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8=6A,;8=<?>@2A032�Q503_^)+*-,/.10�6A2AQ�QA03_^ �<?IX*g8=0�<?D8:*A03_1DC>uQ�0u2-,;DC<?.:IJ*A032�E�F?03<HIJ*AK/0BLN<HIJ*g8y296A_
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<H.P8�Q56A_:IJ*�QA<H0SDf,/79_1>@.:7/>@o5<H.:IJ*A0CT�03.:0M8=OB6A2AK�QA03.�EG_:6A25QAO36A.P8J,/25QA03.�QA03.���<H03F�8=0B<HF?IJ*A0B2[W
.�0u.P8=03DU.£K@0B7/03252AO303<?IX*52A0B8ª6A2AQ 7w,;2A2 QA6A_:IJ* 03<?2A0�Df,;7u_1>@.:7/>/oA<H.1IX*A0��0BFHF?0325bd652A7g8=<H>/2
IJ*-,/_=,;7g8=03_1<H.:<?03_P8�LV03_1QA032¤{

 ^<H03.103.£TV03.1IX*A_103<?rA6A2AK�8=_:<54±8 �103QA>uIJ* 2A<?IX*g8£,/65bG2A<?03QA0B_:QA<?DC0B2A.:<?>@2-,/F?0�\^>@25QA032A.:,wW
8=0!OB6§{N®[>@F?IX*50i\^>@2AQ5032A.:,;8=0iOB03<?K@032 <?D ��0B_:K@F?03<?IX*%OB6AD K@0BL76@*A2AF?<HIJ*A0B2 l@ yWZ~N03K/<HDU0
8 6-,/F?<?8J,w8=<�R�R@03_1.:IJ*A<H0BQA032A0�Y+<HK@0B2A.:IJ*-,;b«8:032§q�QA<H0�<?2A.:rs03.1>@2AQA0B_:0�QA6A_:IJ* )+*-,;.:032[4-6A798:6-,wW8=<?>@2A0B2CK/037/0B2A2AO30B<HIJ*A2A0B8x.1<H2AQ¤{u¥y_:.=,;IX*A0^QA0B_�)+*-,/.:0B254-6A7g8=6-,w8=<H>/2A032f<H.P8 QA<H0�8=*503_:DU<?.:IJ*A0
��25_:03K/6A2AKªQA0B_�2A<?03Q503_:0B2A03_1K@0B8:<H.1IX*A0B2���>uQA032!QA0B.�TVY71�{§ ^<H0©TV0B.:IJ*A_:0B<HrA652AK�QA0B_�.P8J,wW
8=<?.18:<H.:IJ*A0B2�Y+<?K@032A.1IX*A,;b«8=0B2�Q5<H03.103_�\^>@2AQA0B2A.=,w8=0G03_1bd>/_:QA0B_18�QA<H0^��03_PLV0325QA6A2AK´R@>@2�Ä-0BFHQ[W
>@os0B_=,;8:>@_:0B2C>uQA0B_ QA<?0yY+<H25bdc5*A_:6A2AK�R@>/2:9¤65b¬,/FHF?.PR;,/_1<¢,;rAF?0B2´<H2´QA0B_��0BFHF?0325bd652A7g8=<H>/2§{g �<H0
.18=,;8=<?.18:<H.:IJ*A0i��,;8:6A_�OB03<HK;8�.:<HIJ* Q-,;_:<H2¤qxQ-,/.1.�03<?2AO30BFH250¯~y03,/FH<?.:<?0B_:6A2AK/032 .103FHr5.18�6A298:03_
<HQ5032g8=<H.1IX*5032 TV03QA<?2AK@6A25K@032Ã2A<?IX*g8UR@>@_:,/6A.1.=,/K@rA,/_U.:<H25QÃ6A2AQ QA,/*A0B_fY+2A.103D©rAF?03DU<?8:8:03F�W
LV0B_18=0�O36�rs0B8=_:,/IJ*98=0B2�.:<?2AQ§{

��<?8=*5<HF�bd0V0B2A0B_:K@0M8=<H.1IX*503_ TV0M8=_=,;IX*g8=6A2AK/032U7�6@2A25032 8 6-,/F?<?8J,w8=<�R�03<?2A<HK/0�Y+<?K@0325.:IJ*-,;b«8=0B2oA*-,;.:032[4-6A7g8=6A<?03_:0B2AQA03_©\y>@2AQA0B2A.=,;8:0UR@0B_:.18=,/2AQA0B2�LV0B_:QA0B2§{  �<H0UY+2A03_1K@<H0B2§q¨Q5<H0´_=,;QA<¢,vW
FH0��^2A_:0BK@6A2AK/032%03_Pbd>@_:Q503_:2¤q�.:7w,/F?<H0B_:0B2 DU<?8

h̄ωr

q�QA<?0�QA03_£,w�[<¢,;FH032Ã��25_:03K/6A2AK@0B2%DC<�8
h̄ωx

{� �<H0©8=*A0B_:DU<H.1IX*5032¯��2A_103K@652AK@032�<?2i.18J,;_:7�0BFH>@2AK/<H0B_18=0B2¯) >/8:032AOB<¢,/F?032i.:<?2AQ¯Q-,;*A03_
LV0B<?8:03.18:K@03*5032AQ Q56A_:IJ* QA<?0i25<H03Q503_:0B2A03_1K@0M8=<H.1IX*5032 ,w�[<H,/FH0B2 ��>uQ5032 K@0BoA_=a;K/8�{� �,`QA0XW
_:0B2n�0BFHF?032AFHa/2AK@0CK/_+6;3/03_�<H.P8S,/FH.�QA<H0f_:,/QA<¢,;FH0C\^>@2AQA0B2A.=,w8=K@_�6;3@0;q�*-,/rs0B2`QA<?03.:0£�^2A_:0XW
K@6A25K@032�03<?2A0B2ieBW]QA<?DU032A.1<H>/2-,/F?0B2<1V*-,/_:,/7g8=0B_3{- �,/*A0B_�R@0B_:*-,;F?8=0B2�.:<?IX*�.P8J,/_17f0BFH>@2AK/<H03_P8=0
lwW QA<HDU0B2A.:<?>@2-,/F�0�TxY21V.�rs0BO3cAK/FH<?IX* <H*A_103_£)�*A,/.:0B2A7/>@*-a;_:0325O303<HK@0B2A.:IJ*-,;b«8=0B2 8 6-,/F?<?8=,;8=<�R,/2-,;FH>@K�OB6%eBW]Q5<HDU032A.1<H>/2-,/F�032n\y>@2AQA0B2A.=,;8:032§{�}]D�EG03K@0B2A.=,;8:O£O36nQA032`Ä FH6A7g8=6A,;8=<?>@2A032
QA0B_�)+*-,;.:0�.1<H2AQ� ^<HIJ*98=0M4-6A7g8=6A,;8=<?>@2A0B2�6A2g8=03_1QA_:c5IX7g8©hkj@j5q�j;=5q�e��g�vm�{s¥y_:.:,/IX*50�<H.183q-Q-,/.1.
.:<?0U,/65bdK/_:6A2AQ¯QA0B_�2A<?IX*g8=FH<?2A03,/_:0B2i��rA.P8=>;3/6A2AK�Y+2A0B_:K@<?032¯<H2iQA03_�EG_+6�3@032A>/_:QA296A2AK�QA0B.
IJ*A03DU<H.1IX*5032 ) >/8:032AOB<¢,/F?.´03_1bd>/_:QA0B_:2§q�Q§{k*§{+LV03<�8C*(6@*503_:0�Y�2503_:K/<H032 ,/F?.´O36AD ��2A_103K@0B2
R@>@2�)+*-,/.103254-65798=6A,;8=<?>@2A032�0B_1bd>@_1QA03_1FH<HIJ*�.1<H2AQ¤{

�^65bdK@_16A2AQ$QA0B_!¥^2g8=03_1QA_:c5IX796A2AK%R@>@2  �<?IX*g8=0M4-6A7g8=6-,w8=<H>/2A032$7w,/252 Q503_!,;8:>@DC,/_:0
Ä-03F?QA>@os0B_=,;8:>@_N,;FH.

ψ̂(r) =
√

n0(r) exp(iφ̂(r)) > l[{?e�?
K@0B.:IJ*A_:<?03rs0B2³LV03_1QA032 hzj@j;m|q�LV>/rs03<

φ̂(r)
Q503_Cµ�os0B_=,;8:>@_SQA0B_U)+*-,/.:0�<H.P8�{t �<H0B.:0B_´.:0B8:OB8

.:<?IX*�,/6A.yTV03<�8=_:a/K@0B2�Q503_�R@03_1.:IJ*A<H0BQA0325032��^2A_:0BK@6A2AK@0B2�O36A.:,/DUDC0B2�h�e��@�wm

φ̂(r) = [4n0(r)]
−1/2

∞
∑

j=1

f+
j (r)âj + h.c., > l[{ ��?

LV>/r±0B<
âj
QA03_���03_12A<HIJ*98:6A2AK@.1>@os03_:,;8=>/_©bdcA_©��2A_103K@652AK@0B2³QA03_U��>uQA0

j
<H.P8�{� �<H0f�03F�W

FH0B25bd6A2A7g8:<H>@2A0B2
f+

j = uj + vj

652AQ!Y+2A03_1K@<?032
εj
QA<?03.103_���>uQA0B2�7�6@2A2A0B2!DU<?8:*A<?F�bd0GQA03_

TV>@K/>@FH<?6Ars>�RgW]QA0XWPEG03252A03.ZWPEGFH0B<?IJ*u6A2AK/032´rs0B_:03IJ*A250B8�L�03_:Q5032�h�e��;=wm|{gÄ�cA_+QA<?0�2A<H0BQA03_1032A0B_PW
K@0M8=<H.1IJ*A032�,v�5<H,/FH0B2���>uQ5032�03F?>@2AK@<?03_P8=03_Nl@ yW]\^>@2AQ5032A.:,;8=0�<?D ¦�*A>/Df,;.PWZÄ-0B_:DU<�W]~N0BK@<?D´0
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εj = h̄ωx

√

j(j + 3)/4 > l[{ l,?
6A2AQ��03F?FH032[bd6A2A7g8=<?>@2A032

f+
j (r) =

√

√

√

√

(j + 2)(2j + 3)gn0(r)

4π(j + 1)R2Lεj
P

(1,1)
j

(

x

L

)

, > l5{kj ?

LV>/r±0B<
P

(1,1)
j


@,/IB>@rA<�WZ) >@F50[25>@DU0+.1<H2AQ�6A2AQ
R
q
L
Q5<H0�¦�*A>@DC,/.ZWZÄ-03_1DC<�WZEG_�6;3/032�Q503.�\^>/2[W

QA0B2A.=,;8:.yQ-,/_:.P8=0BFHFH0B2§{- �,;DC<�8xLN<H_1Q�QA0B_y)�*A,/.:0B2A>@os0B_=,;8:>@_ > l[{ �;?VOB6

φ̂(r) =
∞
∑

j=1

√

√

√

√

(j + 2)(2j + 3)g

4π(j + 1)R2Lεj
P

(1,1)
j

(

x

L

) (âj + â†j)

2
, > l5{ �;?
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bd6A2A7g8:<H>@2A0B2¯rs0B.:IJ*A_:<?03rs0B2§{¨}]*A_:0SO30B298=_:,/FH0´T�03QA0B658=652AK�03_1K@<?r58G.:<HIJ*iQ-,/QA6A_1IJ*§q�Q-,/.1.�QA<H0
DU03<H.P8=0B2©Y+<HK/032A.1IX*-,wb«8=0B2©6A2AQSY��[os03_1<HDU032g8=0�DC<�8=*A<?F�bd0�Q503_�\^>@_:_103FH,;8=<?>@25.1bd6A2A7g8:<H>@2A0B2�rs0XW
.:IJ*A_1<H03rs0B2�LV0B_:QA0B2�7�6@252A032§{�®[>´7�6/2A2A032�rs0B<H.:o5<H0BFH.1L�03<H.10G.1>SR@03_1.:IJ*A<H0BQA03250©EG_+6�3@032£LN<H0
QA0B_�}]298:03_Pbd03_:0B2AO37/>/298=_:,/.18Nh�e@e@e/qwjAe/q;l;=wm|qwQA<?0V~N03F?0�,/.10MWZY+2A0B_:K@<?0�h�e@ev�vm[6A2AQ©QA<?0VlwW]\ 6@_:os0B_PW
��0B_:FH65.18=_:,;8=0´h�e/e�lwm¨QA65_:IJ*�\^>@_:_103FH,;8=<?>/2A.1bd6A25798:<H>@25032�,/6A.:K/03QA_1cAIJ798yLV0B_:QA0B2§{

��� �!�#" $&%(')'+*-,/.1032/%547638:9747;<032/%=4>*?')6@03*?'BAC'+D74!9E4EF
��F?.�~y0B.:6AF�8J,;8�Q503_�)+*-,/.:0B254-65798=6A,;8=<?>@2A032�7w,;2A2�Q5<H0U)+*-,/.1032urs0BO3<H0B*u6A25K�QA03_�\^>/2AQA0B2[W
.=,w8ZLV0BFHF?0325bd652A7g8=<H>/2 ,/2 OBLV0B<�) >/.:<?8:<H>@25032

r1

652AQ
r2

DC<�8U.18=0B<HK/032AQA0BD ��rA.P8J,/2AQ O36uW
2A0B*ADC0B2AQ¯.1IX*5FH03IJ*g8=03_GR@>/_=,/6A.1K@0B.=,/K/8GLV0B_:QA0B2§q�Q§{°*¤{§QA<H0S)+*-,/.1032¯.:<H25Qi<HDUDU03_yLV0B2A<HK@0B_
7/>@_1_:03F?<H0B_18�{/ �<?03.103.+��0B_:*-,/F�8=0B2SLN<H_1Q´QA6A_1IX*´QA<H0�\^>@_1_:03FH,;8=<?>/2A.1bd652A7g8=<H>/2©03_:.P8=0B_�µ�_:QA296A2AK
8 6-,/2g8=< �AO3<?03_183q±Q5<H0�.1>@DU<?8^rs03<?.:oA<?03F?.1LV0B<H.:0�Q5032i\^>@2g8=_=,;.18�<?2�}]2g8=0B_1bd03_1032AOB0M�5os03_1<HDU032g8=032,/2AK/<Hr583{¨ �<H0CTV03_103IJ*A296A2AK�QA<H0B.:03_�Ä�652A7g8=<H>/2�03_1K@<Hr58�<H2A.1rs03.1>@2AQA0B_:0fQA<H0U�^rA*-a/25K@<HK/7/03<?8
QA0B_^)+*-,;.:0B254-6A7g8=6-,;8:<H>@25032�R@>@2�QA032�0M�[os03_1<HDU03298:03F?FH0B2�)�,/_=,/DU0B8:03_12§{

 ^<H0�25>@_:DU<H0B_18:0�\^>/_:_:0BF¢,;8:<?>@2A.Pbd6A2A7g8=<?>@2ª0B_:.18:03_�µ�_1QA2u652AKU<H.18NQ50 �-2A<?03_P8yQA6A_1IX*�h�e@e/e3m

g(1)(r1, r2) =
〈ψ̂†(r1)ψ̂(r2)〉

√

(〈ψ̂†(r1)ψ̂(r1)〉〈ψ̂†(r2)ψ̂(r2)〉)
, > l5{°�,?
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LV>/r±0B<�Q5<H0¯K@0MLN<H2A7/0BF?8:032 \GF¢,/DUDU0B_:2 Q5032$Y+2A.103D©rAF?03DU<?818=03F�LV0B_18�Q-,/_1.18=0BFHF?032§{N �6A_:IJ*
Y+<H2A.10B8:O3032�QA0B.^Ä-03F?QA>@os0B_=,;8:>@_:.�QA0B.^\^>@25QA032A.:,;8=.�EGF|{ > l5{�e�?V03_1*-a/F�8NDf,;2

g(1)(r1, r2) = 〈exp[−i(φ̂†(r1) − φ̂(r2))]〉 = 〈exp[−iδφ̂(r1, r2)]〉, > l5{ �;?
LV>/r±0B< 〈ψ̂†(r)ψ̂(r)〉) = n0(r)

6A2AQ
δφ̂(r1, r2) = φ̂(r1) − φ̂(r2)

{��^<?03_1rs03<�LN65_:QA0�R@0B_PW
LV0B2AQA0M8�q�Q-,;.:.�QA03_�)+*-,/.:0B2A>@os0B_=,;8:>@_�*503_:DU<?8:03.1IX*¯<H.P8�q�,/FH.1>

φ̂†(r) = φ̂(r)
q�6A2AQ

φ̂(r1)6A2AQ
φ̂(r2)

7/>/DCD©658:<H03_1032§{� ^<H0i2A>@_:DU<?03_18:0i\^>@_:_103FH,;8=<?>@25.1bd6A2A7g8:<H>@2%03_:.P8=0B_�µ�_:QA296A2AK
7w,;2A2ª�0B_18=0GOMLN<H.1IX*5032ªWJe�6A2AQ��©e�,/2A2503*ADU032�6A25Q�QA_:cAIJ7g8yQ5<H0G)+*-,;.:03257/>@*-a/_1032AO�QA0B.
TxY21V.�,;6A.��@®[>�<H.P8

g(1)(r1, r2) = 1
qwLV0B2A2´Q5<H0x)+*-,;.:0B2U,/2©QA0B2Cµ�_P8=032

r1

6A2AQ
r2

rs03< �10MW
QA0B_V~N0�,/F?<H.1<?03_:652AK�<?QA0B298=<?.:IJ*C.:<?2AQ§qgQ§{°*¤{uos0B_1bd037g8:0�\^>@*-a;_:0B2AOyR@>/_:FH<?03K;8��

g(1)(r1, r2) = 0
q

LV0B2A2¯Q5<H0S)+*-,;.:032¯,/2!QA0B2¯rs0B<HQA0B2¯) >/.:<?8:<H>@25032�6A2A7/>@_1_:0BFH<H0B_18�.1<H2AQ§q±Q§{°*¤{§7/0B<H2A0S\^>@*-avW
_:0B2AOªR@>/_:*-,/25QA032³<H.P8�{t �,!QA<?0�)+*-,;.:0325QA<�4±03_1032AO�.:>vL�>@*AFxos>@.:<�8=<?R@0ª,;FH.S,/65IX*`2A03K@,;8=<�R@0
�03_P8=0G,/252A03*ADU0B2ª7w,/2A2¤q5K@<?F?8�bdcA_VQA0B2�Y+2A.:0BDSr5FH03DU<�8:8=0BF?LV0B_18 〈δφ̂(r1, r2)〉 = 0

{5 �,/*A0B_
LV0B_:QA0B2!QA<?0�.18=,;8=<?.18=<?.:IJ*A0B2�Y�<?K@0325.:IJ*-,;b«8:032�QA65_:IJ*�QA<?0 8 6A,/QA_=,w8=<H.1IJ*A0��^r9L�03<HIJ*96A2AK£QA0B.)+*-,/.1032A>@os0B_=,;8:>@_:.Srs03.1IX*5_:<H0Brs032§{+¥^2g8=03_���0B_1LV0B2AQA6A25KiR@>@2ÃEGF|{ > l5{ �;?�03_1*-a/F�8©Df,;2n<H22A<?03QA_1<HK@.P8=03_x2A<HIJ*98�R@0B_:.:IJ*9LN<?2AQA0325QA03_�µ�_:QA296A2AK´R@>@2

δφ̂

g(1)(r1, r2) = exp {−〈[δφ̂(r1, r2)]
2〉/2}. > l5{°�,?

 ^<H0UT�03.:0M8=OB6A2AK�QA0B_���2A_103K@652AK@.:DU>uQA0B2
f+

j

bdc5_�0B<H2¯Y�25.:03D©rAF?0´<HD»8=*A0B_:DU>uQ�0u2-,wW
DU<H.:IJ*A0B2�E�F?03<HIJ*AK/0BLN<HIJ*g8�bd>@FHK;8�QA03_�TV>@.:0XWZY+<H25.18=0B<H2[WZ®u8J,w8=<H.P8=<?7�{¤Ä�cA_GQA<?0S2A<?03QA0B_:0B2A03_1K@0MW
8=<?.:IJ*A032���>uQA0B2�03F?>@2AK@<?03_P8=03_N\^>@2AQ5032A.:,;8=0�K/<HF?8�.103FHr5.18ybdcA_y¦�03DUos03_:,;8=65_:032

T
LV03<�8^6A2uW

8=0B_:*-,;FHr�R@>@2
TC

q
kBT � h̄ωz

q�.:>CQ-,/.1.
Nj = 〈â†â〉T ' kBT/εj

{s �,/DU<?8NFH,/.:.1032�.1<HIJ*
6A2g8=03_ ��0B_1LV0B2AQA652AK©R@>@2ªEGF|{ > l5{ �;?+6A2AQ > l[{ �,?+Q5<H0yDU<?8:8:F?03_1032 8 6-,/QA_:,;8=<?.:IJ*A0B2ªÄ�FH65798:6-,wW8=<?>@2A0B2�652AQ�QA,/DC<�8�QA<?0�\^>@_:_103FH,;8=<?>/2A.1bd6A25798:<H>@2£03_:.P8=0B_�µ�_:QA296A2AKU0M�[oAF?<HOB<?8N,/25K@03rs0B2��

〈[δφ̂(x1, x2)]
2〉T = δ2

Lf
(1)(x1/L, x2/L), > l5{ =,?

DU<?8
δ2
L =

32µkBT

15N0(h̄ωz)2
> l[{?e��,?

6A2AQ

f (1)(x̃1, x̃2) =
1

8

∞
∑

j=1

(j + 2)(2j + 3)

j(j + 1)(j + 3)

[

P
(1,1)
j (x̃1) − P

(1,1)
j (x̃2)

]2
. > l5{?e/e�?

Y+.^.:03< ,/25K@03DU03_17983qsQA,/.:.�,/65bdK/_:6A2AQ�QA03.^03<?2AQA<?DC0B2A.:<?>@2-,/F�032 1V*A,/_=,/7g8:03_:.^QA03_�)+*-,;.:032uW
4-6A7g8:6-,;8=<?>@2A0B2©QA<?0�25>@_:DU<H0B_18=0 \^>@_1_:03FH,;8=<?>/2A.1bd652A7g8=<H>/2�2A<HIJ*98�R@>@2©Q5032©_=,;QA<¢,/F?0B2�\^>u>@_1QA<�W
2-,;8:032£,;rA*-a/2AK;8�{g a;*A_:0B2AQ

δ2
L

QA<H0N��rA*Aa/2AK@<?K@7/03<�8 QA03_�)+*-,/.:0B254-6A7g8=6-,w8=<H>/2A032CR@>@2fQA0B2
0M�[os0B_:<HDU032g8=0BFHF?032f)�,/_=,;DC0M8=03_12f032g8=*-a;F?8�q9rs0B<H2A*A,/F?8:0B8�QA<?0�Ä-652A7g8=<H>/2

f (1) QA<?0^_:a/6ADUFH<?IJ*A0��r5*-a/2AK@<?K@7/0B<?8�q+Q§{k*§{�Q5<H0�_:a/6ADUFH<?IJ*A0�®u8=_16A7g8=6A_fQ503_C��2A_103K@6A25K@032§{�}]2 QA03_f��a/*50�QA0B.
\^>@25QA032A.:,;8=OB032g8=_:65DC. > |x1|, |x2| � L

?�FHa�3/8�.:<?IJ*
f (1) 652AQ¯Q-,;DC<�8�QA<H0S\^>@_1_:0BF¢,;8:<H>/2A.PWbd6A2A7g8:<H>@2�QA6A_1IX*�03<H25032�R@03_103<?25b¬,/IJ*98:032���65.:QA_16AIX7ªrs03.1IX*5_:03<?rs032nhzj@j;m	�

f (1)(x̃1, x̃2) = |x̃1 − x̃2|. > l5{?e��;?
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f (1)(d) = f (1)(−d
2 , d

2)
S

a ';,*-&L�� �Gbc?:).)1'.IdFHL��Z?:���	e.#4���`L��Z?:�f'*)>�*L['.)hgR);8:�3#4�&5ie+j4)lk<'.)+�*,*-2�Z'182'*�@'nm@'.%0o3'.);FHL�#4)1'.�@SY]Uj4)
T = 60

�Nbp�	�.LU';q&'.%0o�IrFH)+�	�*,.-s8:�Z'utv-NF<� '.�3�<?<-4O:)1'*�4=*IdO:�&52'w'*�	�&5&'1=x'*��,.-&�@'*L[S8W0I	IT'uby#&).k<'.�{z|#4).M
82'.�}%E��L

N0 = 105 ~ ωx = 2π × 3.4 � =(#4��8
ωr = 2π × 380 � =(#4�\L['.)��3'.).zv'.��8H#&�&5�k<?:�

PRITSv6DV&S	W2W+C��1'*)1'1,.-2�@' L[S

6A2AQ
g(1)(x1, x2) = exp{−δ2

L|x1 − x2|/2L}. > l5{�e�l,?
 �<?03.:0B.^Y+_:K@0BrA2A<H.NF?03K/8�QA<H0� �0x�-2A<�8=<H>/2�QA03_y)+*-,/.1032A7/>/*-a/_:0B2AO3F¢a;2AK@0

lφ =
Lφ

L
=

1

δ2
L

=
15N0(h̄ωx)

2

32µkBT
> l[{?e3j ?

,/F?.NQA<?0�IJ*-,/_:,/7g8=0B_:<H.P8=<?.:IJ*A0� �<H.P8J,/2AO;q�cArs0B_^Q5<H0�QA<H0�\^>/_:_:0BF¢,w8=<?>@2A.Pbd6A2A7g8=<?>@2�0B_:.18:03_�µG_1Q[W
2u652AK©,/65b§<H*5_:032

1/
√
e
�03_18V,/r5b¬a/F?F?83q@2-,;*A0/{ �y<H0B_:rs03<�<?.18

lφ
QA<?0^)+*-,/.1032A7/>/*-a/_:0B2AO3F¢a;2AK@0

<H2 Y+<?2A*A03<�8=0B2 QA0B_�\^>/2AQA0325.=,;8:F¢a/2AK/0!6A2AQ
Lφ

QA<H0!,/rA.1>@FH6[8=0!)�*A,/.:0B2A7/>@*-a;_:032AO3FHa/2AK/0/{
Ä�,/F?FH.

Lφ � L
7w,;2A2�Q-,/.�® 0u.18:03D»K@658�Q56A_:IJ*�QA<?0�F?>uI�,/F�W]Q5032A.1<?8 09W]��a;*A03_16A2AKCrs0B.:IJ*A_:<?0MW

rs032�LV0B_:QA0B2`6A25Qp.1>�QA03_SEGcAF�8=<?K@7/0B<?8:.:rs03_103<?IX*�QA03_©�^a/*A0B_:6A2AK/.1bd>@_1DC0BFxEGF|{ > l5{�ev�;?G03_PWLV0B<?8:03_18�LV03_1QA032�h�e/e�j;m �

f (1)(x̃1, x̃2) =
|x̃1 − x̃2|

[1 − (x̃1 + x̃2)2/4]2
. > l5{?e��;?

��rArA<?FHQA652AK!l5{�e£R@03_1K@FH0B<HIJ*98©QA<H0f2u6ADU03_1<H.1IX*prs03_103IJ*A2A0M8=0�652AQ³,/2-,;F�098=<?.:IJ*pK@0B2-a/*A0B_18:0
Ä-6A2A7g8:<H>@2

f (1) {uÄ cA_ x̃ < 0.4
<H.18

g(1) K@6[8�QA6A_1IX*fQA<?0^,;2-,/F50u8:<H.1IX*A0y��a;*A03_16A2AK�rs0B.:IJ*A_:<?0MWrs032¤{[}]2£QA0B_V�^rArA<HF?QA6A2AK�<?.18V,/6AIJ*£QA<?0 > 2u6ADU03_1<H.:IJ*frs03_103IJ*A2A0M8=0/?�2A>@_1DC<?03_P8=0^\^>/_:_:0BF¢,;8:<�W>@2A.Pbd6A2A7g8=<?>@2�03_1.18=0B_�µG_1QA2u652AKUbdcA_�R@0B_:.1IX*A<?03Q5032A0�¦�0BDCos0B_=,;8:6A_:0B2�Q-,;_:K@0B.18=0BFHF�8�{-Y+_PLx,/_ZW
8=652AK@.:K/03DCa�3SK@03*5032�QA<?0G)+*-,/.:0B2A7/>@_1_:03FH,;8=<?>@2A0B2�DC<�8xOB6A2A0B*ADC0B2AQA0B_^ �<?.18J,;2AO�R@0B_:FH>/_:032¤{
 �,�8:*A03_1DC<?.:IJ*A0C��2A_103K@6A25K@032`¥y_:.:,/IJ*A0£QA0B_©)�*A,/.:0B254-6A7g8=6-,w8=<H>/2A032p.:<?2AQ§q�2A<?DCD�8�QA<H0
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DU<H.:IJ*A0B2n) >/8:032AOB<¢,/F?.�EGF|{ > �[{ �@�;?G0B_:*-a;F?8�Df,/2¯QA<H0U�^rA*-a/2AK/<HK@7/0B<?8:032¯R@>@2�QA0B2n0X�5os0B_:<�WDU032g8=03F?FH0B2�)�,/_:,/DU0B8=0B_:2��

lφ ∝ N
3/5
0

T

(

ω2
x

ωr

)4/5

. > l5{?e��,?
 �<?0�)+*-,/.103254A6A798:6-,;8=<?>@2A0B2�*-a/2AK@0B2�.18J,/_17CR@>@2�QA0B_NÄ�,/FHF?0B2AK@0B>@DU0B8=_1<?0�,/r§{ 
/0G03FH>/2AK@<?03_PW
8=0B_NQA,/.y\^>/2AQA0325.=,;8y<?.18�q5QA0B.18=>C,/65.:K@0BoA_=a/K;8=03_�.:<?2AQ�QA<H0�Ä FH6A7g8=6A,;8=<?>@2A0B2§{5}]2�.103*A_N03F?>@2[W
K@<?03_18:032nE�0B>@DU0B8:_:<H0B2�7v,/2A2�2u6A_�L�03<?8�6A2g8=03_1*-,/F?r�QA0B_©\y>@2AQA0B2A.=,;8:<H>@25.18=0BDCos0B_=,;8:6A_

Tc03<?2CoA*-,/.1032A7/>/*-a/_:0B298:03.�\^>@2AQ5032A.:,;8V03_:_103<?IX*g8�L�03_:Q5032§{5 ^<H03. 03_:.1IJ*9LV03_P8�Q5<H0^Y+_:OB0365K@6A2AK
.:>/FHIJ*A03_ª\^>@2AQA0B2A.=,w8=0i6A25Q Q-,;DC<�8£Q503_:0B2 �^658:O36A25KÃ,/F?.���6A03F?FH0B2%7/>@*Aa/_:0B298=0B_���,w8=0XW
_:<?0BL�03FHF?032§{s �0B.��0B<?8=0B_:0B2!OB03<?K/8�QA<H0 9¤6A2A,/*ADU0�Q503_�)+*-,/.:0B254-6A7g8=6-,w8=<?>@2A032!rs03<�~N03QA6uW
O3<?03_16A2AKpQA0B.�,w�[<¢,/F?032%Y+<H25.:IJ*AFH65.:.:0B. 8 6-,/FH<�8J,;8:<�Rsq�LN<H0�Q503_�¡yrs03_1Kg,/2AKpO36%QA03D ��03*A_ZW
rA6AIJ*9r±0B<H.1oA<H0BFxQ503_©03<?2AQA<?DC0B2A.:<?>@2-,/F�032�*A>@DU>@K/032A0B2³® 0u.18:03DU0ªO36A.P8J,/25QA0ª7/>@DUD©83{¨ <H0
<H2�\�,/oA<�8=0BF���03_1F¢a/658:03_P8�q¨7w,/2A2�03.�<H2�QA<?03.1032`® 0u.18:03DU032n03298:.:oA_103IJ*A032AQ`Q503.S��03_1DC<?2[W
�,/K@2A0B_PW �^>@*A0B2urs0B_:K;W ¦�*A03>/_:03DU.´,/65bdK@_16A2AQpQA03_©.18J,;_:7/032³TV0B.:0B8:O36A25K�2A<?03QA0B_:0B2A03_1K@0B8:<�W
.:IJ*A0B_29¤6A.18=a/2AQA0x.103F?rA.18tbdcA_

T → 0
7/0B<H2S\^>@2AQA0B2A.=,w8�DU<�8�FH,/2AK@_103<?IX*gLV03<�8=<?K@0B_ \^>@*-a/_1032AO

K@0Brs032§{
�����	��
�����������������

 �<?0�µG_P8=.ZW�6A2AQ�}]DUoA6AF?.:_=,;6ADCQA,/_:.P8=03F?F?6A25K´0B<H2A0B. 9¤6A.P8J,/25QA03.y.:<?2AQ�<H2�Q503_���6-,;298=0B2ADU0MW
IJ*-,/2A<?7CQA6A_1IX*�Ä->@6A_1<H03_P8=_=,;2A.1bd>/_:DC,;8:<?>/2£DU<?8:03<?2-,/25QA03_ R@03_:7929cAo5b«8�q-Q¤{°*§{5QA6A_:IJ*�Ä->@6A_:<?03_ZW
8=_:,/2A.Pbd>@_:DC,;8=<?>/2´QA0B_��03F?FH032[bd6A2A7g8=<?>@2´<HD�µ�_18=.1_=,/65D�0B_:*-a;F?8�Df,;2UQA<?0��0BFHF?0325bd652A7g8=<H>/2
<HD�}]DUoA6AFH.1_=,/65D�{ �^<H0B_1R@>@2�,/6A.1K@03*A0B2AQ�F¢a/.1.18�.:<?IX*�F?03<?IX*g8�OB03<?K@032¤qAQ-,/.1.NQA<?0�}ZDUoA65FH.1R@0B_PW
8=0B<HF?6A2AK P QA<?0£Ä->@6A_1<H0B_18=_:,/2A.Pbd>@_:DU<�03_18:0 > FT ?�QA03_�<H2g8=03K/_:<H0B_18:032n\^>@_1_:03FH,;8=<?>/2A.1bd6A25798:<�W>@2Ã03_1.18:03_£µ�_:QA296A2AK

G(ra) ≡ ∫

d3r 〈ψ̂†(r)ψ̂(r + ra)〉
<H.P8�h�e@ev�vm�{ ¥^D QA0B2 Y�<?254-6A.1.

R@>@2p)+*-,;.:032[4-6A7g8=6-,;8:<H>@2A0B2`,/65b�Q-,;.�}]DCo56AFH.1.:os037g8=_16AD O36�R@0B_:.18:03*A0B2§q�LN<?_:Q�*A<?03_�QA03_
R@03_103<?25b¬,/IJ*98:0/q�<H2�Q503_��^a/*A0CQA0B.©\^>@25QA032A.:,;8=OB032g8=_:65DC.�K/cAF?8:<HK@0S��65.:QA_16AIX7 > l5{?e�l,?�bdcA_QA<?0y\^>@_1_:03FH,;8=<?>/2A.1bd652A7g8=<H>/2SR@0B_1LV0B2AQA0B83{5Ä cA_�QA<?0y,w�[<¢,;FH0x}]DCo56AFH.PR@03_18:03<?FH6A2AKG03_:*Aa/F?8�DC,/2
Q-,/252

P(px) = FT
[

exp
−

|xa|
2Lφ

∫

d3r
√

n0 (r)n0 (r + ra)
]

= FT
[

exp
−

|xa|
2Lφ

]

? FT
[

〈
√

n0 (r)n0 (r + ra)〉r
]

, > l5{?e��;?
LV>/r±0B<

xa

Q5<H0t�9WZ\^>/DCos>@25032g8=0+R@>@2
ra

<H.P8�{v �<?0�}]DCoA65FH.1R@0B_18:03<HF?6A2AK/.1bd6A2A7g8=<?>@2�<H.P8 ,/F?.:>NQA<H0
Ä�,/F�8=6A2AK�QA0B_�Ä->@6A_:<?03_P8=_=,;2A.1bd>@_1DC<�03_P8=0B2SQA0B_  ^<HIJ*98:0BR@03_P8=0B<HF?6A2AK�652AQU0B<H2A0B_�Y��[os>@2A032g8=<H,/F�W
bd6A2A7g8:<H>@2§{5 �<?0GTV_:0B<?8:0�QA0B_NY��[os>@2A032g8=<H,/F?bd652A7g8=<H>/2£<H.18xQA6A_1IJ*�Q5<H0�)�*A,/.:0B2A7/>@*-a/_1032AO3FHa/2[W
K@0�K@0BK@03rs0B2§q5QA<H0^QA0B_�Ä->@6A_1<H0B_18=_:,/2A.Pbd>@_:DC,;8:<?>/2CQA<?03.:0B_�Ä-6A25798:<H>@2f<H.P8xQ503DU032g8=.:oA_103IJ*A032AQ
6ADUK@037;03*A_P8VoA_:>@os>/_18=<?>@2-,/FAO36

LΦ

{9}]2f��rgLV03.1032A*A03<�8VR@>@2£)+*-,/.103254A6A798:6-,;8=<?>@2A0B2£<H.18 QA<H0
}]DUoA6AFH.PR@03_P8=03<?FH652AKpQ56A_:IJ* QA<?0¯EG_+6;3/0�QA03.�\y>@2AQA0B2A.=,;8:.�K@03K/03rs032¤q�Q§{k*§{ �^03<?.:0B2urs03_1K;W
FH<?DU<�8=<�03_18�hzjg�wm|{5}]D~y0BK@<HDU0�Q503_���6-,/.1<H7/>@25QA0325.=,;8=0�LN<H_1QªQA<H0�}]DCoA65FH.1R@0B_18:03<HF?6A2AK©Q56A_:IJ*



����� � �/�+����� #-
�� ���(	� ���(*�
�� �����&� l;=

QA<?0�)+*-,/.1032A7/>/*-a/_:0B2AO3F¢a;2AK@0�QA>@DU<H2A<?0B_18�q+,/FH.1>�Q5<H0�}]DUoA6AF?.:rA_103<�8=0�LV0B.:0B298=F?<HIJ* R@0B_:rA_103<�W
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<HD ~^,;*ADC0B2�Q5<H03.103_���_1rs03<�8N0B_:.18:Df,;FH.x*A<?2AK@0MLN<H03.1032�6A2AQ�QA<?0�� 6@K@F?<HIJ*A7/03<�8xQA03_NTV_:,/K@K;W
®[os0B798:_:>@.17/>@oA<?0©O36A_�¥^2g8=0B_:.:6AIJ*96A2AK�QA0B_G)+*-,/.103254A6A7g8=6-,;8=<?>@2A0B2¯,;65bdK@03OB03<?K/8©hkj@�;m�{¤Y+<H250
8 6-,/2g8=<?8=,;8=<�R@03_10���2-,/F50u.:0!<HD ~y,/*ADU032%QA0B_�F?>uI�,/F�W]Q5032A.1<?8 09W]��a/*503_:652AKAq�QA<?0i,/65IX* QA<H0
r-,/F?FH<�.18=<?.1IX*50�Y��5oA,/2A.:<?>@2�rs03_:c5IX79.:<?IJ*98=<?K/8�q@�-2AQA0M8^.:<?IX*�<?2¯h�e@e�j;m|{

 a;*A_:0B2AQp<?2�Q5<H03.103_���_:rs0B<?8�OB6ADU03<?.18�_:a/6ADUFH<?IJ*A0CÄ�F?6A7g8=6-,w8=<H>/2A032�QA0B_©)+*-,/.10£rs0XW
8=_:,/IJ*98=0M8�L�03_:Q5032§q�rs0B.:IJ*-a;b«8:<HK/8�.1<HIJ*�QA<?0Cµ�o58=<?7�R@>@_1LN<?03K@0B2AQ�DU<?8GO30B<?8=F?<HIJ*A0B2�)+*-,;.:032uW
4-6A7g8:6-,;8=<?>@2A0B2§{N �03_ 9¤6A.=,/DUDU032A*-,;2AK`OBLN<?.:IJ*A032 _:a/6ADUFH<?IJ*A0B_�\^>@_1_:0BF¢,;8:<H>/2A.Pbd6A2A7g8=<?>@2
6A2AQ�}]DCo56AFH.1.:os037g8:_:6AD <?.18n,/2A,/FH>@K OB6�QA0BD ,;6A.�QA03_pµ�o58=<?7 rs037v,/2A298:032� <?032A0B_PW
\G*A<H2g8=IJ*A<?2A0MW ¦�*A03>@_103D�q[Q-,;.�Q5032 9¤6A.:,/DUDC0B2A*-,/25K©OBLN<?.:IJ*A032�O303<�8=F?<HIJ*A03_V\^>@_1_:0BF¢,;8:<H>/2A.PW
bd6A2A7g8:<H>@2�6A2AQnÄ-_:0 8 6A0B2AO3.1os03798=_16AD(rs03.1IX*A_103<?r58�{ �y<H0B_�F¢a/.1.18�.:<HIJ*�Q-,/.�Ä-_10 8 6A0325O3.:os037gW8=_16AD QA6A_1IX*�Ä->@65_:<H0B_18=_:,/2A.Pbd>@_:DC,;8:<�>@2$QA03_iO30B<?8=F?<HIJ*A0B2 \^>/_:_:0BF¢,w8=<?>@2A.Pbd6A2A7g8=<?>@2$03_1.18=0B_
µ�_:QA296A2AK�rs03_103IJ*A2A0B2§{A �<H0B.Vrs0BQA03658:0B8x<H2A.1rs03.:>/2AQA03_10/q[Q-,/.:.�03.V2A<?IX*g8VD 6@K@F?<?IJ*U<H.P8�q9OBL�03<
��<HIJ*98 8 6A03F?FH032CDC<�8�<?QA032g8=<?.:IJ*A03D ®[os037g8=_16AD,/25*-,/2AQ£QA0B_x\^>@_:_103FH,;8=<?>/2A.1bd6A25798:<H>@2U03_1.18=0B_
µ�_:QA296A2AK�OB6C6A298:03_1.:IJ*A03<?QA032¤{A®u>�7w,;2A2C03<?2A0���03.:.16A2AK�QA03_�\y>@_:_103F¢,w8=<?>@2A0B2´03_1.18:03_VµG_1Q[W
2u652AK�2A<HIJ*98 OBLN<?.:IJ*A0B2 �¨,/.:0B_:F?<HIJ*98 652AQ©0B298:.:oA_103IJ*A032AQ´.1os037g8=_:,/F[K@0x�-F?8:03_P8=03D ��<HIJ*98 03<?2A0B_
8=*503_:DU<H.1IX*5032���6A03F?FH0y6A2g8=0B_:.:IJ*A0B<HQA0B2§{ �y<H0B_:O36frs03Q-,;_1b¨03.VQA03_���0B.:.16A2AKSR@>/2�\^>/_:_:0BF¢,;8:<�W
>@2A.Pbd6A2A7g8=<?>@2A0B2�*(6/*A03_103_^µG_1QA2u652AKA{

��� �!� � $&%(')'+*-,/.1032/%547638:9747;<032/%=4E*-4 ����� *?'+*?'BAC'+D74!9E4EF
� *52AFH<?IX*�LN<?0 �¨,/.:0B_G.1<H2AQ!<?QA0�,;FH0©T�>@.:0XWZY+<H2A.P8=0B<H2[W]\^>@2AQA0B2A.=,w8=0©2A<HIJ*98�2u6A_�7/>@*Aa/_:0B298G<H2
03_1.18:03_fµ�_1QA2u6A25KAq+.:>/2AQA03_12 ,/6AIJ*³<H2`*(6/*A03_103_:0B2 µG_1QA2u652AK@0B2§{  �<?03.´rs0BQA036[8=0B8C<H25.:rs0MW
.:>/2AQA03_10/qtQ-,;.:.S.1<H0f7/03<?2A0ª �<HIJ*98:0B4-65798:6-,;8:<H>@25032`OB03<?K@032¤{�}]D	EG03K@0B2A.=,w8=O£Q-,/OB6`OB03<HK/032
8=*503_:DU<H.1IX*50C�x8=>/D´WyrAOBL�{���<HIJ*98 8 6503FHF?032¯03<?2A032�.:>@K@0B2-,/2A2g8=0B2pTV6A2AIJ*A<?2AK;W]Y"4±037g83{ �^<?03_<H.P8+Q5<H0V�,/*5_:.:IJ*A0B<H2AF?<HIJ*A7/0B<?8�q;OMLV03<A�x8=>@DU0VK@FH0B<HIJ*AO30B<?8:<HK�,/D K/FH03<?IJ*A032´µG_P8tR@>@_1O36@�A2AQA032¤q
K@0BK@0329cArs03_yQA0BD R@>/2�QA0B_yDU<?818=F?0B_:0B2� �<HIJ*g8=0�03_1LV,/_18:0B8=0B2��0B_18y03_1*(6@*983q-Q§{°*¤{�Q5<H0G��8:>;W
DU0�2A03<?K@0B2 Q-,;O36��]OB6A.=,;DCDU0325O36A79FH65DCos0B2	�X{� �<?03.:0��,/*5_:.:IJ*A0B<H2AF?<HIJ*A7/03<�8ULN<?_:QÃQ56A_:IJ*
QA<?0G}]2g8=0B2A.:<�8Ja;8:.:7/>@_1_:03FH,;8=<?>@2A.Pbd6A2A7g8=<?>@2§q5,/F?.:>SQA65_:IJ*�QA<H0G\^>@_1_:0BF¢,;8:<H>/2A.1bd652A7g8=<H>/2£OBL�03<?8:03_
µ�_:QA296A2AKUrs0B.:IJ*A_:<?03rs032¤{

 ^<H0�8:*A03>/_:0M8=<H.1IX*50©TV0B.:IJ*A_:0B<HrA6A25KªQ503_�)+*-,/.:0B254-6A7g8=6-,w8=<?>@2A032�r-,/.1<H0B_18�,/65b+Q503_�¥^2[W
8=0B_:QA_1cAIJ7u652AKªR@>@2! �<HIJ*98:0B4-65798:6-,;8:<H>@2A0B2§{¤ �,/*A0B_�LV03_1QA032iY"4±037g8:0©LN<?0�Q-,/.�TV6A2AIJ*A<?2AK
,SoA_1<H>@_1<¤QA65_:IJ*�QA<H0�¦�*A0B>@_:<?0�,;6A.:K@0B.:IJ*AF?>@.:.1032§{�}]D Ä->@F?K@032AQ5032ªL�<H_:Qª6§{ ,[{AK@03OB03<?K/8�q5Q-,/.1.
.:<?IX*fQA6A_1IX*£QA<?03.1032£��25.=,;8:O©h EGF|{ > l5{�e�?�652AQ > l5{ �;?]m¤,;FHFH0y\^>/_:_:0BF¢,;8:<?>@2A.Pbd6A2A7g8=<?>@2A0B2C*(6@*A0XW_:0B_�µG_1QA2u652AK^,;FH.�)�_1>uQA6A7g8¨R@>@2�\^>@_:_103F¢,w8=<?>@25.1bd6A2A7g8:<H>@2A0B2G03_1.18:03_ µ�_:QA296A2AKy,/6A.:Q5_:cAIJ7/032
F¢,;.:.:0B2§q�.:<?0¯,/F?.:>`7/03<?2A0iO36A.:a;8=OBFH<HIJ*A0B2 }]25bd>/_:DC,;8=<?>@25032 0B298:*-,/F?8:032§{x}]2A.:rs0B.:>@2AQ503_:0�QA<H0
\^>@_1_:03FH,;8:<H>/2A.1bd652A7g8=<H>/2ªOBL�03<?8:03_^µ�_:QA296A2AKU<?.18y,/rs0B_NQA032A25>uIX*�R@>@2�TV0BQA03658:6A2AKAq�QA,
e@{NDU<?8�<?*A_:0B_ �^<?F?bd0UQA<?0C8=*A0B>@_:0M8=<?.:IJ*p03_1LV,/_18:0B8=0ª¥y298=0B_:QA_1cAIJ7u652AKiR@>/2` �<HIJ*g8=0B4A6A7@W
8:6-,;8=<?>@2A0B2�cArs03_1oA_:c5b«8NLV0B_:QA0B2�7w,;2A2§{

�[{N<?*A_:0S��03_PLV0325QA6A2AK�O36A_�<H298:03_Pbd03_:>/DC0M8=_:<?.:IJ*A0B2n��03.1.:6A25K!QA0B_�)+*-,/.1032A7/>@_1_:0BF¢,;8:<H>;W
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25032�0X�[o±0B_:<?DC0B298:03FHF¤R@>/_18=0B<HF?*-,;b«8�<?.183{
 ^<H0�25>@_:DU<H0B_18:0�\^>/_:_:0BF¢,;8:<?>@2A.Pbd6A2A7g8=<?>@2ªOMLV03<�8=0B_�µ�_1QA2u6A25KC<?.18NQA65_:IJ*

g(2)(r1, r2, r3, r4) =
〈ψ̂†(r1)ψ̂

†(r2)ψ̂(r3)ψ̂(r4)〉
√

∏4
i=1〈ψ̂†(ri)ψ̂(ri)〉

, > l5{?e��,?

QA0x�-2A<H0B_183{[®[<H0N0B298=*Aa/F?8 QA<?0y_:a/6ADUFH<?IJ*A0�}]298:032A.1<?8Jaw8=.:7/>/_:_:0BF¢,;8:<H>@25.1bd6A2A7g8:<H>@2
g(2)(r1, r2) =

g(2)(r1, r2, r2, r1)
,;FH.�®uos03O3<H,/F�b¬,/FHF¬{- �<?0�TV0B_:0BIX*52u6A2AK£03_Pbd>@FHK;8^,/2-,/F?>@KUOB6�QA03_^QA0B_�\^>@_ZW

_:0BF¢,;8:<H>/2A.1bd6A25798:<H>@2£03_:.P8=0B_�µ�_:QA296A2AKA{s��,/2�03_1*-a/F?8

g(2)(r1, r2, r3, r4) = exp {−〈[δ(2)φ̂(r1, r2, r3, r4)]
2〉/2} > l5{?e =,?

DU<?8
δ(2)φ̂(r1, r2, r3, r4) = φ̂(r1) + φ̂(r2) − φ̂(r3) − φ̂(r4)

{tÄ�cA_©03<?2`Y�25.:03D©r5FH0ª<?D
8=*503_:DU>uQ�0u2-,/DU<H.1IJ*A032�EGFH0B<HIJ*AK@0MLN<HIJ*98�K@<?F?8

〈[δ(2)φ̂(x1, x2, x3, x4)]
2〉T = δ2

Lf
(2)(x1/L, x2/L, x3/L, x4/L) > l5{ �;�,?

DU<?8

f (2)(x̃1, x̃2, x̃3, x̃4) =
1

8

∞
∑

j=1

(j + 2)(2j + 3)

j(j + 3)(j + 1)

×
[

P
(1,1)
j (x̃1) + P

(1,1)
j (x̃2) − P

(1,1)
j (x̃3) − P

(1,1)
j (x̃4)

]2
. > l5{ �ue�?

 <H0+rs0B<9Q503_�\^>@_1_:03FH,;8=<?>/2A.1bd6A25798:<H>@2�03_:.P8=0B_�µ�_:QA296A2AKyrs03<?2A*-,/F�8=0M8�,/65IX*�*A<H0B_
δ2
L

,;FHF?0t0M�9W
os03_1<HDU032g8=03F?F?032©)�,;_=,/DU0B8:03_3qvLxa/*A_1032AQ

f (2) QA<H0 bd6A2A7g8=<?>@2-,/F?0VÄ->@_:D Q503_+)+*-,/.103254A6A798:6-,wW
8=<?>@2A0B2i0B298=*Aa/F?83{§ �<H0S¥^2g8=03_1QA_:cAIJ796A2AK�Q503_� �<HIJ*98:0B4-6A7g8:6-,;8=<?>@2A0B2§q�Q5<H0S,ªoA_1<H>@_1<�Q56A_:IJ*
QA0B2Ã�^2A.=,w8=O�EGF|{ > l5{�e�?�R@>@_:K/032A>@DUDU032nLN6A_:QA0;q�Q5_:cAIJ7g8C.1<HIJ*³Q56A_:IJ* g(2)(r1, r2) = 1,/6A.B{¨Y+.�F¢a;.:.18�.1<HIJ*¯QA<H_1037g8�2-,/IJ*A_:0BIX*52A032§q�QA,/.:.�.:<HIJ*

f (2) Q56A_:IJ*�QA<?0´Ä-6A2A7g8=<?>@2i03_1.18=0B_µ�_:QA296A2AK
f (1) ,;6A.:QA_1cAIJ7/032�F¢a;.:.18��

f (2)(x̃1, x̃2, x̃3, x̃4) = f (1)(x̃1, x̃3) + f (1)(x̃2, x̃4)

−f (1)(x̃1, x̃2) − f (1)(x̃3, x̃4)

+f (1)(x̃1, x̃4) + f (1)(x̃2, x̃3). > l5{ �/�;?
 �<?0�bdc5_^Q5<H0�Ä-6A2A7g8:<H>@2

f (1) 03_:,/_:rs0B<?8=0M8=0B2�,/2-,/F5098=<H.1IX*5032���a/*A0B_:6A25K@032!E�F�{ > l5{�ev��?�6A2AQ
> l[{?ev��?xFH,/.:.1032�.1<HIJ*�Q-,;*A03_y,/6AIJ*�QA<H_1037g8NbdcA_ f (2) ,/29L�032AQA0B2§{s��rAr5<HF?QA6A2AKUl5{ �SO30B<HK/8NQA<H02u65DC0B_:<?.:IJ*frs0B_:0BIX*52A0B8:0GÄ-6A2A7g8:<H>@2

f (2) R@03_1K@FH<?IX*5032CDU<?8�Q5032frs03<?QA032f,/2-,;F�098=<?.:IJ*A032f�^awW*A0B_:6A2AK/032§{¤ ^<H0�<H2�QA0B_^��rArA<?FHQ56A2AKCK/0BLxa;*AF?8:032�) >@.1<?8=<?>@2A0B2�032g8=.1oA_:0BIX*5032iQ503D'bdcA_yQA<H0
}]298:03_Pbd03_:>/DC0M8=_:<?0x_103FH0MR;,/2g8=0B2CÄ�,/F?F�{ �^<?03_:rs0B<5L�03_:Q5032COMLV0B<�\^>@oA<?032SQA0B. \^>@25QA032A.:,;8=.+DC<�8
03<?2A03D _=a;6ADCF?<?IJ*A032���03_1.=,;8:O

d
c5rs03_:FH,/K@0B_18�6A25Q!QA<?0�}]298:032A.1<?8Jaw8=.:7/>/_:_:0BF¢,;8:<H>@25032�<?D }]2uW

8=0B_1bd0B_:>@DU0B8:_:<H0B.:<?K@2-,/F
I(x)

LV03_1QA032�,;2�OMLV0B<¨.�0[DUDU0B8=_1<H.1IX*5032�) >/.:<?8:<H>@25032ª<HD �^rA.18=,/2AQ
s
,/6A.1K@0BL�03_P8=0B83{

f (2)(s)
<?.18S03<?2A0£DC>@25>/8=>@2n.18:03<?K@0325QA0�Ä-652A7g8=<H>/2�� bdcA_

s = 0
<?.18SQA<?0
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f (2)(s, d) ≡ f (2)(−s−d

2 , s+d
2 , s−d

2 , −s+d
2 )

k:'.)Z5:IK��,*-N'.��%E��Lu82'.) F:�@F:I JHL��	�*,.-�'.�7!AO<-N'*)+#4�&5 #4�3M
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N0 = 105 ~ ωx = 2π × 3.4 � =y#4��8

ωr = 2π × 380 � =E�>'.)>';,*-2�@'*L[S
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δ(2) = 0

q§.1>�Q-,/.:.
f (2)(0) = 0

{� �<?03.GrA_1<H2AK/8�O36AD���65.:QA_:65IX7�q¨Q-,;.:.
QA<?0£}]298:032A.1<?8Jaw8=032

I(x + s/2)
6A2AQ

I(x − s/2)
<HD }]2g8=03_Pbd03_:>/DC0M8=_1<H03.1<HK@2A,/F�DU<?8�.P8=03<�W

K@0B2AQA03D��^rA.18=,/2AQ
s
<HDUDU03_yLV0B2A<HK/03_�7/>@_1_:03F?<H0B_18�.1<H2AQ¤{

f (2) .18=0B<HK;8GrA<?.�O365D���r5.18J,;2AQ
s = d

OB6A2-a/IJ*A.P8SF?<H250�,/_GDC<�8�QA0B_©®u8=0B<HK/6A2AK
2s
,;2§q¨K@03*g8�Q-,/2A2�<?2�0B<H2�)+F¢,;8:0�,/6�cArs0B_

6A2AQ�.18:03<?K/8NO36AD'~y,/2AQ�Q503.^\^>/2AQA0325.=,;8:.NLN<H03Q503_y,/2§{
¥y298:03_���0B_1LV0B2AQA6A2AK�R@>@2nE�F�{ > l5{ �@�;?�F¢a/.1.18�.:<?IX*�Q5<H0U\^>@_1_:03FH,;8=<?>/2A.1bd652A7g8=<H>/2iOBL�03<�W8=0B_�µG_1QA2u652AK`bdcA_ªQ5<H0�*A<H0B_ªrs0B8:_=,/IJ*98:0B8:032 oA*A,/.:0B254-6A7g8=6A<?03_1032AQA032 \^>@2AQA0B2A.=,;8:0iDC<�8

6A2g8=03_1QA_:c5IX7g8=0B2! �<?IX*g8=0M4-6A7g8=6-,w8=<?>@2A032�,;FH.N)+_:>uQA6A7g8^QA0B_^\^>/_:_:0BF¢,;8:<?>@2A.Pbd6A2A7g8=<?>@2ª03_1.18=0B_
µ�_:QA296A2AKC,/65.:QA_1cAIX7/0B2��

g(2)(r1, r2, r3, r4) = exp {−δ
2
L

2
f (2)(x1/L, x2/L, x3/L, x4/L)}

=
g(1)(r1, r3)g

(1)(r2, r4)g
(1)(r1, r4)g

(1)(r2, r3)

g(1)(r1, r2)g(1)(r3, r4)
. > l5{ �;l,?

 �<?0�_=a/6ADUFH<�IX*5032�\^>@_:_103FH,;8=<?>@25.1bd6A2A7g8:<H>@2A0B2�03_1.18:03_�6A2AQ�OMLV03<�8=0B_Gµ�_:QA296A2AK£rs0B<H2A*A,/F?8:032
,/F?.:>!QA<?03.103FHrs0ª}]2[bd>@_:DC,;8=<?>/2§q Q§{k*§{+,/6A.SQA0B_U\^>/_:_:0BF¢,;8:<?>@2A.Pbd6A2A7g8=<?>@2nOBL�03<?8:03_Uµ�_:QA296A2AK
7w,;2A2�QA<?0�QA03_^0B_:.18:032iµ�_:QA296A2AKfrs03_103IJ*A2A0M8�LV0B_:QA0B2!6A2AQ�6ADUK@0B7/03*A_P8�{s��r5rA<HF?QA6A2AKCl5{ l
O30B<HK;8�Q5<H0UÄ-6A2A7g8=<?>@2

g(2) bdcA_�QA<?0U0X�[os03_:<?DC0B298:03F?FH032�)�,;_=,/DU0B8:03_3q�Q5<H0´<H2¯�^rAr§{�l5{�eUbdcA_
g(1) R@0B_1LV0B2AQA0B8�LN6A_:Q5032§{s <H0�rs03<�QA03_�\^>@_:_103FH,;8=<?>@25.1bd6A2A7g8:<H>@2�0B_:.18:03_Gµ�_:Q52u6A2AKf7w,/252QA<?0�)+*-,;.:03257/>@*-a/_1032AO3FHa/2AK@0�,;6A.NQA03_yTV_103<�8=0GQA03_yÄ-6A2A7g8:<H>@2�0B_:DU<?8:8:03F�8VLV03_1QA032§{

 ^<H0yTV03_103IJ*A296A2AK�bdc5_ Q5<H0y\^>@_1_:0BF¢,;8:<H>/2A.1bd652A7g8=<H>/2´OMLV03<�8=0B_VµG_1QA2u652AK�F¢a;.:.18 .1<HIJ*UR@0B_PW
,/F?FHK/03DU0B<?2A03_12§q�6AD$03<?2A032�,/F?FHK@0BDU03<?25K@cAF�8:<?K/032���6A.1QA_:65IX7GbdcA_�QA<?0�\^>@_1_:0BF¢,;8:<?>@2A.Pbd6A2A7g8=<?>@2
N
W 8:03_yµ�_:QA296A2AK

g(N)({ri}i=1,...,2N ) =
〈∏N

i=1 ψ̂
†(ri)

∏2N
i=N+1 ψ̂(ri)〉

√

∏2N
i=1〈ψ̂†(ri)ψ̂(ri)〉

> l[{ �wj ?

O36¯03_1F¢,/25K@032§{� �,;.�Y+_:K@0BrA2A<?.GbdcA_�0B<H2¯Y+2A.:0BDSr5FH0´<HD»8=*503_:DU>uQ�0u2-,/DU<H.1IX*5032�EGFH0B<HIJ*AK@0XW
LN<HIJ*g8yF¢,;658=0M8��

g(N)({ri}i=1,...,2N ) = exp {−δ
2
L

2
f (N)({xi/L}i=1,...,2N )} > l5{ �/�;?

DU<?8
f (N)({x̃i}i=1,...,2N ) =

∑

1≤l<m≤2N

P{l,m}f (1) (x̃l, x̃m) , > l5{ �;�,?
LV>/r±0B<�bdc5_NQA<?0�\^>u0��UO3<?032g8=032

P{l,m} =

{

+1
<?b
l ≤ N < m

−1
<?b
l,m ≤ N

>@_
l,m > N

> l[{ �/�;?
K@<?F?83{@��<?8�Q503D��^2A.=,;8:O�EGF|{ > l5{�e�?�6A25Q£EGF|{ > l5{ �;?�7�6/2A2A032f,;FH.:>�,/6AIJ*C\^>@_:_103FH,;8=<?>@25.1bd6A2A7@W8=<?>@2A0B2�*(6@*503_:0B_�µ�_:QA296A2AKfQ56A_:IJ*�QA<H0�\^>@_:_103F¢,w8=<?>@2A.Pbd6A2A7g8=<?>@2�03_1.18=0B_�µG_1QA2u652AK£,/65.:K@0XW
QA_1cAIX7g8yL�03_:Q5032§{
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¥^D QA<?0C)�*A,/.:0B254-6A7g8=6-,;8:<H>/2A032n2u65DC0B_:<?.:IJ*�O36�.:<?D©6AFH<�03_:0B2§q�7�6@252A032nQA<?0fµ�os03_:,;8=>@_1032
âj

6A2AQ
â†j
<H2 EGF|{ > l[{ �;?UQA65_:IJ* 9¤65b¬,/F?FH.PR;,/_1<H,/rAF?0B2 αj

6A25Q
α∗

j

0B_:.:0M8=OB8ªLV0B_:QA0B2§qxQA<H0
QA<?0�.P8J,;8:<H.18:<H.:IJ*A0B2SY+<?K@0325.:IJ*-,;b«8=0B2©QA03_tµ�os03_=,w8=>@_1032�rs03.:<�8=OB032��/Y+<?2A032�R@03_1.:IJ*9LN<H25QA032AQA032
Y+_1Lx,;_18=652AK@.1L�03_18 〈αj〉 = 0

6A2AQ�TV0B.:0B8:O36A25K@.:O�,/*AF?032 〈|αj|2〉 = Nj

0B298=.1oA_:0BIJ*A032AQ!QA03_
TV>@.10MW]Y�<?2A.18:03<?2[WP®u8=,;8=<?.18:<H7

Nj = [exp(εj/kBT ) − 1]−1 {���<�8�QA<H0B.:0B2 9¤65b¬,/F?F?.1R;,;_:<H,/rAF�032LN<H_1Q�Q5<H0�)+*-,/.:0�Q503.^\^>/2AQA0325.=,;8:.yO36
φ(x) =

∑∞
j=1 φj(x)

DC<�8

φj(x) =

√

√

√

√

(j + 2)(2j + 3)g

4π(j + 1)R2Lεj
P

(1,1)
j

(

x

L

) (αj + α∗
j )

2
, > l5{ �;�,?

Q§{k*§{�bdc5_�Q5<H0U)+*-,/.10C<?.18�296A_�QA03_�~N0�,;F?8=0B<HF�QA0B_ 9¤65b¬,/F?F?.1R;,;_:<H,/rAF�032i_103F?0BR;,;298�� (αj+α∗
j )

2
=~N0

(αj)
{�Y+.yFHa/.:.P8y.1<HIJ*�QA<?_:037g8N2-,/IJ*A_:0BIX*52A032§qsQA,/.:.NDC<�8

(αj + α∗
j )

2
=

√

Nj

2
r, > l5{ �%=,?

LV>/r±0B<
r
.18=,/2AQ-,;_:QA2A>/_:DC,/F?R@0B_18=0B<HF�8�<H.P8�q�QA<?0ªK@0MLNcA2A.1IX*g8=032Ã.18J,w8=<H.P8=<?.:IJ*A032³Y+<HK@0B2A.:IJ*-,wb¢W
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bdcA_�R@0B_:.:IJ*A<?03QA0B2A0ª_=,;QA<¢,/F?0UÄ�,/F?FH0B25bd_:0 8 6A032AOB032¤{�Y�.�OB03<HK;8�.:<?IX*�QA0B658=F?<HIJ*§q¨Q-,/.:.�DU<?8�OB6[W2A0B*ADC0B2AQA0BD	��.1os037g8:R@03_1*-a/F�8=2A<?.

λ = ωρ/ωx

QA<?0ª)�*A,/.:0B254-6A7g8=6-,w8=<H>/2A032³OB6A2A03*5DC0B2§{
 a/*A_1032AQ bdcA_

λ = 10
QA<H0i)+*-,/.:0B254-6A7g8=6-,w8=<?>@2A032 LV03<�8=K@0B*A0325Q 65298=0B_:QA_1cAIJ798�.1<H2AQ¤q

4-6A7g8:6A<H0B_18SQA<?0ª)+*-,/.10£bdcA_
λ = 1000

6AD(DC0B*A_S,;FH.
2π
{ �y<H0B_©<?.18©<H2noA*-,;.:0325.:032A.:<�8=<�W

R@032 Y��[o±0B_:<?DC0B298:032 ,/F?.:>i03<H2`QA_=,/DC,;8:<H.:IJ*A0B_UY+<?254-6A.1.CQ503_C)+*-,;.:032[4-6A7g8=6-,;8:<H>@2A0B2 O36
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03_PLx,/_P8=0B8:032�\^>@_1_:0BF¢,;8:<H>/2A.103<HK/032A.1IX*A,;b«8=0B2�EGF|{ > l5{�e�l,?V_103oA_1>uQA6AO3<?03_P8�{ ^<H0x.:>G.:<?D©6AFH<�03_18:032©)�*A,/.:0B29R@03_P8=03<?FH6A25K@032´7�6@2A25032Urs0B2u658:OB8+LV0B_:QA0B2§qg6AD rs0B<H.:o5<H03F?.PW
LV0B<H.10£Q-,;.©Y+298=.P8=0B*A032pR@>/2`®u8=_:0B<?bd0B2n<?2�QA0B_�r-,/F?FH<?.P8=<?.1IX*�0M�[o-,/25QA<H0B_18=0B2` �<?IX*g8=0MR@03_18:03<�W
FH652AK©>uQA0B_xQA<?0�<H2g8=03_Pbd03_1>@DC0M8=_1<H.1IX*A0B2ªY��5os0B_:<?DC0B298:0GDU<�8VoA*A,/.:0B254-6A7g8=6A<?03_1032AQA032�TxY21V.
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λ = 10
6D?2�>'.� C ~ λ = 100
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λ = 1000
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ωx = 2π × 14 � = ~ T = 0.6Tc
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N0 = 2 × 105 S
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�^6A.:K@,/2AK@.1oA6A2A7g8�QA03_V,/2-,/F5098=<H.1IX*5032£TV03.1IX*5_:03<?rA6A2AK©<H.18�QA<H0y.:0BFHrA.P8Ja/*A25FH<HIJ*A0��)6@.16A2AK
QA0B_´E�_1>@.:.ZWZ)+<¢,/0MRu.:79<H<�WPEGF?0B<?IJ*u6A2AK�bdc5_©0B<H2n0M�[o-,;2AQA<H0B_:0B2AQA03.U\^>/2AQA0B2A.=,;8S<?D ¦�*5>@Df,;.PW
Ä-03_1DC<�WZ~N0BK@<?D´0 > .:<?03*A0¯\�,/oA<�8=03F��[{�e@{°l,?X{N �,`*A<H0B_�296A_�.103*A_�0BFH>@2AK/<H0B_18=0!\^>@2AQA0B2A.=,;8:0rs0B8:_=,/IJ*98:0B8�LV0B_:QA0B2§q§7w,/252iQA,/.G\^>@25QA032A.:,;8G<H2�,w�[<¢,/F?03_^~y<?IJ*98=652AK£FH>/7w,/F ,/F?.�*A>/DC>@K/032
,/2AK/03.:0B*A0B2ULV03_1QA032¤qu,/F?.:>GQ5<H0xFH>uI3,/F�W QA0B2A.:<�8 0gWZ�^a/*A0B_:6A25K�,/25K@0BLV,/2AQ58+LV03_1QA032¤{u �,;2A2U<?.18
QA<?0GY+298]LN<HIJ7uF?6A2AKSQA03_x�0BFHFH0B25bd6A2A7g8:<H>@2fLxa/*5_:0325Q�QA03_�Yt�[o-,;2A.:<?>@2�rs03.:IJ*A_1<H0Brs032�Q56A_:IJ*

ψ(ρ, x, t) =
κ(ρ̃, x, t̃)

bρ(t)
e

i
mḃρ
2h̄bρ

ρ2

e−i µt̃
h̄ , > l5{ l/�,?

LV>/r±0B<
(mḃρ/2h̄bρ)ρ

2 QA<H0^.:<?IX*£rs0B<±QA03_xY��[o-,/2A.1<H>@2ª,/6A.:r5<HF?QA032AQ50 8 6-,/QA_:,;8=<?.:IJ*A0G)+*-,;.:0<H.P8�q
b2ρ(t) = 1 + ω2

ρt
2 QA0B_S®[7w,;FH<H0B_:6A25K@.:7/>u0 �UO3<H0B2983q t̃ =

∫ t dt′/bρ(t
′)2 Q5<H0C_:0B.:7w,;FH<?03_PW8=0:9¤03<�8�652AQ

ρ̃ = ρ/bρ(t)
QA<?0C_:0B.:7w,;FH<H0B_18:0f_:,/QA<H,/F?0C\^>u>@_1QA<H2A,;8=0;{� �,/.©)+_:>@rAF?03D�F?<H0BK/8

����������������������������! �"$#&%$')(Yi����*#&��(,+-��./ 10*�324���50/�3�76��8��9:24�3�/�����8���;0 k



jg� ���������	��
��������������	����������������� ������!"�$#%��&�(')��*�
+�,#-
��.�/�����

���������	��
��� �"���_� 6DF.C m�J+o��	�*,*-N'{�.�	%E#4I �B'.)*L[' tv-4F<��'.�3k<'.)*L['.��IK#&�&5 e.j4)
ωx = 2π × 14 � = ~

ωρ = 2π×508 � = ~ N0 = 2×105 #4��8
T = 0.5Tc

S�69�DC��3'.)Z5:IT'.�Z,.-G82'+�^%c��L�82'.)^�3#4%('.)+�	�*,*-N'.�
�\��%E#&IdFHL��Z?:� 8&'.) PR);?<�>�.M�t ��LBF2'.k �+�x���	M.PRId'.�Z,.-2#4�&5 698:#&)1,.-<52'1=x?>52'*�@'v�����3�Z'9CQ#4��8 82'.)RF:�@F:I JHL��	�*,.-N'*�
m�-N'1?:).�Z'c6	5&'+�.L�).��,*-N'.IrL['u�|�	�\�Z'DCc�1'*)1';,*-2�@'*L['*� � �Z,.-&L['[o@);?��UI �^��F ,.-

25
%c� ] IK#:5`=x'.��L[S\/0'*��82'*��/ '.M

)1'1,.-2�3#4�&5&'.� IK�Z'B5HLU8:�B'0�	��6DF.Cc8 F:)B52'+�.L['*I	IKL['0tv-4F<��'.�3k<'.)*L['.��IK#&�&5c=*#�PR)+#4��82' #&�@8 '+�0z|#&);82'A'*�	�@'
';q+o3'.).��% '*�\L['.I	IT' W0#�� �<�.#&�&5Gk`?:�

σ = 3 µ
%f�>'.).j�,.���.��,*-&L��d5HL[S



����� � # � �����
���������������)#%��+�.�/� j9�

2u652�,/F?.:>U<?2�QA03_^TV0B_:03IJ*A296A2AK£Q503_N�0BFHF?0325bd652A7g8=<H>/2
κ(ρ̃, x, t̃)

{s �6A_1IX*�Y+<?2A.:0M8=O30B2�R@>/2
ψ(ρ, x, t)

,/6A. EGF|{ > l5{°l@�;? <?2SQA<?0NE�_1>@.:.ZWZ)+<?8=,/0BRu.17u<?<�WZEGF?0B<?IX*96A2AK > �[{?e��,?�03_:*Aa/F?8tDC,/2S0B<H2A0EG_:>@.1.PWZ)+<�8J,/0MR[.179<H<�WZEGF?0B<?IX*96A2AK©bdcA_
κ(ρ̃, x, t̃)

�

ih̄
∂κ

∂t̃
=

[

− h̄2

2m

∂2

∂ρ̃2
+
mω2

ρ

2
ρ̃2 + g|κ|2 − h̄2b2ρ

2m

∂2

∂x2
− µ

]

κ. > l5{ l[e�?

9¤65_	� 6/.:6A2AK�QA<H0B.:03_tE�F?03<HIJ*96A2AKyLN<H_1Q§q;a/*52AFH<?IX*�LN<H0�rs0B<[QA03_tT�03_:0BIX*52u6A2AK�R@>@2©�^2A_:0XW
K@6A25K@.:DU>uQA032C<H2fTVY71V.Bq[03<?2C.18&6@_16A2AK@.P8=*A0B>@_:0M8=<?.:IJ*A03_V�^2A.=,w8=O�K/03DC,/IJ*98�{9 �<H0y7/>@DUoAFH0X�[0
Ä-6A2A7g8:<H>@2

κ =
√
n exp(iφ)

LN<?_:Q�QA6A_1IX*!<?*A_:0B2!TV0B8:_=,/K
n = n0 + δn

652AQ!<H*5_:0©)+*-,vW
.:0C,/6A.:K/03QA_1cAIJ7983q�LV>/rs03< Q5<H0´��r9L�03<?IX*96A2AK@0B2

δn
QA03_� �<HIJ*g8=0U6A2AQ

φ
QA0B_�)+*-,;.:0UR@>@D

EG_:6A2AQ5O36A.P8J,/2AQ
n0

q
φ0 = 0

,;FH.�7uF?03<?2A0£)�,/_:,/DU0B8=0B_©,/2AK/032A>/DCDU032�LV03_1QA032¤{ �^<?03_:rs0B<
DC,/IJ*98yDC,/2�.:<?IX*�OB6A2u6[8=O30;qsQ-,/.:.yQA03_�EG_:6A2AQ5O36A.P8J,/2AQ

κ0 =
√
n0

�)6@.:652AKCQA03_yOB03<?8:6A2[W
,/rA*Aa/2AK@<?K@032�EG_:>/.:.PW])�<�8J,/0MRu.:79<H<�WPEGF�03<?IJ*u6A25K

[

− h̄2

2m

∂2

∂ρ̃2
+
mω2

ρ

2
ρ̃2 + g|κ0|2 − µ

]

κ0 = 0 > l5{ l@�;?

<H.P8N6A2AQ�.:6AIJ*g8^2-,/IJ*���a/*A0B_:6A25K@.:F�6@.:6A25K@032�<?2�03_1.18=0B_�µ�_:Q52u6A25KUR@>/2
δn

6A2AQ
φ
{- �6A_1IX*

Y+<H2A.10B8:O3032 R@>@2
κ =

√
n0 + δn exp(iφ) ' κ0(1 + δn/2n0 + iφ)

<H2 QA<H0nEG_:>/.:.PW
)+<?8=,/0BRu.:79<?<�WPEGF?0B<?IJ*u6A2AK > l5{°l5e�?y6A2AQ!��0B_:2-,/IJ*AFHa/.:.1<HK@0B2¯,;FHFH0B_^¦ 0B_:DU0S*(6/*A03_103_�µ�_:QA296A2AK<H2
δn
6A2AQ

φ > � ��<H250�,/_1<H.1<?03_:0B2�QA0B_�EG_:>@.1.PWZ)+<�8J,/0MR[.179<H<�WZEGF?0B<?IX*96A2AK ��?±0B_:*-a/F�8¨Df,/2�0B<H2�)�,@,;_K@0B7/>@oAos0BF?8=0B_y �<�4±03_1032AOB<¢,/F?K@F?03<?IJ*96A2AK@0B2ªbdcA_NQ5<H0� �<HIJ*g8=0�6A2AQ�QA<H0�)+*-,/.10 �

˙δn =
ξ̂φ

b2ρ(t)
− h̄

m

∂2

∂x2
(n0φ), > l5{°l@l,?

n0φ̇ = − ξ̂(δn/n0)

4b2ρ(t)
+

h̄

4m

∂2

∂x2
(δn) − gn0

h̄b2ρ(t)
(δn), > l5{°l/j ?

DU<?8
ξ̂ = −(h̄/m)[n0

∂2

∂ρ̃2 +(∂n0/∂ρ̃)∂/∂ρ̃]
{v �6A_1IX*�O30B<?8:FH<?IX*503.¨��r5FH03<�8=0B2�R@>@2SEGF|{ > l5{°l@l,?6A2AQ�Y+<H2A.10B8:O3032�R@>@2�EGF|{ > l[{ l;j ?V03_1*-a/F�8NDC,/2

δ̈n− gn0

mb2ρ

∂2

∂x2
δn+

h̄2

4m2

∂4

∂x4
δn =

∂

∂t

(

ξ̂φ

b2ρ

)

+
h̄

4b2ρm

∂2

∂x2
ξ̂
δn

n0

. > l5{ l@�;?

}]D ¦�*A>/Df,/.ZWZÄ-0B_:DU<�W]~N0BK@<?D´0
µ� h̄ωρ

7v,/2A2�Q503_NFH0M8=OB8:0�¦�03_:D',/65b QA03_N_:0BIX*g8=0B2!®[0B<?8=0
QA0B_ E�F?03<?IX*96A2AK�R@0B_:2-,;IX*AFHa/.:.1<HK;8+L�03_1QA032§{@��65bdK@_16A2AQ´QA0B.�eBW]QA<?DU032A.1<H>@2A,/F?0B2 1V*-,;_=,/7g8=0B_:.
QA0B_�)+*-,/.:0B254-6A7g8=6-,w8=<H>/2A032!<?.18^R@>/_�,/F?FH0BD'Q5<H0� �<?IJ*98=0MR@03_P8=03<?FH6A25Kf<H2�,v�5<H,/FH0B_^~N<HIJ*98:6A2AK
R@>@2!}]298:03_:0B.:.10/{¨ �,/*A0B_�LN<?_:Q�<HD²Ä->/FHK@0B2AQA032�QA<?0©_:,/QA<H,/F�<H2g8=03K/_:<H0B_18:0© �<?IX*g8=0MR@03_18:03<?FH6A25K
nI = n0I+δnI

rs0B8:_=,/IJ*98:0B8�{v ^<H0+_=,;QA<¢,/F?0�}]298:03K@_:,;8=<?>@2G2-,/IJ*�QA03_�<H2´h�e@e��wmgrs03.:IJ*A_1<H03rs0B2A032
��0M8=*A>uQA0�F?<H0Mbd03_18

¨δnI −
µ

2mb2ρ

∂2

∂x2
δnI +

h̄2

4m2

∂4

∂x4
δnI = 0. > l5{°l@�,?
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 �<?0�)�*A,/.:0B254-6A7g8=6-,w8=<H>/2A032©0B298:.18=0B*A032©QA6A_1IX*�8:*A03_1DC<?.:IJ*A0 ��2A_103K@652AK�QA0B_�Y+<HK@0B2ADU>uQA032
QA0B.N® 0u.18:03DU.3{5 �<H0�Y+<HK@0B2ADU>uQA032f<?2fQA0B_VFH>uI�,;F�W QA0B2A.:<�8 0gWZ�^a/*A0B_:6A2AK5q9Q§{k*§{[QA<?0�Y+<HK@0B2ADC>wW
QA0B2´QA03.+*A>@DU>@K/032A0B2U® 0u.18=0BDC.Bq@.:<H25Q´0Brs032A0x�03FHF?032©QA0B_�Ä->@_1D

δnk ∝ eikx {/��2gLV0325QA032R@>@2�EGF|{ > l[{ l/�,?x,/65b QA<H0B.:0�TV>@K/>@FH<?6Ars>�RgWP��>uQA0B2�F?<H0Bbd0B_18

h̄2 ¨δnk + ε2k(t)δnk = 0 > l5{ l@�;?
DU<?8�Q503D'TV>@K/>@FH<?6Ars>�RgWP®[os0B798:_:6AD

εk(t) =

√

√

√

√

µh̄2k2

2mb2ρ
+
h̄4k4

4m2
. > l5{ l/�,?

Ä�cA_�796A_1O30NY��[o-,/2A.1<H>@25.:O30B<?8:032
ωρt <∼ 1

<?.18tQA0B_+)�*5>@2A>@25032[W ¦ 0B<HF5QA0B. ®[os0B7g8=_:65DC.tQA>@DU<�W
2A<?03_:0B2AQ§qg,;FH.:>

εk(t) '
√

µh̄2k2

2mb2ρ

{@ �<H0� �<54¤0B_:0325O3<¢,;FHK@F?0B<?IJ*u6A2AK > l5{ l/�,? 7v,/2A2UQA,/2A2´DU<?8�* 0gWos03_1K@03>/DC0M8=_:<?.:IJ*A0B2fÄ-6A2A7g8=<?>@2A0B2UK@03F�6@.18+LV0B_:QA0B2§{[Ä cA_�K@_�6;3@0B_:0 9¤0B<?8:032U*5<H2AK/03K@0B2UQA>@DU<�W
2A<?03_18NQA0B_Nbd_103<?0MW]¦�0B<HFHIJ*A0B2[W�1V*A,/_=,/7g8:03_3qAQ§{k*§{

εk = h̄2k2

2m

q-6A2AQ�QA<H0� �<�4±0B_:0325O3<¢,;FHK@F?0B<?IX*96A2AK
7w,;2A2SDU<?8 TV0B.:.:0BF�W]Ä-6A2A7g8=<?>@2A032�K@03F�6@.18 L�03_:Q5032§{@ �<?03.10xrs0B<HQA0B2S~y0BK@<H>/2A032�7�6@252A032SQ56A_:IJ*
��0B_1LV0B2AQA6A2AKfQA0B_^,;.�0uDCo[8=>/8:<H.:IJ*A0B2�Y+298]LN<HIJ79FH6A2AK/032�QA0B_y*,0[os0B_:K@0B>@DU0B8:_:<H.1IX*5032�Ä-652A7@W
8=<?>@2A0B2n6A2AQpQA03_STV0B.:.:0BF�W]Ä-6A2A7g8=<?>@2A032p<?2A03<?2-,/2AQ503_�c5r±0B_1bdcA*5_18©LV03_1QA032¤{+ �,/DU<?8�FH,/658=0M8
QA0B_�,/2-,/F50u8:<H.1IX*50C�^6A.:Q5_:6AIJ7ibdcA_�QA<?0U_=,/Q5<¢,/F+<?298:03K@_1<H0B_18=0B2� �<?IX*g8=0BDC>uQA65F¢,;8:<H>/2A0B2�2A,/IX*
03<?2A03_NY��5oA,/2A.:<?>@2A.1O30B<?8

t

δnI(x)

nI0(x)
= 2

∑

j

(ωρt)
−(εj/h̄ωρ)2 sin

[

ε2j t

h̄µ(1 − x̃2)

]

φj(x), > l5{°l;=,?

LV>/r±0B<
φj(x)

QA03_�TV0B<?8:_=,/K�Q503_
j
W 8=0B2£��>uQA0yO36A_�)+*-,/.10 > l5{ �/�,?tr5OBL�{ > l5{ ��?t<H.18 6A25Q x̃ =

x
L

{� ^<H03.103_���65.:QA_16AIX7¯<?.18�K@cAF?8:<HKªbdcA_�Y��[o-,/25.:<H>/2A.:OB03<?8:032
µ/h̄ω2

x � t � µ/h̄ω2
ρ

6A2AQ
DU>uQA03_:,;8=0£ �<?IX*g8=03DU>uQA6AFH,;8:<H>/2A032¤q QA,�03_S,/65.S0B<H2A0BD(.P8&6@_:652AK@.18:*A03>/_:0M8=<H.1IX*5032³��25.=,;8:O
*A0B_1R@>@_1K@03*g8�{� �6A_:IJ*���0B_:K@F?03<?IX*ªDC<�8�QA0B_N2u6ADU03_1<H.1IX*5032 � 6/.:6A2AKUQ503_^EG_:>@.1.PWZ)+<�8J,/0MRu.:79<H<�W
EGFH03<?IJ*u6A2AK�LN6A_1QA0yQA<H0B.:0B_���6A.1QA_:6AIJ7Sbdc5_+Ru<H0BFH0�.1<HD©6AF?<?03_P8=0�)+*-,/.1032AD©6A.P8=0B_�6A25QC0X�5os0B_:<�W
DU032g8=03F?FH0�)�,/_:,/DU0B8=0B_^cArs03_1oA_:c[b«8 > ��rAr§{±l5{ ��?M{¤EGFH0B<HIJ*u6A2AK > l5{ l�=,?NOB03<HK;8�<H2A.1rs03.1>@2AQA0B_:0/qQ-,/.1.´QA<?0ª<?2pQA03_Sr-,;FHFH<�.18:<?.:IJ*A032`Y��5oA,/2A.:<?>@2`rs03>@r-,;IX*g8=0M8=032Ã �<HIJ*98:03DU>uQA6AF¢,w8=<?>@25032n03<H2
QA<?_:037g8:03.���,�3´bdcA_�QA<?0�)+*-,;.:032[4-6A798:6-,;8:<H>@2A0B2�QA03.yK/0Bb¬,/2AK/032A0B2�\^>@2AQ5032A.:,;8=.y.1<H2AQ§{
9¤65_!7/>/DCo5FH0B818=0B2�\G0B2A298:2A<H.!QA0B_iYtR@>@FH658:<H>@2 QA0B_��0BFHF?0325bd6A25798:<H>@2 6A2AQ$bdcA_�QA<H0

<H2g8=0B_1bd03_1>@DU0B8:_:<H.1IJ*A032`Y��[os03_1<HDU032g8=0£<H.18S,/65IX*pQA<H0£TV03_103IJ*A2u652AK¯QA03_S)+*-,/.1032A0B298]Ly<?IJ7gW
FH652AKp2A>/8]LV0B2AQA<HK5{� �<?03.:0!7w,/252 6A2g8=03_£��0B_1LV0B2AQA6A2AKÃQ503_� �<HIJ*g8=030B298]LN<HIJ79FH6A25K > l[{ l�=,?,/6A.GEGF|{ > l5{°l/j ?Nrs0B_:0BIX*A250B8GLV0B_:QA0B2§{¤}]D»¦�*A>/Df,/.ZWZÄ-0B_:DU<�W]~N0BK@<?D´0�<H.P8�QA03_�03_1.18:0©¦�03_:D
,/65b QA03_N_103IJ*98=0B2�®[03<�8=0�Q5<H03.103_^EGFH0B<HIJ*u6A25KSR@0B_:2-,/IJ*AFHa/.:.1<HK@rA,/_3qA.:>UQA,/.:.y.1<HIJ*

∂

∂τ
φ =

[

1

8λ2η

∂2

∂x̃2
− η

2b2ρ(τ)

]

δnI(x)

nI0(x)
> l[{°j@�,?
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03_1K@<Hr[8�q§LV>/rs03<
τ = ωρt

652AQ
ζ = µ/h̄ωρ

{¨ �,/DU<?8�F¢a/.1.18�.:<HIJ*�QA6A_1IX*�}]2g8=0BK@_=,;8:<H>@2iQA<H0
)+*-,/.10�,/FH.NÄ-652A7g8=<H>/2�Q503_N0M�[o-,;2AQA<H0B_18:032� �<?IX*g8=0MR@03_18:03<?FH6A2AK > l5{°l;=;?x,/6A.1QA_:cAIJ7/0B2��

φ(x̃, τ) = φ(x̃, 0) +
1

8λ2ζ

∂2

∂x̃2

[

∫ τ

0

δnI(x̃, τ
′)

nI0(x̃, τ ′)
dτ ′
]

− ζ

2

∫ τ

0

1

b2ρ(τ
′)

δnI(x̃, τ
′)

nI0(x̃, τ ′)
dτ ′. > l5{°j5e�?

}]D Ä�,;FHF?0$*A>@*A0B_ ��.1o±0B7g8:R@03_:*-a;F?8:2A<H.1.:0�6A2AQ�*A<?2A_:0B<HIJ*A0325Q�796A_:OB03_ Y��[o-,/25.:<H>/2A.:OB03<?8
7/>@DUD�8UQA0B_CQ5>@DC<?2A<?03_1032AQ50�T�03<?8:_=,/KiR/>@2%��>uQA0B2 DC<�8

τ � λ2ζ/[j(j + 3)/4]
6A2AQ

j(j+3)/4λ2 � 1
{; �65_:IJ*´Y+<H2A.10B8:O3032SQ503_�0X�[oAFH<?O3<?8:032�Ä->@_:D$QA0B_t �<HIJ*g8=0BR@0B_18:03<HF?6A2AK�6A25Q
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φ(x̃, τ) '
∑

j

{

1 − 1

2
arctan(τ)

j(j + 3)

4λ2

}

φj(x̃, 0). > l5{kj9�;?
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〈(

δnI(x, t)

nI0(x, t)

)2〉

=
T

Tφ

C(N0, ωρ, ωx, x, t)
2, > l5{°j@l,?

LV>/r±0B<

C(N0, ωρ, ωx, x, t)
2 =

1

2

∞
∑

j=1

sin2

(

(j + 3/2)2

4α(1 − (x/L)2)

)

e
−

(

ωx
ωρ

)2
(j+3/2)2

2
ln(2ωρt)

×
(

(j + 2)(2j + 3)

j(j + 1)(j + 3)

)

(

P
(1,1)
j

(

x

L

))2
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α = µ/h̄ω2

xt
{ �y<H0B_:rs03<5L�6A_:QA0 〈(âj + â†j)(âj′ + â

†
j′)〉/4 = Njδjj′/2

rs03_:c5IX79.1<HIJ*98=<?K/8
6A2AQ

Tφ

<?.18GQA<H0©IX*A,/_=,/7g8:03_:<?.18:<H.:IJ*A0S¦ 0BDCos0B_=,;8:6A_3q§rs03<tQA0B_�QA<?0´)+*-,/.1032A7/>/*-a/_:0B2AO3F¢a;2AK@0
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@,/IB>@rA<�W]) >@F50[25>@DU0

(P
(1,1)
j (x))2 '

4(1−x2)−3/2/πj
6A2AQU��2A2Aa/*A03_16A2AK�Q503_�®[6ADUDU0�cArs0B_

j
QA65_:IJ*C03<?2U}]2g8=0BK@_=,/F�q/bdc5_�QA0B2

O30B298:_:6ADU.:2-,;*A032�TV0B_:03<?IX*
(x ≈ 0)

03<?2���a/*A0B_:6A25K@.=,/65.:QA_16AIX7�,/25K@03rs0B2��

σ2 ≡
〈(

δnI(0, t)

nI0(0, t)

)2〉

≈ T

λTφ

√

ln τ

π
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−
√
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y ≡ h̄ωρτ/(µ ln τ) � 1
652AQ

y � 1
7�6@2A2A0B2 rs03<y��03_:2A,/IJ*AF¢a/.1.:<�W
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σ2 ∝ T
ω11/5

ρ t2

N
7/5
0 ω

7/5
x

b
ür y � 1 > l5{kjg�,?

σ2 ∝ T
ω3/5

ρ

√
t

N
4/5
0 ω

4/5
x

b
ür y � 1
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t
6A25Q

_=,;QA<¢,/F?0B2�Ä�,/F?F?0325bd_10 8 6A0325O ωρ

q±.1>vLN<?0©65DCK@0B7/03*5_18Go5_:>@os>@_P8=<?>@2-,/F¨OB6A_��^2AO�,/*5F�QA0B_�7/>@2uW
QA0B2A.:<?03_18:032��x8=>@DU0

N0

6A25Q�,w�[<¢,;FH0B2�Ä�,/F?F?0325bd_10 8 6A0325O ωx

.1<H2AQ§{
¥yD�03<?2A032 8 6A,/298:<?8=,;8=<�R@032U��03_1K@FH0B<HIJ*fQA0B_�R@>/2�E�F�{ > l5{kj@j ?tR@>@_:,/6A.:K/03.=,;K/8=0B2� �<?IX*g8=0XWDU>uQA6AF¢,w8=<?>/2A032�DU<?8 QA0B2S0X�5os0B_:<?DC0B298=0BFHF?032© �,;8:032SOB6S0B_:D 6@K@F?<?IJ*A032§qvD©6A.:.�QA<?0Vrs0BK@_:0B2AOMW
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.:0M8=OB032�R@>@2

P
(1,1)
j

QA6A_1IX*�QA<?0UDU<?8G03<?2A03_��^654 6@.16A2AK@.Pbd6A2A7g8=<?>@2
ζ(x) = e−x2/σ2

/
√
πσK@0Mb¬,/F?8:0B8=0B2&
@,/IB>@rA<�WZ) >@F50[25>@DU0ªK@03.1IX*A0B*A032§q LV>@rs0B<

σ
QA<H0�0M�[os03_1<HDU03298:03F?FH0��^654 6@.16A2AK
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®[>�7v,/2A2C03.�rs0B<�7w,/F?8:032U¦ 0BDCos0B_=,;8:6A_:0B2f6A2AQCK@0B_:<H25K@032C �<HIJ*98:032UR@>@_:7/>/DCDU032§qgQA,/.:. QA<H0
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T = 150

�4b ~ N0 = 1 × 105 ~ t = 20
%c� ~ ωρ = 2π × 300 � = #&��8

ωx = 2π × 3.4 � =xS
�A�Z'w8:#4);,.-:52'1=�?>5&'*�@'.� �����3�B'.� �.�	��8 � '.zv'*�	I �y8:�B'A%c��L^PRIdS 6[V&S��3V*C�'.).)1'1,.-2�_'*L['.� � �Z,.-&L['*% ?�8:#4IdF:M
L��Z?:�@'.�@S���#4% �3'.)Z5:IT'.�Z,.-{�.�	�@8�P^'*);F 82'.�}�1=*zvS � J+o3'.)��1'*I � 69W	��q.Cs'.���&52'>=x'.�Z,.-2�@' LA6	52'.�.L�).��,.-�'.IKL['
�����3�B'.�HC S



�@� ���������	��
��������������	����������������� ������!"�$#%��&�(')��*�
+�,#-
��.�/�����
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1
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<?D
F � � 9¤6A.18=,/2AQ�R@0B_:rAF?<H0Brs032A0f�x8=>/DC0Urs03<�K/FH0B<HIJ*AO30B<?8=<?K/03D�>@o58:<H.1IX*A0BD()+6ADSW

os0B2i<?2�QA032
F � e 9¤6A.18=,/2AQ!OB6icArs0B_1bdcA*5_:032¤q¤LN<H_1Q!OB6A.=aw8=O3F?<HIJ* σ− W]os>@FH,/_:<�.:<?03_P8=03.

��<?IX*g8�,/65b�Q503D |F = 2, F ′ = 2〉 ¡^rs0B_:Kg,;2AK�03<?2AK@0B.18=_:,/*AF�8�{§��>@2�*A<?03_�,/65.�rs0XW8:_=a/K;8�Q-,;.x��0B_:OBL�03<?K@6A2AK@.PR@03_1*-a/F?8:2A<H.x<H2£QA<H0�rs03<HQ5032 � 0uo±0B_1bd0B<H2[WZE�_16A2AQAOB6A.18=a/2AQA0
�;� � > .:<H0B*A0^�^2A*-,/25K©T ?X{u �<H0B.:0�¥^DUoA6ADUoA.P8=_=,;*AFH6A25K�rAFH0B<Hr58+LV03<�8=0B_:0 700µ

.V,/2[W
K/03.:IJ*-,/F�8=0M8�{

l5{y�y6A2Urs0x�-2AQA0B2C.:<?IX*Sb¬,/.P8 ,/F?FH0VQ503_
5 . . . 10×108 �x8=>@DU0x<HD F � e�9¤6A.18=,/2AQ§qg,;rs03_0B.V7�6@2A25032£rA<H. O36£�5{?e � QA0B_���8:>@DC0y<?D

F � � 9¤65.18J,;2AQfR@0B_:rAF?<H0Brs032f.:0B<H2§{5®u03FHr5.18Q5<H03.103_�K@0B_:<?2AK@0��^298:03<HFA<?.18�rs0B<-QA03_ YtR;,/os>/_=,;8:<H>@2´o5_:>@rAF?03DC,;8:<H.1IX*¤q@QA,�<HD�8=*503_:DU<�W
.1IX*5032¯EGFH03<?IJ*AK@0BLN<?IJ*98^�x8=>/DC0�<HD |F =2,mF =2〉 9¤6A.P8J,/25Q�<?D'Df,;K@2A0B8:<H.1IX*5032
Ä�,;FHF?0325o±>;8=0B2AO3<H,/F±2A<?IX*g8N.:>SLV03<�8N2-,/IJ*�,/6�3@032ªR@>@_:QA_1<H2AK/032ªLN<?0GQA<H0

F � eG��8:>@DU0/{ �,;QA6A_:IJ* LV0B_:QA0B2%b¬,;.18£,/6A.:.1IX*5FH<?0�3@F?<HIJ*Ã��8:>@DU0�<HD
F � e 9¤65.18J,;2AQ 0BR;,;os>@_:<?03_18652AQ%QA<?0325032 Q-,/DU<?8C,/FH.C\�c5*AFHDU<�8:8:03F�bdc5_fQA<?0

F � �¯�x8=>@DU0/{  �03.1*-,/FHr LV0B_:QA0B2
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2A,/IX*�Y�<?2A.:IJ*-,/F�8=0B2�Q503_G��,/K@2A0M8:b¬,/F?FH0�QA<H0���µ�¦VWP®u8:_=,/*5FH032�bdc5_
1
DU.^0B<H2AK@0B.:IJ*-,/F�W

8:0B8�qA.:>UQ-,;.:.yQA<?0
F � �S�x8=>@DU0G*A0B_=,/65.:K@0B*A03<?OB8yL�03_:Q5032§{¥^D�Q5<H0N)+*-,/.:0B2A_=,;6ADCQ5<HIJ*98:0yrs03<?D�¥yDUF¢,/QA0B2´<H2´QA<?0^��,/K@2A0M8:b¬,/F?FH0xOB6C03_1*-,/F?8:032§q@<H.P8�03<H2

DU>uQA032-,;2AK@0Bo-,/.:.P8=0B_�¦�_=,/2A.Pbd03_�2A>/8]LV0325QA<HKA{¨}].18�QA0B_�_=a/65DCF?<?IJ*A0UY�<?2A.:IJ*AF?6A.:.�QA03_©��,;K;W
2A0M8:b¬,/F?FH0�rs03OBcAK@F?<HIJ* QA0B.£F¢,/.103_:K/0379cA*AF�8=032%Y+2A.:0BD©rAFH0B.£O36 .:IJ*9Lx,;IX*¤qVLN<H_:Q QA<H0� �<?IX*g8=0
QA0B_x�x8=>@D�LV>@F?7/0^R/03_:_1<H2AK/03_183{[}].18�*A<?2AK@0BK@032£QA03_V_=a/6ADUFH<�IX*50�Y�<?2A.:IJ*AF?6A.:.xO36ª.P8J,/_17squLN<H_:Q
QA0B2`�x8=>@DU032nO36nRu<H03F�os>/8:032AOB<H03F?FH0fY+2A03_1K@<?0£O36AK/0BbdcA*A_P8´652AQ`QA,/DC<�8�QA<?0f¦ 0BDUo±0B_=,w8=6A_
03_1*(6@*g8�{9 �0B.:*-,/F?rCD©cA.1.:0B2Cr±0B<HD�¥yDCFH,/QA032SQA<H0NÄ�,/F?FH0B25bd_:0 8 6A032AOB032CQ503_���,/K@250B8:b¬,;FHFH0x,/2QA<?0�EG_+6�3@0N6A2AQC¦�03DUos03_=,w8=6A_ QA0B.�F¢,;.:03_1K@0379cA*5F?8=0B2fY+2A.:0BDSr5FH0B.V,/2AK/03o-,/.1.18�.:03<?2§{u �<?03.103.
LN<H_1Q�QA65_:IJ*n��2Ao-,;.:.:652AK!QA0B_�_:,/QA<H,/F?032�Ä�,/FHF?0B25bd_:0 8 65032AOCQA65_:IJ*n03298:.:oA_103IJ*A032AQA0fn,/*5FQA0B.Uµ�4±.:0M8:bd0BFHQA0B.

B0

DU<?8�QA03_´��>@.1bd0M8=r-,;2A7 e > .1<H0B*A0£��rAr§{�jA{°l,?�K@0BLVa/*A_1FH03<?.18:0B8�{� �<H0)�,/_:,/DU0B8=0B_�QA0B.�FH,/.:0B_:K@0B79cA*AF�8=032�Y+2A.:0BD©rAFH0B.�03_1bd>/_:QA0B_:2�0B<H2A0U_:,/QA<H,/FH0´Ä�,/F?F?0325bd_10 8 6A0B2AOR@>@2³I3,5{�e�j �yO/{� �<?03.SLN<?_:QpbdcA_SQA032 |F = 1,mF = −1〉 9¤6A.P8J,/2AQ³rs0B<NTV0B8:_:<?03r³Q503.��,/K/2A0B81b¬,/FHF?032A250B8=OBK@03_:a;8=.fDC<�8ª�/�@����0B_:_103<HIJ*983q�LV0B2A2 Q56A_:IJ* QA<?0 �^0BFHDU*A>@F�8=OB.:oA65FH032
03<?2�®98=_:>/D R@>@2��[e��©� 4-<H0 3/8�{A ^<H0G0B298:.:oA_103IJ*A032AQA0©®98=036503_:.1o-,/2A296A2AKCQA0B_y��>@.1bd0M8=r-,;2A7
rs0B8:_=a/K;8

7.8
�©{¨¥yD�*A<?2A_:0B<HIJ*A0325Q¯*A>@*A0C®u8:>;3@_=,w8=032!bdcA_�0B<H2A0SO3cAK/<HK@0´YtR;,/os>/_=,;8:<H>@2iOB6

03_1_:0B<HIJ*A032¤quLN<H_:QfQA<?0���,;K@2A0B81b¬,/FHF?0^,;2A.:IJ*AFH<?0�3/032AQfQA6A_:IJ* �^0B_:6A2g8=03_Pb¬,/*A_:0B2ªQA0B.N®u8:_:>@DU03.
QA6A_1IX*!QA<H0S��>/.1bd0B8:r-,/2A7�eS<?2A2A0B_:*-,/F?r�R@>@2

1.25
.G,/Q5<¢,/rA,;8=<?.:IJ*!,/6[b I�,[{��/�@� �^O©_=,/Q5<¢,/F

7/>@DUoA_:<?DU<?03_P8�{[�^rArA<HF?QA6A2AKSjA{°�SO30B<HK/83qAQ-,;.:.NQA<H0G¦�0BDCos0B_=,;8:6A_NQA0B_N��8:>@DU0G<H2ªQA03_�7/>@D´W
oA_1<HDU<?03_18:032���,/K@2A0M8:b¬,/F?FH0Glg�/�SrA<H.
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\�6A2AQ�QA<H0 ��0Brs032A.1Q-,/6A0B_�0M8ZLV, =@�C®[0B7u652AQA0B2
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DU<H03_P8=0©YtR;,/os>/_=,;8:<H>@25.:_=,/DUos0B2�bdcA_�QA<H0©rs0B<HQA0B2 ��0uos03_Pbd03<?2[WPEG_:6A25QAO36A.P8Ja/25QA0/{¨ �<?0S~^,vW
QA<?>/bd_:0 8 65032AOxLN<H_1Q´<?2Srs03<?QA032UÄta;FHF?032©2-a;*A03_16A2AK@.PLV03<?.:0y0X�[os>@2A0B298=<?03F?F5R@0B_:_:<?2AK@0B_18�{@Y+.�<?.1803_1.:<?IX*g8=F?<HIJ*§q¨Q-,/.:.�QA03_�.1IX*gLxa/IJ*A03_10�DC,/K/2A0B8:<H.:IJ*A0fY+<H2A.1IX*5FH6A.1.©QA0B. |F = 1,mF = −1〉9¤6A.P8J,/2AQ503.yR@0B_:K@F?<HIJ*A032�DU<?8�QA03D |F =2,mF =2〉 9¤65.18J,;2AQ�03<?2A0�FH,/2AK/.=,/DU03_10�YtR;,;os>;W_=,w8=<H>/2S03_Pbd>@_:QA0B_183{��� �,GQA<H0 9¤03<?8:Q-,/6A0B_+Q503_ ~y,/DUos0N,/65IX*´bdcA_+Q5<H0N\^>/2AQA0325.=,;8:0y<?D

F � e9¤6A.P8J,/2AQª79cA_1O30B_N,/FH.�QA<H0 ��0Brs032A.1Q-,/6A03_�QA03_x�x8=>/DC0^<H2£QA0B_N��,/K@250B8:b¬,;FHFH0y<H.P8�qubdcA*5_18xQA<H0
F¢,;2AK@.=,;DC0B_:0�YtR;,/os>/_=,;8:<H>@2�O36�7/0B<H2A0B_�.1<HK@2A< �-7w,;298=0B2���0B_:_:<?2AK@0B_:6A2AKfQA0B_�¦�03<?FHIJ*A0B2AO�,/*5F|{
�03<�8=03_1*A<H2CO30B<HK/8���rAr¤{[jA{ �[quQA,/.:.VQA<?0�®u8=,/_181bd_:0 8 6A0B2AO�Q503_xYtR;,;os>@_=,;8:<H>/2A.:_=,;DCos0yDU<?8 j@j7 �^O�bdcA_^QA<H0�Y+_:OB036AK/6A2AK£R@>@2i\y>@2AQA0B2A.=,;8:032!<HD

F � e 9¤6A.18=,/2AQ�QA>@o5os03F?8�.:>£*A>uIJ*!<?.18LN<H0 bdc5_ QA<H0 <HD
F � � 9¤65.18J,/25Q§{; �<H0B.�0B_:79F¢a/_P8�.1<HIJ*©QA,/QA6A_1IX*§qwQ-,/.:.�rs0B<5YtR;,/os>/_=,;8:<H>@2�,/6A.QA0BD |F =2,mF =2〉 9¤6A.P8J,/2AQ�OBLV0B<[~y,/QA<?>/bd_:0 8 65032AOXWZ)+*A>/8:>@2A032�rs0B2(6/8:<HK/8�LV03_1QA032¤qw6AD<H2SQA032U6A2AK/0Bb¬,/25K@032A0B2

mF � � 9¤6A.18=,/2AQUOB6UK@03FH,/2AK@0B2§q@QA,�QA<?0���8:>@DU0�O3652-a/IJ*A.18�<?2´QA0B2
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ωρ = 2π × 280 � =Y6
ωx = 2π × 9.9 � =9CHS

�A�Z' 8H#&);,.-:52'1=x?15&'*�@' �����3�Z'0�	�.LU'*�	�G] ��L�%E��LU'.�	�_'.)A';q+o�?:�@'.��L��Z'.I	I�F2�.�xIK�	�&5&'.��82'.�s]"#&���<L���?:�_S �A�Z'
1/e

��'x�1'.�3�*8 F:#3'.) �1' L�);O�5HL��2V(� S

QA0B_N~y,/QA<?>/bd_:0 8 6A032AOXW]�^6A.:7/>/oAoAFH652AKSL�03_:Q5032�<?2£QA<H0B.:03DÄ�,/F?Fs2u6A_�)+*A>;8=>@2A0B2�QA0B_NY+2A0B_PW
K@<?0

E � ��� /2 rs0B2(6/8=<?K/8�{g �<?0�®98J,/_P8:bd_:0 8 6A032AOyR@>/2 ν � � = 44
7 �^OyFH<H0BK/8+DC<�8

hν � � = 6kBT<H2`QA0BD ,;6A.UQ503_U¦�0BDCos0B_=,;8:6A_´R/>@2
350µ

\�0B_1Lx,/_P8=0M8=032 TV0B_:03<?IX* h�e@e/=wm|{t��rArA<?FHQA652AK
jA{°��O30B<HK/8�bdc5_Vrs0B<HQA0�YtR;,/os>@_:,;8=<?>@2A.1_=,/DUos032fQ5<H0�)+*-,/.1032A_:,/6ADUQA<HIJ*98:0�<HD���0B_:K@F?03<?IX*CO36A_
¦�03<?FHIJ*A0325O�,/*AF�<?2�Q5>@oAos03F�8�F?>@Kg,;_:<�8:*ADU<?.1IJ*A03_� �,;_:.18:03F?FH6A2AK5{¨TV0B<HQA0C~y,/DUos032iR@03_1*-,/F?8:032
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R@>@F?FH0 ��,;FHr9L�03_P8=.:rA_103<�8=0 > Ä  ��� ?VR@>@2

∆r = 0.51
λ

NA
. > jA{ �;?

 �,/DU<?8x<H.18N0B<H2A0G¦�<H0Mbd032A.1IX*Aa/_1bd0 > Ä  ��� ?�R@>@2�h�ev�;�;m

∆z ≈ 1.7
λ

NA2 > jA{°�,?
R@03_1rA6A2AQ5032§{9 �<H0B.:0��^654 6@.16A2AKGLN<H_1Q��103QA>uIJ*SR@>@2´0B<H25b¬,/IJ*A0B2 ��<H2A.1032A.�0u.18=0BDC0B2Ubdc5_t*A>@*A0
2u65DC0B_:<?.:IJ*A0��^o±0B_18:6A_:0B2ª2A<?IX*g8V03_1_:03<?IX*g8�quQ-, ��<H2A.10325bd0B*AFH0B_3q9LN<?0�rs0B<H.1oA<H0BFH.PLV03<?.:0^.:oA*Aa/_:<�W
.:IJ*A0´�^rs03_:_:,;8=<?>@2§q±QA<H0©�^654 6@.16A2AK�rs0BK@_:0B2AO30B2§{�E�658:0U��<H79_:>@.17/>@os>@r �1037g8:<?R@0´0B_:_103<HIJ*A0B2
�103Q5>uIX*�2-,/*A0BO36�QA<?0Gr±0B6AK@652AK@.:rs0BK@_:0B2AOB8=0��^654 6@.16A2AKA{ �

��� �7��'5�7�8� �3��#&�3��'50!% ���3������./ 10!'�����3�7�3676 ����
780

�8# ���$0/'���7�39$�36�0�� '5":��%$'*' �7�$0/�3�*�8�������8�����7"4����� % �
����� ����� �3�367���3� 	 ���8'*�3�#�3� �3�7������� �3�/�/����9$�3�/����9 ���3��� ��% � '5#&��'*'*�7"4� �8�8� �3� ')0 �4�/�3�8���3��� �$0/�3�� ���*�����;(
'50*�/���10*���/�3����� ��/�3� �
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 ^<H0�R@03_PLV0325QA0B8=032 ��<?2A.:0B2�*-,/rs0B2�0B<H2A0B2ªbd_:0B<H0B2� �6A_:IJ*ADU03.1.:03_�R@>@2�0M8ZLx,
2rL = 35DUD�{§TV03<�0B<H2A0BD �^rA.18=,/2AQ�R@>/2

dL = 100
DUD�QA0B_�03_:.P8=032 ��<?2A.:0SR@>@2�QA03_�) >/.:<?8:<H>@2

QA0B.^\^>@2AQA0B2A.=,w8=.y0B_:K@<?r58N.:<?IX*�03<H250�2u65DC0B_:<?.:IJ*A0���os0B_18=6A_�R@>@2

NA = sin
α

2
≈ 0.17, > j5{ �;?

LV>/r±0B<
α = 2 arctan(rL/dL)

Q503_�R@>/FHFH0�� 4¤296A2AK@.PLN<H2A7/0BFxQA0B_©�^rArA<HF?QA6A25K@.:>@o[8=<H7!<H.P8�{
TV0B<Ars0B6AK@6A25K@.:rs0BK@_:0B2AOB8=03_��^rArA<?FHQA6A25K�LNcA_:Q50�.:<HIJ*Srs03<503<?2A03_���654(6@.:6A25K

∆r = 2.3µ
D

03<?2A0S¦�<H0Mbd032A.1IJ*-a/_1bd0
∆z = 45µ

D�0B_:K@0Brs032§q�QA<H0©K@03_1<H2AK/03_G,/FH.�QA<H0�8 0uoA<?.:IJ*A0U\^>@2AQA0B2[W
.=,w8=K@_�6;3@0frs0B<VQ5032p<H2�QA<?03.103_���_1rs03<?8�R@>@_1K@03.P8=03F?F?8:032`��03.:.16A2AK@0B2³<H.P8�{  �,�03.©.1<HIJ*nDC<�8
OBL�03<¨��IX*5_:>@DC,;8=0B2�6AD 0B<H2�03<?25b¬,/IJ*A03.���<H2A.1032A.�0[.P8=0BD *-,/2AQA0BF?83q-<?.18NO36�03_PLx,/_P8=032¤q�Q-,/.1.
.:>�LV>@*5F

∆r
,/F?.t,/6AIJ*

∆z
K/_+6;3@0B_t,/FH. rs03<503<?2A0B_trs0365K@6A2AK@.1rs03K@_1032AOB8:032U��rArA<?FHQA652AK�.1<H2AQ¤{

9¤65_³TV0B.18=<?DCD©652AK Q503_p8J,;8:.=a/IJ*AFH<?IJ*A032�0X�[os03_:<?DC0B298:03F?FH032��^654 6@.16A2AK 6A2AQ�O36AD
®[IJ*-,/_Pbd.18=0BFHF?032�QA0B.N��rArA<?FHQA652AK@.:.�0u.18=0BDC.�LN<?_:Q�0B<H2�µ�r �1037g8�qAQ-,/.ND 6@K/FH<�IX*A.P8�79FH0B<H2A0B_N,/F?.
QA<?03.:0��^654 6@.16A2AKC<H.P8�q-,/rAK/03rA<?FHQA0M8�{AÄ�cA_�QA<H0B.:0���03.1.:6A2AKCLN65_:QA0B2�<?2�Q503_y,w�[<¢,/F¤QA037/>/D´W
oA_1<HDU<?03_18:032ª��,/K/2A0B81b¬,/FHF?0^K@0Mb¬,/2AK@0B2A0GTxY21V.xR@03_PLV0B2AQA0B8�qAQ-,©Q503_:0B2�_=,;QA<¢,;FH0�E�_�6;3@0^DC<�8
03<?2A03D ¦�*A>@DC,/.PW]Ä-03_1DC<�W]~y,/QA<�6A.xR@>@2

1.44µ
D'Q5<H0�03_1LV,/_18:0B8=0��^654 6@.16A2AKf6A2g8=0B_:.:IJ*A_103<�W

8=0M8�{��£ �,i.1<HIJ*³Q-,/.´K@0BDC0B.:.:0B2A0�T�<HFHQ`,;6A.´QA03_UÄ�,/F�8=6A25KiQ503_U)+6A2A7g8=rA<?FHQ5bd652A7g8=<H>/2`DC<�8
QA0B_fµ�r �1037g8:.18=_16A7g8=6A_U03_1K@<Hr583qt<?.18´Q-,;.UK/03DU03.:.1032A0�®[<?K@2-,/FV<H2`QA<?03.103D Ä�,/F?FVQA6A_1IX*³QA<H0
)+6A2A7g8=r5<HFHQ[bd6A2A7g8=<?>@2fQA>@DU<H2A<?0B_18 6A2AQ£L�03<?8:K@03*5032AQª652-,/rA*-a;2AK@<HK�R@>@2ªQ503_x,/rAK@0BrA<HF?QA0B8:032
®u8:_:6A7g8=65_3{ 9¤6AD ®[IX*A,/_1bd.P8=03F?FH0B2 QA03.ª® 0u.18:03DU.£7v,/2A2 QA<?0

f = 300
DCD ��<H2A.10 > .:<?03*A0��r5r§{-jA{ =,?VDC<�8=*A<?F�bd0�0B<H2A0B.���03_1.:IJ*A<H0Brs0B8=<?.:IJ*A03.^os>@.1<?8:<H>@2A<?0B_18VLV03_1QA032§{

¦ 0[o5<H.:IJ*A0n��r5.:>@_1o58=<?>@2A.:r5<HFHQ503_�6A2AQ$,/6A.�QA0B_:0B2$O30B298=_:,/FH0BD TV03_103<HIJ* 0M�u8:_=,/*A<?03_P8=0
)+_:>4�AFH0y.:<?2AQC<H2C�^rAr§{uj5{?e��GbdcA_�R@03_1.:IJ*A<H0BQA032A0 ��<?2A.:0B2Aos>@.:<�8=<?>@2A032UK@03OB03<?K/8�{9}]25.:rs03.1>@2AQA0MW
_:0^rs03<±.:IJ*AF?03IJ*98=0B_N®[IJ*-,/_Pbd.18=0BFHF?6A2AK�.1<H2AQfQA<H0^K@0BDC0B.:.1032A0B2�)+_:>4�-F?0/quQA<?0^2-a/*A0B_:6A25K@.1L�03<H.10
QA0B_�)+6A25798:rA<HF?Q5bd6A2A7g8:<H>@2�0B298=.1oA_:0BIJ*A032§q¤rs03<¨LV0B<?8:03D 2A<?IJ*98^Kg,/6(3;b 6@_:DU<?KA{�®[<?0�O30B<HK@0B2�<H2
QA0B2n~^,;2AQArs03_103<?IX*A0B2nTV0365K@6A2AK@.1.18=_16A7g8=6A_1032§q Q§{k*§{¨03<H25032¯�03IJ*A.:0BF�OBLN<H.1IJ*A032`��<?2A<?Df,
6A2AQ���,w�[<HDC,5{AY+<H2A0�F?03<?IX*g8=0G��.�0uDCDU0B8:_:<?0GQA03_yTV036AK/6A2AK@.1.18=_16A7g8=6A_1032�8:_:<?818y,;65bZqAL�032A2
Q-,/.GTVY71$.1<HIJ*!2A<HIJ*g8GK/032-,/6i,/6[b QA03_�>/o58=<?.:IJ*A032!�NIJ*A.10´Q503.G�^rArA<HF?QA6A2AK/.:.�0u.P8=03DU.Grs0XW
�-2AQ50B8�{t �03_UE�,/6(3&�A8©DC<�8

exp(−x2/σ2)
F?<H0Mbd03_18�<?D(Ä�,/FHF?0CK/658=0B_U®uIX*A,/_1bd.P8=03F?FH6A25K!QA0B.

��r5rA<HF?QA6A2AK/.:.�0u.18:03DU.
σ = 4.59µ

D�{¨¥^2g8=0B_�TV0B_:cAIJ79.:<?IX*g8=<?K@6A2AK�QA03_�\^>@2AQ5032A.:,;8=K/_+6;3@0
03_1K@<Hr[8f.1<HIJ* bdcA_CQA<?0�)+6A2A7g8=r5<HFHQ[bd6A2A7g8=<?>@2

σ = 4.42µ
D�{� �<?0���654 6/.:6A2AK > Ä� ��� ?

rs0B8:_=a/K;8�Q-,/DU<?8
∆r = 1.67σ = 7.38µ

D�{� ^<H03.�F¢a;.:.18�0B<H250C¦�<?0Bbd0B2A.:IJ*-a/_Pbd0 > Ä  ��� ?
R@>@2¯0M8ZLV,

∆z ≈ 500µ
D�03_1LV,/_18:032§{��^rArA<HF?QA6A2AKªj5{?e@eSO30B<HK/8GQA<H0SDU<�8G0B<H2A0BD E�,;6(34�A8

IJ*-,/_=,;7g8=03_1<H.:<?03_P8=0�TV_:0B<?8=0xQA0B_+K@03DU03.1.:0B2A032f)+_:>&�-FH0x<H2S�^rA*-a/25K@<HK@7;03<?8tQA0B_ ��<?2A.:0B2Aos>@.:<�8=<�W
>@2§{A �03_N.�0u.18=0BDf,w8=<H.1IX*50�\G6A_PR@032gR@03_1F¢,/65b�Q503DU>@2A.P8=_:<?03_18�Q5<H0�Y+<?K@2u6A25K´QA<?03.103_y��0B8:*A>uQA0
O365D»®uIX*A,/_1bd.P8=03F?FH0B2�QA0B_y �0B8=0B7g8=<?>@2A.:>/o58=<?7s{

� +�%����� '5�� ��  8"4 ���" �0*��'*.� ���+���.� $0*���� %4'50 �4�3�7����� �/%4�8'5#&��'*'*�7"4� '50/% 0*0��8� ���;0 ���7'50������*����� ��'/'5����9
����9$�3�8%4� � +�%  ���� ��������� � ��� ����� 94���*�7��9$�3� � ����6 �����
	 0*"4#&� �����

F �
$�-"4�8�����8'/% 0*� 24"4� ���3� +-�;0/���10/��"$�

�7� ����� ���;0*���10*�7�3�*0*�3�
F ���

���8'50/%4�8��94�����# �0��
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���������	��
��� �������"� W �+� ?:)Bo@L��Z?:�����.��Ir82'*){6[I �������DCs#&��8s=*#H52'+-
�H)+�d52' t );?��UIT' 6B)1'1,.-&L��DC % F�5:�@'*M
L��	�*,.-w52'�e*F:�&5&'.�@'.)ubc?:�@82'.��� FHL['u=*#4%p/ '+�.L���%E%('.�{82'.)$?+o@L��	�*,.-�'.� W0# � �<�.#&�45E#&��8 �_,.-4F:)�e>�*L['.IKM
IT'.�Y82'.)��w'*L['.�`L���?H���*?+o_L�� �:S �A�Z'vtQ?<�.��L��Z?:�G82'.)

f = 300
%E%cMZ������� 'Rz F:)Rk`?:�Y?2�>'.���@F ,.-c#&��L['.�@�

−5.5
%E% 6 �A)1'.�B';,*�:'DC ~ −2.5

%c% 6�bA)>'.� ��'DC #&�@8
0
%E% 6��R#�F 8:);FHL['9CHS �A�Z'y8H#&);,*-<52'1=x?15&'*�@'$�|�	M

�3�B'A� �*L '.����PuF:# � � L %E��L '*�	�@'*)0/u)1'.��L['yk`?H�
σ = 4.59 µ

%(S
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���������	��
��� �����\��� ��#&% �@,.-NF:)	e+�.L['*I	Id'*� 82'.) �c'*L['+�`L��Z?:��� ?+o@L�� � zv'*);82'.� FH�78:�B'^5&'.%('+�>��'.�@'.�
t );?�� Id' 6 W$���xS ��S�W �+C PuF:# � e+#4���`L��Z?:�@'.�hF:�452' � LZL[' L[S � �B'{/u)1'.��L['

σ
82'.){] ��L e+#4���`L��Z?:� �	�.L �	�

W �+-4O:�&5H�r5<�H'.��L 8&'.)^tQ?:�+��L���?:��82'.)
f = 300

%c%EMZ������� ' 82F:)Z52'+�*L['.I	IrL[S � �B'^52'+�.L�).�Z,.-N'.IrL['$���	�\�Z' ���
]�?:)+% '.�	�_'.)(PQFH# � e+#4���`L��Z?:��8:�Z'*�\L 82'.)05:);F �|�*,.-�'.�}gR)+�B'.�\L��B'.).#&�452S
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.� � � ��� �%���:�(�&��� � �)#%�&#�
+�%���;�%� � ���-�;#,����
+���-������� !"�$#%��&�(')��*�
+�,#-
��.�/�����

� � ��
 � ����� ��
 � ��� � ����� ��� � � �
Y+<H2A0�FH,/2AK@0�TV0BFH<?IX*g8=6A25K@.:OB03<?8´03_1*(6@*g8CQA<?0��^2AO�,/*5FNQA03_´QA0B8:037g8=<?03_P8=032 )+*A>/8=>/2A032Ã6A2AQ
R@03_1rs03.1.:03_18�Q-,/DU<?8GQ-,/.�®u<HK@2A,/F 	;~^,;6A.:IJ*[W|��03_1*-a/F�8=2A<?.B{� �<?0UTV03F?<HIJ*98:6A2AK@.1O303<�8�<?.18&�10BQA>uIJ*
QA6A_1IX*�QA<?0�>@o58:<H.:IJ*A0���654 6/.:6A2AK5qwQ5<H0�0B_:O3<?03F�8¨L�03_:Q5032�.:>@F?F|q3FH<?DU<�8=<?0B_183{/9¤6AD 03<?2A032�rs0BLV0BK/8
.:<?IX*ÃQ-,;.f\y>@2AQA0B2A.=,;8ULxa/*A_1032AQ QA0B_fT�03FH<?IJ*98=652AK�,/65bdK@_16A2AQÃ.:0B<H2503_CY�<?K@0329rs0BL�03K@6A25KAq
rs03<?.:oA<?03F?.1LV0B<H.10�QA65_:IJ*ªQA0B2fbd_:03<?032£Ä�,/F?F�qgO36AD�,/2AQA0B_:032£<H2AQ56AO3<?03_:0B2£Q5<H0�)+*A>;8=>@2A0B2A_:c5IX7@W
.18+6;3@0Nrs0B<��^rA.:>/_:o58=<?>@2´6A2AQCY�DU<H.1.:<?>@2´0B<H2A0�K@03_1<HIJ*98:0B8=0NTV0BLV0BK@6A2AK�6A25QC03<?2A0y ^<�4±6A.:<?>@2
QA0B_y�x8:>@D�R@03_18:03<?FH6A25KA{

 ^<H0��^2AO3,/*AF�QA03_NoA_1>U�x8=>@D ,/rA.1>@_:r5<H03_P8=0B2�)+*A>/8=>/2A032�rs0M8=_:a/K/8N2-,/IJ*�EGF|{ > �[{°l@�,?

Nsc = ΓsctD =
Γ

2

I/I ��� �
1 + I/I ��� � + 4δ2/Γ2

tD, > jA{°�,?
LV>/r±0B<

tD
QA<?0�TV0BFH<?IX*g8=6A2AK/.:O30B<?8y<?.18�{� �<?0��^rA.:>@_1o58=<?>@2A0B2�R@0B_:6A_1.=,/IJ*A0B2!03<?2A0�TV0MLV0BK@6A2AK

QA0B_y�x8:>@D�LV>@F?7/0G6AD
s =

1

2
vrecNsctD, > jA{ =,?

LV>/r±0B<
vrec = h̄k/m = 5.87µ

D 	;DU.�QA<H0U~ycAIJ79.18:>;3@K@0B.:IJ*9LN<H25QA<HK@7/0B<?8�<H.P8�{¨ �6A_:IJ*nQ5<H0
.:os>/298J,;2A0�Y+DU<H.:.1<H>@27�-25QA0B8y03<H250�µ�_18:.:QA<54¤6A.1<H>@2ª6AD h =@�wm

xrms =

√

Nsc

3
vrectD > j5{?e��,?

.18=,;8:83{�Ä�cA_´QA<?0���0B.:.:652AK@032 DU<?8SQA0B_U2A0B6A032 \�,;DC0B_=,�LN6A_:Q50�OB6ADC0B<H.P8U03<?2A0�TV03F?<HIJ*[W
8=652AK@.:OB03<�8�R@>@2

tD = 50µ
.�K@0MLxa/*AF�8�{�TV0B< _:03.1>@2-,/2g8=0B_© �0M8=0B798:<H>@2�6A2AQ�03<?2A03_� �0M8=037@W

8=<?>@2A.1<H298:032A.1<?8=a;8�R@>@2
I = 0.25Isat

,/rA.1>@_:r5<H03_P8©Q-,/rs03< �10BQA03.S�x8=>/D(0M8ZLx,
Nsc = 185)+*A>/8:>@2A032¤{@ �<?0V.1<HIJ*©Q-,/QA65_:IJ*S03_1K@03rs0B2AQA0NT�0BLV0BK@6A2AKGQA0B.+\^>@2AQ5032A.:,;8=.t6AD
s ≈ 27µ

D
FH<?03K;8�<H2A2A0B_:*-,;FHr�QA0B_G¦�<?0Bbd0B2A.:IJ*-a/_Pbd0´QA0B.G��rAr5<HFHQ56A2AK@.1.�0u.18:03DU.G6A2AQiQA<?0´µ�_18:.:QA<54¤65.:<H>/2
R@>@2

xrms ≈ 2.3µ
D�bdcA*5_18�O36U7/03<?2A03_+L�03.:0B298:FH<?IX*A0B2U��0B_:.:IJ*AF?03IJ*98:03_:652AK�QA0B_���654(6@.:6A25KA{

TV0B<A0B<H2A0B_+Ä�,/FHF?O30B<�8 R@>@2C�/��DC.�r±0MLV0BK/8 .1<HIJ*´QA,/.�\^>@25QA0325.=,;8�6AD 0M8ZLx,
10µ

D <?2S_:,/QA<¢,vW
FH0B_G~y<?IX*g8=6A25KAq¤.:>�Q-,/.1.�QA<H0©��654(6@.:6A25K�<H2!QA<H0B.:0B_�~N<HIJ*98:6A2AKª0B8]Lx,/.�_103QA6AOB<H0B_18�<H.P8�{§ �,
QA<?0S)+*-,/.103254A6A798:6-,;8=<?>@2A0B2	�10BQA>uIJ*iO36¯,v�5<H,/F?032i®98=_:6A7g8:6A_:0B2ibdcA*5_:032¤q§<?.18�QA<H0B.:0B_�Y 4±037g8
bdcA_�.:>@F?IX*50���03.1.:6A2AK/032�2A<HIJ*98N.18+6@_:0B2AQ§{
	 ��� � � ��� ��� ��
 � ��� � � ��� ��� �������
��� � �� �
Ä�cA_�QA<?0�TV03.P8=<?DCD©6A25K�QA03_V¦�03<?FHIJ*A0325O�,/*5F¤,/6A.VQA0B2ª�^rA.:>@_1o58=<?>@2A.1rA<HF?QA03_12f<H.P8VQA<?0^}]298=0B2[W
.:<�8Ja;8�QA0B.S �0M8=0B798:<H>/2A.:FH,/.:0B_:.18:_=,/*AF?.�_:0BFH0MR;,/2g8�{  �<H0B.:0f7w,;2A2p,/D R@03_1F¢a/.1.:F?<HIJ*A.18:032nQ5<H_:0B7g8
,/6A.SQA0B2ÃTV<HF?QA03_12pK@0MLV>@2A2A0B2³LV0B_:QA0B2§qtLV032A2³O36[R@>@_´Q-,/.´ �0M8=037g8:<H>@2A.1.�0u.18=03D K@0B03<?IX*g8
LN6A_1QA0/{ �^<?03_:OB6¯D©6A.1.�QA0B_�¥^DU_:0BIX*A296A2AK/.1b¬,/7g8=>/_

cconv = S/I
OMLN<H.1IX*A0B2�K@03DU03.1.:0B2A032

I3>/6A298:.
S
6A25Q�}]298:032A.1<?8=a;8

I
QA0B.^ �0M8=0B798:<H>@25.:F¢,;.:03_1.18:_=,/*AF?03.y,/D'µG_P8NQA03.^TVY71V.y0B_:DU<?81W

8=0BF?8�L�03_1QA032§{;9¤6�QA<H0B.:0BD 9±L�03IJ7�LN<?_:Q�Q56A_:IJ*©_:a/6ADUFH<?IJ*A0 Ä�<HF�8:03_:652AKyDC<�8�0B<H2A0BD�)+<H25*A>@F?0
03<?2�K@,/6(3/b 6/_:DU<?K@0B.y®98=_=,;*AFHoA_1>4�-F¤QA03.y �0B8=0B7g8=<?>@2A.:.P8=_=,;*AFH0B.yQA03_yÄ->@_1D

I = IMaxe
−

x2
1

σ2
1

−
x2
2

σ2
2 > j5{?e/e�?



��� � � ���/���&+	��� ����� �(�&��� ��
 ��*�
�� ��� �[e

*A0B_:K@0B.18=0BFHF�8�{�Ä�cA_N03<?2�.1>@FHIJ*A0B.�®u8:_=,/*AF?oA_:>&�-F�.1<H2AQ�Q5<H0�}]298:032A.1<?8Jaw8^<HD 9¤032g8=_:65D'6A2AQ�QA<H0
��03<?.18=652AK

P
QA6A_:IJ*

IMax =
P

πσ1σ2

, > jA{?e��;?
R@03_1792ucAo5b«83{5 �<?03.103.�®98=_=,;*AFHoA_1>4�-FALN<?_:QCDU<?8�Q503D�OB65R@>@_�.1IX*A,/_1bdK@0B.18:03FHF�8=0B2f6A25Qf<HD���,%3;W
.18=,/r�K@030B<HIJ*98:032i ^0B8=0B7g8=<H>/2A.:.�0[.18:03D�,/65bdK@0B2A>@DUDC0B2§{s �6A_:IJ*iÄ�<?8^0B<H2A0B_GE�,/6(3/bd6A25798:<H>@2
,/2�QA,/.�\�,;DC0B_=,/rA<?F?QiL�03_:Q5032p.1>vLV>/*AF�Q5<H0fE�_�6;3@0B2

σ1
6A25Q

σ2
,/F?.�,/6AIJ*nQ5<H0U��2AO3,/*AF

QA0B_�I3>@6A2g8=.
SMax

<?D 9¤0B298:_:6AD QA03_yE�,/6(3/bd652A7g8=<H>/2ª0B_:DU<?818=03F�8�{[ �65_:IJ*�TV03_103IJ*A2A0B2�QA03_
}]298:032A.1<?8=a;8�DU<?8�EGF|{ > j5{?e��;?�03_1*-a/F�8�Df,/2iQA<?_:0B798�QA032�¥yDC_103IJ*A2u652AK@.1b¬,;798:>@_ cconv
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]
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QA0B_�r-,/F?FH<�.18=<?.1IX*5032�Y��[o-,/2A.1<H>@2�QA0B8:037g8=<?03_183{  �<?03.�*-,;8�QA0B2��+>@_18=0B<HF�q§Q-,/.1.�Q56A_:IJ*�n,/*5F
03<?2A03_GK@0B03<?K@2A0B8:032�Ä�F?6AK@OB03<?8�QA<H0S�^DCo5FH<�8=6AQ50©QA03_�rs0B>@r-,/IJ*98:0B8:032p®uIX*gLV03_1oA6A2A7g8=.:rs0BLx0MW
K@6A25KU03<?2AK@0B.18=0BFHF�8xLV03_1QA032�7w,/252§{

�^rArA<?FHQA652AKC�[{ �SOB03<?K/8NOBLV0B< ��03.1.:6A2AK/032�Q503_y,w�[<¢,/F?032�Ä�,/FHF?0B25bd_:0 8 65032AO�<?2�QA03_y,w�[<¢,;FQA0B7/>@DUoA_:<?DC<?03_P8=0B2���,/K/2A0B81b¬,/FHF?0/{A}]2�rs0B<HQA0B2�Äta/F?F?032�<H.P8^79F¢,;_y0B_:7/0B2A2urA,/_3qsQ-,/.1.�Q5<H0�K@0MW
DU03.:.1032A0B2�\^>@2AQA0B2A.=,w8=os>@.:<�8=<?>@2A0B2�.1<H296A.1b 6/_:DU<HKS>@.1O3<?FHF?<?03_1032§{A �<H0�Ä�,;FHF?032[bd_:0 8 6A0B2AOGLN<H_:QQA6A_1IX*%Ä�<�8CQA0B_£ �,;8:032AoA652A7g8=0!DU<?8U03<?2A0B_f0X�[o±>/2A032g8=<?03FHFyK@0BQ-a/DUo5b«8=0B2%®[<H296A.1bd6A25798:<H>@2
rs03.P8=<?DCD�8�{� �<?0Ã��25_:03K/6A2AK QA0B_pµ�.:OB<HF?F¢,w8=<�>@2�03_Pbd>@FHK;8=0³<?D FH<?2A7/032�E�_:,/oA*A0B2�Q56A_:IJ*
.:IJ*A2A0BFHF?03.´�^6A.1bdc5*A_:0B2ÃQA03_´ �037/>/DCoA_103.1.:<H>/2A.:_:,/DCos0;q+<HD(_103IJ*98:032ÃQ56A_:IJ* ��>uQA6AFH,;8=<?>@2
QA0B.�E�0B.=,/D�8:.18=_1>@DU03.3{ � �y<H03_1O36 LN65_:QA0�Q-,;.�03298:.:oA_103IJ*A032AQA0n�^0B8:O3K@0B_=aw8 > Y���}£¦20uo��Y ®A®5l@�vWP�/�/�,?©cArs0B_CQA0B2%��0B.:.:_103IX*A2A03_fK/03.18:036A0B_183{V �,/DC<�8´03<?2A0�.1<H2u65.1b 6@_1DC<?K@0���>uQA6uW
F¢,w8=<?>@2�D 6@K@F?<?IJ*�<H.183q±DS65.:.�03<?2!QA6A_1IX*5.:IJ*A2A<?818=F?<HIJ*A03_G®u8=_:>/D²0M8ZLx,;.G6A298:03_:*A,/FHr�QA03.GDC,wW
�[<HDC,/F?032¯®u8:_:>@DU03.Bq�QA0B2�Q-,/.��^0M8=O3K/03_=aw8�0B_:F¢,;6Ar58�q§K/0BLxa;*AF?8GLV0B_:QA0B2§{ �S��,;IX*�E�F�{ > jA{°l,?.:7v,/FH<?03_1032ÃQA<?0�Ä�,/F?F?0325bd_10 8 6A0325O30B2 DU<?8 ω(1)/ω(2) =

√

I(1)/I(2)
{+��6A.CQA0B_Crs0B<y0B<H2A0BD

®u8:_:>@D�R@>@2
I �*������� � = 274

� K@03DU0B.:.:0B2A032 Ä-_:0 8 6A0B2AO�R@>@2 3.33
�^O�03_1K@<Hr[8U.:<?IJ*Ã03<?2A0

Ä-_:0 8 6A032AOCR@>@2 3.37
�^Ofrs0B<�QA0B_�cArAF?<HIJ*A0B_1LV0B<H.:0UR@0B_1LV0B2AQA0B8:032Ã®u8:_:>@DU.18Ja;_:7/0UR@>@2p�/�@�

��{
¥yD QA<H0�_:,/QA<H,/FH0GÄ�,/F?F?0325bd_10 8 6A0325O�<H2�QA0B_^,w�[<¢,/F§QA0B7/>@DUoA_:<?DC<?0B_18=0B2���,/K@250B8:b¬,;FHF?0GO36DU03.:.1032§q¤LN6A_:QA0SLN<?03Q503_:65D�QA<?0´��0B8:*A>uQA0´QA0B_�®u8=_:>/DCDU>uQA6AFH,w8=<�>@2�65D�03<?2A032���<?8:8:03F�W

LV0B_18SR@>@2
I �*������� � = 274

� ,;2AK@0BL�032AQ50B8�q+QA<?03.1Df,/F�DU<?8�03<?2A03_´��>uQA65F¢,;8:<H>@25.1bd_:0 8 6A032AOR@>@2
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�^O;{;}]2S�^rAr§{@�u{ �^.:<?2AQ©0X�[03DUoAF¢,;_:<H.1IX*©TV<?FHQA0B_�K@03OB03<?K/8�qwQA<?0�2-,/IJ*�R@03_1.:IJ*A<H0BQA032A032
�,/_18:03OB03<?8:032�2-,/IJ*�TV030B2AQA<?K@6A2AK�Q503_���>uQA6AFH,;8:<H>@2¯,;65bdK@0B2A>@DUDC0B2iLN6A_1QA032§{�¡^rs03_1_=,wW
.:IJ*A0B2AQA03_PLV0�<?.:0�O30B<HK@0B2ÃQA<H0�TV<HF?QA03_©bdcA_´FHa/2AK@0B_:0ª�,/_P8=03OB03<�8=0B2 0B<H2A0�®[IJ*A_=a;K@F¢,;K@0�>uQA0B_
.:>/Kg,/_ 03<H250^.18=,/_:7´K@0Brs>@K@0B2A0�Ä->@_1D�{9 �<?0�¥^_1.=,/IJ*A0�*A<?03_PbdcA_ F¢a/.1.18�.:<HIJ*f03_1DC<�8:8:03FH2¤qg<?2AQA03D
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��� �_���"� � '+�>�.#&�&5 8&'.) F�qH��F:IT'.�w]�F:I	IT'.��e.)1' � #�'*�4=_e+j4)
F �

WRbc?:��82'*���*FHL[' �	� 82'.)RF�q:�ZF:I
82'+�:?:%0o�)+��%E�Z'*).L['.� ��F�5H�@'*L e F:I	IT'�S �A�B' t #&�3�`L['w�+����8 � '*zv'.�	I �c8:�B' �7'+�+�+zv'.)*L[' ~ 8:�B'c8H#&);,*-<52'1=x?:M
52'.�_'u�����3�B'^� �.LU'.�	��] ��L�82'.) �7'.�>�+zv'*).L[' %E��L|'.�	�_'.) ';q+o�?:�@'.��L��Z'.I	I�52'18 OH%^o<e.L['.� �\���3#&�	e.#&�3�`L���?H�@S
����������� W^�3)1'B5:#4�&5y8:#4);,.-y�*,*-2�@'.I	IT'+�6W0#&�	e+j&-2)1'*��82'.) �c'+�<?:%0o�)1'.�>�+�Z?:���.);F:%0o3' ~ I 	�������� � = 280

W ~
t �
	�� = 30

%c� ~ fFit = 3.38± 0.01 � =xS a '1,.-&L�� �)W0�3)1'B5:#4�&5(8:#4);,.- ��?x8:#&IdFHL��Z?:�{8&'+�cP^'+�*FH%EL�M
�.L�)1?:%('+� ~ I 	�������� � = 274

W ~ t �
	�� = 19.2
%c� ~ fFit = 3.334 ± 0.002 � =xS�/ '.��8&' �7'.�>�+#4�&52'*�

�+����8 �:?:���+�	�.L['*�\L�= #�'*�	��F:�@82'.)�S

QA<?0�_:,/QA<H,/F?0�®[IJ*9LN<?2AK@6A2AK©bdcA_ �103QA0G,w�[<¢,;FH0�) >@.1<?8:<H>@2fK@0M8=_:0B2A298N,/65.:K@0MLV03_P8=0B8�LN<?_:Q§{5 �<?0MW
.:0B.�<?.18 <?2�QA0BD DU<?8:8:F?0B_:032�652AQ�6A298:03_:0B2´EG_=,/o5*A032�K@03.1IX*503*A032¤q/<H2�QA0B2A032©QA<?0�) >@.1<?8:<H>@2A0B2
QA0B.�F?<H2A7/0B2¯¦�0B<HFH.GQA0B.�TVY71V.�DC<�8GQA0B2A032�Q503.�_:0BIX*g8=0B2�¦�03<HF?.GR/03_:K/FH<HIJ*A0B2iLV03_1QA032¤{  �<H0
®[IJ*9LN<?2AK@6A25K´QA0B.�FH<H257/032£¦ 0B<HF?.x*5<H2A7g8�QA0B_�Q503.�_:0BIX*g8=0B2�0B8]Lx,/.�*5<H298:03_1*A03_Bq5DC<�8V.18:03<HK/032[W
QA0BD �^rA.18=,/2AQ�bdcA_�F¢a;2AK@03_10´n,;_18=0BO30B<?8:032§q�Q§{k*§{�.:<?0C*-,;8�03<?2A0CK@0B_:<?2AK/bdcAK@<?K�2A<H0BQA_:<?K@03_10
Ä-_:0 8 6A032AO;{s �,´Q5<H0Grs0B<HQA0B2�Y�25QA032�QA0B_NK@6[8 300µ

D FH,/2AK/032�\^>@25QA0325.=,;8=0�2A<?IX*g8N0M�5,/7g8
QA0B_:.:0BFHrs0B2p_=,/QA<H,/F?032�Ä�,/F?F?0325bd_10 8 6A0B2AO£,/65.:K@0B.:0B8:OB8S.:<?2AQ§q�QA0BoA*-,/.1<H03_1032p.1<H0C2-,/IJ*�Ru<H0BFH032®[IJ*9LN<?2AK@6A25K@032³652AQ`bdc5*A_:0B2³.1>iO36`QA032`rs03>@rA,/IJ*98=0M8=0B2 TV<?FHQA0B_:2§{� �<?0ª�^rA*-a/25K@<HK/7/03<?8
QA0B_�_=,/Q5<¢,/F?032ªÄ�,;FHF?0325bd_10 8 6A0B2AO�R@>/2�Q503_N,w�[<H,/FH0B2ª) >@.:<�8=<?>@2£<H.P8�<H2£��rAr§{-�[{ ��Q-,;_:K@0B.18=0BFHF�8�{ �<?0©�^r9L�03<HIJ*96A2AKªR@>/2!QA03_�DU<�8:8=F�03_:0B2�Ä-_:0 8 6A0B2AO ωρ = 2π × 364.7 ± 0.2

�yO©rs0B8=_:a/K/8
2-,/*50GQA032�\^>@2AQA0B2A.=,w8=0325QA032�6A25K@0Bb¬a;*A_Ge � {A �<H0B.:0�¥^2g8=03_1.:IJ*A<H0BQA0�.:<?2AQªbdc5_�Q5<H0�<H2£QA<H0XW.:0B_U��_:rs0B<?8´R@>@_1K@0B.18=0BFHF�8=032 ��0B.:.:652AK@032 <?_:_:0BFH0MR;,/2g8�qtQA03_1032 0B<H2AQ503658:<HK@0�}]Q503298:<	�-7v,;8=<?>@2
QA0BDC>@25.18=_1<H0B_18 �10BQA>uIJ*ªQA<?0��¨0B<H.P8=6A2AK/.1b¬a/*A<?K@7/0B<?8�QA03_���03.:.1DC0M8=*A>uQ50/{- ^6A_:IJ*�®[7w,;FH<?03_:652AK
03_1K@<Hr[8f.:<HIJ*§q�Q-,;.:.£QA<?0�_=,;QA<¢,;FH0�Ä�,/F?F?0325bd_10 8 6A0325O�rs0B<�0B<H2A0B_ª®u8=_1>@DU.18Ja;_:7/0�R@>@2 �/�@���
ωρ = 2π × 368.7

�yO�rs0M8=_=a;K/8�{
�^F?8:03_:2A,;8=<�RCOB6AD�^2A_:0BK@032�7/>@FHF?037g8:<?R@03_�®uIX*gLN<H2AK/6A2AK@0B2�R@>@2�TxY21V.N7w,/252�Q-,/. �y03<�W

O30B2p8:*A03_1DC<?.:IJ*A03_��x8=>@D�R@0B_18:03<HF?6A2AK@0B2n,/FH.�Ä-6A2A7g8=<?>@2n0B<H2A0B_©0B<H25K@03.P8=_=,;*AF?8:032pÄ-_:0 8 6A032AOrs03>/r-,/IJ*98:0B8 LV03_1QA032¤{/Y+<H2A0 .1>@FHIJ*A0V��03.1.:6A2AK5q;QA6A_:IJ*AK/0BbdcA*A_P8�DC<�8�8=*A0B_:DU<H.:IJ*A0B2��x8=>@DU032
<H2³QA03_£��,;K@2A0B81b¬,/FHF?0/qt<H.18C<?2Ã�^rAr§{V�[{°��QA,/_:K/03.18:03F?F?8�{29¤6AD Y+<H25.18=_:,/*AF?032ÃQA0B.f03F?037g8=_1>;W
DC,/K@2A0M8=<?.:IJ*A03.xÄ-03FHQ503.�LN6A_:Q50G0B<H2A0�0M�u8:03_:25032�®[oA6AF?0�R@0B_1L�032AQA0B83{� ^03_�Y+2A03_1K@<H03,/rA.P8J,/2AQ
QA0B_£_:,/QA<¢,;FH0B2%®uIX*gLN<H2AK/6A2AK@.1O36A.P8Ja/2AQ50

h̄ωρ

<?.18fQA6A_1IX*%QA<?0�Ä�,;FHF?032[bd_:0 8 6A0B2AO�K@0BK@03rs0B2§{�032A2¯QA<H0´Ä-_10 8 6A0B2AOUQA03.�03<?2AK@0B.18=_:,/*AF�8=032¯Ä-0BFHQA0B.�QA<?03.103_�Ä-_10 8 6A0325OU03298:.:oA_1<HIJ*983q�7w,/25203<?2A0^_:03.1>@2-,;298=0���2A_103K/6A2AK©03_1bd>/FHK@0B2§{u �,/QA6A_1IX*£LN<?_:QfQA<?0^��8:>@D�LV>@F?7/0^K/03*A0B<HOM8�{5 �,/DU<?8
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��� �"���"� � '+�>�.#&�&5 8&'.)();F 8H��F:IT'.� ]�F:I�Id'.�xe+)1'��*#3'.�4=$e.j&)
F �

Wsbw?:�@82'.��� FHL['����i82'*)
F�q:�ZF:IQ82'+�<?H%^o@)+��%E�Z'.)*L['.� ��F�5:�_'*L e*FHI	Id'{�>'.�A'.���@'.% g �R��'*L e '*Ir8 k<?:�

B0 = 0.29
P^S �A�Z' ]�F:I	IKM

=x'*��L^�>'*L�).#H5
t � 	�� = 19.2

%c� S �wF<� ?2�>'.)1'w/u��Ir8sz|#4);82' ?:-2�@' ��?x8:#4IrFHL��Z?:� ~ 8:�B' F:��82'.)1'*�7/Q��IKM
82'.)cz|#4);82'.��k<?:� ?2�>'.����F2,.-{#&��L['.����F ,.-

t � 
�� � = 14.4, 29.4
#&�@8

114.1
%w�EF:#+e;52'.�@?:%E% '*�@S

g^�>'.)1'.)cP )1F+o\-N� �_,.-2z|���&5:#4�&5E82'.) F�q:��FHI3�	��L['Z5H)+�B'.)*L['.� � �Z,.-&L['*k<'.)*L['.��I #4�&5&S �{��LZL�IT'.)1'.)u#4��8w#&�\L['*M
)1'.) PR);F+o\-��\52' L�)1'.�3�\L[' W0#&�+zv'.)*L�#&�45�82'.) �@,.-2z|���&5:#4�&5Qe.j4) k<'.)+�*,.-&�Z'182'*�@' tQ?<�.��L��Z?:�@'.� FH#+e 82'*)
bc?:��82'*���*FHLBF ,*- � ' 
$? �0'.�@' t #&�3�`L['��

x = −110 µ
% 6BIK�	���H'cbc?:��8&'.���*FHL���'.��L['DC ~ k`?:I	IT'Et #4���`L['x�

x = +110 µ
%f6B)1'1,.-&L['^bc?:��82'*���*FHL���'.��L['DCHS �A�Z'u�����3�Z'*���+����8 ] ��L��082'*) �7'+�+�Bo�#4���`L['$%c��L|';q+o�?:M

�@'.��L��Z'.I�I_52'18 O:%0o`e*L['.� �\���3#&�	e.#&���<L���?:�@'*� ~ 8:�B' ��'.zv'.��I �w�\��,.-4L �3#4) 82'.� 8 FH)Z52'+�.L['*I	IKL['*� /0'.)>'.��,*- ~�*?H��82'.).� F:I	IT'A��% ?2�>'.)1'.� PR);F+o\-N'*� 8 F:)Z5&'+�.L['.I�IKL['*�	EF:)*L['1=`'.��L['*���>'.).j�,.���.��,*-&L��d52'*�@S
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%E�Z'*).L['.����F�5:�_'*L e*FHI	Id' k`?:� 82'.)�F�q:�ZF:IT'.� tQ?<�.��L��Z?:�@S �w'*) �7'.�>�+#4�&5 IK�Z'B52'*� 8:�B' ��� W$���xS �2S �
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'.���@'.)c';q+o�?:�_'.�\L��B'.I	I@52'18 O:%0o`e*L['.� �\�	�\#2��e+#4���`L��Z?:�7F:� 8:�B'+� ' �wFHL['.���>'+�*L��	%E% L[S

QA<?03.:0B. �^0B<HOB032�cArs03_���8:>@D�R@03_:F?6A.18:0UQ50B8=0B7g8=<H0B_:r-,;_�<?.18�q§LN<?_:Q¯Q-,/.�0 4±037g8=<�R@0fÄ�,/F?F?032Aos>;W
8=0B2AO3<H,/F¨QA65_:IJ*i®[0M8=OB032�03<?2A03. �]~^Ä�WZ��03.1.:0B_:. �JqsQ§{k*§{±Y+<?2A.18=_:,/*AF?032�0B<H2A0B_�~y,/QA<?>/bd_:0 8 6A032AO;qrs03K/_:0325OB8�{

}]D E�0BK@0325.=,;8:OxO365_+,v�5<H,/F?032�Ä-_:0 8 6A0B2AOx*-a/2AK/8�QA<?0V_:,/QA<H,/F?0�Ä-_:0 8 65032AOx2-,/IJ*UEGF|{ > jA{ �;?6A2AQ�E�F�{ > jA{°l,?yR@>@D µ 4¤.:0M8:bd0BFHQ
B0
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Q-,/.xTV>/.:0MW]Y+<H2A.P8=03<?2[WZ\y>@2AQA0B2A.=,;8Vrs0`�-2AQ50B8 > �^rAr§{A�[{ �;?M{[ �<?0�2A<?IX*g8x7/>/2AQA0B2A.:<?03_18:032ª��8:>;WDU0/q�QA<H0�.:>@K/032-,/25298=0 8:*A03_1DC<?.:IJ*A0��>@FH7/0;qv7w,;2A2�O365_ ¦�03DUos03_:,;8=65_:rs03.P8=<HDUD©6A2AKyK/032u6[8=OB8
LV0B_:QA0B2§{±}]*A_:0� �<?IX*g8=0BR/03_18:03<?FH6A2AKC<H.P8^6A298:03_y��03_PLV0B2AQA6A2AK£QA03_^.:0BDU<H79F¢,/.1.:<?.:IJ*A032��^a/*A0XW
_:652AK´bdcA_�<HQA03,/FH0�E�,/.:0G2-,/IJ*�EGF|{ > �[{?e��;?VQA65_:IJ*

nth(r) =
1

λ3
T

g3/2

(

exp

{
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(
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n
(2D)
th (ρ, x, t) =

n
(2D)
th (0)

g2(1)
g2

(

exp

{

µ

kBT
− ρ2

δρ2
− x2

δx2

})

> �u{?e�l,?

DU<?8
δx2

i =
kBT

1
2
m

ω2
i

1+ω2
i t2

> �u{?e3j ?

6A2AQ`QA03_SO30B298=_:,/FH0B2Ã ^<HIJ*98:0
n

(2D)
th (0) = n0g2(1)δρ

√
π
{ �^<?03_1rs03<VLN6A_1QA0�Q-,�R@>@2³,/6A.ZW

K@0BKg,/2AK/032§q�Q-,/.1.iQA<H0n�NIJ*A.10³QA03.¯ �0M8=0B798:<H>/2A.:.�0u.18=0BDC.¯Q-,;.¯\^>@2AQ5032A.:,;8¯<?2 _:,/QA<¢,;FH0B_
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n(2D)
c (ρ, x, t) = n(2D)

c (0) max

(

1 − ρ2

R2
− x2

L2
, 0

)3/2

> �u{?e��;?

DU<?8
n(2D)

c (0) = 4
3
Rµ

g

{
9¤65D TV0B.18=<?DCDU032fQ503_x¦�0B<HF?IX*A0B2AO�,;*AFH0B2ª652AQª¦�03DUos03_=,w8=6A_1032£LN<H_1Q£Q-,/*503_Vbd>/FHK@0B2AQA0
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n(ρ, x) = ac max

(

1 − (ρ− ρ0)
2

R2
− (x− x0)

2

L2
, 0

)3/2

+
ath

g2(1)
g2

(

exp

{

−(ρ− ρ0)
2

δρ2
− (x− x0)

2

δx2

})

+ c. > �[{�e��,?
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FH652AKA{5 �<?0GÄ�<?8:o-,/_=,;DU0B8=0B_V.1<H2AQªQ-,;.�9¤032g8=_16AD

(ρ0, x0)
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(ac, ath)

6A2AQÃ��6A.1QA03*A296A2AK@032
(R,L, δρ, δx)

QA03_C �<?IX*g8=0BR/03_18:03<?FH6A2AK/032
QA0B_�8:*A03_1DC<?.:IJ*A032i�>@FH7/0´652AQ�QA0B.�\^>@2AQA0B2A.=,w8=.3{� �0B_ �^<?298:03_:K/_:6A2AQ5>�4±.:0B8

c
LN<?_:QiK@0MW
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δρ
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Nth =
g3(1)

g2(1)
πathδxδρ

N0 =
2

5
πacRL > �[{?e��;?

rs03_103IJ*A2A0B2§{
�^65bdK@_16A2AQUQ503_�)�*A,/.:0B254-6A7g8=6-,w8=<H>/2A032UrA<HF?QA032S.1<HIJ*´LVa/*A_1032AQUQA03_+r-,/F?FH<�.18=<?.1IX*5032UY��9W

o-,/25.:<H>/2i®98=_:0B<?bd0B2�<?2�_=,/QA<H,/F?03_y~y<?IX*g8=6A25KfQA03.G\y>@2AQA0B2A.=,;8:.3{)9¤65_ ��6-,;298=< �-OB<H03_16A2AKCQA03_
 �<?IX*g8=0BDC>uQA65F¢,;8:<H>/2A032�LV03_1QA032�Q5<H0+K/03DU03.:.1032A0B2S��W]QA<?DU032A.1<H>@2-,;F?0B2� �<?IX*g8=0MR@03_18:03<?FH6A25K@032
<H2�_=,;QA<¢,/F?0B_ ~N<HIJ*g8=6A2AK^<H2g8=03K/_:<H0B_183{w ^<H0�}]298:03K@_:,;8=<?>@2�QA0B_t �<?IX*g8=0BR/03_18:03<?FH6A2AK/032´EGF|{ > �u{?e�l,?6A2AQ�E�F�{ > �u{?e��;?VFH<?0Bbd0B_18

n
(1D)
th (x, t) =

n
(1D)
th (0)

g5/2(1)
g5/2

(

exp

{

− x2

δx2

})

> �u{?e��,?

n(1D)
c (x, t) = n(1D)

c (0) max

(

1 − x2

L2
, 0

)2

> �u{?e =,?

DU<?8�QA032fO30B298:_=,/F?032£ �<?IX*g8=0B2
n

(1D)
th (0) = πg5/2(1)n0δρ

2 652AQ n(1D)
c (0) = π

2
R2 µ

g

{ �^<?03_PW
rs03<-LN6A_1QA0^<H2fEGF|{ > �[{?e��,?tQ-,/. IJ*A03DU<H.1IX*50�) >/8:032AOB<¢,;F�rs03_103<�8=.�R@03_12-,/IJ*AF¢a;.:.:<?K/8�{g��r5r§{[�[{ =
> Q ?+OB03<HK;8 QA<H0N<?2U_=,/Q5<¢,/F?03_+~y<?IJ*98=652AK�.:6ADUDU<H0B_18=0N �<?IX*g8=0MR@03_18:03<?FH6A25K�6A25Qf0B<H2A0B2fÄ�<?8+DC<�8QA0B_S®u6ADUDC0C,;6A.©E�F�{ > �u{?e��;?G6A2AQpEGF|{ > �[{?e =,?M{���6AIJ*n*A<?03_�OB03<HK;8�.:<HIJ*�0B<H2A0U.:0B*A_�K@658:0¡^rs0B_:0B<H2A.P8=<HDUD©6A2AK5{-�^65bdK@_:652AQ�QA03_^K/_+6;3/03_:0B2��^6A.:QA0B*A2u652AKªQA0B_y8=*A0B_:DU<H.1IX*5032��>@FH7/0
<HD���03_:K/FH0B<HIJ*£OB6AD\^>@25QA0325.=,;8�<?.18V*A<H0B_VQA<?0��^DCoAF?<�8=6AQA0yQA03.V8:*A03_1DC<?.:IJ*A032£��2g8=03<?FH.�<HD
��0B_:K@F?03<HIJ*�O36A_�\^>@2AQA0B2A.=,w8J,/DUoAF?<?8=65QA0U*(6/*A03_�,/FH.�<H2�QA0B_�OMLV03<?QA<HDU0325.:<H>/2-,/F?032i��03_18:03<�W
FH652AK�hz��rAr§{s�[{ = > r$?]m|{
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-200 0 200
d)

c)

b)a)

-500 0 500
x [µm]

n
[a

.u
.]

-500 0 500
x [µm]
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�����3�B' � �*L�8:�B'U5&'.%('+�>��'.�@' �A��,*-&L['.k<'*).L['*�	IK#4�&5 ~ 8:�B'u8:�Z,.�:' �����3�B'u'.�	� ]U��L_%E��L�82'.)uL�-N'1?:)1'*L��	�*,.-('.).M
z F:)*L['*L['.� �3'.)*L['.��I #4�&52S��+% W$�+� ?:)[o@L���?H��� �.��Id8y#4��8y�	�76D,9CA#&��8G6D8.C$�.�	��8w8H�Z'08H#&);,*-wtv-4F<��'.� � #2�`M
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209
�4b ~ 8:�B' ]�F:I	IT'.��e.)1'��*#�'*�4=x'.�

ωρ = 2π × 370 � =y#4��8
ωx = 2π × 3.4 � = ~8 F<� bw?H��82'.��� FHLu'.�\L�-NO:IKL

N0 = 1.5 × 105 �:?:��82'.�3�+�B'.).L[' W0LB?:%(' �1'.�Q'*�	�@'*)�P^'+� F:% L =�F<-&I�k`?:�
7 × 105 W LB?:%('.� ~ F:#.e 5&'.��?:%E%('.�7��F ,.- '.���@'.) ]�F:I�I =`'.��L k`?H�
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 �0B_�0B_:.18:0��^,/IX*gLV0B<H.¨6A2AQ�R[<?03F?0+QA0B_¨*A<H0B_§R@>@_:K/03.18:03F?F?8=0B2���03.:.16A2AK@0B2©OB6A_ 1V*-,;_=,/7g8=0B_:<?.:<H0XW
_:652AK�R@>/2f)+*-,/.:0B254-6A7g8=6-,w8=<H>/2A032frs0B_:6A*A0B2£,/65b¤QA0B_ ¦�_=,/2A.Pbd>@_:DC,;8:<H>@2©R@>@2f)+*-,/.103254A6A7gW
8=6A,;8=<?>@2A032¯<?2� ^<HIJ*98=0BDU>uQA6AF¢,w8=<?>@2A0B2iLVa/*A_:0B2AQ�QA03_�r-,/F?FH<�.18=<?.1IX*5032�Yt�[o-,;2A.:<?>@2§{¨}]2A.:rs0XW
.:>/2AQA03_10�7/>@2A2g8=0xQA6A_:IJ*´�^2-,/F�0u.10�Q503_t0M�[o-,;2AQA<H0B_18:032U �<?IX*g8=0MR@03_18:03<?FH6A2AK�QA<?0�8=*A0B>@_:0M8=<H.1IX*
03_PLx,/_P8=0B8:0��^rA*-a/2AK/<HK@7/0B<?8VR@>@2�QA0B2�0X�5os0B_:<?DC0B298=0BFHF?032�)�,/_:,/DU0B8:03_:2ªrs03.P8Ja;8:<HK/8xL�03_:Q5032§{
 �0B.��03<�8=0B_:032�7/>@2A2g8=0 K@0BO30B<HK/8�LV03_1QA032¤qwQ-,/.1. ,/6AIJ*�<?D .:>/K@032-,;2A298:032 �G6A,/.:<?7/>@2AQA0B2A.=,w81W
~N03K@<?DC0;quQ-,/.xQA6A_1IX*�.P8J,/_17/0�)+*-,/.103254-65798=6A,;8=<?>@2A032�K@0BoA_=a/K;8�<?.18�q5 ^<HIJ*98=0M4-6A7g8=6A,;8=<?>@2A0B2
bdcA_�K/0Bb¬,/2AK/032A0^\y>@2AQA0B2A.=,;8:0y6A298:03_:Q5_:cAIJ7g8V.:<H25Q§{9 �,�QA<H0�DC0B<H.P8=032C��03.1.:6A2AK/032£DU<?8+r-,/F�W
FH<?.18:<H.1IJ*C0X�5oA,/2AQA<?03_P8=032£\^>@2AQ5032A.:,;8=0B2£QA6A_:IJ*AK/0BbdcA*A_P8VL�03_:Q5032§q[<?.18 03<?2U��03_1.18Ja;2AQA2A<?.�QA03_
Y��[o-,/2A.1<H>@2foA*-,/.103254-65798:6A<H0B_:0B2AQA03_�\^>@2AQA0B2A.=,w8=0^bdcA_V¥y298:03_1.:6AIJ*u6A25K@032�,/2f.18J,;_:7´03F?>@2[W
K@<?03_18:032�TxY21V.^a/6(3@0B_:.18y_103F?0BR;,;298�{

Ä cA_�QA<?0+<H2GQA<H0B.:0BD ��rA.1IX*52A<?818¨R@>@_1K@03.P8=03F?F?8:032���0B.:.:652AK@032�LN65_:QA0�03<H250+��<H0BFHO3,/*AF;R@>@2
Ä�,/F?FH0B2A7/>@2��-K@6A_:,;8=<?>@25032�0B<H2AK/03.:0M8=OM8�q§6AD²Q5032¯Y+<H2[4-6A.:.GQ503.G_=a/65DCF?<?IJ*A032!Y+<H25.:IJ*AFH6A.1.:0B.
,/65b[Q5<H0�)+*-,;.:03257/>@*-a/_1032AO�K/03OB<H03F�8�O36�6A298:03_:.16AIJ*A032§{w �0B_¨03_:.P8=0�¦�03<?F@QA03_¨~^,;QA<H>/bd_10 8 6A0B2AOMWYtR;,/os>/_=,;8=<?>@2%LN<?_:Q%bdcA_�,/F?FH0!Y��[os03_1<HDU032g8=0i<H2 QA0B_�E�_16A2AQA7/>@2��-K@6A_:,;8=<?>@2 QA0B_���,;K;W
2A0M8:b¬,/F?FH0UDC<�8�03<H2503D ��.1os037g8:R@03_1*-a/F?8:2A<H.

λ
R@>@2³�;��rA<H.�l@��QA6A_1IX*5K@0Bbdc5*A_18�{t �<?0£,w�[<¢,;FH0

Ä�,/F?FH0B25bd_:0 8 6A0325O�rs0B8:_=a/K/8´<?2`QA<H0B.:0B_U\^>@2@�AK@6A_=,w8=<H>/2 ωx = 2π × 14
�yOªbdcA_´\^>@2AQA0B2[W

.=,w8=0ª<?D |F = 2,mF = 2〉 9¤6A.P8J,/2AQp6A2AQ ωx = 2π × 9.9
�^OfbdcA_S\^>@2AQA0B2A.=,w8=0ª<HD

|F = 1,mF = −1〉 9¤6A.18=,/2AQ§{9Ä�cA_�QA<?0 1V*-,/_:,/7g8=0B_:<H.1<H0B_:6A2AK�QA0B_�)+*-,/.103254-65798:6-,;8=<?>@2A0B2LN6A_1QA0^bdcA_ 0B<H2A<?K@0^��0B.:.:652AK@032£R@>@2fQ503_x� 6/K@FH<?IX*57/03<�8VEG03rA_:,/6AIJ*fK@03DC,/IJ*983q9QA<H0N_=,/QA<H,/F?0
Ä�,/F?FH0B25bd_:0 8 6A0325OSQA6A_1IX*¯¡^rs0B_:FH,/K@03_16A2AKª03<?2A0B.GrAF¢,/6[R@03_:.P8=<?DCD�8:032! �<?os>@FHos>;8=0325O3<H,/F?.�,;65b
ωρ = 2π × 508

�^O�r5OBL�{
ωρ = 2π × 714

�yO�O36�03_1*(6@*A0B2 > .:<H0B*A0�\�,/o5<?8=0BF§jA{?e/{?e�?X{�Ä cA_LV0B<?8:03_1bdc5*A_:0B2AQA0���03.1.:6A2AK/032§q[QA<?0yDU<?8�TxY21V.V<?D |F = 1,mF = −1〉 9¤65.18J,;2AQCQA6A_:IJ*[WK@0MbdcA*A_18VLN65_:QA0B2§q5<H.18VQA<?0�,v�5<H,/FH0^Ä�,;FHF?0325bd_10 8 6A0B2AO/quLN<?0�<H2£\�,/o5<?8=0BFsjA{�e@{ ��0B_:F¢a;658=0B_18�q[,;65b
ωx = 2π × 3.38

�^O�_:0BQA6AOB<H03_P8^L�>@_:QA0B2§{s}]2�,/FHF?032�Äta/F?F?032�03_1bd>/FHK/8:0�QA0B_^FH0M8=OM8=0�¦�03<?F¨QA0B_
YtR;,/os>/_=,;8=<?>@2�6A25Q�Q-,;DC<�8�QA<?0�\^>/2AQA0325.=,;8:<H>@2�<H2�QA0B_N032AQAK/cAF?8:<HK@0B2�Ä�,/FHF?0B2A7/>@2@�AK@6A_=,w8=<�W
>@2§{sY+<H2A0��^6A.:2A,/*ADU0�rA<?FHQA0B2�QA<H0���0B.:.:652AK@032!DC<�8y03<?2A0BD ��.1o±0B7g8:R@03_:*Aa/F?8:2A<H.

λ = 10
q

bdcA_�QA<H0fOB6A2-a/IJ*A.18´<?2nQA03_´EG_:6A2AQ57/>@2@�-K/6A_=,;8:<H>@2�QA03_´��,/K/2A0B81b¬,/FHF?0C7/>@2AQ5032A.1<H03_P8SLN6A_ZW
QA0^652AQ£,/2A.1IX*5FH<H0 3@0B2AQfQ5<H0y_:,/QA<H,/FH0NÄ�,/F?F?0325bd_10 8 6A0B2AO^Q56A_:IJ*£Y�_1*(6@*96A2AK�QA0B.�µ 4±.:0M8:bd03F?QA0B.,/QA<H,/r-,w8=<?.:IJ*�R@03_1_:<H25K@03_P8�LN6A_:QA0;{@Ä�cA_�,/FHF?0V��03.1.:6A2AK/032 > ,/6(3@0B_�QA0BD�®u8:6AQA<H65D�QA0B_+\^>/2[W
QA0B2A.=,;8:032g8=.18:03*u6A2AK,?�LN6A_1QA0f2-,;IX*nY+_:OB036AK/6A2AK�QA0B_�\^>@2AQA0B2A.=,w8=0f0B<H2A0´�,/_18:03OB03<?8�R@>@2
DU<H2AQA0B.18:032A.©eU®[0B7u652AQA0´03<?2AK@0Bbdc5K/8�q±6AD².1<HIJ*A03_1O36A.P8=03F?FH0B2§q¤Q-,/.:.G.1<HIJ*!QA<H0��x8=>@D�R@03_P8=0B<�W
FH652AK�<HD$8=*A0B_:DU>uQ�0u2-,/DU<H.1IX*5032UEGFH0B<HIJ*AK@0MLN<HIJ*98:.:O365.18J,;2AQSrs0`�-2AQ50B8�{��  �<?0x6A2g8=0B_:.:65IX*g8=032
\^>@25QA032A.:,;8=0 .:<?2AQ > .18J,;_:7-?�03F?>@2AK/<H03_P8�q�,/rs03_¨7u<?2A0BDf,;8:<H.1IX*�2A<HIJ*98 eBW QA<?DC0B2A.:<?>@2-,;F�{�Ä�c5_¨QA<H0DU03<H.P8=0B2 QA0B_CR@>/_:K@0B.18=0BFHF�8=032 ��03.1.:6A25K@032 rs0M8=_:a/K/8fQA,/.U��03_:*Aa/F?8:2A<H.SR@>@2 IJ*A0BDC<?.:IJ*A03D
) >/8:032AOB<¢,/F§O365_y_:,/QA<H,/F?032�Ä�,/FHF?0B25bd_:0 8 6A032AO µ/(h̄ωρ) = 3 . . . 10

{
� +-����./ � � '*'*����9 ������+ � �8% #&� �&����' �-"4�8�����8'*% 0 �!%4.� 8')0/��# '�� '5�7�3 �� � % �� 0/�36����
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 �0B_U��,/IJ*9L�03<?.´R/>@2Ã)+*-,/.103254-65798:6-,;8=<?>@2A032³r-,/.1<H03_P8=0�,/65b^QA0B_´OB6AD	Q-,;Df,/F?<?K/032 9¤03<?8PW
oA6A25798GcArs0B_:_=,;.:IJ*A0325QA032�TV03>/r-,/IJ*98:6A2AKAq¤Q-,;.:.�®u8=_103<�bd032�<H2�QA03_� �<HIJ*98:0BR@0B_18=0B<HF?6A2AK£r-,/F�W
FH<?.18:<H.1IJ* 0M�[o-,/25QA<H0B_18=0B_�\^>/2AQA0B2A.=,;8:0i,/65b«8:_:0B8:032§{V�^rArA<?FHQA6A25K`�[{�e���O30B<HK/8£rs0B<H.1oA<H0BFH*-,;b¢W
8=0���rA.1>@_:o58:<H>@25.=,/65bd2A,/*ADU032�0X�[o-,/2AQA<?03_P8=03_�\^>@2AQ5032A.:,;8=0�bdcA_^R@0B_:.:IJ*A<?03QA0B2A0S¦ 0BDCos0B_=,wW
8=65_:032�6A2AQ��^.:os037g8:R/03_:*-a/F�8=2A<?.:.:0CQA03_�Ä�,/F?FH0;{� �<H0´�NIJ*A.10fQA03_�O 0uF?<H2AQA0B_:.�0[DUDU0B8=_1<H.1IX*A0B2
\^>@25QA032A.:,;8=0�F?<H0BK/8x<?2ª*A>@_1<HOB>@298=,/FH0B_x~N<HIJ*98:6A2AKA{ 9¤65D 9¤0B<?8:oA6A2A7g8�QA03_N �0M8=037g8:<H>@2�cArs03_ZW
8=_1<�4s8 QA<H0�_:,/QA<H,/FH0�E�_�6;3@0 r±0B_:0B<?8:.�QA03658:FH<?IX*�Q5<H0V,w�[<¢,;FH0VEG_+6;3/0�QA0B_+\y>@2AQA0B2A.=,;8:0/q;Q§{°*¤{;QA<H0
,/2A<?.:>/8:_:>@os0�Y��[o-,/25.:<H>/2�<?.18yQA0B658=F?<HIJ*�03_17/032A29r-,/_3{± �<?0�QA,/_:K@0B.18:03FHF�8=0B2�_=,/QA<H,/F§<H2g8=0BK@_:<?03_PW
8=0B2ª �<HIJ*g8=03o5_:>4�-F?0^.:oA<?03K@0BFH2fQA<?0^o-,/_:,/rs>@F?<H.1IX*50� �<?IX*g8=0MR@03_18:03<?FH6A25K©Q503_x\^>/2AQA0325.=,;8:0�LN<�W
QA0B_3{@TV03DU0B_:7/0325.1LV03_P8=03_PLx03<?.:0NOB03<?K@032S.:<?IJ*S<H2©03<?2A<HK/032SÄta;FHF?032�QA0B658=F?<HIJ*A0�®u8=_103<?bd0B2S<?2©QA03_
 �<?IX*g8=0MR@03_18:03<?FH6A2AK5{¤ �<H0B.:0´®u8=_103<?bd0B2�8=_:0M8=0B2i6ADU.:>£.18=a/_:7/0B_�*A03_PR@>@_3q �10�*(6@*A0B_�QA<H0�¦�0BD´W
os03_:,;8=65_ > 6A298:03_:0 9¤0B<HF?0ª<?2³�^rAr§{ �[{?e��,?Mq �10�K@_+6;3/03_SQ-,/.U�^.:os0B7981R@03_:*-a;F?8=25<H.UQA0B_CÄ�,/F?F?0hz��rAr§{/�[{�e�� > I/?Zm[6A25Q �10�K@03_1<H2AK/03_�QA<H0 9§,/*AF9QA03_ 7/>@2AQA0B2A.:<?03_18:032S�x8=>/DC0 <H.P8�{w �,�)+*-,;.:032uW4-6A7g8:6-,;8=<?>@2A0B2�QA6A_1IX*�8=*A0B_:DU<H.:IJ*A0+��2A_103K@652AKy2A<H0BQA03_1032A0B_:K@0M8=<?.:IJ*A03_ ,w�[<H,/FH0B_¨��>uQA0B2�QA0B.
\^>@25QA032A.:,;8=.y*A0B_1R@>/_:K@0B_:65bd0B2�LV0B_:QA0B2§q�<H.P8yQ5<H0G¦�03DUos03_=,w8=6A_ZW�6A2AQ�Ä�,/F?FH0B2AK@0B>@DU0B8:_:<?03,/r[W
*-a/25K@<HK/7/03<?8Grs03_:0B<?8:.�03<?2¯.18J,;_:7/03.�}]2AQA<HO´Q-,wbdcA_3q�Q-,;.:.�QA<H0C®u8:_:0B<?bd032¯QA65_:IJ*n)+*-,/.103254A6A7gW
8=6A,;8=<?>@2A032�R@03_:65_:.=,;IX*g8�LV03_1QA032§{¨ ^03.G�03<�8=03_1032i.:<?2AQ!QA<H0´®98=_:0B<?bd0B2!bdcA_�796A_:OB0UY��[o-,/2[W
.:<?>@2A.1O303<�8=0B2ª2A<?IX*g8xrs03>@rA,/IJ*98=rA,/_3q5.1>@2AQA0B_:2ª8:_:0M8=032ªDU<?8�OB6A2A03*5DC0B2AQA03_NY��[o-,/25.:<H>/2A.:OB03<?8
.18=a/_:7/0B_�*A0B_1R@>@_ > �^rAr§{[�[{�e@e�?XqgQ§{°*¤{u.1<H0N03298:.18:03*A0B2ª0B_:.P8�Lxa;*A_:0B2AQ£Q503_ r-,/F?FH<?.P8=<?.1IX*A0B2fY��9Wo-,/25.:<H>/2§{v �<?0�rs03>@rA,/IJ*98=0M8=0B2´®98=_:65798:6A_:0B2�<H2�QA0B_  �<?IX*g8=0BR@0B_18:03<?FH6A2AKy65298=0B_:.:IJ*A0B<HQA0B2©.1<HIJ*
,/65bdK/_:6A2AQfQA0B_V.18=,;8=<?.18:<H.:IJ*A0B2ª�^,;8=6A_�Q503_x)+*-,;.:032[4-6A798:6-,;8:<H>@2A0B2ª.:0BFHrA.P8xrs0B<±<HQA0B298:<H.1IX*A0B_
)+_=a/oA,/_=,;8:<H>@2ªQ503_y\^>/2AQA0325.=,;8:0�R@>@2�~N0�,;FH<H.1<?03_:652AKSOB6�~N0�,;FH<?.:<?03_16A2AKA{[}]2���r5r§{s�[{�e@e�<?.18
bdcA_

T ≈ 400
2-\ QA03_ ��2g8=0B<HF9QA03_�8:*A03_1DC<?.:IJ*A032��>@FH7/0�bdcA_ 0B<H2A0�Yt�[o-,;2A.:<?>@2A.:OB03<�8

t = 10DU.N<?2�QA03_N�^rA.:>@_1o58=<?>@2A.:,/65bd2-,/*5DC0G6A25Q�bdcA_
t = 29.3

DU.�<HD)�_1>4�-F�OB6�0B_:7/0B2A2A032¤{
T�0BR@>@_fQA<H0��^rA*-a;2AK@<HK/7/03<�8=032ÃR@>@2%QA0B2%0M�[os03_1<HDU032g8=03F?FH0B2%)�,/_:,/DU0B8=0B_:2 8 6-,/2g8=<�8J,wW8=<�R£6A2g8=0B_:.:65IX*g8^LV0B_:QA0B2§q�.:>@F?F§OB6A2-a/IJ*A.18 8 6-,/F?<?8=,;8=<�RC03_179F¢a/_P8�LV03_1QA032§q-LN<?0�)+*-,/.103254A6A7gW8=6A,;8=<?>@2A032 ®u8=_103<�bd032 <H2ÃQA03_f �<HIJ*98:0BR@0B_18=0B<HF?6A2AK�*A0B_1R@>@_1_:65bd0B2%7�6@252A032§{V �,�Q5<H0�F?>@7w,;FH0

EG03.:IJ*9L�<H2AQA<?K@7/03<�8N<?2�0B<H2A0BD TV>@.10MWZY+<?2A.18:03<H2uWZ\^>@25QA032A.:,;8NoA_:>/os>@_18:<H>@2-,;F¤OB6AD EG_=,;QA<H0B2[W
8=0B2 QA0B_f)�*A,/.:0�<H.P8�q�.1<H2AQ )+*-,;.:032[4-6A7g8=6-,;8:<H>@2A0B2%DU<?8U,w�[<¢,/F?032 E�0B.:IJ*9LN<?2AQA<HK/7/03<�8=.1bd0BF�W
QA0B_:2�R@03_1792ucAo5b«83{��G}]D�EGFH0B<HIJ*AK@0MLN<HIJ*98:.:OB6A.18=,/2AQ�<?.18^QA<H0� ^<HIJ*98:0BR@03_P8=0B<HFH652AKfK@0Mb¬,/2AK@0B2A03_
\^>@25QA032A.:,;8=0:�10BQA>uIJ*�2-,;*A03OB6�6A2urs0B03<?254-6A.:.P8NR@>@2ªQA0B2�)+*-,/.103254A6A798:6-,;8=<?>@2A0B2§q5LV0B<HF±QA<H0
2A<?IX*g8=F?<H2A03,/_:0�DU03,/2[W �A03FHQuW �03IJ*A.:0BF?LN<?_:796A2AK´ �<?IX*g8=0M4-6A7g8=6-,w8=<H>/2A032�6A2g8=03_1QA_:cAIJ7g8�{���,;IX*
QA0BD ��rA.1IX*A,/F?8:032ªQA03_�Ä�,;FHF?0^,/rs03_x25<HDUD�8�QA<H0^DC03,/2[W9�-03F?Q[W �03IJ*A.103F?L�<H_:796A25K´,;65bdK@_:652AQ
QA0B_C �<?IX*g8=0MR@03_1_:<H25K@03_16A2AK�.1IX*A2503FHFN,/r§q+.1>�QA,/.:.U.1<HIJ*ÃQ5<H0�,w�[<¢,/F?032ÃEG03.1IX*gLN<H2AQ5<HK@7/0B<?8:.PW
bd03F?QA03_©<H2`Q503_U �<?IX*g8=0MR@03_P8=03<?FH6A25Ki2A<H0BQA03_1.:IJ*AF¢,/K/032§{+ �<H0B.:0ª��>@_1Kg,/25Ki<H.P8´<?2`��r5r§{ �[{�ev�
.:79<?O3O3<?03_P8�{s}]2���rgLV0B.:032A*A03<�8GQA0B_�DU0�,/2[W9�-0BFHQ[W|�0BIX*5.:03F�LN<H_17u652AKCR@03_1*-a/F�8�.:<HIJ*�0B<H2�\^>/2[W
QA0B2A.=,;8VDU<?8�03<?2A0B_�_:a/6ADUFH<?IJ*´Rw,/_:<?<H0B_:0325QA032f)+*-,/.:0�,/2-,/F?>@K�O36f03<?2A03D �¨,/.103_:.P8=_:,/*AF|qgQA03D
DU<?8�03<H2503_+)�*A,/.:0B2AoAF¢,w8:8=0�0B<H2S032g8=.:o5_:03IJ*A032AQA03.�)+*-,/.1032AoA_1>4�-F�,/6[bdK@03oA_:a/K/8tLN6A_1QA0/{ � *A2uW
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λ = 10(a), 26(b), 51(c)
� S��A�Z'sFxq:��FHId'(]�F:I	IT'.��e.)1'��*#�'*�4=

�>'*L�).#:5 ��'.zv'.��I �
ωx = 2π × 14 � =xS
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6.mvg ]�C #4��8 m@'.%0o3'.);FHL�#4)1'.� ~ %E��L

ωx = 2π × 14 � =G#4��8
ωρ = 2π × 365 � =`S 6D8.C � )1F 8:��FHI
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FH<?IJ*�LN<?0 .:<HIJ*�<?D Ä-0B_:25bd0BFHQ�0B<H2A0B. .:>@F?IX*5032 �¨,/.:0B_:.18:_=,/*5FH.�T�036AK@652AK@0 4±0B798:0xO30B<HK@0B2§q�8=_:0M8=0B2
<HD�Ä�,;FHF9oA*-,/.103254-65798:6A<H0B_:0B2AQA03_ \^>/2AQA0325.=,;8:0�<?2©QA0B_tr-,/F?FH<�.18=<?.1IX*5032SY��[o-,/2A.1<H>@2U®98=_:0B<?bd0B2
<H2�Q503_y �<HIJ*g8=0BR@0B_18:03<HF?6A2AKU,/65bZ{

�!� �!� � ��� � � 4EF=2/F(;5*-2 0 �=%54 DE*-4 * � � *?'+2 � *-4 0)*-,/,/*-4 � .('+. � * 03*?'+4
}]D R@>/_:*A0B_:<HK/032��^rA.:IJ*A2A<�8:8yLN6A_:Q50�03_1F¢a/658:03_P8�q-Q-,;.:.^Q5<H0���rA*Aa/2AK@<?K@7/03<�8yQ503_^,/65b«8:_:0M8=032uW
QA0B2³®u8=_103<�bd032�R@>/2pQA0B2p0X�5os0B_:<?DC0B298=0BFHF?032n)�,/_:,/DU0B8=0B_:2 8 6A,/FH<�8J,;8:<�RiQ503D�bdcA_©)+*-,;.:032uW
4-6A7g8:6-,;8=<?>@2A0B2 03_PLx,/_P8=0B8:032 ��0B_:*-,;F?8=0B2 03298:.:oA_1<HIJ*983{�}]2 QA<H0B.:0BD ��rA.1IJ*A2A<?818�.:>/FHF�03<H250
8 6-,/2g8=<?8=,;8=<�R@0��^2-,/F�0u.10�Q503_^��rA*-a;2AK@<?K@7/03<�8=0B2�R@>@2�QA032�0M�[os03_1<HDU032g8=03F?FH0B2�)�,/_=,/DU0B8:03_12QA6A_1IX*5K@0Bbdc5*A_18GLV0B_:QA0B2§{ �^<?03_1O36�LN<H_:Q�<H2A.1r±0B.:>@25QA03_10´03<?2���03_1K@FH0B<HIJ*!DU<?8�QA0B_G<H2!\�,/oA<�W
8=0BFNl5{kj¯Q-,;_:K@0B.18=0BFHF�8=0B2³¦�*503>@_1<H0�QA0B_UYt�[o-,;2A.:<?>@2ÃoA*A,/.:0B254-6A7g8=65<H03_1032AQA03_C\^>@2AQA0B2A.=,;8:0
R@>@_1K@0325>@DCDU032¤{

Ä cA_�QA<H0 8 6-,/2g8=<�8J,;8:<?R@0���2-,;F�0u.:0NLx,;_ 03.�LV0B.:032g8=F?<HIJ*§q903<?2´��03_1b¬,;*A_:0B2fOB6f0B298]LN<HIJ7/0BFH2§qDU<?8�QA03D�QA<?0U��6A.1K@03o5_=a/K/8:*A03<�8�QA0B_� �<HIJ*98:03DU>uQA6AFH,;8=<?>/2A032¯.:os0BO3< �-O3<?03_18�LV03_1QA032n7w,/252
6A2AQ�Q-,;.�03<?2A032£��03_1K@FH0B<HIJ*ªDU<?8VQA0B_x8=*A0B>@_:0M8=<?.:IJ*A032��+>@_=,/65.:.=,;K@0GK@03.P8J,;818=0M8�{A�^rArA<?FHQA652AK
�[{�e�l�.18:03F?F?8�K@_=,&�A.:IJ*fQA<?0���03.:.16A2AK©QA0B_� �<HIJ*98:03DU>uQA6AFH,;8=<?>@25032´Q-,/_3{9 �0B_V\^>@25QA032A.:,;8J,;2[W
8=0B<HFtbd>/FHK/8�<?D���<�8:8=0BF+QA03_�¦�*A>@DC,/.ZWZÄ-03_1DC<�W] �<?IJ*98:0BR@03_P8=0B<HFH652AKAq¤QA<H0´Df,;2ibdcA_�03<?2�\^>/2[W
QA0B2A.=,;8�<H2 ��rgLV03.1032A*A03<?8�R@>@2$)+*-,/.:0B254-65798=6A,;8=<?>@2A032$0B_:*-a;F?8�qNO30B<HK/8�,/rs03_�Q503658:FH<HIJ*A0
®[IJ*9LV,/2A796A2AK@0B2�6ADQA<?03.10G��0B_18:03<HF?6A2AKS*503_:65D�{A¥^DQA<?03.:0G�^r9LV0B<HIJ*u6A25K@032�OB6 8 6-,/2g8=<�W
�-OB<H03_1032§qsL�03_:Q5032iQA<?0�_:,/QA<H,/F¨<H2g8=03K/_:<H0B_18:032� �<?IX*g8=0MR@03_P8=03<?FH6A25K@032�DU<?8^0B<H2A0B_�rA<?DC>uQ-,;F?032
Ä-6A2A7g8:<H>@2§q�rs03.P8=03*5032AQ ,/6A.f0B<H2503D ¦�*A>@DC,/.PW]Ä-03_1DC<�W])+_:>4�-F�0B298=.1oA_:0BIJ*A032AQ E�F�{ > �u{?e =,?
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��� �_���4��� �R#�F:�\L�� ��=*�B'.).#&�&5 82'.) �A��,*-&L['.% ?�8H#&IdFHL��Z?:�@'.�@SR�|�	���x� � �|q2'*%^o@IrF:).�	�*,.-N'.�
�A��,.-4L['[o�);?�� I3#4��8 =*#H52'+- �:)+�d52'*) �.��% ?�8 FHId'.)R] ��L[S a '1,.-&L���� � �.zv'.�Z,.-2#4�&5 82'+�v5&'.%('+�>��'.�@'.� �A��,*-2M
L['[o�)1?��UI �wk`?H% ]U��L ~ ��?:).%c�B'.)*LQFH#+e 8:�B' 52' � LZL['*L[' �A��,.-4L['.k<'.)*L['.��IK#&�&5�82'.� bc?:�@82'.���*F L�� S �yF:)Z5&'.M
�.L['*I	IKL��	�.L�82'.)v/0'.)>'.��,*- −0.8L < x < 0.8L

S � �B'0';q+o3'.).�	%('.�\L['*I	Id'*� tQF:)1F:%('*L['.)R�+����82�
T = 250�4b ~ N0 = 6.3 × 104 ~ ωx = 2π × 3.38 � =�#4��8

ωρ = 2π × 370 � = ~ 8H�Z'��|q.oNF:�3�+�Z?:���;=`'.��L
�>'*L�);O�5 L

t = 19.2
%c� S

bdcA_�Q-,/.VTxY21 6A2AQ£0B<H2A0B_VTV>@.:0XW R@0B_:.18=a/_:7g8=0B2�E�,/6(3/R@0B_18:03<?FH6A2AK©EGF|{ > �u{?e��;?+bdcA_�QA<?0y8=*503_PWDU<H.:IJ*A0C�>@F?7/0/q K@0x�A8:8:0B83{t �<H0ª®98J,/2AQA,/_:Q-,;r9LV0B<HIJ*u6A25K
σBEC

QA03_©K/03DU03.:.1032A0B2Ã)+_:>&�-FH0
R@>@2�QA03_ K@0`�A818=0M8=032S\G6A_1R@0 LN<H_:Q©,;FH.���,�3^bdcA_ Q5<H0V ^<HIJ*98=0BDU>uQA6AF¢,w8=<?>@2A0B2�R@0B_1LV0B2AQA0B8�{/}]2
��r5r§{g�[{�e�l�<?.18tQ5<H0x �<54¤0B_:0B2AO

δnI(x, t)
QA<?03.103_trs0B<HQA0B2´\G6A_1R@0B2§q@25>@_:DU<H0B_18�,/65b�QA<H0�K@0`�A8PW

8=0M8=0©\^>@2AQA0B2A.=,w81WZ ^<HIJ*98=0MR@03_P8=0B<HFH652AK
nI0(x, t)

QA,/_:K/03.18:03F?F?8�{s �<?0S®u8J,;2AQ-,/_1Q-,/r9L�03<?IX*96A2AK
LN<H_1Q�<?DOB032g8=_=,;FH0B2�TVY71�WZTV0B_:03<?IX*�rs0B8:_=,/IJ*98:0B8��

σBEC =

√

∫

BEC
(σ(x, t))2 dx mit σ(x, t) =

δnI(x, t)

nI0(x, t)
. > �[{ �;�,?

®[>�LV03<�8!2A<?IX*g8i,/25QA03_1.!.:os03OB<	�-OB<H0B_183q�L�03_:Q5032�QA<?0p �<?IJ*98=0BDC>uQ56AF¢,;8:<?>@2A0B2 <?D TV03_103<?IX*
−0.5L < x < 0.5L

,;6A.:K@0MLV0B_18=0M8�{yÄ cA_ªQ-,;.�<H2%��r5r§{y�[{�e�lnQ-,/_:K/03.18:03F?F?8=0!T�03<H.1oA<H0BF
<H.P8

σBEC = 0.17
{  �,;.�bdc5_�DU03*5_:03_10£��0B.:.:652AK@032pDU<?8�<HQ503298:<H.1IX*�oA_:a/o-,/_1<H03_P8=0B2�\^>@2[W

QA0B2A.=,;8:032�K/03DU03.1.:03250UDC<�8:8:F?03_10
σBEC

03_1F¢,/65r58G03<H25032!��03_1K@FH0B<HIJ*!DC<�8�QA032!8=*A0B>@_:0M8=<H.1IX*
03_PLx,/_P8=0B8:032� �<?IX*g8=0BDC>uQA65F¢,;8:<H>/2A0B2�EGF|{ > l5{kjgl,?M{¥yD�03<H25032£D 6@K@F?<?IJ*A.P8�6ADUb¬,;.:.:0B2AQA0B2£��03_1K@FH0B<HIJ*fDU<?8 QA0B_V¦�*A0B>@_:<?0�OB6ª0B_:D 6@K@F?<?IJ*A032¤q
LN6A_1QA032´bdcA_+0B<H2A0V��<?03FHO3,/*AFuR@>@2´¦ 0BDCos0B_=,;8:6A_:0B2§qg¦�03<?FHIJ*A0325O�,/*AF?032´6A25QU�^.:os037g8:R@03_1*-a/F�81W
2A<?.:.:0fQA<H0£ ^<HIJ*98=0BDU>uQA6AF¢,w8=<?>@2A0B2�<H2�QA03_�r-,/FHF?<?.P8=<?.:IJ*A0B2pY��5oA,/2A.:<?>@2`,/65.:K@0MLV03_P8=0B83{+ �<H0
¦�03DUos03_:,;8=6A_�6A25QS¦�03<HF?IJ*A032AO3,/*AF[.:<?2AQ©0M�[os0B_:<HDU0B298=0BFHFu2A<HIJ*g8t6A2-,;rA*-a/25K@<HK^R@>@2503<?2-,/2AQA0B_3q
Q-,�DC<�8�.:<?2A7/0325QA03_©¦�0BDCos0B_=,;8:6A_�Q-,/.���0B_:*-a/F�8=2A<?.�R@>/2p7/>/2AQA0325.:<H0B_18:032pO36n2A<HIJ*98�7/>@2uW
QA0B2A.:<?03_18:032f�x8=>/DC0B2C,/2A.18:03<?K/8 > .1<H0B*A0yO;{ T�{9�^rAr§{[�u{ l,?X{g�^rArA<HF?QA6A2AK��[{�e�j�OB03<HK;8 QA<H0�9§,/*AFQA0B_�7/>@2AQ5032A.1<H0B_18=0B2���8:>@DU0´rs0B<�QA<?03.:0B2n��03.1.:6A25K@032p,/F?.�Ä-6A2A7g8=<?>@2¯QA0B_�¦�03DUos03_:,;8=65_3{
 �<?0y®u8=_16A7g8=6A_1032U<H2SQA0B_  �<?IJ*98=0MR@03_P8=03<?FH652AK�.:<?2AQ´Q-,/252UQA0M8=0B798:<H0B_:r-,/_Bq/LV03252CQA<?0��^r9LV0B<�W
IJ*u6A25K@032�R@>/D»Ä�<�8y<?D',/6A.1K@0BLV0B_18:0B8=0B2iTV0B_:03<?IJ*

δBEC ≡
√

∫

BEC[δnI(x, t)]2 dx
K@_+6�3@03_



�@��� � ��
 ���+�� ��������� �(��� �;# � � �5 
���	��� � ���)# ��� �.�&� 
 ��� � �.����
 � ���&� 
 ��� � ����� =g�

,/F?. Q-,;. �y<H298:03_1K@_:6A25QA_=,/65.:IJ*A032£.1<H2AQ¤{u �<H0B.:03. LN<H_1QC03_1DC<�8:8=0BF?83q@<?2AQA03D�Q5<H0y�^r9LV0B<HIJ*u652AK
QA0B_©K@0BDC0B.:.:0B2A032³ �<?IX*g8=0CR@>@D�Ä <?8�<HD TV0B_:03<?IJ*pQA03_�8=*A0B_:DU<H.1IX*A0B2n�>@F?7/0£,/6(3@0B_:*-,;FHr
QA0B.�TxY21 W]�^298:03<?FH.yrs03.P8=<HDUD�8NLN<?_:Q��

δT ≡
√

∫

T[δnI(x, t)]2 dx
{�9¤6A_y}]298=0BK@_=,w8=<H>/2�LN6A_ZW

QA0´<H2!QA03_���65.1LV0B_18=652AK�QA0B_�TV03_103<?IX* −1.4L < x < −1.1L
652AQ

1.1L < x < 1.4L*A0B_=,/2AK/03OB>@K@032¤{ }]2Ã��rAr¤{��[{?e3j�<?.18UOB6A.=aw8=O3F?<HIJ*ÃQ5<H0ª��0B_18=0B<HF?6A2AK¯Q503_C\^>@2AQ5032A.:,;8=0�DC<�8
QA0M8=037g8:<H03_1r-,/_1032� �<?IX*g8=0BDC>uQA65F¢,;8:<H>/2A0B2 > δBEC > 2δT

?x03<H25K@03OB03<?IX*A250B8�{sY+.y<H.18yQ503658:FH<HIJ*
03_17/032A29r-,/_Bq¨Q-,/.1.�Q503_��^298=0B<HFtQ503_�\^>/2AQA0325.=,;8:0UDU<?8�QA0B8:037g8=<?03_1r-,/_:0B2n®u8:_:6A7g8=65_:032¯DC<�8
.18:03<?K@032AQ503D»�^.:os037g81R@03_:*-a/F�8=2A<?.�O3652A<HDUD�8�{A a/*5_:0325Q�bdc5_^QA032�.:IJ*9LVa/IJ*A.18=032!_=,/QA<H,/F?032
Y+<H2A.1IX*5FH6(3

λ = 10
7/0B<H2A0 .1<HK@2A< �-7w,;298=0B2©®98=_:6A7g8:6A_:0B2S,;6(3@0B_:*-,/F?r�QA03_�2-,;*A032�¥^DUK@03r56A2AK

QA0B_�79_:<�8=<?.:IJ*A032¯¦�03DUos03_:,;8=6A_�rs03>/r-,/IJ*98:0B8�LV0B_:QA0B2§q�.1<H2AQibdcA_�Q5032�.P8Ja/_:79.P8=032�_=,/QA<H,/F?032
Y+<H2A.1IX*5FH6(3

λ = 51
<?2i0B<H2503D�K@_1>;3@0B2i¦�03DUos03_=,w8=6A_1rs03_:0B<HIJ*� �<HIJ*g8=03DU>uQA6AFH,;8=<?>/2A032�03_ZW

7/03252ur-,;_3{�Y+rs0325.:>¯2A0B*ADC0B2`QA<H0£QA0M8=0B798:<H0B_18=0B2 ®u8=_16A7g8=6A_1032`bdcA_©*A>@*50ª¦ 0BDUo±0B_=,w8=6A_:0B2
6A2AQÃ03<?2A0�K@03_1<H2AK@0 9§,/*AF�7/>@25QA032A.1<H0B_18=0B_C��8:>@DU0�O36§{ ��6-,;FH<?8=,;8:<�R�O30B<HK;8U.:<HIJ* ,/F?.:>iQA<H0
bdcA_©)+*-,/.:0B254-65798=6A,;8=<?>@2A032`0B_1Lx,;_18=0M8=0£��rA*-a;2AK@<?K@7/03<�8�R@>/2pQA032p0M�[os03_1<HDU032g8=03F?FH0B2p)�,wW
_=,;DC0M8=03_12§{¤ ^03.��0B<?8=0B_:0B2!<H.P8�7/0B<H2A0�79F¢,/_10©¡^rs0B_:Kg,;2AK@.:F?<H25<H0�OBLN<?.:IJ*A032iQA0B2iTV03_103<?IX*A0B2
QA0M8=037g8:<H03_1r-,/_103_�652AQ�25<HIJ*98^QA0B8:037g8=<?03_1r-,/_:0B_�)+*-,;.:032[4-6A7g8=6-,;8:<H>@2A0B2�O36�0B_:7/0B2A2A032¤q¤.:>@2uW
QA0B_:2ªQ503_x¡^rs03_1Kg,/2AK©OMLN<H.1IX*A0B2�QA<?03.1032ªrs0B<HQA0B2�~N03K@<?DC0B2f0B_1bd>@F?K/8�<H2f03<?2A0BD�_:0BIX*g8�rA_103<�W
8=0B2ªTV0B_:0B<HIJ*§{[ �<H0B.V.1oA<H0BK@0BF?8�QA<?0^.18=,;8=<?.18:<H.:IJ*A0^��,;8:6A_�QA0B_x)+*-,/.103254A6A798:6-,;8=<?>@2A0B2£LN<?QA03_B{
 �,£QA<?0©¥^_1.=,/IJ*A0SQA0B_GÄ�FH65798:6-,;8:<H>@25032�8=*A0B_:DU<H.:IJ*A0���2A_103K@652AK@032i.1<H2AQ¤q¤7�6/2A2A032iQ56A_:IJ*
¦�03DUos03_:,;8=6A_PR@03_1_:<H25K@03_16A2AK£QA<H0�)�*A,/.:0B254-6A7g8=6-,;8:<H>/2A032!6A2g8=03_��10BQA0�rs03F?<H0BrA<HK@0� �0B8:037g8=<�W
>@2A.103DUo@�-2AQ5FH<?IX*A7/0B<?8�_103QA6AOB<H0B_18�LV0B_:QA0B2§{���,/IJ*�E�F�{ > l5{�e��;?�03_Pbd>@_:QA0B_18�Q5<H03.:�103QA>uIJ*¯bdcA_.:0B*A_f0BFH>@25K@<H0B_18=0�Ä�,/F?F?032³0X�[8:_:03D 2A<H0BQA_:<?K@0�¦ 0BDUo±0B_=,w8=6A_:0B2 rs03<y0B<H2A0B_C*5>@*A032 ��2AO3,/*AF
7/>@2AQ5032A.1<H0B_18=0B_ �x8=>@DU0�652AQU03_1.:IJ*9LV0B_18�Q-,/DU<?8tQA<?0�0M�[os0B_:<HDU032g8=0BFHFH0�Y+_:OB0365K@6A2AK�.1>@F?IX*A0B_
TxY21V.3{

)+*,0[.1<H7v,/FH<?.:IJ*f_:03F?0BRw,/298V<?.18�2A<HIJ*g8VQ-,/. 8=0BIJ*A2A<H.1IX*£rs03Q5<H2AK/8:0�~^,;6A.:IJ*A2A<�R@0�,/6
δT
q9.:>@2uW

QA0B_:2fQA<H0yK/03DU03.1.:0325032� �<?IJ*98=0BDC>uQ56AF¢,;8:<?>@2A0B2
σBEC

{u �<?03.10�.1<H2AQC<H2U��rAr§{[�[{?e��GbdcA_�Ru<H03_
R@03_1.:IJ*A<?03QA0B2A0i��.1os037g8:R@03_1*-a/F�8=2A<?.:.:0�<H2 ��r5*-a/2AK@<?K@7/0B<?8fQA0B_£¦�0BDCos0B_=,;8:6A_£Q-,;_:K@0B.18=0BFHF�8�{
 <H0f<H2`\�,/o5<?8=0BFVl5{kj!03_:FHa/658:03_183q L�03_:Q5032³QA<H0£)�*A,/.:0B254-6A7g8=6-,w8=<H>/2A032³QA0B.´K/0Bb¬,/25K@032A0B2
\^>@25QA032A.:,;8=.¨QA0B8:03_1DC<?2A<H.P8=<?.:IJ*G<H2���>uQA6AFH,;8=<?>@2A0B2GQA03_¨ �<HIJ*98:0BR@0B_18=0B<HF?6A2AK�8=_:,/2A.Pbd>@_:DU<H0B_18�q
.:>�Q-,;.:.

σBEC
03<?2£��,%3�bdcA_ Q5<H0y)+*-,/.:0B254-6A7g8=6-,w8=<?>@2A032fO36AD 9¤0B<?8=o56A2A7g8�QA0B.���65.:.:IJ*-,/F�W

8=0B2A. Q503_ Ä�,/F?F?0+Q-,/_1.18:03FHF�8�{� �,yQA<H0 )+*-,;.:0�.:>�LV>@*5F9_=a/6ADUFH<�IX*�,;FH.�,/65IX*�OB03<?8:FH<?IX*G4A6A7g8=6A<?03_183q
7�6@2A25032³ ^<HIJ*98:0BR@03_P8=0B<HFH652AK@0B2p<HQ503298:<H.1IX*noA_:a/o-,/_1<H0B_18=0B_�\^>@2AQA0B2A.=,w8=0£03_:*503rAF?<HIJ*n6A298:03_ZW
.:IJ*A<?03QAF?<HIJ*�,/65.:.:0B*A032¤{§ �<?0�_:0BF¢,;8:<?R£K@_:>�3@0�®u8:_:0B6A6A2AKfQA0B_� �,;8:032Ao56A2A7g8=0�.:oA<?03K@0BF?8yQA<H0B.:0
.18=,;8=<?.18:<H.:IJ*A0B2f®[IJ*9LV,/2A796A2AK@0B2CLN<HQA0B_3{gÄ�cA_�,;FHF?0�Ä�,/F?F?032AK/03>@DU0M8=_:<�032S0B_:.18:_:0BIX7/0B2f.:<HIJ*´QA<H0
 �,;8:032Ao56A2A7g8=0UrA<H.�O36¯¦�03DUos03_:,;8=65_:032¯2-,;*A0´QA0B_�¡yrs03_:K@,/2AK@.P8=03DUos03_:,;8=65_

T ≈ 0.9Tc

{
 �,

Tc

DU<�8�O36A2503*ADU032AQ503D(Y+<?2A.:IJ*AFH65.:.�.P8=03<?K/8�q�0B_:_:0B<HIJ*A0B2�QA<H0U �,;8:032Ao56A2A7g8=0CbdcA_�QA<H0
K@_�6;3@03_1032���.:os0B7g8:R@03_:*-a;F?8=25<H.:.10S*(6@*A0B_:0©¦�03DUos03_=,w8=6A_1032§{§Y+.G<?.18�79F¢,;_�03_17/03252ur-,/_Bq§Q-,/.1.
<HD  �65_:IJ*A.:IJ*A2A<?818GQ5<H0�)+*-,;.:032[4-6A798:6-,;8:<H>@2A0B2!7/>@2g8=<H296A<H0B_:F?<?IX*�DC<�8y.:<H257/032AQA0B2!¦ 0BDCos0XW
_=,w8=6A_1032n,/rA2503*ADU032¤{  �<H0B.:0C��rA2-,;*ADU0C<H.P8�.:>�LV>@*AF Q56A_:IJ*nQA<?0C~y0BQA6AOB<H03_16A2AK�8=*503_:DU<�W
.:IJ*A0B_���25_:03K/6A2AK@0B2n,/FH.�,/6AIJ*�QA<?0 9¤6A2-,/*5DC0´Q503_ 9§,/*5F+7/>@2AQ5032A.1<H0B_18=0B_��x8=>@DU0 > .:<H0B*A0��r5r§{��[{�e�j ?yrs0BQA<H2AK;8�{¤ �<H0�7/>@2g8=<?2u6A<?03_:F?<?IJ*A0���rA2-,;*ADC0�O30B<HK/83q±Q-,/.:.�03.�7/03<?2A032!oAF 6/8:O3F?<�W
IJ*A032n)�*A,/.:0B2ucArs03_1Kg,/2AK�OMLN<H.1IX*A0B2noA*-,/.103254A6A798:6A<H0B_:0B2AQA032 � ��6-,;.:<?7/>@2AQA0B2A.=,;8:032	�C6A2AQ



=@� ����� ����� � ����
 �:� �.������
 ���� � �����%��������� !"�$#%��&�(')��*�
+�,#-
��.�/�����

100 200 300
0.0

0.5

1.0
l= 22

N
0
[1

05 ]

200 400 600
0.0

1.0

2.0

200 400 600
0.0

1.0

2.0
l= 26 l= 51

T [nK]

N
0
[1

05 ]

200 400 600
0.0

0.2

0.4

l= 10

T [nK]

���������	��
��� �_��� ��� ��F:-2I3�:?:��82'.�3�+�B'.).L['*) �0LB?H% '0��� � �+-4OH�&5:�d5<�:'*��LU82'*)Em@'.%0o3'.);FHL�#4) �1'*��82'.�
� ����S �2S�W �G#&�@8 �$���xS �2S	W �E= # PR).#4��82'wIK�B'Z5&'.��82'.� � '+�>�.#&�&5&'.�@S � ���&52'1=`'.�Z,.-2�@'*LQ� �*LRF:#N,*-�8:�Z'
�3'.)*L['.��I #4�&5 k`?:�wbc?:�@82'.��� FHL['.� %E��L_82' L['+�`L��B'.)*L['.�Etv-4F:� '.� � #&�`L�#NF L���?:�@'*�@S 	 '.� � 'Ut #4���`L[' �+J:%EM
�1?:IK� �+�B'.)1'*�{8:�B' � �.zv'.� '.��-N'*��L 82'*L['+�`L��B'.)��1F:)1'*) ��L�).#2�`L�#4)1'.� 6

δBEC < 1.5δT
C ~ �*,*-2z F:)1=x'ut #4���`L['

8 F<� ��?:)+-4F:�@82'.����'.�	� �+�d5:�3� �|�<FH�\L['.) ��L�).#2�`L�#4)1'.� 6
δBEC > 2δT

C S �A�Z'�F�qH��F:IT'c]�F:I	IT'.��e.)1'��*#3'.�4=
�>'*L�);O�5 L�e+j4)wF:I	IT' �7'.�>�+#4�&52'*�

ωx = 2π × 14 � = ~ 8:�B' �|q+o�F:�3�+��?H���;=`'.��L
t = 25

%c� S
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a/2AQ503_:652AKCQ503_y)+*-,/.:0B2A7/>@*-a;_:0B2AO303<HK@0B2A.:IJ*-,;b«8=0B2�*A,/2AQA0BF?83{

¥yD�03<H25032³Q5<H_:0B7g8=032`��0B_:K@F?03<?IX*pDC<�8©QA032`8=*503>@_10B8=<?.:IJ*³03_PLx,/_18:0B8:032  �<?IJ*98=0BDC>uQ56[W
F¢,w8=<?>@2A0B2 O36 0B_:*-,/F�8=0B2§q�LN6A_1QA032 QA<?0�K@0BDC0B.:.1032A0B2 ��rgLV0B<HIJ*u6A25K@032

σ
(i)
BEC

cArs0B_£Ru<H0BFH0
~N0�,/F?<H.:<?0B_:6A2AK/032

i = 1 . . . N
DU<?8x2-,/*A0BO36�<HQA0B298=<?.:IJ*A032�¦�0BDCos0B_=,;8:6A_:0B2�6A2AQ�¦�03<?FHIJ*A032uW

O�,;*AFH0B2�K@0BDC<�8:8=0BF?8��

σBEC =

√

1

N

∑

(σ
(i)
BEC)2. > �[{ �ue�?

}]2 �^rAr§{^�u{?e��nLV0B_:QA0B2 Q5<H0���03.:.PLV03_18:0�QA0B2 DU<?8�EGF|{ > l[{°jgl;?£rs0B_:03IJ*A2A0M8=032 �0B_18=0B2K@0BK@0329cArs03_1K@03.P8=03F?F?83{gTV03<AQA03_�TV03_103IJ*A2u6A25K�LN<H_:Q¤q/LN<H0�<?2U\�,/oA<�8=0BFAl5{°jG03_:FHa/658:03_183q@Q5<H0�rs0XW
K@_1032AOM8=0C0M�[os03_1<HDU032g8=03F?FH0´��6[4 6@.:652AK�rs0B_:cAIJ79.:<HIJ*98:<HK;8�{  �<?0C �,;8=0B2AoA6A25798:0£FH<?03K/032¯.:0B*A_
K@658x,/6[b¨0B<H2A0B_�EG03_:,/QA0B2§q[Q§{k*§{[Q5<H0^K@0BDC0B.:.1032A0B2� �<?IX*g8=03DU>uQA6AFH,;8:<H>/2A032COB03<?K@032fQA<H0B.:03F?rs0
��r5*-a/2AK@<?K@7/0B<?8 R@>@2S0X�5os0B_:<?DC0B298=0BFHF?032S) ,/_=,/DU0B8:03_12©LN<?0VQA<H0�8:*A03>/_:0B8:<H.:IJ*A0�TV0B_:03IJ*A296A2AKA{
 �<?0£��03.:.16A2AK@0B2pFH<H0Mbd03_12¯Q-,/*A0B_�03<?2A0CTV03.P8Ja;8:<HK@6A25K�bdcA_�QA<H0´03_1LV,/_18:0B8=0f)�,/_:,/DU0B8=0B_=,/ruW
*-a/25K@<HK/7/03<?8VQ503_�)+*-,/.103254-65798:6-,;8=<?>@2A0B2§{- �<H0�K@0BDC0B.:.:0B2A032���>uQA6AFH,;8=<?>@2A032f.:<?2AQ �10BQA>uIJ*
6AD I�,[{x0B<H2A0B2 Ä�,/7g8=>/_���K@0B_:<H25K@03_£,/FH.fQA<?0�8=*A0B>@_:0M8=<?.:IJ*%R@>@_=,;6A.:K@0B.=,/K;8=032¤{y� 6@K/FH<?IX*A0
¥^_1.=,/IJ*A0B2ibdcA_�QA<H0B.:0S �<H.179_:03oA,/2AOS.:<?2AQi¥^25.:<HIJ*A0B_:*A0B<?8=0B2i<H2�Q503_�>@o58=<?.:IJ*A0B2i��6[4 6@.:652AK
R@>@2

3µ
D > ��<�8=>/8:>�0@>��²)+F¢,;2C��os>©�v�9WPµ�r �1037g8=<�R�?+>uQA03_ 03<?2A0yFH0B<HIJ*98:0N��0B_:79<Ho5oA6A2AK�QA0B.
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QA0B2A.=,;8:O30B298=_16AD OB6A2A0B*ADC0B2§{

	�� ��� � � � �
� ����

 � � � ��� �������

 �,`Q5<H0i �<?IX*g8=0BDC>uQA65F¢,;8:<H>/2A0B2 ®98=_:65798:6A_:0B2 032g8=*-,;F?8=0B2§qxQA<H0!79F?03<H2503_�,;FH.ªQ5<H0!0X�5os0B_:<�W
DU032g8=03F?FH0U��654(6@.:6A25KiQA0B.©��rArA<?FHQA652AK@.:.�0u.18=0BDC.©.1<H2AQ¤q .:oA<?03F�8©Q5<H0B.:0£rs0B<VQA0B_´��0B.:.:652AK
QA0B_n �<?IJ*98=0BDC>uQ56AF¢,;8:<?>@2A0B2 0B<H2A0`LV03.103298:FH<?IX*50 ~y>/FHF?0/{� ^<H0Ã�^654 6@.16A2AK 7v,/2A2�<?2 QA03_
8=*503>@_10B8=<?.:IJ*A0B2�T�03_:0BIX*52u6A2AK QA6A_:IJ* Ä�,/F�8=6A25K%Q503_ 
@,/I3>/rA<�W]) >@F�0u2A>/DC0�<H2 > EGF|{^l5{°j/j ?DU<?8�QA0B_x032g8=.1oA_:0BIX*5032AQA032���654(6@.:6A25K@.1bd6A25798:<H>@2 > )+6A25798:rA<HF?Q5bd6A25798:<H>@2 ?�rs03_:c5IX79.:<?IJ*98=<?K/8LV0B_:QA0B2§{ �^rArA<?FHQA652AK��[{�ev��O30B<HK/8´QA<?0�DU<?8©03<H2503_´K@,/6(3/b 6/_:DU<?K@0B2`�^654 6@.16A2AK@.Pbd6A2A7g8=<?>@2
ζ(x) = e−x2/σ2

/
√
πσ

rs0B_:0BIX*52A0B8:032p �<?IX*g8=03DU>uQA65F¢,;8:<H>/2A032i,/F?.�Ä-652A7g8=<H>/2¯QA0B_��^654 6;W
.:652AK

σ
bdc5_fQ5<H0�<?2 QA<?03.103D �^rA.:IJ*A2A<�8:8fR@>/_:F?<H03K/032AQA0B2 0M�[os03_1<HDU032g8=03F?FH0B2 )�,/_:,/DU0B8=0B_3{

 �<?0©QA036[8=FH<?IJ*A0©�^rA2-,/*5DC0©QA0B_Grs0B>@r-,/IJ*g8=0B8:032� �<?IJ*98=0BDC>uQ56AF¢,;8:<?>@2A0B2�DU<?8�.P8=03<?K@0B2AQA03D
σ
Q503DU>@2A.18:_:<?03_183q�Q-,;.:.�O36AD 8 6-,;298=<�8J,;8:<?R@0B2 ��03_1K@FH0B<HIJ* OMLN<H.:IJ*A0B2$Y��[os03_1<HDU032g8�6A2AQ

¦�*A0B>@_:<?0y03<?2A0^Y+<HIJ*u6A25K�QA03_�8J,;8:.=a/IJ*AF?<HIJ*´R@>@_:F?<H0BK@0325QA032C�^654 6@.16A2AK�2A>;8ZLV0B2AQA<?K�<H.P8�{9Ä�cA_
QA<?0S��0B.:.:652AK@032i<H2�QA<H0B.:0BD²�^rA.:IJ*A2A<�8:8�LN6A_:Q50SQA,/.�<?2���rA.1IX*A25<?8:8�jA{°lf0B_:F¢a;658=0B_18=0���r[W
rA<?FHQA6A25K@.:.�0[.P8=0BD�R@0B_1LV0B2AQA0B8�q QA03.1.:0B2³Y+<?IX*96A2AK�6A25DC<�8:8=0BFHr-,;_GR@>/_�QA<?03.:0B2`��0B.:.16A2AK@032
R@>@_1K@0325>@DCDU032ªLN65_:QA0�6A25Q�0B<H2A0G��654 6/.:6A2AK´R@>@2

σ = 4.42µ
D03_:K/03rs032�*-,w8�{

 ^<H0y��03.1.:6A2AK/032CLN6A_:Q5032CDC<�8+rA,/FHF?<?.18:<?.:IJ*´0X�[o-,/2AQA<?03_P8=032C\^>@2AQA0B2A.=,w8=032C2-,;IX*U03<?2A0B_
Ä�,/F?FHOB03<�8�R@>@2

19.2
DC.�QA6A_1IX*5K@0BbdcA*5_18�{5 �<?0�0B298:.:oA_:0BIJ*A032AQA0�Ä�,/FHF?.P8=_:0BIX7/0^rs0M8=_=a;K/8V0B8]Lx,S�

DUD�{5 �,SQ-,/.���rAr5<HFHQ56A2AK@.1.�0u.18:03D',/65b K@0Mb¬,/2AK@0B2A0�\^>/2AQA0325.=,;8:0�bd>/7u65.:.:<?03_P8NLN6A_1QA0/q-<?.18
0M�[oAF?<HOB<?8§cArs03_1oA_:c5b«8¨L�>@_:QA0B2§q�Q-,/.1.�.1<HIJ*�QA,/.�\^>@25QA032A.:,;8�O365D 9¤03<�8=oA6A25798¨Q503_� �0M8=0B798:<H>@2
<H2UQA0B_VY+rs03250�QA0B_�.:IJ*-a/_Pbd.18:032£�^rArA<HF?QA6A2AK�rs0x�-2AQA0M8�{ �^<?03_:OB6ULN6A_:QA0B2£QA<?0^)+*-,/.103254A6A7gW
8=6A,;8=<?>@2A032U.:0BFHrA.P8V*A0B_=,/2AK/03OB>@K@032¤{5 �,�.:<?IX*CQ-,/. K@03DU03.1.:0B2A0�)+_:>4�-F

M
,/6A. QA03_�Ä�,/F?8:6A2AK

QA0B_x03IJ*98:032� �<?IX*g8=0MR@03_18:03<?FH6A25K
E
DU<?8�QA0B_x��6[4 6@.:652AK@.1bd652A7g8=<H>/2

R
0B_:K@<?r58�quK@<?F?8�bdcA_VQA<H0



e��@� ����� ����� � ����
 �:� �.������
 ���� � �����%��������� !"�$#%��&�(')��*�
+�,#-
��.�/�����

Ä->@6A_1<H0B_18=_:,/2A.Pbd>@_:DU<?0B_18:032ªQA<H0B.:0B_^Ä-652A7g8=<H>/2A032
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r1 = r2

,/65.:K@0BQA_:cAIJ7g8�{¤}]2��^r9L�03.:0B2A*A03<?8�R@>@2! �<?IX*g8=0M4-6A7g8=6-,w8=<H>/2A032�<?.18
g(2)(0) = 1

{-Ä�cA_x8=*A0B_:DU<H.1IX*50���8:>@D�R@03_P8=0B<HFH652AK@0B2�K@<HF�8xQA03DU2-,;IX*
g(2)(0) = 2

{
 ^<H03.103_��0B_18�Q503_�\^>@_:_103F¢,w8=<?>@25.1bd6A2A7g8=<?>@2 OBL�03<�8=03_�µ�_:QA296A2AK 7v,/2A2 QA65_:IJ*���03.PW

.:652AKªQ503_�<H2�Q503_�r-,/F?FH<�.18=<?.1IX*5032�Y��5oA,/2A.:<?>@2�bd_:0B<HK@0B.:0B8:OB8:032iY+2A0B_:K@<?0/qsQA03_�.:>/K@032A,/2A298:032
~N03FH03,/.:0XWZY+2A0B_:K@<?0Nrs03.P8=<HDUD�8+L�03_1QA032�h�e@ev�vm�{u ^<H0^��0B.:.:652AK©rA,/.:<?03_18�Q-,/_=,;65bZqgQ-,;.:.� �<HIJ*[W
8=0M4-6A7g8=6A,;8=<?>@2A032�,/65bdK/_:6A2AQªQA03_�2A<?IX*g8=F?<H2A03,/_:0B2£DC03,/2[W �A03F?Q[W �03IJ*A.103F?LN<?_:796A2AKSOB6�03<?2A0B_
Y+_:*(6/*u6A2AKpQA0B_£�0BIX*A.103F�LN<H_17u652AK@.:0B2A03_:K@<?0�bdcA*A_1032%L�cA_:QA0B2§{� �<?0��03IJ*A.:0BF?LN<?_:796A2AK/.PW
032503_:K/<H0
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.=,w8=.�R@03_:2A,/IJ*AF¢a/.1.:<?K@r-,/_�K@03K/032uc5rs03_�QA0B_��0BIX*A.103F�LN<H_:796A25K@.:0B2A03_:K@<?0/{^ �<?03.10¯�03IJ*A.:0BF�W
LN<H_1796A2AK@.1032A0B_:K@<?0fLN<H_1Qn2-,/IJ*p��6A.1.:IJ*-,/F�8=032pQA03_©Ä�,/FHF?0U<H2�79<H2A0M8=<H.1IX*50ªY+2A03_1K@<H0f6ADUK@0XW
.:0M8=OM8�6A2AQ!bdc5*A_18GQA,/*A0B_GOB6i0B<H2A0B_GY��[o-,/2A.1<H>@2!QA03_��x8=>@D�LV>/FH7/0;{§®[<H0�7w,;2A2¯,/F?.:>£Q56A_:IJ*
��0B.:.:652AK£Q503_^E�_�6;3@0Gr-,/F?FH<?.P8=<?.1IX*�0X�[o-,/2AQA<?03_P8=03_^\y>@2AQA0B2A.=,;8:0�rs03.18:<HDUD�8xLV03_1QA032§{���r[W
rA<?FHQA6A25K �u{ �@�pOB03<?K/8�03<H250¯.:>/FHIJ*A0���0B.:.:652AK QA03_�,w�[<H,/FH0B2 6A25Q _=,;QA<¢,;FH0B2 EG_+6�3@0/qxQA<H0
2-,/IJ*!0B<H2A0B_�Ä�,/FHF?OB03<�8yR@>@2i�@�CDU.^R@>@_1K@0325>@DUDC0B2�LN6A_1QA0/{§TV0B<�Q5<H03.103_G��03.1.:6A2AKªLN6A_1QA0
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,w�[<¢,;FH0�E�_�6;3@0xDU<?8t.18:03<?K@032AQ503_�¦�0B<HFHIJ*A0B2AO�,;*AF-OB6A2A0B*ADC0B2§{ 9¤6AD ��0B_:K/FH03<?IX*S.:<?2AQ´QA<?0xR@>@2
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µ/(h̄ωx) ∼ 100 . . . 500
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g(2)(0) = 1
�>'.)1'1,.-&�@'*L['*� 6D?��0'.�_' �\J:%(�;?HId'DC );F 8:�ZF:Id'*� 6�by)1'.�	� '9C #4��8pF�qH��F:M

IT'.� 6 �R#NF 8:)1FHL['DC bc?:��82'.�3�*FHLT5:) � � 'xS �A�Z' �7'+�+�+#4�&52'.�lz|#&);82'*� ��F ,.- '.���@'.)�]�F:I	I =x'*��L k<?:� X �
%c��%E��L�bc?:��82'.�3�*FHL['.�n�	% |F = 1, mF = −1〉 ��#&�.LBFH��8 #&�@8 ]�F:I	IT'.��e.)1'��*#�'*�4=x'.� k`?:�
ωx = 2π × 9.9 � =y#4��8

ωx = 2π × 298 � =E8:#&);,*-<52'�e.j&-2)*L[S

\^>@25QA032A.:,;8=0B2!<?D'¦�*A>@DC,/.ZWZÄ-03_1DC<�W]~N03K/<?DU0�K/03K@0Brs032A0B2��0B_18:032§{±�^65bdK@_:652AQ�Q503_y��03_ZW
2-,/IJ*AFHa/.:.1<HK@652AK�QA03_�E�_16A2AQAOB6A.18=,/2AQA.1032A03_:K/<H0yQA0B.�_:,/QA<H,/F?032´Äs,;FHF?0325os>/8=0B2AO3<H,/F?.t<H.P8�QA<H0�.:>
rs03_103IJ*A2A0M8=0©_:,/QA<¢,;FH0�EG_+6;3@0�6AD'I�,5{±�[{ � � 79F?03<?2A03_^,;FH.NQA<H0�DU<�8yQA0B_�EG_:>@.1.PWZ)+<�8J,/0MRu.:79<H<�W
EGFH03<?IJ*u6A2AK©03_1_:0BIX*A250B8=0;{±®[>�LV>@*AF¤bdc5_�QA<?0�,v�5<H,/FH0�,;FH.�,/65IX*ªbdcA_�Q5<H0�_=,/QA<H,/F?0GEG_+6;3@0�O303<?K/8
.:<?IX*n0B<H2A0f0M�[OB03FHF?032g8=0ª¡yrs03_103<H25.18=<?DCD©6A25K�QA0B_©K@0BDC0B.:.1032A0B2³6A25QpQA03_�8=*A0B>@_:0M8=<H.1IX*n03_PW
Lx,;_18=0M8=032$EG_+6�3@0/{N �,ÃQ5<H0�E�_1>@.:.ZWZ)+<?8=,/0BRu.:79<?<�WPEGF�03<?IJ*u652AK³r5OBL�{yQA<?0¯¦�*5>@DC,/.PW]Ä-03_:DU<�W
��a;*A03_16A2AK`<HDUoAF?<?OB<�8

g(2)(0) = 1
,/252A03*ADU0B2§qxrs0379_=a;b«8:<HK/8£QA<H0B.:0i¡^rs0B_:0B<H2A.P8=<HDUD©6A2AK

rs03_103<�8=.NQ5<H0�¥y298=0B_:QA_1cAIJ7u652AKCR@>/2� �<HIJ*98:0B4-65798:6-,;8:<H>@2A0B2§{�Y+.N.:0B<�03_1LVa/*A2g8�q-Q-,/.1.y.103F?rA.18
_=,;QA<¢,/F¨.�0uDUDC0M8=_:<?.:IJ*A0© �<HIJ*98:0B4-65798:6-,;8=<?>@2A0B2!.:>vL�>@*AF�OB6i0B<H2A0B_^��03_1K@_+6�3@03_16A2AKªQ503.�K@0MW
b¬,/2AK/032A0B2i\^>@2AQ5032A.:,;8=.�<H2�,w�[<¢,;FH0B_^652AQ!_=,/Q5<¢,/F?03_y~y<?IX*g8=6A2AKCbdcA*A_1032�LNc5_:QA0B2¯,/FH.�,;6AIX*
O36�0B<H2A0B_NY+_:*�6@*u652AKUQ503_�79<H250B8=<?.:IJ*A032�Y+2A03_1K@<H0�QA0B_�r-,/FHF?<?.P8=<?.:IJ*£0M�[o-,/2AQ5<H0B_:0325QA032�\^>/2[W
QA0B2A.=,;8:0�<H2�rs0B<HQA0B2�~N<HIJ*98:6A2AK@0B2§{

�^,/IJ*�EGF|{ > �[{ �@�;?Vrs0B_:0BIX*52A0B8�.1<HIJ*

g(2)(0) =
Uexp

Utheo
> �u{ �;�,?

,/F?.GQ-,/.G��0B_:*-a;F?8=25<H.�QA03_�K/03DU03.:.1032A0B2n~y0BFH03,/.:0XWZY+2A0B_:K@<?0´OB6�Q503_�6A2g8=03_�Q503_���252-,/*ADU0
R@>@2

g(2)(0) = 1
r±0B_:0BIX*52A0B8:032 �0BIX*5.:03F�LN<H_1796A2AK@.1032A03_:K/<H0/qVQA<H0�<HD ¦�*A>@DC,/.ZWZÄ-03_1DC<�W

~N03K@<?DC0©QA65_:IJ*
Utheo = 2/7µN

K/03K@0Brs032�<H.P8�q¤LV>@rs0B<�Q-,/.�IJ*A03DU<H.1IJ*A0C) >/8:032AOB<¢,/FtDU<?8
EGF|{ > �[{ �@�;?�rs03_103IJ*A2A0M8©L�03_1QA032n7w,;2A2§{  �<?03.10fTV03_103IJ*A2u652AK�R@>@2 g(2)(0)

.:0M8=OB8�R@>@_:,/6A.3q
Q-,/.1.¨QA<H0t<H2GQA032�)+*-,/.103254-65798:6-,;8=<?>@2A0B2�K@03.1os03<?IX*503_18:0�Y+2A03_1K@<H0+<?D ��03_1K@FH0B<HIJ*�OB6A_��03IJ*[W
.:0BF?LN<?_:796A2AK@.1032A0B_:K/<H0©R@03_:2A,/IJ*AF¢a/.1.:<?K@r-,/_�<H.P8�{§ �<?03.10UY+2A03_1K@<H0©7w,/2A2iDC<�8=*A<?F�bd0�Q503.�Y+2A0B_PW
K@<?03.:os0B7g8=_:65DC.CE�F�{ > l5{°l,?�QA0B_U2A<?03QA0B_:0B2A03_1K@0B8:<H.1IX*A0B2 ,w�[<¢,;FH032³��>uQA0B2Ã6A2AQÃQ503_UTV>@.:0XWY+<H2A.P8=0B<H2[W]TV03.10B8=OB6A2AK@.1.18=,;8=<?.18=<?7`QA<?03.103_£��>uQA0B2 rs03_103IJ*A2A0M8£LV0B_:QA0B2§{���FH.CTV0B<H.1oA<H0BFN.:03<
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,/2AK/0BbdcA*A_P8�q�Q-,/.1.�bdcA_
T = 400

2-\'6A25Q
N0 = 2 × 105 DU<?8�QA0B2nR/>@_:F?<H03K/032AQA0B2nÄ�,/F�WFH0B25bd_:0 8 6A032AOB032¯Q5<H0©Y+2A03_1K@<H0�<H2�QA0B2¯)+*-,/.103254A6A798:6-,;8=<?>@2A0B2i0B8]Lx,��[{ � � QA03_��03IJ*A.:0BF�W

LN<H_1796A2AK@.1032A0B_:K@<?0Nrs0M8=_:a/K/8�{@TV0B<AQA03_+r-,;FHF?<?.18:<?.:IJ*A032´Y��[o-,/2A.1<H>@2S4-<?0�3@0B2´2u65_+0B8]Lx,��5{ �/� �QA0B_ �03IJ*A.:0BF?LN<?_:796A2AK/.:032A03_1K@<H0V<H2�QA<?0V,w�[<H,/FH0 Y��[o-,/2A.1<H>@2§qw.:>�Q-,/.1.�QA<H0�~y0BFH03,/.:0XWZY+2A03_1K@<H0
<HD��03.103298:FH<?IX*5032�QA65_:IJ*�QA<?0�_:,/QA<H,/F?0GY��[o-,/2A.1<H>@2�K@0BK@03rs0B2�<H.183{- �<?0�K@0BDC0B.:.1032A0� �<HIJ*[W
8=0MR@03_P8=03<?FH652AK�<H2�_=,/Q5<¢,/F?03_�~N<HIJ*98:6A2AK�<?.18�o-,/_=,;rs03F?b 6/_:DU<?K�652AQpQA<H0C_=,/QA<H,/F?0fE�_+6�3@0CQA03_
K@0Mb¬,/2AK@0B2A032�\^>@25QA032A.:,;8=0�R@>@2�K/658

2µ
D <H.P8y79FH0B<H2�<HD ��0B_:K@F?03<?IX*�O36A_N_=,/QA<H,/F?032�EG_+6�3@0

QA0B_^r-,/F?FH<?.P8=<?.1IX*�0M�[o-,;2AQA<?03_18:032!\y>@2AQA0B2A.=,;8:0�R@>/2�K@658
100µ
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Uexp =
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R
QA<?0VK@03DU03.1.:0B2A0N_:,/QA<H,/F?0xEG_+6;3/0V<H.P8 > ~^,/Q5<H6A. QA03_+)�,;_=,/rs0BF ?M{ 
�
 �^rArA<HF?QA6A2AKG�[{ �/lO30B<HK;8 QA<?0 DU<?8 EGF|{ > �[{ �/�,?§rs0B.18=<?DCD�8:032��03_18:0 R@>@2 g(2)(0)

{v}]D K/03.=,;D�8=032�¦�03DUos03_:,;8=6A_ZW
rs03_103<?IX*C<?.18

g(2)(0) ≈ 1
6A2AQC.:oA<?03K@0BF?8�Q-,/DU<?8+QA<H0NK/658=0^¡yrs03_103<H25.18=<?DCD©652AK�QA0B_ K@03DU03.ZW

.:0B2A032`652AQpQA0B_©6A2g8=03_���2A2-,;*ADC0CR@>/2
g(2)(0) = 1

rs03_:0BIJ*A2A0B8:032Ã\^>@25QA032A.:,;8=K/_+6;3@0B2
LN<HQ503_3{w �0B_�K@_�6;3/8=0�TV0B<?8:_=,/KyO36�QA032�03<H25K@03OB03<?IX*A250B8=0B2©.�0u.18=0BDC,;8=<?.:IJ*A032S¥^2A.1<HIJ*A0B_:*A0B<?8=0B2
_:0B.:6AF�8=<?03_18�,/65.�QA0BD�.�0u.18:03DC,;8=<?.:IJ*A0B2�Ä-03*AF?03_Grs0B<+QA0B_�¦�03<?FHIJ*A0325O�,/*5FHrs03.P8=<?DCD©6A2AKfR@>@2
l@� � {$9¤6AD��0B_:K@F?03<HIJ*�<H.P8y<?2�QA0B_y�^rArA<HF?QA6A2AK´Q5<H0�,;6A.yQ5032�0M�[os0B_:<HDU032g8=0BFHFH0B2�)�,/_=,/DU0MW
8=0B_:2©rs03_103IJ*A2A0M8=0N)+*-,/.:0B2A7/>@*-a;_:0B2AO3F¢a/2AK/0x03<?2AK@03OB03<?IX*52A0B83{g��<�8�.18:03<?K@032AQ503_�¦ 0BDUo±0B_=,w8=6A_
2A<?DCD�8�QA<H0�)�*A,/.:0B2A7/>@*-a;_:0325O3F¢a/2AK/0�QA0B658=F?<HIJ*�,;r�652AQ�6A298:03_1.:IJ*A_:0B<?8=0M8NQA<H0G\y>@2AQA0B2A.=,;8PW
F¢a;2AK@0�LV0B.:0B298=F?<HIJ*§{N �03_�¡yrs03_1Kg,/2AK³<H2 QA0B2 .:>@K/032-,/25298=0B2 ��6-,;.:<H7/>/2AQA0325.=,;8PWZTV0B_:03<?IJ*
LN<H_1Q%,/FH.1>�R@>/2%QA03_���0B.:.16A2AK³0B_1b¬,/.1.18�{x ^032A2A>uIJ* .:<?2AQ%QA<?0�K@0BDC0B.:.1032A0B2 �03_18:0�QA03_
}]298:032A.1<?8=a;8=.17/>@_:_103F¢,w8=<H>/2A.1bd6A25798:<H>@2

g(2)(0)
25<HIJ*98G8:03DUos03_=,w8=6A_:,/rA*-a;2AK@<HK5{§ �<?0U��0B.:.:6A2uW

K@0B2!K@0Brs032!03<?2A0�>@rs0B_:0´EG_:0B2AO30�bdc5_�QA<H0� �<HIJ*g8=0B4A6A7g8=6-,;8:<H>@25032!<?2�oA*A,/.:0B254-6A7g8=6A<?03_1032[W
QA0B2�\^>@2AQA0B2A.=,w8=0325032�6A2AQª.1<H2AQ£7/>/2A.:<?.18=0B298�DU<?8 QA03_V03_PLx,/_18:0B8:032�¥^298:03_1QA_:cAIJ796A2AKSR@>@2
 �<?IX*g8=0BDC>uQA65F¢,;8:<H>/2A032¤{g®[<?0�K@_1032AOB032UQA<H0VR@03_PLV032AQ50B8=032f�x8=>/D�LV>@FH7/0B2´79FH,/_�R@>@2´8=*503_:DU<�W
.:IJ*A0B2���8:>@D�LV>@F?7/032ª,/r§q[QA<H0�,/65bdK/_:6A2AQªQA0B.NTV6A2AIJ*A<?2AK;W]Y"4±037g8:03.y ^<HIJ*98=0M4-6A7g8=6A,;8=<?>@2A0B2
,/65b 79FH03<?2A032 �¨a/2AK@0B2A.:7v,/FH0B2�OB03<HK/032�6A2AQ�bdcA_�QA<H0

g(2)(0) = 2
K/<HF�8�{
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��4 0)6 03* � 9E47F D7*-6�� ��� 6

 �<?0�8=*503>@_10B8=<?.:IJ*A0¯T�03.:IJ*A_103<?rA6A2AK³QA0B_�)+*-,/.103254A6A798:6-,;8:<H>@2A0B2 rA,/.:<?03_18�,/65b�03<?2A03_£QA03_
TV>@.10MW]Y�<?2A.18:03<?2[WP®u8=,;8=<?.18:<H7 bd>@F?K@0B2AQA032�TV0B.:0M8=O3652AK�QA0B_`2A<H0BQA0B_:032503_:K/0B8=<?.:IJ*A032,w�[<¢,;FH032
��>uQA0B2UQ503.�\^>@2AQA0B2A.=,w8=.�652AQ´.:0M8=OB8�Q-,/DU<?8 R@>/_=,/6A.Bq@Q-,/.1.+.:<HIJ*SQ-,/.�,w8=>@DC,/_:0VY�25.:03D©r5FH0
<HD�8=*503_:DU<H.1IJ*A032ªEGFH03<?IX*5K@0BLN<?IX*g8 rs0`�-25QA0B83{5}]2£,/F?FH0B2UrA<H.1*A03_ R@>/_:K@0B.18=0BFHF�8=0B2ª��0B.:.16A2AK@032
LN6A_1QA0�Q-,/*A0B_xQA65_:IJ*�Y�<?25bdcAK@0B2£03<?2A03_��,/_P8=03OB03<�8x.:<?IX*503_:K/03.18:03F?F?8�quQ-,;.:.xQ-,;.V8=*503_:DU<?.:IJ*A0
EGFH03<?IJ*AK@0BLN<?IJ*98�03_:_103<?IX*g8�<H.P8�{v}]2©Q5<H0B.:03D�\�,/oA<�8=0BF9Q-,/K@0BK@0B2�LN<?_:Q�QA,/.t,w8=>@DC,/_:0 Y+2A.:0BD©r[W
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bd03_1<H0B_:0325QA032�\^>@oA<?032�QA03.y\^>@2AQA0B2A.=,;8:.y03<?2AK@0B.18=0BFHF�8xLV03_1QA032§{
 ^<H0

π/2
W]TV_=,;K@K;WZ)+6AF?.:0�L�03_:Q5032 QA6A_1IX*%OMLV03<�032g8=K@0BK@032AFHa/6@�-K/0/q�<H2 ~y<?IX*g8=6A2AK�QA03_

\^>@25QA032A.:,;8J,;IX*A.10�oA_1>@o-,/K/<H03_1032AQ50 �¨,/.:0B_:.P8=_=,;*AFH0B2 _10�,;FH<H.1<H0B_183{� �0B_�0B_:.P8=0�TV_:,/K@KwWZ)+6AFH.
LN<H_1Q�2-,/IJ*�0B<H2A0B_^Yt�[o-,;2A.:<?>@2A.1O303<�8^R@>@2!�´DU.y0B<H2AK/03.18:_=,/*5F?8�{� ^<H0� �<?IX*g8=0MR@03_:_1<H2AK/03_16A2AKAq
QA<?0`QA65_:IJ*�Q5<H0`Yt�[o-,;2A.:<?>@2 0B_:O3<?03F�8!LN<H_1Q§qG<?.18i03_Pbd>@_:QA0B_:F?<HIJ*§q�6AD Q5032�Y+<H254A6A.:.¯QA0B.
DU0�,/2[W9�-0BFHQA.�,/6[b QA<?0�}]298=0B_1bd0B_:>@DU0B8:_:<?0�O36�_:0BQA6AOB<H03_1032�652AQ�0B<H2A0�®u8:_:03656A2AKUQ503_NTV_:,/K@K;W
K@0Brs036AK/8:032S�x8=>@DU0�DU<?8�QA032S25<HIJ*98�K@03rs0B6AK/8:032S�x8=>@DU032�LV03<�8=0B.18=K/03*A0B2AQ´OB6©R@0B_:*A<?2AQA03_12
> .1<H0B*A0��^rAr§{s�[{ �;�,?M{-TV0B<¨QA0B_^TV_:,/K@KwWZTV0B6AK@6A2AKSLV0B_:QA0B2�OBLV0B< T�0BLV0BK@6A2AK/.:O36A.18Ja;2AQA0 |1〉6A2AQ |2〉 DU<?8=0B<?2-,/2AQ503_�K/037/>@o5os03F?83q¤QA03_�<H2A2A0B_:0 9¤6A.P8J,/25QiQA0B_G�x8=>@DU0�rAFH0B<Hr58�6A29R@0B_=a/2[WQA0B_18�{���65bNQA0B2`TV_:,/K@K;W K@03rs0B6AK/8:032n�^298:03<?F |2〉 L�<H_:Q�Q-,/rs0B<�rs03<�QA0B_���rA.1>@_:o58:<H>@2�6A25Q.18:<HD©6AF?<?0B_18=0B2³Y+DC<?.:.1<H>@2 �10BLV0B<HF?.´QA0B_C)+*A>/8:>@2A0325<HDUoA6AF?.ScArs03_P8=_=,;K@032§q�,/FH.1>i<H2A.1K@03.:,/D�8
∆p = 2h̄k

{u ^03_�K/03rs0365K/8=0^¦�03<?F�0B298:bd0B_:2g8V.1<HIJ*CQ-,/*A0B_ R@>@2CQA0BD�6A25K@03rs0B6AK/8=0B2£¦�03<?F�DU<?8
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��� �_��� �"� �wF<� �+��L['.)	e�'.);?H% ' L['.) z|��);8�8:#4);,.- = zv'.�
π/2

MZ/Q)1F�5�5:MZt #4I � '�)1'1F:IK� �.�Z'*).L[S
�c'.) );O:#4%cIK�Z,.-N' �3'.)+�*FHL =

d
�<FH�3��8H#&);,*- 8:�Z' ��'*��L

∆t
=*z|�	�*,*-N'.�782'.�stR#&I � '.��'.���&52'+�*L['.I	IrL zv'.).M

82'.�_S � �B' tv-4F<��' '.���@'+�082'.) /Q);Fx5�5:M �@L�);F<-2IT'.�Y�<F:�\� = z|� �*,*-N'.�s82'.� t #4I � '.� 8:#4);,.- �3'.).zv'.��8:#4�&5
'.���@'+�y'.IT'+�`L�);?HM9?+o@L��	�*,*-N'*� ��?x8:#4IrF LB?:)>� k`F:).�	�B'.)*L|zv'.)182'.�@S �wF<�y';q2'.%0o�IdF:).� � ,.-N' �+�\L['.)�e�'.)1'.�4=`�.��Ir8
�.LBFH%c% L k`?:� '.���@'.% bc?:�@82'.��� FHLv%c��LR'.�	�_'.)Gm@'.%0o3'.);FHL�#4)yk`?:� W � ���4b #&��8s'.���@'.)Ym�'*�	Id,.-N'*�3M
=�F:-2I

N0 ≈ 2.6 × 105 #&��8 �1'.�+��L =�LA8 F:%E��LA'.���@' bc?<-NO:)1'.�4= IrO:�452'sk`?:�
45 µ

%(S��w'.)i�3'*)>� FHL =
�>'*L�);O�5 L

d = 47 µ
%(S
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03<?2A03_�~N03FH,;8=<�RuK@03.1IX*gLN<H2AQ5<HK@7/0B<?8GR@>@2
∆v = 2vrec

q�L�>@rs03< QA<?0C~yc5IX79.18:>;3@K@0B.:IJ*9LN<H25QA<HK;W
7/03<�8

vrec = h̄k/m
<H.183{¨ �0B_�OMLV03<�8=0CTV_:,/K@K;W])�65FH.G*-,;8�QA<?0UÄ�652A7g8=<H>/2§q�QA<?0´rs03<?QA032 9¤6[W

.18=a/2AQA0^LN<?03QA0B_VOB6£DC<?.:IJ*A032f6A2AQ£.1>©QA<?0^rs0B<HQA0B2ª)tb¬,/QA0�DU<�8=03<?2-,/25QA03_�O36£<?298=0B_1bd0B_:<H0B_:0B2§{
 �,�QA,/.�}]298:03_1bd0B_:>@DU0B8:03_�,/.�0uDUDC0M8=_:<?.:IJ*�<H.P8�q¨<?298=0B_1bd0B_:<H0B_:0B2�<H2 �10BQA03D�QA0B_�rs03<?QA032�}]2[W
8=0B_1bd0B_:>@DU0B8:03_=,;6A.:Kga;2AK@0�QA<?0^�03F?FH0325o-,/7/0M8=0�DC<�8�03<H2503D�_:a/6ADUFH<?IJ*A032C�+03_:.:,;8=O

d
{5 �<H0B.:0B_

��0B_:.=,w8=O©<H.P8�QA65_:IJ*iQ5<H0� �<H.P8J,/2AO
d = ∆v∆t = 2vrec∆t

K@0BK@0Brs032§q¤QA<?0�QA<?0�K@0Brs036AK/8:032
�x8=>@DU0�<?2£Q503_ 9¤0B<?8

∆t
OBLN<?.:IJ*A032�QA0B2�TV_=,/K/K;WZ)+6AF?.:032fO36A_1cAIX79F?03K@0B2§{A�^6A.V8=0BIX*52A<H.1IX*A0B2

EG_:cA2AQ5032³LN65_:QA0�03<?2³¦�03<?F�QA0B_f��0B.:.16A2AK@032 DC<�8 �¨,/.:0B_:.P8=_=,/*5FH6A25K�,/65b�QA0B_C �eBW ��<H2A<?0
rs03<

λ = 795
2AD > vrec = 5.76µ

D 	;DU.�?´QA65_:IJ*AK@0Bbdc5*A_183qx03<?2%,/2AQA0B_:03_ª,/65b�QA03_ª G��W
��<H2A<?0�rs03<

λ = 780
2AD > vrec = 5.87µ

D 	;DU.�?X{A �<H0���0B_:.18:<HDUD©6A2AK©R@>@2�QA0B_y,;8=>@DC,/_1032
~N03.:>/2-,/2AO�LN6A_1QA0�DC<�8

∆ = 2.6
E �^O�rAOML�{

∆ = 5.6
E �^O�.1>�K@_1>;3iK@0BLVa/*AF�8�q+QA,/.:.

.:os>/298J,;2A0G®98=_:0B6AoA_:>/O30B.:.:0�R@03_12-,/IJ*AFHa/.:.1<HK@r-,;_�.1<H2AQ¤{[ �<?0�Ä-_10 8 6A0B2AO3QA<54¤0B_:0B2AO�QA0B_�rs03<?QA032
�¨,/.:0B_�LN6A_1QA0f,;65bVQA<H0´TV_=,/K/K;WZ~N03.1>@2-,/25O3rs03Q5<H2AK@652AK�03<?2AK@0B.18=0BFHF�8�6A2AQ�rs0M8=_16AK

16
7 �^O;{

TV0B<�QA0B_��,/*AF§QA0B_y)+6AF?.:Q-,/6503_N<?.18�O36�rs03,/IJ*98=0B2§q�QA,/.:.N.:<?0G2-,/IJ*�EGF|{ > �u{°j,=;?VQ5<H0�T�_:03<�8=0QA0B.�Ä-_:0 8 6A0325O3.:os03798:_:6ADU.tbd03.18:FH0BK/8�{;}].P8+QA<H0V.1os037g8=_:,/FH0xTV_:0B<?8=0VK/_+6;3@0B_t,/F?.�QA0B_+Ä-_:0 8 6A032AOXW,/rA.P8J,/25Q!QA0B_^R@03_1.:IJ*A<H0BQA032A032¯TV0B6AK@6A25K@.:>@_1QA2u652AK@032¤q��-2AQ50B8G.1<HK@25<	�-7w,;298:0�TV036AK/6A2AK£<H2
,/2AQ503_:0NTV0365K@6A2AK/.:>@_:Q52u6A25K@032C.P8J,;818 > ~y,/DC,/2[W]��,;8:*[W]~N03K@<?D´0/? �;<?.18+.:<?0�*A<?2AK@0BK@032SK@03_1<H2[WK@0B_ ,/FH.+Q5<H0�<H2g8=03_12A0^EG03.1IX*gLN<H2AQ5<HK@7/0B<?8=.PR@03_P8=03<?FH652AK�Q503.�TxY21V.Bq9L�03_:Q5032f296A_�rs03.P8=<HDUD�8=0
EG03.:IJ*9L�<H2AQA<?K@7/03<�8=.17/>@DUos>@2A032g8=0B2 K@03rs0B6AK/83{yY+.�LN6A_1QA0¯03<?2A0¯)+6AFH.1Q-,/6A0B_�R@>/2

100µ
.

K@0MLxa/*AF�8�q§Q-,�.:<?0´*A<H25_:03<?IX*5032AQ¯F¢,/25K�<H.P8�q§6AD TV0B6AK@6A2AK�<?2�,;2AQA0B_:0CTV0B6AK@6A2AK/.:>@_1QA2u6A2uW
K@0B2 OB6 6A2g8=03_1QA_:cAIJ7/0B2§q^,;rs03_ªQA03252A>uIJ* 796A_:OiK/03296AKAqx6AD 2A<?IX*g8�.:0BFH0B7g8=<?R rs03O3c5K@FH<?IX*
QA0B_£EG03.1IX*gLN<H2AQ5<HK@7/0B<?8=.PR@03_P8=03<?FH652AK�QA0B.f\^>@2AQ5032A.:,;8=.CO36 .103<?2§{+ <H0�<H2Ã\�,/oA<�8=03F�l5{ �u{?e
03_1F¢a/6[8=03_P8�LN<?_:Q§q�<?.18�Q5<H0i}]DUoA6AF?.1R@03_P8=0B<HFH652AK`03<?2A03.�\^>/2AQA0B2A.=,;8:.�QA6A_1IX* QA<?0¯Ä->@6A_:<?03_ZW
8=_:,/2A.Pbd>@_:DU<H0B_18=0xQA03_�\^>/_:_:0BF¢,w8=<?>@2A.Pbd6A2A7g8=<?>@2´0B_:.P8=03_Vµ�_:QA296A2AK�K/03K@0Brs032§{9}]*A_:0^T�_:03<�8=0N<?.18
<HD ��6-,/.1<H7/>@25QA032A.:,;81W]~y0BK@<HDU0GoA_:>@os>/_18=<?>@2-,;F§O36A_^)+*-,/.1032A7/>/*-a/_:0B2AO3FHa/2AK@0

Lφ
q-Q§{°*¤{�QA<H0

TV_103<?8:0�QA03_x}]DUoA6AF?.1R@0B_18=0B<HF?6A2AK�6ADUK@037/0B*A_18�oA_1>@os>@_P8=<H>/2-,/F�O36
Lφ

{ ��6-,/2g8=<�8J,;8:<?R´K@<?F?8 bdcA_
QA<?0£R@>/FHFH0 ��,;FHrgLV03_P8=.:r5_:03<�8=0ih�e@e�j;m

∆p = 1.34h̄/Lφ

{+ �<?03.Srs03QA<?2AK/8S2-,/IJ* EGF|{ > �u{°jg�;?03<?2A0G�+03_18:03<?FH6A2AKSQA03_y~N03.1>@2-,/25OBbd_:0 8 6A032AO�QA03_yTV_103<�8=0

∆ωres = 2.68
h̄k

mLφ

> �u{ �;�,?

}]2pQ5032p*A<?03_�R@>@_:K/03.18:03F?F?8:032`��0B.:.16A2AK@032`F¢,/K/032�QA<?0£)+*-,/.1032A7/>/*-a/_:0B2AO3F¢a;2AK@0B2`O36ADU03<?.18
<HD TV0B_:0B<HIJ* R@>@2�e��³r5<H.

100µ
D�{N �,/DU<?8�0B_:K/<Hr58�.:<?IX* 03<H250�DC,w�[<?Df,;F?0iTV_:0B<?8:0¯QA03_

~N03.:>/2-,/2AOMbd_:0 8 6A0B2AOBRg03_P8=03<?FH6A25K�R@>@2 ∆ωres/(2π) ≈ 250
�^O;q QA<H0UL�03.103298:FH<?IX*nK@0B_:<?2AK@03_

<H.P8C,/F?.´QA<?0�QA6A_:IJ* Q5<H0�)+6AFH.1Q-,/6A0B_Urs03QA<?2AK/8:0�Ä-_:0 8 6A032AOBrA_:0B<?8:0�QA03_CTV_:,/K@K;W �¨,/.:0B_SR@>@2
∆ν ≈ 9

7 �yO/{x��rArA<?FHQA652AK³�u{ �/��R@03_1QA03658:FH<?IX*g8�K/_=,&�-.1IX*¤qxQ-,/.:.ªrs03<�0B<H2A0B_ª)�65FH.:QA,/6A03_
R@>@2

100µ
.´7/03<?2A0�E�0B.:IJ*9LN<?2AQA<HK/7/03<�8=.:.103F?037g8=<�R[<�8Ja;8SO36³03_PLx,/_18:032Ã<?.18�{+ ^<H0ª��rArA<?FHQA652AK

O30B<HK;8N03rs0B25b¬,/F?FH.3q5QA,/.:.N7/0B<H2A0GDf,%3@K@03r5FH<?IJ*A0GT�036AK@652AKU<H2�,/25QA03_10�TV036AK/6A2AK@.1>@_:QA296A2AK@0B2
.18=,;8:8+�-2AQA0M8�{�TV03<�QA0B_�~N03.1>@2-,/2AOMbd_:0 8 65032AOfQA03_ −1

{�µ�_:QA296A2AKAq¨QA<?0U0M8ZLV,�l@��7 �^OUR@>@2
QA0B_

+1
{¨µG_1QA2u652AK�0B2981bd03_:2g8�FH<?03K;8�q±FH<?03K;8�QA<H0S.1os037g8=_:,/FH0S}]298:032A.1<?8Jaw8�6AD�03<H25032¯Ä�,/7g8=>@_

R@>@2¯I3,5{
106 6A2g8=03_G<H*A_103D���,w�[<HDC,/F�LV03_P8G6A25Q¯<H.18GQ-,/DU<?8�R@0B_:2-,;IX*AFHa/.:.1<HK@rA,/_3{�T�03<tQA03_

�[{Aµ�_:Q52u6A2AKSrs0M8=_=a;K/8xQA<H0�.1os037g8=_=,;FH0�}]298:032A.1<?8=a;8�0M8ZLV,U� � QA03.y��,w�[<HDC,/F?L�03_P8=03.B{5 �,©0B.
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'.����-N'.)$%E��L '.���@'.% �$�x�;FH#{82'.)$%('1F:�3M � '.Id8:M �R�@'.)Z5:�B'�S"!yF ,.-GX(%c�0�+����8('*L�z F � ��� 82'.)$%('1F:�3M
� '.Id8:M � �@'.)Z5H�Z' F2�B52'��1F:#NL ~ 82Sd-NS �	� �x���@'*L��	�*,*-N' � �@'.)Z5H�Z' #&%A5&'+� '*L =�L[S �A�Z'Yby#&).k<'�z|#4);82' %c��L�M
-2��I e�'G82'.) ��'.Id�.�.LBO<-2�\I �Z,.-N'.� �|q+o�F:���+�Z?:� '.���@'+�Ebw?H��82'.��� FHL�� ��% m�-4?:% F<�+MZ]�'*)+%E��M a 'B5:�	%('(%E��L
PRITSv6[X4STV �.CQe+j4)

ωx = 2π × 3.4 � =y#&�@8
ωρ = 2π × 380 � =E�1'*)1';,*-2�@'*L[S

.:<?IX*frs03<sQA03_VTV0365K@6A2AK´�[{[µ�_:QA296A2AK �10BQA>uIJ*£6AD�03<H25032£jwWZ)+*A>/8:>@2A032uWZ)+_:>@OB03.1.x*-,;2AQA03F�8�q
.:<?2AQ�bdcA_�QA<H0B.:0B2p)+_:>@OB03.1.©QA036[8=FH<?IJ*�*�6@*A03_10 ��03<?.18:6A2AK@0B2p,/F?.�bdcA_�Q5<H0CTV0365K@6A2AK�03_1.18=0B_
µ�_:QA296A2AKU0B_1bd>@_1QA03_1FH<HIJ*§{

Ä cA_�QA<?0C<?298=0B_1bd0B_:>@DU0B8:_:<?.:IJ*A032n��03.1.:6A2AK/032pLN<?_:Q�0B<H2�0BFH0B798:_:>;W >@o58:<H.:IJ*A0B_©��>uQA65F¢,wW
8=>/_ > ��<H2A>/. �����g�/�@�;?�0B<H2AK/03.:0M8=OM8�qgDC<�8+Q503D�QA<?0�_:03FH,;8=<�R@0�)�*A,/.:0NOBLN<H.1IX*5032CQA032C\^>@oA<?032
QA0B.�\^>/2AQA0325.=,;8:.ªR;,;_:<H<?03_P8fLV0B_:QA0B2 7w,/2A2¤{�Y+_ªrs0B.18=0B*98�,;6A.£Ru<H0B_£QA>@oAos0BFHrA_103IJ*A0B2AQA032
\�  ∗ )�\G_:<?.18J,/F?F?0B2§q�Q503_:0B2³TV_:0BIJ*u6A2AK/.:<H25QA0M�p6A2AQpQ-,;DC<�8�>/o58=<?.:IJ*A0ª �<?IX7/0£QA6A_1IX*p��2[W
FH0BK@0B2¯03<?2A03_�a/6(3@0B_:0B2n®[o-,;2A2u652AK�K@03a/2AQA0B_18�LV0B_:QA0B2�7w,/252§{� ^03_���>uQA6AFH,;8=>@_�rs0`�-25QA0B8
.:<?IX*ª<?D®u8=_:,/*AF?032AKg,;2AK©03<?2A03.xQA03_�TV_=,/K/K;W �¨,/.103_1.18=_:,/*AF?032£6A2AQ�<?.18x.:>��16A.18:<H0B_18�q[Q-,/.1.�QA<H0
) >@FH,/_:<?.=,;8:<?>/2CQA03. �¨,;.:03_1FH<?IX*g8=03.�o-,/_:,/FHF?03F-O36A_V>@o58:<H.1IX*A0B2ª��IJ*A.:0�QA03_x\G_:<?.18=,/FHF�0NR@03_1F¢a/6[b«8�q
,/F?.:>�Q5<H0�) >@FH,/_:<?.=,;8:<?>@2³2A<HIJ*g8£K/03QA_103*98fLN<H_1Q§{� �6A_1IX* �,/*5F^QA0B_ªa;6(3@0B_:032 ®[o-,;2A2u6A25K
7w,;2A2³.1>@DU<?8©QA<?0ª)+*-,/.:0B29R@0B_:O�6@K/03_:6A2AK¯QA03. ��,;.:03_1.18:_=,/*AF?03.S03<?2AK@0B.18:03FHF�8©6A2AQ`OBL�<H.:IJ*A0B2
QA0B2�rs03<?QA032�TV_=,;K@K;WZ)+6AF?.:0B2ªR@0B_=a/25QA03_P8NLV03_1QA032§{�9¤6A_�Y+<HIJ*u6A25KSLN6A_:QA0�Q503_y��>uQA6AFH,;8=>@_
.:> �165.18=<?03_P8�q§Q-,/.1.�.:0B<H250U>/o58=<?.:IJ*A0´��IX*5.:0Ur±0BO3c5K@FH<?IX*iQA0B_�) >/F¢,/_1<H.:,;8=<?>/2!QA0B. �¨,/.103_:F?<HIJ*[W
8=0B.�R@03_1QA_:0B*98x<H.P8V6A25Q£.:>@DU<?8 QA<?0�) >/F¢,/_1<H.=,w8=<?>/2U<H2C��rA*Aa/2AK@<?K@7/03<�8�QA0B_�®u8:036A0B_:.:oA,/2A296A2AK
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 �<?0G)+6AF?.:Q-,/6503_xQA03_�,;FH.�®u8:_=,/*5F?8=0B<HF?0B_�03<?2AK@0B.:0M8=OB8:032�TV_=,;K@K;WZ)+6AF?.:0�<?.18x.1>SK@0BLVa/*AF?83q[Q-,/.1.
QA<?0�TV_:,/K@K;W]TV0365K@6A2AKC2A<?IX*g8�K@0B.:IJ*9LN<?2AQA<HK/7/03<�8=.:.103F?037g8=<�R�<?.183{± ^03.��0B<?8=0B_:0B2�<H.P8^Q-,/.^K@0MW
.=,;D©8:0�,;8=>/Df,;_:0�Y+2A.:0BD©rAFH0�QA03_1.:03F?rs032 }]2g8=0B2A.:<�8Ja;8ª,/6A.1K@03.10B8:OB8�qx.1>pQ-,/.1.ªQA<?0�TV_:,/K@K;W
TV0B6AK@6A2AKC2A<HIJ*98y>@_18:.=,/rA*Aa/2AK@<?KU<H.P8�{� �6A_1IX*�}]DUoA6AFH.1cArs03_P8=_=,;Kf,;65btQA<H0�K@03rs0B6AK/8:032���8:>;W
DU0�.:>@_1K@032ÃQA<?0�®u8=_:,/*AF�8=03<?F?03_1oA6AF?.:0£bdcA_´QA0B2 K@0MLNcA2A.:IJ*g8=032 _=a/65DCF?<?IJ*A032p��03_1.=,;8:O�6A2AQ
oA_:a/K@032ÃQA03D \^>@2AQA0B2A.=,w8fK@FH>/r-,/F?0/qtQ§{k*§{ 25<HIJ*98C>@_P8=.:,/rA*-a/25K@<HK/0�)+*-,;.:032%,;65bZ{  �,¯QA<H0
)+*-,/.103254-65798:6-,;8=<?>@2A0B2nQA6A_1IX*�QA<?0U�^2A_:0BK@6A2AK�,v�5<H,/F?03_���>uQA0B2nrs0BQA<H25K/8�.:<?2AQ�6A2AQ�QA<H0
TV_:,/K@K;W]TV036AK/6A2AK£03rs0B25b¬,/F?FH.�<H2!,v�5<H,/FH0B_�~y<?IJ*98=652AKª.P8J,;818.�-2AQ50B8�q¤.:<?2AQ!QA<?0©}]2g8=0B_1bd03_1>@DU0MW
8=_1<H0BDS65.18=0B_S_:,/QA<H,/FV.�0uDUDU0B8=_1<H.:IJ*§{+ ^03.:*A,/FHr`L�03_:Q5032ÃO36A_´TV03.P8=<HDUD©6A2AK�QA03_U)+*-,;.:032uW
7/>@*-a;_:0B2AO30B<HK@0B2A.:IJ*-,;b«8:032¯QA<H0©_:,/QA<H,/F <?298:03K@_1<H03_P8=0B2i ^<HIJ*98=0MR@03_P8=03<?FH652AK@032�R@03_1L�032AQ50B8�q�.:>
Q-,/.1. *A<?03_+03<H250N03<?2AQA<HDU0325.:<H>/2-,/F�0�TV03.1IX*A_103<?rA6A2AK�,/6A.1_:03<?IJ*A032AQC<H.P8�{@}]D�Ä->@F?K@0325QA032SLN<H_:Q
QA<?0S�0BFHFH0B25bd6A2A7g8:<H>@2!6A2AQ¯}]298=0B2A.:<�8Ja;8�,/2¯QA0B2�rs03<?QA032¯}]298:03_Pbd03_:>/DC0M8=0B_=,/6A.1Kga/2AK/032�rs0XW
_:0BIX*52A0B83{u �,/.�Y+_:K/03rA25<H.�rA<HF?QA0B8+QA<?0^EG_:6A25QAF¢,;K@0xbdcA_+QA<H0NY��u8=_:,/7g8=<H>/2UQA03_ \^>@_1_:0BF¢,;8:<H>/2A.PW
bd6A2A7g8:<H>@2�,/6A.NQA0B2�0X�5os0B_:<HDU0B298=0BFHF?032� �,w8=032¤{

 ^<H0 Yt�[o-,;2A.:<?>@2A.:Q-0[2A,/DU<H7 <?.18nQ56A_:IJ*�QA<?0 <H2�\�,;oA<?8:03FCl5{kj$rs0B.:IJ*A_:<?03rs0B2A0 Y+298PW
LN<HIJ79FH652AK QA0B_  �<?IX*g8=0XW»6A2AQ )+*-,;.:032gR@03_18:03<HF?6A2AK 6A2AQ Q56A_:IJ* QA<H0	DC03,/2[W9�-03F?Q[W
�03IJ*A.:0BF?LN<?_:796A2AKCQA0B_N��8:>@DU0Gr±0B.18:<HDUD�8�{-®[<?0�LN<H_:Q�QA6A_1IJ*

ψ̂±(x, t) =
√

n̂I(x, t)e
iφ̂±(x,t) > �u{ �%=,?

rs03.1IX*5_:<H0Brs032§{ �^<?03_:rs0B<g<H.P8¨QA<H0� �<HIJ*98:0BR@0B_18=0B<HF?6A2AKNQA6A_:IJ*
n̂I(x, t) = n(x)+δ̂nI(x)

K/03K@0XW
rs032¤q¤L�>@rs03<

n(x)
QA<H0�r-,;FHFH<�.18=<?.1IJ*�0M�[o-,;2AQA<H0B_18:0S¦�*A>@DC,/.ZWZÄ-03_1DC<�W] �<?IJ*98:0BR@0B_18=0B<HF?6A2AKf<?.18

6A2AQ
δ̂nI(x)

QA<?0 QA65_:IJ*SE�F�{ > l[{ l�=,?¤rs0B.:IJ*A_:<?03rs0B2A032´ ^<HIJ*98:03DU>uQA6AF¢,w8=<?>@2A0B2�Q-,;_:.18:03F?F?8�{� �0B_)+*-,/.1032A>@os0B_=,;8:>@_t<?2SE�F�{ > �u{ �%=,?¨032g8=*-a;F?8�QA<?0�QA6A_1IX*´E�F�{ > l5{kjAe�?�K@03K/03rs0B2A0x4A6A7g8=6A<?03_:0B2AQA0)+*-,/.10
φ̂(x, t)

6A2AQ´QA0B2CY+<H2[4-6A.:.+QA03.+DC03,/2[W9�-03F?Q[WZ) >;8=0325O3<¢,;F?.t,/6[b±QA<?0N)+*-,;.:0B2A032g8ZLN<HIJ7@W
FH652AK �

φ̂±(x, t) = φ̂(x, t) ± βx+ α(t)x2 − γ(t). > �[{°l@�,?
 �0B_�_=a/65DCF?<?IJ*�7/>/2A.18J,;298=0©¦�0B_:D

γ(t)
rs03.1IX*A_103<?r58GQA<H0�)+*-,/.1032A0B298]Ly<?IJ7uF?6A2AK�,/65bdK@_16A2AQ

QA0B. IJ*A03DU<H.1IX*5032f) >;8=0325O3<H,/FH.Bq@QA0B_�FH<H250�,/_10x¦ 0B_:D�<?.18�QA6A_1IJ*CQA<?0�DC03,/2[W9�-03F?Q[W]�^rA.18:>;3@6A2AK
QA0B_+K@03rs0B6AK/8=0B2U6A2AQ´6A2AK/03rs0B6AK/8=0B2C�x8=>/D©L�>@FH7/0Vrs03QA<?2AK/8+6A25QUQ503_ 8 6-,/QA_:,;8=<?.:IJ*A0�¦�03_:D_:0B.:6AF�8=<?03_18�,/6A.�QA0B_�,v�5<H,/F?032iYt�[o-,;2A.:<?>@2§{���65bdK/_:6A2AQ¯QA0B_�.18J,;_:7�0BFH>@2AK/<H0B_18=0B2¯Ä�,/F?F?0©0M�9W
o-,/25QA<H0B_18�Q-,/.�\^>/2AQA0B2A.=,;8�R@>@_1LN<?03K@0B2AQ�<H2i_=,;QA<¢,;FH0B_G~y<?IX*g8=6A25KAq�.1>�QA,/.:.�bdcA_�8 0uoA<?.:IJ*A0
Y��[o-,/2A.1<H>@2A.1O30B<?8=0B2�QA<?0�,v�5<H,/F?0�EG_+6;3/0�2u6A_�6ADI3,5{§e � OB6A2A<?DCD�83{5 �<H0GQA,/DU<?8VR@0B_:rA6A2uW
QA0B2A0 8 6-,/Q5_=,;8:<H.:IJ*A0£)+*-,/.10£<?.18�QA0B2A2A>uIJ*nbdcA_�QA<H0C<?298:03_1bd0B_:>/DC0M8=_:<?.:IJ*A0B2nYt�[os0B_:<HDU032g8=0LV0B.:0B298=F?<HIJ*�652AQ�<?.18N2-,;IX*�E�F�{ > �u{ l5e/?VQA6A_1IX*

α(t) =
m

2h̄

ḃx(t)

bx(t)
> �u{ l[e�?
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K@0BK@03rs0B2§{���,/IJ*i��rArA,/6iQA0B_GDC03,/2[W9�-03F?Q[WZY+2A0B_:K@<?0�<?.18
α(t)

7/>@2A.P8J,/2g8�{�Ä�c5_G0BFH>/2AK@<H0B_18:0
\^>@25QA032A.:,;8=0�K@<HF�8�2A,/IJ*�EGF|{ > �[{ l@�;?V6A25Q > �u{ �[e/?�bdcA_NÄ�,/FHF?OB03<�8=0B2 t� 1/ωρ

α ≈ m

2h̄

ω2
x

ωρ

π

2
. > �[{ l@�;?

��6[bdK@_:6A25QpQA0B_©DU0�,/2uW �-0BFHQ[W|�0BIX*5.:03F�LN<H_1796A2AK�.P8=>;3@0B2p.:<?IJ*pQA<?0£TV_:,/K@KwW]K@0Brs036AK/8:0f6A2AQ
QA<?0©25<HIJ*98�K@0Brs036AK;8=0S�x8=>@D�L�>@FH7/0�R@>@2A0B<H2-,/25QA03_G,/r§{¤ �<?03.:0B_GY"4±037g8GLN<?_:Q�QA6A_1IX*!03<H25032
FH<?2A0�,;_:0B2�)+*-,/.103298:03_1D h�ev�@�vm

β =
mδv

2h̄
, > �[{ l/l,?

QA0B_GoA_1>@os>@_18:<H>@2A,/F�O36A_�_:03FH,;8=<�R@032���r5.18=>�3@6A2AK@.1K@03.1IX*gLy<?2AQA<?K@7/03<�8
δv
QA0B_G<H2g8=03_Pbd03_1<H03_1032[W

QA0B2p\^>@2AQA0B2A.=,w8=0f<H.P8�q¨rs0B.:IJ*A_:<?03rs032¤{tY+.�.:0B<V,/2AK/03DU03_:7g8 > .:<H0B*A0f\�,/oA<�8=03F �[{°l5{°j,?Mq¨Q-,/.1.QA<?03.:0���rA.P8=>;3/6A2AK@.1K@03.1IX*gLy<?2AQA<HK/7/03<�8�.:>fK@0B_:<H25Kf<?.183qsQ-,;.:.�<H*A_^Y+<H2[4-6A.:.�,/65b+QA0B2�_=a/6ADSW
FH<?IJ*A032ª��0B_:.:,;8=O

d
O36�R@03_:2A,/IJ*AF¢a/.1.:<?K@032�<H.P8�{

}]2��10BQA03D �^6A.:Kg,;2AKGQA0B.+}]298:03_1bd0B_:>@DU0M8=03_1.tcArs03_:FH,/K@0B_:2©.:<?IX*©OBLV0B<A_=a;6ADCF?<?IJ*�R@03_1.:0B8:OMW
8=0S\^>@oA<H0B2!QA03.�\^>@2AQA0B2A.=,w8=.3{� �03_�Ä-03F?QA>@os03_:,;8=>/_�Q503.�\^>/2AQA0325.=,;8:.�O36AD 9¤0B<?8=o56A2A7g8

tQA0B_^ ^0B8=0B7g8=<H>/2�<?D�^6A.:Kg,;2AK |1〉 QA03.y}]2g8=0B_1bd03_1>@DU0B8=0B_:.N<H.P8NQA6A_:IJ*

ψ̂|1〉(x, d, t) = c(1)ψ̂+

(

x− d

2
, t

)

+ c(2)ψ̂−

(

x+
d

2
, t

)

> �u{ l;j ?

K@0BK@03rs0B2 > .:<?03*A0��^rAr§{s�[{ �@�;?�6A2AQ�Q503_N<HD ��6A.1Kg,/25K |2〉 QA65_:IJ*

ψ̂|2〉(x′, d, t) = c(3)ψ̂+

(

x− d

2
, t

)

+ c(4)ψ̂−

(

x+
d

2
, t

)

. > �[{ l@�;?

�^<?03_1rs03<9L�6A_:QA0�QA03_�¥^_1.:oA_16A2AK�QA03_¨�9W]��IJ*A.:0V<H2�QA<H0V��<�8:8:0�Q503_ rs03<?QA032�.1<HIJ*�cArs0B_:F¢,;K@03_12[W
QA0B2�\^>/oA<H0B2ª<HD�}]298:03_Pbd03_:>/DC0M8=0B_=,/6A.1Kg,/2AK |1〉 K@0BFH03K;8�6A25Q x′ = x+ x2

rs03_:c5IX79.:<?IJ*98=<?K/8
QA<?0�_=a/65DCF?<?IJ*A0�¦�_:03252u6A2AK

x2

QA0B_Crs03<?QA032 }]2g8=03_Pbd03_1>@DU0B8=0B_=,/65.:Kga/25K@0/{� ^<H0���DUoAF?<?8:6[W
QA0B2

c(i)
032g8=*-,;F?8=0B2�QA<H0GQA6A_:IJ*�QA<H0�TV_=,;K@K;WZT�036AK@652AKC,;65bdK@03o5_=a/K/8:0�K@F?>@r-,/F?0G)+*-,/.:0�6A2AQ

F¢,;.:.:0B2�.:<HIJ*�QA65_:IJ*�.:6A79OB03.:.:<?R@0��+03_1L�032AQ56A2AKCR@>@2�EGF|{ > �[{ �;l,?Vrs03_103IJ*A2A0B2§{�+>@_VQA03D 0B_:.P8=032�TV_=,/K/K;WZ)+6AF?.�O36AD 9¤0B<?8:oA6A2A7g8
t1
.:<H25Q�,/F?FH0y�x8=>@DU0�<?D�652AK@03rs0B6AK;W

8=0B2 9¤6A.P8J,/2AQ¤q�Q¤{°*§{
c1(t1) = 1

6A2AQ
c2(t1) = 0

{�Y+<H25.:0B8:O30B2nQA<H0B.:0B_�\^>u0 �COB<H0B298:032�<H2
EGF|{ > �[{ �/l,?�6A2AQ���03_PLV0325QA6A2AKGQA03_tT�03QA<?2AK@6A2AK^bdcA_ 0B<H2A0B2 π/2 W])�65FH. Ω′

rtB = π/2
F?<H0Bbd0B_18

c1(t1 + tB) =
1√
2
e−i(ΩAC

1 +ΩAC
2 )tB/2eiδ12tB/2

c2(t1 + tB) = − i√
2
e−i(ΩAC

1 +ΩAC
2 )tB/2e−iδ12tB/2e−i(δ12t1+φeff(t1)). > �[{ l/�,?

 �<?0´Y+2g8ZLN<?IX79F?6A2AK�Q503.Grs03<HD»03_:.P8=0B2�)+6AFH.�2A<HIJ*g8GK@03rs0B6AK/8=0B2¯¦�03<?FH.�rs0B<HD�Y+<?2A.18:_=,/*AF?032
QA0B.^OBLV0B<?8=0B2

π/2
W])+6AFH.103.yO36A_ 9¤03<�8

t2
03_1*-a/F�8yDf,/2�QA65_:IJ*���03_PLV032AQ5032�R/>@2!EGF|{ > �u{ �;l,?
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DU<?8
c1(t2) = c1(t1 + tB)

6A25Q
c2(t2) = 0

�

c(1) = c1(t2 + tB) =
1

2
e−i(ΩAC

1 +ΩAC
2 )tBeiδ12tB

c(3) = c2(t2 + tB) = − i

2
e−i(ΩAC

1 +ΩAC
2 )tBe−i(δ12t2+φeff(t2)). > �[{ l@�;?

��2A,/FH>/K�<H.P8©Q503_©rs0B<HD�03_1.18=0B2³)+6AF?.©K/03rs0365K/8=0£¦�03<?F�QA65_:IJ*
c1(t2) = 0

6A25Q
c2(t2) =

c2(t1 + tB)
Q50`�-25<H03_P8��

c(2) = c1(t2 + tB) = −1

2
e−i(ΩAC

1 +ΩAC
2 )tBei(δ12(t2−t1)+φeff(t2)−φeff(t1))

c(4) = c2(t2 + tB) = − i

2
e−i(ΩAC

1 +ΩAC
2 )tBe−iδ12tBe−i(δ12t1+φeff(t1)). > �[{ l/�,?

 �,/DU<?8§K/<HF�8¤bdcA_§QA032�Ä-0BFHQA>/os03_=,w8=>@_¤<H2GQA0B2���6A.1Kga/2AK/032 |1〉 6A2AQ |2〉 QA0B.¨}]298:03_Pbd03_:>/DC0M8=03_1.

ψ̂|2〉(x′, d, t) = − i

2
e−i(ΩAC

1 +ΩAC
2 )tB

[

e−i(δ12t2+φeff(t2))ψ̂+

(

x− d

2
, t

)

+e−iδ12tBe−i(δ12t1+φeff(t1))ψ̂−

(

x+
d

2
, t

)]

=
1

2
eiφ0

[

ψ̂+

(

x− d

2
, t

)

+ ei(δ12(∆t−tB)+δφeff )ψ̂−

(

x+
d

2
, t

)]

ψ̂|1〉(x, d, t) =
1

2
eiφ′

0

[

ψ̂+

(

x− d

2
, t

)

− ei(δ12(∆t−tB)+δφeff)ψ̂−

(

x+
d

2
, t

)]

,

> �u{ l�=,?
LV>/r±0B<

∆t = t2 − t1
6A2AQ

δφeff = φeff(t2) − φeff(t1)
{� �0B8:037g8=<?03_18�LN<?_:Q�QA<?0C �<?IX*g8=0XW

R@03_P8=0B<HF?6A2AK
Î(x, d, t) = ψ̂†(x, d, t)ψ̂(x, d, t)

q§.:>�Q-,;.:.�QA<H0´)+*-,;.:0
φ0

q§QA<H0©.:<HIJ*¯Q56A_:IJ*
��0B_:K@F?03<HIJ*iQ503_�rs03<?QA032¯�^6A.:QA_1cAIJ7/0Cbdc5_

ψ̂|2〉 QA0x�-2A<?03_P8�q�<?_:_:0BFH0MR;,/2g8�<?.18�{ � *A2AF?<HIJ*A0B.�K@<?F?8bdcA_
φ′

0

{- �<H0GQA6A_:IJ*�QA,/.N}]298=0B_1bd0B_:>@DU0B8:03_y,/6[bdK@03o5_=a/K/8:0�)+*-,/.1032AQ5<�4±03_1032AO�<H.18
φrel = δ12(∆t− tB) + δφeff . > �[{°j@�,?

®[<?0�*-a/25K/8fR@>@2%Q503_f��0B_:.P8=<HDUD©6A2AK
δ12

QA03_£TV_=,/K/K;W �¨,/.103_1.18=_:,/*AF?032ÃR@>@2%QA0B_ªTV_:,/K@K;W
~N03.:>/2-,/2AO�6A2AQÃQA0B_ � 2AQA03_16A2AK

δφeff

<?*A_:0B_´_:0BF¢,;8:<?R@0B2Ã)+*-,/.10�OMLN<H.:IJ*A0B2 QA032Ãrs03<?QA032
TV_:,/K@K;W])�65FH.:0B2ª,/r§{5¥^D

δφeff

7/>/298=_1>@FHF?<?03_1032fO36ª7�6@252A032¤q5LN6A_:Q50G<H2fQA032�®u8=_:,/*AFH0B2AKg,;2AK
03<?2A03.NQA0B_yTV_=,;K@K;W �¨,/.103_1.18=_:,/*AF?032�0B<H2�03FH0B7g8=_:>wW]>@o[8=<H.1IX*503_y��>uQA6AFH,;8=>/_�0B<H2AK@0Br-,/6583{

Ä cA_GQ5<H0�LV03<�8=0B_:0´,/2-,;F�098=<?.:IJ*A0STV03_103IJ*A2u6A25K�QA0B.�}]298=0B_1bd0B_:>@DU0B8:_:<H0B.:<?K@2-,/F?.^LN<?_:Q!QA<H0
YtR@>@F?658=<?>@2�QA03_�)+*-,/.1032[Wy6A2AQ¯ �<?IX*g8=0MR@03_P8=03<?FH6A25KªLVa/*A_:0B2AQ¯QA0B_Gr-,/F?FH<�.18=<?.1IX*5032iY��[o-,/2[W
.:<?>@2£R@03_:2A,/IX*5F¢a/.1.:<HK;8�{- ^03_yÄ-0BFHQA>@os0B_=,;8:>@_�,;2�Q5032�}]298:03_Pbd03_:>/DC0M8=0B_=,/6A.1Kga/2AK/032�<?.18�Q-,/2A2
QA6A_1IX*

ψ̂|2〉(x′, d) =
1

2
eiφ′

0





√

n(x− d

2
)eiφ̂+(x− d

2
) +

√

n(x+
d

2
)eiφ̂−(x+ d

2
)eiφrel
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ψ̂|1〉(x, d) =
1

2
eiφ′

0





√

n(x− d

2
)eiφ̂+(x− d

2
) −

√

n(x+
d

2
)eiφ̂−(x+ d

2
)eiφrel
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φ̂±(x) = φ̂(x) ± βx+ αx2. > �[{°jg�;?
�^<?03_1rs03< <?.18

φ̂(x)
QA6A_:IJ*`EGF|{ > l5{ �;?GK@03K/03rs032n652AQnQA0B_�_=a/6ADUF?<?IX*¯7/>/2A.18J,;298:0£)+*-,/.:0B2[W8=0B_:D

γ(t)
,/6A.�EGF|{ > �[{°l@�,?N<H.P8�bdcA_�QA<H0�<?298:03_1bd0B_:<?03_:0B2AQA0B2!�x8=>@D�LV>/FH7/032�<?QA0B298=<?.:IJ*!652AQLN6A_1QA0�Q-,/*A0B_�<?2

φ0

rAOML�{
φ′

0
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rAF?032�.:<HD©6AF?<?0B_18�{-�^6A.�QA<?03.103_�)+*-,/.1032gR@03_18:03<HF?6A2AK£03_1*-a/F�8�DC,/2�6A2g8=0B_���0B_1L�032AQA652AKªR@>@2
EGF|{ > l5{°l;=,?SQA<H0� �<?IX*g8=0MR@03_P8=03<?FH6A25Kn<?2 QA0B_fr-,/F?FH<?.P8=<?.:IJ*A0B2 Yt�[o-,;2A.:<?>@2§q�QA<?0�QA6A_1IX* 2u6[WDU03_:<?.:IJ*A0B.^TV03_103IJ*A2A0B2�R@>@2�EGF|{ > l[{°j5e�?VQA<H0G03298:.:oA_103IJ*A032AQA0©)+*-,/.1032gR@03_18:03<HF?6A2AKCF?<H0Mbd03_183{ �6A_1IX*!Ru<H0BF?b¬,/IJ*A0B.�%<H03Q503_:*5>@FH0B2!QA<H0B.:0B_�®[<?D©6AF¢,w8=<�>@2�7v,/2A2iQA<?0´®u8=,/2AQ-,;_:Q-,;r9LV0B<HIJ*u6A25K
R@>@2´QA0B_+6A_1.:oA_1cA2AK@F?<HIJ*A032´)+*-,/.:0B29R@0B_18=03<?FH6A25K�03_1DC<�8:8=0BF?8�LV03_1QA032§{9®[<H0x<?.18tbdc5_+,/FHF?0V<?2SQA0B2
<H2g8=0B_1bd03_1>@DU0B8:_:<H.1IJ*A032���03.1.:6A2AK/032�R@0B_1LV0B2AQA0B8:032�0X�5os0B_:<?DC0B298:03FHF?032ª)�,/_:,/DU0B8=0B_x79F?03<H2503_
,/F?.

π/10
652AQ�_:0BIX*g8:bd03_P8=<?K/8yQ-,;DC<�8NQ5<H0G��0B_:2-,;IX*5F¢a/.1.:<HK/6A2AKUQA0B_^)+*-,/.:0B2A0BR@>@F?658=<?>@2§{� �<?0

rs03<-QA0B_�Y��[o-,/2A.1<H>@2UoA*-,/.103254-65798:6A<H0B_:0325QA03_V\^>@2AQA0B2A.=,;8:0y032g8=.18:03*A0B2AQA032ª �<?IJ*98=0BDC>uQ56[W
F¢,w8=<?>@2A0B2iOB03<?IX*A25032�.:<?IX*¯Q56A_:IJ*¯LV0B.:0B298=F?<HIJ*¯7uF?03<?2A03_10C®u8:_:6A7g8=65_:032�,/F?.GQA<?0´rs0B>@r-,/IJ*g8=0MW
8=0B2`}]2g8=03_Pbd03_1032AOBDS65.18=0B_U,/6A.B{+ �,!.:<?0£QA<?03.:0���6A.P8=0B_´cArs0B_:FH,/K@03_12§qt,;rs03_©QA<H0ª®u8=_16A7g8=6A_
QA0B.���6A.18:03_:.V7v,/6AD�rs030B<H254-65.:.:0B2§quLN<H_:QU7/03<?2CLV0B.:0B298=F?<HIJ*A0B_VY�<?254-6A.1.V,/65b§QA<?0���0B.:.:652AK
QA0B_´\^>@_1_:0BF¢,;8:<H>/2A.Pbd6A2A7g8=<?>@2A032�03_1LV,/_18:0B8�{t �<?03.:0B. 8 6-,;FH<?8=,;8=<�R@0f�^_:K@6ADU032g8©LN<?_:QpQ56A_:IJ*��0B_:K@F?03<HIJ*¯0B<H2A0B_�296ADU03_:<?.:IJ*A0B2p®[<?D©6AFH,;8:<?>/2§q§Q5<H0´QA<?0UY+298]LN<HIJ79FH6A2AK�QA03_�)+*-,;.:032uW�6A2AQ
 �<?IX*g8=0MR@03_18:03<?FH6A2AK�rs03_:c5IX79.1<HIJ*98=<?K/8�quDU<?8�QA03D�,/2-,/F5098=<H.1IJ*A032£~N03.16AF?8=,;8�<H2f\�,/oA<�8=03Fs�[{ l[{°j
R@03_1<	�-OB<H0B_183{
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��65.:Kga/25K@032`QA03.S}]298=0B_1bd0B_:>@DU0B8:03_:.B{+ �<H0B.:0£LN<H_1Q`Q56A_:IJ*³Q5032ÃµGos0B_=,;8:>@_

Î = ψ̂†ψ̂
rs0XW

.:IJ*A_1<H03rs0B2�6A2AQ�F¢,/6[8=0B8��

Î |2〉(x′, d) =
1

2

{

n′(x) +
1

2
n′′(x)

(

ei(φ̂+(x− d
2
)−φ̂−(x+ d

2
)−φrel) + h.c.

)

}

Î |1〉(x, d) =
1

2

{

n′(x) − 1

2
n′′(x)

(

ei(φ̂+(x− d
2
)−φ̂−(x+ d

2
)−φrel) + h.c.

)

}
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x2
82'.) �+��L['.)	e�'.);?:%(' L['.);F:#&� 5 O:�452'

k<'.)+�*,*-4?2�>'*�@S � �B' 8:#4);,.-<5&'1=�?>5&'.�_'G�����3�B'G� �*LA8:�B' �\#&%E%(' 82'.) � �Z,.-&L['.� �	�l�>'.�Z82'.� �0#&� 5 O:�3M
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d = 47 µ
% ~ N0 = 2.6 × 105 ~ T = 175

�Nb ~
ωρ = 2π × 300 � = ~ ωx = 2π × 3.38 � =xS

DU<?8

n′(x) =
1

2

[

n(x− d

2
) + n(x+

d

2
)

]

n′′(x) =

√

n(x− d

2
)n(x+

d

2
). > �[{°j/j ?

Ä�,/F?FH.£QA03_�_=a/65DCF?<?IJ*A0!�+03_:.:,;8=O�Q503658:FH<?IX* 79FH0B<H2A0B_�,/FH.�QA<?0¯\^>@2AQA0B2A.=,;8:K@_+6�3@0¯<H.P8�q�K@<?F?8
n′(x) = n′′(x) = n(x)

{x��,;IX* E�F�{ > �u{°jgl;?U<H.P8£Q-,/.£K@0BDC0B.:.:0B2A0i}]2g8=0B_1bd0B_:0325O3D©6A.18:03_QA6A_1IX*pQA<H0£)+*-,/.:0B29R@0B_18=0B<HFH652AK!<HD 65_:.:oA_1cA2AK@F?<HIJ*A0B2`\^>@2AQA0B2A.=,w8´6A2AQp03<?2A0£QA65_:IJ*`Q-,/.
}]298:03_Pbd03_:>/DC0M8=03_�,;65bdK@0BoA_=a/K;8=0´K@FH>@rA,/F?0´)+*-,/.:0Crs0B.18:<HDUD�8�6A2AQ�0B_:D 6@K@F?<?IJ*98�Q-,;*A03_Bq¨QA<H0
)+*-,/.1032A7/>/*-a/_:0B2AO303<HK/032A.1IX*-,;b«8=0B2�O36�R@0B_:DU03.1.:032¤{� �,/.i6A298:03_:.1IX*5<H0BQAFH<?IX*A0p�+>@_:OB03<HIJ*A0B2
QA0B.ª}]2g8=0B_1bd03_1032AOM8=0B_:DU.ªrA_:<?2AK/8fOB6AD ��6A.1QA_:6AIJ7�qxQ-,/.:.£rs0B<HQA0�}]2g8=03_Pbd03_1>@DC0M8=0B_=,/6A.1Kga/2uW
K@0N7/>@DCo5FH0BDC0B298Ja;_+.:<H25Q > �^rAr§{[�[{ ��=,?X{9 �<?0�®[65DCDU0NQA0B_� �<HIJ*98:0y<H2Urs0B<HQA0B2f�^6A.:K@a/2AK@0B2<H.P8�<?DCDU0B_¨QA<H0� �<HIJ*98:0BR@0B_18=0B<HF?6A2AKAqwQ5<H0�.1<HIJ*©>/*A2A0V}]2g8=0B_1bd03_1032AOx0B_:K/03rs032�LNcA_:QA0;{/ �<H0 R@0B_PW
rAF?03<Hrs0B2AQA0B2S®98=_:0B<?bd0B2�<H2�Q503_�.:6ADUDC<?03_P8=0B2� �<HIJ*98:0BR@0B_18=0B<HF?6A2AK^<?2���rAr¤{/�u{ �%=y.1<H2AQ�Q5<H0 ,/6A.
QA0B2�)+*-,/.103254-65798=6A,;8=<?>@2A032�<?2�QA03_yY��[o-,/2A.1<H>@2�032g8=.P8=03*5032AQA032� �<HIJ*g8=03DU>uQA6AFH,;8=<?>/2A032§{

 �,frs03<?QA0�}]2g8=03_Pbd03_1>@DC0M8=0B_=,/6A.1Kga/25K@0�7/>@DUoAFH0BDC0B298=a/_y.:<?2AQ§q�LN<?_:Q�O36A_�TV03_103IJ*A2u6A25K
QA0B.�}]2g8=0B_1bd03_1>@DU0B8:_:<H0B.:<?K@2-,/F?.�2u6A_�QA0B_��^6A.:K@,/2AK |2〉 QA0B.�}]2g8=0B_1bd03_1>@DU0B8:03_:.GR@03_1L�032AQA0M8��
Î(x, d) ≡ Î |2〉(x′, d)

{�¥^2g8=0B_N�+03_1L�032AQA652AKCR@>@2�E�F�{ > �u{°jgl;?V6A2AQ

φ̂+(x− d

2
) − φ̂−(x+

d

2
) = φ̂(x− d

2
) − φ̂(x+

d

2
) − 2(αd− β)x > �[{kj9��?
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Î(x, d) =
1

2

{

n′(x) + n′′(x) cos[2(αd− β)x+ φrel + φ̂(x+
d

2
) − φ̂(x− d

2
)]

}

.
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Ê
{  �<?0f �<HIJ*98:0BR@0B_18=0B<HF?6A2AK�QA0B.S\^>@25QA032A.:,;8=.�032g8=.:o5_:<HIJ*98�QA03_ ��<?IX*g8=<?298=0B2A.:<�8Ja;83{

��<�8NQA<?03.:0B2�Y�_1.:0M8=O3652AK@032�<?.18NQ5<H0� �0x�-2A<�8=<H>/2�QA0B_y\^>@_:_103FH,;8=<?>@25.1bd6A2A7g8:<H>@25032ª<HQA0B298:<H.:IJ*§{



ev�/� ����� ����� � ����
 �:� �.������
 ���� � �����%��������� !"�$#%��&�(')��*�
+�,#-
��.�/�����

���������	��
��� �_�T�\��� �_,.-N'.% FHL��	�*,.-�' �wF:)>�*L['.I	IK#&�45 82'+� �{�Z,.-N'.I �*?:�\M �+�\L['.)�e�'.);?:%('*L['.)+� S �yF:�
��L['.).�@'.�\I �Z,.-&L^z|��);8{k`?:� =*zv'.� �Ho��B'Z52'*I �

M1
#4��8

M2
F:#.e 5&'.��?:%E%('.�}#4��8�F:#.e�'*�	�@'*%f]�?HLB?:M

82'*L['.�`LB?:)uF:%ng )*L3t�=*#&) �+�\L['.)�e '.)>'.�4=U52'��.);F2,.-&L[S � �B' �wF:)+�.L['.I	IK#4�&5 � �*L_F:#&� � W2W W � j3�>'.)+�@?:%E% '*�@S

Y+<?2�bd_:cA*A0B.S)+_:>/rAFH0BD�QA03_���.18:_:>@2A>/DC<?0´Lx,/_�QA<H0fT�03.18:<HDUD©6A2AK�R@>/2³®98=03_12AQA6A_1IX*uW
DU03.:.103_12§{v �,NQA<?0+>@o58:<H.:IJ*A0+��654(6@.:6A25K^2A<?IX*g8�bdcA_�QA<?0+QA<?_:037g8:0 TV0B>@r-,/IJ*98:6A2AKyQA0B_� �6A_:IJ*[W
DU03.:.103_©,;6A.:_103<HIJ*g8=0/q¨LN6A_:Q5032p<?298:03_1bd0B_:>@DU0M8=_:<?.:IJ*A0f��0M8=*A>uQA0B2`,/2AK/0BLx,;2AQ58�{  �<H0B.:0Cr-,wW
.:<?03_1032ª,/65b¨Q503_xTV0B.18=<?DCD©6A25K�Q503_�8=_:,/2A.1R/03_:.:,/FH0B2�\^>@*Aa/_:0B2AO3FHa/2AK@0^QA0B.N®u8=0B_:2A0B2AF?<HIJ*98=0B.3q
QA<?0�0B<H2%Q5<H_:0B7g8=03.���,�3nbdcA_fQA<H0� <H2A7/0BF?R@0B_18=0B<HF?6A2AKnQ503.���<HIJ*98:03.£<H.P8ª652AQ Q-,;*A03_£rs03<
rs037v,/2A2g8=03D'�^rA.18J,;2AQ�QA0B2�®u8:03_:25QA6A_:IJ*ADU03.1.:03_^F?<H0Mbd03_183{

Y+<?2A03. QA03_ rs037v,/2A298:03.P8=032 ��03.:.1<H2A.P8=_16ADC0B298:0 <H.P8 QA,/. ��<HIJ*A03F?.:>@2uWP®u8=0BFHFH,/_ZW
<H2g8=0B_1bd03_1>@DU0B8:03_3q QA0B.:.1032 �^65bdr-,/6%<?2 �^rAr§{��u{ l/l�.:79<HOBO3<?03_18£<?.18�{� �,/.£DU<?8COBL�03<G®[oA<H0XW
K@0BFH2

M1

6A2AQ
M2

,/6[bdK@03.:,/DUDC0BF?8=0 ��<?IX*g8GLN<?_:Q¯,/6[b�03<H2503D�Ä->/8:>uQA0B8:037g8=>/_�,;D µ�_18�)
O365_�}]298:03_1bd0B_:0B2AOUK@0BrA_=,;IX*g8�{�}]2iQA03_�Y�rs0B2A0C) rA<?FHQA0B2i.1<HIJ*¯}]2g8=0B_1bd03_1032AOB.18:_:03<�bd032§q�QA03_1032
\^>@2g8=_=,;.18 R@>@2£QA0B_x\^>/*-a/_:0B2AO^QA03. ��<?IX*g8:bd03F?QA03.�,/2fQA0B2�µ�_18=0B2£Q503_�rs03<HQ5032�®uoA<H0BK@03Fs,/r[W
*-a/25K/8�{; <?_:QSQA03_+�^rA.18=,/2AQ´QA03_+rs0B<HQA0B2f®uoA<H0BK@03F5<HDUDU03_�LV0B<?8=0B_+0B_:*(6@*g8�q/_:03Q56AO3<?03_18�.1<HIJ*
QA0B_x}]298=0B_1bd0B_:0325O37/>@2g8=_:,/.183{� �,/Q56A_:IJ*ªLN<H_1Q£QA<H0�\^>/_:_:0BF¢,;8:<?>@2A.Pbd6A2A7g8=<?>@2f0B_:.P8=03_Nµ�_:QA296A2AK
6A2AQ�Q5<H0�8=_:,/2A.PR@03_:.:,/FH0©\^>/*-a/_:0B2AO3FHa/2AK/0�QA03.G®u8=0B_:2A0B2AFH<?IJ*98=0B.�K@03DU0B.:.:0B2§{§ �<?0©��0B8:*A>uQA0
<H.P8�7/>@2AOB03o58:<H>@2503FHF¤QA0B_N<?2�\�,/oA<�8=03F§�[{°l5{ l�R@>@_1K@03.P8=0BFHF�8=032���03.1.:6A25KCQA03.N}]2g8=0B_1bd03_1032AOB7/>@2[W
8=_:,/.18:03.�a/*52AFH<?IX*¤{¨ �03_©®uoA<H0BK@03FH,/rA.P8J,/2AQ¯<HD���<?IJ*A03F?.:>@2[W }]298:03_1bd0B_:>@DU0B8:03_�2A<HDUD�8�QA,/rs03<
QA<?0�~N>@F?FH0 QA03.¨_:a/6ADUFH<?IJ*A0B2���03_1.=,;8:O30B.�QA03_�<H2g8=0B_1bd0B_:<H0B_:0B2AQA032�\^>/2AQA0325.=,;8:0�03<H2¤{� ^<H0 ��03.PW
.:652AKªQA0B_G\^>@_1_:0BF¢,;8:<H>/2A.Pbd6A2A7g8=<?>@2�03_:.P8=0B_�µG_1QA2u652AK£LN<?_:Q�<?2�rs03<HQ5032iÄ�a/FHF?0B2�QA65_:IJ*!QA<H0
Y+DCo��-2AQAF?<HIJ*A7/03<�8NQA<?03.103.�®[IJ*A03DC,/.y,/65b�6A2A7/>/298=_1>@FHF?<?03_:rA,/_:0GÄ�F?6A7g8=6-,w8=<H>/2A032�Q503_N_:03FH,;8=<�W
R@032ª)+*-,/.:0�rs03<?QA03_�}]298=0B_1bd0B_:>@DU0B8:03_=,;_:DU0^03_1.:IJ*9LV0B_183{A}]D�Ä�,/FHF-QA0B_���03.1.:6A2AKSDU<?8�TV>@.:0XW
Y+<H2A.P8=0B<H2[W]\^>@2AQA0B2A.=,w8=032�7%6@2A2A0B2�QA<H0B.:0GQ56A_:IJ*�®uIX*gLx,/2A796A25K@032�<?2ªQA0B_y®[IJ*9LV0B_:oA652A798=.PW
rs0BL�03K@652AK�QA0B_�\^>@25QA032A.:,;8=0Urs0BQA<H2AK;8�.:0B<H2§q�rs0B<HD ®u8=0BFHF¢,;_:<?2g8=03_Pbd03_1>@DU0B8:03_�LV0B_:QA0B2�.:<H0
QA6A_1IX* ,w8=DU>@.:oA*Aa/_:<?.:IJ*A0�®u8&6@_16A2AK@0B2§q�.:>@K@0B2-,/25298=0�,w8=*ADU>@.:o5*-a/_:<?.:IJ*A0�®uO3<?298=<?FHF?,;8:<?>/2A032
R@03_16A_:.:,/IJ*98�{¤ �6A_1IX*�QA<H0�,;8=DU>@.1oA*-a/_1<H.:IJ*A0B2!®u8&6@_16A2AK@0B2�rs0MLV03K/8�.1<HIJ*�QA,/.�}]2g8=0B_1bd03_1032AOXW
D©6A.18:03_Bqg.:>�QA,/.:.�03. ,/65b)9¤0B<?8=.17w,/F?032´79F?03<H2503_�,/F?.+QA<?0 9¤0B<?8:7/>@2A.18=,/298:032UQ5<H03.103_�®u8+6@_:6A25K@032
,/6A.1K@03F?03.1032³LV03_1QA032 D©65.:.3{� �,/Q56A_:IJ*ÃLV,/_´QA03_U�^658:O30B2 QA<?03.103.U}]298:03_1bd0B_:>@DU0M8=03_P8 0uos0B.
,/65b�,/6A.1K@03.1oA_:>uIJ*A032�*A0BFHF?0�®u8:03_:250�FH<?DU<�8=<�03_183{

 �,/.�)+_1>@rAFH0BD²QA03_�Y+DUo@�-2AQAF?<HIJ*A7/0B<?8G,/65b�Q5<H0S,;8:DC>@.1oA*-a/_1<H.1IX*A0B2�®u8+6@_:652AK@032!LN6A_ZW



�@� � � ��
 �&� � ���	� � ��
���� 	������� ��+��������&� ev��=

QA0G<H2ª03<?2A03D Ru<?03FHrs03,/IJ*98:0B8=0B2�Y��5os0B_:<?DC0B298�h°�/�5q-�[eBm§R@>@2��^,/29rA6A_�0gWZT�_:>�LN2�6A2AQ�¦¨LN<H.1.
QA6A_1IX*ÃQA<H0ª�+03_1L�032AQA652AK�R@>@2Ã}]2g8=0325.:<?8=a;8=.17/>@_:_103FH,;8=<?>@2A032`K@03F�6@.183{+}]*A_U}]2g8=0B_1bd03_1>@DU0B8=0B_
> �^rAr§{A�[{°l/j ?�rs0B.18J,;2AQ�,/6A.VOBLV0B<�®[6AIJ*A.:IJ*A03<?29L�03_1bd0B_:.:oA<H0BK@03F?2§q5<?2fQA03_1032�TV_:0B2A2AoA652A7g8=032.:<?IX*�Ä->/8=>uQ50B8=0B7g8=>@_1032�rs0Bb¬,/25QA032§{w �<H0 \^>/_:_:0BF¢,;8:<?>@2A0B2

I1·I2
QA03_�K/03DU03.1.:0325032©}]2g8=0325.:<?8=awW

8=0B2£LN6A_1QA032ª03F?037g8=_:>/2A<H.1IX*£rs03.P8=<?DCD�8�6A2AQªQ503_:0B2ª� 1 W ¦ 0B<HF¤,;FH.VÄ-6A2A7g8=<?>@2fQA03.x��r5.18J,;2[W
QA0B.�QA03_�rs0B<HQA0B2� �0M8=0B798:>@_:0B2n,/6A.1K@0BL�03_18:0B83{  �,;. ��<HIJ*g8:bd03F?QiQA0B.�®u8:03_:25.3q¨Q-,;.�DU<?8:*A<?F�b«0
QA0B_�rs03<HQ5032�®[6AIJ*A.1IX*503<H29L�03_1bd0B_:.:oA<H0BK@0BF 6A2g8=0B_:.:65IX*g8�LN<?_:Q§q¤_:03.16AF?8:<H0B_18�,;6A.�QA0B_�¡^rs03_1F¢,wW
K@0B_:6A2AKiQ503. ��<HIJ*98:03.´,/F?FH0B_©Y+FH0BDC0B298J,;_:03DU<�8:8=0B_�QA0B.C®u8=0B_:2A.S6A2AQ³<?.18SQ-,;*A03_S.:IJ*A2A0BFHF?032
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O365Kga/2AK/FH<HIJ*ª<H.183{
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γ
(2)
f (x1, x2, d) =

〈(Î1 − 〈Î1〉T,φ)(Î2 − 〈Î2〉T,φ)〉T,φ
√

〈(Î1 − 〈Î1〉T,φ)2〉T,φ

√

〈(Î2 − 〈Î2〉T,φ)2〉T,φ
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Î1,2 = Î(x1,2, d)

{V �<?0!��<�8:8=0BFH6A25K�LN<H_1Q *A<?03_CcArs03_f03<H2 Y�25.:03D©r5FH0�<HD 8:*A03_ZW
DU<H.:IJ*A0B2 E�F?03<?IX*AK/0BLN<HIJ*g8Urs03<NQA03_U¦�03DUos03_=,w8=6A_

T
6A2AQ cArs0B_f,/F?FH0�)+*-,/.1032

φrel

R@>@_PW
K@0B2A>@DUDC0B2!6A25Q¯Q56A_:IJ* 〈. . .〉T,φ

.�0[D©rs>@F?<H.1<H0B_18�{ � *A2AFH<?IJ*�LN<H0©rs0B<HD�Y��[os03_1<HDU032g8GR@>@2
��,;2urA65_�0gWZTV_1>vLN2 6A2AQ%¦�LN<?.:.£LV0B_:QA0B2 QA<H0���rgLV03<?IJ*u6A2AK/032 R@>@2%QA03_£<HD ��<�8:8:03F^K@0MW
DU03.:.1032A0B2!}]298:032A.1<?8Jaw8�rs0B8:_=,/IJ*98:0B8�{± �<H0�}]298=0B2A.:<�8Ja;8:.:7/>@_1_:0BF¢,;8:<H>@2A.Pbd6A2A7g8=<?>@2

γ
(2)
f

2A<HDUD�8
�03_P8=0^OBLN<?.:IJ*A032 �©e > os0B_1bd037g8:0�\^>@_:_103FH,;8=<?>@2 ?�6A2AQUWJe > os03_Pbd037g8=0��^298:<H7/>@_1_:0BF¢,;8:<H>/2$?t,/2¤{Ä�,/F?FH.

Î1
6A2AQ

Î2
6A2A7/>@_1_:0BFH<H0B_18�.:<H25Q§q-<?.18

γ
(2)
f = 0

{
Y+.�.:>@F?F�O3652-a/IJ*A.18G03_1F¢a/6[8=03_P8^LV0B_:QA0B2§q±LN<H0�QA<H0B.:0�}]298:032A.1<?8Jaw8=.:7/>/_:_:0BF¢,w8=<H>/2A.1bd6A25798:<H>@2

bdcA_�oA*-,/.103254-65798:6A<H0B_:0325QA0fTV>/.:0MW]Y+<H2A.P8=03<?2[WZ\y>@2AQA0B2A.=,;8:0Srs03_:0BIX*52A0B8�L�03_:Q5032�7v,/2A2§{§}]D
9§a/*AF?03_�R@>@2�EGF|{ > �[{°j;=,?�.18:03*g8�QA<?0´\^>vRw,/_:<H,/2AOSQ503_�}]298:032A.1<?8Jaw8=032 Î1 6A25Q Î2 q§<HD��^0B2[W
2A0B_�.P8=0B*A032 �10BLV0B<HF?.�Q5<H0©®u8J,;2AQ-,/_1Q-,/rgLV03<?IX*96A2AK@0B2!QA<H0B.:03_GEG_+6;3/032§{±�^,/IJ*!Q5032i,/65.�QA03_
®u8=,;8=<?.18=<?7Crs037v,/2A298:032�~y0BIX*A0B2A_:0BK@0BFH2 > .1<H0B*A0�O/{°T�{¨h�e��@�vm ?VK@<HF�8

γ
(2)
f (x1, x2, d) =

〈Î1Î2〉T,φ − 〈Î1〉T,φ〈Î2〉T,φ
√

〈(̂I1)2〉T,φ − 〈Î1〉2T,φ

√

〈(̂I2)2〉T,φ − 〈Î2〉2T,φ

. > �[{ �;�,?

TV0B<§��<?818=03F?6A2AK�cArs0B_�,;FHFH0N_:0BF¢,;8:<?R@0B2£)+*-,/.:0B2ª03_:K/<Hr58�.:<HIJ*£2-,;IX*�EGF|{ > �[{kjg�,?�QA,/.�8=_1<?Ru<¢,/F�0Y+_:K@0BrA2A<?.
〈Î1,2〉T,φ =

1

2
n′(x1,2). > �[{ �ue�?

 �<?03.:0B.^Y+_:K@0BrA2A<?.N.:oA<?03K/03F?8�QA<H0�<H2�\�,/o5<?8=0BF��[{ l[{ lSK@0M8=_1>�4¤0B2A0�Ä-03.P8=.P8=03F?FH6A25KSLN<HQA0B_3qAQ-,/.1.
.:<?IX*�rs03<t��<�8:8=0BFH652AKfc5rs03_�,/FHF?0�_103FH,;8=<�R@032�)�*A,/.:0B2¯,;6A.�QA03D²Y+_PLx,/_18:6A2AK@.PLV0B_18GQA03_�}]2[W
8=0B2A.:<�8Ja;8�7/03<?2A0���6A.1.=,/K@0B2icArs0B_G)+*-,/.103254-65798:6-,;8=<?>@2A0B2iK@0MLN<H2A2A0B2!F¢,;.:.:0B2§{¤ �<H0�}]298=0B2[W
.:<�8Ja;8:.:7/>@_1_:0BF¢,;8:<H>/2A032

Î1 · Î2
0B298:*-,/F?8:032SRu<H0B_�Ä-03F?QA>@os0B_=,;8:>@_:0B2§{/}]*A_�Y�25.:03D©rAF?03DU<?818=0BF?LV0B_18

F¢a;.:.18N.1<HIJ*�QA6A_:IJ*��+03_1L�032AQA652AKCR@>@2�E�F�{ > �u{°jgl;?VrAOML�{±E�F�{ > �u{°jg�;?Vrs03_103IJ*A2A0B2��

〈Î1Î2〉 =
1

4

{

[n′′′(x1, x2)]
2

+n′′(x1)n
′(x2) cos[2(αd− β)x1 + φrel]g

(1)(x1 −
d

2
, x1 +

d

2
)

+n′′(x2)n
′(x1) cos[2(αd− β)x2 + φrel]g

(1)(x2 −
d

2
, x2 +

d

2
)

+
1

2
n′′(x1)n

′′(x2)

[

cos[2(αd− β)(x1 − x2)]g
(2)(x1 −

d

2
, x2 +

d

2
, x2 −

d

2
, x1 +

d

2
)

+ cos[2(αd− β)(x1 + x2) + 2φrel]g
(2)(x1 −

d

2
, x2 −

d

2
, x2 +

d

2
, x1 +

d

2
)

]}

> �[{ �/�;?DU<?8

n′′′(x1, x2) =
1

2

[

n(x1 −
d

2
)n(x2 −

d

2
) + n(x1 +

d

2
)n(x2 +

d

2
)

+n(x1 +
d

2
)n(x2 −

d

2
) + n(x1 −

d

2
)n(x2 +

d

2
)

]1/2
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n′(x) = n′′(x) = n′′′(x) = n(x) > .:<H0B*A0�,/6AIJ*!E�F�{ > �[{kj@j,?+?M{� �<H0���<�8:8=0BFH6A25KCcArs0B_�,/F?FH0_:0BF¢,;8:<?R@0B2�)+*-,/.:0B2�03_:K/<Hr58

〈Î1Î2〉T,φ =
1

4

{

[n′′′(x)]2 +
1

2
n′′(x1)n

′′(x2) cos[2(αd− β)(x1 − x2)]

g(2)(x1 −
d

2
, x2 +

d

2
, x2 −

d

2
, x1 +

d

2
)

}

. > �[{ �wj ?

Y+_1Lx,;_18=652AK@.:K/03DCa�3�R@03_1.:IJ*9LN<H2AQ5032fbdc5_ 〈Î1Î2〉T,φ

rs03<�Q503_V��<�8:8:03FH652AK�cArs03_
φrel

<HD�E�0XW
K@0B2A.=,;8:O�OB6 〈̂I1,2〉T,φ

2A<?IX*g8�,;FHF?0y}]298:03_1bd0B_:0B2AOB8:03_:DU0;{- �<?03.VrA_1<H2AK;8VO365D �^6A.:Q5_:6AIJ7�qAQ-,/.1.
,/6A.xQA0B2�}]298:032A.1<?8=a;8=.:7;>@_:_103F¢,w8=<H>/2A032£.103FHr5.18�rs03<¤03<?2A03_x.P8J,/_17U4-6A7g8=65<H03_1032AQ5032�QA65_:IJ*�Q-,/.
}]298:03_Pbd03_:>/DC0M8=03_©,;65bdK@0BoA_=a/K;8=032p)+*-,;.:0£QA<H0f)+*-,/.1032A7/>/_:_:0BF¢,;8:<H>@25032n0M�u8=_:,/*A<?03_P8�LV0B_:QA0B2
7�6@2A25032§{5 �6A_1IJ*�Y+<H25.:0B8:O30B2ª<H2£EGF|{ > �u{ �/�;?+03_:*Aa/F?8�DC,/2UbdcA_�QA<?0^25>@_:DU<H0B_18=0N}]298:032A.1<?8=a;8=.ZW7/>@_1_:03FH,;8=<?>@2A.Pbd6A2A7g8=<?>@2

γ
(2)
f (x1, x2, d) = cos[2(αd− β)(x1 − x2)]g

(2)(x1 −
d

2
, x2 +

d

2
, x2 −

d

2
, x1 +

d

2
)

= cos[2(αd− β)(x1 − x2)] exp

[

− 1

2lφ
f (2)(x1 −

d

2
, x2 +

d

2
, x2 −

d

2
, x1 +

d

2
)

]
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2u652AK@0B2´Q5<H0 ��03_PLV032AQ56A2AKGR@>@2

π/2
WZ)+6AF?.:0B2§q/,/F?.:>�03<?2A03_�TV_=,/K/K;WZT�036AK@652AK@.:0 �UO3<H0B2AOVR@>/2
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032g8=.1oA_:0BIX*A0B2AQA0�,w�[<¢,;FH0�Ä�,/FHF?0B25bd_:0 8 65032AO�rs0B8:_=a/K;8 ωx = 2π× 3.38

�yO/qAQ5<H0�_=,/QA<H,/F?0�Ä-_:0MW
8 6A0325O�LN6A_:Q50�OMLN<H.:IJ*A0B2 ωρ = 2π × 300

�^O�652AQ
ωρ = 2π × 380

�^O�K/0BLxa;*AF?83{- �6A_1IX*
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2π
R@0B_1b¬,/*5_:032fLN<?_:Q§{

 �,/Q56A_:IJ*�LN<?_:Q�.:<HIJ*A0B_:K@0B.18=0BFHF�8�q-Q-,/.1.^QA<H0�K@F?>@r-,/F?0�)+*-,/.10
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,/FHF?0��0B_18:0�DC<�8NK@FH0B<HIJ*A0B_
�,/*A_1.:IJ*A03<?2AFH<?IX*57/03<?8U,/2A2A<?DCD�83{t �<H0�0M�[os0B_:<HDU032g8=0BFHF?0�TV0B.18=<?DCD©652AKiQA03_U2A>/_:DU<H03_P8=0B2
}]298:032A.1<?8=a;8=.17/>@_:_103F¢,w8=<H>/2A.1bd6A25798:<H>@2f03_Pbd>@FHK;8�,;2A*-,/2AQ£R@>@2�E�F�{ > �[{kj,=,?X{(9¤6A2-a/IJ*A.P8�LV0B_:QA0B2QA<?0�Y+2A.103D©rAF?03DU<?8:8:03F�LV03_P8=0 〈I(x)〉T,φ

Q56A_:IJ* ��<?818=0BFH6A2AK!,/FHF?03_�<?2p03<H2503_U®[0B_:<?0�,/65bdK@0XW
2A>@DUDU032A0B2�}]298=0B_1bd0B_:0B2AO3D©6A.P8=03_

I(x)
rs0B.18=<?DCD�83{ �y<H0B_=,/6A.�0B_:K@<?r58 .1<HIJ*

I(x)−〈Î(x)〉T,φbdcA_��10BQA0S~y03,/FH<?.:<?03_16A2AKAq�.1>ªQ-,/.1.
γ(2) 2A,/IX*¯EGF|{ > �u{°j,=;?yrs0B_:0BIX*A250B8GLV03_1QA032i7w,;2A2§{§¥yDQA<?0��^2-,/F50[.10�O36�R@03_:0B<H25b¬,;IX*5032§q±L�03_:Q5032iQ5<H0�}]298:032A.1<?8Jaw8=.:7/>/_:_:0BF¢,;8:<H>@25032�,/2�.�0uDCDU0B8:_:<�W

.:IJ*A0B2 ) >@.1<?8=<?>@2A0B2³rs0BO3c5K@FH<?IX*`QA03. 9¤0B298:_:6ADU.´QA0B.U}]298:03_1bd0B_:0B2AO3D©6A.P8=0B_:.f,/6A.:K/0BLV0B_18:0B8�q
.:>iQ-,;.:.

x1 = −x2 = s/2
{+ �,;2A2³7v,/2A2

γ(2)(s, d) ≡ γ(2)(−s/2, s/2, d) bdcA_S0B<H25032K@0BK@03rs0B2A032���03_1.=,;8:O
d
,/F?.NÄ-6A2A7g8=<?>@2�QA0B.y��rA.P8J,/25QA03.

s
,;6A.:K@0BQA_:c5IX7g8yLV03_1QA032¤{

¦ 0[o5<H.:IJ*A0f.:>�K@03DU03.1.:0B2A0£}]2g8=0B2A.:<�8Ja;8:.:7/>@_1_:03FH,;8=<?>@2A.Pbd6A2A7g8=<?>@2A0B2�.:<?2AQ�<?2��^rAr§{��[{°l@�
6A2AQf�[{°lg��K/03OB03<HK;8�{ 9¤6A_ 8 6-,;298=<�8J,;8:<?R@0B2´��2A,/F�0u.:0�L�03_:Q5032CQA<H0xK@03DU03.1.:0325032£\G6A_PR@032UDC<�8QA0B_�8:*A03>@_10B8:<H.:IJ*A0B2£Ä-6A25798:<H>@2CEGF|{ > �u{ �@��?�K@0`�A818=0M8�{9 �03_�Ä <?8+032g8=*-a;F?8�2u6A_�OMLV03<-bd_:0B<H0N)�,wW_=,;DC0M8=03_ �- �<?0�Ä-_:0 8 6A0325O�QA0B.^\^>@.1<H296A.N6A25Q�QA<?0�)+*-,/.:0B2A7/>@*Aa/_:0B2AO3F¢a/25K@0 lφ {� �<?0�0X�[O303F�WFH0B298:0�¡yrs03_:0B<H25.18=<?DCD©6A25K©QA03_�K/03DU03.1.:0325032� �,;8:032�DC<�8xQ503_�03_PLx,/_P8=0B8:032�bd6A25798:<H>@2A,/FH0B2
Ä->@_1D <?.18+<?2´,/F?FH0B2SÄta/F?F?032©.1<HIJ*98:r-,/_3{/}]25.:rs03.1>@2AQA03_10NbdcA_tK@_+6�3@03_1032©��03_1.=,;8:O > d > 20µ

D ?
<H.P8NQ503_yÄ-6A25798:<H>@25.1R@0B_:F¢,;65b 03<?2A03.�K@03QAa/DCo[b«8=032�\^>/.:<H296A.�03_17/032A29r-,/_B{s �<?0G<H2ª��rAr¤{s�[{°l@�
Q-,/_1K@03.P8=0BFHF?8:032ª\G6A_1R@0B2ªLN6A_1QA032�DC<�8V2-,;*A03OB6�<?QA032g8=<?.:IJ*A032ª¦�03<?FHIJ*A032AO3,/*AF?032§q[¦ 0BDCos0B_=,wW
8=65_:032�652AQ�Ä�,/FHF?0B25bd_:0 8 65032AOB032�,/65bdK@0B2A>@DUDC0B2§q5.1>UQ-,/.1.yQ5<H0G�^rArA<?FHQA6A25K´0X�[03DUoAF¢,;_:<H.1IX*Q-,/.���03_1*-,/F�8=032SQA0B_+}]298:032A.1<?8=a;8=.17/>@_:_103F¢,w8=<H>/2A.1bd6A25798:<H>/2©<H2©��rA*-a;2AK@<?K@7/03<�8tQA03.t��0B_:.=,;8:O30B.
d
OB03<?K/8�{[Y+_1LV,/_18:6A2AK@.1K@03DCa�3�b¬,/FHF?032CQ5<H0�\G6A_1R@0B2ªDC<�8�.P8=0B<HK@0B2AQA03D���0B_:.=,w8=O

d
.:IJ*A2A0BFHF?03_

,/r§q¤Q§{k*§{§QA<H0SÄ-_:0 8 65032AO´QA03_�µ�.:OB<HFHFH,;8:<?>/2�2A<?DCD�8�O36¤{¨TV0B< d = 23.5µ
D�<H.P8G03<H25QA03658:<HK

03<?2���<H25<HD©6AD�.:<?IJ*98=rA,/_3q[QA65_:IJ*�QA0B.:.1032�) >@.1<?8:<H>@2fQ5<H0�Ä-_10 8 6A0325OGQA03.�\^>@.:<?2u6A.P8=0B_:DU.V<H2EGF|{ > �u{ �@��? QA0`�A2A<H0B_18�<H.P8�{/}]2´��rAr§{9�[{°lg�^LN6A_:Q5032Crs0B<5bd03.18:03D��+03_:.:,;8=O
d
Q5<H0x0M�[os03_1<HDU032[W

8=0BFHF?032p)�,;_=,/DU0B8:03_�R;,/_1<H<?03_183{  �<?0£Q-,/_1K@03.P8=0BFHF?8:032p\G6A_PR@032`6A2g8=03_1.:IJ*A03<?QA0B2³.:<HIJ*p*-,;6Ao581W
.=a;IX*AF?<HIJ*�QA65_:IJ*!Q5<H0��^2AO�,;*AF QA0B_�7/>@2AQ5032A.1<H0B_18=0B2!��8:>@DU0 �

4.4 × 104(•) q 2.9 × 105( � ),/2AQ
5.0×105(2)

{���6AIJ*�*A<H0B_¨<H.P8 ,/6(3/03_�bdcA_¨QA<H0�79F?03<?2A.18:0 �x8=>/DCO3,/*AF@7uFH,/_�03<H2���<H2A<?DS65D
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3 × 105 ~ T = 175
�Nb ~ ωx = 2π × 3.38 � =w#4��8
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03_17/032A29r-,/_Bq9Q-,;.�0B<H2AQA0B658=<?KGQA<H0�Ä-_:0 8 65032AOyQ503. \^>@.1<H2u65.18=0B_:DU.tbd03.P8=FH0BK/83{g �<?0N �a/DUo5bd6A2AKQA<?03.:0B_�µG.1O3<?FHFH,;8:<?>@2�FH<?0Bbd03_P8GQA<H0´)+*-,/.1032A7/>/*-a/_:0B2AO3F¢a;2AK@0/{� <?0´2A,/IJ*nEGF|{ > l[{?e��,?�03_PLx,/_ZW8=0M8�q/2A<?DCD�8 QA<?0� �a;DCo5bd652AKGDU<?8�.1<H2A7/0B2AQA0BD
N0

O36¤{g �,�bdcA_tQ5<H0x79F?03<?2A.18:0x¦ 0B<HF?IX*5032AO3,/*AF
7/03<?2A0�µ�.:OB<HF?F¢,w8=<�>@2£DC0B*A_�.1<HIJ*98=rA,/_�<H.183qAFHa/.:.P8N.:<?IX*�,/65b 03<?2A0G.:<HK/2A<	�-7v,/298:0���0B_:_:<?2AK@0B_:6A25K
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��0B.:.:.103_:<H0�6A25Q�<?.18N<H2��^rAr§{s�[{°l@�S0M�[0BDCo5F¢,/_1<H.:IJ*�03<?2AK@03OB03<?IX*52A0B83{

}]2³QA<H0�TV03_103IJ*A2u652AK�QA03_S8=*A0B>@_:0M8=<H.1IX*³03_1LV,/_18:0B8=0B2 )+*-,/.1032A7/>/*-a/_:0B2AO3F¢a;2AK@0�K@03*A0B2
QA<?0�¥y2A.:<?IX*A0B_:*A0B<?8:032�<H2�QA0B_^TV0B.18=<?DUDS652AK´Q503_y_103F?0BR;,;298=0B2�0M�[os03_1<HDU032g8=0BFHFH0B2�)�,/_=,/DU0MW
8=0B_3q@Q§{k*§{@¦ 0B<HF?IX*5032AO3,/*AF�q@¦�03DUos03_:,;8=6A_+6A2AQUÄ�,/FHF?0B25bd_:0 8 65032AOB032§qg0B<H2§{@ �<?0�.�0u.18:03DC,;8=<?.:IJ*A0¥^25.:<HIJ*A0B_:*A0B<?8x0B_:K@<?r58V.:<?IX*£Q503DU2-,/IJ*�,;6A.VQA03_xÄ->@_P8=o54�,;2AO36A25K©QA03_xÄ-03*5FH0B_VQA<?03.103_x)�,/_:,wW
DU0B8=0B_Nrs0B<�QA03_yTV0B_:03IJ*A296A2AKCR@>/2

Lφ
{- �032�K/_+6;3/8:032�TV03<�8=_:,/K´F?<H0Mbd03_18�Q5<H0�¥^2A.1<HIJ*A0B_:*A0B<?8

<H2SQA0B_�¦�03<?FHIJ*A032AO3,/*AF?rs03.P8=<HDUD©6A2AKA{/ ^<H03.10y¥^2A.1<HIJ*A0B_:*A0B<?8 7v,/2A2UOB6AD�0B<H2A0B2C,/6A.+QA03_�¥^2[W
.:<?IX*503_:*503<�8^Q503_^ �0M8=0B798:<H>@25.:F¢,;.:03_1o-,/_:,/DC0M8=0B_3q-<H2A.1rs03.1>@2AQA0B_:0�QA0B_^Ä-_:0 8 65032AO�6A25Q�}]298=0B2[W.:<�8Ja;83q�652AQ�OB6AD�,/2AQ503_:0B2�QA6A_1IX*¯��03_1K@FH0B<HIJ*¯QA0B.�K@03DU0B.:.:0B2A032n�^298:03<?FH.�7/>/2AQA0325.:<H0B_18:03_
�x8=>@DU0SDC<�8GQA0BD�8:*A03>/_:0B8:<H.1IX*¯rs037w,;2A298:032���0B_:F¢,;65b > .:<?03*A0´�^rAr§{��[{°l,?�03_:DU<�8:8=0BF?8�LV0B_PWQA0B2§{�TV0B<HQA0´��0B8=*5>uQA032iFH<H0Mbd03_12�bdcA_�QA<?0©*5<H03_^R@>@_1K@03.P8=0BFHF?8:032¯��03.:.16A2AK@0B2�03<?2A0©_:0BF¢,w8=<?R@0
¥^25.:<HIJ*A0B_:*A0B<?8�R@>@2�l@� � {¨ ^<H0C��0B.:.:652AK�QA0B_�Ä�,/F?F?0325bd_10 8 6A0B2AO30B2�<?.18�.:03*5_�o5_=a/OB<H.:0´6A2AQFH<?0Bbd0B_18�¥y2A.:<?IX*503_:*503<?8:032S<?D�)+_1>@DU<HF?F?0XWZT�03_:0B<HIJ* > .1<H0B*A0x\�,/oA<�8=03F[�[{�e@{°l,?MqwQ5<H0�<HD ��03_1K@FH0B<HIJ*O36�QA0B2�c5rA_:<?K@032�Ä-03*5FH03_ 8 6A03F?FH0B2iR@03_:2A,/IJ*AF¢a/.1.:<?K@r-,/_�.:<?2AQ§{�}]D�E�0BK@032A.:,;8=OUOB6A_�,w�[<¢,;FH032
Ä�,/F?FH0B25bd_:0 8 6A0325O�*-a/25K/8VQA<H0^_:,/QA<H,/F?0^Ä�,/F?F?0325bd_10 8 6A0325O��10BQA>uIX*fR@>@D�Ä�,/FHF?0B2urs>uQA0B2

B0

,/r§{
 �,/*503_�<?.18�QA<H0C¥^2A.1<HIJ*A0B_:*A0B<?8�QA03_�_=,/Q5<¢,/F?032�Ä-_:0 8 65032AO£25<HIJ*98�QA6A_:IJ*nQA<H0fEG032-,/65<HK@7/0B<?8QA0B_£O36AK/03*(6@_1<HK@0B2 Y+<?IX*ADU03.1.:6A25K`rs0B.18=<?DCD�83q .1>@2AQA0B_:2 QA65_:IJ* QA<?0!E�0B2-,/6A<?K@7/0B<?8�q�DC<�8
QA0B_ªQA0B_�Ä�,;FHF?0329rs>uQA032 7/>@2g8=_1>@FHF?<?03_P8CLV0B_:QA0B2 7w,/252§{� �,/_=,/65.ª0B_:K@<?r58£.:<?IX*%0B<H2A0�>/rs03_:0
��r5.:IJ*-a;8=OB6A2AKpR@>/2

∆ωρ = 2π × 20
�^O/{x® 0u.18=0BDC,;8=<?.:IJ*A0!Ä-03*AF?03_C<H2 QA0B_£¦�03DUos03_:,wW

8=65_:rs03.P8=<?DCD©6A2AK�0B_:K@0Brs032ª.1<HIJ*£QA6A_1IX*ª¥^2A.1<HIJ*A0B_:*A0B<?8=0B2ª<?2fQA03_x��,�3@.P8J,/rA.1rs03.18:<HDUD©6A2AK
6A2AQ¯QA0B_�_:,/QA<¢,;FH0B2iÄ�,/FHF?032[bd_:0 8 6A0B2AO > .:<H0B*A0CE�F�{ > �u{?e�j,?+?M{§ �<H0´¥^2A.1<HIJ*A0B_:*A0B<?8=0B2�<HD²��r[W
rA<?FHQA6A25K@.:DC,�3@.P8J,/rUF?<H0BK@032¤qgLN<?0^<?2f\�,/oA<?8:03Fs�[{�e@{ ��0B_:F¢a;658=0B_18�qg<HD�)+_1>@DU<HF?F?0XWZT�03_:0B<HIJ*U6A2AQ
.:<?2AQSQ-,/*A0B_tR@03_12-,/IJ*AF¢a;.:.:<?K@r-,/_B{@ �,GQA<?0VR@03_PLV0B2AQA0B8=0^Ä�,;FHF?O30B<?8 03<H2©��<H0BF?b¬,/IJ*A0B.tQA03_+<?29R@0B_PW
.:0B2�_:,/QA<¢,;FH0B2iÄ�,/F?FH0B25bd_:0 8 6A0325O´rs0B8:_=a/K;8�q¤8 0[o5<H.:IJ*A0B_1LV0B<H.10 t ≈ 70/ωρ

q§<H.18GQA03_�Y�<?254-6A.1.
QA0B_�¥y2A.:<?IJ*A03_1*A03<�8ªQA03_£_:,/QA<¢,;FH0B2 Äs,;FHF?0B25bd_:0 8 65032AO!,/6[b�QA<?0�¦�0BDCos0B_=,;8:6A_:rs0B.18=<?DCD©652AK03rs0B25b¬,/F?FH.GR@03_:2A,/IJ*AF¢a/.1.:<?K@r-,/_B{¨��6A.�QA0B_�Ä-03*AF?03_Pbd>@_18:o54�,/2AOB6A2AK�QA0B_�_:0BFH0BRw,/298:032nTV0B<?8=_:awW
K@0G03_:K/<Hr58N.1<HIJ*�,/F?.���rA.1IJ*-a;8=OB6A2AKUbdcA_NQ5<H0G_:0BF¢,;8:<?R@0�.�0u.18:03DC,;8=<?.:IJ*A0�¥^25.:<HIJ*A0B_:*A0B<?8y2A,/IX*
EGF|{ > l5{?e��,?

∆Lφ

Lφ

≈ 3

5

∆N0

N0

+
4

5

∆ωρ

ωρ

≈ 23%. > �[{ �@�;?
 �,´.1<HIJ*�QA<H0�}]298:032A.1<?8Jaw8=.:7/>/_:_:0BF¢,w8=<H>/2A.1bd6A25798:<H>@25032�,/65b 0B<H2A0B_ �¨a/2AK@0B2A.:7v,/F¢,Sa/2AQA0B_:2§q
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QA<?0VQ503658:FH<?IX*�K@_�6;3@03_�,;FH. QA<?0�>@o58=<?.:IJ*A0V��6[4 6@.:652AKG<H.P8�qw<?.18�Q-,/.�0B2AQAFH<?IX*50V�^654 6@.16A2AK@.PR@03_PW
D 6@K@0B2�Q503_N��r5rA<HF?QA6A2AK@.1>@o58:<H7C7/03<?2A0GLV0B.:032g8=F?<HIJ*A0�Ä-0B*AFH0B_ 8 6A0BFHFH0�rs03<�QA<?03.:0B_^��03.1.:6A2AK5{T�03<+QA0B_�T�03_:0BIJ*A2u6A25K�R@>@2�E�F�{ > �u{ �@��?^LN6A_1QA0C,/2AK/032A>@DUDU032§q¤Q-,/.:.�QA<H0Uµ�.:OB<HF?F¢,w8=< W>@2A.Pbd_:0 8 65032AO (αd − β)/π

7/>@2A.P8J,/2g8ULxa;*A_:0B2AQ 0B<H2A0B_C��03.1.:.:03_1<H0�<H.183{+Y�<?2A0�D 6@K@F?<?IJ*A0
Ä-03*5FH03_ 8 6A03F?FH0Srs0B<�QA0B_���0B.:.16A2AK�QA03_�)+*-,/.1032A7/>@*Aa/_:0B2AO3F¢a/25K@0U.:<H25Q�®[IX*gLx,/257u652AK@032�<H2QA<?03.:0B_NÄ-_10 8 6A0325O/q-Q5<H0�rs0B<H.1oA<H0BFH.1L�03<H.10G,/6A.y®uIX*gLx,/257u652AK@032�QA0B_�¦�03<?FHIJ*A0B2AO�,/*5F§6A25Q�Q-,wWDU<?8 � 2AQA0B_:6A2AK/032`Q503_�DU0�,/2[W9�-03F?Q[W]�^rA.18:>;3@6A25K�_103.:65F?8=<?03_1032n7�6/2A2A0B2§{�}]2pQ5<H0B.:03D(Ä�,/F?F
LNcA_1QA032n.:0BFHr5.18�<H2¯��r9L�03.1032A*A03<?8�R@>@2n)+*-,/.:0B254-6A7g8=6-,w8=<?>@2A032n}]2g8=03_Pbd03_1032AOBD©6A.18=0B_�DC<�8
0B8]Lx,;.x6A2g8=0B_:.:IJ*A<?03QAF?<HIJ*A0B_�®u8:_:03<�bd0325o±0B_:<?>uQA0^OB6£03<H2503_x��0B.:.:.103_:<H0�rs03<?8:_=,/K/032§{9��F?.V~y0B.:6AF�W
8J,w8yLxa/_10�QA03_�\^>/298=_:,/.18^Q503_�µ�.:OB<HF?F¢,;8:<?>/2�Q503_^}]2g8=0325.:<?8=a;8=.17/>@_:_103FH,;8=<?>@2A.1bd652A7g8=<H>/2�_:03Q56[W
O3<?03_P8�6A2AQ¯QA<H0´)�*A,/.:0B2A7/>@*-a/_1032AO3FHa/2AK/0ULNcA_1QA0U.�0u.18=0BDC,;8=<?.:IJ*�65298=0B_:.1IX*Aa;8=OM8�{ ¥yD�03<H250
>@rs0B_:0��^rA.:IJ*-aw8=O3652AKSbdcA_VQ5<H0B.:032ªY"4±037g8�OB6ª03_1*-,/F?8:032§q9LN6A_1QA032ªQA<H0�®[IJ*9LV,/2A796A2AK@0B2�<HD
®u8:_:03<�bd032-,;rA.18=,/2AQ�0M�[os0B_:<HDU032g8=0BFHF9K@0BDC0B.:.:0B2§{/ �0B_�K@0BDC0B.:.:0B2A0N®98=_:0B<?bd0B2-,/rA.P8J,/25Q�Rw,/_:<?<H0B_18
.:>�LV>@*5F�QA6A_1IX*i)+*-,;.:032[4-6A7g8=6-,;8:<H>@25032¯,;FH.�,/6AIJ*!Q56A_:IJ*!D 6/K@FH<�IJ*A0©®[IJ*gLx,/2A796A2AK/032¯QA0B.
DU0�,/2[W9�-0BFHQ´¦�03_:DU.3{9 �,�Q503_�Y+<?254-6A.1.�Q503_�)+*-,/.103254A6A798:6-,;8=<?>@2A0B2f6ADU.:>�K@0B_:<?2AK@0B_+LN<?_:Q§q
QA0B.18=>ÃK@_�6;3@0B_�QA<H0¯)+*-,;.:03257/>@*-a/_1032AO3FHa/2AK@0¯QA03_�\y>@2AQA0B2A.=,;8:0�<?.18�qVLN6A_:Q50�O36 QA<?03.103D
9±LV0BIX7�0B<H2A0ª��03.1.:.:03_1<H0ªDC<�8�.:0B*A_S7w,/F�8=0B2p6A2AQpK@_:>;3/032`\^>/2AQA0325.=,;8:032Ã,;65bdK@0B2A>@DUDC0B2
> Lφ = 122µ

D ?M{� �<H0�QA>/_18^K@0BDC0B.:.1032A0B2¯®[IJ*9LV,/2A796A2AK@0B2!<H2�QA03_�®98=_:0B<?bd0B2Aos03_1<H>uQA0�r5<HF�W
QA0B2`03<?2A0£>/rs03_:0£��r5.:IJ*-a;8=OB6A2AK!bdcA_©QA<?0£¥^2A.1<HIJ*A03_1*A03<�8S<H2nQA0B_©DC03,/2[W �A03F?Qnrs03Q5<H2AK/8:032
)+*-,/.10/{� �0B_UY+<H2[4-6A.:.SQA<H0B.:03_U®[IJ*gLx,/2A796A2AK/032 ,;65b^QA<?0ªK/03DU03.1.:03250�}]298:032A.1<?8=a;8=.17/>@_:_10MW
F¢,w8=<?>@2A.Pbd6A2A7g8=<?>@2`7w,/252 2u6ADU0B_:<H.1IX*Ãrs0B_:03IJ*A250B8fLV0B_:QA0B2§q�<?2AQA0BD EGF|{ > �u{ �@��?©cArs03_UQA<H0032g8=.1oA_:0BIX*A0B2AQA0���03_P8=03<?FH6A25K³Q503_�\^>/.:<H296A.ZWZÄ-_:0 8 65032AOB032 <H2g8=0BK@_:<?03_18£LN<H_1Q§{��^rArA<?FHQA6A25K�[{kjg��R@0B_:K/FH03<?IX*g8�Q5<H0�}]2g8=0325.:<?8=a;8=.17/>@_:_103FH,;8=<?>@2A.Pbd6A2A7g8=<?>@2A032SDU<?8t6A2AQU>/*A2A0yTV0B_:cAIJ79.:<?IX*g8=<�W
K@6A25KSQA0B_xDf,v�5<?DC,/F�032ª®[IJ*9LV,/2A796A2AK@0B2§{� �6A_1IX*ª��2@�A818=0B2ªR@>@2�EGF|{ > �[{ �@�;? ,/2ªQA<?0�cArs03_QA<?0���0B_18=0B<HF?6A2AK�QA0B_ª\^>@.1<H296A.PW]Ä�_10 8 6A0B2AO30B2 <H2g8=03K/_:<H0B_18:032 Ä-6A2A7g8=<?>@2 7w,/2A2%QA0B_£DC,w�[<�WDC,/FH0�,/6A.�QA<H0B.:0B_yÄ-03*5FH0B_ 8 6A03F?FH0�_103.:65F?8=<?03_1032AQA0�Ä-03*AF?03_ ∆Lφ

,/rAK@0B.:IJ*-a;8:OB8NLV03_1QA032¤{sÄ�cA_
QA<?0GQA_:0B<¨ �,w8=0325oA6A2A7g8=0�<H2ª��rAr§{��[{ l/�5q5bdc5_�QA<H0GQ503_N.P8J,;8:<H.18:<H.1IX*A0�Ä-0B*AFH0B_�03<?2AK@0BO30B<HIJ*A2A0B8
<H.P8�q§K@<?F?8��

Lφ = 45µ
D�q

d = 46µ
D�q

∆Lφ/Lφ = 15.6%
�
Lφ = 25µ

D�q
d = 23µ

D�q
∆Lφ/Lφ = 16.2%

652AQ
Lφ = 16µ

D�q
d = 35µ

D�q
∆Lφ/Lφ = 4.0%

{V¥^D Q5032
Y+<H254A6A.:.�Q503.���0B_:.=,w8=O30B.�QA0B658=F?<HIJ*�OB6�DC,/IJ*A032¤q¨.:0B< 03_PLxa/*A2g8�q¨Q-,/.:.�bdcA_

Lφ = 25µ
D�q

d = 46µ
D QA0B_�DC,w�[<HDC,/F�0´Ä-03*AF?03_�296A_

∆Lφ/Lφ = 6.6%
rs0B8:_=a/K;8�{� �<?03.10fTV0B8:_=,/IJ*[W

8=652AK£OB03<?K/8�q�Q-,/.1.�Q5<H03.10©Ä-0B*AFH0B_ 8 6A03F?FH0�6ADU.:>fK/_+6;3@0B_yLN<?_:Q§q�QA03.P8=>£79FH03<?2A03_yQA03_y��03_1.=,;8:O
d
<?D'��0B_:*-a;F?8=25<H.^OB6A_�)+*-,/.:0B2A7/>@*-a;_:0325O3F¢a/2AK/0©<H.183{± �<H0B.�<H.P8�<?298:6A<?8:<�RªR@0B_:.18=a/2AQAF?<HIJ*§qsQ-,

bdcA_
d � Lφ

QA03_�Y+<H2[4-6A.:.ªQA03_�)+*-,/.:0B254-65798=6A,;8=<?>@2A032 ,/65b�Q-,/.ª}]298:03_1bd0B_:0B2AO3D©6A.P8=0B_
K@0B_:<H25K�<?.18�{� �,/*A0B_�.:>@F?F?8=0�bdcA_�QA<H0C��03.:.16A2AK�Q503_�\^>@*Aa/_:0B2AO3FHa/2AK@0S03<H2i��0B_:.:,;8=OU<H2iQA03_
EG_+6;3@0B2A>@_1QA2u6A25KUQA0B.y03_PLx,/_P8=0B8:032

Lφ

K@0MLxa/*5F?8�LV03_1QA032¤{

� ����� � � � � � � � �� ��
 � � � ���

TV0B<NQA0B_C,/2-,/F5098=<H.1IX*5032ÃTV03_103IJ*A2u652AKnQ503_U}]2g8=0325.:<?8=a;8=.17/>@_:_103FH,;8=<?>@2A032pLN6A_1QA0�QA<?0�Y+298PW
LN<HIJ79FH652AKyQA03_�)�*A,/.:0B254-6A7g8=6-,;8:<H>@25032�Lxa;*A_:0B2AQ�QA0B_�r-,/F?FH<�.18=<?.1IX*5032�Y��[o-,/2A.1<H>@2�R@0B_:2-,;IX*uW
F¢a;.:.:<?K/8�{5 �<?03.:0�Y+298]LN<HIJ79FH652AK´bdc5*A_18NO36�0B<H2A0B_��+03_=a;2AQA03_16A2AKUQA03_N65_:.:o5_:cA2AK/FH<HIJ*A0B2�)+*-,wW



e�jg� ����� ����� � ����
 �:� �.������
 ���� � �����%��������� !"�$#%��&�(')��*�
+�,#-
��.�/�����

0 50 100 150

0.0

0.5

1.0

γ f(2
)
(s

,d
=

46
µm

)

s [µm]

���������	��
��� �_��� �"� �$�+� ,.-4OHL = #&�45 82'+� � �	� � #&�>� '.�}k`?:� �@,.-2z F:�3�x#&�452'.�n��� 8&'.)}%('1F:�3M
� '.Id8Y�1'18:���&5HL['.�{]_)1'��*#3'.�4=E82'*) �+�\L['.)�e�'.)1'.�4=*�.L�)1'.� e�'.�@S �A�Z'w8:#4);,.-<52'>=�?>52'*�@' by#4)+k<'wz|#&);82'y��F ,.-
PRITSv6 �2S ���.C ?<-&�@'0/ '.).jN,*���.��,*-&L��r5H#4�&5 '.k<'*�\L�#�'*I	IT'.) �@,*-2z F:���x#4�&52'*���>'.)>';,.-&�@'*L ~ 8:�Z'052'+�*L�)+�Z,.-N'*I M
L['RbA#4).k<'^�*,.-NOHL = L�8&'.�G% F�q:��% F:IT'.� � �	� �v#&�>�R� ?:Ir,*-N'.) �@,.-2z FH���x#4�&52'.�{F2��S � )+z FH).L�#4�&5<�;52'.% O �
z|��);8 82F<� �{���3��%E#&% 8&'.)Eg �;= �	I	IdFHL��Z?:��'*L�z F:� FH#2�;52'.z F<� ,.-N'*�@S �A�Z'0=*# PR)+#4��82' IK�Z'B52'*��82'.� tQF:M
);F:%('*L['*) �+����8

Lφ = 45 µ
% ~ d = 46 µ

%(S

.:0B29R@0B_18=0B<HF?6A2AK�6A2AQ�O36AD�Y+2g8=.18:03*A0B2�R@>@2� �<HIJ*98:03DU>uQA6AFH,;8=<?>@25032§{�TV0B_:0B<?8=.�<H2�\�,/oA<�8=0BF
�[{°l5{ �VLN6A_1QA0�K@03OB03<?K/8�q3Q-,/.:.¨Q5<H0 � 2AQA0B_:6A2AKyQA0B_�)+*-,/.1032gR@03_18:03<HF?6A2AK�bdcA_�QA<H0�R@03_PLV0B2AQA0B8=032
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QA<?0U��03_PLV032AQ56A2AK!R@>/2`E�F�{ > �[{ �@��?GbdcA_�QA<H0fT�03.18:<HDUD©6A2AK�QA0B_©)+*-,/.:0B2A7/>@_1_:03FH,;8=<?>@2A.103<�WK@0B2A.:IJ*-,;b«8:032§{� �<H0©K@0B_:<?2AK/bdcAK@<?K@0B2!¥^2g8=0B_:.:IJ*A<?03QA0´QA0B_�®[<?D©6AF¢,w8=<�>@2�6A2AQiQ503_GK@0x�A8:8:0B8:032
Ä-6A2A7g8:<H>@2�bdcA_

s < L
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g(2)(−s−d
2 , s+d

2 , s−d
2 , −s+d

2 ) ~ 8:�B'uF:I �
52'+�*L�)+�Z,.-N'*IKL['A�����3�Z'w'.���&52'1=`'.�Z,.-2�@'*L � �*L[S �A�Z' ]�'+-2IT'.)��;FHI �H'.� =x'*�r52'*� 8:�B' �*LBFHL�� �*L�� � ,.-N' ���3�+��,*-N'.).M
-N'.��Lw82'.) �7'+�>�.zv'.)*L[' ~ 8:�B' ';q+o3'.).�	%('.��L['.I	IT'.� tQF:)1F:%('*L['.)s�+����8

N0 = 5.0 × 105 ~ T = 216�4b ~ ωx = 2π × 3.38 � = ~ ωρ = 2π × 300 � =G#4��8
d = 35 µ
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=*#

Lφ = 40 µ
% 52'+- �:)1'.��82'*� bA#4).k<'EF:#&� � ����S �&STV � = #�PR).#4��82'�S
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�������D(%2�� ���S�����oP%��&'� /��^��e��*����L�MW�,�m?Z�;�)�3/���=�5B6;=���>s&'�,�3��� �`} Q �3/�>A(*��>�� Q �3/��3�,576�� �`� /K�
-C��/�&�� /K�.��� 6�/g�32,����>%�,�3/��)�@u�(*2,2�� �'4F�%�)�3��T �,(%2��%z�����&D(%���.���,576�6���� /K-dc�/e&����V(�i!�,(%2�&�� f%�%Eg�
4�/��,E.��� /����@j+(%>%���3��-�(%2,2�� ��f%�%�'�D>�=�/�(*�)�����a� ��>������tL�MN(9����� Q � ������&��3/��@-dc�/h>�� /��,��>%�{��� �,2��
576�� �'Tt(%6�2�� �a&D(%�]f;�,���3Eo(��)�,��5B6��3�,��&���E`�3���������D(*2��g�X� >���E`�e� /�/��3�,576;�]:��3/�&��3�sf�(%�'�dz������
&D(%��&'� ='��2,�,576p0�� / Q � �����t/K�)�$�!��>��D(%2��%�Z(*=���576!��O��3/�6DP*2���������&��3�\��� ='� �.MW�3��� fA�)����������J1���)� E.�
:��3���3�;�)2��,576dLS� Q � ������f%l����'� ��&��,�3���kj^� ����=���>%� ��0����y&��3/V�X�t(%2��,���,�3/�=��'>a0%�����S�����
�,E |F = 1,mF = −1〉 � ='���7(%�'&y4�/��%���)��� /�� �dz<&�(s&'�,� ��� /fc Q � /o� �,�'�+=�E E`����&�� �#�
�)�3���9�	bR/�l���� �'��/�&��;=���>%� ��>%� /�����>��3/��c����� 2,(%�����,��576�� � :��3�Y�#"$l%/�4F� /#�K�1������/�(*���c(*2,�m&�� /
|F = 2,mF = 2〉 � =��K�7(%��&@0�� /K-dc�>%�]��et���!z§e@e����d=���&m���.2,P%��>��3/��I���3� Q (%576;��=���>���T �3���)�3�
&��3/W�15B6A:X�,��>%=���>.� /�E`l�>%2,��576;� L

M$=�/�576g&�� �g�������)(��)TS�%4'�)����576�� /�bI�����)� / Q �,�3���3������5B6g(*=���>��36�� �'&g0����g��������������������� ���!�
"$���'&�� ����(*�)�3�@&����Nj^l�>�2��,576�f%�3���tzA�K�7(%/�f.f%��/�/��32,�,�3/����$(*�)��E`(%/��WbR�Y����� /�>�(%���ZT3={� /�T3� ='>�� �dL
MW��� ���3�����3=��IbI� Q �,�3���,�K�<&�=�/�5B6o���3�,���Z�,��6DP*/�� �A�)�Z���;��� /�&'�,��T3�,4'2,�,��(%/����7P���576D(%/)(*f;��� /��,����� /K�tz
&D(�T ='/^���3��576�/��3� Q =��'>	&��,�3���3/+�1J1����� E.�a"Z����T �34'�)�c(%='�m&�� /V8H����Ee�.=��'&�j^��2,�3f9c�2Y�
4�6AJ!���,f�z�&�� /ZGN=D(%�A�)�3����4'���,f`=���&V&��3/XuD� ����f%l�/�4F�3/�4�6AJ1���,f{���%��:��3��&���>g������&dLD�1�7(*/�f`f%��/K�
/��32,��� /����g�1J1���)�3E`�g=��;��� /���5B6'� �,&'� �a���,576k:��3��� �A�)2��,576k0����c�������B�#�\�,�'���)�3�,�!��"$����&'� ����(*�)�3�

et�A�



et��� ���������
	���

��576;:�(%5769:��35B6'��� 2Y:X�,/�f*� ��&��3/]bR(%���*Ld�1�,�vf%l%����� �[���,576;�$0��%�[E`� (%�!���D� 2�&!���H6��3��/���� � Q �B�
��576�/��,� Q �3�k:�� /�&�� � z & L 6dLd&������a�32,2�� �'-C='��fA�)�,�%�9f�(*��������576;�R(%2,���\/��1&�=�fA�]&��3/��a�32,2�� �!�
-C=���fA���,�����3�p&��3/��3�,��T3� 2,�'� �p���3�,2,576��3�h(%='��>��3&�/:c�57fA� :�� /�&�� � L%MW�,�3���3/�-C=���&D(%E.� �A�7(%2���?$�!�
�)�3/���5B6���� &{�,�`&��3/S���3��576�/��3� Q ='��>e�K�7(%/�f.f%�%/�/��32,��� /���� /��1J1�K�)� E.�W>��36;��� �,�'6�� /<E.����>�/�=���&!�
2,�3>��3��&m0�� /���5B6'�,� &'� ��� �9����>�� �'��576D(*-U�)�3�+�,E O��3/�>�2�� ��5B6mT =^��576;:S(*5B6+:��35B6'��� 2�:H�,/�f%�3��&�� �
�1J1����� E.� �dz'&'�,�$���,576 Q � ����4���� 2���:��3�,���W�,�o� �����3/�&�/)(*Eo(*���,��5B6'� �`O�� /�P%��&��3/�=���>e&'� /HGI=�(%�!�
�)�3�����)(*�)�������,faE`(%���Y-C� �����,�3/�� ��� �5e�zxe��5e%z\������L�MW(%/:c Q �3/.6����D(%=�� Q �,���)�3�q�K�7(%/�fa:��35B6���� 2Y�
:X�,/�f%� �'&��R�1J1���)�3E`�N���{&��3/S8S�)�%Eg� =���&mjm��2,�3fuc'2,4�6AJ1���,fg-�(*��T3�,����� /��3��&��N"$���A�)/��%2,2���=���&
j+(%�'�,4�=�2,(*�)���%����E.l%>�2Y��576�f%� �Y�)�3�dz<&����[�,�y(%��&��3/��3�����)(%/�fqf%��/�/�� 2��,�3/��)�3���1J1�K�)� E.� � zS:X�,�
T%L �WL�uD� �K�)f%l�/�4F� /���J1���)� E.� �dz����,576;�XE.l�>�2���576@������&dL

�\��� �!576A:�� /�4�=���f;�9�,�;��� ������0��3/+�Bi'4F�3/��,E.�3�;�)�32,2�� /^��� E©c�6;=���>��3� �,�K�+&��3/9�\�����)(*��T
T3:<� ��&��,E.� �����,����(%2�� /Z��4'�)����576��3/RbR�Y����� / z�=�E �3�,��&'�,E.� �����,����(%2��pGN=D(%�A�)� �'>A(%���h�,E ����>��B�
�D(%�'�;�)�3�����%��f;�K�#�X�3>��,E.�9T3=�/�� (%2,������� /�� �y=��'&�T =�=��A�)�3/���='5B6'� �dL��a�3����&�� /@/)(%&��,(%2��
�\�,����5B6'2,=����]&��3�pb](*��� �R���m���)(%/�f^:X�,/�& z &�(%���R&��,�e8W=���&�� 6'�1=���>+&'� /vbR/�=���&�T3=����)(%��&��#�
:��32,2�� �'-C=��'f;���,���^&��,�pbR/�l%��� �'��/�&��;=���>o&��3/I�1�)/�� =�2,P%��>��v�3/�/��3�,576;� zr>%� 6;�W&D(%�I�;J!�K�)�3E �,�
� ���^bR(%�H=���&'=�/�576�&�/��,��> Q (%/��3/Z���%�������3��c Q � /3zD&D(%�H����>%� �D(%�'�;�)�R������f;�#�KbR(%� LDMW�,�3�X6D(*�
T ='/$uD��2,>%�%z'&D(%���Z&D(*� Q �����%���,��5B6��pbR(%�H-C�3/�E.�,�����Y��576��]MW��576;�)�3� ��>�� �'��576D(*-U�)�3�[(%���'�,E.Ep�tL
MW���I?$�A�)� /���=�5761='��>`&'�,� ��� �S-�(%��T �����,�3/�� �'&�� �dz Q ����6��3/H����576;�H/��t(%2��,���,�3/��)�3�V�1J1����� E.� z�f�(%�'�
&���� Q �3���)�36�� ��&��$"$��E.4F�3�)�3��T Q � �,E �1��=�&��,='E ����� &��3/�&���E`�3���������D(%2��3/\GN=D(%�;��� ��>�(%���Z(*='-
� ���m>�(%��TR�'� =��3�W�X� >���E`�I(*=���:��3����� �dL

�\�����k&��3/VE`�3�,����&��,��f;='�)��� /���� ��8$�;:��3��&�=���>%� � 0���� �������B�#�\�,�'���)�3�,�!��"$����&��3����(*�)�3�
������& 8S�)��E.2�(*��� /3z$&�� /�� �x5B6D(*/)(%fA�)�3/������)����576��3/�?$�A�)�3/���576���� &xT = ��6�� /�E`����576��3�x8S�)��Ee�
����/)(%6'2,� �9��6�/��h"$��6DP%/�� ��T3� ��>�� ����5B6�(*-U�)�3��������&dL ���k�3�,���3E ��� =k>��34�2�(%�A�)�3�k��i!4F�3/��,E.� �A�
=������ /�� /W8$/ Q � �Y�)��>�/�=�4'4F�v����2�2,� �^?Z�;��� /���=�5761=���>%� �9T ='/W�X�t(%2��,�����3/�=���>gf%���A�)�,�;=���� /�2���576�� /
8S�)��E.2�(*��� /\&�='/�576�>��3-dc'6�/��<:<� /�&'� �dL1���o&'�,�Z"$����T3� 4'���,���.&��,�3���3��� i'4F�3/���E`�3�;�)�3��:��3/�&��3�
&����W�,�{&'�,� ��� /S8$/ Q �3���S>���:������'� ���3�^�\/�f%�3���;�����,�����RT3=�/H"$��6DP*/�� �'TW0����V��������������������� ���!�
"$���'&�� ����(*�)�3�+�3�,�'w��,�3��� �dL

�\�����,��&{(%=�576o:��3����� /�6'�,�o���;��� /��3����(%�;���I�\�A�#:X��5Bf;2�=���>��3�@(%='- &�� E bR� Q �,����='2��)/�(%f�(%2��
�)�3/SGN=D(%�A�)�3��>A(%���WT3={�3/�:�(%/���� �dL!MW�,�$�\/�>%� Q ���������W&��,�3���3/<8W/ Q � ���<6�( Q � �o� ����� �{�<� �Y�)/)(*>
T ='E_O\� /��K�7P%�'&����,�X&���� ���3/$�1J1���)�3E.�]>�� 2��,��-C� /�� L



���������	� �


 � ���� ��� �������

"I� /��k&��3�I�,�[8 Q�Q L 8pL�ee>�� T3� ��>%�)�3��� (%��� /���J1���)�3E`�R���,��&[� �,�[�H���)(%��� �'(%4�6���/K����(*���3/ zF&�� /
&����H�1�)/�(%6�2,='��>I(%=!-F&��3E "�c'6�2Hc Q �3/�>A(*��>NT =�/ O\� /�-dc'>�=���>I�K�)� 2�2�� z�=���&e� ���.j+(*���)�3/K�#�!2�(t0��
MW���1&�� ��2,(%���3/��KJ!�K�)�3E -dc�/`&����+�Nc�5Bf;4�='E`4��K�)/�(%6�2,='��>�L<MW��� ���3/o���3�,2Z&'� ��� (%���3/���J1����� E.�
:X=�/�&��m>%/�l��%��� �A�)� ��2,�v0����	�rL\��=�/�>�� /e=���&q"eL\�����'>��.(*='-C>�� Q (%='�tL � =���P*�)T32,��5B6s:X=�/�&��
� ���+���34D(%/�(*�)�3/NMW���)� fA���,������2�(%��� /$=���&[�3�,�	� (%��� /���J1����� E T =�/Nj+(%����4�=�2,(*�)�����V&�� /W�������B�
�\�,���K�)�3�,�!��"$����&��3���)(��)�RE.���H��/)(%>%>*�#���3=�>�=��'>m��e������ (%='-C>%� Q (*='�tL

M$� /]�H���)(%��� �'(%4�6���/K����(*���3/I=���&c&��,�g&'�,�1&��3� Q (*���,�3/���� �sj^(%����� /�2,(%���3/R:��3/�&��3�s&'=�/�576
&���4'4�2,�3/�-C/��3�,�{�'P*���)�,>%=���>�����4F� fA��/�����f%��4��,�@(*='-$(*����E`(%/��o�X= Q ��&��,='Eg��} Q � /�>AP%��>��.���7( Q �Y�
2,������� /K�tL���( Q � 2�2,�m8vL?e^T � ��>%�`&����+} Q � /�>AP%��>%�%z�&����^T3=�/{�1�7( Q �,2��������3/�=��'>�&�� /�����:�� ��2,��>�� �
� (%���3/<0��3/�:��3��&��3�S:��3/�&��3�dL � = Q � (%576;��� �@�����tz;&D(*����&����$T ='/H�!4F�3fA�)/��%��f%��4����W0��3/�:<� ��&����
�)�$�1��/)(%6�2�=���>I�)�3�,2Y:�� �����H��576����`E.���\� ����� E (*f1='���)������4'���,��5B6��3E j^�1&'=�2�(*����/\=�E −fAOM-C/��3|;=�� ��T�0�� /���5B6�� Q � �k�����tLF���3�,��4'�,� 2���:��3�,���v:X��/�&+&��3/W�H���)(%��� �'(%4�6'�,/K��� (%���3/Z���{>��3/��3>�� 2Y�tz
&D(%���s&��,�3���	-C/�� |;=�� �'T30�� /���576D� Q � ��� �1�)/�(%6�2,='��> (*='-V&�� E ��/���������0��3/nT3:X����576�� � &��3�
|F = 2〉 → |F ′ = 2〉 ='��& |F = 2〉 → |F ′ = 3〉 } Q � /�>�P%��>��3�	2,��� >%� L\MW���m8$=��K�
>A(%�'>���-C/�� |;=�� �'TN&��3���H�Y�7(%��� �'(%4'6��,/#��� (%���3/����,���<&'� E.�D(%576o=�E

fAOM

6�l%6�� /�(%2���&����ZT =�E
��/��%������0�� /Z>�� 6'l�/��3��&��vuD/��3|;=�� �'T%L

M$�,�s�1�)/)(*6�2�(*='-U�)�3�,2�=��'>q>��3��576��,�36;�����3:��3�,2��^E`�Y� ����2,(%/����)(*�������'������/)(%6'2���� ��2Y� /�:Nc'/�-C� 2��
=���&y&��,�[uD� ���D( Q �K�)��E`Ep=���>c&�� /@uD/�� |;=��3��Tk(%='-]&��3�����3:��3�,2��,>��3�~8$�;:<� ��&�='��>���T3:�� 5Bf
:X�,/�&RE`�Y�)6���2�-C�\(*f1='���)������4'���,��5B6'� /�j^�1&'=�2�(*����/��3�! �8#"Rj	$d=���&]�3�,���3E��32,�3f;��/��*����4'���,��576��3�

� (%��� / �!4F�3fA�)/��%��f%��4����&% Q �3/�>�(%��>
"�%�6�2�2�(*��� /' ��H�(� �!()$ ��/���������0��3/ |F = 2〉 → |F ′ = 2〉 z |F = 2〉 → |F ′ = 3〉�*%�57f14'=�E.4�2�(%��� / ��/���������0��3/ |F = 1〉 → |F ′ = 1〉 z |F = 1〉 → |F ′ = 2〉MW���)�3f;���,���'��2�(*��� / ��/���������0��3/ |F = 2〉 → |F ′ = 2〉 z |F = 2〉 → |F ′ = 3〉

+-,).0/ ��� /21�354768:9<;*=?>A@CBEDGFHDJIKDALE;E9<MONQPCLE;SRT@&IULE;WVXLE;EY-LEM?PCLZ>[L2\�B]LE;^N`_aM<NCLcb

d �fe



d ��� �����������
	 ������

AOM 1

AOM 2

AOM 3

AOM 4

AOM 5

AOM 6

AOM 8

AOM 9

AOM 10

Frequenz-
stabilisierung

Ar * - Laser

Ti:Sa - Laser

Diodenlaser
(”Master”)

Diodenlaser
(”Slave”)

Diodenlaser
(”Master”)

Diodenlaser
(”Master”)

Diodenlaser
(”Slave”)

MOT-
Kühlübergang

Optisches Pumpen
|F=2>     |F’=2>

Umlenkung des
Atomstrahles
(Kühl+Rückpump)

Chirp-Kühlung
des Atomstrahles
(Kühl+Rückpump)

EOM

Frequenz-
stabilisierung

Frequenz-
stabilisierung

Frequenz-
stabilisierung

Glasfaser

Glasfaser

Glasfaser

MOT-Rück-
pumpübergang

Glasfaser

Detektion

AOM 7

Glasfaser
Optisches Pumpen
|F=1>     |F’=1>

Glasfaser

Glasfaser

Manipulation des
BECs durch
Bragg-Beugung

1 . .�� ��������� 1�35476=����)L��'@a>5D I���� L��#@X;KIE>[LZFJFH9OM<N PCLKISRT@&I LE;KI��&IZ>[L�� I b



d ���

8#"Rj uD/�� |;=��3��To� j��ZT3� "N/�&��;=���> M$��4�4F� 2�4D(%���
d d ���!L � � d i
�� �j	"N�#$ ���'L � � d i
�� �j^�32�(%�����a$ ���'L�� � d i
� d �*��L � � d i
� d � e!L � � d
e d � �'L e � d
� ���%�'L � � d
� �%� e!L � � d
� � �'L�� � d i

+-,).0/ ��� /�1 3
	 6�� ;]L�Z9fLEM��cLEM�PCLE;�� 9<; RT@&I LZ;���� �CF 9<MON29<M?P � LZ>[L�� >5D��aM�LEDJMONCLKI L >
� >[LEM@��c9CIZ>����
��� >5DJI � � LEM����cPX9OF @`>��X;�LEM! #" 9 � � LE;KDALE;E9<MON LZM7>GI��?;]L� � LEM?P%$WBUBUb&$#b#'�(`b)�*�O; PaD^L � LZ>[L�� >5D+�XM�D IZ>
PXDAL,� ;�L� 9)LZM��.-��<;*;�LKI/�XM?@XM7>[LEI � LZ>[L�� >5D+�XM)IEFHD ���<> @aM<NCLANCLUB]LZM b

�1��/)(%6�2�� ��>�(%��> � � �����)=��'>^� E �y�
j	"N���#"�%'6�2 ���%�
j	"N���#�*%�57f;4�=�E.4 �
��6���/�4!��"�%�6�2 �%�
��6���/�4!���#%�57f;4�=�E.4 �
"N4'�)����576��3� �\=�E`4F�3� �'L d
MW���)� fA���,��� �'L �

+-,).0/ ��� /Q1�310 632 ��� D I���� L RT@&IULE;KF LEDJIE>59OM<NCLZM�@���$ 9<I N`@XMON�PCLE;4�:@&IULE;EM PCLE;65 LEY-LZDJF D N<LEM =?>5;�@ �7�
F LEM<N`_XMONCLUb �WDAL R LEDJIE>59OM<NCLZM PCLKI8��� >5DJI ��� LZM:9 9 �8�fLEM)I IKDGM?P*-��<; PCLEM |F = 1〉 → |F ′ = 1〉 9OM?PPCLEM |F = 2〉 → |F ′ = 2〉 =?>5;�@ �CF LEM<NC@XM<N D^PCLEM7>5DJI � ��9OM?P�B]L;� D^L�� LZM�IED � �2@X9�-�PXD^L=< ;;�cLE9aNX9OM<NV>�XM@?%�aM?PCLEM)I @a>[LEM�D �

F A ' 8:9<IE>A@aM?PCb

j^�1&�='2�(*����/  � "Rj	$�0���/�>%� ����E.E.� �dL;� ( Q � 2,2��$8vL �]T � ��>%��&����$�,E � i'4F�3/���E`�3�;��0��3/�:<� �!�
&����)� �{8#"]j@�#uD/��3|;=�� ��T3� �dL��\�,� Q �3�)/�P%576;�)2��,576��3/<��� �,2�&�� /<8 "Rj^�<:X��/�&o��E MW��4�4F�32,4D(%���
&�=�/�5B6'2�(%=!-C� �dzD���.&D(%���X�,�V&���� ��� E u�(%2�2 &��,�RuD/�� |;=�� �'T30�� /���576��,� Q =���>

2 × fAOM

����� L
� ='/���6'�,/�41�#"�%�6�2�=���>I:��3/�&��3�{&��3/�� �;����4�/�� 576�� ��&�� �V�1�)/�(%6�2�=���>p�!�3����� � Q P%��&��3/�(*='-��

>��34�/)P%>*�tz�&��3/��3�yuD/��3|1='� ��T+���q� ����� /.2��,��� (%/��3�	�Z(%E.4F�m=�E �3��:S(�e*���aj��ZT^0�(%/����,�3/��
 +B7>%� 576��,/�4'��C]$]:X��/�&dL 8 Q�Q �,2�&�=��'>98pL �[T �3�,>%�e&��3��T �3����2,��5B6��3���Z(%E`4F�3�;0��3/�2,(%='-Z=���&�&��,�
�D(%6'� T =^�%4'�)��Eo(%2Y�I�ED.T ��� ��TR&�� /$�!�3���)�3� Q (%��&��3/�T �3=�>�=��'>�L

�<�,� (%='-D&��,�<T3=�/�?$E.2,�3��f;=���>W&�� � 8H����E`�K�)/�(%6�2,�3���3�,��>��3�����)T3���W� (%���3/�����/)(%6'2,=���>$:��3/K�
&��3�+(%2�2,�I�1�)/�(%6�2,�3��>AP*��>��IE.����6���2Y-C�W��4'���,��5B6��3/Zu�(%��� /��^(*�m&��3� � (%���3/����,��576dzD&'� /X&����NO�(��
f;=�=�E`(%4�4D(*/)(*��=�/���/)P%>%� z�6��3/)(%��>%�3-A%�6�/K�tL���J14��,��5B6'�%z%6'�,�A�)� /�&��3�eu�(%���3/�� �'&�� �e>%� E.� ����� �'�
� (%���3/�2�� �����)=��'>�� �m���,��&V�,�V��( Q � 2�2,�I8vL �.(%='-C>���-A%�6�/K�tL



d � � �����������
	 ������

0 1 2 3 4 5
0

-100

-200

-300

-400

-500

Fr
eq

ue
nz

[M
H

z]

t [ms]

0

100

200

300

v re
s
[m

/s
]

-780 -520 -260 0 260 520 780

0.0

0.1

0.2

0.3

Si
gn

al
[n

or
m

ie
rt]

Frequenz [MHz]

2. Seitenband

1. Seitenband

Träger

1 . .�� �	������� 1�31	 6 � B]LEM��-8:9O;�� �CDG; �)��� �CFH9OM<N2V&LE;EY-LEM?PCLZ>[L�� @��8�)LQPCLKI�< � � I b �*DAL�� ;�L��
Z9fLEM��QPCLE; = LZDG>[LEM B�_aM?PCLE;�9OM?P!PXD^L	� LEI ���CY DGM?PXD N �XLZDG>SPCLE; P`@��Z9 ;�LKI/�XM?@XM7>[LZM $S>���� L IKDGM?P DGM
$WB��O_XM<NaD N �aLEDG>'P<LE; 8 LED5> PC@X;^NCLKIZ>[LEFJF >[b�
TM7>[LZM��:2f;�_UNCLE;!9<M?P = LED5>[LEM B�_XM?P<LE;�B]LED�LEDJM LE; < � �@�
� ;�L� 9)LEM�� V>�XM LZ>5Y @����� ��� � b � @&I*= �)L�� >5;K9 � Y 9O;�PCL � DG> LEDGM LE; �T@CBE;�����9 LZ;��a>���� @aVUDG> � @X9�-��
NCLEM&��� �'LZM b



���������	� �


 ��� � ��� ����� � � ���

d �A�



d e%� � 	�� 	 ��� ����� �  ���

1 . .�� �	��������� 35476 R�DGMfD^LZM)IE>A_X;��XLEM�PCLKI��
	 ��M � �c\�B]LE;^NC@XM<NCLEI V>�XM 87 � 9fBED5PaDJ9 � -��<;'F DJM L�@X;
π
� � �XF @X;ED IED^LZ;E>[LKI*9OM?P � DJ;��c9OF @a;E���aF @X;EDJIKD^LZ;E>[LEI R D ���O>��-LZM7>5M ��� � LEM @X9CI��	�'�� b



� �������	�
��������������������������

� d �pjcL �vL�8W�'&�� /������dz��'LA�RLA�\����6��3/ z1jcL;�RL;j+(����)6'�3:X� z1�WL;�HL����,�3Eo(%� z�(%��&.�HLA8vL
����/���� 2�2�L " Q ���3/�0*(*���,���	�*-R��������������������� ���	5 ���'&�� ����(*�)�����	�,�	(c&'�,2,=!�)�m(*�)��E.��5
0*(%4F�%/ L��! #"%$#&' ($�zD� ���  � $c� d ���'z)�%=�2�J d ���)e!L

� ���v"eLZ�WLZMN(t01�,� z$jcL �]"hL$jm�3:��3� zNjcL$�RLX8$��&�/���:X� z+*]L,�'LH0*(%��M$/�='�)�3�dz$MpL$�rL
MW=�/K-C� �*z MpL�jcL�"I=�/��dz�(%��& � L�"I�����)�3/�2��%L@�<�����B�#�\�,�'���)�3�,�c5 �%��&�� �'�)(*���,���c�,�c(
>A(%�H�%- ���1&��,='E (��)��E.� L.-0/�13254768$#9:4<;<$#=>=%4,z � e  ��%� $c� ��� �%�'z?*$��0��3E Q � / d ��� e!L

� �*�p�WLr�WLF��/)(*&�2,��J�zF�WL�8vLr�'(%57f%�3���tz@�'L@�'L�����2�2,�����tz�(%��&+�RLFbgL �Z=�2,���tL���01�,&��3��5 �v�%-
��������������������� ���@53����&��3���)(��)�,�%�@�,�{(%�V(��)��E.�,5Z>A(*��:X�Y�)6@(*���)/)(*53�)�Y0��W���;�)�3/)(%5��)������� L
-0/�13254<6A$#9:4<;<$#=>=%4,z � e  ��)$c� d �����!z'8$=�>�=��K� d �%�)e!LB"DC5"DEF4<G)H z d d �*�� d �%� � $�L

� �%�]8pL�bI/�� D.�dL`8 Q /����3-S6������)�%/�J9�%-S��=�/]=���&'� /��K�7(%�'&��,��>^�%-H�S��� ��u /��%E����%���.�)�
���32,��(*�30FLH���9jcLF����>�=���5 �,�'z �rL �;�)/�����>A(%/���zD(%��&9�WL �HL ���,�3E`(%�dzD� &��Y�)��/�� z!-JILKM ($($#N
EO"P&�Q:2RKTSU=V/W$YX#&W=Z$#I#&�[O=D"%K:&�[O\!�! (/WKMK:\]KTS^-0/�132#"% (2_NB`J&WIa"% (KRb7$#Iacd"UzD4D(%>�� d LF�]"R�
�\/��3��� z d ���%�'L

�He��]8pL �\�,���K�)� ���dLgGN=D(%�A�)� �A�)6��3��/����g&'� �]�3�,�D(��)��E.��>��3�9�,&�� (%2�� �cbR(%��� � L � :<� �Y�)�e8 Q �
6D(%�'&�2,=��'>�LB�e"P=gf5h�&�QFC#$#Ii4<-.I($#hF2(254�j8kO[FEF4^l�"m2(254,z d �A�Oe?� �!ze��(%�;=D(%/KJ d �A�Oe!L

� �*�p�rLe*]L����%���%L�no4<-0/�13254,z�� � � d ���'zW��(%�;=D(%/KJ d �A����L
�����vu�L � ����&���� L��H6��

λ
��4'6�� ���%E`�3�����n�%-Z2��,|;=���&a6�� 2��,=�E (%��&s�)6��@��������������������� ���

&��3>�� ���3/)(%5�J�L�pq[O=Dh�I($�z d � d  �)e�� d $c� �%�A�!z!8W4�/��,2 d �����'L
� �*� �\L��'L��H�,��T ('LBr)47-0/�1M25476B[FEO"Phscez d � � e%�'z d �%�A�'L
� �*� �\L�MpL:� (%�'&D(%=dLBr?47-0/s1M254Yt��W�)6$zTe?� � d z d �%� d L

� d ���_*vL3*]L�����>��%2,��= Q ��0rL "I�R��6�����6�� ��/KJR�*-'��=�4F�3/�wD='�,&��Y�#J%L)r?4s-0/�13254ut��W�)6$z d d  d $c� �%�'z
d �%� �!L

� d d � �\L ��L �\���7(*�301��f;����L<�H6'�v4�/�� Q 2,�3E_�%- ��6��R-C��/�E_�*- ��6��]��4F� 5��)/�='E �*-��32,� E.�3�;�7(*/�J
��i!53���7(��)�,�%���H�%-�2,�,|;=���&@6��32,��=�E ���7LB�!K:9:4<-v/�1M254orF`Uw!-<z d �7� d eOe!z d � ���'L

d e d



d e�� � 	 �
��� ��� � ��� ����� � 	 ��� � 	 �

� d ���vMpLgbeLhuD/��,� & zp�ILe�WLe"I�,2�2��,(*�dz �\L ���,2�2�E`(%�'�dzvMpL � (%��&�6;=���� ze�rLg�WLej^�����3z
MpL "I2,�34�4����3/ z (*��&s�IL]�'L�bI/��3J;�)(%f�L[���������#�\��������� �,�a5 ���'&�� ����(*�)�����s�%-X(*�)��E.��5
6;J1&�/���>��3�dL�-0/�1M254768$#9:4<;7$#=D= 4,z � d  d � $c� ��� d d z)*Z��0��3E Q �3/ d �����'L

� d ���]�7LFu�Lr�1�,2�0��3/)(.(%�'&��'L��ILrjcL �a(%2�/)(t0�� �dLH�1�7( Q �,2���Tt(*�����%�m�*-\(*�)�%E`��5I6;J1&�/��%>�� �[(*�
2,��:��)� E.4F� /�(*�)='/��%LJ-0/�13254768$#9:4<;<$#=>=%4,zD���: ��)$c� d �%��z)��(%�1=D(*/�J d �����'L

� d �*�v�RL � L���2,�����%z�MpL�8pL��!E.����6dz��ILv�'L�bI/��3J;�)(%f�z�(%�'&qMpL\"I2,�34�4����3/ L�j^(%>������)�,5
5 �%�'�D���3E`�3�;�<�*- ��4'�,�!��4F��2�(%/���T3� &.(*����E.�,5S6AJ1&�/��%>�� �dL<-v/�1M254�6A$#9:4�;<$#=D= 4,zA�fe7� � dOd �!z
d ���%�'L

� d e��p�WL��HL*�$�35B6A�tL`�H6'�`4F�%����� Q 2,�e��=�4F�3/�wD=���& Q � 6D(t01�,��=�/R�*-�6;J1&�/��%>�� �a(*����E�>�(%���3�
(%��&m2��,|;=���&�� L.-0/�1M2#"% [%z�� e  d �)$U� d d e%�'z "N53�)� Q � / d �)e*�'L

� d ��� � L!�WL!�1��:S(%2�2,�3Je(%��&2�\L �]L�*$�%�)(%����:RL ��������� Q 2��Z�'�3:y|1=�(%�;��=�E �KJ!�K�)�3E`�3L -v/�1M254
68$#9:47;<$#=D= 4,z�� �  d e $U� � d �'z!8W4�/��,2 d ��� �'L

� d ���v�HL �\L��Z(�( Q z�jcL �\/�� �;���,��� z 8pL��S( Q 2��%z��rL���6;=dz�(%��&aMpL �XL ��/�����5B6D(*/�&dL.��/)(%4!�
4�����>@�%-<���3='�)/�(%2����1&���=�E�(��)��E.�W:X����6k/)(*&���(��)�����[4�/�� ����=�/��*L -0/�13254u6A$#9:4u;<$#=D= 4,z
e%�  �%�)$U� � �%� d z'MW� 53� E Q � / d ��� �!L

� d ���]8pL��X� Q � /K�tz "hL\�!�,/^���t(%�dz�8pL���/���:S(*�3J1� zv�'L ����='4D(%/�& z��rL]*$��:S(%f�z\MpL\�<���,/����dz
�WL��7L �c� ��� Q /��1�%fFz�(*��&]8pL�8$��4F�353�tLA8����������#�\��������� �,�R5 ���'&�� ����(*�)���%-'E.�3�)(%���)( Q 2��
(*����E`�3LB�! #"%$#&' ($�zD�%���?� ��� d zD�%�%� d L

� d ���vu�L ��� /�� ��/)([MW�%�g�'(%�A�)���3z]�'L � � �%�D(%/�& z]�'L �a(%��>�z �WL]�'L �S(%/�/�� 2��3� z�u�L ��� /)(*2,�3� z
�HL��Z(%��� 2 z��WL��rLD?Z�����,f;/��,��6'�D(%�dz�j�L:� �3&�=�5%z�(*��&+�$LF����6'� �!��� (*������=�&`����L\�������B�
�\�,���K�)�3�,��53����&��3���)(��)�,�%���*-$E`���7(%�K�7( Q 2,�{6'� 2,��=�EmL -0/�13254�68$#9:4B;7$#=D= 4,z4� �?� �%�)e%�'z
�%��� d L

� �%���pjcL �]"hL%j^�3:<� � zAjcL%�RL*8$��&�/��3:X� z�MpL�jcL*"R='/��dz*MpL��rL*MW=�/�-C�3�%zA�WL%bgL�����:H�����3��&dz
(%��& � LH"I�3����� /�2,�%L�"N='��4�='�V5 ��='4�2,�3/{-C��/V�<�����B�#�\�,���K�)�3�,��5 �%��&��3�����3&�(*�)�%E`�3L
-0/�13254<6A$#9:4<;<$#=>=%4,z ���  C�f$c� e��A�1zW��(%�1=D(*/�J d ��� �!L

� � d �v�HL � LE�$(%>�2��3J%z �\L�M$� ��>�z\jcL "$��T =�E`('z �'L �c�3�dz�"gL �Z� 2�E`�3/����%�dz��rL ��L �X��2Y�
�������dzF(%�'& � LFMpL �\6��,2�2,�Y4��3L�8 :��32,2���5 �%2,2Y��E.(*��� &V|;=D(%���Y��5 ���A�)�,�;=���='�$(��)��E_2,(%���3/ L
�! #"%$#&' ($�zD�����?� d �*� �'zDj+(*/�576 d �%���'L

� �����]�7Ld�<2,�1576dzr�IL � L �WP%�'��576dz (%�'&9�ILd�\����2��,��>%� /3LI8S�)��E 2,(%���3/$:X����6k(o53:x��='�)4'='�
5 �%=�4�2,�3/ LJ-0/�13254<6A$#9:4<;<$#=>=%4,z �A�  d e $c� ���%���'z!8W4�/��,2 d �����'L

� �%���v"eLd������>%� z �FL ��=�/�>�� /3z beLd�<�,/�f;2 z "eL �!� ��>%���)�157f�z � L �\/K�)E.� / zd"eLd�XT��(	� ��:X��f1� z
8pL��'(%�'4F� /)(!z�(%��&�j�L � �3:��3������� ���dLc����6��3/�� �A�g��0���2,='���,�%�s�*- Q ��='��5 ����>9�������B�
�\�,���K�)�3�,�V5 ����&'� ����(*�)�3� L8-0/�1M254768$#9:47;<$#=D= 4,z ���  d �)$U� � e����!z?*$��0�� E Q �3/ d �����'L



� 	 ������ � � � � ��� � � 	���� � 	
� d e%�

� �*�*�p�rL*bR='4'�7('z�"gL�MW�,�35Bf;E`(%���dz � L7�$(%&�T � Q ( Q �,5%z�(%�'&hMpL*�HL���/�����5B6�(%/�&dL!�����A�)/�(%�����,�!�
�)�3/�-C�3/���E.�3��/�J.='���,�'>h�������B�#�\�������)�3�,�o53����&��3���)(��)� ���)�vE`� (%��=�/��W6D�*E (%��&{(%2�4�6D('L
-0/�13254<6A$#9:4<;<$#=>=%4,z ��� � d �A�*�A� d z��%���A�1L

� � e�� ��Lr�<��='J�� /W(%��&9jcL 8pLr"R(%����01�,576dL%�Z� �����3� Q � /�>*��2��,E.���)� &m��4F�353��/�����5 ��4AJ^:X����6+&��B�
>��3��� /�(*�)�]���������#�\��������� �,�V>A(%��� � LB-0/�13254<6A$#9:4!jIzTe �  � $c� � d �����'z!8W='>�=���� d �����!L

� � ���p�WL?�'L'jmJA(*��� z!�XL18pL1��=�/�� z!�]L � L'bR6'/��,�K�tz1�HL18pL'���%/����32,2 z1(%��&@�WL!�HL ����� E`(%�dL
�\/��1&�=�5��)�����o�%-d�#:<�h��0�� /�2,(%4�4�����>p��������������������� ���{53����&��3���)(��)� � Q J.��J1E`4�(*�)6����)��5
5 �1�%2,�,�'>�Lv-0/s1M254768$#9:4<;<$#=>=%4,z ���  ��)$c� e�� �'zW��(*�1=D(%/KJ d �%� �!L

� �����v�WLAM$��j+(%/�5 �v(%��&.MpL �rL��%���dL "N�����3���%- u �3/�E.�'&�� >%� ���3/)(%5�Jg���.(W�)/)(*4�4F� &.(*�)��E.��5
>A(%�3L��! #"%$#&' ($�zD� �)e  e��A�%�f$U� d �%���!z��!� 4'��� E Q �3/ d ���%�'L

� �����]8pL�beL���/�='��5 �*���tz�"eLD�HL��1�)/�� 57f%� / z � LD�7L�j^538W2���i'(%��&'� / zFbgL��WL � (%/K�)/���&�>��*z�(%��&
�RL beL �$='2,���tL�" Q ��� /�0�(*�)�����a�%-Hu �3/�E.��4�/�� ����=�/��o�,�a(m>A(%�]�%-��)/)(%4'4F� &s(*�)�%E`�3L
�! #"%$#&' ($�zD�%� d  e e d �)$c� � e��*�'z�j+(*/�576[�%�%� d L

� �%���vu�L��!576�/��357fFz �\L�"I6D(tJ!f%��01�,576dz�"eL �\L�����/�:X���dz�bgL'uD�3/�/)(*/���z;�IL�����=�/�&�� 2 z)�'LD��= Q �Y�
T �%2,2,�3� z;(%��&@�WL'�!(%2,��E.��� L GN=D(%���,4�=�/��W�<�����B�#�\�,���K�)�3�,�o53����&'� ����(*�)�W�,E.E.� /���� &.�,�
(.uD�3/�E.�d���t('LB-0/�13254<6A$#9:4<;<$#=D= 4,z � �  �)$c� �����*�A���!z'8$=�>�=��K�N�*��� d L

� �����vMpL ��(%f;��576dz\�WL���/�=�&�� /3z]�'L��7L ����/)(%5*z �WL � L b](*/�&������ /3z�(%��& ��L � �%2,2�� /3LV����2,&
Q �����%���,5R(*����E`�S�,�V��4!�)�,5 (%2d2,(*������5 � �3LJ-0/�1M254768$#9:47;<$#=D= 4,z � d  �)$U� � d ���'z d �����!L

� � d �pjcLDbI/��3�,���3/ z "eL�j+(*��&�� 2 z!�IL�������2��,��>��3/ z!�IL � L&�WP*����576dzD(*��&@�7L��<2,�1576dL GI=�(%�!�
�)='E 4�6D(*���V��/)(%�'�������,���a-C/���E (k��=�4F� /KwD=��,&��)��(�j^�%���.������=�2,(*�)�%/h�,��(k>�(%�g�%-
=�2Y�)/)(*5 ��2�&V(*�)�%E`�3LJp^[O=>h�IL$�z�� d e?� ���'zW��(%�1=D(*/�Jm�*���A�!L

� �A���Q"hL'j+(%�'&�� 2 z'jcL�bI/��3�,���3/ z;8pL ����&�� /�('z1�IL!�Z�%E^zA�IL � L �WP*����576dz'(%��&o�7L'�<2,�1576dL
����6��3/��3�;�S�)/�(%����4r�%/��S�*- ���3='�)/�(%2 (*����E.�<�,�o��4��,�1��&��34F� ��&��3�;�H��4'���,5 (%2F2,(*�����,53�Z4F�*�
�)�3�;����(%2�� L.-0/�13254<6A$#9:4<;<$#=>=%4,z�� d  d $c� � d �*�A� �!z��%�%���'L

� �����vMpL)��(%f;��576dz!OpL1O�� �A�)=�/���z?�'L!�7L'���,/)(*5%z'�WL)�'L ����2,2���(%Eg� z1(%�'& ��L � ��2�2�� /3L���/�� (*���,���
�%- (IE.��2,�35 =�2,(%/ 53����&��3���)(��)� Q Jh&'J1�D(%E.�,5 (%2,2�JvE`�32��)����>I(IE.�%���\�,����=�2�(*����/ L'-0/�1M254
68$#9:47;<$#=D= 4,z ���  �)$U� �%���%�A�A�1zD�*���A�!L

� �%�*�pjcL;�RL;j+(*����6��3:X�3z1�WL ��LA8W�'&�� /������dz ��L1�WL��$(%2 ��(%� z�MpL1�rL��$(%2,2 zA�$L1�HL ����� E`(%�dz
(%��&n�HL 8vL\���%/����32,2�LmO���/K�)�,53� �p���n([��������������������� ���n53����&'� ����(*�)�*L -0/�13254J6A$#9:4
;<$#=>=%4,z ���  d �)$c� �*�A���'z��!� 4'��� E Q � / d ���%�'L

� �)e��v"eL � L�j+(%&�������� z�u<L��<6��30;J�z � L �c��6�2�2,� Q �3�dz (%�'& �'L�MN(%2�� Q (%/�&dLeO���/K�)�Bik-C��/K�
E`(*�)�����g���`(R���)��/�/�� &o�<�����B�#�\�,���K�)�3�,�.5 ����&'� ����(*�)�*L -0/�13254@68$#9:4@;<$#=D= 4,z)�%�  e $U� ��� �'z
��(%�;=D(%/�JV�%�����!L

� � ���v�WL ��Ld8$��&�� /������c(%�'&cjcLd8pLd"R(%����0!��5B6 Lej+(%53/�����5 ��4���5e|;=D(%�;��=�E�,�A�)� /K-C� /�� ��53�
-C/��%E_(*�)��E.��5W�)='����� 2 (%/�/)(�J1�3L��! #"%$#&' ($�zD���A�?� d ��� �'z)*Z��0�� E Q �3/ d �����'L



d e*� � 	 �
��� ��� � ��� ����� � 	 ��� � 	 �

� � ���vu�L��FL*�S(��7(%2��,�%���)��z��rL���=�/�>�� /3z*�WL�uD��/�� z���L�j+(%&�&D(*2,����� ztu�L�j^���D(%/�&���z 8pL���/���E Q �����
�)�%����zA8pL'�!E.� /�T � z1(%��&@jcL1����>�=���5 ����L�j^(%>������)��5$5 �%�'�D���3E`�3�;�S�%-d��4����!��4F��2,(%/��YT �3&
(*����E`��5N6AJ1&�/���>%� �dL��! #"%$#&' ($�zD�%��� ���%�A�!zD�%��� d L

� �����pjcL*�RL�8$��&�/��3:X�3zA�WL%bgL�����:X�����3��&dz��]L �T�'L%jm�,� ����� /3z%MvL%�rL*MW=�/K-C� �*z%MpL%jcL*"I=�/�� z
(%��& � Lr"R������� /�2��%L " Q ��� /K0*(*���,���+�%-\���;�)�3/�-C�3/�� �'5 � Q �3��:��3� �[�#:��{��������������������� ���
5 �%��&�� �'�)(*��� � L8�! #"%$#&' ($�zD��� e  ��)$c� ��� �!z)��(%�;=D(%/�J d ��� �1L

� �����v�HL � L��$(%>�2��3J%z)��LAMW�3��>�z1jcL;"$�%T =�E`('zAjcLA��/���4�4F� � Q (%576dz��hL;�$L;�S(*��&dz1jcLA�\&!�
:S(%/�&�� zSjcL��RL<MW�1�3/�J%z ��L��rLB�%='2,�,�3�����*z<"eL,�Z� 2�E`�3/������dz��rL �\L��X��2����)��� z�(%��&
� L!MpL ��6'�,2,2���4'� L j^� (%��=�/�� E.� �A�S�%- �)6��$53��6�� /�� ��53�N�%- (p�<�����B�#�\�,���K�)�3�,�`5 ���'&�� �!�
�)(��)�%LB-0/�1M254768$#9:47;<$#=D= 4,z ���  d �)$U� � d d �!z "N53��� Q � / d �%���'L

� �A��� �'LF�1�)�3��>�� /3zr�rLD������='J��*zF8vL ��Lr��6'�,f;f�(*��=�/ zFMvLrjcLF�1�7(%E.4F� /#�#"I=�/��dz�MvLF�HL �\/��Y���
576D(%/�& z!(%��& � L1"R������� /�2��%L ��/)(*>�>v��4F�353��/�����53��4AJo�%- (p���%�������\�,���K�)� ���o53����&��3���)(��
�)�*LB-0/�13254<6A$#9:4<;<$#=>=%4,z �A�  �%�)$U� �fe ���'z)�%=���� d �����!L

� � d �]�7L���2��15B6dz �IL � L �WP*����576dz�(%�'&]�IL��\����2,�,�'>�� /3LAjm�t(%��=�/��3E`�3�;���%-1��6��\��4D(*����(%2*5 ��6��B�
/��3��5 ���%-�(X��/)(%4�4F�3&p��������>�(%��(�����6���4�6�(%�����)/)(*�����Y�)�,�%�dL�pq[O=Dh�I($�z��A�%�  ��� � �)$U� d � �'z
��(%�;=D(%/�JV�%�����!L

� �;���]8pL�bIl�/�2��Y��T%zo�'L�jcL�O���>��32,�3z�8vL �XL � �t(*��6D(%/�&'�tz��WL �$(%E`(%�dz��IL �\L�bR=��K�7(t01�����dz
�'LA�]L�8 Q �*�K�16D(%�3� / z�8pL ��L;��6��,f;f�(*�)=�/3z1�rL;bR='4'�7('zA�rL�������='J��*z;�IL ��LA�Z�%��� � Q (%��& z
MpL!�HL �\/��Y�)576D(%/�&dz1(%��& � L1"R������� /�2��%L �X�t(%2��,Tt(��)���%�.�%- ���%�������\�,���K�)� ���o53����&��3���)(��
�)�3�Z���V2,��:�� /H&���E`�3�����������3LJ-0/�1M254768$#9:47;<$#=D= 4,z � �7� d �%�%�A�A�1zD�%��� d L

� �A���vMpL��rL ���3��/���0FzSbeL\OhL��!6�2YJA(%4�����f%��0Fz<(*��& �'L��IL�jcL �s(*2,/�(�0�� � L��Z�3>��,E.� �.�*-
|;=D(%�A�)=�E &'� >��3��� /�(%53J[���+��/)(%4'4F� & d &[>A(*��� �3L -0/�13254 6A$#9:4 ;<$#=>=%4,z �)e  d �)$U� ���*�fe!z
"N53��� Q � /$�%�%���'L

� ���*�vMpLo�rL ���3��/���0rzobgLeOhLo�16�2�JA(*4����,f%��0Fz`(%��& �'L.�ILojcL �a(%2,/�(�0��3�dL �\6D(*�����
wD=�5��)=D(��)�,�'>V�%&k�������B�#�\�,�'���)�3�,�95 �%��&�� �'�)(*��� �]���9�32,���'>A(*�)�3&[�)/�(%4��3LR-0/�1M254u6A$#9:4
;<$#=>=%4,z � �?� �)e%�*�A�%��z��%��� d L

� �fe�� � L �$P%����� 2 z ��L �Z��E`E.� 2�6�����z!�IL � L �WP*����576dzF(*��&	�'LD�Z�3�,576��32�L\��������������������� ���
5 �%��&�� �'�)(*���,���m���^(eE.�,53/��1� 2�� 5��)/��%����5N576��,4dLJp^[O=>h�IL$�z�� d � � �A���'zD�*��� d L

� ����� �vLW"N���tz��'LHuD��/K�7(%>%6dzSbgLH�!576�2��%����� / Q �35Bf�zH8vLXbI/�������E`(%���dzS(*��& �WL � �,E.E.�3/K�
E`(%���dLy�������B�#�\�������)�3�,�q5 ���'&�� ����(*�)�����	�,�	(���=�/K-�(%5 �^E`��5 /��%�)/�(%4dL -0/�13254A6A$#9:4
;<$#=>=%4,z � �?� �%���*�A� d z��%��� d L

� �����p�rLrMW�3���)E.� /3z MpL6�$� 2�2�:<� >�z ��Lr�HJ1J;����J%z��'L'�'LF8W/�2��tz � Lr�\/���E`�3/ zr"eL �!�3��>������15Bf�z
MpL �rL �����)/���0FzdbeLDOhL �!6'2�JA(%4'���,f%��0rz �vLr"I/�� ='��T E`(%���dzT�\L �'(%�A�)���3zr(%��&9jcL � ���
:��3������� �,� L " Q ��� /K0*(*���,���n�%-$4'6D(%���{wD=�5��)=D(*���,���'�e�,�s� 2,�%��>A(*��� &���������������������� ���
5 �%��&�� �'�)(*��� � L�-v/�1M254768$#9:4<;7$#=D=%4,z ���?� d ���%�A� �'zD�*��� d L



� 	 ������ � � � � ��� � � 	���� � 	
� d e e

� � ���vMpL �Z� 2�2�:��3>�zr�rLrMW�3���)E.� / z ��Lr�HJ1J;����J%z��'L'�'LF8W/�2��tz � Lr�\/���E`�3/ zr"eL �!�3��>������15Bf�z
MpL �rL �����)/���0FzdbeLDOhL �!6'2�JA(%4'���,f%��0rz �vLr"I/�� ='��T E`(%���dzT�\L �'(%�A�)���3zr(%��&9jcL � ���
:��3������� �,� L ��6�(%���.w�=�53��=D(*�)�������R�,�c�<�����B�#�\�,���K�)�3�,�c53����&'� ����(*�)�3� L j�����\ 4v-0/�1M254
�Xz �%�?� ��� d z��*��� d L

� �A��� �vLe"I/��3='�)T3Eo(*���dzh8vL.�!(%��4F� /�('z ��Le�'(%�;����� zgjcL � �3:<� ���K�)� ���dz.MvL �Z� 2,2Y:��3>�z
�\LI�S(%535 �,(%4�=��*�)��zWjcLN"$�%���)f%�*zW�ILI�!5761=�2Y�)�%zN"eLN�!�3��>������15Bf�zq�'L^�'LW8$/�2Y�tz$(%��&
� L��\/���E`�3/ L���6D(%/�(%53��� /��,T (*�)�����@(%�'&V53���A�)/��%2 �%- 4�6D(%���NwD=�5��)=D(*���,���'�S�,�{�32,����>�(��
�)�3&+�<�����B�#�\�,���K�)�3�,�m53����&��3���)(��)� �3LBj�����\ 47-0/�13254��Xz � � � d �)e1z��*�����'L

� e%���v�RL �W(%� Q =�/KJg��/���:X�`(%��&.�]LAGeL%��:X����� Ld���%/�/��32�(*���,�%��� Q �3��:��3� �`4�6��%�����������e��:��
5 �%6�� /�� �;� Q � (%E.�X�%-�2,��>�6;� Lvpq[O=DhsIL$�z d ���?� ���!zW��(%�;=D(%/KJ d �)e �'L

� e d �v�RL �$(%� Q =�/�JV��/���:X�^(%��&^�RL�GeL�� :X�,��� L�p^[O=DhsIL$�z d ��� � d �%� �'z d �)e �'L
� e����vMpL �$�32,2Y:�� >'z�\Lc�S(%535 �,(%4�=��*�)��zkjcL�"$�%���)f%�*zk�ILc�!5761=�2Y�)�*z�"gL��!�3��>������15Bf�z

� L ��/K�)E.� /3zZ(%��&
�'LX8W/�2�� L_j^� (%��=�/�� E.� �A�+�%-p�)6'�c��4D(*�)�,(%2I53��/�/�� 2�(��)�����y-C=���5B�
�)�����~�%-]4�6D(*���[wD=�5��)=D(*���,��>n�������B�#�\�,�'���)�3�,�y5 �%��&��3���)(*��� � L -0/�1M254Y68$#9:4Y;<$#=D= 4,z
� d  d $c� � d �*�A� �'z��%�%���'L

� e%��� �\Lc�S(%535 �,(%4�=��*�)��z9MpL �$�32,2Y:�� >'z�jcL�"$�%���)f%�*zk�ILc�!5761=�2Y�)�*z�"gL��!�3��>������15Bf�z
� L ��/K�)E.� /3zZ(%�'&
�'LX8$/�2Y�tL �!� 53����& �%/�&��3/m53��/�/�� 2�(��)�,�%�y-C=��'53�)�������%-h(�4�6D(%���
wD=�5��)=D(��)�,�'>`���%���B�#�\�,���K�)�3�,�m53����&��3���)(��)�%L�2#h?C5cd"P=>=Z$ E =ZKd-0/�13254768$#9:4!jRzF�*�����'L

� e*�*�]8pL��\�,�'���)�3�,�dLqGN=�(%�;��� �;��6�� �%/��,�V&'� �.� ���D(*�)�%E`��>%� �n�,&�� (%2,�3�qb](%��� �3L��\/��K�)�m8 Q �
6D(%�'&�2,=��'>�LB�e"P=gf5h�&�QFC#$#Ii4<-.I($#hF2(254�j8kO[FEF4^l�"m2(254,z d �A��� � � � d zW��(%�;=D(%/KJ d �A����L

� e e��v"eL �Z=D(%��>'L��e=%[O=>"m2#=D"% [O\�� $( (/?[O&W"% (2�L ���,2��3J%z d �����!L
� e ���p�WL��'L �����)6���5Bfh(%��&@�vL;�!E.����6dL��YKM2M$#N%`."P&?2#=Z$#"P&	�.K:&�E�$#&?25[O=>"%K:& "P&�
^"P\ hs=Z$�8[:2M$(2�L

�S(%E Q /��,&�>��I?$�'��0��3/����Y�#J �\/��3��� zr�%�����!L
� e����ROhLDOhL bI��2,&'E`(%�dz��7Lru�Lr�!�,2Y0�� /�('z�(%��&+8pL@�'L � � >�>%�3��� LX8S�)��E.�,5R6AJ1&�/���>%� �[���+(%�

�,�'6���E.��>��3��� ��='�SE`(%>��'�3�)��5Z�D� 2�&���M$� ��������J{4�/��%�D2��I(*��&V�������B�#�\�������)�3�,�{5 ���'&�� �!�
�)(��)�,�%�dLJ-0/�1M254768$#9:4��Hz��*�: eO$c� ��� �%�!zD�!�34'�)�3E Q �3/ d ��� d L

� e����vMpL 8pLE�$=����m(*��&��HL�MpL��1�,>�>��,('L[�H6��@&��3�����Y�#Ja&������)/�� Q ='���,�%�a�%-$(+:�� (%f;2�Ja�,�!�
�)�3/)(%5��)����>`�������v>�(%�Z���^(%�^�Bi1�)� /��D(%2 4r�*�)�3�;�)�,(%2�L�r?4o;<K�� w�$#c��'4<-v/�1M254,zD� � � d � �!z
d �����!L

� e%���_*vLDMpLFj^� /�E`���m(%��&!�]L �a(%>��'� / LJ-v/�1M254768$#9:4<;<$#=>=%4,zF���?� d d ���!z d � � �'L
� ����� ��L��WL �Z��6��3� Q �3/�>�LB-0/s1M254768$#9:4,z d e � � �����'z d � � �!L
� � d � � LF"I�3���)�3/�2,�](%��&	*]L �'L�0*(%�+MW/�='��� �dLS���������#�\��������� �,�m5 ���'&�� �'�)(*�)�����^�%-�(g�D�'���)�

�1='E Q �3/R�%-<4D(%/K�)�,532,�3�N�)/�(%4�4F� &��,�k�%���g��/N�)6�/�� �g&��,E.� �'���)�������3L -0/�1M25406A$#9:4]jIz
e*�: d $c� �)e �!zW�%=�2�J d ��� �'L



d e � � 	 �
��� ��� � ��� ����� � 	 ��� � 	 �

� �A���p�rLr�<=�/�>��3/ zr"eLF������>%� z �rLrM$�3����E`�3/ z � LF��/K�)E.� /3zr"eLr�!� �'>������15Bf�zr8pL �!(%��4F� /�('z
beL OpLS�!6�2YJA(%4�����f%��0Fz�(*��&�jcL � ��:�� �'���)�3�,�dL MN(%/�f����%2,�Y�)�����.�,�~��������������������� ���
5 �%��&�� �'�)(*��� � L�-v/�1M254768$#9:4<;7$#=D=%4,z �%�  ��Oe $c� e d ���!z�MW�35 �3E Q � / d �����!L

� ����� �'L!MW�3����576�2,(%>�z?�'L �XL'�!��E.�)(%/��,(*�dz;MvL �\L!uD� &'� / z'��6�(%/�2�� � � L'��2,(%/�f�z7�\L 8pL'���%2,2,���'� z
�'L!��= Q ��T ��2�2,� �3zf�\L!M$� ��>'z'�HL � L �W(*>�2,��J�z;"gL)�Z� 2�E`�3/����%�dz � L ��L1�Z�3�,��6D(*/�&'� z!�rLH�\L
�X��2,�K�)���dz'�$L �7LD�!5B6'��� ��&�� /3z�(*��& � L MpL �\6��,2�2,�Y4�� L bR�3��� /�(*�)����>h����2����)�%��� Q Jo4�6D(%���
� �'>��,���3� /��,��>I�%- (R�<�����B�#�\�,���K�)�3�,�g5 �%��&�� �'�)(*���%L7�! #"%$#&' ($�zA�����?� ���!zF��(%�;=D(%/KJg�%�����!L

� �%�*� �\L1MW� �'>�z!�HL � L)�$(%>�2,��J�z��'L �a�3�dz'jcL;��/��,4'4F� � Q (%576dz �eL1�S(%�'&dz ��L!�rLs�%=�2,��� ���'�%z
�'Lr�XL �!��E`��(%/��,(%� z�"gL �$� 2�E`�3/������dz �FL �\Lr�X��2,�K�)���dz�(%��& � LrMpL ��6'�,2,2��Y4�� LXuD��=�/K�
:S(t0��]E`��i!�,��>p:X����6mE`(*���)� /�:S(�0%� � L�p^[O=>h�IL$�zF�%���  �����*�f$U� � d �'z�j+(*/�576 d �%���'L

� �)e�� �\L ��L �\�Y�7(%��0!��f;�,��L ��/)(%4�4F�3&@��������������������� ���o53����&��3�����3&@>A(%�&�;E.�t(%�1���D�32,&`(%4�4�/��*�
i!�,E`(*�)���%��(%��& Q �3J�����& L@���njcL ����>�=���5 ����z��rL��1��/��,�'>A(%/�� z (*��&n�WL��HL ����� E`(%�dz
� &'���)�%/�� z -.I(KM ($($ EO"P&�Q:2AKTS�=P/W$.Xa&W=T$#Ia&�[O=D"%K:&�[O\��! (/WKMK \eKTS.-0/�132#"% (2�N7`.&WI#"% (K+b<$#I#cd"Uz
4D(%>%�v��� �1L��]"R� �\/�� ���3z d �����'L

� � ���vMpL��'L �Z� ����T �3�dL�?Z2���/)(%53��2,&V(*����E`��5N�,�A�)�3/)(%5��)�,�%��� L\���[jcLD����>�=���5 �,�'zF�rLF�1�)/��,��>A(��
/�� zd(*��&c�WL �XL ���,�3Eo(*�dzr� &��Y�)��/�� z7-.I(KM ($($ EO"P&�Q:2 KTS =V/W$UX#&W=Z$#Ia&�[O=>"%K:&�[O\<�! (/WKMK:\0KTS
-0/�132#"% (2qNJ`.&WIa"% (K b7$#Iacd"Uz�4D(*>��]�)e d L��]"R� �\/�� ��� z d ���%�'L

� � ���v�HL ��LFbI/��%��� LJpYhWK:9OK �]"Pc $#&W=ZK�z��%�?� �)e*��z d � � d L
� ����� �\L ��L �\���)(%�301��f1����L O���/K�)��i`2��,���3���,�o(%�o�,E.4F� /K-C� 53���<�����W>�(%� L]�!K:9:4'-0/�132i4�rF`Uw!-<z

d �  � $c� �fe d z'8W=�>%=���� d � � d L
� ����� �'L��'L �'(%f;=�/�(%��L � K5E�$#Ia& � h?[O&W=Dhsc � $( (/?[O&W"% (2�LI8H&�&��,�����!� �a�3��2��3J �\= Q 2��,��6'�,��>

����E.4D(%�AJ�z d ���%��L
� �%���p�WL%�WL*��/)(*&�2,��J�z*�WL*8vL%�'(*5Bf%�����tz*(%��&h�RL%beL7�$='2,�3� L!��������������������� ���p5 �%��&�� �'�)(*���,���

�%-�2,�Y�)6��Y=�E�� " Q ��� /�0�(*�)�����k�*-�2,�,Eg�Y��� &[53����&��3���)(��)�g�1=�E Q �3/ Ld-v/�1M254u68$#9:4u;<$#=D= 4,z
���  �)$c� ���)e1z�uD� Q /�=D(%/�J d ��� �1L

� � d �p�rL �\L\����/��'�,��6 z]*vL��RL\��2�(%='�����3�dz0�'L �\L��Z� Q �3/���� z��XL 8pL\����/���� 2�2�z�(%��&��WL\�HL
���,�3Eo(*�dLS�;�7( Q 2�� 85 � Q �������B�#�\�������)�3�,�m5 ����&'� ����(*�)�3�W:X�Y�)6V:X�,&��32�J{��=��D( Q 2��R�,�!�
�)�3/)(%5��)������� LJ-0/�1M254768$#9:47;<$#=D= 4,z �)e  �)$U� d �*�)e!z!8W=�>�='���W�%�����'L

� ����� �'L?�\L!�Z� Q � /���� zs*vL!�RL'��2�(*=������ �dz��rL?�\L'����/����,��6dz!�HL!8vL!MW����2��3J%z'�HL18pL'����/���� 2�2�z
(%��&��WL\�HL ����� E`(%�dLc�����A�)/���2,2�� &s5 �%2,2,(%4����o�%-$(9��������������������� ����53����&��3���)(��)�%L
-0/�13254<6A$#9:4<;<$#=>=%4,z � �  d �)$U� �;� d d z�j+(�Jm�*��� d L

� �%���p�rL������%='J��%z*jcL��RL�8$��&�/��3:X�3zO�'L��1��� ��>��3/ z �vL � �'L�j^�,�3�����3/ z�MvL*j�L*�;�7(%E.4F� /#�#"I=�/�� z
(%��& � L�"I�3���)�3/�2,�*L " Q ��� /�0�(*�)�����m�%-�u�� ��6 Q (%576^/�� �����D(%�'5 � �$���m(.��������������������� ���
5 �%��&�� �'�)(*���%L�pq[O=DhsIL$�z����A�  �)$c� d e d zDj+(*/�576 d �%���'L



� 	 ������ � � � � ��� � � 	���� � 	
� d e��

� �*�*�ROhL<O�=�2,���)���%z�8vL8�'LH"I� /�Eo(*�dzH�WLX��6��,� zH(%��& �FLX��61=dL�" Q ���3/�0*(��)�,�%���%-v2���:S�
�D�32,&+-C�3��6 Q (%5769/�� �����D(%�'5 � �N�,�+53��2,2��������%���Z�%-\5 �3���,='E (*�)��E.� L^-0/�1M254]68$#9:4 ;<$#=D= 4,z
�A�  � $c� d �A� �'z�uD� Q /�=D(*/�J d �%���'L

� � e��vu�LAMN(%2Y-C��0��'z;�rL1bI�,�%/�>��Y��� zO�\L ��L �\���)(%�301��f;����z�(%��&o�rL1�;�)/�����>A(*/���LD�H6��3��/�Je�%- �������B�
�\�,���K�)�3�,�e5 �%��&�� �'�)(*���,���g���h��/)(%4�4F�3&g>A(%���3� L!68$#9:4 � K5EF4e-0/�13254,z � d  �)$U� ���%�'z*8$4�/���2
d ���%�'L

� � ��� �eLH�S(%�����,��(*��&��]LSMW=�EmL ��������������������� ����5 �%��&�� �'�)(*��� �m�,�~���,E.����&�� 4F�3��&�� �A�
�)/�(%4�� LJ-0/�13254768$#9:4<;<$#=>=%4,z ���  ��� $c� e%� d e!z�M$� 53� E Q � / d ��� �'L

� ����� ��=dL�"R(%>A(*�dz �HL ��L��!=�/�f*��0Fz�(%��&sbeLdOhL��!6'2�JA(%4'���,f%��0rLo�\0%��2,='���,���k�%-H(m�������B�
5 �%��&�� �'��� &9>A(*�$=��'&�� /Z0*(%/���(*���,�%���X�%- �)6��v53���'�D�'�,��>`4F�%�)�3�;����(%2 LA-v/�1M254o6A$#9:4<jIz
e*� � d � e*�  � $�z d ��� �!L

� �����v"eL��<����>��3L j,=TK:c K ��=D"m2M (/W$ `�� �W$#Ia"Pc $#&W=T$�cd"P= �YKM2M$#N%`."P&?2#=Z$#"P&��dK:&�E�$#&?25[O=Z$#&DL
MW��fA����/)(%/ Q � �Y�tzD?$�'��0�� /����Y�7P*�=�$(%������0�� /3z d �%���'L

� �%���p�rLp�<=�/�>��3/ L `.I f:$#h QOh�&�Q hs&�E t7&W=Z$#IL2#he (/�h�&�Q EOh�&?k:\m$#I��!K:\ "P=ZK:&'$#& "P& �+KM2M$#N
`."P&?2#=T$#"P&��dK:&�E�$#&?25[O=Z$#&DL\MW�%f;����/)(*/ Q � �Y�tzD?Z����0��3/����Y�7P*� �W(%���'��0��3/ zr�*�����'L

�������p�WL�����6��3�!����(%�����%=�&C��� La8H����E`��5oE`�*�)�,�%�s�,�n2,(%���3/e2��,>�6A�tLk�����'L�jcL\�Z(%��E`�%��&
�'L*MN(*2,� Q (%/�&v(%�'&d�'L � �,���1� �%=��K�)�,� z�� &'���)�%/�� z b'h�&�EF[Oc $#&W= [O\F�e1M2#=Z$#c 2B"P& � h?[O&W=>h�c
� ��=>"% (2BLD��2�����01�,� /Z�!5 ��� ��53� �\= Q 2��,��6'� /��Z�$L�OhLYz d �%�A�!L

��� d � �vLU�'L]j^�3��5t(%2Y-{(%��& ��LN0*(%� &��3/a�1��/)(*��� �dL ;![:2M$#I �.KMK:\ "P&�Q [O&�E w?I [ ����"P&�Q%L
�!4�/��,��>%� /K��O�� /�2�(%>'z d �%���'L

���A���ROhL��rL:� �3����f;6���0V(%�'&VOhLFbeL�j^������>����dL.-0/�1M254768$ �'4,z � d � d z d ��� d L
������� � L%��/K�)E.� /3z%�]L*��2�(*���tz �'L �\L��W(%2�2�z�(*��&.jcL � 61= L � (%��� /�E`(%����4�=�2,(*�����%�p�*-F(*�)��E.��5

Q �t(*E 0%� 2,�153�����,� � � M$� E.��������/)(*���,���a�%-Z�K�)��4�4F�3&�(*�)��E.�h(*��&s0�� 2��15 ����Jc/��30��3/��)(*2�L
-0/�13254<6A$#9:4<;<$#=>=%4,zTe*�: d �)$U� ��� �'zDj+(*/�576 d ���)e!L

���%�*� �'LJ*Z� 2�2,� �����3�dzB�'L ���vL�j %�2,2�� /3z<"eL��!� �'>����)�157f�zS(%��& � L��\/���E`�3/ L � (%/�>�����(%��>�2��
Q �t(*E_&��3wD�353���,���m�%- (g2,(%���3/K��53�1��2,�3&@���1&���=�E Q �t(%EmLBr � �sj �HzD� � � d �A�'z d ���%�'L

���)e�� �'L�MW(%2,� Q (%/�&s(%��&��WL\���%6�� �1����(%�����%=�&C����L���(*��� /h53�1��2��,��> Q � 2���: ��6��@MW��4'4�2,�3/
2,��E.�Y� Q Jn4F�%2�(%/��,T (*�)�Y���s>%/)(%&���� �A�)�&� ����E.4�2,�`��6�� ��/��3���,5t(*2Y��Eg�1&�� 2��3L�r)4 � ��=%48�!KM 54
j,c 4��Xz �  d d $c� �%�A�*�'z)*Z��0��3E Q �3/ d �����!L

��� ��� �eL'bI�%��� z!jcL'�rL1����� �*z!(%��&`OhL1��� 2	� "$��0!��f;�,��LopYhW #\ 4!b'hF2#"%K:&�
���R�eh ����\ 4,z1� � d �%�fe!z
d � ���!L

��� ���vMpLd�HL ��/�����5B6D(*/�&dL]���1��2��,��>o�'� ='��/)(%2�(��)��E.�W�,�9(oEo(*>����3���,5]�)/�(%4[-C��/W4�/�� 53�,���,���
��4F�353�)/�����53��4AJ�L8-0/�13254<6A$#9:4<;<$#=>=%4,zTe d  d e $U� d �%� �'z "N53�)� Q � / d ���%�'L



d e�� � 	 �
��� ��� � ��� ����� � 	 ��� � 	 �

�������ROhL �rL ��(%>��D(��)��zrbgL ��L � (*-UJA(��)�,�3zF8vLdbeL j+(%/K�)���dzr�HL �\Lr�Z(�( Q zr�RL@*vLF8W6�E`(%&1�
���Y�7(%/3z�(%��&mMpLD�HL �\/����)576D(%/�&dL������A�)���1=���='�X�K�)��4'4��,��>g(%��&@�)/)(*4�4�����>e�%-����3='�)/�(%2
(*����E`�3LJ-0/�1M254768$#9:47;<$#=D= 4,zTe��  �� d $c� � d �%��z�j+(tJ d ��� �1L

�������pjcL �]"hL�j^��:��3� z%jcL��RL�8$��&�/��3:X� z:*vL:�'Lt0*(%�vMW/�='��� �dz�MvL*jcL�"I=�/�� z�MvL*�rL�MW='/�-C� �*z
(%��& � L�"I�3���)�3/�2,�*L~���%�������\�,���K�)� ���q5 �%��&�� �'�)(*���,���q�,�q(k���,>�6A�)2YJs5 �%�'�D������>c&�5
E`(%>������)�,5W��/)(%4dLJ-0/�1M254768$#9:47;<$#=D= 4,z ���  �)$U� � d �'zW�%=�2YJ d ��� �!L

� �����pjcL!�Z�1�3E`�3/ L��dK:&�f:$ ��=D"%K:&�h�&�EUj+haSiC([Oh	$#"P&'$#I,c [MQO&'$#=D"m2M (/W$#& b�[O\g\m$oS���IqEO"%$A`.IaN
f:$#hOQOhs&�Qd$#"P&'$(2.kFKM/��OIL$#&W=T$#&d`J&?2M$#c C5\m$(2J9OK:& 6�h?C5"DEO"Phsc [O=ZK:c $#&DL�MW��4�2���Eo(*/ Q �3�Y�tz
?$�'��0�� /����Y�7P*�=�$(%������0�� /3z d ��� �!L

� � d �]�IL.�?%�&�E.�3J��3/ L -.I�� �?[OI [O=D"%K:& kO[O\ =Z$#I [O=ZK:c [OIL$#I `.&?2M$#c C5\m$(2�S��sI EO"%$ �+KM2M$#N
`."P&?2#=T$#"P&��dK:&�E�$#&?25[O=D"%K:&DL\MW��4�2���E`(%/ Q �3�Y�tz'?$�'��0��3/����Y�7P*�=�$(%���'��0�� /3z d �����'L

� �A��� � L�"I�3���)�3/�2,�N(%��& *]L �'L!0�(%�VMW/�='��� �dL���0*(%4F��/�(*�)�Y0��N5 �1�%2,�,�'>p�%- �)/)(*4�4F� &V(*�)�%E`�3L
j,EO9:4!j+=%4 � K:\ 4 � ��=%47-0/�1M254,z�� �  �)$U� d � d z d �%� �'L

� �����Q"hLe�'L:� =��Y�)� � z�jcL � L��X�3J1���%2,&��3z�(%��&��'LD�ILFjcL �s(*2,/)(t0�� � L�"I�,�����)��5N��6�� �%/�J@�*-
�)6'���30�(%4F��/�(*�)�Y0��<5 �1��2��,��>Z�*-�(Z��/)(%4�4F�3&h>A(%�3Le-0/�1M254)68$#9:4sjIzOe%�  d $c� ��� d z:��(%�;=D(%/KJ
d ��� �'L

� �%�*� �vL �c=dz��HL�8$/��,E.����&'��z (*��&n�WL �'L�uD�1�%�tL{M$J1�D(%E.�,53�v�%-S�30�(%4F��/)(��)��0��.5 �1��2��,�'>
-C��/X���%�������\�,���K�)� ���m53����&��3���)(*���,��� LB-0/�13254<6A$#9:4!jIzTe �  d $c� e ���'zW�%='2�J d �%� �!L

� �)e��v�RL bR/��,E.EVzdjcL �c� ��&�� E�%�2,2�� /3z (%��& ��=dL �WL0"W0�576��������,f%��0FLpO���/K�)�Bi9-C�%/�E`(*�)���%�
�,�c(m�����,/�/�� &a���%���B�#�\�,���K�)�3�,�c5 �%��&�� �'�)(*���%L�j,EO9:4uj+=%4�� K:\ 4 � ��=%4v-v/�1M254,z��)e7� �)e1z
�%���%�'L

� � ���p�WL;�rL%8H&D(%E.� zAjcLA�!�,�3>�� 2 z%(%��& �'L;j^2YJ1��� f�L�8H����E ��4'���,5 �3L'-v/�1M254e68$ �'4,zA�*��� � d �A�'z
d ���*��L

� � ��� �'L MN(%2,� Q (%/�&[(%��&k�WL ����6��3�!����(%���'��=�&C��� LRMW/�� ����� &!��(*�)��E(%4�4'/��A(%576[���@(*�)��E.��5
E.�%�)�����q���~2,(%���3/`2,�,>%6;�X�\�H6��[&'�,4F��2��m-C�%/�5 �+/��301�,�����)�3&dL r)4 � ��= 4+�!KM 548j,c 4 �Xz
�?� d �%� �1z d ���)e!L

� ����� � LZ"I�����)�3/�2��%zXMpL �rLZMW=�/�-C�3�%zZ(%��& MpL jcL$�1�7(%E.4F� /#�#"I=�/��dL j+(%f;����>�zH4�/�� Q ����>
(%��&.='��&�� /����7(*��&�����>p�<�����B�#�\�,���K�)�3�,�.53����&��3���)(��)�3� Ld���ojcLA����>�=���5 ����z1�rL;�1�)/��,��>A(��
/�� zd(*��&c�WL �XL ���,�3Eo(*�dzr� &��Y�)��/�� z7-.I(KM ($($ EO"P&�Q:2 KTS =V/W$UX#&W=Z$#Ia&�[O=>"%K:&�[O\<�! (/WKMK:\0KTS
-0/�132#"% (2qNJ`.&WIa"% (K b7$#Iacd"Uz�4D(*>�� � �1L��]"]� �\/�� ���3z d �����'L

� �����v"eLS�����'>�� zH�rLS��=�/�>�� /3zHMvL �Z� 2,2Y:��3>�zSjcLH"$�*���)f%�*zH�rLSMW�3���)E.� / z��ILS�Z����f;2,� � z
�\L��S(%535 ��(*4�=��%����z7�'L 8W/�2�� z "eL��!�3��>������15Bf�z (*��& � L��\/���E`�3/ L@�!4F� 5��)/�����53��4;Jc�*-
&D(%/�f{���%2,�Y�)���@�K�7(*��� �Z���m��������������������� ���m5 �%��&�� �'�)(*��� � L8r)4 � ��=%4��Xz:e?� d �*��zD�%�����!L



� 	 ������ � � � � ��� � � 	���� � 	
� d e%�

� d ���*� �eLR���%/��,� z �hLp�!=�T3=�f;��zpjcLv"$��T ='Eo(!zR�ILp�!=�>���=�/)('zR(%��& �ILv"I=�>A('L j+(%576!�
T �36���&��3/ Q /�(%>�>.�,�A�)�3/�-C� /���E.�3��� /H-C��/Z(.�������B�#�\�,�'���)�3�,�m5 ����&'� ����(*�)�*L+-0/�1325476A$#9:4
jIz � d � �%� d �%�A�  � $�z��%�%���'L

� d � d �]�WL ���%=���>�zrjcLF"R(%���301�,576dzF(%��&[�rLr��61=dL��\/��35 �����,�%�+(*�)�%E ���;��� /�-C�3/���E.���)/�Jo:X���)6
2,��>�6;�g4�=�2���� �3L���� ��L��RL<�<� /�E`(%� z��3&�������/ z.j,=TK:c X#&)=T$#IPS $#ILK:c $#=>Ia1*z�4�(%>��+� �%�'L
8H5t(%&��3E.�,5 �\/�� ��� z d ��� �1L

� d �A���v�rLS�Z��5B6�(%/�&dz�u�LSbR�3/ Q ��� / zB�'L �vL��H6AJ1:X������� �dz$j�L �Z=�> Q (%/K�tz ��LH���%='J�� /3zH(%��&
8pL�8W��4F� 53� L j^��E.� �;��=�E ��4F� 5��)/�����53��4;Jq�%- d &	4�6�(%���mwD=�53��=D(*���,�����.�,�q�������B�
�\�,���K�)�3�,�V5 ����&'� ����(*�)�3� L8-0/�1M254768$#9:47;<$#=D= 4,z�� d  d $U� � d �%�A�)e1zD�*�����'L

� d ���*�R�7L��!6;0�(%/�5761=�57f�z���6 L���=�>�>%2,�*z MpL��rL ���3��/���0rz�"eL MW��� 57f;Eo(*���dz�jcL � ��� 2�����f%��:S�
��f;� z�jcL�"I�3E`E`(%��� z��IL�bgL��H�,�35Bf%�*z � L�0��%�y"I2,�Y�)T3����>�z�bgL\OhL��!6'2�JA(%4��'�,f%��0rz
(%��& �'LF�ILdjcL �a(%2,/�(�0��3�dLW�������B�#�\�������)�3�,�+5 ���'&�� ����(*�)�����[�,�A�)�o�'�����3|1='�,2,� Q /���=�E
���)(*�)�3�e�K�)=�&'�,� & Q Ja53����&'� ����(*�)�{-C�153=�������>�L -0/�1M254B68$#9:4J;<$#=>=%4,zE���  ����O$c� ���%�%�A�*��z
MW�35 � E Q �3/N�*���A�!L

� d �%�%�v�WLFj^��/)(g(%��& �eLF�S(*���)���dL�� i1�)�3���������^�%-��<��>���2���= Q ��0`��6�� �%/�J{�)�g|1=�(%����5 ���'&�� �!�
�)(��)� �3L�-0/�13254<68$#9:4�jIz � �?� �)e%� � d e!z��%�����!L

� d �)e��_�'L "hL 8$��&��3/����3�dz ?]L 8W2 "R6�(�:S(`��('z (%��&3�]L �IL �WL �1�)�1�%-#L �\6D(*���hwD=�5��)=D(*���,���'�
�,�m(��)��E.�,5W>A(%��� � LB-0/�13254<6A$#9:4<;<$#=>=%4,z ���  � $c� � �%�*�A� �!z'uD� Q /�=D(*/�Jm�%�%�A�!L

� d � �*�]?vL�8W2D"I6D(�:�(C��(!z �'L7"hL�8W�'&�� /���� � zs*]L ��L �\/���='f�(%f;�,�3z;(%��& �]LA�IL;�WL1�1�)�1�*-#L � ��:
&���E`�3���������D(%2 Q �����R>A(%���3� LB-0/�13254768$#9:4!jIz � � � � d � � d e!z�uD� Q /�=�(%/�Jm�*���A�!L

� d � ���]MpL �\L � =!i'(*��(%�'& 8pLebI/�� D.�dL MZJ!��(%E`��5~5 �%/�/��32�(��)�,�%� -C=��'53�)�������s�,� �������
&���E`�3���������D(%2r|1=�(%����5 ���'&�� ����(*�)�3� L8-0/�1M254768$#9:4�jIz � �?� �%�A� �����'z��%���%�'L

� d ���*�v�rLD�7L��!6��30%5B6��3��f���L8�!K:9:47r?47;<K�� w�$#c��'4�-v/�1M254,z d � � ���%�'z d �����!L
� d ���*�]MpL��FL �����)/���0FL �YKM2M$#N%`J"P&s2#=T$#"P& �.K:&�E�$#&?25[O=D"%K:& "P& ;7K��uN 
q"Pc $#&?2a"%K:&�[O\Aw?I [ ���e$ E

�8[:2M$(2�L�MW��fA�)�%/)(%/ Q � ��� zDu-"Rj ���'���)�Y�)='���R8Ij "'� u�z��%���%�'L
� d d �*�v�rLF�1�)/��,��>�(%/�� L�MZJ!��(%E`��5 �X�%-����%���B�#�\�,���K�)�3�,�m5 ���'&�� ����� &+>A(%���3�Z�,�V6��,>%6�2�Jo&��3-C�%/K�

E.� &V��/)(%4��3LB-0/�1M254768$#9:4�jIzTe��  ��)$c� �%��� e!zD�!�34'�)�3E Q � / d �����!L
� d d d �vjcL "hLD�!53=�2,2YJo(%��&mjcLD�rL � = Q (%�,/KJ�L � h)[O&W=Dh�c � ��=D"% (2�L��S(%E Q /��,&'>��N?$�'��0��3/����Y�#J

�\/��3��� z d �����!L
� d d ����� L "I�3���)�3/�2,�o(%�'& �W(%���#� �%�A(*5B6'�,E j^��� ����� /3Lk�<��6�� /�� ��53�@4�/��%4F� /����,�3�p�%-X�������B�

�\�,���K�)�3�,�{5 �%��&�� �'�)(*��� �Z(*��&V(��)��E 2�(%��� /��3L0-0/�1M254�68$#9:4@jIz e �  ��f$U� �A�*� d z?"N53�)� Q � /
d �����!L



d ��� � 	 �
��� ��� � ��� ����� � 	 ��� � 	 �

� d d �*�]�HL�8pL���=�/�� z<�RL � L�bI6�/������tz��WLJ�'L<jmJA(*��� z�jcLJ�'L �$��2�2�(%�'&dz��HL�8vL�����/���� 2�2�z
(%��&��WL��HL ���,�3Eo(%� L�����6'� /��3��53�%zS5 �%/�/��32�(*���,���'� z�(%��&~53��2,2��������%���&� ��6D(*�o�����
2,� (%/��'� ( Q ��='� �������B�#�\�,�'���)�3�,�p53����&��3���)(��)� � -C/��%E ��6�� ��/�&'� 5t(tJ�L�-0/�1M254)68$#9:4);<$#=D= 4,z
�%�  ��)$c� ��� �1zW�%=�2�J d ��� �!L

� d d �%�]u�LHbI� / Q �,�3/ zS�rLS�Z��5B6�(%/�&dzB�'L �vL��H6AJ1:X������� �dz$j�L �Z=�> Q (%/K�tz ��LH���%='J�� /3zH(%��&
8pL'8W��4F�353� L<j^��E.� �A�)=�E &'�,����/�� Q ='�)�����{(%��&V5 �%/�/��32�(*���,���o-C='��53���,���@�%-�|1=�(%����5 ���!�
&��3���)(*��� �$���V� 2�����>A(��)�3&V��/)(%4��3LB-0/�1M254768$#9:4�jIz � �?� �)e d ���A�!z��%�����!L

� d d e��v�WLF����6'� �!��� (*������=�&`����(%�'&+�WL��X� Q ��2,2�(%/�&dL �04<6Y4�j+ [FEF47�! #"D4<-B[ Ia"m254,z!�tL �e��� /��,� �
��O � ���fe1zF�*��� d L

� d d �*�v�rLeMW�3����E`�3/ L `�� �e$#Ia"Pc $#&W=Z$#\P\m$ t<&W=Z$#I(2#hW (/�h�&�Q�$#& f5hsc `."P&?25[O=mf 9OK:& �+KM2M$#N
`."P&?2#=T$#"P& �dK:&�E�$#&?25[O=T$#&�"P& E�$#I /WKM (/?[Oh����M2M$#&�E�$#& X#&W=Z$#IPS $#I(K:c $#=DIa"%$�L�MW�%f;����/K�
(%/ Q �3��� zD?Z����0��3/����Y�7P*�=�$(%���'��0�� /3zr�*�����'L

� d d ���]"eL\���%��>�� z��FL\��=�/�>�� /3z��rL\MW�����)E.� /3z\MpL4�$�32,2Y:�� >�z]�'L�8W/�2��tz � L\�\/��)E.�3/ z�(%��&
"eL\�!� ��>%���)�157f�L �a(�0��3>�=���&��{-C��/e��������������������� ����53����&��3�D(*�)�3� L�-0/�1M254�68$#9:4JjIz
��� � �Z��� d �%�A�!z��%��� d L

� d d �*�]�HLAbeL�j�L*0�(%�g"I� E.4F� � zA�rL �'L �'L�jcL%u�L*"$��f;f%� 2�Eo(%�'� z%MpL �'L��$�3�,��T3� �dz�(*��&e�WL �'L
O��3/�6D(�(*/ L����;��� /��,���*�)��4F�^&����)�3/�E.�,�D(��)�,�%���%-I='2��)/�(%5 �%2,&�/�= Q �,&���=�E �,�;��� /�(%53���,�����
-C/��%E �)6'/�� �W6��,>�61��4�/�� 5 ���������`��i!4F� /��,E.� �A�)� L0-0/�1M254�68$#9:4!;<$#=>=%4,z ��� � �%���A�%� d z!�%���A�1L

� d d �*�_�'LA8W/�2��tL�`�� �W$#Ia"Pc $#&W=V2YK:&��YKM2M$#N%`."P&?2#=T$#"P& �.K:&�E�$#&?25[O=D"%K:&DL �\6�&.�)6��3���,�3z1?Z����0��3/K�
���Y�#J{�%- "$i1-C��/�&dz��%�����!L

� d �%�*�_�'Lr�WL � (�:X2��3J%L��^[O&�EFCiKMKMk�KTS C5"%K:\mK QO"% [O\  (K:& S KM [O\�cd"% #ILKM2M (K ��1*L��\2�� �;=�E �\/��3��� z
�*��&m�3&������,��� z d ���)e1L

� d � d �]�\�,��� � =���(%E.E`�3������� 2�2,=���>p&��3/H��4!�)�,��576�� �m�\�,>%� ����5B6�(*-U�)�3�V0��%� 87 � Q �D��&����Z���,576
�,�pMpL*8vL��;�)� 57f�LD�X= Q ��&��,='E � �$M	2��,����&D(*�7(!L!6;���)4�� ���*�K�)� 57f�L =��7�%(%2�f�(%2��,&D(��7('z��%��� d L

� d �����]�WL;b](*��LF� � �353�����%-rT �3� E`(%�.&��3>�� �'� /)(*53Jg���e�)6��H���)� (%&'JA���K�7(*���Z4�/���4F� /K�)��� ���*- (%�
(*����E �,�A�)� /�(%53���,��>o:X����6�({���t(%/�/��3�����D(*�;�]2,(%���3/N�D�32,& �d8W��(%2�J;���,5h/�� ��='2��)�3L -0/�1M254
68$#9:4�jIzD� � � �*�����'z d �����!L

� d �%�*� �vL � �'L�j^�,�3�����3/ z\MvL jcL\�1�7(%E.4F� /#�#"I=�/��dz�jcL �]L 8$��&�/���:X� z�MvL �rL�MW=�/�-C�3�%z��rL ���!�
��='J��*z (%��& � L "I�3���)� /�2,�*Lg�<�����%���,5e�����,Eh=�2,(*�����%�9���9��6��e-C��/�Eo(*�������[�%-�(V�������B�
�\�,���K�)�3�,�V5 ����&'� ����(*�)�*LA�! #"%$#&' ($�zD���%�  � $c� d ���)e!z'uD� Q /�=D(%/KJ d �%���'L

� d �*�%�vjcLr"Il�6�2 zrjcL'�'LrMW(�01�,�3z �WL � L bR(%/�&��,���3/ zD�IL � L �$P%����5B6 z (%��&+�ILr������2,����>��3/ L
bI/���:H��6y�%-p�<�����B�#�\�,�'���)�3�,�y5 ���'&�� ����(*�)�3�V-C/��%E �)6'� /�E`(%2Z0*(%4F��/3L -0/�1M254Y6A$#9:4
;<$#=>=%4,z ��� � �����*�A�A�!z��%���A�!L



� 	 ������ � � � � ��� � � 	���� � 	
� d � d

� d � e��_�'LA�HL;�!��E.�)(%/���(*�dzO�'LAMW�3����576�2�(*>�z;j+(%/�fp�\&':S(%/�&�� z1��6D(*/�2,�3� � L;��2,(%/�f�z �\LAM$� ��>�z
�HL � L �$(%>�2��3J%zD"eL �Z� 2�E`�3/����%�dz��rL ��LD�X��2,�K�)��� z�(%��& � LDMpL �\6��,2�2,�Y4�� L ��Eo(*>��,�'>
�)6'�e4�6D(*���e�%-<(*�9�30���2Y0!����>@��������������������� ���95 ����&'� ����(*�)�e:�(�0��h-C=���5��)�����dL -0/�1M254
68$#9:47;<$#=D= 4,z �)e  d �)$U� �*�%�A�'z��!�34'�)�3E Q �3/W�*�����'L

� d � �*�]�RL �$(%� Q =�/�JV��/���:X�^(%��&^�RL�GeL�� :X�,��� L�-.ILKM 54<6AK:1O4o�!KM 54!jIzF�*� � � �����1z d �)e��'L
� d �����]?vL�"R/�� ��>%� 2 L `J"P& S��F/�Iahs&�Q "P&�EO"%$ l [:/�IL2M (/W$#"P&W\ "% (/FkF$#"P=V2#=P/W$(K:Ia"%$ h�&�E �e= [O=D"m2#=D"mk�L

ON���3:��3>�z d �����'L
� d ���*�R8pL'�'L � � >�>%�3��� LN��������������������� ���[5 �%��&��3���)(*���,���[���^�)6��h(%2�f�(%2,� >A(%��� � � �!��E.�]-C=��!�

&D(%E.� �A�7(%2 5 ����53� 4'��� L�68$#9:4�� K5EF47-0/�1M254,z �*� � �%� �!zD�%��� d L
� d �%�*�v�WL j^� �'�%�����\(*��&��rL �1��/�����>A(%/���LI����2�2,�353�)�Y0��p�%��5 ��2,2,(*�����%���$�%-<(o�����B��&���E`�3���������D(*2

�)/�(%4�4F� &^��������������������� ���m>A(*� LB-0/�1M254768$#9:4!jRz � �?� �%��� � d �!zD�%�%�A�!L
� d ���*� �vL;jcL��'L1j ���1�3���)�3�dz;8vL1j^�1�3/�&�� ��fFzA(%��&`�$L �'L�O\� /�6�(�(%/ LrMW�,4F�%2�(%/ &�� 5 (�Je�,�e��:��

/��35 �3�;�H�<�����B�#�\�,���K�)�3�,�`5 ���'&�� ����(*�)�����o�Bi'4F�3/���E`�3�;��� L -0/�13254'68$#9:4ejRz?e*�: d $c� �W�*�'z
�%=�2YJ d ��� �'L

� d � d �v�WL<"N/�T3� 2�z�8vL�"eL���='5B6'Eo(%� z*jcLC�\L�uD�3�����32�(%= z*jcL �<(*��=�&D(!z�(%��&hjcL�8vL�"R(%���301�,576dL
�!|;=��3� T � &+���)(*�)�3�Z���m(.��������������������� ���m53����&��3���)(*���%L8�! #"%$#&' ($�zD�%� d � �%��� �'zD�%�%� d L

� d �A���R�IL��Z����f;2,� � L��8I [MQMQON �Y$#hOQOhs&�Q+[O&�YKM2M$#N%`."P&?2#=T$#"P& �dK:&�E�$#&?25[O=Z$#&DL*MW��4�2���Eo(*/ Q �3�Y�tz
?$�'��0�� /����Y�7P*�=�$(%������0�� /3zr�*�����'L



���������	��
����


8$�h&���� ���3/\�1��� 2,2���E`l1576;���<�,576pE`��5B6 Q �3�'(%2,2�� � Q �3&D(%�'f%� �dz%&��,��T =�E bI� 2��,��>%� �v&���� ��� /
8W/ Q � �Y� Q �3�,>%�3�)/�(%>��3�m6D( Q �3�dL

jm� �,�'� E MW�%f;����/�0�(*�)�3/ z.�$�3/�/�� �\/��%-#L�MW/3L �c��2�-C>A(*��>^�\/���E`�3/ z &D(%�'f%�o�,576�-A%�/]&��,�
j^l�>%2,�,576�f%�3��� z'(%='-�� ����� E ��� 6�/H-�(*��T ������� /��3��&��3�+bI� Q ���3�H&�� / �\6;J1����f{E.���S>�='��� /H�Bi'4F�3/����
E.� �A�)� 2�2,�3/I8W=������)(*���)='��>+����� ����� E�6��1576�E`�*�)�Y0!��� /K�)� ��?$Eg-C� 2�&k4�/���E.��01��� /�� ��T =cf%l��1�
���3�dL*��576e&�(%��f%���,6�E�-A%�/�&�(%� E.�,/ �3�;�)>%� >��3��>�� Q /)(%576;����O�� /K�)/)(*=�� �h=���&h&'�,�<4F�3/���l%��2,��5B6'�
u l�/�&�� /�=���>.&'=�/�576^��� ��2,�D(*6�E`�I(*�+�!��E.E`�3/���5B6;=�2,�3�m='��&+"$�%�'-C� /�� ��T3� �dL

�Z� /�/�� �\/��%-#L�M$/ L � �3:��3������� ���~&D(*��f%�^�,576�-A%'/.&����V-C/�� =��'&�2,��5B6��m} Q �3/��D(*6�E`�m&��3�
"$��/��3-C�3/)(*��� �@=���&y-A%�/{&����9(%=���>%� T3� �,576������)� � =��)(*E`E.� �D(*/ Q � �Y�{E.���o�,6'E =���&���� �,�'� /
8W/ Q � �Y�)��>%/�=�4�4F�*z�&����\:<� ���3�;��2,��5B6]T =�E �\/�-C��2�>H01�,�32,�3/ ��/��C��� fA�)��&��3���S�����#� i!4F� /��,E.� �;��� �
Q � ��>��3��/)(%>%� �V6D(*�tL

jm� �,� Q � ������&��3/�� /�MN(%��fR>���2�� �\/��*-#L*MW/3L*"I2�(*=�� �!�3��>������15Bf]='��& �\/��%-#L�MW/ LO��(*�p8W/�2��tz
&����X&�=�/�576o��6�/��3�`�3��>A(*>��,�3/��)�3�o�\�����)(*��T%zA�,6�/��X��&�� �3�o=���&`8W��/�� >�=��'>�� �o����:X���Z�,�A�)�3�����Y0��
MW����f;=������,���'� �^� �A�)��576��3�,&��3��&+T =m&���� ���3/X8W/ Q �3��� Q � ��>����)/)(*>�� �V6D( Q �3�dL

bI/��%��� �	8W�A�)�3�,2$(%�~&��3�y6���� /`&D(%/�>�� �K�)� 2�2���� �	8W/ Q � ����� �~6D(��{&D(%�o>��3�)(%Ep���[�S�����
���t(%EmLF���3��MW/ LF"](*��������>%�$=���&[MW/3L �10�� �9�<=�/�>��3/ Q �3&D(%��f%�p��5B6^E.�,576m-A%'/$&'�,�]�������)�
�\�,�'-A%'6�/�=��'>a�,�q&D(*�{�S��������i!4F�3/��,E.� �A�tL<���3�WM$/ L��1�)��-�(%�����+MW������E`�3/`=���&yMW/3L � =��Y�
>����S(%535 �,(%4�=��*�)� Q � &D(*��f%�`�,576�E`��5B69-A%�/R&��,�.(*��>��3��� 6�E.�.=���&cf%���'���)/�=�fA�)�Y0�� � =��)(*Eg�
E.� �D(%/ Q � �Y�`�,��01�,�32,� � BKj^�3�����DP%576;�)�3�)CBz Q � �Z&�� �~&��3/�T3� �Y�)�,>%� �~MW�%fA�)��/)(*��&��3��j+(*/�f;=��
"$�%���)f%�]=���&+�H6���E`(%�W�!576;=�2����]-A%�/Z��6�/��vj^����6��,2Y-C� Q � � &�� �+���;�)�3/�-C�3/���E.�3��/�����576�� �[jm� �K�
��='��>�� �e����:X��� Q � �'M$/ L�� (%���'�XJ;J;����J%z%�H6���E`(%� �Z����f;2,� � z*�'(*��576D(IM$/�� �'f%� 2Y-C��/���6dz��$��2�>��3/
�!576�E`(%2 ���%6D(%���@=���&+j^�,576D(%�32 �\/�6D(*/�&V-A%�/S0!��� 2Y-�P%2Y�)�Y>��I?Z�;��� /����Z%'��T =��'>�L

�;�)� 2�2�0��3/��)/��3��� ��&]-A%'/�&'�,��>��3�)(%Ep����8$/ Q � �Y�)��>�/�=�4'4r��0��%� �a��2Y-C>A(%�'>Z�\/��)E.� / Q �3&D(%��f%�
�,576sE.�,576a-A%'/h&'�,�o>�=!�)�{8$/ Q �3���)��(*�)E.����4�6DP%/��o=���&�(%=�576n� �����,>��`4'/���0�(*�)�o8$fA�)��01�Y�7P*��� �
Q � ��MW/ L�j^(%/����,� � �������3/ z ��6�/������)�,(%� �%� �;����576dz���(%�C��(^j^� 6'2,���)P%= Q 2�� /3z ��� Q ��(%�vj %'2,2�� / z
MW/3L�8W2 Q (%����MW��='�,2,2����tz MW/ L:�%�1576�� �v"R�3=�4�4dz �����)� /��!4F�1&��3�dz��\/��Y0FL�M$��T%L�bI� /�6�(%/�&]���,/�f12 z
MW/3Lr�\/��'���IjcLF�Z(%���32�ze*$��2,�Z�X�36 Q � ���dzF�$(*�,���3/ZMW=�E.f%�%zF��� Q ��(%�$j %'�)6'� /$=���&[j^�,576D(%�32
O���2�f�L

M$�,��=�Eg-�(%�'>�/��3�,576�� � =��)(*E`E.� �D(*/ Q � �Y� E`�Y� &��3/ ��6�� ��/��3���,��576��3�eGN=D(*�;�)�3����4'���,f;>�/�=�4!�
4F�H0���� �\/��%-#L;M$/ Lf� �3:��3������� ���`:S(*/���� 6'/ Q �3-C/�=�576;�)�3��&`-A%�/\&��,�3���X8W/ Q � ��� L �$��� /�-A%'/\&D(%�!�
f%�R��5B6 �\/���0FLDMW�%T%LD8$���D(.�'(%��4F�3/)('z �Z� 2,>%�R"I/��3='�)T3Eo(%�'�V=���&m����� Q �3������&'� /��]MW/ L � =��,�
�'(%�A�)���3L

M$�,� ���+8$/ Q � �Y�.:X=�/�&��+&'=�/�576~&������Z�,2Y-C�VTt(%6'2,/��3�,576�� /oj^�Y�7(%/ Q � �Y�)� /g&��3�o�����������)=!�)� �
���36�/Z� /�2,�3�,576;��� /�� L��1�)�32,2�0��3/���/��3��� ��&V-A%�/Z(*2,2,� Q �3&D(%��f%�]�,576mE.�,576 Q � �*�$�3/�/��^MW/ L��X=�&���2Y-
bR(%=�2�z'uD/)(%=mu�( Q � /3z�uD/�(%= ��-C� ������>�zDuD/)(%= �#%�������T ��5B6^='��&��Z� /�/����Z� ��&�� f;/K%�>�� /3L

O\��/ (%2,2�� E�&D(*��f%����5B6RE.�3�,���3�]�\2��)�3/��R=���&]E.� ����� E ��/�=�&�� / -A%'/ &��,��?Z�;��� /��K�Z%'��T =���>
(%2�2,�3/S� /�&�� �'f12��,576�� �m8W/K�tL



������� ����� �����

	
��� ������������� ������� �

�%��L ���!L d ����� >�� Q ��/�� �m�,� �$(%2,2��  ��c� �K��-�(%2�� �:$S(%2,�X�!��6��V0����+bI� /�6�(%/�& �$� 2�2�:<� >
=���&+�\2�� Q �3��6��Z� 2�2�:��3>�z�>�� Q L�"I/)(*E`E.�

� ��� ��� �����������������

d � �*�p�8��� bR/�='��&���576;=�2,�R�,�^�;�)� ����6D(%>%� �!��8WE.��6D(*=����3�
d ���%�p�<�A� bIJ1E.�D(%����=�E &�� /ZuD/���� &�/��,576!��0����!�#�<�1&�� 2���576A:X�,��>�61�K�!5761='2,� �@�,�m�<�,� 2��3-C�32,&
d ����� 8 Q �Y�)=�/

� ���*�A�v�<�%�A�%��� � ��01�,2�&'��� �'���

� � ����� ���

d �A�*��� 8W='-C�D(*6�E`�I&��3� �\6;J1����f1�K�)=�&'�,=�E.�$(%�V&�� /Z?$�'��0��3/����Y�7P*�X���,�32,�3-C�32,&
���A�*�)e O���/�&���4�2���E ���^j+(*��6�� E`(*���,f
d �A�*�)e O���/�&���4�2���E ��� �\6;J1����f
d �A�*� �p�<�����%� � u��%/��)���3��T =���>.&��3� �\6;J1����f1�K�)=�&'�,=�E.�$(*�m&�� / "$i1-C��/�&m?$���Y0�� /�������J
d �A�*� � u��%/��)���3��T =���>.&��3� �\6;J1����f1�K�)=�&'�,=�E.�$(*�m&�� /Z?Z����0��3/������7P��Z���,�32,��-C� 2�&
d ���*��� 8 Q ��5B6�2�=����Z&��3�W�1�)='&��,=�E.� zDM$�,4�2���E �,� �\6AJ1���,f

�H���)�32 &'� /ZMW��4�2,��E`(*/ Q � �Y�&��B#MW����4F� /�����������f%�%E`4F�3���)(*���,���
=���&[��6�(%/)(*f;��� /�������� /�=���>g0��%�+uD�3Eh�������3f;=���&��3��4�=�2����3�
�,�V&��3/W��� �\6��%������� �1��� (%��� /���5t(%�'���,��>%E`��f1/�����f%�%4��,�/C

���3��� d d �*��� MW��fA�)��/�(%/ Q �3���Z(%E ������������='�X-A%'/$GN=D(%�A�)�3����4'���,f
�,�V&��3/Z8$/ Q �3���)��>�/�='4�4F�R0��%� �\/��%-#L�M$/ L � L��\/���E`�3/
�H6�� E`( �&B �\6D(%���3�'wD=�fA��=D(*�)�������3�^�,�m��������������������� ���!�#"$�%��&�� �'�)(*��� �)C


