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Zusammenfassung

Ein Ziel in der Geometrie war und ist es, minimale Untermannigfaltigkeiten
zu konstruieren. Ein Weg ist die Deformation einer gegebenen Unterman-
nigfaltigkeit entlang ihres mittleren Krmmungsvektors. Dieser so genannte
mittlere Krmmungsfluss ist zwar nicht der einzige mogliche Fluss, um min-
imale Untermannigfaltigkeiten zu erzeugen, aber der beste, da unter diesem
Fluss das Volumen der Mannigfaltigkeit am schnellsten verringert wird.
Auch unter anderen Flssen enstehen minimale Untermannigfaltigkeiten zum
Beispiel unter Donaldsons Fluss. In der vorliegenden Dissertation untersuchen
wir Lagrangesche Untermannigfaltigkeiten unter durch Funktionen des Lan-
grange Winkels definierten Flssen und versuchen so minimale Untermannig-
faltigkeiten zu erzeugen.

Stichwort: Lagrange Untermannigfaltigkeiten, Lagrange-Winkels, Maslov class.
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Abstract

Geometers have been interested in constructing minimal submanifolds for a
long time. One possible way is to deform a given submanifold by its mean cur-
vature vector. The so called mean curvature flow is not the only possible flow
to produce minimal submanifolds but the best one because it represents the
most effective way to decrease the volume of a submanifold. There are many
other possible ways to get minimal submanifolds, Donaldson’s flow [48], for
example. In this thesis, we also try to get minimal submanifold by deforming
Lagrangian submanifolds by functions of their angle.

Keywords: Lagrangian submanifolds, Lagrangian angle, Maslov class.



Contents

1 Introduction ......... ... . .. ... . 1
2 Lagrange submanifolds .............. ... ... .. .. ... . 9
2.1 Examples of Lagrangian submanifolds ...................... 9
2.2 A local property of Lagrangian submanifolds................ 10
2.3 Notations ......... ... e 11
2.4 Geometric identities for Lagrangian submanifolds............ 13
3 Methods and auxiliary material............... .. ... ... ... 17
3.1 Maximum principle . ......... . 17
3.2 Miscellaneous results. . ........ . . i 18

4 Deforming Lagrangian submanifolds by functions of their

ANGLE . 21

4.1 Semilinear involutions. ........... ... ... . i i 22

4.2 The flow equation ....... ... .. .. .. 24

4.3 Evolution equations. .. ... 25
4.3.1 Evolution equations in the euclidean space............ 37

4.4 Evolution of graphs . ....... ... ... i 39

4.5 Selfsimilar solutions. .. ........ ... .. i 53

4.6  Monotonicity formula ...... ... .. o 53
Bibliographie ....... ... .. 55

References . . ... e 57






1

Introduction

A smooth flow on a smooth manifold M is a smooth R-action p: Rx M — M.
By setting p¢(z) := u(t, x), for each t € R, a flow p defines a one-parameter
group (f¢)(ter) of transformations of M. If the diffeomorphism g : M — M
for each ¢t € R preserves some geometric structure given on M, then p is called
a geometric flow.

Deforming submanifolds via various geometric parabolic flows has been a pow-
erful method in differential geometry. In [3], Brakke introduced the motion
of a submanifold moving by its mean curvature in arbitrary codimension and
constructed a generalized varifold solution for all time. This geometric flow is
called mean curvature flow. There are many other geometric flows. For exam-
ple, the harmonic map heat flow is the most famous geometric flow to deform
the maps between Riemannian manifold. It is precisely the gradient flow of
the energy functional of maps.

Geometers have been interested in constructing minimal submanifolds for a
long time. One possible way to produce such submanifolds is to deform a given
submanifold by its mean curvature vector. More precisely, one might evolve
the submanifold by the negative gradient flow of the volume functional. This
gives the well known mean curvature flow equation

(1.1) Uty = H 1),

where F : M x [0,T) — N, T > 0, is a smooth family of immersions of a

given smooth manifold M into some Riemannian manifold (V, g) and ﬁ(x, t)
denotes the mean curvature vector of M at (z,t) € M x {t}, t € [0,T).

(1.1) is a quasi-linear parabolic equation (see for example [13]) and the
parabolic theory implies the mean curvature flow (1.1) has a smooth solu-
tion for short time if the initial submanifold M, has bounded curvature. More
precisely, there exists T > 0 such that (1.1) has a smooth solution in the
time interval [0,T"). If the second fundamental form A on M, := F(M,t) is
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uniformly bounded in ¢ near T, then the solution can be extended smoothly
to [0,T + ¢€) for some € > 0.

However, in general max,y, |A|?> becomes unbounded as ¢t — T In this case
we say that the mean curvature flow blows up at T'; moreover, to classify the
singularities of the mean curvature flow of hypersurfaces, Huisken, according
to the blow-up rate of |A|, introduced the following notion: Suppose M; is a
solution of the mean curvature flow and suppose that T" > oo and

limsup |A]* = cc.
t—T

Then, if there exists a positive constant C' such that

C
sup |[A]? < ——
M?I <7

we say that the mean curvature flow develops a Type-I singularity at T
otherwise the singularity will be called type-II.

In case N = R™™! it has been shown by [27] that solutions of (1.1) form-
ing a Type-I singularity can be homothetically rescaled so that any resulting
limiting submanifold satisfies

(1.2) H=—-F*,

The solutions of (1.2) are called self-similar solutions or more precisely self-
shrinking solutions of the mean curvature flow. Abresch and Langer [1] have
completely classified self-similar curves I' C R? and this result can be applied
to curves I C R™ equally well. Huisken classified all self-shrinking hypersur-
faces in R"*! with H > 0 [28]. In [46], Smoczyk extended this result and
proved that a self-shrinker in arbitrary codimension is a minimal submanifold
of the sphere, if and only if H = 0 and the principal normal is parallel.

(1.1) represents the most effective way to decrease the volume of a submanifold
in the sense that it is the negative gradient flow of the volume functional. For
the classical solution of the mean curvature flow, most work has been done
for hypersurfaces, in particular in euclidean space.

As mentioned above, the motion of surfaces by their mean curvature has been
studied by Brakke [3] from the viewpoint of geometric measure theory. Other
authors investigated the corresponding nonparametric problem (see [10], [17],
[51]). Huisken showed in ([26]) that if the initial hypersurface is compact
and uniformly convex in a complete manifold with bounded geometry then it
converges to a single point under the mean curvature flow in finite time and
the normalized flow (volume is fixed) converges to a sphere of that volume in
infinite (rescaled) time. Another classical result is due to Ecker and Huisken
([11]), where they study hypersurfaces in R"*! that can be represented as
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entire graphs over a flat plane. Their result says that any polynomial growth
rate for the height and the gradient of the initial hypersurface M is preserved
during the evolution and that in case of Lipschitz initial data with linear
growth, the mean curvature flow has a smooth solution for all time.

However, as time evolves, the mean curvature flow may develop singularities
which can be classified as type-I and type-II singularities according to the
blow-up rate of the second fundamental form with respect to time ¢ (cf. [25]).
The existence, uniqueness, and regularity of a weak solution of the mean
curvature flow (the so-called viscosity solution) were studied by Chen-Giga-
Goto [6], Evans and Spruck [14], White [55], and others.

In general, the flow becomes much more complicated, if the codimension in-
creases. This is partially caused by the fact that the normal bundle T+M of
M in N might no longer be intrinsic, as is the case for hypersurfaces.

One interesting example of a nice mean curvature flow in higher codimension
is the Lagrangian mean curvature flow. This is the mean curvature flow under
the extra assumption that the initial submanifold is a Lagrangian submanifold
in a Ké&hler-Einstein manifold. Lagrangian submanifolds are n-dimensional
submanifolds L in 2n-dimensional symplectic manifolds (M,w) such that
w = wrr = 0. There are important in physics and of course in pure and
applied mathematics as well. E.g., if M is a Calabi-Yau 3-fold, then H!(M)
and H?1(M) can be recovered from associated Conformal Field Theories as
eigenspaces of a certain operator. The only difference between the Conformal
Field Theories representations for H(M) and H*!(M) is the sign of their
eigenvalue under a U(1)-action. Since the sign is only a matter of convention,
this led some physicists to conjecture that there should exist a Calabi-Yau
3-fold M with the same Conformal Field Theories but with different signs for
the operators, so that H“'(M) = H*'(M) and the mirror conjecture was
born.

It was shown in [42] by Smoczyk (see also [53]) that the Lagrangian mean
curvature flow preserves the Lagrangian condition in such cases. The flow
becomes interesting for two main reasons. The first is, that the Lagrangian
condition implies that the tangent and normal bundles of M are isometric,
so that again (as in the hypersurface case) the normal bundle can be viewed
intrinsically. The second reason is, that the Lagrangian condition means that
the flow equation (1.1) can be (locally) integrated and the quasi-linear sys-
tem (1.1) will generate a single fully nonlinear parabolic equation of Monge-
Ampere type. In particular, in the regularity theory one gains one degree of
differentiability.

In [42], Smoczyk considered Lagrangian submanifolds generated by symplectic
maps and proved convergence to minimal Lagrangian maps under very natural
and sharp conditions for the Lagrangian angle a. In [43] he gave some crucial
condition based on terms of certain symmetric bilinear forms S in flat ambiant
manifolds. He got then a longtime existence and convergence smoothly to a
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flat Lagrangian submanifold. In [45] Smoczyk and Wang proved that if the
potential function of a Lagrangian torus in 72" is convex, then the flow exists
for all time and converges smoothly to a flat Lagrangian submanifold.

Based on methods from geometric measure theory, Neves proved in [35] that
Lagrangian submanifolds with zero Maslov class do not develop type-I singu-
larities in finite time. K. Groh, M. Schwarz, K. Smoczyk and K. Zehmisch in
[20], used holomorphic disks to describe the formation of singularities in mean
curvature flow of monotone Lagrangian submanifolds in C". In this paper they
showed that the flow preserves the monotonicity of Lagrangian submanifolds
and they gave an elementary proof for non existence of type-I singularities
and gave an extension result of Neves in his paper [35].

Kai Cieliebak and Edward Goldstein in [9] proved a simple relation between
the mean curvature form, symplectic area, and the Maslov class of a La-
grangian immersion L in a Kéhler-Einstein manifold (M, w) whose Ricci cur-
vature is a multiple of the metric by a real number A. This relation is the
following :

(1.3) Ao(F) — mu(F) = H(OF)

where F' : X — M is a smooth map from a compact oriented surface X to
M whose (possibly empty) boundary OF := F(9X) is contained in L, pu(F) is
the Maslov class, w(F) := [,, F*w and H is the mean curvature form of L. As
an immediate consequence, minimal Lagrangian immersions are monotone in
Kahler-Einstein manifolds with positive scalar curvature. The same relation
(1.3) was given in [32] by Morvan for C™ and in [2] by Arsie for Calabi-Yau
manifolds.

There are many other flows related directly or indirectly to mean curvature
flow. In [7], Jingyi Chen and Jiayu Li consider compact symplectic surfaces
moving by mean curvature flow in a Kahler-Einstein surface. They show that
symplectic surfaces remain symplectic along the flow and that the flow does
not develop any type-I singularities. J. Chen, J. Li and G. Tian in [8] showed
that the flow has longtime existence in the graphical case and converges to
a minimal surface. Yian Song and Ben Weinkove in their paper [48] prove
some basic properties of Donaldson’s flow of surfaces in a hyperKahler 4-
manifold. They show that if the initial submanifold is symplectic with respect
to one Kahler form and Lagrangian with respect to another, then certain
kinds of singularities cannot form, and a convergence result follows under
some condition.

In [52], Mu-Tao Wang considers the evolution of the graph of a smooth map
f:021,9) = 025, h)in )y x>, by mean curvature flow where (>, g) and
(-5, h) are compact Riemannian manifolds of constant curvature k; and ks
respectively. He showed that if k; > ko and det(g;; + (f*h);;) < 2, then the
mean curvature flow of the graph of f remains a graph and exists for all time.
Moreover if in addition k1 + ko > 0, the mean curvature flow of the graph of
f converges to a graph of a constant map at infinity.
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Bernstein’s classical result says if the graph of a function f : R? — R is min-
imal, then f is linear. In their paper [54], Tsui, Mao-Pei and Wang Mu-Tao
ask the following question : If X, the graph of f : R™ — R™ is minimal,
what additional conditions on f force X' to be planar? In codimension 1-case
(m = 1), it is well known that Bernstein’s result extends to n < 7 without
additional hypothesis on f. Without restrictions on n, it also holds under cer-
tain growth conditions on f (e.g., |df| bounded; see [12]). In case n = m, with
the additional requirement that )’ be Lagrangian with respect to the stan-
dard symplectic form w = >"7 | dz’ Ady® on R?™. This condition implies that
f = VF for some F : R" — R. They show that, if A\; < K and \A; > —1,
where )\; are the eigenvalues of D?F', any special Lagrangian graph is planar.
K. Smoczyk, G. Wang, and Y. L. Xin, also worked on Bernstein type theo-
rems and they proved Bernstein type theorems for minimal n-submanifolds in
R™*P with flat normal bundle. Their results are natural generalizations of the
corresponding results of Schoen-Simon-Yau and Ecker-Huisken for minimal
hypersurfaces (see [12] and [37]).

There are many possible ways to get minimal submanifolds. We can get it by
mean curvature flow, or Donaldson’s flow [48], and other flows. In this thesis,
we also try to get minimal Lagrangian submanifolds by deforming Lagrangian
submanifolds by functions of their Lagrangian angle. There exist examples of
similar situations in the literature. For example many people try to deform
hypersurfaces by functions of their mean curvature. We can cite for example
the work of Felix Schulze where he considers submanifolds deformed by a
power of their mean curvature (cf. [38], [39] and references therein).

A special example is the inverse mean curvature flow which was used by
Huisken and Ilmanen to settle the Riemannian Penrose conjecture and which
has also been studied by many other authors([4], [15], [16], [18], [19], [22], [23],
[24], [33], [34], [47], [49]).

In this thesis, we are interested in Lagrangian immersions L in Kéahler-Einstein
manifolds (M, g,J) evolving by functions of their Lagrangian angle. More
precisely, let

Fo:L—-M

be a Lagrangian immersion from a manifold L into M. We consider a one-
parameter family of immersions F; : L — M which evolves by :

(1.4) % = JVf
F(-,0) = Fy,

where f : R — R is a function (at least C') of the Lagrangian angle a, V f
denotes the gradient of f considered as a function on L w.r.t. the Levi-Civita
connection V and J is the complex structure on TM. In order to consider
functions of the angle, we must assume that there exists a globally defined
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Lagrangian angle. Usually there exists only a locally defined Lagrangian angle,
i.e. a function o with da = H giving the mean curvature 1-form H = g(J, H).
« exists globally, iff H is exact which is equivalent to a trivial first Maslov class
my = [H]/m. In particular, this condition is satisfied for Lagrangian graphs
over R" in C™.

In case f(a) = a we obtain the usual Lagrangian mean curvature flow. In this
thesis we will consider a special class F, 4  of functions f for which we will
prove short-time resp. long-time existence results and in the case of graphs in
euclidean space we will be able to describe the limit behavior of L; := F(L,t)
as t approaches the maximal time of existence T'.

In general, for the mean curvature flow (1.1), one cannot expect longtime
existence results without extra assumptions on the initial submanifold. In
[42], Smoczyk considered Lagrangian submanifolds generated by symplectic
maps and proved convergence to minimal Lagrangian maps under very natural
and sharp conditions for the Lagrangian angle «. In our flow, we will prove
that the flow will stay parabolic as long as the solution exists and we will give
another sufficient condition for longtime existence that entirely differs from
those conditions above but is similar to the conditions used in [43].

The organization of this thesis is as follows : In chapter 2, I summarize the
most relevant facts and geometric equations for Lagrangian submanifolds in
particular of Lagrangian submanifolds in K&hler-Einstein manifolds. I give
some examples of Lagrangian submanifolds and reprove some well-known re-
sults for Lagrangian submanifolds like the full symmetry of the second fun-
damental form, the Gauss formula, Gauss equation, Codazzi equation, Ricci
equation. I will also introduce and explain my notation in that chapter.

In chapter 3 I recall some basic methods from the theory of partial differential
equations, like the maximum principle for tensors and for functions, etc. that
are essential for the proofs of my theorems.

In chapter 4, I will discuss the main results of my thesis which are about
the deformation of Lagrangian submanifolds in Kahler-Einstein manifolds by
appropriate functions of their Lagrangian angle. Whereas some results are
more general, most of my work focuses on the flow in R?" or more generally
in flat spaces. After stating my main theorem (Theorem 4.2) T will first derive
the most relevant evolution equations for various geometric quantities, like
the metric, volume form, second fundamental and mean curvature form and
in particular the Lagrangian angle. After this I will show that the flow can
be integrated to some underlying parabolic equation of Monge-Ampere type.
Using the maximum principle for tensors I will derive the necessary a-priori
estimates in C? in space and C' in time. Based on methods due to Krylov
and Safonov I will then show a-priori estimates in space and time of the
type (C%%, C1%). Finally, a Harnack inequality can be applied to a suitable
function of the Lagrangian angle to obtain convergence of the solution to a flat
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graph. The thesis ends with some remarks concerning a monotonicity formula
for this flow.






2

Lagrange submanifolds

In symplectic geometry there is a distinguished class of immersions, known
as Lagrangian submanifolds. These are n-dimensional submanifolds L in 2n-
dimensional symplectic manifolds (M, @) such that w :=wyp = 0.
The most prominent examples of symplectic manifolds are K&hler manifolds
(M, J,q), where

w(V,W) =g(JV,W)
is the symplectic 2-form (Ké&hler form) induced by the Kéhler metric g and
the complex structure J.
Let L be a compact manifold and let Fy : L — M be a smooth Lagrangian
immersion into a Kéhler-Einstein manifold M.

The mean curvature foim H of Lagrangian submanifolds in Kéhler manifolds
(M, J,q) is related to H through

H(V)=o(H,V).

If (M, J,g) is Kéhler-Einstein, then H is closed and any locally defined func-
tion a with

(2.1) do=H

is called a Lagrangian angle.

2.1 Examples of Lagrangian submanifolds

In this section we will give some standard examples of Lagrangian submani-
folds and we will also recall some of their alternative descriptions.

1) Curves in 2-dimensional manifolds. This is the easiest examples of all.
Any curve in 2-dimensional manifold is Lagrangian since a 2-form restricted
to a 1-dimensional manifold must vanish.
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2) Graphs of symplectomorphisms. Assume that (M7, w), (M, ws) are
two symplectic manifolds. A smooth map f : My — Mo is called symplectic
if f*wy = wy. A symplectomorphism is a symplectic diffeomorphism. Now
consider the symplectic manifold (M,w), where M = M; x My and w =
w1 ® —wsq. A diffeomorphism f : My — M, generates a graph in M namely

I'y :={(z, f(z)) :x € M.}

Then we can easily check that Iy is a Lagrangian immersion in (M,w) if
and only f: (Mi,w;) — (Msy,ws) is a symplectomorphism.

3) Cotangent bundles. Let N be a differentiable manifold. The cotangent
bundle of N is given by

T*N = {linear mapsf : T,N — R,g € N.}

If (¢%,...,q") are local coordinates on U C N, then for a fixed ¢ € U
a 1-form p;dg’ on T,N is defined by (pi,...,ps). This implies that local
coordinates for an element [ € T*N are given by (q',...,q¢", p1,...,Pn).
| = pdgq = p;dq’ is called Liouville form. Now define a 1-form 6 on M =
T*N by

0(X) = (7. X),

where X € T;(T*N) and 7, : TT*N — TN is the derivative of the natural
projection. @ := df (see [44]) is a well defined symplectic form on T*N.
Locally we have @ = dp A dq. If n € 2*(N) is a smooth 1-form on N, then
1 defines a graph in T*N by sending p € N to (p,n(p)) € T*N. This graph
is Lagrangian in (T*N,®) if and only if 7 is closed.

2.2 A local property of Lagrangian submanifolds

Given two symplectic manifolds (M, 1) and (Ms, £25), does there exist a dif-
feomorphism ¢ : M7 — My such that ¢*f2 = 21?7 Such a diffeomorphism is
called a symplectomorphism (see above). The classification problem is still un-
solved. However, a local classification is achieved by Darboux theorem which
asserts that locally, all symplectic manifolds look alike. More precisely, we
have the following

Theorem 2.1 (Darboux) For any point x in the symplectic manifold (M, w)
there exists an open neighborhood U of x and a local chart ¢ : U — R?™ with
w(x) =0 and p*ws = w|y, where ws is the standard symplectic structure on
R2",

Now consider R" C C" = R" @ iR"™ and assume that we are given n different
height functions u1,...,u, on an open domain 2 C R”, i.e.
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u; : 2 —R
are smooth functions. The graph of (uq,...,u,) is given by
r,:= {(ml,...,x",ul,...,un) cChzen}.

It can be easily seen that I3, is Lagrangian in C™ if and only if the 1-form
u;dz’ on £2 is closed. Thus if {2 is simply connected we can find a potential u
such that u; = 38;@ . Since every submanifold can locally be written as a graph,
then by the theorem of Darboux 2.1, Lagrangian submanifolds can locally be
written as gradient graphs over their tangent planes. Thus the Lagrangian
condition can be understood as an integrability condition for the n height
functions. This fact is very useful in the analysis of Lagrangian submanifolds,
in particular we will exploit this in the analysis of the flows we consider in
this thesis.

2.3 Notations

In this section we explain some of our notation. To begin, assume that
(M,g,J,w) is the Kihler manifold with compatible complex structure .J and
the Kahler form @. Local coordinates on M will be denoted by (yA)A:L___gn
whereas local coordinates for a Lagrangian submanifold L will be denoted by
(mi)izlw,n. Moreover, we use the Einstein convention to sum over repeated
indices, the sum is taken from 1 to 2n for Latin capital indices and from 1
to n for Latin small letter indices and that an underlined small letter denotes
the application of the complex structure J, e.g.

_ -0 9 0 0
Rapep = R<8y‘4’ OyB’ 0yC’ 5'yD)'

= — —A
We will denote V the Levi-Civita connection on M, by I'g. his Christoffel
symbols, Rap the Ricci curvature, gap the metric, w4p the Kéhler form on
M, and we will set

0
04 i = —
A 8y’4
and 9
— —C
FAB = FAB@yT
Now, let -
F:L—-M

a Lagrangian immersion. We will set
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. OF
i 8;&“
Vi = JF,“
0’F
OxtOxI

By definition we have :
Ly := F(L) is Lagrangian = ©* := F*® = 0.

Then, this implies that v; is normal vector for each i = 1,--- , n. In the sequel
we will often rise and lower indices w.r.t. the metric tensor ¢*, g;; = g(F;, F;),
for example hkij = gklhy;;.

We will also denote V the connection on the vector bundle F*(TM) over L.

The second fundamental tensor on L will be defined as :
hijr = g(vi, Vo, Fy)
and the mean curvature form is given by
H; = g" hi.
We will also introduce
Aijit := hijnh"y,

agl = Aiikl = thnkh

bk:l = Aki i = hkijhijl.
We have

VaiFj = (vaiFj)T + (VaiFj)J_

and we will set

Vo, Fj = (Vo,F;)" =T} F,

and T means the tangential part of the submanifold and L means the normal
part of the submanifold.
VT is a connection on the tangent bundle of the submanifold, and setting

Vv = (Vo,v;)*

we define a connection V1 on the normal bundle NL of the submanifold.

The curvature on the vector bundle F*(TM) over L will be denoted R, the
one of tangent bundle of the submanifold will be denoted R", and the one of
normal bundle of the submanifold will be denoted R*.

We will also denote

Rijri = RiTjkz =g (R"(0;,0;)F, Fy)
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and
_ pk
Rij = Ry,

Rijri = —g (R(8;,0;)Fy, F) = —F/'FP FCFPRapcnp.

We also write
ViRjkim = FiAFJBFEF}DF,EvAEBCDEa

Rijry := —g (R(8;,0;) Fy, JFy)
Eij = FiAFjBRAB.

2.4 Geometric identities for Lagrangian submanifolds

In this section we list some identities for Lagrangian submanifolds, in partic-
ular for Lagrangian submanifolds in K&hler-Einstein manifolds.

We have the well-known following equations:

Proposition 2.1.

Full symmetry of the second fundamental tensor :

(2.2) hiji = hjik = hjri

Gauss formula :

(2.3) hijpvn = Fyj — TjiFo+ FFPT ap |
Gauss equation :

(2.4) R;;kl = Rijir + Ainjt — Aijis
Codazzi equation :

(2.5) Vihji — Vjihig = Rijgi
Traced Codazzi equation :
(2.6) ViH; —ViHy, = Ry ,

Ricci equation :

(27) RJ'(ai,aj)Vk = (R(é)i,f)j)z/k)L — (Als AN A;)(Vk)
= RijSkVS'
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For the convenience of the reader we will include some proofs here.
Proof:
hiji =g (vi, Vo, Fr) .
Now Vo, Fy, := Fj + FAFPT ap = Vo, Fj.
So,
hijk = hik;-
Also
hiji := g(vi, Vo, Fi) = =g(Vo,vi, Fi) = =g (Vo, JF;, Fr) .
From V.J = 0, we get
hijk = =g (JVo,F, Fi) = § (Vo,Fi, JFy) = § (Vo, Fi, vk) = hiji.
We get then the full symmetry of the second fundamental form.
We have V;Fy, := Vo, Fy — I} F, = (Vaij)l = hjVn.
Now, Vo, Fy, := Fji + FJAFETAB. We get then the Gauss formula.
To prove Gauss and Codazzi equations, we compute
R(&i,aj)Fk = VaiVQij - V3j Vale - V[aivaj]Fk
= Vy, Vo, I, — Vg,V F.

But
ijFk = (Vaij)T + (Vaij)L = VgJFk + hj‘k”s-

Then,
VoV, Fr = Vo,(V, Fi + hfvs)
= V5. Vo Fi+ (Vo Vo Fi) " + (Vo,(hve) | + Vg, (h5vs)
= V5. Vo, Fi+ (Vo (I F)) " + (Vo,(h5w:) T + Vg, (h5)vs)
= V5, Vo, Fi + (Vo (IfFo) " + (Vo, (5vs)) T + 0i(h5y)vs
+h§kV$‘il/s.

Now,
Va,vs = Vg, JF,
= (Vo,JF)".
From VJ = 0, we get
Vi vs = (JVg, Fy)"
= JV4 Fy
= J(I{{Fn)
(2.8) = Iy,

28
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So
VoV, Fr = V3,V Fi + (Vo (I Fo) ™ + (Vo, (B5vs)) T + 0i(h3y)vs
= V3.V5,Fi + 9™ (Vo (L5 Fs), vm) 1
+9"™' G (Vo, (h3vs), Fi) Fi + Vil )vs + T hvs + THEhS v
= VgngFk + gmleskhismVl - gmlh;khismFl
+Vl-(h§k)1/s + F{;‘hfnkz/s + F{ghjmus
= V5, Vo, Fi+ Ljphi,vs — highi Fy
+Vz-(hjk)ys + I Vs + L hlp vs.
So,
R(0;,0;)F, = R (9;,0;)Fy,
+(highys — hphis) Fm + Vi(hjp)vs — Vi(hig)vs

Taking the scalar product of the right and left hand of this latter equation
with Fj, we get the Gauss equation. And making scalar product of the right
and left hand of this latter equation with v, we get Codazzi equation.
To prove the traced Codazzi equation, we use the Codazzi equation and we
get :

G (Vihjrr — Vihi) = " Rijur -
That gives

ViHj - V]‘Hi = gklﬁijkl.

Now by Kihler identity (Rapcp = Rapcp) we have gklﬁiml = %Rijgc. We

J— C p— J—
now use the well-known identity RABQ = 2R p and we get gklRijEl = R;;
and then we obtain the result. B

To prove the Ricci equation, we compute
Vo.Voue = Vo, ((vaj ve) T+ vgjyk)

= Vo,(=h3,Fs+ V)
= =V, (B5F) = (Vo, (B3 F)) " + (Vo, Vi) + Vi, Vo, v
= —0i(h5))Fs — TV h5 Fr — (Vo, (5, F)) "

+(Vo,Va,ve)" + V5,V vk

=Vibk Fs — Iy Fs — i hG, Fs

_gmlg (V8L (h;sz), Vm) Vl

+9™G (Vo,(Ijvs), Fn) Fi + V5,V vk

—hhi = Tl Fi 4+ V5, Vi v
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So,
R(ai, 8j)l/k = Vaiv(aj Vi — Vaj Vail/k - V[ai,aj]l/k
= Vaiv(’)j Vi — Vaj Vail/k
= R™(0:,0;)vi — (Vihy — Vi) Fy
_(hj'khlis - hfkhés)l/l
Then

RM(0;,0;)vk = (R(9;,0;)vi) ™ + (hiyhiy — hiphl ).

q.e.d.
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Methods and auxiliary material

3.1 Maximum principle

The maximum principle has proved to be a powerful tool in partial differen-
tial equations. In particular, the maximum principle of parabolic systems for
tensors developed by R. Hamilton ([21]) plays an important role in the study
of geometric evolution equations. The theorem is the following :

Let u* be a vector field and let 9ij, M;; and N;; be symmetric tensors on a
compact manifold M which may depend on time ¢ and g;; is the metric ten-
sor on M. Assume that N;; = p(M;;, gi;) is a polynomial in M;; formed by
contracting products of M;; with itself using the metric. Furthermore, let this
polynomial satisfy a null-eigenvector condition, i.e. for any null-eigenvector X
of M;; we have N;;X*X7 > 0. Then we have

Theorem 3.1 (Hamilton) Suppose that on 0 < t < T the evolution equa-
tion

0

ot
holds, where N;; = p(M,;,g:;) satisfies the null-eigenvector condition above.
If My; >0 att =0, then it remains so on 0 <t <T.

Mij = AMij + ukaMij + Nij

We will also repeatedly use the strong and weak parabolic and elliptic maxi-
mum principle for functions on compact manifolds. In the non-compact case
the following maximum principle for the mean curvature flow has been proved
by Ecker and Huisken

Theorem 3.2 (Ecker-Huisken) Suppose the function f : M x [0,T) — R
satisfies the inequality

(jt - A) f < 9(a, V)
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for some a which is uniformly bounded on M x [0,t1] for some t; > 0, then

sup f < sup f
My

Mo

for all t € [0,t1].

The proof of this theorem is based on the monotonicity formula for mean
curvature flow [11].

3.2 Miscellaneous results

The following theorem is well-known:
Theorem 3.3 There are no minimal closed submanifolds in R™.

There is a very simple proof of this, namely

Proof: Let F': L™ — R™ be an immersion and L closed. We have A|F|? =
ViV,|F?| = V{(2(F;,F)) = 2(H,F) + 2n, where H is the mean curvature
vector and (-,-) is the euclidean metric. So if L is minimal (H = 0), we get
A|F]? = 2n and we obtain a contradiction by the strong elliptic maximum
principle. q.e.d.

In [42], Smoczyk proved the following longtime existence and convergence
result for the Lagrangian mean curvature flow in K&hler-Einstein manifold
of nonpositive scalar curvature. We will later use the same technique in the
proof of this theorem to prove a similar result for our flow which will be very
useful to prove our main theorem 4.2.

Proposition 3.1. Let L be a compact manifold and Fy : L — M be a smooth
Lagrangian immersion into a Kdhler-FEinstein manifold (M, J,q) that is either
compact or complete with bounded curvature quantities. Further assume that
[0,T),0 < T < oo is the mazimal time interval on which the Lagrangian mean
curvature flow admits a smooth solution. Then the following is true:

(a) Assume there exists a constant Cy < oo such that

mLaX|A|2 < Co, ¥Vt €[0,T),

where |A|? is the squared norm of the second fundamental tensor A. Then for
any m > 0 there ezists a constant C,, < oo depending on m, Lo, M such that

mLaX|VmA|2 < Cp,Vte[0,T).

(b) If T < oo, then
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lim sup max | A|? = co.
t—T Ly

(¢) If in addition to (a) the initial mean curvature form of Lo is exact, the
ambient Kdhler-FEinstein manifold has non-positive Ricci curvature and the
induced Riemannian metrics F;g on L are all uniformly equivalent, then T' =

oo and the Lagrangian submanifolds Ly converge smoothly and exponentially
to a smooth compact minimal Lagrangian immersion L., C M.






4

Deforming Lagrangian submanifolds by
functions of their angle

Let -
Fo:L— M

be a Lagrangian immersion from a n-dimensional manifold L into a Kéhler-
Einstein manifold (M, g, J) with metric g and complex structure J and sup-

pose that the first Maslov class my = [H]/7 = 0, where H = g(J-, ﬁ) denotes

A4
the mean curvature 1-form on Lo and H is the mean curvature vector field

along Lg. From the Codazzi equation we obtain that the mean curvature form
is closed if Ly is a Lagrangian submanifold in a Kéhler-Einstein manifold and
if m; = 0, we get a globally defined function « (unique up to adding a con-
stant) with daw = H. « is called the Lagrangian angle of Ly. We are looking
for a one-parameter family of immersions F; : L — M which evolves by :

dF
(4.1) AL
F(,O) = F07

where we assume that my(t) = Z[H(-,¢)] = 0 which means that H(-,t) =
da(-,t) for every t where the solution of (4.1) exists. The normalization of
a; = a(,t)is ap = a and f : R — R is a function (at least C*) of the
Lagrangian angle o; and V f denotes the gradient of f considered as a function
on L w.r.t. the Levi-Civita connection V.

(4.1) is equivalent to

(4.2) % = {'H = f' tz(VdF)
F('a 0) = Iy )

where the last term is the trace of the second fundamental form A = VdF.



22 4 Deforming Lagrangian submanifolds by functions of their angle

Before we will be able to formulate our main theorems, we need to discuss a
special class of endomorphisms on R2" that will be essential in the analysis
of the flow in the case of graphs.

4.1 Semilinear involutions

In this section we will (like in [43]) consider a class € of endomorphisms on
R?" that satisfy certain conditions. We will say S € End(R?") belongs to ¢,
if the following is true:

(4.3) SJ=-JS,
(4.4) §'=3,
(4.5) S =1d.

Here J € End(R?") denotes the standard complex structure on R?". Hence
S € € are the self-adjoint, semi-linear involutions of R?" = C".

Example 4.1. The standard example for a tensor S € € is complex conju-
gation

SV:=V, VeR™=C".

Lemma 4.2. The complex structure J operates on € by

S—S =85J.

Moreover . L
SS =J=-8 S
Proof:
(S22 =575 = -5 J*=-J*=1d,
S J=S8JJ=-JSJ=-JS
and * t *
(S)Y =8N =JS =-JS=8]=58

Moreover,

55 =5'7=1
proves the last statement. q.e.d.

Lemma 4.3. Let S € € be as above. Suppose

F:L—R™
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is a Lagrangian immersion and define
SeEnd(TL), SV:=(SV) , VVeTL,

SN
S* € End(TL), S*V := (s v) , VYVeTL,

where W denotes the orthogonal projection of W € R?™ onto the tangent
space of L. Then

(4.6) [S,5"] =0,
(4.7) S% 4 (S*)? =1d.
Proof: Suppose p € L is a fixed point on a Lagrangian immersion in R?". We

choose an orthonormal basis {e1,...,e,} € T,L. We set vy, := Jey, € TpLL (by
the Lagrangian condition). Then for any vector V' € T,,L we have

SV = SV —(Sv)t
S EV — Z<§V, Vk>l/k
k=1
= SV +) (JSV,ex )i
k=1
(4.3)

1
= ?V —J <Z<S*‘/, 6k>€k>
k=1
= SV -—J (Zw*v, ek>ek)
k=1
(4.8) = SV - J(5*V)
From (4.8) we obtain
5SSV = (S sv)T
= (S5 -5 g5 V)T
= (=JV =828 V)"
= (Ss V)T
= 55"V

and
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S2V = (SSvV) T
=(SV-8J5*V)T
=(V-55V)T"
=V —(5%)*V.

Hence
[S,8*]=0 and S*+(S*)*=1d.

4.2 The flow equation

In the sequel we will consider a special class f}hb’e of functions f .

Definition 4.4. Suppose f : (a,b) — R is a smooth function on some open
interval (a,b) C Rfmd let 1 > ¢ > \/ﬁ be fized where n is the dimension
of L. We will say f belongs to F e, if the following holds:

(4.9) "(a) >0, Vace((a,b),
(4.10) (@) < —f'(a), Vacl(ab),

(4.11) LPa)+ FlaVT=@ 20, Vae(ab),

Example 4.5. As example, we can give

1.
fla):=ln(a) with «€ (a,b):= (22 1- 62,1) .

€

fla):=—Ae “+ B, where A,B are constants and A>0.

The next thg)rem states that there is short-time existence of smooth solutions
of %F = f'H with f = foa with f satisfying (4.9), if the initial Maslov class
is trivial and the angle « lies in the interval (a,b).

Theorem 4.1 Let Ly C M be a compact Lagrangian immersion and suppose
Lg has trivial Maslov class so that there is a globally defined Lagrangian angle
oo on L. Let f be a function that satisfies (4.9) on (a,b) and suppose ap(p) €
(a,b) for all p € Ly Then the evolution equation (4.1) with f = f o a has a
unique smooth solution Ly for a short time (0,T), T > 0 and L, is Lagrangian.
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Proof: We observe that as long as f := f’ o« is positive, (4.1) is a quasi-
linear parabolic system. Then the statement follows from the standard theory
of parabolic equations. Since Ly is Lagrangian and JV f is the Hamiltonian
vector field of the function f, the flow is indeed a Hamiltonian deformation of
the initial Lagrangian immersion and it is well known that this preserves the
Lagrangian condition. q.e.d.

Later we will see that (4.1) actually becomes uniformly parabolic in euclidean
space, if f satisfies (4.9) , a € (a,b) and L is compact. More precisely, from
the evolution equation for the Lagrangian angle (4.21) in Lemma 4.12 and
from the maximum principle we can see that, if

a(0,z) € [a, I~)] C (a,b),

then for every t > 0, we have also a(t,z) € [@,b] and thus f/ = f o a stays
uniformly bounded from above and below by some positive constants.

In general we do not expect longtime existence and in fact we may easily
construct counterexamples but under some additional assumptions we will
later derive longtime existence and convergence results for these flows, i.e. we
will prove the following main theorem:

Theorem 4.2 Let Fy: L — Rf" be a compact Lagrangian submanifold in R?"
such that its universal cover L is R™ immersed as a Lagrangian graph into
R?" and such that the Lagrangian angle « lies in the interval (a,b). Suppose

n

there exists an € € (W, 1) and a tensor S € € as in Section 4.1 with
S(V,V) :=E;S(V,V) > €|V |? YV € TL C R*™ V #0.

Then for any f € Fap,e the flow %F = f’ﬁ with f' := f o has the following
properties:

a) All induced metrics g := F;(<,>) are uniformly equivalent to the initial
metric gg.

b) The flow has a longtime existence (T = o) and the Lagrangian submani-
folds converge smoothly to a flat Lagrangian submanifold.

4.3 Evolution equations

To start a more detailed analysis of (4.1) we will now derive several evolution
equations for geometrically reasonable quantities, like the induced metric,
volume form and second fundamental form.

Lemma 4.6. The induced metrics g;; satisfies the evolution equations
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0

(412) &glj = —2f/aij.

Proof: We use normal coordinate system at a fixed point F(p) € M to compute

0 a ,_
591 = 3 (9(Fi, Fy))

_ (0 B 0
=g (&Fqu) +9 (Fi, atFj) .

Now let us compute %Fi. We have :

0 0 0
al ' o
0
— 8xi(f’lexl)

=Vo,(f'H'v) — f/FAHWPT Ap
=V (fH'v) + (Vo,(f'H'w))" — f'FAH'VPT 4
= V(' HYvi + g" (Vo,(f H'v), Fs) Fy, — f'FAH UPT a5
= f'ViH'vi + f"H;H'vy — g°" f'H' (1), Vo, Fs) Fyy — f'FAH'VPT 45
= f'ViH'vi+ f"H:H'vy — f'H'hyy " Fr = ['FAH'WPT ap
(4.13) = f'NGH vy + f"HH'vy — f'a;°Fs — f'FAHWPT 4.
Then in a double normal coordinate system at a fixed point (p, F(p)) € Lx M,
we have

7]
51 = FViH'vi+ [T HH'v — f'a;" F.
So we get
0
agij = —2f'a;;.

q.e.d.

Lemma 4.7. The second fundamental form satisfies the evolution equation

0

ahmk = —f’aishjks + f”HijH,; + f/kajHi

+fO H H H; + 'V Hj H;
+f//VkHiHj — ’a‘;h;m — f/HSEyké.

Proof: We use normal coordinate system at a fixed point F(p) € M to compute
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0 0
&hijk &Q(Vuvag Fy)
0
= Q(E%V%Fk) +g(vi, atV%Fk)

Then, in a double normal coordinate system at a fixed point (p, F(p)) € Lx M,
we have

) ) -
avﬁﬂc = a(ij + FFPT ap)
) _
= o B+ FFAFPH UEOcT ap.
From (4.13), we compute
) o 9
—Fjj=——=F,
ot oI Ot
= %( f'ViH'"v + f"H;H'v; — f'a,°Fy — f'FAH'WPT Ap)

= f"H;V;H'v, + f(V;V;H' — I, V;H* + TNV H' )y,

+f/ (=hy*ViH'Fy = Vi H'F v T ac + IV H'v)
+fOHH,H' v + 'V ;HH'v + f'T5HH'y,
+f'NH Hyvy — f'TL H;H*vy — f"h° HiH'F,
—f"F{vP HiH'T ap + f' T3 HiH'v, — f"Hja;* F,
—f(Vjai + I)tas, — Iya)Fs — flalFs — f"H;FAH'vPT ap
—J(FAHNE + APV

s s -B s\
—FMPHT), — oS FAFP — FAFS P H' T o + HEAvETS) T ap
7f/FiAFJCHll/lBacfAB.

So,
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%Fij = (f"H,;VH'+ f'V;V;H'
+f'TEVLH + (O HHH
+f'ViHH + f'ISHH + 'V ;H Hy)u,
~(f'h;*ViH' + f"h*HH' + f"Hja*
+f(Viai + I ay, — Ipai") Fy
—f'alFjs — f"H;FH'WPT ap — f"H;F H'vPT ap
—f'ViH'F/'vPT 4
—f(F{HWE + FfrvPv;H!
—FAVPHTY, — 3 FAFP — FAFCUPH' T + HF VP T Tan

J
—fFAFCH'WPOcT ap.

And then in double normal coordinate system at a fixed point (p, F(p)) €
LxM

0
5P = ( fTH;VH + 'V, VH + fO HHH
+f'V;HH + f'N;H'H; — f'aih; v
7(f/hjlsviHl + f//hleHiHl
+f"Hja;® + f'V;ai)Fs
—f'FAFSH'WPOCT 4.

From (4.13) we derive:

9,_9
)
9
_&(

9
_&(

d
= ach‘&FcFiBaA +JH(f'VH'WE + f"H,H'vP

JF;
JSFZ.B(‘)A)

JéFiB)aA

—fla*FB — f'FPHWET Y )0

= F(VeJi + JAT o — JETA  HWEFBO, — 'V HF,
—f"HH'F, — f'a;*vs — f'TJ§FPH'WETE 04

= —f'HWFBJET cp — f'V;H'F,
_f/leHval _ f/aiSVs.
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Then in a double normal coordinate system at a fixed point (p, F(p)) € L x M,
we have

%Vi _ _f/VZHval _ f”HzHlE _ f/aisys
Then :
O ik = —Fa hos + [ HW Hi + /90 H,
ot ijk — i 1jks kVjilg kVjilq

+f®H.HH; + f'V.H;H;
+f"VeHiHj — f'aShs — f'FEPH v §(vi, 0pT a0 — 0cT pa).

Now in normal coordinates, we have

Ol ac —0cT pa = 08V 9,00 — 0cV o, 04
= vanaA Oc — ﬁacﬁaB Oa
=V9,V0:04 — VoV, 0a
— R(95,0c)0

—=D
=R 4pc0p.

q.e.d.

Lemma 4.8. The mean curvature form satisfies the evolution equation

0

R
5i 1 = Vi(f'd H) + f'o-Hy + V(£ | HI?)

where R is the scalar curvature of M and dtH := V' H;.

Proof: From lemma 4.7 we obtain :
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0 9 ik,
aHj - a(g hz]k)

is . mk

= —g°g %gsmhi]’k + g% (= f'a;*hjrs + [ H,V ; H;
+f'ViViH; + fO HyHiH; + f'V e HiH;
+f"'ViHiHj — f'a5hye; — ['H® Ryjs)

= f'a™hijk — flafHs + f"H'V; H;
+f'ViV,H' + fO H;| H?
+f"H'V;H; + f'H;d'H — f'HR,;

s
(4.16) " hiji — flaHy + f"H'V;H;
+fVVH 4 fHOR + O H | H?
+f"H'V H; + f"Hyd H - f'H°R,)
= f'a™hijk — f'a Hy + f"H'V; H;

+f'Vd H + f'H*Ry; + f© Hj|H|?
+f"H'V H; + f'Hyd H = [ HR,)',.

S

But, by the first Bianchi identity, we obtain

—_— 1 — 1 — 1

—Rij s =R 5 + Rig;
SO

T

—Rij s = Ryji +Rig; -

— i = i = i = C —
2Ry;; = Ry + Ry = Ryje = 2Ry,
So o B o
_Rg'js:RSj—i_Risj'

) —
From Gauss equation, we also have R,; = as; — bsj + R sij- So
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0

&Hj = flaikhijk) + f’(—a‘; + R; +R, j VH

+f'V(d"H) + fRy; H* + fO H;|H|?

+f"H'NH; + f"H'V;H; + f"H;d'H
= f'a"*hiji — fOH + f'V;(d H)

+f' Ry H® + [ H;|H|?

+f"H'VH; + f"H'V;H; + f"H;d'H
= f'V;(d"H)

+f R H* + fO H;|H|?

+2f"H'V,;H; + f"H;d"H,

where we used in the last equality the Kéhler-Einstein condition and (2.6)
which give

(4.14) ViH; =V, H,.
So since (M, J,g) is Kihler-Einstein, we get :

0 R
S = PV AH) + f - Hy o+ f [ HP

(4.15) +2f"H'V,H; + f"H;d"H

4.14 R
L) o H V(T H ).

q.e.d.

Lemma 4.9. The norm of the mean curvature vector satisfies the evolution
equation

%|H|2 = f/A|H)? = 2f \VH|? + 2V H;H; — 2f' R H;H;
+f’§|H|2 +2f | H* + 4f"H'HV,H; + 2f"|H|*d" H.
n

Proof: From (4.15), we derive:
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0 2 _ ﬁ JIT.
AP = 5 H) B

R
(2f'a* Hy + f'V;(dVH) + f'5 - H + £ Hy [ HI?
+2f"H'V,;H; + f"H;d"H)H’

(4.12)

: R
+H! (f'V(dH) + f'5 - Hj + O Hj | H?
+2f"H'V,;H; + f"H;d H)
= 2f'a*H;Hy +2f H'V,;(d"H) + f’5|H|2
n
+2f O H* +4f"H HIV,H; + 2f"|H|*d"H.
We have also
AH> = VvV, H?
= V"V, (H'H;)
= VMH;ViH + H'VH;)
= 2|VH|? +2HIV*VH,
UL 9|V H P + 2HIVRY, H),
UL 9|V H2 + 2HIV,; VR H), + 2RY,,* H, H
= 2|VH]>+2H'V;(d'H) + 2R} H,H.
So

—187

) y
a|H|2 = fAIH)? = 2f|VH]* + 2f'VH;H; — 2f'R " H;H;

R o
+f’E|H|2 +2f | H* + 4f"H HV,H; + 2f"|H*d'H

Lemma 4.10. |A|? satisfies

)
§|A|2 = f/A|A|2 - 2.]U|Vf4|2 + 2f/|bis‘2 + 2f/|Aiujs - Aijus|2
—2f"0R’ ., — 2f' WP H Ryjis
21 WINVR 2 DRV Ry

—4f'AY R+ 6f"aV H + 2f®a HH;.

ij

Proof: First we get

q.e.d.
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O a2 = 9 ik,
0

9 g
— pidk L p 2 pigk
P g hidn i gl

0 0 o
— ijk ¥ . L mi jn ks
h athz]k + hz]k ot (g g g hmns)
= (=f'a;°hjks + f"HLV,;H; + 'V V,;H;
+fO HLH;H; + f'V H;H;
+f"ViHiHj — f'ajhgsi — ' H Ryjis)h*
+2f a™ by + 2f 0" hif + 2 f " B g

P -
gyt 0

Then, if we take into account the evolution equation for h;;, we obtain

B
&|A|2 = (—f'a;°hjks + f"H,V;H; + f'V,V;H;
+fO H HH; + [V H, H,
+f'ViHHj — f'aShisi — f'H*Ryjis)h'7*
+ (21 a™ ik + 2f a7 Bl 4+ 2 aF BT ) hiji
+(=f'a;*hjks + ["HLV;H; + f'ViV;H;
+f®H.HH,; + f'V . H;H;
+ [V HiH; — f'alhis; — f'H*Rijis)h7"
= —2f'a"bis + 6f"aV;H; + 2f'h7*V, V,; H;
+2f(3)ainiHj — 2f’ajsbjs — 2f/hiijsR£jk§
+2fa"bis + 2 a?bjs + 2f a5 by
=2f'a"bis + 6f"aV;H; + 2f'h*V, Vv, H;
+2f 3 HHy — 2f' h7% H*Ryjis.
Also
AA? = VOV (R R )
= V*(2h"*V hyj1)
= 2|VA|? + 2h9*V*V hijk
(25

2 9|V AR + 20195V, i — 2095V Ry

Now setting h = hypidz® ® dz¥ ® dat, we have
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VVihijt — Vi Vshije = V2h(0s, 0 (0i, 05, 0k) — V2h(Orm, 0s) (i, 0, O
= {R(0s,Om)h} (0:, 05, Ok)
= {R(9s, O) (hupida" @ dz’ @ dz')} (8;,0;, O)
= hyot {R(Ds, O (dz* ® da” ® da*)} (8;, 0, Ok)
= huvt { R(0s, Oy )da" @ dz¥ @ da'} (9;,0;, 0)
+huvdz® @ {R(0s, Op)dz’ @ dz'} (0;,0;, Ok)
+hyprdz” @ dz¥ @ {R(Ds, Oy )dx' } (9;,0;,0k)
= huwt (R dr” @ dz¥ @ da’
+R,0 drt @ dz @ dat
+ Ry dz® @ dz¥ @ dz™) (85, 0, Ok)
(4.16) = hujk Romi® + Piuk Ry i + hiju R

smi smj smk *

So, we get
AA? = 2|VA]?+ 2095V, Vohp, + 207 % by, RS,
F20 7 b R+ 207 b R — 209V Ry,
@2 9|V A2 + 2078,V H,
_thjkviESjSE + ZbZR,»u
+ARTF R R ™ — 2h9RV Ry
Then we obtain
%|A\2 = ['AJAP = 2f VAP +2f ab;s
+6f"a"V jH; +2f @ a H;H; — 2f h9* H R
+2f' W, — 2f b R
—Af' W R R+ 2f BIFV Ry

Now from Gauss equation (2.4), we have

Riu = Qo — bzu + ES

su)’

so we have
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d —

S AP = FAIAR = 2f [VAP + 2 |bisf* — 2f V"R,
+6"a" N  Hy + 2f P a HiH; — 2f h7* H*Ryj1.s
+2f/hijkvi§3jbk _ 4f/AijsuRsiju + Zf/hijkvsﬁsijﬁ

D PAJAR = 2f [VAP + 2f |bia|? — 2F VR,
+6/"atV  H; +2f P at HiH; — 2 h9* H* Ryjs
P2 RPN RS — Af AV AR Af AT A
—A4f'AY R+ 2f RV Ry,

= FAJAPR = 2f'|VAP? + 2f |bis|? — 2f VR,
+6f"a" IV H; + 2fPa HH; — 2f' " H* Ryjp.s
+2f’h"'jkviﬁsjsb + 2| Ajujs — Aijus|?

—4f’AijsuR o+ 2f’hijkvsﬁsij‘ﬁ.

)

su

Lemma 4.11.

%dTH = /A H) +4fa" "V, H; +2f"H'V,;(d"H)

—|—f”2£|H|2 + f’QEdTH + fWIH +2fO|H?d H

n n

+2f(3)H’LvZ|H|2 4 f/lA|H‘2 + f//(d’I'H)Q 4 2fl/HlHia/il
7f//|H|4 o 2f/HsHl§i

sil*
Proof:

o ..
= gf — (YT H.
ol H gt 9" ViHi)

. 3 ;)
UL o paii Hy + g9 = Vil;.
Now

0 k

So in normal coordinates at a fixed point P € L, we have
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0 0 0 0

—V:H, = —_—H,——I"H
g Vil oriot ot Wk
d 9
H;— —TItH
Vi ot b
(415)

Vi(f'V;(dH) +f H + SO ;| HP?
+2f"H*V H; + f”deT H)

1 0 0 0
—§gkl (vi(atgjl) + Vj(agil) - Vl(atgij)> Hy,

= VATV H) + o H 4 O P
+2f"H"V, H; + f"H;d H)
+H' (Vi(f'aj) + Vi(f'an) — Vl(f’aij))

= f'H,V;(d"H) + f'V;V, (dTH)+f”—HH +f v H;

+fWIHPHH; + fO|H PV, H;
+fOH; Vi H? + 2f® HHYY  H, + 2"V HV  H;
+2f"H*"V, V. H; + fOd'HHH; + f"d'HV,H;
+f"H;Vi(d H) + f"H'Hyaj + f"H' Hjay — f'|H|*a;,
+f H'V ;a5 + f'H'V jay — f'H'V,a;.
Then

%dTH CLY p A (dTH) + 2TV H; + 2 H IV (dTH)

+f”—|H|2 + 15 dTH+f(4)|H\4+2f(3 |H|2d'H
+2f(3 szZ‘H|2 +f”A|H|2 +f//(dT ) _’_Qf//Hleail
7f”|H|4 =+ Qf/HlViau - lelvl|H|2
f’A(dT H)+4f'a" V‘Hj +2f"H'V,(d"H)
|H|2 + 15 dTH + fOIH* + 2O H2dtH
+2f(3)HLVZ‘H|2 _’_f//A|H|2+fII(dT ) +2f//Hleail
_f//|H|4 _ Qf/HsHlEisib
where the last equality comes from
2f H'V'iay = 2f' H'V'(H*hgy)
= 2f'H'heyVIH® + 2f' H' H*V'hy
D 90 VI H® + 2f HH'V H, + 2f H*H'R'
= 2fa,VIH® + f'H*V,|H? - 2f' HH'R'

sil®
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This completes the proof of the lemma. q.e.d.

4.3.1 Evolution equations in the euclidean space

In this section and in the sequel, the ambient Ké&hler-Einstein manifold is
(R J, (-,-)) where (-,-) is the euclidean metric and J := i is the usual com-
plex structure on R?*. Now the above evolution equations simplify and we
obtain:

Lemma 4.12. For the flow %F = f’ﬁ we have the following evolution equa-
tions in R2":
0

(417) ag” = —Qf'al-j,

0
ahijk = —f'a;°hjps + f"H,V H; + f'ViV,;H;

+fSHHH; + f'V, H;H;
(4.18) +f"ViHiHj — f'ajhgsi,

)
a|A|2 = f'A|AP = 2f' VAP 4 2 |bss|?
+2f| Aiujs — Aijus|® +6f"a"V ;H;

(4.19) +2f3 6" H, H;,
)
(4.20) i = V(f'dTH) + V(" |H?),
(4.21) %a = f'Na+ f'IVal?,
)
(4.22)  odp=—f'|H|dp,
§|H|2 = f'AH? = 2f'|VH|* +2f'67 H;H; + 2@ |H|*
(4.23) +Af"H'HINV, Hy + 2f"|H|[*d"H,
%d* H = f'Ad H)+4f'aV,H; +2f"H'V,;(d'H)
+fDH* 4+ 2fO | H)2dTH
Jr2]:(3)]-7[z‘vi|H—|2 + f”A|H‘2 + f”(dTH)z
(4.24) +2f"H' Hiay — f"|H|*.

Proof: These equations follow from those obtained in the last section for the
more general situation. For (4.21) we note that this is a consequence of (4.20)
because H; = V;a. (4.22) is a consequence of (4.17). g.e.d.
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Now let S € ¥ be one of the tensors described in Section 4.1. We will also
denote by S the (0,2) tensor on L defined by S;; :=< S(F}), F; >. We get

Sij = SABFiAFjB,
where Sap :=< S(04),0p > .

Lemma 4.13. S and S* are symmetric operators, i.e

(4.25) S, = S
and
(1.26) 55, = S5,

Proof: From (4.4) and (4.5) we get

Then, we have

*

? (Fl),FJ> and
we will get S7; = S7;. g-e.d.

Using the lemma 4.2, we do the same thing for S7; := <

Lemma 4.14. F*S = Sijdxi ® da? holds

%siz = f'ASy; + f"HH'S;; + f'H;H'Sf; — ['R;'S);

— 'R} Sii + 21 B by S

Proof: Setting
. 0
FA .= —F4
ot

we get
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0 _ . . .
5% = VeSapFCFAF] + SapViFAF] + SapV,;FPF
= SapVi(f'H'vFP + SapV;(f HVP)F}
= f"H;SapH'V{'F} + f'V;H'SApv{'F
+f"HjSapH'WEFA + f'V;H' SapvP F
—f H'Sap(hy"FFP + by P FPFY)
= f"H;H'S}; + f'V;H'S); + f"H;H'S];
+f'VH'SS — [0Sk — fla S

We also have

ASij = V*V(SapF/FP)
= V¥(hy!Sapvi* FP + hl SapvP F}Y)
= V! Sapv FE + V*h | SapvP FA
—hil Sap(h/ " FAFP — bl

+hjleAB(hikalBV;:‘L — WM EEFR)

= VH'S}; + V;H'Sj; — b, Sy
—b;"Si — 20" h ™ Siom,

39

where we used in the last equation (2.5) and the vanishing of the curvature

in R2" and the lemma 4.13.
‘We obtain then the result.

Defining function s := gijSZ-j we get from the lemma 4.14 and from (4.17):

Lemma 4.15. The function s satisfies the evolution equation

9 . .y
&8 = fIAS —+ 4f’b”Sij —|— 2f”HlHjS;»kj.

4.4 Evolution of graphs

q.e.d.

Now in this section, we are interested in Lagrangian graphs in C™ evolving
by functions of its Lagrangian angle. We will consider graphs for which S :=
F*S > €(-,-) for some € € (0,1) and for some tensor S as in Section 4.1. Since

S” = Id, then the eigenvalues of S are either 1 or —1. If X is a eigenvector
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of S such that S(X) = X, then JX is also eigenvector of S because by the
condition (4.3) we have S(JX) = —JS(X) = —JX. So, 1 and —1 are exactly
the two eigenvalues of S and J maps the eigenspace belonging to 1 to that
belonging to —1. Consequently we can split R?" into the orthogonal direct
sum

R*" = F & D,

where E is the linear hull of all eigenvectors e belonging to 1 and D := JF is
the linear hull of eigenvectors d belonging to —1.

Now let L C RQZ be a compact Lagrangian submanifold in R?” such that its
universal cover L is R” immersed as a Lagrangian graph into R?". Let

F:R" — R*

F(x) = 2'e; + 0V w;d;

be this Lagrangian immersion and where uy,...,u, : R” — R are functions
and ey, ..., ey, is a orthonormal frame spanning E and d; := Je;.

The tangent vectors F; := gfi are given by

(4.27) F,=¢e;+ (5klukid1

where uy; 1= gg,i.

The Lagrangian condition (JFj, F;) = 0 implies that u;; —u;; = 0. This means
that the 1-form on R, 3 := w;dz® is closed. Since H*(R"™) = 0 then  must
be exact. So there exist a function u : R™ — R such that 8 = du which means
u; = g;ﬁ- for any ¢ = 1,...,n and on all R".

Here the Lagrangian angle « exists for every time as long as the solution of
(4.1) exists and they are given by either

a= —arctcm(%),

or by

= t —_
a=arc an(a)

depending on whether
a:= Im(det(ékl +iuk))

or
b := Re(det(dg1 + iug))

is nonzero.
Indeed a and b cannot both be zero because the induced metric

gij = <Fi,Fj> = 5ij +5kluikujl = I—|—A2 = (I+ZA)(I — ’LA)
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where I the identity matrix and A = (u;;); ;.
So det(g;;) = det(I+ia)det(I—iA) = det(I+iA)det(I +iA) = (b+ia)(b+ ia).
Then

det(gij) = a* +b*

and must not vanish.
As in [43] we transform the flow (4.1) into a parabolic equation for u, because

%F =JVf=fH"vy = fH™(dpn — 6Pume,)

implies the equations

dzxt

(4.28) T fTH™8
and

(4.29) 5P d;‘t” = 'l
But

duy _ Ouy  ~dat
a ot Plat

and since H™ = V™q, then (4.29) and (4.28) implies

0% " y .
P 51007 F0Pup VT ad wim, = f'V7a.
x
Now
9ij = (Fi, Fj)
(4.30) = i + " ugu
0 52
e = 167 (gym — ) V" = f' Ve
or
Ou 159p vl Avii
D0 — [10PVypa + f'VIa = f'V,
or
0%u ,
W - f Vja =0.

Then we obtain the following parabolic equation for u :
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ou
(4.31) Plu] := 5 = 0
with dae = H. We now compute
OPlu]  Of
8’U,ij - 8’&1‘]‘ '

Now H;, = gijhijk = gijuijk and

0 of Ouy; of

"H, = % f— i y

f k 8xkf 8uij al‘k 8uijujk
So B%jf = f'g% then

' OPlu)

8uij

f'g"

which means that Plu] is always parabolic. We also have

*Plu] _ 0f'g¥
8uij8ukl o 8ukl
ij is magsm
= g7 - flgtgm

Ouy
(4.30) 1 i ij ! 1S jm(Sspq ksl pq ksl
=" f"9"g" — 19" g™ (6" upsdy 6y, + 0P ugm by )
f//gklgij _ f/(gisgjl +gilgjs)6pkups

where the second equality comes from o

oo =" 8?5“ and —8?:; = g*! because
g = Hi = gMupi and g = i Gt = g
Setting ¢ := v v;y,, then for any symmetric tensor v;; we have
agp[u} ij( £
ViU = ¢ Y T
auz’jaukl 17 Vkl (f gm f 2])
— ng(f//gij + f/Sl*J)
f//
L
= e (S;; + 7917')»
where the second equality comes from S;; = —2u;;. Indeed we have
" _
Since
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g(d“dj) = 751']’7
§(€Z‘, dj) = g(dl, 6]') = 0,
then from (4.27), we get

Sij L= g(Fi,Fj)

(4.32) = 05 — Mugeuj
and B
Sij = _2uij~
Now the operator P[u] is called concave if
0? P[u]
v <0
8uij8ukl ViUl

Lemma 4.16. The operator Plu] = %% — f is concave.

Proof: Since the tensor ¢ is positive defined, so we only have to prove that
the tensor M;; := S;‘j + ]}—,gij holds M;; < 0. From (4.7), we have

My < (1+ %)gij-

So with f € ‘7:"@7;,,6, M;; <0 and we get the result. q.e.d.

Lemma 4.17. Assume there exist € > 0 and S € € such that
Mij = Sij — €G;5 > 0
holds on a compact L at t = 0. Then this is also true for t € [0,T).

Proof: From evolution equation of S;; and of the metric, we obtain :

0

aMij = f,AMij + f/b?Snj + QEf/aij
+f/b?Sm - f/a:'lsnj - f/a?Sni

+2f 1™ by S + fHH Sy + fHHE S5

Setting
Nij L= f/b?Sn] -+ 2€f,aij
+f/b_;lSnz - f/a?Snj - f/a'?Sni
21 1y S + fHHE S + fHHE S5,
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To get the proof, we need to use the theorem 3.1. So we must show that
N;;ViVi >0 for any null eigenvector V of M;; := S;; — €gi;, that occurs for
the first time ¢ at the point P.

Since MijVi = 0 then SijVi = €Vj. So, we get :

NiVIVI = 2e b VIV + 2f b, ™ byl S VIV + 2f HiH* S5 VIV
But
bijViVj = hiklhjleiVj = ‘Vlh”kp Z %(t?“CLC@(Vvihijk))2 = %((H, V>)2
Now, by lemma 4.13, S and S* are symmetric operators, then we can diago-
nalize them. Since by (4.6), S and S* commute, we can choose orthonormal
vectors (e1, ..., e,) for T, L, such that S;; and S;; become diagonal. We also

choose e; = V then Vi = §}. We will denote \;,i = 1,--- ,n the eigenvalues
of Si; and Af,i = 1,---,n the one of S;. So, choosing, A; the smallest one,
we get

21 B b S VIV = 2 W W S = 2 DT R A = 2[R P A

> op gt > 2y = 2 vy

/
n
So :

N, Vivi > ff’(< H,V >)? +2f" H,H S}, ViV,

Now 2f"H; H*S;,VIVI = 2f" A\ (H1)*(V')? = 2f"X{((H,V))?. So
_— 4
NVIVI = (— '+ 2 "N ((H, V).

But by lemma 4.3, we have (A\1)? + (A\})? = 1, then f\; > —|f"|\/1— A2 =
—|f"1V/1=€2. So

NGVIVI > (2 pr ol pr /T @) (H, V)2,

€
n

So for f:= foa with f € Fa,be We have %f’ —2|f"|v/1—¢€? > 0 and then
N, ViVi >0 g.e.d.
Then

Lemma 4.18. Assume that t = 0 we have F{S(V,V) > €|V|> VV € TL,V #
0. Then we have uniform C?-estimates in space directions for (4.31).

Proof: Since S;; := S(F;, F}) = §;; — 6" u;puy; (see (4.32)), then from lemma
4.17, we get the result. q.e.d.

Consequently, we have
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Lemma 4.19. Assume that t = 0 we have F{S(V,V) > €|]V|? VV € TL,V #
0. Then the metrics are uniformly equivalent.

Proof: g;j := (5ij+6kluikulj and from lemma 4.18, we get the result. q.e.d.

Lemma 4.20. Let g;; be the following, to g;; conformally equivalent metric
gij = f,gu

If r is the real function that satisfies ' = (f')%, then r o« (again denoted by
) satisfies the evolution equation

= Ar,
where A is the Laplace-Beltrami operator w.r.t. the metric §.
Proof: For a general smooth function h we have
~ -2
(4.33) Ah = f'Ah — "T F"(Va, Vh),

where V denotes the gradient w.r.t. g. To see this we compute the Christoffel
symbols of g;;

- 1_,,,. . ~
Fi’; = §gkl(gil,j + g1 — gijJ)
e f// v, v, <
R ARDY T 9" (Vi + Ve = g:;Vi)
. "
k f k f k f k
(434) _FU 2f’H6 2f/H6 2f/ UH

so that
Ah = G (hij — The)

= f'g"9(hij — T}, Shie + fo, HaijVia+ guVia — gi;Via)hy)

2 1 (Va, V) .

Then we compute
7 o= r'd
= 7'(f'Aa+ f"|Val?)
fIA’I" + (T_/f// I //)‘VQ‘Z

(4 33) A + . f”(Va Vr) + (r If”—f/TH)|VCV‘2

= Ar—i—(ﬁr

5 /f// / I/)|va|2

= Ar,
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since g7/ f" — f'r’" = 0. q.e.d.
Now, let r be a solution of this differential equation :

v ()
r(0) = 0.

We can see that r must be positive because it is increasing function and
r(0) = 0. And by lemma 4.20, r is a positive solution of a heat equation.
We now have the following Harnack inequality for a positive solution of heat
equation, proved by Huai-Dong Cao in [5] :

Theorem 4.3 (Huai-Dong Cao) Let M be a compact manifold of dimen-
sion n and let g;;(t), 0 < t < oo, be a family of Riemannian metrics on M
with the following properties :

(4.35) C19i5(0) < gij(t) < Cagij(0),
(4.36) 1295 1) < Cyg1y0),
(437) RiJ‘(t) Z —Kgm(()),

where Cy,Co, C3, and K are positive constants independent of t. Let /\; denote
the Laplace operator of the metric g;;(t). If ¢(x,t) is a positive solution for
the equation

9
ot
on M x [0,00), then for any a > 1, we have

(ZL’, t) = Atd)(xv t)

2

Supeend(x,t1) < infoend(a,12) (Z) eXP(mCSdQ
K
+(% + CoCh(n + A))(ta — 1))

where d is the diameter of M measured by the metric g;;(0), A = sup||VZ31logd||
and 0 < t1 < ty < 00.

Now we want to apply this Harnack inequality theorem of Cao to r, a positive
solution of heat equation, such that

M= ()
r(0) =0
(see lemma 4.20.) Here the metric is §;; := %gij. From 4.21, « is uniformly

bounded and since f’' := f’(«) is smooth, then % is uniformly bounded too.
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Now by lemma 4.19, the metric §;;(¢) is uniformly equivalent. So the first
assumption of the theorem, i.e (4.35), is satisfied. To check the second as-
sumption, we have to compute %gij. We have

0 _ 0,1
70 = 5(?%)
" o« 10
S et et

(4.21) o " 2
- (f/)g (f La + f |Va| )glJ f/
_ (J{) (f'trace(VH) + f"|H|?)gs; — 2a;.

We now need to prove that the second form fundamental (h;;); ; is bounded
and all its covariant derivatives. To get this, we utilize the C?*-estimate in
space and the C1:-estimate in time for nonlinear parabolic equations (4.31)
by Krylov [30] or [31] (see Section 5.5 in this paper) to get C°°-estimates for u.
To apply it, we need the uniform C?-estimate in space for u and the uniform
Cl-estimate in time for u and the concavity of the operator (4.31).

So, assume that t = 0 we have F3S(V,V) > €|V|?> VV € TL,V # 0. Then
lemma 4.18 gives the uniform C2-estimate in space for u. We also have C!-
estimates in time for u because by maximum principle « is uniformly bounded.
Now by lemma 4.16, the operator P[u] is concave. So with C?%-estimate in
space and the C'1*“-estimate in time for nonlinear parabolic equations (4.31),
standard Schauder estimates give C°°-estimates both in space and time for
u. In particular the full norm of the second fundamental form is uniformly
bounded because h;;i, = ui;i and all its covariant derivatives are bounded as
well. This implies that H, VH and a;; are uniformly bounded. Indeed, from

( 2f' aij)

\hiji — c(Higsr) + Hjgri + Higi|> > 0

we obtain, choosing ¢ = the inequality

n+2’

2
P <

—— AP

So this gives a uniform bound for H. We also know that |[VH|? < ¢(n)|VA|?
where ¢(n) is a constant dependent only of n = dim L. And this gives a uniform
bound of [VH|. Now about a;;, we have |a;;|* = b H'HI = Y"1 | 3;(H")?
where we write b;; = diag(51, 2, ,Bn) in a base of eigenvectors ((b;;);,; is
indeed symmetric matrix then we can diagonalize it). Now (b;;); ; is positive
defined because for every vector field V', we have bijViVj = hiklhjleiVj =
|Vihijk|*> > 0. That means all 3; are positive. So |a;;|* < Y0, Bi|H]* =
trace((b;;))|H|* = |A]?|H|* and then |a;;| is also uniformly bounded. Then,
we get a uniform bound for % §ij- Since the metrics g;; are uniformly bounded,
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the second assumption, i.e (4.36), is also satisfied.

To get the last assumption (4.37), we need to compute ]:Zij where Rijkl is the
curvature operator of the metric g;;. We have

R(0;,0;)0 Vo,Va,0r — Vo,Vo,0
= Vo, (ffka ) = Vo, (I75:05)
= 0i(I75,)0s + I Va,05 — 0;(I5,)0s — I3,V o,0s
(4.38) = 0i(I75,)0s — 0;(I3)0s + I3, I 0y — T 120,
(4.34) s o il
= 8i(ij)88 —0;(I3)0s — O; <2f’ > Ok
f/’ f// s
—0; <2f’Hk> 8j + 0; <2f/gij O,
f// f// 1
+6 (Qf/ >8k+8 <2f/Hk)6 8 <2f/glkH5)8
5 fl/ f// s f/l " fl/ m
+ ( Jjk = 2f’H 6k 2f/ k(S Qf/ngH (Fzs - ijHiés
fl/ m J('//
2f/H 6 + Tﬂgzs )am
f// f// "
— < isk 2f’H 5k Tf/Hk(SS =+ 2f/ngHS> (FJTZ — TfVH 6m
f/l m f// m
Qf/Hs(SJ 2f,ngH )Om.-

So,
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R(8:,07)0k = 0i(I3,)0s — 0;(I3)0s + I T O — T I} O

But (91 (F;’k)ﬁ

_v, (f// ) B f// I g g, - (f// ) 8

o oy i o

1 i o (L) s Lo
L i, Lo+, ()
+2f;F”H O+, (5;, k) i+ ;;, I35, H,0;
s ( éf]:,m) d, — g}llrg 0, — Qf;, 7 gim HEO,
TP QN
PP SN < S
+i{u);Hijai i{//))zgzkH H™D,, g}llrjyﬂka
+i{f);HZHka +i{ )) H, Hy, ({J://))Qg”Hkaa

}l,r;;l G H* O i{ ))2 G HiH™ O, ({;,))2 gyl HI20;
+i{f))2 G HH™ D, + ff I3.H;0, + kaH 0
f;,rgc G5 H™ Oy + J;/,F]’ZHa ({;,)) HiH, 0y
i{//);Hinaﬁ ({H))ngkH H™0,, + f}l,Fnga
_i{f); HiHid: - ((f')) M0y ({}/;g”H’“Hma
ffH ;{;;2 0, B

— 0;(I33,)0s + T 10y — I3 Ife0m = R(9;,0;)0% (compare

with the proof of (4 38).)
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- f// f//
R(aﬂaj)a]@ = R(az, aj)ak <2f, > O — <2f/ ) aj

+gjkV1— <2ff’ )3 +V (fo/ )8k+V <2ff/Hk> 0;

" (f")? (f")?
—gikV; <2f, )85+4( S H;Hy0; — (f)HHka

f?
11\2 7\2
+ ({ zzgijiHmam — ((f/))QngH H’”a

(" sy
Fagrpo PO = g HI:

Now,

Rj = §"Riu
= f/gilRijlk
= f’g”g( (95,030, 01
_ fl 1l f/ (R(aﬂaj)ak,al>
=g'g(R ( (ai7aj)ak78l) .

So, we get

B = =5 (351 = Vs ()
+gﬂ’cvl(éff' )W (éff )*"V'(gf' )

% G ()
9, (gprte) et et
T ()2 ()2

sy = g e+ g ol HE

S0
f//

= Rjr+ (n—2)V, <2f/H ) +(n—2)mﬂjflk

(4.89 + (v (Lom) - -0 LR ) g

+

So, we obtain

11\ 2
Ry = Ry + (n — 2)V; V() + (n - 2>Af{},))2Hij

+(Am(f)E = (0 =29 I(F) ) gy
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Now, by Gauss equation Rj; = ajr — b, the Ricci tensor Rjj, is uniformly
bounded because the tensors a;i and bj, are uniformly bounded. Indeed we
have already prove that the tensor ajj is uniformly bounded. To see that the
tensor bjy is uniformly bounded we know that trace(b;;) = |A|? and since the
tensor b;; is positive defined, then |b;;|* < n|A|%.

Now, since VH, H are uniformly bounded, then from (4.39), the tensor Rjk
is uniformly bounded. Since the metrics g;, are uniformly equivalent, the last
assumption, i.e (4.37) is also satisfied. So, we can apply the Harnack inequality
theorem of Cao (theorem 4.3).

We are now ready to prove our main result (theorem 4.2):

Proof of the main theorem. We have already shown in Lemma 4.19 the
first part of the theorem. As for the second part, we already know that the
full norm of the second fundamental form and all its covariant derivatives are
uniformly bounded so we have the longtime existence of the flow, i.e T' = co.
To get the convergence, we will use Harnack inequality theorem above and we
will apply it to the function 7. r is a positive function which satisfies

Or=br

Therefore it follows from the maximum principle for the parabolic equation
that sup,c,, 7(x, t) is decreasing and infycps (2, t) is increasing. As in Cao’s
paper ([5]) we now define for any integer m > 1

Om(z,t) = sup r(z,m —1) —r(z,m —1+1%)
zeM

Ym(z,t) =r(z,m—1+1t) — Tlg{/f r(z,m—1)

osc(t) = zsgl\% r(z,t) — zingwr(x’t)

Since sup ¢, (2, t) is decreasing, then we have

sup r(z,m — 1) > sup r(xz,m — 1 + ).
zeM reM

Therefore ¢, is a positive function. All the same, since inf,cp r(z,t) is in-
creasing, then we also have

inf r(zx,m—1) < inf r(z,m —1+41).

zeM xeM
We also conclude that 1, is a positive function. It is easy to check that ¢,, and
¥y, hold the heat equation. Now, we apply the Harnack inequality theorem of
Cao, above to these functions with ¢; = % and to = 1, and we obtain :

1
sup r(z,m — 1) — inf r(z,m — =) < ~v(sup r(z,m — 1) — sup r(z,m))
zeM zeM 2 weM zeM
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1
:él]\% r(z,m — 5) - mlél]& r(z,m—1) < W(Eiélzfl r(z,m) — Iigjf;[ r(z,m —1))

where v > 1 is a constant.
Add these last two inequalities, we have

1
osc(m — 1) + ose(m — 5) < ~(osc(m — 1) — osc(m)).
This implies that
osc(m — 1) < y(osc(m — 1) — osc(m))
and hence
osc(m) < dose(m — 1),
with § = 221 < 1.
By induction we obtain
(4.40) osc(m) < §™osc(0)

and osc(0) = sup e (2, 0) — infrenr (2, 0).
Since the oscillation function osc(t) is decreasing in ¢, then we conclude from
(4.40) that

(4.41) osc(t) < Cye™

where Cy and a are positive constants that do not depend on ¢t and e~® = 4.
Therefore osc(t) goes to zero as t goes to co. That implies that r(z,t) =
r o az,t) converges uniformly to a constant as ¢ goes to co. From (4.41),
since by the maximum principle, » = r(«) is bounded, we can find a constant
C5 such that

(4.42) Ir(a) — Cs| < 2C4e™ .

Now, since (L, g) is a compact Riemannian manifold, there exists a constant
depending only on L and g such that for any smooth functions s the interpo-
lation inequality

Vs[? < Cols|(IV?s| + |Vs|)
holds. Since ¢; is a family of uniformly equivalent metrics on L, then one can
choose Cg independent of ¢. From this we deduce that for s = r(a) — C5

I H|* < Cg|r(a) — Cs|(|r'VH| + |7 H| + |7 H|).
Since [VH|? < ¢(n)|VA|?> <constant, we get from (4.42)
|H|> < Cre*
where C7 is a constant independent of ¢t. Consequently the mean curvature

vector tends to zero exponentially. Now we can integrate the evolution equa-

tion %F = f H and the exponential decay of |H| shows that for any € > 0
we can find a time ¢y such that for all t > ¢y the immersion L; will stay in an
e-neighborhood of L;,. Then this proves convergence. The compactness of L
implies that the limit manifold must be flat. q.e.d.
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4.5 Selfsimilar solutions

A solution of (4.1) is called self-similar, if
Vif = c(F,vg)
for some constant c. A solution of this equation just moves by homotheties.

Theorem 4.4 There are no closed Lagrangian selfsimilar solution of the flow

(4.1).

Proof: We have H = da, where « is a globally defined Lagrangian angle.
Assume that L C R?" is selfsimilar solution of the flow (4.1). That means
that there exist a constant ¢ such that JV f = cF*, which is equivalent to

(4.43) Vif=c<Fy;>.

Differentiating (4.43) once and using Lagrangian condition, we get
(4.44) ViV, f =—chi; <F,Fp>.

Now if we take the trace of (4.44) we get

(4.45) Af+c< F,Va>=0.

But Af := V'V,f = VI(f'H;) = f"|H? + f'd"H. Now H = da, so Af =
"IVa|?> + f'Aa. So (4.45) becomes

f'Aa+ f'|IVal?> + ¢ < F,Va >=0
which is an elliptic equation. Then by the strong maximum principle, we
obtain that « is constant and then H = 0. This is a contradiction since there

are 1o closed minimal submanifolds in euclidean space (see theorem 3.3).
q.e.d.

4.6 Monotonicity formula

In this section we ask, if there is a monotonicity formula for our flow.

To this end let p(x,t) be the backward heat kernel at point (0,t), i.e,

_ 1 L
e e e e B

Setting 7 :=tg — ¢, we have :
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n 1 |F(p, )
F(p,t),t) = -4n exp | —————
(p,2),%) 2 (4rr)n/2H1 p ( 47

1 2f' (F, H) 4 + 4|F? [F(p, )
(4mrT)n/2 ( 1672 ) eXp (_ 4T )

0 (wn pimE) FRY(F@OP
o (4mr)n/2 \ drr 27 472 P 4t

n  f'(FH) |FJ?
T 27 472 )

ap(

From 2du, = — f'|H|*dp, we get

9
ot Ju,

n 1 F|?

p (1P g £ h ) + ) d
n
c

p(F(p, ), t)dpty = — /

M,

2
1 |F|?

= "HP — —+ f'—(F-H)+ — | d

/Mtp(f| | 2 +f2’f< ’ >+47'2 Hi

For Y € F*(R*") we set divY := g (V,,Y, F;). We have
divY = g (Vo,Y T, F}) + g7 (Vo, Y-, F})
= g7 (VYT F}) — g7 (Y*, Vo, F))
= divY" — g7 (Y, (Vo,Fj)*)
= divY " — (H,Y),

where YT is the tangent part of Y and Y is its normal part. Since L is
closed, then from divergence theorem, we obtain

(4.46) / divYdus = —/ <H7Y> dig.
M; M

Now taking ¥ = %pF, we have

‘ I 1
divY = EpdwF + <V(2Tp),F>

n ..
=22 _ g L (F F)(FF)

2T 472

np P -T2
4.4 = — - —|F" |
(4.47) 2T 472| |

Then combining (4.46) and (4.47) we get :
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9 (f'+1) [FH]?
— F(p,t),t) duy = — "H? +~>—2(F+ H d
8t/Mtp( (p,1),t) dp /Mtp<f| "+ = (FY H) + a2 )
(f 41
=— 'H F
/M/”ﬁ T

d,ut
(f+1* 1 12
- FH2 dpy.
+/Mt’0 ( =) LR

So we obtain

du

9 _ (f+1)
M, p(F(pvt)at) dﬂt - ’\/7H+ AT \/*

ot
/. N;,NFH? e

Unfortunately, the second term in the right hand side of this equation has a
bad sign (positive one). So we don’t get a monotonicity formula for this flow.

+ 1672
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