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1 Abstract

1 Abstract

This thesis is concerned with the mathematical analysis of models for Micro-Electro-
Mechanical Systems (MEMS). These models arise in the form of coupled partial diffe-
rential equations with a moving boundary. Although MEMS devices are often operated
in non-isothermal environments, temperature is usually neglected in the mathematical
investigations. Therefore the focus of our modelling is to incorporate temperature and
the related material properties. We derive two models, both of which focus on different
aspects of the underlying physics. Afterwards we prove local well-posedness in time
and also global well-posedness under additional assumptions on the model’s parameters.
Lastly, we provide some numerical results which exemplify how temperature and the

model’s material constants change the qualitative behaviour of the system.

KEYWORDS: Micro-Electro-Mechanical Systems (MEMS), temperature, partial dif-

ferential equations
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3 Introduction

3 Introduction

The technology of MEMS is concerned with microscopic devices that function by com-
bining electrostatic with mechanical features. In his famous lecture from 1959 Richard
Feynman discussed how very small machines could be used to solve a high variety of
problems. However due to the difficult manufacturing a rapid development only started
in the 1980s which in turn revolutionized numerous branches of industry [EGG10].

We now give some examples for such devices, for more details we refer to |[Kaa09|.
Microsensors can be used to measure inertia, for example in airbags or to measure
pressure for medical applications. Microactuators create a displacement by converting an
electric signal into a mechanical output. Micropumps are used as a drug delivery system
in medicine [NAMTOg| or for a controlled transfer of fluids in chemical engineering
[Abil2].

Several of these devices actually rely on thermal effects: For example a thermal ac-
tuator creates motion by a thermal expansion that is due to resistive heating [PB02].
Moreover a thermal-based microsensor can be used to monitor glucose and other meta-
bolites [WSXLO08|. Although other devices do not explicitly rely on temperature, they
are nevertheless often operated in a non-isothermal environment. Possible examples are

turbines [TLO1|, rocket engines [Bro03| and satellites [KPK™14].

A key component (see Figure [1)) of several MEMS devices consists of an elastic mem-
brane and a fixed ground plate. A voltage is applied to the system and the resulting
Coulomb force causes the membrane to deflect towards the ground plate. This change in
gap size again impacts the electrostatics and thus the two effects are connected to each
other. In order to design and optimize MEMS devices one has to gain a precise under-
standing of these underlying dynamics. It is therefore no surprise that several branches
of science have advanced in this direction. We now turn to the recent mathematical
investigations of MEMS.

A lot of mathematical research has been done focusing on the idealized MEMS-device
with an electrical actuated membrane. Apart from the fact that this model is important

for applications, there is also a purely mathematical reason for this interest. The device’s



3 Introduction

Figure 1: Idealized MEMS device in 2d with membrane w.

mechanics can only be fully understood if the model takes into account the fact that the
device’s boundary changes over time. The arising partial differential equations will the-
refore take the form of a moving boundary problem. These kinds of problems are of high
interest in itself due to their inherently non-linear nature and their capability to describe
natural phenomena accurately. Examples outside the world of MEMS devices include
the Stefan problem, tumor growth models [BEL12| and the Muskat problem [EMW18§|.
The first mathematical analyses for MEMS devices use the additional assumption of a
small aspect ratio (see for instance [LW14alHuill, Guo08,GGO8, FMPS07,[EGT08]). In
the very recent contribution |[GZZ19] the authors consider an additional pressure term
in the stationary case and examine positive solutions and singularties. Assuming a small
aspect ratio makes it possible to decouple the electro and mechanical effects and thus
consider a problem with a fixed boundary. The first results without this assumption
were obtained in [ELW14] and in [LW13] for the stationary case. Building on this bre-
akthrough several papers have been published that deal with different extensions of this
model. For additional details we also refer to the surveys [LW17b|, [EL17| and the
references therein.

In [ELW15] the authors drop the usual assumption of small deformations and therefore
consider a quasilinear equation for the membrane’s deflection. The therein developed
techniques will help us to handle a quasi-linearity which arises due to the temperature
in our model.

The case of a general permittivity profile without assuming a small aspect ratio is

investigated in |Lielb,|Liel6| for small deformations and in |[EL16| for non-small defor-
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mations.

Moreover in [LW14b,LW14c| bending effects are included into the model and in [LW16]
the domain of the ground plate is generalized from a simple interval to a convex and
smooth 2d domain. We will use the approach of the latter paper to prove well-posedness
for a 3d model. Lastly, in [LW17a] a constrained model is developed which allows further

insights into the touchdown phenomena.

Some mathematicians in PDEs have already worked on incorporating temperature
into models for MEMS. We want to emphasize that none of these authors considered
the just described, well-established, moving boundary problem. However due to the
proximity to our work we want to review this part of the literature as well. In |[AKS17|
the authors consider the "V-shape" electro-thermal actuator. They show existence of
a weak solution for their system and then carry out a numerical analysis. In [KHT16]
the authors derive a model for the thermoelastic behaviour of a micro-beam resonator.
Furthermore they solve the resulting equation analytically and show a good agreement
to already available numerical data.

To the best of our knowledge no analytical work has been done that takes into account
temperature effects on the dynamics of the above described idealized MEMS device.
First steps in that direction were taken in [PB02, 4.4] and |[PB02, 6.3.2]. However both
approaches made use of significant simplifications. In [PB02, 4.4] the Joule heating of a
cylinder is considered. The authors neglect a possible deflection of the cylinder’s top and
therefore only couple equations for electrostatic and thermal effects. In [PB02, 6.3.2] the
authors ignore electrostatics and instead focus on the thermal-elastic behaviour. Addi-
tionally space variations of the temperature and damping of the membrane is neglected.
Furthermore in both chapters the authors neither consider the question of well-posedness
nor perform a numerical analysis. Instead they consider certain limits of the resulting
equations and steady state solutions.

It is therefore our intention to fill this gap by incorporating temperature into the well-
established moving boundary problem for the idealized MEMS device. We now outline

the organisation of the thesis.
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In section [4] we derive the full model in which electrostatic, thermal and mechanical
effects are strongly coupled. The system will feature several parameters and general
functions that depend on temperature. We then rescale the equations and discuss more
concrete examples for the temperature dependence.

We start the analysis in section [5] by investigating the small aspect ratio limit. Then we
consider two less simplified cases in sections [6] and [/} Both sections are organized in the
same way: We first derive a simplification of the full model in 3d and in 2d respectively.
In the 3d case a higher focus is placed on how the temperature influences the electrostatic
effects directly. In the 2d case we instead focus on the temperature influence on the
membrane’s parameters. The resulting governing equation for the membrane will turn
out to be quasilinear. We end both sections by proving local and global well-posedness
of the derived problem under different assumptions.

Lastly, we complete this thesis with a numerical analysis of the 2d case in section
B We show how the different parameters influence the deflection of the membrane and
in particular report significant differences between our model and the model MO which

neglects temperature effects.

10



4 The full model

4 The full model

Our MEMS device is a cylinder with radius a and height h, filled with a fluid. The fixed
ground plate lies at 2 = —h. We will use a tilde on several variables because we will
rescale our equations later for convenience. The elastic membrane is attached at z = 0.
Denoting the membrane’s displacement with w, the volume of the cylinder is given by

Vo = ma*h + / W7, 7) dF, 7). (4.1)

E

The ground plate and the region of the cylinder are denoted by

E={@NV2+1?<a}

and

Q@) = {(7,7,2) € Ex (=h,00) : —=h < Z < u(%,7,1)}

respectively.

Figure 2: Domain Q(@()) for @ = 0.
In the following we assume that
(,7,2) € (1)), t € [0,00)

holds if 7,7, Z and ¢ are not specified otherwise.

11



4 The full model

4.1 The evolution of the membrane

We formulate the equations governing the membrane’s deflection which is modelled with

a function @ : E x [0,00) — R [PB02, page 192, page 236]:

0’u . ~ w, .~
pmdﬁ(ajayﬂf) + &dﬁ(xayat) (42)
- :U/(T(:fv ga fd(ijv é/vu Z}))Viﬂ(&?’ g? ?) + D<T(ZE7 gu ﬂ(f, ga Z)))Viﬂ(i’, 37’ Z/)
61@)

== 9 |6{/;<57 g7 a(%v g75)|2 + P<T(f7 {J; ﬂ(f, ga%v))a VC(ﬂ(§7 ga%))

In the membrane equation the electrostatic potential {/; and the temperature T, which
will be discussed shortly, are always evaluated on the membrane, that is z = u(z, 5,5
Therefore we will shorten the notation and write

pmd% + ad% — w(T)V2a+ D(T)Via = —#ywﬁ + P(T, Ve)
instead of whenever it is convenient.

We use the notation V2 := 92 + d2. Here d is the membrane’s thickness, py, the
density of the membrane’s material, ay the damping constant, ,u(f) the tension in the
membrane, D(T) its flexural rigidity and e;(T") the permittivity. Furthermore P is the
pressure and T the temperature. The right-hand side of the latter equation captures
the fact that the membrane’s movement is dependent on both the electrostatic potential
and the temperature within the device. The voltage difference pulls the membrane to
the ground plate whereas the pressure of the fluid, which increases with temperature,
pushes the membrane upwards.

At the edge of the cylinder the membrane is clamped and it is assumed to start in

position ug. Therefore we have the boundary and initial conditions
W@, 7.1) = 0,u(7,7,1) = 0, for (%,7) € OF, T € [0, 00) (4.3)
and

W7, 7,0) = w(T,9), 0a(F,7,0) = wi(3,7) for (7,7) € E (4.4)

12



4 The full model

Figure 3: Domain Q(@(?)) for a membrane with a negative and a positive deflection.

where uy and u, are given initial data.

4.2 The electrostatic potential

We state the governing equations for the electrostatic potential within the cylinder. A
tilde on differential operators denotes derivatives with respect to variables with a tilde.

o(T) : R — R is the conductivity of the fluid in the cylinder which will depend on the

temperature. We model the electrostatic potential with the equation

V- (o(T)VY)(#,7.%) = 0. (4.5)

A derivation of the latter can be found in [PB02, page 104]. By defining o(T") as a scalar
only depending on temperature and not as a tensor depending on the position inside
the cylinder we assumed that the fluid is homogeneous and isotropic. The fixed plate at
Zz = —h is grounded and the potential in the amount of V' is applied to the membrane.
Also we assume that there is no current through the lateral boundary of the cylinder.
Denoting the derivative in the outward radial direction by 0, this imposes the boundary

conditions [PB02, page 104]:

w(?fv g? _h) =0, d}(%v g» a(:f? g)) =V, aﬂ; =0 . (46)

13



4 The full model

4.3 The temperature

Now we turn to the thermal problem: We derive a diffusion advection equation for the
temperature T similar to [Sin13, CA86|: Here py is the density of the fluid, ¢ is the
specific heat capacity. We write py = Vﬂc where m is the mass of the whole fluid. This
makes the density time-dependent because Vi depends on the membrane’s position. We
do however assume that density variations in space are neglectable. Thermal energy
is then given by pfcf The continuity equation in differential form which relates the
change of the thermal energy to the heat flux j and to the source term R is given by:
dp fcf

— +V-j=R. 4.7
P J (4.7)

Our source term captures two effects. Firstly the electric energy which is converted to
thermal energy [PB02, page 105| and secondly the pressure-volume work (or volume-
change work) |[PB02, page 189]. Pressure-volume work is relevant in our case because if
the cylinders volume decreases, the heat energy inside the cylinder increases[l] Conse-

quently the source term is of the form

R=o(T)FP - P(T, Vo) 2. (48)

Here we decided not to include the heat energy generated by elastic energy. This is
reasonable because this amount of heat is outweighed by Joule heating [PB02, page 38|.
We consider two different types of flux: The diffusive flux jq;¢ which corresponds to heat

conduction in our setting can be approximated by Fourier’s first law:
jaw = —kVT. (4.9)

The thermal conductivity k is assumed to be constant. The advective flux j.q, gives the

bulk motion of our fluid in the cylinder in direction v:

Gade = VT (4.10)

'Here we used the in our case reasonable assumption that the described process is reversible. [PB02,
page 189] Also just like with density we assumed that space variations for the pressure-volume work
are neglectable.

14



4 The full model

Now we plug the flux (j = jaav + jair) and the source term into the continuity equation

and assume ¢ to be constant in order to obtain

Cag%:r AT =% (uT) + (D) NP - P(T, vc)dd%. (4.11)

The velocity v in the advection term —V - (vT') is hard to handle if the device is turned
or moved. This is why we want to ignore it. This means we consider the case in which
conduction dominates advection. Fortunately this approximation is very reasonable for
our case: Since we are dealing with a microsystem we can assume a small Reynolds
number Re [PB02| which in turn yields a small Rayleigh numbeif| [GL02]. Furthermore

for a laminar flow (again a reasonable assumption in the regime of a small Reynolds

number [PB02, page 307]) the length of the boundary layer is approximately \/’ﬁ |[PB02,
page 305]. This makes the boundary layer’s thickness larger than our system which in
turn results in slow velocities. Also diffusion is relatively fast in small length scales [PB02,

page 83|. Therefore we reduce our initial equation to:

6pfj: dVC

L = kAT + o(T)|VY|? — P(T, Vo) —=. 4.12
L DT - P Vo) = (4.12)
In our setting this can be rewritten as:
em T ~ ~ ~ ~ O(Vzh) ~ dVe
— — = kAT +o(T)|VY|? = ITm—E—= — P(T, Vo) —=. 4.13
e Gl (A ORI (RE)

We assume that the cylinder is at ambient temperature T4 at time ¢ = 0 and that the
membrane is insulated. We allow for heat loss through the lateral sides of the cylinder’s
boundary. The heat loss is modelled by the Newton cooling condition with heat transfer

coefficient h,.. This gives us the boundary conditions:

_ T T _
TG5.50) =T o =0 Lo . e

z2=u(Z,y,z,t) r=a

2This number gives the ratio between the gravitional and viscous forces.

15



4 The full model

Here n denotes the unit normal at the membrane. We also assume that the cylinder is

heated from below. This is modelled by a given function T}, : E X [0, 00):
T(Z, 7, —h, 1) = Th(Z,7,1). (4.15)

4.4 Transformation of the system

Now we introduce dimensionless variables

We further define domains

B o= ()| VET 7 < 1)
and
Qu(t)) :=={(z,y,2) € Ex (—1,00) : =1 < z < u(z,y,t)}.

In the following we assume that

(z,y,2) € Qu(t))

holds if not specified otherwise. We now use these variables and multiply the governing
equation for the potential 1 by hvz, the governing equation for the tempera-
ture T' by %2 and the governing equation for the membrane’s displacement by %
Our equations in dimensionless form are

12

VL (o(T)Vid) + %(U(T)%w) =0, (4.16)

16



4 The full model

ch*m 0T h? 0?

- 00 @ @ —(— 2 -
agka?Vy Ot (a2 ViT+ 822T>
V2 h? 2 N o ch®m OV h? dVe
o) (Tl + () - S0 )y o De
and
ou 9 D_,  e«(MV?a® h? 2, o,
O i+ Doty = ADE Wi e Py 4 Cpme). (was)

We also simplified the equation for the membrane’s displacement further by assuming
that the thickness of the membrane d is small so we can drop the second time derivative.
This is a standard simplification which is used for example in [PB02, ELW14, GPWO05,
EGG10|. This assumption is valid for micropumps and other MEMS devices that are

described in the mentioned references. The boundary and initial conditions now yield:

o
/l/b(x7 y7 _1) - 07 /lp(x7 y7u($7 y? t)) - 17 E - O ) (4'19)
r=1
oT kOoT
T(z,y,2,0) =Ty, %—O . X EE——hm(T—TO) K (4.20)
z=u(z,y,t) r=1
T(I"vy?_l?t) :Th(may>t>v (421)
u(z,y,t) =0, for (x,y) € OF and wu(z,y,0) = ug for (z,y) € F, (4.22)
u(z,y,t) = Opu(z,y,t) =0 (x,y) € OF. (4.23)

With the definitions for the aspect ratio € and the 'tuning parameters’ \;:
Ao i=—, Agi=—, My = —

We now state our governing equations one last time by also replacing the terms contai-

ning V¢, which is given by (4.1)), by terms containing wu:

(o (1) + 0(T)320 + 0,0(T)0, + 9,0 (T)0,0) + 0 (1) + 0.0(T)0.00 = 0, (4.24)

17



4 The full model

/\362
wa’h + fE u dxdy
As€T [, Opu dady
(ma?h + [, u dedy)?

T = VAT + 0T + o(T)\[EX|V 1Y) + (0.0)7]

— EXsP(T, u)/ Owu dxdy, (4.25)
E
O — w(T)V3iu+ D(T)AViu = —e (T)M[E|V LY + (0.90)°] + Mo P(T,u).  (4.26)

4.5 Examples for the temperature dependence

A variety of different materials are used in MEMS. The specific form for the electric
conductivity o(7T'), permittivity of the membrane €;(T"), pressure P(T,u) and shear mo-
dulus p(T') strongly depend on the situationlﬂ and in particular the material in question.
Furthermore these properties have to be validated in experiments. Therefore we do not
chose specific forms for these four and instead let them be arbitrary functions satisfying
hypotheses appropriate for our mathematical analysis. Nevertheless we want to give
some examples how they could look like:

For Sylgard 184|Z_f] the shear modulus (second Lamé constant) p depends linearly on
temperature:

w(T) = poT + pa. (4.27)

The temperature dependence (for low temperatures) of the permittivity e;(7") of the

polymer PMMA can be approximated linearly as well [SKR™01].

For the pressure in a gas we can use the ideal gas law. N is the number of moles in

the gas and R is the ideal gas constant. The pressure P is then given by

_ NRT
-

P

(4.28)

For liquids there are other equations of state (EOS), for example the Peng-Robinson

3By situation we mean for example the temperature regime or the size of the cylinder.
4This material is used for micropumps. Then we have po = 0,0032 and j; = 0,373 [JMTT14, Table
4].

18



4 The full model

EOS (which can also be used for gas):

RT B aq
Vi —b V2420V, — b

P= (4.29)

For the interpretation of the real constants R, V,,, b, a and a we refer the interested
reader to [PR76].
The electric conductivity of a liquid can be approximated as an exponential function

(see e.g.: [BRI8, Chapter 4 and 5], [VGPT06]):

o(T) = aooexp(ki—;). (4.30)

Where o, denotes the maximum electrical conductivity, kg the Boltzmann constant
and F, the activation energy.

Gases however have neglectable electric conductivity.

19



5 The small aspect ratio limit

5 The small aspect ratio limit

This section should be viewed as a prototype for sections [6] and [7] because we will briefly
go through the same steps but in a highly simplified setting. We consider the case
of a small aspect ratio. To be precise, we make the following simplifications: We let
e — 0, the dimension is reduced to two, we impose Dirichlet boundary conditions for
both temperature and electrostatic potential and we let o(7") := ¢ be independent of

temperature.

5.1 The system

We define
I:=(-1,1)

and

Qu(t)) ={(z,2) € I x (=1,00) : =1 < z < u(z,1)}.
The electrostatic potential 1 is governed by

c0?(x,2) =0, (x,2) € Qu(t)), t >0 (5.1)

together with the boundary conditions

Otz ) = Hlu;(:x) (2, 2) € 0u(t)), t > 0.

The temperature T' is governed by
0;T(w,2) = —oM(0:4)°  (2,2) € Qu(t)), t>0,
with the boundary conditions

T(t,x,—1)=Ty, T(t,z,u(z,t)="T, t>0, x€l, (5.2)

20



5 The small aspect ratio limit

for Ty > T} > 0. Let t > 0 and x € I, the membrane’s deflection u is governed by

_)\161(T($7U(t7x>>)
(1 +u(t,z))?

Ou(t, x) — u(T(z, u(t, z)))0>u(t, z) = + XN P(T(z,u(t,z)),u(t,z))

(5.3)

with the boundary conditions
u(£1,t) =0, t >0 and u(z,0) = ug(x) for z € I. (5.4)

We can now solve explicitly for both the electrostatic potential and the temperature.

5.2 Solution to the thermal and electrostatic problems

The solution to the electrostatic problem may be written as

Wit 2) = Hlu;@zx) £5 0, (2,2) € Qu(t)).

Inserting this expression in the temperature equation, it may be rewritten as

O')\4

OPT(t,r,2) = Tt o)

t>0, (x,2)¢€Qut)).

Since the RHS of this equation is independent of z, we can solve it explicitly by integra-

ting. The solution to the temperature problem may be written as

T(t,x,z) = A2> + B2+ C (5.5)
with
0')\4
A= Au(t,x)) :== —m,

L L T1 — To O')\4(U(t,$) — ].)

B = Blu(tz)) := T4+ut,z) 21 +u(t,x))?

and Ml 2)

Ty — Ty o u(t,
Ci=Clult2) =y Y sa g

21



5 The small aspect ratio limit

5.3 Well-posedness of the deflection problem

For the reader’s convenience we present the the full system for this model again:

T.(t,x,2) = A(u(t,z))z* + B(u(t,z))z + C(ult, r)), (5.6)
1+2
ot z, 2) = TTuita)
2 61(T1))\1
u — (11 )O0;u = “Otue + M P(T,u), (5.7)
u(£l,-) =0, and u(-,0) = up. (5.8)

Let p € (1,00). We define the spaces:

W () = Wr(I), 2a €0,1/p), (5.9)
P {u e Wga(l); u(xl) =0}, 2a € (1/p,2]. |

Since
T(t,z,u(x,t) =T, z€l, t>0

we can uncouple the temperature from the membrane’s deflection and write P(u,T’) =
P(u), €(T) = €, and pu(T) = p. Thus we can simplify the initial value problem for the

membrane’s equation:

uy — poiu = g(u), t>0, z€l, (5.10)
u(0,2) = uo(x), wel,

u(t,£1) =0, t>0,

with

We have the following result:

Theorem 5.1. Let p € (1,00) and u — P(u) be globally Lipschitz. For each uy €

W;B([) with uwy > —1 there is a positive existence time t; > 0 and a unique solution

22



5 The small aspect ratio limit
u(t, x) to satisfying
u € C((0,41), W) N CH((0,t1), Ly(1)).
This theorem is due to a standard argument which we outline here: The operator
Au = pd?u, u € WP%B

is uniformly strongly elliptic (see e.g. [Ama93, Example 4.3a]). Since we have simple
Dirichlet boundary conditions the boundary value problem (A, B) is normally elliptic
[Ama93, Remark 4.3c| and therefore

A€ H(W25(I), Ly(I))

follows from |[Ama93, Theorem 4.1]. Denote by S(t) the semigroup which is generated
by A. The exponential decay

SOl epry < Me™, M>1, v>0

can be proven by applying |Paz12, Chapter 4.4, Theorem 4.3|. Finally, the result follows
for example by |[Ama93, Remark 12.2b|.

23



6 Analysis of a 3d model

6 Analysis of a 3d model

In this section we will propose and analyse a 3d version of the full model.

6.1 The model

Apart from staying in three dimensions we also keep the 4th order term in the equation
which governs the displacement of the membrane.

However we do make the following simplifications: Instead of letting the temperature
be modelled by a PDE we assume that a temperature profile 7 € BUC'(Q) is given.
Furthermore we let p(7) = p > 0 and D(T) = D > 0 be fixed. That means we
assume that temperature induced changes of the shear modulus and the flexural rigidity
are neglectable. Lastly we consider Dirichlet boundary conditions for ¢ as for example
in [LW16, ELW 15, ELW14].

Before we state the resulting model, we first transform the moving boundary to a fixed
domain. We fix the time ¢ and let ¢ > 2, u € W}(E) and T € BUC'(Q) be given. We

consider the problem for the electrostatic potential:

(o (T)02by + o(T)0ibu + 050 (T)Outbu + 0y (T)ybu)

+ 0(T)0*y + 0.0(T)0:40y = 0 in Q(u), (6.1)
142
u(x,y,2) = Hu—(x,y)’ (z,y,2) € 00(u). (6.2)

The fixed domain is given by
Q:=FEx(0,1)

with

E={(z,y)lvVa?+y> <1}.

We use the diffeomorphism D,, : Q(u) — Q, with

(l',y, i)? (ZL‘,y,Z) EW'

Du b) b :
(2,9, 2) 1+ u(z,y)
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6 Analysis of a 3d model

The inverse is

Dy (@, y.m) = (flfy (1+u(@,y))m — 1> , (z,y,m) e

After the corresponding coordinate transformation we get the following operator:

Luryw =

U(T)(GQQ%M—FEQ@;M Ocu _ 9e2y Ot

1 + €2772 Yu 2
+ (1+—1|L)2|82w) + 627] O'(T) 2

nOyu Oy noyu
- 0,T) — 0,1 —
T+u " ) l—l—u(y 1+u

Vul>  Au
(I+u)? 14w

do(T)0,T
> + —(1+ 2 )&710

noyu
T u )Oyw.

100 (T) | -

hT)

Oy
+ 290(T)(0,T — &J%)c‘?ﬂcw +290(T)(9,T — 8,T
u
For later purposes we split this operator as

Lur)y =0 (T)‘Q%u,T) + S%U,T)

with

S%mT)w = 0Pw + 628511)

1+ é2n?|Vul?
(14 u)?

Vul*  Au
(14+u)? 14w

8,2710 + ¢ Opw

O u Noyu Oyu noyu
(9% 1+ ) = 1+u(ayT 1+u

<e2n80(T) ——0,1)| +

+ €200(T) (a T-0, T778 “)a w + €290 (T )<8yT _ anT?i)fZ)ayw.
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6 Analysis of a 3d model

This is convenient because S%MT) is exactly the operator used in [LW16, p. 398|. With
the definitions

gbu = wungl

and

T:=ToD,!

the electrostatic potential’s problem (|6.1) and (6.2)) can now be written as:

2(u,T)¢u(xa Y, 7]) =0, (l’, Y, 77) S Q7 (63)

dulz,y,m) =mn, (2,9,m) € 0. (6.4)

For ¢ > 3 we have T' € W1 (). The problem for the membrane’s displacement in the
new coordinates is
w(z,y,t) = Ohu(z,y,t) =0 (2,y) € OF, (6.5)
O — uV3iu+ DA\sViu = g(u), (6.6)
with

1+ é*|Voul?
(1+v)?

In the upcoming analysis we follow the approach of [LW16]. We can use similar

g(v) = —61(T))\1< )l&nqﬁv(-, D2+ X P(T,v).

arguments because the main difference between our operator for the electrostatics and
the operator used in |[LW16] lies in the lower order terms. Before we start our analysis
by proving local well-posedness of the derived system equations 7, we have
to make sure that the temperature dependent parameters satisfy suitable hypotheses

needed for our analysis. However at first we need to introduce some notation:

Definition 6.1. Given p € [2, o], define

{fwe W (E):w=0w=0o0ndE}, ae(1+1/p,00),
op(E) = {fweWHE):w=0o0ndE}, ae(1/p,1+1/p), (6.7)
WHE), a€l0,1/p)
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6 Analysis of a 3d model

and for x € (0, 1) define

Sp(k) == {w € W25(E) : Hwngg <1/kand —1+k <w(zx,y) for (z,y) € E}.

6.2 Assumptions on the temperature dependence

In the upcoming analysis we will always assume the following to be satisfied:

Definition 6.2. Let X C R? and Y C R be open and bounded. We say that the
assumption [C1 (3d)|is satisfied if the following holds:

o (T (s D Lot < 00,
100 ()| Lo ) < 00,
o(T(x,y,2)) >c>0, (z,y,2) € Qu),
e R=>R, T — () (C1 (3d))
is globally Lipschitz for T' € Y,
P:R* =R, (u,T)— P(u,T)
is globally Lipschitz for (u,T) € X

We will get better results if we make an additional assumption on the physical para-

meters which govern the behaviour of the RHS ¢ in equation .

Definition 6.3. Let x € (0,1) be given. We say the assumption is satisfied
with b(k) > 0, if €1, A1, Ay and P are such that there exists a b(x) with:

19(0)|2o(m) < b(k), for v & S3(x)

(C2 (3d))
lg(v) = g(w)l| o) < b(R)[|v = wllwz(z), for v,w € S3(x)

Remark 6.4. The interpretation of this assumption is that the thermal effects which
push the membrane upward and the electrostatic effects which pull the membrane do-
wnward are equally strong and therefore cancel out each other. In models without
temperature, global existence is usually proved under the assumption of a small voltage.
In Theorem it will become evident that assumption is a possible replace-
ment for that. For exampleis satisfied if P is given by the ideal gas law and both
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6 Analysis of a 3d model

the amount of substance N and the voltage V' are small. This is due to the Lipschitz

continuity of g which will be shown in Theorem [6.5

In order to solve the full coupled system we first solve the problem for the electrostatic

potential under the assumption that the membrane’s deflection u is given.

6.3 Well-posedness of the electrostatic problem

We state the main result in this subsection:

Theorem 6.5. Suppose that assumption is satisfied. Let k € (0,1) and ¢ > 3
be given and pick v € Sy(k). For each F € Ly(RY), there is a unique solution ¢, € W3(Q)
to the equations (6.3)) and (6.4). Furthermore there is c1(k) > 0 such that:

||dv, — ¢v2HW§(Q) < ci(m)||vr — U2||W§(E)a V1, V2 € Sq(’i) (6.8)

and the mapping
g1 Sq(k) = Lo(E), v —g(v) (6.9)

15 globally Lipschitz continuous and bounded.

We want to prove Lemma assuming only 7' € WZ2. We cannot assume that
T € WL holds because for n = 3 the space W3 is not embedded in WL . This however
leaves us with some unbounded coefficients in the operator £, r). Similar arguments, for
example in [ELW15/LW16|, usually make use of the abstract well-posedness result [GT01,

Theorem 8.3|. Due to this situation we need a result with less restrictive assumptions:

Lemma 6.6. Denote by Q' C R™ a bounded domain and by L a strictly elliptic operator

in divergence form:
Lu = D;(a"® Dju 4 b'(z)u) + ¢ (2) Diu + d(z)u, x € .
Let the operator L satisfy the following conditions:

a’ € Loo(),
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6 Analysis of a 3d model
()%, (€)%, d € Lgpa(€Y),

where ¢ > n. Then for ¢ € W3 (V) and g € Ly(Y) the Dirichlet problem
Lu=qginQ, u=¢ ond

has a unique weak solution u € Wy ().

Proof. In order to apply the proof of |[GT01, Theorem 8.3] here, we need to replace
|GTO01, Lemma 8.4] with the following estimate for unbounded %, ¢, @ which is related

to the coercivity of L, the to L associated bilinear form:
L(u,u) > erf[VullL, — eollullL,.

This is done in |[LU73, Chapter 3, Lemma 4.1| with the help of finer so-called multipli-

cative inequalities, that is inequalities of the type
lullz, < cllVullg,lullz,, we W,
with a,b,p,q,r,c > 0.

]

Finally |Gri85, Theorem 3.2.1.2] will supply us with a strong solution for our con-
vex domain. However for that we will have to formulate the equation governing the
electrostatic potential with an operator that features Lipschitz coefficients and with
a right-hand side in Ly. In order to prove Theorem [6.5] we need several preparatory

Lemmas:

Lemma 6.7. Let k € (0,1) and ¢ > 2 be given. For each v € S,(k) and F € Ly(Q),

there is a unique solution ¢ € W (Q) to the boundary value problem:
2(1,7T)¢ = F, m Q, (610)

»=0, on . (6.11)
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6 Analysis of a 3d model

Proof. The definition of S,(x) and Sobolev’s embedding theorem guarantee the existence

of some constant ¢y > 0 such that for v € S,(k),
Co
1+U<Iay) > K, (%,y) EE; HUHC’1(E) < E (612)
First, we write our operator in divergence form,

Lwnw = 0y(a11(v, T)0pw + arz(v, T)0pw) + 0y (az (v, T)Oyw + azs(v, T')Oyw)
+ 0y (as1 (v, T) 0w + asa(v, T)Oyw + azs(v, T')0yw)
+ b1 (v, T)0pw + ba(v, T')Oyw + bs(v, T)Opw,

with
9 5 Oypv
ap1(v, T):=€0(T), ai3(v,T):=az(v,T) = —¢ e UO‘(T),
age(v,T) := 20(T), ayn(v,T) = ax,T) = —62771811} o(T),
v
1+ Vol
ags(v,T) == WU(T),
b(0,T) = E00(T)(O,T — B,T 1" 4 2 %
1\Y, = €00 x 771+v El—i—U’
2 _ 1n0yv 2 Oyv
be(v,T) := € 0o(T)(0,T 8,7T1 n v) +e T+ o

Vol?
by(v, T) i= —e% .
3(07 ) € 7](1 +U)2

The principle part of the operator is given by

S?UI)U) = 0y(a11 (v, T)0yw + ar3(v, T)0yw) + 0y (azz(v, T)Oyw + ass(v,T)0w)
+ 0y (as1 (v, T) 0w + ass(v, T)0yw + ass(v, T')0,w).

Since we assumed that o(T") > ¢ > 0 in we can argue just like in [LW16, Lemma
2.2] that the operator £, r is elliptic with ellipticity constant u(x) > Oﬁ Because of
assumption [C1 (3d), (6.12)) and T" € WZ(Q2) the claim now follows from Lemma [6.6]since

°The principle part of our operator and the one in [LW16| only differ by the factor o(T).
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6 Analysis of a 3d model

the Sobolev embedding
W5 () = Le()

holds true for n = 3. OJ

The following results show that if we start with smoother functions for the deflection

we will get smoother solutions for the electrostatic potential as well.

Lemma 6.8. Let k € (0,1) be given. For each v € Sy(k) and F € Lo(S2), the unique
solution ¢ € W} () to the boundary value problem in Lemmal[6.7 belongs to W ().

Proof. The regularity of v, T and ¢ ensures that:
G :=F+b(v,T)0,¢ + ba(v, T)0yp + bs(v,T)0,¢ € La(2).

Furthermore v € S, (k) implies that a;;(v,T) € WL for 1 < 4,5 < 3. Therefore the
conditions in |Gri85, 3.1.3| are satisfied and we can apply [Gri85, Theorem 3.2.1.2| which
yields that the boundary value problem

o =GinQ, ¢=0ond0 (6.13)

has a unique solution ¢ € W2(2). Applying [GT01, Theorem 8.3] to (6.13) shows that
(6.13) has a weak solution in WZ(£2). Due to the definition of G, ¢ and gg and Lemma

We have ¢ = ¢ € W2(1). O

The next two Lemmas proofs can be found in [LW16| and will help us to prove Lemma

0. 11k

Lemma 6.9. Let p € [2,4] be given. There exists c3(p) > 0 such that
3p—4)/2 4-p)/2
(e, DI o < es@)wll§h o *lwllEm)? we W Q). (6.14)

w3 (Q)

Lemma 6.10. If ¢ € W3(Q) and ¢ = 0 on 09, then

/ 52602 d(z, y,m) = / 19,0,/ d(xy,7)
Q Q
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6 Analysis of a 3d model
and
| dhoezo dtevn) = [ 10,0,6 dla.yn).

In the following we first derive an estimate for ||||y;(q). After that we can estimate
||&l[wz()- The next Lemma will allow us to prove Ly regularity for some of the 2nd

order terms in our operator S(U,T).

Lemma 6.11. Let x € (0,1) and ¢ > 2 be given. For each v € S,(k) and F € Ly(f2),
the weak solution ¢ € Wy () to the boundary value problem ([6.10)), (6.11)) belongs to the
space X (Q2) defined by

X(Q) = {w e Wy(Q): 9w € W, (Q)}.
Furthermore there is c4(k) > 0 such that
ollwzie) + 11050llwie) < calB)|[Fl|Ly@)- (6.15)

Proof. First we define

0V Oyv O

x = x¢ 77 77¢> Py - y¢ 77 17¢7 P77 = 1+U. (616)

Invoking (6.12)) and using assumption we find
IVOl1Z0) < ()€1 PallLo0) + Pyl Ta) + 1P 7a@) (6.17)

Furthermore applying assumption [C1 (3d)} Holder’s inequality, W, () < Lg(€2), Young’s
inequality and lastly [LU73, Chapt. 3.4 (4.19)] yields

$L2, 16

d(z,y,m

Ju =t e

< |81l 10T |21V 6l
€ 1

<c[FllollE, + 5190l

[6162 | 616(62)

<c

VoL, + lolIZ, + o IIV¢|I%2
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6 Analysis of a 3d model

with constants ¢, ¢, ¢(e) > 0. Choosing €; > 0 big enough and then e, > 0 small enough
we find that (6.17]) implies:

2

¢Ll, 1o €
| o) < ) (16l + G AR 0 + IR ey + 1P o)
o o(T)
(6.18)

By using the splitting £, = o(T )Q(uT + S?u,T) and then invoking (6.10) and the

Divergence Theorem for the term with £(u,T) we find:

€2|’Pz||%2(9) + 62\|Py||%2(9) + ||P77H%2(Q)

_ ng 2 aasv Oy ¢£%U7T)¢
_/QU<T) d(x,y,ﬁ)—l—e /Q[l—i-v P, +1—Zi/—v y] d(xayan)‘i‘/gw d(%,y,n).

We can now estimate the latter quantity:

Fo 9 O, Oyv ¢2 T)Cb
|z G )+ ¢ [ [20p,+ 20p ) den + [ S dayn)
6 /
< SUIPE 0 + 1P @) + NP ) + ¢ (9) [1F I 0 + 6 0

To see that this holds true, we first observe that due to assumption |C1 (3d)|the estimate
for the first two terms is already done in [LW16, proof Lemma 2.5| by Cauchy-Schwarz’

and Young’s inequality. For the leftover term, which is due to our operator being different

from the one in [LW16|, we can simply use (6.18]). Now (6.17) yields

161830y < () [I1F1Ruq0) + 1611 (6.19)

which can be improved to

1610y < " (RIFIIL, @) (6.20)

The latter is due to a simple argument by contradiction. Details can be found in the

proof of |[ELW14, Proposition 6, Eq(19)]. Now we turn to the estimate for d,¢: We
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6 Analysis of a 3d model

assume that v also belongs to Su (k') for some x’ € (0,1). We define
¢ 1= 0,00, ¢ = 0,00, ¢,:i= 8$¢.
It follows from Lemma [6.10] that

2 2 o 2 2 2 — 2
/Q 0200% d(z,y,) = /ﬂ a2 d(z,y,m), /ﬂ 8260% d(z,y,1) /Q &, ? d(, 7).

(6.21)
With the definitions
0,v O, 1
Qr = ¢p — UH—U% Qy =c¢, — 771_'17_—?]% Qy = mcm

the estimate (6.12)) and assumption [C1 (3d)|imply

IV8,9l17, ) < c(B)1QallZ, ) + 1Qul T + 1Qull7, )] (6.22)
and

8%2 1)

[ 0 e,y < 1000+ SRl 1@l + @0l )

(6.23)
To see this, one uses (6.12) and assumption |[C1 (3d)| to get rid of the terms which
include v and T'. Then one applies Cauchy Schwarz’ and Young’s inequality. Now we

can estimate:

2||Qac||1:2 +€2||Qy||1:2(9 +||Q77||L2

I 2\%;2—( Fo)Av
_/QU(T) d( ,y,n) 2 /Q( (1_|_ )2 )|8n¢| d( ay777)

2\W|2 (1+v)Av 0200, 1y
+ 5 [ AR IR0 00 ) do) + [ P )
< CIQu ) + 104 ey + 1l ] + NIy + 110,010

The identity in the first line is again due to the splitting £, = o(T >£%U,T) + S%U,T),
(6.10), (6.21) and 0,¢02¢ = 0, (|0,¢|*)/2. For the estimate in the last line we first observe
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6 Analysis of a 3d model

that the estimate for the first three terms is already done in [LW16, proof Lemma 2.5]
and can be used without change because [C1 (3d)|is satisfied. For the leftover term we

can simply use (6.23]). Combining this with (6.22)) gives
10081 3 ) < " ()11 F I Z0) + 1050117, (0))- (6.24)

Since our estimate is independent of the regularity of v the claim for all v € S, (k) follows

by approximation. O

Now we want to prove the W2 regularity of our solution under the assumption of

slightly smoother functions v (see [LW16, Proposition 2.7]):

Lemma 6.12. Let k € (0,1) and g > 3 be given. For each v € S,(k) and F € Ly(Q),
the weak solution ¢ € W}(Q) to the boundary value problem (6.10), (6.11]) belongs to
W3(QY) and there is cs(k) > 0 such that

19llwze) < s (R)F]La()-

Proof. First we define

Oy Oyu

92 2
Jy = 2e 7 n u(?x@n(b + 2¢ 7 n u8y<9,7¢
L+ [ Vul’y o, 2 [Vu? Au
+(1- ey )02 — e [2<1+u)2 o e
and
0,1 o, u
N 2 Y - T
Jy = e“ndo(T) [ T+ u (0,T T uﬁnT)
Oyu nOyu d00(T)0,T
-0 -4 +ua7,T)]+ el
N u no,u
— €00(T)(0,T — &]TH—u)&@ — €00(T)(0,T — (9,7T1 fu)8y¢.

We introduce the following convenient splitting:

J = Jl + J2 O'(T)il.
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6 Analysis of a 3d model

Again J; denotes the same term as in [LW16| and .J; is what we get in addition to that
due to our different operator. Thus we can simply reorder the boundary value problem
for ¢ to get

0,0 + 0,0+ 0,0 = J, ¢ =0 on .

Now we apply Lemma and the continuous embeddings of W2(E) in WL (E) and

W) in Lg(2) (for the terms with second derivatives of v) to obtain

1] 22(0) < c(R)[Fl]La(e)

For the terms which include T" we used assumption [C1 (3d)[and T' € W2(Q). Now we
infer from |Gri85, Theorem 3.2.1.2] that ¢ € WZ(Q). It remains to prove that

1llwze) < ()] J]]La0) (6.25)

holds true. Due to our preparation this last step can be found in |[LW16, proof Pro-
position 2.7]: After invoking |Gri85, Theorem 3.1.3.1 & Lemma 3.2.1.1] we can use the
approximation in |Gri85, Theorem 3.2.1.2]. H

Now we are ready to proof the well-posedness result:

Proof of Theorem[6.5. We set

Vul|? Au
h:=— an_‘ETI | | :|

(14 u)? 1+u

9 nOzu Oyu NOyU 00(T)0,T
+<enaa(T)[ o ~(0,T - Oy T) = (9,7 — 120, )]+—(1+u)2 .

Since v € Sy(x) and [C1 (3d)]is satisfied, h belongs to Ly(€2) and therefore Lemma [6.12)

ensures that there is a unique solution ¢, to

Lwr)¢e = hin Q, ¢, =0 on I (6.26)

satisfying
bollwz) < es(R)I fllLa(0)-

36



6 Analysis of a 3d model

Setting v, := ¢, — 1, the function 1, obviously solves (/6.4]) and satisfies
[Yollwz) < cr(k).

Lastly, by assumption the proof of the equations and is identical to
the proof in [LW16, Proposition 2.1].

]

6.4 Well-posedness of the deflection problem

Having proved the well-posedness of the electrostatic potential for a given deflection,
we can now prove well-posedness of the system by solving the underlying non-linear

equation for the evolution of the membrane.

Theorem 6.13.
Suppose that |C1 (3d) is satisfied. Let ¢ > 0, T € BUCY(Q) and 4¢ € (7/3,4) be

gwen. For the membrane’s displacement consider an initial value ug € W24§(E) such

that ug = Orug = 0 on OF and ug(x) > —1 for x € E. Then the following holds true:

1. There is a unique solution (u,v) to the full system on the mazimal interval of

ezistence [0,T,,) in the sense that
u e C'((0,T), Lo(E)) N C([0, T), Wy (E)) (6.27)

satisfies equations (6.5) and (6.6)), while ¢¥(t) € WE(Q(u(t)) also solves the corre-
sponding equation in Q(u(t)) for each t € [0,T,,).

2. Giwen k € (0,1) there is (k) > 0 and b(k) > 0 such that T,, = oo, provided that
< r(k) and that|C2 (3d) is satisfied with b(k) > 0.

Proof. Observe that W24 s continuously embedded in WZ. This implies that

||U0||W;(E)

lwllws ey < ellwllpe g, w € Wi(E),

for ¢ > 1. Furthermore since uy € W,* we can chose x € (0,1) such that u, € S5(2k)
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6 Analysis of a 3d model
and Huongf(E) < 1/(2k). Now let
Aw = X\eDViw — pViw, we W)

and recall that —A generates an exponentially decaying analytic semigroup on Lo(F)

with

e~ qwae iy + €™ Meawy o + N gaimywis gy < Me™, (6.28)

where v > 0, M > 1,t > 0.
We now invoke Theorem [6.5] to find that g is well defined on S3(x) and that there is
C1(k) > 0 such that

19()]za(m) < Cr(B)Vllwz (). v € Sa(k) (6.29)

and

l9(v1) = 9(v2)llram) < Cr(8)l|vr = vallwz ), v1,v2 € S3(k) (6.30)

holds true. Therefore we can rewrite the problem for the deflection of the membrane as

the semilinear Cauchy problem
Ou+ Au = g(u), t >0, u(0) = up. (6.31)
For 7 > 0 we define the space
Ve (k) == {v € C([0, 7], S3(r)) }-

We endow V, (k) with the metric induced by C([0, 7], Ss(ko)) where kg := k/M¢. The
following approach is also used in [ELW14], [ELW15| and [LW16]: We show that

T(v)(t) == e g —|—/O e 9g(u(s))ds, t €[0,7], v € Vi(ko)

defines a contraction from V, (k) into itself. We now assume that 7 is sufficiently small

38



6 Analysis of a 3d model
and consider vy, vy € V, (k) and t € [0, 7]. Using uy € S3(2k), (6.29) and (6.28) yields

['(v1)(t) > —1 4+ 2k. (6.32)

Invoking (6.28) and ([6.29) implies

1
1T (o) Ollwg < 5 (6.33)
Lastly, by applying (6.28)) and (6.30) we find
[ (v1)(t) — T(v2) ()[lwz < elk, )|[vr — vy, () (6.34)

with 0 < ¢(k,7) < 1. Consequently I' defines a contraction from V. (k) into itself.

Therefore I'(v) has a unique fixed point which is a solution to (6.31]). For part 2 of

Theorem we simply use assumption (C2 (3d)|instead of 7 being sufficiently small.
0

Remark 6.14. One also ends up with global existence if instead of one assumes
that z := % is sufficiently small. In that case z assumes the role of the parameter A

in [ELW15]. This condition can be interpreted as the cylinder being sufficiently thin.
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7 Analysis of a 2d model

In this section we propose and analyse an alternative simplification of the full model.

7.1 The model

In this model we do not assume that the temperature 7, is given and instead let it be
modelled by the respective PDE. Also we let the shear modulus pu(7,) still depend on
temperature.

However we do make the following simplifications: We assume that tension dominates
rigidity, that means % < 1. Thus we can omit the 4th spatial derivative in the equation
for the membrane’s displacement. This is a standard simplification which is used for
example in [PB02, ELW14, GPWO05,|[EGG10|. This assumption is valid for micropumps
and other MEMS devices that are described in the mentioned references. Also we as-
sume that there is no variation in the horizontal direction orthogonal to the x-direction.
Furthermore we discard the time-evolution for the temperature equation, that means
we consider a regime where damping or thermal conductivity is high. Also we assume
that the electric conductivity o(7,) = o is independent of 7,, which is for example a
widely used assumption for gases. Lastly, we impose Dirichlet boundary conditions for

the temperature. We fix an ambient temperature 7y € C*°(R?* R) and impose:
Tu(z,2) =To(x,2), (,2) € OQ(u(l)).

Just like in the 3d case of section [6] we transform the problem to a fixed domain. Since
we are in the 2d case we make the following changes to the definitions of the ground
plate and region:

E:=(-1,1),
Qu(t)) == {(z,2) € Ex (—=1,00) : =1 < z < u(x,t)}.
The volume is given by

—1
Ve =2 +/ u da. (7.1)
1
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7 Analysis of a 2d model

Figure 4: Domain (u) in 2d.

The transformation map to the fixed domain Q := E x (—1,0) is given by

I+=z ) —

Dy,(x,z) = (:v, m (z,2) € Q(u)

with the inverse

DY (z,n) = <$, (1 +u(x))n — 1), (x,n) € Q.
Just as in the 3d case we now restate the problem with
¢y =Y, 0D,', T,=T,oD,"
The deflection of the membrane u is governed by
Opu — (T (-, 1)) Pu = —g(u, T (1), 6u(, 1)), z€E

u(z,t) =1, forx € OF, t € (0,00) and u(z,0) = ug for x € F,

with
1+ e2|0,ul?
(14 u)?

The problem for the electrostatic potential ¢, is:

g(u, Tuv ¢u) =€ (anTua Tu))\l

£U¢U<x7 17) = 07 (.T, n) E Q?
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7 Analysis of a 2d model

bulw,n) =n, (x,m) € 0Q, (7.6)
with
O, 1
LLw = 628§w - 262771 n u&c@nw
1+ e2n?|0,ul? O, ul? 0%u
#8,2]w+6277[2 Ouu]” 10,w

(14 w)? (I+u)? 14u

Finally the temperature T}, is governed by
LT = —hws.), (7.7)
Tu(f’?a??) :%Oqul(ﬂfﬂ?) = u,0(9€777)7 (90777) € 09, (78)

with

1+ é2n?|0,ul?
(1 + u)?

 2¢00:¢.

2
(0.0, = ==

h(“ﬂsu) = U)\4 (62‘a€t¢’u‘2 + 8m¢uaxu> .

Our approach in 2d is similar to the 3d case. However the definitions of the function
spaces need to be adapted.
Definition 7.1. Given x € (0,1) we define

W2e(E), 2a € [0,1/q),

1% %(E) = {u c Wq?a(E); u(:i:l) = 0}, 200 € (1/q’ 2]

q;

and

Se(k) == {u € W2 ,(E); Hu||W3D(E) <1/k, =14k < u(zx) for x € I}.

7.2 Assumptions on the temperature dependence

As in the 3d case we will work with the following, slightly different, hypotheses on the

physical parameters:

Definition 7.2. Let X C R?® and Y C R? be open and bounded. We say that the
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7 Analysis of a 2d model
assumption [C1 (2d)|is satisfied if the following holds:

wT)>c>0, TER, pelt
61 : R =R, (T,dT) — e (T,dT)
is globally Lipschitz for (T,dT) €Y, (C1 (2d))
P:R® SR, (u,dl,T)— P(u,dT,T)
is globally Lipschitz for (u,dT,T) € X

We will get better results if we make an additional assumption on the physical para-

meters which govern the behaviour of the RHS ¢ of equation (|7.2)).

Definition 7.3. Let k € (0,1), 20 € [0,1/2), ¢ € (2,00) and £ € [0, (¢ —1)/q) be given.
Let g be the function defined in (7.4)). We say the assumption |[C2 (2d)|is satisfied with
b(k) > 0, if €1, A1, Ay and P are such that there exists b(x) with:

lg(0)llwze, &) < b(K), for v e Sy(x)

(C2 (2d))
l9(v) = g(W)llwzs, ) < bl = wlly2e (), for v, w & So(k)

7.3 Well-posedness of the temperature problem

In order to prove the Lipschitz continuity of the RHS of the equation governing the

membrane’s deflection, we need the following, to [ELW15, Lemma 2.6] analogous, result:

Theorem 7.4. Let £ € [0,(q —1)/q), x € (0,1), v € Sy(k) and o € (£,1) be given.
There are unique solutions ¢, € W2(Q2) and T, € WZ(Q) to the electro-thermal problem.

Furthermore there exists ¢(k) > 0 such that:
160 = bullwz-sy < R0 — wllys <y 0.0 € Sy, (7.10

|| T, — Tw||W§’Ba(Q) < c(r)|jv — wHqufg(E), v,w € Sy(K). (7.11)

The proof for the electrostatic potential can be found in [ELW14, Proposition 2.1].

For the temperature we follow a similar approach and have to prove:

Lemma 7.5. Let q € (2,00) and k € (0,1) be given. For each v € Sy(k), Ty € C*(Q)
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7 Analysis of a 2d model

and ¢, € WZ(Q) there is a unique solution T, € WZ(Q) to

SuTu<$a 77) = _h(u,dm)(ma 77)7 (1‘777) € Qa (712)

Tu(xﬂn) = To(@"ﬂ?)a (l’,?]) € 09, (713)

such that (7.11)) is satisfied.

We start by proving the existence of a weak solution for a slightly irregular RHS,

which will then allow us to prove a higher regularity for the operator £,.

Lemma 7.6. For each v € Sy(k) and F € W{é(Q) there is a unique solution T €
W3 p(Q) to the boundary value problem

—L£.T(x,n)=F, (x,n) €, (7.14)
T(x,n) =0, (x,n) €09, (7.15)
and there is a constant ca(k) > 0 such that
1Ty ) < W E 1 )
Furthermore, if F € Ly(Q), then T € W3 () and
Tllws , < c2() |l

Proof. According to |Grill} Def. 1.3.2.3, Eq. (1,3,2,3)], we may write any F' € WQ_[l)(Q)
in the form F = fy + 0, f1 + O, f2 with (fo, f1, f2) € L2(Q)*. Furthermore v € S,(k)
and ¢, € W35 (Q) ensure that h(,g,) € Ly(Q2). Therefore we can move h to the RHS
and thus [GTO01, Theorem 8.3| ensures that the boundary value problem has a unique
solution T" € Wy ,(€2). The two estimates now follow just as in [ELW15, Lemma 2.2].
O

For v € S,(k) we define

fv<l', 7]) = £’UTu,O + h(”#’u) c LQ(Q)
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7 Analysis of a 2d model

Now Lemma [7.6| provides us with a unique solution T, € W3 ,(€2) to
_SuTv(x>77) :fv7 (l’,?]) eQ?

T,(z,n) =0, (x,n)€ IN.
Clearly S, := T, + T, is a unique solution to ((7.12)) and (7.13). To prove the Lipschitz
dependence of S, on v € S,(k), we introduce a bounded linear operator
A(v) € LWy p(Q), Wy p(2)) N LW, p(), L2())
by setting
AW)T ==&, T, T € Wyp.

Note that A(v) is invertible according to Lemma and that T, = A(v)~'f,. For the

inverse A(v)~! we have:

Lemma 7.7. Given 6 € [0,1] \ {1/2}, there is a constant c5(k) > 0 such that

The proof is based on the fact that A(v)~" belongs to both L(W;(2), Wy 5 (Q))
and L(Ly(Q), W3 5(€)), which is due to Lemma . Subsequently it uses complex
interpolation. Details can be found in [ELW15, Lemma 2.3|. Next we note that A(v) is

Lipschitz continuous with respect to v:

Lemma 7.8. Given € € [0,(q—1)/q) and a € (§,1), there exists cg(k) > 0 such that

1A®) — AW cgvz o) < eo@llv —wllyaeqy. v.w e Sy(r).  (7.17)

The proof to Lemma is identical to the proof of [ELW15, Lemma 2.4| since we
consider the same operator.
Now we still need Lipschitz dependence of the RHS. A similar result for an easier case

can be found in [ELW15| Lemma 2.5].
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7 Analysis of a 2d model

Lemma 7.9. Given £ € [0,(¢ —1)/q) and o € (§,1), there exists c7(k) such that:
o = Fullwy g < cr(R)l|v = wllyz-c; v,w € Sy(r). (7.18)

Proof. Because we have a more complex RHS in our temperature equation we will need

different estimates than those which can be found in [ELW15, Lemma 2.5]. We use
Wy Wi = W,

and observe that since v, w € S,(k) and ¢,,, ¢, € W3 there is a ¢ > 0 and a ¢’ > 0 such
that

o, = bl < 10— 0u62lyars + 110:6% — 0,62 0
F110:60(0:60 — -6) + 0-0u(Bus — D)1

3¢/ (6l lwg + 90llug)l160 — Sullzs

< o — wllyya-e. (7.19)

IN

Using Ty € C*° yields

[ (o= Bk dlae ] < ¢ [ o, = Bk do.)

< C||U - w||w§*5([)||k||W§D'

In the second estimate we used v, w € S,(k), Ly — W, and W3¢ < WL for the first

terms. For the last term we used
[ Wi = b D ) < ell, = Bl Il
< clfo = wllyz-¢ p Ikl lwe

where the estimate in the last line is due to ([7.19). [

We now invoke the Lemmas[7.7], [7.§ and [7.9]in order to obtain the Lipschitz continuity
of S, with respect to v:
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7 Analysis of a 2d model

Lemma 7.10. Given £ € [0,(q—1)/q) and a € (§,1), there ezists cs(k) such that:
15, = Sullw e < cslRllo—wllyze,  vw € Sy,

Proof. Let v,w € S,(k) and recall that S, = T, + T,o with T, = A(v)™'f, € W227D.
Then obviously S, — S, =T, — Ty, € W;’Da and so we can split the LHS to obtain
150 = Sullwz-e <A@ logr, s wroollfo = Fullw,
+ HA(U)A"ﬁ(W;,‘j,Wi;ﬁ)HA(U) = Al gwz ,wy )

IA@) " e wg o) fol L.

< a0 = wllyz-e
For the last estimate we applied the estimates (7.16[), (7.17) and ([7.18]). ]

7.4 Well-posedness of the deflection problem

The first step for the proof of the well-posedness result is to analyse the RHS of the
equation. See also [ELW15 Prop. 2.1].

Theorem 7.11. Assume that is satisfied. Let k € (0,1) and q € (2,00) be given
and pick v € Sy(k). Then the mapping

1+ e2|0,v)?

955y = WEB(E), v = a@T( D Tl DM (7

)10,6.(, DI

— X P(0,T,(-,1),T,,(-,1),v)
15 globally Lipschitz continuous and bounded such that
l9(v) = g(W)llwy ,(m) < erllo = wlly2-e (), forv,w € Sy(x), (7.20)

with 20 € [0,1/2), £ € [0,1/2), v € [0, (1 —2£)/2) and c¢1(k) > 0.

Proof. In the following we have 20 € (£ +v,1/2) and a € (§,20 — v). For equation
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7 Analysis of a 2d model

(7.20]) we observe that by [ELW14] Eq. (39)] there is ¢(x) such that

1050 (s Dllyar2 gy + 11 10060 (5 DIl lwge () < ). (7.21)

For m € N and a;, b; € R the following elementary resul‘rﬁ is evident by induction:
m m m 1—1 m

=1 =1 i=1 7=1 k=i+1

Applying this with m = 4 we can split the LHS of ([7.20) in the following convenient
way:

llg(v) — g(w)llw;D(E)

1+ €%0,v|?
< >‘1||(€1<&7Tv('7 1)7 TU('? 1)) - €1<a77Tw('7 1)7 Tw('? 1)))(H)laﬂ¢v(a 1)|2||W2D,D(E)
2
+ M€ (10:0]" — [0w]*)e1 (0, T (1), Tu (-, 1))((11—;)2”5@@(-, DP[lwy )
1 1
MG~ g O D, Tl D)+ 100200 Dl

1+ €*|0,wl|?
W)HWJD(E)

+ /\2||P(a’l7Tv('7 1)7 Tv('7 1)7 U) - P(aﬂTw<"7 1)7Tw(" 1)7w)||W£D(E)
= J1—|—J2+J3+J4+J5.

+ Aal[(1000 (-, DI = 10,60 (-, 1)) er(0y T (-, 1), T (-, 1))(

We just have to prove J; < ¢||lv — wHWng(E) for i € {1,...,5}. For Js this is simply due
to and |Grill, Theorem 1.5.1.1]. For J; and J3 we use [ELW15, Theorem 7.1]

(continuity of pointwise multiplication)

WHE) - W, (B - Wy *(B) - WHE) - W3 (E) — Wi(E).

6We use the convention Hf:j a; =1 for j > k and a; € R.
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7 Analysis of a 2d model

To be precise, we estimate:

1+ ¢
Jo = M| (10:0]* = [ew[*)er (9, T (-, 1), T, 1))(m)|3n¢v('a DPllwe , )
< C’(/ﬁ)(“@ﬂ) + 8xw]|wa(E)||8xv — awaquf.g(E)Hq(anTw(-, 1), Tw(~, 1))HW§/2(E)
1+ €

€

o Izl 0:60( D o)

for ¢ (k) > 0. For J; we use:
Wy (B) Wy (B) - Wy (B) - Wy "7 (B) = W ().

Having put all the terms in the correct spaces and using v, w € S,(k), the estimates for

Jo and J3 follow from Theorem [7.4] Finally invoking the continuity
W2(E) - W (E) - WP(E) - W,/X(E) - Wy *™*(E) = Wy (E)

we estimate Ji:

1+ e|0,v|?
W)Wn%('a DP(lwy ,(2)

c(w)llex (DT (-, 1), T (-, 1)) = €2(9y T (-5 1), T (5 D) 1720 5

< c()||T, — TwHWz?*D‘(Q)

1(e2(0yTo (-, 1), To (-, 1)) — 2 (Fy T (-, 1), T (-, 1)))(

IN

IN

O

The last steps are due to properties of the trace |Grill, Theorem 1.5.1.1|, Theorem 7.4

and assumption [C1 (2d) O
The main result in this section is Theorem (see also [ELW15, Theorem 1.1]).

Theorem 7.12.
Suppose that assumption is satisfied. Let q € (2,00) be given. For the mem-

brane’s displacement consider an initial value ug € W7 p(E) such that ug(x) > —1 for

x € E. Then the following holds true:

1. There is a unique solution (u,v,T) to the full system on the maximal interval of
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7 Analysis of a 2d model

existence [0,T,,) in the sense that
ue C'([0,T,), Ly(E) N C([0, ), W, p(E)) (7.23)

satisfies the equations (7.2)) and (7.3)), while ¥(t) € WZ(Q(u(t)) and T(t) €

WZ(Q(u(t)) (the electro-thermal solutions) solve their corresponding equations in

Q(u(t)) for each t € [0,T,,).

2. Gwen k € (0,1) there is (k) > 0 and b(k) > 0 such that T,, = oo, provided that

[uollwzm) < (k) and that|C2 (2d) is satisfied with b(k) > 0.

We follow the approach of [ELW15|. Let g € (2,00), k € (0,1) and & € (0,(¢ — 1)/q)
be given. Define

Zg(r) :=A{w € W§_§<E); ||wHWq2—€(E) < 1/k}

and

Aw)o = —p(T) 0w = —(To(-, w(-))) yv.

With this notation we can rewrite the equations governing the membrane’s deflection as

the quasilinear Cauchy problem
Oru+ A(w)u = —g(u), t >0, u(0) = up. (7.24)

We start with some basic preparation. While the next Lemma holds true in a much

more general settingﬂ we still take the time to prove it for our specific case.

Lemma 7.13. Consider the linear boundary problem (A, B) in the sense of [Ama93, 4.].
Furthermore assume that n =1, a;; > 0 and Bu = vpu (Dirichlet boundary).
The boundary operator B satisfies the parameter-dependent Lopatinskii-Shapiro con-

dition (normal complementing condition) with respect to A.

Proof. The principal symbol of the considered linear boundary problem is defined by

((ﬂ 5) - a’ll( )627 (l‘,f) €L x R,

"For details see for example [RR06, Remark 9.44].
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7 Analysis of a 2d model

and

br(y, &) =1, (y,&) € OE x R.

We denote the tangent bundle of OF by T(OF). We have to prove that zero is, for each
(x,€) € T(OF) and A € [Rez > 0] with (£, ) # (0,0) the only exponentially decaying

solution of the boundary value problem on the half-line:
br(z, & 4+ v(x)id)u(0) =0, (7.25)

A+ ax(x, &+ v(2)id)u =0, t > 0. (7.26)

Because we consider a one dimensional space with a Dirichlet boundary, the boundary

value problem translates to:
u(0) =0, (7.27)

(A + a1 (z) (€ + v(2)idy)*)u = 0. (7.28)

Since v(zx) is the unit-normal this can be reduced to
— a1 (2)0%u + (A + ay (2)E%)u = 0. (7.29)
The general solution of this ODE is
u(t) = cre' e cpe ﬁﬁi (7.30)

with ¢1,c2 € R. Due to ([7.27) we get ¢a = —c1. Now u(t) 2% 0 and ay; > 0 imply
u(t) = 0. O

The following is a generalization of [LLMPO04, Prop. 2.4.2|:

Lemma 7.14. Let 2 < p < 00, g € Lo(Q), A € C with Re X > 0 and v € W}(Q) N
W) 5(Q) be given such that \u — gAu = F € L,(2). Then

p? 1[|F],
||u||Lp < 1+ Zg |)\| (731)

holds true, provided that there is a ¢ > 0 such that 1/c < g(z) < ¢ for x € Q.

51



7 Analysis of a 2d model

Proof. For u = 0 the statement is obvious. Now for u # 0 multiplying (|7.31)) by @
and integrating yields

)\/ lu|P~2aug ™ do + / Z@xku3$k(|u|p_212) dr = / flulP~2ug™" dx.
0 Qi 0

Using the bounds on g and taking the real part we get

Re()\c||u||’£p + /Q;&kuﬁmﬂmp_%) dx)ﬁ %Re(/ﬂf|u|p_2u dm).

Now we are in the the same position as in the start of the proof of [LLMP04, Prop.
2.4.2] and the result follows by copying the steps that are taken there. O

At first we will need some semigroup theory (see also [ELW15, Lemma 3.1]):

Lemma 7.15. Let g € (2,00), k € (0,1) and £ € (0,(¢ — 1)/q) be given. There are
k:=Fk(k) > 1 and w := w(k) > 0 such that, for each w € Z,(k),

—2w+ A(w) € H(W. p(E), Ly(E); k, w)
and A(w) is resolvent positive. Moreover, there is a constant (k) > 0 such that
|A(wr) = A(w2)lleow2 (), 2,08y < LR lwr — wollype-e ), wi,w € Zg(k).  (7.32)

Proof. Note that due to the continuous embedding W2(Q) < L., To € C* and as-
sumption there exists ¢(k) > 0 such that

1/c(k) < w(Ty) < c(k), w € Zy(k). (7.33)

Let w € Zy(k) be fixed. Since we have estimate (7.33)), A(w) is normally elliptic and
due to Lemma we can use [Ama93, Rem 4.2(c)| to show that —A(w) generates an
analytic semigroup on L,(F). Now due to we can argue as in [ELW15] Lemma
3.1]) to show that the equation

au — 2wu — p(Ty)02u = F (7.34)
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7 Analysis of a 2d model

has a unique solution u € W;D for F € Ly(E), Rea >0 and w := ;;fg'fg Now Lemma

yields the resolvent estimate

(@ — 2w+ A(w)) ™| £(Lq(m) < C]E:[). (7.35)

Finally we can conclude the proof just as in [ELW 15| Lemma 3.1]) by applying [Ama95, 1.
Rem 1.2.1(a)]. O

Our operator generates a parabolic evolution operator (see also [ELW 15| Proposition

3.2]):

Lemma 7.16. Let g € (2,00), k € (0,1) and £ € (0,(q — 1)/q) be given. Let w(k) > 0
and l(k) > 0 be as in Lemma[7.15 For p € (0,1) and N,7 > 0 given, define

W) = € C(O. 71 W () (t) = w(s) bz < ol = o1

and w(t) € Z,(k) for 0 <t,s <7}

There is a constant co(p) > 0 independent of N and T such that the following holds
true: For each w € Wy (k), there exists a unique parabolic evolution operator U (1, s),

0<s<t<T, possessing W;D(E) as a reqularity subspace, and
U A (¢, S)HL(W;’%(E),W;%(E)) <er)(t—s) e 0<s <t <7, (7.36)

for 0 < a < B <1 with 20,208 # 1/q. Here c.(k) > 1 depends on N,a and B but is

independent of T and
—v = —v(k, p,N) = co(p)NV* — w(k). (7.37)

Moreover, Ua)(t,s) € L(Ly(E)) is a positive operator for 0 < s <t < 7.

The proof of Lemma [7.16, which uses Lemma and general semigroup results
of [Ama95| but not the explicit form of A can be found in [ELW15, Proposition 3.2].
We are now ready to prove Theorem by applying a fixed point argument in order
to find a solution to ([7.24)).
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7 Analysis of a 2d model

Proof of Theorem[7.13 Let q € (2,00) be given. Let us consider an initial value uy €
W2 p(E) with ug(x) > —1 for € E. Clearly, there is x € (0,1/2) with

1
Up € SQ<2KV)7 HUOHWZEf(E) < ﬂ? (738)
where we fix £ and ¢ such that:

1 1 1
0<5<1/q,0<§—5<20<§—£. (7.39)

Let 4p € (0,£) be given. Let c¢y(p) > 0 be as in Lemma and then choose N > 0
with the property that —v := co(p)N'/? — w(k) < 0. Since

20—%-{—

WiH(E) = W, p * 1(E) = Ly(E),

it follows from Lemma that, for w € W, (k) fixed,

—c 1l 1 —v(t—s
Ua@w) (& $)l cowz () + (E—5) itz q)HUA(w)(taS)HL(W;’UD(E),W;D(E))SC*(FL)‘E =),

(7.40)
for 0 < s <t < 7, where the constant c,(x) is independent of w and 7 > 0. Now set
Vi(k) :=={v € W,(k); ||v(t)||qu’D(E) <1/kpand v(t) > -1+ for 0 <t,s <7}
with kg := k/c.(k). By Lemma [7.11] there is ¢1(k) > 0 s.t.:
19(v) = g(W)llwzs, ) < c1(®)llv = wlly2-e (), v,w € (), (7.41)

lg()llwze, ) < k), v € Sg(k). (7.42)

We prove that the mapping

P(U)(t) = UA(v)(t70)u0 _/0 UA(v)(tv S)g(v(s)) dS, te [077_]’ RS V;.(Iﬁ),

defines a contraction from V. (k) into itself. Since Ua()(t,0) is a positive operator and

ug > —1+ 2k, we can apply the embedding W7 (E) < Lo(E) with constant 2 and then
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7 Analysis of a 2d model

invoke and to estimate:
t
()0 = =1+ 25 =2 [ Ut 90(6) ez s
z—1+%~a&wq/2V“@u—sf*%@%mww@mm%www
i ,
> —1+4 2k — 2¢.(k)c1(R) /T e vss7 172 (amy) (s, (7.43)
0

Furthermore, by the same arguments as in [ELW15, Proof Theorem 1.1] we obtain the

remaining four of the five essential estimates

[IT)Olw2 ) < C*2<:) + c*(ﬁ)cl(n)/ e 55717370 g, (7.44)
- 0

£ —ur
IT(0)() = D) (O)llyze ) < (o) ((max r2e™){[[uollwz ,m)

+ e1(1)] + ea(w) (max r2T72ETD)) o — w) |y, (7.45)

0<r<7r

with ¢(k) > 0,

ID()(E) = D)) - < o) ass 77"l -0y + ca() (2 = )7, (7.46)

0<r<7r

with m.(k) > 0 and

—ur 1
@)y ) < mal)(max 226 (uollyassosogsy +er(9) + 5= (747

0<r<r

Gathering equations (7.43)—(7.47) we can see that one may choose 7 := 7(k) sufficiently
small such that the mapping I' : V,(k) — V;(k) defines a contraction and thus has a
unique fixed point u € V,. Therefore the proof of Theorem [7.12] can be concluded just
as in [ELW15, Proof Theorem 1.1].

For part two of Theorem [7.12]observe that if[C2 (2d)|is satisfied with b(x) > 0, one can
replace ¢1(k) with b(k) in the five estimates. Therefore even for 7 > 0 arbitrarily large

it suffices that [|ug|lwz < (k) and b(x) sufficiently small for I' to define a contraction.

]
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8 Numerical analysis

In the previous chapters we derived and analysed a highly versatile model which de-
pends on a variety of constants and functions. After these theoretical results we are now
interested in the qualitative aspects of the solution. In particular we want to examine
the differences between the full model with temperature and the model with just elec-
trostatics. We will now investigate the system numerically, focusing on the membrane’s

deflection.

8.1 Numerical setting

We will stay in the 2d case and work on the system in section [7] while using the notation
therein. Our approach is based on the numerical analysis in |Liel6]: We use the finite-
element method and determine the membrane’s displacement via the Crank-Nicolson
method. We discretize the space §2 into the same simple rectangles and the time in
intervals. Therefore the variational formulation for the electrostatic problem is equal
to the one in |Liel6, 6.1]. For the temperature we change the boundary values and
add the right-hand side h,,,, which now depends on the membrane’s deflection and the

electrostatic potential. The variational formulation for the deflection is

(Oru(t), v) Loy + ar(ult),v) = (g(ult), ¥, T),v)Ly(m),
u(0) = g

with the bilinear form
ar(u,v) = / w(T) Opu Opv — 0, T Op Opu v dx
E

now depending on the temperature. Due to this new situation we have to implement
some changes and in particular use a different numerical scheme: In our setting we
have to recalculate the stiffness matrix of the membrane’s displacement in every time
step because of the dependence on the temperature. Furthermore we obviously add the
computation of the temperature after the electrostatics and before the computation of

the membrane’s new right-hand side in every iteration.
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8 Numerical analysis

8.2 Results

The previous theoretical analysis is of course valid for all possible combinations which
satisfy the necessary conditions. However in order to show some solutions we will need

to fix a specific example. Afterwards we can examine the influences of the parameters.

We assume that the cylinder is filled with air at 20°C and normal pressure of 10°
pascal and take the silicone elastomer Sylgard 184 as material for the membrane. We
use the ideal gas law inside the cylinder and let €; be independent of temperature (just
for simplicity). This results in the following choices for the full set of parameters which

we will call M1:

Width a = 1mm,

Height h = 0.5mm,

Applied Voltage (Volt) V = 2,
Temperature on Boundary Ty = 293K,

Thermal conductivity k = 26%7
Electric conductivity o = 10_9%,
Gas Constant R = 8.3145 10°kg 2,

Amount of substance N = 1.6411 10~ mol,
Shear modulus constants p; = 0.373, pug = 0.0032,
Permittivity ¢; = 11.68.

These choices result in the following values for the constants and functions used in
our PDEs:
w(T) = 0.373 + 0.00327,

A\ = 16,
No = 2,
M, = 0.104,
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8 Numerical analysis

It remains to remark that these choices are not only consistent with our initial mo-

delling in section [4.5] but also with the theoretical analysis in section [7]

Remark 8.1. Given N,R > 0, ¢ > 2 and « € (0,1), let u € S;(k). The ideal gas law
given by P W, 1y (E) — Wy ,(E) with

. NRT,(\1)  NRT,(,1)
Ve(u) 2+ [1ude

P(u) :

is Lipschitz continuous.

Proof. We have to prove that the pressure term is Lipschitz with respect to the mem-
brane’s displacement. Let ¢ > 2, £ € [0,(¢ — 1)/q), £ € (0,1), u,v € Sy(k) and
v e [0,(1 —2¢)/2) be given. There exists ¢ > 0 such that:

NRT,(,1)  NRT,(,1)
2—i—f_11udx 2~|—f_llv dx

1P (u) = P0)[lwy () = |l lIws o)

< NRH2Tu<> 1) + Tu(a 1) f_ll vdr — 2Tv('a 1) - Tv('v 1) f_llu dx”
< Wy (E
4+2f_11(u+v) dx+(f_11u da:)(f_llv dr) 2.0(F)
NR 1 1
< ||2Tu<.,1)+:ru(-,1)/ m—va(.,m—Tv(.,m/ w dellwy e

K2 .
ONR NR !
< T, 1) = To (-, Dllwy ) +7(I|Tu(-71)/1(u—v) dz||wy (5

-1

K2

I / w d2)(Tu(,1) = Tl D)l g o)

1

< cllu — U||W22’735(E).

In this estimate we used u,v € S,(k), W;Ef(E) — Wy p(E) and lastly Theorem O

For a numeric solution of the membrane’s deflection u we define

Upin = xgl_l{ll]u(a:) and  Upgy 1= xg[l_al)?l] u(z).
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8 Numerical analysis

The overall dynamics of the equation governing the membrane’s deflection are pretty
straightforward: Whether the membrane is moving up or down is decided by the sign
of the right-hand side and therefore depends on whether electrostatic effects pulling the
membrane downward or thermal effects pushing the membrane upwards dominate one

another. The right-hand side is

1+ e2|0,ul? NRT
w, T,) = ey A\~ g ()2 = Ay
g( w) 1M1 (1+u>2 ‘ nw< )‘/ 22—1—f_11u
elect;c:static
thermal

It is therefore no surprise that by computing this model we can’t observe strong tempera-
ture effects because in the above setting the electrostatic effect’s strength e; \; = 186.68
is several orders of magnitude greater than the thermal effect’s strength Ay NR = 0.08.
This adds to the hypothesis that one can, at least in certain situations, disregard tem-

perature when modelling MEMS.

However M1 was only one of the possible combinations of the above parameters. For
example it is possible to increase the amount of substance in the cylinder N, that is to say
to start with a higher initial pressure like in a gas tank. One could also fill the cylinder
with a non ideal gas that has better adiabatic attributes and use the van der Waals law
for the pressure. Furthermore applying a lower voltage or taking a different material
with less permittivity for the membrane will decrease the strength of the electrostatic
effects. Lastly it is possible to change the aspect ratio of the cylinder in favour of height
because A; scales in that respect with 1/h% and A, only with 1/h. Making one or several
of these modifications we can easily build a realistic scenario in which thermal effects
heavily dominate the electrostatic ones.

Instead of discussing several of these scenarios in detail, we follow the approach of

[Liel6] and simply fix the electrostatic factor to an explicit value of 1:
€1>\1 =1.

In order to get a regime in which neither effect heavily dominates the other one we also
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8 Numerical analysis

fix the thermal factor AyNR = 0.005. We call this setting M2. In order to see that
this choice is reasonable one has to keep in mind that the temperature is measured in
Kelvin. Thus the thermal- and electrostatic effect’s strengths will be of the same order
of magnitude. This simplification makes it possible to discuss several interesting effects
that cannot be seen in the model which neglects temperature effects. Also this allows

us to show how each of the parameters affect the membrane’s movement.

8.3 Influences of the parameters

In the following we will vary a single parameter of M2 and show its effects on the
membrane’s displacement.

8.3.1 Temperature

We start by observing the effects of a change in temperature.

(a) Ty = 20°C (b) Ty = 125°C (c) Ty = 200°C
Unmin = —0.0568 Upmin = —0.001 Upmaz = 0.0331

Figure 5: M2 with varying temperature at ¢t = 0.4.

In figure [5| we can see that while under room temperature the membrane still deflects
downward, there is a temperature under which electrostatic and thermal effects cancel
out each other, so that the membrane stays in place. This implies that by applying
a temperature we can prevent that the membrane touches the ground plateﬁ Also
by further increasing the temperature the membrane can even deflect upwards. The
deflection at different times, that is ¢ < 0.4 or ¢t > 0.4, exhibits the same qualitative

behaviour.

8This can be interpreted as the numerical manifestation of the abstract global existence result in part

two of Theorem

60



8 Numerical analysis

8.3.2 Shear modulus

The shear modulus p(7") is a measure for the stiffness of the membrane. We show how

decreasing the shear modulus influences the membrane’s displacement.

1 1

0.5 05

El

- 00— s 0
0.5 -05

Bl -
-1 08 06 04 -02 0 02 04 06 08 1 -1 -08 06 04 -02 0 02 04 06 08 1
X X

(a) T(] = 20°C (b) T() = 200°C
Umin = —0.0568 Umag = 0.0331

Figure 6: M2 with p; = 0.373 at t = 0.4.

0.5 0.5

s> 0 3 0

-0.5 -0.5

- -
1 -08 06 -04 02 0 02 04 06 08 1 -1 -08 06 -04 -02 0 02 04 06 08 1
x

(a) Ty = 20°C (b) Ty = 200°C
Ui = —0.0607 Umaz = 0.0352

Figure 7: M2 with (decreased) p; = 0.01 at ¢t = 0.4.

By comparing figure [ with figure [7] we can see that by lowering the shear modulus
we make the membrane more bendable and therefore increase the absolute value of the

deflection.

8.3.3 No blowup

Since we can observe the new effect of the membrane being pushed upwards, we want

to examine whether a blowup is likely.
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0//—\ E QA
(a) t = 100, (b) t = 150,
Unmazw = 0.1397 Unmaz = 0.1402
El OA El 0////—\
(c) t = 200, (d) t = 250,
Upaz = 0.1405 Umae = 0.1406

Figure 8: M2 with T = 200°C.

Figure [§| gives numerical evidence, that even when thermal effects dominate, the mem-
brane’s displacement does not increase indefinitely. Instead the movement stagnates at
a certain point dependent on the strength of the thermal effects. This is due to the fact,

that when the volume of the cylinder increases, the pressure drops. In the ideal gas law

1
2+fil u
when the membrane’s upward deflection increases.

this is evident through the term which decreases the thermal effect’s strength

In summary our model captures several new effects that cannot be observed without
temperature. We also found that all of the tested parameters influenced the membrane’s

deflection in exactly the expected way.
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8 Numerical analysis

8.4 Comparison between our model and the one without

temperature effects

Lastly, we want to show a direct comparision between our model with temperature and
the model without temperature. The choice of parameters in [Liel6| is not physcially
motivated, instead all parameters are scaled to 1. We can fully recover the numerical
results of [Liel6| for the case of a constant permittivity profile in our model. In order to
do this we disable the temperature effects by simply fixing u(7) = 1 and Ay = 0. Also
we fix A\je; = 1. This setting is called MO.

8.4.1 MO vs M2

The next figures show the time evolution of the membrane’s deflection for the model MO

and our model M2.

A -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 A -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
X X

(a) t=0.1,
Umin = —0.0529

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
X

(c) t=0.3,
Upmin, = —0.1837

(b) t = 0.2,
Umin = —0.1129

05

’“w

-0.5

-
1 08 06 04 -02 0 02 04 06 08 1
X

(d) t = 0.4,
Umin = —0.2822

Figure 9: Membrane’s deflection (MO).
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(a) £ = 0.1, (b) t = 0.2,
Umin = —0.0138 Umin = —0.0282

1
05
> 0
05

08 06 04 -02 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 08

X

(c) t=0.3,
Umin = —0.0426

(d) t = 0.4,
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Figure 10: Membrane’s deflection (M2) at 20°C.
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Figure 11: Membrane’s deflection (M2) at —220°C.
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Comparing figure [9 with figure [I0] we can see that incorporating temperature changes
the membrane’s deflection significantly if one assumes a temperature of 20°C. At —220°C

however, the two models behave in a much more similar way.

8.4.2 MO vs M2’

One could argue the outcome of the above comparison is mainly due to the different
scaling of the two models. Therefore we will repeat the comparison but this time rescale
M2 in similar fashion: We fix the shear modulus constant p; = 0.063. This results in
the shear modulus u(7") = 0.063 4 0.00327" and in particular we get 1(293) = 1. Thus
the shear moduli of our two models are equal at room temperature (20°C). We let the
scaling of the right-hand side of the membrane equation be motivated by our initial
physical set of parameters M1: Since MO uses \je; = 1 instead of A\je; = 186.68, we

rescale the right-hand side, by the factor in order to get A\je; = 1 as well. This

1
186.68
results in A\ VR = 0.0004 instead of A\a/NR = 0.08. We call this setting M2’.
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(a) t = 0.1, Upin = —0.0529 (b) t = 0.2, Upmin = —0.1129
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Figure 12: Membrane’s deflection (MO).
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(a) t = 0.1, (b) t = 0.2,
Upmin = —0.0497 Umin = —0.1058

0.6

08

(c) t = 0.3, (d) ¢ = 0.4,
Umin = —0.171 Umin = —0.2568
Figure 13: Membrane’s deflection (M2’) at 20°C.
e
(a) £ = 0.1, (b) t = 0.2,
Upnin = —0.0485 Umin = —0.1015
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X

(c) t = 0.3, (d) t = 0.4,
Upnin, = —0.1594 Umin = —0.2274

Figure 14: Membrane’s deflection (M2’) at 120°C.
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8 Numerical analysis

Comparing figure [12| with figure [13| we can see that the models behave similar under
room temperature. Also, as already mentioned, temperature effects are not dominant in
the setting of M2’. Therefore even at 120°C we only observe a slight change in behaviour
compared to 20°C. Whereas in the previous comparison in subsection this increase
of 100°C changed the membrane’s deflection significantly.

We summarize these findings in the following chart which shows the evolution of the

deflection’s minimum w,,;, for the different settings:

K

—0.1

Umin

—0.2

—0.3 | | |
0 0.1 0.2 0.3 0.4

t

—a— MO

— M2, 20°C

—+— M2, —220°C
M2’, 20°C
M2’. 120°C
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