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Abstract

Shared entanglement combined with local operations and classical communication can be
used as the physical resource for a communication channel. It is therefore important to
develop the experimental techniques to prepare various multipartite entangled states and
characterize their entanglement properties. Additionally, since all experimental results in-
volve statistical uncertainty, methods to estimate this uncertainty and propagate it through
further calculations is essential for any proof-of-principle experiment.

The first set of experimental results to be presented involves the preparation and char-
acterization of various classes of bipartite quadrature entanglement. These states are recon-
structed by measuring the full 4 × 4 covariance matrix and evaluating from it information
theoretic quantities such as the raw secret key rate, the quantum channel capacity and the
teleportation fidelity for coherent states. The connection between the quantity of entangle-
ment and its utility as a communication channel is numerically explored.

The next experiment focuses on a new statistical scheme based on the Bayesian paradigm
for quantum state reconstruction. The key result of this work is the calculation of error-
bars in the form of a probability distribution known as the posterior distribution on the
reconstructed Wigner function for phase-diffused squeezed states. The method relies on
the Markov chain Monte Carlo algorithm to draw samples from the posterior distribution.
Since these samples contain all of the relevant statistical information with regard to the
reconstruction, probability distributions can be derived for quantities, such as the state
purity, without having to make additional assumptions as to the distributional form of the
statistical uncertainties.

Finally, the experimental demonstration of Gaussian bound entangled states is presented.
Continuous-variable bound entanglement is an example of a four party mixed entangled state,
whose preparation requires precise control over a network of interference beam splitters, ho-
modyne detectors and nonlinear optical cavities. The experimental and feedback control
techniques required for this task are explained and illustrated using results from the labora-
tory. Finally, the experimental demonstration of bound entanglement is presented along with
a discussion of the data analysis methods and possible improvements for future experiments.

Having demonstrated the capability to control multimode entangled states, it becomes
possible to explore various other types of multipartite entangled states for both quantum
communication and quantum computing.

Keywords: Mutlipartite entanglement, Bound Entanglement, Quantum State Recon-
struction.
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Zusammenfassung

Verschränkte Zustände bilden zusammen mit lokalen Operationen und klassischer Kommu-
nikation die physikalische Grundlage eines Quantenkommunikationskanals. Deshalb sind die
Entwicklung von experimentellen Techniken zur Herstellung unterschiedlicher verschränkter
Zustände sowie ihre Charakterisierung von besonderer Bedeutung.

Da alle Experimente, unter anderem sogenannte “proof-of-principle” Versuche, durch
statistische Ungewissheit begrenzt sind, ist auch die Entwicklung von Methoden der Fehler-
analyse wichtig. Beginnend mit der Charakterisierung der freien Verschränkung wird der
Zusammenhang zwischen der Verteilung verschränkter Zustände und der Quantenkommu-
nikation theoretisch wie auch experimentell dargestellt. Die vollständige Messung der Ko-
varianzmatrix diverser verschränkter Zustände liefert Einsichten in Informationen wie die
Kapazität des Quantenkanals (quantum channel capacity), die Quantengenauigkeit (fidelity)
und andere.

Ferner wurde ein neues Bayes’sches Verfahren zur Quantenzustandsrekonstruktion eingeführt.
Dieses ermöglicht es, die Fehler einer Rekonstruktion aus der sogenannten Posterior Verteilung
mithilfe des Markov chain Monte Carlo Algorithmus zu berechnen. Da somit die vollständige,
statistische Information der Rekonstruktion vorliegt, können weitere Eigenschaften des Zu-
standes wie z.B. die Reinheit ohne zusätzliche Annahmen bestimmt werden.

Schlussendlich wird der experimentelle Nachweis Gaußscher gebundener Verschränkung
dargestellt. Die Erzeugung fand im Regime kontinuierlicher Variablen statt und benötigte
neben linearen Elementen wie Phasenschiebern, Interferenzstrahlteilern und Homodynde-
tektoren auch nicht-lineare Resonatoren und genaue Reglungstechniken. Diese Methoden
sind anhand der experimentellen Ergebnisse beschrieben. Der experimentelle Nachweis der
gebundenen Verschränkung wird auch im Rahmen der Datenanalyse diskutiert.

Die Herstellung von Mehrmoden Verschränkung ermöglicht die Untersuchung verschiedener
Arten von Verschränkung für die Quantenkommunikation bzw. den Quantencomputer.

Schlüßelwörter: gebundene Verschränkung, Quantenzustandsrekonstruktion, Mehrmoden
Verschränkung.
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1
Introduction

In the early years of quantum mechanics Erwin Schrödinger discovered a class of states for
which, as he phrased it, knowledge of the complete state does not imply knowledge of its con-
stitute components [Sch35]. He described these states as being “verschränkt” or entangled
in order to encapsulate in one concept the fact that these states demand an all or nothing
approach when trying to characterize them. Since that time, entanglement has been the
subject of much research both theoretical and experimental. Its study has lead to funda-
mental experiments in physics as illustrated by Aspect in measuring the violation of certain
Bell inequalities [AGR81]. But entanglement is more than just another quantum state, it
is a resource for transmitting quantum and classical information which can demonstrably
surpass any classical resource [BTB+03b, JZY+03]. It is this feature of entanglement that is
explored by the experiments performed for this thesis.

Beginning with Chapter 2 I motivate the fact that entanglement is a physical resource
for information transfer by first generally illustrating what role a physical channel plays
in information transfer. This requires taking into consideration the quantum fluctuations
of light in order to determine the fundamental limits set by the physical resource. I show
how the electric field is quantized and how these quantum fluctuations are quantified. I then
introduce a bipartite entangled state and illustrate how the noise variance behaves depending
on which quadratures are examined. With an understanding of how to characterize quantum
noise, I introduce the dense coding protocol and analyze it in terms of the evolution of its
quantum noise properties. This yields an intuitive understanding of why this protocol can
always improve the classical information carrying capacity of a channel over any classical
resource [BK00]. As a second example, I introduce the teleportation protocol and again
explain its operation using the evolution of its quantum noise properties. Teleportation
highlights the fact that entanglement is not only a good resource for classical information
but also for sending unknown quantum states [BBC+93, BK98].
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2 Introduction

Having given an overview of entanglement and its role as a physical resource for infor-
mation transfer, I introduce the mathematical theory of entanglement in Chapter 3. En-
tanglement theory concerns itself with three main problems: separability, measurability and
distillability. The first of these seeks to develop necessary and sufficient criteria for detecting
inseparable states. One of the first criteria developed was introduced by Peres [Per96] and
is known as the nonpositive partial transpose. It identifies entangled states by looking for
those states which fail to remain positive under partial transposition. As I discuss in the
chapter, when developing criteria for entanglement certain properties of states or observ-
ables are used to identify entanglement. I discuss all criteria at the level of both density
matrices and covariance matrices, the latter being important for Gaussian quantum states
since the finite dimensional covariance matrix provides a full description. The measurability
problem is treated next, where I discuss the logarithmic negativity since it corresponds to
a computable entanglement measure for continuous-variable systems [VW02]. Finally, the
distillability problem is discussed with a view towards the following chapter on bound entan-
gled states. I cite some protocols designed to distill against different forms of decoherence
and reference some recent experimental work for both single-copy and iterative entanglement
distillation.

In Chapter 4 I introduce bound entangled states. These are states which, although in-
separable, cannot be distilled. These states were first discovered by Horodecki et al. in
connection with mixed state entanglement and distillation and have since been the subject
of much theoretical work [HH98, WW01, KLC02, Mas06]. A method to prepare these states
in the continuous-variable regime using quadrature entanglement is presented along with
simulations as to their robustness. With regard to their utility for quantum information
processing tasks, such as quantum cryptography and teleportation, there is mixed reviews in
the literature. Horodecki showed [HHH] that with bound entanglement teleportation cannot
be performed better than through a classical channel. In [Mas06], Masanes showed that
for two parties any entangled state can enhance the teleportation power over any other.
Regardless of their possible applications to quantum information processing, they create an-
other avenue through which some fundamental questions regarding the relationship between
information, thermodynamics and entanglement theory can be explored. As I briefly discuss
in the last section of the chapter, the preparation of bound entanglement is an example of an
irreversible process since distillable entanglement is required for its preparation but cannot
be restored after.

Chapter 5 contains a complete description of all the laboratory techniques and devices
developed for the experiments performed in this thesis. I start by discussing the nonlinear
optical components since quadrature squeezing is a fundamental resource for the generation
of quadrature entanglement. I next discuss some linear optical components such as beam
splitters and the mode cleaner. The main part of the chapter is dedicated to explaining the
single-sideband optical RF locking scheme developed for controlling the bound entanglement
experiment. This method enables the setting of the relative phase between interfering fields
to an arbitrary angle. It does this by reducing the setting of the working point to adjusting
the electronic demodulation phase. I derive the error-signal for this control scheme and
show how it can be used to set both the homodyne detectors and the phase-gates to an
arbitrary relative phase. Finally, the preparation of bound entanglement requires a type of
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squeezing known as “hot squeezing”. This is a state for which the conjugate quadratures
exhibit different noise powers none of which fall below the quantum noise level.

The first few chapters of this thesis are preparatory material for the experimental results
which are presented in the remaining chapters. Those results begin in Chapter 6 where I
present a new method based on Bayesian statistics for the reconstruction of a general quan-
tum state. I start the chapter by introducing the Bayesian statistical paradigm. Unlike
the so called “frequentist approach”, Bayesian statistics treats probabilities as degrees of
uncertainty rather than the limiting values of long-run trials. I treat quantum state recon-
struction as a parameter estimation problem and show how the posterior distribution, which
quantifies the statistical uncertainties on the underlying parameters, can be derived from the
likelihood function and prior. In order to obtain the marginalized posteriors, which provide
an estimate of the uncertainty on the individual parameters, I make use of the Markov chain
Monte Carlo algorithm to perform the high dimensional integration. I explain the steps of
the algorithm and include Matlab code snippets to illustrate the actual implementation. As
a test case for quantum state reconstruction, I consider the phase-diffused squeezed states.
Due to their non-Gaussian Wigner function, they cannot be described by the covariance ma-
trix alone. But since they can be modeled, the entire reconstruction scheme can be reduced
to estimating a few parameters. After the reconstruction, I use the Markov chain to calculate
the purity of the state, showing how a probability distribution on the purity containing all
of the relevant statistical information can be obtained from the method.

In Chapter 7, I turn to the experimental study of distributed quadrature entanglement
as a communication channel. Three classes of CV quadrature entanglement are identified
corresponding to the preparation procedure used to generate the entanglement. After de-
riving some quantities that characterize entanglement as a quantum channel, e.g. quantum
channel capacity, teleportation fidelity of coherent states etc, I present the reconstructed
covariance matrix for each prepared state. A key experimental result is that the full ten
parameter covariance matrix is measured and the technical details behind the measurement
are explained in full detail. Finally, I use the reconstructed covariance matrices to evaluate
the channel characteristics and conclude with a discussion of the results.

In the last chapter, I present an experimental preparation of Gaussian bound entangled
states. Preparing a bound entangled state requires the construction of a four party entangled
state. The experimental setup involves multiple beam splitters, phase shifters, nonlinear
squeezing sources and homodyne detectors all of which must be set to specific operating
points in order to produce the desired state. A procedure for preparing these states is
developed and demonstrated with examples from the laboratory. Since these states are
Gaussian, it is sufficient to measure the 8 × 8 covariance matrix. As will be seen, however,
the reconstructed matrix can fail to correspond to a bona fide quantum state. This can be an
indication that the overall amount of experimental and statistical error is large. Numerical
methods to obtain the nearest physical state to that which is measured are discussed and
applied to the measured data.

Entangled states of light provide a test bench to understand not only fundamental prop-
erties of nature but also the constraints a physical system places on information transfer.
Before these constraints can be fully explored, the connection between physical resources
and communication channels needs to be established and is the topic of the next chapter.
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Physical Systems and Information Transfer

2.1 The Quantum State of Light

The advent of the telegraph ushered in a period in which physical systems, such as electrons,
would no longer be considered merely as one of nature’s fundamental building blocks but
also as a useful resource for information transfer. A further implication of this notion is that
information transfer has as much to do with the available physical resources as it does with
the way in which a message is represented. The systematic study of these resources is the
domain of the physics of information.

While modern telecommunication is introducing fiber optics, the basic principles behind
the physics of information remain the same. These principles are best illustrated by example.
Suppose Alice has a message that she wants to communicate with her distant friend Bob.
She decides to encode her message using photons and sends them through a fiber optic link
to Bob. The maximum amount of information that can be transfered using this channel is
quantified by the channel capacity and is given in this case by [BK00]

C = ln (1 + n̄) , (2.1)

where n̄ quantifies the average number of photons in each pulse. The more photons Alice
employs the larger the capacity to transmit information using this channel.

The description of the physical channel shared between Alice and Bob as the average
number of photons ignores the fact that light possess two physical properties, an amplitude

and a phase. In order to incorporate the phase property, the channel is described by a series
of equally spaced arrows each with a different length as seen in Figure 2.1a and Figure 2.1b.
The length of each arrow corresponds to the amplitude of the signal and the distance between
the arrows represents the time interval between each sent signal, representing the phase. The
relationship between the average number of photons, n̄, and the length of each arrow is given

5
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Figure 2.1: Physical resource shared between Alice and Bob: In order to send a message to her
distant friend Bob, Alice uses as a physical channel light pulses, represented here by the various
lengths of the arrows. The spacing between the arrows represents the time interval between each
new pulse. When ignoring the quantum fluctuations of the light, Figure(a) , each pulse possess a well
defined amplitude and phase. The situation is much different when quantum noise is considered,
Figure(b). Then it is seen that neither the amplitude nor the phase is well defined. The limit at
which the amplitude and orientation can be known is given by the Heisenberg uncertainty relation
and is represented by the edge of the yellow ball. The uncertainty in the amplitude and phase
limits the information carrying capacity of the channel.

the coherent states defined by

|α〉 = exp(−1

2
|α|2)

∞
∑

n=0

αn

√
n
|n〉, (2.2)

where |n〉 is vector in the Fock basis and α is the eigenvalue of the annihilation operator in
the coherent state basis, |α〉. Calculating the average number of photons in a coherent state,
where the number operator is defined by n̂ = â†â and â†, â are the creation and annihilation
operators, respectively yields

〈α|n̂|α〉 = |α|2 , (2.3)

which corresponds to the lenght of each arrow.

The resource depicted in Figure 2.1a assumes that each arrow possess a well defined
amplitude and phase. This is the case if the quantum nature of light is ignored. The
situation looks much different if the quantum noise properties of the light are considered.
Figure 2.1b depicts the same resource as Figure 2.1a but this time including the effects
of quantum fluctuations. Whereas in the non-quantum noise scenario the arrows all have
well defined tips and orientations, the effect of quantum noise is to introduce uncertainty

into both of these features as indicated by the yellow area surrounding each arrow. This
is a fundamental property of any physical system and prohibits a precise preparation and
detection of a pulse regardless of the means employed by Alice and Bob. The quantum
theory of light quantifies the amount of uncertainty for the states depicted in Figure 2.1b
through the variance of the amplitude and phase fluctuations. Their product defines the
minimal uncertainty and is known as the Heisenberg uncertainty relation

〈∆2X〉〈∆2P 〉 ≥ 1, (2.4)
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where X corresponds to the amplitude of the light field and P corresponds to the phase.
States for which equality is achieved are said to be “minimal uncertainty” states. Addi-
tionally, states for which 〈∆2X〉 = 1 and or 〈∆2P 〉 = 1 are referred to as being “vacuum
noise limited”. Since quantum fluctuations are apart of any physical system, it would seem
the very desirable situation depicted in Figure 2.1a is beyond reach. As I will show in the
following sections, the vacuum noise limit can be breached by manipulating the very source
of the problem.

2.2 Characterizing Quantum Noise

Figure 2.1a-b is a pictoral representation of quantum noise. An example of the effect of quan-
tum noise is depicted in Figure 2.2a-b. The plots correspond to a simulated measurement of
squeezed vacuum state, Figure 2.2a, and the vacuum state, Figure 2.2b of the quantized elec-
tromagnetic field. The vacuum state is seen to posses time-independent noise whereas the
squeezed state periodically varies between becoming more and less noisy than the vacuum
state.

To see how these two different cases are due to the quantum fluctuations of light, the
single-mode electric field must first be written in its quantized form

Ê(χ) = Eo(âe−iχ + â†eiχ), (2.5)

where χ = ωt is the phase of the field, Eo =
√

~ω/ǫoV ) is a measure of the strength of the
electric field per photon and â, â† are the annihilation and creation operators, respectively,
with commutator given by [GK05]

[â, â†] = 1. (2.6)

Equation (2.5) can be rewritten in terms of the so called quadrature operators and is given
by

Ê = Eo[X̂1 cos(χ) + X̂2 sin(χ)], (2.7)

where the quadratures are defined in terms of the annihilation and creation operators by

X̂1 = â+ â†, X̂2 = i(â† − â). (2.8)

In order to see the quantum fluctuations associated with the quantized field, I calculate
the variance of the field for both the vacuum state and the squeezed state. In the Fock basis
the vacuum and squeezed states are given by

|vac〉 = |0〉, |ξ〉 = Ŝ(ξ, θ)|0〉, (2.9)

where

Ŝ(ξ, θ) = exp[
1

2
(ξ∗â2 − ξâ†2)], (2.10)

is the squeezing operator with ξ = reiθ where r is the squeezing parameter which determines
the amount of squeezing in the state and θ which determines the squeezed quadrature. The
variance of the electric field for the vacuum state is given by

〈∆2Ê〉 = E2
o (2.11)
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Figure 2.2: Quantum noise of the quantized electric field: These figures depict simulated noise
traces corresponding to a squeezed vacuum state, Figure(a), and a vacuum state, Figure(b) of the
quantized electromagnetic field. The noise of the vacuum state is seen to be constant whereas
the noise of the squeezed state varies with time. This is the representation of the fact that a
squeezed state exhibits less quantum fluctuations than the vacuum level in one quadrature and
excess fluctuations in the conjugate quadrature.

and for the squeezed state by

〈∆2Ê〉 = E2
o [〈∆2X̂1〉 cos2(χ) + 〈∆2X̂2〉 sin2(χ)], (2.12)

where it is assumed that 〈∆2X̂1〉 < 〈∆2X̂2〉. Equation (2.11) shows that the variance of the
field is independent of the phase and is therefore equal in all quadratures. For a squeezed
state, however, Equation (2.12) shows that the quantum fluctuations are phase-dependent
and predicts the behavior of the field in Figure 2.2. Squeezed states enable one to reduce
the quantum fluctuations in one quadrature below the vacuum noise limit at the expense of
increasing them above the vacuum noise limit in the conjugate quadrature.

2.2.1 Statistical Distributions: Wigner Function

In Section 2.2, I considered the quantum noise properties of single-mode quantized electric
fields and showed how in the case of squeezed states their quantum fluctuations are phase
dependent. These fluctuations were quantified by calculating the variance of the electric
field for squeezed and vacuum states. It is also possible, however, to describe quantum noise
by a full probability distribution where, in the case of light, the quadrature operators act as
the random variables and their eigenvalues as the samples which are distributed according
to some distribution. The Wigner function is one such quasi-probability distribution and is
defined for a general quantum state as the Fourier transform of the characteristic function

W =
1

π

∫

χ(ξ) exp(αξ∗ − α∗ξ)d2ξ, (2.13)

where the characteristic function χ(ξ) is given by

χ(ξ) = tr (ρD(ξ)) , (2.14)
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Figure 2.3: Example Wigner functions: These graphs depict the quantum noise distribution
for three different quantum states. The upper left graph is a coherent state which is characterized
by a Gaussian distribution shifted in phase-space corresponding to the average number of photons.
The upper right graph is a non-Gaussian Schrödinger cat state which is a superposition of two
coherent states and exhibits quantum interference between them. The middle graph is a Gaussian
squeezed state which has reduced noise below the vacuum level in one quadrature and amplified
noise above the vacuum noise level in the conjugate quadrature.

where ρ is the density matrix describing the quantum state and D(ξ) is the displacement
operator [CG69]. The Wigner function was first introduced by Wigner as the quantum
mechanical analog of the phase-space distribution common in classical mechanics [Wig32].
The Wigner function is a “quasi” probability distribution because it is known for certain
states to become negative, a property which violates the positivity condition of a bona fide
probability distribution [Leo97].

Figure 2.3 provides examples of three different Wigner representations of quantum noise.
The figure in the upper left hand corner is an example of a coherent state. This state has
the properties that the center of the distribution is shifted in phase-space which physically
corresponds to the mean number of photons. The width, or standard deviation, of the
marginal distributions quantify the strength of the quantum fluctuations of each quadrature.

Another example of a Gaussian state is the squeezed state, depicted in the lower figure.
This state differs from the coherent state in that the noise is reduced below the vacuum
noise level in one quadrature, in this case the X̂ quadrature, while being amplified above
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the vacuum noise level in the conjugate P quadrature. The last example is an illustration
of a non-Gaussian Schrödinger cat state. The cat states are a superposition of two coherent
states and exhibit quantum interference between them.

The Wigner function contains the full statistical information as to how the quantum noise
is distributed. There is a class of states whose quantum noise properties can be captured
using only the second moments of the statistical distribution. These states are known as the
Gaussian states and are the topic of the next section.

2.2.2 Gaussian States

Gaussian states posses a Wigner function given by a Gaussian probability density

W (ξ̂) =
1

(2π)N/2
√

det (γ)
e−

1
2
(ξ̂−µ)T γ−1(ξ̂−µ), (2.15)

where ξ̂ is a vector containing the mode operators, γ is the covariance matrix describing
the second moments of the quadrature operators, N specifies the number of modes and µ is
the mean vector describing the displacement of the state. This class of continuous-variable
quantum states is particularly useful experimentally since they can be prepared using only
beam splitters, phase shifters and squeezers. From the theoretical perspective, Gaussian
states can be completely described by its mean vector, µ and covariance matrix, γ. As I will
discuss in more detail in Section 7.4, Gaussian quantum communication channels established
using shared entanglement are completely described by the covariance matrix of the bipartite
entangled state and can be used to calculate many properties of the channel.

Before demonstrating how quantum noise can be used as a medium for information
transfer, I will first briefly describe some of the key ideas in classical information theory.
There are many great texts on this topic and I would suggest the following for further
information [CT06]. This review of information theory will be cursory and will focus only
on those concepts that are needed to understand the rest of the chapter and the rest of this
thesis.

2.3 Characterizing Information

Information theory provides the mathematical basis for three main information processing
tasks: data compression, error-correction and cryptography. The father of information theory
is Claude Shannon and the entire field can be traced back to his 1948 paper “A Mathematical
Theory of Communication” [Sha48]. In that paper, Shannon recognized that the information
content of a message is a function of the statistical properties of its components. Knowing
how a message is described statistically allows for optimal coding of the message in the sense
of representing the original message using a minimal number of resources and still being able
to transmit it faithfully through a communication channel. Before giving the definition of
information which was defined by Shannon and now bears his name, the following example
illustrates many of the key ideas behind the theory.
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Figure 2.4: Illustration of information: This diagram depicts a game in which a player attempts
to guess a number between 1 and 32. The goal of the game is to determine the unknown number
asking a minimal number of questions. The Shannon information yields the minimal number
of questions the player must ask. This game illustrates three properties that are common to
information transfer systems: uniformity of the possible states, distinguishability of the possible
states and lack of knowledge on the part of the receiver.

2.3.1 Basic Illustration of Information

To illustrate some of the basic notions from information theory imagine the following game
where a player is asked to guess a number between 1 and 32. What are the minimal number
of questions the player can ask in order to faithfully determine the number? Figure 2.4
provides a schematic of the optimal strategy. The strategy for the player is to break up all
of the numbers into intervals of decreasing size and to ask a series of “yes/no” questions as
to whether the number is within the selected interval. Depending on the answer, the player
either continues forming smaller intervals or a new interval is selected. In total, the player
only needs to ask five questions in order to determine the unknown number.

There are three features of this game that are worth mentioning. First, all of the numbers
were equally likely and there were no correlations amongst them. Second, the numbers
could be distinguished from one another enabling a series of yes/no questions to be asked.
Third, the number was unknown beforehand and therefore the player had to ask in order
to determine what is was. These three points, uniformity in the distribution of the possible
numbers, distinguishablility of the numbers from each other and finally the ignorance on the
part of the person playing the game are all properties that any good information transfer
system will possess. The number of questions that the player had to ask quantifies the
information content of the message and is known as the Shannon information.
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2.3.2 Quantifying Information

The definition of information introduced by Shannon is given by

H = −
n
∑

i

pi log pi, (2.16)

where n is the total number of possible states in a message, pi is the probability for the ith

state to occur and the logarithm is usually taken to be base two giving the units of bits for
information. With regard to the game illustrated in Figure 2.4 there were thirty-two equally
likely numbers. The Shannon information in this case is

H = −
n=32
∑

i=1

1

32
log

1

32
= 5 (2.17)

yielding the number of questions that needs to be asked in order to determine the unknown
number. Equation (2.16) is understood as quantifying the average amount of information
within a message. Indeed, had the player been asked to guess a number between 1 and 33,
they would have had to ask a total of H = 5.044 questions. This is a statement of the fact
that sometimes the player may have to ask some additional questions in order to determine
the unknown number.

I am now going to bring together the ideas of Section 2.3 and Section 2.2 and show how
the quantum fluctuations of light can be used for information transfer. As will be seen, it is
the unique ability of quantum states to transmit both quantum and classical information.

2.4 Quantum Noise and Information Transfer

Let us consider again Alice and Bob’s physical resource depicted in Figure 2.1. The quantum
noise associated with each pulse sent by Alice is described by a coherent state Figure 2.3.
Since the state is Gaussian, it can be completely described by a mean vector, µ and covariance
matrix γ.

Using coherent state, a possible experimental implementation is given in Figure 2.5a. In
the preparation stage, Alice produces a pulse with given amplitude and phase and sends it to
Bob through a fiber optic link. Bob then detects the pulse with a photodetector and records
the data. The actual information Alice wants to transfer to Bob is given by the mean value
of the data stream. The quantum fluctuations manifest themselves in the excess of points
around the center of the stream. They set a fundamental limit as to how well each pulse
can be defined in its amplitude and phase quadratures. The strength of the fluctuations is
given by the variances of the amplitude and phase observables and their product sets the
lower limit given by the uncertainty principle, Equation (2.4). They can, however, beat the
quantum noise limit by utilizing as a physical resource a quantum state whose noise powers
in both quadratures exhibit a simultaneous reduction below the vacuum noise level. States
which possess these noise properties are said to be entangled and are the subject of the next
section.
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Figure 2.5: Coherent and entanglement based communication channels: These figures depict
a possible experimental setup for establishing a communication channel using coherent states,
Figure(a), and using entangled states, Figure(b). In the entanglement based scheme, two squeezed
states are needed in order to build the underlying entanglement. A comparison of the information
carrying capacity of these channels is given in Figure 2.8a. There it is seen that entanglement
always increasing the capacity of the channel for classical information.

2.4.1 Entanglement Based Information Transfer

The coherent state scheme depicted in Figure 2.5a utilized a single mode for the information
transfer. Entanglement, however, is an example of a composite state. The entanglement
based information transfer scheme is depicted in Figure 2.5b. In this case, two quantum
modes are involved in the information transfer. Because the state is Gaussian, its quantum
noise properties are completely characterized by a 4× 4 covariance matrix γ.

Equation (2.18) represents the covariance matrix of a two-mode entangled Gaussian state

γ =









1.45 0 1.05 0
0 1.45 0 −1.05

1.05 0 1.45 0
0 −1.05 0 1.45









, (2.18)

as can be produced by overlapping two pure squeezed modes having 4 dB squeezing each
on a balanced beam splitter [DHF+07]. Alice and Bob’s local modes are described by the
sub-matrices

γX̂A ,P̂A
=

(

1.45 0
0 1.45

)

, γX̂B ,P̂B
=

(

1.45 0
0 1.45

)

. (2.19)

Figure 2.6 depicts a contour plot of the subsystems. It is readily seen that taken on their
own, the observables corresponding to Alice, i.e. X̂A , P̂A and those corresponding to Bob,
i.e. X̂B , P̂B are uncorrelated and very noisy.

The situation is different if their joint modes are considered. The covariance matrix of
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Figure 2.6: Quantum noise projections of local modes: These contour plots depict the quantum
noise distributions of Alice and Bob’s local modes, i.e. W (XA, PA) and W (XB , PB). The noise is
Gaussian distributed and its variance is larger than than vacuum level, assuming vacuum is set to
1.

this subsystem reads

γX̂A ,X̂B
=

(

1.45 1.05
1.05 1.45

)

. (2.20)

Examining the contour plot, Figure 2.7, reveals that the observables are correlated! Further
analysis reveals that not only are the amplitude quadratures correlated but also the phase
quadratures, as illustrated by that subsystem

γP̂A ,P̂B
=

(

1.45 −1.05
−1.05 1.45

)

. (2.21)

At first glance these results seem to be counterintuitive. How can it be that ignorance of
ones own local mode implies knowledge of the other party’s? Perhaps it was this fact that
Erwin Schrödinger had in mind when he coined the term Verschränkung and described it in
these words:

Maximalle Kenntnis von einem Gesamtsystem schließt nicht notwendig max-
imaller Kenntnis aller seiner Teile ein.

which is to say that knowledge of the total system does not necessarily imply knowledge of
the subsystems.

An uncertainty relation describing this new state can be derived from two new observables

û = X̂A + X̂B, v̂ = P̂A − P̂B, (2.22)

which are linear combinations of Alice’s and Bob’s amplitude and phase quadratures, re-
spectively. For the case of an entangled state, the uncertainty relation reads

∆2û∆2v̂ = 0, (2.23)
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Figure 2.7: Quantum noise projections of joint modes: These contour plots correspond to
the joint quadratures between Alice and Bob’s amplitude, W (XA, XB), and phase quadratures,
W (PA, PB). The rotation indicates correlation between the respective quadratures and the small
width in the one direction indicates reduced noise below the vacuum noise level.

since these operators commute [û, v̂] = 0. Equation (2.23) implies that the result of a
measurement by Bob would reduce the mutual deviation from the mean in the extreme case
to zero. At the extreme point, the relative amplitude and phase quadratures with respect to
each other would be perfectly defined and Bob could perform an exact measurement.

In the previous section, I introduced entanglement as that quantum state which lends
itself to an exact global description but is poorly defined in its individual components. In
this section, I will argue that it is exactly this property which makes entanglement useful
for information processing tasks. In fact, entanglement is so useful, that by using it as a
physical resource for information transfer, not only can one enhance the information transfer
potential but one can send both classical and quantum information.

2.4.2 Carrying Classical Information: Dense Coding

As a first example, I now show how entanglement is used to transfer classical information.
The experimental implementation is shown in Figure 2.5b. Both Alice and Bob share one
half of a bipartite entangled state. Bob’s receives his half at any time before the transmission
of the classical information. Alice takes her half and puts a classical modulation in both the
amplitude and phase quadratures of the state. These coherent displacements are the classical
information to be received by Bob. Upon receiving the second half of the entangled state,
Bob mixes the two halves on a balanced beam splitter and performs homodyne detection on
each output mode measuring the amplitude quadrature of one of the modes and the phase
quadrature of the other mode.

The protocol just described is known as Dense Coding. It was first theoretically described
by Bennett et al. [BW92] for the discrete case and later experimentally implemented by Mat-
tle et al. [MWKZ96]. It was later extended to the continuous-variable regime by Braunstein
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Figure 2.8: Dense coding and teleportation channel capacities: The capacity of a channel
to transmit classical bits as a function of the number of photons in the physical link between the
communicating parties is given in Figure(a) for the case of a coherent state as the physical resource,
red curve, and for the case of an entangled state as the physical resource, green curve. For non-zero
number of photons in the channel, entanglement always represents an increase in the capacity of the
channel to transmit classical bits. Figure(b) gives the teleporation fidelity for coherent states also
as a function of the average number of photons in the underlying squeezed state. As the squeezing
strength increases the fidelity approaches unity.

and Kimble [BK00] and experimentally demonstrated first by Mizuno [MWFS05] in the
bipartite case and later by Jing [JZY+03] for the tripartite case.

In order to understand why dense coding works it is best to observe how the quantum
noise of the distributed modes is changed during the course of the protocol. This is depicted
in Figure 2.9. The first part of the protocol is the “preparation stage”. Here, Alice prepares
an entangled state and sends one half to Bob while keeping the other. Taken on their own,
the noise power or variance of the state is much larger than that of the vacuum fluctuations
and grows with increasing entanglement between the two beams. The next stage is the
“encoding” stage. Alice places both an amplitude and phase modulation on her half of the
entangled state. This results in a coherent displacement in phase space but does not alter
the quantum noise power of the state. Upon receiving the second half of the entangled
state, Bob mixes them on a balanced beam splitter, performing the “decoding” part of the
protocol. Finally, the last stage is the “read-out”, where Bob measures both the amplitude
and phase quadratures to read off the value of the amplitude and phase modulation.

Notice in this last step that the quantum noise power is now smaller than vacuum fluc-
tuations in both the amplitude and phase quadratures. This reduction in the quantum noise
power is a direct result of the quantum correlations which exist between the modes. Conse-
quently, Bob can perform a measurement below vacuum noise level to determine the coding
used by Alice. Had Alice and Bob used a coherent state for the transfer, they would have fun-
damentally been limited by the vacuum fluctuations. This explains at the level of quantum
noise the behavior of the channel capacity curves in Figure 2.8. By increasing the amount
of entanglement in the state, and thereby reducing the uncertainty in Bob’s measurement
in the “read-out” stage of the experiment, Alice is able to increase the information carrying
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Figure 2.9: Carrying classical information: The dense coding protocol can be divided into four
stages. In the preparation stage, Alice sends one half of a two-mode squeezed state to Bob and
retains the other. In the encoding stage, Alice applies both a phase and amplitude modulation to
her half and sends it to Bob. The decoding stages involves Bob mixing his half of the two-mode
state with the now modulated half he receives from Alice. Finally, in the read-out stage, Bob
measures both the amplitude and phase quadratures of the state. Due to the quantum correlations
between Alice’s and Bob’s states, Bob can perform two below vacuum level measurements.

capacity of her channel beyond that possible with non-entangled states. In terms of the three
characteristics of an information transfer system described in Section 2.3.1, the simultane-
ously “squeezing” of the amplitude and phase quadratures increases the distinugishability of
the message components.

2.4.3 Carrying Quantum Information: Teleportation

While increasing the classical capacity of a communication channel is certainly impressive,
entanglement offers even more. Shared entanglement can be used to reliably and uncondi-
tionally transport quantum information! What is meant by quantum information is some
unknown quantum state ρ that Alice would like to send Bob. The protocol to perform such
a transfer was first developed by Bennettet al. [BBC+93] for qubits and given the name
“teleportation” since the quantum state at the sender station is completely destroyed in the
process of the protocol and appears at a far away location perfectly intact. Teleportation
was extended to the continuous-variable (CV) regime by Braunstein and Kimble [BK98] and
experimentally demonstrated by various groups [BTB+03b, BTB+03a, YBF07, TAK+05].

The basic protocol for CV teleportation is depicted in Figure 2.10. Again, Alice and Bob
share a two-mode squeezed state. Alice mixes the unknown quantum state ρ with her half of
the entangled state and measures the amplitude and phase quadratures on the output modes
of the beam splitter. She then sends the results of this measurement to Bob over a classical
channel. Bob takes these results and displaces his half of the entangled state depending on
the results of Alice’s measurement thus completing the protocol.

The reason why teleportation works can be understood once again by examining the
quantum noise of all states involved in the protocol in phase space as depicted in Figure 2.11.
The protocol begins similarly to dense coding where first Alice prepares an entanglement
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S

Figure 2.10: Experimental setup for teleportation: This figure is a schematic representation
of an experimental setup for teleporting an unknown quantum state. Both communicating parties
share one half of a bipartite entangled state created from some source “S”. The sender mixes
the unknown quantum state with their half of the entanglement and performs a simultaneous
measurement of the amplitude and phase quadratures on the output modes. The results of this
measurement are sent by means of a classical communication channel to the receiver and is used
to perform a unitary operation on their half of the entangled state. At this point the teleportation
is complete.

resource, one half of which stays with Alice. After combining the unknown state with her
half of the entangled state, Alice measures both the amplitude and phase quadratures of the
modes at the output of the beam splitter. At this point, Alice has only has the quantum
noise fluctuations according to the unknown state to be teleported. Finally, she sends the
results of her measurement to Bob who performs a displacement in phase-space obtaining
the original state.

The “displacement” stage of the teleportation protocol is important because, as a result
of performing a measurement on her half of the entanglement resource, Alice induces a
random displacement in phase-space which is equal to the result of Alice’s measurement.
Bob cannot known a priori how his state will be displaced. This information comes from
Alice who performs the measurement and utilizes the fact that their shared state is entangled.
The quality of the teleportation is measured by a quantity known as the fidelity, F . It is
a measure of how much of the original state is faithfully teleported. Figure 2.8b illustrates
the dependence of the fidelity on the amount of squeezing in the underlying entangled state.
This squeezing is important because Alice adds one unit of vacuum noise into the state by
trying to simultaneously measure the amplitude and phase quadratures. This additional
noise is suppressed by the shared entanglement between Alice and Bob.

2.5 Distillability and Information: Bound Entangle-

ment

The previous two sections showed that entanglement is superior in transmitting both classical
and quantum information. The ability to perform these tasks depends directly on the amount



2.5 Distillability and Information: Bound Entanglement 19

Figure 2.11: Carrying quantum information: The teleportation protocol can be understood by
following how the quantum noise distribution changes with each step. In the preparation stage of
the protocol, Alice possess one half of a bipartite entangled state, depicted here by the large yellow
ball and some unknown state which, for example purposes, has been chosen to be a squeezed state.
Bob has the other half of the entangled state and is exactly the same as Alice’s. In the measurement
stage of the protocol, Alice projects Bob’s half of the entangled state onto the unknown state. The
final stage of the protocol is the displacement state, where Bob applies a unitary transformation
on his half of the entangled state depending on the results of the measurement performed by Alice.
He now has the unknown state.

of entanglement present in the underlying state. This raises an immediate question: is it
possible to increase the initial amount of entanglement in any given state? The answer is a
qualified yes!

The method by which the entanglement of a state can be increased is known as distillation.
Starting with several copies of a weakly entangled state shared between Alice and Bob, they
perform a series of operations on their respective parts, discussing each step as they move
along. After they are finished, the result is a smaller number of more highly entangled states
which can then be used to perform teleportation.

There are, however, a class of quantum states which although entangled, cannot be
distilled. These special states are known as bound entangled states in analogy with bound
energy in thermodynamics [HH98].

Since bound entangled states were first introduced by the Horodecki family [HH98] a
theoretical work has been performed in characterizing these states [WW01, GKD+01]. De-
spite the growth in theoretical knowledge concerning bound entanglement, there has been
limited experimental progress in the preparation of these states. In this thesis, I present
the first unconditional generation and characterization of bound entangled states of light. I
will demonstrate the feasibility of generating these states using current technology and show
how these states can be steered between being bound, separable and free entangled. In the
next chapter I treat the more technical aspects of entanglement theory and provide all of
the theoretical tools necessary in order to understand the remainder of this thesis.
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3
Free Entanglement

In this chapter I discuss the theoretical foundations of characterizing entangled states. The
theory of entanglement can be divided into three main topics: separability, measurability
and distillability. Separability deals with establishing criteria to determine whether a state
is entangled; measurability is concerned with quantifying the amount of entanglement; and
distillability deals with developing both criteria and protocols to extract from several copies
of a weakly, possibly mixed entangled state, fewer copies of pure, more strongly entangled
states. I treat each of these topics in turn, introducing and implementing several criteria
and measures that are currently known.

There exists a connection between separability and distillability first identified by Horo-
decki et al. [HH98] in the context of mixed-state entanglement distillation. They showed
that the Peres non-positive partial transpose (NPT) criterion is a sufficient criterion for
distillability [HH99]. Later, Giedke et al. presented necessary and sufficient conditions for
distillability and separability showing that for Gaussian n × m states a negative partial
transpose is necessary and sufficient for distillabillity [GKLC01a]. Inseparability, however,
does not imply distillability and for this reason inseparable quantum states can be classified
as being NPT or PPT entangled, the former corresponding to those states which can be
distilled. This chapter concerns itself exclusively with npt entanglement.

3.1 The Separability Problem

Given an arbitrary quantum state, ρ, the separability problem involves developing criteria
such that separable states can be distinguished from inseparable states. By inseparability it
is meant that a composite system ρAB cannot be written as convex sum of product states

ρ =
∑

k

wkρkA ⊗ ρkB, (3.1)

21
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where wk are statistical weights which sum to one and ρkA , ρkB correspond to the individual
subsystems, respectively [Wer89, BvL05]. In identifying this property, entanglement criteria
utilize key features of either states or observables. The first criterion I will introduce is
known as the Peres-Horodecki criterion.

3.1.1 Peres-Horodecki: NPT Entanglement

The Peres-Horodecki criterion, also known as the nonpositive partial transpose (NPT) cri-
terion, was first introduced by Peres for the case of discrete variables [Per96]. The necessity
and sufficiency of the criterion was proven by Horodecki et al. for discrete systems of dimen-
sion 2× 2 and 2× 3 and later by Simon [Sim00] in the Gaussian continuous-variable regime.
The NPT criterion is based on two fundamental properties of quantum states

ρ ≥ 0,

Tr (ρ) = 1,
(3.2)

where the inequality is understood to reference the eigenvalues of the density matrix. The
first property is known as “positivity” and ensures that all eigenvalues in every basis as well
as the diagonal elements of the matrix itself remain positive. The second property prevents
any individual diagonal element from being greater than one. These two features enable the
probabilistic interpretation of quantum mechanics and must hold for all bona fide quantum
states [HH99].

The positivity condition also places a restriction on the type of physical operations that
can be performed on quantum systems

T (ρ) ≥ 0. (3.3)

Equation (3.3) demands that any operator, T , representing a physical operation must be
positive, i.e. transform positive density matrices into positive density matrices. For composite
systems, Equation (3.3) reads

(T ⊗ I)ρAB ≥ 0, (3.4)

and its effect on separable states such as those described by Equation (3.1) is given by

(T ⊗ I) ρAB =
∑

k

wkT (ρA)⊗ ρB ≥ 0, (3.5)

since the unity operator has no effect on the subsystem ρB and T (ρA) ≥ 0 due to the
positivity of T . Note that the only requirement placed on T is that it be positive. There are,
however, a whole class of states for which Equation (3.4) is violated. These are “entangled”
or “inseparable” states which cannot be written in the form of Equation (3.1). Equation (3.4)
therefore provides a necessary condition for separability [Per96, HH99]. It was Peres who
first suggested using partial transposition as the positive operator in Equation (3.4) and for
that reason the criterion is known as the nonpositive partial transpose (NPT).

I introduced the NPT criterion in terms of density matrices but it works equally well for
covariance matrices. The positivity condition, ρ ≥ 0, for covariance matrices is

γ + iΩ ≥ 0, (3.6)
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where γ is a symmetric 2N × 2N covariance matrix for N modes and Ω is the symplectic
form given by

Ω =

(

σ 0
0 σ

)

, (3.7)

with

σ =

(

0 1
−1 0

)

. (3.8)

Equation (3.6) is an expression of the Heisenberg uncertainty relation [SSM87, SMD94] and
is satisfied for all covariances matrices representing bona fide quantum states. Positivity
under partial transposition is checked by changing the sign of the phase quadrature of a
single mode or in matrix form by ΓaγΓa where Γa = diag (1 ,−1 , 1 ,−1 . . .). The necessary
and sufficient condition for separability of Gaussian states then reads [Sim00]

γTA + iΩ ≥ 0, (3.9)

where the transposition is taken to act on Alice’s momenta.
To illustrate the NPT criterion I present the case of a bipartite entangled Gaussian state.

Assuming pure states and 4 dB squeezing in the underlying squeezed states, the covariance
matrix of such a state is given by

γ =









1.45 0 1.05 0
0 1.45 0 −1.05

1.05 0 1.45 0
0 −1.05 0 1.45









. (3.10)

Applying the NPT criterion yields

min
(

eig
(

γTa + iΩ
))

= −0.4, (3.11)

a clear violation of Equation (3.9).

Multiparty Implementation

The NPT criterion can also be applied to cases where there are more than two parties. It
establishes a hierarchy of multipartite entangled states where partial transposition is applied
to a specific mode denoted by symbol Tn, n corresponding to the mode [GKLC01a]. To
illustrate this, I list the various ways in which the NPT criterion can be applied to a tripartite
three-mode Gaussian state. The hierarchy of entangled states is achieved by forming five
different classes. A state is said to belong to a specific class if all of the conditions of that
class are satisfied. The five possible classes for three-mode tripartite entangled states are
given by

class 1:

γT1 + iΩ 6≥ 0 γT2 + iΩ 6≥ 0 γT3 + iΩ 6≥ 0, (3.12)
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class 2:

γTk + iΩ ≥ 0 γTm + iΩ 6≥ 0 γTn + iΩ 6≥ 0, (3.13)

class 3:

γTk + iΩ ≥ 0 γTm + iΩ ≥ 0 γTn + iΩ 6≥ 0, (3.14)

class 4 or 5:

γT1 + iΩ ≥ 0 γT2 + iΩ ≥ 0 γT3 + iΩ ≥ 0, (3.15)

where the partial transposition is applied to the phase quadrature of the specified mode.
The five classes have the following interpretation as elaborated upon by Braunstein and
van Loock [BvL05]. Class 1 corresponds to the case of fully inseparable states for any
partition of the modes. Class 2 describes the one mode biseparable states, meaning that
only one mode is separable from the remaining two modes. Class 3 means that two bipartite
splittings of separable states are possible whereas class 4 corresponds to the case of three-
mode biseparable states which cannot be written as a mixture of three mode product states.
It should be noted that for classes 2 and 3 all permutations of the three modes (k,m, n)
must be considered. Finally, class 5 corresponds to the fully separable states such that
γ ≥ γ1 ⊕ γ2 ⊕ γ3 where γi corresponds to the one mode correlation matrix.

In order to implement the NPT criterion either the density matrix or the covariance
matrix must be measured. For infinite dimensional systems, such as for optical modes, mea-
surement of the density matrix is a challenging experimental task. The covariance matrix,
however, can be easily measured using fewer settings then has been performed by many re-
searchers [BSLR04, LKOH+05, WOTBG05, DHF+07] as I will explain in Chapter 7. There
are circumstances under which even measuring the covariance matrix requires too many
measurement settings. Inseparability can still be ascertained using the Duan criterion and
is the topic of the next section.

3.1.2 Duan Criterion

The strategy behind the NPT criterion was to identify those states that fail to retain their
physicality under a specific operation. This leads to partial transposition and the realization
that density matrices / covariance matrices of entangled states fail to remain physical under
this operation. A different approach to the same problem is to exploit the linearity and
hermiticity of operators representing observables to separate the class of separable from
inseparable states.

The Linearity Property

Before I demonstrate how these two features of quantum theory can be used to solve the
separability problem, I first want to review their definitions. Beginning with linearity, a
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generic operator, Â, is defined to be linear if its action on a linear combination of arbitrary
functions, Ψi is given by

Â (α1Ψ1 + α2Ψ2 . . . αiΨi) = Âα1Ψ1 + Âα2Ψ2 . . . ÂαiΨi. (3.16)

Linearity is also important because it adds an extra restriction on the operators such that
the order in which multiple operators can be applied to a function is governed by a quantity
known as the commutator

[Â , B̂] ≡ ÂB̂ − B̂Â. (3.17)

Operators for which the commutator is zero are said to “commute” and can be applied in
any order to a function ψ.

The Hermitian Property

The second fundamental property quantum theory imposes on observables is hermiticity.
The defining feature of a Hermitian operator is that its conjugate transpose is the operator
itself

Â† = Â, (3.18)

where the dagger represents complex conjugation and transposition. The Hermitian require-
ment on observables in quantum theory has both physical and algebraic consequences. The
physical consequence of Hermiticity is that expectation values calculated from a complex-
valued wavefunction ψ are guaranteed to be real-valued.

The algebraic consequence of hermiticity is that two inequalities must be satisfied; namely,
the Cauchy-Schwarz Inequality

∣

∣

∣
〈Â | B̂〉

∣

∣

∣
≤
∣

∣

∣
〈Â〉
∣

∣

∣

∣

∣

∣
〈B̂〉

∣

∣

∣
, (3.19)

and the Triangle Inequality

〈∆2Â〉ρ + 〈∆2B̂〉ρ ≥
∣

∣

∣

[

Â , B̂
]∣

∣

∣
, (3.20)

which is presented here in terms of variances of observables.
I will now show how hermiticity and linearity can be combined to derive an entanglement

criterion. To begin with, let us define a set of Hermitian operators which may be a linear
combination of other such operators

û = a1x̂1 + a2x̂2, v̂ = b1p̂1 + b2p̂2, (3.21)

where the constants ai, bi are real-valued and x̂i, p̂i are assumed to be Hermitian operators.
The first case to consider is the constraint that any bona fide quantum state must satisfy.
For this case, the Equation (3.20) can be applied directly resulting in [GMVT03]

〈∆2û〉ρ + 〈∆2v̂〉ρ ≥ |a1b1 [x̂1 , p̂1] + a2b2 [x̂2 , p̂2]| , (3.22)

where the commutator [û , v̂] has been evaluated using the identity
[

Â , B̂ + Ĉ
]

=
[

Â , B̂
]

+
[

Â , Ĉ
]

. (3.23)
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Equation (3.22) establishes a set of inequalities for all possible values of the coefficients
that must be satisfied if the density matrix ρ is to be considered a genuine quantum state
[GMVT03].

The next step is to add the further restriction that the state be separable (Equation (3.1))
and again calculate the sum of the variances

〈û2〉ρsep = 〈
(

a21x̂
2
1 + a22x̂

2
2 + 2a1a2x̂1x̂2

)

∑

k

wkρk1 ⊗ ρk2〉, (3.24)

and
〈v̂2〉ρsep = 〈

(

b21p̂
2
1 + b22p̂

2
2 + 2b1b2p̂1p̂2

)

∑

k

wkρk1 ⊗ ρk2〉. (3.25)

The rest of the steps in the calculation can be found in [GMVT03, DGCZ00, vLF03] and
only the final result will be presented here

〈∆2û〉ρsep + 〈∆2v̂〉ρsep ≥ |a1b1| |〈[x̂1 , p̂1]〉|+ |a2b2| |〈[x̂2 , p̂2]〉| . (3.26)

Equation (3.26) is a tighter bound than Equation (3.22) [GMVT03]. This same result was
first derived by Duan et al. [DGCZ00] and shown to be a sufficient condition for inseparability
of all continuous-variable states and both necessary and sufficient for Gaussian states. As an
example of its application, I will set the coefficients equal to 1 and define the commutator
to be

[x̂i , p̂j] = 2iδij. (3.27)

The separability criterion, Equation (3.26), becomes

〈∆2û〉ρsep + 〈∆2v̂〉ρsep ≥ 4. (3.28)

Any violation of this inequality is sufficient for the presence of entanglement. This criterion
has the advantage over the NPT criterion in that it requires only a minimal number of
measurements to check for separability of the underlying state. It is especially useful in
the multipartite regime, where only a few measurement settings are required to obtain the
variances contained in the inequalities.

Duan’s Multipartite Extension

The Duan criterion can be extended in a similar fashion to the NPT criterion to the case
of multiple parties and multiple modes. The general strategy for deriving the criteria was
developed by van Loock and Furusawa [vLF03] and comprises the following steps: first the
quadratures x̂i and p̂i are measured and combined into linear combinations. Second, the
variances of these combinations are calculated and checked against necessary conditions for
partial separability. Two important factors must be taken into account when forming the
linear combinations: the total variances for all partially separable states must be nonzero
and the commutators for the combinations must vanish. As an example calculation, van
Loock calculates a set of inequalities for a continuous-variable Greenberger-Horne-Zeilinger
(GHZ) state [vLF03]. They read

〈∆2(x̂1 − x̂2)〉+ 〈∆2(p̂1 + p̂2 + p̂3)〉 ≥ 1, (3.29)
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〈∆2(x̂2 − x̂2)〉+ 〈∆2(p̂1 + p̂2 + p̂3)〉 ≥ 1, (3.30)

〈∆2(x̂1 − x̂3)〉+ 〈∆2(p̂1 + p̂2 + p̂3)〉 ≥ 1. (3.31)

These conditions are necessary for different kinds of partial separability and the violation of
any pair of inequalities is sufficient for genuine three-party entanglement. This is because, as
pointed out by van Loock, the only assumptions in the derivation leading to the inequalities
Equation (3.31) are the Heisenberg uncertainty relation and the Cauchy-Schwarz inequality.

3.1.3 Separable Matrices

The final criterion that I present is the method of separable matrices. The idea behind this
criterion is to directly use the definition of separability as the criterion for entanglement
rather than exploit some other feature of the state that would imply separability. The
definition of a separable quantum state was given to be in terms of density matrices

ρ =
∑

k

wkρk1 ⊗ ρk2. (3.32)

In terms of covariance matrices Equation (3.32) reads [WW01]

γ ≥ γA ⊗ γB. (3.33)

The goal of this method is to try and find two covariance matrices, γA and γB, such that
Equation (3.33) is satisfied. A method to do this was developed by Giedka et al. [GKLC,
GKD+01] and is summarized here.

The first step is to arrange the global 2N × 2N covariance matrix into block form

γ =

(

A C

CT B

)

, (3.34)

where dim (A) = 2l× 2l, dim (B) = 2k × 2k and dim (C) = 2l× 2k, with l and k specifying
the number of modes that Alice and Bob possess. Once the block structure is in place the
following iterative procedure is applied

AN+1 ≡ BN+1 ≡ AN − Re (XN) ,

CN+1 ≡ −Im (XN) ,
(3.35)

where XN ≡ CN (BN − iJ)MP
CT

N and “MP” stands for the Morse-Penrose pseudoinverse.
The iterative procedure is repeated until either

AN 6≥ iJ, (3.36)

or
LN ≡ AN − |CN | ≥ iJ. (3.37)

This criterion was shown to be both necessary and sufficient for all Gaussian states [GKLC01b].
Since the criterion does not use partial transposition it can detect a larger class of Gaussian
entangled states.
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D (σ | ρ∗)
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ρA ⊗ ρB
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Figure 3.1: Distance measure of entanglement: The idea behind this class of entanglement
measures is to find the minimum distance from the measured state, σ, to the next nearest separable
state, ρ∗ using some measure of distance, D. The larger this distance, the more entangled the
state. This measure suffers from the drawback that the measured state must be compared against
all possible separable states.

3.2 The Measurability Problem

The ability to distinguish between separable and inseparable states is important for quantum
information science since many of the protocols require an entangled resource in order to
enhance the capabilities beyond a classical resource, e.g. dense coding or to work at all,
e.g. teleportation. It was shown in Section 2.4.2 using the examples of dense coding and
teleportation, that not only is the presence of entanglement required but also large amounts of
it. Quantifying the statement “large amounts” is the topic of the “measurablility problem”.

A number of entanglement measures have been developed over the years in both the dis-
crete qubit and continuous-variable regimes. In addition to developing measures themselves,
there has been work in trying to develop a theoretical framework from within which new mea-
sures of entanglement can be derived and existing measures can be justified [VPRK97, SV].
The details involved in this research program are very technical and beyond the scope of
this thesis. In the following sections, I will give an overview of entanglement measures by
grouping them into three broad categories: distance measures, operational measures, and
utility measures.

3.2.1 Distance Measures

The entanglement measures within this category are the most intuitive. The idea behind a
distance measure is depicted in Figure 3.1. The set of all “disentangled” or separable density
matrices D is considered as a subset of the set of all physically admissible density matrices,
I. Given some quantum state σ, whose entanglement properties are under investigation,
the goal of a distance measure is to quantify the minimum distance between the potentially
entangled state σ and some known separable state ρ∗. The problem can be formally stated
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as follows
E(σ) ≡ min

ρ∈D
D (σ||ρ) , (3.38)

where D is any admissible measure of distance and E(σ) measures the remaining quan-
tum mechanical correlations [VPRK97]. Some applicable measures of distance include the
Kullback-Leibler distance and the von Neumann relative entropy. A major drawback of this
measure is that the minimization in Equation (3.38) must be performed over all separable
states. It therefore cannot be feasibly computed in all but the smallest dimensional cases. In
comparison, the next category of entanglement measures contains some computable measures
which have been used in numerous experimental settings.

3.2.2 Operational Measures

Operational measures of entanglement are those that do not necessarily posses a physical
meaning but nonetheless are capable of establishing some type of hierarchy amongst en-
tangled states. The most relevant of these measures for continuous-variable systems is the
logarithmic negativity (LN), EN [VW02]. The LN is based on the NPT criterion described
in Section 3.1.1 and measures the degree to which a partially transposed density matrix fails
to be positive. It is defined by

EN (ρ) ≡ ‖ log2 ρTA‖1, (3.39)

where ‖.‖1 denotes the trace-norm of a matrix.
One advantage of the LN is that even for continuous-variable systems the quantity EN

can be computed. The computation is especially easy if the state is Gaussian. Then, as I
pointed out in Chapter 2, the finite dimensional covariance matrix provides the complete
description of the state. A further simplification is obtained by realizing that the symplectic
eigenvalues of a covariance matrix, νi, describe all properties of the state. The LN for
Gaussian states can then be computed by

EN (γTA) = max[0,− log2 νi], (3.40)

where in this case νi is the smallest positive symplectic eigenvalue [AI05].
As an illustration of its usefulness, the logarithmic negativity was used by DiGuglielmo

et al. to quantify the amount of entanglement for different classes of continuous-variable
entangled states [DHF+07]. It was also used by Fiurás̆ek et al. in the context of entanglement
distillation and purification as a measure of entanglement even though the state was no longer
Gaussian [FFS07].

The use of the LN is mostly due to its computability, it possesses no direct physical
interpretation. There is, however, another category of entanglement measures, which do
possess a direct physical interpretation and can be calculated for certain Gaussian states.
This last category is the topic of the next section.

3.2.3 Utility Measures

Measures belonging to this group are constructed with the explicit view of the underlying
states’ usefulness for quantum information processing. Two examples of these measures are
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Figure 3.2: Comparison of the EN and EF : These two graphs plot the log-negativity, Figure(a),
and entanglement of formation, Figure(b), for a bipartite symmetric two-mode squeezed Gaussian
state. The squeezing strength of both of the underlying squeezed modes is measured by the squeez-
ing parameter, r, and corresponds to the abscissa. The ordinate corresponds to the respective
measure of entanglement. Both are based on the PPT criterion for separability and quantify the
degree of entanglement by the smallest symplectic eigenvalue of the partially transposed covariance
matrix.

the Entanglement of Formation (EoF) EF and the Entanglement of Distillation (EoD), ED.
The EoF was first introduced by Bennett et al. [BDSW96] and quantifies the minimum
number of pure maximally entangled states needed to construct the entangled state through
local operations and classical communication (LOCC). It is formally defined by

EF(ρ) ≡ min
pi|Ψ〉i

∑

i

piE(|Ψ〉i), (3.41)

where the minimum is taken over all pure state realizations of the entangled state ρ, i.e. ρ =
∑

i pi|Ψ〉ii〈Ψ| and E corresponds to the von Neumann entropy. For symmetric two-mode
Gaussian states the EoF can be computed exactly and is given by

EF(γ
TA) ≡ max[0, h(νi)], (3.42)

where

h(νi) =
(1 + x)2

4x
log

(

(1 + x)2

4x

)

− (1− x)2

4x
log

(

(1− x)2

4x

)

, (3.43)

and the logarithm is taken to have a convenient basis [AI05]. Figure 3.2a-b are graphs of the
LN and EoF for various two-mode pure symmetric Gaussian entangled states, respectively.
The abscissa is the squeezing parameter and the ordinate the values of both the LN and EoF
in units of bits. Both entanglement measures are monotonic in the symplectic eigenvalue ν.

The entanglement of distillation is defined similarly to the entanglement of formation but
quantifies the maximal number of pure entangled states that can be distilled from multiple
copies of a weakly, possibly mixed entangled state. If the underlying entangled state is pure,
then ED = EF . As I will discuss in Section 4.3, this is because pure states enable reversible
entanglement transformations and therefore provide a unique measure of entanglement.
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3.3 The Distillability Problem

The fundamental question behind the distillability problem is to determine how much, if
any, strongly entangled states can be extracted from a number of weakly entangled states.
The problem is of practical importance since in quantum communication protocols, such
as teleportation and quantum key distribution [NA05], the degree of entanglement has an
enabling and enhancing effect. The simplest approach is single-copy distillation whereby a
local quantum filter is applied to one part of the shared entangled state [BBPS96, DLH+08].
A more sophisticated approach is one that uses local interference of two copies of the en-
tangled states [EBSP04, FFS07]. Entanglement distillation has already been experimentally
demonstrated by a number of groups [HSD+08, DLH+08, KBLSG01]. Hage et al. have
demonstrated the distillation of entangled states against phase-noise decoherence for both
the single-copy protocol [HSD+08] as well as iteratively [HSD+10]. These protocols have
been performed on states known to be distillable.

The distillability problem has been completely solved for the case of Gaussian states. It
was shown in [GKD+01] that a necessary and sufficient condition for distillability of arbitrary
bipartite n×m mode Gaussian states is the NPT criterion. This establishes a relationship
between the separability problem and the distillability problem for Gaussian states since the
negativity of the partial transpose is both a necessary and sufficient entanglement criterion
for Gaussian states of 1×N and 1×1 modes. It is even tempting to argue that inseparability
implies distillability. This is, however, not the case. There is a whole class of Gaussian
entangled states which remain positive under partial transposition yet remain inseparable.
These states are said to be bound entangled and are the topic of the next chapter.

3.4 Summary

In this chapter I discussed the three main problems of entanglement theory, separability,
measurability and distillability. There are a number of criteria which can be used to detect
inseparable states, the Peres-Horodecki (NPT) criterion being the most commonly used.
The NPTcriterion is both a necessary and sufficient criterion for the distillability of N ×M
Gaussian entangled states. Finally, measuring the amount of entanglement is motivated by
either quantifying the degree of non-positivity of the state, i.e. log-negativity, or by utilizing
the interchangeability of entanglement from pure highly entangled states to pure arbitrarily
entangled states.
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4
Bound Entanglement

In this chapter, I lay the groundwork for the experimental preparation of bound entangled
states. Within the overall framework of entangled states, bound entangled states are a special
example of “mixed-state” entanglement. They were first discovered by Horodecki [HH98] in
the context of distillation and mixed-state entanglement. This was also the first time the
connection between positivity under partial transposition and distillability was identified.
There it was shown that although bound entangled states are in fact inseparable, they
remain positive under the Peres-Horodecki criterion. It is for this reason that entanglement
can be divided into two broad types, “NPT” entanglement or “PPT” entanglement. PPT
entangled states have also been analyzed in the continuous-variable regime, especially for
Gaussian states [WW01, GKD+01] and have been shown to be useless for quantum key
distribution [NA05].

Although their non-distillability is interesting on its own, it was Horodecki who drew
an analogy between the different types of entanglement and the different types of energy
in thermodynamics. They referred to NPT entanglement as “free entanglement” and asso-
ciated it with work since it can be used to perform quantum communication tasks. PPT
entanglement was referred to as “bound entanglement” in association with heat or bound
energy since no useful quantum communication task can be performed with these states.
This turns out to be more than just an analogy. The generation of bound entanglement
requires the consumption of free entanglement but from which no free entanglement can be
distilled, thereby describing an irreversible process. Much of this chapter corresponds to
work to be published [DSH+10] as well as colaborative work with Pineda [Pin].

4.1 Criteria for Bound Entanglement

Verifying that a Gaussian state is bound entangled requires that the state satisfy two con-
ditions:
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4.1.1 PPT Condition

A covariance matrix γ is said to be PPT if its partial transpose is also a legitimate covariance
matrix. Equivalently, this means that

γTA + iΩ ≥ 0, (4.1)

where γTA is the partially transposed matrix with respect to the modes A, and Ω is the
symplectic form as defined in Section 3.1.1. One criterion to measure the “PPTness” corre-
sponds to the smallest eigenvalue of the matrix in Equation (4.1). It is therefore appropriate
to define

P (γ) = min eig
(

γTA + iΩ
)

. (4.2)

The larger the value of P (γ), the more PPT γ will be, i.e. the farther from any distillable
state.

4.1.2 Inseparability Condition

The check for inseparability is more intricate but can be accomplished for Gaussian states,
in contrast to the general case, where it is known to be a hard problem. A state is said to
be entangled with respect to modes A and B if it is not larger than the combination of two
physical covariance matrices. Thus, if there exist γA and γB, representing states in modes A
and B respectively, such that

γ ≥ γA ⊕ γB, (4.3)

with

γA, γB ≥ iΩ, (4.4)

then the state is separable [WW01, GKLC01b]. To quantify the degree of entanglement, the
conditions that the subsystem matrices must fulfill, (Equation (4.3)), are relaxed and the
measure of inseparability is taken to be the degree to which the condition is relaxed. This
corresponds to a search for

E(γ) = max
γA,γB

x (4.5)

subject to

γ ≥ γA ⊕ γB, (4.6)

γA, γB ≥ ixΩ. (4.7)

The condition E(γ) < 1 implies that the state is entangled. One has to vary over all possible
γA,B, but in practice this can be done easily. This is a semidefinite program for which some
efficient numerical methods are readily available [sed].
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4.2 Searching for Bound Entangled States

While many properties of bound entanglement can be determined based solely on a theo-
retical analysis, the experimental demonstration of their preparation is of great importance.
This is because the preparation of these states requires the precise control of a multipartite
entangled state, whose parameters are defined within tight limits. Once the experimental
methods are developed, however, they will enable the construction of more elaborate mul-
tipartite schemes with which both proof-of-principle experiments can be conducted as well
as establishing quantum communication networks and computing schemes. The search for
a preparation scheme begins by considering an experimental setup consisting of three inde-
pendent squeezing sources, four beam splitters and three phase shifters [Pin]. For simplicity,
all local input states are assumed to be pure and can therefore be characterized only by the
variance of the squeezed quadrature, V s, and an additional variable, η, which represents
the transmission of the pure state through a beam splitter of transmittance η. The initial
covariance matrix is a product state of the form

γinitial state = γ1 ⊕ γ2 ⊕ γ3 ⊕ γ4, (4.8)

where the covariance matrices γ1, γ2, γ3 are given by

γi =

(

V si 0
0 V s−1

i

)

, (4.9)

the fourth covariance matrix corresponds to the vacuum mode

γ4 =

(

1.0 0
0 1.0

)

, (4.10)

and the action of the additional losses is modeled by

γ′ = ATγA+G, (4.11)

where the matrices A and G are given by

A =

( √
η 0
0

√
η

)

, G =

(

1− η 0
0 1− η

)

. (4.12)

The state preparation circuit is drawn schematically in Figure 4.1. The preparation
scheme begins by applying a phase shift, φ1, to mode 1 and mixing modes 1 and 2 on a 50–
50 beam splitter. Mode 3 is initially mixed with the vacuum mode on a 50–50 beam splitter
followed by a phase shift, φ2, being applied to one of its output modes. Phase shift φ3 is
applied to the other output of the second beam splitter and all output modes are mixed with
a corresponding mode from the other state at either a 50–50 or 30–70 beam splitter, where
the reflection of the beam splitter is specified first. This produces for some combination of
the parameters a PPT bound entangled state.

In order to find more robust states, we look at all physical covariance matrices, once the
irrelevant parameters are taken away. The most general such covariance matrix of 4 modes,
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OPA1 OPA3 OPA2 vacuum

1 2 3 4

φ1

(1) (2)

φ2 φ3

(3) (4), 30/70

Homo2 Homo1 Homo3 Homo4

Figure 4.1: Simple bound entanglement circuit: This diagram gives a schematic of the circuit
used to generate the bound entangled states. In total, three OPAs, four beam splitter, three phase
shifters and four homodyne detectors are required. The state preparation is accomplished by mixing
the individual modes at certain relative phases with each other on beam splitters. By varying the
parameters of the circuit a variety of bound entangled states can be generated.

up to local unitary transformations that will not alter any entanglement properties, is of the
form

γ =

























λ1 0 0 0 λ5 0 λ9 λ10
0 λ1 0 0 0 λ6 λ11 λ12
0 0 λ2 0 λ13 λ14 λ7 0
0 0 0 λ2 λ15 λ16 0 λ8
λ5 0 λ13 λ15 λ3 0 0 0
0 λ6 λ14 λ16 0 λ3 0 0
λ9 λ11 λ7 0 0 0 λ4 0
λ10 λ12 0 λ8 0 0 0 λ4

























. (4.13)

Once a state is obtained we now search for variations in which both P (γ) increases and E(γ)
decreases. Thus, the state after a successful variation will be “more bound entangled”.

The robustness of the states can be further checked by varying, for example, the phase-
gates from their optimal positions. Figure 4.2 depicts the results of varying the phase-gates
by as much as 0.1 rad or 5.7◦. The resulting states which are still bound entangled are
marked by the red points. This shows that by changing only the phase-gate settings other
bound entangled states can be prepared.

4.3 Reversible and Irreversible Transformations

The existence of bound entangled states creates a sharp distinction between the distillability
and separability properties of an entangled state. While the PPT criterion has been shown
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Figure 4.2: This plot illustrates the robustness of a bound entanglement. Starting with a bound
bound entangled state, the initial phase-gate settings are varied by as much as 0.1 rad resulting in
different bound entangled states indicated by the red points.

to be a necessary and sufficient criterion for the distillability of m × n Gaussian states
[GKLC01a], the larger question remains that if perhaps a more physical understanding can
be developed to explain why from many copies of a bound entangled state, few copies of a
more highly and possibly more pure entangled state cannot be distilled. The foundations
of a possible answer to this question are offered in the remaining sections of this chapter
where some concepts from thermodynamics will be used. The analysis of entanglement to be
given below begins with understanding the nature of reversible and irreversible entanglement
transformations.

4.3.1 Reversible Transformations

The first example of a reversible entanglement transformation was provided by Bennett et

al. [BBPS96]. In that paper, Bennett and coworkers asked the following two questions: 1)
assuming one wants to produce n copies of an arbitrary pure bipartite entangled state |φAB〉
by only local operations and classical communication, what is the minimum number, kmin,
of maximally entangled pure states |ψAB〉 needed, 2) assuming there already are n copies
of the state |φAB〉, what is the maximum number, kmax, of maximally entangled pure states
one can can distill using only local operations and classical communication? The mutual
link between both questions is given by

kmax ≤ kmin, (4.14)

where,

E(|ψAB〉) = lim
n→∞

kmax,min

n
E(|SAB〉), (4.15)

and the measure of entanglement E is taken to be the von Neumann entropy [PR97, Pre]

E = −tr (ρ log ρ) . (4.16)
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Equation (4.15) is a statement of inter-convertibility between bipartite pure entangled states.
It says that both states, |ψAB〉 and |φAB〉 contain the same amount of entanglement. Addi-
tionally, the use of maximally entangled pure states as the basis against which to compare
the entanglement of an arbitrary state is sensible considering that these states can be used to
teleport an unknown quantum state with unit fidelity. While pure states imply reversibility,
mixed states imply irreversibility.

4.3.2 Irreversible Transformations

The preparation of a quantum state will more often than not result in a mixed state. A
quantum system is said to be mixed when it can only be described by a density operator

ρ =
∑

i

pi|ψi〉〈ψi|, (4.17)

where |ψi〉 are pure quantum states and pi are the probabilities that the ith state occurs in
the mixture. In general, there is no unique decomposition of a general mixed state, ρ, into
a mixture of pure, orthogonal states |ψi〉 [BDSW96, PV01]. However, it is possible to define
a minimal amount of classical information that is needed to prepare a general mixed state;
and is given by the von Neumann entropy, Equation (4.16).

An example of an irreversible transformation was first provided by Lubkin [Lub87] and
the treatment that follows is originally due to Plenio [PV01]. In Lubkin’s process, a source
which produces pure states, |ψi〉 with probability pi, is brought into contact with a thermal
heat bath at temperature T . Provided the two are in contact long enough, they eventually
reach thermal equilibrium resulting in the mixed state ρ. An important point to recognize
here is that the resultant state, ρ, is obtained regardless of the type of input states. This
is a defining feature of all irreversible processes: regardless of the inputs into a process, the
output is always the same.

4.3.3 Bound Entanglement and Irreversible Transformations

The preparation of bound entanglement is similar to Lubkin’s irreversible transformation.
The circuit begins by preparing two locally independent states, one of which is NPT entan-
gled, and brought into contact with each other by means of the network of phase-gates and
beam splitters. At the end of the preparation, a PPT bound entangled state is obtained
from which the original NPT entanglement cannot be distilled. Although the state retains
its inseparability properties, enough information contained in the original NPT entangled
state has been lost such that it can no longer be converted to a maximally entangled state.

4.4 Summary

In this chapter I discussed how bound entangled states are verified and also the means by
which they can be experimentally prepared. The circuit produces a multipartite mixed en-
tangled state which is completely characterized by an 8×8 covariance matrix. Additionally,
I drew some connections between reversible/irreversible entanglement transformations and
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pure/mixed entangled states. The preparation of bound entanglement represents an irre-
versible process whereby enough information is lost such that the state can no longer be
converted to a maximally entangled state.
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5
Laboratory Tools: Devices and Techniques

In this chapter I present an overview of the various devices implemented and experimental
techniques developed in order to perform the experiments for this thesis. Beginning with the
nonlinear optical resources, I describe how χ(2) processes are used to generate the quadrature
squeezing needed to prepare quadrature entanglement. I than introduce a single sideband
feedback control scheme which is necessary in order to precisely set the phase-gates and
homodyne detectors. I derive the error-signal from this method and conclude the chapter
with the recipe for the preparation of so called “hot squeezing”.

5.1 Building Blocks of an Entanglement Experiment

Entangled states of light can be prepared by implementing a mixture of linear optical com-
ponents, such as beam splitters and phase shifters, and nonlinear optical components, such
as optical parameter amplifiers (OPAs). All of these devices are arranged in such away as
to prepare, in the simplest case, an approximation to the original EPR state [BvL05]. The
optimal way of constructing such devices was explored theoretically by Wolfet al. [WEP03]
and experimentally investigated by DiGuglielmo et al. [DHF+07]. In order to better appre-
ciate the role these devices play in the creation of quadrature entanglement, I will briefly
review their principles of operation and show how they can work in concert to produce a
variety of entangled states.

5.1.1 Nonlinear Devices: The Optical Parameteric Amplifier

The generation of multipartite quadrature entangled states requires quadrature squeezing as
a fundamental resource. For all the experiments performed for this thesis, the quadrature
squeezing was generated using a nonlinear optical process known as optical parameteric

amplification (OPA). The theory of OPA is well understood and implementation of these
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Figure 5.1: The χ(2) processes: This figure illustrates the two χ(2) processes used in the
experiments for this thesis. Figure(a) is the process known as second harmonic generation, in
which the nonlinear crystal transfers energy from the fundamental wavelength at 1064 nm into the
second harmonic at 532 nm. This process is also known as up conversion. Figure(b) illustrates the
generation of squeezing using the same χ(2) crystal. This time, a strong classical mode at 532 nm
is down converted into two photons at 1064 nm. These two photons are in the same mode and are
quantum correlated resulting in a single mode quadrature squeezed state.

devices is well established. In this section, I give a cursory review of the theory behind the
OPA process. A detailed analytical analysis as well as further applications for OPAs can be
found in [Vah08, Che07] and references therein.

The OPA process is one of many that fall within the general category of χ(2) nonlinear
optical processes. Figure 5.1a depicts another such process known as second harmonic gener-

ation (SHG) and will be discussed first. An incident electric field, E, with angular frequency
ω, transverses a nonlinear crystal and is transformed into an output field at double incident
frequency. This is possible due to the macroscopic polarization properties of a dielectric
material that result from the microscopic displacements of the valence electrons from their
normal orbit about the constitute atoms or molecules. The polarization is described by

P = ǫ0
(

χ(0)E + χ(2)E2 + χ(3)E3 + . . .
)

(5.1)

where χ(n) are the nonlinear susceptibilities of the medium, E is the scalar electric field
incident on the medium, ǫ0 is the permittivity of free space and P is the polarization vector
of the medium. SHG is a three photon process in which two photons at, for example, 1064 nm
are converted into one photon at 532 nm. This process is known as up conversion and is the
conjugate process to down conversion which I now discuss.

The OPA process is also an χ(2) process that is the result of down conversion. The
generation of quadrature squeezing from this requires a quantum mechanical description of
the OPA process and my treatment will follow that of [GK05]. As depicted in Figure 5.1b,
a strong “pump” field at frequency ωp drives the generation of two photons known as the
“signal” and “idler”. If both have the same frequency, ω0, then 2ω0 = ωp. This entire process
can be described by the Hamiltonian in the interaction picture by

Ĥ = i~
[

χ(2)β∗â2ei(ωp−2ω)t − χ(2)βâ†e−i(ωp−2ω)t
]

, (5.2)
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where β corresponds to the amplitude of the pump field, ωp is the frequency of the pump
field, â, â† are the annihilation and creation operators, respectively, and ω is the frequency
of the signal and idler photons. Assuming ωp = 2ω, the evolution operator associated with
the Hamilitonian is given by

Û = exp−iĤt/~ = exp η∗tâ2 − ηtâ†2, (5.3)

which has the same form as the squeezing operator introduced in Chapter 2. The strength
of the squeezing is determined by η = χ(2)β. Since the nonlinear susceptibilities tend to be
small, the squeezing strength is primarily driven by the amplitude of the pump field.

There are many technical details invovled in producing quadrature squeezing. The in-
terested reader should consult the following references [Vah08, Che07]. In the next section,
I describe linear devices that are commonly used in quantum optics experiments.

5.1.2 Linear Devices: Beam splitters, Phase Shifters and Mode

Cleaner

The mere presence of squeezed states is not, on its own, sufficient to generate quadrature
entanglement. Even in the case of Type-II parameteric processes, the signal and idler must be
spatially separated from each other if the creation of the entangled state is to be completed.
This is the task of linear optical devices, such as beam splitters and phase shifters.

In addition to being linear, they also belong to the class of operations known as Gaussian

operations. As a result, they can be conveniently described according to finite dimensional
covariance matrices and posses the following form

B(θ) =









cos(θ) 0 − sin(θ) 0
0 cos(θ) 0 − sin(θ)

sin(θ) 0 cos(θ) 0
0 sin(θ) 0 cos(θ)









, (5.4)

for the beam splitter matrix and

P (φ) =









cos(φ) − sin(φ) 0 0
sin(φ) cos(φ) 0 0

0 0 1 0
0 0 0 1









, (5.5)

for the phase-shifter matrix where the angle θ is related to the transmittance of the beam
splitter by cos(

√
τ ) and φ determines the degree of rotation for the phase shifter.

Mode Cleaner

In order to detect quantum fluctuations a reference beam in the vacuum state is required.
This is obtained by filtering the so called optical local oscillator, c.f. Section 5.1.3, through
a three mirror ring cavity known as a mode cleaner. The spectral properties of the mode
cleaner are of particular interest for experiments in quantum optics. Since the majority of
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Figure 5.2: Power spectrum of local oscillator: This graph depicts the measured power spectrum
of the local oscillator after the mode cleaner. Both spectra were measured using a resolution
bandwidth, RBW, of 30 kHz and a video bandwidth, VBW, of 30Hz. The red curve represents
the high finesse operation of the mode cleaner and the green curve the low finesse operation of
the mode cleaner. In both cases, the local oscillator is vacuum noise limited in the measurement
frequency band, 6-7MHz.

the experiments performed for this thesis where conducted at sideband frequencies on the
order of MHz, the local oscillator must be vacuum noise limited at these frequencies. The
mode cleaner could be operated in either one of two modes: hight finesse and low finesse. In
high finesse mode the linewidth of the resonator is 55 kHz and has a finesse of F = 10500.
In low finesse mode the linewidth of the resonator is 1.5MHz with a finesse of F = 369
[Sam07]. Figure 5.2a depicts the spectral noise power of the local oscillator in high finesse
mode and Figure 5.2b in low finesse mode. In both case it is seen that the local oscillator is
vacuum noise limited in the frequency band of interest.

5.1.3 Homodyne Detection

Having successfully prepared a quadrature entangled state the final step is the verification
of the entanglement. This is achieved by measuring, in the Gaussian case, the covariance
matrix of the states quantum fluctuations. This is performed by employing a technique
known as homodyne detection. The basic idea behind homodyne detection is that a signal
beam is split on a beam splitter and detected with two different photodetectors. The AC
currents of these two detectors are then subtracted from one another. The result is another
AC current, whose statistical moments carry the desired information about the quantum
state of the light being probed.

In balanced homodyne detection, the signal beam is mixed with a strong coherent local
oscillator on a 50/50 beam splitter. The phase relation between the local oscillator and the
signal beam acts as a selector which determines which quadrature of the field will be probed.
A detailed calculation of the photocurrents produced from the individual photodetectors can
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be found in [DiG06]. The result is

i1 = β̂†
1β̂1

=
g

2

(

α2
1 + α2

LO + 2 cos (θ)α1αLO

+ α1

(

δX̂+
1 + δX̂−θ

LO

)

+ αLO

(

δX̂+
LO + δX̂θ

1

)

)

,

(5.6)

i2 = β̂†
2β̂2

=
g

2

(

α2
1 + α2

LO − 2 cos (θ)α1αLO

+ α1

(

δX̂+
1 − δX̂−θ

LO

)

+ αLO

(

δX̂+
LO − δX̂θ

1

)

)

,

(5.7)

where α1 is the classical amplitude of the signal field, αLO is the classical amplitude of the
optical local oscillator, θ is the relative phase between the local oscillator and the signal
field, g is the electronic gain of the photodetector and δX represents the linearized version
of the quadrature operators where X+ corresponds to the amplitude quadrature and X−

corresponds to the phase quadratures. The sum and difference photocurrents read

isum = g
(

α2
1 + α2

LO + αLOδX
+
LO

)

, (5.8)

idiff = g
(

2 cos θαLO + αLOδX
θ
1

)

. (5.9)

Calculating the variance of the resulting expressions yields

∆2îdiff = g2α2
LO∆

2X̂θ
1 , (5.10)

∆2îsum = g2α2
LO∆

2X̂+
LO. (5.11)

Equation (5.10) shows that the measured quadrature is therefore dependent on the relative

phase between the local oscillator and the signal field i.e. X̂θ=0
1 = X̂+

1 and X̂
θ=π/2
1 = X̂−

1 . By
adjusting the phase relation between the signal beam and local oscillator, any quadrature
of the field can be measured, not just the amplitude quadrature. It is interesting to note,
that the noise portion of the local oscillator i.e. δX̂+

LO is not present in the difference current.
The local oscillator must also be in a vacuum state. Experimentally this is achieved by
blocking the signal beam input into the beam splitter and mixing the vacuum mode with
the coherent local oscillator. This then serves as the reference to observe the noise reduction
of the squeezed state.

If the components I described in Section 5.1 were simply to be placed on the table and
turned on, the result would be nothing short of a random walk down the optical table. This
is because they must not only be set to their operating point but must also remain there
despite disturbances which seek to impose the contrary. This necessitates the implementation
of electronic control systems to act as the cohesion and hence make the experiment. It is
these systems to which I now turn.
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5.2 Feedback Control Schemes

In order to produce a stable source of entangled states, squeezed optical fields must be
brought to interfere with each other at a constant relative phase. This is achieved by means
of a feedback control system which suppresses the disturbances which would cause the relative
phase to leave its so called “operating point”. The techniques utilized to keep the optical
fields at their operating point are taken from the general field of feedback control [FPEN05,
AC00]. A control loop works by taking an input signal, known as the error signal, and
produces as an output a correction signal to keep a system at its operating point. The error
signal (ER) is generally defined as the difference between a reference value which sets the
operating point and the current value of the system

ER = ireference − icurrent, (5.12)

where the operating point is reached when ER = 0. In this section, I present two different
methods for deriving an error signal such that the relative phase between interfering fields
can be set to a desired operating point. As will be seen, what distinguishes these two schemes
from one another is the way the control signal is imprinted onto the modes.

5.2.1 Optical Fields and Classical Modulations

In order for any control system to work, a sensor must be able to detect a signal which
provides the necessary information as to the current state of the system under control. In the
case of interference between optical fields, the signal is imprinted onto one of the interfering
modes by means of a device known as an electric optical modulator (EOM). There are two
different types of modulations and I discuss each of these in turn.

Phase Modulation

A phase modulation is produced by sinusoidally modulating the phase of an electric field

E = Eoe
iωot, (5.13)

with a modulation frequency ωm and a modulation amplitude m resulting in

Ephase = Eoe
i(ωot+m cos(ωmt))

= Eoe
iωot
(

1 + i
m

2

(

eiωmt + e−iωmt
)

)

, (5.14)

where ωo is the carrier frequency and ωm is the modulation frequency.

Amplitude Modulation

An amplitude modulation is produced in a similar manner to a phase modulation by sinu-
soidally modulating the amplitude of the electric field

Eamplitude = Eo (1 +m cos (ωmt)) e
iωot

= Eoe
iωot
(

1 +
m

2

(

eiωmt + e−iωmt
)

)

, (5.15)
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Figure 5.3: Phase-Lock Loop: The interference between the output of the optical parameter
amplifier cavity (OPA) and the auxiliary NPRO laser produces an amplitude modulation on the
resulting field which can be detected by all photodetectors throughout the experiment. The fre-
quency of the amplitude modulation is determined by setting the temperature of the NPRO crystal
and deviations from the working point are maintained by actuating on the piezo element attached
to the NPRO crystal effectively changing the cavity length and thereby its frequency.

where again ωo is the carrier frequency and ωm is the modulation frequency. Equation (5.15)
differs from Equation (5.14) in the phase relationship between the carrier and the sidebands.
This is set by the i = eiπ/2 term in Equation (5.14) indicating a ninety degree phase shift
between the carrier and the sidebands in the case of a phase modulation.

A phase modulated electric field can be used as a signal to set the operating point of
an interferometer in the following way. The interference between a phase modulated field,
Ephase, and a reference field with an additional phase Erefe

iθ, on a 50/50 beam splitter
produces an error signal given by

iER ∝ ErefEphasem sin(θ), (5.16)

where Eref is the amplitude of the reference field, Ephase is the amplitude of the phase
modulated field, m is the modulation index and θ is the relative phase between the phase
modulated and reference electric fields. The form of Equation (5.16) shows that the error
signal is zero when the phase relationship between the two incident beams is φ = nπ, n ∈ N.
For the experimental demonstration of bound entanglement, however, the optical fields must
be set to an arbitrary relative phase. To this end, a different locking scheme involving an
external laser and known as “single-sideband” is used to derive the error signal.

5.2.2 Single-Sideband: Phase-Lock Loop

In the single-sideband technique the control signal is also imprinted on one of the interfering
modes but this time is generated by the interference between the main Diablo laser with
an auxiliary NPRO laser. The experimental setup is illustrated in Figure 5.3. The output
of the OPA cavity is infrared light at 1064nm originating from the main laser source and
the output of the NPRO laser is slightly detuned from this wavelength by controlling the
temperature of its crystal. These beams are brought to interfere at the dichroic beam splitter
which is actually responsible for separating the green pump beam from the squeezing that
is produced at the fundamental wavelength. Part of the light is transmitted through the
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dichroic beam splitter to a photodetector denoted by “PLL”. The reflected beam is sent to
the rest of the experiment.

It is at the PLL photodetector that the beat frequency between the OPA output beam
and the NPRO beam is detected. The initial fields can be described by the following scalar
quantities once the polarization, direction of propagation and wave number are set to con-
stant values. The scalar fields then read

EOPA1 = αoe
iωot,

ENPRO = αme
iωmt,

(5.17)

where Ei is the scalar field originating from the respective source, αi is the corresponding
real valued amplitude and ωi is the angular frequency. Interference of the fields at the beam
splitter results in an electric field given by

Ẽ =
1√
2
(EOPA1 ±ENPRO)

=
1√
2

(

αoe
iωot ± αme

iωmt
)

.

At this point a few simplifications can be made for further calculations. First, since the
carrier frequency is usually six orders of magnitude larger than the modulation frequency, I
will assume that the carrier remains stationary, ωo = 0 and only the sidebands are rotating.
Second, I will treat the second carrier as a single-sideband modulation and introduce the
following new amplitudes

Eo ≡
αo√
2

and m ≡ αm

αo
. (5.18)

With these simplifications the control field that will be used throughout the experimental
setup is given by

EC = Eo

(

1±meiωmt
)

(5.19)

The interference term is responsible for the frequency dependent intensity modulation.
This modulation is measured by the photodiode and demodulated at the desired frequency.
In the bound entanglement experiment, a modulation frequency of 15MHz was chosen for
the phase gates and homodyne detectors. The control loop actuates on the NPRO laser by
a piezo attached to the crystal. The cavity length of the NPRO laser is thereby altered,
changing the frequency of the produced laser light to match the predefined beat frequency
with the Diablo.

The phase lock loop effectively produces a “ruler” in the form of a well defined beat
frequency which can be detected by all other photodetectors in the experiment. As I will
now show, this ruler can be used as the standard against which all other interfering modes
can be compared in order to determine the relative phase between the interfering beams.

5.2.3 Setting a Phase-Gate

In this section I show how the beat frequency between the main laser and auxiliary NPRO
can be used to set the relative phase between two beams at a beam splitter.
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Figure 5.4: Single photodetector phase-gate locking scheme: This figure depicts the experi-
mental setup for locking a phase-gate using only one locking photodetector. Approximately 0.1%
of the light from the beam splitter is tapped-off and detected using a resonant photodetector. This
signal is than demodulated at the beat frequency between the main Diablo and NPRO lasers. After
lowpass filtering, the servo provides the correction signal which is applied to the piezo. Figure 5.6a
illustrates how the error-signal behaves when using this setup.

Single Photodetector Scheme

The first locking scheme I describe involves a single photodetector. The control field, Equa-
tion (5.19), is mixed with the output of an OPA which contains an additional term to describe
a relative phase-shift between the two beams

EOPA = EOPAe
iθ, (5.20)

where θ describes the relative phase-shift between the control field and the OPA field and
the carrier of the OPA field has been suppressed by changing to the rotating frame. After
mixing the control field and OPA field on a 50/50 beam splitter the output field is given by

Ẽ =
1√
2
(EC ± EOPA) . (5.21)

Calculating the AC part of the photocurrent results in

iAC = ẼẼ∗

= 2P0m cos(ωmt) + 2
√

P0POPAm cos(ωmt− θ), (5.22)

where P0 is the power associated with the field amplitude defined in Equation (5.18), POPA is
the optical power of the second interfering field, θ is the relative phase between the interfering
fields that is to be controlled and ωm is the beat frequency between the NPRO and Diablo
lasers.

In order to derive an error signal, Equation (5.22) is demodulated and lowpass filtered
with sin(ωmt − ϕ) where ωm is the beat frequency and ϕ is the electronic demodulation
phase. The resulting error-signal is given by

ER = −P0m sin(ϕ) +
√

P0POPAm sin(ϕ− θ). (5.23)
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Figure 5.5: Dual photodetector phase-gate locking scheme: This figure depicts the experimental
setup actually used to lock each phase-gate. Approximately 0.1% of the light from both outputs
of the phase-gate beam splitter is tapped-off and sent to resonant photodetectors. The AC signals
are than subtracted and the resulting signal is demodulated at the beat frequency between the
main Diablo and NPRO lasers. The error-signal produced by this setup is given in Figure 5.6b.
By changing the demodulation phase, ϕ, the relative phase, θ, between the interfering fields can
be set arbitrarily.

Equation (5.23) is plotted in Figure 5.6a. It is seen that the signal possess an additional
amplitude modulation. This is caused by the −P0m sin(ϕ) term in Equation (5.23) which
produces a demodulation phase dependent modulation of the error signal. In order to elim-
inate this extra term, an additional photodetector must be introduced in the second output
of the interference beam splitter.

Dual Photodetector Scheme

The introduction of a second photodetector, depicted in Figure 5.5, changes the error-signal
as follows: first, the individual photocurrents are electronically added together with an
additional electronic phase, φ, added to one of the inputs

itotal = i1 + eiφi2. (5.24)

Next, the total AC photocurrent is demodulated with sin(ωmt − ϕ) and lowpass filtered to
eliminate the higher frequency components. The resulting error signal is given by

i = 2
√

P0POPAPm sin(ϕ− θ), (5.25)

where P are the optical powers of the respective fields. Equation (5.25) is plotted in Fig-
ure 5.6b for different demodulation phases ϕ. The second photodetector eliminates the
modulation of the error signal. By simply changing the electronic demodulation phase, ϕ,
the relative phase between two interfering fields can be set to an arbitrary angle.
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Figure 5.6: Single-sideband error-signals: These figures depict the possible error-signals which
can be derived using the single-sideband locking technique. Figure(a) represents the case when
using only one locking photodetector and Figure(b) is the case when two photodetectors are used.
Figure(a) shows am amplitude modulation on the error-signal which is due to the demodulation
phase. This amplitude modulation disappears if a second photodetector is introduced. Figure(b)
also shows that simply by changing the demodulation phase, ϕ, the relative phase between the
interfering fields can be set to an arbitrarily.

5.3 Generation of Hot Squeezing

The preparation of bound entanglement requires a type of squeezing known as “hot” squeez-
ing. I discussed in Chapter 2 that the defining feature of a quadrature squeezed state is the
reduced noise below the vacuum noise level in one quadrature with an amplification of the
noise above the vacuum noise level in the conjugate quadrature. A mixed squeezed state
posses a larger anti-squeezed quadrature than squeezed, but the squeezed quadrature is still
below the vacuum noise limit. A state whose noise distribution is not equal in the ampli-
tude and phase quadratures but whose reduced quadrature noise is greater than the vacuum
noise is said to posses hot squeezing. With regard to the classicality properties of this state,
hot squeezing is indistinguishable from a classical state. I will now illustrate two different
methods for generating hot squeezing, the EPR-Approach and the Modulation-Approach.

5.3.1 Method 1: EPR-Approach

The EPR approach uses the same experimental setup as that which would be used to gen-
erate the two-mode squeezed state. Two initially squeezed beams are brought to interfere
at a balanced beam splitter but with a relative phase of less than ninety degrees. Figure 5.7
illustrates the result of such an experiment. In both outputs of the beam splitter, the distri-
bution of the quantum noise looks similar to that of a squeezed state but whose “squeezed”
quadrature does not fall below the vacuum noise level. One output of the beam splitter
would be used and the other discarded. In this way, a hot squeezed state has been prepared.
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Figure 5.7: Generation of hot squeezing: This figure depicts two equivalent methods for gen-
erating hot squeezing. In the “EPR-approach”, two squeezed modes are brought to interference at
a relative phase between 0◦ < θ < 90◦. Only one of the outputs of the beam splitter is utilized,
the other is discarded. In the “modulation-approach”, the control field to the OPA cavity is phase
modulated at the desired sideband frequency using random classical voltage noise. The OPA is
then locked in amplification mode, squeezing the phase quadrature and anti-squeezing the ampli-
tude quadrature. The strength of the phase noise is adjusted such that after deamplification, the
total quadrature noise level is still above vacuum noise. This produces the equivalent state as with
the EPR-approach.

5.3.2 Method 2: Modulation Approach

The exact same state as generated by the EPR approach can also be generated using a
modulation scheme. This scheme is also illustrated in Figure 5.7. Here, the input to an
OPA is first phase modulated at the desired squeezing sideband frequency. Next, the OPA is
locked in amplification mode whereby the phase quadrature is squeezed. At the same time,
the amplitude quadrature is amplified, producing the anti-squeezed quadrature. The result
for a given modulation strength is exactly equivalent to that produced by the EPR approach
but without the need for a second OPA and control loop to set the phase between the modes

5.4 Summary

In this chapter, I introduced the experimental tools and techniques used to generate the
quadrature entanglement for this thesis. Of particular importance is the single sideband
locking technique which enables setting the working point of the phase-gates and homodyne
detectors to an arbitrary relative phase. Additionally, I presented two schemes for the
preparation of hot squeezed states.

I have now presented all the preparatory material needed for understanding the experi-
ments performed for this thesis. The final chapters are each dedicated to a single experiment
and provide detailed descriptions of the experimental procedures and results. The first ex-
periment to be discussed is a Bayesian scheme for quantum state reconstruction. The last
two experiments deal exclusively with quadrature entanglement.



6
Reconstructing a Quantum State

This chapter contains the first of three experiments performed for this thesis. I introduce a
new statistical method for quantum state reconstruction based on the Bayesian paradigm.
The goal is to derive error-bars on the reconstruction of the state that can then be used
when evaluating its properties. Especially in cases where the experimental results are meant
to be proof-of-principle demonstrations of some physical effect, e.g. negativity of the Wigner
function or bound entanglement, all claims of a successful demonstration must be qualified
in terms of the uncertainty on the stated result. The methods by which these qualifications
can be quantified are the topic of this chapter.

As I described in Chapter 2 quantum states can be fully characterized by the Wigner
function in phase-space. Since the theoretical discovery by Vogel and Risken [VR89] that
the Wigner function can be reconstructed from homodyne detector data, a number of recon-
struction schemes have been developed ranging from direct inversion of the tomographic
data by means of the filtered-back projection method [SBRF93] to statistical methods
such as maximum-likelihood estimation [Hra97, BDPS99, Fiu01, Lvo04, HMv06, vHKL07].
An important feature of maximum-likelihood methods is the guaranteed positive “semi-
definiteness” of the reconstructed state. The result of a maximum-likelihood reconstruction
method is either a density matrix [Lvo04, HMv06] or a set of parameters [DPS00, OTBG06]
which have maximized the likelihood functional given a model of the measurement apparatus
and of the parameterized state. A full analysis of the experimental data, however, should
also answer important questions regarding error-bars on the estimation of the state param-
eters, possible correlations amongst the parameters, and error-propagation when using the
reconstructed state for further calculations of quantities such as the purity of the state or
amount of entanglement.

The uncertainties in quantum state estimation can be consistently determined by using
a general and statistically well motivated Bayesian analysis scheme known as the Markov
Chain Monte Carlo (MCMC). The method is based on the implementation of a Markov
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chain to search the parameter space resulting in a set of samples from the joint posterior

probability density distribution on the unknown parameters of the model.
This technique produces several important results. First, it yields the Markov chain

containing all of the relevant statistical information about the parameter space. Second,
one can extract a set of marginalized probability density distributions for each parameter
quantifying the degree of uncertainty on their estimation. Third, the resulting chain can
be used in further calculations, where one can produce probability density distributions on
quantities such as of the purity or amount of entanglement of the reconstructed state.

6.1 Bayesian Statistical Analysis

Bayes’ theorem prescribes the rule to invert the relationship between the experimental data
already observed and the parameterized model which could have generated the measured
data. The uncertainties on the model parameters are described by a probability distribution
known as the posterior and is quantified in Bayes’ theorem given in conventional form by
[Gre06]

p(~λ|D ,M , I) =
p(D|~λ ,M , I)p(~λ|M , I)

p(D|M , I)
. (6.1)

The individual components of Bayes’ theorem, presented now in a notation to be adopted
throughout the rest of this thesis, correspond to probabilities and have the following inter-
pretations

Posterior p(~λ|D ,M , I)

The conditional probability of the parameters ~λ, given the measured data D, a model
M and some background information I.

Likelihood L(D|~λ ,M , I)

The conditional probability of obtaining the data, D, given the parameter values ~λ, a
model M and some background information I.

Prior π(~λ|M , I)

The conditional probability of obtaining the parameters ~λ given a model M and some
background information.

Evidence p(D|M , I)

The conditional probability of obtaining the data D given a model M and some back-
ground information I.

In each of the elements of Bayes’ theorem ~λ corresponds to the parameter vector, M labels
the assumed model, D is the measured data and I is any relevant background information.
The goal of Bayesian analysis is to determine the posterior. Bayes’ theorem states that the
posterior is proportional to the product of the likelihood and the prior. Since both of these
are known the posterior can be determined. I will now explain how the various constituents
in Bayes’ theorem are assigned.
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6.1.1 Assigning the Likelihood

The likelihood function, L(D|~λ ,M , I), gives the probability for obtaining the measured

data D, assuming a parameter vector, ~λ, a model M and any other relevant background
information I. The likelihood corresponds to the sampling statistics of the experiment and
its determination will be illustrated with three examples from quantum optics.

Homodyne Detection

The first case to be considered is that of balanced homodyne detection c.f. Section 5.1.3.
Optical homodyne detection yields a continuous set of values whose underlying statistics de-
scribe the properties of the quantum state under investigation. The total number, N , of raw
data collected within a certain bandwidth is determined in advance by the experimentalist.
The data can be summarized by building a histogram with a specified number of bins and
bin locations. Since the total amount of collected data, the total number of bins and the bin
locations are all under the control of the experimentalist, the only the free variable left that
is under the control of the unknown quantum state, ρ, are the number of data points, nj ,
that fall into the jth bin. These considerations lead to the conclusion that the distributional
form of the likelihood function for homodyne detection should be assigned the multinomial
distribution

L = N !

N
∏

j

P
nj

j

nj !
, (6.2)

where N represents the total amount of data collected, nj the number of data points con-
tained in the jth bin and Pj the theoretical probabilities for obtaining a result in the jth

bin.
The theoretical probabilities are calculated using quantum mechanics and basic probabil-

ity theory. For example, the result of performing homodyne detection on a general Gaussian
state is calculated by marginalizing the Wigner function

p(ξ′) =

∫

W (ξ)dξ (6.3)

where ξ represents the initial vector of operators, dξ specifies those operators over which the
integration is performed and ξ′ is the vector containing the resulting operators. For example,
assuming a single mode vacuum Gaussian state with initial quadrature operators given by
ξ = (x̂, p̂) and covariance matrix γ, the probability density that would be obtained from
homodyne detection for the amplitude quadrature is obtained by integrating the Wigner
function over the phase quadrature

p(x̂) =
1

√

2π det(γ)

∫

e−
1
2
ξT γ−1ξdp̂. (6.4)

The probability for a measurement result to fall within the jth bin is than calculated by

Pj =

∫

p(ξ′)dξ′, (6.5)

where the integration limits are taken to be over the bin of interest.
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Single Photon Detection

The second case to be considered is that of single photon detection. The idea behind a
single photon detector is that of an “ON/OFF” experiment where, in the case of an event,
the detector goes proverbially “click” and in its absence remains quiet. In contrast to the
optical homodyne detection case, the total number of events or “clicks” per bandwidth is no
longer under the experimentalist’s control. Instead, the total number of clicks is the desired
statistical information which describes the nature of the unknown quantum state ρ. These
considerations lead to the conclusion that the distributional form for the likelihood function
is Poissonian

L =
∏

j

e−NPj (NPj)
nj

nj!
, (6.6)

where N is the unknown mean number of occurrences, nj are the individual measurement
results and Pj are their theoretically probabilities.

Apparatus Error

The final example I will consider is when the uncertainty with regard to a measurement
originates from the measuring apparatus itself. In the absence of such error, each recorded
datum yi, should correspond to the expected value x. If the form of the apparatus uncertainty
is additive Gaussian noise, then the statistical model for this experiment is given by

x = yi + ǫ, (6.7)

where ǫ corresponds to a Gaussian probability distribution. The likelihood function is there-
fore

L =
1

(2πσ2)(N/2)
exp

(

−1

2

N
∑

i=1

(yi − x)2

σ2

)

, (6.8)

where N corresponds to the number of measurements, σ is the standard deviation associated
with each datum and x is the parameter to be estimated. It is often the case that the mea-
surement error, σ on each datum is not known and should be estimated from the measured
data. In that case, σ, also becomes a parameter to be estimated.

6.1.2 Assigning the Prior

The prior π(~λ|M , I) represents the degree of uncertainty on the parameter vector ~λ and is
assigned before the data is collected. The prior can be understood to describe the degree of
knowledge the experimentalist has before performing the measurement. After data collection,
the prior is updated by the likelihood and the new state of knowledge with regard to the
parameters is given by the posterior. Two strategies for assigning the prior are conjugate

priors and non-informative priors. I will only briefly summarize these methods here. A
more thorough discussion can be found in [CL96].
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Likelihood Prior

L = λne−λ

n
π = xk−1 exp−x/θ

Γ(k)θk

L = N !
∏N

j

P
nj
j

nj !
π = 1

B(α)

∏K
i=1 x

αi−1
i

Table 6.1: Conjugate priors: This table list two examples of conjugate priors for the Piossonian
and Multinomial likelihoods. Their corresponding conjugate priors are the Gamma and Dirichlet
distributions, respectively.

Conjugate Priors

A conjugate prior is one which leads to a posterior belonging to the same distributional family
as the likelihood. The choice of a conjugate prior is motivated by the fact that it may lead
to closed form posteriors [CL96]. Two examples of priors conjugate to likelihood functions
are given in Table 6.1. There it is seen, for example, that the Dirichlet distribution is the
conjugate prior to the multinomial distribution. A list of likelihoods and their conjugate
priors can be found in [wik].

The distributional form of a conjugate prior is set by the likelihood. It may be, however,
that no reliable prior information exists with regard ~λ. In this case, non-informative priors
express this degree of uncertainty.

Non-informative Priors

A non-informative prior is an expression of total uncertainty about a parameter, λi, before a
measurement is conducted. Based on this definition it may seem that a uniform distribution
on λi

π(λi) =
1

b− a
, a < λi < b, (6.9)

would be the best choice. However, Equation (6.9) suffers from the limitation that it is not
invariant under a reparameterization of the estimation problem [Siv06]. A better choice is
to a use a Jeffrey’s prior which is defined by the Fisher information matrix.

6.2 Markov Chain Monte Carlo

Having assigned the likelihood and prior the posterior is proportional to

p(~λ|D,M) ∝ L(D|~λ,M)π(~λ|M). (6.10)

The uncertainties on the individual components of the parameter vector ~λ are calculated
by marginalizing the posterior Equation (6.10). Depending on the form of L and π, the
integration may be intractable in closed form. At this point, numerical methods of integration
are required. One such method is known as Markov Chain Monte Carlo and is the topic of
the next section.
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Figure 6.1: Example posterior: Depending on the product of the likelihood function and the
prior distribution the posterior distribution may contain multiple peaks. The goal of an MCMC is
to sample from the entire space without getting stuck in any local minima.

6.2.1 Basic Idea

I will first illustrate the general idea of the Markov Chain Monte Carlo (MCMC) algorithm
before continuing with the exact details of its implementation. Because the posterior distri-
bution contains all of the relevant statistical information regarding the uncertainty on the
model parameters, sampling from the posterior is equivalent to obtaining all parameter values
commensurate with the measured data and prior knowledge before the experiment is per-
formed. The posterior can be understood as a function defined on a multidimensional space,
whose dimension is given by the number of parameters to be estimated. Exploration of the
parameter space can be achieved by “jumping” around in all dimensions, effectively mapping
out its structure. The collection of these jumps is known as “the chain”, C, and corresponds
to the collection of parameter vectors returned by the algorithm, i.e. C = {~λ0, ~λ1, . . . ~λt}.
The point at which the chain begins to contain values that are drawn from the posterior
is the point at which it has reached equilibrium. At this point, we say that the chain
has “converged” to the posterior. These basic concepts: posterior, chain and convergence
are summarized in Table 6.2. As illustrated in Figure 6.1 some parts of parameter space
correspond to higher areas of posterior whereas some parts corresponds to lower areas of
posterior. The task of the algorithm is to generate samples such that all interesting regions
of the posterior have been covered.

There are two main strategies for parameter space exploration: a “grid walk” and a
“random walk”. The grid walk is illustrated in Figure 6.2a and involves defining some type
of grid with predefined separation between the grid points. The exploration strategy is to
walk along each dimension recording the value of the posterior at each node. While this
approach is conceptually easy to understand, the complexity of the problem scales with Nd,
where N is the number of grid points in each dimension and d is the number of parameters.

The second approach to the problem of parameter space exploration is to randomly walk
through parameter space. In order to accomplish this, a criterion needs to be established
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Posterior The product of the likelihood function and prior dis-
tribution whose marginalized distributions quantify the
degree of uncertainty on the respective parameter.

Chain The collection of parameter vectors ~λt which are sam-
pled from the posterior distribution.

Convergence The point at which the chain starts to draw samples
from the posterior distribution.

Table 6.2: MCMC concepts: This table lists three fundamental concepts from the Markov chain
Monte Carlo method. The posterior is the distribution which describes the statistical uncertainty on
the estimated parameters. The chain is a vector containing all samples drawn from the posterior
and convergence of the chain is said to occur at the point where the MCMC algorithm starts
sampling from the posterior.

which encourages jumps to locations of parameter space that fall within the range of the
posterior and discourages jumps which do not. The goal is to let the algorithm determine
this, based on the measured data and on the unknown functional form of the posterior
distribution. Such a criterion was developed by Metropolis [MRR+53] that compares the
relative values of the posterior distribution for any two positions

r =
L(~λt)π(~λt)

L(~λt−1)π(~λt−1)
. (6.11)

Using this criterion, a ratio greater than one, r > 1, would indicate that the current position,
~λt corresponds to higher regions of posterior whereas a ratio less than one, r < ~λt−1, would
indicate that the previous position ~λt−1 corresponded to higher regions of posterior. Re-
peating this procedure and applying a rule to determine whether to accept or reject the new
position guarantees that all samples returned from the algorithm will be from the desired
posterior. The procedure just described is the strategy behind the algorithm known as the
Metropolis-Hastings Sampler, the algorithm to which I now turn.

6.2.2 Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm is given by the following steps:

1. Generate initial values for the parameters, ~λo.

2. Iterate the following over the index t until the chain C has converged.

(a) Generate a candidate parameter vector ~ξ according to a proposal distribution

q(~ξ|~λt−1).

(b) Compute the Metropolis ratio:

r =
p(~ξ)q(~λt−1|~ξ)

p(~λt−1)q(~ξt|~λt−1)
. (6.12)
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Figure 6.2: Two strategies for posterior simulation: Figure(a) illustrates a grid walk through
parameter space. Here, all points on the predefined grid are utilized. The random walk, Figure(b),
is one where a rule, based on the posterior, is used to guide the random jumping through parameter
space to the equilibrium position.

(c) Sample from a uniform distribution, u = U(0 , 1)

if

{

r < u ~λt = ~λt−1 reject

r > u ~λt = ~ξt accept

In the first step of the algorithm, initial values for the parameters are chosen and used
to calculate the value of the posterior distribution at the point ~λ0 in parameter space. The
choice of the initial parameter vector effects the convergence speed of the Markov chain. It
is an essential property of Markov chains that they be irreducible, meaning that starting
from all points they must be able to eventually jump to all points in the target distribution
[Gre06].

Generating a Candidate

The second step is the iterative part of the algorithm. For each iteration a new candidate

parameter vector, ~ξ, is generated from the proposal distribution q
(

~λt−1

)

. Some proposal

distributions are better suited than others for a given application. For example, if the form
of the marginal distributions of the posterior are known in advance, they can be used as
the proposal distributions to sample from the full joint posterior distribution. Even if this
information is not available, it may be that the choice of one proposal distribution over
another results in faster convergence of the Markov chain. Whether this is possible or not
is not always obvious, and a certain degree of trial and error is involved in the selection
of these distributions. An important practical aspect of the proposal distributions is their
tuning. By tuning is understood the following: assume that a Gaussian distribution has
been selected for the proposal distribution. According to step 2(a), the previous chain value

is the mean, ~λt−1 = µ and the covariance matrix, Σ, determines how strongly each jump is
made. The covariance matrix is kept constant throughout the iterations of the algorithm
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Figure 6.3: Effect of proposal standard deviations: This figure depicts the results of “tuning”
the proposal distributions or setting their standard deviations. The first frame illustrates the case
when the standard deviation is set too large. Few jumps are accepted as seen by the box-like form
of the chain. The second frame illustrates the case when the standard deviation is too small. In
this case, the chain is accepting too many points and is slow to reach the equilibrium point. Finally,
the last frame is the result when the standard deviation is optimally set. Not only does the chain
reach the equilibrium point quickly, the noisy-like structure of the chain indicates good mixing
properties.

but its value is crucial to the convergence rate of the chain. As illustrated in Figure 6.3a
choosing the standard deviation to be too large results in a large portion of jumps being
rejected by step 2(c). Even after that chain has found the equilibrium position, it samples
poorly from the posterior as is evident by the box-like structure of the chain. If the standard
deviation is chosen to be too small, Figure 6.3b, the chain will be slow to converge and will
draw samples from the target distribution which results in poor mixing because they are
too finely sampled. In either case, letting the chain run for a longer length of time (even
if it requires Hubble time!) will eventually result in good mixing. The goal is to select
the proposal covariance matrix such that convergence and good mixing occur quickly, such
as in Figure 6.3c. Here, the chain quickly moves to the equilibrium position and mixes
quite well as seen by the chain’s noisy appearance. This is a non-trivial task and many
methods, collectively known as “adaptive Metropolis” have been developed to tackle the
problem [HST05, HLMS06, RR06].

Matlab Implementation

Before explaining the other steps of the algorithm, I provide some example Matlab code
which illustrates the first few steps of the Metropolis algorithm. For the quantum state
reconstructed in this thesis implementing the MCMC using Matlab on a standard PC proved
sufficient. For more computationally intensive problems, however, a lower level language such
as C should be considered.

In this example, length chain, specifies the number of desired samples to be simulated
from the posterior. The line, newpar = oldpar + randn(1, npar)*R;, generates the
candidate vector in Step 2(a). Here I am using a Gaussian proposal distribution whose
mean value corresponds to the previous point in the chain and the strength of the jumping
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is given by R, which is the Cholesky decomposition of the covariance matrix containing
the jumping parameters. Code lines 7 and 10 calculate the log-likelihood and log-prior,
respectively and are problem specific. In the next few paragraphs, I will now explain how
the criterion to accept a candidate works and is implemented.

�
1 for idx = 2:length chain
2

3 % Generate candidate
4 newpar = oldpar + randn(1, npar)*R;
5

6 % Calculate log−likelihood
7 newLogLik = compute loglikelihood(newpar, data);
8

9 % Calculate log−prior
10 newLogPrior = compute logprior(newpar);
11

12 end

� �

Accepting a Candidate

Steps 2(b) and 2(c) are essential in understanding how the MCMC actually works. First,
in step 2(b) the quantity r, known as the Metropolis ratio, is calculated. There are two
parts to the Metropolis ratio. The first part corresponds to the ratio between the posterior
evaluated at the current position and the posterior evaluated at the candidate position

p(~ξ)

p(~λt−1)
. (6.13)

This quantity is responsible for moving the chain to that region of parameter space where
the posterior is sharply peaked. It does this by weighting more heavily those samples drawn
from the proposal distribution that are on or near the peaks in parameter space. A graphical
representation of this effect can been seen in Figure 6.2b. It shows the evolution of the chain
gradually moving to a concentrated region of parameter space. The samples drawn from the
proposal distribution that correspond to this blob are favored in comparison to the other
areas. In this way, the chain finds its way through the valley and eventually to the hill.

The second part of the Metropolis ratio corresponds to the ratio of the proposal dis-
tribution evaluated at the previous position to the proposal distribution evaluated at the
candidate position

q(~λt−1|~ξ)
q(~ξt|~λt−1)

. (6.14)

This part of r is responsible for ensuring that once the chain has found a peaked region of
posterior, the previous sample drawn from the proposal distribution is just as likely to be
obtained as the current sample. The point is illustrated in Figure 6.4. Depicted in the figure
are two different proposal distributions with mean values corresponding to the currently
sampled value, ~λt and the previously sampled value ~λt−1 each with standard deviation σ. The
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Figure 6.4: Behavior of proposal distributions: The proposal distribution is responsible for
generating a posterior distribution candidate. Its mean value is given by the previous parameter
~λt−1 and its standard deviation, σ, is kept constant. As the chain progresses through parameter
space, the proposal distribution shifts its position as illustrated in figure. But the probability of
moving either to a new position ~λt or jumping back to the old position ~λt−1 remains the same.
This results in the property of the resulting chain known as irreversibility and ensures that no one
area of posterior space is preferred.

standard deviation remaining constant throughout all iterations of the algorithm guarantees
that both mean values will have the same probability of being selecting since the heights of the
distributions are the same. A further consequence has to do with the conditional probabilities
α(~λt−1|~λt) and α(~λt|~λt−1). These represent the probability of obtaining the previous sample,
~λt−1, given the current sample, ~λt, and the probability of obtaining the current sample ~λt
given the previous sample ~λt−1, respectively. Since the proposal distributions are symmetric,
these probabilities are equal. This implies that the chain is reversible, no single point is more
favored to be drawn from the sample distribution than any other.

The final step in the Metropolis-Hastings algorithm is to decide whether or not to accept
the candidate ~ξ. This is achieved by comparing the Metropolis ratio, r, to some random
probability, u, drawn from a uniform distribution, U(0, 1). If r ≫ u this means that the pro-
posed position corresponds to a more sharply peaked region of posterior than the previously
accepted value so the jump should be accepted. If 0 < r < 1 than there is a chance that
proposed jump may not be accepted. Finally, if r ≪ u than the jump is definitely rejected.
The combined effect is to sample from the posterior distribution.

Matlab Implementation

The final steps of the MH algorithm can be implemented using very little code. The program
given above is extended by adding the following few lines. The second line of this program
snippet corresponds to step 2(b). Since the logarithm of both the likelihood and prior
are usually calculated, the ratio of the posteriors becomes a difference and the product of
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the likelihood and prior become a sum. The decision whether to accept or to reject the
candidate point is made in lines 5 through 8. Line 5 computes the acceptance probability
and line 8 compares it to a random probability; deciding whether to accept or reject the
candidate. In this implementation of the MH algorithm, the decision to reject a candidate
point corresponds to retaining the current position.

�
1 % Compute Metropolis ratio
2 r = (newLogLik − oldLogLik) + (newLogPrior − oldLogPrior)
3

4 % Compute the acceptance probability
5 alpha = min(1, exp(r));
6

7 % 1.) Accept the jump if following condition holds
8 if (rand < alpha)
9 acce = acce + 1;

10 oldpar = newpar;
11 oldLogLik = newLogLik;
12 end
13

14 % Update the chain
15 chain(i,:) = oldpar;


� �

It is for this reason that in Figure 6.3a poor mixing is indicated by a box-like structure in
the chain. This means that many candidate points have been rejected and only the current
position is being retained.

The MH sampler is simple to implement but has some draw backs. Practically, selecting
the covariance matrix for the proposal distributions is not obvious. Additionally, for cor-
related parameters and high dimensional sampling, the MH algorithm is known to produce
poor mixing [HST05]. Other methods can be found in the text [GRS96]. For now, I will
apply all of the ideas and code presented in this chapter to a real life example of quantum
state reconstruction using phase-diffused squeezed states as the test bench. These results
were published in [DMF+09] and represent a new approach to this typical problem.

6.3 Reconstructing a Phase-Diffused Squeezed State

The phase-diffused squeezed states are an example of a quantum states which posses a non-
Gaussian Wigner function. Since the covariance matrix is no longer a complete description
of the state, full tomography would have to be performed. They arise when squeezed sates
are transmitted over de-phasing quantum channels such as optical fibers affected by thermal
fluctuations. Since, however, the state can be completely modeled, the problem of complete
tomography is reduced to estimating just a few parameters. The uncertainty on these param-
eters is just as important to determine as the parameters themselves and will be quantified
by the posterior distribution. I now go step by step and illustrate how this estimation can
be solved within the Bayesian paradigm.
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6.3.1 Deriving the Posterior

The first step is to construct the likelihood function for the quantum estimation problem.
A general measurement on a quantum system can be described by the so-called positive
operator-valued measure (POVM). Each possible measurement outcome j is associated with
a POVM element Πj which is a positive semidefinite operator. The probability of outcome j

can be calculated as Pj = Tr[Πjρ(~λ)] where ρ(~λ) denotes the density matrix of the measured

quantum system that depends on the model parameters ~λ. Since the total probability of
some outcome is 1, the POVM elements sum up to the identity operator,

∑

j Πj = 1.
This generic framework in particular encompasses a tomographic reconstruction of the state
ρ(~λ) that consists of several different measurements M with possible outcomes indexed by
lM . Then j = (M, lM ) becomes a multi-index indicating both the measurement setting
and the measurement outcome for a given setting. Let nj denote the observed number of
measurement outcome j and N =

∑

j nj represents the total amount of collected data. The

likelihood function L is the probability of observation of a particular set {nj} for a given ~λ.
It follows that L is given by a multinomial distribution and reads

L = N !

N
∏

j

P
nj

j

nj !
. (6.15)

In terms of the constituents of Bayes’ theorem the theoretical probabilities {Pj} are functions
of the parameters which are to be determined. The measured numbers of counts {nj}
correspond to the data.

The Wigner function for phase-diffused squeezed state is given by

W (x, p) =
1

2π
√

VxVp

∫ ∞

−∞

exp

[

−
(

x2φ
2Vx

+
p2φ
2Vp

)]

Φ (φ) dφ, (6.16)

where xφ = x cosφ+ p sinφ, pφ = p cosφ−x sin φ with x and p as the standard position and
phase quadratures and φ representing the random phase shifts distributed according to some
probability distribution Φ (φ). Let Vx represent the variance of the squeezed quadrature and
Vp for the variance of the anti-squeezed quadrature. The variances are normalized such that
for vacuum state we have Vx = Vp = 1 and the state is squeezed in the x quadrature if
Vx < 1. In quantum state tomography, several different different rotated quadratures xθ,
where θ defines a specific measurement setting are measured. The theoretical homodyne
probability density distribution p(xθ) can be calculated from Wigner function as a marginal
distribution. Integration of W (x, p) over the conjugate quadrature pθ yields, after some
algebra

p (xθ) =
1√
2π

∫ ∞

−∞

1
√

Ṽ (φ)
exp

[

− x2θ
2Ṽ (φ)

]

Φ (φ− θ) dφ, (6.17)

where Ṽ (φ) = Vx cos
2 φ+ Vp sin

2 φ.
The data from each measurement is binned into L bins whose lower boundaries are defined

by Qθ,l. The outer bins extend to infinity and we set Qθ,1 = −∞ and Qθ,L+1 = ∞. The
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corresponding theoretical probability Pθ,l is given by integration of the probability density
(6.17) over the bin

Pθ,l(~λ) =

∫ Qθ,l+1

Qθ,l

p(xθ)dxθ. (6.18)

Experimentally, two quadrature measurements were performed and the results formed into
histograms each containing a total of L = 70 bins. From the perspective of direct data
inversion this corresponds to an overdetermined system, because there are only three real
parameters to estimate, c.f. below.

The POVM elements describing such binned homodyne detection can be expressed as

Πθ,l =

∫ Qθ,l+1

Qθ,l

|xθ〉〈xθ|dxθ, (6.19)

where |xθ〉 is an eigenstate of quadrature operator xθ. Note that, by definition, the sum of
theoretical probabilities over all bins is equal to one

∑

l

Pθ,l(~λ) = 1. (6.20)

This is a mathematical expression of the fact that the homodyne detection always yields some
outcome and, after each measurement, one of nθ,l is increased by one. Put in a different way,
the homodyne detection is described by a complete POVM (6.19) whose elements Πθ,l satisfy
the condition

∑

l Πθ,l = 1.
Assuming the phase noise distribution, Φ (φ), is a zero mean Gaussian, the state can be

completely characterized by just three parameters ~λ = {Vx , Vp , Vφ} where Vφ is the variance
of the random phase shifts. The quantum log-likelihood function for the phase diffused
squeezed states is finally obtained by taking the natural logarithm of Eq. (6.15) yielding

Λ =
∑

θ,l

nθ,l ln
[

Pθ,l(~λ)
]

, (6.21)

where, for simplicity, all terms that do not depend on the parameter values are ignored.
The prior is chosen by considering the possible values of the parameters to be determined.

Since the parameters to be determined in this case are variances, their values must be greater
than zero. In order to assume relative ignorance in the value the parameters could take, we
use a prior which only requires the variances to be positive and satisfy the Heisenberg
uncertainty relation, VxVp ≥ 1. Since the likelihood in this analysis is a sharply peaked
function the choice of uniform priors has negligible effect on the numerical results of the
MCMC 1.

6.4 Description of the Experiment

The full details of the setup are provided in [FHD+06] and will be summarized here. The
squeezing source was an optical parametric amplifier (OPA) constructed from a type I non-
critically phase-matched MgO:LiNbO3 crystal inside a standing wave resonator, similar to

1Since the parameters are variances the actual priors should be determined by using Jeffrey’s Principle
of Invariance. However, as stated, the implementation of flat priors on ~λ in this case has negligible effect.
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Figure 6.5: Markov chains: This figure depicts the evolution of the Markov chains where
the abscissa represents the iteration number and the ordinate represents the value of the chain.
After an initial “burn-in” period, in which the chains head to their steady-state positions, the
chains eventually converge to a region of parameter space and begin to sample from the posterior
distribution. The proposal distributions were taken to be Gaussian with the standard deviations
Σx = 0.0042, Σp = 0.022, Σφ = 0.0037 corresponding to the squeezing parameter, the anti-squeezing
parameter and the phase noise parameter, respectively. The starting values were randomly chosen
with the only constraint that they be non-negative and obey VxVp ≥ 1. The chains settled to their
equilibrium positions with means of µx = 0.316, µp = 6.888, and µφ = 0.171 corresponding to the
squeezing, anti-squeezing and phase noise parameter respectively.

the design that previously has been used in [Che07]. The OPA was pumped with 50mW
of green light at 532 nm resulting in a classical gain of about 11. The length of the OPA
cavity as well as the phase of the second harmonic pump beam were controlled using radio-
frequency modulation/demodulation techniques. The mode cleaner was operated in high
finesse mode F = 10500 resulting in a line width of 55 kHz. A non-classical noise power
reduction of slightly more than 5.0 dB was directly observed with a homodyne detector in
combination with a spectrum analyzer at a Fourier sideband frequency of 6.4MHz.

The phase noise was induced by reflecting the squeezed field from a piezo-electric trans-
ducer (PZT) mounted high-reflection mirror that was quasi-randomly moved. The voltages
applied to the PZTs were produced as follows. An independent random number generator
produced data strings with a Gaussian distribution. The strings were digitally filtered to
limit the frequency band to 2–2.5 kHz. The output interface was a common PC sound card
with SNR of -110 dB. The sound volume was set to meet the desired standard deviation of
channel phase noise.

Homodyne detection confirmed that the squeezing degraded in the same way when phase
noise was increased. The detector difference currents were electronically mixed with a
6.4MHz local oscillator. The demodulated signals were then filtered with a 400 kHz band-
width low-pass filter and sampled with one million samples per second and 14 bit resolution
using a National Instruments analog-digital sampling card.
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Figure 6.6: Marginalized posterior distributions: Each probability density was calculated using
every tenth point from the marginalized chains corresponding to 1900 data points. The standard
deviation of each density are σx = 0.0056, σp = 0.0289, and σφ = 0.0020 corresponding to the
squeezing parameter, the anti-squeezing parameter and the phase noise parameter, respectively.

6.5 Sampling from the Posterior

The goal of the Bayesian reconstruction scheme is the calculation of marginalized poste-
rior distributions on the model parameters ~λ = {Vx, Vp, Vφ}. Since Bayes’ theorem, Equa-
tion (6.10), states that this is proportional to the likelihood function times the prior distribu-
tion, both of which can be computed for a given set of parameters, the Metropolis-Hastings
sampler can be used to draw samples from it.

6.5.1 Results of the MCMC

Figure 6.5a-c depicts the resulting chains after 20,000 iterations of the MCMC algorithm.
The abscissa represents the number of iterations of the MCMC and the ordinate represents
the parameter values. After an initial “burn-in” period of approximately 1000 iterations, in
which the chain heads towards equilibrium, the chain converges and begins to sample from
the posterior distribution (which in this Gaussian case also includes the region of maximum-
likelihood). The development of criteria for the determination of chain convergence is a
general problem which has been the subject of much research [BG98, EAFB06]. The general
idea is to run multiple chains per estimation parameter and monitor their evolution both
within each change and across each change. Convergence is inferred if all chains behave
consistently. With respect to the case at hand, convergence of the chain can be inferred by
comparing the locations to which the marginalized parameter chains have settled with the
independent measurement of the Vx, and Vp parameter values performed with a spectrum an-
alyzer. In the absence of such an independent measurement, the criteria in [BG98, EAFB06]
can be used to infer convergence.

The width of the marginalized chains, i.e. their standard deviations, quantify the degree
of uncertainty on the value of each parameter. By forming histograms of the chain as a
function of each of the parameters their marginalized posterior probability distributions are
obtained as shown in Figure 6.6. From these posteriors the following uncertainties on the
model parameters: σx = 0.0056 for the squeezing parameter, σp = 0.0289 for the anti-
squeezing parameter and finally σφ = 0.0020 for the phase noise parameter are obtained.
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Figure 6.7: Reconstructed purity posterior distribution: The purity was calculated using the
resulting Markov chain of 1900 parameter values and Equation (6.22). This results in a probability
density function which exactly quantifies the uncertainty on the estimation of the purity. The purity
is calculated to be µ = 0.5649± 0.0028. No such result is possible with a pure maximum-likelihood
approach.

The proposal distributions, from which the posterior distribution samples have been drawn,
were chosen to be Gaussians with the following standard deviations Σx = 0.0042, Σp = 0.022,
Σφ = 0.0037 corresponding to the squeezing parameter, anti-squeezing parameter and phase
noise parameter, respectively. These values were obtained through manual tuning of the
MCMC algorithm. This is done by adjusting the individual standard deviations, i.e. Σx, Σp,
Σφ, until the proportion of accepted jumps reaches approximately 44% [GCSR04].

Since the MCMC chain contains a complete statistical description of the parameters, the
statistical error on the reconstruction of both the quantum state itself as well as derived
quantities from it, e.g. purity, can be exactly determined. This will be illustrated in the next
section.

6.5.2 Estimating the State Purity

The Markov chain can be used in further calculations of such properties as the purity of the
reconstructed state. Figure 7.15 depicts such a result. Using the analytical definition of the
purity

µ = 4π

∫∫

W 2 (x , p) dxdp, (6.22)

and the resulting chain from the MCMC, the purity can be calculated, automatically taking
into consideration the statistical error and correlation on the parameters determined by the
MCMC. The result is a probability density whose standard deviation quantifies the degree
of uncertainty on the estimation of the purity. For the state in question, the purity is
µ = 0.5649 ± 0.0028. It is important to note that this information is delivered directly
from the MCMC itself; no additional assumptions as to the distribution of the errors and
their correlation properties need to be made. Additionally, any one-dimensional quantity
can be calculated in this manner. For example, if estimating the amount of entanglement of
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a non-Gaussian state, the logarithmic negativity [VW02] can be calculated over the span of
the resulting chain. The result will be a probability density quantifying the uncertainty on
its value.

6.6 Summary

In this experiment I applied a Bayesian data analysis scheme known as Markov chain Monte
Carlo (MCMC) to the tomographic reconstruction of quantum states. Taking phase-diffused
squeezed states as an example, I provided the details as to the derivation of the likelihood
function as well as to the numerical implementation of the MCMC. The results include a
set of probability density distributions which exactly quantify the degree of uncertainty on
the estimation of the parameters. Furthermore, using the Markov chain in the calculation of
the state’s purity enabled the construction of a probability density distribution on the value
of the purity, thereby quantifying the degree of uncertainty on its calculation. The MCMC
scheme is completely general and can be applied to higher dimensional problems, such as
the reconstruction of the density matrix and will be discussed further in the conclusion of
the thesis.

I will now present two experiments that deal with quadrature entanglement. The next
chapter presents a characterization of free entanglement and how it acts as a quantum
communication channel.



7
Entanglement as a Communication Channel

Continuous variable quantum communication channels have been the subject of both theo-
retical and experimental research for the past few years [CD94, CCMR05, EW, GMVT03,
HJSW96, SW97, HW01, WPGG07, ATM+04, GAW+03, SBT+03]. Similar to classical com-
munication channels, quantum communication channels are characterized by a channel ca-
pacity. In contrast to classical communication channels, the capacity of quantum commu-
nication channels is distinguished by two different quantities; namely, the classical capacity

which gives the number of classical bits that can be faithfully transmitted per use of the chan-
nel and the quantum capacity which specifies how many quantum bits can be transmitted per
use of the channel [GMVT03, NC00]. One example of a quantum communication channel is
a teleportation channel, which is established by a shared entangled state with local opera-
tions and classical communication (LOCC) between two distant parties [BK98, BTB+03b].
Of all the possible entangled states that could be used to establish the quantum channel,
Gaussian states are of particular interest due to their well understood theoretical structure
and ability to be easily generated experimentally [EW, WPGG07]. Because these states
are characterized by a Gaussian Wigner function, only the second moments collected in the
state’s covariance matrix (CM) are required in order to completely define the state. Ex-
perimentally, this means that only a few tomographic measurements need to be conducted,
significantly reducing the effort to measure these states. To date, several groups have con-
ducted experiments only partially measuring the CM [WOTBG05, BSLR04, LKOH+05].

In this chapter, I present an experimental study of Gaussian quantum teleportation
channels which was published in [DHF+07]. The teleportation channels are established by
distributing two different classes of entangled Gaussian states illustrated in Figure 7.1 over
a free-space auxiliary channel to two parties, Alice and Bob, together with local operations
and classical communication (LOCC). In the experiment, every single parameter of the CMs
are measured. These channels are then characterized by evaluating the lower bounds to the
quantum channel capacity, the teleportation fidelities of coherent states, and the purities

71
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and the logarithmic negativities of the shared entangled states. Additionally, two different
entanglement criteria are used-the Simon-Peres-Horodecki and an entanglement witness-to
verify that the measured state is in fact entangled. This paper is divided into the following
sections. In Section 7.1, I present an efficient experimental procedure for measuring the
entire CM using only five measurement settings. The technical details of the experiment are
described in Section 7.2. The experimental implementation of the measurement of the entire
covariance matrix is discussed in Section 7.3.

The formal definitions of a quantum channel as well as the quantities that characterize
them are presented in Section 7.4. The reconstructed CMs from the experimental data are
presented in Section 7.5 and finally Section 7.6 contains a discussion of the results.

7.1 Experimental modus operandi

7.1.1 Preliminary Considerations

In order to obtain complete knowledge of a two-mode Gaussian entangled state, it is suffi-
cient to measure its symmetric positive semi-definite ten parameter covariance matrix (CM)
[BSLR04, LKOH+05]. In its block form, the CM is given by

γ =

(

A C

CT B

)

, (7.1)

where A, B and C are 2×2 matrices which contain the parameters describing Alice’s mode,
Bob’s mode and the correlations between their modes, respectively. The CM contains the sec-
ond moments of a state’s quadratures, γjk = 〈∆rj∆rk+∆rk∆rj〉, where r = (xA, pA, xB, pB)
is a vector of quadrature operators and ∆rj = rj − 〈rj〉. We use units such that the covari-
ance matrix of vacuum is equal to the identity matrix. From γ can be obtained information
regarding entanglement properties of the state (e.g. verification, quantification) as well as
the state’s purity. In the case of teleportation channels, the lower bound to the quantum
channel capacity and the teleportation fidelity of coherent states can also be obtained from
the CM.

For applications such as monitoring of quantum communication channels it is highly
desirable to develop techniques such that the reconstruction of a state’s CM can be ac-
complished with the fewest possible measurements. Some of these techniques I discuss in
Chapter 8. To this end, the structure of the matrix itself can be exploited such that only
two measurement settings yield six of the ten independent parameters (simultaneous mea-
surement of the amplitude quadrature of one mode and the phase quadrature of the other
mode). Besides these more technical considerations there are a number of fundamental issues
that must be addressed. These have been elaborated upon by van Enk et al. [vELK07] who
gave five criteria that should be obeyed when conducting an entanglement experiment. The
heart of the criteria is not to assume too much as to the form, symmetry or repeatability of
the entanglement source for each copy that it produces. The effect of not satisfying these
criteria is to increase the risk of overestimating/underestimating the amount of entangle-
ment present in the generated state. Any entanglement verification protocol should satisfy
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Figure 7.1: Classes of entanglement: This figure depicts three different classes of entanglement.
V-Class entanglement is formed by mixing a single-mode squeezed state with the vacuum mode
on a balanced beam splitter (BBS). M-Class entanglement is formed by mixing two unevenly and
oppositely single-mode squeezed beams on a BBS and S-Class entanglement is formed by mixing
two equally but oppositely single-mode squeezed beams on a BBS.

these five criteria. The choice of a verification protocol will ultimately depend on the type

of entanglement generated (or thought to have been generated) in an experiment.
The establishment of a quantum communication channel, such as a teleportation channel,

requires the distribution of what van Enk et al. have referred to as a priori entanglement
[vELK07]. This type of entanglement is obtained when a source generates many copies of a
bipartite state, ρAB, such that an entanglement verification protocol can be conducted on a
sub-ensemble of them using the rest to perform a quantum information theoretic protocol. A
possible verification protocol for a priori entanglement is to perform full tomography on the
state. This can be achieved using linear optics and homodyne detection [BS97, Leo97]. This
allows not only for a qualitative statement as to whether the state is separable or entangled
but also a quantitative statement as to how much. Full tomography is expensive, however,
especially when its implementation is solely to obtain information about the channel. As
such, it is desirable to develop verification protocols that can be conducted using only partial

tomographic measurements while still satisfying the van Enk criteria. I will now present such
a partial tomographic protocol and later in Chapter 8 will show how it can be extended to
higher dimensional systems.

7.1.2 Description of the Partial Tomographic Protocol

The partial tomographic protocol (PTP) developed to characterize the teleportation channels
can be stated as follows:

1. Alice and Bob simultaneously measure their amplitude and phase quadratures, respec-
tively, while comparing their results by means of classical communication.

2. Alice and Bob simultaneously measure their phase and amplitude quadratures, respec-
tively, while comparing their results by means of classical communication.

3. Alice and Bob measure their amplitude quadratures.

4. Alice and Bob measure their phase quadratures.
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5. Alice and Bob simultaneously measure a linear combination of their amplitude and
phase quadratures, respectively.

The fact that every parameter of the CM is measured prevents one from making an
assumption as to the symmetry of the state being measured. Although measuring only the
second moments of the state does not contain information as to whether the state is Gaussian
or not, something which in the strictest sense of the van Enk criteria should not be assumed,
an entanglement criterion, such as the Simon criterion, is a sufficient criterion for both
Gaussian and non-Gaussian states. Furthermore, the quantities such as the secret key rate
[GPC06, NGA06] or the lower bound to the quantum channel capacity [WPGG07], while
indirectly indicating the presence of entanglement, obtain their lower bounds for Gaussian
states. As such, one can at worst only underestimate these quantities by measuring just the
second moments and assuming that the state is Gaussian.

7.2 Experimental setup

In the experiment, two-mode entangled states are generated by mixing on a balanced beam
splitter two squeezed vacuum beams produced by optical parametric amplifiers (OPAs).
The laser source used in the experiment was a continuous-wave non-planar Nd:YAG ring
laser with 300mW of output power at 1064 nm and 800mW at 532 nm. The latter was
used to pump the OPAs to produce two amplitude squeezed light beams with an ap-
proximate power of 0.06mW at 1064 nm. Both OPAs were constructed from type I non-
critically phase-matched MgO : LiNbO3 crystals inside hemilithic cavities. Each cavity was
formed by a HR-coated crystal surface with a reflectivity of r > 0.999 and a metal spacer
mounted out-coupling mirror with a reflectivity of r = 0.957. The intra-cavity crystal
surface was AR coated for both the fundamental (1064 nm , r < 0.05%) and the second har-
monic (532 nm , r < 0.5%). The out-coupling mirror had a reflectivity of r=0.15±0.02 for
532 nm. The OPAs were seeded through the HR-surface with a coherent laser beam of
15mW power and pumped through the out-coupling mirror with various intensities, the
lowest being 75mW, corresponding to a parametric gain 5. The length of both OPA cavities
as well as the phase of the second harmonic were controlled using radio-frequency modula-
tion/demodulation techniques. The error-signals were derived from the seed fields reflected
from the OPA cavities. A maximum value of 4.0 dB of non-classical noise suppression was
directly observed using homodyne detection. The shot noise level was defined by mixing the
local oscillator with the vacuum mode on a balanced beam splitter and measuring fluctua-
tions of vacuum. The electronic dark noise of the homodyne detectors was approximately
13 dB below the shot noise level making dark noise correction of the observed squeezing
superfluous. The visibility on both homodyne detectors was ηvis = 0.965 and the quantum
efficiency of the photodetectors is estimated to be ηquantum = 0.93 yielding a total detection
efficiency of η ≈ 0.87. The phase locks on both the entangling beam splitter and homo-
dyne beam splitters are estimated to be within 3◦ of the desired values. The photocurrents
produced from the homodyne detectors were first demodulated at a frequency of 7MHz
and low-pass filtered with a corner frequency of 30 kHz. It was sampled with a National
Instruments sampling card with maximum sampling rate of 1 mega sample per second. By
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Figure 7.2: Experimental setup: The squeezed states are generated by the two optical para-
metric amplifiers (OPAs) and mixed at the entangling beam splitter (Ent-BS). The different classes
of entanglement are generated by adjusting the parametric gain setting of the OPAs. The entan-
glement is then distributed over a free-space channel to the two homodyne detectors Alice and
Bob.

independently changing the parametric gain of each amplifier we can generate all three types
of entanglement as illustrated in Fig. 7.1. A diagram of the full experiment is provided in
Fig. 7.2.

7.3 Experimental implementation of PTP

The partial tomographic protocol (PTP) was implemented using a custom built data acqui-
sition system whose software component was developed using LabView and whose hardware
component was realized by balanced homodyne detection with external addition and sub-
traction boxes. The homodyne detectors were designed such that there were multiple outputs
of both the DC and AC signals generated by each detector. The AC-subtracted signals from
both homodyne detectors were fed simultaneously into the LabView program where both the
variances of the respective electronic channels as well as the covariance of the two electronic
channels were calculated in real-time. This corresponds to the classical communication com-
ponent of our protocol. Additional information as to which quadratures produced a given
covariance was obtained by recording, in real-time, the DC substracted signal from one
scanned homodyne detector. This was achieved by locking e.g. Alice’s homodyne detector
to one quadrature and scanning the phase between the local oscillator and signal beam of
Bob’s homodyne detector. With this setup, one measurement-e.g. measuring the amplitude
quadratures simultaneously-delivered three of the ten required CM parameters.

There are two main features of this implementation that are noteworthy. First, it allows
the manual setting of the measurement basis. The basis information can be obtained by
looking at the covariance of the two electronic channels. A zero covariance indicates the
measurement of two orthogonal quadratures for a symmetric state. Although both the
verification and quantification of entanglement is basis independent, the form of the CM is
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not. For the case of an optimally entangled EPR state, one would expect non-zero parameters
for half the elements of the CM in an orthogonal measurement basis. While the choice of a
basis is arbitrary, it must be consistent. Failure to measure every parameter of the CM in
the same basis is tantamount to random experimental error. Failure to measure some of the
parameters in the same basis is systematic error, as it adds a constant offset to only some
of the parameters. The implication of these error sources, especially systematic error, is to
obtain a false estimate of quantities of interest such as the logarithmic negativity [VW02],
or to reconstruct a non-physical state.

Second, systematic error can be reduced. As a result of the real-time evaluation of
the covariance between the homodyne detector outputs and the DC subtracted signal from
a scanned homodyne detector, one can determine which quadratures are correlated, anti-
correlated and not correlated. This information helps to reduce the systematic error because
it provides a means by which to adjust the phase angle between the optical local oscillator
and signal beam independent of any DC offsets on the error-signal. This contributes to the
overall consistency of the entanglement detection.

The method described in this section relies on the subtraction locking scheme introduced
in Section 5.2.1. This scheme limits the range of angles that can be set at the entangling beam
splitter and homodye detectors. Furthermore, for more complicated preparation schemes,
such as for generating a multimode entangled state, the more robust method I introduced
in Section 5.2.2 is required.

7.4 Theoretical description of Quantum Communica-

tion Channels

In order to more deeply understand the equivalence between a shared entangled state and
an established quantum communication channel, such as for a teleportation channel, it is
necessary to understand the theoretical structure of quantum communication channels. It
is also within this framework that these channels obtain their physical meaning. To this
end, this section will review the necessary theoretical concepts in order to understand the
experimental results of Sec. 7.5.

A quantum channel is a trace-preserving completely positive map, T , that transforms
quantum states according to ρ 7→ T (ρ) [HW01]. They can be understood to originate as the
result of a unitary interaction U of a state, ρ, with the environment described by another
Hilbert space HE which is in a state, ρE ,

T (ρ) = TrEU (ρ⊗ ρE)U
†, (7.2)

where TrE denotes the partial trace with respect to HE [HW01, EW, BL06]. An important
subclass of these channels are Gaussian channels, which are characterized by a Gaussian
unitary U , determined by a quadratic bosonic Hamilitonian, and a Gaussian state ρE [EW].
At the level of covariance matrices (CMs), which offer a complete description of Gaussian
states and would be measured in all practical applications of continuous-variable quantum
information protocols, the action of a channel is given by

γ 7→ XTγX + Y. (7.3)
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V-Class S-Class
Characteristic Gain 5 Gain 10 Gain 5 Gain 10

λ 0.033±0.004 0.034±0.003 0.063±0.003 0.175±0.005
λTA -0.317±0.004 -0.349±0.003 -0.600±0.001 -0.566±0.004
W -0.341±0.004 -0.383±0.003 -0.599±0.001 -0.566±0.004
EN 0.602±0.003 0.700±0.004 1.342±0.005 1.331±0.009
QL -0.071±0.003 -0.059±0.004 0.387±0.005 0.100±0.009
F 0.586±0.003 0.597±0.003 0.701±0.003 0.695±0.005
µ 0.648±0.002 0.563±0.001 0.608±0.002 0.301±0.002
K 0.323±0.005 0.120±0.006

Table 7.1: Channel characteristics for entanglement classes: This table summarizes the channel
characteristics for each class of entanglement used to establish a teleportation channel. Beginning
with the first, they include: the state condition λ, the Simon criterion λTA , the optimal entangle-
ment witness W, the log-negativity EN , the lower bound to the quantum channel capacity QL, the
teleportation fidelity of coherent states F , the purity µ and the secret key rate K.

The condition to ensure that the transformation is completely positive is given by

Y + iΩ− iXTΩX ≥ 0, (7.4)

where

Ω =

(

σ 0
0 σ

)

is the symplectic form with

σ =

(

0 1
−1 0

)

.

The formula Equation (7.4) represents the necessary and sufficient condition for complete
positivity of the Gaussian map given by Equation (7.3), see e.g. Refs. [DVV77, Lin00, EP02,
Fiu02, Jam72]. It is possible to interpret this condition as the generalized Heisenberg in-
equality. According to the Jamiolkowski isomorphism [Jam72], every completely positive
map is isomorphic to a positive semidefinite operator on the tensor product of Hilbert
spaces of input and output states. In the case of Gaussian CP maps this operator becomes
and infinitely squeezed Gaussian state characterized by matrices X and Y. The generalized
Heisenberg inequality for the covariance matrix of this state is equivalent to Equation (7.4),
c.f. Ref. [Fiu02].

The usual quantum information protocols, e.g. teleportation and quantum memory, can
all be considered as quantum channels [WPGG07]. In this chapter, I consider a special
subclass of teleportation channels established by means of a shared entangled state together
with local operations and classical communication (LOCC) is considered. An important
characteristic of teleportation channels, as well as quantum channels in general, is their
capacity to transmit quantum information, quantified in units of qubits. To this end the
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quantum capacity [EW, Sho02, Dev05, Llo97] of an arbitrary channel, T , is given by

Q (T ) = lim
n→∞

1

n
sup
ρ
J
(

ρ , T⊗n
)

, (7.5)

J (ρ, T ) = S (T (ρ))− S ((T ⊗ id) (ψ)) , (7.6)

where ψ is a purification of ρ and J is known as the coherent information. The coherent infor-
mation was first introduced by Schumacher and Nielsen in connection with error correction
[SN96]. With regard to its operational interpretation, the coherent information quantifies
the amount of information the environment has obtained about the state transversing it.
Another information theoretic quantity related to the coherent information is the quantum

conditional entropy [SW72, HOW05, HOW06] defined by

S (B | A) = S (ρAB)− S (ρA) , (7.7)

where S(ρAB) and S(ρA) stand for the von Neumann entropies of the total state ρAB and
the part of the total state held by Alice, ρA, respectively. The conditional entropy quantifies
the amount of quantum information Bob must send to Alice such that she can recreate
the total state, ρAB, given her prior knowledge of it, as quantified by S (ρA). As such, the
conditional entropy quantifies Alice’s ignorance of the total state. The coherent information,
Equation (7.6), depends on both the channel, T , as well as on the input state, ρ, to the
channel. In order to evaluate the quantum capacity of an arbitrary channel, T , the coherent
information must be maximized over all possible input states and regularized over many uses
of the channel. For teleporation channels, where T would correspond to a shared entangled
state with CM γ, however, a lower bound to the quantum capacity can be obtained by first
applying a distillation protocol to the state in order to obtain k maximally entangled pairs
of quantum bits (ebits). The teleportation protocol could then be conducted using these
ebits. It was shown by Wolf et al. [WPGG07] that the number of ebits that can be obtained
from a given state with CM γ can be bounded from below by the right hand side (RHS) of

Q (T ) ≥ S (γA)− S (γ) ≡ QL, (7.8)

which in turn gives a lower bound to the quantum channel capacity. Here S(γ) denotes the
von Neumann entropy of a Gaussian state with CM γ. The development of entanglement
distillation protocols is an active area of current research. To date, both single copy and
iterative entanglement distillation have been experimentally demonstrated as well as single
and multicopy squeezing purification [HFD+07, HSD+08, FHD+06].

In addition to the quantum capacity, there are a number of other quantities that con-
tribute to the characterization of teleportation channels. To begin with, the state condition,
defined by

γ + iΩ ≥ 0, (7.9)

where Ω is again the two-mode symplectic form, determines whether the reconstructed CM
corresponds to a physical state [Sim00]. We define λ as the minimum eigenvalue of γ+iΩ and
the inequality (7.9) holds iff λ ≥ 0. In order to verify that the channel has been established
using entanglement, the Simon-Peres-Horodecki (Simon) criterion [Sim00] can be used and
can be formulated as

γTA + iΩ ≥ 0, (7.10)
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where γTA = ΛγΛ is the CM of a state partially transposed with respect to Alice’s mode
and Λ = diag (1,−1, 1, 1) corresponds to a local time reversal operation on Alice’s phase
quadrature only. Similarly as before, λTA is defined as the minimum eigenvalue of γTA + iΩ.
If λTA < 0 then the state is entangled. In addition to the Simon criterion, an optimal
entanglement witness, W, was determined by solving the corresponding semi-definite pro-
gram [HE06]. The amount of entanglement was quantified using the logarithmic negativity
[VW02], defined by

EN = log2 ‖ ρTA ‖, (7.11)

where a basis 2 sets the units to bits. The teleporation fidelity for coherent states [Fiu02] is
given by

F =
2√
detE

, (7.12)

where the matrix E reads

E = 2D+RART +RC+CTRT +B, (7.13)

and the matrices A, B, C and CT are obtained from the CM given by Eq. (7.1) with

R =

(

1 0
0 −1

)

. (7.14)

The purity of the state is defined by µ = Tr[ρ2AB] and for Gaussian states we have

µ =
1√
detγ

. (7.15)

Finally the achievable secret key rate for entangled state-based quantum key distribution
protocol where Alice and Bob both measure certain quadrature using local homodyne de-
tections on their parts of the shared two-mode state is evaluated. From the knowledge of
the covariance matrix γ a lower bound on the achievable secret key rate can be calculated
by assuming that the state is Gaussian and using the following formula,

K = IAB − χ(A : E). (7.16)

Here IAB is the classical mutual information between Alice’s and Bob’s measured data
and χ(A : E) denotes the Holevo bound between Alice and an eavesdropper Eve [GPC06,
NGA06]. This latter quantity can be expressed as χ(A : E) = S(ρAB) − S(ρaB), where ρ

a
B

is a normalized density matrix of Bob’s mode conditional on Alice’s measurement outcome
a. Note that for Gaussian states and homodyne detection S(ρaB) does not depend on the
measurement outcome a which justifies the use of the above expression.

7.5 Experimental Results

The partial tomographic protocol (PTP) presented in Section 7.1.2 was used to characterize
teleportation channels established by two different classes of distributed bipartite entangle-
ment. Data acquisition was performed using a LabView program. One million data points
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were recorded per measurement setting. The data was then divided into ten separate data
blocks each with 100,000 points. Covariance matrices were generated from each of the ten
and averaged yielding an average CM. For each CM, the channel characteristics were calcu-
lated and averaged. The standard error was then calculated for the 95% confidence interval.
With respect to the CMs, this ranged from ±0.001 to ±0.01. The first class, to be known as
V-class entanglement, was formed by mixing a single-mode squeezed vacuum state with the
vacuum mode on a balanced beam splitter. According to the formalism presented by Wolf
et al. [WEP03], this represents the optimal entangling scheme for these input states. This
experiment was conducted for a parametric gain setting of 5 and a parametric gain setting
of 10. The reconstructed V-Class covariance matrix (CM) for the parametric gain 5 setting
is given by









0.751 −0.146 0.307 −0.000
−0.146 3.175 −0.000 −2.129
0.307 −0.000 0.706 −0.102

−0.000 −2.129 −0.102 3.181









.

The channel characteristics are presented in Table 7.1. They include in order of appear-
ance: the state condition Equation (7.9), the Simon criterion Equation (7.10), an optimal
witness; the logarithmic negativity Equation (7.11), the lower bound to the quantum channel
capacity Equation (7.8), the teleporation fidelity of coherent states Equation (7.12), and the
purity of the entangled state Equation (7.15). The state condition demonstrates that the
reconstructed CM is a bona fide CM i.e., that the CM corresponds to a physical state. This
serves as an indicator if the measurement has been conducted correctly. Both the Simon
criterion and entanglement witness serve as a check if the state is separable or entangled.
The advantage of using an entanglement witness is that it corresponds to the optimized
measuring device that can be reconstructed from the measured data [HE06]. As a result
of this optimization, measuring a witness may involve even fewer measurement settings in
order to optimally detect the entanglement of the state.

The V-class parametric gain 10 CM reads









0.686 −0.054 0.326 0.003
−0.054 4.625 0.001 −3.584
0.326 0.001 0.678 −0.031
0.003 −3.584 −0.031 4.681









,

with the corresponding channel characteristics also given in Table 7.1. In both cases, the
lower bound to the channel capacity is negative. The teleporation fidelities, F , both being
greater than 1/2, indicate the presence of entanglement. The negative values for the Simon
criterion and entanglement witness clearly show the measured state was entangled.

The second class of entanglement generated, to be known as S-Class entanglement, was
established by mixing two equally but oppositely squeezed beams on a balanced beam split-
ter. For ideal pure squeezed states this would yield the two-mode squeezed vacuum state.
The reconstructed S-Class CMs for the parametric gain 5 and 10 settings read
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Figure 7.3: Channel properties: This plot depicts the dependence of the lower bound to the
quantum channel capacity, QL on the purity of the entangled state, where A is µ = 1, B is µ = 0.5
and C is µ = 0.2, and the amount of entanglement. Interesting for the application of a state
merging protocol or to obtain a positive secret key rate, is the point at which QL becomes positive.
It is seen that as the purity of the state decreases, more entanglement is required for it to become
positive. Curve D is the fidelity for each case.









2.359 0.132 1.885 0.028
0.132 2.205 0.008 −1.883
1.885 0.008 2.266 0.372
0.028 −1.883 0.372 2.427









,

and








4.200 −0.090 3.773 −0.033
−0.090 4.462 0.035 −4.216
3.773 0.035 4.228 −0.208

−0.033 −4.216 −0.208 4.842









,

respectively. The corresponding channel characteristics are listed in the third and fourth
columns of Table 7.1, respectively. Comparing the two log-negativities of the V-Class and
S-Class entangled states, it is seen that the introduction of another squeezed beam increases
the amount of entanglement for the same gain setting roughly by a factor of 2. The lower
bound to the quantum capacity also now shows a positive value for each S-Class state.
The sign of QL is dependent on both the purity of the state as well as on the amount of
entanglement, a relationship that will be explored more fully in Sec.7.6. The fidelities are
both greater than 0.5, indicating the presence of entanglement. The fidelity of the gain 5
S-Class state, F = 0.701, breaks the 2/3 no-cloning limit, which is experimentally significant
[GG01, BTB+03a]. The difference of purities can be understood when considering that for
V-Class entanglement the vacuum mode introduces only a fixed amount of noise whereas
for S-Class entanglement, the extra noise introduced into the entangled state in the form of
anti-squeezing is not fundamentally bounded.

As a final result, a positive secret key rate was obtained from both S-Class states. With
a resolution bandwidth of 50kHz, 16.1kbit/s of a secure key could be extracted using the
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channel established by the parametric gain 5 setting. This shows that the S-Class entangled
states can be used for continuous variable quantum cryptography. Additionally, drawing on
the recent results of Horodecki et al. [HOW05, HOW06], the positive QL’s indicate that state
merging can be achieved using only local operations and classical communication.

7.6 Discussion

The experimental results highlight a relationship between the purity, log-negativity and the
lower bound to the quantum channel capacity QL. This relationship is made explicit in the
numerical results presented in Figure 7.3a-b. The QL for S-Class entanglement is shown for
three different purities in Figure 7.3a. It is seen that for pure states i.e., µ = 1, the presence
of entanglement ensures a positive QL. As the purity of the state decreases, the zero crossing
is shifted towards higher levels of entanglement. The teleportation fidelity, plotted on the
second abscissa, is independent of the purity of the state (assuming that the channel has
been properly homodyned). The purity dependence of the QL can be further investigated by
looking at its behavior for a second class of entanglement. The QL for V-Class entanglement
is also shown in Figure 7.3b. It is readily seen that the zero crossing for less than pure states
occurs at lower levels of entanglement than for S-Class entanglement. Although all both
entangled states are bipartite Gaussian states, their utility is very much dependent on their
underlying construction.

7.7 Summary

In this chapter, I presented an efficient method for the characterization of Gaussian commu-
nication channels with which the entire covariance matrix can be measured. This method
was applied to two different classes of continuous variable entangled states which were used to
establish a teleportation channel between distant parties. The lower bound to the quantum
channel capacity as well as other characteristics of the channel were evaluated from the re-
constructed covariance matrix. The relationship between the purity, entanglement class, and
quantum channel capacity were explored numerically. Two of the established teleportation
channels delivered both a positive QL as well as a positive secret key rate.



8
Experimental Demonstration of Gaussian

Bound Entangled States

In this chapter I present the experimental preparation of unconditional continuous-variable
Gaussian bound entangled states. Unlike in the discrete variable regime where often the
preparation of a quantum state occurs only after post-selection of the data, the unconditional
preparation of the state means that multiple copies of the state are present at the moment
of detection. This proof-of-principle demonstration of bound entangled is but one of the
results of this experiment. The other result is a demonstration of the complete control over
a mutlipartite entangled state. These states are of particular interest for quantum computing
since cluster states are an example of CV multipartite entanglement [Nie04]. Additionally,
more elaborate schemes could be developed for quantum communication networks now that it
is demonstrated how to construct such states. Given these possibilities, I will focus mostly on
the experimental procedure implemented to measure bound entanglement and than present
the results along with a discussion of the error-analysis.

8.1 Experimental Procedure

The experimental setup is depicted in Figure 8.1. It is composed of three degenerate optical
parametric amplifiers (OPAs) as the squeezing source and a network of beam splitters, which
together with a piezo mounted mirror (phase-shifter), act as a phase-gate (PHG) and four
homodyne detectors labeled “Alice”, “Charlie”, “Bob” and “Domenica” in keeping with the
tradition in quantum information to treat each detection stage as a communicating partner.
Additionally, there are beam splitters which act as a loss channel to introduce the required
amount of extra thermal noise. The result of a numerical search for robust bound entangled
states returned a number of different possible candidates Section 4.2. Table 8.1 lists the
parameters chosen for the state prepared in this thesis [Pin].

83
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Mode OPA Squeezing Anti-Squeezing Vx Vp Angle [deg]

1 1 6.32 dB 3.52 dB 4.28 2.24 0 ±5◦

2 3 -2.90 dB 5.74 dB 0.51 3.74 32 ±5◦

3 2 -3.65 dB 7.05 dB 0.43 5.06 150 ±5◦

Table 8.1: Parameters for preparing a bound entangled state: This table provides the experi-
mental parameters i.e. squeezing, anti-squeezing and relative phases between the squeezed states,
in order to produce a bound entangled state. The relation between the amount of squeezing and
anti-squeezing can be controlled by introducing additional thermal noise in the form of a variable
beam splitter in the path in of the squeezed mode. The hot squeezing, Mode 1, is produced by
locking OPA1 in amplification and phase modulating the control beam entering the OPA cavity.

The first squeezed mode, produced by OPA1, corresponds to the “hot squeezing” de-
scribed in Section 5.3. This mode is mixed with a “cold squeezed” state produced by OPA3
at phase-gate 1 (PHG1). This state is not entangled as can be verified by the Simon crite-
rion, γTA = 0.0544. The initial amount of NPT entanglement required for the preparation
of bound entanglement is produced by mixing the cold squeezing output of OPA2 with the
vacuum state on BS2. As characterized in Section 7.5, this corresponds to a V-class entan-
gled state and contains EN = 0.607 bits of entanglement. The outputs of BS2 and PHG1
are then mixed at phase-gate 2 (PHG2) and phase-gate 3 (PHG3). The final output is a
four party state which is measured at the homodyne detectors.

Successful preparation and verification of bound entanglement demands an accurate
preparation of the underlying squeezed states and setting of the phase-gates. In order to
decouple the setting of the phase-gates from the setting of the homodyne detectors and to
ensure that the inputs to the phase-gates are correctly measured, a systematic approach is
needed to treat each of the building blocks separately while incorporating enough redundancy
to check each step of the process. This approach is the subject of the next few sections.

8.1.1 Preparing the Input Squeezed States

The first step in the preparation of bound entanglement is to produce the correct amount
of squeezing and anti-squeezing from each of the individual OPAs. The characterization of
the input squeezed states requires that they be homodyned. The initial squeezing, however,
suffers major losses due to the open phase-gate beam splitters before reaching the homodyne
detectors. As a result the entire experiment must first be modeled and the initial squeezing
and anti-squeezing levels must be inferred from the mixed states that reach the homodyne
detectors. The modeling is performed by assuming the target input state from OPA1 is
given by the covariance matrix

γtarget =

(

4.28 0
0 2.24

)

. (8.1)

The state that would be measured by Charlie’s homodyne detector is given by

γCharlie = ATγtargetA+ C (8.2)
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where

A =

( √
η 0
0

√
η

)

, C =

(

1− η 0
0 1− η

)

, (8.3)

are the matrices representing the loss channel and η specifies the amount of light transmitted
through a single beam splitter. The formula is implemented recursively for each open beam
splitter in the path towards Charlie. For OPA1, the expected covariance matrix at Charlie
is

γOPA1 =

(

1.79 0
0 1.30

)

. (8.4)

The homodyne detector is scanned in order to measure all quadratures. The squeezing
and anti-squeezing values correspond to the maximum and minimum values recorded. Since
the variances are recorded in real-time, the amount of squeezing, anti-squeezing and extra
thermal noise can be adjusted while the data is being recorded. This is performed for each of
the three OPAs and is a rough estimate of the amount of input squeezing and anti-squeezing.

8.1.2 Setting the Phase-Gate Operating Point

Having roughly set the input squeezed states, the next step is to set the phase-gates to their
operating point as given in Table 8.1. The accuracy of the input states can be checked once
again by noting that the quantity

1

2
tr (γ) , (8.5)

represents the overall noise in the quantum state and is therefore invariant to rotations
[CS85]. Another way to understand this invariance is to recall the Hamiltonian for the
quantum harmonic oscillator

H = ~ω

(

n̂ +
1

2

)

= ~ω
(

X̂2
1 + X̂2

2

)

. (8.6)

Equation (8.6) establishes the energetic equivalence between the particle and wave descrip-
tion of light. It also states that the average number of photons, n̄, in a state is equal to
the average quadrature noise. Since rotations in phase-space neither create nor destroy the
number of photons, Equation (8.6) and Equation (8.5) are rotation invariant. The rotational
invariance of the total quantum noise can be utilized to check the inputs to each phase-gate
in the way depicted in Figure 8.2a-b. The outputs of OPA1 and OPA3 are mixed at PHG1,
and locked to an arbitrary relative phase. The output is then homodyned by Charlie and
produces a result depicted in Figure 8.2a. The red curve represents some initial values for
the input states from OPA1 and OPA3. Increasing either of these results in the green curve.
Whereas the average value of the variances was 1.82, it is now 1.93. Therefore, if the input
states to any phase-gate are correct, the average value of the quantum noise at the output of
the phase-gate should match the expected value. Table 8.2 summarizes the average values
of the quantum noise expected from one output of each phase-gate.

Once the input states to each phase-gate have been fine tuned, the angle between the
incident quantum modes can be set by examining the difference between the maximum and
minimum noise variance recorded by the homodyne detector. A pictorial description of the
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Figure 8.1: Exact experimental setup: The experiment is constructed from three optical para-
metric amplifiers, OPAs, a network of beam splitters, homodyne detectors and some extra loss
channels. The OPAs generate the fundamental squeezing resource used to produce the initial en-
tanglement. The network of beam splitters together with piezo mounted mirrors, form phase-gates
which set the relative phase between the quantum noise amongst the different modes. The entire
experiment is controlled using a single-sideband optical RF technique. The data acquisition occurs
using a National Instruments DAQ card and LabView for partial post-processing of the data.

Phase-Gate Homodyne Detector Avg

1 Charlie 183
2 Charlie 2.24
3 Alice 2.03

Table 8.2: Average noise of phase-gates: This table provides the average value of the quadrature
noise of a single mode from a phase-gate output as measured in a homodyne detector. This value
depends only on the input states and can therefore be used to check whether the input states have
been correctly set.
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(a) Increasing the Squeezing
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(b) Increasing the Relative Phase

Figure 8.2: Method for setting the phase-gates: When setting the phase-gates to their operating
point, both the input states to the beam splitter and the relative phase between the quantum noise
can be checked. The abscissa corresponds to the variance of the rotated quadrature for an arbitrary
angle θ and the ordinate the homodyne angle. Figure (a) illustrates the effect of increasing the
amount of squeezing entering the phase-gate for a given phase angle. The entire curve is shifted
to a new average value indicating the overall increase in the level of quantum noise or photon
number. Figure (b) illustrates the effect of changing the relative phase between the input states
for a given amount of squeezed input. The average value remains constant whereas the maximum
and minimum variance change with a changing phase angle.

task is given in Figure 8.3. Each input mode is composed of two parts: a bright coherent part
at the carrier frequency, (shown in red), and squeezed vacuum noise at sideband frequencies
within the linewidth of the OPA, (yellow ellipses). Of interest is the interference of the
quantum noise. As the relative phase between the bright carriers changes, the orientation of
the squeezing ellipses with respect to each other also changes. This is illustrated in Figure 8.3
for two different cases: the carrier fields interfering at 0◦ and at 90◦. In both cases, the
resultant vector of the coherent part of the field is shown in green and the resulting quantum
noise possess a red dashed boarder. The distribution of the quantum noise is a function of
this phase angle and ranges from a thermal state to a “cold squeezed” state. The relative
phase between the quantum noise ellipses is inferred by calculating the expected maximum
and minimum values for the noise variances and changing the relative phase between the
bright carriers until that point is reached.

When setting the phase-gates, the working point must be set to the exact angle returned
from the simulations. The second phase-gate is an example of this point. The inputs to
PHG2 are composed of the output from OPA2 and one of the outputs of PHG1. The target
relative phase between the quantum noise of the input stats is, according to Table 8.1, 32◦.
It is important to note that 32◦ is not equivalent to 328◦. This is especially seen in the
covariances and the cross-variances of the resulting four-mode state. Table 8.3 provides an
example of what occurs when only PHG2 is set to 328◦.

There is no real way to determine if either PHG2 or PHG3 have been set correctly with-
out first constructing the complete state and measuring the covariances and cross-variances
between the different modes. Having constructed a four-mode state and determined whether
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Figure 8.3: Setting the phase-gates: This diagram depicts the physical situation behind locking
phase-gate 1 (PHG1). The input states are composed of a coherent part, shown in red, modulated
by quantum noise shown here by the yellow ellipses. Setting the relative phase between the carriers
to be 0◦ results in the quantum part of the field to interfere at 90◦ whereas when the carriers are
at 90◦ with respect to each other the quantum part of the field to interfere at 0◦. This produces
states which can be distinguished by scanning a homodyne detector and examining the behavior
of the variances of the different quadratures.

Relative Phase Cov(pA, xD) Cov(xB, xD) PPT

32◦ -0.27 1.16 0.0309
328◦ 0.34 0.53 -0.1563

Table 8.3: The relative phases between the quantum states at each phase-gate must be set
exactly. This table illustrates the point using phase-gate 2. The first column corresponds to two
different phases which are mathematically equivalent. The second and third columns show the
cross-variance between Alice’s phase quadrature and Domenica’s amplitude quadrature and the co-
variance between Bob’s amplitude quadrature and Domenica’s amplitude quadrature, respectively.
The fourth column gives the resulting PPTness for the global state. As is clearly seen, simply
changing the second phase-gate to 328◦ results in changing from a PPT entangled state to an NPT
entangled state.

the state is bound entangled or not, one or both of the phase-gates must be changed to a
new position. This can be achieved in the following way. As described in Section 5.2.3,
the phase-gates are locked by tapping off a small percentage of the light from each output
of the beam splitter and detecting it with a photodetector. The DC output from a single
photodetector contains the information as to the relative phase between the bright carrier
fields. This in turn can be interpreted in terms of the relative phase between the quantum
noise of the input fields. Figure 8.4 illustrates a typical record of the DC output from a
single locking photodetector of PHG2. Locking to either the maximum or the minimum
value implies that the bright carriers are parallel/anti-parallel with respect to one another.
Changing the relative phase between the carriers therefore transforms in a change in the
relative phase between the quantum noise. Since the maximum and minimum voltages are
known, the exact voltage needed to attain the desired angle between the carriers can be
calculated from

θ = acos

(

2V − Vmax − Vmin

Vmax − Vmin

)

, (8.7)



8.1 Experimental Procedure 89

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0 π
2

π 3π
2

2π

V
o
lt
s
[m

V
]

Relative Phase [θ]

Figure 8.4: DC voltage from single phase-gate locking photodetector: The ordinate contains
the voltage as read on the oscilloscope and is measured in units of mV. The output voltage is a
function of the maximum and minimum voltage as well as the relative phase between the carriers
entering the phase-gate. The operational point, corresponding to 32◦ has the same voltage as
an angle of 328◦. Both of these points correspond to those that intersect the horizontal line. If
after measuring the global state no bound entanglement is detected, the phase-gate can be shifted
forwards or backwards to the same voltage but representing a different angle.

and set using an oscilloscope as a guide. In the case of PHG2, there are two different points
on either side of the maximum where the angle can be set. If after setting to either one of
the working points it is determined that the state is not bound entangled, than the phase-
gate simply has to be changed to arrive at the second or third operating point using the
oscilloscope as a guide.

8.1.3 Setting the Homodyne Detectors

Having set the input squeezed states and phase-gates to their operating points, the prepara-
tion of the bound entangled state is complete. The last stage in the process is the verification
of the bound entanglement. This requires performing a set of quadrature measurements on
the individual modes of the state in order to measure the full 8× 8 covariance matrix. This
is facilitated by noting that the amount of entanglement is invariant to local unitary trans-
formations. Therefore any orthogonal basis can be selected for each mode when performing
the homodyne detection.

The method for setting the homodyne detectors is similar to that for locking the phase-
gates. The DC signal from a single homodyne photodetector is monitored on an oscilloscope
and produces a picture given in Figure 8.5. The amplitude quadrature is defined to be that
point on the curve where the bright carriers of the signal beam and the strong local oscillator
are parallel. By knowing the maximum and minimum voltage, all other quadratures can be
calculated (Equation (8.7). This is also depicted in Figure 8.5.

A topographically complete set of measurements for the reconstruction of the covariance
matrix requires a total of seven measurement settings, excluding the shot noise measurement,
as outlined in Table 8.4, where the first letter corresponds to the quadrature, i.e. x is the
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Figure 8.5: DC voltage from single homodyne photodetector: Using the DC output from a
single homodynde photodetector enables defining an orthogonal basis for performing the homodyne
detection. In this plot, the ordinate contains the voltage produced by the photodetector and is
measured in units of volts. The three horizontal lines correspond to the three different measurement
settings; namely, the amplitude quadrature (green), a linear combination of amplitude and phase
(blue), and the phase quadrature (purple). Since entanglement is invariant under local unitary
operations, any orthogonal basis could have been chosen.

amplitude quadrature and p is the phase quadrature, and the second letter corresponds to
the respective homodyne detector.

8.1.4 Data Acquisition

Data acquisition and partial real-time data analysis is achieved using an National Instru-
ments data acquisition card and LabView interface to record and process the data. The
data acquisition occurs at two different levels, measuring the raw data from the homodyne
detectors and processing the raw data into statistical moments in real-time to reconstruct
the covariance matrix. Before discussing the data analysis, I now provide some more details
as to the data acquisition itself.

Data Acquisition Pipeline

The entire data acquisition process is composed of three stages and is depicted in Figure 8.6.
The first stage corresponds to photodetection and subtraction of the AC signals from the
homodyne photodetectors. It is important at this stage that the electronic gains of the
photodetectors are equal. This is because the AC subtracted photocurrent serves two pur-
poses: as a signal for locking the homodyne detector to the operating point and as the signal
containing the information regarding the quantum noise.

In the second stage, the AC-subtracted photocurrent is demodulated at a sideband fre-
quency of 6.4MHz. This produces a signal known as the intermediate frequency or IF signal.
The IF signal is than lowpass filtered using a 6th order Bessel filter and sampled at 1M Sam-
p/s. When performing correlation experiments it is important that electronic delays be
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Figure 8.6: Data acquisition pipeline: The data acquisition pipeline begins with basic homo-
dyne detection. The AC signals from the two homodyne photodetectors are externally subtracted
and sent to the demodulation box. The AC subtracted signal is mixed down at 6.4MHz and then
lowpass filtered to removed high frequency components. The resulting IF signal is than sampled
with a National Instruments analog-to-digital conversion card and post-processed using LabView.

reduced as much as possible. All of the inputs to the lowpass filter must be tested in order
to ensure that the phase of each channel is equal. The third stage is the analog-to-digital
conversion which takes place in the National Instruments DAQ card.

Real-time Evaluation of Moments

Once the homodyne signals have been acquired, the data is recorded in two different formats:
as variances and covariances and as raw numbers. The first format can be achieved by first
recording the shot noise level at each homodyne detector and choosing the appropriate
normalization. In this thesis, the shot noise is always normalized to a value of one. After
saving these values, a LabView application calculates the variances of the individual channels
as well as the covariances between the different channels. These values are written to a
text file and passed to a Matlab script which than reconstructs the covariance matrix by
calculating the average of all the recorded variances and covariances. The second formate is
obtained by writing directly to a binary file the voltages measured with the DAQ. This data
is not processed during the acquisition. In total, between two and four million data points
are collected at a sampling rate of one million samples per second.

8.2 Presentation and Analysis of Results

In this last section I present and analyze the results of several experiments performed to
generate a Gaussian quadrature bound entangled state. As I showed in Section 4.1, there
are two conditions that must be satisfied for verification of bound entanglement, 1) that
the state is PPT and 2) that is the state is separable. In addition to these two conditions,
a third condition will be added; namely, that the reconstructed covariance matrix indeed
represents a physical state. This third condition is important because a measured matrix
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Data File Quadratures

dataSetshot Shot Noise
dataSet1 xa xc xb xb
dataSetsub 45 deg
dataSet2 pa pc pb pb
dataSet3 xa pc xb xb
dataSet4 xa xc pb xb
dataSet5 xa xc xb pb
dataSet6 pa xc xb xb

Table 8.4: Measurement Settings: This table presents the measurement settings that are needed
to reconstruct the 8 × 8 covariance matrix. The first letter corresponds to the quadrature being
measure, e.g. x is the amplitude quadrature, and the second letter is the first initial of the homodyne
detector which is measuring. In total seven measurements are required excluding the shot noise
measurement.

which represents an unphysical state indicates that the error-bars on the estimation of the
matrix are large. In what follows, I represent these conditions by the following symbols:

Physical → λ, PPT → ΓTA , Separable → Esep.

In this section, I also present a method for performing the error analysis and dicuss some
features of these experiments.

8.2.1 First Results

The first set of results I present is the 8× 8 covariance matrix obtained from directly mea-
suring the second moments from the homodyne detectors using LabView. The matrix reads

Γ =

























1.5905 0.1034 1.0342 −0.3472 0.3327 −0.0235 −0.5476 −0.4164
0.1034 1.9752 0.2119 −0.8267 −0.3137 −0.1324 0.1041 −0.0507
1.0342 0.2119 1.9359 −0.4295 0.3175 −0.1596 −0.4034 −0.5643

−0.3472 −0.8267 −0.4295 2.8163 −0.1010 0.5862 −0.3493 −0.3483
0.3327 −0.3137 0.3175 −0.1010 1.1656 −0.2195 −0.3070 −0.4764

−0.0235 −0.1324 −0.1596 0.5862 −0.2195 2.4249 −1.0790 0.6791
−0.5476 0.1041 −0.4034 −0.3493 −0.3070 −1.0790 1.9172 −0.5221
−0.4164 −0.0507 −0.5643 −0.3483 −0.4764 0.6791 −0.5221 2.1324

























,

with entanglement properties

λ = 0.0153, ΓTA = 0.0021, Esep = 0.9993. (8.8)

Each entry of the covariance matrix is averaged over 300 realization of the respective moment
where the moments were calculated using 20,000 raw data points directly sampled from the
homodyne detectors and normalized to vacuum noise. All three requirements for bound
entanglement are satisfied by this state.
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8.2.2 Data Binning

The results presented in Section 8.2.1 correspond to a verification of bound entanglement
which was prepared experimentally. However, it is difficult to perform a reasonable statistical
error analysis due to the way the data has been collected and the few raw data points
that are used in the calculation of the second moments. A method to place error bars on
the entanglement properties of the state is to record large amounts of raw data for each
measurement setting and than to “bin” the data into blocks of a finite size and produce
multiple covariance matrices from which the ppt and separability criteria can be calculated.
In order to keep the error bars small, bins of 1 million data points should be used when
calculating the covariance matrix. The results of this method are presented in Table 8.5.
From the entanglement properties alone it is tempting to declare a verification of bound

Bin λ ΓTA Esep

1 -0.0097 0.0109 0.9896
2 -0.0066 0.0186 0.9929
3 -0.0054 0.0227 0.9942
4 -0.0045 0.0156 0.9951

Table 8.5: Data binning results: The entanglement properties of the reconstructed state using
data binning with 1 million raw points in each bin. From the entanglement properties alone it is
tempting to declare a verification of bound entanglement. The fact that each matrix fails the bona
fide condition, however, is an indication that the measurement error-bars are still too large.

entanglement. The state, however, violates the condition for representing a bona fide physical
state. In order to satisfy this condition, one can try to alter the measured covariance matrix
for each bin such that it does satisfy the physicality condition. The way to do this is the
topic of the next section.

8.2.3 Determining Physical Matrices

In the process of reconstructing the covariance matrix from the raw data it may occur that
matrix, Γ, violates the Heisenberg uncertainty relation

Γ + iΩ ≥ 0, (8.9)

where Ω is the symplectic form as defined in Section 3.1.1. One way to solve this problem is
to look for the nearest physical covariance matrix, γ, and use it as the reconstruction of the
measured state. The nearest minimum state is defined as that state which minimizes the
norm between the two matrices. This is a problem in convex semidefinite programming and
can be stated as

min ‖γ − Γ‖2,
subject to γ + iΩ ≥ 0,

γ = γT , (8.10)
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Bin λ ΓTA Esep

1 0.0000 0.0162 1.0000
2 0.0000 0.0221 1.0000
3 0.0000 0.0256 1.0000
4 0.0000 0.0180 1.0000

Table 8.6: Data binning results using 2-norm: When adjusting the measured covariance matrix
to fit the nearest physical state, the entanglement properties change such that all reconstructed
states become separable. The same analysis is performed using the 1-norm and is presented in
Table 8.7.

Bin λ ΓTA Esep

1 0.0009 -0.0646 0.9129
2 0.0012 -0.0700 0.9055
3 0.0014 -0.0683 0.9081
4 0.0014 -0.0700 0.9057

Table 8.7: Data binning results using 1-norm: When adjusting the measured covariance matrix
to fit the nearest physical matrix using the 1-norm the entanglement properties of the state change
such that it becomes NPT entangled. This is the complete opposite conclusion one would draw
when using the 2-norm. The reasons for this are discussed in the text.

where the 2-norm is the Frobenius norm defined by

‖γ − Γ‖2 = tr
(

(γ − Γ)2
)

. (8.11)

The method described in Equation (8.10) was applied to the data set corresponding to
Table 8.5. Repeating the binning method and correcting each resulting covariance matrix
such that the uncertainty relation is statisfied produces the results in Table 8.6. Although all
of the states are now physical, they also are all separable. The choice of the norm influences
the resulting entanglement properties of the reconstructed state. Instead of using the 2-norm
in the minimization, the 1-norm, which is defined by ‖γ − Γ‖1 = tr (|γ − Γ|), could also be
used and produces the results in Table 8.7. This is a significant difference from the results
in Table 8.6. It is an indication that although the state may in fact be bound entangled, the
level of experimental and statistical noise should be further reduced either by taking more
data or seeking to prepare a more robust bound entangled state.

8.3 Summary

In this chapter I have presented first results indicating the experimental demonstration of
bound entanglement. In order to make the verification even more convincing, data should
be collected such that the entanglement properties are independent of the choice of matrix
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norm. The results presented here indicate that the prepared states are close to the boarder
from being NPT entangled, PPT entangled or separable. An experimental procedure was
developed to construct a four party entangled state and is completely general enough to be
used in the preparation of arbitrarily entangled multipartite states. The final chapter of the
thesis contains a general conclusion as well as an outlook for further research.
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9
Conclusion and Outlook

In this concluding chapter I will present some ideas for further research based on the three
experiments performed for this thesis. Beginning with quantum state reconstruction, the
problem of reconstructing a phase-diffused squeezed state was reduced to estimating three
parameters which completely characterized the non-Gaussian Wigner function. This as-
sumed, however, a specific model for the these states. The model of the state may not,
however, always be known. For example, when trying to estimate the density matrix of a
single-mode squeezed state, a truncation of the infinite dimensional Hilbert space is required.
Letting N represent the dimension of the truncated Hilbert space, the first question to be
answered is “how large should N be”. Leonhardt and Munroe [LM96] addressed the issue
of the number of homodyne phases that should be measured for a given truncation. They
also attempted to quantify the error on the reconstructed state when N is not known but
assumed that the state already agrees with the true density matrix. The Bayesian approach
provides a better solution. One way to tackle the problem would be to evaluate the evidence

E(D|M , I) =

∫

L(D|~λ ,M , I)π(~λ|M , I)dλ. (9.1)

In this case, the model M , corresponds to the size of the Hilbert. The evidence, Equa-
tion (9.1), would be evaluated for different truncations, i.e. M1 = N = 2,M2 = N =
3, . . .Mi = N corresponding to different models and would quantify the degree to which the
measured data D could have been generated from a specific model. At some point, the data
will no longer be informative as to the size of the Hilbert space and at that point the trunca-
tion can stop. This would provide a consistent method to estimate not only the parameters
of the density matrix but also determine the size of the Hilbert space commensurate with
the measured data and prior knowledge.

In Chapter 7 I characterized shared bipartite quadrature entanglement in the laboratory
setting. The next steps would be to use these types of channels in actual applications. The
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first step would be to change the wavelength of the laser source to one of the telecommu-
nication wavelengths currently in use. This would enable long distance quantum commu-
nication by sending the states through fiber optic links to spatially separated parties. A
second improvement would be to generate pure, highly squeezed states that can be used for
quadrature entanglement preparation. Figure 2.8a-b in Section 2.4.2 shows that whether
it be transmitting unknown quantum information, i.e. teleportation, or classical informa-
tion, i.e. dense coding, the information carrying capacity of the channel is a function of the
underlying entanglement strength. Since the strength of quadrature entanglement depends
on the strength of the underlying squeezing, strong squeezed states are required in order
to increase the channel capacity of any quantum resource. A third possibility would be to
combine fundamental primitives, such as entanglement distillation [HSD+08] with telepor-
tation [FSB+98, BTB+03a]. Such research would be the beginnings of quantum engineering

and would serve as the foundation for constructing more elaborate large scale quantum
communication networks.

Finally, the preparation of continuous-variable bound entanglement will always require
the generation of a multiparty entangled state. This could serve as the motivation for devel-
oping new techniques for the construction of such states which could also be used for one-way
quantum computing in the form of cluster states [YUvLF08]. From the fundamental per-
spective, there has been much work in the recent years in developing the thermodynamics
of entanglement [HH98, HHH01, MNV09, HOH02, Ved99, PV01]. I discussed in Section 4.3
how entanglement can be uniquely quantified when considering reversible transformations.
Mixed state entanglement was given as an example of an irreversible entanglement trans-
formation and I showed how this can still be quantified by using the von Neumann entropy.
Bound entanglement was seen to be an example of an irreversible entanglement transforma-
tion, since NPT entanglement is required for its preparation but cannot be obtained through
distillation of the bound entangled state. There is an interesting connection between phys-
ical irreversibility and so called “information erasure”. This was first established in the
1960’s when Landauer recognized that irreversible computation implied information erasure
in computing machines [Lan61]. He argued that in erasing information, a minimal amount
of heat is released into the environment equal to

S = kTn ln 2, (9.2)

where n corresponds to the number of bits, T is the temperature of the environment and k
is Boltzmann’s constant.

Using bound entanglement as a test bench, Landauer’s principle could be further explored
in its relation to quantum states. For example, it could be investigated as to whether
information erasure is the reason why bound entangled states retain their inseparability but
lose their distillability properties. Additionally, a generalized notion of protocol efficiency,
similar to that defined for the Carnot heat engine, could also be developed and tested to
determine how well a distillation protocol can work given a certain entangled state or what
the maximal capacity of a channel is for information transfer.

The research program I have just suggested can be conducted using entangled states of
light. It has the potential to open the doors to discovering new forms of entanglement as
well as acquiring a better understanding of those already known.



A
Rules for Experimentalists

In this appendix I discuss some issues that have reappeared repeatedly throughout my time
as a PhD student. I known of no text which covers these typical problems in the life of an
experimentalist and therefore have sought to gather as much as I could into one common
place for the next generation. I hope that these notes can be both useful as well as serve as
a starting point for further investigation.

A.1 Rule 1: Impedance Matching

Impedance matching is an absolute must for anyone who hopes to actually have their elec-
tronics work as expected. It becomes especially important when working with RF signals, or
as Andreas Weidner would say, when working with anything “you cannot hear” [Wei]. For
example, whereas a servo for locking the relative phase between the squeezed beam and the
local oscillator produces AC voltages in the kilohertz regime, the actual detection of squeezed
and entangled states generally speaking occurs at sideband frequencies on the order of MHz.
It is for these frequencies were impedance matching becomes important.

Quickly stated, an impedance is the generalization of a resistance for frequency sensitive
components. There are three types of impedances which are summarized in Table A.1. All
three types may be present in any one circuit or cable and large impedances are not required
in order to have a discernible effect.

Type Z

Resistive R
Capacitive 1

iωC

Inductive iωL
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(a) 1 meter cable
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(b) 3 meter cable
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(c) Very long cable

Figure A.1: Effect of impedance matching: These transferfunctions are suppose to correspond
to a passive bandpass filter at 6.4MHz. Depending on how long the cables connecting the circuit
to some 50Ω input device are determines how bad the transferfunction behaves.

To illustrate the effect of impedances on circuit operation, Figure A.1a-c depicts three
transferfunctions of the same circuit. The circuit is a passive bandpass filter which should
pass frequencies at or around 6.4MHz and suppress all others. In order to measure the
transferfunction, the circuit was attached to a network analyzer which has a 50Ω input
impedance. Figure A.1a illustrates what happens when the connecting cables are 1m long.
The transferfunction looks good. Figure A.1b-c illustrate what happens when the cable
lengths are increased. The transferfunction becomes distorted and finally the circuit no
longer behaves as it should.

The reason why this happens is because the cables have their own finite impedance. The
circuit has its own input and output impedance and the network analyzer as its well defined
input impedance. As long as the entire circuit, cables and network analyzer, are not all set
to 50Ω, nothing with work properly. There are two solutions to this problem. The first is
to measure all input and output impedances and build a passive circuit which performs the
impedance matching. The second, is to use buffer circuits composed of operational amplifiers
to achieve the same result.

The choice is yours....have fun!

A.2 Rule 2: Ground loops

It has often been the case that when trying to measure a DC voltage or when trying to
control the temperature of an OPA crystal, a strange low frequency “oscillation” appears on
the signal. Sometimes this is due to ground loops. Ground loops are the result of a circular
connection of references. Remembering that a voltage is a potential, defined with respect to
some point, having multiple “some point” changes the way that voltages are defined. This
can cause problems in the experimental setup.

In order to avoid ground loops, Andreas Weidner has laid the dogmatic groundwork for
a New Electrical Religion. The following Commandments are from him.

1. Thou shalt create a common low-impedance earth and ground reference
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2. Thou shalt connect accessible metallic device parts to low-impedance earth

3. Thou shalt distribute earth and ground star-shaped to all devices

4. Thou shalt known your internal hardware wiring

5. Thou shalt use predefined designing and wiring recipes

6. Thou shalt categorise and label all cables

7. Thou shalt connect measurement equipment properly

8. Thou shalt think before wiring, and not after it

9. Thou shalt ask for guidance when in doubt

10. Thou shalt be patient

A.3 Rule 3: RF Pickup

Antennas are great if you want to listen to Deutsche Schlager. Building one in the lab is,
however, not such a great idea. And yet this is precisely what will happen if the proper
precautions are not taken. This last section gives a brief overview of some of these issues.

The problem is a follows. Say you need to lock a homodyne detector and decide to do
this by imprinting a phase modulation at 15MHz on one of the beams. After interference
with the strong local oscillator, this phase modulation is converted into an even stronger
amplitude modulation at the same frequency. The photodetector converts this strong am-
plitude modulation into a strong AC signal which gets sent through the cables to the next
device, usually an external subtracter. Herein lies the problem. Depending on what cables
are being used, this 15MHz signal is now going to be broadcasted throughout the lab. Any
equipment which is sensitive to this frequency will detect it and you will probably see it
in some form, somewhere in the experiment. To eliminate this problem, think about the
following before building the experiment:

1. Does my modulation amplitude need to be so large?

2. Are all of my devices properly impedance matched?

3. Can I perform demodulation and low pass filtering all on one circuit board?

4. Are my cables properly insulated?

Spending some time to answer these questions can potentially save weeks of work.
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