
/VNFSJDBM NPEFMMJOH PG DMBTTJDBM BOE RVBOUVN FäFDUT

JO OPO�MJOFBS PQUJDBM TZTUFNT

7PO EFS 'BLVMU¤U $¼S .BUIFNBUJL VOE 1IZTJL

EFS (P�GSJFE 8JMIFMN -FJCOJ[ 6OJWFSTJU¤U )BOOPWFS

[VS &SMBOHVOH EFT (SBEFT

%PLUPS EFS /BUVSXJTTFOT(B&FO

> %S� SFS� OBU� >

HFOFINJHUF %JTTFSUBUJPO

WPO

%JQM��1IZT� /JDP -BTU[LB

HFCPSFO BN �� 4FQUFNCFS ���� JO /JFOCVSH

����



3FGFSFOU� 1SPG� %S� 3PNBO 4�OBCFM

,PSSFGFSFOU� 1SPG� %S� ,BSTUFO %BO[NBOO

5BH EFS 1SPNPUJPO� ����������

�



"CTUSBDU

)JHI QSFDJTJPO MBTFS�PQUJDBM FYQFSJNFOUT HFOFSBMMZ JODMVEF PQUJDBM SFTPOBUPST BOE

P�FO NBLF VTF PG OPO�MJOFBS NBUFSJBMT� %VF UP UIF DPNQMFYJUZ PG UIFTF TFUVQT TJN�

VMBUJPOT BSF OFFEFE JO PSEFS UP PQUJNJ[F UIFJS QFSGPSNBODF�

8JUIJO UIJT UIFTJT TFWFSBM OVNFSJDBM TJNVMBUJPO UPPMT IBWF CFFO EFWFMPQFE BJNJOH

GPS UIF BTTJTUBODF PG IJHI QSFDJTJPO MBTFS JOUFSGFSPNFUSJD FYQFSJNFOUT� ©F BQQMJDB�

UJPO /�-�$�4� NPEFMT B DBWJUZ DPOUBJOJOH B TFDPOE PSEFS OPO�MJOFBS NBUFSJBM� ©F

DMBTTJDBM �FMET BT XFMM BT UIF RVBOUVN NF�BOJDBM QSPQFSUJFT TV� BT TRVFF[JOH BOE

FOUBOHMFNFOU PG UIF JOUFSBDUJOH MJHIU NPEFT DBO CF DBMDVMBUFE GPS B OVNCFS PG FY�

QFSJNFOUBM TFUVQT� ©JT JODMVEFT EPVCMZ BT XFMM BT TJOHMZ SFTPOBOU TZTUFNT XJUI

BSCJUSBSZ EFUVOJOH BOE QIBTF NJTNBU�� ©F JOQVU CFBN JT USFBUFE BT B TQBUJBMMZ

(BVTTJBO CFBN MFBEJOH UP B SFBMJTUJD NPEFMMJOH PG UIF JOUFSBDUJPO XJUIJO UIF OPO�

MJOFBS NBUFSJBM� %VF UP UIF OVNFSJDBM OBUVSF PG UIF DPEF JU JT QPTTJCMF UP TJNVMBUF MPX

�OFTTF DBWJUJFT BT XFMM BT UIF TJOHMF�QBTT UISPVHI B OPO�MJOFBS DSZTUBM� ©F BOBMZTJT

PG B TFDPOE�IBSNPOJD HFOFSBUPS SFWFBMFE B OFX F~FDU UIBU JO�VFODFT UIF F~FDUJWF

OPO�MJOFBSJUZ� ©JT F~FDU JT EVF UP UIF (PVZ QIBTF TIJ� PG UIF MBTFS CFBN BOE IBT UP

CF UBLFO JOUP BDDPVOU XIFO EFTJHOJOH OPO�MJOFBS SFTPOBUPST�

" QVSFMZ DMBTTJDBM TJNVMBUJPO XBT EFWFMPQFE UP EFTDSJCF UIF EFGPSNBUJPO PG UIF

"JSZ QFBLT GSPN B DBWJUZ DPOUBJOJOH BO BCTPSCJOH NBUFSJBM� *U JT TIPXO UIBU UIF

QFBL TIBQF EFQFOET PO UIF TDBO EJSFDUJPO� ©JT IZTUFSFTJT JT EVF UP B UIFSNBMMZ

JOEVDFE TFMG�QIBTF NPEVMBUJPO PG UIF MJHIU �FME� #BTFE PO UIJT UIFSNP�PQUJDBM F~FDU

B OFX NFUIPE GPS UIF NFBTVSFNFOU PG TNBMM PQUJDBM BCTPSQUJPOT XBT EFWFMPQFE� ©F

TJNVMBUJPO TIPXT UIBU UIF EFUFDUJPO PG BCTPSQUJPOT BT MPX BT 10−8/DN TIPVME CF

QPTTJCMF� ©JT NBZ BMMPX GPS UIF JOWFTUJHBUJPO PG OFX NBUFSJBMT GPS UIF UFTU NBTTFT

PG UIF OFYU HFOFSBUJPO HSBWJUBUJPOBM XBWF EFUFDUPST�

©F MBTU QBSU PG UIF UIFTJT EFTDSJCFT UIF BVUPNBUJD MP� BMHPSJUIN UIBU XBT JNQMF�

NFOUFE UP QSPWJEF B DPOUSPM PG UIF (&0 600 TRVFF[FE MJHIU TPVSDF BSPVOE UIF DMP��

©F TP�XBSF XBT SFBMJ[FE CZ VTJOH B 1ZUIPO JOUFSGBDF UP UIF &1*$4 �BOOFM BDDFTT

QSPUPDPM� " HFOFSJD TFRVFOUJBM MP� BMHPSJUINXBT EFWFMPQFE UIBU DBO SFBEJMZ CF VTFE

UP BMTP DPOUSPM PUIFS DPNQMFY FYQFSJNFOUT� "OPUIFS QPTTJCMF PQFSBUJOH QMBDF DPVME

CF UIF HSBWJUBUJPOBM XBWF EFUFDUPS QSPUPUZQF GBDJMJUZ BU UIF "MCFSU�&JOTUFJO�*OTUJUVUF�

,FZXPSET� OPO�MJOFBS DBWJUJFT BCTPSQUJPO NFBTVSFNFOU OVNFSJDBM TJNVMBUJPO

J





,VS[GBTTVOH

0QUJT�F 3FTPOBUPSFO VOE OJ�UMJOFBSF .BUFSJBMJFO LPNNFO JO WJFMFO IP�QS¤[JTFO

MBTFSPQUJT�FO &YQFSJNFOUFO [VS "OXFOEVOH� %JF ,PNQMFYJU¤U EJFTFS "V�BVUFO

FSGPSEFSU RVBOUJUBUJWF 4JNVMBUJPOFO VN EFSFO -FJTUVOHT$¤IJHLFJU [V PQUJNJFSFO�

*N 3BINFO EJFTFS %PLUPSBSCFJU XVSEFO NFISFSF OVNFSJT�F 4JNVMBUJPOFO FOU�

XJ�FMU� %JF "OXFOEVOH /�-�$�4� CFT�SFJCU FJOFO 3FTPOBUPS XFM�FS FJO .BUF�

SJBM NJU FJOFS /J�UMJOFBSJU¤U [XFJUFS 0SEOVOH FOUI¤MU� %BCFJ L¶OOFO TPXPIM EJF

LMBTTJT�FO BMT BV� EJF RVBOUFONF�BOJT�FO &JHFOT�B�FO EFS XF�TFMXJSLFOEFO

.PEFO $¼S WFST�JFEFOF FYQFSJNFOUFMMF "V�BVUFO CFSF�OFU XFSEFO� %B[V HFI¶SFO

FJOGB�� VOE EPQQFMU SFTPOBOUF 4ZTUFNF NJU CFMJFCJHFO 3FTPOBUPSWFSTUJNNVOHFO

VOE 1IBTFOGFIMBOQBTTVOHFO� %FS FJOMBVGFOEF -BTFSTUSBIM XJSE IJFSCFJ BMT S¤VN�

MJ�FS (BV�\T�FS 4USBIM CFIBOEFMU XFM�FT [V FJOFS SFBMJTUJT�FO .PEFMMJFSVOH EFS

8F�TFMXJSLVOH JOOFSIBMC EFT ,SJTUBMMT $¼ISU� %JF OVNFSJT�F #FIBOEMVOH EJFTFS

4ZTUFNF FSN¶HMJ�U EJF #FSF�OVOH WPO PQUJT�FO 3FTPOBUPSFO HFSJOHFS (¼UF TPXJF

EFO FJONBMJHFO %VS�HBOH EVS� FJO OJ�UMJOFBSFT .FEJVN� %JF "OXFOEVOH $¼ISUF

[VS &OUEF�VOH FJOFT OFVFO &~FLUFT XFM�FS [VS 7FSSJOHFSVOH EFS F~FLUJWFO /J�U�

MJOFBSJU¤U EFT 3FTPOBUPST $¼ISFO LBOO� %JFTFS &~FLU CBTJFSU BVG EFS (PVZ�1IBTF VOE

NV� CFJ EFN &OUXVSG OJ�UMJOFBSFS 3FTPOBUPSFO CFS¼�TJ�UJHU XFSEFO�

&JOF SFJO LMBTTJT�F 4JNVMBUJPOXVSEF FOUXJ�FMU VN EJF%FGPSNBUJPOFO EFS a"JSZ

QFBLT_ FJOFT PQUJT�FO 3FTPOBUPST [V VOUFSTV�FO XFM�FS FJO BCTPSCJFSFOEFT .B�

UFSJBM CFJOIBMUFU� %JFTF XFSEFO EVS� FJOF UIFSNJT� JOEV[JFSUF 4FMCUTQIBTFONPEV�

MBUJPO EFT -J�UGFMEFT IFSWPSHFSVGFO� #BTJFSFOE BVG EJFTFN UIFSNP�PQUJT�FO &~FLU

XVSEF FJOF OFVF .FUIPEF [VS .FTTVOH WPO HFSJOHFO PQUJT�FO "CTPSQUJPOFO FOU�

XJ�FMU� &JOF UIFPSFUJT�F 7PSIFSTBHF EFS &NQ�OEMJ�LFJU [FJHU EB� EJF %FUFLUJPO

WPO "CTPSQUJPOFO JN #FSFJ� WPO 10−8/DN N¶HMJ� TFJO TPMMUF� %JFT FSN¶HMJ�U EJF

6OUFSTV�VOH WPO OFVFO .BUFSJBMJFO $¼S EJF 5FTUNBTTFO EFS (SBWJUBUJPOTXFMMFOEF�

UFLUPSFO EFS O¤�TUFO (FOSBUJPO�

*N MFU[UFO 5FJM EJFTFS "SCFJU XJSE EJF DPNQVUFSHFTU¼U[UF 4UFVFSVOH EFS ¨FUT��

MJ�URVFMMF $¼S EFO (SBWJUBUJPOTXFMMFOEFUFLUPS (&0 600 CFT�SJFCFO� %JF 4P�XBSF

XVSEF NJU )JMGF EFS 1ZUIPO 4�OJ�TUFMMF [VN &1*$4 a�BOOFM BDDFTT QSPUPDPM_ QSP�

HSBNNJFSU VOE TUFMMU FJO BMMHFNFJOFT 7FSGBISFO CFSFJU VN EJF 3FHFMLSFJTF WPO 6O�

UFSTZTUFNFO FJOFT LPNQMFYFO &YQFSJNFOUT TFRVFOUJFMM [V BLUJWJFSFO� 4JF LBOO EBNJU

BV� $¼S BOEFSF &YQFSJNFOUF ¼CFSOPNNFO XFSEFO� &JO N¶HMJ�FT "OXFOEVOHT�

HFCJFU TJOE EJF &YQFSJNFOUF XFM�F JN 3BINFO EFT (SBWJUBUJPOTXFMMFOEFUFLUPS�

1SPUPUZQFO BN "&* HFQMBOU TJOE�

4UJ(XPSUF� OJ�UMJOFBSF 3FTPOBUPSFO "CTPSQUJPOTNFTTVOH OVNFSJT�F 4JNVMBUJPO

JJJ





$POUFOUT

"CTUSBDU J

,VS[GBTTVOH JJJ

$POUFOUT WJ

-JTU PG 'JHVSFT WJJJ

-JTU PG 5BCMFT JY

�� *OUSPEVDUJPO �

�� 1IZTJDBM DPODFQUT �

���� (BVTTJBO CFBNT � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

���� %FTDSJQUJPO PG DBWJUJFT XJUIPVU OPO�MJOFBSJUJFT � � � � � � � � � � � � ��

���� ©F RVBOUVN NF�BOJDBM EFTDSJQUJPO PG MJHIU � � � � � � � � � � � � � ��

���� $IBSBDUFSJ[BUJPO PG TRVFF[FE MJHIU � � � � � � � � � � � � � � � � � � ��

���� ©F DPWBSJBODF NBUSJY PG UIF �FME RVBESBUVSFT � � � � � � � � � � � � ��

���� ©F TFDPOE PSEFS TVTDFQUJCJMJUZ � � � � � � � � � � � � � � � � � � � � ��

�� /�-�$�4� � GF OPO�MJOFBS DBWJUZ TJNVMBUPS ��

���� ©F NPEFM PG B OPO�MJOFBS DBWJUZ � � � � � � � � � � � � � � � � � � � ��

���� $BMDVMBUJPO PG UIF DMBTTJDBM �FMET � � � � � � � � � � � � � � � � � � � ��

���� $BMDVMBUJPO PG UIF RVBOUVN �VDUVBUJPOT � � � � � � � � � � � � � � � ��

������ ©F NBUSJY GPSNBMJTN � � � � � � � � � � � � � � � � � � � � � ��

������ *NQMFNFOUBUJPO PG PQUJDBM MPTT � � � � � � � � � � � � � � � � ��

������ $BMDVMBUJPO PG UIF DPWBSJBODF NBUSJY � � � � � � � � � � � � � ��

���� ©F VTBHF PG /�-�$�4� � � � � � � � � � � � � � � � � � � � � � � � � � � ��

������ 3VOOJOH /�-�$�4� GSPN UIF DPNNBOE MJOF � � � � � � � � � � ��

������ ©F JOQVU �MF GPSNBU � � � � � � � � � � � � � � � � � � � � � ��

���� .PEFMMJOH EJ~FSFOU SFHJNFT � � � � � � � � � � � � � � � � � � � � � � ��

������ /PO�MJOFBS NBUFSJBMT XJUIPVU B DBWJUZ � � � � � � � � � � � � ��

������ 3FTPOBUPST XJUIPVU OPO�MJOFBS NBUFSJBMT � � � � � � � � � � � ��

������ 4RVFF[JOH JO TFDPOE IBSNPOJD HFOFSBUJPO � � � � � � � � � � ��

������ 0QUJDBM QBSBNFUSJD PTDJMMBUJPO CFMPX BOE BCPWF UISFTIPME � ��

W



$POUFOUT

������ ,FSS TRVFF[JOH � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� &SSPS FTUJNBUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� *O�VFODF PG UIF (PVZ QIBTF TIJ� � � � � � � � � � � � � � � � � � � � ��

�� .PEFMMJOH UIFSNBM FøFDUT JOTJEF PQUJDBM DBWJUJFT ��

���� 0WFSWJFX � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� &TUJNBUJPO PG UIF IFBUJOH QSPDFTT � � � � � � � � � � � � � � � � � � � ��

���� 5JNF EPNBJO TJNVMBUJPO PG UIF DBWJUZ � � � � � � � � � � � � � � � � ��

���� /VNFSJDBM DBMDVMBUJPO PG UIF UFNQFSBUVSF EJTUSJCVUJPO � � � � � � � � ��

���� ©F TJNVMBUJPO DPEF � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� "JSZ QFBL EFGPSNBUJPO JO UIF QSFTFODF PG BCTPSQUJPO � � � � � � � � ��

���� 4JNVMBUJPO QBSBNFUFS PWFSWJFX � � � � � � � � � � � � � � � � � � � � ��

���� %FUFSNJOBUJPO PG UIF PQUJDBM BCTPSQUJPO � � � � � � � � � � � � � � � ��

�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FS ��

���� *OUSPEVDUJPO UP UIF -*(0 $POUSPM BOE %BUB 4ZTUFN � � � � � � � � � ��

���� 0WFSWJFX PG UIF (&0 600 TRVFF[FE MJHIU TPVSDF � � � � � � � � � � � ��

���� " HFOFSJD TFRVFOUJBM DPOUSPM TPMVUJPO � � � � � � � � � � � � � � � � � ��

���� 6TJOH UIF TFRVFOUJBM DPOUSPM JOUFSGBDF � � � � � � � � � � � � � � � � � ���

���� $POUSPMMJOH UIF (&0 600 TRVFF[FS � � � � � � � � � � � � � � � � � � ���

���� "O PQFSBUPS (6* VTJOH UIF 2U MJCSBSJFT � � � � � � � � � � � � � � � � ���

"� 4FMG�EFWFMPQFE BQQMJDBUJPOT ���

"��� $%4QMPU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

"��� '#@BDDFTT�QZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

"��� +BN.U � +VTU BOPUIFS NPEF NBU�JOH UPPM � � � � � � � � � � � � � � ���

"��� SUNPEVMF � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

"��� 2U"HJMJT$POUSPM � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

"��� MJCBHVD� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

"��� &YUFOEJOH UIF QPXFS PG /�-�$�4� � � � � � � � � � � � � � � � � � � � ���

#� 4UFFQFTU TMPQF QPTJUJPO PG BO "JSZ QFBL EFGPSNFE CZ UIF ,FSS�FøFDU ���

#JCMJPHSBQIZ ���

1VCMJDBUJPOT ���

"DLOPXMFEHFNFOUT ���

WJ



-JTU PG 'JHVSFT

���� *OUVJUJWF JOUFSQSFUBUJPO PG UIF PSJHJO PG UIF (PVZ QIBTF TIJ�� � � � � �

���� 1SPQFSUJFT PG B (BVTTJBO CFBN� � � � � � � � � � � � � � � � � � � � � �

���� 4�FNBUJD PG BO FNQUZ DBWJUZ� � � � � � � � � � � � � � � � � � � � � � ��

���� 0VUQVU QPXFS GPS BO FNQUZ DBWJUZ� � � � � � � � � � � � � � � � � � � ��

���� ©F WBDVVN TUBUF JO DPNQBSJTPO UP B TRVFF[FE TUBUF� � � � � � � � � ��

���� 4�FNBUJD PG B IPNPEZOF EFUFDUPS� � � � � � � � � � � � � � � � � � � ��

���� 4�FNBUJD PG B OPO�MJOFBS DBWJUZ � � � � � � � � � � � � � � � � � � � ��

���� $PO�HVSBUJPO �MF GPS /�-�$�4� � � � � � � � � � � � � � � � � � � � � � ��

���� /�-�$�4� DPO�HVSBUJPO �MF GPS TJNVMBUJOH B TJOHMZ SFTPOBOU 4)(� � � ��

���� 4JOHMF�QBTT DPOWFSTJPO F�DJFODZ WT� QIBTF NJTNBU�� � � � � � � � � ��

���� 4JOHMF�QBTT DPOWFSTJPO F�DJFODZ WT� QVNQ QPXFS� � � � � � � � � � � ��

���� *O�VFODF PG MPTTFT UP B TRVFF[FE TUBUF� � � � � � � � � � � � � � � � � ��

���� /�-�$�4� DPO�HVSBUJPO �MF GPS TJNVMBUJOH UIF FOUBOHMFNFOU BU B CFBN�

TQMJ�FS� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� &OUBOHMFNFOU BU B CFBN TQMJ�FS � � � � � � � � � � � � � � � � � � � � ��

���� 4RVFF[JOH JO SF�FDUJPO PG B EFUVOFE �MUFS DBWJUZ� � � � � � � � � � � � ��

����� $POWFSTJPO F�DJFODZ GSPN BO 4)( DBWJUZ WT� QVNQ QPXFS� � � � � ��

����� 4)( TRVFF[JOH EFQFOEJOH PO UIF DPOWFSTJPO F�DJFODZ� � � � � � � � ��

����� 4IH FOUBOHMFNFOU EFQFOEJOH PO UIF DPOWFSTJPO F�DJFODZ� � � � � � ��

����� /�-�$�4� DPO�HVSBUJPO �MF GPS TJNVMBUJOH BO 010� � � � � � � � � � � ��

����� 4RVFF[JOH GSPN BO 010 DBWJUZ� � � � � � � � � � � � � � � � � � � � � ��

����� 1VSJUZ BOE FOUBOHMFNFOU GSPN BO 010 DBWJUZ� � � � � � � � � � � � � ��

����� /�-�$�4� DPO�HVSBUJPO �MF GPS TJNVMBUJOH B ,FSS OPO�MJOFBS DBWJUZ� � ��

����� 0QFSBUJOH QPJOUT GPS HFOFSBUJOH ,FSS�TRVFF[JOH� � � � � � � � � � � � ��

����� %FGPSNFE "JSZ QFBLT GSPN B ,FSS SFTPOBUPS� � � � � � � � � � � � � � ��

����� ,FSS TRVFF[JOH WT� DBWJUZ EFUVOJOH� � � � � � � � � � � � � � � � � � � ��

����� 4RVFF[JOH TQFDUSB GSPN B ,FSS OPO�MJOFBS DBWJUZ � � � � � � � � � � � ��

����� $PSSFDUJPO UFSNT GPS UIF MJOFBSJ[FE UIFPSZ GPS BO 010 CFMPX UISFTIPME� ��

����� 1IBTF NBU�JOH PG (BVTTJBO CFBNT� � � � � � � � � � � � � � � � � � � ��

����� $PNQFOTBUJPO PG UIF (PVZ QIBTF JO UIF TJOHMF�QBTT� � � � � � � � � � ��

����� 4�FNBUJD PG UIF EPVCMF�QBTT UISPVHI B OPO�MJOFBS DSZTUBM� � � � � � ��

����� &~FDUJWF OPO�MJOFBSJUZ WT� EJ~FSFOUJBM QIBTF BU UIF )3 TUB�� � � � � ��

WJJ



-JTU PG 'JHVSFT

���� 4�FNBUJD PG UIF IFBU QSP�MF EVF UP DPBUJOH BCTPSQUJPO� � � � � � � � ��

���� 4�FNBUJD PG BO BCTPSCJOH DBWJUZ� � � � � � � � � � � � � � � � � � � � ��

���� $PEF EFTJHO� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� 4�FNBUJD PG UIF DPSF DBMDVMBUJPO� � � � � � � � � � � � � � � � � � � � ��

���� ©F SJOHJOH F~FDU GSPN B IJHI �OFTTF DBWJUZ� � � � � � � � � � � � � � ��

���� "JSZ QFBLT GSPN BO BCTPSCJOH DBWJUZ� � � � � � � � � � � � � � � � � � ��

���� )ZTUFSFTJT F~FDU GSPN BO BCTPSCJOH DBWJUZ� � � � � � � � � � � � � � � ��

���� (SJE TFBS� GPS UIF CFTU QBSBNFUFST� � � � � � � � � � � � � � � � � � � ��

���� 1BSBNFUFST UIBU IBWF POMZ B WFSZ XFBL JO�VFODF PO UIF SFTVMU� � � � ��

����� 1BSBNFUFST UIBU IBWF XFBL JO�VFODF PO UIF SFTVMU� � � � � � � � � � ��

����� 1BSBNFUFST UIBU IBWF B IJHI JO�VFODF PO UIF SFTVMU� � � � � � � � � � ��

����� /FDFTTBSZ NFBTVSFNFOU EBUB GPS EFUFSNJOJOH UIF BCTPSQUJPO� � � � � ��

����� 4�FNBUJD PG B IFNJMJUIJD SFTPOBUPS� � � � � � � � � � � � � � � � � � � ��

����� 3FTVMUT PG UIF �STU BCTPSQUJPO NFBTVSFNFOU� � � � � � � � � � � � � � ��

����� )ZTUFSFTJT BT FYQFDUFE GSPN B DSZTUBMMJOF TJMJDPO DBWJUZ� � � � � � � � ��

���� 4�FNBUJD TFUVQ PG UIF (&0 600 TRVFF[FE MJHIU TPVSDF� � � � � � � � ��

���� 4�FNBUJD PG UIF BVUPNBUFE MP�JOH T�FNF� � � � � � � � � � � � � � ��

���� &YBNQMF MPH �MF GPS UIF (&0 600 TRVFF[FS� � � � � � � � � � � � � � � ���

���� ©F DPO�HVSBUJPO �MF DPO�H�QZ� � � � � � � � � � � � � � � � � � � � � ���

���� $PO�HVSBUJPO �MFT GPS UIF (&0 600 TRVFF[FS� � � � � � � � � � � � � ���

���� 1FSGPSNBODF PG UIF (&0 600 TRVFF[FS� � � � � � � � � � � � � � � � � ���

���� 4DSFFOTIPU PG UIF PQFSBUPS (6* GPS DPOUSPMMJOH UIF(&0 600 TRVFF[FE

MJHIU TPVSDF� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

"��� ©F NBJO XJOEPX PG $%4QMPU � � � � � � � � � � � � � � � � � � � � � � ���

"��� .BJO XJOEPX PG +BN.U � � � � � � � � � � � � � � � � � � � � � � � � ���

"��� .BJO XJOEPX PG 2U"HJMJT$POUSPM � � � � � � � � � � � � � � � � � � � ���

#��� &YBDU QPTJUJPO PG UIF TUFFQFTU TMPQF PG BO "JSZ QFBL� � � � � � � � � � ���

WJJJ



-JTU PG 5BCMFT

���� /�-�$�4� QBSBNFUFST GPS UIF Y BOE Z BYFT � � � � � � � � � � � � � � � ��

���� .BUFSJBM QBSBNFUFST BOE FTUJNBUFE WBMVFT GPS TJMJDPO� � � � � � � � � ��

���� 0WFSWJFX PG UIF UISFF QBSBNFUFS DBUFHPSJFT� � � � � � � � � � � � � � ��

���� ©F $POUSPMMFS DMBTT� � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� 1BSBNFUFST XJUIJO UIF DPO�HVSBUJPO �MF QBSUT@JOJU�QZ � � � � � � � � ���

���� 1BSBNFUFST PG UIF EVNQ@TQFDUSB TDSJQU� � � � � � � � � � � � � � � � � ���

JY





�� *OUSPEVDUJPO

/PO�MJOFBS PQUJDBM TZTUFNT IBWF CFFO TUVEJFE UIFPSFUJDBMMZ GPS IBMG B DFOUVSZ OPX

BOEXJUI UIF EFWFMPQNFOU PG UIF MBTFS <�> JU XBT QPTTJCMF UP UFTU UIFTF UIFPSFUJDBM DPO�

DFQUT FYQFSJNFOUBMMZ� 'SPN UIF �STU PCTFSWBUJPO PG TFDPOE IBSNPOJD HFOFSBUJPO CZ

'SBOLFO FU BM� JO 1961 <�> UP UIF �STU EFUFDUJPO PG TRVFF[FE TUBUFT PG MJHIU CZ 4MVTIFS

FU BM� <�> JU UPPL 25 ZFBST� *U UPPL BOPUIFS 25 ZFBST UP PQUJNJ[F UIF TRVFF[FE MJHIU

TPVSDFT TV� UIBU UIF �STU BQQMJDBUJPO PG TRVFF[FE MJHIU JO NFUSPMPHZ XBT QPTTJCMF

<� �>� $VSSFOUMZ UIF HSBWJUBUJPOBM XBWF EFUFDUPS (&0 600 IBT CFFO FYUFOEFE CZ B

TRVFF[FE MJHIU TPVSDF <�>�

#FZPOE TFDPOE IBSNPOJD HFOFSBUJPO BOE TRVFF[JOH PG MBTFS MJHIU UIFSF BSF NPSF

OPO�MJOFBS TZTUFNT PG JOUFSFTU� .BOZ PG UIFTF BSF OPU QVSFMZ PQUJDBM� &YBNQMFT BSF

UIF PQUP�NF�BOJDBM DPVQMJOH EVP UP SBEJBUJPO QSFTTVSF OPJTF PS UIF HFOFSBUJPO PG

FOUBOHMFE TUBUFT PG MJHIU XJUIJO OPO�MJOFBS NBUFSJBMT� "QBSU GSPN UIF RVBOUVN NF�

�BOJDBM QPJOU PG WJFX UIF DMBTTJDBM QSPQFSUJFT PG UIFTF TZTUFNT BSF BMTP PG JOUFSFTU�

'PS FYBNQMF BO PSEJOBSZ DBWJUZ CFDPNFT OPO�MJOFBS JG JU DPOUBJOT BO BCTPSCJOH NBUF�

SJBM UIBU MFBET UP UIF IFBUJOH PG FJUIFS UIF DBWJUZ NJSSPST PS BO JOUSB�DBWJUZ NBUFSJBM�

4JODF UIF UFNQFSBUVSF EJTUSJCVUJPO BDUT CB� PO UIF MJHIU �FME UIF TZTUFN CFDPNFT

OPO�MJOFBS BOE UIFSNP�PQUJDBM F~FDUT DBO CF PCTFSWFE�

*O UIF QBTU UIF EFTDSJQUJPOT PG UIFTF DBWJUJFT XFSF OBUVSBMMZ CBTFE PO BQQSPYJNB�

UJPOT UP VOEFSTUBOE UIF QIZTJDBM DPODFQUT PG UIFTF EFWJDFT� #VU BT UIF DPNQMFYJUZ PG

UBCMF UPQ FYQFSJNFOUT JO RVBOUVN PQUJDT TUFBEJMZ JODSFBTFT UIF QPTTJCJMJUZ UP SFBM�

JTUJDBMMZ NPEFM TV� FYQFSJNFOUT JT WFSZ VTFGVM� *O DPOUSBTU UP B RVBMJUBUJWF 	BOE JO

NPTU DBTFT BOBMZUJD
 UIFPSZ XIFSF UIF QSJNBSZ HPBM JT UP EFSJWF SFMBUJPOT CFUXFFO

QIZTJDBM RVBOUJUJFT B TJNVMBUJPO TIPVME ZJFME RVBOUJUBUJWF SFTVMUT UIBU DBO CF VTFE UP

PQUJNJ[F SFBM XPSME FYQFSJNFOUT� 8SJUJOH TV� TJNVMBUJPOT JT UIFSFGPSF MJLF QFSGPSN�

JOH BO FYQFSJNFOU JOTJEF B DPNQVUFS BOE CVJMET UIF JOUFSGBDF CFUXFFO UIF UIFPSFUJDBM

BOE FYQFSJNFOUBM XPSME�

'PS NBOZ DBTFT UIF FRVBUJPOT UIBU EFTDSJCF UIF QIZTJDBM QSPQFSUJFT PG UIF PQUJDBM

TFUVQT DBO POMZ CF TPMWFE OVNFSJDBMMZ� ©FSFGPSF UIF LOPXMFEHF PG QSPHSBNNJOH

MBOHVBHFT BOE OVNFSJDBM UF�OJRVFT JT SFRVJSFE UP EFWFMPQ QPXFSGVM UPPMT UIBU DBO

UIFO CF VTFE CZ FYQFSJNFOUBMJTUT UP EFTJHO OFX FYQFSJNFOUT PS UP NPEFM FYJTUJOH

TFUVQT�

©F SJHPSPVT NPEFMMJOH PG DPNQMFY TZTUFNT DBO FWFO ZJFME OFX QIZTJDBM F~FDUT

UIBU XFSF IJEEFO CZ TJNJMBS QIFOPNFOB� "O FYBNQMF JT UIF JO�VFODF PG UIF (PVZ

QIBTF TIJ� PO UIF F~FDUJWF OPO�MJOFBSJUZ UIBU JT EFTDSJCFE JO $IBQUFS �� ©F EJTDPWFSZ

�



�� *OUSPEVDUJPO

PG UIJT F~FDU JT JNQPSUBOU GPS UIF PQUJNBM EFTJHO PG OPO�MJOFBS SFTPOBUPST BOE DBO BMTP

CF VTFE UP JODSFBTF UIF TJOHMF�QBTT F~FDUJWF OPO�MJOFBSJUZ CZ VTJOH B UJHIUFS GPDVTJOH

PG UIF CFBN BT TVHHFTUFE CZ #PZE BOE ,MFJONBO <�>� ©F JEFB CFIJOE JU JT UP NBLF UIF

SFGSBDUJWF JOEFY EFQFOEFOU PO UIF QSPQBHBUJPO EJTUBODF JOTJEF B OPO�MJOFBS NBUFSJBM�

©JT DPVME CF SFBMJ[FE CZ FJUIFS BQQMZJOH BO FMFDUSJDBM �FME PS B UFNQFSBUVSF HSBEJFOU

UP UIF DSZTUBM�

©JT UIFTJT JT PSHBOJ[FE BT GPMMPXT� ©F �STU $IBQUFS TVNNBSJ[FT QIZTJDBM DPO�

DFQUT XIJ� BSF VTFE XJUIJO UIF PUIFS $IBQUFST BOE BMTP GPVOE UIFJS XBZ JOUP UIF

BQQMJDBUJPOT UIBU XFSF EFWFMPQFE� ©F MB�FS BSF TIPSUMZ FYQMBJOFE JO UIF "QQFOEJY�

©F UIFPSZ UIBU JT QSFTFOUFE JODMVEFT UIF QSPQFSUJFT BOE QSPQBHBUJPO PG (BVTTJBO

CFBNT BOE UIF EFTDSJQUJPO PG PQUJDBM SFTPOBUPST� 'PS UIF RVBOUVN NF�BOJDBM TJN�

VMBUJPOT JU JT OFDFTTBSZ UP RVBOUJ[F UIF FMFDUSP�NBHOFUJD �FME BOE UP JOUSPEVDF UIF

DPWBSJBODFNBUSJY UIBU JT B GVMM EFTDSJQUJPO PG B (BVTTJBO TUBUF� 'SPN UIF MB�FS NBUSJY

JU JT UIFO QPTTJCMF UP EFUFSNJOF UIF TUSFOHUI PG UIF TRVFF[JOH UIF QVSJUZ PG B TUBUF BOE

UIF FOUBOHMFNFOU PG EJ~FSFOU NPEFT� ©F NFBTVSF UIBU JT VTFE GPS UIF FOUBOHMFNFOU

XJUIJO UIJT UIFTJT JT UIF MPHBSJUINJD OFHBUJWJUZ <�> XIJ� JT BMTP EFTDSJCFE JO UIBU

$IBQUFS� -BTUMZ UIF GPSNBM EFTDSJQUJPO PG UIF TFDPOE PSEFS OPO�MJOFBS TVTDFQUJCJMJUZ

JT HJWFO�

*O $IBQUFS � UIF OVNFSJDBM TJNVMBUJPO UPPM /�-�$�4� JT EFTDSJCFE� ©JT UPPM JT BCMF

UP DBMDVMBUF UIF DMBTTJDBM BT XFMM BT UIF RVBOUVN NF�BOJDBM QSPQFSUJFT PG SFTPOBUPST

UIBU JODMVEF TFDPOE PSEFS OPO�MJOFBS DSZTUBMT� %VF UP UIF OVNFSJDBM OBUVSF PG UIF

BQQMJDBUJPO BMM TZTUFN QBSBNFUFST UIBU JO�VFODF UIF F~FDUJWF OPO�MJOFBSJUZ BSF JO�

DMVEFE TV� UIBU FYQFSJNFOUT DBO CF EFTDSJCFE QSFDJTFMZ� ©JT JT UIF NBKPS EJ~FSFODF

UP UIF VTVBM DBMDVMBUJPO UIBU VTFT UIF F~FDUJWF OPO�MJOFBSJUZ BT B GSFF QBSBNFUFS� ©JT

JT BMTP UIF SFBTPO XIZ /�-�$�4� DBO CF VTFE UP TJNVMBUF MPX �OFTTF DBWJUJFT BOE FWFO

TJOHMF�QBTT TFUVQT DPSSFDUMZ� ©F VTBHF PG UIF BQQMJDBUJPO MFBE BMTP UP UIF EJTDPW�

FSZ PG UIF (PVZ QIBTF F~FDU UIBU XBT BMSFBEZ NFOUJPOFE� #BTFE PO UIJT SFTVMU BO

BOBMZUJDBM USFBUNFOU PG UIJT F~FDU XBT QFSGPSNFE�

©F UIFPSFUJDBM EFTDSJQUJPO PG B OFX T�FNF UP NFBTVSF UJOZ PQUJDBM BCTPSQUJPOT

CBTFE PO B UIFSNBMMZ JOEVDFE TFMG�QIBTF NPEVMBUJPO JT UIFO EFTDSJCFE JO $IBQUFS ��

©F FYQFSJFODF JO NPEFMMJOH OPO�MJOFBS SFTPOBUPST UIBU XBT HBJOFE GSPN UIF QSFWJ�

PVT $IBQUFS XBT DPNCJOFE XJUI UIF NPEFMMJOH PG UIF UJNF BOE QPTJUJPO EFQFOEFOU

UFNQFSBUVSF EJTUSJCVUJPO DBVTFE CZ UIF BCTPSQUJPO PG B (BVTTJBO CFBNXIJ�XBT EF�

WFMPQFE CZ )FMMP BOE 7JOFU <� ��>� 'JSTU NFBTVSFNFOUT UP QSPWF UIF VTBCJMJUZ PG UIJT

NFUIPE XFSF QFSGPSNFE BOE UIF SFTVMUT XFSF SFDFOUMZ QVCMJTIFE <��>� *U JT GVSUIFS

QMBOOFE UP VTF UIJT NFUIPE UP FYBNJOF NBUFSJBMT GPS UIF OFYU HFOFSBUJPO HSBWJUB�

UJPOBM XBWF EFUFDUPST� ©FTF EFUFDUPST BSF BMSFBEZ MJNJUFE CZ BCTPSQUJPOT PG BT MPX

BT 10−6/DN CFDBVTF PG UIFSNBM EFGPSNBUJPOT PG UIF NJSSPST BOE BMTP QIPUP�UIFSNBM

OPJTF <�� ��>� ©F OFX T�FNF JT FYQFDUFE UP SFB� B TFOTJUJWJUZ PG 10−8/DN XIJ�

XPVME NBLF JU QPTTJCMF UP NFBTVSF UIF BCTPSQUJPO PG DSZTUBMMJOF TJMJDPO <��>�

©F MBTU $IBQUFS EFTDSJCFT UIF BVUPNBUJD DPOUSPM PG UIF TRVFF[FE MJHIU TPVSDF GPS

�



UIF (&0 600 HSBWJUBUJPOBM XBWF EFUFDUPS� "T UIJT DPNQPOFOU IBT UP CF PQFSBUFE

BSPVOE UIF DMP� B TP�XBSF XBT EFWFMPQFE UP BVUPNBUF UIF UBTL PG 	SF�
MP�JOH UIF

DPNQPOFOUT PG UIF TRVFF[FS� ©F TP�XBSF JT CBTFE PO UIF $POUSPM BOE %BUB 4ZTUFN

	$%4
 UIBU JT EFWFMPQFE BOE PQFSBUFE BU UIF -*(0 TJUFT BOE UIF &YQFSJNFOUBM 1IZTJDT

BOE *OEVTUSJBM $POUSPM 4ZTUFN 	&1*$4
� ©FTF TP�XBSF TVJUFT IBWF CFFO EFTJHOFE UP

PQFSBUF MBSHF TDBMF FYQFSJNFOUT XIFSF UIF MB�FS PSJHJOBUFT GSPN UIF QBSUJDMF BDDFM�

FSBUPST UIBU BSF PQFSBUFE XPSME�XJEF� ©F BVUPNBUJD DPOUSPM XBT JNQMFNFOUFE CZ

VTJOH UIF &QJDT$" JOUFSGBDF UP UIF &1*$4 �BOOFM BDDFTT QSPUPDPM BOE QSPWJEFT B

HFOFSJD TFRVFOUJBM MP� BMHPSJUIN UIBU DBO SFBEJMZ CF VTFE CZ PUIFS FYQFSJNFOUT�

�





�� 1IZTJDBM DPODFQUT

*O UIJT $IBQUFS * TVNNBSJ[F UIF UIFPSFUJDBM GPVOEBUJPOT PO XIJ� UIF GPMMPXJOH

$IBQUFST SFMZ PO� ©F �STU UPQJD JT UIF DMBTTJDBM EFTDSJQUJPO PG B MBTFS CFBN BT B

USBOTWFSTF FMFDUSPNBHOFUJD NPEF BOE JUT USBOTGPSNBUJPO CZ VTJOH UIF "#$% NBUSJY

GPSNBMJTN� "T UIFTF NPEFT BSF BMTP UIF FJHFONPEFT PG BO PQUJDBM SFTPOBUPS UIF QSPQ�

FSUJFT PG TV� B EFWJDF BSF QSFTFOUFE� ©F RVBOUJ[BUJPO PG UIF FMFDUSP�NBHOFUJD �FME

UIFO MFBET UP UIF EFTDSJQUJPO PG TRVFF[FE TUBUFT PG MJHIU BOE JUT EFUFDUJPO CZ VTJOH UIF

DPWBSJBODF NBUSJY PG B (BVTTJBO TUBUF� "T UIFTF TUBUFT BSF HFOFSBUFE GSPN OPO�MJOFBS

QSPDFTTFT UIF MBTU 4FDUJPO EFTDSJCFT UIF TFDPOE PSEFS OPO�MJOFBSJUZ χ(2)�

���� (BVTTJBO CFBNT

©F QSPQBHBUJPO PG FMFDUSPNBHOFUJD �FMET JO GSFF TQBDF JT HPWFSOFE CZ UIF GPMMPXJOH

TDBMBS XBWF FRVBUJPO

[∇2 + k2]E(x, y, z) = 0 , 	���


XIFSF E JT UIF DPNQMFY FMFDUSJDBM �FME BOE k = 2π/λ JT UIF XBWF WFDUPS� 'PS B CFBN

QSPQBHBUJOH BMPOH UIF z BYJT UIF QMBOF XBWF WBSJBUJPO PG UIF �FME e−ıkz  XIJ� IBT

B QFSJPE PG UIF XBWFMFOHUI λ JT BTTVNFE UP CF GBTUFS UIBO UIF USBOTWFSTBM WBSJBUJPOT

BDSPTT BOZ QMBOF z� *U JT UIFSFGPSF DPOWFOJFOU UP JOUSPEVDF UIF TDBMBS XBWF BNQMJUVEF

u(x, y, z) CZ UIF EF�OJUJPO

E(x, y, z) = u(x, y, z)e−ıkz . 	���


*OTFSUJOH UIJT JOUP &RVBUJPO ��� ZJFMET UIF SFEVDFE FRVBUJPO

(∂2
x + ∂2

y + ∂2
z − 2ık∂z)u = 0 . 	���


©F SFNBJOJOH EFQFOEFODZ GSPN UIF MPOHJUVEJOBM DPPSEJOBUF z JT NBJOMZ EVF UP

EJ~SBDUJPO F~FDUT XIJ� XJMM JO HFOFSBM CF TMPX DPNQBSFE UP UIF USBOTWFSTF WBSJ�

BUJPOT EVF UP UIF �OJUF XJEUI PG UIF CFBN� .BUIFNBUJDBMMZ UIJT BTTVNQUJPO JT FY�

QSFTTFE CZ UIF QBSBYJBM BQQSPYJNBUJPO

|∂2
zu| ≪ |2k∂zu| , 	���


|∂2
zu| ≪ |∂2

xu| , 	���


|∂2
zu| ≪ |∂2

yu| . 	���


�



�� 1IZTJDBM DPODFQUT

©JT MFBET UP UIF XBWF FRVBUJPO JO UIF �OBM GPSN

(∂2
x + ∂2

y − 2ık∂z)u = 0 . 	���


"T TIPXO CZ 4JFHNBO <��> UIJT QBSBYJBM XBWF FRVBUJPO JT WBMJE GPS CFBNT XJUI B

EJWFSHFODF BOHMF PG VQ UP θdiv ≈ 30p� 0OF QPTTJCMF TFU PG TPMVUJPOT UP UIJT FRVBUJPO

JT

unm(x, y, z) = un(x, z)um(y, z) , 	���


XJUI

un(x, z) =

(
2

π

)1/4( 1

2nn!w0

q0

q(z)

)1/2(
q0q

∗(z)
q∗
0q(z)

)n/2

Hn

(√
2x

w(z)

)

e
−ı kx2

2q(z) .

	���


©FTF TPMVUJPOT BSF DBMMFE UIF USBOTWFSTF FMFDUSPNBHOFUJD NPEFT 	5&.mn
 PG UIF SB�

EJBUJPO �FME� )FSF Hn JT UIF )FSNJUF QPMZOPNJBM PG PSEFS n w(z) JT UIF CFBN SBEJVT

XIJ� JT HJWFO CZ

w(z) =

√

λ

π

|q|2
ℑ(q)

, 	����


BOE UIF DPNQMFY CFBN QBSBNFUFS q JT HJWFO CZ

1

q(z)
=

1

Rc(z)
− ı

λ

πw2(z)
. 	����


©F MB�FS DBO BMTP CF XSJ�FO BT

q(z) = ızR + z − z0 = q0 + z − z0 , 	����


XIFSF z0 JT UIF XBJTU QPTJUJPO BOE zR JT UIF 3BZMFJHI SBOHF HJWFO CZ

zR =
πw2

0

λ
. 	����


©F SBEJVT PG DVSWBUVSF BU QPTJUJPO z GPS UIJT CFBN SFBET

Rc(z) =
|q|2
ℜ(q)

. 	����


©F EJWFSHFODF BOHMF θdiv PG UIF CFBN J�F� UIF BOHMF CFUXFFO UIF z�BYJT BOE w(z)
JO UIF GBS �FME JT HJWFO CZ

θdiv = BSDUBO

(
λ

πw0

)

. 	����


�
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'JHVSF ����� 1SPQFSUJFT PG B (BVTTJBO CFBN 	5&.00
� ©F CFBN SBEJVT BU UIF 3BZMFJHI

SBOHF JT
√
2 UJNFT MBSHFS UIBO UIF XBJTU PG UIF CFBN BOE UIF (PVZ QIBTF

BNPVOUT UP φG = ±45p�

UIF USBOTGPSNBUJPO JT HJWFO CZ

q2

n2
=

A
q1

n1
+ B

C
q1

n1
+ D

, 	����


XIFSF n1 BOE n2 BSF UIF SFGSBDUJWF JOEJDFT PG UIF DPSSFTQPOEJOH NFEJB BOE q1 JT UIF

PSJHJOBM CFBN QBSBNFUFS� ©F DPF�DJFOUT BSF HJWFO CZ UIF USBOTGPSNBUJPO NBUSJY

M =

(
A B

C D

)

. 	����


©FNPEFNBU�JOH UPPM +BN.U XIJ� JT EFTDSJCFE JO"QQFOEJY"�� VTFT UIF"#$%

NBUSJY GPSNBMJTN GPS UIF QSPQBHBUJPO PG B (BVTTJBO CFBN� 8JUIJO UIF UIJO MFOT BQ�

QSPYJNBUJPO POMZ UIF NBUSJDFT GPS QSPQBHBUJOH B EJTUBODF d JOTJEF B NFEJVN XJUI B

SFGSBDUJWF JOEFY n BOE UIF USBOTNJTTJPO UISPVHI B UIJO MFOT XJUI GPDBM MFOHUI f BSF

OFFEFE� ©FTF NBUSJDFT BSF HJWFO CZ <��>

Mp =

(
1 d

n

0 1

)

, 	����


Mf =

(
1 0

−1
f 1

)

. 	����


�



���� %FTDSJQUJPO PG DBWJUJFT XJUIPVU OPO�MJOFBSJUJFT

"T +BN.U DBO BMTP TJNVMBUF UIJ� 	SFBM
 MFOTFT XIJ�NJHIU CF UJMUFE CZ BO BOHMF α1

XJUI SFTQFDU UP UIF JODJEFOU CFBN UIF NBUSJY GPS QSPQBHBUJOH UISPVHI BO JOUFSGBDF

XJUI BSCJUSBSZ SBEJVT PG DVSWBUVSF R JT OFFEFE BT XFMM� ©JT NBUSJY JT HJWFO CZ

Mi =

(
DPT(α2)
DPT(α1)

0
∆n
R

DPT(α1)
DPT(α2)

)

, 	����


∆n =
n2 DPT(α2) − n1 DPT(α1)

DPT(α1) DPT(α2)
, 	����


XIFSF UIF BOHMF α2 JT HJWFO CZ 4OFMM\T MBX

n1 TJO(α1) = n2 TJO(α2) . 	����


©F USBOTGPSNBUJPO CZ B UIJ� MFOT XIJ� JT DBMMFE B TVCTUSBUF XJUIJO +BN.U JT UIFO

HJWFO CZ B QSPEVDU PG B QSPQBHBUJPO BOE UXP JOUFSGBDF NBUSJDFT�

'PS UIF FJHFONPEF DBMDVMBUJPO PG BO PQUJDBM SFTPOBUPS UIF SF�FDUJPO P~ B DVSWFE

JOUFSGBDF XJUI SBEJVT R JT OFFEFE XIJ� JT HJWFO CZ

MR =

(
1 0

−2n
R 1

)

. 	����


"T UIF FJHFONPEF IBT UP SFQSPEVDF JUT CFBN QBSBNFUFS B�FS POF SPVOE USJQ JOTJEF

UIF SFTPOBUPS UIF GPMMPXJOH FRVBUJPO IBT UP CF TBUJT�FE

q =
Aq + B

Cq + D
→ Cq2 + (D − A)q − B = 0 , 	����


XIFSF A B C BOE D BSF UIF FMFNFOUT PG UIF QSPEVDU NBUSJY UIBU EFTDSJCFT UIF SPVOE

USJQ� ©F XBJTU QPTJUJPO z0 BOE UIF 3BZMFJHI SBOHF zR BSF UIFO HJWFO CZ <��>

z0 = z1 − A − D

2C
, 	����


zR =

√

4 − (A + D)2

2|C | , 	����


XIFSF z1 JT UIF SFGFSFODF QMBOF J�F� UIF QMBOF XIFSF UIF SPVOE USJQ TUBSUFE� /PUF

UIBU UIF 3BZMFJHI SBOHF JT POMZ EF�OFE JG UIF SBEJBOU JT CJHHFS UIBO [FSP� ©JT MFBET

UP UIF TUBCJMJUZ DSJUFSJPO GPS BO PQUJDBM SFTPOBUPS

−1 < g =
1

2
(A + D) < 1 , 	����


XIFSF g JT DBMMFE UIF TUBCJMJUZ QBSBNFUFS PG UIF DBWJUZ�

�
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'JHVSF ����� 4�FNBUJD PG BO FNQUZ DBWJUZ� ©F �FME a JT DPO�OFE CZ UIF UXP NJSSPST

M1 BOE M2� 'PS [FSP EFUVOJOH δ UIF DBWJUZ JT PO SFTPOBODF BOE UIF JOUSB�

DBWJUZ �FME SFB�FT JUT NBYJNVN� ©F PVUQVU �FMET JO USBOTNJTTJPO BOE

SF�FDUJPO PG UIF SFTPOBUPS BSF EFOPUFE CZ aUSBOT BOE aSFG SFTQFDUJWFMZ�

���� %FTDSJQUJPO PG DBWJUJFT XJUIPVU OPO�MJOFBSJUJFT

©F T�FNBUJD PG BO FNQUZ PQUJDBM SFTPOBUPS JT TIPXO JO 'JHVSF ���� "O PQUJDBM �FME

aJO JT DPVQMFE JOUP UIF SFTPOBUPS DPOTJTUJOH PG UIF UXP NJSSPST M1 BOE M2� ©F

NJSSPST IBWF BO BNQMJUVEF SF�FDUJWJUZ r1 BOE r2 SFTQFDUJWFMZ� 'PS UIF MPTTMFTT DBTF

UIF NJSSPS USBOTNJTTJWJUJFT BSF HJWFO CZ UIF SFMBUJPO t =
√
1 − r2� ©F JOUSB�DBWJUZ

�FME a JT EF�OFE SJHIU B�FS UIF �STU NJSSPS BOE UIF PVUQVU �FMET JO USBOTNJTTJPO

BOE SF�FDUJPO BSF EFOPUFE CZ aUSBOT BOE aSFG SFTQFDUJWFMZ� 'VSUIFS UIF �FME a HBJOT

B QIBTF 2 δ XIJMF USBWFMMJOH UISPVHI UIF SFTPOBUPS� ©JT QIBTF JT BMTP DBMMFE UIF

EFUVOJOH PG UIF DBWJUZ�

*O UIF TUFBEZ TUBUF UIF JOUSB�DBWJUZ �FMEa IBT UP GVM�M UIF GPMMPXJOH TFMG�DPOTJTUFODZ

FRVBUJPO

a = ıt1aJO + r1r2e
2ıδa . 	����


4PMWJOH UIJT FRVBUJPO GPS UIF JOUSB�DBWJUZ �FME ZJFMET UIF FYQSFTTJPO

a =
ıt1aJO

1 − r1r2e2ıδ
, 	����


GSPN XIJ� UIF UXP PVUQVU �FMET DBO CF DBMDVMBUFE CZ UIF SFMBUJPOT

aUSBOT = ıt2e
ıδa = − t1t2e

ıδ

1 − r1r2e2ıδ
aJO , 	����


aSFG = r1aJO + ıt1r2e
2ıδa =

(

r1 − t21r2e
2ıδ

1 − r1r2e2ıδ

)

aJO . 	����


©F PVUQVU QPXFS GPS CPUI QPSUT OPSNBMJ[FE UP UIF JOQVU QPXFS JT QMP�FE JO 'JHVSF

���� ©F QFSJPEJDJUZ PG UIF QFBLT JT HJWFO CZ UIF GSFF TQFDUSBM SBOHF 	'43
 XIJ� JT

HJWFO CZ

'43 =
c

2L
, 	����


��
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'JHVSF ����� 0VUQVU QPXFS GPS BO FNQUZ DBWJUZ JO USBOTNJTTJPO BOE SF�FDUJPO EF�

QFOEJOH PO UIF DBWJUZ EFUVOJOH� ©F QPXFS XBT OPSNBMJ[FE UP UIF JOQVU

QPXFS� ©F JOTFU JT B [PPN PG UIF TJOHMF QFBLT�

XIFSF c JT UIF TQFFE PG MJHIU BOE L JT UIF PQUJDBM QBUI MFOHUI GPS IBMG B SPVOE�USJQ�

©F GVMM XJEUI BU IBMG NBYJNVN 	'8).
 JT EF�OFE BT UIF SBOHF JO XIJ� UIF QFBL

ESPQT UP IBMG PG JUT NBYJNVN WBMVF� ©JT RVBOUJUZ JT HJWFO CZ UIF SFMBUJPO <��>

'8). = 2 BSDDPT

(

1 − (1 − r1r2)
2

2r1r2

)

. 	����


"OPUIFS JNQPSUBOU RVBOUJUZ JT UIF �OFTTF F XIJ� JT EF�OFE CZ

F =
'43

'8).
≈ π

√
r1r2

1 − r1r2
, 	����


XIFSF UIF BQQSPYJNBUJPO JT WBMJE GPS �OFTTF WBMVFT PG HSFBUFS UIBO ��� XJUI POMZ BO

FSSPS PG � � DPNQBSFE UP UIF FYBDU WBMVF�

���� GF RVBOUVN NFDIBOJDBM EFTDSJQUJPO PG MJHIU

©JT TFDUJPO HJWFT B TIPSU TVNNBSZ PG UIF RVBOUJ[BUJPO PG UIF FMFDUSPNBHOFUJD �FME

BOE EF�OFT UIF PQFSBUPST BT UIFZ BSF VTFE XJUIJO UIJT UIFTJT�

��
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©F )BNJMUPO PQFSBUPS GPS UIF IBSNPOJD PTDJMMBUPS JT HJWFO CZ

H = hf(â† â +
1

2
) , 	����


XIFSF h JT 1MBO�\T DPOTUBOU BOE f JT UIF GSFRVFODZ PG UIF PTDJMMBUPS� ©F FJHFOTUBUFT

PG UIF OVNCFS PQFSBUPS n̂ = â† â BSF UIF TP�DBMMFE 'P� TUBUFT |n〉� ©FJS FJHFOWBMVF

n JT UIF OVNCFS PG FOFSHZ RVBOUB 	QIPUPOT
 PG UIF TUBUF� ©F PQFSBUPST â BOE â† BSF

EF�OFE CZ UIF SFMBUJPOT

â|n〉 =
√

n|n − 1〉 , 	����


â† |n〉 =
√

n + 1|n + 1〉 . 	����


©FJS BDUJPO PO B 'P� TUBUF JT UP BOOJIJMBUF BOE DSFBUF QIPUPOT� ©F DPNNVUBUPS

SFMBUJPO PG UIFTF PQFSBUPST SFBET

[â, â† ] = 1 , 	����


XIJ� NFBOT UIBU B )FJTFOCFSH VODFSUBJOUZ SFMBUJPO JT DPOOFDUFE UP UIFTF PQFSB�

UPST BOE BOZ EFSJWFE PQFSBUPST� "T UIF BOOJIJMBUJPO BOE DSFBUJPO PQFSBUPST BSF OPU

IFSNJUJBO BOE UIFSFGPSF OPU PCTFSWBCMF JU JT OFDFTTBSZ UP GPSN B IFSNJUJBO PQFSBUPS

X̂θ = âe−ıθ + â†eıθ , 	����


XIJ� JT DBMMFE UIF HFOFSBM RVBESBUVSF PQFSBUPS� 6TJOH UIF EF�OJUJPO PG UIF BNQMJUVEF

	X̂+
 BOE QIBTF 	X̂−
 RVBESBUVSF PG BO FMFDUSPNBHOFUJD �FME JU JT QPTTJCMF UP XSJUF

UIF RVBESBUVSF PQFSBUPS JO UIF GPSN

X̂θ = X̂+ DPT(θ) + X̂− TJO(θ) , 	����


X̂+ = â† + â , 	����


X̂− = ı(â† − â) . 	����


©FTF OFX RVBESBUVSF PQFSBUPST GVM�M UIF DPNNVUBUJPO SFMBUJPO

[X̂+, X̂−] = 2ı , 	����


XIJ� MFBET UP UIF GPMMPXJOH )FJTFOCFSH VODFSUBJOUZ SFMBUJPO

∆X̂+∆X̂− ≥ 1 . 	����


'SPN UIJT JU GPMMPXT UIBU FWFO B 'P� TUBUF XJUIPVU BOZ QIPUPOT 	WBDVVN TUBUF


TIPXT TPNF �VDUVBUJPOT PG UIF RVBESBUVSF PQFSBUPS� 8IJMF JUT NFBO WBMVF JT TUJMM

[FSP JO UIJT DBTF UIF WBSJBODF JT HJWFO CZ

〈0|
(

X̂θ
)2

|0〉 = 1 , 	����


��
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'JHVSF ����� ©F WBDVVN TUBUF JO DPNQBSJTPO UP B TRVFF[FE TUBUF JO RVBESBUVSF TQBDF�

©F DPNQMFY TRVFF[JOH QBSBNFUFS r = |r| FYQ(ı BSH(r)) EFUFSNJOFT UIF

TUSFOHUI PG UIF TRVFF[JOH BOE UIF PSJFOUBUJPO PG UIF TRVFF[JOH FMMJQTF�

XIJ�NFBOT UIBU UIF WBDVVN TUBUF JT B NJOJNVN VODFSUBJOUZ TUBUF XJUI FRVBM OPJTF

GPS BOZ RVBESBUVSF BOHMF θ�

"T UIF )FJTFOCFSH VODFSUBJOUZ QSJODJQMF NBLFT B TUBUFNFOU BCPVU UIF QSPEVDU PG

UXP RVBOUJUJFT JU JT PG DPVSTF BMMPXFE UP SFEVDF POF PG UIF RVBESBUVSF WBSJBODFT BU

UIF DPTU PG JODSFBTJOH UIF PUIFS POF� ©FTF TUBUFT BSF DBMMFE TRVFF[FE TUBUFT PG MJHIU

BOE BSF NBUIFNBUJDBMMZ HFOFSBUFE CZ BQQMZJOH UIF TRVFF[F PQFSBUPS Ŝ UP B WBDVVN

TUBUF

|s〉 = Ŝ|0〉 = e
1
2 (r

∗â2−râ†2 )|0〉 , 	����


XIFSF UIF DPNQMFY TRVFF[JOH QBSBNFUFS r EFUFSNJOFT UIF TUSFOHUI BOE UIF RVBESB�

UVSF PG UIF TRVFF[JOH� ©F DPNQBSJTPO CFUXFFO B WBDVVN TUBUF BOE B TRVFF[FE TUBUF

JT EFQJDUFE JO 'JHVSF ���� #FDBVTF UIF TRVFF[JOH PQFSBUPS JOWPMWFT UIF BOOJIJMBUJPO

BOE DSFBUJPO PG UXP QIPUPOT BU UIF TBNF UJNF JU JT OFDFTTBSZ UP VTF OPO�MJOFBS PQUJDBM

QSPDFTTFT UP DSFBUF TRVFF[FE TUBUFT PG MJHIU�

©F HFOFSBUJPO PG TRVFF[JOH BU B TJEFCBOE GSFRVFODZ Ω DBO CF EFTDSJCFE CZ DSFBU�

JOH POF QIPUPO BU UIF VQQFS BOE MPXFS TJEFCBOE FB�� ©F NBUIFNBUJDBM GPSNBMJTN

XBT EFWFMPQFE CZ $BWFT BOE 4�VNBLFS <��> BOE JT LOPXO BT UIF UXP�QIPUPO GPS�

NBMJTN� ©F RVBOUJ[BUJPO PG DMBTTJDBM NPEVMBUJPO TJEFCBOET BSPVOE UIF DBSSJFS MFBET

UP B OFX DMBTT PG PQFSBUPST� ©FTF PQFSBUPST BSF B HFOFSBMJ[BUJPO PG UIF DSFBUJPO

BOE BOOJIJMBUJPO PQFSBUPST XIJ� PQFSBUF PO TJOHMF QIPUPOT� 8JUI UIF EF�OJUJPO

â± = â(ω0 ± Ω) UIF OFX PQFSBUPST SFBE

â1(Ω) =

√

ω0 +Ω

2ω0
â+ +

√

ω0 − Ω

2ω0
â

†
− , 	����


â2(Ω) = −ı

√

ω0 +Ω

2ω0
â+ + ı

√

ω0 − Ω

2ω0
â

†
− , 	����


XIFSF ω0 JT UIF DBSSJFS GSFRVFODZ� 'PS PQUJDBM �FMET UIF TJEFCBOE GSFRVFODZ DBO CF

��
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BTTVNFE UP CF NV� TNBMMFS UIBO UIF DBSSJFS GSFRVFODZ� *O UIJT MJNJU UIF PQFSBUPST

CFDPNF IFSNJUJBO BOE BSF UIFSFGPSF PCTFSWBCMFT�

���� $IBSBDUFSJ[BUJPO PG TRVFF[FE MJHIU

'PS UIF EFUFDUJPO PG TRVFF[FE MJHIU B CBMBODFE IPNPEZOF SFBEPVU T�FNF JT GSF�

RVFOUMZ VTFE� *U JT CBTFE PO PWFSMBQQJOH UIF TRVFF[FE TUBUF XJUI B TUSPOH MPDBM PT�

DJMMBUPS CFBN PO B ����� CFBN TQMJ�FS� ©F HFOFSBM TJUVBUJPO PG JOUFSGFSJOH UXP MJHIU

�FMET PO B CFBN TQMJ�FS XJUI BNQMJUVEF SF�FDUJWJUZ r BOE USBOTNJTTJWJUZ t JT TIPXO

JO 'JHVSF ����

©F PVUQVU �FMET b1 BOE b2 DBO JO HFOFSBM CF XSJ�FO BT

b1 = teıφ3a1 + reıφ4a2 , 	����


b2 = teıφ1a2 + reıφ2a1 , 	����


XIFSF UIF SF�FDUJPO BOE USBOTNJTTJPO NBZ JOUSPEVDF UIF QIBTFT φi 	i ∈ [1; 4]
� 'PS
UIF MPTTMFTT DBTF UIF DPOTFSWBUJPO PG FOFSHZ SFRVJSFT UIBU

|a1|2 + |a2|2 = |b1|2 + |b2|2 . 	����


©JT MFBET UP UIF GPMMPXJOH FRVBUJPO

|b1|2+|b2|2 = (t2+r2)(|a1|2+|a2|2)+2rt ℜ{a1a
∗
2e

ı∆φ34+a∗
1a2e

ı∆φ12} , 	����


XIFSF UIF EJ~FSFODF QIBTFT BSF EF�OFE CZ

∆φij = φi − φj . 	����


*U GPMMPXT UIBU UIF MPTTMFTT CFBN TQMJ�FS IBT UP GVM�M UIF UXP FRVBUJPOT

r2 + t2 = 1 , 	����


∆φ12 +∆φ34 = π . 	����


0OF DPNNPO �PJDF PG UIF QIBTFT JT UIF TZNNFUSJD DBTF XIFSF φ1 = φ3 = π/2
BOE φ2 = φ4 = 0� ©JT JT FTQFDJBMMZ VTFGVM GPS BDUVBM DBMDVMBUJPO CFDBVTF ZPV EPO\U

IBWF UP EJTUJOHVJTI UIF JOQVU NPEFT CVU SBUIFS BTTJHO B π/2 QIBTF TIJ� GPS FB�

USBOTNJTTJPO BOE B [FSP QIBTF TIJ� GPS FB� SF�FDUJPO� *O DBTFT XIFSF BO BEEJUJPOBM

QIBTF φDPBU JT JOUSPEVDFE CZ UIF DPBUJOH JO SF�FDUJPO 	TFF UFYU BSPVOE &RVBUJPO ����


UIF BCPWF QIBTF SFMBUJPO SFRVJSFT B EJ~FSFOU TJHO GPS UIFTF QIBTFT J�F� φ2 = φDPBU

BOE φ4 = −φDPBU XIJ� NBLFT JU OFDFTTBSZ UP DBSFGVMMZ EJTUJOHVJTI UIF UXP JOQVU

NPEFT BOE BTTJHO UIF DPSSFDU QIBTFT UP UIFN�

��



���� $IBSBDUFSJ[BUJPO PG TRVFF[FE MJHIU

�
�

�
�

�
�

�
�

'JHVSF ����� 5XP PQUJDBM �FMET BSF DPNCJOFE BU B CFBN TQMJ�FS XJUI BNQMJUVEF SF�FD�

UJWJUZ r BOE USBOTNJTTJWJUZ t� ©F EJ~FSFODF DVSSFOU PG UIF UXP QIPUPEJ�

PEFT QSPWJEFT JOGPSNBUJPO BCPVU UIF OPJTF QSPQFSUJFT PG UIF TUBUF�

©F CBMBODFE IPNPEZOF EFUFDUJPO T�FNF DBO OPX CF EFTDSJCFE CZ UIF TZNNFUSJD

�PJDF PG QIBTFTXJUI FRVBM WBMVFT GPS UIF SF�FDUJPO BOE USBOTNJTTJPO r = t =
√

1/2�
©F JOQVU �FME PQFSBUPST â1 BOE â2 DBO HFOFSBMMZ CF XSJ�FO BT

â1 = a1 + δâ1 , 	����


â2 = a2 + δâ2 , 	����


XIFSF a1 BOE a2 BSF OPX UIF FYQFDUBUJPO WBMVFT PG UIF PQFSBUPST XIFSFBT δâ1 BOE

δâ2 EFTDSJCF UIF OPJTF PG UIF �FMET� ©F NFBO WBMVF PG UIF OPJTF PQFSBUPST JT CZ

EF�OJUJPO [FSP TJODF

〈δâ〉 = 〈â − a〉 = a − a = 0 . 	����


*G XF OPX BTTJHO BO BSCJUSBSZ QIBTF θ UP UIF MPDBM PTDJMMBUPS CFBN BOE GVSUIFS

BTTVNF UIBU UIJT CFBN â1 JT NV� TUSPOHFS UIBO UIF TJHOBM CFBN â2 XF FOE VQ XJUI

UIF GPMMPXJOH FYQSFTTJPOT GPS UIF QIPUPDVSSFOUT BU UIF UXP PVUQVU QPSUT

I1 = b
†
1b1 =

a1

2

(

δX̂+
1 + δX̂θ

2

)

+ %$+ O(δ2) 	����


I2 = b
†
2b2 =

a1

2

(

δX̂+
1 − δX̂θ

2

)

+ %$+ O(δ2) , 	����


XIFSF δX̂+
1 JT UIF BNQMJUVEF RVBESBUVSF PG UIF MPDBM PTDJMMBUPS BOE δX̂θ

2 JT UIF RVBESB�

UVSF OPJTF PG UIF TJHOBM CFBN BU BOHMF θ� ©F %$ UFSN TVNNBSJ[FT BMM UIF UFSNT UIBU

BSF DPOTUBOU J�F� EP OPU DPOUBJO BOZ OPJTF PQFSBUPS XIFSFBT UIF UFSN O(δ2) DPO�

UBJOT BMM UFSNT UIBU BSF QSPQPSUJPOBM UP UIF TRVBSF PG UXP OPJTF PQFSBUPST� ©F MB�FS

UFSNT DBO CF OFHMFDUFE BT UIFZ BSF VTVBMMZ NV� TNBMMFS UIBO UIF PUIFS UFSNT�

��
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©F TVN BOE EJ~FSFODF PG UIF QIPUPDVSSFOU �VDUVBUJPOT JT OPX HJWFO CZ

I+ = I1 + I2 = a1δX̂+
1 , 	����


I− = I1 − I2 = a1δX̂θ
2 . 	����


©JT SFTVMU JT RVJUF SFNBSLBCMF CFDBVTF JU BMMPXT UP NFBTVSF BOZ RVBESBUVSF PG UIF

TJHOBM CFBN CZ BEKVTUJOH UIF QIBTF PG UIF MPDBM PTDJMMBUPS CFBN BOE MPPLJOH BU UIF

EJ~FSFODF DVSSFOU PG UIF UXP IPNPEZOF QIPUPEJPEFT�

���� GF DPWBSJBODF NBUSJY PG UIF mFME RVBESBUVSFT

*G UIF �VDUVBUJPOT PG UIF RVBESBUVSF PQFSBUPS δX̂θ PCFZ B (BVTTJBO QSPCBCJMJUZ EJT�

USJCVUJPO GPS BMM RVBESBUVSF BOHMFT θ UIF TUBUF JT TBJE UP CF B (BVTTJBO TUBUF� "T UIJT

EJTUSJCVUJPO JT DPNQMFUFMZ EFTDSJCFE CZ JUT NFBO BOE WBSJBODF BOE UIF QIBTF TQBDF

JT EF�OFE CZ UXP PSUIPHPOBM RVBESBUVSFT δX̂θ BOE δX̂θ+π/2 B (BVTTJBO TUBUF JT

DPNQMFUFMZ �BSBDUFSJ[FE CZ JUT DPWBSJBODF NBUSJY γ UIBU JT EF�OFE CZ

γ =




〈
(

δX̂θ
)2

〉 1
2〈δX̂θδX̂θ+ π

2 + δX̂θ+ π
2 δX̂θ〉

1
2〈δX̂θδX̂θ+ π

2 + δX̂θ+ π
2 δX̂θ〉 〈

(

δX̂θ+ π
2

)2
〉



 .

	����


'PS B QIZTJDBM TUBUF UIBU PCFZT UIF )FJTFOCFSH VODFSUBJOUZ QSJODJQMF UIF DPWBSJBODF

NBUSJY IBT UP GVM�M

EFU(γ + ıΩ) > 0 , Ω =

(
0 1

−1 0

)

, 	����


XIFSF EFU(M) JT UIF EFUFSNJOBOU PG UIFNBUSJY M� ©F EFUFSNJOBOU PG UIF DPWBSJBODF

NBUSJY JUTFMG JT B NFBTVSF PG UIF QVSJUZ p PG UIF TUBUF XIJ� JT EF�OFE CZ

p =
1

√

EFU(γ)
. 	����


0O UIF NBJO EJBHPOBM PG UIF NBUSJY UIF WBSJBODF V PG UIF PSUIPHPOBM RVBESBUVSFT

δX̂θ BOE δX̂θ+π/2 BSF QMBDFE GSPN XIJ� UIF TRVFF[JOH TUSFOHUI PO B MPHBSJUINJD

TDBMF VE# DBO CF HBJOFE CZ UIF SFMBUJPO

VE# = 10 MPH10(V ) , 	����


XIJ� JT EVF UP UIF WBDVVN TUBUF IBWJOH B WBSJBODF V = 1�
5P �OE UIF PQUJNBM TRVFF[JOH BOHMF GSPN UIF DPWBSJBODF NBUSJY B QSJODJQBM BYJT

USBOTGPSNBUJPO IBT UP CF QFSGPSNFE� 8JUI UIF EF�OJUJPO

γ =

(
A B

B D

)

, 	����


��



���� ìF TFDPOE PSEFS TVTDFQUJCJMJUZ

UIF BOHMFT GPS UIF UXP QSJODJQBM BYJT BSF HJWFO CZ

φ± = BSDUBO(
V± − A

B
) 	����


BOE UIF WBSJBODFT V± JO UIF OFX DPPSEJOBUF TZTUFN BSF HJWFO CZ

V± =
US(γ)

2
±
√

US(γ)2

4
− EFU(γ) . 	����


'PS UIF DBTF UIBU B = 0 UIF DPWBSJBODF NBUSJY JT BMSFBEZ SFQSFTFOUFE JO UIF CBTJT PG

UIF QSJODJQBM BYJT TP UIBU UIF BOHMFT φ± BSF [FSP BOE π/2 SFTQFDUJWFMZ�
"OPUIFS RVBOUJUZ PG JOUFSFTU JT UIF FOUBOHMFNFOU PG BOZ UXP NPEFT PG UIF TZTUFN�

"T B NFBTVSF GPS UIF FOUBOHMFNFOU XF VTF UIF TP�DBMMFE MPHBSJUINJD OFHBUJWJUZ <�>

XIJ� JT BO FBTZ UP DBMDVMBUF RVBOUJUZ GPS (BVTTJBO TUBUFT� (JWFO UIF UXP�NPEF

DPWBSJBODF NBUSJY γ JO UIF GPSN

γ =

(
A C

CT B

)

, 	����


XJUI UIF 2 × 2 NBUSJDFT A, B BOE C  UIF MPHBSJUINJD OFHBUJWJUZ EN JT HJWFO CZ

EN =
∑

i

F(ci) . 	����


)FSF UIF GVODUJPO F(c) JT EF�OFE CZ

F(c) =

{

0 GPS 2 c ≥ 1

− MPH2(2 c) FMTF ,
	����


BOE UIF FJHFOWBMVFT ci BSF DBMDVMBUFE CZ TPMWJOH UIF FRVBUJPO

c4 + (EFU(A) + EFU(B) − 2 EFU(C)) c2 + EFU(γ) = 0 . 	����


���� GF TFDPOE PSEFS TVTDFQUJCJMJUZ

*O UIJT 4FDUJPO UIF OPO�MJOFBS DPVQMJOH DPOTUBOU JT FYQMBJOFE UIBU JT VTFE GPS UIF

TJNVMBUJPO PG DBWJUJFT UIBU JODMVEF B NBUFSJBM XJUI B OPO�WBOJTIJOH TFDPOE PSEFS

TVTDFQUJCJMJUZ� 'PS B NPSF EFUBJMFE EFTDSJQUJPO PG OPO�MJOFBS PQUJDT TFF GPS FYBNQMF

UIF CPPL PG #PZE <��>�

"O FMFDUSJDBM �FME HFOFSBMMZ MFBET UP B QPMBSJ[BUJPO P JOTJEF B NBUFSJBM UIBU NJHIU

CF FYQBOEFE JOUP B TFSJFT

P =
∑

i

χ(i)E i , 	����


��



�� 1IZTJDBM DPODFQUT

XIFSF χ(i) JT UIF PQUJDBM TVTDFQUJCJMJUZ PG PSEFS i BOE E JT UIF FMFDUSJDBM �FME BNQMJ�

UVEF� 8JUIJO UIJT UIFTJT XF XJMM POMZ GPDVT PO UIF TFDPOE PSEFS OPO�MJOFBSJUZ χ(2)�

©F QPMBSJ[BUJPO DBVTFE CZ POMZ χ(2) DBO CF XSJ�FO BT

Pi(ωn + ωm) =
∑

jk

∑

(nm)

χ
(2)
ijk (ωn + ωm, ωn, ωm)Ej(ωn)Ek(ωm) , 	����


XIFSF i, j BOE k BSF UIF $BSUFTJBO DPPSEJOBUFT PG UIF WFDUPST ~P BOE ~E BOE ωn BSF UIF

GSFRVFODJFT PG UIF PQUJDBM �FMET� ©F CSB�FUT BSPVOE UIF JOEJDFT n BOE m JOEJDBUF

UIBU UIF TVN JT UBLFO XJUI UIF SFTUSJDUJPO PG B DPOTUBOU WBMVF PG ωn + ωm�

©JT FRVBUJPO SFRVJSFT UIBU BMM PG UIF ��� DPNQMFY FMFNFOUT PG UIF χ
(2)
ijk UFOTPS IBWF

UP CF LOPXO JO PSEFS UP EFTDSJCF UIF OPO�MJOFBS JOUFSBDUJPO� *O PSEFS UP SFEVDF UIF

OVNCFS PG JOEFQFOEFOU UFOTPS FMFNFOUT POF DBO FYQMPJU TFWFSBM TZNNFUSJFT PG UIF

χ(2) UFOTPS� 4JODF UIF QPMBSJ[BUJPO ~P BOE UIF PQUJDBM �FMET ~E IBWF UP CF SFBM RVBOUJUJFT

POF DBO DPODMVEF UIBU

P(−ω) = P(ω)∗ , E(−ω) = E(ω)∗ 	����


→ χ
(2)
ijk (−ωn − ωm, −ωn, −ωm) = (χ

(2)
ijk (ωn + ωm, ωn, ωm))

∗ . 	����


"OPUIFS SFMBUJPO JT EVF UP UIF JOUSJOTJD TZNNFUSZ PG UIF UFOTPS� 4JODF j, k, n BOE

m BSF EVNNZ JOEJDFT JU JT BMMPXFE UP KVTU JOUFS�BOHF j, k BOE n, m MFBEJOH UP UIF

GPMMPXJOH SFTUSJDUJPO PG UIF χ(2) UFOTPS

χ
(2)
ijk (ωn + ωm, ωn, ωm) = χ

(2)
ikj (ωn + ωm, ωm, ωn) . 	����


©F PUIFS TZNNFUSJFT BSF WBMJE GPS MPTTMFTT NBUFSJBMT XIJ� NFBOT UIBU BMM PQUJDBM

GSFRVFODJFT JOWPMWFE BSF GBS BXBZ GSPN B SFTPOBODF GSFRVFODZ� 0OF DBO UIFO TIPX

UIBU UIF χ
(2)
ijk UFOTPS JT SFBM BOE PCFZT GVMM QFSNVUBUJPO TZNNFUSZ� ©F MB�FS SFTVMUT

JO UIF GPMMPXJOH SFMBUJPOT

χ
(2)
ijk (ω1 + ω2, ω1, ω2) = χ

(2)
jki (ω3 − ω2, −ω2, ω3) , 	����


χ
(2)
ijk (ω1 + ω2, ω1, ω2) = χ

(2)
kij (ω3 − ω1, ω3, −ω1) . 	����


-BTUMZ UIF TP�DBMMFE ,MFJONBO TZNNFUSZ TUBUFT UIBU UIF χ
(2)
ijk UFOTPS JT GSFRVFODZ

JOEFQFOEFOU XIFOFWFS UIF MPXFTU SFTPOBODF GSFRVFODZ PG UIF NBUFSJBM JT IJHIFS UIBO

BMM UIF PQUJDBM GSFRVFODJFT UIBU BSF JOWPMWFE JO UIF OPO�MJOFBS QSPDFTT� ©JT MFBET UP

UIF SFMBUJPOT

χ
(2)
ijk = χ

(2)
jki = χ

(2)
kij = χ

(2)
ikj = χ

(2)
jik = χ

(2)
kji , 	����


XIJ�NBLF JU QPTTJCMF UP EF�OF UIF NBUSJY dil =
1
2χ

(2)
il XIFSF UIF JOEFY l JT NBQQFE

UP UIF JOEJDFT j, k JO UIF GPMMPXJOH NBOOFS

��



���� ìF TFDPOE PSEFS TVTDFQUJCJMJUZ

jk : 11 22 33 23, 32 31, 13 12, 21
l : 1 2 3 4 5 6

�

©JT MFBET UP UIF GPMMPXJOH 3 × 6 NBUSJY

dil =





d11 d12 d13 d14 d15 d16

d21 d22 d23 d24 d25 d26

d31 d32 d33 d34 d35 d36



 , 	����


XIJ� IBT POMZ �� JOEFQFOEFOU SFBM FMFNFOUT�

©F F~FDUJWF OPO�MJOFBSJUZ dFGG DBO OPX CF DBMDVMBUFE GPS B HJWFO QSPQBHBUJPO

EJSFDUJPO BOE QPMBSJ[BUJPO PG UIF JOUFSBDUJOH �FMET CZ BDUVBMMZ QFSGPSNJOH UIF TVN�

NBUJPO PWFS UIF JOEJDFT j BOE k JO UIF FRVBUJPO

Pi(ωn + ωm) =
∑

jk

∑

(nm)

2dilEj(ωn)Ek(ωm) . 	����


" MJTU PG UIF F~FDUJWF OPO�MJOFBSJUJFT GPS EJ~FSFOU DSZTUBMT DBO CF GPVOE JO <��>�

��





�� /�-�$�4� � GF OPO�MJOFBS DBWJUZ

TJNVMBUPS

*O UIJT�BQUFS B OFX OVNFSJDBM UPPM JT JOUSPEVDFE UIBU JT BCMF UP TJNVMBUF UIF DMBTTJDBM

BT XFMM BT UIF RVBOUVN NF�BOJDBM QSPQFSUJFT PG B DBWJUZ DPOUBJOJOH B OPO�MJOFBS

NFEJVNXJUI B TFDPOE�PSEFS TVTDFQUJCJMJUZ� ©F QVNQ CFBNT BSF USFBUFE BT (BVTTJBO

CFBNT XIJ� MFBET UP B SFBMJTUJD EFTDSJQUJPO PG UIFTF DBWJUJFT� %VF UP UIF OVNFSJDBM

USFBUNFOU TJOHMZ�SFTPOBOU BT XFMM BT EPVCMZ�SFTPOBOU SFTPOBUPST DBO CF EFTDSJCFE

QSFDJTFMZ� *O DPOUSBTU UP PUIFS NFUIPET UIF OPO�MJOFBS DPVQMJOH JODMVEFT BSCJUSBSZ

CFBN QBSBNFUFST BOE QIBTF NJTNBU� BOE JT UIFSFGPSF BCMF UP QSFEJDU UIF CFIBWJPVS

PG UIF TZTUFN GPS B WBSJFUZ PG FYQFSJNFOUBM TFUVQT� ©F UPPM DBO CF EPXOMPBEFE BU

<��>�

���� GF NPEFM PG B OPO�MJOFBS DBWJUZ

'JHVSF ��� TIPXT B T�FNBUJD PG UIF OPO�MJOFBS DBWJUZ UIBU DBO CF IBOEMFE CZ UIF

TJNVMBUJPO� ©F SFTPOBUPS JT CVJME CZ UIF NJSSPST M1 BOE M2 BOE DBO CF QVNQFE CZ

VTJOH UIF UXP JOQVU QPSUT JO1 BOE JO2 XJUI �FMET BU UIF JEMFS TJHOBM BOE IBSNPOJD

XBWFMFOHUI� ©F SFNBJOJOH NJSSPST V1 BOE V2 BSF VTFE UP TJNVMBUF MPTTFT XJUIJO

UIF OPO�MJOFBS NBUFSJBM CZ DPVQMJOH WBDVVN TUBUFT JOUP UIFTF BEEJUJPOBM QPSUT� ©F

PVUQVU QPSUT UIBU BSF SFMFWBOU BSF PVU1 BOE PVU2 XIJ� BSF SFGFSSFE UP BT UIF SF�FDUJPO

BOE USBOTNJTTJPO QPSU SFTQFDUJWFMZ� ©F DBWJUZ EFUVOJOH δ JT FRVBMMZ TQMJU GPS FB�

TJOHMF�QBTT UISPVHI UIF OPO�MJOFBS NBUFSJBMT OMD1 BOE OMD2� ©F UXP EJ~FSFOU DSZTUBMT

XJUIJO UIF TJNVMBUJPO XFSF �PTFO UP TUBZ BT HFOFSBM BT QPTTJCMF� ©JT XBZ JU JT

QPTTJCMF UP EFTDSJCF B TUBOEJOH�XBWF BT XFMM BT B USBWFMMJOH�XBWF DBWJUZ PS FWFO

QMBDJOH UXP EJ~FSFOU DSZTUBMT 	F�H� EJ~FSFOU QIBTF NJTNBU�FT
 JOTJEF UIF SFTPOBUPS�

©F POMZ EJ~FSFODF PG UIFTF DBWJUZ MBZPVUT JT UIBU GPS B TUBOEJOH�XBWF DBWJUZ UIF

DSZTUBMT OMD1 BOE OMD2 BSF QIZTJDBMMZ JEFOUJDBM� 0OMZ UIF QSPQBHBUJPO EJSFDUJPO PG UIF

MJHIU EJ~FST XIJ� NJHIU MFBE UP B �BOHF JO UIF XBJTU QPTJUJPO� 'PS B USBWFMMJOH�

XBWF SFTPOBUPS JU JT HFOFSBMMZ QPTTJCMF UP VTF UXP EJ~FSFOU DSZTUBMT XJUIJO POMZ POF

DBWJUZ� ©F NPTU DPNNPO DBTF XPVME TUJMM CF UP VTF B CPX�UJF TFUVQ UIBU VTFT POMZ

POF DSZTUBM� ©JT DBO CF TJNVMBUFE CZ TF�JOH FJUIFS POF PG UIF OPO�MJOFBSJUJFT UP [FSP�

'VSUIFSNPSF UIF JOUSB�DBWJUZ �FME IBT CFFO TQMJU VQ JOUP UIF �FMET c1 	SJHIU B�FS

NJSSPS M1
 c′
1 	SJHIU CFGPSF NJSSPS M2
 c2 	SJHIU B�FS NJSSPS M2
 BOE c′

2 	SJHIU

CFGPSF NJSSPS M1
� ©F �FMET XJUI B QSJNF CFMPOH UP UIF QSJNFMFTT �FMET UIBU XFSF

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

���

���

����

����

�	
�

�	
�

��

��

�

�

��

��

��

��

��

��

��	���

'JHVSF ����� 4�FNBUJD PWFSWJFX PG UIF OPO�MJOFBS DBWJUZ UIBU DBO CF IBOEMFE CZ UIF

OVNFSJDBM TJNVMBUJPO�

KVTU QSPQBHBUFE CZ B TJOHMF�QBTT UISPVHI B OPO�MJOFBS DSZTUBM SF�FDUFE BU UIF MPTT

JOUSPEVDJOH NJSSPS BOE UIFO QSPQBHBUFE UISPVHI GSFF TQBDF UP HBJO UIF EFUVOJOH

QIBTF δ � ©F TJNVMBUJPO JT QFSGPSNFE JO UJNF�EPNBJO VTJOH UIF EJTDSFUF UJNF TUFQT

τ = L/c XIFSF c JT UIF TQFFE PG MJHIU BOE L UIF PQUJDBM QBUI GPS POF SPVOE�USJQ

JOTJEF UIF SFTPOBUPS�

���� $BMDVMBUJPO PG UIF DMBTTJDBM mFMET

'PS UIF DBMDVMBUJPO PG UIF DMBTTJDBM �FMET B OVNFSJDBM UJNF�EPNBJO TJNVMBUJPO JT

VTFE� ©JT JT OFDFTTBSZ CFDBVTF PG UIF EFTDSJQUJPO PG UIF OPO�MJOFBS JOUFSBDUJPO

PG (BVTTJBO CFBNT XIJ� JO HFOFSBM DBO OPU CF TPMWFE BOBMZUJDBMMZ� ©F TJNVMB�

UJPO QSPQBHBUFT UIF �FME c1 GPS FB� NPEF UISPVHI UIF XIPMF SFTPOBUPS FWFSZ TJOHMF

SPVOE�USJQ BOE DPNQBSFT UIF TVDDFTTJWF �FMET� *G UIF EJ~FSFODF PG UIFTF �FMET VO�

EFSHPFT B DFSUBJO MJNJU UIF DBWJUZ IBT SFB�FE JUT TUFBEZ TUBUF BOE UIF DBMDVMBUJPO

TUPQT� 'SPN UIF TUFBEZ TUBUF WBMVF PG UIF �FME c1 JU JT UIFO QPTTJCMF UP EFUFSNJOF UIF

SFNBJOJOH �FMET JOTJEF UIF DBWJUZ BT XFMM BT UIF PVUQVU �FMET�

5P EFTDSJCF UIF OPO�MJOFBS JOUFSBDUJPO XJUIJO UIF JOUSB�DBWJUZ NBUFSJBM UIF GPM�

��



���� $BMDVMBUJPO PG UIF DMBTTJDBM µFMET

MPXJOH TFU PG FRVBUJPOT GPS UIF BNQMJUVEFT PG UIF �FMET JT VTFE <��>

∂zAs = −ıκ(λs)f(z)A
∗
i Ab − αs

2
As , 	���


∂zAi = −ıκ(λi)f(z)A
∗
sAb − αi

2
Ai , 	���


∂zAb = −ıκ(λb)f
∗(z)AsAi − αb

2
Ab , 	���


XIFSF UIF JOEJDFT J T BOE C EFOPUF UIF JEMFS TJHOBM BOE IBSNPOJD NPEF SFTQFDUJWFMZ�

©F QBSUJBM EFSJWBUJWF JT UBLFO XJUI SFTQFDU UP UIF MPOHJUVEJOBM DPPSEJOBUF z� ©F

OPO�MJOFBS JOUFSBDUJPO JT EFTDSJCFE VTJOH UIF XBWFMFOHUI EFQFOEFOU QBSBNFUFS κ(λ)
XIJ� JT EF�OFE CZ

κ(λ) =
2πdFGG

nλ
. 	���


)FSF n JT UIF JOEFY PG SFGSBDUJPO λ UIF XBWFMFOHUI BOE dFGG JT UIF F~FDUJWF OPO�

MJOFBSJUZ BT EFTDSJCFE JO 4FDUJPO ��� ©F DPNQMFY GVODUJPO f(z) JODMVEFT UIF QIBTF

NJTNBU� BT XFMM BT UIF DPSSFDUJPO GPS (BVTTJBO CFBNT BOE JT HJWFO CZ UIF FRVBUJPO

f(z) =
e−ı∆kz

1 − ı z−z0
zR

, 	���


XIFSF z0 JT UIF CFBN XBJTU QPTJUJPO BOE zR JT UIF 3BZMFJHI SBOHF PG FJUIFS POF PG

UIF CFBNT� *U JT BTTVNFE UIBU BMM JOUFSBDUJOH CFBNT IBWF UIF TBNF XBJTU QPTJUJPO

BOE JEFOUJDBM 3BZMFJHI SBOHFT� ©F MB�FS TUBUFNFOU IPMET XIFOFWFS UIF GPMMPXJOH

DPOEJUJPO JT GVM�MMFE

θ2
EJW =

(
λ

πw0

)2

≪ 1 , 	���


XIFSF θEJW JT UIF EJWFSHFODF BOHMF PG UIF (BVTTJBO CFBN� "T BO FYBNQMF B XBWF�

MFOHUI PG λ = 1064 ON BOE B XBJTU TJ[F PG w0 = 1 �N UIF EJWFSHFODF BOHMF BNPVOUT

UP θ2
EJW ≈ 0.115 XIJ� JT TUJMM TNBMMFS UIBO VOJUZ� ©JT TIPXT UIBU GPS BMM QSBDUJDBM

QVSQPTFT UIF BTTVNQUJPO PG FRVBM 3BZMFJHI SBOHFT IPMET�

©F XBWF WFDUPS NJTNBU� ∆k = (ks + ki) − kb DPNCJOFT UIF XBWF WFDUPST PG

UIF JOUFSBDUJOH CFBNT JOTJEF UIF OPO�MJOFBS NBUFSJBM XIJ� BSF HJWFO CZ k = 2πn/λ�

©F TFU PG EJ~FSFOUJBM FRVBUJPOT BMTP DPOUBJOT UIF BNQMJUVEF BCTPSQUJPO DPF�DJFOUT

α GPS FB� NPEF�

"T TUBUFE BCPWF UIFSF JT OP BOBMZUJDBM TPMVUJPO UP UIJT TFU PG EJ~FSFOUJBM FRVBUJPOT

JO UIF HFOFSBM DBTF� ©FSFGPSF UIFTF BSF OVNFSJDBMMZ TPMWFE GPS FB� SPVOE�USJQ PG UIF

DBWJUZ NPEFT CZ DPOTJEFSJOH UIF �FMET BU UIF PVUQVU PG B UJOZ TFHNFOU PG XJEUI ∆z�

*O UIJT DBTF UIF PQUJDBM �FMET BOE UIF GVODUJPO f(z) DBO CF BTTVNFE UP CF DPOTUBOU

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

PWFS UIF MFOHUI PG UIF TFHNFOU BOE UIF FRVBUJPOT DBO CF BQQSPYJNBUFE UP

As(z +∆z) = As(z) − ∆z
(

ıκ(λs)f(z)Ai(z)
∗Ab(z) +

αs

2
As(z)

)

, 	���


Ai(z +∆z) = Ai(z) − ∆z
(

ıκ(λi)f(z)As(z)
∗Ab(z) +

αi

2
Ai(z)

)

, 	���


Ab(z +∆z) = Ab(z) − ∆z
(

ıκ(λb)f
∗(z)As(z)Ai(z) +

αb

2
Ab(z)

)

. 	���


©FTF FRVBUJPOT BSF JUFSBUJWFMZ BQQMJFE UP UIF JOQVU �FMET VOUJM UIF FOE PG UIF OPO�

MJOFBS NBUFSJBM IBT CFFO SFB�FE BT BMTP FYQMBJOFE JO <��>� ©F PVUQVU QPXFS GPS

NPEF m JT UIFO HJWFO CZ UIF SFMBUJPO

PPVU
m =

ε0cπw2
0

4
|Am|2 , 	����


XIFSF c JT UIF TQFFE PG MJHIU BOE ε0 UIF WBDVVN QFSNJ�JWJUZ�

���� $BMDVMBUJPO PG UIF RVBOUVN nVDUVBUJPOT

������ GF NBUSJY GPSNBMJTN

*O DPOUSBTU UP UIF DBMDVMBUJPO PG UIF DMBTTJDBM �FMET XIJ� SFMZ PO B OPO�MJOFBS TFU

PG FRVBUJPOT UIF RVBOUVN NF�BOJDBM �VDUVBUJPOT DBO CF EFUFSNJOFE CZ MJOFBSJ[JOH

UIF FRVBUJPOT� ©JT NBLFT JU QPTTJCMF UP VTF B NBUSJY GPSNBMJTN� ©F NBUSJDFT UIBU

BSF OFFEFE DPOTJTU PG UIF SF�FDUJPO BOE USBOTNJTTJPO BU B NJSSPS UIF QSPQBHBUJPO

JO GSFF TQBDF BOE UIF OPO�MJOFBS JOUFSBDUJPO PG UIF �FMET JOTJEF UIF DSZTUBM� ©F EF�

UFSNJOBUJPO PG UIF MB�FS NBUSJY DBO CF EPOF CZ XSJUJOH UIF BOOJIJMBUJPO PQFSBUPS BT

â = A+δâ XIFSF A JT UIF NFBO WBMVF XIJ� JT HJWFO CZ UIF TUFBEZ TUBUF TPMVUJPO BT

HJWFO JO UIF QSFWJPVT 4FDUJPO BOE δâ BSF UIF RVBOUVN �VDUVBUJPOT BSPVOE UIJT NFBO

WBMVF� *G XF OPX JOTFSU UIJT FYQSFTTJPO JOUP UIF TFU PG FRVBUJPOT ��� DPOTJEFSJOH POMZ

UFSNT UIBU BSF MJOFBS JO UIF RVBOUVN �VDUVBUJPOT XF FOE VQ XJUI UIF GPMMPXJOH TFU

PG FRVBUJPOT

∂zδâs = −ıκ(λs)f(z)(A
∗
i δb̂ + Abδâ

†
i ) , 	����


∂zδâi = −ıκ(λi)f(z)(A
∗
sδb̂ + Abδâ†

s ) , 	����


∂zδb̂ = −ıκ(λb)f
∗(z)(Asδâi + Aiδâs) . 	����


/PUF UIBU UIF BCTPSQUJPO XBT OFHMFDUFE XJUIJO UIFTF FRVBUJPOT GPS UIF �VDUVBUJPOT

TJODF UIFZ DBO OPU CF DPIFSFOUMZ TVCUSBDUFE GSPN B RVBOUVN �FME� *OTUFBE UIF BC�

TPSQUJPO IBT UP CF SFQSFTFOUFE CZ WBDVVN �FMET UIBU DPVQMF JOUP UIF UXP BEEJUJPOBM

NJSSPST V1 BOE V2�

4JODF UIF BCPWF FRVBUJPOT BSF OPX MJOFBS XF DBO EF�OF B NBUSJY UIBU BDUT PO UIF

TUBUF WFDUPS

δs = (δâs, δâ†
s , δâi, δâ

†
i , δb̂, δb̂†)T . 	����


��



���� $BMDVMBUJPO PG UIF RVBOUVN ¶VDUVBUJPOT

'PS B TNBMM QSPQBHBUJPO∆z BMM UIF �FMET BOE UIF GVODUJPO f(z) JO UIF BCPWF FRVBUJPOT

DBO BHBJO CF BTTVNFE UP CF DPOTUBOU BOE UIFSFGPSF UIF NBUSJY GPS UIJT USBOTGPSNBUJPO

SFBET

∆χ =











1 0 0 ξsAb ξsA
∗
i 0

0 1 ξ∗
s A∗

b 0 0 ξ∗
s Ai

0 ξiAb 1 0 ξiA
∗
s 0

ξ∗
i A∗

b 0 0 1 0 ξ∗
i As

−ξ∗
bAi 0 −ξ∗

bAs 0 1 0
0 −ξbA∗

i 0 −ξbA∗
s 0 1











, 	����


XIFSF UIF GVODUJPO ξm GPS UIF NPEF m IBT CFFO EF�OFE BT

ξm = −ıκm(λm)f(z)∆z . 	����


©F TJOHMF�QBTT JOUFSBDUJPO DBO OPX CF EFTDSJCFE CZ B NVMUJQMJDBUJPO PG UIFTF NB�

USJDFT FB� EFTDSJCJOH UIF QSPQBHBUJPO UISPVHI B TJOHMF TFHNFOU PG UIF OPO�MJOFBS

DSZTUBM� ©F UPUBM NBUSJY GPS UIF OPO�MJOFBS JOUFSBDUJPO PO B MFOHUI L DBO UIFSFGPSF

CF XSJ�FO BT

χ = Π
L/∆z
n=0 ∆χ(n∆z) , 	����


XIFSF L/∆z JT UIF OVNCFS PG DSZTUBM TFHNFOUT� ©JT QSPDFEVSF UP EJWJEF UIFNFEJVN

JOUP TNBMM TFDUJPOT JT FRVJWBMFOU UP UIF DBMDVMBUJPO PG UIF DMBTTJDBM �FMET JO 4FDUJPO

���� ©F PVUQVU TUBUF δsPVU B�FS QBTTJOH UIF OPO�MJOFBS NFEJVN DBO OPX TJNQMZ CF

XSJ�FO BT

δsPVU = χδsJO . 	����


©F SFNBJOJOH NBUSJDFT UIBU BDU PO UIF TUBUF WFDUPS δs UP EFTDSJCF UIF PUIFS USBOT�

GPSNBUJPOT BSF HJWFO CZ

R =











rse
ıφs 0 0 0 0 0

0 rse
−ıφs 0 0 0 0

0 0 rie
ıφi 0 0 0

0 0 0 rie
−ıφi 0 0

0 0 0 0 rbeıφb 0

0 0 0 0 0 rbe−ıφb











, 	����


GPS UIF SF�FDUJPO P~ B NJSSPS

T =











ıts 0 0 0 0 0
0 −ıts 0 0 0 0
0 0 ıti 0 0 0
0 0 0 −ıti 0 0
0 0 0 0 ıtb 0
0 0 0 0 0 −ıtb











, 	����


��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

GPS UIF USBOTNJTTJPO UISPVHI B NJSSPS BOE

δ =











eıδs 0 0 0 0 0
0 e−ıδs 0 0 0 0

0 0 eıδi 0 0 0
0 0 0 e−ıδi 0 0

0 0 0 0 eıδb 0
0 0 0 0 0 e−ıδb











, 	����


GPS UIF GSFF TQBDF QSPQBHBUJPO�

)FSF rm BOE tm BSF UIF BNQMJUVEF SF�FDUJWJUZ BOE USBOTNJTTJWJUZ SFTQFDUJWFMZ

BOE BO BEEJUJPOBM QIBTF φm NBZ CF JOUSPEVDFE EVSJOH UIF SF�FDUJPO� ©F TJOHMF�

QBTT EFUVOJOH δm PG UIF DBWJUZ GPS NPEF m JT HJWFO CZ

δm = δ0 + 2πω/'43 , 	����


XIFSF δ0 JT UIF EFUVOJOH EVF UP B �BOHF JO UIF PQUJDBM QBUI MFOHUI PG UIF DBWJUZ ω

JT UIF TJEFCBOE GSFRVFODZ BOE '43 JT UIF GSFF TQFDUSBM SBOHF PG UIF SFTPOBUPS�

*U JT OPX QPTTJCMF UP XSJUF UIF TUFBEZ TUBUF DPOEJUJPO GPS UIF JOUSB�DBWJUZ TUBUF

WFDUPST c1 BOE c2 BT

c1 = T1JO1 + R1Rv1χ2δT2JO2 + R1c
′
2 +

R1Tv2WBD2 + R1Rv1χ2δR2δTv1WBD1 , 	����


c2 = T2JO2 + R2c
′
1 + R2δRv1χ1T1JO1 +

R2δTv1WBD1 + R2δRv1χ1R1Tv2WBD2 . 	����


6TJOH UIF SFMBUJPOT

c′
1 = δRv1χ1c1 , 	����


c′
2 = Rv2χ2δc2 , 	����


XF FOE VQ XJUI UIF FYQSFTTJPOT GPS UIF JOUSB�DBWJUZ TUBUF WFDUPST

c1 = A(T1JO1 + R1Rv2χ2δT2JO2 +

R1Tv2WBD2 + R1Rv2χ2δR2δTv1WBD1) , 	����


c2 = B(T2JO2 + R2δRv1χ1T1JO1

+R2δTv1WBD1 + R2δRv1χ1R1Tv2WBD2) . 	����


©F NBUSJDFT A BOE B BSF HJWFO CZ

A = (1 − R1Rv2χ2δR2δRv1χ1)
−1 , 	����


B = (1 − R2δRv1χ1R1Rv2χ2δ)
−1 . 	����


��



���� $BMDVMBUJPO PG UIF RVBOUVN ¶VDUVBUJPOT

©F TUBUF WFDUPST PG UIF PVUQVU �FMET GPS UIF TUFBEZ TUBUF BSF UIFO HJWFO CZ

PVU1 = R1JO1 + T1Rv2χ2δc2 + T1Tv2WBD2 	����


PVU2 = R2JO2 + T2δRv1χ1c1 + T2δTv1WBD1 . 	����


8F BSF OPX BCMF UP EF�OF UIF USBOTGFS NBUSJDFT Tik GPS FB� QSPQBHBUJPO GSPN BO

JOQVU QPSU i UP BO PVUQVU QPSU k � ©F PVUQVU QPSUT BSF PVU1 	k = 1
 BOE PVU2 	k = 2

XIFSFBT UIF JOQVU QPSUT BSF JO1 JO2 WBD1 BOE WBD2 MBCFMFE CZ i = 1, 2, 3, 4 SFTQFD�

UJWFMZ� 6TJOH UIJT NBQQJOH UIF GPMMPXJOH FJHIU USBOTGFS NBUSJDFT BSF EF�OFE

T11 = R1 + T1Rv2χ2δBR2δRv1χ1T1 , 	����


T21 = T1Rv2χ2δBT2 , 	����


T31 = T1Rv2χ2δBR2δTv1 , 	����


T41 = T1Rv2χ2δBR2δRv1χ1R1Tv2 + T1Tv2 , 	����


T12 = T2δRv1χ1AT1 , 	����


T22 = R2 + T2δRv1χ1AR1Rv2χ2δT2 , 	����


T32 = T2δRv1χ1AR1Rv2χ2δR2δTv1 + T2δTv1 , 	����


T42 = T2δRv1χ1AR1Tv2 . 	����


4JODF UIFTF USBOTGFS NBUSJDFT XFSF DBMDVMBUFE VTJOH UIF FRVBUJPOT GPS UIF FMFDUSJ�

DBM �FME XF TUJMM IBWF UP OPSNBMJ[F UIFN UP CF WBMJE GPS UIF USBOTGPSNBUJPO PG UIF

BOOJIJMBUJPO BOE DSFBUJPO PQFSBUPST� ©F SFMBUJPO CFUXFFO UIF �FME TUSFOHUI E BOE

UIF BOOJIJMBUJPO PQFSBUPS SFBET

E ∝
√

hν

w2
0

â , 	����


XIFSF h JT UIF )FJTFOCFSH DPOTUBOU ν UIF GSFRVFODZ PG UIF MJHIU �FME BOE w0 UIF

XBJTU TJ[F PG UIF CFBN� 'SPN UIF FRVBUJPO

EPVU = BâPVU = TBâJO , 	����


JU GPMMPXT UIBU UIF USBOTGFS NBUSJY T IBT UP CF �BOHFE UP B−1TB XIFSF UIF NBUSJY

B JT HJWFO CZ

B =











1 0 0 0 0 0
0 1 0 0 0 0
0 0 xi 0 0 0
0 0 0 xi 0 0
0 0 0 0 xb 0
0 0 0 0 0 xb











. 	����


��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

)FSF UIF �FMET XFSF OPSNBMJ[FE XJUI SFTQFDU UP UIF TJHOBM NPEF� ©F RVBOUJUZ xm

GPS UIF JEMFS BOE IBSNPOJD NPEFT JT HJWFO CZ

xm =
λs

λm
. 	����


'PS UIF EFHFOFSBUF DBTF XF HFU xi = 1 BOE xb = 2� /PX UIF WBDVVN MFWFM GPS BMM

NPEFT JT POF PO B MJOFBS TDBMF� /PUF UIBU UIJT OPSNBMJ[BUJPO JT POMZ OFFEFE CFDBVTF

PG UIF OPO�MJOFBS NFEJVN UIBU NJYFT UIF �FMET�

������ *NQMFNFOUBUJPO PG PQUJDBM MPTT

"T TUBUFE CFGPSF UIF BCTPSQUJPO MPTTFT DBO OPU CF DPIFSFOUMZ TVCUSBDUFE GSPN UIF

RVBOUVN �FME �VDUVBUJPOT BT JU XBT QPTTJCMF GPS UIF NFBO WBMVF PG UIF �FMET� *OTUFBE

UIF MPTTFT IBWF UP CF JODMVEFE CZ DPOTJEFSJOH B WBDVVN �FME UIBU NJYFT XJUI UIF

RVBOUVN �FMET PG UIF DBWJUZ NPEFT� ©JT WBDVVN �FME JT VODPSSFMBUFE UP UIF PUIFS

�FMET XIJ� JNQMJFT UIBU XF DBO TJNQMZ BEE VQ UIF WBSJBODFT PG UIFTF �FMET�

5F�OJDBMMZ BMM UIF JOUSB�DBWJUZ MPTTFT BSF SFQSFTFOUFE CZ UIF USBOTNJTTJWJUZ PG

UIF UXP BEEJUJPOBM NJSSPST V1 BOE V2 UIBU BSF TIPXO JO 'JHVSF ���� ©F BNQMJUVEF

SF�FDUJWJUZ rm PG UIFTF NJSSPST GPS UIF NPEF m DBO CF XSJ�FO BT

rm = e−lm , 	����


XIFSF lm JT UIF PWFSBMM BCTPSQUJPO GPS B TJOHMF�QBTT UISPVHI UIF OPO�MJOFBS NBUFSJBM�

'PS UIF NJSSPS V2 UIF MPTTFT PG OMD2 IBWF UP CF VTFE XIFSFBT NJSSPS V1 JODMVEFT UIF

MPTTFT PG OMD1�

©F FYUFSOBM MPTTFT UIBU BSF EVF UP UIF RVBOUVN F�DJFODZ PG UIF IPNPEZOF EF�

UFDUPS BSF DPOTJEFSFE CZ B USBOTGPSNBUJPO PG UIF SFTVMUJOH DPWBSJBODF NBUSJY� 'PS B

EFUFDUJPO F�DJFODZ η UIF DPWBSJBODF NBUSJY SFBET

γ = 1+ η(γ0 − 1) , 	����


XIFSF γ0 JT UIF DPWBSJBODF NBUSJY XJUIPVU FYUFSOBM MPTTFT BOE 1 JT UIF VOJUZ NBUSJY�

������ $BMDVMBUJPO PG UIF DPWBSJBODF NBUSJY

5P DBMDVMBUF UIF DPWBSJBODFNBUSJY PG UIF PVUQVU TUBUF δsPVU XF TUBSU XJUI UIF SFMBUJPO

CFUXFFO UIF JOQVU i BOE PVUQVU k

δsPVU,k =
∑

i

TikδsJO,i , 	����


XIJ� JT HJWFO CZ VTJOH UIF USBOTGFS NBUSJDFT EF�OFE JO UIF QSFWJPVT 4FDUJPO� ©F

TVNNBUJPO IBT UP CF EPOF PWFS BMM UIF JOQVU QPSUT� 4JODF UIF DPWBSJBODF NBUSJY JT

��



���� $BMDVMBUJPO PG UIF RVBOUVN ¶VDUVBUJPOT

EF�OFE CZ UIF TFDPOE NPNFOUB PG UIF RVBESBUVSF PQFSBUPST BOE UIF TUBUF WFDUPS δs

XBT EF�OFE CZ UIF BOOJIJMBUJPO BOE DSFBUJPO PQFSBUPST XF �STU IBWF UP JOUSPEVDF UIF

TUBUF WFDUPS JO UIF RVBESBUVSF CBTJT q� ©F NPTU HFOFSBM EF�OJUJPO PG UIJT RVBOUJUZ

JT HJWFO CZ

q = (δX̂
(θs)
s , δX̂

(θs+π/2)
s , δX̂

(θi)
i , δX̂

(θi+π/2)
i , δX̂

(θb)
b , δX̂

(θb+π/2)
b ) , 	����


XIFSF θm JT UIF RVBESBUVSF BOHMF GPS NPEF m� 'PS FB� NPEF BMTP UIF PSUIPHPOBM

RVBESBUVSF IBT UP CF HJWFO JO UIJT TUBUF WFDUPS� *G BMM PG UIF RVBESBUVSF BOHMFT BSF

[FSP UIF RVBESBUVSF TUBUF WFDUPS SFEVDFT UP

q = (δX̂+
s , δX̂−

s , δX̂+
i , δX̂−

i , δX̂+
b , δX̂−

b ) , 	����


XIFSF δX̂+
m BOE δX̂−

m BSF UIF BNQMJUVEF BOE QIBTF RVBESBUVSF SFTQFDUJWFMZ�

©F USBOTGPSNBUJPO CFUXFFO δs BOE q DBO CF XSJ�FO JO B DPNQBDU GPSN CZ VTJOH

UIF GPMMPXJOH NBUSJY SFMBUJPO

q = φδs + (φδs)† = (φ + φ∗S)δs . 	����


)FSF UIF RVBESBUVSF QIBTF NBUSJY φ BOE UIF NBUSJY S BSF HJWFO CZ

φ =











eıθs 0 0 0 0 0

0 eı(θs+π/2) 0 0 0 0
0 0 eıθi 0 0 0

0 0 0 eı(θi+π/2) 0 0

0 0 0 0 eıθb 0

0 0 0 0 0 eı(θb+π/2)











, 	����


S =











0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0











. 	����


©F MB�FS NBUSJY JT UIF �STU 1BVMJ NBUSJY BOE QSPWJEFT UIF JEFOUJUZ

δs† = Sδs , 	����


XIJ� JT UIF NBUSJY SFQSFTFOUBUJPO PG UIF IFSNJUJBO DPOKVHBUJPO�

8F DBO OPX XSJUF UIF RVBESBUVSF TUBUF WFDUPS PG UIF PVUQVU �FME EFQFOEJOH PO

UIF TUBUF WFDUPS PG UIF JOQVU �FME MJLF

qPVU,k = (φ + φ∗S)δsPVU,k = (φ + φ∗S)
∑

i

TikδsJO,i =
∑

i

T̃ikδsJO,i . 	����


��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

)FSF XF BHBJO IBWF UP TVN PWFS BMM JOQVU QPSUT i BOE XF EF�OFE UIF NBUSJY

T̃ik = (φ + φ∗S)Tik . 	����


©F FMFNFOUT PG UIF DPWBSJBODFNBUSJY γ GPS UIF PVUQVU QPSUT k BOE l BU UIF TJEFCBOE

GSFRVFODZ ω JO UIF OPUBUJPO XF VTFE TP GBS JT EF�OFE BT

γkl
αβ(ω) =

1

2
〈(qPVU,k(ω))α(qPVU,l(−ω))β + (qPVU,k(ω))β(qPVU,l(−ω))α〉 . 	����


)FSF UIF JOEJDFT α BOE β SBOHF GSPN POF UP TJY� 'PS JEFOUJDBM PVUQVU QPSUT k = l

UIF WBSJBODFT PG UIF RVBESBUVSF PQFSBUPST DBO CF GPVOE PO UIF NBJO EJBHPOBM� "MM

UIF PUIFS FMFNFOUT BSF UIF DPWBSJBODFT PG UIF RVBESBUVSF PQFSBUPST� ©F OFHBUJWF

GSFRVFODZ QBSU TIPXT VQ CFDBVTF PG UIF UXP�QIPUPO GPSNBMJTN XIJ� EFTDSJCFT UIF

JOUFSBDUJPO PG UIF VQQFS BOE MPXFS TJEFCBOE DPSSFDUMZ <��>� ©F TJEFCBOE GSFRVFODZ

JT FOUFSJOH UIF DBMDVMBUJPO POMZ XJUIJO UIF NBUSJY GPS UIF DBWJUZ EFUVOJOH δ  TJODF

UIF PQUJDBM �FME HBJOT BO BEEJUJPOBM QIBTF PG 2πω/'43 BU UIF TJEFCBOE GSFRVFODZ ω�

4JODF UIF TFDPOE UFSN PG UIF BCPWF FYQSFTTJPO DBO CF HBUIFSFE CZ TJNQMZ FY�BOH�

JOH UIF JOEJDFT α BOE β JU JT TV�DJFOU UP DBMDVMBUF POMZ UIF �STU UFSN XIJ� SFTVMUT

JO

Mkl
αβ := 〈(qPVU,k(ω))α(qPVU,l(−ω))β〉

= 〈
∑

i,j

(T̃ik(ω)δsJO,i)α(T̃jl(−ω)δsJO,j)β〉

=
∑

i,j

〈
∑

n

(T̃ik(ω))αn(δsJO,i)n

∑

m

(T̃jl(−ω))βm(δsJO,j)m〉

=
∑

i,j,m,n

(T̃ik(ω))αn(T̃jl(−ω))βm 〈(δsJO,i)n(δsJO,j)m〉
︸ ︷︷ ︸

(γ′
ij)nm

=
∑

i,j,m

(T̃ik(ω)γ
′
ij)αm(T̃jl(−ω))βm

=
∑

i,j

(T̃ik(ω)γ
′
ij(T̃jl(−ω))T )αβ , 	����


XIFSF XF IBWF VTFE UIF GPMMPXJOH FYQSFTTJPO GPS UIF FMFNFOUT PG UIF QSPEVDU PG UXP

NBUSJDFT A BOE B

(AB)nm =
∑

j

AmjBjn . 	����


©F NBUSJY γ′ JODMVEFT UIF DPSSFMBUJPOT PG UIF JOQVU �FMET� 'PS TJNQMJDJUZ UIF �FMET

GPS EJ~FSFOU JOQVU QPSUT BOE NPEFT BSF BTTVNFE UP CF VODPSSFMBUFE� *O UIJT DBTF UIF

TVC�NBUSJY γ′
m GPS FB� NPEF m JT HJWFO CZ

γ′
m =

(

〈δâ2
m〉 〈δâmδâ

†
m〉

〈δâ
†
mδâm〉 〈(δâ

†
m)2〉

)

, 	����


��



���� $BMDVMBUJPO PG UIF RVBOUVN ¶VDUVBUJPOT

BOE UIF UPUBM NBUSJY γ′ SFBET

γ′
ij = δij





γ′
s 0 0
0 γ′

i 0
0 0 γ′

b



 , 	����


XIFSF δij JT UIF ,SPOF�FS EFMUB�

8F DBO OPX GVSUIFS SFMBUF UIF NBUSJY γ′ UP UIF DPWBSJBODF NBUSJY γ PG UIF JOQVU

TUBUF� #Z JOTFSUJOH UIF RVBESBUVSF SFQSFTFOUBUJPO PG UIF BOOJIJMBUJPO BOE DSFBUJPO

PQFSBUPST JOUP UIF FYQSFTTJPO GPS γ′
m XF FOE VQ XJUI UIF GPMMPXJOH FYQSFTTJPOT GPS

UIF FMFNFOUT PG UIF NBUSJY γ′
m

〈δâ2〉 =
1

4
〈(X̂1 + ıX̂2)

2〉 = 1

4
(V11 − V22 + 2ıV12) , 	����


〈(δâ†)2〉 =
1

4
〈(X̂1 − ıX̂2)

2〉 = 1

4
(V11 − V22 − 2ıV12) , 	����


〈δâδâ†〉 =
1

4
〈(X̂1 + ıX̂2)(X̂1 − ıX̂2)〉 =

1

4
(V11 + V22 − ı[X̂1, X̂2])

=
1

4
(V11 + V22 + 2) , 	����


〈δâ†δâ〉 =
1

4
〈(X̂1 − ıX̂2)(X̂1 + ıX̂2)〉 =

1

4
(V11 + V22 + ı[X̂1, X̂2])

=
1

4
(V11 + V22 − 2) . 	����


)FSF XF VTFE UIF DPNNVUBUPS SFMBUJPO [X̂1, X̂2] = 2ı BOE UIF DPWBSJBODF NBUSJY JO

UIF GPSN

γ =

(

〈X̂2
1 〉 1

2〈X̂1X̂2 + X̂2X̂1〉
1
2〈X̂1X̂2 + X̂2X̂1〉 〈X̂2

2 〉

)

=

(
V11 V12

V12 V22

)

. 	����


)FSF UIF RVBESBUVSF PQFSBUPST X̂1 BOE X̂2 BSF UIF BNQMJUVEF BOE QIBTF RVBESBUVSFT

SFTQFDUJWFMZ�

4JODF UIF SFMBUJPO JT MJOFBS B DPNQBDU OPUBUJPO PG UIJT USBOTGPSNBUJPO JT HJWFO CZ

UIF NBUSJY SFMBUJPO

γ′ =
1

4
(MT γM + K ) , 	����


XIFSF UIF NBUSJDFT M BOE K BSF HJWFO CZ

M =

(
1 1

−ı ı

)

, K =

(
0 2

−2 0

)

. 	����


5P TVNNBSJ[F UIF SFTVMU PG UIJT 4FDUJPO UIF DPNQMFUF DPWBSJBODF NBUSJY PG UIF

PVUQVU TUBUF GPS B SFTPOBUPS JODMVEJOH B OPO�MJOFBS NFEJVN XBT EFSJWFE BOBMZUJDBMMZ

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

GPS BO BSCJUSBSZ TJEFCBOE GSFRVFODZ� *U XBT BTTVNFE UIBU UIF JOQVU �FMET BSF VODPS�

SFMBUFE CVU BO BSCJUSBSZ DPWBSJBODF NBUSJY GPS FB� JOQVU NPEF DBO CF TQFDJ�FE� ©F

DPWBSJBODF NBUSJY PG UIF UPUBM PVUQVU TUBUF SFBET

γPVU(ω) =

(
γ11 γ12

γ12 γ22

)

. 	����


©F JOEJDFT EFOPUF UIF QPSU JO SF�FDUJPO 	�
 BOE USBOTNJTTJPO 	�
� *U XBT TIPXO UIBU

UIF FMFNFOUT PG UIF DPWBSJBODF NBUSJY GPS UIF PVUQVU QPSUT k BOE l JT HJWFO CZ UIF

NBUSJY SFMBUJPO

γkl
αβ(ω) =

1

2

(

Mkl
αβ + Mkl

βα

)

, 	����


XIFSF UIF NBUSJY Mkl
αβ JT EF�OFE CZ

Mkl
αβ(ω) =

1

4

∑

i

(

(φ + φ∗S)Tik(ω)(M
T γiM + K )T T

il (−ω)(φ + φ∗S)
)

αβ
.

	����


)FSF γi JT UIF DPWBSJBODF NBUSJY GPS UIF JOQVU �FME i BOE UIF NBUSJDFT S M BOE K

BSF UIF DPOTUBOU NBUSJDFT UIBU XFSF EFSJWFE GVSUIFS BCPWF� /PUF UIBU UIJT SFMBUJPO

JT B HFOFSBM FYQSFTTJPO GPS UIF USBOTGPSNBUJPO PG B DPWBSJBODF NBUSJY BT MPOH BT UIF

USBOTGFS NBUSJDFT BSF LOPXO GPS UIF TUBUF WFDUPS JO UIF CBTJT PG BOOJIJMBUJPO BOE

DSFBUJPO PQFSBUPST� ©F NBUSJY φ FTTFOUJBMMZ DPSSFTQPOET UP UIF IPNPEZOF EFUFDUJPO

T�FNF BMMPXJOH GPS NFBTVSJOH BO BSCJUSBSZ RVBESBUVSF PG UIF �FME� 5P HFU UIF

TRVFF[JOH BOE UIF FOUBOHMFNFOU PG UIF �FMET XF DBO VTF UIF NFUIPET UIBU XFSF

JOUSPEVDFE JO 4FDUJPO ����

���� GF VTBHF PG /�-�$�4�

©JT 4FDUJPO EFTDSJCFT UIF VTBHF PG UIF OVNFSJDBM TJNVMBUJPO� *U JT XSJ�FO JO QMBJO

$ BOE QBSTFT B TJNQMF DPO�HVSBUJPO �MF UIBU UIF VTFS IBT UP XSJUF� ©F SFTVMUT BSF

XSJ�FO UP B �MF BOE BO BEEJUJPOBM (OVQMPU �MF JT DSFBUFE UIBU JT VTFE UP QMPU UIF EBUB�

©F MBUFTU VTBHF JOGPSNBUJPO DBO CF WJFXFE CZ DBMMJOH /�-�$�4� XJUI UIF �I PQUJPO�

������ 3VOOJOH /�-�$�4� GSPN UIF DPNNBOE MJOF

/�-�$�4� JT TUBSUFE GSPN UIF DPNNBOE MJOF CZ TQFDJGZJOH UIF OBNF PG B TJOHMF DPO�H�

VSBUJPO �MF BT UIF BSHVNFOU� ©JT XJMM JOWPLF UIF TJNVMBUJPO BOE PODF JU JT �OJTIFE

UIF SFTVMUT BSF QMP�FE BT TQFDJ�FE CZ UIF VTFS XJUIJO UIF DPO�HVSBUJPO �MF� ©F

HFOFSBM DPNNBOE MJOF VTBHF PG UIF BQQMJDBUJPO MPPLT MJLF

nlcs [-aphdtoc] infile [outfile]

��



���� ìF VTBHF PG /�-�$�4�

XIFSF PVUµMF JT UIF PQUJPOBM �MFOBNF XIFSF UIF DBMDVMBUFE EBUB XJMM CF TUPSFE� *G

UIJT �MFOBNF JT OPU HJWFO UIF CBTFOBNF PG JOµMF FYUFOEFE CZ UIF TV�Y �EBU XJMM CF

VTFE� ©F PQUJPOT IBWF UIF GPMMPXJOH NFBOJOH

�D *OWPLFT B SVO PG UIF TJNVMBUJPO CBTFE PO UIF QBSBNFUFST JO JOµMF�

�Q DBMM (OVQMPU UP EJTQMBZ UIF SFTVMUT�

�B ©JT PQUJPO UFMMT /�-�$�4� UP VTF BO BQQSPYJNBUJPO SBUIFS UIFO UIF OVNFSJDBM UJNF�

EPNBJO TJNVMBUJPO�

�P 6TF UIF USBOTNJ�FE JOQVU QPXFS BT UIF TUBSUJOH QPJOU GPS UIF DBMDVMBUJPO� ©F

EFGBVMU JT UP VTF UIF �FME GSPN UIF QSFWJPVT SVO XIJ� JT NV� GBTUFS�

�E 1SJOU PVU EFCVHHJOH JOGPSNBUJPO�

�U 3VOT B UFTU TVJUF PG TFWFSBM VOJU UFTUT�

�I 4IPXT B IFMQ UFYU�

/�-�$�4� XJMM XSJUF B �MF DPMVNOT�UYU JOUP UIF XPSLJOH EJSFDUPSZ UIBU DPOUBJOT B MJTU

PG BMM UIF RVBOUJUJFT UIBU XFSF DBMDVMBUFE UPHFUIFS XJUI UIFJS DPMVNO QPTJUJPO JO UIF

PVUQVU �MF� ©F DPNNBOET GPS QMP�JOH UIF EBUB BSF TUPSFE JO B TFQBSBUF �MF XIJ�

NBZ CF FEJUFE NBOVBMMZ UP �BOHF UIF QMPU TUZMF PS QMPU RVBOUJUJFT� ©F �MFOBNF JT

UIF CBTFOBNF PG PVUµMF FYUFOEFE CZ UIF TV�Y �HQ�

'PS FB� SVO BMM SFTVMUT BSF DBMDVMBUFE XIJ� JODMVEFT UIF PVUQVU QPXFST TRVFF[JOH

TUSFOHUIT BMM UXP�NPEF FOUBOHMFNFOU DPNCJOBUJPOT UIF QVSJUZ BOE UIF QBSBNFUSJD

HBJO�

������ GF JOQVU mMF GPSNBU

/�-�$�4� VTFT UIF MJCDPOGVTF <��> GPS QBSTJOH UIF JOQVU �MFT� ©F CFOF�UT PG UIJT DPO�

�HVSBUJPO �MF QBSTJOH MJCSBSZ BSF XFMM PSHBOJ[FE FBTZ UP FEJU DPO�HVSBUJPO �MFT

BOE B NJOJNVN PG DPEF GPS SFBEJOH UIFTF �MFT� 7BSJBCMFT BSF BTTJHOFE VTJOH B

_OBNF � WBMVF` TUZMF� ©SPVHIPVU UIF �MF JU JT QPTTJCMF UP NBLF DPNNFOUT MJLF

\\ Everything after ’\\’ (C-style) is treated as a comment

# The same is true for the Shell-style comments after ’#’

\* More than one line may be commented by using

* the C-style syntax ’\* ... *\’.

*\

©F �MF JT EJWJEFE JOUP TFDUJPOT 	JOEJDBUFE CZ _4FDUJPO OBNF \ ^`
� #FDBVTF UIFSF

BSF NFBOJOHGVM EFGBVMUT GPS FB� WBMVF 	F�H� QFSGFDU EFUFDUJPO
 JU JT OPU OFDFTTBSZ

UP BMXBZT TQFDJGZ BMM QPTTJCMF QBSBNFUFST JO UIF DPO�HVSBUJPO �MF� 4PNF PG UIF

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

QBSBNFUFST DBO CF EF�OFE GPS FB� NPEF TFQBSBUFMZ� *O UIFTF DBTFT UIF GPSNBU JT

_OBNF � \WBMVF� WBMVF� WBMVF�^`� ©F PSEFS PG UIF NPEFT JT BMXBZT HJWFO BT TJHOBM

IBSNPOJD BOE JEMFS� *U JT QPTTJCMF UP MFBWF PVU NPEFT CVU ZPV XJMM IBWF UP MFBWF UIF

NPEF PSEFS JOUBDU� :PV DBO BMTP TLJQ XIPMF TFDUJPOT� *O 'JHVSF ��� UIF DPNQMFUF �MF

GPSNBU TQFDJGZJOH UIF EFGBVMU WBMVFT JT TIPXO�

��



���� ìF VTBHF PG /�-�$�4�

Laser {

w0 = 24e-6 # fundamental waist radius

omega = 1e6 # sideband frequency

� lambda = {1064e-9, 532e-9, 1064e-9} # wavelength

Port 1 { # same for Port 2

P = {0, 1, 2} # input laser power

phi = {0, 0, 0} # input phase

�� }}

Cavity {

FSR = 1e9 # free spectral range

delta = {0, 0, 0} # detuning

type = "bowtie"

�� nmax = 1000000 # maximum number of round-trips

Mirror 1 { # same for Mirror 2

R = {0, 0, 0} # power reflectivity

phi = {0, 0, 0} # phase in reflection

�� }

Crystal 1 { # same for Crystal 2

z = 0.0 # position relative to the waist

chi = 1e-12 # nonlinearity

�� L = 6.5e-3 # length

n = 2.23 # index of refraction

alpha = {0, 0, 0} # power absorption coefficient

beta = {0, 0, 0} # nonlinear absorption coefficient

dk = 0.0 # phase mismatch

�� }}

Homo 1 { # same for Homo 2

theta = {0, 0, 0} # detection angle

eta = {1, 1, 1} # quantum efficiency

optimize = true # lock homo to optimal squeezing

�� g = {1, 1, 1} # electrical gain

}

Control {

step = 100 # X-axis resolution

nseg = 500 # Number of crystal segments

�� eps = 1e-6 # Steady-state precision

scan = "" # Which quantity should be scanned?

x = "" # Plot quantity on the x axis

y = "" # Plot quantity on the y axis

PlotRange = {0, 1} # parameter range

�� }

'JHVSF ����� $PNQMFUF DPO�HVSBUJPO �MF GPSNBU GPS /�-�$�4� TQFDJGZJOH UIF EFGBVMU

WBMVFT GPS FB� QBSBNFUFS�

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

4DBO QBSBNFUFS

QIBTF NJTNBU� ©F XBWF WFDUPS NJTNBU�∆kL/2�
GVOEBNFOUBM QPXFS ©F GVOEBNFOUBM JOQVU QPXFS GPS QPSU ��

IBSNPOJD QPXFS ©F IBSNPOJD JOQVU QPXFS GPS QPSU ��

JEMFS QPXFS ©F JEMFS JOQVU QPXFS GPS QPSU ��

IPNPEZOF BOHMF 4UBUF UPNPHSBQIZ CZ TDBOOJOH UIF IPNPEZOF BOHMF�

GSFRVFODZ 4JEFCBOE GSFRVFODZ UP HFOFSBUF B OPJTF TQFDUSVN�

EFUVOJOH ©F DBWJUZ EFUVOJOH HJWFO JO NFUSFT�

Z BYJT QBSBNFUFST

QPXFS 0VUQVU QPXFS GPS FB� NPEF�

DPOWFSTJPO F�DJFODZ 0VUQVU QPXFS OPSNBMJ[FE UP UIF TJHOBM JOQVU QPXFS�

QBSBNFUSJD HBJO "NQMJ�DBUJPO PG UIF JOUSB�DBWJUZ QPXFS�

TRVFF[JOH 4RVFF[JOH GPS FB� NPEF PG UIF PVUQVU TUBUF�

TRVFF[JOH BOHMF ©F BOHMF PG UIF PQUJNBM TRVFF[JOH�

QVSJUZ 1VSJUZ PG UIF PVUQVU TUBUFT�

FOUBOHMFNFOU ©F UXP�NPEF FOUBOHMFNFOU PG UIF PVUQVU NPEFT�

�OFTTF ©F �OFTTF PG UIF DBWJUZ�

FSSPS %FWJBUJPO GSPN MJOFBSJ[FE UIFPSZ�

5BCMF ����� 1BSBNFUFST UIBU DBO CF VTFE GPS UIF Y BOE Z BYFT XJUIJO /�-�$�4��

$VSSFOUMZ UIF Y BYJT JT JEFOUJDBM XJUI UIF QBSBNFUFS UIBU JT UP CF TDBOOFE� *G

ZPV XBOU UP QMPU BOPUIFS RVBOUJUZ PO UIJT BYJT 	F�H� TRVFF[JOH WFSTVT DPOWFSTJPO

F�DJFODZ
 ZPV XJMM IBWF UP FEJU UIF (OVQMPU �MF NBOVBMMZ� 5BCMF ��� MJTUT BMM QBSBN�

FUFST UIBU BSF BWBJMBCMF BT TDBO QBSBNFUFST BOE UIF QBSBNFUFST UIBU DBO CF QMP�FE PO

UIF Z BYJT�

/PUF UIBU UIF Y Z BOE TDBO QBSBNFUFST IBWF UP CF HJWFO JO EPVCMF RVPUFT BOE JO

MPXFS DBTF� ©F VOJUT BSF BMM 4* VOJUT XJUIPVU BOZ GBDUPSJ[BUJPO FYDFQU GPS UIF QIBTFT

XIJ� BSF BMXBZT HJWFO JO VOJUT PG π�

©F DPEF TOJQQFU JO 'JHVSF ��� TIPXT BO FYBNQMF GPS UIF TJNVMBUJPO PG BO 4)(

DBWJUZ QMP�JOH UIF DPOWFSTJPO F�DJFODZ PWFS UIF QIBTF NJTNBU�� .PSF FYBNQMFT

DBO CF GPVOE JO UIF FYBNQMFT GPMEFS XJUIJO UIF TPVSDF EJTUSJCVUJPO�

��



���� ìF VTBHF PG /�-�$�4�

# Second harmonic generation @1064nm using NLCS.

# use 200 mW of fundamental input power

Laser { Port 1 { P = {0.2} } }

Cavity {

# singly resonant cavity

Mirror 1 { R = {0.92} }

# highly reflective coating

Mirror 2 { R = {0.9997, 0.9997} }

# use MgO:LiNbO_3

Crystal 1 {

chi = 2.6e-12

L = 6.5e-3

n = 2.223

alpha = {0.1, 0.1}

}

}

# the plot range is appr. the 4. conversion minimum each

Plot {

range = {-4.0, 4.0}

scan = "phase mismatch"

y = "conversion efficiency"

}

'JHVSF ����� /�-�$�4� DPO�HVSBUJPO �MF GPS TJNVMBUJOH B TJOHMZ SFTPOBOU 4)(�

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

���� .PEFMMJOH EJøFSFOU SFHJNFT

©JT 4FDUJPO EFTDSJCFT TPNF FYBNQMFT PG UIF OVNFSJDBM SFTVMUT UIBU DBO CF HBJOFE

CZ VTJOH /�-�$�4�� "MM PG UIF GPMMPXJOH QMPUT IBWF CFFO QSPEVDFE CZ VTJOH FJUIFS

/�-�$�4� EJSFDUMZ PS CZ SVOOJOH CBU� TDSJQUT UIBU QSPWJEF NPSF �FYJCJMJUZ� 'PS FB�

QMPU UIF DPSSFTQPOEJOH JOQVU �MF JT HJWFO�

������ /PO�MJOFBS NBUFSJBMT XJUIPVU B DBWJUZ

" TJOHMF�QBTT PG UIF GVOEBNFOUBM NPEF UISPVHI B OPO�MJOFBS NBUFSJBM DBO CF TJNV�
MBUFE CZ VTJOH UIF GPMMPXJOH JOQVU �MF

Laser {

gaussian = false

w0 = 83.5e-6

�

Port 1 { P = {0.1} }

}

Cavity {

type = bowtie

�� Crystal 1 {

n = 2.2

L = 0.1

chi = 5e-12

}}

�� Plot {

step = 200

scan = "phase mismatch"

y = "conversion efficiency"

range = {-4.0, 4.0}

�� }

©JT �MF EFTDSJCFT B QMBOF XBWF PG 100N8 QPXFS QSPQBHBUJOH UISPVHI B OPO�

MJOFBS NBUFSJBM PG MFOHUI L = 10 DN� ©F $BWJUZ TFDUJPO IBT UP CF VTFE UP TQFDJGZ UIF

OPO�MJOFBS NBUFSJBM� /PUF UIBU QFS EFGBVMU BMM NJSSPS SF�FDUJWJUJFT BSF [FSP� 'PS UIJT

WFSZ XFBL JOUFSBDUJPO POF DBO TPMWF UIF DPVQMFE TFU PG OPO�MJOFBS FRVBUJPOT XJUI UIF

GPMMPXJOH SFTVMU GPS UIF DPOWFSTJPO F�DJFODZ η

η(∆k) =
PIBSNPOJD

PGVOEBNFOUBM
∝ TJOD2

(
∆kL

2

)

. 	����


©F OVNFSJDBM TJNVMBUJPO GPS UIF BCPWF DPO�HVSBUJPO �MF SFTVMUT FYBDUMZ JO UIJT GVOD�

UJPO BOE JT TIPXO CZ UIF SFE DVSWF JO 'JHVSF ���� ©F WBMVF GPS UIF XBJTU TJ[F PG

w0 = 83.5 �N XBT �PTFO TV� UIBU UIF �FME PG UIF QMBOF XBWF JT FRVBM UP UIF NFBO

�FME PG B (BVTTJBO CFBN XJUI B XBJTU TJ[F PG w0 = 50 �N XIJ� JT TIPXO JO HSFFO�

'PS UIF MB�FS CFBN UIF NBYJNBM DPOWFSTJPO F�DJFODZ JT TIJ�FE BOE B MJ�MF CJU MPXFS

��



���� .PEFMMJOH EJ´FSFOU SFHJNFT
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'JHVSF ����� $POWFSTJPO F�DJFODZ GPS B TJOHMF�QBTT UISPVHI B OPO�MJOFBS NFEJVN EF�

QFOEJOH PO UIF QIBTF NJTNBU�� ©F QMBOF XBWF DPOTJEFSFE IFSF IBT UIF

TBNFNFBO �FME BDSPTT UIF QSPQBHBUJPO MFOHUI BT UIF (BVTTJBO CFBN� ©F

�BOHF JO QPTJUJPO BOE IFJHIU PG UIF NBYJNVN JT EVF UP UIF (PVZ QIBTF�

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS
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'JHVSF ����� 4JOHMF�QBTT DPOWFSTJPO F�DJFODZ EFQFOEJOH PO UIF GVOEBNFOUBM QVNQ

QPXFS� *O UIF DBTF PG QMBOF XBWFT QFSGFDU QIBTF NBU�JOH ∆k = 0 XBT

VTFE� 'PS (BVTTJBO CFBNT IPXFWFS UIF PQUJNBM QIBTF NJTNBU� EF�

QFOET PO UIF JODJEFOU QPXFS�

UIBO GPS UIF QMBOF XBWF� ©JT JT EVF UP UIF GBDU UIBU UIFSF JT OP QFSGFDU QIBTFNBU�JOH

BMPOH UIF QSPQBHBUJPO MFOHUI BOZNPSF 	TFF 4FDUJPO ���
�

"OPUIFS BOBMZUJDBM TPMVUJPO GPS QMBOF XBWFT JO UIF DBTF PG QFSGFDU QIBTF NBU�JOH

JT TIPXO JO 'JHVSF ���� ©F POMZ �BOHFT UP UIF QSFWJPVT DPO�HVSBUJPO �MF XFSF UIF

TDBO QBSBNFUFS BOE SBOHF� ©FTF BSF OPX HJWFO CZ

scan = "fundamental power"

range = {0.0, 1000.0}

©F BOBMZUJDBM GVODUJPO UIBU EFTDSJCFT UIF DPOWFSTJPO F�DJFODZ JO UIJT DBTF JT HJWFO

CZ

η(P) = P · UBOI2
(

A
√

P
)

, 	����


XIFSF P JT UIF JOQVU QPXFS PG UIF GVOEBNFOUBM NPEF BOE UIF GBDUPS A JT HJWFO CZ

A = 2κL

√

2

ε0cπw2
0

. 	����


©JT TIPXT UIBU UIF DPOWFSTJPO F�DJFODZ BTZNQUPUJDBMMZ SFB�FT B WBMVF PG POF J�F�

BMM UIF GVOEBNFOUBM QPXFS DBO CF DPOWFSUFE UP UIF TFDPOE IBSNPOJD� &YDFQU GPS

��



���� .PEFMMJOH EJ´FSFOU SFHJNFT

TNBMM EFWJBUJPOT UIJT JT BMTP USVF GPS UIF GPDVTFE (BVTTJBO CFBN BT JU JT TIPXO CZ UIF

HSFFO DVSWF JO 'JHVSF ���� )PXFWFS JO UIF MB�FS DBTF UIF PQUJNBM QIBTF NJTNBU�

OPX EFQFOET PO UIF JOQVU QPXFS BOE UIFSFGPSF IBT UP CF BEKVTUFE DPSSFDUMZ� ©F

SFBTPO GPS UIJT JT UIF GPMMPXJOH� 'PS XFBL JOQVU QPXFST PG UIF GVOEBNFOUBM �FME

JUT EFHSBEBUJPO EVSJOH UIF QSPQBHBUJPO DBO CF OFHMFDUFE� ©FSFGPSF UIF DPOWFSTJPO

UBLFT QMBDF JOTJEF UIF XIPMF DSZTUBM POMZ XFJHIUFE CZ UIF JOUFOTJUZ PG UIF CFBN�

"T UIF QVNQ QPXFS JODSFBTFT UIF EFQMFUJPO PG UIF GVOEBNFOUBM NVTU CF UBLFO JOUP

BDDPVOU MFBEJOH UP BOPUIFS XFJHIUJOH GBDUPS GPS UIF OPO�MJOFBS JOUFSBDUJPO� ©F

DPOWFSTJPO HFUT TUSPOHFS CFGPSF UIF GPDVT BOE EVF UP UIF EFQMFUJPO JU HFUT XFBLFS

CFIJOE JU� 4JODF UIF QIBTF NJTNBU� JT EVF UP UIF (PVZ QIBTF PG UIF CFBN UIF

PQUJNVN QIBTF NJTNBU� XJMM TIJ� BT XFMM�
©FSF BSF BMTP DBTFT XIFSF B OPO�MJOFBS NBUFSJBM JT OPU OFDFTTBSZ GPS UIF TJNVMB�

UJPO� /�-�$�4� DBO BMTP CF VTFE UP TJNVMBUF UIF F~FDU PG MPTTFT UP B TRVFF[FE TUBUF PG
MJHIU� ©F GPMMPXJOH DPO�HVSBUJPO �MF VTFT B TJOHMF DBWJUZ NJSSPS UP JOUSPEVDF MPTTFT
UP B TRVFF[FE JOQVU CFBN�

Laser {

Port 1 {

Xp = {-3.0, -6.0, -10.0}

� }

}

Homo 2 { optimize = true}

�� Plot {

scan = "mirror reflectivity"

y = "squeezing"

range = {0.0, 1.0}

}

)FSF UISFF EJ~FSFOU TRVFF[JOH MFWFMT BSF BEESFTTFE UP UIF JOQVU �FMET 	TJHOBM JEMFS

BOE IBSNPOJD
 BOE BMM UIF NJSSPS SF�FDUJWJUJFT BSF TDBOOFE JO UIF SBOHF GSPN [FSP

UP QFSGFDU SF�FDUBODF� 'JHVSF ��� TIPXT UIF EFHSBEJOH PG UIF TRVFF[JOH EVF UP UIF

MPTTFT�

4JODF B TJOHMF NJSSPS DBO CF VTFE BT B CFBN TQMJ�FS JU JT BMTP QPTTJCMF UP FOUBOHMF

UXP TRVFF[FE TUBUFT PG MJHIU� ©FSFGPSF UIF DPO�HVSBUJPO �MF UIBU JT TIPXO JO 'JHVSF

��� VTFT UXP FRVBMMZ TRVFF[FE JOQVU TUBUFT GPS UIF GVOEBNFOUBM NPEF BOE B TJOHMF

TRVFF[FE TUBUF GPS UIF IBSNPOJD NPEF UP JOWFTUJHBUF UIF HFOFSBUJPO PG T�DMBTT BOE

W�DMBTT FOUBOHMFE TUBUFT PG MJHIU SFTQFDUJWFMZ <��>� ©FTF TUBUFT PG MJHIU BSF QSPEVDFE

CZ JOUFSGFSJOH B TRVFF[FE TUBUF XJUI FJUIFS B WBDVVN TUBUF 	W�DMBTT
 PS XJUI BOPUIFS

TRVFF[FE TUBUF 	T�DMBTT
 PO B CFBNTQMJ�FS� /PUF UIBU UIF T�DMBTT FOUBOHMFNFOU SF�

RVJSFT UIF PSUIPHPOBM PSJFOUBUJPO PG UIF TRVFF[JOH FMMJQTFT XIJ� JT B�JFWFE CZ UIF

TRVFF[JOH BOHMF θ = 0.5π GPS POF PG UIF GVOEBNFOUBM JOQVU NPEFT� ©F NJSSPS

NJNJDT B ����� CFBNTQMJ�FS BOE UIF IPNPEZOF BOHMF JT TDBOOFE� ©F FOUBOHMFNFOU

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

���

��

��

��

��

��

�� ��� ��� ��� ��� ����

	

�

��
�

��
��

��
�

��������

�����������
�����������
�����������

'JHVSF ����� *O�VFODF PG MPTTFT UP B TRVFF[FE TUBUF�

Laser {

Port 1 { Xp = {-3.0, -3.0}}

Port 2 {

� Xp = {-3.0}

theta = {0.5}

}

}

�� Cavity { Mirror 1 { R = {0.5, 0.5}}}

Plot {

scan = "homodyne angle"

y = "entanglement"

�� range = {0, 2}

}

'JHVSF ����� /�-�$�4� DPO�HVSBUJPO �MF GPS TJNVMBUJOH UIF FOUBOHMFNFOU BU B

CFBNTQMJ�FS�

��
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'JHVSF ����� &OUBOHMFNFOU BU B CFBN TQMJ�FS� 5P HFOFSBUF W�DMBTT FOUBOHMFNFOU

B TRVFF[FE TUBUF JOUFSGFSFT XJUI B WBDVVN TUBUF BU UIF CFBN TQMJ�FS

XIFSFBT T�DMBTT FOUBOHMFNFOU JT DSFBUFE CZ PSUIPHPOBMMZ PWFSMBQQJOH

UXP TRVFF[FE TUBUFT XJUI UIF TBNF BNPVOU PG TRVFF[JOH�

JT B QSPQFSUZ PG UIF TUBUF BOE PG DPVSTF EPFT OPU EFQFOE PO UIF IPNPEZOF BOHMF CVU

TJODF /�-�$�4� EPFT OPU TVQQPSU UP TDBO UIF TRVFF[JOH PG UIF JOQVU TUBUF EJSFDUMZ B

1ZUIPO TDSJQU XBT VTFE UP SFQFBUFEMZ SVO /�-�$�4� XJUI BO BMUFSOBUJOH DPO�HVSBUJPO

�MF BOE UP QBSTF UIF FOUBOHMFNFOU GSPN UIF SFTVMUT 	TFF "QQFOEJY "��
� 'JHVSF ���

TIPXT UIF SFTVMUJOH FOUBOHMFNFOU BU B CFBN TQMJ�FS GPS UIF W�DMBTT BOE T�DMBTT� 'PS

UIF W�DMBTT FOUBOHMFNFOU B TRVFF[JOH MFWFM PG −9 E# MFBET UP B MPHBSJUINJD OFHBUJW�

JUZ PG EN ≈ 1� ©F T�DMBTT FOUBOHMFNFOU JT FYBDUMZ UXJDF UIF W�DMBTT FOUBOHMFNFOU�

4JODF UIJT NFBTVSF JT MJOFBS PO UIF MPHBSJUINJD TRVFF[JOH TDBMF UIF FOUBOHMFNFOU BU

B CFBN TQMJ�FS QSPWJEFT B VTFGVM SVMF PG UIVNC XIFO DPNQBSJOH UIF FOUBOHMFNFOU

TUSFOHUI JO PUIFS TDFOBSJPT�

������ 3FTPOBUPST XJUIPVU OPO�MJOFBS NBUFSJBMT

"T MPOH BT SBEJBUJPO QSFTTVSF OPJTF DBO CF OFHMFDUFE BO FNQUZ DBWJUZ DBO OPU CF
VTFE UP QSPEVDF TRVFF[JOH JUTFMG CVU JU DBO CF VUJMJ[FE UP HFOFSBUF GSFRVFODZ EFQFO�
EFOU TRVFF[FE TUBUFT PG MJHIU� ©FTF TUBUFT BSF OFDFTTBSZ GPS JNQSPWJOH HSBWJUBUJPOBM
XBWF EFUFDUPST MJLF (&0 600 PWFS UIF XIPMF EFUFDUJPO CBOE <��>� 'PS MPX GSFRVFO�
DJFT UIF SBEJBUJPO QSFTTVSF OPJTF IBT UP CF SFEVDFE JO PSEFS UP JNQSPWF UIF TFOTJUJWJUZ
XIFSFBT GPS IJHI GSFRVFODJFT UIF MBTFS QPXFS IBT UP CF SBJTFE JO PSEFS UP SFEVDF UIF

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

TIPU OPJTF� ©JT NFBOT UIBU UIF BNQMJUVEF RVBESBUVSF IBT UP CF TRVFF[FE JO UIF MPX
GSFRVFODZ SBOHF XIFSFBT JU IBT UP CF BOUJ�TRVFF[FE GPS UIF IJHI GSFRVFODZ QBSU PG
UIF EFUFDUJPO CBOE� ©JT JT B�JFWFE CZ SF�FDUJOH B TRVFF[FE TUBUF P~ B EFUVOFE
�MUFS DBWJUZ XJUI UIF F~FDU UIBU UIF TRVFF[JOH FMMJQTF XJMM TIPX B GSFRVFODZ EFQFO�
EFOU SPUBUJPO JO QIBTF TQBDF� ©F DPO�HVSBUJPO �MF GPS TJNVMBUJOH UIJT TDFOBSJP XJUI
/�-�$�4� SFBET

Laser {

lambda = {1064e-9, 1064e-9, 1064e-9}

� Port 1 {

P = {70e-6, 70e-6, 70e-6}

Xp = {-3.0, -3.0, -3.0}

}

}

��

Cavity {

delta = {26.866e-9,26.866e-9,26.866e-9}

FSR = 3e8

�� Mirror 1 { R = {0.97, 0.97, 0.97}}

Mirror 2 { R = {1.0, 1.0, 1.0}}

}

Homo 1 { theta = {0.0, 0.25, 0.5}}

��

Plot {

scan = "frequency"

y = "squeezing"

range = {12e6, 18e6}

�� }

'JHVSF ��� TIPXT UIF SF�FDUJPO PG B −3 E# TRVFF[FE TUBUF BU B �MUFS DBWJUZ� ©F

DBSSJFS XBT EFUVOFE UP BCPVU �� .)[ BOE UIF GSFRVFODZ EFQFOEFOU TRVFF[JOH GPS

UISFF EJ~FSFOU IPNPEZOF BOHMFT JT TIPXO� ©F WBMVFT XFSF UBLFO GSPN UIF QBQFS CZ

$IFMLPXTLJ FU BM� <��>�

������ 4RVFF[JOH JO TFDPOE IBSNPOJD HFOFSBUJPO

4JOHMF FOEFE SFTPOBUPST DPOUBJOJOH B QIBTF NBU�FE OPO�MJOFBS DSZTUBM BSF SPVUJOFMZ

VTFE UP QSPEVDF UIF TFDPOE IBSNPOJD PG BO PQUJDBM �FME� ©F DPOWFSTJPO F�DJFODZ

PG TV� B TFDPOE IBSNPOJD HFOFSBUPS 	4)(
 EFQFOEJOH PO UIF GVOEBNFOUBM QVNQ

QPXFS JT TIPXO JO 'JHVSF ����� ©F NBYJNVN PG UIJT DVSWF JT EVF UP UIF JNQFEBODF

NBU�JOH PG UIF SFTPOBUPS� 8JUIPVU UIF DPOWFSTJPO UIF SFTPOBUPS JT PWFSDPVQMFE

BOE EVF UP UIF DPOWFSTJPO MPTT PO UIF GVOEBNFOUBM NPEF JU CFDPNFT JNQFEBODF

NBU�FE� "U UIJT QPJOU UIF DPNQMFUF JOQVU QPXFS FOUFST UIF DBWJUZ BOE UIFSFGPSF

��
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'JHVSF ����� 4RVFF[JOH JO SF�FDUJPO PG B EFUVOFE �MUFS DBWJUZ� ©F JOQVU TUBUF XBT

BNQMJUVEF TRVFF[FE UP −3 E# BOE UIF EFUVOJOH PG UIF DBWJUZ XBT BQ�

QSPYJNBUFMZ 15.)[� ©F DVSWFT TIPX UIF WBSJBODF PG UIF BNQMJUVEF

RVBESBUVSF 	θ = 0
 UIF QIBTF RVBESBUVSF 	θ = 0.5π
 BOE UIF RVBESB�

UVSF BU θ = 0.25π�

��
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'JHVSF ������ $POWFSTJPO F�DJFODZ GSPN B TFDPOE IBSNPOJD HFOFSBUPS EFQFOEJOH PO

UIF GVOEBNFOUBM QVNQ QPXFS� ©F NBYJNVN DPOWFSTJPO F�DJFODZ PD�

DVST XIFO UIF SFTPOBUPS JT JNQFEBODF NBU�FE�

QFSGFDU DPOWFSTJPO DBO CF B�JFWFE� 'PS FWFO IJHIFS JOQVU QPXFST UIF TJOHMF�QBTT

JOUFSBDUJPO MFBET UP IJHIFS MPTTFT BOE UIVT UIF SFTPOBUPS CFDPNFT VOEFSDPVQMFE XJUI

UIF F~FDU UIBU UIF DPOWFSTJPO F�DJFODZ EFDSFBTFT�

*O 'JHVSF ���� UIF DPSSFTQPOEJOH BNQMJUVEF TRVFF[JOH GPS CPUI UIF GVOEBNFOUBM

BOE IBSNPOJD NPEF JT QMP�FE BHBJOTU UIF DPOWFSTJPO F�DJFODZ� ©JT QMPU IBT CFFO

HFOFSBUFE CZ TDBOOJOH UIF GVOEBNFOUBM JOQVU QPXFS� 8IFSFBT POMZ B NBYJNVN

BNPVOU PG −1.76 E# 	2/3 JO WBSJBODF
 PG GVOEBNFOUBM TRVFF[JOH DBO CF B�JFWFE

UIF TRVFF[JOH PG UIF IBSNPOJD NPEF HSPXT GVSUIFS GPS JODSFBTJOH JOQVU QPXFST� ©JT

SFTVMU XBT BMTP DPO�SNFE CZ .BFEB BOE ,JLV�J <��>� /PUF UIBU UIF IBSNPOJD NPEF

JT TRVFF[FE CZ −3 E#XIFO UIF DBWJUZ JT JNQFEBODFNBU�FE� ©JT DPSSFTQPOET UP UIF

TJOHMF�QBTT JOUFSBDUJPO XIFSF JU XBT TIPXO <��> UIBU UIF TRVFF[JOH PG UIF IBSNPOJD

NPEF BTZNQUPUJDBMMZ SFB�FT −3 E# BT UIF DPOWFSTJPO F�DJFODZ HPFT UP 100��

©F DPSSFTQPOEJOH FOUBOHMFNFOU PG UIF IBSNPOJD BOE GVOEBNFOUBM �FME JT TIPXO

JO 'JHVSF ����� "U QFSGFDU DPOWFSTJPO UIF FOUBOHMFNFOU BNPVOUT UP EN = 2/3XIJ�

DPSSFTQPOET UP BO T�DMBTT FOUBOHMFNFOU VTJOH �� E# TRVFF[FE TUBUFT� ©F NBYJNVN

FOUBOHMFNFOU PDDVST BU IJHIFS JOQVU QPXFST UIBO GPS UIF JNQFEBODF NBU�FE DBTF�

��
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'JHVSF ������ 4RVFF[JOH BT QSPEVDFE CZ B TFDPOE IBSNPOJD HFOFSBUPS EFQFOEJOH PO

UIF DPOWFSTJPO F�DJFODZ� "U QFSGFDU DPOWFSTJPO UIF TFDPOE IBSNPOJD

NPEF JT TRVFF[FE CZ −3 E#� ©F QMPU XBT HFOFSBUFE CZ TDBOOJOH UIF

GVOEBNFOUBM JOQVU QPXFS�

��
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'JHVSF ������ &OUBOHMFNFOU PG UIF GVOEBNFOUBM BOE IBSNPOJD NPEF EFQFOEJOH PO

UIF DPOWFSTJPO F�DJFODZ PG BO 4)(� ©F NBYJNVN BNPVOU JT SFB�FE

TMJHIUMZ B�FS UIF QPJOU PG QFSGFDU DPOWFSTJPO� ©F QMPU XBT HFOFSBUFE CZ

TDBOOJOH UIF GVOEBNFOUBM JOQVU QPXFS�

��



���� .PEFMMJOH EJ´FSFOU SFHJNFT

Laser {

gaussian = false

w0 = 25e-6

�

Port 1 { P = {0.0, 0.1}}

}

Cavity {

�� Mirror 1 { R = {0.92}}

Mirror 2 { R = {1.0, 1.0}}

Crystal 1 {

�� n = 2.2

L = 6.5e-3

chi = 6e-12

}

}

��

Homo 1 { theta = {0.5, 0.5}}

Plot {

scan = "harmonic power"

�� y = "squeezing"

range = {0.0, 0.5}

}

'JHVSF ������ /�-�$�4� DPO�HVSBUJPO �MF GPS TJNVMBUJOH BO 010�

������ 0QUJDBM QBSBNFUSJD PTDJMMBUJPO CFMPX BOE BCPWF UISFTIPME

©F EFTDSJQUJPO PG BO PQUJDBM QBSBNFUSJD PTDJMMBUPS 	010
 JO UIJT 4FDUJPO JT QFSGPSNFE

CZ VTJOH UIF DPO�HVSBUJPO �MF TIPXO JO 'JHVSF ����� XIJ� EFTDSJCFT B TJOHMF�FOEFE

SFTPOBUPS GPS UIF GVOEBNFOUBM NPEF XIFSF UIF IBSNPOJD QVNQ �FME JT EPVCMF�

QBTTJOH UIF OPO�MJOFBS NBUFSJBM� ©F QVNQ QPXFS JT TDBOOFE XJUIJO B SBOHF PG

BQQSPYJNBUFMZ UXP UJNFT UIF UISFTIPME QPXFS XIJ� BNPVOUT UP PUI ≈ 225N8

JO UIJT DBTF� ©F IPNPEZOF EFUFDUPS MPPLT BU UIF QIBTF RVBESBUVSF PG FB� NPEF

XIJ� JT BMTP UIF RVBESBUVSF XIFSF UIF IJHIFTU OPJTF TVQQSFTTJPO PDDVST�

'PS 010 CFMPX JUT UISFTIPME UIF TFU PG OPO�MJOFBS FRVBUJPOT EFDPVQMFT BOE BO BO�

BMZUJDBM FYQSFTTJPO GPS UIF WBSJBODF PG UIF BNQMJUVEF 	V+
 BOE QIBTF 	V −
 RVBESB�

UVSFT EFQFOEJOH POMZ PO UIF SBUJP x =
√

P/PUI DBO CF HJWFO� )FSF P JT UIF QPXFS

PG UIF IBSNPOJD JOQVU �FME BOE PUI JT UIF UISFTIPME QPXFS BCPWF XIJ� B CSJHIU

��
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'JHVSF ������ 4RVFF[JOH PG UIF QIBTF RVBESBUVSF GSPN BO 010 DBWJUZ� #FMPX UIF

UISFTIPME POMZ UIF GVOEBNFOUBM NPEF HFUT TRVFF[FE XIFSFBT CPUI

NPEFT BSF TRVFF[FE BCPWF UISFTIPME� ©F MJNJUFE BNPVOU PG TRVFF[�

JOH JT EVF UP UIF SFTPMVUJPO PG UIF Y BYJT�

GVOEBNFOUBM �FME JT QSPEVDFE� ©F TPMVUJPO JT HJWFO CZ <��>

V − = 1 − 4x

(1 + x)2
, V+ =

1

V − . 	����


'JHVSF ���� TIPXT UIF WBSJBODF PG UIF QIBTF RVBESBUVSF GPS UIF GVOEBNFOUBM BOE IBS�

NPOJD �FME EFQFOEJOH PO UIF QVNQ QPXFS� #FMPX UIF UISFTIPME POMZ UIF GVOEBNFO�

UBM NPEF JT TRVFF[FE XIFSFBT BCPWF UISFTIPME UIF IBSNPOJD NPEF HFUT TRVFF[FE BT

XFMM JO QIBTF BOE UIF WBSJBODF PG UIF GVOEBNFOUBM SBJTFT BHBJO� 8IFSFBT CPUI NPEFT

BSF QVSF TUBUFT CFMPX UIF PTDJMMBUJPO UISFTIPME UIF QVSJUZ TVEEFOMZ ESPQT BT TPPO BT

UIF UISFTIPME IBT CFFO SFB�FE BOE UIFSFB�FS SFUVSOJOH UP B QVSF TUBUF BHBJO� ©F

FOUBOHMFNFOU SFWFBMT UIBU CPUI NPEFT BSF DPSSFMBUFE BCPWF UISFTIPME� ©JT CFIBWJPS

JT EFQJDUFE JO 'JHVSF ���� XIFSF UIF QVSJUZ JT QMP�FE PO UIF MF� BOE UIF FOUBOHMFNFOU

CFUXFFO UIF GVOEBNFOUBM BOE IBSNPOJD NPEF PO UIF SJHIU BYJT�

������ ,FSS TRVFF[JOH

"MUIPVHI /�-�$�4� JT CBTFE PO B TFDPOE PSEFS OPO�MJOFBS JOUFSBDUJPO JU DBO BMTP CF

VTFE UP TUVEZ UIF ,FSS�F~FDU CZ VTJOH UIF NFUIPE PG DBTDBEFE OPO�MJOFBSJUJFT BT TVH�

HFTUFE JO <��>� #Z UVOJOH UIF QIBTF NJTNBU� JU JT QPTTJCMF UP HFOFSBUF BO F~FDUJWF

��
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'JHVSF ������ ©F QVSJUZ 	MF� BYJT
 BOE FOUBOHMFNFOU 	SJHIU BYJT
 PG UIF PVUQVU NPEFT

GSPN BO 010 DBWJUZ BCPWF UISFTIPME� #FMPX UISFTIPME UIF TFU PG FRVB�

UJPOT EFDPVQMFT BOE UIFSFGPSF OP FOUBOHMFNFOU DBO CF PCTFSWFE�

UIJSE PSEFS OPO�MJOFBSJUZ XIJ� DBVTFT BO PQUJDBM ,FSS�F~FDU  J�F� BO JOUFOTJUZ EFQFO�

EFOU QIBTF TIJ� PG UIF GVOEBNFOUBM NPEF� "O BQQSPYJNBUF USFBUNFOU PG UIJT F~FDU

DBO CF GPVOE JO <��>� 5P TJNVMBUF UIF TRVFF[JOH TQFDUSVN GSPN B ,FSS OPO�MJOFBS

DBWJUZ VTJOH /�-�$�4� SFRVJSFT UIF GPMMPXJOH TUFQT

�� 5VOF UIF UFNQFSBUVSF UP UIF �STU DPOWFSTJPO NJOJNVN�

�� "EKVTU UIF DBWJUZ EFUVOJOH UP UIF PQFSBUJOH QPJOU�

�� 1MPU UIF TRVFF[JOH TQFDUSVN�

©F JOUFOTJUZ EFQFOEFOU QIBTF PG UIF GVOEBNFOUBM NPEF JT WJTJCMF XIFOFWFS UIF

QIBTF NJTNBU� JT OPU QFSGFDU� )PXFWFS VOMFTT UIF DPOWFSTJPO F�DJFODZ JT OPU

NJOJNBM UIF GVOEBNFOUBM NPEF XJMM HBJO MPTTFT UIBU XJMM EFHSBEF UIF TRVFF[JOH�

©FSFGPSF UIF QIBTF NJTNBU� IBT UP CF UVOFE UP UIF �STU DPOWFSTJPO NJOJNVN JO

PSEFS UP B�JFWF UIF TUSPOHFTU F~FDUJWF UIJSE PSEFS OPO�MJOFBSJUZ� #FDBVTF PG UIF

XBJTU TJ[F EFQFOEFODF PG UIF DPOWFSTJPO NJOJNB 	TFF 4FDUJPO �����
 UIF �STU UIJOH JT

UP QMPU UIF DPOWFSTJPO F�DJFODZ BHBJOTU UIF QIBTF NJTNBU� VOMFTT QMBOF XBWFT BSF

VTFE JO UIF TJNVMBUJPO� ©F DPO�HVSBUJPO �MF UIBU JT TIPXO JO 'JHVSF ���� XBT VTFE

UP QSPEVDF UIF DVSWF JO 'JHVSF ����� *O UIJT TFUVQ UIF NJSSPST IBWF OP SF�FDUJWJUZ

GPS UIF IBSNPOJD NPEF BOE UIFSFGPSF UIJT �FME MFBWFT UIF SFTPOBUPS TZNNFUSJDBMMZ

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

Laser {

w0 = 28e-6

� Port 1 { P = {0.7}}

}

Cavity {

type = linear

��

Mirror 1 { R = {0.983}}

Mirror 2 { R = {0.999999}}

Crystal 1 {

�� L = 6.5e-3

n = 2.223

chi = 2.4e-12

}

}

��

Plot {

scan = "phase mismatch"

y = "conversion efficiency"

range = {-3, 3}

�� }

'JHVSF ������ /�-�$�4� DPO�HVSBUJPO �MF GPS TJNVMBUJOH B ,FSS OPO�MJOFBS DBWJUZ�

��
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'JHVSF ������ 0QFSBUJOH QPJOUT 	01
 GPS B�JFWJOH UIF CJHHFTU DBTDBEFE OPO�MJOFBSJUZ�

6OMFTT QMBOF XBWFT BSF VTFE UIF PQFSBUJOH QPJOUT EFQFOE PO UIF XBJTU

TJ[F PG UIF GVOEBNFOUBM NPEF BOE IFODF EJ~FS GSPN UIF QMBOF XBWF

WBMVF PG ±π�

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

UP CPUI PVUQVU QPSUT� ©JT XBT �PTFO UP TJNQMJGZ UIF JOUFSBDUJPO TJODF B EPVCMF�

QBTT GPS UIF IBSNPOJD NPEF XPVME MFBE UP BO JOUFSGFSFODF F~FDU UIBU JT EJTDVTTFE JO

4FDUJPO ����

"�FS UIF QIBTF NJTNBU� IBT CFFO UVOFE UP FJUIFS POF PG UIF PQFSBUJOH QPJOUT

01 � PS 01 � UIF SFTPOBUPS IBT UP CF TDBOOFE UP QSPEVDF BO "JSZ QFBL� ©FSFGPSF

UIF DPO�HVSBUJPO �MF JT�BOHFE UP JODMVEF UIF GPMMPXJOH MJOFT GPS UIF QIBTFNJTNBU�

Crystal 1 {

dk = -0.82 # (OP 1)

#dk = 1.22 # (OP 2)

}

BOE UIF OFX QMPU PQUJPOT

Plot {

scan = "detuning"

y = "power"

range = {-2e-9, 2e-9}

}

©F QFBLT PG UIF GVOEBNFOUBM NPEF UIBU JT QSPEVDFE JO USBOTNJTTJPO PG UIF SFTPOBUPS

GPS CPUI PQFSBUJOH QPJOUT BSF TIPXO JO 'JHVSF ����� ©F "JSZ QFBLT PG B ,FSS OPO�

MJOFBS DBWJUZ BSF �JQQFE XIFO �BOHJOH UIF PQFSBUJOH QPJOU CVU TUJMM TDBOOJOH UIF

SFTPOBUPS JO UIF TBNF EJSFDUJPO XIJ� JT �BSBDUFSJTUJD GPS UIJT F~FDU� ©JT JT EVF UP

UIF TJHO �BOHF PG UIF QIBTF NJTNBU� XIJ� F~FDUJWFMZ TIPSUFOT PS MFOHUIFOT UIF

PQUJDBM QBUI GPS UIF GVOEBNFOUBM NPEF� ©F TRVFF[JOH PG UIF GVOEBNFOUBM NPEF JO

SF�FDUJPO PG UIF TDBOOFE SFTPOBUPS JT EFQJDUFE JO 'JHVSF ����� ©F IPNPEZOF EFUFDUPS

XBT PQFSBUFE UP BMXBZT �OE UIF NBYJNBM TRVFF[JOH CZ TQFDJGZJOH

Homo 1 { optimize = true}

JO UIF DPO�HVSBUJPO �MF� ©F F~FDU PG UIJT BSHVNFOU JT UIBU B QSJODJQBM BYJT USBOTGPS�

NBUJPO PG UIF TRVFF[JOH FMMJQTF JO QIBTF TQBDF JT QFSGPSNFE SFTVMUJOH JO UIF NJOJNBM

WBSJBODF PG UIF RVBOUVN TUBUF BT XFMM BT UIF RVBESBUVSF BOHMF VOEFS XIJ� UIJT PQ�

UJNBM TRVFF[JOH PDDVST� ©F NBYJNBM TRVFF[JOH JT QSPEVDFE GPS UIF TUFFQFTU TMPQF

PG UIF "JSZ QFBL� *O UIJT DBTF UIF BNQMJUVEF RVBESBUVSF PG UIF GVOEBNFOUBM NPEF JT

TRVFF[FE�

'JOBMMZ UIF TRVFF[JOH TQFDUSB GPS UIF BNQMJUVEF RVBESBUVSF PG UIF GVOEBNFOUBM

NPEF BOE EJ~FSFOU EFUVOJOHT BSF TIPXO JO 'JHVSF ����� *O PSEFS UP QSPEVDF UIF

TQFDUSVN UIF DPO�HVSBUJPO �MF XBT FYUFOEFE UP JODMVEF UIF DBWJUJFT GSFF TQFDUSBM

SBOHF

Cavity {

FSR = 2.455e9

}

��
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'JHVSF ������ %FGPSNFE "JSZ QFBLT GSPN B ,FSS SFTPOBUPS� ©F PQFSBUJOH QPJOUT DPS�

SFTQPOE UP UIF OFHBUJWF QIBTF NJTNBU� 	01 �
 BOE UIF QPTJUJWF QIBTF

NJTNBU� 	01 �
� ©F NJSSPSFE QFBLT BU UIF UXP PQFSBUJOH QPJOUT BSF

�BSBDUFSJTUJD GPS BO PQUJDBM ,FSS OPO�MJOFBSJUZ�

��
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'JHVSF ������ 4RVFF[JOH PG UIF GVOEBNFOUBM NPEF JO SF�FDUJPO PG B ,FSS OPO�MJOFBS

SFTPOBUPS EFQFOEJOH PO UIF SFTPOBUPS EFUVOJOH� ©F QMPU TIPXT UIF

PQUJNBMMZ TRVFF[FE RVBESBUVSF UPHFUIFS XJUI JUT BOHMF� 'PS UIF TUFFQFTU

TMPQF PG UIF "JSZ QFBL UIF BNQMJUVEF RVBESBUVSF JT TRVFF[FE�

��
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'JHVSF ������ 4RVFF[JOH TQFDUSB PG UIF BNQMJUVEF RVBESBUVSF GSPN B ,FSS DBWJUZ GPS

EJ~FSFOU EFUVOJOHT� "U UIF TUFFQFTU TMPQF PG UIF "JSZ QFBL 	ξ = 75�


UIF NBYJNVN BNPVOU PG TRVFF[JOH JT QSPEVDFE�

)FSF BMM EFUVOJOHT DPSSFTQPOE UP UIF TUFFQFS TMPQF PG UIF "JSZ QFBL� ©F EFUVOJOH

ξ = PUSBOT/PNBY JT HJWFO CZ UIF SBUJP CFUXFFO UIF USBOTNJ�FE QPXFS PUSBOT OPSNBM�

J[FE UP UIF NBYJNBM QPXFS PNBY UIBU JT USBOTNJ�FE� ©JT JT VTFGVM TJODF UIF TUFFQFTU

TMPQF BMXBZT CFMPOHT UP B WBMVF PG ξ = 0.75 	TFF "QQFOEJY #
� 'PS UIJT WBMVF UIF

TUSPOHFTU TRVFF[JOH JT B�JFWFE BU %$ XIJMF GPS PUIFS EFUVOJOHT UIF TRVFF[JOH JT

XFBLFS BOE PDDVST BU EJ~FSFOU TJEFCBOE GSFRVFODJFT�

���� &SSPS FTUJNBUJPO

"T TBJE CFGPSF UIF DPVQMFE TFU PG OPO�MJOFBS FRVBUJPOT XBT MJOFBSJ[FE JO PSEFS UP

DBMDVMBUF UIF RVBOUVN NF�BOJDBM �VDUVBUJPOT CZ VTJOH UIF NBUSJY GPSNBMJTN� 5P

�OE PVU JO XIJ� DBTFT UIJT BTTVNQUJPO JT WBMJE UIF UFSNT UIBU XFSF OFHMFDUFE DBO

OPX CF DBMDVMBUFE VTJOH UIF USBOTGFS NBUSJDFT UIBU XFSF EFSJWFE JO 4FDUJPO ������

*U JT UIFO OFDFTTBSZ UIBU UIFTF UFSNT BSF TNBMM DPNQBSFE UP UIF PUIFS UFSNT JO UIF

FRVBUJPOT�

©F RVBOUJ[BUJPO JT EPOF CZ NBLJOH UIF FRVBUJPOT TZNNFUSJD BOE UIFO SFQMBDJOH

FB� �FME CZ JUT BOOJIJMBUJPO PS DSFBUJPO PQFSBUPS� /FHMFDUJOH UIF BCTPSQUJPO UIJT

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

QSPDFEVSF ZJFMET UIF GPMMPXJOH SFMBUJPOT

∂zâs = −ıκ(λs)f(z)
1

2
(â

†
i âb + âbâ

†
i ) , 	����


∂zâi = −ıκ(λi)f(z)
1

2
(â†

s âb + âbâ†
s ) , 	����


∂zâb = −ıκ(λb)f
∗(z)

1

2
(âsâi + âiâs) . 	����


*G XF BHBJO TQMJU UIF �FMET JOUP UIF NFBO WBMVF BOE UIF �VDUVBUJPO BOE UIFO UBLF UIF

FYQFDUBUJPO WBMVF PG UIF BCPWF FRVBUJPOT XF FOE VQ XJUI

∂zAs = −ıκ(λs)f(z)(A
∗
i Ab +

1

2
〈δâ

†
i δâb + δâbδâ

†
i 〉) , 	����


∂zAi = −ıκ(λi)f(z)(A
∗
sAb +

1

2
〈δâ†

s δâb + δâbδâ†
s 〉) , 	����


∂zAb = −ıκ(λb)f
∗(z)(AiAs +

1

2
〈δâsδâi + δâiδâs〉) . 	����


)FSF UIF DBQJUBM MF�FST DPSSFTQPOE UP UIF NFBO WBMVFT PG UIF �FMET XIFSFBT UIF δ

UFSNT EFTDSJCF UIF RVBOUVN NF�BOJDBM �VDUVBUJPOT� 4VCUSBDUJOH UIFTF NFBO �FME

FRVBUJPOT GSPN UIF PSJHJOBM FRVBUJPOT SFTVMUT JO UIF TFU PG FRVBUJPOT UIBU XFSF VTFE

UP EFWFMPQ UIF NBUSJY GPSNBMJTN JO 4FDUJPO ������ ©JT TIPXT UIBU EVSJOH UIF MJO�

FBSJ[BUJPO XF BTTVNFE UIF GPMMPXJOH

1

2
|〈δâ

†
i δâb + δâbδâ

†
i 〉| ≪ |A∗

i Ab| , 	����


1

2
|〈δâ†

s δâb + δâbδâ†
s 〉| ≪ |A∗

sAb| , 	����


1

2
|〈δâiδâs + δâsδâi〉| ≪ |AsAi| . 	����


/�-�$�4� DBMDVMBUFT FYBDUMZ UIFTF FYQFDUBUJPO WBMVFT PO UIF MF� IBOE TJEF VTJOH UIF

MJOFBSJ[FE TUFBEZ TUBUF TPMVUJPO GPS UIF RVBOUVN NF�BOJDBM �VDUVBUJPOT BOE EJWJEFT

UIFTF CZ UIF SJHIU IBOE TJEF PG UIF BCPWF JOFRVBMJUJFT� ©F SFTVMUJOH RVBOUJUJFT IBWF

UIFO UP CF TNBMM DPNQBSFE UP POF� ©JT FSSPS FTUJNBUJPO DBO CF QMP�FE CZ TQFDJGZJOH

Plot {

y = "error"

}

JOTJEF UIF DPO�HVSBUJPO �MF GPS /�-�$�4�� .BUIFNBUJDBMMZ UIF FYQFDUBUJPO WBMVFT BSF

HJWFO CZ UIF SFMBUJPO

〈δŝkδŝl〉 =
∑

i

(

Tiγ
′
iT

T
i

)

kl
, 	����


��
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'JHVSF ������ 'PS QFSGFDU QIBTF NBU�JOH UIF MJOFBSJ[BUJPO PG UIF RVBOUVN �VDUVB�

UJPOT JT JOWBMJE JO DBTF PG UIF 010 DBWJUZ OFBS UP JUT UISFTIPME� ©F

MJOFBSJ[BUJPO JT WBMJE JG UIF DVSWF JT XFMM CFMPX POF�

XIFSF UIF TVN JT UBLFO PWFS BMM JOQVU QPSUT BOE Ti JT UIF USBOTGFS NBUSJY GSPN JOQVU i

UP UIF JOUSB�DBWJUZ �FME c� ©F NBUSJY γ′
i = (MT γM+K )/4 JT BHBJO UIF USBOTGPSNFE

DPWBSJBODF NBUSJY BOE δŝ JT UIF TUBUF WFDUPS UIBU XBT BMTP EF�OFE JO &RVBUJPO �����

*U UVSOT PVU UIBU UIF MJOFBSJ[BUJPO JT POMZ JOWBMJE JO UIF DBTF PG BO PQUJDBM QBSBNFUSJD

PTDJMMBUPS OFBS UISFTIPME BT TIPXO JO 'JHVSF ����� ©F CJHHFTU DPSSFDUJPO UFSN ∆/-

TIPXT VQ GPS UIF DBMDVMBUJPO PG UIF IBSNPOJD NPEF� "T TIPXO CZ $IBUVSWFEJ FU BM�

<��> UIJT TZTUFN JT XFMM EFTDSJCFE CZ B TFNJ�DMBTTJDBM NFUIPE BOE DBO UIFSFGPSF POMZ

HFOFSBUF (BVTTJBO TUBUFT PG MJHIU�

���� *OnVFODF PG UIF (PVZ QIBTF TIJGU

*O UIJT 4FDUJPO UIF JO�VFODF PG UIF (PVZ QIBTF TIJ� PO UIF OPO�MJOFBS JOUFSBDUJPO

JT JOWFTUJHBUFE� ©JT JT IFMQGVM UP HFU B QIZTJDBM JOUFSQSFUBUJPO PG UIF OVNFSJDBM TJN�

VMBUJPO UIBU XBT EFTDSJCFE JO UIF QSFWJPVT 4FDUJPOT� #PZE BOE ,MFJONBO GPVOE <�>

UIBU UIF NBYJNVN OPO�MJOFBS DPVQMJOH CFUXFFO UXP (BVTTJBO CFBNT PG GVOEBNFO�

UBM 	TVCTDSJQU �
 BOE TFDPOE IBSNPOJD 	TVCTDSJQU �
 XBWFT JT B�JFWFE GPS B QPTJUJWF

XBWF WFDUPS NJTNBU�∆k = 2k1−k2 > 0� *U XBT GVSUIFS TIPXO UIBU UIJT NJTNBU�

JODSFBTFT XJUI EFDSFBTJOH XBJTU TJ[F PG UIF CFBN� 'PS B TJOHMF�QBTT UISPVHI B OPO�

MJOFBS DSZTUBM PG MFOHUI L UIFZ OVNFSJDBMMZ GPVOE UIF PQUJNBM GPDVTJOH QBSBNFUFS

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

HJWFO CZ UIF SFMBUJPO

ξ :=
L

2zR
≈ 2.84 , 	����


XIFSF zR = πw2
0n1/λ JT UIF 3BZMFJHI SBOHF PG UIF CFBNT JOTJEF UIF DSZTUBM BOE w0

n1 BOE λ BSF UIF CFBN\T XBJTU SBEJVT SFGSBDUJWF JOEFY BOE XBWFMFOHUI SFTQFDUJWFMZ�

©F RVBOUJUZ ξ JT BMTP DBMMFE UIF #PZE�,MFJONBO GBDUPS�

'JSTU * XJMM TIPX UIBU UIJT #PZE�,MFJONBO GBDUPS JT B DPOTFRVFODF PG NBYJNJ[JOH

UIF JOUFOTJUZ PG UIF NFBO QVNQ �FME JOTJEF UIF OPO�MJOFBS NFEJVN VOEFS UIF DPO�

TUSBJOU PG UIF (PVZ QIBTF TIJ�� 8JUI UIJT LOPXMFEHF JU JT QPTTJCMF UP B�JFWF BO FWFO

IJHIFS OPO�MJOFBS JOUFSBDUJPO CZ VTJOH B QPTJUJPO EFQFOEFOU JOEFY PG SFGSBDUJPO UP

DPNQFOTBUF UIF JO�VFODF PG UIF (PVZ QIBTF TIJ�� *U JT GVSUIFS TIPXO UIBU UIJT F~FDU

IBT B TJHOJ�DBOU JO�VFODF PO UIF DPVQMJOH PG UIF XBWFT XIFO B SFTPOBUPS JT VTFE UP

FOIBODF UIF OPO�MJOFBSJUZ�

-FU NF SFDBMM UIF DPVQMFE EJ~FSFOUJBM FRVBUJPOT 	TFF &R� ���
 GPS B TJOHMF�QBTT

UISPVHI B χ(2) OPO�MJOFBS DSZTUBM JO UIF DBTF PG EFHFOFSBUF GVOEBNFOUBM GSFRVFO�

DJFT BOE XJUIPVU BCTPSQUJPO

∂zA = −ıg(z)A∗B , 	����


∂zB = −2ıg∗(z)A2 , 	����


g(z) = κ
e−ı∆kz

1 − ı z−z0
zR

=
w0

w(z)
e−ı(∆kz+∆φ(z)) , 	����


XIFSF A BOE B BSF UIF DPNQMFY �FME BNQMJUVEFT GPS UIF GVOEBNFOUBM BOE IBSNPOJD

NPEF SFTQFDUJWFMZ� "HBJO κ JT UIF OPO�MJOFBSJUZ PG UIF NBUFSJBM zR JT UIF 3BZMFJHI

SBOHF PG UIF NPEFT BOE z0 JT UIF XBJTU QPTJUJPO� ©F GVODUJPO g(z) EFTDSJCFT UIF OPO�

MJOFBS JOUFSBDUJPO BOE XBT SFXSJ�FO UP DMFBSMZ TFF UIF JO�VFODF PG UIF (PVZ QIBTF

φG(z) PO UIF JOUFSBDUJPO� ©F XBJTU SBEJVT w BOE UIF QIBTF ∆φ BU UIF MPOHJUVEJOBM

QPTJUJPO z BSF HJWFO CZ

w(z) = w0

√

1 +

(
z − z0

zR

)2

, 	����


∆φ(z) = − BSDUBO

(
z − z0

zR

)

= φG(z) . 	����


*O QMBOF XBWF UIFPSZ 	zR → ∞
 POF �OET g(z) = κ FYQ(ı∆kz) BOE ∆φ = 0
BOE FRVBM JOEJDFT PG SFGSBDUJPO GPS UIF UXP JOUFSBDUJOH NPEFT QSPWJEF UIF NBYJNVN

OPO�MJOFBSJUZ� 8IFO GPDVTJOH UIF CFBN JOUP B OPO�MJOFBS NBUFSJBM IPXFWFS UIFSF JT

B OPO [FSP QIBTF EJ~FSFODF∆φ XIJ� JT JEFOUJDBM UP UIF (PVZ QIBTF TIJ� PG B 5&.00

NPEF JO PVS DBTF� /PUF UIBU FB� QBSUJBM XBWF UIBU JT HFOFSBUFE XJUIJO UIF DSZTUBM

HBJOT UIJT QIBTF JO BEEJUJPO UP JUT QSPQBHBUJPO QIBTF� 'SPN UIJT POF DBO DPODMVEF

UIBU UIF (PVZ QIBTF TIJ� MFBET UP B OPO�QFSGFDU NBU�JOH PG UIF 	OPO�QMBOBS
 QIBTF

��



���� *O¶VFODF PG UIF (PVZ QIBTF TIJå

GSPOUT JO OPO�MJOFBS QSPDFTTFT� 5P RVBOUJGZ UIJT F~FDU XF EF�OF UIF F~FDUJWF OPO�

MJOFBSJUZ κFGG PG UIF QSPDFTT� ©JT RVBOUJUZ JT QSPQPSUJPOBM UP UIF DPOWFSTJPO F�DJFODZ

JO TFDPOE IBSNPOJD HFOFSBUJPO BT XFMM BT UP UIF PQUJDBM HBJO PG PQUJDBM QBSBNFUSJD

BNQMJ�DBUJPO� 'PS XFBL JOUFSBDUJPO J�F� UIF QVNQ �FME JT OPU EFQMFUFE CZ UIF OPO�

MJOFBS JOUFSBDUJPO κFGG JT HJWFO CZ

κFGG =

∣
∣
∣
∣

∫

dz
g(z)

w0

∣
∣
∣
∣

2

, 	����


XIFSF UIF JOUFHSBUJPO JT UBLFO PWFS UIF XIPMF JOUFSBDUJPO MFOHUI� 'PS B TJOHMF�QBTT

UISPVHI B OPO�MJOFBS NFEJVN PG MFOHUI L UIF F~FDUJWF OPO�MJOFBSJUZ JT HJWFO CZ

κFGG =

∣
∣
∣
∣
∣
κ

∫ L

0
dz

eı(∆kz+φG(z))

w(z)

∣
∣
∣
∣
∣

2

. 	����


©JT RVBOUJUZ JT NBYJNJ[FE JG UIF BWFSBHFE �FME TUSFOHUI JOTJEF UIF DSZTUBM JT NBYJ�

NJ[FE J�F� JG UIF GPDVT JT QMBDFE JO UIF DSZTUBM DFOUFS BOE JG UIF DPOEJUJPO

∆kz + φG(z) = φ0 = DPOTU. 	����


JT TBUJT�FE� *O UIJT DBTF BMM QBSUJBM XBWFT BSF QSPEVDFE FYBDUMZ JO QIBTF UP FB� PUIFS

BOE QFSGFDU QIBTF NBU�JOH JT SFBMJ[FE�

$VSWFT 	B
 JO 'JH� ���� TIPX UIF EJ~FSFOUJBM (PVZ QIBTF TIJ�T ∆φ(z) = φG(z)
GPS XFBL BOE TUSPOH GPDVTJOH� *O UIF GPSNFS DBTF UIF (PVZ QIBTF TIJ� FWPMWFT MJO�

FBSMZ JOTJEF UIF NFEJVN BOE POF DBO DPNQFOTBUF UIJT QIBTF NJTNBU� CZ �PPTJOH

∆k = 1/zR > 0 BT GPVOE CZ #PZE BOE ,MFJONBO� 'PS TUSPOHFS GPDVTJOH IPXFWFS

JU JT OPU QPTTJCMF UP B�JFWF QFSGFDU DPNQFOTBUJPO CZ VTJOH B DPOTUBOU WBMVF PG ∆k

PWFS UIF DSZTUBM MFOHUI� $VSWFT 	C
 TIPX UIF DPNQFOTBUJOH MJOFBS QIBTF ∆kz UIBU JT

EVF UP UIF QSPQBHBUJPO JOTJEF UIF NFEJVN BOE DVSWFT 	D
 TIPX UIF UPUBM QIBTF φ0�

©F WBMVF PG ∆k XBT �PTFO UP QSPWJEF UIF MPXFTU WBSJBODF PG φ0 PWFS UIF XIPMF

JOUFSBDUJPO SBOHF�

'SPN UIF DPOEJUJPO ���� XF HFU UIF FYQSFTTJPO GPS UIF QPTJUJPO EFQFOEFOU EJ~FS�

FODF PG UIF SFGSBDUJWF JOEJDFT ∆n(z)

∆n(z) =
λ

4π
∆k(z) =

λ

4π

φ0 + BSDUBO( z−z0
zR

)

z
, 	����


XIFSF UIF DPOTUBOU WBMVF PG UIF QIBTF φ0 JT TFU CZ UIF (PVZ QIBTF BU UIF FOUSBODF

TVSGBDF PG UIF OPO�MJOFBS NFEJVN

φ0 = BSDUBO(
z0

zR
) = φG(0) . 	����


'JHVSF ���� TIPXT ∆n(z) GPS B OPO�MJOFBS DSZTUBM PG MFOHUI L GPS EJ~FSFOU GPDVTJOH

QBSBNFUFST ξ � ©F GPDVT JT BMXBZT QMBDFE BU UIF DFOUFS PG UIF DSZTUBM� ©FTF DVSWFT

��
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'JHVSF ������ -F�� 'PS XFBL GPDVTJOH JOUP UIF OPO�MJOFBS NFEJVN 	ξ = 0.18
 UIF

(PVZ QIBTF TIJ� DBO CF DPNQFOTBUFE CZ�PPTJOH∆k = 1/zR  BOE QFS�

GFDU QIBTF NBU�JOH DBO CF SFBMJ[FE PWFS UIF GVMM DSZTUBM MFOHUI� 3JHIU�

'PS TUSPOHFS GPDVTJOH 	ξ = 2.03
 B DPOTUBOU∆k DBO OPU QSPWJEF QFSGFDU

QIBTF NBU�JOH BOZNPSF� 	B
 (PVZ QIBTF TIJ�∆φ = φG  	C
 DPNQFO�

TBUJOH QIBTF∆kz 	D
 PWFSBMM QIBTF φ0 XIFSF B DPOTUBOU WBMVF EFTDSJCFT

QFSGFDU QIBTF NBU�JOH�

DPVME FYQFSJNFOUBMMZ CF SFBMJ[FE CZ BQQMZJOH BO BQQSPQSJBUF UFNQFSBUVSF HSBEJFOU

BMPOH UIF [�EJSFDUJPO� "MUFSOBUJWFMZ BO FMFDUSJDBM �FME BQQMJFE UP UIF DSZTUBM DPVME

CF VTFE�

©F F~FDUJWF OPO�MJOFBSJUZ GPS UIF TJOHMF�QBTT TFUVQ XJUI QFSGFDU (PVZ QIBTF DPN�

QFOTBUJPO DBO CF XSJ�FO BT

κFGG =

∣
∣
∣
∣
∣
κ

∫ L

0
dz

1

w(z)

∣
∣
∣
∣
∣

2

=
1

ξ
MO2

(√

1 + ξ2 + ξ
√

1 + ξ2 − ξ

)

, 	����


XJUI ξ = L/2zR � ©F OVNFSJDBM NBYJNJ[BUJPO PG UIJT FYQSFTTJPO MFBET UP

ξPQU = 3.32 . 	����


��
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'JHVSF ������ $IBOHF PG SFGSBDUJWF JOEFY BMPOH UIF DSZTUBM UP DPNQFOTBUF GPS UIF (PVZ

QIBTF TIJ� GPS UIFF EJ~FSFOU TUSFOHUIT PG UIF GPDVTJOH� 	B
 ξ = 0.55
	C
 ξ = 1.14 	D
 ξ = 3.32�

©JT SFTVMU NFBOT UIBU VTJOH PQUJNVN QPTJUJPO EFQFOEFOU QIBTF NBU�JOH UIF PQUJ�

NBM XBJTU TJ[F JT BQQSPYJNBUFMZ 7.5� TNBMMFS UIBO TVHHFTUFE CZ UIF #PZE�,MFJONBO

GBDUPS BOE BDDPSEJOH UP UIJT UIF F~FDUJWF OPO�MJOFBSJUZ JT GVSUIFS JODSFBTFE CZ 4.4��

©JT TIPXT UIBU UIF TMJHIU QIBTF NJTNBU� EVF UP UIF (PVZ QIBTF JT OPU UIF EPNJOBU�

JOH GBDUPS GPS UIF QSFTFODF PG BO PQUJNBM GPDVT GPS UIF OPO�MJOFBS JOUFSBDUJPO� "T UIF

UFSN 1/w(z) JT QSPQPSUJPOBM UP UIF FMFDUSJDBM �FME BU QPTJUJPO z JOTJEF UIF DSZTUBM UIF

JOUFHSBM UFSN JO &RVBUJPO ���� JT QSPQPSUJPOBM UP UIF NFBO �FME E JOTJEF UIF DSZTUBM

E ∝
∫ L

0
dz

1

w(z)
. 	����


©FSFGPSF UIF TUBUFNFOU PG #PZE BOE ,MFJONBO UIBU UIFSF FYJTUT BO PQUJNVN �PJDF

PG UIF GPDVTJOH QBSBNFUFS ξ JT FTTFOUJBMMZ EVF UP UIF NBYJNJ[BUJPO PG UIF JOUFOTJUZ

PG UIF NFBO �FME JOTJEF UIF OPO�MJOFBS NBUFSJBM�

©F BEEJUJPOBM (PVZ QIBTF DBVTFT B NV� TUSPOHFS F~FDU XIFO DPOTJEFSJOH B DBW�

JUZ BSPVOE UIF OPO�MJOFBS NBUFSJBM� ©JT F~FDU JT TJNJMBS UP UIF XFMM LOPXO JO�VFODF

PG UIF IJHI SF�FDUJWF DPBUJOH PG B DBWJUJFT FOE NJSSPS UIBU NJHIU JOUSPEVDF B EJ~FSFO�

UJBM QIBTF CFUXFFO UIF GVOEBNFOUBM BOE IBSNPOJD XBWF� ©F F~FDUJWF OPO�MJOFBSJUZ

��



�� /�-�$�4� � ìF OPO�MJOFBS DBWJUZ TJNVMBUPS

�

��

� � ��

�� � ��

��

'JHVSF ������ 4�FNF PG UIF EPVCMF�QBTT UISPVHI B OPO�MJOFBS DSZTUBM UIBU JT QMBDFE

JOTJEF B SFTPOBUPS� ©F FOE NJSSPS PG UIJT DBWJUZ NJHIU JOUSPEVDF B EJG�

GFSFOUJBM QIBTF ∆φ CFUXFFO UIF NPEFT� ©F SFTPOBUPS XBT VOGPMEFE UP

EFQJDU UIF EJ~FSFOU MPDBUJPOT PG UIF XBJTU GPS FB� TJOHMF�QBTT�

GPS QMBOF XBWFT BOE B EPVCMF�QBTT JOTJEF B TJOHMF FOEFE DBWJUZ SFBET

κFGG = κ TJOD2(x) DPT2
(

x +
∆φ

2

)

, 	����


XIFSF x = ∆kL/2 ∆φ JT UIF QIBTF EJ~FSFODF UIBU JT JOUSPEVDFE CZ UIF IJHIMZ

SF�FDUJWF DPBUJOH BOE TJOD(x) = TJO(x)/x� 5P JOUFSQSFU UIJT SFTVMU DPOTJEFS UIF DBTF

PG QFSGFDU QIBTF NBU�JOH ∆k = 0 TP UIBU κFGG = κ DPT2(∆φ/2)� *G UIF DPBUJOH PG

UIF FOE NJSSPS OPX JOUSPEVDFT B EJ~FSFOUJBM QIBTF TIJ� PG π UIF QBSUJBM XBWFT UIBU

XFSF HFOFSBUFE JO QIBTF PO UIF XBZ UP UIF FOE NJSSPS XJMM EFTUSVDUJWFMZ JOUFSGFSF

XJUI UIPTF XBWFT UIBU BSF QSPEVDFE PO UIF XBZ CB� UP UIF JODPVQMJOH NJSSPS� *O

UIJT DBTF UIF F~FDUJWF OPO�MJOFBSJUZ WBOJTIFT BOE OP NPEF DPOWFSTJPO XJMM PDDVS BU

UIF PVUQVU PG UIF DBWJUZ�

'PS UIF DBMDVMBUJPO PG UIF EPVCMF�QBTT F~FDUJWF OPO�MJOFBSJUZ JO UIF DBTF PG GPDVTFE

(BVTTJBO CFBNT XF NPEFM UIF TZTUFN XJUI B OPO�MJOFBS NFEJVN PG MFOHUI 2L XJUI B

UIJO MFOT BU QPTJUJPO L UIBU SFGPDVTFT UIF CFBN 	TFF 'JH� ����
� *O UIJT XBZ XF PCUBJO

UXP XBJTUT BU QPTJUJPOT z0 BOE z′
0 = 2L − z0 PG TJ[F w0 JOEJDBUJOH UIF XBZ UP UIF

FOE�NJSSPS BOE UIF XBZ CB� SFTQFDUJWFMZ� /PX XF JOUFHSBUF PWFS 2L BOE �OE UIF

��



���� *O¶VFODF PG UIF (PVZ QIBTF TIJå

GPMMPXJOH FYQSFTTJPO GPS UIF F~FDUJWF OPO�MJOFBSJUZ GPS B EPVCMF�QBTT PG UIF NPEF

κFGG =
κ

w2
0

∣
∣
∣
∣
∣

∫ L

0
dzg(z, z0) +

∫ 2L

L

dzg(z, z′
0)e

ı∆φ

∣
∣
∣
∣
∣

2

=
κ

w2
0

∣
∣
∣
∣
∣

∫ L

0
dz[g(z, z0) + g(z + L, z′

0)e
ı∆φ]

∣
∣
∣
∣
∣

2

= κ

∣
∣
∣
∣
∣

∫ L

0
dz

eı(∆kz+φG(z))

w(z)
×
(

1 +
w(z)

w ′(z)
eıθ

)
∣
∣
∣
∣
∣

2

, 	�����


θ = φ′
G(z) − φG(z) + ∆kL +∆φ , 	�����


XIFSF w ′(z) BOE φ′
G(z) CFMPOH UP UIF GPDVT BU QPTJUJPO z′

0 BOE ∆φ JT BHBJO UIF EJG�

GFSFOUJBM QIBTF UIBU NJHIU CF JOUSPEVDFE CZ UIF DPBUJOH PG UIF CB� SF�FDUJOH NJSSPS�

©F �STU GBDUPS XJUIJO UIF JOUFHSBM EFTDSJCFT UIF TJOHMF�QBTT JOUFSBDUJPO XIFSFBT UIF

TFDPOE GBDUPS JT UIF DPSSFDUJPO GPS SF�FDUJOH P~ UIF FOE NJSSPS PG UIF DBWJUZ�

*O UIF DBTF PG XFBL GPDVTJOH |z − z0| ≪ zR ∀ z ∈ [0, L] UIF BCPWF JOUFHSBM DBO CF

TJNQMJ�FE UP

κFGG = TJOD2
(
∆k ′L
2

)

DPT2
(
∆k ′L
2

+
∆φ′

2

)

, 	�����


XIFSF∆k ′ := ∆k −1/zR BOE∆φ′ := ∆φ+2(L − z0)/zR � ©JT FYQSFTTJPO IBT UIF

TBNF GPSN BT UIF POF GPS QMBOF XBWFT BT HJWFO BCPWF� )PXFWFS BO BEEJUJPOBM QIBTF

TIJ� BQQFBST EVF UP UIF TXBQQJOH JO TJHO PG UIF XBWF GSPOU\T SBEJVT PG DVSWBUVSF

EVSJOH SF�FDUJPO� *U DPSSFTQPOET UP NJOVT UXJDF UIF (PVZ QIBTF BU UIF FOE NJSSPS JO

UIF MJNJU DPOTJEFSFE IFSF� 'SPN UIF FYQSFTTJPO PG ∆φ′ JU GPMMPXT UIBU UIJT BEEJUJPOBM

QIBTF KVNQ WBOJTIFT JG UIF XBJTU JT MPDBUFE FYBDUMZ BU UIF CB� SF�FDUJOH TVSGBDF� *O

UIJT DBTF XF IBWF QMBOF XBWF GSPOUT BU UIF FOE NJSSPS BOE UIFSFGPSF UIF TZTUFN JT

JEFOUJDBM UP B TJOHMF�QBTT UISPVHI B OPO�MJOFBS NFEJVN PG MFOHUI 2L�

'PS BSCJUSBSZ TUSPOH GPDVTJOH PG UIF CFBN JOUP UIF DFOUFS PG UIF OPO�MJOFBS DSZTUBM

XF HFU UIF GPMMPXJOH FYQSFTTJPO GPS UIF F~FDUJWF OPO�MJOFBSJUZ

κFGG = 4 DPT2
(
∆kL +∆φ

2

)
∣
∣
∣
∣
∣

∫ L

0
dz

eı(∆kz+φG(z))

w(z)

∣
∣
∣
∣
∣

2

. 	�����


©F �STU GBDUPS PG UIJT FRVBUJPO QSPWJEFT UIF PQUJNBM QIBTF PG UIF FOE NJSSPS DPBUJOH

PG ∆φ = −∆kL CZ NBYJNJ[JOH UIF DPTJOF� 5P BMTP NBYJNJ[F UIF JOUFHSBM FYQSFT�

TJPO POF IBT UP NJOJNJ[F UIF WBSJBODF PG UIF QIBTF BSHVNFOU ∆kz + φG(z) PWFS

UIF XIPMF JOUFSBDUJPO SBOHF� ©F WBSJBODF Vφ JT HJWFO CZ

Vφ =
1

L

∫ L

0
dz
(
∆kz + φG(z) − φ

)2
, 	�����


��
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'JHVSF ������ /PSNBMJ[FE F~FDUJWF OPO�MJOFBSJUZ κFGG WFSTVT UIF EJ~FSFOUJBM QIBTF JO�

USPEVDFE CZ UIF CB� SF�FDUJOH TVSGBDF ∆φ� 'PS (BVTTJBO CFBNT XJUI

XBJTU QPTJUJPO PO UIF SF�FDUJOH TVSGBDF 	B
 ∆φ = 0 HFOFSBMMZ QSPWJEFT

UIF IJHIFTU OPO�MJOFBSJUZ 	IFSF XJUI TUSPOH GPDVTJOH ξ = 2.84 z0 = L
�

UIF TBNF SFTVMU JT GPVOE GPS QMBOF XBWFT� $POUSBSZ GPS ξ = 2.84 BOE

z0 = L/2 XF �OE ∆φ ≈ π XIJ� JT TIPXO JO USBDF 	C
�

XIFSF φ JT UIF NFBO WBMVF PG UIF QIBTF UIBU JT EF�OFE CZ

φ =
1

L

∫ L

0
dz (∆kz + φG(z)) =

∆kL

2
. 	�����


©F MBTU JEFOUJUZ JT EVF UP UIF GBDU UIBU UIF GPDVT JT MPDBUFE JO UIF DFOUFS PG UIF OPO�

MJOFBS NFEJVN BOE UIF (PVZ QIBTF CFJOH BO PEE GVODUJPO�

8F PCUBJO UIF GPMMPXJOH FYQSFTTJPO GPS UIF PQUJNBM EJ~FSFOUJBM QIBTF ∆φ PG UIF

FOE NJSSPS WFSTVT UIF GPDVTJOH QBSBNFUFS ξ

∆φ = − 3

ξ2
[(1 + ξ2) · BSDUBO(ξ) − ξ] . 	�����


'JHVSF ���� TIPXT UIF F~FDUJWF OPO�MJOFBSJUZ WFSTVT UIF EJ~FSFOUJBM DPBUJOH JO�

EVDFE QIBTF ∆φ GPS UXP EJ~FSFOU TUBOEJOH XBWF DBWJUZ BSSBOHFNFOUT� *O BMM DBTFT

UIF TFDPOE IBSNPOJD XBWF JT OPU SFTPOBOU CVU TJNQMZ CB� SF�FDUFE� #PUI DVSWFT

VTF UIF GPDVTJOH QBSBNFUFS ξ = 2.84 XIJ� JT UIF PQUJNVN JG UIF QIBTF NJTNBU�

JT DPOTUBOU� 'PS DVSWF 	B
 UIF XBJTU XBT EJSFDUMZ QPTJUJPOFE PO UIF TVSGBDF PG UIF

��



���� *O¶VFODF PG UIF (PVZ QIBTF TIJå

FOE NJSSPS XIJ� JT TJNJMBS UP UIF DBTF PG QMBOF XBWFT� :PV DBO TFF UIBU UIF FG�

GFDUJWF OPO�MJOFBSJUZ JT NBYJNJ[FE JG UIF EJ~FSFOUJBM QIBTF ∆φ = 0 XIFSFBT UIF

NJOJNVN PDDVST GPS ∆φ = π� ©JT JT FYBDUMZ UIF PQQPTJUF CFIBWJPVS BT GPS UIF

DVSWF 	C
 XIFSF UIF GPDVT JT QMBDFE JO UIF DFOUFS PG UIF DSZTUBM� ©JT JT CFDBVTF UIF

(PVZ QIBTF BU UIF FOE PG UIF OPO�MJOFBS DSZTUBM IBT BMNPTU SFB�FE JUT NBYJNVN

WBMVF PG φG(∞) = π/2 TJODF XF VTF UIF PQUJNBM GPDVTJOH XIJ� JT SBUIFS TUSPOH�

"T TIPXO JO B QSFWJPVT QBSBHSBQI UIF GPDVTJOH MFBET UP BO BEEJUJPOBM QIBTF BU UIF

CB� SF�FDUJOH NJSSPS UIBU JT UXJDF UIF (PVZ QIBTF BU UIJT QPTJUJPO�

��





�� .PEFMMJOH UIFSNBM FøFDUT JOTJEF PQUJDBM

DBWJUJFT

©JT $IBQUFS JOUSPEVDFT B OFX NFUIPE GPS NFBTVSJOH TNBMM PQUJDBM BCTPSQUJPOT� *U JT

CBTFE PO UIF EFGPSNBUJPO PG UIF "JSZ QFBL PG B IJHI �OFTTF DBWJUZ EVF UP UIFSNBMMZ

JOEVDFE TFMG�QIBTF NPEVMBUJPO� ©F UBSHFUFE TFOTJUJWJUZ PG UIF T�FNF JT BT MPX BT

0.01 QQN�DN BOE XJMM CF VTFE UP JOWFTUJHBUF UIF BCTPSQUJPO PG DSZTUBMMJOF TJMJDPO

XIJ� JT B DBOEJEBUF NBUFSJBM GPS UIF UFTUNBTTFT PG UIF OFYU HFOFSBUJPO HSBWJUBUJPOBM

XBWF EFUFDUPST�

���� 0WFSWJFX

.BUFSJBMT XJUI MPX PQUJDBM BCTPSQUJPO DPF�DJFOUT BSF FTTFOUJBM GPS IJHI�QSFDJTJPO

MBTFS�JOUFSGFSPNFUSJD NFBTVSFNFOUT� "CTPSQUJPOT JO NJSSPS TVCTUSBUFT PG BT MPX BT

10−6�DN BMSFBEZ MJNJU HSBWJUBUJPOBM XBWF EFUFDUPST CFDBVTF BCTPSQUJPO MFBET UP IFBU�

JOH BOE B UIFSNBM EFGPSNBUJPO PG UIF NJSSPST <��> BOE BMTP UP QIPUP�UIFSNBM OPJTF

<��>� 'VUVSF HSBWJUBUJPOBM XBWF EFUFDUPST XJMM VTF DSZPHFOJDBMMZ DPPMFE NJSSPST <��>

UP SFEVDF UIFSNBMMZ FYDJUFE NPUJPOT PG NJSSPS TVSGBDFT� ©FO MPX PQUJDBM BCTPSQ�

UJPOT XJMM CFDPNF FWFO NPSF DSVDJBM� $POTFRVFOUMZ UIF NFBTVSFNFOU PG TNBMM BC�

TPSQUJPO DPF�DJFOUT JO UIF SFHJNF CFMPX 10−6�DN JT JNQPSUBOU UP �OE BQQSPQSJBUF

NJSSPS NBUFSJBMT BOE UP FOBCMF UIF SFMJBCMF EFTJHO PG GVUVSF HSBWJUBUJPOBM XBWF EF�

UFDUPST TV� BT UIF &JOTUFJO 5FMFTDPQF <��>�

*O UIF QBTU TFWFSBM NFUIPET IBWF CFFO EFWFMPQFE UIBU BSF BCMF UP NFBTVSF BCTPSQ�

UJPO DPF�DJFOUT PG UIF PSEFS PG 10−6�DN� "MM UIFTF NFUIPET BSF CBTFE PO JOEJSFDU

NFBTVSFNFOU T�FNFT� ©FZ EP OPU EJSFDUMZ TFOTF UIF QPXFS MPTT PG B USBOTNJU�

UFE CFBN CVU VUJMJ[F UIF UFNQFSBUVSF JODSFBTF UIBU BSJTFT EVF UP UIF BCTPSQUJPO� *O

DBMPSJNFUSJD BQQSPB�FT UIF UFNQFSBUVSF JODSFBTF JT EJSFDUMZ NFBTVSFE <��>� 0UIFS

BQQSPB�FT FYQMPJU MJHIU CFBN EF�FDUJPO PS CFBN TIBQF EFGPSNBUJPO EVF UP MPDBM

IFBUJOH <�� ��>�

"T PQQPTFE UP UIF NFUIPET NFOUJPOFE BCPWF UIF OFX BQQSPB� EFTDSJCFE JO UIJT

$IBQUFS VUJMJ[FT UIF CB��BDUJPO PG UIF UFNQFSBUVSF PO UIF PQUJDBM QBUI PG UIF MJHIU

UIBU DBVTFE UIJT UFNQFSBUVSF JODSFBTF� 0OMZ UIF QIBTF CVU OPU UIF TIBQF PG UIF NPEF

JT �BOHFE� ©F NBUFSJBM VOEFS JOWFTUJHBUJPO JT QVU JOTJEF BO PQUJDBM DBWJUZ XIPTF

MFOHUI JT MJOFBSMZ TDBOOFE PWFS B TJOHMF "JSZ QFBL� "QQSPB�JOH DBWJUZ SFTPOBODF

UIF UFNQFSBUVSF BMPOH UIF SFTPOBUPS NPEF JODSFBTFT BOE UIF PQUJDBM QBUI MFOHUI GPS

��



�� .PEFMMJOH UIFSNBM F´FDUT JOTJEF PQUJDBM DBWJUJFT

POF SPVOE USJQ�BOHFT� ©F UIFSNBMMZ JOEVDFE PQUJDBM QBUI MFOHUI�BOHF JT B QIPUP�

UIFSNBM TFMG�QIBTF NPEVMBUJPO SFTVMUJOH JO B EFGPSNFE TIBQF PG UIF "JSZ QFBL� 4JODF

UIF QIBTF �BOHF EFQFOET PO UIF MJHIU JOUFOTJUZ JU NBZ CF DPOTJEFSFE BT UIF SFTVMU

PG B _UIFSNP�PQUJD�,FSS�F~FDU �̀ *NQPSUBOUMZ UIF "JSZ QFBL EFGPSNBUJPO EFQFOET

PO UIF TDBO EJSFDUJPO J�F� XIFUIFS UIF DBWJUZ JT TIPSUFOFE PS MFOHUIFOFE� ©F IZT�

UFSFTJT JO UIF UJNF�SFTPMWFE NFBTVSFNFOUT QSPWJEFT JOGPSNBUJPO PG UIF BCTPSQUJPO

DPF�DJFOU JG SFMFWBOU NBUFSJBM QBSBNFUFST BSF LOPXO BOE JODMVEFE JO B OVNFSJDBM

UJNF�EPNBJO TJNVMBUJPO� " QPTJUJWF TJEF�F~FDU PG PVS NFUIPE JT UIF QPXFS CVJME�VQ

JOTJEF UIF DBWJUZ XIJ� DPNQFOTBUFT UIF OFFE GPS MBTFS TPVSDFT XJUI IJHIFS QPXFST

XIFO BQQSPB�JOH UIF SFHJNF PG FYUSFNFMZ MPX BCTPSQUJPO�

���� &TUJNBUJPO PG UIF IFBUJOH QSPDFTT

*O UIJT 4FDUJPO XF XJMM VTF UIF TUFBEZ�TUBUF BQQSPYJNBUJPO PG UIF IFBUJOH QSPDFTT

JOTJEF B DBWJUZ BT HJWFO CZ 8JOLMFS FU BM� <��> � ©JT FTUJNBUJPO XJMM HJWF VT BO VQQFS

CPVOE GPS UIF UFNQFSBUVSFT BOE UJNF TDBMFT UIBU BSF JOWPMWFE JO UIF IFBUJOH QSPDFTT�

"T XF XJMM TFF JO B MBUFS 4FDUJPO UIF UJNF FWPMVUJPO PG UIF UFNQFSBUVSF QSP�MF DBO

OPU CF OFHMFDUFE JO UIF OVNFSJDBM TJNVMBUJPO�

5P DPOTJEFS UIF BCTPSQUJPO PG UIF MBTFS QPXFS XJUIJO UIF NJSSPS DPBUJOH XF DBO

BTTVNF UIBU UIF UFNQFSBUVSF �BOHF JT POMZ SFMFWBOU XJUIJO B IFNJTQIFSF PG SBEJVT

w BSPVOE UIF CFBN DFOUFS XIFSF w JT UIF SBEJVT PG UIF JODJEFOU CFBN� ©JT TJUVBUJPO

JT EFQJDUFE JO �HVSF ���� *O UIJT DBTF UIF�BOHF PG UIF PQUJDBM QBUI MFOHUI δs JT HJWFO

CZ

δs =
aUI +

∂n
∂T

4πκ
Pa , 	���


XIFSF aUI JT UIF UIFSNBM FYQBOTJPO DPF�DJFOU ∂n/∂T JT UIF UFNQFSBUVSF EFQFO�

EFODF PG UIF JOEFY PG SFGSBDUJPO κ UIF UIFSNBM DPOEVDUJWJUZ BOE Pa UIF MJHIU QPXFS

UIBU JT BCTPSCFE CZ UIF DPBUJOH� 'SPN UIF SFMBUJPO

Pa = κ(2πw2)∇T ≈ 2πκwδT , 	���


XF HFU UIF SFTVMUJOH UFNQFSBUVSF JODSFBTF UP CF

δT =
Pa

2πκw
. 	���


)FSF JU XBT BTTVNFE UIBU UIF UFNQFSBUVSF ESPQT MJOFBSMZ BMPOH UIF SBEJVT PG UIF

IFNJTQIFSF J�F� XJUIJO UIF CFBN XBJTU�

"OPUIFS RVBOUJUZ PG JOUFSFTU JT UIF UJNF t UIBU JU UBLFT GPS IFBUJOH UIF IFNJTQIFSF

CZ UIJT UFNQFSBUVSF δT � ©JT DBO CF EFSJWFE CZ EFNBOEJOH UIBU UIF BCTPSCFE QPXFS

Pa IBT UP IFBU UIF IFNJTQIFSF CZ UIF QBSUJDVMBS UFNQFSBUVSF EJ~FSFODF XIJ� JT

FYQSFTTFE CZ UIF SFMBUJPO

Pa =
csMδT

t
. 	���


��





�� .PEFMMJOH UIFSNBM F´FDUT JOTJEF PQUJDBM DBWJUJFT

PG UIF UIFSNBM F~FDU UIF BEEJUJPOBM PQUJDBM QBUI MFOHUI IBT UP CF DPNQBSFE UP UIF

DBWJUZ MJOFXJEUI� "U B XBWFMFOHUI PG λ = 1550 ON UIF MJOFXJEUI JT HJWFO CZ

δl =
λ

F
= 0.0775 ON . 	���


#FDBVTF PG UIF IJHI �OFTTF δs CFMPOHT UP B EFUVOJOH PG δ = δs/δl ≈ 23� ©JT JT B

WFSZ TUSPOH F~FDU BOE XF HFU B �STU IJOU UIBU UIF BQQSPYJNBUJPO DBO OPU CF BQQMJFE

UP UIF DBTF PG TDBOOJOH TV� B IJHI �OFTTF DBWJUZ�

*G XF OPX DPOTJEFS UIF DBTF PG BCTPSQUJPO JOTJEF UIF CVML PG UIF NJSSPS B DMPTFE

GPSN FYQSFTTJPO DBO CF HJWFO UIBU IBT UIF TBNF GPSN BT UIF BCPWF FYQSFTTJPO GPS UIF

DPBUJOH� *U SFBET

δs = 1.3
aUI +

∂n
∂T

4πκ
pad , 	���


XIFSF pa JT UIF BCTPSCFE QPXFS QFS VOJU MFOHUI BOE d JT UIF MFOHUI PG UIF JOUSB�

DBWJUZ TVCTUSBUF� 'PS UIF TBNF QPXFS UIBU JT BCTPSCFE CZ FJUIFS UIF DPBUJOH PS UIF

CVML UIFTF FYQSFTTJPOT POMZ EJ~FS CZ B GBDUPS PG 1.3� *G XF BHBJO DBMDVMBUF UIF�BOHF

JO UFNQFSBUVSF BOE UIF UJNF JU UBLFT GPS UIJT XBSNJOH XF FOE VQ XJUI UIF GPMMPXJOH

FRVBUJPOT

δT =
1.3Pa

4πκd
, 	���


t =
1.3

4

csρw2

κ
. 	���


©JT UJNF UIF WPMVNF UIBU JT IFBUFE JT HJWFO CZ UIF CFBN XIJ� DBO CF BQQSPYJNBUFE

CZ B SPE XJUI NBTT M = πw2dρ XIFSF d JT UIF MFOHUI PG UIF TVCTUSBUF� #FDBVTF UIF

UIJ�OFTT PG UIF NBUFSJBM JT HFOFSBMMZ NV� CJHHFS UIBO UIF CFBN SBEJVT UIF UFNQFS�

BUVSF JODSFBTF GPS UIF CVML BCTPSQUJPO JT MPXFS UIBO UIBU GPS UIF DPBUJOH BCTPSQUJPO

HJWFO UIF TBNF BCTPSQUJPOT� /PUF UIBU UIF FYQSFTTJPO GPS UIF UJNF DPOTUBOU JT BMNPTU

JEFOUJDBM BOE EFWJBUFT POMZ CZ ��� �� ©FSFGPSF UIF UIFSNBM F~FDUT PG UIF DPBUJOH BOE

UIF CVML BSF PG UIF TBNF PSEFS GPS FRVBM BCTPSCJOH QPXFST�

"T UIFSF JT B TUSPOH UIFSNBM F~FDU QSFTFOU JO PVS TDFOBSJP UIBU IBT TV� B TNBMM

UJNF DPOTUBOU XF IBWF UP VTF B DPNQMFUF EFTDSJQUJPO PG UIF IFBUJOH JO UIF UJNF�

EPNBJO J�F� XF IBWF UP DPOTJEFS USBOTJFOU F~FDUT EVSJOH UIF DBWJUZ CVJME�VQ� ©F

DBMDVMBUJPOT BSF FYQMBJOFE JO UIF OFYU 4FDUJPOT�

���� 5JNF EPNBJO TJNVMBUJPO PG UIF DBWJUZ

5P TJNVMBUF UIF TDBO PWFS B TJOHMF "JSZ QFBL PG B DBWJUZ TIPXJOH UIFSNBM BCFSSBUJPO

XF IBWF UP VTF B UJNF EPNBJO NPEFM 	TFF 4FDUJPO ���
� 'JHVSF ��� TIPXT B T�FNBUJD

PG UIF HFOFSBM DBWJUZ MBZPVU UIBU XJMM CF TJNVMBUFE�

��





�� .PEFMMJOH UIFSNBM F´FDUT JOTJEF PQUJDBM DBWJUJFT

EFUVOJOH δ0 XF BWPJE VTJOH a0 = 0 CVU SBUIFS VTF UIF TUFBEZ�TUBUF TPMVUJPO PG B

DBWJUZ XJUIPVU BCTPSQUJPO XIJ� JT HJWFO CZ UIF FYQSFTTJPO

a0 = ıt1
aJO

1 − r1r2eıδ0
. 	����


0UIFSXJTF UIF JOUSB�DBWJUZ �FME XJMM TIPX B TIPSU USBOTJFOU PTDJMMBUJPO BU UIF CFHJO�

OJOH PG UIF TJNVMBUJPO�

©FSF BSF UISFF EJ~FSFOU QIBTFT JOWPMWFE JO UIF &RVBUJPO ���� XIFSF φJO BOE φDBW

BSF EVF UP UIF UIFSNBM F~FDUT JOTJEF UIF DBWJUZ BOE UIF SFNBJOJOH QIBTF δ JT EVF UP

DPOTUBOUMZ TDBOOJOH UIF SFTPOBUPS BCPWF JUT SFTPOBODF� -FU VT �STU DPOTJEFS UIF QIBTF

δ XIJ� JT QSPQPSUJPOBM UP UIF OVNCFS PG SPVOE�USJQT� 8JUIJO UIF DBWJUZ SPVOE�USJQ

UJNF τ = 2Lc/c = 1/'43 UIF NJSSPS M2 NPWFT CZ UIF EJTUBODF ∆Lc = vm τ� )FSF

'43 JT UIF DBWJUJFT GSFF TQFDUSBM SBOHF Lc = s+ns Ls JT UIF PQUJDBM QBUI GPS B TJOHMF�

QBTT� Ls JT UIF MFOHUI PG UIF JOUSB�DBWJUZ TVCTUSBUF XJUI JOEFY PG SFGSBDUJPO ns BOE s

JT UIF UPUBM BJS HBQ PG UIF DBWJUZ� ©F WFMPDJUZ vm PG UIF NJSSPS JT HJWFO CZ

vm = N'43λ2ωs , 	����


XIFSF N'43 JT UIF OVNCFS PG GSFF TQFDUSBM SBOHFT UIBU XIFSF TDBOOFE XJUI B GSF�

RVFODZ ωs BOE λ JT UIF XBWFMFOHUI PG UIF JODJEFOU �FME� ©FSFGPSF N'43 λ JT UIF

EJTUBODF UIBU UIF NJSSPS NPWFT XJUIJO IBMG B QFSJPE PG UIF FYDJUBUJPO XIJ� JT HJWFO

CZ 1/(2ωs)� 1V�JOH UIJT BMM UPHFUIFS XF FOE VQ XJUI UIF GPMMPXJOH FRVBUJPO GPS UIF

EFUVOJOH B�FS n SPVOE�USJQT

δ = δ0 + n 2π
∆Lc

λ
= δ0 + n 4πN'43

ωs

'43
. 	����


©F QIBTF φJO JT NBJOMZ EVF UP UIF BCTPSQUJPO PG UIF JOUSB�DBWJUZ QPXFS BU UIF

DPBUJOH PG NJSSPS M1� ©BU JT CFDBVTF UIF QPXFS JOTJEF UIF SFTPOBUPS JT NV� IJHIFS

UIBO UIF JODJEFOU MJHIU QPXFS BOE UIFSFGPSF BOZ UIFSNBM F~FDUT PG UIF MB�FS NJHIU CF

OFHMFDUFE 	UIF TJNVMBUJPO JODMVEFT CPUI QPXFST
� ©F BCTPSQUJPO MFBET UP B UFNQFSB�

UVSF HSBEJFOU JOTJEF UIF JODPVQMJOH NJSSPS XIJ� MFBET UP B UJNF EFQFOEFOU QIBTF PG

UIF JODJEFOU MJHIU �FME� *G UIJT QIBTF�BOHFT XJUIJO UIF PSEFS PG UIF DBWJUJFT CVJME�VQ

UJNF JU IBT BO JO�VFODF PO UIF SFTVMUJOH �FMET�

©F JOUSB�DBWJUZ �FME JT JO HFOFSBM BCTPSCFE CZ UIF UXP DPBUJOHT PG UIF TVCTUSBUF

BOE JUT CVML XIJ� MFBET UP UIF UJNF EFQFOEFOU QIBTF φDBW� ©F DPSSFDU EFUFSNJOB�

UJPO PG UIFTF QIBTFT JT EFTDSJCFE JO UIF OFYU 4FDUJPO� /PUF UIBU XF EPO\U IBWF UP

DPOTJEFS UIF QIBTFT GPS UIF USBOTNJTTJPO PG UIF JOUSB�DBWJUZ �FME UISPVHI UIF NJSSPST

M1 BOE M2 TJODF UIFZ XJMM POMZ JOUSPEVDF B HMPCBM QIBTF PO UIF �FME XIJ� DBO OPU

CF NFBTVSFE BOZXBZ�

'JOBMMZ UIF PVUQVU �FMET BSF EF�OFE CZ UIF SFMBUJPOT

aUSBOT
n = ıt2aneı(δ+φDBW)/2 , 	����


aSFG
n = r1aJOeıφJO + ıt1r2aneı(δ+φDBW) . 	����


��



���� /VNFSJDBM DBMDVMBUJPO PG UIF UFNQFSBUVSF EJTUSJCVUJPO

)FSF UIF TVQFSTDSJQUT SFG BOE USBOT CFMPOH UP UIF �FME JO SF�FDUJPO BOE USBOTNJTTJPO

SFTQFDUJWFMZ� ©F QPXFS PG UIFTF �FMET JT UIFO HJWFO CZ

PUSBOT
n =

c ε0 πw2
0

4

∣
∣aUSBOT

n

∣
∣2 , 	����


PSFG
n =

c ε0 πw2
0

4

∣
∣
∣aSFG

n

∣
∣
∣

2
. 	����


���� /VNFSJDBM DBMDVMBUJPO PG UIF UFNQFSBUVSF EJTUSJCVUJPO

*O UIJT 4FDUJPO * XJMM TVNNBSJ[F UIF DBMDVMBUJPO PG UIF UIFSNBM BCFSSBUJPOT BT HJWFO CZ

)FMMP BOE 7JOFU <� ��>� ©F �STU PG UIFTF QBQFST EFBMT XJUI BO FYBDU DBMDVMBUJPO PG UIF

UFNQFSBUVSF QSP�MF JOTJEF B TVCTUSBUF EFQFOEJOH PO UJNF BOE QPTJUJPO� ©F IFBUJOH

JT EVF UP UIF BCTPSQUJPO PG UIF CVML NBUFSJBM BT XFMM BT UP UIF BCTPSQUJPO PG B DPBUJOH�

©F MB�FS JT BTTVNFE UP CF JO�OJUFTJNBMMZ UIJO BOE JT UIFSFGPSF TJNVMBUFE CZ B IFBU

�VY� 'VSUIFSNPSF UIF QSPCMFN JT BTTVNFE UP CF SBEJBMMZ TZNNFUSJD BOE SBEJBUJWF

BT XFMM BT DPOWFDUJWF MPTTFT DBO CF JODMVEFE� "U UIF WFSZ CFHJOOJOH UIF TVCTUSBUF

JT JO UIFSNBM FRVJMJCSJVN XJUI JUT FOWJSPONFOU BOE JT UIFO IFBUFE CZ BCTPSCJOH UIF

JODJEFOU MBTFS QPXFS XIFSF POMZ TNBMM EFWJBUJPOT GSPN UIF FOWJSPONFOUBM UFNQFS�

BUVSF TFYU BSF BMMPXFE� ©JT BTTVNQUJPO MFBET UP UIF GBDU UIBU UIF QSPCMFN CFDPNFT

MJOFBS BOE UIVT UIF EJ~FSFOU IFBUJOH QSPDFTTFT 	EVF UP DPBUJOH BOE CVML MPTTFT
 DBO

CF USFBUFE JOEFQFOEFOUMZ� *U JT GVSUIFS BTTVNFE UIBU UIF UFNQFSBUVSF QSP�MF �BOHFT

PO B TDBMF UIBU JT NV� CJHHFS UIBO UIF XBWFMFOHUI PG UIF MJHIU BOE UIF CFBN SBEJVT

JT NV� TNBMMFS UIBO UIF SBEJVT PG UIF TVCTUSBUF� -BTUMZ UIF EFHSBEBUJPO PG UIF MJHIU

QPXFS JOTJEF UIF NBUFSJBM JT OFHMFDUFE� "MM UIFTF BTTVNQUJPOT BSF WBMJE BT XF XJMM

VTF UIJT NFUIPE UP RVBOUJGZ TNBMM BCTPSQUJPOT�

5P TPMWF UIF IFBU FRVBUJPO HJWFO CZ

ρC
∂T (t, r, z)

∂t
− K∆T (t, r, z) = 0 , 	����


UIF BVUIPST �STU TFBS� GPS UIF TUFBEZ�TUBUF TPMVUJPO CZ XSJUJOH UIF UFNQFSBUVSF BT

T (r, z) = TFYU + T∞(r, z) , 	����


EFNBOEJOH UIBU ∆T∞(r, z) = 0� )FSF ρ JT UIF EFOTJUZ C UIF TQFDJ�D IFBU BOE K

UIF UIFSNBM DPOEVDUJWJUZ PG UIF NBUFSJBM� ©F GVODUJPO T (t, r, z) JT UIF UFNQFSBUVSF

QSP�MF EFQFOEJOH PO UIF UJNF t BOE UIF QPTJUJPO BT HJWFO CZ UIF MPOHJUVEJOBM DPPSEJ�

OBUF z BOE UIF EJTUBODF r GSPN UIF PQUJDBM BYJT� ©F CPVOEBSZ DPOEJUJPOT TUBUF UIBU

UIF IFBU BU UIF TVCTUSBUFT TVSGBDF JT FNJ�FE HJWFO CZ UIF 4UFGBO�#PMU[NBOO SFMBUJPO

F = σ ′(T 4 − T 4
FYU) ≈ 4σ ′T 3

FYUδT , 	����


��



�� .PEFMMJOH UIFSNBM F´FDUT JOTJEF PQUJDBM DBWJUJFT

XIFSF UIF BQQSPYJNBUJPO JT WBMJE GPS TNBMM UFNQFSBUVSF EJ~FSFODFT δT = T − TFYU�

)FSF F JT UIF SBEJBUFE QPXFS QFS TVSGBDF BSFB BOE σ ′ JT UIF 4UFGBO�#PMU[NBOO DPO�

TUBOU DPSSFDUFE GPS FNJTTJWJUZ� ©F HFOFSBM TPMVUJPO GPS UIJT TUBUJD QSPCMFN JT UIFO

HJWFO CZ

T∞(r, z) =
∑

m

(

Amekmz + Bme−kmz
)

J0(kmr) , 	����


XIFSF J0 JT UIF [FSP PSEFS #FTTFM GVODUJPO� "MUIPVHI UIF DPF�DJFOUT Am Bm BOE

km DBO CF HJWFO BOBMZUJDBMMZ JU JT OFDFTTBSZ UP TPMWF TPNF FRVBUJPOT OVNFSJDBMMZ JO

PSEFS UP SFBMMZ DBMDVMBUF UIFN�

8JUI UIF LOPXMFEHF PG UIF TUBUJD TPMVUJPO T∞ JU JT UIFO QPTTJCMF UP EFUFSNJOF UIF

USBOTJFOU TPMVUJPO TUS(t, r, z) CZ BHBJO TQMJ�JOH UIF UFNQFSBUVSF JOUP UIF GPMMPXJOH

UFSNT

T (t, r, z) = TFYU + T∞(r, z) + TUS(t, r, z) . 	����


*OTFSUJOH UIJT FYQSFTTJPO JOUP UIF IFBU FRVBUJPO UIF USBOTJFOU TPMVUJPO IBT UIF GPM�

MPXJOH GPSN PG B SBQJEMZ DPOWFSHJOH %JOJ TFSJFT

TUS(t, r, z) =
∑

p,m

(

e−αpmtApm DPT(up
z

a
) + e−βpmtBpm TJO(vp

z

a
)
)

J0(ξm
r

a
) . 	����


"HBJO UIF DPF�DJFOUT BSF HJWFO CZ BOBMZUJDBM FYQSFTTJPOT XIJ� VTF UIF SPPUT PG JN�

QMJDJU FRVBUJPOT UIBU IBWF UP CF EFUFSNJOFE OVNFSJDBMMZ� ©F GVODUJPOT DPT(upz/a)
BOE TJO(vpz/a) GPSN BO PSUIPHPOBM CBTJT GPS GVODUJPOT EF�OFE XJUIJO UIF JOUFSWBM

[−h/2, h/2]� )FSF h JT UIF MFOHUI BOE a UIF SBEJVT PG UIF TVCTUSBUF� ©F DPF�DJFOUT

αpm BOE βpm BSF QSPQPSUJPOBM UP B �BSBDUFSJTUJD UJNF tc UIBU JT HJWFO CZ

tc =
ρCa2

K
. 	����


©JT JT UIF UJNF JU OFFET UP SFB� UIFSNBM FRVJMJCSJVN TUBSUJOH XIFO UIF MBTFS JT

TXJU�FE PO� 'PS B TJMJDPO TVCTUSBUF XJUI SBEJVT PG IBMG BO JO� UIJT UJNF JT tc ≈ 2 T

XIFSFBT GPS UIF NJSSPST PG B HSBWJUBUJPOBM XBWF EFUFDUPS JU NBZ UBLF TFWFSBM IPVST

UP EBZT UP SFB� UIJT TUFBEZ�TUBUF�

"�FS UIF UFNQFSBUVSF EJTUSJCVUJPO JT DBMDVMBUFE UIF BEEJUJPOBM QIBTF φ(t, r) EVF

UP UIF �BOHF JO PQUJDBM QBUI MFOHUI JT HJWFO CZ

φ(t, r) =
2π

λ

dn

dT

∫ h/2

−h/2
dz(T (t, r, z) − TFYU) . 	����


©JT JT FYBDUMZ UIF QIBTF UIBU IBT UP CF JOTFSUFE GPS φDBW BOE φJO JO UIF DBWJUZ FRVB�

UJPOT UIBU XFSF HJWFO JO UIF MBTU 4FDUJPO� 0G DPVSTF UIF UFNQFSBUVSF QSP�MF GPS UIF

JODPVQMJOH NJSSPS IBT UP CF UBLFO GPS UIF QIBTF φJO BOE UIF TVCTUSBUFT UFNQFSBUVSF

QSP�MF GPS UIF QIBTF φDBW�

��



���� ìF TJNVMBUJPO DPEF

©F TFDPOE QBQFS <��> FYUFOET UIF �STU POF CZ JOUSPEVDJOH SFDVSSFODF SFMBUJPOT

GPS TVDDFTTJWF UJNF TUFQT� ©FTF SFMBUJPOT DBO CF VTFE GPS TJNVMBUJOH UIF CVJME�VQ

PG BO PQUJDBM �FME JOTJEF B DBWJUZ JO UIF UJNF�EPNBJO JO UIF QSFTFODF PG BCTPSCJOH

NJSSPST BOE BO JOUSB�DBWJUZ TVCTUSBUF� ©F POMZ BTTVNQUJPO JT UIBU UIF UJNF TUFQT

BSF NV� TNBMMFS UIBO UIF �BSBDUFSJTUJD UJNF tc� "T GPS UIF TJNVMBUJPO EFTDSJCFE JO

UIF OFYU 4FDUJPO UIF UJNF TUFQ JT UIF DBWJUZ SPVOE�USJQ UJNF τ = 1/'43 XIJ� JT

JO UIF PSEFS PG OBOPTFDPOET UIF BCPWF BTTVNQUJPO JT WBMJE TJODF UIF �BSBDUFSJTUJD

UJNF JT JO UIF PSEFS PG TFDPOET UP NJOVUFT� ©F QSPTQFDU PG UIF OVNFSJDBM DPEF GSPN

)FMMP BOE 7JOFU JT UP TJNVMBUF UIF EFGPSNBUJPO BOE UIFSNBM BCFSSBUJPOT PG UIF DBWJUZ

NJSSPST PO UJNF TDBMFT PG NJOVUFT VOUJM UIF TUFBEZ�TUBUF JT SFB�FE� ©FSFGPSF UIF

DBWJUZ EFUVOJOH DBO CF USFBUFE BT CFJOH DPOTUBOU BOE UIF QPXFS CVJME�VQ JOTJEF UIF

DBWJUZ DBO CF DBMDVMBUFE GPS B �YFE UFNQFSBUVSF EJTUSJCVUJPO� ©JT JT BO JNQPSUBOU

EJ~FSFODF UP UIF DBTF XIFSF IJHI��OFTTF DBWJUJFT DPOUBJOJOH TNBMM TVCTUSBUFT BSF

VTFE TJODF UIF UJNF FWPMVUJPO PG UIF UFNQFSBUVSF IBT UP CF DPOTJEFSFE EVSJOH UIF

CVJME�VQ�

���� GF TJNVMBUJPO DPEF

5P JNQMFNFOU UIF DBMDVMBUJPO BT JU XBT EFTDSJCFE JO UIF MBTU 4FDUJPOT B $ DPEF XBT

EFWFMPQFE� ©F SFBTPO GPS VTJOH $ XBT UIF DPNQMFYJUZ PG UIF UFNQFSBUVSF QSP�MF

DBMDVMBUJPO XIJ� JT WFSZ $16 DPOTVNJOH� 5P QSPWJEF BO FBTZ BDDFTT UP UIF TJNV�

MBUJPO SFTVMUT BOE UP TJNQMJGZ UIF GVSUIFS EFWFMPQNFOU PG BO BVUPNBUFE �U SPVUJOF

UIF DPSF GVODUJPOBMJUZ JT IJEEFO JO B MJCSBSZ XIJ� JT BDDFTTFE WJB B 1ZUIPO JOUFS�

GBDF� " T�FNBUJD PG UIF DPEF EFTJHO JT JMMVTUSBUFE JO 'JHVSF ���� ©FSF JT B DFOUSBM

1ZUIPO NPEVMF ULTJN�QZ UIBU JT UIF NBJO BQQMJDBUJPO� *U QBSTFT TPNF DPNNBOE MJOF

BSHVNFOUT BOE UIFO DSFBUFT BO JOTUBODF PG UIF DMBTT 5L4JN XIJ� JT EF�OFE JO UIF

1ZUIPO NPEVMF QZULTJN�QZ� *U JT QPTTJCMF UP SVO UIF TJNVMBUJPO CBTFE PO UIF WBMVFT

JOTJEF UIF �MF UIBU XBT QBTTFE UP UIF ULTJN BQQMJDBUJPO BOE PQUJPOBMMZ EJTQMBZ UIF

SFTVMUT VTJOH (OVQMPU PS KVTU QSJOU UIF TJNVMBUJPO SFTVMUT� "MUFSOBUJWFMZ JU JT QPTTJCMF

UP SVO TPNF BVUPNBUFE UFTUT UP NBLF TVSF UIF BQQMJDBUJPO XPSLT QSPQFSMZ�

©F GPSNBU PG UIF JOJUJBMJ[BUJPO �MFT JT EFUFSNJOFE CZ UIF $PO�H1BSTFS DMBTT XIJ�

JT BO JOUSJOTJD DMBTT PG UIF 1ZUIPO EJTUSJCVUJPO� ©F BQQMJDBUJPO VTFT UIF EFGBVMU DPO�

�HVSBUJPO GSPN UIF �MF EFGBVMU�JOJ UP EFUFSNJOF XIJ� QBSBNFUFST BSF BWBJMBCMF BOE

BMTP BTTJHOT UIF WBMVFT UIBU BSF TQFDJ�FE JO UIBU �MF UP QBSBNFUFST UIBU XFSF OPU

EF�OFE� ©F MJTUJOH PO UIF OFYU QBHF TIPXT UIF DPOUFOU PG UIF EFGBVMU �MF�

©F �MF JT TQMJ�FE JOUP TFDUJPOT 	EFOPUFE CZ <4FDUJPO OBNF>
 GPMMPXFE CZ UIF QB�

SBNFUFST GPS UIF TFDUJPO HJWFO BT QBSBNFUFS � WBMVF� &WFSZUIJOH B�FS B � JT DPOTJE�

FSFE UP CF B DPNNFOU� ©F QBSBNFUFST JO UIF �MF IBWF B EFTDSJQUJPO BOE BMTP UIF

VOJUT BSF HJWFO�

��
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'JHVSF ����� 0WFSWJFX PG UIF DPEF EFTJHO UIBU XBT �PTFO UP FBTF UIF EFWFMPQNFOU

PG GVSUIFS ��JOH SPVUJOFT BOE PQUJNJ[F UIF TQFFE PG UIF DBMDVMBUJPO� ©F

DPSF GVODUJPOBMJUZ JODMVEJOH UIF DBMDVMBUJPO PG UIF UFNQFSBUVSF EJTUSJCV�

UJPO BOE UIF UJNF�EPNBJO TJNVMBUJPO XBT JNQMFNFOUFE JO $ XJUIJO UIF

MJCSBSZ MJCULTJN�TP� ©F TVSSPVOEJOH 1ZUIPO TDSJQUT BDDFTT UIJT MJCSBSZ

BOE QFSGPSN UIF TUBUJTUJDBM BOBMZTJT�

��
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# Parameter overview and default

# value definition for pytksim

� [Laser]

P = 0.0

Lambda = 1064e-9

w0 = 100e-6

�� [Cavity]

mm = 1.0

R1 = 0.9

R2 = 1.0

s = 0.0

�� NFSR_i = 1.0

NFSR_d = 1.0

omega_s = 10.0

delta_start = 0.0

delta_range = 1.0

��

[Measurement]

datafile = none

offset = 0.0

shift_i = 0.0

�� shift_d = 0.0

ref_val = 1.0

trans_val = 1.0

every = 1

�� [Substrate]

n = 1.0

dndT = 0.0

cw = 1.0

rho = 1.0

�� L = 0.0

R = 0.0

alpha = 0.0

alpha_coating = 0.0

a_th = 0.0

�� k_th = 1.0

epsilon = 1.0

[Mirror_1]

n = 1.0

�� dndT = 0.0

cw = 1.0

rho = 1.0

L = 0.0

R = 0.0

�� alpha = 0.0

alpha_coating = 0.0

a_th = 0.0

k_th = 1.0

epsilon = 1.0

��

#[Mirror 2]

[Control]

xRes = 100

�� mstep = 100

pstep = 1

Tstep = 100

TEPS = 1e-6

alpha_eats_photons = 1

�� T0 = 300.0

term = wxt

infofile = info.txt

datafile = none

phiFactor = 1

��

��
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'JHVSF ����� 'MPX�BSU PG UIF DPSF DBMDVMBUJPO UIBU JT QFSGPSNFE CZ UIF OVNFSJDBM

UJNF�EPNBJO TJNVMBUJPO�

©F �HVSF ��� TIPXT UIF DPSF GVODUJPOBMJUZ PG UIF DPEF� 8IFO UIF TJNVMBUJPO JT

TUBSUFE JU �STU SFBET UIF JOJ �MF UIBU XBT HJWFO BT BO BSHVNFOU PO UIF DPNNBOE MJOF�

©FO UIF UFNQFSBUVSF DBMDVMBUJPO XJMM CF JOJUJBMJ[FE� ©JT JODMVEFT UIF BMMPDBUJPO PG

NFNPSZ BOE UIF OVNFSJDBM DBMDVMBUJPO PG UIF SPPUT PG TPNF FRVBUJPOT BT NFOUJPOFE

JO B QSFWJPVT 4FDUJPO� ©F TUBSUJOH WBMVFT GPS UIF JOUSB�DBWJUZ �FME PVUQVU �FMET

BOE UIF JOJUJBM UFNQFSBUVSF EJTUSJCVUJPO BSF TFU IFSF UPP� /FYU UIF DPEF FOUFST JUT

NBJO MPPQ XIFSF UIF �FMET GPS FB� TVDDFTTJWF SPVOE�USJQ BSF DBMDVMBUFE� 'JSTU JU JT

EFDJEFE XIFUIFS UIF UFNQFSBUVSF QSP�MF IBT UP CF SFDBMDVMBUFE� ©F VTFS DBO DPOUSPM

UIJT TUFQ CZ BEKVTUJOH UIF 5TUFQ WBSJBCMF XIJ� JT UIF OVNCFS PG SPVOE�USJQT UIF DPEF

XBJUT VOUJM UIF UFNQFSBUVSF JT DBMDVMBUFE BHBJO� *G UIF UFNQFSBUVSF EJ~FSFODF GPS UXP

TVDDFTTJWF DBMDVMBUJPOT JT UPP CJH 	EF�OFE CZ UIF 5FQT WBSJBCMF
 UIF DPEF XJMM QSJOU

B XBSOJOH� *O UIJT DBTF UIF VTFS NJHIU SFEVDF 5TUFQ� /PUF UIBU UIF EFUFSNJOBUJPO

PG UIF UFNQFSBUVSF EJTUSJCVUJPO JT CZ GBS UIF NPTU $16 DPOTVNJOH QBSU UIFSFGPSF

JU JT XPSUI UP TQFOE TPNF UJNF UP BEKVTU UIJT WBMVF� *O B TFDPOE TUFQ UIF UIFSNBM

BCFSSBUJPOT BT XFMM BT UIF SFTVMUJOH �FMET BSF DBMDVMBUFE VTJOH UIF SFMBUJPOT HJWFO

JO 4FDUJPOT ��� BOE ���� ©FO UIF SPVOE�USJQ OVNCFS JT JODSFBTFE CZ POF BOE JG UIF

FOE PG UIF TQFDJ�FE EFUVOJOH JT OPU SFB�FE UIF MPPQ JT SFQFBUFE� *G BMM WBMVFT XFSF

DBMDVMBUFE UIF TJNVMBUJPO PQUJPOBMMZ XSJUFT UIF SBX EBUB UP B �MF BOE UIFO DBMMT

(OVQMPU UP EJTQMBZ UIF SFTVMUT� ©F MBTU UIJOH JT UP DMFBO VQ XIJ� JODMVEFT GSFFJOH

��



���� "JSZ QFBL EFGPSNBUJPO JO UIF QSFTFODF PG BCTPSQUJPO

UIF BMMPDBUFE NFNPSZ BOE DMPTJOH BMM UIF �MF QPJOUFST� ©F OFYU 4FDUJPO XJMM TIPX

UIF RVBMJUBUJWF �BOHFT PG UIF "JSZ QFBLT VOEFSHPJOH UIFSNBM BCFSSBUJPO JOTJEF B

DBWJUZ�

���� "JSZ QFBL EFGPSNBUJPO JO UIF QSFTFODF PG BCTPSQUJPO

*O UIJT 4FDUJPO * XJMM EFTDSJCF UIF RVBOUJUBUJWF JO�VFODF PG UIF UIFSNBM BCFSSBUJPOT PO

UIF "JSZ QFBLT GSPN B UIFSNBMMZ MPBEFE DBWJUZ� 0OF F~FDU UIBU IBT OPU CFFO EJTDVTTFE

TP GBS CVU XIJ� JT JNQMJDJUMZ QSFTFOU JO UIF TJNVMBUJPO JT UIF TP DBMMFE SJOHJOH F~FDU

<��>� ©JT F~FDU PDDVST BU WFSZ GBTU TDBO GSFRVFODJFT BOE IJHI �OFTTF DBWJUJFT BOE

DBO CF VTFE UP EFUFSNJOF UIF �OFTTF PG UIFTF SFTPOBUPST� ©F JEFB CFIJOE UIF SJOHJOH

F~FDU JT UIBU UIF JOUFSGFSFODF PG UIF �FMET XJMM �BOHF TJHOJ�DBOUMZ JG UIF QIBTF PG

UIF JOUSB�DBWJUZ �FME �BOHFT XJUIJO UIF CVJME�VQ UJNF� *O 'JHVSF ��� ZPV DBO TFF

BO FYBNQMF PG TV� QFBLT BU EJ~FSFOU TDBO GSFRVFODJFT� /PUF UIBU UIF NBYJNVN JO

USBOTNJTTJPO EPFTO\U IBWF UP NBU� UIF NJOJNVN JO SF�FDUJPO JO UIJT DBTF� "OPUIFS

QPJOU JT UIBU UIF DBWJUZ PVUQVU DBO CF CJHHFS UIBO UIF JOQVU� "MM UIJT JT EVF UP UIF

TUPSBHF DBQBCJMJUJFT PG UIF SFTPOBUPS BOE UIF �BOHF JO JOUFSGFSFODF PG UIF CFBNT�

%VF UP UIF UJNF�EPNBJO OBUVSF PG UIF DPEF UIBU * VTF UP TJNVMBUF UIF UIFSNBM F~FDUT

UIF SJOHJOH F~FDU JT BVUPNBUJDBMMZ JODMVEFE� /PUF UIBU UIJT F~FDU IBT OPUIJOH UP EP

XJUI UIF BCTPSQUJPO PG UIF TVCTUSBUFT PS DPBUJOHT CVU POMZ EFQFOET PO UIF DBWJUZ\T

�OFTTF BOE UIF TQFFE PG UIF NJSSPS XIJ� JT HJWFO CZ UIF TDBO GSFRVFODZ BOE UIF

TDBO SBOHF� )FODF UIF SJOHJOH F~FDU XJMM IBWF OP DPOUSJCVUJPO UP UIF IZTUFSFTJT BT

TFFO GPS UIF UIFSNBM BCFSSBUJPOT�

*O UIF GPMMPXJOH JU JT BTTVNFE UIBU UIF TDBO GSFRVFODZ JT MPX FOPVHI UP OPU JO�

USPEVDF BOZ SJOHJOH F~FDU� *O 'JHVSF ��� UIF "JSZ QFBLT GSPN B UIFSNBMMZ MPBEFE

SFTPOBUPS BSF TIPXO GPS EJ~FSFOU BCTPSQUJPOT� "T ZPV DBO TFF UIF QFBL HFUT CSPBEFS

XIFO TIPSUFOJOH UIF DBWJUZ BOE JU HFUT OBSSPXFS XIFO MFOHUIFOJOH UIF DBWJUZ� ©JT

IZTUFSFTJT F~FDU DBO CF VOEFSTUPPE BT GPMMPXT� ©F JODSFBTJOH MJHIU QPXFS JOTJEF

UIF SFTPOBUPS SFTVMUT JO B SBJTJOH UFNQFSBUVSF BOE UIFSFGPSF JO BO JODSFBTJOH PQUJDBM

QBUI MFOHUI GPS UIF JOUSB�DBWJUZ �FME 	UIJT JT POMZ USVF JG ∂n/∂T + aUI > 0 XIJ� JT

USVF GPS UIF NBUFSJBMT DPOTJEFSFE JO UIJT UIFTJT
� /PUF UIBU UIF TDBO EJSFDUJPO IBT OP

JO�VFODF PO UIJT J�F� JO CPUI DBTFT UIF PQUJDBM QBUI MFOHUI JODSFBTFT� 8F NJHIU UIJOL

PG JU BT UIF NJSSPS M2 NPWJOH BXBZ GSPN UIF NJSSPS M1 BOE UIFSFGPSF DBVTJOH UIJT

JODSFBTJOH PQUJDBM QBUI MFOHUI� 8IFO XF OPX USZ UP TIPSUFO UIF DBWJUZ JU XJMM UBLF B

MPOHFS UJNF UP TDBO PWFS B TJOHMF QFBL TJODF UIF SFMBUJWF NJSSPS TQFFE JT TNBMMFS UIBO

UIF TQFFE PG UIF TDBOOFE NJSSPS� 'PS MFOHUIFOJOH UIF SFTPOBUPS UIF F~FDU JT KVTU UIF

PQQPTJUF J�F� UIF NJSSPS TQFFET BEE VQ MFBEJOH UP B GBTUFS TDBO PWFS UIF QFBL XIJ�

UIVT CFDPNFT NPSF OBSSPX�

*O UIF CP�PN SJHIU QMPU UIF UIFSNBM F~FDU JT TP TUSPOH UIBU UIF (BVTTJBO NPEF JT

EFGPSNFE BOE UIFSFGPSF UIF TJNVMBUJPO JT OPU WBMJE BOZNPSF� 0OMZ UIF "JSZ QFBL GPS

MFOHUIFOJOH UIF DBWJUZ DBO UIFO CF DBMDVMBUFE DPSSFDUMZ�

��



�� .PEFMMJOH UIFSNBM F´FDUT JOTJEF PQUJDBM DBWJUJFT
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'JHVSF ����� ©F SJOHJOH F~FDU GSPN B IJHI �OFTTF DBWJUZ XJUIPVU BCTPSQUJPO� ©F

MF� BYJT TIPXT UIF USBOTNJ�FE QPXFS XIFSFBT UIF SJHIU BYJT TIPXT UIF

SF�FDUFE QPXFS�

*U JT VTFGVM UP KVTU MPPL BU UIF EJ~FSFODF PG CPUI TDBO EJSFDUJPOT� ©FTFT QMPUT TIPX

EJSFDUMZ UIF IZTUFSFTJT F~FDU TJODF UIF DVSWF WBOJTIFT JG UIFSF JT OP BCTPSQUJPO JOTJEF

UIF DBWJUZ� 'JHVSF ��� TIPXT UIF EJ~FSFODF QMPUT GPS UIF TBNF QBSBNFUFST BT XFSF

VTFE JO UIF QSFDFEJOH QMPUT�

��



���� "JSZ QFBL EFGPSNBUJPO JO UIF QSFTFODF PG BCTPSQUJPO
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'JHVSF ����� "JSZ QFBLT JO USBOTNJTTJPO GSPN BO BCTPSCJOH DBWJUZ GPS EJ~FSFOU BC�

TPSQUJPOT� "T UIF BCTPSQUJPO JODSFBTFT UIF QFBLT HFU TNBMMFS JO IFJHIU

BOE UIFSF JT B IZTUFSFTJT GPS UIF UXP TDBO EJSFDUJPOT� 'PS MFOHUIFOJOH

UIF SFTPOBUPS 	HSFFO DVSWFT
 UIF QFBLT HFU OBSSPXFS XIFSFBT UIF PQQP�

TJUF JT USVF GPS TIPSUFOJOH UIF DBWJUZ 	SFE DVSWFT
� 'PS UIF SFE DVSWF JO

UIF CP�PN SJHIU QMPU UIF TJNVMBUJPO JT OPU WBMJE BOZNPSF EVF UP NPEF

EFGPSNBUJPOT PG UIF CFBN�

��



�� .PEFMMJOH UIFSNBM F´FDUT JOTJEF PQUJDBM DBWJUJFT
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'JHVSF ����� ©F EJ~FSFODF PG UIF UXP TDBO EJSFDUJPOT JT B EJSFDU NFBTVSF PG UIF IZT�

UFSFTJT F~FDU BOE UIFSFGPSF PG UIF UIFSNBM BCFSSBUJPOT� ©F DVSWFT CFMPOH

UP UIF �STU UISFF "JSZ QFBLT UIBU BSF TIPXO JO 'JHVSF ����

���� 4JNVMBUJPO QBSBNFUFS PWFSWJFX

*O UIF MBTU 4FDUJPO JU XBT TIPXO UIBU UIFSF BSF B DPVQMF PG QBSBNFUFST UIBU FOUFS UIF

DBMDVMBUJPO� 5P SFEVDF UIF QBSBNFUFS TQBDF * XJMM TIPX JO UIJT 4FDUJPO IPX FB�

QBSBNFUFS JO�VFODFT UIF SFTVMU PG UIF TJNVMBUJPO� ©FSFGPSF XF IBWF UP RVBOUJGZ

UIF HPPEOFTT PG �U GPS B HJWFO NFBTVSFNFOU� ©JT JT EPOF CZ VTJOH UIF WBSJBODF V

PG UIF EBUB HJWFO CZ

V =
1

N

N∑

n=1

(

xUIFP
n − xNFBT

n

)2
, 	����


XIFSF N JT UIF OVNCFS PG EBUB QPJOUT BOE x JT B WFDUPS DPOUBJOJOH UIF UIFPSFUJDBM BOE

FYQFSJNFOUBM EBUB SFTQFDUJWFMZ� *O NJOJNJ[JOH UIJT RVBOUJUZ POF �OET UIF UIFPSFU�

JDBM EBUB UIBU CFTU EFTDSJCFT UIF FYQFSJNFOUBM EBUB� ©F TJNQMFTU NFUIPE UP �OE UIJT

NJOJNVN JT UP EP B TJNQMF HSJE TFBS� XIFSF FB� QBSBNFUFS JT TDBOOFE XJUIJO B

DFSUBJO SBOHF BOE XJUI B HJWFO OVNCFS PG TUFQT� *O 'JHVSF ��� ZPV DBO TFF UIF DPOUPVS

QMPU PG TV� B HSJE TFBS� XIFSF POMZ UIF UXP NJSSPS SF�FDUJWJUJFT XFSF TDBOOFE� ©F

WBSJBODF JT NJOJNJ[FE GPS UIF WBMVFT R1 = 0.90579 BOE R2 = 0.99819� ©JT NJOJ�

NVN JT HJWFO CZ VM = 1.35 · 10−3� ©F ZFMMPX MJOFT JO UIF QMPU EFOPUF UIF QPJOUT

XIFSF UIF WBSJBODF SFB�FT UXP UJNFT UIF NJOJNVN VM XIJ� * VTF BT B NFBTVSF PG

��



���� 4JNVMBUJPO QBSBNFUFS PWFSWJFX

'JHVSF ����� ©JT DPOUPVS QMPU TIPXT UIF SFTVMU PG B HSJE TFBS� GPS UIF TDBO PG UIF

UXP NJSSPS SF�FDUJWJUJFT� ©F ZFMMPX FMMJQTF JOEJDBUFT UIF EPVCMJOH PG UIF

NJOJNVN WBSJBODF BOE UIF DSPTT NBSLT UIF CFTU �U WBMVFT�

UIF UPMFSBODF GPS B QBSBNFUFS�

5P �OE PVU IPX QSFDJTF UIF QBSBNFUFST IBWF UP CF LOPXO * EJE B HSJE TFBS� GPS

BMM UIF QBSBNFUFST JOWPMWFE� ©F TUBSUJOH QPJOU JT UIF CFTU �U UP UIF NFBTVSFNFOU BOE

GSPN UIBU B TJOHMF QBSBNFUFS JT WBSJFE� #BTFE PO UIJT BOBMZTJT UIF QBSBNFUFST DBO

CF TQMJU VQ JOUP UIF GPMMPXJOH DBUFHPSJFT�

�� 8FBL QBSBNFUFST IBWF POMZ B WFSZ XFBL JO�VFODF PO UIF SFTVMU�

�� 4USPOH QBSBNFUFST IBWF BO JO�VFODF PO UIF DBMDVMBUJPO CVU BSF OPSNBMMZ

LOPXO UP B WFSZ IJHI BDDVSBDZ�

�� )FBWZ QBSBNFUFST BSF UIF NPTU DSJUJDBM TJODF UIFZ BSF OPU LOPXO WFSZ XFMM

BOE IBWF B TUSPOH JO�VFODF PO UIF SFTVMU�

5BCMF ��� HJWFT BO PWFSWJFX PWFS UIF DBUFHPSJFT JODMVEJOH BMM UIF QBSBNFUFST� _7FSZ

XFBL`NFBOT UIBU UIF WBSJBODF JT TNBMMFS UIBO UXP UJNFT UIF NJOJNVN WBSJBODF VM

FWFO BU EFWJBUJPOT PG ±20� GSPN UIF QBSBNFUFST CFTU �U WBMVF p0� ©F OFYU DBUFHPSZ

JODMVEFT UIF QBSBNFUFST UIBU TIPX B WBSJBODF PG NPSF UIBO 2VM XJUIJO UIF JOUFSWBM

PG ±15� BSPVOE p0 XIFSFBT UIF IFBWZ QBSBNFUFST TIPX UIJT WBSJBODF XJUIJO UIF

JOUFSWBM PG POMZ ±5��

©F DPSSFTQPOEJOH QMPUT BSF TIPXO JO 'JHVSF ��� GPS UIF XFBL QBSBNFUFST 'JHVSF

���� GPS UIF TUSPOH QBSBNFUFST BOE 'JHVSF ���� GPS UIF IFBWZ QBSBNFUFST� 'PS BMM QMPUT

��



�� .PEFMMJOH UIFSNBM F´FDUT JOTJEF PQUJDBM DBWJUJFT

8FBL QBSBNFUFST 	2VM EFWJBUJPO XJUIJO ±20� BSPVOE p0


O JOEFY PG SFGSBDUJPO

3 SBEJVT PG UIF TVCTUSBUF

T BJS HBQ PG UIF DBWJUZ

B@UI UIFSNBM FYQBOTJPO DPF�DJFOU

L@UI UIFSNBM DPOEVDUJWJUZ

EOE5 UFNQFSBUVSF EFQFOEFODF PG UIF SFGSBDUJWF JOEFY

4USPOH QBSBNFUFST 	2VM EFWJBUJPO XJUIJO ±15� BSPVOE p0


/'43@E OVNCFS PG GSFF TQFDUSBM SBOHFT 	EFDSFBTJOH SBNQ


MBNCEB WBDVVN XBWFMFOHUI PG UIF MJHIU �FME

X� XBJTU TJ[F PG UIF JODJEFOU CFBN

DX TQFDJ�D IFBU

SIP EFOTJUZ

BMQIB QPXFS BCTPSQUJPO PG UIF TVCTUSBUF

- MFOHUI PG UIF TVCTUSBUF

)FBWZ QBSBNFUFST 	2VM EFWJBUJPO XJUIJO ±5� BSPVOE p0


3� 3� NJSSPS SF�FDUJWJUJFT

1 JODJEFOU MBTFS QPXFS

PNFHB@T TDBO GSFRVFODZ

/'43@J OVNCFS PG GSFF TQFDUSBM SBOHFT 	JODSFBTJOH SBNQ


5BCMF ����� 0WFSWJFX PG UIF UISFF QBSBNFUFS DBUFHPSJFT�
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'JHVSF ����� 1BSBNFUFST UIBU IBWF POMZ B WFSZ XFBL JO�VFODF PO UIF SFTVMU�

��



���� 4JNVMBUJPO QBSBNFUFS PWFSWJFX

����

��

����

��

����

��

����

��

���	� ���
 ���
� �� ����� ���� �����

��
�
��
��
��
�
�
�

����

��

�

�

�

�

��

���� 

'JHVSF ������ 1BSBNFUFST UIBU IBWF XFBL JO�VFODF PO UIF SFTVMU�

UIF WBSJBODF JT QMP�FE JO VOJUT PG UIF NJOJNVN WBSJBODF VM BOE FB� QBSBNFUFS p

JT OPSNBMJ[FE UP JUT CFTU �U WBMVF p0� /PUF UIBU UIF QBSBNFUFST α BOE L IBWF SPVHIMZ

UIF TBNF JO�VFODF BT ∂n/∂T  BMUIPVHI UIFZ KVTU GBMM JOUP UIF OFYU DBUFHPSZ�

©F SFBTPO XIZ UIF OVNCFS PG '43 GPS FB� TDBO EJSFDUJPO GBMMT JOUP UXP EJ~FSFOU

DBUFHPSJFT JT CBTFE PO UIF IZTUFSFTJT F~FDU� "T TUBUFE BCPWF UIF QFBL HFUT CSPBEFS

XIFO TIPSUFOJOH UIF DBWJUZ XIJ�NFBOT UIBU JO UIJT DBTF UIF UFNQFSBUVSF QSP�MF IBT

NPSF UJNF UP FWPMWF� )FODF UIF CB��BDUJPO PO UIF MJHIU �FME JT TUSPOHFS DPNQBSFE

UP UIF PQQPTJUF TDBO EJSFDUJPO� 4IPSUFOJOH UIF DBWJUZ MFOHUI JT FRVBM UP JODSFBTJOH

UIF WPMUBHF PG UIF QJF[P BDUVBUPS MFBEJOH UP UIF TUSPOHFS JO�VFODF PG UIF QBSBNFUFS

/'43@J DPNQBSFE UP /'43@E�

4JODF UIF TDBO GSFRVFODZ BOE UIF OVNCFS PG GSFF TQFDUSBM SBOHFT UIBU XFSF TDBOOFE

BSF OPSNBMMZ LOPXO WFSZ XFMM UIF NPTU DSJUJDBM QBSBNFUFST GPS UIF TJNVMBUJPO BSF

UIF NJSSPS SF�FDUJWJUJFT R1 R2 BOE UIF MBTFS JOQVU QPXFS P� 4JODF UIFTF BSF OPU

LOPXO UP UIF SFRVJSFE BDDVSBDZ XF DBO VTF UIF NFBTVSFNFOU PG "JSZ QFBLT UIBU

EPO\U TIPX BOZ IZTUFSFTJT UP EFUFSNJOF UIFN� ©F IJHI JO�VFODF PG FTQFDJBMMZ UIF

NJSSPS SF�FDUJWJUJFT PO UIF TJNVMBUJPO SFTVMU NFBOT PO UIF PUIFS IBOE UIBU XF DBO

NFBTVSF UIFTF RVBOUJUJFT UP B IJHI QSFDJTJPO XJUI UIF IFMQ PG UIF TJNVMBUJPO� 5P

B�JFWF UIJT POF VTFT B IJHI TDBO GSFRVFODZ UPHFUIFS XJUI MPX JOQVU QPXFS� ©F

NJTTJOH IZTUFSFTJT NFBOT UIBU BMM NBUFSJBM QBSBNFUFST WBOJTI GSPN UIF BOBMZTJT BOE

UIF POMZ ��JOH QBSBNFUFST UP UIF "JSZ QFBLT BSF UIF NJSSPS SF�FDUJWJUJFT BOE UIF

JOQVU QPXFS� /PUF UIBU BMM QBSBNFUFST UIBU BSF SFMBUFE UP B TVCTUSBUF BSF QSFTFOU

��



�� .PEFMMJOH UIFSNBM F´FDUT JOTJEF PQUJDBM DBWJUJFT
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'JHVSF ������ 1BSBNFUFST UIBU IBWF B IJHI JO�VFODF PO UIF SFTVMU�

UXP UJNFT JO UIF TJNVMBUJPO CFDBVTF XF IBWF UIF JODPVQMJOH NJSSPS BT XFMM BT UIF

JOUSB�DBWJUZ TVCTUSBUF�

���� %FUFSNJOBUJPO PG UIF PQUJDBM BCTPSQUJPO

5P UFTU UIF OFX NFBTVSFNFOU NFUIPE XF BQQMJFE JU UP UIF BCTPSQUJPO DPF�DJFOU PG

MJUIJVN OJPCBUF EPQFE XJUI 7 NPM� NBHOFTJVN PYJEF <��>� ©F EFSJWFE BCTPSQUJPO

XBT α = (5.9 ± 0.9) × 10−4/DN XIJ� JT JO HPPE BHSFFNFOU XJUI B TFQBSBUF NFB�

TVSFNFOU PG UIF BCTPSQUJPO DPNQBSJOH UIF NFBTVSFE �OFTTF PG UIF DBWJUZ XJUI UIF

UIFPSFUJDBM WBMVF BT HJWFO CZ UIF NJSSPS SF�FDUJWJUJFT TQFDJ�FE CZ UIF NBOVGBDUVSFS�

'JHVSF ���� TIPXT B T�FNBUJD PG UIF EBUB UIBU JT OFFEFE GPS QFSGPSNJOH UIF BOBM�

ZTJT� 8F OFFE UIF QIPUPEJPEF TJHOBMT JO USBOTNJTTJPO BOE SF�FDUJPO PG UIF SFTPOBUPS

GPS JODSFBTJOH BOE EFDSFBTJOH UIF QJF[P WPMUBHF� 'VSUIFSNPSF BU MFBTU POF GSFF TQFD�

USBM SBOHF PG UIF DBWJUZ IBT UP CF TDBOOFE JO PSEFS UP EFUFSNJOF UIF TQFFE PG UIF

TDBOOFE NJSSPS� "MUFSOBUJWFMZ JU JT QPTTJCMF UP HFOFSBUF GSFRVFODZ NBSLFST UIBU BSF

NV� TNBMMFS UIBO B GSFF TQFDUSBM SBOHF CZ VTJOH BO FMFDUSP�PQUJD NPEVMBUPS� "E�

EJUJPOBMMZ UIF SBNQ IBT UP CF SFDPSEFE UP EFUFSNJOF UIF TDBO GSFRVFODZ� ©F NFB�

TVSFNFOUT XFSF QFSGPSNFE CZ +FTTJDB 4UFJOMF�OFS� ©F FYQFSJNFOUBM TFUVQ JT TIPXO

JO 'JHVSF ����� ©F MBTFS CFBN JT DPVQMFE JOUP UIF DBWJUZ DPOTJTUJOH PG B NJSSPS XJUI

SF�FDUJWJUZ R1 = 0.9 BOE UIF CB� TVSGBDF PG B .H0�-J/C03 DSZTUBM XJUI SF�FDUJWJUZ

PG R2 = 0.998� 4JODF UIF NBUFSJBM JT B OPO�MJOFBS DSZTUBM PG TFDPOE PSEFS XF EFUVOFE

��





�� .PEFMMJOH UIFSNBM F´FDUT JOTJEF PQUJDBM DBWJUJFT
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'JHVSF ������ 3FTVMUT PG UIF NFBTVSFNFOUT QFSGPSNFE BU UIF IFNJMJUIJD 4)(� ©F

HSFFO BSSPX NBSLT UIF BWFSBHF WBMVF PG UIF BCTPSQUJPO BOE UIF CMVF

SFDUBOHMF JOEJDBUFT UIF NFBO FSSPS�

UIF UFNQFSBUVSF XFMM BXBZ GSPN UIF QIBTF NBU�JOH DPOEJUJPO UP QSFWFOU BOZ TFDPOE

IBSNPOJD HFOFSBUJPO� ©F JODPVQMJOH NJSSPS XBT UIFO TDBOOFE CZ BQQMZJOH B IJHI

WPMUBHF UP B QJF[P BOE UIF USBOTNJ�FE BT XFMM BT UIF SF�FDUFE �FME XBT NFBTVSFE

VTJOH UIF QIPUPEJPEFT 1%USBOT BOE 1%SFG SFTQFDUJWFMZ�

5P TIPX UIF SFQSPEVDJCJMJUZ PG UIF NFUIPE UIF "JSZ QFBLT XFSF NFBTVSFE GPS

EJ~FSFOU TDBO GSFRVFODJFT BOE JOQVU QPXFST� ©F SFTVMUT PG UIF BOBMZTJT PG UIFTF

NFBTVSFNFOUT BSF TIPXO JO 'JHVSF ����� "T ZPV DBO TFF BMM UIFTF NFBTVSFNFOUT

IBWF DPNQBSBCMF FSSPSCBST BOE UIF NFBO WBMVF PG UIFTF NFBTVSFNFOUT 	HSFFO BSSPX


MBZT XFMM JOTJEF FB� FSSPSCBS� ©F CMVF SFDUBOHMF EFQJDUT UIF FSSPSCBS BWFSBHFE PWFS

BMM NFBTVSFNFOUT�

5P NBLF B QSFEJDUJPO PG UIF TFOTJUJWJUZ PG PVS NFUIPE XF DPOTJEFS UIF BCTPSQUJPO

NFBTVSFNFOU PG DSZTUBMMJOF TJMJDPO BU B XBWFMFOHUI PG λ = 1550 ON� ©JT WBMVF

IBT OPU CFFO NFBTVSFE CFGPSF CVU EBUB BU TIPSUFS XBWFMFOHUI TVHHFTU BO BCTPSQUJPO

DPF�DJFOU TNBMMFS UIBO 10−8/DN <��>� 0VS TJNVMBUJPO JT CBTFE PO B 6.5 DN MPOH

TJMJDPO TBNQMF JOTJEF B DBWJUZ PG �OFTTF 20000 QVNQFEXJUI 18PG JOQVU MBTFS QPXFS

BOE BO BCTPSQUJPO PG α = 10−8/DN� ©F SF�FDUJWJUJFT PG UIF UXP DBWJUZ NJSSPST BSF

BTTVNFE UP CF JEFOUJDBM� 'JHVSF ���� TIPXT UIF "JSZ QFBL EJ~FSFODF PG UIF UXP TDBO

EJSFDUJPOT OPSNBMJ[FE UP UIF JOQVU QPXFS JO USBOTNJTTJPO BOE SF�FDUJPO� ©F TDBO

WFMPDJUZ VTFE JO UIBU TJNVMBUJPO XBT vm = 2 ·1550 ON�T� #FDBVTF PG UIF IJHI �OFTTF

��



���� %FUFSNJOBUJPO PG UIF PQUJDBM BCTPSQUJPO
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'JHVSF ������ )ZTUFSFTJT BT FYQFDUFE GSPN B DSZTUBMMJOF TJMJDPO DBWJUZ�

PG UIF DBWJUZ UIF "JSZ QFBLT TIPX B SBUIFS TUSPOH SJOHJOH F~FDU UIBU DBO CF TFFO JO

UIF IZTUFSFTJT DVSWF UPP� 'PS UIF �PTFO QBSBNFUFST XF �OE B TJHOJ�DBOU IZTUFSFTJT

PG VQ UP ��� PG UIF JOQVU QPXFS�

��





�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF

(&0 600 TRVFF[FS

©JT $IBQUFS EFTDSJCFT UIF BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FE MJHIU

TPVSDF� *U JT CBTFE PO UIF -*(0 $POUSPM BOE %BUB 4ZTUFN 	$%4
 <��> BOE UIF &YQFS�

JNFOUBM 1IZTJDT BOE *OEVTUSJBM $POUSPM 4ZTUFN 	&1*$4
 <��>�

���� *OUSPEVDUJPO UP UIF -*(0 $POUSPM BOE %BUB 4ZTUFN

©F -*(0 $%4 XBT EFWFMPQFE UP EJHJUBMMZ DPOUSPM MBSHF TDBMF PQUJDBM FYQFSJNFOUT

MJLF HSBWJUBUJPOBM XBWF EFUFDUPST� *U JT CBTFE PO B SFBM�UJNF -JOVY TZTUFN XIJ�

SVOT PO BO Y�� BS�JUFDUVSF NVMUJ�DPSF $16 BOE VTFT 1$*�9 DBSET UP JOUFSGBDF UIF

FYQFSJNFOU� ©F DPNQVUFS UIBU SVOT UIJT SFBM�UJNF TZTUFN BOE JNQMFNFOUT UIF EJHJUBM

DPOUSPMMFST JT DBMMFE UIF GSPOU�FOE� 5PHFUIFS XJUI UIF TP�DBMMFE GSBNF CVJMEFS XIJ�

JT SFTQPOTJCMF UP QFSNBOFOUMZ TUPSF UIF EBUB UP EJTL BOE BMTP UP QSPWJEF UIJT EBUB PO

UIF OFUXPSL UIFTF UXP DPNQPOFOUT NBLF VQ UIF SFBM�UJNF QBSU PG UIF TZTUFN� /PUF

UIBU UIF GSBNF CVJMEFS EPFT OPU IBWF UP CF BO JOEFQFOEFOU DPNQVUFS CVU NBZ CF

JOTUBMMFE PO UIF GSPOU�FOE DPNQVUFS BT XFMM�

0SEJOBSZ (JHBCJU &UIFSOFU DPOOFDUJPOT BSF VTFE UP CVJME B QSJWBUF OFUXPSL GPS

FB� FYQFSJNFOU XIJ� NBZ DPOUBJO NVMUJQMF GSPOU�FOET BOE GSBNF CVJMEFST� "EEJ�

UJPOBMMZ UIFSF BSF XPSLTUBUJPOT JO UIJT OFUXPSL UIBU BSF OPU SFBM�UJNF DBQBCMF CVU

QSPWJEF UIF UPPMT UIBU UIF VTFS OFFET UP EFWFMPQ UIF EJHJUBM DPOUSPM TP�XBSF BDDFTT

UIF EBUB GSPN UIF GSBNF CVJMEFS BOE PQFSBUF UIF FYQFSJNFOU� 5P DPO�HVSF UIF SFBM�

UJNF NPEFMT BOE UP JNQMFNFOU DPOUSPM BMHPSJUINT UIBU EP OPU SFRVJSF GBTU FYFDVUJPO

UIF &1*$4çBOOFM BDDFTT QSPUPDPM 	$"
 JT VTFE� ©F &1*$4 TP�XBSF PSJHJOBUFT JO UIF

IJHI FOFSHZ QIZTJDT DPNNVOJUZ BOE XBT EFWFMPQFE UP DPOUSPM QBSUJDMF BDDFMFSBUPST

XIJ� IBWF B IVHF OVNCFS PG �BOOFMT UIBU IBWF UP CF DPOUSPMMFE XJUIPVU UIF OFFE

GPS IBSE SFBM�UJNF�

©F DPNCJOBUJPO PG UIFTF TP�XBSF DPNQPOFOUT NBLFT JU QPTTJCMF UP USBOTGFS UIF

UXP NBJO UBTLT GPS DPOUSPMMJOH BO PQUJDBM FYQFSJNFOU DPOUBJOJOH NVMUJQMF DPNQP�

OFOUT UP UIF EJHJUBM XPSME� ©F �STU UBTL JT UP EFTJHO DPOUSPMMFST GPS FB� DPNQPOFOU

UIBU EP B TUBCJMJ[BUJPO PG UIBU QBSU JOEFQFOEFOUMZ PG BMM UIF PUIFS QBSUT PO UIF PQUJDBM

UBCMF 	F�H� MP�JOH UIF MFOHUI PG BO PQUJDBM SFTPOBUPS
� ©FTF DPOUSPMT P�FO IBWF UP CF

SFMBUJWFMZ GBTU BOE BSF SFBMJ[FE CZ EFTJHOJOH B EJHJUBM �MUFS UIBU SVOT PO UIF GSPOU�FOE

DPNQVUFS BT B SFBM�UJNF LFSOFM NPEVMF� ©F $%4 DVSSFOUMZ QSPWJEFT DPOUSPM CBOE�

��



�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FS

XJEUIT PG B GFX L)[� "T B SVMF PG UIVNC UIF CBOEXJEUI JT POMZ POF UFOUI PG UIF

TBNQMJOH SBUF XIJ� JT JO UIJT DBTF �� L)[�

0O UIF PUIFS IBOE UIFSF JT UIF UBTL PG MP�JOH UIF DPNQPOFOUT JO B HJWFO TFRVFODF�

©JT UBTL JT VTVBMMZ EPOF CZ UIF QFSTPO SVOOJOH UIF FYQFSJNFOU CZ NBOVBMMZ PQFSBU�

JOH TPNF LOPCT BOE TXJU�FT XJUIJO UIF FMFDUSPOJDT SB�� *O UIF EJHJUBM XPSME UIFTF

BDUJPOT BSF DPNNPOMZ SFQMBDFE CZ PQFSBUJOH B HSBQIJDBM VTFS JOUFSGBDF 	(6*
 GPS

UIF FYQFSJNFOU\T DPOUSPM PO UIF XPSLTUBUJPO DPNQVUFS� 'PS UIF $%4 UIFTF TDSFFOT

DBO CF DSFBUFE CZ VTJOH UIF .PUJG &EJUPS BOE %JTQMBZ .BOBHFS 	.FEN
 XIJ� JT BO

FBTZ UP VTF (6* EFTJHOFS� *O NBOZ DBTFT UIF TFRVFOUJBM MP�JOH IBT UP CF BVUPNBUFE

UP QSPWJEF B 24/7 DPOUSPM PG UIF FYQFSJNFOU� ©JT DBO CF SFBMJ[FE CZ VTJOH POF PG

UIF TDSJQUJOH JOUFSGBDFT UP UIF &1*$4 �BOOFM BDDFTT QSPUPDPM� ©JT QSPUPDPM VTFT TP�

DBMMFE QSPDFTT WBSJBCMFT 	17T
 XIJ� SFQSFTFOU B TQFDJ�D &1*$4 �BOOFM� ©FTF 17T

BSF NBOBHFE JO B EBUBCBTF CZ *OQVU�0VUQVU $POUSPMMFST 	*0$T
 UIBU DBO CF BDDFTTFE

PWFS B OFUXPSL DPOOFDUJPO� *U JT BMMPXFE BOE BMTP DPNNPO UP SVO NVMUJQMF *0$T

XJUIJO B TJOHMF OFUXPSL�

���� 0WFSWJFX PG UIF (&0 600 TRVFF[FE MJHIU TPVSDF

*O UIJT 4FDUJPO * XJMM HJWF B CSJFG PWFSWJFX PG UIF (&0 600 TRVFF[FE MJHIU TPVSDF

XJUIPVU HPJOH JOUP UIF EFUBJMT PG UIF FYQFSJNFOUBM TFUVQ� ©FTF DBO CF MPPLFE VQ

JO <�>� 'JHVSF ��� TIPXT B T�FNBUJD MBZPVU PG UIF (&0 600 TRVFF[FE MJHIU TPVSDF�

.PTU PG UIF MJHIU QPXFS GSPN UIF NBJO MBTFS JT VTFE UP QVNQ B TFDPOE IBSNPOJD

HFOFSBUPS 	4)(
 UP QSPEVDF UIF QVNQ �FME GPS UIF PQUJDBM QBSBNFUSJD BNQMJ�DBUJPO

	01"
� ©F IBSNPOJD �FME JT UIFO TFOE UPXBSET B �MUFS DBWJUZ 	.$532
 UIBU QSPWJEFT

B XFMM EF�OFE 5&.00 NPEF GPS UIF QVNQ CFBN� 5P SFEVDF QPXFS �VDUVBUJPOT PG UIF

�FME B .B��;FIOEFS JOUFSGFSPNFUFS 	.;
 XBT QMBDFE JO GSPOU PG UIF NPEF�DMFBOFS�

©F JOUFOTJUZ�TUBCJMJ[FE IBSNPOJD NPEF JT UIFO VTFE UP QVNQ UIF 01" DBWJUZ XIJ�

QSPEVDFT WBDVVN TRVFF[FE TUBUFT PG MJHIU BU UIF GVOEBNFOUBM XBWFMFOHUI�

©FTF TRVFF[FE TUBUFT BSF TFOU UPXBSET UIF EBSL QPSU PG UIF (&0 600 HSBWJUBUJPOBM

XBWF EFUFDUPS BOE JODSFBTF JUT TFOTJUJWJUZ JO UIF IJHI�GSFRVFODZ SFHJNF PG UIF EFUFD�

UJPO CBOE� "MUFSOBUJWFMZ UIF CFBN DBO CF TFOE UP B IPNPEZOF EFUFDUPS GPS EJBHOPT�

UJD QVSQPTFT� ©F MPDBM PTDJMMBUPS GPS UIF EFUFDUJPO JT QSPWJEFE CZ UBQQJOH P~ TPNF

MJHIU QPXFS GSPN UIF NBJO MBTFS XIJ� JT UIFO �MUFSFE CZ B NPEF�DMFBOJOH DBWJUZ

	.$1064
�

©FSF BSF UXP PUIFS MBTFST QSFTFOU PO UIF TRVFF[JOH CSFBECPBSE� 4JODF XF EFBM

XJUI WBDVVN TRVFF[FE TUBUFT PG MJHIU JU JT OPU QPTTJCMF UP HFU BOZ FSSPS TJHOBMT GSPN

UIJT �FME� 5P BWPJE UF�OJDBM OPJTF UIBU XPVME NBLF JU JNQPTTJCMF UP EFUFDU TRVFF[JOH

XJUIJO UIF EFUFDUJPO CBOE UIFTF MBTFST BSF GSFRVFODZ TIJ�FE XJUI SFTQFDU UP UIF NBJO

MBTFS� "EEJUJPOBMMZ POF PG UIFTF MBTFST JT PSUIPHPOBMMZ QPMBSJ[FE XJUI SFTQFDU UP UIF

PUIFST� 8JUI UIJT TFUVQ JU JT QPTTJCMF UP DPIFSFOUMZ DPOUSPM UIF MFOHUI PG UIF 01"

DBWJUZ BTXFMM BT UIF QIBTF PG UIF IBSNPOJD QVNQ CFBNXIJ� EFUFSNJOFT UIF BOHMF PG

��





�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FS

UIF TRVFF[JOH FMMJQTF XJUI SFTQFDU UP UIF NBTUFS MBTFS PG (&0 600� 0G DPVSTF BMM UIFTF

MBTFST IBWF UP CF QIBTF�MP�FE UP FB� PUIFS XIJ� JT EPOF CZ VTJOH DPNNFSDJBMMZ

BWBJMBCMF QIBTF MP�JOH MPPQT 	1--T
�

"MM 1--T BSF EFOPUFE UP CF QBTTJWF XIJ� NFBOT UIBU UIFZ DBO OPU CF MP�FE

BDUJWFMZ� ©FSF JT POMZ B TXJU� GPS MP�JOH UIF EFWJDF BOE B TUBUVT DBO CF HBJOFE

GSPN FB� 1--� ©FSFGPSF ZPV IBWF UP XBJU VOUJM UIFTF DPNQPOFOUT MP� XIJ� NBZ

UBLF TFWFSBM NJOVUFT�

©F �JQ NJSSPS UIBU DBO CF TFFO JO UIF T�FNBUJD JT QIZTJDBMMZ OPU QSFTFOU PO UIF

CSFBECPBSE� ©JT DPNQPOFOU TUBOET GPS UIF UXP NPEFT PG PQFSBUJPO XIFSF UIF EJBH�

OPTUJD NPEF XBT QFSGPSNFE XJUIJO UIF DMFBO SPPNT PG UIF "&*� "�FS UIF USBOTQPSU UP

UIF (&0 600 EFUFDUPS UIJT EJBHOPTUJD NPEF XBT ESPQQFE CFDBVTF UIF QFSGPSNBODF

PG UIF TRVFF[FE MJHIU TPVSDF DBO CF NPOJUPSFE CZ MPPLJOH BU UIF TQFDUSVN PG UIF

HSBWJUBUJPOBM XBWF EFUFDUPS�

'PS UIF (&0 600 TRVFF[FE MJHIU TPVSDF JU XBT EFDJEFE UP TUJ� UP UIF BOBMPH FMFD�

USPOJDT UP DPOUSPM FB� DPNQPOFOU PO UIF PQUJDBM UBCMF� ©F NBJO SFBTPO GPS UIJT JT

UIBU UIF FYQFSJNFOU OFFET DPOUSPM CBOEXJEUI PG VQ UP �� L)[ XIJ� JT OPU BWBJMBCMF

CZ VTJOH UIF $%4 TZTUFN BT JU JT JNQMFNFOUFE OPX 	TFF 4FDUJPO ���
�

/FWFSUIFMFTT UIF TRVFF[FS VTFT B DPNQMFUF $%4 TZTUFN GPS GVUVSF NJHSBUJPO UP

EJHJUBM DPOUSPM PG BU MFBTU TPNF QBSUT� 0OF UIJOH UIBU XJMM CF SFBMJ[FE VTJOH EJHJ�

UBM DPOUSPM XJMM CF UIF BVUP�BMJHONFOU PG UIF TRVFF[FS CFBN UP UIF (&0 600 NPEF�

©FSFGPSF UIF UBTL GPS UIF (&0 600 TRVFF[FE MJHIU TPVSDF XBT UP JNQMFNFOU UIF

TFRVFOUJBM MP�JOH XIJ� JT CBTFE PO &1*$4� 0O UPQ PG UIJT B GVMMZ BVUPNBUFE HFOFS�

BUJPO PG TZTUFN MPHT TIPVME CF QSPWJEFE UPHFUIFS XJUI B OPUJ�DBUJPO TZTUFN� ©FTF

UPPMT TIPVME IFMQ JO �OEJOH QSPCMFNT JO DBTF PG B NJTCFIBWJPS PG UIF FYQFSJNFOU� ©F

QFSGPSNBODF PG UIF TRVFF[FS BT XFMM BT TPNF TUBUJTUJDT BCPVU UIF EVUZ�DZDMF BOE UIF

BNPVOU PG SF�MP�JOH B�FNQUT GPS FB� DPNQPOFOU TIPVME CF HBJOFE� ©F OFYU 4FD�

UJPO EJTDVTTFT B HFOFSBM BQQSPB� UP QFSGPSN TFRVFOUJBM MP�JOHT CZ VTJOH B 1ZUIPO

JOUFSGBDF UP UIF &1*$4 �BOOFM BDDFTT QSPUPDPM�

���� " HFOFSJD TFRVFOUJBM DPOUSPM TPMVUJPO

8JUIJO UIF $%4 UIFSF JT OP HFOFSBM TPMVUJPO UP EP TFRVFOUJBM MP�JOHT� ©FSF BSF B

MPU PG EJ~FSFOU XBZT PG IPX UIJT DBO CF EPOF CVU BMM IBWF JO DPNNPO UIBU UIFZ BSF

CBTFE PO UIF &1*$4 MBZFS� " MPPL PO UIF &1*$4 XFC TJUF <��> SFWFBMT B NVMUJUVEF

PG JOUFSGBDFT GPS UIF &1*$4 �BOOFM BDDFTT QSPUPDPM� 8JEFMZ VTFE BSF DPNNBOE MJOF

UPPMT MJLF F[DB UIBU DBO CF JOWPLFE GSPN B TIFMM TDSJQU GPS FYBNQMF� 0UIFS TPMVUJPOT VTF

IJHIFS�MFWFM QSPHSBNNJOH MBOHVBHFT GPS BDDFTTJOH UIF QSPDFTT WBSJBCMFT 	17T
 UIBU

SFQSFTFOU B DFSUBJO EBUB �BOOFM XJUIJO UIF &1*$4 �BOOFM BDDFTT QSPUPDPM� #FDBVTF

PG UIF SFRVJSFNFOUT GPS UIF (&0 600 TRVFF[JOH DPOUSPM BQQMJDBUJPO TUBUFE GVSUIFS

BCPWF XF EFDJEFE UP VTF B 1ZUIPO JOUFSGBDF UP UIF &1*$4 �BOOFM BDDFTT QSPUPDPM�

©JT TDSJQUJOH MBOHVBHF IBT TFWFSBM CFOF�UT� 'JSTU JU JT SFMBUJWFMZ FBTZ UP MFBSO FWFO

��



���� " HFOFSJD TFRVFOUJBM DPOUSPM TPMVUJPO

GPS OPO�QSPHSBNNFST BOE CFDBVTF PG UIF EZOBNJDBM UZQJOH BOE UIF IVHF BNPVOU

PG NPEVMFT UIBU DBO SFBEJMZ CF VTFE JU JT WFSZ F�DJFOU GPS EFWFMPQJOH BQQMJDBUJPOT�

"OPUIFS SFBTPO JT UIF PCKFDU PSJFOUFE OBUVSF PG UIF MBOHVBHF XIJ� NBLFT JU FBTZ UP

NBQ QIZTJDBM DPNQPOFOUT UP 1ZUIPO DMBTTFT BOE MFBET UP B SFVTBCMF BOEXFMM EFTJHOFE

DPEF TUSVDUVSF�

©JT 4FDUJPO QSFTFOUT B HFOFSBM BQQSPB� UP JNQMFNFOU TFRVFOUJBM MP�JOH GPS BO

FYQFSJNFOU UIBU JT DPOUSPMMFE VTJOH UIF $%4 BOE &1*$4� *U JT CBTFE PO UIF &QJDT$"

1ZUIPO JOUFSGBDF UIBU XBT XSJ�FO CZ .B�IFX /FXWJMMF <��>� ©F NPTU JNQPSUBOU

PCKFDU UIBU JT EF�OFE CZ UIF JOUFSGBDF JT SFQSFTFOUFE CZ UIF QSPDFTT WBSJBCMF 	17 


DMBTT� ©F GPMMPXJOH DPEF TOJQQFU TIPXT UIF GVOEBNFOUBM VTBHF PG UIJT DMBTT GSPN

XJUIJO B 1ZUIPO TIFMM�

>>> from EpicsCA import PV

>>> freq = PV(’G1:GHF-SHG_RAMP_FRQ’)

>>> freq = 3.2

>>> freq

3.2

"�FS UIF DMBTT IBT CFFO JNQPSUFE GSPN UIF &QJDT$" NPEVMF UIF DPOTUSVDUPS JT

DBMMFE XJUI UIF OBNF PG BO &1*$4 �BOOFM BT BSHVNFOU� *O UIF FYBNQMF UIF TDBO

GSFRVFODZ PG UIF TFDPOE IBSNPOJD HFOFSBUJPO DBWJUZ JT BDDFTTFE� 5P NBOJQVMBUF UIF

WBMVF PG UIF �BOOFM UIF JOTUBODF PG UIF 17 DMBTT DBO EJSFDUMZ CF BTTJHOFE B OVNCFS�

©JT JOTUBODF JT BMTP VTFE GPS SFBEJOH UIF DVSSFOU WBMVF� ©JT WFSZ TJNQMF JOUFSGBDF

UP UIF QSPDFTT WBSJBCMFT JT SFBMJ[FE CZ VTJOH UIF 1ZUIPO QSPQFSUZ DPOTUSVDU� ©F JEFB

CFIJOE JU JT UP NBQ GVODUJPOT GPS TF�JOH BOE HF�JOH B WBMVF UP BO PCKFDU UIBU CFIBWFT

MJLF BO PSEJOBSZ WBSJBCMF GPS UIF VTFS XIJMF JO UIF CB�HSPVOE NV� NPSF IBQQFOT

	JO UIJT DBTF UIF DPOOFDUJPO UP UIF *0$ IBT UP CF DSFBUFE GPS FYBNQMF
�

©F JEFB GPS JNQMFNFOUJOH UIF TFRVFOUJBM MP�JOH T�FNF JT UP �STU NBQ FB� DPN�

QPOFOU UIBU IBT UP CF DPOUSPMMFE UP B 1ZUIPO PCKFDU� ©FTF PCKFDUT IPME TPNF JOTUBODFT

PG UIF 17 DMBTT UP BDDFTT UIF &1*$4�BOOFMT UIBU BSF OFFEFE JO PSEFS UP MP� UIF QBSU�

©FO FB� DPNQPOFOU JT BEEFE UP B MJTU XIJ� DPOUBJOT UIF SJHIU TFRVFODF BOE XIJ�

JT SFQFBUFEMZ JUFSBUFE UISPVHI UP LFFQ BMM UIF DPNQPOFOUT JO MP�� "T TBJE JO UIF QSF�

WJPVT 4FDUJPO GPS UIF (&0 600 TRVFF[FE MJHIU TPVSDF UIF DPNQPOFOUT UIBU BSF QBSU

PG UIJT MJTU BSF JO TFRVFODF

�� (&0 600 NBTUFS 1-- 	NBTUFS@QMM


�� 1-- GPS DPIFSFOU DPOUSPM PG UIF TRVFF[JOH BOHMF 	DD@QMM


�� 1-- GPS UIF 01" DBWJUZ MFOHUI DPOUSPM 	QQPM@QMM


�� 01" DBWJUZ MFOHUI DPOUSPM 	PQB


�� 4)( DBWJUZ MFOHUI DPOUSPM 	TIH


��



�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FS

�� .PEF�DMFBOFS GPS UIF IBSNPOJD NPEF 	ND���


�� .B��;FIOEFS JOUFSGFSPNFUFS 	N[


�� 1IBTF PG UIF IBSNPOJD QVNQ CFBN 	QVNQ


�� .PEF�DMFBOFS GPS UIF MPDBM PTDJMMBUPS 	ND����


��� )PNPEZOF EFUFDUJPO BOHMF 	IPNP
 �

©F MBTU UXP DPNQPOFOUT POMZ IBWF UP CF MP�FE JG UIF TRVFF[FS JT SVO JO EJBHOPTUJDT

NPEF� ©F OBNFT UIBU BSF HJWFO JO CSB�FUT BSF UIF OBNFT PG UIF JOTUBODFT UIBU SFQ�

SFTFOU UIF DPOUSPMMFS PCKFDUT XJUIJO PVS 1ZUIPO GSBNFXPSL� ©F MJTU PG DPNQPOFOUT

JT SFQSFTFOUFE CZ BO JNNVUBCMF BSSBZ�MJLF TUSVDUVSF 	UVQMF
 BOE JT EF�OFE CZ UIF

WBSJBCMF 1"354 XJUIJO UIF DPO�HVSBUJPO �MF QBSUT�QZ� 'PS UIF (&0 600 TRVFF[FS JU

SFBET

PARTS = (master_pll, cc_pll, ppol_pll, opa, shg, mc532,\

mz, pump, mc1064, homo)

©F TFRVFOUJBM MP� BMHPSJUIN JT EFQJDUFE JO 'JHVSF ���� "�FS BO JOJUJBMJ[BUJPO

QIBTF JO XIJ� BMM DPNQPOFOUT BSF VOMP�FE JO SFWFSTF PSEFS UIF BMHPSJUIN FOUFST

BO JO�OJUF MPPQ UIBU SFQFBUFEMZ TDBOT UIF MJTU PG DPNQPOFOUT GPS B QBSU UIBU MPTU MP��

*G TV� B QBSU JT GPVOE UIF DPEF TFBS�FT GPS UIF �STU DPNQPOFOU UIBU JT OPU MP�FE�

©JT JT JNQPSUBOU CFDBVTF JU NBZ IBQQFO UIBU UIF MPTT PG MP� PG BO FBSMJFS DPNQP�

OFOU DBVTFT UIF VOMP�JOH PG UIF DVSSFOU DPNQPOFOU� ©F OFYU TUFQ JT UP SFWFSTFMZ

VOMP� BMM UIF QBSUT UIBU BQQFBS MBUFS JO UIF TFRVFODF� 'JOBMMZ BMM DPNQPOFOUT DBO CF

MP�FE JO TFRVFODF BHBJO TUBSUJOH GSPN UIF DPNQPOFOU UIBU DBVTFE UIF JOUFSSVQUJPO

PG OPSNBM PQFSBUJPO�

4V� B HFOFSBM EFTDSJQUJPO PG UIF MP�JOH QSPDFEVSF SFRVJSFT UIBU BMM DPNQPOFOUT

TIBSF B DPNNPO JOUFSGBDF� ©JT NFBOT UIBU FB� DMBTT UIBU SFQSFTFOUT B QIZTJDBM DPN�

QPOFOU IBT UP QSPWJEF UIF GVODUJPOT UIBU BSF VTFE CZ UIF TFRVFOUJBM MP� BMHPSJUIN�

©FSFGPSF UIF NPEVMF $POUSPMMFS�QZ EF�OFT B DMBTT 	BMTP OBNFE $POUSPMMFS
 UIBU QSP�

WJEFT UIF NFUIPET BOE WBSJBCMFT UIBU BSF MJTUFE JO 5BCMF ���� "MM UIF PCKFDUT UIBU BSF

BEEFE UP UIF 1"354 MJTU IBWF UP CF EFSJWFE GSPN UIJT NBJO DMBTT� ©F GVODUJPOT UIBU

TIPX VQ JO 'JHVSF ��� OBNFMZ MPæ	
 VOMPæ	
 BOE JTMPæFE	
 BSF SFBEJMZ QSPWJEFE

CZ UIJT DPOUSPMMFS DMBTT� ©F EFSJWFE DMBTTFT POMZ IBWF UP JNQMFNFOU UIF BCTUSBDU

GVODUJPOT @USZ5P-Pæ	
 BOE @USZ5P6OMPæ	
 XIJ� QFSGPSN B TJOHMF B�FNQU UP MP�

PS VOMP� B DPNQPOFOU� 8JUIJO UIFTF GVODUJPOT UIF NFNCFS WBSJBCMF @JTMPæFE IBT

UP CF TFU DPSSFDUMZ DPSSFTQPOEJOH UP UIF TUBUF PG UIF DPNQPOFOU� ©F MPæ	
 NFUIPE

DBMMT UIF NFUIPE @USZ5P-Pæ	
 VOUJM UIF DPNQPOFOU JT MP�FE PS UIF OVNCFS PG MP�

B�FNQUT HJWFO CZ UIF NFNCFS WBSJBCMF @BèFNQUT JT FYDFFEFE� "OBMPH UP UIJT QSP�

DFEVSF UIF NFUIPE VOMPæ	
 DBMMT UIF GVODUJPO @USZ5P6OMPæ	
 VOUJM UIF DPNQPOFOU

JT TVDDFTTGVMMZ VOMP�FE� ©F WBSJBCMF @MPæ*% JT TFU BVUPNBUJDBMMZ CFJOH [FSP JG B

��





�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FS

DPOUSPMMFS DPVME OPU CF MP�FE PS VOMP�FE BOE PUIFSXJTF JU JT UIF QPTJUJPO PG UIF

DPNQPOFOU XJUIJO UIF 1"354 WBSJBCMF JG UIF MP�JOH XBT TVDDFTTGVM BOE UIF OFHB�

UJWF QPTJUJPO JG UIF VOMP�JOH XBT TVDDFTTGVM� ©JT WBSJBCMF JT POMZ VTFE GPS EFCVHHJOH

QVSQPTFT BOE UP JNQMFNFOU VOJU UFTUT GPS UIF MP� BMHPSJUIN 	TFF CFMPX
� *O UIF DBTF

UIBU B SFRVFTU UP MP� PS VOMP� B DPNQPOFOU XBT OPU TVDDFTTGVM UIF DPEF USJFT UP

VOMP� BMM DPNQPOFOUT BOE UIFO SFTUBSUT UIF TFRVFOUJBM MP� BMHPSJUIN B�FS B VTFS

TQFDJ�FE OVNCFS PG TFDPOET� "T UIJT TJUVBUJPO IBT UP CF DPOTJEFSFE B TFWFSF GBJMVSF

PG FJUIFS UIF TP�XBSF PS UIF FYQFSJNFOUBM TFUVQ BO FNBJM JT TFOE UP UIF PQFSBUPST BU

FWFSZ SFTUBSU�

'PS UIF (&0 600 TRVFF[FS TFWFSBM DPOUSPMMFS DMBTTFT IBE UP CF EFSJWFE GSPN UIF

NBJO DPOUSPMMFS DMBTT� ©FTF BSF

1BTTJWF$POUSPMMFS ©JT DMBTT JT UIF NPTU TJNQMF POF� *U SFQSFTFOUT UIF 1--T UIBU BSF

VTFE PO UIF TRVFF[FS CSFBECPBSE BOE DBO POMZ XBJU GPS B TQFDJ�FE OVNCFS PG

TFDPOET GPS UIF DPNQPOFOU UP MP�� 6OMP�JOH UIFTF DPNQPOFOUT DBO OPU CF

EPOF BU BMM� ©FSFGPSF UIF @JTQBTTJWF NFNCFS JT TFU UP USVF�

3U-FOHUI$POUSPMMFS ©FTF PCKFDUT IBWF BDDFTT UP WBSJPVT &1*$4 �BOOFMT UIBU BSF

VTFE UP JOUFSGBDF UIF SFBM�UJNF DPEF BOE JOJUJBUF UIF MP� PG B TJOHMF DPNQPOFOU�

.$��� %FSJWFE GSPN 3U-FOHUI$POUSPMMFS GPS MP�JOH UIF IBSNPOJD NPEF�DMFBOFS�

©JT FYUSB DMBTT JT OFFEFE CFDBVTF UIF .B��;FIOEFS JOUFSGFSPNFUFS IBT UP CF

UVOFE UP NBYJNVN USBOTNJTTJPO CFGPSF UIF .$@��� DBO CF MP�FE�

4UVC$POUSPMMFS $POUSPMMFS UIBU NJNJDT B QIZTJDBM DPNQPOFOU� ©JT DMBTT JT VTFE GPS

JNQMFNFOUJOH VOJU UFTUT GPS UIF TFRVFOUJBM MP� BMHPSJUIN� *U VTFT UIF DMBTT

4UVC17 UIBU CFIBWFT KVTU MJLF UIF 17 DMBTT FYDFQU GPS UIF QSPDFTT WBSJBCMFT

CFJOH MPDBM WBSJBCMFT UIBU IBWF OP &1*$4 �BOOFM B�B�FE UP JU� ©JT NBLFT JU

QPTTJCMF UP SVO UIF UFTUT XJUIPVU IBWJOH UIF DPNQVUFS DPOOFDUFE UP BO *0$�

*O BEEJUJPO UP UIF DPOUSPMMFS DMBTTFT UIFSF JT BOPUIFS DMBTT 	4FRVFOUJBM-Pæ
 UIBU

TUBSUT BOE TUPQT UIF TFRVFOUJBM MP� BMHPSJUIN� 5PNBLF TVSF UIBU POMZ POF JOTUBODF PG

UIJT DMBTT DBO CF SVO BU UIF TBNF UJNF UIF DMBTT XBT JNQMFNFOUFE VTJOH UIF TJOHMFUPO

QB�FSO <��>� "EEJUJPOBMMZ UIF QSPDFTT JE JT XSJ�FO UP B MP� �MF BOE JT VTFE UP �F�

XIFUIFS BOPUIFS QSPDFTT JT SVOOJOH� *O UIJT DBTF UIF BQQMJDBUJPO XJMM SFGVTF UP TUBSU� *G

UIF MBVO� XBT TVDDFTTGVM UIF DPNQPOFOUT BSF JOJUJBMJ[FE BOE UIF BQQMJDBUJPO FOUFST

UIF JO�OJUF MPPQ BT EFTDSJCFE FBSMJFS� ©JT MPPQ DBO CF JOUFSSVQUFE CZ TFOEJOH UIF

TJHOBM 4*(*/5 UP UIF QSPDFTT�

&B� PG UIF DMBTTFT UIBU XFSF NFOUJPOFE TP GBS BSF DBQBCMF PG XSJUJOH MPH NFTTBHFT

UP B �MF� ©JT JT SFBMJ[FE CZ VTJOH UIF MPHHJOHNF�BOJTN UIBU 1ZUIPO SFBEJMZ QSPWJEFT

JO GPSN PG UIF MPHHJOH NPEVMF <��>� ©F MPHHJOH IBOEMFS UIBU JT VTFE JT UIF TP�DBMMFE

SPUBUJOH MPH IBOEMFS� *U XPSLT CZ XSJUJOH UP B �MF VOUJM B TQFDJ�FE �MF TJ[F JT SFB�FE�

©F IBOEMFS UIFONBLFT B DPQZ PG UIJT �MF EFMFUFT BMM FOUSJFT GSPN UIF PSJHJOBM �MF BOE

���



���� 6TJOH UIF TFRVFOUJBM DPOUSPM JOUFSGBDF

� 2010-03-17 16:15:15,376 - INFO - Initializing (unlocking all controllers) ...

2010-03-17 16:15:18,680 - INFO - Initializing finished

2010-03-17 16:15:18,680 - INFO - Entering automatic control loop

2010-03-17 16:24:33,055 - WARNING - ’Mach-Zehnder’ has to be relocked (hv was 2.295987e+03)

� 2010-03-17 16:24:33,595 - INFO - ’Phase lock’ unlocked after 1 tries

2010-03-17 16:24:34,139 - INFO - ’Mach-Zehnder’ unlocked after 1 tries

2010-03-17 16:24:35,463 - INFO - ’Mach-Zehnder’ locked after 1 tries

2010-03-17 16:24:36,539 - INFO - ’Phase lock’ locked after 1 tries

2010-03-17 16:24:38,343 - CRITICAL - ’Mach-Zehnder’ won’t stay in lock for more then 10 seconds

�� 2010-03-17 16:24:38,343 - WARNING - ’Mach-Zehnder’ has to be relocked (hv was 1.102706e+03)

2010-03-17 16:24:38,883 - INFO - ’Phase lock’ unlocked after 1 tries

2010-03-17 16:24:39,427 - INFO - ’Mach-Zehnder’ unlocked after 1 tries

2010-03-17 16:24:40,751 - INFO - ’Mach-Zehnder’ locked after 1 tries

2010-03-17 16:24:41,826 - INFO - ’Phase lock’ locked after 1 tries

�� 2010-03-17 16:27:56,154 - INFO - HV range of ’Phase lock’ exceeded (was -1.695055e+02)

2010-03-17 16:27:56,694 - INFO - ’Phase lock’ unlocked after 1 tries

2010-03-17 16:27:56,954 - WARNING - ’OPA’ has to be relocked (hv was 1.142514e+03)

2010-03-17 16:27:57,494 - INFO - ’Phase lock’ unlocked after 1 tries

2010-03-17 16:27:58,038 - INFO - ’Mach-Zehnder’ unlocked after 1 tries

�� 2010-03-17 16:27:58,582 - INFO - ’MC 532’ unlocked after 1 tries

2010-03-17 16:27:59,126 - INFO - ’SHG’ unlocked after 1 tries

2010-03-17 16:27:59,670 - INFO - ’MC 1064’ unlocked after 1 tries

2010-03-17 16:28:00,214 - INFO - ’OPA’ unlocked after 1 tries

2010-03-17 16:28:11,475 - CRITICAL - Unable to lock ’OPA’ (attempted 10 time(s))

�� 2010-03-17 16:28:11,479 - INFO - Shutting down (unlocking all controllers) ...

2010-03-17 16:28:12,019 - INFO - ’Phase lock’ unlocked after 1 tries

2010-03-17 16:28:12,563 - INFO - ’Mach-Zehnder’ unlocked after 1 tries

2010-03-17 16:28:13,107 - INFO - ’MC 532’ unlocked after 1 tries

2010-03-17 16:28:13,655 - INFO - ’SHG’ unlocked after 1 tries

�� 2010-03-17 16:28:14,203 - INFO - ’MC 1064’ unlocked after 1 tries

2010-03-17 16:28:14,746 - INFO - ’OPA’ unlocked after 1 tries

2010-03-17 16:28:14,750 - INFO - Shutting down finished

2010-03-17 16:28:14,954 - INFO - Restarting in 60 seconds

2010-03-17 16:29:14,951 - INFO - Initializing (unlocking all controllers) ...

'JHVSF ����� &YBNQMF PG B MPH �MF HFOFSBUFE CZ UIF TFRVFOUJBM MP� BMHPSJUIN� ©JT

�MF JT UBLFO GSPN BO FBSMZ SVO PG UIF (&0 600 TRVFF[FE MJHIU TPVSDF BT

JU XBT TUJMM MPDBUFE JO UIF DMFBO�SPPN PG UIF "&*�

UIFO TUBSUT XSJUJOH UIF MPH �MF BHBJO� ©F OVNCFS PG CB�VQ �MFT DBO BMTP CF TQFDJ�FE�

-PH NFTTBHFT DBO TJNQMZ CF HFOFSBUFE CZ DBMMJOH POF PG UIF NFUIPET JOGP	NTH


XBSOJOH	NTH
 FSSPS	NTH
 EFCVH	NTH
 PS GBUBM	NTH
 PO UIF MPHHJOH JOTUBODF� ©F

MB�FS DBO CF DSFBUFE CZ DBMMJOH

logging.getLogger(LOG_NAME),

XIFSF -0(@/".& JT UIF VTFS EF�OFE OBNF PG UIF MPH IBOEMFS� "O FYBNQMF PG UIF

SFTVMUJOH MPH �MFT DBO CF TFFO JO 'JHVSF ����

���� 6TJOH UIF TFRVFOUJBM DPOUSPM JOUFSGBDF

©F JOUFSGBDF GPS UIF TFRVFOUJBM MP� BMHPSJUIN IBT UP CF DPO�HVSFE CZ FEJUJOH UIF

UISFF DPO�HVSBUJPO �MFT DPOµH�QZ QBSUT�QZ BOE QBSUT@JOJU�QZ� ©F �STU POF JT VTFE

UP EF�OF HFOFSBM TF�JOHT XIFSFBT UIF PUIFS �MFT BSF VTFE UP EF�OF UIF DPOUSPMMFS

DMBTTFT�

'JHVSF ��� TIPXT UIF DPOUFOU PG UIF HFOFSBM DPO�HVSBUJPO �MF DPOµH�QZ� ©F �STU

TF�JOHT BSF SFMBUFE UP UIF QSFWJPVTMZ NFOUJPOFE MPH NF�BOJTN� )FSF ZPV DBO

���



�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FS

� """General configuration of the sequential locking interface."""

import logging

import logging.handlers

import os

�
home = os.getenv(’HOME’)

LOG_NAME = ’sco’

LOG_FILE = home + ’/sco-working/log/sco.log’

LOG_LEVEL = logging.DEBUG

�� LOG_FORMAT = ’%(asctime)s - %(levelname)s - %(message)s’

LOG_SIZE = 1e6

LOG_BACKUP = 5

SCO_LOCK_FILE = home + ’/sco-working/log/sco.pid’

�� DUMP_LOCK_FILE = home + ’/sco-working/log/dump.pid’

# seconds to wait before restarting the autolock

restart_delay = 60

�� # Epics sleep time is needed to make sure the channels are set

EPICS_SLEEP = 0.5

# initialize the log handling

logger = logging.getLogger(LOG_NAME)

�� handler = logging.handlers.RotatingFileHandler(LOG_FILE,

maxBytes=LOG_SIZE, backupCount=LOG_BACKUP)

formatter = logging.Formatter(LOG_FORMAT)

handler.setFormatter(formatter)

�� logger.addHandler(handler)

logger.setLevel(LOG_LEVEL)

# this function replaces the SMTPHandler which is not working

def sendmail (subject, msg_command, attachments = None):

�� pass

toaddrs = ’nico.lastzka@aei.mpg.de’

toaddrs += ’ christian.graef@aei.mpg.de’

toaddrs += ’ henning.vahlbruch@aei.mpg.de’

toaddrs += ’ alexander.khalaidovski@aei.mpg.de’

��
if attachments == None:

mailcmd = "%s | mutt -s ’%s’ %s" % (msg_command, subject, toaddrs)

else:

mailcmd = "%s | mutt -s ’%s’ -a %s -- %s" % (msg_command, subject, attachments, toaddrs)

��
os.system(mailcmd)

'JHVSF ����� ©F DPO�HVSBUJPO �MF DPO�H�QZ�

���



���� 6TJOH UIF TFRVFOUJBM DPOUSPM JOUFSGBDF

� #### FILE -- parts.py ####

# sequential subsystem definition

mc1064 = RtLengthController(name = ’MC 1064’,

� lock_once = PV(’G1:GHF-MC1064_TOGGLE_LOCK’),

thresh_acq = PV(’G1:GHF-MC1064_THRESH_ACQ’),

thresh_inLock = PV(’G1:GHF-MC1064_THRESH_INLOCK’),

freq = PV(’G1:GHF-MC1064_RAMP_FRQ’),

amp = PV(’G1:GHF-MC1064_RAMP_AMP’),

�� status = PV(’G1:GHF-MC1064_ISLOCKED’),

reset_output = PV(’G1:GHF-MC1064_RESET_OUTPUT’),

toggle_unlock = PV(’G1:GHF-MC1064_TOGGLE_UNLOCK’),

delay = PV(’G1:GHF-MC1064_DELAY’),

hvmonitor = PV(’G1:GHF-MC1064_HVAMP_MON_OUT16’),

�� autolock = PV(’G1:GHF-MC1064_AUTOLOCK’))

master_pll = PassiveController(name = ’Master PLL’,

status = PV(’G1:GHF-MASTERPLL_OUT16’))

�� execfile(’parts_init.py’)

PARTS = (master_pll, cc_pll, ppol_pll, opa, mc1064, shg, mc532, mach, pump, homo)

--------------------------------------------------------------------------------

��
#### FILE -- parts_init.py ####

# initialize all values for the controllers

mc1064.freq = 1

�� mc1064.amp = 25000

mc1064.thresh_acq = 630

mc1064.thresh_inLock = 120

mc1064.hvmin = -140

mc1064.hvmax = 4700

�� mc1064.delay = 1000

master_pll.thresh_inLock = 6000

'JHVSF ����� 1BSU PG UIF �MFT QBSUT�QZ BOE QBSUT@JOJU�QZ UIBU EFNPOTUSBUFT UIF NBJO

DPO�HVSBUJPO JTTVFT UIBU DBO CF QFSGPSNFE CZ FEJUJOH UIFTF �MFT�

�BOHF UIF OBNF EFCVH MFWFM BOE GPSNBU BT XFMM BT UIF �MF TJ[F BOE OVNCFS PG CB��

VQT GPS UIF SPUBUJOH MPH IBOEMFS� ©F OFYU TF�JOH JT UIF �MF XIFSF UIF QSPDFTT JE XJMM

CF TUPSFE UP SFBMJ[F B MP�JOH NF�BOJTN� ©F OFYU FOUSZ JT UIF EFMBZ GPS BVUPNBUJ�

DBMMZ SFTUBSUJOH UIF BMHPSJUIN B�FS BO FSSPS PDDVSSFE GPMMPXFE CZ UIF &1*$4@4-&&1

UJNF UIBU EF�OFT UIF OVNCFS PG TFDPOET UP XBJU VOUJM UIF DPEF DPOUJOVFT B�FS BO

&1*$4 �BOOFM XBT TFU� ©JT FOTVSFT UIBU UIF WBMVF PG B �BOOFM XBT �BOHFE TVD�

DFTTGVMMZ� "U UIF FOE PG UIF �MF UIF GVODUJPO TFOENBJM	
 JT EF�OFE XIJ� JT DBMMFE

XIFOFWFS B TFWFSF QSPCMFN PDDVSSFE UIBU GPSDFT UIF DPEF UP SFTUBSU UIF TFRVFOUJBM

DPOUSPM� ©F MJTU PG SFDJQJFOUT JT EF�OFE CZ UIF WBSJBCMF UPBEEST�

©F PUIFS DPO�HVSBUJPO �MFT QBSUT�QZ BOE QBSUT@JOJU�QZ BSF VTFE UP EF�OF UIF DPO�

USPMMFST BOE DPOOFDU UIFN UP UIF DPSSFTQPOEJOH &1*$4 �BOOFMT� *U JT BMTP QPTTJCMF

UP TFU EFGBVMU WBMVFT GPS UIF NFNCFST PG UIF DPOUSPMMFS DMBTTFT JO IFSF� *O 'JHVSF ���

ZPV DBO TFF B QBSU PG FB� �MF� ©F �MF QBSUT�QZ JT VTFE UP JOTUBOUJBUF UIF DPOUSPMMFS

DMBTTFT BOE UP EF�OF UIF TFRVFODF JO XIJ� UIF DPOUSPMMFST TIPVME CF MP�FE� *O UIF

FYBNQMF UIBU ZPV TFF JO UIF �HVSF UIF GVOEBNFOUBM NPEF�DMFBOFS JT EF�OFE BT BO

3U-FOHUI$POUSPMMFS� ©F DPOTUSVDUPS UBLFT BT BSHVNFOU UIF &1*$4 �BOOFMT UIBU BSF

���



�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FS

OFFEFE GPS UIF DPOUSPMMFS UP XPSL QSPQFSMZ� "OPUIFS DPOUSPMMFS JT UIF 1BTTJWF$PO�

USPMMFS UIBU JT VTFE GPS UIF 1--T JO UIJT DBTF� /PUF UIBU UIJT DPOUSPMMFS JT QSF�Z TJNQMF

BOE KVTU OFFET B TJOHMF &1*$4 �BOOFM UP KVEHF XIFUIFS UIF DPNQPOFOU JT JO MP��
©F MBTU DPO�HVSBUJPO �MF JT FYFDVUFE GSPN XJUIJO UIF �MF QBSUT�QZ VTJOH UIF

1ZUIPO DPNNBOE FYFDµMF	
� ©F BEWBOUBHF PG UIJT TQMJ�JOH JT UIBU UIF VTFS NBZ
�BOHF UIF NFNCFS WBMVFT EF�OFE JO QBSUT@JOJU�QZ BU SVO UJNF PG BO BQQMJDBUJPO BOE
UIFO SFSFBE UIF DPO�HVSBUJPO PO UIF �Z� ©F DPEF TOJQQFU PG UIJT �MF TIPXT UIF
EF�OJUJPO PG WBSJPVT QBSBNFUFST BT GPS FYBNQMF UIF GSFRVFODZ BOE BNQMJUVEF PG UIF
SBNQ GPS UIF .$1064� ©F �MF QBSUT�QZ DBO OPU CF SFBE BU SVOUJNF TJODF UIJT XPVME
DSFBUF OFX JOTUBODFT PG UIF DPNQPOFOUT� "U UIJT TUBHF UIF DPOUSPMMFS DMBTTFT DBO CF
VTFE JOUFSBDUJWFMZ GSPN XJUIJO B 1ZUIPO TIFMM� "O FYBNQMF TFTTJPO GPS MP�JOH UIF
GVOEBNFOUBM NPEF�DMFBOFS NBZ MPPL MJLF UIJT�

>>> from parts import *

>>> mc1064.freq # print the current ramp frequency

1.0

>>> mc1064.freq = 10.0 # change the frequency to 10 Hz

>>> mc1064.islocked() # see whether the component is locked

False

>>> mc1064.lock() # initiate a lock sequence

>>> mc1064.islocked() # confirm that the lock was successful

True

>>> mc1064.unlock() # unlock the component again

5P TUBSU UIF BVUPNBUFE TFRVFOUJBM MP� DPOUSPM BOPUIFS 1ZUIPO TDSJQU JT VTFE� ©F

DPNNBOE MJOF VTBHF PG UIJT TDSJQU JT BT GPMMPXT

SequentialLocking.py start | stop | restart | status�

©F TDSJQU JT DBMMFE CZ VTJOH UIF OPIVQ BQQMJDBUJPO TP UIBU JU JT TBGF UP MPH PVU PG

UIF XPSLTUBUJPO XJUIPVU RVJ�JOH UIF TFRVFOUJBM MP�JOH QSPDFTT�

���� $POUSPMMJOH UIF (&0 600 TRVFF[FS

©JT 4FDUJPO FYQMBJOT UIF EFUBJMT PG UIF TP�XBSF JNQMFNFOUBUJPO GPS UIF (&0 600
TRVFF[FE MJHIU TPVSDF� #FOFBUI UIF TFRVFOUJBM MP� BMHPSJUIN JOUSPEVDFE JO UIF QSF�

DFEJOH 4FDUJPO UIFSF BSF TFWFSBM TDSJQUT BT XFMM BT B HSBQIJDBM VTFS JOUFSGBDF 	(6*


EFTJHOFE GPS DPOUSPMMJOH UIF TRVFF[FS�

"MM UIJT TP�XBSF JT MPDBUFE JO B (JU SFQPTJUPSZ BOE NBEF BWBJMBCMF WJB /'4 	OFU�

XPSL �MF TZTUFN
 PO CPUI UIF XPSLTUBUJPO BOE UIF GSPOU�FOE DPNQVUFS� ©F DMPOF

63- GPS UIJT SFQPTJUPSZ JT HJU!NDMBOF�∼�TDP�HJU� ©FSF JT BMTP B XPSLJOH DPQZ VOEFS

�)0.&�TDP�XPSLJOH UIBU JT BMTP EJTUSJCVUFE WJB /'4� "MM UIF TP�XBSF JT EFWFMPQFE

BOE FYFDVUFE GSPN XJUIJO UIF MB�FS GPMEFS� ©F SFQPTJUPSZ DPOTJTUT PG UIF GPMMPXJOH

�MFT BOE GPMEFST�

���



���� $POUSPMMJOH UIF (&0 600 TRVFF[FS

.FNCFS OBNF EFTDSJQUJPO

GSFR GSFRVFODZ PG UIF SBNQ

BNQ SBNQ BNQMJUVEF

UISFTI@BDR BDRVJTJUJPO UISFTIPME

UISFTI@JO-P� JOMP� UISFTIPME

IWNJO NJOJNVN PG UIF )7 SBOHF

IWNBY NBYJNVN PG UIF )7 SBOHF

EFMBZ TXJU� EFMBZ

5BCMF ����� 1BSBNFUFST UIBU DBO CF TFU XJUIJO UIF DPO�HVSBUJPO �MF QBSUT@JOJU�QZ�

/PUF UIBU OPU BMM PG UIFTF QBSBNFUFST BSF BWBJMBCMF GPS BMM UIF DPNQPOFOUT�

HIG�NEM ©F 4JNVMJOLNPEFM XIJ� IBT UP CF DPNQJMFE UP HFOFSBUF UIF SFBM�UJNF DPEF�

D�DPEF ©JT GPMEFS JODMVEFT UIF DVTUPNJ[FE SFBM�UJNF DPEF GPS MP�JOH BOE SBNQJOH

PG UIF DPNQPOFOUT� ©FTF �MFT BSF JOTFSUFE CZ UIF 4JNVMJOL NPEFM BT $ DPEF

CMP�T BOE BSF BVUPNBUJDBMMZ DPNQJMFE XIFO VTJOH UIF SUNPEVMF TIFMM TDSJQU�

$IBOOFM-JTU@HIG�UYU ©JT �MF IPMET UIF �BOOFM OBNFT BOE UIF SBUFT PG UIF �BOOFMT

UIBU BSF UP CF BDRVJSFE�

EPD 4PNF EPDVNFOUBUJPO BCPVU UIF VTBHF�

MPH ©F �MFT GPS MPHHJOH BOE MP�JOH PG UIF TFRVFOUJBM BMHPSJUIN BSF XSJ�FO UP UIJT

EJSFDUPSZ�

NFEN $VTUPN .FEN TDSFFOT UIBU BSF VTFE GPS EJBHOPTUJD QVSQPTFT BOE UP NBOVBMMZ

MP� TJOHMF DPNQPOFOUT�

QZTDP 8JUIJO UIJT GPMEFS UIF 1ZUIPO DMBTTFT GPS UIF TFRVFOUJBM MP� BMHPSJUIN DBO CF

GPVOE� *U BMTP DPOUBJOT BMM UIF DPO�HVSBUJPO �MFT BOE UIF PQFSBUPS (6*�

TDSJQUT 4FWFSBM VUJMJUZ TDSJQUT GPS DPOUSPMMJOH BOE EFCVHHJOH UIF TRVFF[FE MJHIU TPVSDF�

©F SFBM�UJNF LFSOFM NPEVMF JT HFOFSBUFE GSPN UIF 4JNVMJOL NPEFM HIG�NEM VTJOH

UIF SUNPEVMF TDSJQU BT EFTDSJCFE JO "QQFOEJY "��� ©JT TIFMM TDSJQU SFBET UIF �MF

$IBOOFM-JTU@HIG�UYU UP TFU UIF �BOOFMT UIBU BSF UP CF BDRVJSFE BOE BVUPNBUJDBMMZ

DPNQJMFT UIF DVTUPN $ DPEF UIBU SFTJEFT XJUIJO UIF $ DPEF GPMEFS�

©F DPO�HVSBUJPO �MFT GPS UIF MP� BMHPSJUIN XFSF BMSFBEZ EFTDSJCFE JO B QSFWJPVT

4FDUJPO� 5BCMF ��� TIPXT UIF MJTU PG BMM UIF QBSBNFUFST UIBU DBO CF TFU XJUIJO UIF �MF

QBSUT@JOJU�QZ GPS UIF DPOUSPMMFS DMBTTFT VTFE GPS UIF TRVFF[FS� ©FSF BSF UXP UISFTI�

PMET UIBU DBO CF TFU SFBMJ[JOH B 4çNJè�5SJHHFS� ©F �STU 	UISFTI@BDR
 EFUFSNJOFT BU

XIJ� QIPUPEJPEF MFWFM UIF MP� TXJU�FT TIPVME CF UVSOFE PO XIFSFBT UIF TFDPOE

���



�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FS

	UISFTI@JO-Pæ
 JT VTFE BT UIF DSJUFSJPO XIFUIFS UIF DPOUSPMMFS JT JO MP�� ©F IJHI

WPMUBHF SBOHF HJWFO CZ IWNJO BOE IWNBY JT VTFE UP GPSDF B SFMP� GPS B DPNQPOFOU

JG JUT EZOBNJDBM SBOHF JT BCPVU UP CF FYDFFEFE� "�FS B SFMP� UIF DPNQPOFOUT BSF

VTVBMMZ GBS BXBZ GSPN UIF CPSEFST PG UIF BDUVBUPS SBOHF TJODF UIF TFBS� GPS BO PQFS�

BUJOH QPJOU JT BMXBZT TUBSUFE SJHIU JO UIF NJEEMF PG UIJT SBOHF� ©F EFMBZ QBSBNFUFS

TFUT UIF EFMBZ CFUXFFO UIF TXJU�FT XIFO UVSOJOH PO UIF MP��

©F DPNNBOE MJOF DPOUSPM PG UIF TRVFF[FE MJHIU TPVSDF JT UIF TBNF BT BMSFBEZ

EFTDSJCFE JO UIF MBTU 4FDUJPO� *U IBT UP CF FYFDVUFE GSPN XJUIJO UIF QZTDP GPMEFS�

&TQFDJBMMZ GPS UIF TRVFF[FS UIFSF JT BO BEEJUJPOBM 1ZUIPO TDSJQU 	EVNQ@TQFDUSB�QZ


XJUIJO UIF QZTDP EJSFDUPSZ XIJ� JT VTFE UP TUBSU BOE TUPQ UIF BVUPNBUJD HFOFSBUJPO

PG UIF TRVFF[JOH TQFDUSB XIFO SVOOJOH JO EJBHOPTUJD NPEF� ©F VTBHF JT BT GPMMPXT

dump_spectra.py start | stop | restart | status.

©JT NFBOT UIBU ZPV IBWF UP HJWF BU MFBTU POF BSHVNFOU PO UIF DPNNBOE MJOF

XIJ� JT FJUIFS POF PG TUBSU TUPQ SFTUBSU PS TUBUVT� -JLF GPS UIF TUBSU PG UIF TFRVFOUJBM

MP�JOH JOUFSGBDF UIJT QSPDFTT JT BMTP TUBSUFE VTJOH UIF OPIVQ BQQMJDBUJPO� ©F OPIVQ

PVUQVU JT XSJ�FO UP UIF MPH GPMEFS� ©F EVNQ@TQFDUSB�QZ TDSJQU VTFT UIF 1ZUIPO JOUFS�

GBDF UP UIF /%4 XIJ� JT FYQMBJOFE JO "QQFOEJY "��� ©F DPO�HVSBUJPO PG UIJT TDSJQU

JT EPOF EJSFDUMZ JO UIF �MF EVNQ@TQFDUSB�QZ� 5BCMF ��� TIPXT BMM UIF QBSBNFUFST UIBU

DBO CF BEKVTUFE GPS UIJT QSPDFTT�

QBSBNFUFS EFGBVMU EFTDSJQUJPO

�BOOFMOBNF (��()'�)0.0@42;.0/@065@%"2 )PNP 1% "$ �BOOFM

TBNQMFGSFR ������� TBNQMF GSFRVFODZ PG UIF

�BOOFM

EVSBUJPO ��� MFOHUI PG UIF UJNF TFSJFT GPS

B TJOHMF TQFDUSVN

EU ��� HFOFSBUF TQFDUSVN FWFSZ EU

TFDPOET

TFOE@FWFSZ ������ TFOE BO FNBJM FWFSZ

TFOE@FWFSZ TFDPOET

G� ���EVSBUJPO TUBSU GSFRVFODZ

G� ��F� FOE GSFRVFODZ

OBWH ���� OVNCFS PG BWFSBHFT

BCTQBUI �)0.&�TDP�XPSLJOH�EBUB�TQFDT QBUI XIFSF UIF SFTVMUT XJMM

CF TUPSFE

5BCMF ����� $PO�HVSBUJPO QBSBNFUFST PG EVNQ@TQFDUSB�QZ TDSJQU UIBU JT VTFE UP BD�

RVJSF UIF TRVFF[JOH TQFDUSB XIFO SVOOJOH JO EJBHOPTUJD NPEF�

©F EBUB XJMM CF TUPSFE JO B GPMEFS TUSVDUVSF VOEFS UIF QBUI HJWFO CZ BCTQBUI�

©FSF ZPV XJMM �OE UIF GPMEFST EBU FQT BOE HJG GPS UIF SBX EBUB FQT JNBHFT BOE

���
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'JHVSF ����� &YBNQMF PG B TRVFF[JOH NBQ UIBU XBT BVUPNBUJDBMMZ HFOFSBUFE CZ UIF

EVNQ@TQFDUSB�QZ TDSJQU� *U TIPXT UIF QFSGPSNBODF PG UIF TRVFF[FS PWFS

16 IPVST�

HJG JNBHFT SFTQFDUJWFMZ� &B� PG UIFTF GPMEFST DPOUBJOT UIF EBUB JO TVCGPMEFST PG UIF

GPSNBU :FBS�.POUI�%BZ BOE FB� �MFOBNF DPOTJTUT PG UIF UJNF UIF EBUB XBT UBLFO�

&WFSZ UJNF B OFX TQFDUSVN JT DSFBUFE UIF �MFT BOJNBUJPO�HJG BOE IJTUPHSBN�FQT BSF

VQEBUFE� "U UIF FOE PG UIF EBZ UIFTF �MFT DPOUBJO BO BOJNBUJPO PG UIF TQFDUSVN BT

XFMM BT B 2D NBQ PG UIF TRVFF[JOH WFSTVT GSFRVFODZ BOE UJNF� ©FTF UXP �MFT BSF

BMTP TFOE WJB FNBJM UP HFU BO PWFSWJFX PG UIF TRVFF[FS QFSGPSNBODF� 'JHVSF ��� TIPXT

BO FYBNQMF PG B TRVFF[JOH NBQ� ©FTF LJOE PG QMPUT TIPX UIF TRVFF[JOH TQFDUSVN

PWFS UJNF� *O UIF FYBNQMF UIF TRVFF[FS XBT DPOUSPMMFE GPS BQQSPYJNBUFMZ 16 IPVST

QSPEVDJOH B TRVFF[JOH CFUXFFO −7.5 E# BOE −8.5 E#� ©F QFSJPE PG UIF PTDJMMBUJPO

JO UIF TRVFF[JOH TUSFOHUI JT EVF UP UIF BJS DPOEJUJPOJOH JO UIF DMFBO SPPN� ©SFF

UJNFT UIF TRVFF[FE MJHIU TPVSDF QSPEVDFE MFTT UIBO −6 E# PG TRVFF[JOH XIJ� XBT

EVF UP UIF TFDPOE IBSNPOJD HFOFSBUJPO DBWJUZ ESJ�JOH BSPVOE JUT PQFSBUJOH QPJOU�

8JUIJO UIF GPMEFS TDSJQUT UIFSF BSF TFWFSBM VUJMJUZ TDSJQUT UIBU DBO CF VTFE GPS JOJ�

UJBMJ[BUJPO EFCVHHJOH BOE TUBUJTUJDBM QVSQPTFT� ©FTF TDSJQUT BSF�

���



�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FS

EVUZDZDMF�QZ

©JT TDSJQU XJMM QSJOU PVU UIF EVUZ�DZDMF GPS FB� DPNQPOFOU BOE UIF UPUBM EVUZ�DZDMF

XJUIJO B DFSUBJO QFSJPE PG UJNF�

usage: dutycycle.py start_time stop_time

©F UJNFT IBWF UP CF HJWFO JO UIF GPSNBU _���������� �������� �̀

SFMPDLT�QZ

©JT TDSJQU XJMM QSJOU PVU UIF SFMP� TUBUJTUJDT GPS FB� DPNQPOFOU�

usage: relocks.py start_time stop_time

©F UJNF GPSNBU JT UIF TBNF BT GPS UIF EVUZ�DZDMF TDSJQU�

mU@TIPUOPJTF�HQ

©JT TDSJQU JT VTFE UP �U B QPMZOPNJBM UP UIF NFBTVSFE TIPU OPJTF� ©JT DVSWF DBO

UIFO CF TVCUSBDUFE GSPN UIF TRVFF[JOH �BOOFM UP HFU UIF DPSSFDU E# TDBMF� :PV �STU

IBWF UP HFU UIF TQFDUSVN PG UIF TIPUOPJTF 	F�H� VTJOH $%4QMPU
 BOE UIFO TBWF JU VOEFS

TIPU�UYU� ©JT �MF JT UIFO SFBE CZ UIF (OVQMPU TDSJQU UP NBLF UIF �U� ©F DPF�DJFOUT

VTFE JO UIF �U DBO UIFO CF DPQJFE UP UIF NFUIPE TIPUOPJTF	
�

NBTUFS@TXJUDI�QZ

©F TDSJQU UPHHMFT CFUXFFO NBOVBM BOE BVUPMP� NPEF� 6TF JU JG ZPV XBOU UP MP�

UIF TRVFF[FS JO UIF MBC XJUIPVU EJTDPOOFDUJOH UIF XIPMF $%4 TZTUFN�

usage: master_switch.py man | auto

TFU'JMUFS(BJOT�TI

4FU UIF �MUFS HBJOT QSPQFSMZ B�FS B GSPOU�FOE SFTUBSU�

usage: setFilterGains.sh

UISPX@PVU@PG@MPDL�TI

©SPX B DFSUBJO DPNQPOFOU PVU PG MP�� 6TFGVM UP UFTU UIF BVUPMP� GVODUJPOBMJUZ�

usage: throw_out_of_lock.sh component

$PNQPOFOU NBZ CF POF PG IPNP ND���� ND��� NBç QVNQ PQB PS TIH�

���





�� "O BVUPNBUFE DPOUSPM TZTUFN GPS UIF (&0 600 TRVFF[FS

UIF WBMVFT GPS UIF DVSSFOUMZ JOWPLFE SBNQ� 0O UIF MF� TJEF UIFSF BSF GVSUIFS CV�POT

UP PQFO BOE DMPTF UIF TIV�FS BOE UP USJHHFS UIF BVUP�BMJHONFOU PG UIF TRVFF[FE CFBN

XIJ� TIPVME CF EPOF CZ VTJOH BOPUIFS SFBM�UJNF DPEF PO B TFQBSBUF GSPOU�FOE� ©FTF

MB�FS UXP DPNQPOFOUT BSF OPU JNQMFNFOUFE ZFU�

©F TFSJFT PG CV�POT PO UIF CP�PN PG UIF XJOEPX BSF VTFE UP RVJ�MZ BDDFTT UIF

.FEN TDSFFOT 	DVTUPN TDSFFOT BT XFMM BT UIF TUBOEBSE UFTUQPJOU TDSFFO
 BOE UIF MPH

�MFT UIBU BSF HFOFSBUFE CZ UIF TRVFF[FS DPOUSPM� 8IFO QSFTTJOH UIF DPO�HVSF CV�PO

UIF ,BUF FEJUPS PQFOT UIF DPO�HVSBUJPO �MFT GPS UIF TRVFF[FS� ©F PQFSBUPS DBO UIFO

FEJU UIFTF �MFT� "�FS TBWJOH UIF �BOHFE �MFT UIF SFBE DPO�HVSBUJPO CV�PO IBT UP

CF QSFTTFE JO PSEFS UP NBLF UIF �BOHFT WJTJCMF UP UIF DPEF�

���



"� 4FMG�EFWFMPQFE BQQMJDBUJPOT

©F GPMMPXJOH 4FDUJPOT HJWF BO PWFSWJFX PG BMM UIF TPVSDF DPEF UIBU XBT EFWFMPQFE

EVSJOH UIF XPSL GPS UIJT UIFTJT�

"��� $%4QMPU

%VSJOH UIF EFWFMPQNFOU PG UIF BVUPNBUJD DPOUSPM GPS UIF (&0 600 TRVFF[FE MJHIU

TPVSDF UIF UPPM $%4QMPU XBT XSJ�FO PO UPQ PG UIF GSBNF CVJMEFS BDDFTT MJCSBSZ 	TFF

"QQFOEJY "��
� 8JUI UIJT UPPM JU JT QPTTJCMF UP QMPU UJNF TFSJFT BOE TQFDUSB PG FJUIFS

BS�JWFE EBUB PS POMJOF EBUB UIBU BSF BDDFTTFE WJB UIF OFUXPSL EBUB TFSWJDF� ©FSF�

GPSF $%4QMPU JT B MJHIUXFJHIU BMUFSOBUJWF UP -JHP%7 BOE UIF %BUBWJFXFS� ©F VQEBUF

SBUF XIFO WJFXJOH POMJOF EBUB JT BQQSPYJNBUFMZ 1 )[ TP UIF UPPM DBO OPU CF VTFE

BT B TP�XBSF PTDJMMPTDPQF BU UIF NPNFOU� 8JUI UIF DVSSFOU JNQMFNFOUBUJPO PG UIF

EBUB BDRVJTJUJPO EBFNPO 	EBRE
 JU JT QPTTJCMF UP SFBMJ[F VQEBUF GSFRVFODJFT PG 16 )[

JO QSJODJQMF XIJ� XPVME CF TV�DJFOU UP JNQMFNFOU SFBM�UJNF EBUB WJFXJOH UPPMT JO

UIF GVUVSF�

©F TDSFFOTIPU JO 'JHVSF "�� TIPXT UIF NBJO XJOEPX PG $%4QMPU � "U TUBSUVQ UIF

BQQMJDBUJPO TFBS�FT GPS B GSBNF CVJMEFS PO UIF MPDBM OFUXPSL BOE DPOOFDUT UP JU JG

QPTTJCMF� "MUFSOBUJWFMZ UIF GSBNF CVJMEFS NJHIU CF TQFDJ�FE PO UPQ PG UIF XJOEPX�

8JUIJO UIF $IBOOFMT QBOFM UIF EFTJSFE�BOOFM OBNF BOE JUT SBUF DBO CF�PTFO GSPN

B MJTU PG BMM �BOOFMT UIBU BSF LOPXO UP UIF GSBNF CVJMEFS� /FYU UIF %BUB BDRVJTJUJPO

QBOFM QSPWJEFT DPOUSPMT GPS �PPTJOH UIF LJOE PG EBUB 	POMJOF PS BDRVJSFE
 BOE UIF

UZQF PG QMPU 	UJNF TFSJFT PS TQFDUSVN
� -BTUMZ UIF 1MPU TFèJOHT QBOFM QSPWJEFT UIF

TF�JOH PG UIF QMPU SBOHFT BOE BMMPXT UP FOBCMF B MPHBSJUINJD TDBMF GPS FB� BYJT�

$VSSFOUMZ BMM UIF EBUB JT QJQFE UP (OVQMPU CZ VTJOH B 1ZUIPO JOUFSGBDF� 'SPN UIF

&YQPSU CV�PO PO UIF MPXFS QBOFM JU JT QPTTJCMF UP FYQPSU FJUIFS UIF SBX EBUB PS BO

FODBQTVMBUFE QPTUTDSJQU JNBHF PG UIF HSBQI�

���



"� 4FMG�EFWFMPQFE BQQMJDBUJPOT

'JHVSF "���� ©F NBJO XJOEPX PG $%4QMPU �

"��� '#@BDDFTT�QZ

*O PSEFS UP NPOJUPS UIF TRVFF[JOH TQFDUSVN PG UIF (&0 600 TRVFF[FE MJHIU TPVSDF JU

XBT OFDFTTBSZ UP BDDFTT UIF EBUB PO UIF GSBNF CVJMEFS� 4JODF UIF BVUPNBUJD DPOUSPM PG

UIF TRVFF[FS XBT JNQMFNFOUFE VTJOH 1ZUIPO DMBTTFT JU XBT EFDJEFE UP BMTP QSPWJEF B

GSBNF CVJMEFS BDDFTT MJCSBSZ XJUIJO UIJT MBOHVBHF� ©F NPEVMF '#@BDDFTT�QZ QSPWJEFT

UIF GPMMPXJOH GVODUJPOT

-PBE-JC%BRYT 	
 ©FSF JT BO VOEFSMZJOH $�MJCSBSZ UIBU XBT XSJ�FO CZ "MFY *WBOPW

UIBU QSPWJEFT UIF NPTU CBTJD GVODUJPOT GPS JOUFSBDUJOH XJUI UIF GSBNF CVJMEFS�

©JT MJCSBSZ NVTU CF MPDBUFE JO UIF QBUI UIBU JT TFU CZ UIF FOWJSPONFOU WBSJBCMF

"&*$%4@-*#� *U JT VTVBMMZ OPU OFDFTTBSZ UP DBMM UIF GVODUJPO -PBE-JC%BRYT CZ

UIF VTFS TJODF BMM UIF PUIFS GVODUJPOT XJMM DBMM JU�

'JOE'SBNFCVJMEFS 	
 3FUVSOT UIF OBNF BOE UIF QPSU PG UIF �STU GSBNF CVJMEFS UIBU

XBT GPVOE PO UIF MPDBM OFUXPSL�

$POOFDU5P'SBNFCVJMEFS 	TFSWFS QPSU
 5SJFT UP DPOOFDU UP UIF TQFDJ�FE GSBNF CVJMEFS�

%JTDPOOFDU'SPN'SBNFCVJMEFS	
 %JTDPOOFDUT GSPN UIF GSBNF CVJMEFS� 4JODF UIFSF JT

POMZ POF GSBNF CVJMEFS UIBU DBO CF BDDFTTFE CZ UIF MJCSBSZ BU B UJNF JU JT OPU

OFDFTTBSZ UP QSPWJEF UIF GSBNF CVJMEFS UP UIJT GVODUJPO�

���



"��� +BN.U � +VTU BOPUIFS NPEF NBUçJOH UPPM

(FU$IBOOFM-JTU'SPN'SBNFCVJMEFS 	TFSWFS QPSU
 3FUVSOT B MJTU PG BMM�BOOFMT UIBU BSF

LOPXO UP UIF GSBNF CVJMEFS JODMVEJOH UIFJS BDRVJTJUJPO SBUFT�

(FU%BUB'SPN'SBNFCVJMEFS 	TFSWFS QPSU DIBOOFMOBNF SBUF EVSBUJPO
 ©F EBUB PG B

DFSUBJO �BOOFM JT SFUVSOFE BU UIF �PTFO SBUF BOE GPS UIF EF�OFE EVSBUJPO�

0QUJPOBMMZ UIF TUBSU UJNF NBZ CF TQFDJ�FE BT XFMM�

(FU4QFDUSVN 	EBUB TBNQMFGSFR OBWH � � EG � /POF
 3FUVSOT UIF TQFDUSVN PG UIF

EBUB UIBU XBT SFUVSOFE CZ UIF QSFWJPVT GVODUJPO DBMM� ©F OVNCFS PG BWFSBHFT

BOE UIF GSFRVFODZ SFTPMVUJPO NBZ CF HJWFO BT PQUJPOBM BSHVNFOUT�

"��� +BN.U � +VTU BOPUIFS NPEF NBUDIJOH UPPM

+BN.U JT B +BWB BQQMJDBUJPO UIBU MFUT UIF VTFS JOUFSBDUJWFMZ TIJ� MFOTFT BOE HJWFT

POMJOF GFFECB� PO IPX B (BVTTJBO CFBN USBOTGPSNT� ©JT NBLFT JU B VTFGVM UPPM UP

EP NPEFNBU�JOHT GPS PQUJDBM FYQFSJNFOUT� +BN.U JT CBTFE PO B QSFWJPVT UPPM UIBU

XBT XSJ�FO CZ "OESF ©¼SJOH JO $���

'JHVSF "���� .BJO XJOEPX PG +BN.U

©F NBJO GFBUVSFT PG UIJT UPPM BSF

e "VUPNBUJDBMMZ TFBS� GPS NPEF NBU�JOHT QSPWJEFE DFSUBJO CPVOEBSZ DPOEJ�

UJPOT

���



"� 4FMG�EFWFMPQFE BQQMJDBUJPOT

e 4JNVMBUJPO PG MJOFBS DBWJUJFT 	DBMDVMBUJPO PG FJHFONPEF


e ©J� 	J�F� SFBM
 MFOTFT DBO CF VTFE

e .BUFSJBMT DBO CF EF�OFE VTJOH UIFJS 4FMMNFJFS FRVBUJPO

+BN.U DBO CF EPXOMPBEFE GSPN UIF GPMMPXJOH XFC QBHF

IèQ���XXX�TS�CIBN�BD�VL�EPLVXJLJ�EPLV�QIQ JE�HFPTJN�KBNNU

'PS NPSF JOGPSNBUJPO BOE VTBHF JOTUSVDUJPOT TFF UIF EPDVNFOUBUJPO UIBU DPNFT XJUI

UIF BQQMJDBUJPO�

"��� SUNPEVMF

©JT JT B TIFMM TDSJQU UIBU TFSWFT BT B XSBQQFS BSPVOE UIF DPNQJMBUJPO BOE JOTUBMMBUJPO

DPNNBOET UIBU BSF OFFEFE XIFO DSFBUJOH SFBM�UJNF NPEVMFT GPS UIF $%4 TZTUFN� *U

IBT UP CF SVO PO UIF GSPOU�FOE NB�JOF� ©F VTBHF PG UIJT TDSJQU JT

rtmodule xyz.mdl cmd

XIFSF \YZ[\ JT UIF OBNF PG UIF NPEFM BOE \DNE\ JT FJUIFS POF PG

DPNQJMF � DPNQJMF UIF NPEFM

JOTUBMM � JOTUBMM UIF NPEFM

DMFBO � DMFBOJOH VQ EJSFDUPSJFT

TUBSU � TUBSU UIF NPEFM

TUPQ � LJMM UIF NPEFM

�F� � QFSGPSN TPNF UFTUT PO UIF TZTUFN

MPH � TIPX UIF MPH �MF

BMM � DMFBO DPNQJMF JOTUBMM �F� TUBSU MPH

©F UZQJDBM VTBHF JT UP SVO

rtmodule xyz.mdl all

UP JOWPLF B DMFBO CVJME PG UIF 4JNVMJOL NPEFM BOE �OBMMZ TUBSU UIF NPEFM�

"OPUIFS GFBUVSF PG UIJT TDSJQU JT UIBU ZPV DBO QSPWJEF B �MF $IBOOFM-JTU@YZ[�UYU

XIFSF BMM UIF �BOOFMT BSF MJTUFE UIBU BSF UP CF BDRVJSFE 	YZ[ JT UIF OBNF PG ZPVS

NPEFM
� *G UIJT �MF FYJTUT ZPVS�BOOFM MJTU XJMM CF CVJME GSPN TDSBU� BOE UIF�BOOFMT

EF�OFE JO $IBOOFM-JTU@YZ[�UYU XJMM CF BDRVJSFE� ©F �MF NBZ DPOUBJO UXP DPMVNOT

TFQBSBUFE CZ B DPNNB� ©F �STU POF JT UIF �BOOFM OBNF BOE UIF TFDPOE DPMVNO JT

UIF EBUB BDRVJTJUJPO SBUF XIJ� JT PQUJPOBM�

"MM $ DPEF UIBU JT QMBDFE JOTJEF UIF GPMEFS D�DPEF XJMM BVUPNBUJDBMMZ CF JODMVEFE JO

UIF CVJME� ©FTF GVODUJPOT CFMPOH UP UIF DET'VODUJPO$BMM QBSU JO UIF 4JNVMJOL NPEFM�

���



"��� 2U"HJMJT$POUSPM

'JHVSF "���� .BJO XJOEPX PG 2U"HJMJT$POUSPM

"��� 2U"HJMJT$POUSPM

©JT BQQMJDBUJPO JT B HSBQIJDBM VTFS JOUFSGBDF GPS BDDFTTJOH UIF "HJMJT DPOUSPMMFST GSPN

/FXQPSU <��>� 2U"HJMJT$POUSPM VTFT UIF MJCBHVD� 	TFF "QQFOEJY "��
 UP BDDFTT UIF

DPOUSPMMFST WJB 64# QPSU� ©F VTFS DBO JOUFSBDU FJUIFS XJUI UIF NPVTF PS WJB LFZCPBSE

XJUI UIF DPOUSPMMFST� *O UIF MB�FS DBTF UIF TIPSUDVUT DBO CF EF�OFE CZ UIF VTFS GPS

FB� DPOUSPMMFS WJB B TJNQMF DPO�HVSBUJPO �MF� 4JODF UIF DPOUSPMMFST BSF JEFOUJ�FE CZ

UIFJS VOJRVF DPOUSPMMFS *% 	TQFDJ�FE CZ UIF NBOVGBDUVSFS
 JU JT QPTTJCMF UP BEESFTT

DPOUSPMMFS TQFDJ�D LFZT� %J~FSFOU DPOUSPMMFST NBZ BMTP CF HSPVQFE TP UIBU UIFZ SFBDU

TJNVMUBOFPVTMZ PO VTFS DPNNBOET� ©JT XBZ JU JT QPTTJCMF UP PQFSBUF DPOUSPMMFST

JO DPNNPO NPEF PS EJ~FSFOUJBM NPEF� 'JHVSF "�� TIPXT UIF NBJO XJOEPX PG UIF

BQQMJDBUJPO� 'PS NPSF JOGPSNBUJPO TFF UIF POMJOF IFMQ UIBU DPNFT XJUI UIF QSPHSBN�

"��� MJCBHVD�

©JT MJCSBSZ JODMVEFT GVODUJPOT GPS BDDFTTJOH UIF "HJMJT DPOUSPMMFST GSPN/FXQPSU <��>

CZ VTJOH UIF MJCåEJ <��>� ©F MB�FS MJCSBSZ QSPWJEFT GVODUJPOT UP UBML UP '5%*\T 64#

UP TFSJBM DPOWFSUFS �JQT� ©F "HJMJT DPOUSPMMFST DBO CF VTFE UP PQFSBUF 1;5 ESJWFO

MJOFBS TUBHFT NJSSPS NPVOUT PS SPUBUJPO TUBHFT�
©F IFBEFS �MF GPS UIJT MJCSBSZ JODMVEFT EBUB TUSVDUVSFT UP TQFDJGZ B TJOHMF "HJMJT

DPOUSPMMFS BT XFMM BT B XIPMF HSPVQ PG DPOUSPMMFST� 'VSUIFSNPSF BMM GFBUVSFT PG UIF

���



"� 4FMG�EFWFMPQFE BQQMJDBUJPOT

DPOUSPMMFST DBO CF BDDFTTFE CZ FBTZ UP VTF GVODUJPOT� ©F DPOUFOU PG UIJT IFBEFS �MF
JT TIPXO JO UIF GPMMPXJOH MJTUJOH

/** @file ag-uc2.h

* Definition of function that are used to interact with the AG-UC2 controller.

*/

�
#ifndef __AG_UC2_H__

#define __AG_UC2_H__

#include <stdio.h>

�� #include <string.h>

#include <stdlib.h>

#include "ftdi.h"

�� #ifdef WIN32

#define sleep(x) Sleep(x)

#endif

#define USB_DBG_LVL 0 /**< libusb debug level */

�� #define VENDOR_ID 0x104d /**< Vendor Id of the AG-UC2 controller */

#define PRODUCT_ID 0x3000 /**< Product Id of the AG-UC2 controller */

#define CMDSIZE 65 /**< Size of the command array (minimum size is 65) */

#define EOL "\r\n" /**< Command terminator */

��
/** This structure defines a certain AG-UC2 controller. */

typedef struct {

char name[80]; /**< Human readable name for the controller */

char chn1[80], chn2[80]; /**< Human readable name for each channel */

�� char serial_nr[80]; /**< The conrollers unique serial number */

int amp1, amp2; /**< the step amplitudes for each channel */

int jog1, jog2; /**< the jog mode for each channel */

int nstep1, nstep2; /**< the step number for each channel */

char fkey1, bkey1, fkey2, bkey2; /**< keys to step forward/backward */

�� struct usb_device *dev; /**< The libusb structure to handle the device */

} agilis_controller;

/** This structure implements a single linked list for controller groups */

typedef struct list_element{

�� struct list_element *next; /**< pointer for the next element in the list */

agilis_controller *ag_ctrl; /**< member of the controller group */

int axis; /**< the axis of the controller that is member of the group */

int fact; /**< the step number is multiplied by this number to allow for common/differential modes */

} agilis_group_member;

��
/** This structure defines a controller group */

typedef struct group{

char name[80]; /**< Human readable name for the controller group */

agilis_group_member *first; /**< pointer to the first element in the list */

�� char fkey, bkey; /**< keys to step forward/backward the hole group */

} agilis_group;

int agilis_init (agilis_controller **ag_ctrl, char *fname, int verbose);

int agilis_deinit (void);

�� int agilis_open (agilis_controller ag_ctrl);

int agilis_close (void);

int agilis_set_communication_properties (void);

int agilis_write_command (agilis_controller ag_ctrl, unsigned char *cmd, int check, unsigned char *buf, int size);

int agilis_write_config_file (agilis_controller *ag_ctrl, int ndev, agilis_group *ctrl_group, char *fname);

�� int agilis_parse_config_file (agilis_controller **ag_ctrl, int ndev, agilis_group **ctrl_group, char *fname);

int agilis_set_jog_mode (agilis_controller ag_ctrl, int axis, int mode);

int agilis_measure_position (agilis_controller ag_ctrl, int axis, int *pos);

int agilis_set_mode (agilis_controller ag_ctrl, char mode);

�� char agilis_get_mode (agilis_controller ag_ctrl);

int agilis_move_to_limit (agilis_controller ag_ctrl, int axis, int mode);

int agilis_absolute_move (agilis_controller ag_ctrl, int axis, int *pos);

int agilis_tell_limit_switch (agilis_controller ag_ctrl, unsigned char* status, int size);

int agilis_relative_move (agilis_controller ag_ctrl, int axis, int nstep);

�� int agilis_reset (agilis_controller ag_ctrl);

int agilis_stop_motion (agilis_controller ag_ctrl, int axis);

int agilis_set_step_amplitude (agilis_controller ag_ctrl, int axis, int amp);

int agilis_get_step_number (agilis_controller ag_ctrl, int axis);

int agilis_get_error (agilis_controller ag_ctrl, unsigned char* error, int size);

�� int agilis_tell_steps (agilis_controller ag_ctrl, int axis);

���



"��� &YUFOEJOH UIF QPXFS PG /�-�$�4�

int agilis_get_status (agilis_controller ag_ctrl, int axis, unsigned char* status, int size);

int agilis_firmware_version (agilis_controller ag_ctrl, unsigned char* fv, int size);

int agilis_zero_position (agilis_controller ag_ctrl, int axis);

�� int agilis_get_jog_mode (agilis_controller ag_ctrl, int axis, unsigned char *mode, int size);

int agilis_get_step_amplitude (agilis_controller ag_ctrl, int axis, char direction);

int agilis_group_init (agilis_group *ctrl_group);

int agilis_group_append(agilis_group *ctrl_group, agilis_controller *ag_ctrl, int axis, int fact);

int agilis_group_set_step_amplitude(agilis_group grp, int amp);

�� int agilis_group_relative_move(agilis_group grp, int steps);

int agilis_group_absolute_move(agilis_group grp, int *pos);

int agilis_group_set_jog_mode(agilis_group grp, int jog);

int agilis_group_stop_motion(agilis_group grp);

�� int agilis_get_index (agilis_controller *ag_ctrl, int ndev, char *serial_nr);

char* strip (char* string, int size);

#endif

"��� &YUFOEJOH UIF QPXFS PG /�-�$�4�

"MUIPVHI /�-�$�4� IBT B MPU PG PQUJPOT PO IPX UP EJTQMBZ UIF DBMDVMBUFE EBUB UIFSF
NJHIU CF TJUVBUJPOT XIFSF JU DBO OPU QSPEVDF B EFTJSFE QMPU� &YBNQMFT BSF UP TDBO BO
VOTVQQPSUFE QBSBNFUFS PS UP NBYJNJ[F TPNF RVBOUJUZ PWFS B QBSBNFUFS PUIFS UIFO
UIF TDBO QBSBNFUFS 	TFF 'JHVSF ���
� ©F OFYU MJTUJOH TIPXT B 1ZUIPO TDSJQU UIBU XBT
VTFE UP TDBO UIF TRVFF[JOH PG UIF JOQVU TUBUFT UP QSPEVDF UIF QMPUT GPS UIF W�DMBTT BOE
T�DMBTT FOUBOHMFNFOU BU B CFBNTQMJ�FS 	TFF 'JHVSF ���
�

import os

scanrange = (0.0, -20.0)

� steps = 10

def generateConfig (sqz):

cfg = """

Laser {

�� Port 1 { Xp = {%lf, %lf}}

Port 2 {

Xp = {%lf}

theta = {0.5}

�� }

}

Cavity { Mirror 1 { R = {0.5, 0.5}}}

�� Plot {

step = 1

scan = "homodyne angle"

y = "entanglement"

range = {0, 2}

�� }

""" % (sqz, sqz, sqz)

���
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fout = open(’tmp.nlcs’, ’w’)

fout.write(cfg)

�� fout.close()

def runNLCS ():

os.system(’./nlcs-0.11 -c tmp.nlcs tmp2.dat’)

�� def getEntanglement ():

fin = open(’tmp2.dat’)

line = fin.readline()

fin.close()

�� return float(line.split()[27]), float(line.split()[32])

if __name__ == ’__main__’:

fout = open(’tmp3.dat’, ’w’)

for i in xrange (steps):

�� sqz = scanrange[0] + \

i*(scanrange[1] - scanrange[0])/(steps - 1)

generateConfig(sqz)

runNLCS()

s_class, v_class = getEntanglement()

�� fout.write(’%e\t%e\t%e\n’ % (sqz, s_class, v_class))

fout.close()

©F NBJO GVODUJPO CFHJOOJOH BU MJOF 42 MPPQT PWFS UIF TDBO QBSBNFUFS XIJ� JT

JO UIJT DBTF UIF TRVFF[JOH MFWFM JO E#� 'PS FB� WBMVF PG UIF QBSBNFUFS UIF GVODUJPO

HFOFSBUF$POµH JT DBMMFE UIBU XSJUFT B OFX DPO�HVSBUJPO �MF GPS /�-�$�4� JOTFSUJOH UIF

BDUVBM TRVFF[JOH WBMVF� ©F OFYU TUFQ JT UP SVO /�-�$�4� VTJOH POMZ UIF �D PQUJPO� ©JT

JOWPLFT POMZ B DBMDVMBUJPO PG UIF TZTUFN XJUIPVU QMP�JOH UIF SFTVMU JO UIF FOE� ©F

MBTU TUFQ JT UIFO UP QBSTF UIF BNPVOU PG FOUBOHMFNFOU GSPN UIF EBUB �MF CZ DBMMJOH

HFU&OUBOHMFNFOU� 4JODF UIF IPNPEZOF BOHMF JT TDBOOFE JO UIJT FYBNQMF BOE UIF

FOUBOHMFNFOU EPFT OPU EFQFOE PO UIJT WBMVF JU JT TV�DJFOU UP QBSTF UIF FOUBOHMFNFOU

GSPN UIF �STU EBUB TFU JO UIF PVUQVU �MF� 'PS PUIFS TJUVBUJPOT JU NJHIU CF OFFEFE UP

�OE F�H� UIF NBYJNVN PG UIF EBUB JO B TQFDJ�D DPMVNO XJUIJO FB� �MF 	TFF 'JHVSF

��� GPS BO FYBNQMF
�

���



#� 4UFFQFTU TMPQF QPTJUJPO PG BO "JSZ QFBL

EFGPSNFE CZ UIF ,FSS�FøFDU

©F �FME EUSBOT JO USBOTNJTTJPO PG BO PQUJDBM SFTPOBUPS JT EFTDSJCFE CZ UIF GVODUJPO

EUSBOT =
ıteı δ

2

1 − reıδ
EJO , 	#��


XIFSF EJO JT UIF DPNQMFY �FME BNQMJUVEF PG UIF JODJEFOU MJHIU �FME t = t1t2 BOE

r = r1r2 JT UIF QSPEVDU PG UIF NJSSPS BNQMJUVEF USBOTNJTTJWJUJFT BOE SF�FDUJWJUJFT

SFTQFDUJWFMZ� 'PS SFBTPOBCMZ IJHI WBMVFT PG UIF �OFTTF F  UIF CBOEXJEUI PG UIF "JSZ

QFBL δν JT HJWFO CZ

δν =
'43

F
, 	#��


XIFSF '43 JT UIF DBWJUJFT GSFF TQFDUSBM SBOHF� ©JT NFBOT UIBU UIF "JSZ QFBL JT MPDBUFE

XJUIJO B SBOHF PG 2π/F PG UIF EFUVOJOH QBSBNFUFS δ � ©FSFGPSF XF DBO BTTVNF UIBU

δ ≪ 1 BOE UIF USBOTNJ�FE QPXFS PUSBOT DBO CF XSJ�FO BT

PUSBOT(δ) = |EUSBOT|2

=
t2PJO

1 + r2 − 2r DPT(δ)

≈ t2PJO

1 + r2 − 2r(1 − δ2

2 )
. 	#��


)FSF PJO JT UIF QPXFS PG UIF JODJEFOU CFBN BOE XF FYQBOEFE UIF DPTJOF UFSN GPS

TNBMM BSHVNFOUT� #Z TF�JOH UIF TFDPOE EFSJWBUJWF PG UIF BQQSPYJNBUFE FYQSFTTJPO

GPS UIF USBOTNJ�FE QPXFS UP [FSP XF HFU UIF EFUVOJOH δ0 BU XIJ� UIF TMPQF PG UIF

"JSZ QFBL JT NBYJNJ[FE� ©JT QPTJUJPO SFBET

δ0 = ±1 − r√
3r

. 	#��


*OTFSUJOH UIJT WBMVF JOUP UIF FYQSFTTJPO GPS PUSBOT BOE OPSNBMJ[JOH JU UP UIF IJHIFTU

QFBL WBMVF BU δ = 0 XF HFU

ξ =
PUSBOT(δ0)

PUSBOT(0)
=

3

4
. 	#��


���



#� 4UFFQFTU TMPQF QPTJUJPO PG BO "JSZ QFBL EFGPSNFE CZ UIF ,FSS�F´FDU

����

�����

����

�����

����

�����

��

�� �	� �
� ��� ��� ����

�

��������������������

'JHVSF #���� &YBDU QPTJUJPO PG UIF TUFFQFTU TMPQF PG BO "JSZ QFBL�

©JT NFBOT UIBU UIF TUFFQFTU TMPQF PG BO "JSZ QFBL PDDVST XIFO UIF USBOTNJ�FE

QPXFS BNPVOUT UP 75� PG UIF NBYJNVN QPXFS JO USBOTNJTTJPO� 'JHVSF #�� TIPXT

UIF FYBDU QPTJUJPO PG UIF TUFFQFTU TMPQF GPS BSCJUSBSZ SF�FDUJWJUJFT� ©F BQQSPYJNBUJPO

JT WBMJE GPS NJSSPS SF�FDUJWJUJFT HSFBUFS UIBO R ≈ 60��

'PS UIF PQUJDBM ,FSS�F~FDU  UIF EFUVOJOH SFBET

δ ′ = δ + n2|E|2 , 	#��


XIFSF E JT UIF JOUSB�DBWJUZ �FME BNQMJUVEF BOE n2 JT UIF TP�DBMMFE ,FSS DPOTUBOU�

4JODF UIF USBOTNJ�FE �FME JT QSPQPSUJPOBM UP UIF JOUSB�DBWJUZ �FME UIF "JSZ QFBL JT

OPX HJWFO CZ BO JNQMJDJU GVODUJPO PG UIF GPSN

y(x) = [1 + a DPT(x + b y(x))]−1 . 	#��


'SPN UIF EFSJWBUJWF PG UIF JNQMJDJU FRVBUJPO F(x, y(x)) = 0 JU GPMMPXT

y′(x) = − ∂xF

∂yF
, 	#��


BOE XJUI UIJT FRVBUJPO POF HFUT UIF TFDPOE EFSJWBUJWF PG UIF JNQMJDJU GVODUJPO y(x)
XIJ� JT HJWFO CZ

y′′(x) = − 1

F3
y

(

FxxF2
y + FyyF2

x − 2FyFxFxy

)

. 	#��


���



)FSF Fx = ∂xF EFOPUFT UIF QBSUJBM EFSJWBUJWF� 'PS UIF "JSZ QFBL PG B ,FSS DBWJUZ

UIF GPMMPXJOH SFMBUJPOT CFUXFFO UIF EFSJWBUJWFT BSF WBMJE

Fy = 1 + b Fx , 	#���


Fyy = b2 Fxx , 	#���


Fxy = b Fxx . 	#���


4F�JOH y′′(x) = 0 BOE JOTFSUJOH UIFTF SFMBUJPOT ZJFMET

0 = FxxF2
y + FyyF2

x − 2FyFxFxy ,

= Fxx(1 + bFx)
2 + b2FxxF2

x − 2bFxxFx(1 + bFx) ,

= Fxx . 	#���


©JT NFBOT UIBU UIF DPOEJUJPO GPS UIF TFDPOE EFSJWBUJWF PG UIF ,FSS "JSZ QFBL CFJOH

[FSP JT FYBDUMZ UIF TBNF BT GPS UIF PSEJOBSZ "JSZ QFBL BOE UIFSFGPSF UIF TUFFQFTU

TMPQF PDDVST BMTP BU 75� PG UIF NBYJNBMMZ USBOTNJ�FE QPXFS GPS IJHI FOPVHI SF�

�FDUJWJUJFT�

���





#JCMJPHSBQIZ

<�> 5� .BJNBO _4UJNVMBUFE PQUJDBM SBEJBUJPO JO SVCZ̀ /BUVSF WPM� ��� OP� ����

QQ� ���V��� �����

<�> 1� 'SBOLFO (� 8FJOSFJ� $� 1FUFST BOE "� )JMM _(FOFSBUJPO PG PQUJDBM IBS�

NPOJDT̀ 1IZTJDBM 3FWJFX -FèFST WPM� � OP� � QQ� ���V��� �����

<�> 3� 4MVTIFS #� :VSLF -� )PMMCFSH BOE +� .FSU[ _0CTFSWBUJPO PG TRVFF[FE TUBUFT

HFOFSBUFE CZ B DBWJUZ ��XBWF NJYFS̀ +04" " WPM� � OP� �� QQ� 1���V1���

�����

<�> )� 7BIMCSV� 4� $IFMLPXTLJ #� )BHF "� 'SBO[FO ,� %BO[NBOO BOE 3� 4�O�

BCFM _$PIFSFOU DPOUSPM PG WBDVVN TRVFF[JOH JO UIF HSBWJUBUJPOBM�XBWF EFUFD�

UJPO CBOÈ 1IZTJDBM 3FWJFX -FèFST WPM� �� QQ� ��������V� +VMZ �����

<�> )� 7BIMCSV� .� .FINFU 4� $IFMLPXTLJ #� )BHF "� 'SBO[FO /� -BTU[LB

4� (PTTMFS ,� %BO[NBOO BOE 3� 4�OBCFM _0CTFSWBUJPO PG TRVFF[FE MJHIU

XJUI ���EC RVBOUVN�OPJTF SFEVDUJPÒ 1IZTJDBM 3FWJFX -FèFST WPM� ���

QQ� ��������V� +BOVBSZ �����

<�> )� 7BIMCSV� "� ,IBMBJEPWTLJ /� -BTU[LB $� (S¤G ,� %BO[NBOO BOE 3� 4�O�

BCFM _©F (FP ��� TRVFF[FE MJHIU TPVSDF̀ $MBTT� ëBOUVN (SBW� WPM� ��

Q� ������ 	� QQ�
 "QSJM �����

<�> (� %� #PZE BOE %� "� ,MFJONBO _1BSBNFUSJD JOUFSBDUJPO PG GPDVTFE HBVTTJBO

MJHIU CFBNT̀ +PVSOBM PG BQQMJFE QIZTJDT WPM� �� QQ� ����V���� +VMZ �����

<�> (� 7JEBM BOE 3� 8FSOFS _$PNQVUBCMF NFBTVSF PG FOUBOHMFNFOÙ 1IZTJDBM 3F�

WJFX " WPM� �� QQ� ��������V�� .BS� �����

<�> 1� )FMMP BOE +��:� 7JOFU _"OBMZUJDBM NPEFMT PG UIFSNBM BCFSSBUJPOT JO NBT�

TJWF NJSSPST IFBUFE CZ IJHI QPXFS MBTFS CFBNT̀ +� 1IZT� 'SBODF WPM� ��

QQ� ����V���� �����

<��> 1� )FMMP BOE +��:� 7JOFU _/VNFSJDBM NPEFM PG USBOTJFOU UIFSNBM F~FDUT JO IJHI

QPXFS PQUJDBM SFTPOBUPST̀ +� 1IZT� 'SBODF WPM� � QQ� ���V��� �����

<��> /� -BTU[LB +� 4UFJOMF�OFS 4� 4UFJOMF�OFS BOE 3� 4�OBCFM _.FBTVSJOH TNBMM

BCTPSQUJPOT CZ FYQMPJUJOH QIPUPUIFSNBM TFMG�QIBTF NPEVMBUJPÒ "QQM� 0QU�

WPM� �� QQ� ����V���� �����

���



#JCMJPHSBQIZ

<��> 8� 8JOLMFS ,� %BO[NBOO "� 3¼EJHFS BOE 3� 4�JMMJOH _)FBUJOH CZ PQUJDBM�

BCTPSQUJPO BOE UIF QFSGPSNBODF PG JOUFSGFSPNFUSJD HSBWJUBUJPOBM�XBWF EFUFD�

UPST̀ 1IZTJDBM 3FWJFX " WPM� �� QQ� ����V���� %FDFNCFS �����

<��> 7� #SBHJOTLZ .� (PSPEFUTLZ BOE 4� 7ZBU�BOJO _©FSNPEZOBNJDBM �VDUVB�

UJPOT BOE QIPUP�UIFSNBM TIPU OPJTF JO HSBWJUBUJPOBM XBWF BOUFOOBF̀ 1IZTJDT

-FèFST " WPM� ��� QQ� �V�� %FDFNCFS �����

<��> 7� -PSJF�F BOE %� #PDDBSB _"CTPSQUJPO PG MPX�MPTT PQUJDBM NBUFSJBMT NFBTVSFE

BU ���� ON CZ B QPTJUJPO�NPEVMBUFE DPMMJOFBS QIPUPUIFSNBM EFUFDUJPO UF��

OJRVF̀ "QQMJFE 0QUJDT WPM� �� QQ� ���V��� 'FCSVBSZ �����

<��> 4JFHNBOO -BTFS� 6OJWFSTJUZ 4DJFODF #PPLT �����

<��> 3� 8� #PZE _*OUVJUJWF FYQMBOBUJPO PG UIF QIBTF BOPNBMZ PG GPDVTFE MJHIU

CFBNT̀ +� 0QU� 4PD� "N� WPM� �� OP� � QQ� ���V��� �����

<��> 4� 'FOH BOE )� 8JOGVM _1IZTJDBM PSJHJO PG UIF HPVZ QIBTF TIJ�̀ 0QUJDT -FèFST

WPM� �� QQ� ���V��� "QSJM �����

<��> "� 'SFJTF 'JOFTTF.BOVBM� I�Q���XXX�HXPQUJDT�PSH��OFTTF�EPXOMPBE�'JOFTTF�
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<��> $� $BWFT BOE #� 4�VNBLFS _/FX GPSNBMJTN GPS ��QIPUPO RVBOUVN PQUJDT�

�� RVBESBUVSF QIBTFT BOE TRVFF[FE TUBUFT̀ 1IZTJDBM 3FWJFX " WPM� �� OP� �
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<��> +� %J(VHMJFMNP #� )BHF "� 'SBO[FO +� 'JVSBTFL BOE 3� 4�OBCFM _&YQFSJNFO�

UBM �BSBDUFSJ[BUJPO PG HBVTTJBO RVBOUVN�DPNNVOJDBUJPO �BOOFMT̀ 1IZTJDBM

3FWJFX " WPM� �� QQ� ��������V� +VMZ �����

<��> 3� 4�OBCFM +� )BSNT ,� 4USBJO BOE ,� %BO[NBOO _4RVFF[FE MJHIU GPS UIF

JOUFSGFSPNFUSJD EFUFDUJPO PG IJHI�GSFRVFODZ HSBWJUBUJPOBM XBWFT̀ $MBTTJDBM BOE

ëBOUVN (SBWJUZ WPM� �� QQ� 4����V4���� 4Q� *TT� 4* .BS� � �����

<��> 4� $IFMLPXTLJ )� 7BIMCSV� #� )BHF "� 'SBO[FO /� -BTU[LB ,� %BO[NBOO

BOE 3� 4�OBCFM _&YQFSJNFOUBM �BSBDUFSJ[BUJPO PG GSFRVFODZ�EFQFOEFOU

TRVFF[FE MJHIÙ 1IZTJDBM 3FWJFX " WPM� �� QQ� ��������V� +BOVBSZ �����

<��> +� .BFEB BOE ,� ,JLV�J _4RVFF[JOH�BSBDUFSJTUJDT BOBMZTJT PG B GVOEBNFOUBM�

DPO�OFE TFDPOE�IBSNPOJD HFOFSBUJPO TZTUFN CZ NFBOT PG B TFMG�DPOTJTUFOU
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<��> ;� 0V _1SPQBHBUJPO PG RVBOUVN �VDUVBUJPOT JO TJOHMF�QBTT �OE�IBSNPOJD

HFOFSBUJPO GPS BSCJUSBSZ JOUFSBDUJPO MFOHUÌ 1IZTJDBM 3FWJFX " WPM� ��

QQ� ����V���� .BS� �����

<��> %� '� 8BMMT BOE (� +� .JMCVSO ëBOUVN 0QUJDT� 4QSJOHFS TFDPOE FE� �����

<��> "� 8IJUF +� .MZOFL BOE 4� 4�JMMFS _$BTDBEFE TFDPOE�PSEFS OPOMJOFBSJUZ JO BO

PQUJDBM DBWJUZ̀ &VSPQIZTJDT -FèFST WPM� �� QQ� ���V��� "VHVTU �����

<��> 4� $IBUVSWFEJ ,� %F�PVN BOE 1� %� %SVNNPOE _-JNJUT UP TRVFF[JOH JO UIF

EFHFOFSBUF PQUJDBM QBSBNFUSJD PTDJMMBUPS̀ 13" WPM� �� QQ� �V�� 'FCSVBSZ �����

<��> ,� "SBJ 3� 5BLBIBTIJ %� 5BUTVNJ ,� *[VNJ :� 8BLBCBZBTIJ )� *TIJ[BLJ

.� 'VLVTIJNB 5� :BNB[BLJ .� 'VKJNPUP "� 5BLBNPSJ ,� 5TVCPOP 3� %F�

4BMWP "� #FSUPMJOJ 4� .BSLB 7� 4BOOJCBMF 5� 6�JZBNB 0� .JZBLBXB

4� .JZPLJ ,� "HBUTVNB 5� 4BJUP .� 0IBTIJ ,� ,VSPEB *� /BLBUBOJ 4� 5FMBEB

,� :BNBNPUP 5� 5PNBSV 5� 4V[VLJ 5� )BSVZBNB /� 4BUP "� :BNBNPUP BOE

5� 4IJOUPNJ _4UBUVT PG KBQBOFTF HSBWJUBUJPOBM XBWF EFUFDUPST̀ $MBTTJDBM BOE
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NFOU PG PQUJDBM BCTPSQUJPO BU ���ON BOE ����ON BDDPSEJOH UP JTP�GEJT �����̀

-#0$ �ìJSE *OUFSOBUJPOBM 8PSLTIPQ PO -BTFS #FBN BOE 0QUJDT $IBSBDUFSJ[B�
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OFTTF BOE NJSSPS TQFFE NFBTVSFNFOU GPS B TVTQFOEFE GBCSZmQFSPU DBWJUZ VTJOH
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WPM� �� QQ� ����V���� �����

�� +� "CBEJF i /� -BTU[LB i _1SFEJDUJPOT GPS UIF SBUFT PG DPNQBDU CJOBSZ DPB�

MFTDFODFT PCTFSWBCMF CZ HSPVOE�CBTFE HSBWJUBUJPOBM�XBWF EFUFDUPST̀ $MBTTJDBM

BOE ëBOUVN (SBWJUZ WPM� �� 4FQUFNCFS �����

�� +� "CBEJF i /� -BTU[LB i _4FBS� GPS HSBWJUBUJPOBM�XBWF JOTQJSBM TJHOBMT

BTTPDJBUFE XJUI TIPSU HBNNB�SBZ CVSTUT EVSJOH MJHP\T ��I BOE WJSHP\T �STU
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'JSTU * XPVME MJLF UP UIBOL 1SPG� %S� ,BSTUFO %BO[NBOO GPS HJWJOH NF UIF PQQPSUV�

OJUZ UP XPSL BU TV� B HSFBU JOTUJUVUF� 'PS UIF NFOUPSJOH BOE FODPVSBHFNFOU PWFS

UIF ZFBST *\N HSBUFGVM UP 1SPG� %S� 3PNBO 4�OBCFM� *U XBT BO FYDJUJOH FYQFSJFODF UP

CF QBSU PG UIF TRVFF[JOH HSPVQ GSPN UIF �STU HFOFSBUJPO PG TRVFF[FE TUBUFT PG MJHIU

JO )BOPWFS UP UIF �STU JNQMFNFOUBUJPO PG B TRVFF[FE MJHIU TPVSDF BU B HSBWJUBUJPOBM

XBWF EFUFDUPS�

©F EBJMZ XPSL XBT VOCVSEFOFE CZ NBOZ QFPQMF� .Z TQFDJBM UIBOL HPFT UP NZ

MPOH UJNF SPPNNBUF +BNFT %J(VHMJFMNP BOE NZ FBSMJFS NBUFT .PSJU[ .FINFU BOE

(VESVO 8BOOFS� 'PS TIBSJOH NZ BOHFS QSPEVDFE CZ UIF $%4 XIFO JNQMFNFOUJOH

UIF TP�XBSF DPOUSPM GPS (&0 600 CVU BMTP GPS UIF GVO UJNFT XF IBE * XPVME MJLF UP

UIBOL $ISJTUJBO (S¤G "MFYBOEFS ,IBMBJEPWTLJ BOE )FOOJOH 7BIMCSV�� ©F HFOFS�

BUJPO PG OJDF JNBHFT JT GVO TJODF "MFYBOEFS 'SBO[FO DSFBUFE IJT $PNQPOFOU -JCSBSZ

BOE NBEF JU BWBJMBCMF OPU POMZ GPS *MMVTUSBUPS VTFST� ©BOLT "MJ�

'PS QSPPGSFBEJOH UIJT NBOVTDSJQU BOE GSVJUGVM EJTDVTTJPOT * XPVME MJLF UP UIBOL )FMHF

.¼MMFS�&CIBSEU (FSSJU ,¼IO $ISJTUJBO (S¤G )FOOJOH 7BIMCSV� "JLP 4BNCMPXTLJ

BOE "OESF ©¼SJOH�

.Z GBNJMZ BOE NZ QBSFOUT JO�MBX TVQQPSUFE BOE FODPVSBHFE NF BMM UIF UJNF� 8JUI�

PVU UIFN UIJT UIFTJT XPVME OPU IBWF CFFO QPTTJCMF BU BMM� "OE �OBMMZ UXFMWF QPJOUT

HP UP UIF MPWFMJFTU QFSTPO PO UIF QMBOFU V 'SBVLF UIJT JT GPS ZPV�
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