)ﬁkﬂk

, (2.12)
+ (9" (ug) — ' (vp)) At + Drgr = Dr(gr + ex),
where
er = €, + ey (2.13)
er = (' (uk) — @' (vp))tk,  ef = (P(ug, + Dgtig) — D(up) — ' (ug) Agtir) / D
Summing up from 0 to k, we obtain
k
P (ug+1) — Z Aj(gj +ej).
7=0
Since the limit as k¥ — co must be equal to f, we set
k
> 28jgj + Se. B = S, f (2.14)

J=0

where Ej = Z?;é Aje; is the sum of all preceding errors.
Hence,

DNogo = Sef, gk = D5 ((Se, — So,_)(f — Ex—1) — So, Dp—1€k-1), k>0. (2.15)
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This can be seen as follows:
With Ey = 0 we have Aggo = S, f- Next, we can rewrite (2.14) as

k
> Njgi = S (f — Ex)

j=0
so that

k—1
Apge = So,(f — Br) = Y _ Djgj = So,(f — Ex) — So,_, (f — Ep1)
=0
= (Sek - Sgkfl)f - Sngk + SgkflEkfl'

Hence, noting that
k—1
Ey = Z Njej = Np_1ep_1 + By (2.16)
§=0

we obtain

Akgr = (So, — So,_,) f — Sop (Dk—1€x—1 + Er—1) + So,_ Erx—1
= (So, — S0, )(f — Er—1) — So, Dp—1€8—1-

Next, we follow again Hormander and present the precise hypothesis under which
Hormander derives a convergence result for the above method, which gives in the limit
k — oo the solution of the implicit function theorem.

Following the notations of Hormander, let M be a given compact C° manifold, ug €
C>®(M,R™). He assumes that for a certain y > 0 the map ® is defined for all u €
C>®°(M,R"N) in a convex " neighborhood Vj of uy and that ®(u) € C°(M,RN").
He also assumes that if u € Vp and uy,us € C°(M,RY), then ®(u + tyug + tous) is a
C? function of t1,ty with values in C>(M, ]RN/) for t1,t9 close to 0. Furthermore, he
assumes that the estimate holds for the mixed second order derivative ®” (u; uq, ug)
at t; = to = 0. Finally, he assumes that ¥(u) is defined for v € C°(M,R™) NV, and
that W(u) : C°(M,RN") — C°°(M,RY) such that estimate (2.10] holds.

Now we take f € J#°t? to be small. A certain set of conditions on « and the other
constants in and (2.10), which are given by [19, (2.2.28)], guarantees that for
large enough k and 6y an infinite sequence {ug} can be defined by - and
that it converges to u € J#*TF1 in the 7% topology, for every a < « + pu; while
O (ug) — ®(ug) + f. If for some a < av+ 11, ¢ has a continuous extension from 77 to
A, it follows that ®(u) = ®(ug) + f.

Now we first state Hormander’s convergence theorem. In the Appendix A.1 we give a
summary of the several steps that are needed in the proof and also present some details
which are omitted in Hérmander’s version.

10
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Theorem 2.1 (Theorem 2.2.2 [19]). Let M be a compact C*° manifold, ® a map from
C®(M,RN) to C°(M,RN"), defined in a A" neighborhood V' of ug, which has a second
differential satisfying (@ for u € VN C*>®. Assume that the first differential has a
right inverse ¥ satisfying for v € V, that a certain set of necessary conditions
on a and the other constants are fulfilled and that o+ py is not an integer. Then there
is a neighborhood Vi of 0 in T and large constants 0y and k such that

(i) the Nash iteration scheme - has solutions up, € VN C™ for every
fevi,k=12 ..

(11) wy converges when k — oo to a limit u(f) € F*TH in the H°° topology for every
a < o+ py and is bounded in F*THL,

(iii) ®(ug) — ®(up) + f in H* for every a < o+ A1 and is bounded in T 1,
(iv) lu(f) = tollatps = 0 if f— 0 in o+

(v) If f € AP for some B > a such that the necessary conditions [19, (2.2.24)]
are fulfilled with o replaced by B, then u(f) € AT if B4 1 is not an integer,
and moreover uy — u(f) in F* when a <+ p1,

O(ug) = P(up) + f in A when a<f+ A

2.3. Discrete Nash-Hormander Method with Restart

We will compute with the above algorithm with restart numerical simulations for the
Molodensky problem (see Section . Therefore, we use a corresponding set of con-
stants cf. [19, Example 2]. The constants provided with an index are those which occur
n [19], for example C4 1¢.;; means the constant in Theorem A.10, property (iii) in
Hormander’s appendix. We start by refining Hérmander’s estimates for the error after
k steps. In the notation of Hormander [I9, page 20] we have, by using [19, page 25
Example 2], the following lemma (see [19, Lemma 2.2.1]).

Lemma 2.1. Lete >0, a+e¢ N, —e<a_ <a<ay.
Assume that for some k > 0

lijllate < 665771 (2.17)
fora € [a_,a4].
It follows that
k
U=> Njiy € 2, |[Ula<Cand if a<a+te (2.18)
§=0
and for some fixed ag we have
HU — Sek+1UHa < 02.2.6592_7_?_6 Vo<a< oy +¢€ (2.19)
1560, Ulla < Co.600\° "% V0 <a<a (2.20)

11
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Corollary 2.1. Lete; >0, €1 +e2 < €g, 4 < a+€, a,0 as above.
We define

Vo i={ueC™:|lu—ugll, <e}
Vi={ueC™:||lu—-uolly <e}
Vo i={u e C®: |lull, < e}

Assume that
1

0> 0 < €1 ) a—pn
>0p=| 51 .
Car0.iil|wolla

Then Spug € V1 and if a = p < o+ € and

€
5 < 72,
Cai0i-Cu

we have U, SgU € Va. In this case, also upy1 =uo+U € V1 + Vo CVy and Sy, uxt1 €

Vi+ Vo CVh.

Next we derive convergence rates for the Nash-Hormander method. Now, setting vy, :=
Sp, u, we obtain Va < a+ € and Vb > a, such that A.10.iii is valid

luj —vjlla = lluo + U — Sp, (uo + U)|la
< |up — ngU()”a +||U — S@J.U”a (2.21)
< CA.IO.iiiHUOHbe?ib + Co.2.6005“F.

In the special case b = a + € we have
lwj — vjlla = (Cano.iilluollate + C22.66)05 ¢ (2.22)
Similarly, we deduce for all a < ag and all b, such that A.10.i is valid

lvjlla < 1S6,ulla + 1156, U la
< Ca10405 " Juolls + 52.2.659J(-a_°‘_6)+ (2.23)

< (C'A.l(],iH’LLQHOZJr€ + 62.2.65)(95«&7&76)"',

where the last inequality is again for the special case b = a + .
In the following, we consider a quantitative estimate for § in (2.17). We are going to

use (Z2), @23) and

lujlla < max (Caxr, Y A;051) 66557 4 Jluga (2.24)
j=0
=:¢11

12
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to estimate the smoothing error €’. By using ([19, (2.1.5)" Hérmander]), we deduce

l€ill2e+a < Cofllu; — vjll2t3etalligllo
+ llwj = vjllollll2+3e+a
+2[u; — vjlloll@llo(llwsll3+2e+a + [|v)l3+2¢+a)
< 02{(CA.10.iii||uO”b9]2'+36+a_b + Ca2,6007 2T ) 50707
(Caroaiilluolle, 0 + Ca2.600; )60 2+ (2.25)
+2(Caroaiilluolle,0; + Ca2.606; )60,
(L4 Cano)[uollss2era + (€11 + Cong)d0l 9%}

J
for b, such that A.10.ii is true for (2 4+ 3€ + a,b) and ¢; such that A.10.iii is true for

(07 Cl)a (Oa 02)'
Similarly, for the linearization error €7 ([19, (2.1.5)" Hérmander]) we obtain

€7 ll2e+a < Coj{ll;ll248e+allijllo

+ ||uj||(%(”uj”3+26+a + ”U] |’3+26+Q)}
< Con{o0; ot amasg 07!
+ (36772t T 4 fuollssoera
242eta—«
+ 95 } (2.26)
< CQAj(Sz{G?eJFa*QO‘

+ 2¢11(59§-it26+a_a)+ + [[uollz+2e+a)05 272

Let ej = € + €} and E} = Z?;& Aje;. By [19, page 22 Hérmander| we have

- A
=Si(f — Ep) — ——8
gkt1 = Sk(f — E) NG
and the following estimates
_(b—a
S exlla < Casoatly "™ llexlls (2.27)
1Sk Exlla < Car0002 M| Exlls
kel
< Caroawly ") Allegllb- (2.28)
=0

In order to keep the formulas manageable, we write (2.25)) and (2.26)) in the schematic

form

N

[ Z &.0{||uol| 4, , 9, 0%, ||luo| B, 6, HuochHuoHc;l}@;d" (2.29)
n=1
N ~ ~

e/ ll2e+a < > €alrj62{1,6, l[uollsr2e+a}0; . (2.30)
n=1

13
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Note that immediately leads to an explicit estimate for Sy, 1€k

To estimate SiEj, we consider the terms (1,4;)(... )9;d” on the right hand side of
and separately. Explicit expressions will be used later in . For the
right hand side of there are 3 alternatives:

If d,, <1 we have V7 > 0 small

k—1 N
> 00 €nd{lluolla,. 6,62, ol B, 0. [luolle, l[uolle, 165 ™
j=0 n=1

N k—1
< G, T s {fluolla, s 8,82, uolls, 6 luollealluolle, 1) D 25657
j=0

n=1

N
< G (Y €adflluola, 8,67, [luoll 5,6, uolle, lluoll e, 3)-

n=1

Here we have used
N0 < ORI = CRTN 05 + )R, (2.31)
where -
0>Cr =Y CrM (05 +4)" %
j=0
is independent of 6y > 65 > 0 and £ > 0.

Remark 2.1. This is only necessary if we want to vary k with the step, otherwise we
can just work with the summands

N
DY €ad{lluolla,, 8,62 Juoll 5,6, l[uolle, lluolley })6; "

n=1

separately.

If d,, > 1 we have V7 > 0 small

k—1 N
00 €ad{lluollan, 6, 8%, [luoll 3,5, l[uolle, [[uolle, )65
7=0 n=1
N k—1
<O, €ud{lluollan, 6,67, [woll 8,6, l[uolle, luolle, 1) D 25607
n=1 7=0

N
< Oy ™Y €ad{l|uola,. 8,62, uoll 5,0, l[uolle, l[uolle, })-

n=1

and if d,, = 1 we have V7 > 0 small

k—1 N
Y-850 €ad{lluollan, 6,6%, [[uoll 8,5 luolle, [uolle, })0; (2.32)
j=0 n=1
N
< CrO07(Y €ud{lluolla,, 6, 6%, [[uol 8,8 [luollc, [[woller, })- (2.33)
n=1

14
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Finally, for the estimate of the right hand side in (2.30) we have

k—1 N B ~ N
ST AKS Cad L6, [uollssacratt ) < Con 10205 (S 0 €ub2{1,6, o s 2e ).
7=0 n=1 n=1

Choosing k large, this is arbitrarily small. Concluding, the right hand side in (2.28]) is
estimated, for any 7 > 0 small and any k£ > 0, by terms CA_m,weg—b—l times

Cr0y T (€n0{||uo] A, 6, 62, [[uol| B, [[uolle, [luolle, }) if dn < 1
Cr05 (€8 |luol 4, 6, 6%, [[uoll 8,6, luolle, l[uolle, }) 3 dn > 1
C-07(€0{||uol| A, 0,82, luoll B, 6, l[uollc, lluolle, }) i dn =1

Crr 1627 (&,6%(1, 6, ol 240} for €.

Now, the final step in our analysis is to combine the estimates above with

. 24a—
littstllase < CUlgrst late + llgrrallcd ")
_ Ay
Gk+1 = Sk(f — Ey) — msekﬂek
and
156 f1ls < Ca10.008” | fle-
By using _
1560, exlle < Caroaiby s llekllz + Canoaiby; g llekllz

and AAki - < C, under the assumption that E,%>> b, we have explicitly

e ~ Ay,
lgrs1llo < Cat0.awliy§ I lle + 1Sk Exlls + Ao 150, exllb

< CA.lO.ivgzjrcl_l I flle

N
+CCa0a0755 D €ab0 " {luol 5,6, 6% lluoll, 8, l[uollz, l[uollz, }
n=1

= N ~ 5
+ CCA.lO.iiQIIZ;:i Z ¢, 0,020, {1, 6, [[woll =}

n=1

N
—y— —d,+1
+CrCar0inty 1{§ 0, €8 [luolla, 6,62, ol .9, luolle, lluoller}

n=1
d, <1

=n

N
—d,,+1+
+ 3 0T €0 {|[uoll 4, 0,62, [[uoll B, l[uolle, lluolle, }
n=1
dn>1
N
+ 3 0p€nd{lluolla, . 0.6 luolls, 0, luolle, lluolle }
n=1

d,=1

n

N _
_ ~ —d,_ —k+T
D T {L&Huonm}}
n=1

15
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where dn,gn,én,'cvn,c are the 1ndlces in when we set ¢ = 2¢ + a, c?n are the
exponents in 0) when we set ¢ = 2e+a and d VA, B, ¢y d d the indices in
and - When we set v = 2¢ + a.

The estimate for 7 is given by ([19, 2.2.13 Hérmander])

(2
[itks1llare < Co16(llgrt1llate + |g+1lle 9k+1a D, (2.34)

Using b=a+¢€and b =€ in the estlmate for ||gk+1l[p, by recalling (2.25) and ([2.26)),
we identify the terms in ) and (2.30) involving
di : awm&wﬁﬁﬁﬂa+wwh@ﬂ“ﬂﬂ>

d2 . 6252(91?—5—204%—7 + 9[1-;"1"5—204—6)
ds : 0:352(”u()‘|§6k B+7—a—1+(c—a—3e€)+ + HUOH?H- 0 —2a—e— 1)

di: €adluoll0,7" 7 fuo sz (2.35)

ds : 025530;—2a—1—e+(5—a—36)+
dy : 6152Ak9k—27+e—2a+§

do : 6253Ak9](€3+5—04)+ 9;27’—2(1—2
d3 : 6352Ak”uO‘|3+§9;27—_2a_2

where 3 is such that A.10.iii is true for (2 +e+7¢,3), 3 such that A.10.iii is true for
(0, 8) and f3 such that A.10.iii is true for (0, 3).

Now, to simplify the estimates crudely we choose ¢ = a + €. For (3, E, B sufficiently
large, we note that the f-term in the estimate has the highest exponent of 6, and we
denote this exponent by F :=a — a — 1.

We can write all the other terms 0,(6'") as 950,(;")719 where (---) — E < 0. For given

ug, 3, 5, B, E,:c:vve can thus choose for a o > 0 small, 6y = y(o) large enough such that

)—FE
85 )7 (1 + Jluollx + luollolluollx) (2.36)
O’ o~
< %{02.1.6 - C a6 max{C4.10.ii, Ca.10.i } max{€,, €, } max{C, C; }} !

where X = max {3+ ¢+ 3,8, 8} and |uol|o > 0.
From this we deduce

liks1llare < 0412 - Cor6Car0.l fllate + 6 (1+ 6+ 6%)). (2.37)

1
=2 1+5+52

Then for all f in the ball {u : [|u||at+e < 4021‘66014 —

So given 9, let o :
} we have

[dtkt1late < 591?—4—1- (2.38)

We also note that 4 - C21.6Ca.10.i0|| f|late < 0.
On the other hand, we have using Aggo = Sp, f, vo = Sg,uo and 4y = ¥(vg)go, the
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2.3. Discrete Nash-Hormander Method with Restart

solution of the linearized problem 1,

W (Sp,u0)
AO 590f a+e
Ca16
< A (IS0 flla+e + [1Sao £ llell Soo uoll2+e+a)

Cais o o
< o Ao (CA.IO.ii98 “ 1||f||a+6+0,24.10.ii90a 1Hf||a+6HUO||2+6+a)

ltola+e =

< 220002.1.6014.104‘1'(1 + Ca10.ii05 “luol|o-teta) | fllated§ 1.

Let

¢ = maX{QZOOCZl.GCA.lO.ii(l + C4.10.4i0 “[|uol|24+e4a), 4 - C216C A.10.00 } - (2.39)
We set

d = maX{2Z(;C2.1.6CA.10.ii(1 + Ca.10.4i0 “Juoll24+-e4a), 4 - C2.1.6Ca.10.00 | fllate

= €[ flla+e
Note that for this § is fulfilled and by induction we deduce
ikt lase < € flasebyr VE >0, (2.40)

Alltogether we have proven the following quantitative version of Héormander’s theorem
(Theorem [2.1)).

Theorem 2.2. Let f be given as in (2.1). Under the assumptions of Lemma and

with 6 = €||f|late, for € the constant in (2.39), given Oy as in we have with the
Nash-Hérmander iterates ugy1 = ug + Dpug in (2.11))

likllare < €l fllasclE, YE>0,E=a—-a—1l,a<a+ee>0. (2.41)

In particular, {u,}32, converges in T towards the solution u of ([2.1]).

Let us consider the following modification of the algorithm (see Algorithm :
(0) Choose an approximate solution ug and 6.
(1) Using ug do k steps of Hérmander’s method leading to wy.
(2) Set up = ug, a corresponding #y and go to (1).

We denote the approximate solution after [ iterations of (1) by u(Y) and the correspond-
ing 6y by 0(()”. To analyse this algorithm, we consider the result of the usual algorithm
after the k-th step. Let u = ug + Z;’io Ajij be the exact solution. Using Theorem

above and the same argument as in ([2.31]) we have
oo o0
lu = urllare < D Djlliglare < €l fllave Y 267

j=k+1 J=k+1
S CTQ:Hf‘|oc+eekE+1+T
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for all 7 > 0 small such that £+ 1+ 7 < 0 i.e.
= wellae < Cr [ @(1) — D) s HEFHHT. (2.42)

We now assume that ® has a locally Hélder-continuous extension ® : %2:3 — .

with Holder exponent v for every (sufficiently large) s > « + e. (As is true for the
Molodensky problem by Hormander’s analysis).
Then

19 (1) = @(uo)[lare < Cp Il — w0l crs

for ||u — uo||a+et+s < K bounded and hence
lu = willate < CrOF 07w~ wollisess V7 >0 (2.43)

where E < —1 and 7 is sufficiently small such that £+ 1+ 7 < 0.

Iterating this yields that the sequence of iterates u(!) of the restarted algorithm converges
to u, if we choose a sufficiently rapidly increasing sequence of 6y’s corresponding to the
size of the Holder norms of u — u(®.

Proposition 2.1. Assume in addition ® is Lipschitz continuous i.e v =1 then for any
sufficiently rapidly increasing sequence 9(()1) and € (j) = Cﬁj)(Cé)(j)(HkE'FHT)(j) we have

-1

1 .
||u - ul(ﬁ) HaJFﬁ < ( H (g(])) ||u - u0||l(a—a+3)+a+5'
7=0

2.4. Abstract Uniqueness Result for the Implicit Function
Theorem

Here we report on the uniqueness result given by Hérmander in [19, Section 2.3]. For the
ease of the reader we use Hérmander’s notation again and present the key steps of his
derivation. First, he assumes that there is a left inverse ¥(u) of ®'(u) and furthermore,
he requires that the crucial estimates and still hold for u,v € C* NV,
where V' is a convex " neighborhood of ug. He assumes ug, vy € V N C* with

U = U, Vg — U in oM (2.44)

(ugp) = P(ug) + f, P(vg) = ®(ug) + f in  H#PTH, (2.45)

Hormander’s aim is to show under certain conditions on «, 8 that either u or v are far
apart or else u = v. Setting

Ry := @(vg) — @(up) — ®(up) (v —up), Ty := @(up) — (o) (2.46)
and adding up these equations yields

Ry + Ty, = —®(ug)' (vk, — ug)- (2.47)
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Multiplication with W(ug), gives
up — v = V(ug)(Rg + Tk)-
Now using (2.9)), (2.10) there holds

| Rkllxo+ra < C{llur — villmitallue — villma
+ [Jur — vkllmsllue — villma(llugllms+a + 1vkllmiva) ), 0<a <as
(2.48)

ur — Vel a0 < CUIRE + Thllay+ao + 1 Be + Thllno lurllpntao)s 0 < ao < ag. (2.49)

First, consider the contributions from Tj. By using (2.44)), (2.45) and letting k — oo,
Hormander shows that these tend to 0. This is achieved by imposing the following
conditions

e t+ag <pr4a, A+a<M+5, A< A\+B

Using the notations
M:/‘LQ*,ul, Aj:Aj*)\jfl,

we finally deduce
CLQ+MSO¢, aOSﬁ) AQS/BJ OSGOSQ\P' (250)

Now, consider the contributions of Ry in . For this purpose one first notes that
up, — v occurs quadratically in the right hand side of . If one could get a power
higher than 1 of |lu, — vglu; 44, in the right hand side of (2.49), one would be able to
use the fact that if 6 < C§7 with v > 1, then either § = 0 or else § > oY/ 1=),

Setting 0y = ||ur — Vg ||p1+ao and using Theorem A.5 one gets

U — Vgl o < COLETDNOT) g0 < <
M1+ k

from which Hoérmander deduces

k= vill < COETI @) gy 4 <0< at .

By using the fact that dy is positive and as small as needed and imposing that 0 < a <
ao + 1 one has
lug — villa < Cy.

This estimate can be used with (2.48)), which gives
|Rillrxo4+a < C6, for v>1 and a >0, (2.51)

if a certain set of conditions (see [19, (2.3.8)]) is fulfilled. Setting Ao + a = A2 or
Ao +a = A1 + ap or a = 0 the contributions of Ry, in the right hand side of (2.49) can
be estimated by C(SZ and one obtains

§<Co, 6=|lv—uly+a, for v>1 (2.52)
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2. An Abstract Framework for the Discrete Nash-Hormander Method

where C' depends only on ||u||atu; + [|]la-pu -
Denote by @;%(f) the set of all u € 9T such that for some sequence uy, € V NC™,
where V is a convex S+ neighborhood of wug

up —u in TR B(uy) = D(ug) + f in M
leads to the following uniqueness result.

Theorem 2.3 (Theorem 2.3.1 [19])). Assume that ®'(u) when w € VN C™ has a left
inverse W(u) and that , are valid when v € VN C* and v € V N C™.

Also assume that a set of necessary conditions is fulfilled. For every bounded set B
in M one can find a constant N such that <I>;15(f) N B never has more than N
elements and ||u — vl|o > % for any two different elements.

Proof. By 1} there is a constant C' depending on B, such that if u,v € BN q);’lﬂ(f)
are different elements, we have

v = ullp+ae = ¢> 0.
Using Theorem A.5 and a fixed bound for ||v — ul[,, +o We have

Y =~
0 << o= tllpta < Cllo—ulgllo - ull s < Cllo—ull

1/
lo-ulox (£) =e

there is a fixed lower bound ¢ for |ju — v||p.

and by noting that

Now, B C 1 is precompact in #° and we can cover B by a finite number of balls
N

o N
BC | J{u: flu—ujllo < d/3}.

In each of the balls {u : ||u —u;[jo < §/3} we have at most one solution. It is then clear
that BN @;16( f) cannot contain more than N elements. O
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3. The Molodensky Problem

Molodensky proposed in 1945 the direct gravimetric determination of the surface of the
earth [29, 30]. The problem of Molodensky is an exterior (geodetic) boundary value
problem with given data on the earth surface. Following Moritz [17,[31], the Molodensky
problem can be formulated briefly as follows: given, at all points of the earth’s surface
©, the gravitational potential W and the gravity vector G determine the surface .
The potential W can be determined by levelling combined with gravity measurements;
this gives the potential apart from an additive constant. The length |G| of the gravity
vector is measured by gravimetry and the direction of G, which is the plumb line, is
obtained by astronomical measurements of the latitude ¢ and longitude A. It is assumed
that these measurements are corrected for luni-solar tidal effects and other temporal
variations, so that our problem is independent of time. We further suppose that the
very small effect of the atmosphere has been taken into account by an appropriate
reduction.

Now, following Hormander [19], the earth is assumed to be a rigid body, which rotates
with a constant and known angular velocity w around a fixed axis, which passes through
the earth’s center of mass, whose surface is diffeomorphic to the sphere under a map
¢ :S* - R3, with S? = {z € R3;2? + 23 + 23 = 1}. This center of mass will be taken
as the origin 0 of a cartesian coordinate system, the x3 axis coinciding with the axis of
rotation.

The measured data W and G may then be considered as functions on S?

W:S? SR, G:S?— R
We want to find a differentiable embedding ¢ : S* — R3 such that
W=woyp, G=Vwop=goyp on S (3.1)

where w : ©(S?) — R denotes the gravity potential, g = Vw : ©(S?) — R3 the gravity
and o the composition.
The static gravitational potential v is harmonic in the exterior of the earth with bound-

ary values
2

w(x) =v(z)+ %(l’% +22) on  (S?) (3.2)
where w is the angular velocity.

At infinity, v satisfies the radiation condition

v(x) = |]\j| +0O(|z|73) for z— o0 (3.3)
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3. The Molodensky Problem

where (in suitable units) M is the unknown mass of the earth and the absence of |x|~2-~
terms fixes the center of mass to 0.

Furthermore, the absence of first degree harmonics z;/|z|? in means that for known
w, W must satisfy three linear independent conditions. This will be explained in detail
in the next section. Given W and the surface of the earth ¢, G is recovered by solving
the exterior Dirichlet problem for v and computing the gradient.

Hormander gives in [19, Chapter III] a procedure to obtain ¢ as a functional of G and
W. In the following we present his approach.

The first step in finding ¢ is to examine the linearized equations. To do so we consider
in the following one parameter families of functions ¢, W, G, w, v, g which depend dif-
ferentiably on the parameter . We denote the derivatives with respect to 6 by a dot.
We obtain from and that @ = ¢ is harmonic and has no first degree harmonic
component at infinity. With W = w(0, ¢(0, z,y, 2)) = w(6, (%, y, Z)) applying the chain
rule we have

W = dﬂ :(VQU})(Ga 90(97 LY, Z)) + (viw)(e’ (’0(9’ ©Y Z))g:;

do
oy oz
+ (Vyw)(e, 30(0, :Ev y? Z))% + (vzw)(97 QD(H, x, ya Z))%

With & = (6, x,y, 2z) we have

855_&01 .
90 %(9,%%2) =¥

and analogously % = 2, 2 = .
With Opw = w and (, ) denoting the scalar product we finally obtain
W = (0, 9(0, 2,y,2)) + (Vo) (0, 9(6, 3,9, 2)), (0, 9(0, 2,9, 2))
=wop+((Vw)op,¢) (34)

In the same way we obtain

G =900, 0(0,2,y,2)) + (V) (0, (0, 2,y, 2)), (6, p(0, 2,9, 2)))
=gop+((Vg)ow, ) (3.5)
=v'op+(gop @)

These are the linearized equations for W and G.
Now, in order to solve for ¢, we assume that the so called Marussi condition [22]

is fulfilled, i.e.
detg'(x) #0, € (S?). (3.6)

Now, using (3.5) we deduce
p=(Vgop) (G-Vioyp) on § (3.7)

and inserting this in (3.4) we must form the scalar product with G. Following Hérman-
der, ¢’ is a symmetric matrix and we are interested in the vector h defined by

h= —g'_lg, such that g = —¢'h (3.8)
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3.1. The Linearized Molodensky Problem

where h is the tangent of the curve along which ¢ has a fixed direction and changes in
length, so that we have

gz +¢eh) = g(z)(1 —e)+ O(e?), €—0.

Hoérmander also assumes that the ”isozenithal” vector field h is never tangential to
(S?).
Now, by inserting 1} into |D with h = —g’_lg and G = g o ¢ we have

W=d0p+(gop, (g op)tG)—(gop,(g op) tgradi o)

=bop—(G,hoy)+ (gradv o p,hop),
and thus
(04 (grad v, h)) oo = W + (G,hoyp) on S (3.9)

In order to solve for ¢, assuming that W and G are given, we have to find a
harmonic function © outside ¢(S?) which is regular and has no first degree harmonic
component at infinity. Then v satisfies and we obtain ¢ from .

Before concluding this section, we want to explain the reason for introducing a smooth-
ing in Molodensky’s problem. Following [31] it is a well known difficulty with many
higher order solutions that the higher order terms are getting rougher and rougher.
This is the case if an iteration involves differentiation: the derivative is almost always
less smooth than the original function. A similar effect, due to differentiation, occurs
in the iterative solution of the nonlinear Molodensky problem: the functions involved
get rougher and rougher and the iteration is likely to ”"blow up”. Assume that we have
some approximate solution for which ¢ has k derivatives. The isozenithal vector field
h, as given by , involves twice differentiating the gravity potential w. Thus, A can
only be expected to have k — 2 derivatives and therefore, one cannot hope for more than
k — 2 derivatives for ¢p. This loss of derivatives of two orders in each step of iteration
is the reason why the Fréchet derivative, given by the linearized Molodensky problem,
does not have a bounded inverse in the Banach spaces used for studying the nonlinear
Molodensky problem. Therefore, we have to counteract this "roughening effect” by a
suitable smoothing, taking care, that the degree of smoothing is successively reduced
so as, in the limit, to obtain the right result.

3.1. The Linearized Molodensky Problem

Assume that ¢g is a C*> embedding of the unit sphere S? in R3. Following Hérmander,
let Wy :S? — R and Gy : S? — R? be C™ functions such that for a harmonic function

vp outside ¢o(S?), (3.1), (3.2) and (3.3 are fulfilled. Furthermore, let go satisfy (3.6)),

ho be never tangential to o(S?) and we require injectivity of the linearization, which
means there is no trivial harmonic function in the exterior of ¢o(S?) satisfying (3.3)
and the homogeneous boundary condition

(u+ (gradu, hg)) oo =0 on S2 (3.10)
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3. The Molodensky Problem

These conditions are fulfilled if ¢o(S?) is the unit sphere and Wy, Gy are close to the
gravitational potential respectively field of a spherical earth.
The condition guarantees a unique solution for inhomogenous boundary condi-
tions

(u+ (gradu, hg)) o = f on S?

for f outside a subspace of C°°(9f) of codimension 3. For the sphere, the subspace is
spanned by the spherical harmonics {Y7 _1,Y10,Y1,1} of degree 1. In general, we may
use the restrictions to ¢g(S?) of linearly independent homogeneous harmonic functions.
We can fix some basis {4, }?:1 of this three-dimensional subspace such that if uf® is

a harmonic function in the exterior of ©g(S?) with uf°|%(gz) = A; and ufo(:v) — 0 for

|x| — oo, then the first degree harmonics of {ufo ?:1 in the multipole expansion at
infinity are linearly independent.

In the following let € > 0. We want to show that if we choose W and G sufficiently close
to Wy and Gy in #%1¢(S?), then there exists an embedding ¢ close to g in #%+¢ and
small constants ag, as, az, such that for some harmonic function v outside ¢(S?) there

holds
3

W:wogo—l—ZajAj, G=wop=goyp (3.11)
j=1
with
w(z) = v(z) + w?(2? + 23)/2 (3.12)
v(z) = ﬁ +0(j2| ™), @ — oo, (3.13)

Thus, when W and G are close to Wy and Gg there is a unique way of modifying W by
a linear combination of Aj, As, A3 so that the Molodensky problem becomes solvable
with a solution ¢ close to ¢g. By using the reformulation - we have the
advantage that G is now a well defined function of W and ¢, for all W and ¢ close to
Wo, ¢o. The exterior Dirichlet problem

Au=0, u—0 at oo, uop=W —w?(¢?+¢3)/2

has a unique solution, and it can be split uniquely into a sum

3
u="v+ Z ajuy
j=1
where v has no first degree harmonic component at co and
Auf =0 outside ©o(S?), ufop=A; on S%, w; =0 at oo. (3.14)

Defining w by (3.12]) and v from above, then

3 3

wop+ Y a;A; =w (Pl +¢3)/2+vop+ Y aufop=W,
=1 =1
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3.1. The Linearized Molodensky Problem

G being defined by the second term in (3.11]). From now on we write G =: I'(W, ). The
linearization of the reformulated equations (3.11]) - (3.13]) is done as in the introduction,
having an additional sum 25:1 a;A; so that we obtain

(0 + (gradd, h)) o o = W + (G, h o ¢) — Zaj (3.15)

Choosing Ay, As, A3 properly guarantees that for given W, G there are unique constants
(a1,a2,as3) such that there exists a harmomc function ¢ satisfying (3.13]) and -
The corresponding ¢ obtained by using gives the inverse of the d1ﬁ'erent1al to be
estimated before we can apply the method of Nash. In order to apply the method of
Nash, a careful study of the second differential of the map I' is also required. We do
this in Section 3.2

We examine the Dirichlet problem for the Laplacian in the exterior of ¢(S?) and estimate
the solution of this problem. The main result of this section is the following theorem.

Theorem 3.1 (Theorem 3.3.2, [19]). Assume that ¢ and W are in small neighborhoods
of o and Wy in ¢ and that o, W as well as G, W are smooth. Then there is a
unique harmonic function outside ¢(S?) satisfying (3.15) and (3.15) for some a; € R.
For the corresponding perturbation ¢ given by , the estimate

1lla < Ca{lWlla + 1Glla + (W e + G (W |24 + [ 2]l24a) (3.16)

1s valid.

In the following we give the proof of this theorem.

Throughout this section, following [19], we denote by ¢ a C* map S? — R3, which for
€ > 0, is in a small 7#%*€ neighborhood of (. Note that by an inversion with respect to
an interior point of ¢g(S?), the exterior Dirichlet problem can be reduced to an interior
Dirichlet problem and then, by the maximum principle the coefficients of the spherical
harmonics expansion at infinity are continuous linear functions of the Dirichlet data in
the maximum norm. Following Hoérmander, we choose a C* map T : S> — R? such
that T'(z) points to the exterior of g(S?) at @o(z). Then one can find a small constant
~ > 0 such that the map ¢ defined by

S% % [0,1] 3 (z,t) — ¢(z) + 1T (z) € R3 (3.17)

is a diffeomorphism for all ¢ close to ¢q in 2. In order to work with the Riemannian
metric, Hormander identifies S x [0, 1] with Q = {z € R3;1 < |z| < 2} by means of the
map (z,t) — (1 + t)z, and uses (3.17) to pull back the Euclidean metric in R? to the

Riemannian metric
(dp +~(Tdt + tdT),dp +~v(Tdt + tdT)) in Q.

More generally, for each ¢ we can find a T'(¢) and we can estimate the metric tensor
(gi;) using Theorem A.7 by
9ijlla < Callell1+a- (3.18)
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3. The Molodensky Problem

Here, an uniform upper bound has been imposed on ¢’ and |¢||p has a fixed lower
bound. We now consider the exterior Dirichlet problem

Au=0 outside ¢(S?), w—0 at oo, wop="U, on S%

For this problem we know that a solution exists and is bounded by ||Up||o everywhere.
Hence, all derivatives can be estimated by a constant times ||Up|lo on compact subsets
of the exterior of ¢(S?). With this Hérmander obtains for the pullback U of u to
using Theorem A.8 and writing ¥ = {x; |z| = 2},

Uz < CallUslloligla-

Here ||U||> denotes the Hélder norm on ¥ as explained in the appendix. U satisfies the
Laplace-Beltrami equation with respect to the metric (g;;), which is of the form con-
sidered in Theorem A.14 with the coefficient matrix A = |det g|'/2g~!. Using Theorem

A.8 and (3.18)) we have
HAHa < Ca”@”l-i—a' (319)

Applying Theorem A.14 for a > 0 and not an integer, we deduce
2 2 2
1U11Ea < CallUoliza + 100l T el ol va)- (3.20)
If |a] < 1+ a, we deduce

10%u) © ¢lli+a—ja) < CalllUoll1+a + [Uoll14ell@ll1+a)- (3.21)
Our aim is now to verify (3.21]). To do so, we note that (0%u) o ¢ is the restriction of
09U to S? and Theorem A.8 gives
3
0% =070y 8= end/Ou, = ()7 lela < Callllas
j=1
Hormander claims that for b > 0, the following estimate holds [19, (3.2.6)]

16°Ulls < CollUlotia) + I llo+iaf 1U]]1)- (3.22)

In the following, we derive in detail various estimates [19] (3.2.5), (3.2.6)] of Hormander’s
proof. Now, by setting b = 1 + a — |a| and inserting (3.20]) into (3.22))

10°Ul14a—ja) < CalllUll14a + ll@ll1+allUll14¢)
< Ca([lUoll1+a + l@ll1+allUoll1+e
+ llelh+a(lUoll1+e + 1Tol[1+ell@ll144))
< Ca([[Uolli+a + 10oll1+¢llll14a),

we obtain (3.21)).
When |a| = 1, by using Theorem A.7 we obtain the estimate (3.22) in the following
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3.1. The Linearized Molodensky Problem

way

3 3 3
1> cindeUlle < leirllsllonUllo + Y lieirlloll Uy
1 1 1

= llellellonUllo + licllolloxU

< CollellallUll + Co [l U146
<C

< Co(IlU[14s + el U]1)-

Assuming that |a| = k + 1 and that (3.22)) is already proved for |a| = k, we obtain for
some j

162Uy = [18°~ (6U)lo < CUE;Ullp1a—1 + el g1 10;U11)-
By setting k = |a] — 1 we have
16°Ully < C(16;Ullb+x + llolloel16;U1]1)-
Using now ([3.22)) with b replaced by b+ k or 1 and |a| = 1 we deduce

10;Ullb+x < CUUIb+x11 + llellorrra1U]]1)
16; Ul < CUIU2 + llll2lUT1)

and we have the following estimate

16%Ule < CUUlbn41 + [@llorrra lUT + lellore (U2 + llell2Uf11))- (3.23)

Applying now Corollary A.6, Hérmander deduces

ellsrxllUll2 < CUlell[Ullp4r41 + ll@llsraa U1 (3.24)

which we show now:
By Corollary A.6 we have

lullallulls < C D llullagllulls,
j

if (a, B) € conv {(ay, B)) = Y72y Ajlay, ) with 37 A =1,X; > 1},
In (3.24)) weset a=b+k,f=2, a1 =Po=1land apa =51 =b+ k+ 1.
Now, using («a, 8) = Mai, 1) + (1 — A)(ag, 52), we have the following system of equa-

b+k 1 b+k+1
(2 >:A<b+k+1>+(1_M< 1 )

tions:

which implies
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3. The Molodensky Problem

which means that we found a A satisfying both equations. Furthermore, with this A
we can write o and [ as a convex combination of (¢, 3;) and by Corollary A.6 ((3.24))
holds. Using this estimate in (3.23)) and noting that ||¢||2 is bounded, we have proved
B3:22).

Now we are in the position to derive the desired estimate (3.16|) for ¢ with the help
of the above estimates. Later on, following Hormander, we will use this result on ¢
(Theorem to derive estimates of the map

T (W,¢)— G.

Following [19], we assume that W and ¢ are smooth and use just the bounds indicated
explicitly and a small uniform bound for ||¢ — @ol|2-te-

Using and the triangle inequality, we have the following estimate for the solution
u of the exterior Dirichlet problem with data Uy = W — w?(¢? + ¢3)

1(0%u) © @ll1+a—ja] < CalllW = w? (1 + @3) 110 + W — w? (67 + @3)lsell@llital
< Ca{llWll11a + 02 1] + 93) 14
—_—
<Cligll1+a

+ (W lhge + w0 (07 + 93) 1)l 0ll1+a)
—_——
<C

< Ca{lWllita + (IWllhte + ) @llira}, ol <1+a.

Moreover, we have for the solution u}p of (3.14) with Dirichlet data A;

100%u?) © Pll1ta—jal < Call@lli+a-

If [|¢o]| is close to [[¢ol|, the first degree harmonics in the expansion of uf at oo are close
to those of u; and so they span all first degree harmonics. Because the coefficients in
the spherical harmonics expansion of u at oo can be bounded by ||[W||o + w?, we have
for v (defined as on page 24)

1(0°v) 0 @lhta-ja) < CallW ll1+a + (IWllite + w?)l@lli+a}, i a>max(0,]al - 1).

By taking |a] = 1 we obtain the following estimate for the gravity I'(W,p) = G =
v o g+ w?(pr,92,0)

IGlla < CUWll1ta + (W l1+e + ) [0l14a)- (3.25)

If ¢ and W are close to g and Wy in s#2+¢, the Marussi condition is uniformly satisfied.

If we fix now w, (3.25) gives

lg" 0 ¢lla = [Glla+1 < CUW ll21a + (IWll24e +w?) 0l2+a)
S ——
<C
< Ca([Wll2+a + llell2+a) (3.26)
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3.1. The Linearized Molodensky Problem

and we have an uniform bound for the right hand side when a = e. The uniform
validity of the Marussi condition and the fact that by Theorem A.8 inverse functions
have essentially the same Hélder norms, gives

-1
lg"" 0 ¢lla < Ca(lWll21a + llll2+a)- (3.27)

Again, the right hand side is bounded when a = €. We now apply Theorem A.7 to find

a bound for the isozenithal vector field h = —¢' g

—1
[hooll =g ce)go9)la

—1 —1
<C(lg " eplallgeellot+lld o¢llollgoella)
<C <C

<O(lg " o plla+llgovlla) (3.28)
< C(IW ll24a + [l¢ll2+a)-

By Theorems A.7 and A.8 the same estimate is valid for the transform (¢')~1(h o ¢)
of h as a vector field. To complete the proof of Theorem Hoérmander applies the
following lemma, which estimates the harmonic function outside ¢(S?) which satisfies
(3.13) and (3.15), where we write the right hand side as F = W + (G, h o ).

Lemma 3.1 (Lemma 3.2.1 [19]). If ¢ is sufficiently close to @q in >, and ¥ is a
harmonic function in ¢ outside ©(S?) which satisfies and

3
(6 + (gradv, b)) o o = F + > a;A; (3.29)
j=1
then
3
190 @llre + D las| < C|IF . (3.30)
j=1
Proof. Proof by contradiction, see [19 page 33]. O

Setting B0 := (v + (grad v, h)) o ¢, Hormander [I8, p. 265] says that LHS := dim{v :
Av = 0,Bo = 0} = codim{(F,F) € C®[R3\ Q) x C>°(S?) : Av = F,By =
F  has a solution} =: RHS. By the range of B has codimension 3, or RHS > 3,
so also LHS > 3. On the other hand, with ' = 0 says that any solu-
tion to Au = 0,Bu = 0, which satisfies , is 0. Therefore, LHS < 3, hence
LHS = RHS = 3. Furthermore, also says that Aj, Ao, A3 are 3 linearly inde-
pendent functions complementing the range of the boundary condition B. Therefore,
for every F' € C* there exist solutions v, a; as postulated in Lemma The argument
for F' € 7€ is identical.

Returning now to , we have found that there is a unique solution v and that

3
190 @llise + Y lajl < CIW + (G, ho @) (3.31)
j=1
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3. The Molodensky Problem

In the following, we again work out in detail the sketchy arguments in Hérmanders
proof. In order to apply Theorem A.14 we identify

vop=u=gy on S*:=%; and
" ou
Bu=Y Bj=— + Byu = W+ (G, h Ej ; S?:=x
U ; ]ij+ U =g = —l— o<p aj on 1
and obtain

3
10 @lliva < C{IW +(Gyho @) =D ajAjlla+ 5o pllo
i=1
. . 3
+(IW + (G, how) =Y ajAjlle + [0 o pllo(lhoplla + | Alla)}-
i=1

Using the estimates for ||h o ¢/, and ||Al|, and estimating |0 o ¢[|o by || o ¢|l1+e, We
obtain applying the triangle inequality

3
190 @lli+a SCUWlla + I{Gs ho@)lla + 1Y ajAjlla + 116 0 @llire

j=1
3

+F(IWlle + 4G, ko )le + 1Y _ajAjlle + 16 0 @lliee) IW ll2a+lill2+a)}-
j=1

Now, by using Theorem A.7 and for the terms involving h (3.28) we have
(G, ko @)lla < C{IGallP o ello + 1Glloll o ¢lla}

< C{lIGla +IGNUNW 240 + ll@ll2+a)}

and

(G hop)lle < OG-
We finally obtain with (3.31))

100 @lliva < CUWlla + 1Glla + (W lle + 1Glle) IW |24 + ll@ll2+a)-

By (3.22)), the same estimate is valid for ||grad © o ¢||q.
We now estimate the corresponding perturbation ¢ given by

p =g op) (G —gradvop).
We already observed in the proof of (3.28) that
1 2 9) o < CUIWl21a + l¢ll24a)- (3.32)

Hence, Theorem A.7 and the triangle inequality give
¢l < [1(g" ) 'Glla+ [I(g" 0 ) "grad i 0 ¢l
< C{ll(g" 0 @) MlallGllo + 1" © ©) oGl
+1(g" 0 ©) Mallgrad v oo+ 11(g o @) lollgrad © o @lla}

< {lg" o @) LG, + Ity 0 0) ", 1G] }-
<C
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3.2. The Non-Linear Molodensky Problem

Now for ||G|jo and ||G||; we have the following estimates

1Glla= 1100 @lli+a < C{UW lla + 1Glla + (W lle + G lle) (W ll2+a+ [l @ll2+a)}-

1Gllo < [IGll11e= 1o 0 @llire < C{IWle + [|Gle}

Combing these estimates with (3.32), we finally obtain (3.16)).0]

3.2. The Non-Linear Molodensky Problem

In this subsection we give estimates for the second differential of the map I' namely
F’IfVW,F:;’@. Because I'(W, ¢) is affinely linear in W, we have I};,, = 0 and we can
restrict ourselves to the study of the second differential of I with respect to ¢ and the
mixed second differential, which due to the affine linearity is essentially the same as the
first differential with respect to ¢.
Throughout this section, following [19], we denote by ¢ a C* map S? — R3, which for
€ > 0, is in a small %1€ neighborhood of ¢, defined as in Section
In the following assume that ¢ and W are smooth and that ¢ vary smoothly with a
parameter §. Then G = T'(p, W) varies smoothly with 6. For the derivative G with
respect to 8 we then have

G=v0p+ (g op)yp (3.33)

with © the harmonic function outside ((S?) which satisfies the radiation condition (3.13))
and

3
O=1vo0p+(G @)+ a4 (3.34)
1

Hormander claims that if we subtract the corresponding equations with W = 0, then
the mixed second differential with respect to ¢ and W can be interpreted as the bilinear
map (¢, W) — G.

In order to show this we define

F(W):=G =T,(W,p) (3.35)

where the lower index ¢ denotes differentiation with respect to . Using the fact that
I['(W, ) is linear in W, the derivative of F'(W) with respect to W in direction z is given
by
d
F'(W)z =F(z) - F(0) = @(F(Z, ©) =10, ).
We first analyse I'(z, ¢) — I'(0, ¢) which is the derivative of I" with respect to W.

Choosing accordingly to (3.11)) - (3.13)

CL)Q 3

z:= <2( %—Fx%)%—v) og0+z;ajAj
J:
w? 2 2 :

0= <2(:c1 +x2)+vo> ogo—i-z;ajAj
J:

31



3. The Molodensky Problem

we deduce
F(Z’ 90) - F(O’ 90) = G(Za 90) - G(()? 90)
w? w? !
— (St ra o= St —w) o

= (v —p) 0.

Now, by using W = 0 and the fact that w and Z?’:1 a;A; are linear independent we
have vg = 0 and conclude for w =0

Ly (W,¢) =T(2,0) = T(0,p) =0 0p =G.
Finally, by taking the derivative with respect to ¢ and recalling (3.35]), we conclude
Lvp(W.0) = G =Ty(W, ). (3.36)

In the following we assume no a priori bound for W.

Recalling ((3.21))
1(0%w) 0 ¢lli+a—jal < CalllUoll1+a + [1Uoll1+cllll1+a)

we have for the solution u of the Dirichlet problem in the exterior of ¢(S?) with boundary
data —(G, ¢) := Uy when a is positive but not an integer, by using Theorem A.7

luo@lita+ v 0 plla < Call(G, D) 14a + (G D) l14elloll14a)
< Ca{llGll1+allllo + 1Glloll@ll1-+a
+ (IGllellello + G loll2lli+e) I ll+a}-

Because the numbers a@; in (3.34]) can be estimated by (G, ¢)||o, this estimate is also
valid if we replace u by ©. With w = 0 we have from (3.25) the following bound for G

1Glla < CUWli4a + [Wlhitellllia)

and we deduce

1Gl1+all#llo < CUW ll21a + [Wihiellella+a) 20
1Gloll¢llia < NGllell@lliva < ClIW1tell@ll11a

1Glloll¢llire < ClIW el @llite

1Gllitell@llo < CUW l2+e + W l[1+ell2+al DI Ello0-

Combining all these estimates we obtain

lgrad @ o ¢lla < Caf(IWllz4a + W llitellllza)ll@llo + W llitell&ll1+a
+ (W ll2tell@llo + W llelléllre) lollva}-

Now we want to find an estimate for ||(¢’ o ¢)¢||. Theorem A.7 gives

Ig" o p)¢lla < Cllg" o pllallello + [lg" o ¢llolllla)- (3.37)
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3.2. The Non-Linear Molodensky Problem

Using the estimate (3.25)) with w = 0 we have

g 0 @lla < CUIW ll21a + [Wllitellell21a)
lg" o ¢llo < llg" o @lle < ClIW ||2te,

and we obtain

g 0 @)¢lla < CLUW ll2ta + W llitellllzia) [8llo) + W ll24ellPlla}- (3.38)

Now, with these estimates, recalling (3.34)) and using Corollary A.6, Hérmander proves,
when a > € is not an integer, the following estimate for the mixed second differential

ITW o (2 W @)la = 1Glla < [0 0 @lla + (9" © 9)&lla
< Cof{ (W l2+alllle + W l14ellll14a)
+ llellzralWllitell@llo (3.39)
+leliralWlztell@llo + W el éllie) -

We have to estimate now the second differential of I'(W, ) with respect to ¢. We
have again w # 0, while W is now close to Wy in J#?7¢. Let X,Y : S> — R3 be two
smooth maps. We differentiate G = T'(W, ¢ + s X +tY") with respect to s and ¢, putting
s =t =0 afterwards.

We denote by XG the derivative of G with respect to s and rewrite and
for the first derivatives as follows

X6 = % op+ (g o)X (3.40)
3
0="0+(GX)+ Y %a;4; (3.41)
j=1

where “v is harmonic outside (¢ + tY)(S?) and satisfies (3.13)).
Differentiation with respect to t gives, with s =¢ =0,

Too(Wops X, Y) = 26 = P op + (W 0p)Y + (" o) X + (v 0 9)(X,Y) (3.42)
where *Yv is harmonic outside (S?) and satisfies (3.13)). The Dirichlet data are given
by

3
0= Yop+ (M op),Y) + (" op), X) + (¢ 0 )(X,Y) + Y *Ya; 4;  (3.43)
1
We obtain this equation by differentiating (3.41]) and using (3.40). From now on, we

take s =t =0 in (3.40) and (3.41)).

In order to estimate FZw we have to use the estimates that we stated above and take ¢
and W in a small J#?%¢ neighborhood of ¢y and Wj.
If we replace w? and ||W||11 by a constant, (3.25)) gives an estimate for G

HGHa < Ca(Hle—f—a + ”SDHH-a)-
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3. The Molodensky Problem

Using Theorem A.7 we have the following estimate for |[(G, X)||,

G, X)lla < Cal (IGlall X Tlo + G0l XTla}
< Ca{(IWlhta + lelhira) [ Xllo + [[X1[a}

when a > 0 is not an integer. We can estimate the constants ~a; in (3.41) by |(G, X)||o,

hence by || X||o and this implies

3
1% olla < (G Xla + 11D Fay Ajlla

7=1
3
< Ca{(IW ll1a + llelliea) IXllo + 1X Nla} + D 14jlla | ¥y

<lIXllo

< Ca{(IWllita + llelh+a) [ Xlo + [[X]la}-

Note hat the right hand side is bounded by C||X||14¢, when a = 1 + ¢ and we deduce
from (3.21)

1% 0plla < Ca{(IWll24a + l@ll2a) I X llo + 1 X 1140 + [ X 1ellll1a)-

If a = ¢, then the right hand side in the estimate above is bounded by C||X||1+. and
we have by using Theorem A.7

(%" 0 0), ¥)lla < Ca{l(IWll24a + @ ll2+a) I Xlo + X [l1+a
X lrellellialllYllo + || 0 0 @l 1Y lla} (3.44)
—_——

SOlX 1+
< Co{l(IWll2t+a + lell2+a) [ Xllo + 1 X 1144
+ [ X hellelliral 1Y llo + 1 X el Y ]la}-

Using the same proof as for the estimate above we deduce

1" 09)Y lla < Ca{[(IW ll34+a + I@ll3+) 1 X llo + 1 X [l2+a
+ 1 X [1+ellpll2ral Yo (3.45)
+ (W ll4e + el X o + 1 X |24l [V [la}-

By interchanging Xand Y we also have

10" 00) X la < Ca{[(IW I+ + llllz+a) 1Y llo + 1Y l|24a
Y ltellollzrall X0 (3.46)
+ W lIze + lellz+) Y llo + 1Y 24l 1 X o}

Now we know by (3.26)) that

19" ° @)lla < CalllWll21a + [[¢ll2+a)-
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3.2. The Non-Linear Molodensky Problem

When a = ¢, the right hand side is bounded and by applying twice Theorem A.7 we
obtain

19" 0 @) (X, Y)lla < C(llg" 0 llall (X, Y)llo + llg" 0 #llo) (X, Y)la)
< C(llg o llall XIlolYllo (3.47)
+ g o llo(IXNallY llo + [ XIlol[Y]la))
< C{IWllzta + llell2ta) [XTo 1Y llo + [ X [allYllo + [ X lol1Y[la}-

The coeflicients XYaj in the last term in (3.43)) can be estimated for example by the

maximum norm of the preceding three terms. By combining the estimates (3.44]) and

(3.47) we conclude

v oplla < Ca{(IW ll24a + lI@ll2+a) X [lol1Y llo
+llelirallX el Yo + [ X N0 1Y Tl1+€)
1 X 1itallYllo + [ X ellYlla + 1Y 4l XTlo
F Y el Xl + 1 X allY o + 1 X lol[Y lla}
< Ca{(IWll24a + ll#ll2+a) [ X [lollY [lo (3.48)
+llelh+aCl X [T4elY o + 1 X ol Y [l1+¢)
X ratellYllo + 1 X lol[Y ll1artes-

To obtain the last estimate we use the fact that

[ X NaralYlo + 1X[allY]lo < CllXlat1 ][V ]lo < ClIX 1asellY o
Y llata 1 X llo + (1 XTlollY lla < CIY [[14atel| Xlo

and that by Corollary A.6 the following estimates hold

[ XNallYllire < CUX N1arell Yo + 1 X ol Y l14+a+e)
Y llall XT4e < CUY htatel Xllo + 1Y ol X ll1+ate)-

Using the assumption that ¢ and W are in a small #?*¢ neighborhood of g and W,

we have in particular

100 llire < CLUW lls4e + lllls+) I X ol Y llo

+ lpllo+e (1 X [J242e[[Yllo + 1 X0V [2-+2¢)
<C

+ 1 X Nlar2e 1Y 1o + 1 X0l Y [[242¢
< C{(IW|34¢ + llellz+) I X N0l Y llo
+ [ X 242/ Y]lo + 1 X [lo]|Y [|2+2¢ }-

In order to give an estimate for || XY’ op||, we have to apply (3.21)). For this we need
the following estimate given by using Corollary A.6

lellitalllelisre + [IWlls1e) < Cllellsra + [Wlista) (3.49)
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3. The Molodensky Problem

because there is a bound for ||¢[|14¢ and ||W||14.. Now recalling (3.21)) by setting oo = 1
we have

[0u o ¢lla < CalllUoll14a + [[Uol[14ell#ll14a)-

Setting Uy = XYv oy we deduce

177" 0plla < Caf (IW 1344 + lellz+a) 1 X [l0ll Y Tlo
+ lplloa (1 X T4l Yllo + 1 X0 [V [1+¢)
+ 1 X 2 +atellYllo + 1 X ol Y ll2+ate
+ llellta (W lIz1e + [l@llz+) I X Tlol[Y o
+ 1 X 2426V llo + 1 XTlollY ll2+2¢) }-

By using (3.49)), we finally obtain the following estimate as given by Hérmander

17 0plla < Caf (W ll34+a + llell3+a) 1 X 0¥ Tlo
+lellirall X llz2el Yo + [ X Tol1Y]l2+2¢)
+ lplla+a (1 X [l Yllo + 1 X0 [Y [l1+e)
+ ||X”2+a+6HYHO + HXHOHYH?-i-a-&-e}‘

By the same argument that we have used to get (3.28) we deduce

1" 0 D)lla < CUWls+a + [#ll3+a)-

Now we are ready to estimate the last term in (3.42). Using twice Theorem A.7 and
noting that [|(v" o ¢)[lo < [[(v"" 0 @)]le

(0" 0 @)(X,Y)la < CUIW" o ) lalIX ol o + I X ollY o)
1" o @)lo(IX1all¥llo + 1 X0l la))
< Cal(IWllz4a + lllls+a) [ X oY llo (3.50)
(W o @)l X lallYTlo + 1 XTlolY]la)}
< Ca{Wl31a + llellz+a) 1 X ol Y [0
+ (W llzte + lellz+) (X allY o + I X0 Y lla)}-

Having all these estimates we are ready to estimate the second differential with respect
to ¢ given by (3.42)). We obtain, when a > 0 is not an integer,

TG (W05 X, Y)lla < Ca{ (W lls1a + llsplla+a) 1 Xlol[Yllo
+ lpllo+a (1 X sl Yo + 1 X o [Y [l1+e)
+llellirall X llze2el Yo + [ X N0 1Y ]l2+2¢) (3.51)
+ (W lizte + llells+e) X NallY flo + [[ X Tlol[Y1la)
+ 1 X 2 +atellYllo + 1 X0l Y ll2+a+e
+ I1X 240l Yllo + [ X 24/ ]l
+ Y l2rall XTlo + 1Y ll24ell Xla}-
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3.2. The Non-Linear Molodensky Problem

In order to simplify the bound and obtain the same estimate as stated by Hormander,
we first note that

X 24allYllo < X l24ateY [l
1Y [24all X llo < [[Y]l2+a+el X lo-

Now we use Corollary A.6 to find a bound for || X||o4¢||Y[|o. We claim
Y llal Xll2+e < C{IY l2+asell XTlo + Y lol Xl2+ate}- (3.52)

By Corollary A.6 we have

lullallulls < € llullayllull,
J
if (a, B) € conv {(ay, B)) = Y7y Ajlay, ) with 37 A =1,4; > 1},
In (3.52)), we set « = a,8=2+¢€, a1 =By =2+a+¢€and ay = f; = 0. Now using
(o, B) = AMaa, B1) + (1 — X)(ag, B2) we have the following system of equations:

a 2+a+e 0
<2+e> :/\< 0 >+(1_/\) <2+a+e>

_ a \— 2+e€
C 24a+¢€  24a+e
which means that we have found a X satisfying both equations. Furthermore, with this

which implies

A we can write o and /3 as a convex combination of («;, 8;) and by Corollary A.6 (3.52))
holds.
By the same proof we obtain:

Y N2l Xlla < CUX N2tatelYllo + 1 X olY ll24ate}-

Using now (3.51]) we finally obtain when a > 0 is not an integer,

L% (W03 X, Y)la < Ca{ (W l34a + #ll3+a) I X [l0llY [lo
+ lellora([ X el Y llo + 1 X o [Yl1+e)
F [[ell+a (| X N2 2¢[[Y [lo + 1 X [ol[Y [l2-+2¢) (3.53)
+ (IWlizte + llells+e) (X allY N0 + [ X0l Y a)
+ (X 2+atellYllo + [[ X0l Y [l2+ate) }-
We want to further simplify this bound by means of Corollary A.6. We may imagine
in the last term the bounded factor ||W{|a4c + ||¢||2+e present. We also notice that in
the first three terms a drop of differentiation on ¢ with one unit is accompanied by a

rise of differentiation of X or Y with 1 4 € units.
Now let us take a look at ||W||34¢]|Y|la. We claim that

IWllz4ellY lla < CEIY l2ase W ll2+e + W Izl Y0} (3.54)
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3. The Molodensky Problem

To prove this estimate we use again Corollary A.6. In (3.54) we set « = 3+¢,5 = a, a1 =
24+ €,a0 =3+a,01 =2+a+e P2 =0. Using again (o, 8) = Mai,B1) + (1 — A)(ag, 52)
we have

B+e) <A2+6)+(1-NB+a)

a=\N2+a+e)
which implies
/\:7(1 , 2e+62§a+6a
a+2+e¢

and we deduce that for € > 0 small enough
2e¢ < a.

With this condition we have found a A satisfying both equations and by Corollary A.6

(3.54) holds.

By the same proof we also have the following estimates

Wiz el Xlla < CLUX 2+ atelWll2te + [[Wllz+allY]lo}

pll+ellYlla < CUY l2tatellollzre + lells+all Y llo}
[@lla+el Xlla < C{IX Nl2tatell#llzte + l[@ll3+all XTlo}-

With these estimates we can drop the fourth term in . If we want to drop the
second and third terms in ([3.53]), we have to look at terms of the form ||¢||2allX |1+
We prove the estimate for one of these terms, while the other estimates can be proved
in the same way. We claim that:

lell2+all Xlhve < Clll@llzral Xllo + [ X2+ atell@lloe}- (3.55)

To prove this estimate we use again Corollary A.6. In (3.55) we set « = 2+4a, 5 = 1+e¢,
a1 =3+a,a0=2+¢ 01 =0,0=2+a+e With (a,8) = Aay, 1) + (1 = ) (az, B2)
we have

(2+a)<AB+a)+(1—=XN)(2+¢€)
(I+e)=(1-=XN)(2+a+e¢)

which implies

A=—" @a<l+e+é

and with the condition
a<(l+ete?)/e

we have found a A satisfying both equations and by Corollary A.6 (3.55)) holds.
In conclusion, we can drop the second, third and fourth terms, provided that

2e<a<(l+ete?)/e
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3.2. The Non-Linear Molodensky Problem
for a in any finite interval if € is small enough. Note that this is the same condition as
given by Hormander. We finally obtain under this hypothesis

T (W, 0 X, Y)lla < Ca{ (W lls1a + llellz+a) 1 X l0[Y ]lo (3.56)
F X 2 atel[Yllo + 1 X ol[Y llz4ate -

Assume that g, Wy, Go, A1, As, A3 have the properties given in the introduction. We
set for smooth  and W that are close to g and Wy in #%+¢

(W) =G (3.57)
with G defined by (3.11)) - (3.13). We consider now the map
(W, ) = (D(W, ), W). (3.58)

Summing up, we have shown estimates (3.39)) and (3.56)) for IV and I'”, as well as the
invertibility of ®' (W, ¢) and an estimate (3.16)) for the ¢ and (trivially) W-component
of its inverse. Therefore, all the assumptions in Theorem [2.1] and Theorem [2.3] are

satisfied and Hormander obtains the following existence and uniqueness theorem.

Theorem 3.2 (Theorem 3.4.1 [19]). For all W, G in a 7% neighborhood of Wy, Go,e >
0 arbitrary the modified Molodensky problem - has a solution ¢ close to
wo in H?TC and (a1, a9,a3) close to 0 in R3. If W,G are in S for some a > 2+ ¢
which is not an integer, then ¢ € H#*. One can find a 3¢ neighborhood of pg which
cannot contain two solutions of the problem.

Following now Moritz [31], let us explain the meaning of this theorem. The J#2%¢
neighborhood of W) contains all functions W with [|[W — Wp||24. < ¢ for ¢ sufficiently
small. From the smallness of this norm we deduce that not only the maximum devi-
ation of W from Wy i.e max|W — Wpy| is small, but also that max |[DW — DW;| and
max | D?W — D?Wjp| are small, so that additionally to W close to Wy, the first and
second derivatives of W must be close of those of Wj.

The first statement of Hormander’s theorem asserts the existence of a solution if a good
approximation ¢g of the earth’s surface ¢ is available. We need a good approximation
for the maximum deviation of ¢ and ¢g, but also for their first and second derivatives
and good approximations to the potential W and the gravity G. The second statement
reveals that the surface ¢ is as smooth as the data W and G. This means that if
the data W and G are n times differentiable and the n-th derivatives satisfy a Holder
condition, then ¢ will be n times differentiable and the n-th derivatives satisfy a Holder
condition. Finally by the third statement uniqueness is ensured under a stronger con-
dition ##3*¢ (neighborhood) than for the first statement 27 (neighborhood). Here,
Hérmander claims that one can replace J#37¢ by 21, so that existence and unique-
ness hold under the same condition. We also note that for the second statement ¢ is
assumed not to be an integer (because Holder conditions with € # 0 are essential in
potential-theoretical considerations) whereas for the first and third statements integer
values of € are admitted.
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4. The Discrete Nash-Hormander Method
for the Molodensky Problem

4.1. Boundary Element Solutions

In this section we present a new boundary element method on a sequence of surfaces
obtained by the Nash-Hormander method. Here we convert the linearized Moloden-
sky problem and an additional Dirichlet problem into boundary integral equations by
making a single layer potential ansatz for the gravitational potential u. Thus, our
solution procedure for the Molodensky problem consists in solving sequences of inte-
gral equations and computing a correction ., of the map ,, which describes the new
surface. This correction is obtained via the Hessian, the second derivative of the grav-
ity potential and has to be done with care due to the various sources of error for the
approximations. We comment on this below. We consider the case of a non-rotating
sphere i.e. Jw?(z} +23) = 0.
This together with implies that

v=w W=wvop G=Vvop=gop (4.1)
with v : p(S°) — R and g = Vv : ¢(S°) — R3, where we define S := {z € R3;2? +
r3+ 2% =1}
We reformulate the linearized problem and set for the ease of presentation v := u
and S™ := ¢, (SY).

In each iteration step m, we compute the linearized problem as follows:
Given Wy, : S - R, Gy : S 5 R, Ay : S - R3 and ¢y, : S € R3 — §™ C R3.
Find u,,, : S™ — R such that
Au, =0 in R3\Q,,, 0Q,, =S™
3 ~
U + Vi - i = Wi 0 0" + (G 0 o) -l = >~ ajmAj(@)|,cqm on S™ (4.2)
j=1

U (x) = L O(|z|™®) when |z] = 00, c€R,

]
for some A; € C°°(S™) and constants d;,, € R, such that ([&2) becomes well posed. A
feasible choice for A; is given below.

In order to compute the correction ¢, : S — R3 given by

Gm = (Vgmo @m)_l(dm — Vi 0 o) (4.3)
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we need to compute g, (with g,,=grad v,,).

We define W,ﬁfﬁall :SY — R for a small stepsize Aj by

m—1 —

pytotal _ {Uo 0 wo + Aoug o wo + Aqui o1 + -+ Ay U1 0 Pm—1, for m >1

vpowy for m=0

which is the accumulated potential up to iteration index m — 1, where vy = HTlH is the
potential of the unit sphere and w* : S™ — R is given by
wiotd — wtotal o o=t L A u,, on S™. (4.4)

Now we consider the Dirichlet problem:
For given w!?' on S™, find vy, : S™ — R such that

AT, =0 in R\Q, 09, =S™
3
Vi, = W' = ajmA;(@)],cgn on S™ (4.5)
j=1

C -
U () = Tl +0(|z|7®) when |z| = oo

x
for some Zj and constants @;,,, which are not necessarily the same as in (4.2)).
With this we can compute g, = V¥, and Vg,, = V?7,,. This yields together with
(4.3) the correction ¢y, to the embedding ¢y,.

Next, we use a single layer potential ansatz for u,, = Vpun, in (4.2)) and satisfy the
decaying condition at co in a weak sense.
Let

f o= (Wi 0 6+ (G 0 931) - hn) € LA(S™). (46)

We obtain with the Fredholm operator S of index zero by
1
S:=V+ 3 cos(£(n,h))I + K'(h) (4.7)
from (4.2)) the pseudodifferential equation on the surface S™

Sﬂm - fm (4'8)

V is the single layer potential and K’(h) denotes the directional derivative of the single
layer potential in direction h. In particular for h = n, K’'(n) is the standard adjoint
double layer potential.

Furthermore, let A; = % and N :=span{A;};=1 3. In particular, if y,, € L%(S™) N
N4, then uy, = Vi, satisfies the decaying condition of ([£2). Since f,,, € L?(S™),
but not necessarily in S(L?(S™) N N*1), it is clear that the ;[j must be chosen such
that span {ZJ }?:1 +S(L2(S™)NNL) = L2(S™) for to be well defined. Obviously,
jj := SAj|sm is a feasible choice and leads directly to the variational formulation of

(.8), with (ajm)3—; = am:
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Find (pm, am) € (L2(S™) NN1) x R3, with the L2-scalar product on S™ (-, -)gm, such
that

(Stm, B)sm + SZaJm Aj, )sm = (fm, d)sm Vo € L*(S™).

7=1
Furthermore, p,,, € L2(S™) NN is equivalent to i, € L?(S™) such that

<Mm7Aj>Sm =0 j=123.

which yields the mixed formulation:
Find (tm, am) € L2(S™) x R3 such that

<Sum7¢ sm + Sza]m j7¢ Sm = <fm7¢> V¢ € L2(Sm)

= (4.9)

{ttm;, Ag)sm =0 k=1,2,3.
With the L? scalar product (-, '>SZ" on the approximating surface S;* given by the

triangulation 7,", the corresponding discrete formulation is given by:
Find (ptm by @m,n) € Sp(S]') x R3 such that

3
(Stim,hs Pn)sp + <SZ ajm,nAj, dn)sp = (fm, dn)sp Vo € Su(Sy')

j=1 (4.10)

(Hm,hs Ag)sp =0 k=1,2,3

where L%(S™) D Sp,(S7*) = {space of discontinuous p.w. polynomials of degree 2 on
a regular partition 7," into triangles approximating S™} = span{b; }jvzl
With

N
Qjmn €R, =123, pmn=Y_ tjmbj, Gmn= Z@m
=1

we obtain the following equations:

Mw

N
> i (b, by +
J=1 J

ajm(SAj, bk)sp = (fm, br)sp 1<k <N
(4.11)

le

1j.m{bs, Adsp = 0 k=1,23.
1

J

This yields, in matrix notation, the following system of linear equations, in which the
lower index m is omitted for the ease of presentation:

s S |
A0 |0
where (Sg;) = (Sbj,br), (Skj) = (SA;,bk), (Aks) = (bj, A), (f) = (fm,bx) and ji €

RN, @ € R3.
For the computation of the Hessian VV7,,|sm, we have to solve approximately problem

6h

43



4. The Discrete Nash-Hérmander Method for the Molodensky Problem

by the boundary element method. Using the above procedure for the Dirichlet
problem with gj = V Aj|sm since span {gj}?zl—l—vm(H_l/Q(Sm)ﬂNL) = HY2(S™)
for to be well posed we obtain the following weak formulation:

Find (fim, am) € HY/2(S™) x R3 such that

<VMm7§ sm + VZCL] mA]7€ Sm = < total7€>Sm Vf € H71/2(Sm)

) (4.12)
(fim, Ag)sm =0 k=1,2,3.
The corresponding discrete formulation is then given by:
Find (fim ps @Gmp) € Sh(ST) x R3 such that
(Vum,n, En)syp + Vzag mnAjs En)sp = (Wi Ep)sp  VEn € Su(SR)
= (4.13)

(fim,hs Ag)sp = 0 k=1,2,3

where H~1/2(S™) 5 S,(S7") = {space of discontinuous p.w. polynomials of degree 2 on
a regular partition 7, into triangles approximating S™}.
Analogously we obtain with

N
Tmn €R, §=1,2,3, fimpn= D fjmnj, G € span{n;}
j=1
the following equations with ]?m = wlotal;
3
Zﬂgm Vi, Clse + D im(VA;, Glsp = (fns Gedsp 1< kSN
J=1 7j=1
N (4.14)
> Fijm(n5, Ar)gm =0 k=1,2,3.
7j=1

Rewritten in short

Let us take a look at the right hand side of this equation:

(fn, E)sm = (! )gm  VE € S),(S™)
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4.1. Boundary Element Solutions

Using (4.4) and the ansatz u; = Vju; we have

(Wi, &)sm =W o ol E)gm + Ay (tm, E)sm
m—1
=((v0© o) 0 P!, E)sm + Y Dil(wi 0 9) 0 oyt E)gm
=0
+ Am<VmMm7§>Sm (415)
m—1
=((v0 0 90) 0P, Esm + Y Ail(Viss 0 pi) 0 0,1, E)gm
=0
+ Am<VmMm7§>Sm

To simplify our analysis here we do not consider the errors resulting from approxima-
tions of the surfaces. There holds the following a priori error estimate for the Galerkin
solution of the linearized problem . To get started, we first assume that there are
no perturbations in the right hand side of the Galerkin equations. Later on we will also
regard perturbations in the right hand side (Proposition 4.3, Proposition 4.5).

Proposition 4.1. Let pm,Ym = 25:1 a;mA; be the exact solution of (4.9) and
L. h, Ym.p be the Galerkin solution of (4.10). Then there exists a constant C inde-

pendent of h but depending on m (m fized) such that there holds

”Nm_ﬂm,hHLQ(S’")"‘me_wm,hHL?(Sm) < Cuiélsfh Hﬂm_UHB(Sm) < Ch3/27€HUHH3/27€(Sm).

(4.16)
The proof follows directly from the following considerations.
For the ease of presentation we rewrite the system of equations (4.9)) as:
Find (tm, ¥m) € L?(S™) x N such that with f = f,,
(Stm, ) + (S¥m, ¢) = (f,v) Vo€ L*(S™) (4.17)
<Nm7Ak>:O vV A eN '
and the discrete formulation (4.10) to:
Find (tm,p, Um,n) € Su(SpY) x N such that
(Stm,hs &) + (Stm,ns on) = (f, én) ¥ on € Su(Sy') (4.18)

(um7h,Ak> =0 VA € N.

We know from [2§] that S satisfies a Garding inequality: there exists v > 0 and a
compact operator C on L?(S™) such that

Voe L*(S™):  Re(v,(S+C)v) > 7Hv||2Lg(Sm). (4.19)

For the ease of presentation we set in the following M := L*(S™), My = S;,(S7*) and
UN = b, PN = U b, UN 1= Pp, q := Ap.
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4. The Discrete Nash-Hérmander Method for the Molodensky Problem

Lemma 4.1 ( Lemma 1 [2I]). Let S : M — M be bounded, injective and assume that
holds. Let {Mn}n be a dense sequence of subspaces of M. Then there exist
Ny € Nyv9 > 0 such that for every N > Ng holds the discrete inf-sup condition

S
inf sup _lSun,on)| > 0. (4.20)
0FuneMy ozuyemy |[Unmllon v
For the analysis of (4.17)) and (4.18]) we define the bilinear form B : (M, N) x (M, N) —
R by
B(u,p;v, q) :== (Su,v) + (Sp,v) + (u, q). (4.21)

From the inf-sup condition for B follows the unique solvability of (4.17)) and (4.18]) and
the quasi optimal convergence of uy,py in to u, p.

For (u,p) € (M,N) we define |||(u,p)||| :== (|Jull3, + |[pI|3()"/%. For the continuous
version of the inf-sup condition for B we have the following lemma.

Lemma 4.2. The bilinear form B satisfies the inf-sup condition on (M, N') x (M, N)

i.€.
B .
inf  sup |B(u, p; 0, ) > 0. (4.22)
0FuEM otve pm || (1, p) Lm0, @)l a1
pGN qe_/\/'

Furthermore, we need the discrete inf-sup condition for the form B.
Proposition 4.2 (Proposition 1 [2I]). Let {Mn}n be dense in M and N C M be

finite dimensional. Define

o Il
N):=sup inf ——7+——. 4.23
P S e Tl )

Then there holds VN > Ny

|B(un,p; vN,q)]

inf  sup > v > 0. (4.24)
uneMy oy eMy [l (un, I (w9l
peEN qEN

provided Ny is such that n(Ny) is sufficiently small.

Now, observation shows that the integral operator S and the spaces My and their dis-
crete counter parts satisfy the assumptions in the foregoing Lemma [£.2] and in Propo-
sition Hence application of these results yield immediately the result of our propo-
sition. Next, let us consider the case of a perturbed right hand side in .

Denoting after the first Nash-Hormander step the perturbed data by an upper g, we
have from (4.18)) the following problem:
Find (u,p%) € My x N such that

(Su¥, vn) + (Sp%on) = (f9,un) Vony € My

(4.25)
(u%,q) =0 Vge N
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4.1. Boundary Element Solutions

where we abbreviate f9 = G9, 0 (¢;1)9 - h? for f = G o (@}) - h.
Now, by subtracting (4.25)) from (4.18]), we deduce

(S(un —uly), on) +(S(pn = pR),on) + (un —uly, @) = (f = 7, on)
Vuy € Mpy,q € N and using the definition of the bilinear form B we conclude
B(UN_U?VapN_p‘]qv;’UN7q):<f_fg7vN>' (426)

Applying the discrete inf-sup condition (4.24)), (4.26) and Cauchy Schwarz inequality
yields

B(UN - U?\/va _pi]\farUN)Q)

Yoll|(un — ud,pn — PN < sup

vNEMN |H(UN5(I)|H
qeN
_ (f_fg7UN>
= sup —————"—
wvemy (0 Q)]
qeEN
< swp ILf = follmllvw ] m
IS oyemy (lonll3g + llall3) /2
qeEN
I = o mllon]m
< sup W= Lallonllan o poy
uNEMy lon (| m

Now, by combining this estimate with (4.16)) we obtain with

lu = uiylla+ llp = PRllve < llu = unllm + llun = ul v

+p = pnllm + v — PRl
the following result

Proposition 4.3. Let f9 be a perturbation of f, let u,p be the exact solution of (4.9)
and u%;, p%; the Galerkin solution of the perturbed problem (4.25). Then there holds the
following quasi optimal error estimate with a constant C' independent of h

] 1
e =y + i = PRl < © it lu= vl —IIf = flw.
vEMN Yo

It would be optimal if the perturbation in the right hand side f, is at least of the same
order as the discretization error inf,c gy [|u — v||pm-

Next, we analyse the convergence of the boundary element approximation for the aux-
iliary problem . We first analyse the case of a non perturbed right hand side. Let
us recall the discrete formulation for the Dirichlet problem. For the ease of presentation
we rewrite problem as follows:

Find(u,p) € H='/2(S™) x N such that

(Vu,v) + (Vp,v) = (f,v) Yve H YV2(S™)

(u,q) =0 VqgeN. (427)
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4. The Discrete Nash-Hérmander Method for the Molodensky Problem

The discrete formulation to (4.13) reads as:
Find (un,pn) € Sa(S*) x N such that

(Vun,vn) + (Vpn,vn) = (f,on) Yon € Sp(Sy') = Qn

(un,q) =0 VgeN. (4.28)
The coercivity of the single layer potential V' implies
Ja>0 YueH Y2(S™): (Vu,u) > allull?y 1/ gmy-

Having this, the discrete inf-sup condition holds, i.e.

Vun,v Vun,u

22 Tonl s TonT g = 20ty

With the bilinear form B : (H~Y2(S™),N') x (H~Y/2(S™),N') — R given by

B(u,p;v,q) = (Vu,0) + (Vp,v) + (u, q) (4.29)

for (u,p) € (H~Y2(S™),N) and

11 DI = (el 2y + 11125y

we can derive analogously the following results. The respective proofs are listed in
Appendix A .4.

Lemma 4.3. The bilinear form B satisfies the inf-sup condition on (H~/2(S™), N) x
(HY2(S™),N), i.e.

B .
Jag > 0: inf sup |B(u, p;v, g)| > ayg (4.30)
werr Mmoo T YT, 1]
pEN qEN

Proposition 4.4. Let {Qn}n be dense in H-Y2(S™) and N' € H~'/2(S™) be finite
dimensional. We define

1P — PN Il -1/25m)

n(N) :=sup inf (4.31)
peN PNEQN  |IPll g-1/2(smy
Then there holds for all N > Ny
B .
inf  sup PPN Ol (4.32)
un€Qn vyeQy |l (un, p)III [ (var, )|
PEN  geN

provided that Ny is such that n(Ny) is sufficiently small.
By [47] we know that (4.32)) implies quasi-optimal convergence i.e.

lu—un|lg-1/2@m)+lp=pN | F-172(5m) < CveQi]?geN{HU_UHH*U?(Sm)—'_HP_Q||H*1/2(S’")}'
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4.1. Boundary Element Solutions

Since arg ;élj{/(vggN{Hu = 0|l g-1/2@gm) + [P — all gr-1/2smy}) = p, We conclude

||U—UN||H—1/2(Sm) + ||p—pNHH_1/2(Sm) < CviG%fN HU_UHH—V?(S’”) < Ch2||u||H3/2—e(S7n).

(4.33)

In the following, let us consider again the case of a perturbed right hand side.
First, we recall the discrete formulation:
Find (un,pn) € Qn x N such that

(Vun,vn) + (Vpn,on) = (f,on) Yoy € Qn (4.34)
Denoting the perturbed data by an upper g we have the following problem:
Find (u},p%) € Qn x N such that

(Vuly,on) + (Vpy,vn) = (f%on) Yoy € Qn (4.35)

(u%,q) =0 VqgeN.
Now, by subtracting from , we deduce
(V(un —uly), on) + (Vion —p%),on) + (uny —ul, @) = (f — f9,on), Yoy € Qn,g €N
and using the definition of the bilinear form B, we conclude
B(uy — uly,py — piy;vn, @) = (f — f9, o). (4.36)

Applying the discrete inf-sup condition (4.32)), (4.36) and Cauchy Schwarz inequality
yields

B(uy — u%;,pn — P UN+ Q)

aol||(un — u%,pn — )| < sup

UNEQN I (on, @)l
qeEN
_ <f_fg7UN>
= sup ——F~——
wveQy (0]
qeEN
1f = ol 12 gmyllon [l g-172(smy
Somey (v ]2 114l 2 )2
Csvlzgﬁ/]\] N H—I/Q(Srn) q H—I/Q(SWL)
Hf_ngH—l/Z(Sm)||UNHH—1/2(Sm)
sup
UINEQN HUN||H—1/2(§m)

= If = [l g-172(5my-

Now, by combining this estimate with (4.33]), we obtain with

lv = uiyllg-1r2(5my + 1P = P ll-1/2gmy < llv = unllg-1r2(gmy + luy = uiyllg-1/2(sm)

+llp = pnllg-172my + P8 — PRl -1/2(5m)
1
' _ _ 19
< C;éré?fNHu vHH_l/z(Sm)—i-aOHf F g-172sm)

the following result.
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4. The Discrete Nash-Hérmander Method for the Molodensky Problem

Proposition 4.5. Let f9 be a perturbation of f, let u,p be the exact solution of (4.12])
and u¥;, p%; the Galerkin solution of the perturbed problem (4.35). Then there holds the

following quasi optimal error estimate with a constant C' independent of h

1
_ .9 _ .9 : _ S f9
[u UNHH*U?(SW)—’_ Ip pNHH*1/2(Sm)§CvggN”u U”H*1/2(Sm)+,m”f f HH*l/Q(Sm)'

Again, it would be optimal if the perturbation in the right hand side f is at least of the
same order as the discretization error infyeqy [|u — || g-1/2(gm)-

Remark 4.1. From Nédélec [36] it is well known, that finite elements to approxi-
mate the surface should be one order higher than the finite elements to approrimate
the solution of the integral equation with the single layer potential. In our numerical
experiments in Chapter [ we have used second degree polynomials on triangles to ap-
proximate the Galerkin solution of the first kind integral equation with the single layer,
but approximated the surface only by triangles (i.e. piecewise linears). We needed to
take second degree polynomials to be able to compute the Hessian from the single layer
potential to get reasonable numerical results (see Section . Of course, in view of
Nédélec’s result we therefore should take higher order elements to approrimate the sur-
face updates in the Nash-Hormander algorithm. But this will require further software
development which is topic of future research. Instead, we have taken a sufficiently fine
initial mesh, hence fine approrimation of the starting surface by triangles and applied
heat kernel smoothing to obtain a running implementation.
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4.1. Boundary Element Solutions

Start with fine mesh
consisting of triangles.
Keep mesh fixed.

Set m=0.
Choose start values.

Compute f,, by (4.6)
Solve (4.10) and
obtain fi 4.
|
With pg ,, compute
rhs in (4.13) by (4.15).
Solve (4.13) and
obtain fig .

!

Compute Hessian

Set m:m+1 by VVVﬁo,h(x)

Compute surface
update ¢g by (4.3).
Update surface map.

Check

no StQPP{ng
criteria.

stop

Figure 4.1.: Nash-Hormander method
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4. The Discrete Nash-Hérmander Method for the Molodensky Problem

4.2. Nash-Hormander Algorithm without Smoother

In this section we identify the Nash-Hormander algorithm for the Molodensky problem.

Let us recall the abstract Nash-Hormander method. As in Section 2.2 we set for some
large 0, k

O = (65 + /{7)1/’{, Ak = Op11 — k. (4.37)

Now, we want to analyse the algorithm for the case without smoother. Thus, by setting
Sy = id, where Sy denotes the smoothing operator which has the properties listed in
Theorem A.10, by noting that vy = up we deduce from ([2.11))

Uk41 = Uk + DNpty, U = \I'(uk)gk (438)
We also note that (2.12)) can be replaced by

q)(ukJrl) — @(uk) = @(uk + Akﬂk) — @(uk) — <I>/(uk)Ak11k + Argr (439)
= Di(gk + k).

The absence of smoothing implies that ej = 0 in (2.13)), which means that the error ey,
in ([2.13)) is just given by the linearization error e} defined as

e = (P(up, + Apig) — P(ug) — ¥ (up) Agig) /D (4.40)

Now, let us rewrite the abstract algorithm for the particular case of the Molodensky
problem.

We define u := [W,¢] : S = R x R? and set @ = [W, @], iy, = [Wy,¢r]. Using now
(4.38]) we have

Wiir = Wi+ AWe, @1 = 06+ Depr and (Wi, o) = (Wi, op)gr. (4.41)
From (4.39)) we deduce

S (Wit 0rr1) — ®(Wi, 1) = (Wi + AW, on + Drpr) — @(Wh, or)

W,
— O (Wi, 1) A, (wf) + Apgr = Dk(grk + ex)

where we have defined

. , 0%
Apeg = (Wi + DpgWi, or + Dog) — (Wi, 1) — ' (Wi, 1) Ay, ((p:) . (442)

T
We set accordingly to (3.57)) and (3.58)) ®(W, ) = ( (MW?SO)) and T'(W, ¢) = G.
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4.2. Nash-Hormander Algorithm without Smoother

Thus, we deduce from (4.42])

. . W,
Aper, = (Wi + DpWi, ok + Dér) — (Wi, pr) — ' (Wi, 1) A, <90:)

. . 0%
D(We+ DxWi, o+ Dkdr) | (PWio o)\ [ T'(Wa, o) A (@:)
Wi + AWy W Aka
- . / Wk
LWy + LW, or + D) — T (Was or) — T (Wi, o) D o
0

<Gk+1 -Gy — Ain)
0 .

Here we have used (4.41) and the fact that ¥(Wy, pr) has a right inverse ®'(Wy, o)
and therefore we have

W, (Wi, o0) A% | 1
D@ (Wi, or) <¢:> = (Wis 1) B (@k) = Dpgr = D (5’5) :
k

AWy,
In conclusion we have
— — Aol
Aver — (GkJrl Ci)k k9k> . (4.43)

Now, recalling (2.15)) by setting Sy = id and denoting by W,,eqs the given values for
the gravity potential and by G,eqs the given values for the gravity vector we have

Gmeas - G
Nogo = f = (W w ) (4.44)
Dggr = (=Dg—1€5-1). (4.45)

Using (4.44) and noting that Agg} = Gineas — Go we obtain from (4.45)

—(G1 — Go — Dog} Greas — G
Argr = —Doep = ( (61— Co 090)) = ( 1)

0 0
—(Gy — Gy — Nogd Gmeas — G

and summarising we have

Gmeas - G
Dggr = ( 0 k) :
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4. The Discrete Nash-Hérmander Method for the Molodensky Problem

Algorithm 4.1. (Nash-Hérmander Algorithm without Smoother )

1. For given measured data Wipeas, Gmeas choose Wy, Go, hg, wg,00 > 1,k > 1
2. Form=0,1,2,... do
a) Compute 0,, = (0f + m)l/"‘, Ny = Oms1 — Oy and

- Gmeas - Gm
N —

b) Compute

¢) Find uy,, by solving the linearized problem

d) Find v, by solving with wi™ as defined in

e) Compute g, = VU, and Vg, = V>0,

f) Compute the surface increment ¢, by

om = (Vm © om) ™ (Gm = Vit © o)
and update surface map by Om+1 = Om + Dmdm
g) Update direction vector and gravity potential by
i1 = (=(Vgm) " gm) © om) © (pms1) ™!

Gm+1 = 3dm © Pm

h) Stop if ||gm © ©m — Gmeas|| < tol

Alltogether, this algorithm gives us a strategy how to compute the right hand side terms
in (4.2) and the update ¢, via W, Gy and hence, f,, in the Galerkin scheme (&.9).

4.3. Nash-Hormander Algorithm with Smoother

As already shown by Hérmander [19], his algorithm needs a smoother- without it does
not converge. In the following, we describe how the abstract Nash-Hormander algorithm
with smoother can be applied to the Molodensky problem. As in subsection we
set for some large 6y, K

O = (05 + k)5, D = Opi1 — O

o4



4.3. Nash-Hormander Algorithm with Smoother

We want to analyse now the algorithm with smoother. We denote by Sy the smoothing
operator which has the properties listed in Theorem A.10. Now we recall (2.11)), i.e.

U1 = Uk + Dptg,  Up = Y(Vk)gk, Uk = So, Up- (4.46)

We define again for the case of the Molodensky problem u := [W, ¢] : S> — R x R? and
set 1 = [W7 90]7uk’ = [kawk}

From (4.46|) we deduce
Wit = Wi, + AW, Pyl = Pk + DpPr (4.47)
(Wiy o) = (Wi, Br)ge (Wi 1) = So, (Wi, 1)
Now, by recalling we have
S (Wi, rr1) — ®(Wi, k) = ®(Wi + AxWi, o1, + Dppr) — @(Wh, o)
W,
— ' (Wy, o) Dy, ( k)
Pk
~ W,
+ (' (Wi, 1) — ' (Wi, @) Ak ((p:)
+ Dpgr = D9k + ex)
where we defined
~ W,
ep:=¢ep+ep, €= (Y (Wi, o) — ®' (W, o)) (wf)
en s = (2(Wy + L Wi, ok + Lipr) — (Wi, 1) (4.48)
4%
— ' (Wi, o) Ay, <¢:))/Ak«

We set accordingly to (3.57) and (3.58]) ®(W, ) = (F(WW//’ 90)) and I'(W, ) = G and
define
G = T(W,¢) (W) (4.49)
P
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4. The Discrete Nash-Hérmander Method for the Molodensky Problem

the Fréchet derivative of I" in (W, ¢) in the direction (W, ¢). Now let us first analyse
the smoothing error e),. We have

W, - W
Pk Pk

_ ¥ _ ‘2
ik ik
(1,0) (‘i;) (1,0) (‘Zh)
' (Wi, or) W i (Y Gr — gi

0

where we have used (4.47) and the fact that W(Wy, @) has a right inverse ® (Wy, ¢x).
Now we consider the linearization error e}

. , W
Apey = P(Wi 4+ AWy, o + DAér) — (Wi, oi) — Y (Wi, 1) Ak ((p:)

<F(sz + D Wi, on + Aksbk)) _ (F(WkaSDk:)> | T Wk k) Ak (Wk>

; Pk
Wi + AN W, W, .
k Wk k W

. , W,
(Wi + AW, or + Dppr) = T (Wi, or) = T (Wi, o) Ak ( k)

0

<Gk+l -G — Aka>
0 .

Now, the first equation in (2.15) gives

(4.50)

Gmeas — G
Aogozseofzseo< . °>.

Wmeas - WO
Furthermore, the second equation in ([2.15) is
Argr = (So, — So,_)(f — Ex—1) — Sp, Dk-1€k-1 (4.51)

with B, = 218—1 Aje; and thus Ey = 0.
First we analyse the first component of g; which we denote by g,}:. From (4.50) we have
DNogs = Spy(Grmeas — Go) and we deduce using (4.51))
A1t = (So, — S00)(Gmeas — Go) — DoSe, (Go — 9§) — Sa, (G1 — Go — LoGho)

G1 — Gy

A
= 591 (Gmeas - CTYO + AOg(l) - Gl + GO) - SGO (Gmeas - GO)
= S91 (Gmeas - Gl + AOg(l)) - S@Q (Gmeas - GO)

= (591 - S@Q)(Gmeas - GO) - A05'491 (GU - gé + - GO)
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4.3. Nash-Hormander Algorithm with Smoother

1 /\1 M1
By noting that £ = <A860> = /g <<60) —5(60) ) we have

Aoe(l) = G1 — GO — Aog(l) (4.52)
and we deduce

AQQ% - (592 - 591)(Gmeas - GO - A060) - A1592€%
= S@g (Gmeas - C;2 + AOgé + A19%) - 591 (Gmeas - Gl + ﬂogé)-

In summary, we have

AOgé = SGO (Gmeas - GO),
A19% = S91 (Gmeas - Gl + AOg(%) - 590 (Gmeas - GO);
AZQ% = 592 (Gmeas - G2 + AOg(% + Alg%) - 591 (Gmeas - Gl + A09(1))7

k—1 k—2
Akg]% = SGk (Gmeas - Gk + Z Aj.g]l‘) - Sék_l(Gmeas - Gk—l + Z Ajg]l)
=0 =0

Since the second component of e}, and e} is zero, we have for g; in total

Gmeas - Gk + Zf;é A]gjl B S@ Gmeas - kal + Zf;g A]gjl )
Wmeas - WO Pt Wmeas - WO

Argr = Sp, (

Remark 4.2. In the special case that both, the initial and final surface are spheres,
Wineas and W are both constants. Therefore, its apparent that So, (Wmeas — Wo) =
Wineas — Wo. Hence, the second component in gy, is always zero except for gg.

Algorithm 4.2. (Nash-Hérmander Algorithm with Smoother )

1. For given measured data Wineas, Gmeas choose Wy, Go, hg, ©o,00 > 1,k > 1
2. Form=20,1,2,... do

a) Compute
em = (98 + m)1/57 A'm = 9m+1 - 9m (453)

b) Compute
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4. The Discrete Nash-Hérmander Method for the Molodensky Problem

c) Compute

= - Gmeas - G
Go: = Sp,Go = SQO(TO)

S 1 < ~
Gp = Kk(SGk( meas — m+z:A G — S0, _1(Gmeas— Gm-1 +ZAjGj))

(4.54)

d) Find uy, by solving the linearized problem with Gy, replaced by CNJm
e) Find vy, by solving with wi' as defined in
f) Compute g = Vo, and Vg, = V0,
g) Compute the surface increment $p, by
bm = (Vgm © om) ™ (G — Vit © o)
and update surface map by Om+1 = Om + DmPm
h) Update direction vector and gravity potential by
hnt1 = ((=(Vgm) " gm) © ¢m) © (Pmi1) ™"

Gm+1 = 9m © Pm

i) Stop if [|gm © Pm — Gmeas|| < tol

Algorithm 4.3. (Nash-Hérmander Algorithm with Smoother and Restart)

1. For given measured data Wipeas, Gmeas choose Wy, Go, hg, wo,00 > 1,5 > 1
2. Forl=0,1,2,... do
3. Form=20,1,2,... do

a) Compute O, = (05 +m)Y* Ny = Oy — O

b) Compute
W, — {W’"EKOWO, for m=20
0, for m>1
c) Compute
Go - = Sg,Clo = SQO(GWZO_GO)

5 1 — X
Gp = E(SG;C( meas m"‘ZA G —50,_1(Gmeas— Gm—1 +ZAjGj))
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4.4. Heat Equation and Smoothing

d) Find u,, by solving the linearized problem with Gy, replaced by ém
e) Find T, by solving with w' as defined in
f) Compute g = Vo, and Vg, = V>0,
g) Compute the surface increment oy, by
G = (Vgm0 0m) " (Com — Vit © o)
and update surface map by Ym+1 = Om + Dmdm

h) Update direction vector and gravity potential by

i1 = ((_(VQW)ilgm) o Som) ° ((pm-l-l)il

Gm+1 =dm © Pm

7,) Stop Zf ||gm O Pm — Gmeas” < tol

4. Set Go = G, ho = hin, 00 = ©m, 00 = O, chose k, compute Wy and go to 2

Remark 4.3. In the notation of this section, using Proposition we have

W, 0) — (W, 0 age <( H% ) (Cre(9F+1HT)©))

H( meas — W0, Gmeas — GO) H(l—l)(a—a+3)+a+e'

4.4. Heat Equation and Smoothing

We first recall the standard smoothing operators used to prove the Inverse Function
Theorem for suitable Fréchet spaces of functions. Let ¢ € C§°(R), then

Sty = gb(%V)u.

They have the following properties ([19, Theorem A.10])

Properties 4.1. For all u € C*®(p(S?)) we have

0—>oo

(0) 1[Seu — ulla — 0;
(i) [|Soulls < Cllulla, b < a;
(ii) ||Soulls < CO |ullq, a < b;

(iii) |u— Spullp < CO~*[|ulla, b < a;
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4. The Discrete Nash-Hérmander Method for the Molodensky Problem

(i)

4 Spu b < CO .

However, the corresponding oscillatory integral kernels cannot be stably implemented.
Instead, smoothing using the heat equation is frequently used in practice, see e.g [10,
Jerome].

More generally than the heat equation, we endow the submanifold ¢(S?) C R3 with
the metric induced from R? and consider the smoothing operator associated to ¢(z) =
€f|x\2k 02k

. Le. we consider the time —1/6% solution

Sou = e Ay = qﬁ(%V)u

of the higher heat equation

%v(w,t) - AU(-f,t) =0 in Spm(SQ) X (07 OO)

v(x,0) =u(z) in 0, (S?)

with the Laplace Beltrami operator A, where A := (—1)*A* and u € s#*. Considering
A T2k C # — S as an unbounded operator on the Holder spaces (a > 0,a ¢ N)
we have the following theorem.

Tllleorem 4.1. A generates an analytic semigroup e on £ and the operator Sy :=
e satisfies the properties (0), (i), (i), (iv) and in addition

(iid)  ||lu— Spully < COYulla, VO <b—a <2k

We are briefly going to outline the functional-analytic background of these results.

As above, we consider the operator A as an unbounded operator on the Holder space
A with domain D(A) = "2 (if a ¢ Np). Using [45, Shubin, Theorem 9.3], we see
that A — X is invertible for A € Sgg = {\ € C : |larg(\) < 0|}, § € (7/2,7), and that
(A—X)"!is a pseudodifferential operator, depending on the parameter A, whose symbol
decays as % The mapping properties [50, Taylor, Proposition 8.6] of such operators
in Holder spaces, which are analogous to those for Sobolev spaces, therefore imply

_ C
1A =)l e < WHUII%% VA€ Spo. (4.55)

The theory of analytic semigroups is based on the more general notion of a sectorial
operator on a complex Banach space (X, || - ||).

Definition 4.1. A is said to be sectorial if there are constantsw € R, 0 €|w/2,w[,C > 0
such that

{<i) 0(4) D> S = {N € C: A # w,|arg(A — w)| < 0}, (4.56)

@) A=Y ulx < plullx, YA€ Sp
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4.4. Heat Equation and Smoothing

Figure 4.2.: The curve v,

If A is sectorial, we define

1
ety = / eMA =N Tlud), t>0, (4.57)
w+Yrn

2

the analytic semigroup generated by A, where r > 0,7 €|7/2,6[ and ~,,, is the curve
{Ae C:largh| =n, |\ >r}n{X e C:|arg\| <mn,|\ = r}, oriented counterclockwise
(see Figure [1.2).

et/ has the following properties:
Proposition 4.6 (Proposition 2.1.1, [23]). (i) [le!ullx < Coe*t|jullx, Vt> 0.
(ii) etdesA = e(t+9)A i 5> 0.
(iii) lim |e"u —ul|x =0, Yuec D(A).
t—0+
(iv) There are constants Cy,Cy,Ca, ..., such that
[t4(A — wl)letu|x < Cre“t|ullx, t>0. (4.58)

(v) t — et is a real-analytic function from (0,00) to the Banach space of bounded
linear operators on X (with norm given by the operator norm) and

dl

@em = Ale!t, t>0. (4.59)

Let us now outline the proof of Theorem recalling that by (4.55) w = 0 . First,
let us prove Property 4.1(i). Using Proposition (1) and the fact that Sy = !4 is a
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4. The Discrete Nash-Hérmander Method for the Molodensky Problem

continuous operator on ¢ b we have
letully < Cllully < Cllulla, Yb<a

and thus, Property 4.1(i).
In order to prove Property 4.1(ii), we first note that by Proposition [4.6{iv) with w =0

[t Alet |, < Chllulla, 0<t<1.

Using the fact that (A—\)~!: s#? — #92F is continuous, with ||(A — )" ul| jparar <
C|u|| sz« independent of A, we have

[0llatar < Cl(A = Nolla < CllAv]ja + ClA[[[0]a-

We first set [ = 1 and v = te'u and deduce
1 C
EHtetAuHaJr% < EH(A = Mte"ully < tAe ullo + |A][[te ullq (4.60)

and by using Proposition [4.6]i) and Proposition iv) we have

Alllteulla < [Allleulla < ColAlllulla, 0 <t <1,
ItAe™ ulla < Cillulla

and finally by (4.60) we obtain
[t ullqsar < Cllulla.

By iterating this argument [-times using
1 tA it ot t i
[te ullaram = Ull ;e A - e  Aullarom

we have

[t el aront < Cllulla

and setting b = a + 2kl, Property 4.1(ii) holds for this specific b.
For an arbitrary b, b := a+ 2kl > b, write b = Aa+ (1— )\)5 We then have by Theorem
A5

e 4ully < [le“ulllleulli™ < Ot fully flullg™

and we deduce
e ully < Ct= |y = Ct= =D/ |y,

Setting now Sy := et with ¢t = #~2* we have proved
1Sgulls < CO°~“||ull
and thus, Property 4.1(ii) holds.
For Property 4.1(iv) we first need the following easy computation where we use t = §~2*

—2kt' /%R (tA) = —%tAetA

0" T aeat
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4.4. Heat Equation and Smoothing

where by Proposition [£.6(v) we have

d
aetA — AetA

and we deduce by the same proof as for Property 4.1(ii) by setting Sy = et/

d

2k tA 2k b—a ~nb—a—1
H@S@qu < ?HtAe ullp < —CO”ull, = CO llulla-

Finally, by using Proposition (iii) and setting again Sy = e'4 and t = #~2F we have

lim Spu =u, Yu€ #2a (4.61)
60— 00
and thus, Property 4.1(0) holds.
Concerning Theorem (mz’ ) using a partition of the unity, it suffices to prove the
result for a Laplace type operator on R™. However, for such operators one may use
the discussion of Example 3.4 in [53, Trebels-Westphal], which also applies to Holder
spaces. Details will be discussed elsewhere.
For the Laplace operator on S', an explicit proof may be found in Butzer-Berens [3|
Theorem 2.4.17].
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5. Numerical Results Based on Boundary
Elements

5.1. Numerical Experiments

For the numerical experiments we set ¢ : S — R3 to be ¢(z) = 1.1z. This means that
the sought surface is a sphere of radius 1.1. For such a sphere, the gravity potential

Wineas = 1—11 and the gravity vector Gpeqs = _#I%I’ both defined on S%. The initial
approximation g is the unit sphere S2. Therefore, Wy = 1, Go = —ﬁ and hg = 3.

An approximation of the Nash-Hérmander solution sequence is obtained by Algorithms
and The initial sphere S? is approximated by a regular, quasi-uniform mesh
consisting of triangles such that the nodes of each triangle lie on S?. More precisely, the
mesh defines an icosahedron which is generated by maiprogs [25]. This mesh yields a
domain approximation error and is kept fixed for the entire Nash-Hormander algorithm.
The main advantage is that only the coordinates of the nodes have to be updated and not
the entire mesh itself. This corresponds to a continuous, piecewise linear representation
of v, the new surface at the m-th update of the algorithm.

For reasons that are discussed in Section the polynomial degree on each triangle is
p = 2 and h,, is represented by a discontinuous piecewise constant function interpolating
the h,, from equation in the midpoints of each triangle. Furthermore, G, is the
linear interpolation of g|<pm(Sz), obtained from equation , in the nodes. The local
basis functions are monomials for both the linearized Molodensky problem and for
the auxiliary Dirichlet problem. This allows to use the analytical computation of the
single layer potential as described in [24]. Furthermore, since h,, and the normal on
each triangle 7, are piecewise constant, the jump contributions can be easily computed
analytically as well. Again, since h,, is piecewise constant, the matrix K'(h) in can
be computed semi-analytically by computing the action of the dual operator K (h) on the
test functions analytically [24] and performing an hp-composite Gauss quadrature [9, 42]
for the outer integration. For that, the integration domain is split into 3 disjoint sets,
the so called self-element, which contains the 3 edge singularities from inner integration,
the near field, which are all the adjacent elements to the self-element and the remaining
elements give the far field. In the far field, standard Gauss quadrature with Duffy
transformation is used. For the self-element and near field, the current triangle over
which is integrated is decomposed by a geometrically graded mesh with ¢ = 0.17
towards the singularities. The number of Gauss quadrature points in each direction
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5. Numerical Results Based on Boundary Elements

x and y increases linearly with the distance to the singularities. (VA;,¢) in (4.9) is
computed analogously.

Since the finite element space is the same for both the linear Molodensky problem and
the auxiliary Dirichlet problem, the single layer potential matrix is reused in .
However, the computation of the right hand side for the Dirichlet problem is very
CPU time consuming if a direct computation of is used. Since the ansatz and
test functions live on different surfaces, the computation of one summand in
is as expensive as a semi-analytic computation of a single layer potential matrix. In
particular, the computational time for the right hand side increases drastically with the
number of Nash-Hormander iterations. The last term in is obtained by simple
matrix-vector multiplication of the analytically computed single layer potential V,,, with
the corresponding solution vector pi,.

Since ,, is piecewise linear, the Gauss quadrature nodes x for the outer integration
are always mapped to exactly the same point on ¢;(S?) under the mapping ¢; o .} (z)
for each Nash-Hormander iteration step m. Therefore, if enough memory is available,
Vipi(pi o o1 (x)) must only be computed once and is stored for all the following iter-
ations, keeping the computational time for the right hand side constant for all
iterations m. This optimization together with the following parallelization of the code
leads to a tremendous reduction of computing time.

With the solution of the Dirichlet problem at hand, the update of the surface in the
nodes can be performed as defined in equation and with g, Vg computed as in
Section The computation of one Nash-Hormander iteration is very CPU time
consuming and therefore, parallelization of the code is crucial. Without parallelization
and optimization of the code we need 4+2m hours for the m-th iteration. However, with
parallelization and optimization we need only 20 minutes for each of the m iterations
for N = 2 -icosahedron refinements corresponding to 320 triangles whereas we need 3
hours for each of the m iterations for N = 3 -icosahedron refinements corresponding to
1280 triangles. The numerical experiments were carried out on a cluster with 5 nodes
a 8 cores with 2.93Ghz and 48GB memory, where each core uses two Intel Nehalem
X5570 processors.

In the following three different numerical experiments are presented. The first and
the second experiment use the classical Nash-Hormander algorithm without and with
smoother. For the third experiment, the restarted algorithm presented in Section [2.3
with smoother is used.

Since the sought surface is also a sphere, we can expect that the sequences of computed
surfaces are slightly perturbed spheres as well. The perturbation should be a direct
result of the domain approximation, different discretization errors and rounding errors.
Figure displays the mean ”ls-radius errors” computed by

nr.nodes
1 . 1/2
=1 3 d —1.1)?
ler| nr.nodes[ — (IInodes(i)|2 ) ]
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5.1. Numerical Experiments

versus the number of iterations of the Nash-Hormander Algorithm for the case
without smoother. It is remarkable that the error increases after the first step, before
decreasing again. This may be a result of the fact that from the second step onwards
the right hand side in the linearized Molodensky problem is perturbed due to the ap-
proximation errors of the previous steps Especially the update in ¢ is also perturbed.
Contrary to the linearization error e , the discretization error is not taken into account.
Therefore, from the fifth iteration step onwards the propagation of the spacial dis-
cretization error, for solving the linearized Molodensky problem, the auxiliary Dirichlet
problem and computing the Hessian approximatively, becomes dominating. Refining
the mesh reduces the non monotonic behaviour of the error between Step 1 and Step
4, before increasing after Step 5.

The computation using N = 4 -icosahedron refinements is not possible due to the
following consideration. It is well known that the BEM matrices, V and K’(h) are dense,
due to the non-local kernel. In particular, the number of non-zero entries are of order
O(6 - h=*), where the factor 6 results from the polynomial degree 2, i.e. decreasing the
mesh size by factor 2 increases the number of non-zero entries by factor 16. This rapid
increase is the reason that only N = 2 and N = 3 could be used in our computations
due to the restrictive memory constraints.

As presented in Section [£.4] heat kernel smoothing can be applied to the Nash-Horman-
der algorithm since smoothing with the heat kernel fulfills Properties which are cru-
cial for Hérmander’s method . To smooth an arbitrary function F', the heat equation
with the Laplace-Beltrami operator is solved, where F' is the initial data.

gu(ac,t) — Au(z,t) =0 in o (S?) x (0,00)
u(z,0) = F(z) in o, (S?).
The unique solution of this problem is given by
= e MUEU)Y(a). (5.1)
j=0
At t = 0 we have

0) =Y Bjoi(x) = F(x)
j=0

where (3; are the Fourier coefficients (F,1;). Here 0 = A\g < A\ < Ay < ... are
the eigenvalues and g, 11,2, ... the corresponding eigenfunctions for the Laplace-
Beltrami operator A, i.e. there holds

Ay = —Ajij. (5.2)
The eigenfunctions v; form an othonormal basis in L?(¢(S?)).

Having the discretized surface, (5.2) can be solved approximately using the FEM
method with continuous piecewise linear polynomials leading to the generalized eigen-
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5. Numerical Results Based on Boundary Elements

value problem with the stiffness matrix C' and the mass matrix A of the Laplace-
Beltrami operator A

Cp = MAYy, (5.3)

where 1, denotes the unknown L?-orthonormal eigenfunction, evaluated at the mesh
vertices. With 1, solving (5.3 the heat kernel can be approximated by

M

e (x,y) = e () vjn(y)

J=0

where M must be sufficiently large. Once we obtained the components ;) of the
eigenfunctions 1y, we compute the Fourier coefficients ;) as presented in [44, Eqn.

(10)]. Therewith,
M

up(w,t) = e By (). (5.4)

§=0
For implementation details see [44]. For our numerical experiments F' is always of the
structure Geas — Gm —1—23”:_01Ajéj (see ([E.54)). We use up(x, -—) where t = e%n in

9 Tm
(5.4) as the smoothed F', where 0, is computed by (4.53). We have to take care that
the amount of smoothing is successively reduced, such that in the limit (m — oo) the
solution of the nonlinear Molodensky problem is obtained. The values for G%n used in

our numerical experiments are listed in Table

We have performed several numerical experiments with different parameters 6y, k. We
observed 3 problems. Firstly, if the amount of data smoothing is to small, then the
results are similar to the unsmoothened case. Secondly, if the amount of data smooth-
ing is too large, then essential information on the right hand side in the linearized
Molodensky problem is lost and therefore also in its solution. Thirdly, if the amount
of smoothing does not decay sufficiently fast, then the right hand side in the linearized
Molodensky problem is close to machine precision. This implies that its solution and
its gradient are close to 0 and therefore the update of ¢ will also be close to 0, leading
to no visible convergence. Figure shows a choice of parameters 6y, x for which none
of the 3 above mentioned problems occur.

Figure [5.2] clearly displays that the effect of the discretization error propagation cannot
be eliminated. However, increasing the amount of smoothing per iteration for a fixed
mesh delays the point at which the discretization error propagation becomes dominat-
ing. Decreasing the mesh size, leads to a more even error reduction per iteration step.
However, the error reduction per iteration step also decreases. It seems impossible to
determine a priori up to which iteration point the error decreases before increasing
again.

Figure shows the mean ”Iy-gravity vector errors” computed by

nr.nodes
_ 1 N \\271/2
lecll = nr.nodes[ ; (G(i) — Gimeas(i)) ]
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—+N=2 90=2.6 k=6
0.009| __ N=3 6,=2.6 k=6

Mean |,-Radius Error

o | | | I | I | |
5 6
Number of iterations

Figure 5.1.: Mean Radius-Error in the l3-norm without smoother

for the algorithm with smoother. After the first Nash-Hérmander step, the error in-
creases in each iteration step.

Figure5.4]shows the pointwise error ||uy (q)—u(q)||;, computed in a set of 10242 exterior
points for the linearized Molodensky problem with smoother (6y = 2.6,k = 6) for the
first three Nash-Hormander iteration steps. Here u(q) is obtained by extrapolation. All
three curves show similar convergence rates, whereas in the higher Nash-Hormander
iteration steps the absolute value of the error increases due to the error propagation in
the Nash-Hormander algorithm. Table shows the corresponding convergence rates.

Figure displays the lo-radius errors versus the number of restarts for the restarted
algorithm presented in Section with smoother. The restart is done after each itera-
tion step. We observe the same structural behaviour as for the other two experiments.
Therefore, from the third restart of the algorithm onwards the discretization error prop-
agation becomes dominating. However, refining the mesh, from N = 2 to N = 3 slightly
reduces the error after the second and third restart, before increasing after the third
restart.

Figure displays the mean ”ly-gravity vector errors” with smoother and restart.
Although the values in Figure [5.6] are smaller than in Figure [5.3]and firstly converge up
to the fifth iteration step, from this step onwards the method provides uncontrollable
surface updates (peaks and undesirable deformations occur). The method is numerically
unstable.

Figure displays the sequence of obtained surfaces for the case without smoother,
while Figures and display the sequence of obtained surfaces for the case with
smoother. The marked point is always the north pole of the sphere, i.e. x =y = 0 and
only z varies. Interestingly, for each experiment the surface update is almost constant
over the mesh points, leading to a sequence of almost spheres.
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T N=20,-38 =2

—N=20,=2.6 k=6

—o-N=30,-3.8 k=2
0

. N=30,-2.6 k=6

Mean | -Radius Error

15 20 25 30
Number of iterations

Figure 5.2.: Mean Radius-Error in the /3-norm with smoother

10 T T
—N=20,-38x=2

10° E | —uN=26=26 k=6
—o-N=30,-3.8 k=2

10°F | . N-30,=26x-6

Mean \Z—Gravity Vector Error

4 5
Number of iterations

Figure 5.3.: Mean Gravity Vector Error in the lo-norm with smoother

10
~&-Iteration Step 1
——Iteration Step 2
—+Iteration Step 3
10° E
G
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g
3
=
0% E
10' !
10° 10° 10*

DOF

Figure 5.4.: Pointwise Error ||[un () —u(q)||;, computed in a set of 10242 exterior points
for the linearized Molodensky problem with smoother
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Figure 5.5.: Mean Radius-Error in the ls-norm with smoother and restart
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Figure 5.6.: Mean Gravity Vector Error in the ls-norm with smoother and restart
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Tter | DOF | |(un(q) — u(q))| | EOC
0 120 1.04164e+4-03
480 | 3.94212e+02 | 0.70
1920 1.04676e+02 0.96
7680 27.79515 0.96
1| 120| 5.82518¢+03
480 | 3.66919¢+02 | 1.99
1920 1.05925e4-02 0.90
7680 30.57947 0.90
2| 120 2.96617¢+03
480 1.01239e+4-03 0.77
1920 2.72407e+02 0.95
7680 73.29735 0.95

Table 5.1.: Pointwise Errors for the linearized Molodensky problem with smoother

Iter | 1/60,,
6p=26,k=6 |0 0.38462
1 0.38441
) 0.38379
10 | 0.38277
0h=38rk=210 0.26315
1 0.25449
5 0.23287
10 | 0.20654

Table 5.2.: Values of the smoothing parameter O%n
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5. Numerical Results Based on Boundary Elements

5.2. Computation of the Gravity Gradient to the Discrete
BEM-Solution

In each iteration step of the Nash-Hormander algorithm the surface must be updated
and for this, the Hessian VVu|r has to be computed (see Section [4.1), where w is the
solution of the exterior Dirichlet problem

~Au=0 in RI\Q (5.5a)
u=g¢g on =00 (5.5b)
with an appropriate decay condition. The computation of VVu|r implicitly assumes

u € C*(R?\ Q). The exterior Dirichlet problem (5.5) can be solved by a single layer
potential ansatz i.e.

u(w) = Vo) i= [ bty ds, (5.6)
with the kernel
Kz,y) = {j?lﬂlfg o=, d=2 (5.7
ar Te—gl d=3.

The solution of the integral equation (5.6)) can be approximated by a Galerkin scheme,
1
that is a density pp, € Sp, C H™2(I'),) is sought such that

<Vﬂha€>Fh = <97§>Fh Ve Shp‘ (5'8)

Here, Sy, is the space of piecewise polynomials of degree p to a given h-discretization
Iy of I'and (-, -)p, is the duality pairing between H%(Fh) and its dual H_%(Fh). To
approximate the Hessian we therefore have to compute (VVV ) [, with

VVVu(z) =p.f. A Vi Vak(z, y)un(y) dsy (5.9)
h

for all z € T'y. The kernel V,V k(z,y) is hypersingular which significantly aggra-
vates the evaluation of this potential. More precisely, the integral only exists as a
Hadamard finite-part integral. A complete description of its theory is given in [14]
and [26]. Contrary to the Hessian, the normal and tangential derivatives of the single
layer potential on the boundary are well analysed [40] and only lead to simpler princi-
ple value integrals. Such integrals can be evaluated by a composite Gauss quadrature
with geometrical grading towards the singularity [9, [42]. In the case of polynomial
ansatz functions, Maischak describes in [24] an analytic evaluation of the single layer
and (adjoint) double layer potentials which are used in the forthcoming.

We consider five different approaches to compute the Hessian VVV () of the discrete
solution uy to (5.6). Note that structurally the computation of Vyy, is the same as for
Vg, in the auxiliary Dirichlet problem (4.12)).
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5.2. Computation of the Gravity Gradient to the Discrete BEM-Solution

1. Using the adjoint double layer potential to compute the gradient with an analytic
potential evaluation and using second order accurate finite differences for the
second derivatives.

2. Asin 1. but with a quadrature rule.

3. Using finite differences for the second order derivatives with an analytic single
layer potential evaluation.

4. As in 3. but with a quadrature rule.

5. Using a Hadamard regularization to compute the hypersingular integral (5.9)
directly.

In Section [5.2.1| we give numerical examples for these methods in both two and three
dimensions. For all approaches which use a quadrature rule, the integration domain is
decomposed into the far field, on which a standard Gaussian quadrature rule is applied,
the near field and self-element, on which a composite Gaussian quadrature rule with
geometrical grading (o = 0.17) towards the singularity is applied [9, 42]. In the case
of the Hadamard regularization, the value for the self-element is corrected by the term
+un(z)/ |Be(x)| where |Be(z)| is the area of an e-ball around the singularity. We define
the self-element as the element in which Pr, (z), the closest point projection of the
evaluation point x onto I'y, lies and we denote by the near field all adjacent elements.
All remaining elements give the far field.

Whenever we use finite differences we decompose the Cartesian direction into normal
and tangential components. For the tangential components we use the central finite
difference scheme, i.e. u/(z) =~ %, which is accurate of second order, with §
less than the distance of Pr, (x) to the boundary of its linear element. For the normal

component we use a combination of the Crank-Nicolson method with the central finite
) — Au(z+6)—3u(z)—u(z+26)
~ 26

difference scheme, i.e. u/(z , which is second order accurate and

is forward oriented.

The methods 1 to 4 are closely related. They compute the Hessian by computing the
gradient of the gradient using finite differences and only differ in how the first gradient
is obtained. For the first two methods the first differentiation is performed analytically,
ie.

Vup(z) = VVup(z) =p.v. Vak(z,y)un(y) dsy = K'pn(z) z € R\ Q.
Ly

For the limit x — I'p, the value has to be corrected by an additional jump term in
the normal component [40]. For the computations, the jump term is added whenever
the distance of x to I'j, is less than 1078, Contrary to , the adjoint double layer
potential K’ is only strongly singular which can be integrated by a composite quadrature
or evaluated analytically [24].
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5. Numerical Results Based on Boundary Elements

—+h-version, p=0
—¥-h-version, p=1
-7 h-version, p=2
-©-h-version, p=3
-8-p-version, h=0.2

Error in Energy Norm
3
T

Figure 5.10.: BEM-Error ||y, — ftoo||v in the energy norm for the 2d case

5.2.1. Numerical Experiments

In the computations, the finite difference (FD) step size 6 is set to 1074 for the normal
component and to 107 for the tangential component when approximating of the second
derivative. For the approximation of the first derivative it is set to 10~ for the normal
and to 1077 for the tangential component. For the presented numerical experiments
the FD-approximation error is of magnitude 107 if no Galerkin-BEM approximation
error (BEM-error) were to occur. In general, also the FD-step size must decrease as
the BEM-dofs increase. However, for very small step sizes the finite differences become
numerically instable and the BEM-error is dominating anyway.

Let H be the exact Hessian of u and Hj, be the approximated Hessian of the approxi-
mation uy. The approximation error of the Hessian is measured in the Frobenius norm
for a pointwise evaluation and the BEM-approximation error p— iy, in the energy norm

e = pnll o= V(= pn), o — padr, -

A 2d Case Study

Let Q = [—1, %]2 be the domain and v = In||z| the exact solution. Then the ex-

1-— 2m% —2x17x2

act Hessian is H(z) = # . Figure [5.10| displays the BEM-error

—2x1x90 1 — Qx%

le — pn |y, for four h-versions (p = 0,1,2,3) and a p-version (h = 0.2). All versions
show their characteristic rate of convergence, i.e. 1.5, 2.5, 3.5, 4.5 for the h-versions and
exponential for the p-version until the error is about 10~® at which point the quadrature
errors for the outer integration in the semi-analytic evaluation of dominate the
BEM- error with analytic computation of the involved integrals.
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5.2. Computation of the Gravity Gradient to the Discrete BEM-Solution

(a) all methods, h-version, p =0 (b) all methods, h-version, p = 3

(c) all methods, p-version, h = 0.2 (d) all BEM-versions, method 1

Figure 5.11.: Error of the Hessian approximation for a point outside of I

A point outside of I’

The most simplest case is the evaluation for a point x outside of ', i.e. the integration
domain is sufficiently far away from the singularity. The results for the experiment with
z = (1,3)T are displayed in Figure Figures (a)-(c) show that the first method
is superior to the other methods and that the desired accuracy of 1077 — 10~% can be
achieved. For the relative error, the values must be divided by || H (z)| » ~ 1.3310245.
The Hadamard regularization approach is stable but non-converging which is a result
from the %-scaling of the correction term. Both finite difference methods are instable.
Furthermore, for only few dofs, the Hessian error reduces like in the best version, but
later stagnates at a high level. Using a quadrature rule to compute the adjoint double
layer, in the finite difference scheme the quadrature error blows up to the order of 1074
This would be even worse for first order accurate schemes like forward Euler, for which
0 must be chosen even smaller. Only the method which uses an analytic evaluation of
the adjoint double layer converges up to the BEM-approximation error. Figure [5.11
(d) shows that the polynomial degree should be sufficiently large, i.e. p > 2, for good
convergence of the Hessian approximation. The Hadamard regularization method is by
far worse than the others and is therefore not suited when approaching the boundary.
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5. Numerical Results Based on Boundary Elements

(c¢) methods 1-4, p-version, h = 0.2 (d) all BEM-versions, method 1

Figure 5.12.: Error of the Hessian approximation for a point close to I'y,

A point close to T,

Although the evaluation point is not on I';,, the closeness of the singularity to the
integration domain affects the accuracy of the differentiation schemes. The results for
the experiment with « = (0.5001, )7, i.e. dist (z,I') = 10~%, and || H (z)||  ~ 4.5240356
are displayed in Figure Figures (b)-(c) show the same structural behaviour of
the differentiation methods as for the point outside of I'y,, yet with a slower convergence
rate. Rather more, the h-version with p = 0 does no longer converge, Figure (a).
Figure (d) shows again the superiority of the p-version and the strong influence of
the polynomial degree for the h-versions.

A point directly on I’

The most difficult computation and original task is the computation of the Hessian
for x directly on the boundary. The results for the experiment with x = (%, %)T and
|H(x)||p ~ 4.5254834 are displayed in Figure As in the previous section, the
h-version with p = 0 does not converge, Figure (a), and only the first method is
able to achieve the desired high accuracy, Figure b)—(c). Again, Figure (d)
shows the necessity of choosing p sufficiently large or even better to choose the p-version

if u is analytic.
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5.2. Computation of the Gravity Gradient to the Discrete BEM-Solution

(¢) methods 1-4, p-version, h = 0.2 (d) all BEM-versions, method 1

Figure 5.13.: Error of the Hessian approximation for a point on I'j

A 3d Case Study

Let Q = [~1,1]3 be the domain. For g = 1 the exact solution is u(z) = ﬁ with the
QZ% Tr1xg X1T3
Hessian H(z) = ﬁ vy 23 wmomws | — Hxl||3I' Figure |5.14| displays the BEM-
2

13 I2X3 X3

error || — pup ||y, for three h-versions (p = 0,1,2). In the 2d-case study we have shown
that using the adjoint double layer potential to compute the gradient with an analytic
potential evaluation and using second order accurate finite differences for the second
derivatives to compute the Hessian provides the best results. In the following we will use
this method for our 3d-case analysis. We have carried out again numerical experiments
for 3 different types of points. In Figure (a) the results for the experiment with
x = (2, %, %)T, a point outside the boundary I', are displayed. The h— version with
p > 1 converges up to the BEM-approximation error. In Figure (b) we display
the results for the experiment with z = (1.0001, %, %)T i.e. dist (z,I') = 1074, a point
close to I'. As in the 2d-case, the h— version with p = 0 does not longer converge. It
is therefore necessary to choose p sufficiently large i.e. p > 2 for good convergence of
the Hessian approximation. Finally, in Figure (c) we display the experiments with
z=(1,%,%)T, apoint on I'. Figure (c) shows the same structural behaviour as for
the point close to I'. Concluding, we have to choose p sufficiently large i.e. p > 2, for a
good convergence of the Hessian approximation.
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5. Numerical Results Based on Boundary Elements

—+h-version, p=0|
—*—h-version, p=1
-8 h-version, p=2|

=)
T

S
T
I

Error in Energy Norm
3
T
1

S
T
1

Figure 5.14.: BEM-Error ||, — pteo||v in the energy norm for the 3d case on the cube

(¢) h-versions for a point on I'

Figure 5.15.: Error of the Hessian approximation 3d case

For the Molodensky problem the domain of interest is a rigid body in R? whose surface
is diffeomorphic to the sphere under a certain map. Here, the domain is a ball with
radius one and center zero corresponding to the first Nash-H6rmander iteration step.
We use triangles, i.e. linear elements, to discretize the surface. The exact solution is
again u(z) = ”—1H

In Figure the results for the experiment with z = ¢-(1,1,1) + 7 and ¢ chosen such
that ¢ - (1,1,1) lies on the discretized sphere are displayed. It clearly shows that the
uniform h-version with p = 2 is superior to the other two h-versions (p = 0,p = 1).
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5.2. Computation of the Gravity Gradient to the Discrete BEM-Solution

—*—h-version, p=0|
—+—h-version, p=1
—8-h-version, p=2]

Error in Frobenius Norm

Figure 5.16.: Error of the Hessian approximation 3d case sphere for a point outside I

10 T T
! —+—h-version, p=0|

——h-version, p=1
—=—h-version, p=2j

o'+ 4

Error in Frobenius Norm

Figure 5.17.: Error of the Hessian approximation 3d case sphere for a point on I'

Interestingly, all three methods converge with similar rates, contrary to the other 3d-
case Figure [5.15{a) for the cube. In Figure the results for the experiment with
x = c-(1,1,1) are displayed. It shows that the h-versions with p = 0,p = 1 do not
converge and that for p = 2 the convergence is very slow. However, even for this few
degrees of freedom the absolute error for the p = 2 h-version is more than 1 order of
magnitude smaller than for the other two h-versions.
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A.

A.1. Proof of Hormanders Existence Theorem

The description of 7#**#1 in Theorem A.11 will be important, so we assume that o+ jiq
is not an integer. Assume that a— < o < a4, a— 4+ p1 > 0. The following Lemma given
by Hormander [19, Lemma 2.2.1] will play an important role in the proof of Theorem

21

Lemma A.1. If for some integer k > 0

lijllati <0657, a€lam,ay], 0<j<k, (A.1)
it follows that
k
U=> Ajij € 4% (A.2)
j=0

and that, with the notation b* = maz(b,0) and any fized ag

10~ o, Ulla < COOST, 0<a<ay+m (A.3)
1560, Ulla < €862 0 < a < ag.

The constants are independent of #y and x when 6 is large and of course, independent
of k.

Proof. With theorem A.11 we have

k k
10l < 3 A5l oy <63 867" < C6
§=0 =0

and by using (iii) in Theorem A.10, if a < o + py in the first half of (A.3) we deduce

IU = S, Ulla < COZT " [Ullarpy < COOTT

When a = a4 + p1 we obtain from (A.1)
k k N
Ul <6 Ajej‘““” SO0 A0 < Conpt Y < 059,21‘1“‘“1)
§j=0 j=0

and (A.3) is valid. By the logarithmic convexity in Theorem A.5 the assertion follows
in general. O
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A.

Now our aim is to show that (A.1)) holds. This will be done by an induction proof.
We assume that g < o+ p1 and choose the convex neighborhoods V; of ug in H* and
V5 of 0 in H* such that V3 + Vo C V. For 6y large enough, then there holds

Spug € Vi, 0 > 0.

From (A.3]) with ¢ sufficiently small and a = p < a + p; it follows that U € V5 and
SoU € Va,0 > 6. We can apply the estimates above to all values smaller than k.
Recalling that vy, = Sp, ur, we deduce that (A.3) implies with (A.1]) for j <k +1

iy —ville < COOM, a<an+m
)+

(A.4)

lvjlla < COVTOT 4 < ag.

Using and , we first estimate e; for j < k, then gi41 and finally 1x4q. If the
estimate on %41 comes out as for 7 = k4 1 and we make sure that is valid
with & = 0, the induction proof of will be complete. Furthermore, the proved
estimates show that ®(uy) — ®(ug) + f.

Estimate of e;-

For u,v,w € C®°(M,RY) and ug € Vy we assumed that (2.9) is valid. With u,v € Vj
we have that the line segment between them is in Vj and the derivative of

[0,1] 3t — (®' (v + t(u —v)) — &' (v)))w

is given by ®"(v + t(u — v);u — v,w). Now, from (2.9) we deduce by setting u =
v+t(u—wv),v =u—v,w=w (recalling that ¢ € [0,1])

(@ (u) — @'(v))wl]|xg+a
< Cllu = vllmy+allwllmy + 1w = vllmg [wllm, +a (A.5)
+ (= vllms [ wllms + 1w = vllml[w0llms)(ellms+a + 10llms+a) }
0<a<as.

Now e} was defined as € := (®'(u;) — ®'(vj))u;. In order to obtain an estimate for e

we first set v = uj,v = v;, w = u; and deduce
(2" () = @ (v5)) sl 2g-+a
< Cflluy = vjllma+alltjllms + 1w = vjllms 15]lm +a (A.6)
+ (lug = vjllms 4 llma + [l = vjllma [ lms) 1w llms +a + 03 llms +a) }
0<a<asp.
Next we want to show how we can use (A.1) and (A.4) to proof the following estimate

!/

stated by Hormander for €;

L(Xo+a)—1
l€fl1ag+a < COFOTOT (A7)
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A.1. Proof of Hormanders Existence Theorem

From (A.4)) we first deduce that
0<a<agp, max(mi+a,ma,ms,mg,ms+a)<ay+ p. (A.8)

By using now (A.4]) and setting M7 = m1 — pu1 we notice that

+my—a— M;—
luj = vjllmy+a < COTTTETH :C@}” e

and with M; =m; — 1, j = 2,3,4 we have

M.f
[uj — vjllm; < CO;7

Now by setting M5 = ms — pu1 we deduce

M )t
]l mgra < COMETETN

Note that the same estimate holds for ||vj|;54q. Finally we look at the contributions
given by ;. By using (A.1) we have

[ty +a < €O (A.9)

and
(e}

litjllm, < COP™, for j=2,34. (A.10)

If we now use (A.6) with these estimates, we have proved (A.7)) if we denote by L(a+ o)
the maximum of the following quantities

a+ M) — o+ max(M; — a,a— — «)

My — a4+ max(a + M —a,a- — «) (A.11)

Msz —a+max(My — a,a_ —a) + (Ms +a—a)"
under the assumption that ms > my4. Assuming that (A.8) is fulfilled for small a > 0,
we note that (A.7)) is valid for all a + Ao € [0, Ag] if L is defined to be a constant in

[0, A\o]. We also observe that L is the maximum of a constant and a linear function with
slope 1.

Estimate of e;’

Recalling the definition of e/, we have that the first derivative of
t— (I)(u]' + tﬂj) - ‘I’(Uj) - ‘I)I(Uj>tuj

vanishes at ¢ = 0 and the second derivative is given by ®”(u; + tu;; @, 4;). We already
have shown that the line segment between u; and u; + Aju; is in Vp, so that we can
now apply (2.9)). By setting v = u; + tij,v = w = 4;,t = A; we deduce
HegH)\o-i-a < CAj{||uj||m1+a”ﬂj”mz
F 11t s 192 s (N2t lms a4 [l llms+a) }- (A.12)
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By using 1' and the same procedure as for e; we obtain the following estimate for

1
€j

1€/ [gra < CA;0F DT (A.13)

with L’ independent on the choice of x and of the same form as L. Using the fact that
Aj < 9;-_" we have

L'(Mo+a)—
le/][xgsa < COFPOTDTR

and we notice that if k is so large that L'(Ag + a) + 1 — k < L(A\g + a), the estimate
(A.13) will be as good as (A.7). Choosing k such that this condition is fulfilled and
using the fact that e; = €’ + €, we deduce

lejlag+a < COFRTOE (A.14)

Estimate of gy

Having this estimate we are ready now to give an estimate on gpyi. Recalling the
definition of gi, we have

Jk+1 = Alz-il-l((s9k+1 — Sgk)(f — Ek) — Ak59k+1€k), k> 0. (A.15)

Following Hormander, we reformulate this equation to

g1 = Se(f — Bk) — D/ Li1S0, ., €k (A.16)

where the smoothing operator Sj given by

- O +0p

Sk = (S04 — 50,)/ D1 = /9 Spdf/ Nkt

k
has the properties of dS/df in condition (iv) of Theorem A.10.
Using now ({A.14) with @ = Ao + a and recalling that by Theorem A.10 (ii)
ISoulla < CO*llullp, a<b
we obtain
L(a)—1
S exlla < CO

where «a is in any finite interval if L is extended to the right as a continuous function
with slope 1.

The next term that we want to estimate is SpFEj. Recalling that Ej = Z?;& Ajej, we
have to examine two cases.

(i) L(b) > 0if b = a + Ao for the largest value of a satisfying (A.8). Summation of
(A1) gives

k—1 k-1 k—1
L(b)—1 L(b _ L(b
1By <3 Ajllesls < 03 00007 < cof S njot < 9.
=0 =0 =0
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A.1. Proof of Hormanders Existence Theorem

Recalling now (iv) in Theorem A.10 by interchanging a and b we have
|25 Sl < €O Bl
d9 a =
and we deduce
Hngk’Ha < Caa—b—lnEk”b < C/gL(b)—&-a—b—l < CIQL(G)_I

where we have used L(b) +a —b < L(a).

(ii) If L(b) <0, for any € > 0 we have
k—1
1Ells < C Y~ A0 < Ceb;
0
and we deduce, using (iv) in Theorem A.10,
HngkHa < C@a_b_luEkHb < 0695+a_b_1.

Now, in order to give an estimate for g1, we finally need an estimate for Sy, f.
With f € #°T by using again (iv) in Theorem A.10 we obtain:

15k £ la < COT M fllax -
Using all these estimates, we deduce
lgr1lla < Ce(@M @71 400071 g7 M T ) (A.17)
for € > 0 and b — A\ the largest value of a for which is satisfied.

With all this preliminary work done we are now ready to give an estimate for 1.

Estimate of w1

Recalling the definition of 71 i.e.

U1 = V(Uk41) 1
by using (2.10) and (A.4]), we deduce when a € [a_, a4 ]

kst ra = ¥ (Vrs1)grt1llpita

< C(llgrs1llr+a + lgrrtllng lvrstllpota) (A.18)

+a—a—p1)t
< C(||gk+1||)\1+a + Hgk+1||>\29](€i21 a—a—p1) )

if a > 0 and ay < ay. Now returning to Hormander’s induction proof, we want to

show that (A.18) implies (A.1]) with j = £+ 1. Using (A.17)) and setting a = A\; +a we

deduce, if || f|la+r, < /2 is small enough, 6y is large enough that

L(A14a)—1 A —b— o
lgkstllnta < CeBETT ™ + 0577 4+ (3/2)61557)
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and provided that
LM+a)<a—a, M+a—b<a—a when ac€la_,aq]
holds, we obtain by noting that

O T S 0 < (020000

the following estimate stated by Hérmander
Cllgrstlln+a < (6/2)05557 (A.19)

Now, by using (A.17) again and setting a = g, || fllatrr, < /2, 6p large enough for
a € [a_,ay], we obtain

Hgk+1||/\2 S 06(015_5_)12)_1 + HZiiQ_b_l + (5/2)621;0(—)\1—1)
and we notice that if b > A\ + « and the following conditions are fulfilled

)\2—04—)\1+(M2+a—04—u1)+§a—04
L)+ (pe+a—a—m)" <a—a

we have
Cllgilhabf™ " < (6/2)0855 7 (A.20)
Combining (A.19)) and (A.20)) and using (A.18]) we have just proved
etk 10 < G007 (A21)

which is for 5 = k 4+ 1. Finally, if all the preceding conditions are fulfilled, x
and 6y being fixed, we note that is fulfilled for & = 0 if || f||a+n, is sufficiently
small. This completes the induction proof. A detailed, very technical analysis of all the
necessary conditions that have to be imposed for the induction proof can be found in
[19, pages 23 - 24] .

Now, returning to Theorem by Lemma and the proof of noting that
U € C* and defining u(f) := kh_>ngo uy, we have already proved the assertions (i), (ii)

and (iv). Next, we want to give a proof for the remaining assertions.

Proof. In order to prove (iii) we first recall that

k
@(ukH) — (I)(UO) = Z Aj(gj + ej)
=0

and
k

Z Ajgj + Sngk = Sgkf.
=0
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By combining these two equations and by using Ej, = Z?;& e;j we deduce
k
D(upy1) — P(ug) = S, f — So, Er + Z ej = So, [ — So, Ex + Ep41
j=0

=Sy, [+ Ager + (B — Sngk).

By using now (A.14]) we deduce
L(a+A1)—1
lewlasa, < CO7

and for L(a+ A1) < 0 we have
”ek||a+/\1 — 0.

Using the proof for the estimate of g1 we also obtain
1Bk — So, Eklla+a, — 0.
Finally we deduce

@ (ugs1) — P(uo) — Soy, fllatr, — 0

which means Sy, f — f and gives(iii).
For the proof of (v), by recalling the estimate of 11, taking f € 7?1 and using
(A.17)) , we have for some n > 0 and a4 = ay

. —B-1 —a—1—
it < CUFsn e + 02527, a € fa,ayl.

Now, Hérmander shows by using a set of necessary conditions (see [19, Equation 2.2.28])
that
. —B-1
HukHa—‘ru1 < CGZ A , ac [Oé_,Oz+]

and with the condition a— < 8 < ay = a4 which means § € [a_,a;] he obtains
(v). O

A.2. Hormander Appendix

Here we just list some theorems from Hormander’s appendix which are needed for our
considerations.

Theorem A.5, [19] 7° is a Banach space which decreases when a increases. For
0 <a <band b bounded, 0 < A < 1, there is a constant C' such that

A -\
lulla < Cllulls,  Nlwllrara-xp < Cllullalully ™. (A.22)
Moreover, if 1 <p < oo

b—a)/(n+nb n+pa)/(n+pb
lulla < C a0/ OO |y frtpe)/nteb) (A.23)
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Corollary A.6, [19] If u € %, v € #"%,j =1,...,J and if (a,b) is in the convex
hull of (aj,b;) € R%,j=1,...,J, then u € 7% v € #° and

J
lullallolly < C Y llulla, l[v]ly,-
1

Theorem A.7, [19] J7°is aring. When a is bounded there is a constant C' such that

[uvlla < C([[ullallvllo + [[ullol[v]la)- (A.24)

Theorem A.8, [19] If a > 1 and f,g € 5%, then fog € J#* and

1 o glla < CUSlallglli + 112 lglla + 1£1l0)- (A.25)

When 0 < a <1, then

1 o glla < min(|[fl[1llglla, [[lallgllT) + [[fllo- (A.26)

Theorem A.10, [19] The smoothing operators Sy have the following properties for
6 >1and ue &' (K)NA* when a,b are non-negative and bounded numbers,

1) [1Soulls < Cllulla, b<a;
(i) [1Spully < CO*julla, a <b;
(iii) [lu— Spully < CO|ulla, b<a;

(iv)

d
@SQU

< CO 7 uq.
b

Theorem A.11, [19] Let uy for 6 > 6y be a C*° function in B and assume that
luglla, < MO%~1, j=0,1,

where by < 0 < by and ag < aj. Define A by Abg + (1 — A\)by = 0 and set a =
Aag + (1 — N)aq, that is,

a = (a0b1 — albo)/(bl — bo).

If a is not an integer, it follows then that

u—/ updl
0o

is in % and that ||u|, < C,M.
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Theorem A.14, [19] Let 2 be an open bounded set in R™ with C* boundary 02 =
YoUX; where X, 31 are open and closed disjoint subsets (one of which may be empty).
If u € #°71(Q),a > 0 is not an integer, and

0 ou .
E 87% <A‘7kaxk> =0 1in Q, U =gop On EO,
- ou
Bu = El Bj87j+BOUZgl on X,

it follows that

Q pM % %
[ulliha <Catllgollaty + llgrlla® + llully™ (A.27)
3 Y Q
+ ol + lgalle™ + llullg™ (IBIE* + A},

provided that for some fixed C
ClB.|>1; CY Ap&ée > &, 6eRY, B <C; AP <C. (A.28)

Here

n
1Bl =D IBslla" 1AL =D Al
0

A.3. Boundary Integral Operators

In boundary value problems, a differential operator acts on a function u in every point
x of a domain. Once the fundamental solution is known, this operator can be replaced
by a boundary integral operator. In Chapter 4] such boundary integral operators are
used for an exterior Laplacian problem.

Let © C R3 be a domain with piecewise Lipschitz boundary I' = 92 and let the solution
u satisfy

—Au(z) =0 zeR3\Q (A.29a)
wz) = — +b+0(z]72) for |z|— oo (A.29D)

]

with b, c real constants. In the radiation condition (A.29b) O(]x|=2) is the Landau
symbol with limg|_,o O(|z|~2) = 0. The fundamental solution k(z,y) of the Laplace
operator in three dimensions is given by

1 1

k(z,y) = ——
@) = =~ e =yl

The second Green’s formula provides the representation formula

u(z) = —/ k(z,y)Au(y) dz, + / k(2,y)0n, u(y) — Op, k(z,y)u(y) dsy, z€R>\Q
Q r
(A.30)
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and taking the limit x — I and denoting ¢ = 0,u we obtain the well-known system of
boundary integral equations

()= (5 ) ()

with the single layer potential V', the double layer potential K, its adjoint K’ and the
hypersingular integral operator W.

0 0
/k z,Y)(y) dsy, Wu(x) := “on. /F a—%k(fn,y)u(y) dsy,

D)= [ G knul) ds, K'ole) = 5 [ baol) ds,

ony

Lemma A.2 (Costabel [B]). Let I' be the boundary of a Lipschitz domain. Then the
integral operators

2T, W:H2T(T) — H 2D
(), K’ H 2T(T) - Ho2t(D)

Vi H (D)
K : H2™(T)

are bounded for all s € [—%, %], i.e. there exist constants Cy, Ck, Cgr, Cy > 0 such
that

1Vl paeqey < Cv 168l gangy s 1W< Ol g

IKull g0, < ol |Kg| < Ol

) H2H (T’ 2T (T) 3ty

Lemma A.3. Let I' C R? be the boundary of a Lipschitz domain Q. Then V is
H_%(F)-elliptic, i.e. Jey >0 s.t.

Vo, o) = cv o] Ve H 3(I).

1
H™2(T)

It is well known [46] that for @ C R? the mapping V has a bounded inverse V1! :
HY2(T) - H-Y*(I') with

_ 1
V=2 =172y < ;H€HH1/2(F) V¢ e HYA(T).

For our numerical computations in Section we also need the following properties of
the gradient of the single layer potential.
Following [40], the normal component of the gradient of the single layer potential jumps

ie
) L —y)
S (Vo)) = v ot = s,
while its tangential component is continuous across I' i.e
0 0 - 9)
GO @) = Ve @) = o [ o) TN,
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A.4. Proofs of Lemma 4.3 and Proposition 4.4

Lemma 4.3 The bilinear form B satisfies the inf-sup condition on (H~'/2(S™), N) x
(H=12(S™), N), i.e.

B .
Jap > 0: inf sup [B(u, p; v, q)| > . (A.31)
et M5y B o T DT
pEN qEN

Proof. Given (u,p) € H-Y2(S™) x N/, V = V* due to the self adjointness of the single
layer potential. Note that Vp € N due to the orthogonality of spherical harmonics and
(Hl,m”SR) =R Yl,m’(Y/R)-
We choose

g=—-2VpeN, v=(u+p)eH 2SM). (A.32)

Using the definition of the bilinear form B we have

B(u,p;v,q) = (V(u+p),v) + (u,q)
= (V(u+p),u+p) —2(u, Vp)
= (Vu,u) +2(Vu,p) + (Vp,p) — 2(u, Vp)
> 04”““%[71/2(§m) + O‘HPH?{%/Z(Sm) +2(Vu,p) — 2(Vu,p)

= a(ull21/2(my + 12121 25my) = 11t D125

On the other hand, we have by using Young’s inequality

11w DI = (ol /2(gmy + el -1r2gm)
= (4Pl gmy + VP 173(gm) 2
= (HUH?{fl/z(gm) + Hsz—l/qu) +2(Vu,p) + 4HVPH§171/2(Sm))1/2
o5 Ol sy + 100y + IV 5my)
< Cl(HUH%{flm(gm) + HPH?{A/z(Sm) + 62”17”%(71/2(3771))1/2
< Ol -1 2ggmy + D131 /26m) > = CllI ()]
and the assertion follows. O

Proposition 4.4 Let {Qy}y be dense in H~Y/2(S™) and N' ¢ H~'/2(S™) be finite
dimensional. We define

P =Nl g-1/2(5m)

n(N) :=sup inf A.33
(V) peEN PNEQN ||P||H*1/2(Sm) ( )
Then there holds for all N > Ny
B .
inf sup | (uNapa UNaQ)| Z ap > 07 (A34)
un€QN vy eQu |I[(un, D) [[[(on, )|
peN qej\/'

provided that Ny is such that n(Np) is sufficiently small.
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Proof. Let (un,p) € (Qn,N) be given and ||UNH12L1—1/2(gm) + Hp”%l—l/?(gm) > 0.
We choose ¢ = —2Vp € N and vy € Qn to be the solution of

Vwe Qn : (w,Voy) = (w, V(uy + p)). (A.35)

Due to elliptical regularity of the single layer potential V' and the fact that V is con-
tinuous we have

IN

1 Cy
EHV(UN + )2 @my < ?HUN + Dl g-1/2(gm)

Cy
E(HUNHH—U?(S’") + 1Pl gr-172(5m))

”UNHH*I/?(SM)

IN

and we deduce

IN
‘Q

lonllgr-1r2gmy < == (llunllg-1/2(gmy + [Pl gr-1/2(5m)

HUNHH 2(smy T HPHH 1/2(§m)) 1/2

I/\
/\ /\Q

Cllunl gr-1/2my + Pl g-172(5m)).
More generally we can write
lonll g-172(smy < CllI(un, P)III < CUlun | g-172gm) + [Pl g-172(5m))- (A.36)
Now we choose in w=uy + Pyp € Qn and set py = Pyp.
This yields
(un +pn, Von) = (uy +pn, V(uy +p)). (A.37)

Using again the definition of the bilinear form B we deduce

Vun,vn) + (Vp,on) + (un,q) = (V(un +p),on) + (un, q)
(un +pN — PN + D), oN) + (un, q)

uy +pn, Von) +(V(p —pn),on) + (un, q)

un +pn, V(un +p)) + (V(p—pn),on) + (un, q)

— \% Vip—
<uN+pN p+p, V(uny +p))+ (V(p—pn),vn) + (un, q)

(uN +p,V(un +p)) + (pv —p, V(un +p))
+(V(p —pn),on) + (un, q)
= llun + Pl 312 (gmyt (on = 0,V (un +p)+(V(p = px), o) +(un, a)

B(uN7p7 UNaq)

{
=(V
=
=

= HUNH|12L[fl/2(§m) + ”PNH‘?LIA/Z(Sm) +2(Vun,p) — 2{un, Vp)
+ (pn —p, V(un +p)) + (V(p— pN),vN)
= [[|(un, D)I* + (pv — 2, V(un +p)) + (V(p — pn), vw)
> [ (un, )P~ lp=2n | gr-172(8m Cllun +p 1| gr-1/2(smyt Cllow | gr-1/2(gm))

> [ (un, DI = lp = Pl 1728 (C-Cll (. p) ]| +C-Cl| (un, p)II])

= [[l(ux, p)

Hp - pN||H—1/2(Sm) =~
|H2 N HpHH—l/Q(S ) Cm(uN’p)m”pHH—l/z(Sm)

~

> (1= (N)O)|ll(un, p)III>
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On the other hand, we have with (A.32)) and (A.36)
1w, DIl = onl3-1/2gmy + gl -1/2(5m)) 2

< {C(||UNH12L171/2(Sm) + ”pH%{flm(sm)) + 4HVPH?L171/2(Sm))1/2

< {OUun 11 2ggmy + 12121 /2(my) + AT I 172 gm)) 2

< Clun -2 gmy + 1B -172gmy)

= Cl[(un, )l

and the assertion (A.34]) follows. O
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6. A Meshless Method for an Exterior
Neumann Boundary Value Problem on
an Oblate Spheroid

In order to get a first impression on the use of meshless methods in geophysical applica-
tions we consider in this chapter, as a simple model problem, the Neumann problem for
the Laplacian exterior to an oblate spheroid, where the orbits of satellites are located.
The satellite creates data which amount to boundary conditions in scattered points.
A key tool of the approach is the use of the Dirichlet-to-Neumann map which directly
converts the boundary value problem into a pseudodifferential operator on the spheroid.
We handle the arising integral equation with Fourier techniques by expansion into ap-
propriate spherical harmonics. This approach was originally taken by Huang and Yu
[20] who solved this pseudodifferential equation numerically with standard boundary
elements on a regular grid on the angular domain of the spherical coordinates. We use
spherical radial basis functions instead, allowing for better handling of scattered data.
As main result we prove that if the solution is smooth, then a high rate of convergence
of the approximate solution can be achieved by choosing appropriate radial basis func-
tions. The results of this chapter have been reported in our article [6] (with a slightly
different conjecture).

6.1. Preliminary Results

2 2 2
Following [20], let Uy = {(21,z2,23) : 4 +23+3% =1, a > b > 0} be an oblate spheroid
and ¢ be the unbounded domain outside the boundary I'g. Through coordinate trans-
formation a point ® = (z1,22,23) can be represented in oblate spheroid coordinates
as

x1 = focosh g sin @ cos ¢
29 = focosh pgsinfsin @ (6.1)

x3 = fosinh pg cosf

where po > 0, fo = Va? — b%,a = focosh g, b = fosinh pg, 6 € [0, 7] and ¢ € [0, 27).

We consider the following exterior Neumann problem: given g € Lo(Ty), find U € Q€
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satisfying

AU =0 in Q°
o,U =g on Iy (6.2)
U@)=O0(llz|I"") as |[lz]| = o0

where ||z|| denotes the Euclidean norm of x and v denotes the unit outward normal

vector on I'y.
Using the oblate coordinate transformation we obtain for the Laplace operator

1 1 0 ou
AU = - h
f3(cosh? p—sin? 6) {cosh pop <COS a 8,u>

1 2 Sinﬁa—u + ! — ! U
sin 6 00 0o sin? 6 cosh2u a2 |’

Let ¥(p,0,¢) = F(u)G(0)H(p) be such that A¥ = 0. By using the technique of
separation of variables we obtain

d? 9
dT)QH(@)ﬂLm H(p) = 0,
1 d dG(0) m2G(0) B
p—y (COSH 7 ) ~ " eos20 +nn+1)GH) = 0,
1 d dF(9) m2F(f) B
cosh,ud,u( osh o > + cosh? 1 —nn+1)F@) = 0

where m, n are integers.
A solution of the above system is

U (u, 0, ) = T (sinh u)Ypm (0, ), m=-n,...n; n=0,1,2 ..

with 17" given by

I = iexp(G)Q ), i = -1

where Q)" (x) are the associated Legendre functions of the second kind (see [I], Chapter
8) and Yy, (0, ¢) are spherical harmonics of degree n (see [32]). The set of spherical
harmonics

{Yom :m=-n,...,n; n=0,1,2,..}

forms an orthonormal basis for L?(S?) where S? is the unit sphere in R3.
We expand u(6, ¢) := U(po, 8, ¢) into an absolutely convergent series

u(97 90) = Z Z aannm(ea 90) (63)

n=0m=-—n

where

T 27
0 Jo

100



6.2. Weak Boundary Integral Formulation

with Y., being the complex conjugate of Y,,,,,. The solution of the Laplace equation in
the unbounded domain 2¢ outside I'y is then given by the series

smh,u
Z Z Tm Sth annﬂ"L(g) 80); 1% Z 1o > 0.
n=0m=-—n ’U’O

Hence, the outward normal derivative 9, U on I'g can be computed as

We note that

gz(ﬂa 0, <P)H = fo\/cos.h2 @ — sin? 6.

1 ou
fo \/ cosh? jig — sin® 6 op

&,U(H,cp) = = (/1’070790)

Therefore, the normal derivative of the solution on I'y is

arm . .
1 o0 zn: 7 (sinh uo)a Yo (0.0)
fo \/ cosh? pig — sin® @ 0 m——m Ty (sinh pg) "

U, p) = —

We denote by K the Dirichlet-to-Neumann map (Steklov-Poincaré operator) defined for
any v € H/?(S?) by

1
Kv) (8, p):=— annm 0,). 6.5
N e HZMZ iy 00 (09
It is known that (see e.g. [37]) (6.2) is equivalent to
Ku=g¢g on TY. (6.6)

6.2. Weak Boundary Integral Formulation

Let D'(T) be the set of all distributions defined on I'g. The Sobolev spaces H*(T'y), s
R, are defined by

H (o) = {f € D'(To) : | f3gerg) = D D (1407 fum|* < 00}

n=0m=-—n

The weak formulation of the equation is: Find u € H'/?(Ty) satisfying
D(u,v) = / guds YveHY?(T) (6.7)
o

where

D(u,v) = /FO(ICu)vds.
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Since the measure of Ty is ds = f& cosh pg \/ cosh? juy — sin @sin 0 df dp and the measure
on the unit sphere S? is do = sin # df dy we deduce from the definition of D(u,v)

2T pm
D(u,v) = f2 cosh g / / (Ku)v\/cosh2 o — sin? @sin 6 df dy
o Jo

= f2cosh g / (Ku)v \/cosh2 po — sin? 0 do.
SQ

Using (6.5)), we have

n

dT)"(sinh d PO
=—fo Z Z o) /dp cosh(10) Unm Uy,

— = T (sinh po)
By defining
(1+2*) £ T (@)
G (x) = — L 6.8
(@) e (68)
we have
d .
LT (sinh )
G™(sinhp) = — """ coshp.
T (sinh p) T (sinb ) cosh
Now we can rewrite D(u,v) as
[e.e] n
v)=fo) Y, Gr(sinh o)nmy, (6.9)

n=0m=-—n

The following result is proved in [20]:

Theorem 6.1. The bilinear form D(-,-) is continuous and coercive on H'/?(Ty), i.e.,
there exists constants Cy and Co such that

[D(u,v)| < Cil[ullyromyllvllynze Yu,ve H'/2(I)

and

CallolZye/oqry) < ID(,0)] Vo€ HY(Ty)

So, by using Lax—Milgram theorem, there exists a unique solution for the variational

problem (/6.7)).

In the next section we will approximate u by spherical radial basis functions (SRBF's).

6.3. Galerkin Approximation Using SRBFs

The finite dimensional subspaces that we use in our approximation are defined by
positive definite kernels on S? and spherical radial basis functions (see Appendix B).
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The positive definite kernels are defined as in Section We define the kernel ® by
a shape function ¢ as in . Due to the addition formula for spherical harmonics,
the kernel ® can be represented as

By, 2) =D Y 6()Yam (Y)Y (2). (6.10)

n=0m=-—n

The native space Ny defined by (B.10)) with the kernel ® is a reproducing kernel Hilbert
space. In Section we have shown that when

d(n) ~ (1+n?)"", (6.11)

then the native space Ny can be identified with the Sobolev space H™(S?) defined as

HT(S?) = {v e D/(S?) : i zn: [Bam|2(1 +n2)" < oo}

n=0m=—n

Since the approximate solution to (6.7 is sought in a finite dimensional subspace of
HY/ 2(Ty), in order to make use of the SRBFs we introduce the following bijection
w:Tg — S? (where S? is the unit sphere in R3),

w(x) = (sin b cos ¢, sin O sin ¢, cos ) (6.12)
where x is an arbitrary point on I'g with oblate spheroidal coordinates
x(O,0)=(fo cosh g sin @ cos ¢, fo cosh ug sin @ sin @, fy sinh pg cos@) €ly.  (6.13)
Using this map, we define a reproducing kernel on I'y as
U(z,z') = d(w(z),w(x)), =z,z' €l (6.14)

where ® is the kernel defined on S?; see .
The kernel ¥ can be expanded into a series of spherical harmonics as

V(ma) =3 D 6n)Yum(w(@) Y (w(@)) (6.15)

n=0m=—n

where we choose ¢ such that ¢ ~ (14 n?)~7 for some 7 > 0. Given a set of scattered
data points X = {x1,...,xp)} C I'y. We define V7 by

VT :=span{¥y,--- , Uy} (6.16)

where ¥; := ¥(z;, ), j=1,--- , M.
The solution of is approximated by ux € V7 satisfying

D(ux,v) :/ guds YveVT'. (6.17)
o
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To this end we have to solve a linear system
Ac=g (6.18)
where A is a matrix with entries
Aij=D(V;,¥5), i,j=1,..,M,

and g is a vector with entries
gj:/ g\I]de7 ]:]_7,M
I'o
Using and (6.15)) we can write
Aij = Jo Z Z n (sinh 10) Yom (w(2:)) Yy, (w(5)).- (6.19)

n=0m=-n
The positive definiteness of the matrix A is a direct consequence of coercivity of the
bilinear form D(-,-) established in Theorem In our computations we use the trun-
cated version of D(-,-) defined by

N n
v)="Jo Y D> Gr(sinh uo)inmDy,- (6.20)

n=0m=-—n

The matrix A is approximated by AXN) with entries

S S BRED (sinh o) Yo (@) Vi ()

n=0m=-—n

(N)

where N denotes the number of series terms of the truncated matrix element A, i
We compute the actual Galerkin approximation ux by solving (6.18) with the Galerkin
matrix AV obtained via the truncated entries Al];[ . We have to choose a sufficient large
N (N=100 is used in our numerical experiments) to guarantee the positive definiteness
of the matrix AXN). This is termed a ”variational” crime by Strang and Fix [49] and
will be discussed later in the error analysis. The integral

27
/ g¥;ds = f3 cosh g / / cosh2 po—sin® 0, (6, ¢) sin 6 dp do

can be evaluated by an appropriate cubature on the sphere S? (e.g. [8]) or by using the
Fourier expansion of g and ;.

Let Y = {yy,...,yp} be the image of X under the map w, i.e. y; = w(zx;) for j =
1,..,M. As Y is a set of scattered points on S?, we define the mesh norm hy of Y as
usual

: -1
hy = sup min cos (y-y;)-
yes2 Y;€

We have the following approximation property:
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6.4. A Priori Estimate for the Galerkin Approximation of the Exact Solution

Theorem 6.2. Assume that holds for T > 1. If f € HT(I'y), then fort < T,
t < s <27 there exists n € V7 so that

1F = nllaeero) < ehy | Fllresro)

where ¢ is a positive constant independent of Y.

Proof. For any function f € H™(Ty), if F(y) = f(w (y)) then F is a function in
HT(S?) and

T 27
Fom = fam = / / (0, ) sin 0dpdb.
o Jo

Hence,

11540 rg) = Z Z )| Eml® = 1F |35 s2)- (6.21)

n=0m=—n

Using the result in Theorem 3.7 [51] (see also Remark 5.1 therein) there exists 77 €
span{®(y;,-) : j = 1,..., M} so that

IF = iillaet s2) < ch§ U1 Fllags (s2)-

Defining n(x) := f(w(x)) and using (6.21)) we deduce the required result noting that
nev. 0

6.4. A Priori Estimate for the Galerkin Approximation of the
Exact Solution

Using Theorem [6.2| we will derive an error estimate for the approximation of the solution
u of by the solutions uy of (6.17). To obtain this estimate we need the following
inequality which we are not able to prove. However, our numerical experiments support
our claim.

For any € > 0 and Ng > 0, there exists ¢ > 0 such that for any M > 0, N > Ny and
B= (B, ,Pum) € RM | there holds

>, Z BifBj Pn(w; - x;) <Czn_1 ‘ Z B3 Pu(; - ;). (6.22)

n>N+1 2,7=1 2,7=1

We have carried out an extensive experiment to check (6.22]), namely we computed

e M
F(N)=max max neni VT i Bib Pa(@i - )
BeB 1<M<100 anN n—1l-e E%:l BiBi Pn(xi - ;)
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6. A Meshless Method for a Neumann Boundary Value Problem on the Oblate Spheroid

with € = 0.01 and with 8 in a set B random chosen which turns out to have lo-norm
varying from 2.367 to 2.966 - 10*. The infinite sum in the numerator of the fraction
defining F'(N) was computed by a truncated series Zﬁfz N1 With different values of N*.
We present in Figures — the graphs of F(N) in these different cases. They
support our claim .

Figure 6.1.: F(N) computed for N* = 80

——— maximal value

F(N)

Figure 6.2.: F(N) computed for N* = 100

maximal value

14f \ Bl

12~ \ B

101 \ i

Figure 6.3.: F(N) computed for N* = 120
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6.4. A Priori Estimate for the Galerkin Approximation of the Exact Solution

Theorem 6.3. Let V7 be defined by with U satisfying where T > 1.
Assume that the solution u to belongs to H*(Ly) for some s satisfying 1/2 < s <
217 — 1. Then for any Ng > 0, there exists a positive constant C' independent of the set
X such that for all N > Ny there holds

s—1/2 —S
lu — uxllzg12rg) < O 2 4 N755Y2) ullygerg).

Proof. By using Strang Lemma [49], we have the following estimate

‘DN(U,’U) — D(“?”)‘

llw = ux llpr2(rg) < nf, lw = vll320y) + T D (0, 0] 2 (6.23)
The first term on the right-hand side can be estimated using Theorem
. —1/2
inf lu—vllyzr,) < chy Pl roy- (6.24)

To estimate the second term on the right-hand side, firstly we note that it is shown in
[20, Lemma 3.1]

c(po)(n? + 1)1 < G™(sinh o) < C(po)(n® + 1)Y/2, (6.25)
and that G, (sinh p9) = G)'(sinh p1p) for 0 <m <nandn=0,1,2....
By using the Cauchy-Schwarz inequality and (6.25) we have

fo D> GiMsinh p)tinm Ty,

n=N+1m=-n

1 1
gc( > (n2+1)%|anm\2> ( > (n2+1)%\anm|2> .

n=N-+1 n=N-+1

| D (u,0) = D(u,v)| =

It follows from

o0
1 _
ST 0P+ DE [T < L+ N2 0)3 Vo € HI(T), s > 1/2
n=N+1

that
Dy (u,0) — D(u,v)] < C (14 N2) 72 [l 30 poy 0] 345 1) - (6.26)

Using (/6.25)) again we have
N n N n
Drfw.) = oY 3 G(sink o) Bl > () 3 S (07 4+ 1)

n=0m=—n n=0m=—n

Hence,

N n
Dn(v,v) > c(po) Y Y (n® +1)° (0 + 1) G|

n=0m=-—n

N
N+ )27 N (02 4 1) [ [* for s > 1/2, (6.27)

n=0|m|<n
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6. A Meshless Method for a Neumann Boundary Value Problem on the Oblate Spheroid

Let
N

A=) (07 4 1) O

n=0|m|<n

Since v € V™ we write v as v = Zf\il B;V;. Hence, Uy = Zf‘il 51((1\11)7”71 Note that

(‘/l}i)n,m = |$(n)|Ynm(wz) (6'28)
Therefore,
N M R n
A=) (0 +1)° ) BiBilé(m)P Y Yam(@:) Yo ().
n=0 1,5=1 m=-n

By using the addition formula (B.7]) and (6.11)) we deduce

N M
A=) "2n+ 1)+ 1) > BifiPa(; - x;). (6.29)
n=0 ij=1
By using (6.22]) we deduce
[e's) M
AZc > n+1)0°+ 1)) BiBi Pu(w; - ;). (6.30)
n=N+1 ij=1
It is then clear that
A > |03 pg)- (6.31)

This together with (6.27) gives

Dy (v,0) = ¢(N? + 1)V ||v3s 1) - (6.32)

Combining all the estimates in (6.26]) and (6.32)), we obtain

D - D
DN (,0) = D(u,v)|

< —s+1/2
veV™  [Dy(v,v)]}/? s e

[lul 225 (ro)-

This together with (6.24) proves the assertion.

6.5. Implementation of the Approximation Method

In order to compute the entries A;; of the stiffness matrix given in (6.18]), we need to
compute the spherical harmonics Yy, and the functions G}'; see (6.19)).
The spherical harmonics are computed by using the formula (see [1])

2 1 :
Yom (0, ) := \/%PJ}”"(COS 0)e'™? (6.33)
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6.5. Implementation of the Approximation Method

where P"(x) are associated Legendre functions of the first kind which can be computed

using the following recurrence relations for m =0,1,2,...,nand n=0,1,2,...
n _ (2n)' 2\n/2
Pn(x) - onp (1—.%) ’
P??—l<x) 07
wi1(T) = vlePlN(z) 4wy Py (2),
where
o = (2n +1) and wl — Vv (n—m)(n+m) '
Vin—m+1)(n+m+1) Vin—m+1)(n+m+1)

The functions 77" given by

T™(z) = iexp <T>Q;ﬂ(m) (6.34)
are calculated using the algorithm for oblate spheroidal harmonics presented in Gil and
Segura [13].

In order to calculate - Tm we use ((6.34]).
We have
mo e . wn+1), ., - ) TN
Qi liz) =—i exp(—(2)) w1 () and Q' (ix) =—1 exp(—T)Tn (z).
Thus,
Qpaliz) T, (@) 635
Q' (i) T (x)
and with
d ' d
I () = —exp (50) -Qn(ix) (= = i)
we finally obtain
i D) —exp () O (in) _ Ly (in)
- = — P . - . (6.36)
T3y (x) iexp (5*)Qm (i) Q (i)
Furthermore, it is known that (see [20])
d nym s ym
@2 2 - Q' (2)
- =1 —=-2)=n+1)(—z)+(n—m+1)———F—— 6.37
iy (=) = (4 )(iz) T (6:37)
and comparing (6.36)) and (6.37) (with z = iz = (1 — 22) = (1 + 2?)) we have
d
el (@) Qm( ) 2
—(1+eR) D) (1-22)
T (x) Qm( )
Q1 (2)

= (n+1)(—iz)+(n—m+1) o)
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6. A Meshless Method for a Neumann Boundary Value Problem on the Oblate Spheroid

Therefore, the recurrence relation ( with iz = x and 1' for %T[L” can be expressed
as

&I (x) T3 ()
- z?)dz " 20— (p x4+ (n—m ol :
(1427 T () (n+ 1)z + ( +1) Tm () (6.38)

With this relation the term G}(sinh ) in the entry A;; of the stiffness matrix (see
(6.19) and ) can be computed by using the relation

m "y (x)
Gl () :(n—i-l)a:—i—(n—m—i—l)w, m=0,1,...,n; n=0,1,2,....

For negative values of m we use the relation G)'(z) = G, (z).

The right hand side terms g; are computed by using the Fourier coefficients of g and
®; and Parseval’s identity.

We use different kernels ¥ (z, ') = ®(w(x),w(x’)) in our numerical experiments, where
the functions ® are restrictions to the sphere of two different classes of positive definite
RBFs defined by Matérn and Wendland functions. The Matérn functions (or Sobolev

splines) were introduced for statistical applications in [27]. They are defined by
2V—1
I'(8)
where K, is the K-Bessel function of order v. In R3, the Fourier transform of ¢ decays
like

¢V(T>:: TV_3/2}(V—3/2(T)7 v > 3/27

(&) ~ (L + €13~
The Matérn kernels used in our experiments are listed in Table When restricting
to the sphere, the native space associated with the kernel ®(y, z) := ¢, (/2 — 2y - 2z) is
the Sobolev space HY~1/2(S?) ([33]).

v ou(r) T
21 e " 1.5
3le(1+7r) |25

Table 6.1.: Matérn’s RBFs

The Wendland functions [55] are positive definite functions with compact support. For
any non-negative integer m, let

~ 1 —r)mt2, 0<r<1,
pm(r):{(() ) r>1

and

pm(r) =1"pm(r), 720
where I is a smoothing operator on the space Ck [0, 00) of continuous functions in [0, co)
with compact supports defined by

I:Ckl0,00) = Ckl0,00), Iv(r)= / sv(s)ds, 1 >0.
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6.6. Numerical Experiments

For arbitrary vy, z € S,
(Y, 2) = pm(vV2 -2y - 2),
with pp, being defined as above. It is shown by Narcowich and Ward [34] that in this

case, (6.11]) holds for 7 = m + 3/2. The Wendland functions used in our experiments
are listed in Table [6.2]

m Pm (1) T
0] (1-r2 1.5
1| (1—=m)i@r+1) 2.5
2 | (1—7)%(35r2+18r+3) | 3.5

Table 6.2.: Wendland’s RBFs

6.6. Numerical Experiments

In our experiment we choose the oblate spheroid I'g such that fo =4 and pg = 1. Let
the Neumann condition be

__ sinhpusinf cos (2 cosh? j1 + cos? 0)

a f3(cosh? p — cos? 9)%

so that the exact solution to (6.2]) is

Y cosh j1sin 6§ cos ¢ _ (6.39)
f2(cosh? ju — cos? )2

This example is taken from [20] where the authors solve (6.7)) using piecewise bilinear
functions on grids of A = {(0,¢) : 0 <6 <7,0< p <27}

We solved in the space V7 defined in with three different types of sets of
points X.

Points of type 1. As in [20], we divide the intervals [0, 7] and [0, 27| into N; and
Ny subintervals, respectively by

0s =sm/Ny, s=0,1,2,....,N;

and
thZQtﬂ'/NQ, t:0,1,2,...,N2.

Then we use M := Na(N; — 1) points on Iy,
T(Ny—1)s+t = (fo cosh pug sin 65 cos oy, fo cosh g sin O sin ¢y, fo sinh g cos ),

where 1 < s < N; —1and 1 <t < Ny to construct the basis functions.
Points of type 2. Next, we generate sets of points X on I'g as images under the
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6. A Meshless Method for a Neumann Boundary Value Problem on the Oblate Spheroid

mapping w, see , of sets of points Y = {yy,...,y,,} on S? which are defined by
using Saff’s algorithm [39]. This algorithm partitions S? into M equal-area regions
whose centre are yq, ..., y,s; see Figure 1.

Points of type 3. Finally, we use sets of scattered points on the oblate spheroid
which are obtained by mapping to the oblate spheroid the geocentric coordinates of
data points taken from MAGSAT satellite data; see Figure 2. These sets are extracted
from a full data set about 26 million points in such a way that the separation radius of
each set

qy = 1 min cos ' (y - ')
2 y#y'
is not too small; see Table
We solved the matrix equation by the conjugate gradient method with relative
tolerance 10719, i.e. the stopping criteria is

| Ac™ — g]|p2

< 10710, 4
lgle =0 (6.40)

Here ¢(™ is the m-th iterate.
Let e := u — ux where u(f,p) = U(po,0,¢) is the solution to (6.7) and uy is the

solution to (6.17)).

We compute (]| z2(ry) and |le[l31/2(r,) approximately by

120 n 1/2
lell ez ~ (Z 3 \(ax>nm—anm\2)

n=0m=—n

and
120 n 1/2
el = ( S0+ 3 [x)un — Tl
n=0 m=—n
in which
M
(@x)nm = Y (n)e:Yom(w(:))
=1

and Up,, is computed by using a quadrature [§] for formula (6.3)).
We also compute ls and [, errors for point sets of type 1. Let G be points of the grid
of size (N1, N2) = (160, 320), then

ellere) = mas ux (v) = u(y)|

and

1/2
lelleqe) = (|g1| S Jux () - u<y>|2)

yeg
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6.6. Numerical Experiments

where |G| = 50880 is cardinality of G and |G| := Na(N; — 1).

Table and Figure show the experimental orders of convergence (EOC) for the
errors in the H~/2(I'g)-norm (energy norm) when Saff points (points of type 2) and
Wendland’s kernels are used. Table and Figure show the corresponding results

when Matérn kernels are used.

The numbers in the Tables and [6.7] show fast convergence of our RBF Galerkin
method applied to the Poincaré-Steklov operator with different values of N on different
grids of size (N1, N2), when Wendland’s kernels are used .

Table gives the errors in the L?(I'g) and H?(I'g) norms for scattered points (points
of type 3). In this case, the matrix is ill conditioned and hence a preconditioner is
required.

Therefore, by noting , the symbol of the operator K defined in behaves like
(n? +1)%/2 ie. K is a pseudodifferential operator of order 1. This allows us to extend
the analysis [52] for the overlapping Schwarz preconditioner on the sphere to the oblate
spheroid. The preconditioner is defined by the additive Schwarz operator, using a
subspace decomposition of V7 as

Vi=Vo+..+Vj.

These subspaces Vj,j = 0,...,J are defined from a decomposition of the set Y into
overlapping subsets Y}, j = 0, ..., J. These subsets are generated by the following algo-

rithm:
Select a € (0,7/3), 8 € (0,7];
PL=Y €Y;
Yo :={p1 };
Yii={y €Y icosy py) < al
J=1k=1;
while YU ...UY; #Y do
k=k+1;
Py is chosen from Y\ Yy such that cos™ (py_; - p) > B;
Yo :=Yo U {p}
Yii=y €Y :cos ty py) <o
end while
J=k

Each set Y} is a collection of points inside a spherical cap of radius « centered at p;,.
The centers p;, are chosen so that the geodesic distance between two successive centers
is no less than .

Table shows the corresponding numbers of iteration of the preconditioned conjugate
gradient using the same stopping criteria as before, i.e. with the relative tolerance
< 10710, Errors of the same order as in the non-preconditioned case are obtained. The
advantage of the preconditioner can be observed.
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6. A Meshless Method for a Neumann Boundary Value Problem on the Oblate Spheroid

m M | hx HY 2err EOC
100 | 0.2672 | 3.1112E-03
200 | 0.1942 | 1.3158E-03 | 2.70
500 | 0.1237 | 3.9392E-04 | 2.67

1000 | 0.0849 | 1.6113E-04 | 2.38

2000 | 0.0609 | 6.7877E-05 | 2.60

4000 | 0.0426 | 2.4877E-05 | 2.81

1| 100 | 0.2672 | 1.0988E-03
200 | 0.1942 | 1.9053E-04 | 5.49
500 | 0.1237 | 2.4204E-05 | 4.57

1000 | 0.0849 | 4.7746E-06 | 4.31

2000 | 0.0609 | 9.9207E-07 | 4.73

4000 | 0.0426 | 1.9228E-07 | 4.59

2| 100 | 0.2672 | 1.1860E-03
200 | 0.1942 | 8.0785E-05 | 8.42
500 | 0.1237 | 3.6622E-06 | 6.86

1000 | 0.0849 | 3.3840E-07 | 6.33

2000 | 0.0609 | 3.6577E-08 | 6.70

4000 | 0.0426 | 3.5598E-09 | 6.52

o

Table 6.3.: Errors with Saff points and py,(r)

M | hy HY 2err EOC
2| 100 | 0.2672 | 1.3063E-03
200 | 0.1942 | 5.3882E-04 | 2.78
500 | 0.1237 | 1.6489E-04 | 2.63
1000 | 0.0849 | 6.7086E-05 | 2.39
2000 | 0.0609 | 2.7266E-05 | 2.71
4000 | 0.0426 | 1.0090E-05 | 2.78
3| 100 | 0.2672 | 1.7780E-04
200 | 0.1942 | 2.3464E-05 | 6.35
500 | 0.1237 | 2.3542E-06 | 5.10
1000 | 0.0849 | 3.7971E-07 | 4.85
2000 | 0.0609 | 7.6692E-08 | 4.81
4000 | 0.0426 | 1.4582E-08 | 4.65

Table 6.4.: Errors with Saff points and v, (r)
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6. A Meshless Method for a Neumann Boundary Value Problem on the Oblate Spheroid

Table 6.5.: Errors on grided points, with p,,(r), using conjugate gradient method for
Nmaz = 12()’ Niruncate = 80

Table 6.6.: Errors on grided points, with p,,(r), using conjugate gradient method for

116

m | N1 | Na|llellezrg) | lellzarery | llelleag | llellie )
0] 10 | 20 | 0.3854E-03 | 0.1779E-02 | 0.1028E-03 | 0.6957E-03
0] 20| 40 | 0.4949E-04 | 0.3248E-03 | 0.1343E-04 | 0.9091E-04
0] 40 | 80 | 0.5814E-05 | 0.5303E-04 | 0.1888E-05 | 0.1116E-04
0] 80 | 160 | 0.2402E-08 | 0.2470E-07 | 0.4065E-06 | 0.1425E-05
11 10| 20 | 0.1033E-03 | 0.4509E-03 | 0.2828E-04 | 0.1099E-03
11 20| 40 | 0.2922E-05 | 0.1848E-04 | 0.7933E-06 | 0.3357E-05
11 40| 80 | 0.9079E-07 | 0.8163E-06 | 0.2402E-07 | 0.1068E-06
1| 80 | 160 | 0.8770E-09 | 0.5410E-08 | 0.1235E-08 | 0.4930E-08
2| 10 | 20 | 0.6982E-04 | 0.2818E-03 | 0.2356E-04 | 0.6829E-04
2| 20| 40 | 0.4338E-06 | 0.2695E-05 | 0.1310E-06 | 0.4398E-06
2] 40| 80 | 0.3392E-08 | 0.2924E-07 | 0.1089E-08 | 0.4647E-08
2| 80 | 160 | 0.1155E-08 | 0.6304E-08 | 0.6819E-09 | 0.4083E-08

m | N1 | N | lelle2y) | llellmrreay | el lle]lz00 ()
0] 10 20 | 0.3854E-03 | 0.1779E-02 | 0.1028E-03 | 0.6957E-03
0] 20 40 | 0.4949E-04 | 0.3248E-03 | 0.1343E-04 | 0.9092E-04
0] 40 80 | 0.5814E-05 | 0.5303E-04 | 0.1889E-05 | 0.1114E-04
0] 80 | 160 | 0.2407E-08 | 0.2463E-07 | 0.4065E-06 | 0.1425E-05
1| 10 20 | 0.1033E-03 | 0.4509E-03 | 0.2828E-04 | 0.1099E-03
1| 20 40 | 0.2922E-05 | 0.1848E-04 | 0.7933E-06 | 0.3357E-05
1| 40 80 | 0.9079E-07 | 0.8163E-06 | 0.2402E-07 | 0.1068E-06
1| 80| 160 | 0.8768E-09 | 0.5410E-08 | 0.1235E-08 | 0.4936E-08
21 10 20 | 0.6982E-04 | 0.2818E-03 | 0.2356E-04 | 0.6829E-04
21 20 40 | 0.4338E-06 | 0.2695E-05 | 0.1310E-06 | 0.4398E-06
2| 40 80 | 0.3393E-08 | 0.2924E-07 | 0.1090E-08 | 0.4659E-08
2| 80 | 160 | 0.1153E-08 | 0.6296E-08 | 0.6811E-09 | 0.4094E-08

Nmaz = 120, Ntruncate =100




6.6. Numerical Experiments

m | N1 | No | lellezwg) | lellmrromy | llellzay) llelliee (o)
0] 10 20 | 0.3854E-03 | 0.1779E-02 | 0.1028E-03 | 0.6957E-03
0] 20 40 | 0.4949E-04 | 0.3248E-03 | 0.1343E-04 | 0.9093E-04
0| 40 80 | 0.5814E-05 | 0.5303E-04 | 0.1889E-05 | 0.1114E-04
0] 8 | 160 | 0.2391E-08 | 0.2437E-07 | 0.4065E-06 | 0.1425E-05
1| 10 20 | 0.1033E-03 | 0.4509E-03 | 0.2828E-04 | 0.1099E-03
1| 20 40 | 0.2922E-05 | 0.1848E-04 | 0.7933E-06 | 0.3357E-05
1| 40 80 | 0.9079E-07 | 0.8163E-06 | 0.2402E-07 | 0.1068E-06
1| 80 | 160 | 0.8743E-09 | 0.5401E-08 | 0.1234E-08 | 0.4908E-08
21 10 20 | 0.6982E-04 | 0.2818E-03 | 0.2356E-04 | 0.6829E-04
21 20 40 | 0.4338E-06 | 0.2695E-05 | 0.1310E-06 | 0.4397E-06
21 40 80 | 0.3392E-08 | 0.2924E-07 | 0.1090E-08 | 0.4640E-08
21 80 | 160 | 0.1155E-08 | 0.6304E-08 | 0.6818E-09 | 0.4100E-08

Table 6.7.: Errors on grided points, with p,,(r), using conjugate gradient method for

Nmax = 1207 Ntruncate =120

M

qy

H€H£2(r0)

H€||H1/2(F0)

ITER

CPU

3470
7763
10443

/140
/200
/240

6.25503E-006
2.41695E-006
1.87142E-006

5.01114E-005
2.13257E-005
1.62031E-005

2809
27064

30931

234.6
13323.7
17361.9

Table 6.8.: Errors with scattered points from MAGSAT, using conjugate gradient
method for Nper = 120, Niruncate = 100 and po(r)

M | cosa cos 8 llell z2(ro) llellr2ry) ITER | CPU
3470 0.9 | -0.15500000 | 6.24283E-006 | 5.02580E-005 | 73 4.3
7763 | 0.97 | 0.99999996 | 2.41695E-006 | 2.13257E-005 | 939 294.1

10443 | 0.98 | 0.99999996 | 1.87142E-006 | 1.62031E-005 | 1602 | 1085.8

Table 6.9.: Errors with scattered points from MAGSAT, for overlapping additive Schwarz

preconditioner for Nyar = 120, Nruncate = 100 and po(r)
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Figure 6.6.: Image of Saff points on the oblate spheroid

Figure 6.7.: Image of satellite points on the oblate spheroid
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7. A First Application of Meshless
Methods to the Linearized Molodensky
Problem

In this chapter we use spherical radial basis functions to approximate the solution of
the linearized Molodensky problem on the unit sphere. The approximate solution is
computed with a corresponding meshless Galerkin scheme using scattered data from
satellites. Our numerical experiments show that this meshless method is superior to
standard boundary element computations with piecewise constants. The results in this
chapter are published in [4§].

7.1. Boundary Integral Equation

We reconsider the linearized Molodensky problem in geodesy for the disturbing gravity
potential wu.
For a given right hand side g find u satisfying:

Au=0 in Q=R»\Q
2 ou _
U= =g on 0N (7.1)
u= E +0(r?) for r— o0 (7.2)
T

where 9 denotes the telluroid and 7 denotes the radius of € R3. In the following,
we consider the model where the surface of the earth is given by S? the boundary of
the unit ball Q = B1(0). As described in the paper by Heck [16] a single layer potential
ansatz leads to pseudodifferential equation (a second kind Fredholm integral equation)
on S? which will be solved numerically in the following by use of radial basis functions.
By inserting the approximation of the density back into the single layer potential we
thus obtain an approximation for the gravity potential u, the solution of the above
geodetic boundary value problem GBVP.

In detail we proceed as follows: We write u as single layer potential V' with unknown
density u for X ¢ S?

uX) =vax) = - [ Wity (73
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7. A First Application of Meshless Methods to the Linearized Molodensky Problem

and compute

@deMw»+=—;Mwmm—4;pvéQ;tj%Mdew

where + denotes the limit on the surface S? from the exterior domain  and n is the
normal on S? pointing into .

Furthermore
oVu), . x 1 1 / (x—y) x

ar (33) - grad V/.L(a:) ‘CC’ - 2M(w)COS (nm7 33) 4ﬂ_pV 2 ‘me . y’g :u(y)ds(y)
and

2y, _ 2 1/ 1Y) o

r _EE s2 & —y|

Inserting these expressions into the boundary condition (GBVP) yields (see [16])

2 oV 1
= V(@) - —5=(@) = Su(@)cos (na, )
1 (x—y) x 2 ]
+ — .v./ [ — ds

7 Ll —yP  Tellw g1 M)

_1 1 |=* — y” — 3|z — y|?

= 2M(alc) cos(ng, ) + 2P . e w(y)ds(y)

= g(=).

This becomes

Su(x) : = 2<_417r /52 ’M(y)doy> + %,u(a:) + 1/ Wu(y)doy

@ — ] i Jo Ty
I | “3(y)
= — —Dp.V. —=d 4
2u@ﬂ+4ﬂpVL;m@y”0y (7.4)
=g(x).

Now we observe that the action of the above pseudodifferential operator S can be
rewritten via its discrete symbol S and the Fourier coefficients fi,, of © with respect
to spherical harmonics Y}, of degree [ as

l

00
S:u = Z Zl ‘§(Z)ﬂl,mY2,m

=0 m=—

with symbol
N I—1 R .
S() = A+1 and  fi;m = <M7Yl,m>L2(SQ),
compare (7.14) below. As pseudodifferential operator of order zero S maps H® into

itself for any s € R where the Sobolev space H? is defined by

o) l
H = {v (ST SR ()P [Em) < oo}.

=0 m=-—1
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7.1. Boundary Integral Equation

Let us abbreviate the pseudodifferential equation ([7.4]) as

Su=g on S% (7.5)
We observe that 1_1

So ker S = span{Yj ,,,, m = —1,0,1}. Therefore, to ensure solvability of (7.5) we must
impose side conditions :

Yu=a; (j=123) (7.6)
with given a; € R and a unisolvent set of linear functionals {47}, i.e. for any v € ker S,
if v =0,7=1,2,3, then v = 0.
Application of classical Riesz-Schauder theory gives the following theorem.

Theorem 7.1. Fquations and (@ have a unique solution if
(9,2) =0 VP € kerS.

Now, we analyse the above side conditions. First let us rewrite the single layer potential

as

vulx) = o [ Qng{gds@) &

where 9 is the angle between X and y (c.f. [16]).
We expand the disturbing potential outside the boundary sphere S? into solid spherical

harmonics

w(X) = §(1>"*Ln<x>, Xerm r>1 (7.8)

where .
Un(@) = D TngnYnm().
m=—n

Correspondingly, we expand the functions g(x) and p(x) in surface spherical harmonics

9(@) =Y galx), pa)=> pn(x) (7.9)
n=0 n=0

where

gn(w) - Z gn,mYn,m(w) and Nn(m): Z ﬁn,mYn,m(w)

m=—n m=—n

Note that due to ([7.3)) we have

n+1
1 fin(Y) ds(y) = <1> un (). (7.10)

A Js2 25in ¥ r

Furthermore, with ([7.7) the integral equation ([7.4) becomes

1 - 1 —3u(y) olu) — ol
)+ 3= [ T8 do(y) = g(a). (7.11)

2 4 Joo 4sin 5
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7. A First Application of Meshless Methods to the Linearized Molodensky Problem

Then inserting (7.9)), (7.10) and (7.8)) and equating the coefficients we obtain
pin () — 37" Ly, (2) = 200 (). (7.12)

Setting r = 1 we have

Therefore with

1
x) = Z U Y1,m(x), g1(x) = Z GimY1m(z) and pi(x) = Z 111,mY1,m ()

m=—1 m=—1 m=—1
we obtain
ﬁLnl—-SﬂLnl::2§Ln” WlZZ—J,O,l. (713)
Now let us analyse the discrete symbol S (1) of the pseudodifferential operator S. This

can be computed by simply inserting the expansion for u and ¢ into the boundary
condition of the GBVP(7.1).

Using
2 ou
_tu— 2= -
r or ) ¢ g
we have
2. SN 1\ >
I3 () e St (o) = i)
n=0 n=0
or - .
(n—1)
DELELINMES SPes
n=0 n=0
Equating the coefficients and then inserting in (7.12)) gives with r =1
3
pn(@) = = gn(@) = 290 ()
hence,
3 2n+1
(@) = (24 -2 )aut@) = 2 L a) (7.14)

from which we deduce the result on the discrete symbol S of the pseudodifferential
operator S (compare Heck [16]).

7.2. Meshless Galerkin Method with Boundary Integral
Equations

The solutions of (7.5)), (7.6) are approximated by spherical radial basis functions. Let

(1—r)"2 0<r<1,
pm(r) = , m=0,1,2.
0, r> 1.
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7.2. Meshless Galerkin Method with Boundary Integral Equations

We define ¢ : [—-1,1] — R by ¢(t) = pm (/2 — 2t). This is called the Wendland function.
For a set of data points {x1, X2, ...,Xxy} on the sphere we define a set of spherical radial
basis functions as:

Bi(a) =D D On)Yom(@)Yom(@) = (- z)

n=0m=-n

with Fourier-Legendre coefficients

N 1
B(n) = 2r / Pt

and Legendre polynomials P, of degree n.
It is shown in [34, Proposition 4.6] that for m =0, 1,2

c1(14+n2) ™32 < g(n) < cp(1 +n?)~m3/2

for alln =0,1,2,..., where ¢; and ¢ are positive constants.

Now, the numerical scheme under consideration is the Galerkin method (G):
. - - - . - N

Find iy = i1 + fio  with  fig =350 ¢;®]

(Sp1, @) ros2) = (9, Pr) Lo(s2) 1<k<N

where @7 is obtained from ®; by deleting the Fourier terms for n = 0 and n = 1.
The part [ip of the Galerkin solution fiy must satisfy the side conditions

701&0 - / foYo,0 = ao, '71/]0 - / foY1,-1 = b_1,
S? S2
(7.15)

%m=/ﬁﬁm=m $m=/ﬁwu:m
S2 S2

Note that the term for n = 0 in the expansion for ®; is dropped to make all Fourier
modes in the entries of the Galerkin stiffness matrix positive. The side conditions
v, 42, ~3 are just the side conditions , whereas the side condition 4" is needed
since we dropped the expansion term for n = 0 in ;.

Theorem 7.2. For N sufficiently large the Galerkin scheme (G) is uniquely solvable
and the Galerkin solution jiy = [i1 + fig converges to the exact solution p € H®, 0 <
s<m+3,

i = Ainll30 = O(h?),

where HO = L*(S?).

Proof. The convergence of the Galerkin scheme follows due to the fact that the pseudod-
ifferential operator S can be written as identity plus a compact operator. Therefore,
it is a strongly elliptic operator in the sense of Wendland [56]. Due to the general

123



7. A First Application of Meshless Methods to the Linearized Molodensky Problem

convergence results in Stephan and Wendland [47], strong ellipticity together with the
side conditions guarantee convergence of general Galerkin schemes including the case
of radial basis functions considered here. The convergence estimate follows by applying
a corresponding approximation result of functions in the Sobolev space H® by radial
basis functions from [51] together with the quasi optimality of the Galerkin error. The
latter quasi optimality follows from the analysis in [47]. O

Next we comment on the computation of the Galerkin stiffness matrix and the right
hand side. Note that

o0 n

. s n—1 ~ o
<S(I)z‘ ) (I)j>L2(S2) = P m;n om+ 1 |¢(n)‘ Yn,m<wi)Yn,m(mj)
n—1~
= Z T\(z)(n)]an(g;i - ;)
T
n#l,n#2
where we have used
((/I;:)n,m = Gg(n)yn,m(%) (7.16)
and the addition theorem
Pk ) = S Vo @)
n y m+ 1 n,m n,m\Y)-

For the right hand side we have

<ga ®Z>L2(SQ) = Z Z (/g\>n,m$(n)yn,m(mk) (717)

n=0m=—n

7.3. Numerical Example

In the following we compute approximations of the Galerkin solution fiy of (G) by
truncating the series expansion of ®; at n = 500.
We consider

u(X) = , p=1(0,0,0.5)
1X — pl|
and compute the right hand side via
0
g:—2u—£ on S2

In the side conditions (7.15)) we choose

a0:2ﬁ, 512571:0, b0:V37T.
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7.3. Numerical Example

This gives
fio = aoYp,0 +b_1Y1,1 +boY1 0+ 01Y11

1
=2y/m\/ — + V3 ic059:1—1-§cost9.
47 4 2

In Table we have listed |(un(q) — u(q))| for ¢ = (1.10227,1.10227,0.9) with

_ 1 fin (y) <
@)= 37 [ gy

where fiy is the Galerkin solution of our Galerkin system (G) computed with the
Wendland radial basis functions [54] mentioned in Section namely

B(t) = (1 — /2 —2t)™+2,

We denote this Galerkin approximation ”meshless” in Table to distinguish from the
standard boundary element solution computed with piecewise constants on the uniform
mesh of Figure

In the tables below we list the respective experimental orders of convergence for the
pointwise error of the gravity potential at the point g outside of the unit sphere S2.
The numerical experiments are performed on a uniform grid of Saff points c.f. Figure

The errors are plotted in Figure

For comparison we present here also the numerical experiments when solving approxi-
mately the integral equation with standard BEM when using piecewise constant
basis functions on triangles which approximate the surface c.f. Figure [7.2]
Table|7.2|shows the corresponding results ( again ¢ = (1.10227,1.10227,0.9)). In Figure
we see that radial basis functions give better convergence than standard BEM.

Since data are not available at the poles we must use for the standard BEM with
piecewise constants the grid shown in Figure [7.4] with holes at the poles. Table
and Table [7.4] and Figure [7.4] show clearly that scaled radial basis functions give much
better results than standard boundary elements.

Concluding, we have shown that for geodetic boundary value problems the reduction
to boundary integral equations leads to a fast numerical method when the Galerkin
scheme is performed with spherical radial basis functions.
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7. A First Application of Meshless Methods to the Linearized Molodensky Problem

m N | Value |(un(q) —u(q))| | EOC
0| 200 | 0.69442 0.07305
500 | 0.67349 0.05212 0.37
1000 | 0.65323 0.03186 0.71
2000 | 0.62413 0.00276 3.53
4000 | 0.62213 0.00076 1.86
8000 | 0.62198 0.00061 0.32
1| 200 | 0.79285 0.17148
500 | 0.62781 0.00644 3.58
1000 | 0.62731 0.00594 0.17
2000 | 0.62326 0.00189 1.65
4000 | 0.62228 0.00091 1.05
8000 | 0.62197 0.00059 0.61
2| 200 | 0.71406 0.09269
500 | 0.62638 0.00501 3.18
1000 | 0.62603 0.00466 0.10
2000 | 0.62283 0.00146 1.67
4000 | 0.62192 0.00055 1.41
8000 | 0.62156 0.00019 1.53

Table 7.1.: Meshless Galerkin approximation uy of gravity potential wu; single layer
density computed by spherical radial basis functions centered at N Saff
points

N Value | |(un(q) —u(q))| | EOC
500 | 0.61808 0.00329
1000 | 0.61932 0.00205 0.68
2000 | 0.62010 0.00127 0.69
4000 | 0.62028 0.00109 0.22
8000 | 0.62051 0.00086 0.34

Table 7.2.: Standard BEM Galerkin approximation uy of gravity potential u; single
layer density computed by pw. constants on triangles with N Saff points
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7.3. Numerical Example

N | Value |(un(q) —u(q))| | EOC

m=0 | 2133 | 0.62932 0.00795
scale=20.5 | 3458 | 0.62507 0.00369 1.75
4108 | 0.62288 0.00151 6.75
7663 | 0.62254 0.00117 0.41
10443 | 0.62167 0.00030 1.40

m=0 | 2133 | 0.62915 0.00778
scale=20 | 3458 | 0.62471 0.00334 1.58
4108 | 0.62241 0.00104 5.19
7663 | 0.62203 0.00066 0.75
10433 | 0.62112 0.00024 3.21

Table 7.3.: Meshless Galerkin approximation with spherical radial basis functions at

scattered points on S?

N Value | |(un(q) —u(q))| | EOC
2133 | 0.67059 0.04922
7699 | 0.64751 0.02614 0.49
10643 | 0.63797 0.01660 1.40

Table 7.4.: BEM Galerkin approximation with pw. constants on triangles with vertices

at scattered points
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Figure 7.1.: Uniformly distributed Saff points on S§? (N = 1000 Saff points), c.f. [15]
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Figure 7.2.: Boundary element mesh consisting of triangles with vertices at N = 1000
Saff points
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7.3. Numerical Example
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Figure 7.3.: Pointwise error |(un(q) —u(q))| with fiy computed with radial basis func-
tions (m = 0,1, 2) and piecewise constants in the Saff points in Fig[7.1]and
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Pointwise error |
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(un(q) — u(q))| for iy computed on N=3458 scattered

points with scaled radial basis functions or piecewise constants
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B.

B.1. A Short Introduction to Spherical Radial Basis Functions

B.1.1. Basic Definitions and Notations

Spherical harmonics are defined as the restrictions of homogeneous polynomials that
satisfy the Laplace equation [I1]. Suppose that H,, : R> — R is a homogeneous polyno-
mial of degree n such that A, H,(x) = 0 for all z € R3; then the restriction Y;, = H,|q
is called spherical harmonic of degree n. For our purpose we identify = S?, where S?
is the unit sphere in R®. We denote the space of all spherical harmonics of degree n by
H,,. The dimension of this space being 2n + 1, we may choose for it an orthonormal
basis {Y,m}__,,. The collection of all the spherical harmonics

{Yom :m=—-n,...,n, n>0}

forms an orthonormal basis for L2(S?).
For s € R, the Sobolev space H*(S?) is defined by

1 (S?) == {v e D'(S?) : i Zn: B2 (1 +12)* < o0} (B.1)
n=0m=—n

where D(S?) is the space of distributions on S? and ¥y, are the Fourrier coefficients of
’U’

6nm = <U, Ynm>L2(SQ)-
The space H*(S?) is equipped with the following norm and inner product
() n 12
vl 2y = (D Y (1402 [Opml?) (B.2)
n=0m=-n

and

(0, w)ggss2y = Y > (14 102) DB

n=0m=—n

In Chapter [6| we will also use the Cauchy-Schwarz inequality given by

(v, 0)s] < lolsllwlls ¥v,weH(S?), VseR (B.3)
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Let {Z(n)}nzo be a sequence of real numbers. A pseudodifferential operator L is a
linear operator that assigns to any v € D'(S?) a distribution

o  no

n=0m=—n

The sequence {E(n)}nzg is called the spherical symbol of L.
Let K(L) :={n € N: L(n) =0}. Then

ker L = span {Y,,, : n € K(L), m = —n,...n}.

B.1.2. Spherical Radial Basis Functions
Positive-Definite Kernels

A continuous function ® : S? x S? is called a positive definite kernel on S? if it satisfies
(i) ®(z,y) =P(y,z) Vy,ze§

(ii) for any positive integer K and any set of distinct scattered points {y;,....,yx} C
S$?, the N x N matrix A with entries A;; = ®(y;,y,) is positive semi-definite.

If the matrix A is positive definite then ® is called a strictly positive definite kernel; see
[41l, 57].

We define the kernel ® by a shape function ¢ as follows. Let ¢ : [-1,1] — R be an
univariate function having a series expansion in term of Legendre polynomials

o0

Bt = = (20 + DAmPa() (B.4)
n=0

where a(n) is the Fourier-Legendre coefficient,

R 1
3(n) = 27 /_ OP0)at (B.5)

Here, we denoted by P, (t) the degree n normalised Legendre polynomial in n variables
so that P,(1) = 1. Now, by using this shape function ¢, we define

d(x,y) =d(x-y), Va,yec$S? (B.6)

where we denoted by « - y the scalar product between  and y. Noting that x - y is
the cosine of the angle between @ and y, called the geodesic distance between the two
points, we deduce that the kernel ® is a zonal kernel. Due to the addition formula for
spherical harmonics

- . o2n+1
S Yam(@)Yin(y) = = Palw-y) Vaye s (B.7)

m=—-n
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the kernel ® can be represented as

= D On)Yam(@) Y, (®). (B.8)

n=0m=-—n

A complete characterisation of strictly positive definite kernels is established in [4]: the
kernel @ is strictly positive definite if and only if ¢(n) > 0 for all n > 0 and ¢(n) > 0
for infinitely many even values of n and infinitely many odd values of n; see [41] and
[57].

Spherical Radial Basis Functions

For a given shape function ¢ satisfying

~

p(n)~(1+n?)"" ¥Yn>0 (B.9)

for some 7 € R, the corresponding kernel ® given by is strictly positive definite.
The native space associated with the kernel ® which is defined by

Ny={veD(s?: Z Z |””m‘ oo} (B.10)

n=0m=-—n

is equipped with an inner product and a norm defined by

2
(v, w ¢_Z Z U"mwnm and vy = <Z Z |Unm’ )

n=0m=—n n=0m=—n

If the coefficients $(n) forn =0,1,... satisfy
cr(14n%)77 < ¢(n) < ea(1+n?)7"

for some positive constants ¢; and ¢z, and some 7 € R, then the native space Ny can be
identified with the Sobolev space H”(S), and the corresponding norms are equivalent.
Let Y ={y,,...,y,} be a set of data points on the sphere. Two important parameters
characterising the set Y are the mesh norm hy and the separation radius gy defined
by

1
v 52@ 1g%lSnNcos (y-y;) and ¢y 5 an#l? cos™ (y; - y;) ( )
1<ij<N

The spherical basis functions ®;, ¢ =1,..., N, associated with Y and the kernel ® are
defined by

®i(y) == ®(y, ;) Z Z o(n )Y (y). (B.12)

n=0m=—n
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8. Conclusion

In this dissertation three different algorithms based on the abstract Nash-Hérmander
method are presented. As far as we know from the literature, there are no numerical
experiments for the full nonlinear Molodensky problem with surface update until now.
Thus, the first difficulty was to develop an implementable algorithm based on the Nash-
Hormander method. We considered a model problem for a given initial surface, the
unit sphere S?, with given gravity potential Wy and gravity vector Go. Furthermore,
there are given values for gravity potential Wi,.q.s and gravity vector Gpeqs and the
corresponding surface has to be determined via the Nash-Hérmander algorithm. In our
model problem for the numerical experiments the given values Wieqs, Gmeas belong to
a sphere with radius 1.1. Therefore, our algorithm should converge to the final surface
which is here the sphere of radius 1.1.

In general, our algorithm based on the boundary element method should work for any
given initial surfaces with explicitly given Wy and Gg. In particular, we have seen that
the smoother is very useful in our numerical experiments. We strongly believe that
a very fine mesh on the initial surfaces will give suitable approximations by implying
better Galerkin approximations of the potentials and the Hessians and the surface
updates. However, this implies a high complexity of our algorithms (Algorithm 4.1,
Algorithm 4.2, Algorithm 4.3), due to the large amount of unknowns.

A key point in the Nash-Hormander algorithm in all its versions is the computation
of the Hessian matrix needed for the update ¢, of the surface. Unfortunately the
Nash-Hormander algorithm is very vulnerable due to the computation of this Hessian
matrix. While the numerical experiments clearly show that for the cube, where we
have no domain approximation, we can compute the Hessian very accurately, in the
case of the sphere the domain approximation error is dominating. Therefore, the ac-
curate computation of the surface update is very difficult. An other consequence of
the inaccurate computation of the Hessian is that the computation of the directional
vector h is inexact. This is an additional difficulty for the Nash-Hormander algorithm.
Thus, further research on the computation of the 3d Hessian on sphere like surfaces is
necessary.

Also a better approximation of the surface is needed. If enough memory is available, we
could further decrease the mesh size and thus improve the accuracy in the computation
of the Hessian and obtain better results. By using Matlab’s Parallel Computing Toolbox
and some optimizations of the code, the computation time was reduced at the cost of
increased memory use. Further improvement of the computation time can be achieved
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8. Conclusion

by constructing suitable preconditioners.

It is conceivable to implement the Nash-Hormander algorithm with spherical radial
basis functions instead of standard boundary elements (we took piecewise polynomials
of degree 2 on triangles). As shown in Chapter m and in our paper [48] we applied
successfully the spherical radial basis functions to the boundary integral equation on
the unit sphere for the linearized Molodensky problem. However, the generalization to
the full nonlinear Molodensky problem remains to be studied. Also, it remains to be
studied to which extent truncation of the series expansion (which gives the radial basis
functions in terms of spherical harmonics) limits the accuracy and practical relevance
for the nonlinear Molodensky problem. On the other hand, an advantage of this method
is that theoretically optimal smoothing operators are easily implemented by truncating
the series expansion. Note that using the method presented in Chapter [6] the nonlinear
Molodensky problem could be also computed on the oblate spheroid, which approxi-
mates the Earth’s shape better than the sphere. The approaches in Chapter [6] and [7] are
suitable for handling scattered data from satellite measurements. In this way, further
research can be done with real satellite data to get an approximation of the real earth’s
shape.

There are further ways conceivable to implement the Nash-Hormander algorithm. Spher-
ical splines might lead to a better surface approximation [2, 38]. However, if we use the
method proposed in [2] to compute the integrals by mapping a surface triangle 7' to
a planar triangle, which has the same vertices as those of T" and then use a standard
technique of numerical integration for planar triangles, this could lead to the same dif-
ficulties that we encountered in our approach. Here one has to find explicit formulas
for integrals of spherical Bernstein-Bézier polynomials to compute the arising integrals

more accurately.
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