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We couple dual pairs of A'=8 superconformal mechanics with conical targets
of dimension d and 8 —d. The superconformal coupling generates an oscillator-
type potential on each of the two target factors, with a frequency depending on
the respective dual coordinates. In the case of the inhomogeneous (3,8,5) model,
which entails a monopole background, it is necessary to add an extra super-
multiplet of constants for half of the supersymmetry. The AN'=4 analog, join-
ing an inhomogeneous (1,4,3) with a (3,4,1) multiplet, is also analyzed in detail.
© 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4813720]

. INTRODUCTION AND SUMMARY

N -extended superconformal mechanics (for a review, see Ref. 1) is defined on off-shell su-
permultiplets containing propagating bosons, fermions, and auxiliary fields and, following Ref. 2,
are denoted by (d, N, N'—d). Their invariant actions define one-dimensional sigma models with a
d-dimensional conical target manifold. The case of A/ = 8 has been studied less extensively than
those with N' = 2 or A/ = 4. However, in the literature one finds supersymmetric actions for the
supermultiplets (1,8,7), (2,8,6), and (3,8,5),* (4,8,4),7 (5,8,3).° and 5 < d < 8.7 The superconformal
cases have been produced for (1,8,7).% (3,8,5),*? and (5,8,3).>1° The (2,8,6) model is free.

In this paper, we make use of ad <> A —d duality observed in Ref. 11 to couple for the first time
two dually related superconformal mechanics. Depending on the target dimension d, for V' = 8 the
coupled systems are invariant under one of the four one-dimensional finite superconformal algebras
A3, 1), D4, 1), D(2, 2), or F(4). Their target manifold is a product of two asymptotically flat cones
of dimension d and 8 — d over the spheres $¢~! and §7 ~¢, respectively.

The possibility of consistently coupling dually related supermultiplets was first observed, for
homogeneous supersymmetry transformations, in Ref. 12. This produces N = 8 superconformal
systems with targets of dimension d = 147, 246 or 345 (the 4-dimensional system is degen-
erate, and the dual of the 8-dimensional system is empty). However, for the particular cases of
(N =4,d=1)and (N =8, d = 3), an inhomogeneous deformation of the supersymmetry is ad-
missible (see, e.g., Refs. 13 and 11, respectively). The presence of an inhomogeneity parameter is
responsible for the appearance of a Calogero potential in the N = 4, A(1, 1)-invariant, (1,4,3) model
and of a Dirac monopole in the N' = 8, D(2, 1)-invariant, (3,8,5) model, as will be reviewed below.
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In these instances, a consistent superconformal coupling of the inhomogeneous supermultiplet with
its (homogeneous) dual is non-trivial, as will be shown here. It requires the introduction of an extra
supermultiplet of constants for half of the supersymmetries and leads to new superconformal inter-
actions in the presence of a Calogero potential or a monopole. In all cases, an oscillator potential on
each of the two cones is generated, with a frequency depending on the mutually dual coordinate.

The description of the models is given in a Lagrangian framework. By setting all fermionic
fields to zero and eliminating the auxiliary fields, we are led to the dynamics of two interacting
bosonic sigma models whose parameters are fixed by superconformal invariance. Passing to conical
radial variables then reveals the geometry and the physical content of the coupled model. In this
fashion, our results provide an extension of the class of known superconformal models.

Some interesting questions are left for future investigations. In particular, it seems quite plausible
that the bosonic sector of the dually coupled models, whose parameters are fixed by superconformal
invariance, turn out to be integrable, as a remnant of the off-shell invariant transformations.

The paper is structured as follows. After reviewing general features of (d, 8, 8 — d) supermul-
tiplets in Sec. II, we present in Sec. III the superconformal pairing of dually related multiplets
and work out the coupled Lagrangian in the case of homogeneous supersymmetry, ending up
with the general bosonic potential on the cone product in the presence of Fayet-Iliopoulos terms.
Sections IV and V deal with the inhomogeneous (3,8,5) supermultiplet, its Dirac monopole back-
ground, and the corresponding gauge transformations. In Sec. VI, the dual (5,8,3) supermultiplet is
displayed, before Sec. VII couples it to the inhomogeneous (3,8,5) model. Here one finds the central
results of the paper. In Sec. VIII, we reduce the coupled system back to the (5,8,3) supermultiplet.
Complete actions and the ' = 4 coupling of the inhomogeneous (1,4,3) supermultiplet with its dual
(3,4,1) partner are presented in detail in the three Appendices.

Il. GENERALITIES FOR (d,8,8 — d) SUPERMULTIPLETS

N = 8 superconformal mechanical systems realize the one-dimensional global supersymmetry
algebra

{0i,0;} =26;H  with i,j=1,....8 and H =39, @2.1)

where ¢ parametrizes the particle worldline. The corresponding supermultiplets are denoted by
(d,8,8 — d), indicating d propagating bosonic, 8 propagating fermionic, and 8 — d auxiliary bosonic
coordinate functions for the superparticle, which thus moves on some d-dimensional target space
parametrized by x = {x“ |a=1, ..., d}.

In the construction of N" = 8 superconformal actions, we can make manifest at most four of the
eight supersymmetries. Picking by convention Q1, Q,, O3, and Qg, an A/ = 4 invariant action reads

Sa = /dt Ly = fdt 03010:03F(x) , 2.2)

where F(x) is a yet unconstrained function of all coordinates. The restriction to the manifest N = 4
superalgebra splits the AV = 8 supermultiplet,

d,8,8—d) — (di,4,4—d)) & (dr,4,4—d>) with dj,d, <4 and di+dr=d (2.3)

and opposite chiralities (the construction fails if d; = 0 or d, = 0; there exists, however, a different
method which works in all cases, see Ref. 14.). It turns out’ that the action depends only on two
combinations of second derivatives of F, namely'>

P = Ay F = —Fi1—...— Fyq and Oy = A F = Fgpiaq41+.. .+ Faa s
(2.4)
where we grouped the coordinates according to the decomposition above.
To enhance to A/ = 8 invariance, we must impose

0Ly =W, for £=4,567. 2.5)
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This produces a harmonicity condition on F (see also Ref. 7),
AgF = 8F,; = 0. (2.6)
As a consequence, we have
b =0 = D with AP =0. 2.7

Clearly, for d < 5, we may take d, = 1 so that ® = F,,, singling out the last coordinate. Hence,
taking F to be harmonic, we obtain an N/ = 8 sigma model, with a conformally flat target space for
the propagating bosonic coordinates,’

ds? = ®(x)8dxdx” . (2.8)

The remaining generators of the conformal s/(2) algebra are realized as

K = —1*3,—2th, and D = —1d —2, (2.9)
on functions ¢ with engineering dimension [¢] = A,. They give rise to 8 superconformal
generators1 L13

0 = [K, 0il. (2.10)

Superconformal symmetry is imposed by also demanding that!®

DL, = o,Mp and KL, = o;Mg , 2.11)
which yields two conditions on &, namely
[®] = —1— 24, and & =®@r) with r? = §x%%? . (2.12)

The closure of the D-module representation for the N' = 8 superconformal algebra determines a
critical value for the engineering dimension of x,

Ay = = [@] = —1— 4 = 2 = 2-d)A, . (2.13)

As a consequence, the conformal factor is indeed fixed to the proper harmonic expression,
o) = r7 9. (2.14)
Introducing the spherical line element d2;_ ; on $¢~! and changing the radial coordinate via

p = gr O, (2.15)

the metric reads
ds? = r>(dr’ +r7dQ]_,) = dp® + j(4—d)*p?dQ]_; . (2.16)

It reveals the target space to be a specific cone over $¢~!, asymptotically flat with a linear relative
deficit of |4 — d|/2. Its scalar curvature comes out as

R = Yd—1)d—2y(d—6)r'"* = (d—1)(d—2)*[d—6)d—4)*p*, (2.17)

which is negative for d = 3, 5 and positive for d = 7, 8. Atd = 2, 6, we encounter flat space.

In any dimension d up to 8, the manifest A = 4 superconformal algebra must be a particular
member of the D(2, 1; «) family. It turns out that the value of « is determined (up to an S3
automorphism) by the relation

@ = —34—d| = —5i7 . (2.18)
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In fact, only for the special values

ae{-3,-2-3,-1,-3,-1,-1,0, 1, 1, 2, o0} (2.19)

attained via (2.18) (and its S; orbit) is D(2, 1; ) extendable to an ' = 8 superconformal algebra.

Ill. DUALITY AND COUPLING IN THE HOMOGENEOUS CASE
From the results of Sec. II, an obvious duality relates
d8-d & Il -k & {rel ad o5 G

The self-dual point at d = 4, however, represents a degenerate case, and the case of d = 0 is empty.
We summarize the values for all dimensions in the following table, which displays also the manifest
N = 4 superalgebra G, and the full N = 8 superalgebra Gg for each case.

d 0 1 2 3 4 5 6 7 8

o 2 r 1 ! r=? r3 re4 r—> r=0
P -1 -1 —1 00 +1 +3 +3 +3
a -2 -3 -1 -3 0 -3 -1 -3 -2
Gi| D2,1) D@2, 1;1) A(l,1) D2,1) A(l,1) D@2,1) A(l,1) D2,1;1) D2, 1)
Gs| D4, 1) F(4) AG,1) D2,2) —  D2,2) AG. D F(4) D(4, 1)

The duality map indicated in (3.1) is easily performed by interchanging propagating and auxil-
iary bosons and flipping the direction of the supersymmetry transformations. If we summarily denote
the propagating bosons, fermions, and auxiliary bosons by x4, v/, and f*, respectively, and indicate
the components of the dual multiplet by overtildes and lowered indices, the structure schematically
takes the following form:

e A VA DR
¢ ¢ ¢
v 0 o~ > Q0 5 0 ~
1»//i < (xa» fa) < wi < Xas
where the horizontal arrows encode the various supersymmetry transformations and the vertical
arrows depict the duality relations.
We have essentially three different cases of such a duality for AV = 8 superconformal theories:

(1,8,7) « (7,8,1) , (2,8,6) < (6,8,2) |, (3,8,5) < (5,8,3). (3.2)

The two members of each pair have different target dimensions but share the same superconformal
algebra. For this reason, they can be coupled together in a Lagrangian

Layg—ay = La+Lsa~+y Lig-a (3.3)
with a coupling of dimensionless strength y provided by a canonical pairing,
Lag-ay = X fat+ V' i — [*% . (34)

Note that the dimensions in each pairing add up to one, and the duality guarantees the N = 8
superconformal invariance of the coupling term, as long as the transformations remain homogeneous.
This is the case for d = 1 and d = 2. In three dimensions, there exists an inhomogeneous deformation
of the (3,8,5) multiplet. When this is turned on, the coupling to the dual (5,8,3) becomes less obvious.
We will dwell on this point later on.
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Let us take a look at the bosonic part of the Lagrangian in the homogeneous case. It takes the
form

Livg-a] = @) (5 + [ f) + 3F) (FoXo + fuofa) +v (fo = %) . (3S)
We may add Fayet-Iliopoulos terms with dimensionful parameters . and ji* to get
Lhvsa) = Lars—a| + 1o f* — 1 fa - (3.6)
Eliminating the auxiliary components by their equations of motion,
fo = 307 (R —pe)  and  FU = —1O7(yx - ), (3.7

we arrive at

Lol = ®30" + STy — 307! (yFa—pta) (YFu—pta) — 5&7 (yao—1) (yx*—7i) .
(3.8)
which features a very specific potential in the joint target space of both multiplets.
For a physical interpretation, it is useful to fix ®(r) = 7~ and ® = 7975 and pass to standard
radial coordinates (up to a factor of %),

r&D2and  BG) = ARV 3.9)

2
o(r) = =g a—d|

Introducing total angular momenta £ and ¢ for the d- and (8 — d)-dimensional targets and unit vectors
via x* = re® and X, = Te,, one arrives at

. . 2 _ 2 72~ _ ~ -\2 ~_ - 2\2
LG5y = o+ |d4f4\2/0 +0+ |d4?e4|210 2_%© W(yre— i) — 3@ (yrée =), (3.10)

where r = r(p) and 7 = 7(p) is understood. Apart from the standard angular momentum “barriers,”
the potential for the coordinates r and 7 is of oscillator type, centered around ¥ = j1/y and 7 = ji/y
and with (position-dependent) frequencies w = ¥ ®~!/? and @ = 5 ®~'/%, respectively.

IV. D-MODULE REPRESENTATION OF THE (3,8,5) SUPERMULTIPLET

Let us adopt a convenient notation for the components of the (3,8,5) multiplet:

bosons x¢ : X,y,2 Or Xi,X2,X3
fermions I/fi : I//.0’ ‘(//ly wZ’ ‘(//39 503 %‘ls 521 é3 . (41)
auxiliaries f% :  f1, /2, &, &1, &2

For simplicity, we lower all indices. According to the relations of Sec. II, we have A, = —1
and ¢ = —%, so the N' = 4 algebra D(2, 1; —%) ~ D(2, 1;1) >~ osp(4|2) should get enlarged to an
D(2|2) >~ osp(4|4) algebra. For the conformal factor we expect ® = }

A unique feature specific to d = 3 is the option to deform the homogeneous superconformal
transformations by a constant shift in some transformations of fermions to auxiliaries. Without loss
of generality, we choose a frame in which only the auxiliary coordinate g appears shifted, and only
in the action of Q,, O3, O, and Q7. Hence, half of the deformation is taken to be contained in
manifestly realized N = 4 supersymmetry.
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The N = 8 transformations are captured in the following array.

0Os 01 0> 03 o Os Os 07
x1 | Yo 14 ) Y3 &o & & &
X2 | Y1 |[—Yo Y3 v | & —&o —& &
x| & =& —& =& |—=Y%o | ¥ () Y3
Yo | X1 X | —fi |—f |—% |-—g &1 |—&
Y| i X -2 Si —g X3 &2 —g1
¥ | fi f2 Xy —X2 |—& |—& X3 g+c
Y3 | 2 [N X X -8 | & |—g&—c | X3
& | A3 g 81 & X - | —fi |—f2 4.2)
& g —X3 & —g1 X X f2 —fi
& 81 -8 —X3 |g+c fi - X X2
& | & g1 |—g&—c¢ |—i3 S i —X X
fi |V |=¥s | =V U & & —& | —&
R 1z = =Y | & —& 3] —&
8 51 éo —53 éz —1&1 —% —% I/'fz
81 éz 53 éo _él —wz 1/.f3 —lﬁo —1/'f1
&2 53 —52 sél éo —’ﬁa —lﬁz Iﬁl —lﬁo
The action for the (3,8,5) multiplet reads
83 = fdt Ly = /dt 03010:03F(x,y,2) 4.3)
with
Fod Fyy+F. =0, (4.4)
and the conformal factor comes out as
F,=® = } with rPP=x? 4y 472 4.5)

Without loss of generality, the z coordinate is singled out because we had to make a choice in the
supersymmetry transformations.
The dependence on the inhomogeneous shift parameter c is linear, so we write

Ly = LY +cL. (4.6)
After a lengthy but straightforward computation, we find
LY = 02+ 92+ 2+ fA+ 242+ 42+ ¢3) + fermionic terms %))
and
LY =Dg+ A+ A+ 4.8)

@, (Yoé1 + ¥ido) + Py(V181 — Yobo) — P(V1ho + §180) ,

where we introduced
A, = I, and A, = —F,. 4.9)

The complete expression of Ego) is displayed in Appendix A. Setting all fermions to zero, we extract
the bosonic part

L3 = @@+ 37 +2+ i+ i +8+81+8) + c(Pg+Ad+Ay). (4.10)
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We remark that only the z derivative of F appears, so it makes sense to define a prepotential
G = F, = Gy =—-4,, G, =A,, G, =09, 4.11)

which inherits the harmonicity from F.
It is admissible to slightly deform our model by adding Fayet-Iliopoulos terms. This extends
the bosonic Lagrangian to

LY = L)+ tafu + 08+ Cu8a  with a=1,2 (4.12)

and five real parameters [y, ¢, and £.
We solve the equations of motion for the auxiliary fields,

Mo C"‘Cq) é‘a
w = — o = - , . = -2 413
f 20 & 20 & 20 “.13)

and eliminate them from the Lagrangian to arrive at

Li| = @@+ 9242 — 107 Wl + 7+ — Jct — 17D + c(Ax + A,Y) . (4.14)
Apparently, there is not only a magnetic but also an electric field, together

B,=cG,,, By=cGy,, B.=-c(Gu+G,)=cG,, and  E,=—1cG,
(4.15)
both being simply proportional to the gradient of G, = ®. With ® = }, we identify a magnetic
monopole, while for the interpretation of the electric field we better pass to the conical coordinates,

r=1p’ = ds* = dp>+1p°dQ3  and  Ap = *p 7. (4.16)

The bosonic dynamics of this theory has been analyzed for general values of « in Ref. 17.

V. GAUGE FREEDOM

In order to explicitly write down the Lagrangian, we must “integrate” @ to find the prepotential
G, from which the gauge potential A is obtained. The answer is not unique, due to abelian gauge
invariance,

§A, = du and G = v 5.1

with a priori arbitrary harmonic gauge functions # and v. However, the invariance of ® = G,
enforces v, = 0, and the relation between G and A, connects the two functions,

Uy = vy and Uy = —Vy . (5.2)
The (local) solution introduces another function Aa(x, y) via
u=hy(x,y) +u(z) and v="h,(x,y) with iy +hyy =0. (5.3)

The harmonicity of u implies that i is at most linear in z. Alternatively, we may interpret the above
relation as Cauchy-Riemann equations for the real and imaginary part of a holomorphic function of
w=x +1y,

v—i(u—i) = E(w) = 9,Hw) = h = Hw)+ Hw), (5.4)

where H and & are determined up to a constant. Therefore, the gauge freedom for the prepotential is
encoded in a single holomorphic function E.

For the magnetic monopole there does not exist a globally regular gauge potential; we must be
content with configurations on a “northern” (N) and on a “southern” (S) patch, related by a regular
gauge transformation in the equatorial overlap. The standard expressions obtained from G, = } read

GM = bt = AN=GY =y AV =G =

(5.5)
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G5 = —In(r—z) = AS = Gi =i and A‘; =-G5 = —r
(5.6)
so that indeed (for a = x, y)
G — G* = In(x*+y*) =: h, = AY — A3 = —29,arctan? =: 3,h,, (5.7)
and the holomorphic combination
E = In(x’+y*) +2iarctan 2 = Inw’ (5.8)
gives rise to the correct “pre-gauge” function
H = 2w(nw—1) = h = xIn(x*+y*) — 2x — 2y arctan 2 (5.9)

in the class described above and regular away from the poles. The singularity of the northern
functions along the negative z-axis and likewise for the southern patch signify the would-be Dirac
string in a global configuration.

VI. THE DUAL (5,8,3) SUPERMULTIPLET

Applying the duality reflection to the (3,8,5) multiplet, we obtain a (5,8,3) multiplet. However,
we must first put the inhomogeneous deformation parameter ¢ to zero, since such a deformation
does not exist for d = 5. Section II tells us that A, = + 1 and ® = 3, and we again realize an
D(2,2) >~ osp(4]|4) superalgebra. Naming the components as follows:

bosons %, : v, U2, W, W1, Wy
fermions Vi © X0, X1» X25 X3» 20> Al> A2, A3 (6.1)
auxiliaries f, : Ay, ha, h3

the array (4.2) gets transformed into the AV = 8 transformations for the (5,8,3) multiplet:

Os 0] 03 Q3 Qs | Os Qs Q7
v | A2 Az |—Ao | M X2 X3 =X |—x
v2 | A3 Ay |=A | —ho | X3 X2 | X —Xo0
wo| X Xo |=x3 | X2 |=r |—Ao |[—A3 | A2
wi | X2 X3 Xo |—=x1 |—A2 | Az |—=ho |\
Wy | X3 |—Xx2 | X1 Xo  |=A3 |—A | A —Ao
xo | h3 w Wy W) hy —hy |=U1 |-
X1 w —h3 | Wy |=uwp | A2 hy ) -
xo L |=in |=hs | w | o =00 | B | B 6.2)
X3 | w2 Wy —w  |—hy | D0 v —hy |
Ao hy —h, —U —Up —hs3 —w —wp |—uy
Mok Lk = | o |=w | Ry | =
Ao vy 003 hy —hy, |—w; |—un hs w
A3 () —U1 ho hy ) w —w hj
hy | ko A Ao A3 Xo Xi X2 X3
hy | hi |=ho | A =k | X1 =k |—X | X
hs | Jo  |=X |=X2 |k =k | M Ao A3

The full Lagrangian Cs is found in Appendix B. Its bosonic part is obvious,
Ls| = ® @2 +w® + w2 +h2), (6.3)
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where the prepotential function is

~

o = Fvlvl +Fv2v2 - _(Fww+Fw1w] +Fw2w2)- (64)

VIIl. COUPLING (3,8,5) TO (5,8,3)

Since both (3,8,5) and (5,8,3) multiplets represent the same D(2, 2) superalgebra, it is natural
to couple them. The duality provides a canonical interaction term E(;?)S in the joint Lagrangian

£y + L5 + yL) (7.1)
of the form

LYY = Xaha — faVa — 8 W — gaWy + Vidi + &x; With a=1,2,3, a=1,2, i=0,1,2,3,

(7.2)
with some dimensionless coupling constant y . Itis easy to check that /3(3(.))5 is invariant (up to total time
derivatives) under all eight supersymmetries and their conformal partners, because the dimensions
of any two duality partners add up to one.

The superscript (0) reminds us that we turned off the inhomogeneous deformation in the (3,8,5)
multiplet. So the question arises as to whether it is possible to extend this coupling to the deformed
multiplet as well, and what this entails for the dual (5,8,3) multiplet. To answer this, we first observe
that

Ly + Ls + )/ﬂgoé (7.3)
is indeed invariant (up to total time derivatives) under Qs, Q;, Qu, and Qs, but
Q2£(3(?)5 =—Cx3, Q3£(3(g =cx2, Qsﬁf{’é =—chs3, Q7£§?§ =chy (7.4)

do not vanish. Yet, since c is a constant, these terms are linear and may be cancelled by adding other
linear terms to the interaction. To achieve this feat, however, one must view the deformation parameter
c as the highest component ofan N/ =4 mul.tlplet .of type (3,41,1) involving the supercharges Qf for
J=2,3,6,7. Denoting the components of dimension — 1, —3 and 0 by e,, w;, and c, respectively,
the transformation table takes the form

Os | O 0, | 0O Qs | Qs |06 | Q7

e 0 0 %) w3 0 0 o W]

e 0 0 w3 —wy 0 0 —w) o

e3 0 0 —wy |—w; 0 0 ) w3
wo 0 0 0 —c 0 0 0 (7.5)
w1 0 0 c 0 0 0 0
) 0 0 0 0 0 0 0 —c
w3 0 0 0 0 0 0 c 0

¢ 0 0 0 0 0 0 0 0

It is important to realize that all these components are constants, i.e., time independent, otherwise
there could not be zeros in this table. For the same reason, it is admissible to have this multiplet
annihilated by the other four supercharges, Oy for k = 8, 1, 4, 5. If we add to our interaction
Lagrangian two extra pieces,

Cglé = woX2 + W1 X3 + WA + W3A3 and 522?5 = eihy + exhy + e3hs (7.6)

it is not hard to check that all unwanted terms get cancelled, and only total time derivatives remain.
In other words,

Liys = L3 + Ls + yL3s (7.7
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is fully V' = 8 superconformally invariant for

ES,S = (-xa+ea)ha - fava —8W — oWy (78)
+ &oxo + &1 + Eatwo) x2 + (G3twi)x3 + Yoro + Yid + (Yatwr)hy + (W3+wsz)As ,

which adds to the pairings (7.2) a term linear in a (1,4,3) submultiplet (w; x2, x3, A2, A3; h,) inside
our dual (5,8,3) multiplet. Another interpretation is that the (1,8,5) components with inhomogeneous
transformation receive constant shifts which cancel the inhomogeneity produced in the canonical
coupling term.

Interestingly, there is another way to cancel the non-invariant terms (7.4). Observing that

0Ly, = cQuw for  j=2,3,6,7 (7.9)
suggests repairing the deficit by adding
LY = —cw (7.10)

to the interaction. While Q ]L;Og indeed just cancels the unwanted terms, now the other four super-

symmetries are compromised, however, as

o o o o
Qsﬂg.g) =-cxi, Q1£(3,5) =—CXo, Q4E(3’5) =cAr, QSEg’j) =chp. (7.11)

Comparing with (7.4), we see that the deficiency has simply been shifted from the Q; to the Qi
with k = 8, 1, 4, 5, and the relevant fermionic components carry indices 0 and 1 instead of 2 and 3.
Hence, adding a suitable constant (3,4,1) multiplet for those supersymmetries and the appropriate
terms ﬁéls) and £(325) to the interaction will accomplish the job just as well. The only difference for
the bosonic Lagrangians is an additional term of —yc w.

Sticking with the first resolution and adding Fayet-Iliopoulos terms for all auxiliary components,
the bosonic part of the total action reads

fos| = @ (24 f2+ 87+ 82) + e AX + B (32 + v’ + w2 + h2)
— (Ya—ta) fa — (yw—L—c®) g — (YWa—La) 8 + (¥ (Xate)—fla) ha . (7.12)

and elimination of the auxiliary components produces

Vsl = @i+ c AX + @ (82 + 0?4+ w?)

— 1 (yva—tta)? + (YW= —c®Y + (Ywe—E0)) — 137 (v (xatea) — o)’ - (7.13)

The constant Lagrange multipliers e, serve to eliminate the zero modes of the A,. For convenience,
we relabel w, = vy, and w = vs and define v? = vy, + w? + wyw,. In conical radial coordinates
p = 2r'? and ¢ = 2v~!/2, the bosonic action then takes the form

L8| = p2 + 462072 462 + 4802 c AX
oo - oo \2 _ - - 272
— 11—6,02(4)/(7 Ze(7 —u—4cp 265) —0 6(y(p26p+4e) — 4;1,) , (7.14)

where we introduced the angular momenta £ and ¢ in the three- and five-dimensional targets, and
the vectors in the first and second brackets are five- and three-dimensional, respectively.



072902-11 Gonzales et al. J. Math. Phys. 54, 072902 (2013)

Viil. A DEFORMED (5,8,3) SUPERMULTIPLET

If in (7.7), we set to zero the complete (5,8,3) multiplet, we simply come back to the original
deformed (3.8,5) theory. Let us then try the opposite and see whether we recover the (5,8,3) model.
However, due to (7.4) it is not consistent to put the (3,8,5) components to zero completely, but we
must keep the zero modes of x,, ¥, V3, &2, £3, and g, which we denote by an overbar. With this
provision, the full Lagrangian (7.7) reduces to

Ls = Ls + y (Fateha + Ertaoo)xa + Es+onxs + @ty + Ws+w)is — E+ow)
=Ls +y (e;ha + wyx2 + W) X3 + Oyhs + WAz — c’w) , (8.1)

and to the transformations (7.5) of the constants, we must add

Os | O 0> 03 Qs | Os O6 07

X1 0 0 Vs Vs 0 0 3 &,

X |0 0 ¥ =¥, | O 0 —&; 3

x3 |0 0 & |-& |0 0 ¥ Vs

5L o | o 0 Jlg+c |0 | o 0 0 (8.2)
E o |0 |-z |0 o |o 0 0
vy, | 0 0 0 0 0 0 0 g+c
7s 0 |o o o |0 |-z= | o0

g 0 0 0 0 0 0 0

which is what remains of (4.2). We see that only the four Q; are effective. The upshot is a deformation
of the original (5,8,3) Lagrangian by linear terms in a (1,4,3) submultiplet. The linear coefficients
(), w}, ¢’) are just the sum of the (3,4,1) zero-mode submultiplet (8.2) of the original (3,8,5) multiplet
and the constant auxiliary (3,4,1) multiplet (7.5). This combination transforms as follows.

Qs | Q1 | Q2 [ Qs | Q4 | Qs | Qs | Oy
e 0 0 w) W} 0 0 w;) W]
e) 0 0 ) |- 0 0 -] | w)
ey 0 0 —wp |- 0 0 w) W}
oy |0 o o [= o [o [o 8.3)
o, 0o o | ¢ o o |o |o
) 0 0 0 0 0 0 0 —c
) 0 0 0 0 0 0 ¢ 0
c 0 0 0 0 0 0 0 0

Hence, the coupling of the (5,8,3) multiplet to a dual inhomogeneous (3,8,5) multiplet leads to a
deformation of the former, which consists of the coupling of a (1,4,3) submultiplet to an auxiliary
constant (3,4,1) dual multiplet. The deformation is parametrized by y and contains the (3,8,5)
inhomogeneity c as part of it. Of course, we may also add standard Fayet-Iliopoulos terms.
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APPENDIX A: ACTION FOR THE (3,8,5) SUPERMULTIPLET

and

The complete Lagrangian for the (3,8,5) multiplet reads

LY =02+ 92+ 82+ fA+ 24+ + 8+ )+

D (Yovo + Vi + Yo + Vs + oo + 161 + E26 + &383) +
D, ((¥€é1 + f16ob2 + f26053) + Yo + fivov + favboyrs)

+(g¥oé1 + g1¥oé2 + 82v083) + (8¥160 + 81260 + 829360)
—(v6283 + [18381 + [286:1862) + O3 + fivsyn + faviyn)
+(8&3%2 + g161V3 + 25291 — (862V3 + 8153Y1 + &26192)
+2(Yobo + E1Y1 + &2 + 53Y3)) +

D, ((—x&0&1 — f16053 + f25062) + v — fivsvo + fovno)

— (2610 — 8153%0 + &262%0) — (Z5oY1 + &160V3 — g260Y2)
+8Govo — E1Y1 + &9 + §313)

+x (5283 — Vo3) — 2(53Y2 — E293)

+81(¥1&2 — §192) + &2(¥né3 — §193)) +

@, (85061 + 815062 + 826083) + (8Vov1 + g1Vo¥2 + &2%0¥3)
—(¥o1 + fivoba + f2¥083) — Giéo + fivéo + f23€0)
(85283 + 816381 + 826182) + (82 ¥3 + §1¥3¥1 + &2V1Y2)
+(&v2 + fi61¥s + L25oyn) — D&V + fi&3yn + f261¥2)
+x(Yobo + E1Y1 + &2 + 5393)) +

@ (V3918250 + ¥305261 — Vovi§sbo — vavhobaéi) +

@y (V205260 + V3vobsbo — Vav16261 — Y3vi€3861) +

.. (—536:28150 + Y3160 — Y1voaba + Y3ynynivo) +
Dy (Vaho€3éo — Yobadr + Y3y &8 — Y3voéaéo
—Von&361 — Vavossi — VoS80 — Y3vi63é0) —

D (V2838160 + Vo1 Yoz — Y3vivoéa + sy ibo
3626150 — Yo536261 + Ysvahodi — Yiéaéabo) —

Dy (Yo§36260 + V2626160 + V3536160 — V153626

=3 nvobo + V3vivoss + Vo voés + Yi3vaviér)

L =dg+ Ai+ Ay +
D, (Yoé1 + ¥1éo) + P, (Y151 — Yobo) — P (V1Yo + &10) -

(AL)

(A2)
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APPENDIX B: ACTION FOR THE (5,8,3) SUPERMULTIPLET
The complete Lagrangian for the (5,8,3) multiplet reads

Ls = ®OF + 03 + 07 + W] + w3 +hT +h3 +h3) +
D(hoko + Aihi +Aaka + haks + JoXo + KX + Xaxa + X3x3) +
@y, [02(hort + Aok + X1 X0 + x2x3) + h1(AiAs + Aako + X3 X1 + X2X0)
+ha(Aadi + Asho + xox3 + x2x1) + ha(koxa + Az x1 + Aaxo + x3A)] +
51}2[1')1()»1/\0 + A3A2 + xox1 + x3x2) + hi1(Aady + A3zko + X1 X2 + X3X0)
+ha(hora + Azh1 + x3x1 + x2X0) + ha(X1A2 + Az xo + Aix2 + Aox3)] +
@, [ (k3o + A1da + Xox3 + X1 x2) + Walhoha + Asht + x2x0 + X1X3)
+hi(x2A3 + x1ho + Xor1 + A2x3) + ha(x121 + Aax2 + Aoxo + A3X3)
+h3(Aiho + A2d3 + X1 X0 + X3x2)] +
By, [(hos + oAt + x2x1 + X3X0) + Wa(haks + Ao + Xoxi + X2X3)
+hi(A3x1 + x3A1 + X220 + xor2) + ha(X122 + x2A1 + Aoxs + XoA3)
+h3(Aaho + Ashi + X1 X3 + X2x0)] +
B, [W(A3A1 + Aaho + Xox2 + x3X1) + Wihort + A3ha + X1 X0 + X3%2)
+hi(xors + A1 x2 + x3h0 + x122) + ha(x321 + Aaxo + x2ho + X1A3)
+h3(A3ho + A2 + X3 X0 + x2x1)] +
D (RoXor X1 + Aaxahaxs + Xoxixaxs) +
B0y (RoXox2ha + A X1A3 05 + Aox1 X2k3 — XoriAaXs + AokiAaks) +
Py, (RoX0 X33 + A1 X1A2X2 + AoX1A2X3 — XorX2As + AokiAaks) +
By (RoXoX2ka + A1 X1A3X3 — Aoki X2 X3 + AoXiAa X3 + Xox1hahs +
—Xor1 X223 + Xox1X2X3) +
P, (RoX0 X33 + A1 X1ha Xz — hori X2 X3 + hoX1 X2k + XoXihaAs +
—XoA1A2x3 + XoX1X2X3) +
By, 0, (hoX0X2A3 — AoXohaXs — AoXiX2ha + AoX1X3hs + XorAaX2
+x0r x3r3 + A X1 x2A3 — A x1d2x3) +
Py (—hoXor1A2 — AoXoX1 X2 + AoAshi X1 + Aohsxaha + XoX3Xih
+xox3r2x2 + Air2x3hs + x1x2x343) +
By, (hori x2As — hoX122A3 — XoAAahs — AohiAaXs — XoA X2 X3
+X0X122X3 — XoX1X2A3 — AoX1X2X3) +
Dy (hoXoX2X3 + AoXorahs + XoX1 X2ha + XoX1A3X3 + AokiAzxz +
oA x3A3 + AL x1A2A3 + A X1 X2x3) +
P (MoXoX3X1 + MoXorsh + Xoxzhi X1 + Xox2X3hs + Aoraxihi
+Aror2rsxs + Aaxarsri + xarax1x3) +
Py (—hoXoX2X3 — AoXohars + Xox1X2h2 + XoX1A3Xs + AokiAzxz
+Aror1 X323 + A x1A3he + A xixsx2)+
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Py (— Xoh1A2As + AoAtAaxs — oAt Xahs — AoxiAahs — XoX1A2X3

—AoX1X2X3 + XoX1X2A3 — XoA1X2X3) +

Py (—hoXoA X2 + AoXoX1A2 — XoAshi X1 + XoAsAaxa — AoXahi X1

Hroxaraxa — Aaxzrixe + Az xaxira) +

P, (hoX0X3M1 — AoXoAs X1 — XoAaX1h + XohaXahs + hoxahi Xi

+hoXx2 X323 + i x3xoh2 — X1k xoh2) +

Byus (Roxox2hs — Aoxora 3 + Xori Xaha + Xor1Asxs + Aoxixzha

+rox1Asxs + xaAshix1 + A2 xzxir) - (BI)

APPENDIX C: N = 4 DUALITY

It is instructive to display the simpler case of A" = 4 duality. Since only the (1,4,3) multiplet
allows for an inhomogeneous deformation, we concentrate on the d = 1/ d = 3 duality and the
coupling of these two multiplets.

Like in the N = 8 cases, the N = 4 Lagrangians have the form

Ly = ®8p5°%5" + ... . (Cl)
Scale (D) and special conformal (K) invariance require
® = r? Y(angles) and =47 for r? = x%%®, (C2)

with some exponent 8 and functions Y and Z. It follows that Z = C%rﬂ”Y and Y = constant.
Let us denote the components of the two multiplets by

(174s3): X;w09wl’¢29w3;flsf27f3

(C3)
(3,4,1): vy, v, U3 A0, A1, A2, A3s R
and assign scaling dimensions (i =0, 1,2,3 anda =1, 2, 3)
[x,x//i,fa]z—l,—%,o and [Va, Aiy ] = 1,%,2, (Cc4)
so that the conformal factors for a dimensionless action become
o = x! and ® = v with = Vg - (C5)

The bosonic target space is therefore the product of a (half) line with a three-dimensional cone. The
supersymmetry transformations are given by

0, 0> O3 | O4 0 0, |03 | Qs
X Vi 1 Vs Yo o Ao -3 Ao -
Yo h 12 VE! X vy | As r o |=A | =2
(2] x fate |=f» |—fi vy x| o Moo | =
Vo |—fz—c | X hH |1 Ao | U1 ) 3 h (Co)

V3 S = X -/ A h U3 —Uy | =
fi Yo —y3 | Y2 |—Vn h | —3 h v | =0
S V3 Yo |-V |—Vn Mo v |- h —03
fi |~ U Yo |—V3 h | & Ao A3 Lo

with inhomogeneous parameter c. The transformations can be written in terms of the quaternionic
structure constants 8., and €5, (With €123 = 1). We note that the two multiplets must have the same
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chirality to be coupled. Therefore, the overall sign of €3 in the second multiplet is fixed in order to
allow the supersymmetric pairing of the multiplets.
The superconformally invariant action of the coupled system is given as a sum of three terms,

Lix3 =L+ L3+ yLis, (CT)
with
L1 = 040:0201F(x) and L3 = 04030:01F(®). (C8)
The supersymmetric pairing term reads (@ = 1,2,3 and i =0, 1, 2, 3)
Lis=LO+ L+,
'C(10)3 =xh-— Java +¥iki

1
‘C(I; = wiA + w2y,

L8 =ehn, (C9)
where the extra constants @y, w, and e have been added, with scaling dimensions [w;] = [w,] = —%
and [e] = — 1. The supersymmetry transformations of the constant (1,2,1) multiplet are

01 ) 03 04
e w w> 0 0
wy 0 —c 0 0 (C10)
Wy c 0 0 0
c 0 0 0 0

An alternative coupling possibility is the following:
L1 =LY+ L% +L03 +L75
5(10; =xh— fava +¥id; ,
5(1?2 = —cuv3,

1/
5(1’3) = woro + w33,

L) =eh, (C11)
where the extra constants wy, w3, and ¢’ have been added, with scaling dimensions [wy] = [w3] = —%
and [¢'] = — 1. The supersymmetry transformations of this constant (1,2,1) multiplet are

Q1 [ Q> |03 | O
4 0 0 w3 Wy
wo 0 0 c 0 (C12)
w3 0 0 0 —c
c 0 0 0 0

The Lagrangians of the one- and three-dimensional systems read
L= (& + £ + Vo + Y]
+ O {YoVafa + 3€ancVa¥pfe} + Pur{tearcovatVoie]
+c® fz + c P Yoy (C13)
and
L3 = ® {02+ h* + Ahoho + Aaka}
+ By {hahpip + €ape(3Aphch — Aorpve)} + LA® €qperoratphe s (C14)
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where

~

®=F, ad &= AF =F,,, (C15)

respectively.
Finally, we add Fayet-Iliopoulos terms which are superconformal (not just supersymmetric)
invariants and introduce dimensionful constants ., and v,

Lp = Mafa—Vh, (C16)

with [u,] = 1 and [v] = — 1. The supersymmetry transformations act trivially on u, and v.
Setting all fermions to zero, the total bosonic Lagrangian based on (C7) with (C9) becomes

s = @@+ A+ QW2+ MD) — (Yva — pa — 8a3®) fo + (yx +ye—v)h.  (C17)

If we use (C11) instead, an additional term —y ¢ vs appears. Eliminating the auxiliary fields via

fa = 207 (yva — pa — c8az®) and h = —%5*1(yx +ye—v), (C18)
we arrive at
sl = @R+ B0~ 10T (yus — e — 83®) — 137 (y(xte) =), (C19)

where the Lagrange multiplier e only ensures that the zero mode 4 vanishes. Hence, its value is
e=—(®'x —v/y)/®-". Specializing to ® = x~ ' and & = v >, one gets

1. 3. —1\2 2
’1’+3 = x "% +v 3v§ — %x (yva — g — CO43X ') — }Tv3(y(x+e) — v) . (C20)
In order to interpret this Lagrangian, we pass to standard kinetic terms (up to a factor of %) by

changing the radial coordinates via

2

P and v=4do~ with [p]=[o]=—1 (C21)

Ll

X =
and arrive at

el = p* o+ 402672 — 11—6p2(ya’22(, — - 4c;o’223)2 — 0%y (p*+4e) — 41))2 ,
(C22)
where ¢ is the angular momentum in o space, and €, and ¢; denote unit vectors in the o and 3
directions, respectively. We find a rather complicated potential in the four-dimensional target. If one
employs the option (C11), then linear terms —y ¢ v3 and —4y ¢ o ~2&3 have to be added to (C20) and
(C22), respectively.
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