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Integrable Impurity in the Supersymmetric ¢-J Model
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An impurity coupling to both spin and charge degrees of freedom is added to a peribditain such
that its interaction with the bulk can be varied continuously without losing integrability. Ground state
properties, impurity contributions to the susceptibilities and low temperature specific heat are studied as
well as transport properties. The impurity phase shifts are calculated to establish the existence of an
impurity bound state in the holon sector. [S0031-9007(96)01892-3]

PACS numbers: 71.27.+a, 05.70.Jk, 75.10.Lp

Quantum fluctuations are known to play an importantspace and depends on the difference of the corresponding
role in the physics of low dimensional strongly correlatedspectral parameters only. This allows one to build families
electron systems: the low temperature properties of sucbf vertex models with site-dependent shifts of the spectral
systems in one spatial dimension have to be described iparameters and even different quantum spaces on differ-
terms of a Luttinger liquid rather than a Fermi liquid. From ent sites. The first fact has been widely used in solving
an experimental point of view the transport properties ofmodels for particles with an internal degree of freedom by
these systems in the presence of boundaries and potemeans of the nested Bethe ansatz [13]. The second ap-
tial scatterers are of particular interest. Recently severgiroach has been first applied by Andrei and Johannesson
attempts have been made to describe such a situation: Ugy study the properties of ath = % Heisenberg chain with
ing renormalization group techniques the transport propan additional site carrying spifi [8] (see also [9]).
erties of a 1D interacting electron gas in the presence of In this Letter we study the properties of the supersym-
a potential barrier have been studied by Kane and Fishenetric 1-J model with one vertex replaced by afh op-

[1]. Their surprising findings triggered further work using erator acting on a four-dimensional quantum space. This
different techniques like boundary conformal field theorypreserves thegi(2|1) supersymmetry of the model but at
[2] and an exact solution by means of a mapping to thehe same time lifts the restriction of no double occupancy
boundary sine-Gordon model [3,4]. In particular, the lowpresent in ther-J model at the impurity site. The ex-
temperature properties of magnetic (Kondo) impurities instence of a free parameter in the four-dimensional rep-
a Luttinger liquid [5,6] have been investigated in great detesentations of the superalgebra [14] allows one to tune
tail. In the present work we will investigate the effects ofthe coupling of the impurity to the host chain. As will

a particular type of potential impurity in a Luttinger liquid be shown below, the present model allows one to study
(where both spin and charge degrees of freedom are gapeme aspects of a more general situation than the ones
less) by means of an exact solution through the quanturmentioned above: the impurity introduced here couples to
inverse scattering method (QISM) [7]. both spin and charge degrees of freedom of the bulk Lut-

Attempts to study effects due to the presence of imputinger liquid. The extension of our calculation to the case
rities in many-body quantum systems in the framework ofof many impurities is straightforward.
integrable models have a long successful history [8—12]. The solution of the model is completely analogous to
As far as lattice models are concerned the underlying printhat of the pure-J model [15]: The transfer matrix gen-
ciple in these exact solutions is the fact that the QISM alerating the Hamiltonian and the other conserved quanti-
lows for the introduction of certain “inhomogeneities” into ties is the trace of a product of the loc#l operators
vertex models without spoiling integrability. THecal  chosen asf,; = (A + iIl)/(A + i) for the regular sites
vertices—so called” operators—are objects depending(II is a graded permutation operator acting on the ten-
on a complex valued spectral parameter acting on an auxor product of the auxiliary and the quantum space) and
iliary matrix space in addition to the quantum space of thef;, «« A — i(5 + 1) + iL on the site associated with
model. They are solutions of a Yang-Baxter equation withthe impurity. Written as a matrix in the three-dimensional
anR matrix which itself acts on two copies of the matri|x auxiliary spacel reads

o (erx —x 0
L= -xi xI+x¥ Q
of ol a+xI+ x4 2xd
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Here 0, = Va + 1XY — oJaX; % with o = =,  of freedom. In the thermodynamic limit dressed energies
where + (=) corresponds td (]) and where the Hub- €, and e, can be associated with the excitations of these
bard projection operators are given ¥¢* = |a)(b| with  objects. They are given in terms of coupled integral
a,b =1,],2,0. The Hamiltonian is then given by the equations which are identical to those found for the
logarithmic derivative of the transfer matrix at spectralchain without impurities [17]. In the resulting ground
parameterk = 0. In general, the form of this Hamil- state energy the impurity contribution can be identified
tonian is rather complicated and will be given elsewherdrom its L dependence which allows one to compute
[16]. In any case the precise form of the lattice (im-the occupation, magnetization, and susceptibilities of the
purity) interactions is not essential as far as low-energympurity site. Analytical results for these expectation
properties are concerned: in the continuum limit only avalues are available only in limiting cases close to half
small number of terms with scaling dimensions smalleffilling and for densities near or below the critical density
than two will survive (taking the continuum limit and n. related to the magnetic field by = 4 sir?(7n./2)
identifying the scaling dimensions of the composite op-where the ground state is ferromagnetic and only real
erators at the impurity site is rather nontrivial though).A; are present [16]. For general values of band filling
Physically the model describes an impurity with four al-and magnetic field the magnetization and particle number
lowed states (spin-yglown electrons, empfygloubly oc- on the impurity site can be determined by numerically
cupied site) that couples to two neighboring sites and solving a set of two coupled integral equations (see
also modifies the interaction between thd sites (see Fig. 2): For « — 0 the impurity mimics the bulk
Fig. 1). In the limiting casest — 0(«) the Hamilton- behavior as discussed above. For laigehe impurity

ian simplifies essentially: In the first case the impurity

acts as an ordinary-J site in the ground state below Ma

half filling, for « — « the impurity site is doubly occu- 05 @) ‘ '
pied and induces a twist in the boundary conditions of the
host chain.

The eigenstates of the Hamiltonian #8f (N)) electrons
with spin 1 (|) are constructed by means of the nested
algebraic Bethe ansatz (NABA) leading to a system of
algebraic equations for the spectral parametgrgj =
I,...,N, = Ny + N)) andAV) (@ = 1,...,N))

A= s\ A _lﬂ[)ﬁ—/\&”—
NS\ ) s -+
N (1 .
A — A+
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N,
A = +

1 A = -
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The corresponding eigenvalues of the Hamiltonian in
the grand canonical ensemble ale= —uN, — (H/
2) (Nt — N + 372 1/(A] + ).

The configuration of spectral parameters leading to
the lowest energy state for given chemical potential
and magnetic field are found in complete analogy to
the pure:-J chain: the ground state for finité7 is
described by two filled Fermi seas of-A()-“strings”

A+ = AW = 5 with real A" associated with the holon
excitations and real solutions; describing spin degrees

0.0 ] L 1 1 1

0.0 0.2 0.4 0.6 0.8 1.0
2 ne
. ® @— L . FIG. 2. (a) Impurity magnetization as a function of magnetic
,’ p 4 3 . L+l L \‘ field for band filling n, = 0.25 and several values of.
\ ) (b) Number of electrons located at the impurity as a function
N ’ of the bulk electron density for fixed magnetic field =

0.1 and several values of. The dotted line denotes the
FIG. 1. Coupling of the impurity site (square) to thd bulk  critical electron densityz, below which the ground state is
sites (circles). ferromagnetic.
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occupation number is close to 1 (2) fop < n. (> n.)  AE(¢p., ¢s) = L 'poDagla)ps where charge (spin)
leading to an enhanced (reduced) magnetization at smadtiffness are defined ag®?) = (L/2)a(275AE(¢,0) = D,
(large) electron densities. The magnetic susceptibility o[D(a) = (L/2)83/,AE(¢, —~2¢)]. The analysis of the
the impurity near half filling is found to be-xvui/a. finite size corrections to the ground state energy yields the
We note that the magnetization curves for sufficientlyresyit that for the case of a single impurity the stiffnesses
large « intersect the ones for small. _ are not modified to leading order ih~!. Hence, in

In addition to the ground state properties the Bethespite of the presence of the impurity we find an infinite
ansatz allows one to study the finitg temperature behavigyc conductivity. This is completely different from the
of the system. The thermodynamic Bethe ansatz equaityation in the “weak-link’-type potential impurity
tions for the system with impurity are the same as in thejiscussed in [1,4]: such a weak link drives the Luttinger
pure case [17]. Again the impurity contribution can bejiquid to a strong coupling fixed point characterized by a
isolated in the free energy which can be evaluated explicganishing conductivity. We believe that the behavior of
itly in the limit 7 — o and forH > T using Takahashi's the system considered here is related to its integrability

method [18]. In the high temperature limit we find and the absence of backscattering at the impurity.
’ H The transport properties of the system do change if
Foulk = —LTIn<1 + e/ 2008hﬁ>, one considers a finite density; of impurity sites. In

5 this situation the band filling can take values larger than
e 1 as the impurity sites allow for double occupancies.
a+ 2 Comparing the charge stiffness to that of the pwg
H case one observes a reduction for densities just above the
_ 2u/T w/T 2 J
Tln<1 te * 2e%7 cosh 2T > critical one. For larger band fillings the presence of the
giving the correct entropy in this limit. Note that the impurities leads to an enhancement of the stiffness (see

. . . . (p) .
parameter enters the leading term in this expansion in a-lg- 3).' This is eas'lly under'stood?. vanishes at half
trivial way only. filling in the ¢-J chain. The impurities do allow double

For low temperature§” < H we can determine the occupancies thereby enlarging the phase space for the

phase diagram of the system. Most interesting is th ;recg?iﬂ; V\;h,'[ﬁz Iset?ﬁsjnsets(; ?nncrlggrseeisgsmatg isttigfr';etiss' At
behavior at half filling where the impurity contribution to 9 9

the specific heat is found to show a different temperaturéhe average occupatio_n num_ber of the impurity sites are
dependence than the one from the bulk:Tpr > H > 4 Close to doubly occupied which makes the movement of

the system is ferromagnetic and the lawfree energy is electrons between theJ sites easier. In particular, the
rabsorption” of particles by the impurity sites far = «

g’l\a(?eneayer(we)’ suppress the contribution from the ground, 14" iateaus in the stiffness fog < n; (where it
9y vanishes) and fon; + (1 — n)ne < n, < 2n; + (1 —

Fimp =

L _
Fouk = — == T34 HI/T,

27 p®

Fimp ~ T H/2=m)T 0.4 : \ . .

For smaller magnetic fields the thermodynamic equilib- ° 0=50
rium state is not ferromagnetically ordered, the bulk free Du
energy isFyux = —aLT?/(6v,) with the spinon veloc-
ity v, and the impurity contribution iy, ~ —%TW

up to factors that cannot be calculated in closed form in
general. NeaH = H., this factor becomes

The effect of the impurities on the transport prop-
erties of the system can be studied by calculating
the spin and charge stiffnesses from the finite size o0 ' : ]

. 0.0 .2 . . . .
corrections to the ground state energy of the model ° 04 06 08 10 fe

subject to twisted boundary conditions [19]. Follow- FIG. 3. Charge stiffness for a chain with 20% impurities as a

ing the analysis in [20] we introduce twist anglés  fynction of the electron density & = 0.1 for several values of
and ¢, affecting charge and spin degrees of freedomy. The dashed line denotes the stiffness at the critical electron
respectively. The leading term in the resulting shiftdensityn.(«). (For comparison we have included the stiffness

of the ground state energy can then be written agor the purer-J chainD,(f).)

o=5

02 - -
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ni)n.. For other fillings the stiffness is simply given by the Deutsche Forschungsgemeinschaft under Grant
by that of thet-J model (up to a rescaling). Similarly No. Fr 737/2-2.
the reduction of the spin stiffness due to the addition of
impurities can be understood.
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