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A B S T R A C T

As frequency bands become increasingly crowded, one of the major research chal-
lenges for future wireless communication networks is how to use the radio fre-
quency bands more efficiently. In wireless communication networks, spectral effi-
ciency can be improved either through frequency reuse technologies such as cogni-
tive radio and multi-user techniques or by using technologies to increase the data
rate. However, in this regard there is still room for further improvements, and thus,
development of novel hybrid solution approaches to enhance spectral efficiency for
future wireless communication networks is put into the focus of this dissertation.

In this thesis, a multi-tier heterogeneous network with macro cells, small cells
and relays is addressed. In order to improve spectral efficiency in a single carrier
system, the non-orthogonal transmission scheme Faster-than Nyquist (FTN) signal-
ing is investigated. Furthermore, novel hybrid interference mitigation approaches
to achieve a spectral efficiency improvement in multi-user multicarrier Multiple-
Input and Multiple-Output (MIMO) systems by using cognitive radio and relay
technology are proposed.

FTN signaling is an effective approach to boost the data rate by reducing the
symbol period below the Nyquist criterion. In other words, FTN offers higher band-
width efficiency compared to the Nyquist signaling for a given bandwidth by in-
creasing the data rate and accepting inter-symbol interference. For future FTN ap-
plications in 5G wireless communication networks, it is of important to investigate
whether FTN signaling delivers higher spectral efficiency compared to the Nyquist
signaling under practical conditions of use. Simulation results show that by using
FTN, the loss of spectral efficiency due to a guard band between two systems and
the excess bandwidth of the pulse shape can be regained through adjustment of
the FTN rate, which leads to an efficient use of the radio frequency band.

Cognitive radio is a frequency reuse technology which allows unlicensed users
(Secondary Users (SUs)) to use the licensed radio spectrum unoccupied by a li-
censed user (Primary User (PU)). In addition, using the cognitive radio technique,
an SU can simultaneously use the same spectrum with a PU as long as the quality
of service of the PU remains unaffected. The existing cognitive radio approaches
require either a spectrum sensing process or constraints on the SU transmit power.
To overcome this shortcoming, a novel adaptive transmission approach based on
Interference Alignment (IA) is proposed in this thesis. The proposed approach ap-
plies a modified water filling method to the primary link and a pre-coding ap-
proach based on IA and the null-steering method to the secondary link to ensure
an interference free coexistence between users. It is shown that utilizing this ap-
proach both primary and secondary links can adapt their transmission to improve
the spectral efficiency.

The concept of relay node densification within a macro cell is one of the network
architectures for 5G networks to improve the spectral and energy efficiency, due
to the fact that the edge nodes can transmit at higher rate with lower transmis-
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sion power. This in turn poses new challenges regarding interference mitigation
techniques. For a multi-user half-duplex amplify-and-forward MIMO relay system,
two novel IA schemes are proposed, for which a hybrid optimization approach
based on the Zero-Forcing (ZF) and Minimum Mean Square Error (MMSE) criteria
is developed to deal with the multi-user interference problem in perfect and im-
perfect Channel State Information (CSI) cases. In case of perfect CSI, the non-robust
IA approach offers benefits in terms of convergence and improvement of the sys-
tem performance in low to moderate signal-to-noise ratios. Here, the interference
mitigation approach based on zeros-forcing criterion is used as a reference. In case
of having imperfect CSI, the system performance is significantly improved using
the robust IA approach.

Keywords: Interference Alignment, Multi-user MIMO Systems, Linear
Pre-coding, Faster-than-Nyquist Signaling, Relays, Cognitive Radio
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Z U S A M M E N FA S S U N G

Spektrale Effizienz ist eine der großen Herausforderungen für drahtlose Kommu-
nikationsnetze und soll aufgrund des begrenzten Funkfrequenzspektrums verbes-
sert werden. Dies gewinnt insbesondere in den zukünftigen Mobilfunknetzen mit
dem prognostizierten exponentiellen Wachstum der Anzahl der Mobilfunkgeräte
zunehmend an Bedeutung. Eine bessere spektrale Effizienz kann vor allem ent-
weder durch Mehrfachausnutzung der Frequenzbänder, wie z.B. kognitive Funk-
und Mehrbenutzertechnologie oder durch Verwendung der Technologien zur Er-
höhung der Datenrate erzielt werden. Allerding besteht hier noch Potential für
Verbesserungen. Aus diesem Grund wird die Entwicklung neuer Ansätze zur Stei-
gerung der spektralen Effizienz für 5G-Kommunikationsnetze in den Fokus dieser
Dissertation gestellt.

In dieser Arbeit wird ein mehrstufiges heterogenes Netzwerk mit Makrozel-
len, kleinen Zellen und Relais berücksichtigt, womit eine Erhöhung der Daten-
rate und Verbesserung der spektralen Effizienz sowie eine Optimierung der Ab-
deckung in den 5G-Mobilfunknetzen erzielt werden können. Aufgrund der gerin-
gen Komplexität und des niedrigen Verhältnis von Spitzen zur mittleren Leistung
soll Einträgerverfahren in den 5G-Kommunikationsnetzen verwendet werden. Zur
Verbesserung der spektralen Effizienz in einem Einträger-System wird das nicht-
orthogonale sogenannte Faster-than-Nyquist (FTN) Übertragungsschema untersucht.
Darüber hinaus werden hier neue hybride Ansätze zur Interferenzminimierung für
Mehrnutzer-Mehrträgersysteme mit mehreren Sende- und Empfangsantennen vor-
gestellt, um eine effiziente Ausnutzung des Frequenzbands zu erreichen. Hierbei
werden kognitive Funk- und Relaistechnologien eingesetzt.

FTN ist eine aussichtsreiche Technik zur Erhöhung der Übertragungsrate durch
Reduzierung der Symbolperiode unter dem Nyquist Kriterium. Es ist hier wich-
tig zu untersuchen, ob FTN eine höhere Systemleistung hinsichtlich der spektralen
Effizienz im Vergleich zum Nyquist-Übertragungsschema ermöglicht. Laut den
Untersuchungsergebnissen können unter Verwendung von FTN die aufgrund von
Schutzbändern und der für die Pulsformung zusätzlich benötigten Bandbreite ent-
stehenden Kapazitätsverluste durch passende Wahl der Symbolperiode und die
zugelassene Intersymbolinterferenz zurückgewonnen werden. Dieses führt zu ei-
ner effizienten Nutzung des Frequenzbands.

Funkbasierte Übertragungssysteme mit kognitiven Fähigkeiten (Cognitive Ra-
dio (CR)) sind als vielversprechende Technologien zur Erhöhung der spektralen
Effizienz in drahtlosen Kommunikationsnetzen bekannt. CR bietet unlizenzierten
Benutzern verschiedene Möglichkeiten, ihr Übertragungsverhalten bezüglich der
Frequenzbelegung an ihre Betriebsumgebung anzupassen. Unter Verwendung der
CR-Technology können unlizenzierten Benutzern nicht nur das vom lizenzierten
Benutzer unbelegte Spektrum, sondern auch gleichzeitig dasselbe Spektrum mit
einem lizenzierten Benutzer nutzen, solange die Servicequalität des lizenzierten
Benutzers davon nicht beeinträchtigt wird. Die bisherigen CR-Ansätze erfordern
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jedoch entweder Spektrum Sensing oder eine Anpassung der Sendeleistung des
unlizenzierten Benutzers. Um diesem Nachteil entgegenzuwirken, wird in dieser
Arbeit ein neuartiger adaptiver Ansatz, der sowohl auf Water-Filling als auch auf
IA-Verfahren basiert, vorgestellt. Dieser Ansatz gewährt einerseits unter Verwen-
dung des modifizierten Water-Filling-Verfahrens eine beständige Übertragung für
die unlizenzierte Benutzern. Andererseits ermöglicht ein auf der Interferenzaus-
richtung basierendes Vorcodierungsverfahren eine Koexistenz mehrerer unlizen-
zierten Benutzern. Es wird gezeigt, dass mit diesem Ansatz sowohl der unlizen-
zierte als auch lizenzierte Benutzer ihre Übertragung anpassen können, sodass
eine höhere Ausnutzung des Frequenzbands erreicht wird.

Wie bekannt, bietet das Konzept der Verdichtung von Relaisknoten innerhalb ei-
ner Makrozelle zahlreiche Vorteile, wie z.B. höhere spektrale Effizienz, bessere Fair-
ness in der Ressourcenallokation sowie optimale Abdeckung für 5G-Netzwerke.
Diese begegnet jedoch verschiedenen Herausforderungen einschließlich Techni-
ken zur Interferenzunterdrückung. In dieser Arbeit werden zwei neuartigen IA-
Schemata für ein Mehrnutzer half-duplex Amplify-and-Forward Relaissystem mit
mehreren Sende- und Empfangsantennen vorgeschlagen. Für diese wird ein neu-
er hybrider auf zero-forcing und MMSE Optimierungskriterien basierender Ansatz
zur Formulierung des Optimierungsproblems entwickelt, um Interferenzen in An-
betracht der perfekten und unvollständigen Kenntnisse des Übertragungskanals
zu behandeln. Für den Fall der perfekten Kanalkenntnis, bringt das nicht robus-
te IA-Ansatz Vorteile hinsichtlich der Konvergenz und Verbesserung der System-
leistung bei niedrigem bis mittleren Signal-Rausch-Verhältnis. Hierbei wird der
Ansatz, bei dem alle Filtern ausschließlich basierend auf dem zero-forcing Kriteri-
um angepasst werden, als Referenz verwendet. Im Fall der unvollständigen Ka-
nalkenntnis wird eine Steigerung der Systemleistung durch die Verwendung des
robusten IA-Verfahren gewährleistet.

Schlagwörter: Inteference Alignment, Mehrnutzer-MIMO Systeme, Lineare Vor-
codierung, Faster-than-Nyquist Signaling, Relaissysteme, Kognitive Funksysteme
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1
I N T R O D U C T I O N

1.1 motivation

In comparison to the previous generations of wireless communication network,
the future/fifth Generation (5G) wireless communication network is expected to
achieve the system performance in terms of higher capacity, higher data rate, lower
latency, massive device connectivity and higher Spectral Efficiency (SE) [51]. For
this purpose, a network architecture consisting of multi-tier heterogeneous net-
works will be considered. A dense multi-tier heterogeneous network with macro
cells and small cells such as relays, femtocells and picocells could provide enhance-
ment in terms of coverage and energy efficiency. In the current situation, most of
the available frequency resources have been assigned to the existing communi-
cation systems, resulting in the limited frequency resources usability. Therefore,
increasing the radio frequency use becomes one of the most important issue for
future wireless communication networks, especially when the number of wireless
devices increases rapidly. SE can be improved by increasing either or both the fre-
quency reuse and the data rate.

Cognitive Radio (CR) technology is a promising frequency reuse technology
which can increase the efficiency of the spectrum use through the intelligent uti-
lization of the licensed spectrum. There are two approaches of CR technology. The
first one is called the interweave CR, where an unlicensed user is allowed to use the
licensed spectrum if it is not occupied by a licensed user. To accomplish this, inter-
weave CR requires an efficient spectrum sensing process. The second approach of
CR is called the underlay CR, which enables an unlicensed user to share the licensed
spectrum in the same time with a licensed user as long as the transmission quality
of the licensed user remains unaffected. To fulfill this condition, in underlay CR,
the unlicensed users have to control their transmit power, so that the interference
caused to the licensed user by the unlicensed users does not exceed the interfer-
ence tolerance level of the licensed user. Due to its sharing capability, the underlay
CR technique offers higher SE compared to the interweave CR. Interweave CR has
been widely studied in literature, while underlay CR still poses a great challenge
and deserves further investigation. For this reason, this thesis focuses on underlay
CR technology to improve the radio frequency reuse.

In contrast to the CR techniques which require spectrum sensing process or pose
constraints on the transmit power of the unlicensed users, SE can also be improved
by using the technique to overlap multiple users in both time and frequency do-
main. However, this approach requires efficient Multi-user Interference (MUI) mit-
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igation/suppression techniques. Accordingly, developing interference mitigation
techniques being capable of handling the multi-user interference problem is of a
great importance for future wireless communication networks. In this context, a
simple linear pre-coding technique called Interference Alignment (IA) is consid-
ered in this thesis. Using the IA technique, all interference from other transmitters
operating in the same channel will be aligned in the same direction at each re-
ceiver. Thus, a receiver can easy decode its desired signal without additional user
detection process.

As for increasing the data rate to improve SE, it can be typically achieved by re-
ducing the symbol period, through utilization of the Multiple-Input and Multiple-
Output (MIMO) or multi-carrier techniques. According to literature employing the
massive MIMO technology in 5G networks can increase the SE by approximately 10
to 20 times [39].

Beside the above mentioned techniques to improve the data rate, Faster-than
Nyquist (FTN) signaling is a potential solution to enhance the bandwidth efficiency
by increasing the data rate over the Nyquist rate while keeping the bandwidth
constant. In FTN, the data rate is boosted through reducing the symbol period. FTN

is one of the promising transmission schemes for future wireless communication
systems and is suggested to be applied in Long-Term Evolution (LTE)-uplink sys-
tems to provide higher bandwidth efficiency [67]. However, the investigations on
the practical benefits of FTN in comparison to the Nyquist signaling so far has not
been studied in literature. Therefore, this is the scope of our investigation.

Tackling the above mentioned challenges to improve the spectral efficiency in
wireless communication networks is the main research topics of this thesis.

1.2 thesis contribution and outline

Within the framework of this thesis, new hybrid approaches based on FTN and IA

to improve the SE for a single-user and multi-user system in a multi-tier hetero-
geneous network using relay and CR technologies are proposed and investigated.
The main contributions of this work are summarized as bellows:

• The practical system performance in terms of SE for a non-orthogonal trans-
mission scheme based on FTN signaling is investigated and compared with
that of a single carrier Nyquist signaling system. For this purpose, single
user Single Carrier (SC) and multiple-access channel scenarios are considered

• For an increase of the radio frequency use through overlapping of multi-
user in both time and frequency domains, new pre-coding approaches based
on IA are proposed and investigated. Here, different conditions; perfect and
imperfect of the Channel State Information (CSI) are considered.

• In order to improve the spectrum reuse in underlay CR, a novel adaptive
transmission scheme is introduced. To this, a pre-coding approach based on
IA and the modified Water-Filling (WF) method is proposed and investigated
for a multi-user underlay CR system to guarantee a continuous transmission
of unlicensed users and achieve an interference-free coexistence of users.
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• Relays enabled with multi-user technique is a great solution to achieve an
enhancement in terms of energy and spectral efficiency as well as coverage
in 5G wireless communication networks. In this context, two novel IA ap-
proaches are developed to deal with the MUI problem in a multi-user half-
duplex Amplify-and-Forward (AF)-MIMO relay system. Here, the IA filters are
optimized based on both Zero-Forcing (ZF) and Minimum Mean Square Er-
ror (MMSE) optimization criteria for both perfect and imperfect CSI cases.

The above mentioned contributions are described in detail in the rest of this thesis,
which is organized as follows:

In Chapter 2, the FTN signaling is introduced, which is used to increase the data
rate in single carrier systems. Here, the FTN system performance in terms of SE, Bit
Error Rate (BER) and Peak-to-Average Power Ratio (PAPR) is investigated and com-
pared with that of a single carrier Nyquist signaling system. Furthermore, a multi-
access channel is considered, where a single-carrier system using the Nyquist or
FTN signaling shares the spectrum with a multi-carrier system. In this regard, the
SE of different coexistence scenarios is evaluated and discussed. In order to as-
sess the system performance of FTN signaling, a single user Multi-carrier (MC)
system based on Offset Quadrature Amplitude Modulation (OQAM)-Orthogonal
Frequency-Division Multiplexing (OFDM) is used as reference.

In Chapter 3, a brief introduction to MIMO and MC-OFDM techniques is given. The
MIMO technique is well-known as an approach to increase the data rate in wireless
communication systems and has been deployed in several wireless standards. An
overview about the pre-coding techniques used in MIMO systems is provided in
this chapter. Furthermore, different kinds of multi-user MIMO scenarios are intro-
duced and the interference mitigation approaches to overcome the MUI problem
are proposed.

In Chapter 4, IA is investigated to overcome the disadvantages of the interfer-
ence mitigation techniques introduced in Chapter 3. In this chapter, the principles
of the IA technique is derived and different IA approaches under assumption of
perfect CSI are evaluated. In addition, the system performance of the proposed
IA approaches is investigated and compared with each other and with that of a
Orthogonal Frequency-Division Multiple Access (OFDMA) system. In the presence
of CSI error, a new robust IA approach based on the average-sum minimum mean
squared error is developed and evaluated.

In Chapter 5, a short overview on the coexistence of a macro and multiple small
cells in multi-tier Heterogeneous Networks (HetNets) using underlay CR technique
is given. For such coexistence scenarios, the ZF-based IA approach introduced in
Chapter 4 is extended to handle the MUI problem. Here, a novel adaptive transmis-
sion scheme is proposed, in which a pre-coding method based on the IA technique
is introduced to guarantee an interference-free coexistence of multiple users. The
system performance of the proposed transmission scheme in terms of channel ca-
pacity and BER is investigated and discussed.

In Chapter 6, a heterogeneous network architecture is considered, where the
edge cell users of a macro cell communicate with the macro base station via re-
lay nodes. Two novel IA schemes based on the extension of two MMSE-based IA

approaches introduced in chapter 4 are developed to overcome the problem of
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MUI under different CSI conditions. In case of having perfect CSI, the non-robust IA

scheme with a hybrid optimization approach based on the ZF and MMSE criteria
is proposed. In the presence of CSI error, a robust IA design approach based on
minimizing the expected values of cost functions is presented. Here, the system
performance of both IA approaches is evaluated and compared with each other
and with the reference method.

Finally, the contributions of this dissertation are summarized and future research
topics are derived in chapter 7.



2
FA S T E R - T H A N - N Y Q U I S T S I G N A L I N G

2.1 introduction

Faster-than Nyquist (FTN) signaling is a non-orthogonal transmission scheme
which is able to boost the system capacity by increasing the data rate while
keeping the bandwidth constant. It is considered as a potential solution to
improve the bandwidth efficiency of conventional orthogonal modulation
schemes in future communication systems. A system is said to be FTN if its
information symbols are transmitted at a rate higher than that suggested by the
Nyquist theorem, or in other words, the information symbols are transmitted
with a shorter period than the Nyquist symbol period. In contrast to the
Nyquist signaling scheme, which guarantees Inter-symbol Interference (ISI)-free
transmission through orthogonality, in FTN signaling, the pulses are no longer
orthogonal, and thus ISI is introduced. Consequently, to address this issue,
FTN systems require higher receiver complexity compared to the conventional
orthogonal modulation schemes. For this reason, FTN signaling is still far away
from practical applications.

The concept of FTN signaling was proposed and evaluated first by Mazo in 1975,
[71]. In that study, the minimum Euclidean distance at the receiver of an SC-FTN

signaling for the sinc pulse is investigated. Here, an un-coded system based on a
binary modulation scheme is considered. It is shown that the information symbols
can be transmitted at a rate up to 25% higher than the Nyquist signaling without
having any loss in the Euclidean distance resulting in the same BER.Accordingly,
a pulse period of 0.802T is specified as Mazo limit for the sinc pulse with binary
input, where T is the symbol period of the Nyquist signaling. In this context, the
Mazo limit is defined as the minimum symbol period, for which the minimum Eu-
clidean distance equals to the theoretical minimum distance. However, since sinc
pulses are not suitable for practical applications, further evaluation on the Mazo
limit is also performed for root Raised Cosine (rRC) pulses with different excess
bandwidth factors β in [66]. As already established in Mazo’s work, the study in
[66] also confirms that a small reduction of the pulse period below the T -Nyquist
orthogonal pulse shape period does not affect the minimum Euclidean distance
for binary signaling. Furthermore, that study shows that the Mazo limit decreases
as the excess bandwidth increases. It signifies that the loss of excess bandwidth,
as in orthogonal pulse shape case, can be regained in FTN signaling by reducing
symbol spacing and allowing ISI so that more information can be transmitted. This
implies that the SE of FTN signaling is higher than that of the Nyquist signaling. The
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study on the constrained Shannon capacity of FTN signaling in [85] confirms this
statement. In [85], Rusek and Anderson prove also that the loss in capacity due
to the excess bandwidth can be regained using FTN signaling. Therefore, using
non-sinc pulse shaping FTN delivers higher capacities compared to the Nyquist
signaling. Furthermore, the study in [34] reinforces the results of the FTN capac-
ity presented in [85] and additionally indicates that the asymptotic capacity gain
achieved by FTN tends to be equal to the excess bandwidth at high Signal-to-Noise
Ratios (SNRs). However, in practice the asymptotic region (for large SNRs) is not of
main interest. It is much more important to consider the SNR region (operational
SNRs), where a system is able to achieve a given target Block Error Ratio (BLER).
Therefore, the goal of this chapter is to investigate the practical benefits of FTN

signaling in terms of PAPR, BER and SE in a more realistic system.
In this chapter, the SC-FTN system performance in terms of BER, PAPR, SE is in-

vestigated and compared with that of a Nyquist signaling system given that both
systems have the same pulse shape and data rate. Here, the question to be an-
swered whether FTN allows for a higher SE, a lower BER and PAPR compared to the
Nyquist signaling, since a lower modulation order can be used in FTN signaling
to achieve the same rate as the Nyquist signaling. Subsequently, a practical appli-
cation scenario for FTN signaling is introduced and investigated. For this case, a
practical multi-access channel is considered, where an SC system using Nyquist or
FTN signaling shares the spectrum with a multi-carrier system. The main interest
is to investigate whether FTN signaling can recover loss of SE due to guard bands
by adjusting the symbol duration and allowing ISI. This leads to an increase of SE.

2.2 system model

Channel
Π Modulator

Upsampler
Q

Pulse Shaper
Encoder

um cm dm s(n)

FTN Mapper

Transmitter structure

Matched
Filter y(n)

Whitening
Filter

Viterbi
DetectionΠ−1

Decoder
Channelûn

modulator
De- Downsampler

Q

FTN Demapper

Receiver structure

Figure 2.1: The SC-FTN signaling system model

The system model considered for implementing the FTN signaling concept is
illustrated in Fig. 2.1. At the transmitter side, um and dm represent uncoded bits
and modulated symbols, respectively. After modulation the FTN mapper is applied,
which consists of an upsampler with an oversampling factor of Q and a Nyquist
pulse shape. If we consider, a comparable system model of Nyquist signaling with
an oversampling factor of of P, then the FTN rate is defined as P/Q and the FTN

factor τ = Q/P. The inherent ISI effect generated by FTN signaling is obtained
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through different values of Q and P. The discrete transmit signal for an SC-FTN

system is given as follows:

s(n) =
∑
m

dmp(n−mτP), 0 < τ 6 1 (2.1)

with P = TFs. Here, Fs is the sampling frequency and p(n) stands for a real-valued
discrete pulse shape having unit energy. A system with τ = 1 corresponds to the
Nyquist signaling with an orthogonal transmission scheme. In FTN signaling, τ < 1,
and thus pulses are no longer orthogonal, i.e.

∞∑
n=−∞p(n)p(n−mτT)) 6= δ(m).

The bit rate of an SC-FTN signaling system is given by

Rb =
log2(M)

τT
, (2.2)

where M is the modulation order. In the considered system model, the signal is
transmitted through an Additive White Gaussian Noise (AWGN) channel, so that
the received signal y(n) is given by

y(n) = s(n) +w(n), (2.3)

where w(n) is the noise signal. At the receiver side, the received signal y(n) passes
through the FTN demapper, which consists of a matched filter p∗(−n) having the
same pulse shape used at the transmitter side and a pre-whitening filter applied
to decolor noise. To eliminate ISI caused by FTN, a detection based on the Viterbi
algorithm is applied after the FTN demapper. Finally, the deinterleaving and chan-
nel decoder blocks are deployed. On the contrary, in the Nyquist signaling system
over AWGN channel, since it guarantees an FTN free transmission, the pre-whitening
process and detection are not required in the receiver side.

2.3 pulse shape background

In a digital communication system, a pulse g(n) that meets the Nyquist criterion
is used for having a minimum ISI. This pulse has the following time domain char-
acteristic

g(mT) =

{
1 m = 0

0 m = ±1,±2, · · ·
(2.4)

where m is the symbol time index. In frequency domain, the Fourier transform of
g(n), G(f), meets the following condition [10]

1

T

∞∑
m=−∞G

(
f+

m

T

)
= 1. (2.5)

In practical implementations, g(n) is the convolution of the transmit pulse shaping
filter p(n) and related matched filter at the receiver side p∗(−n), i.e. g(n) = p(n) ∗
p∗(−n).



8 faster-than-nyquist signaling

Designing a pulse shaping filter such that the combined system response of
transmit and receive filters satisfies the Nyquist condition in (2.4) is a well-studied
problem in digital communication systems. Based on characteristic of the mobile
radio channel, pulse shaping filters can be designed and optimized to minimize
ISI and Inter-carrier Interference (ICI). In this chapter, to investigate the practical
benefits of FTN signaling the Nyquist pulses such as rRC, PHYDYAS, Hermite and
Extended Gaussian Functions (EGFs) are considered. These pulse shape filters are
currently under discussion for future wireless communication systems.

The excess bandwidth is an important parameter of a pulse shape and indicates
how much the spectrum of a pulse shape extends over a given Nyquist bandwidth
W0 =

1
T . The excess bandwidth is defined asW−W0, wherebyW is the bandwidth

of the pulse shape. Accordingly, the excess bandwidth factor β can be expressed
as follows:

β =
W −W0
W0

. (2.6)

In order to make a valid comparison with the rRC pulse shaping filters, the pulse
shape’s bandwidth W is determined as the range between the edge points, where
the Power Spectral Density (PSD) drops by about 17 dB compared to the center [10].
The excess bandwidth factor is also commonly known as the roll-off factor.

2.3.1 Root Raised Cosine Pulse Shape

The rRC pulse shaping filter family is frequently chosen in a system because it
satisfies the Nyquist criterion (2.4) and (2.5). The impulse response of a root raised
cosine pulse shaping filter is given as follows [30]:

g(t)=



1−β+4
β

π
, t =0

β√
2

[(
1+

2

π

)
sin
(
π

4β

)
+

(
1−

2

π

)
cos
(
π

4β

)]
, t=± T

4β

sin
[
π
t

T
(1−β)

]
+4β

t

T
cos
[
π
t

T
(1+β)

]

π
t

T

[
1−

(
4β
t

T

)2] , otherwise

(2.7)

Here, β varies between 0 and 1, and it determines the filter bandwidth W = (1+

β)/(2T).

2.3.2 PHYDYAS Pulse Shape

This pulse shape, which has been presented first in [72] and intensively studied
within the PHYDYAS project, is a time limited Nyquist filter obtained by frequency
sampling and optimized to have a superior stop band attenuation. Due to this
property, the PHYDYAS pulse shape is suitable for spectrum sharing scenarios.
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The prototype filter function p(t) can be described by a truncated Fourier series
with coefficients ai according to [72],

p(t) =

{
a0 + 2

∑N−1
i=1 ai cos

(
2πit
NT

)
,
∣∣ t
T

∣∣ 6 (N−1)
2

0, otherwise
, (2.8)

whereby N is the length of the prototype filter in multiples of the symbol period
T . By proper selection of N and ai, this equation may also be used to describe the
well known Hanning, Hamming and Blackman windows. For all investigations in
this chapter, the coefficients presented in [72] for N = 8 is used, providing the
best frequency domain power localization of the available PHYDYAS pulse shape.
According to (2.6), the PHYDYAS pulse shape has an equivalent excess bandwidth
factor of 0.6.

2.3.3 EGF Pulse Shape

The Gaussian prototype filter has an ideal energy localization in the time-frequency
grid, but it is not orthogonal. Therefore, the Isotropic Orthogonal Transform Algo-
rithm (IOTA) is used to transform the non-orthogonal Gaussian function into a
prototype filter function which is orthogonal after matched filtering at the receiver
side. Thereby, the localization property of the Gaussian function is kept. In the
scope of this work, the closed form solution based on EGFs reported in [99] is used,
which can be written as

pα,ν0,τ0(t) =
1

2

∞∑
k=0

dk,α,ν0

[
gα

(
t+

k

ν0

)
+ gα

(
t−

k

ν0

)]

·
∞∑
l=0

dl,1/α,τ0 cos
(
2πl

t

τ0

)
, (2.9)

where τ0 and ν0 define the applied Gabor frame. α is the spreading factor of
the applied Gaussian function gα used to adapt the power spreading in the time-
frequency grid and d{...} are real valued weighting coefficients given in [99]. The
given prototype filter function has been truncated, so that gα,ν0,τ0(t) = 0 for
|t| > NT/2. For a given α, the excess bandwidth factor of the EGF pulse shape
is determined according to (2.6) and it increases with rising value of α.

2.3.4 Hermite Pulse Shape

Similar to the IOTA pulse shape, the Hermite prototype filter is derived from the
Gaussian function. It has been shown, that it provides a better localization prop-
erty compared to the IOTA pulse shape, in case both prototype filter functions are
truncated to length L = NT . For the Hermite pulse shape, the Gaussian function
is weighted with isotropic Hermite functions to achieve orthogonality [46]. The
Hermite pulse shape is determined according to

p(t) =

NH−1∑
k=0

H4kh4k
(
2
√
πt
)

(2.10)
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pn(t) = e−
t2

2
dn

dtn
e−t

2

,

with H4k represent the weighting coefficients reported in [46], dn

dtn being the n-
th derivation with respect to t and NH = 4 is the number of the first isotropic
Hermite functions. For all investigations, the given prototype filter function has
been truncated, so that g(t) = 0 for |t| > NT/2. According to (2.6), the Hermite
pulse shape has an excess bandwidth factor of 1.5.

Fig. 2.2 and 2.3 depict the representation of the considered pulse shapes in time
and frequency domain, respectively. It can be seen that the EGF pulse shape with
α = 3 has a good time containment property, i.e. the energy of the pulse shape is
concentrated in the main lobe. The Hermite and EGF with α = 2 pulse shapes have
similar characteristics in time and frequency domain. Moreover, both pulse shapes
have an equivalent excess bandwidth factor larger than one. The PHYDYAS pulse
shape has an equivalent excess bandwidth factor smaller than one and exhibits an
excellent stop band attenuation.
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Figure 2.2: Time domain representation of the pulse shaping filters

2.4 practical benefits of ftn signaling

2.4.1 PAPR System Performance

In wireless communication systems, a high PAPR requires higher dynamic ranges
of Digital-to-Analog Converter (DAC) and High Frequency Amplifiers (HFAs). Con-
sequently, the system design becomes more complex and the cost increases. Cur-
rently, a number of techniques such as clipping, coding and constellation extension
as well as selected mapping have been proposed to reduce PAPR in a wireless com-
munication system [98]. It is reported in [98] that for every 1 dB reduction in PAPR
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there is more than 9% improvement in the Power Amplifier (PA) efficiency and
6% to 8% reduction in power consumption for the PA and DAC. Therefore, PAPR

reduction is an important issue in wireless communication systems. FTN signaling
achieves a higher PAPR due to higher transmit power compared to the Nyquist
signaling with the same pulse shape and modulation order. However, in this case,
FTN signaling offers a higher date rate. Thus, it is of interest to compare the PAPR

of both FTN and Nyquist signaling systems under equal achievable rates. Since a
lower modulation order can be used in FTN signaling to achieve the same rate as
the Nyquist signaling, this raises the question whether FTN allows for lower PAPR

compared to the Nyquist signaling.
The PAPR of a transmitted signal s(n) is generally defined as follow:

PAPR = 10log10
max |s(n)|2

E
[
|s(n)|2

] , (2.11)

where max |.|2 denotes the peak power of transmitted signal s(n) given in (2.1)
and E

[
|.|2
]

is its average power. In general, the PAPR of an SC system is a function
of two components: constellation of the signal and pulse shaping filter. Due to
pulse shape filter, PAPR is normally affected by the pulse shaping filter parameters
such as the excess bandwidth factor and the number of symbols covered by filter,
[98]. In general, PAPR increases with increasing the filter length due to overlapping
symbols and with the decreasing of the excess bandwidth factor. Additionally, in
FTN signaling, PAPR is dependent on value of τ. By reducing value of the FTN factor
τ, the overlap of symbols becomes large and correspondingly PAPR increases. This
leads to the conclusion that in FTN signaling the PAPR is a function of τ, M and L:
PAPR = f(τ,L,M), where L represents the length of pulse shaping filter.
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Since the power of the signal in time domain is a random variable and dependent
on input symbols, PAPR is also a random variable. Therefore, the Complementary
Cumulative Distribution Function (CCDF) is used to describe the probability of the
PAPR exceeding a given threshold γ. The CCDF can be described as follows [84]:

CCDF = Pr(PAPR > γ). (2.12)

To evaluate the FTN system performance, all simulations are performed for 1000

frames with each having 104 bits, where different pulse shaping filters with an
oversampling factor of 8 are considered.

Here, the PAPR of FTN signaling using a rRC pulse shaping filter with different
excess bandwidth factors β is investigated. Fig. 2.4 shows the PAPR of both FTN and
Nyquist signaling systems, where CCDF = 10−5. In this Figure, the solid curves
show the PAPR of the Nyquist signaling and the dash-dotted curves represent the
PAPR of FTN signaling systems. As reported in [30], simulation results confirm that
by using rRC pulse shape, PAPRs of Nyquist signaling decreases for an excess band-
width factor from 0 to around 0.4 and is almost constant (with a slight increase)
between 0.4 and 1. Moreover, PAPR of FTN signaling increases with decreasing value
of τ
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Figure 2.4: PAPR of FTN compared to the Nyquist signaling with the same pulse shape and
data rate using different rRC pulse shapes

Now, the PAPR of FTN and Nyquist signaling is compared with each other, as
shown in Fig. 2.4. The systems to be compared are represented with the same
color and the same symbol marker. Both systems have the same data rate. It can
be seen that using a rRC pulse shaping filter with β 6 0.7, where the energy of side
lobes is large, the SC-FTN signaling achieves PAPRs inferior to the Nyquist signaling
systems. However, for 0.7 < β 6 1 the 4-Quadrature Amplitude Modulation (QAM)
FTN signaling with τ = 0.5 provides a PAPR gain up to 1 dB compared to the 16-QAM

Nyquist signaling system. Here, both systems have a data rate of 4 bits/symbol.
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Similarly, the PAPR of FTN signaling with τ = 0.35 is compared to that given by the
64-QAM Nyquist signaling system, where both systems have the same data rate (6
bits/symbol). For this case, a PAPR gain up to 1.3 dB can be achieved. According
to simulation results, it can be seen that PAPR gain of FTN signaling can only be
achieved by using the rRC pulse shape with a large excess bandwidth factor β.

Fig. 2.5 depicts the PAPR of SC-FTN signaling using the Hermite pulse shaping
filter , where the CCDF is considered. The Hermite and EGF with α = 2 pulse shapes
have an equivalent excess bandwidth factor of 1.5. In the case of using the Hermite
pulse shape, at a CCDF value of 10−4 FTN signaling can achieve a PAPR gain of
around 2 dB compared to the Nyquist signaling system. In the case of using the
EGF pulse shape with α = 3 a PAPR gain of around 2.8 dB can be obtained due to
its large equivalent excess bandwidth (β = 1.9), as shown in Fig 2.6.
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2 dB

Figure 2.5: CCDF of PAPR comparison between FTN and the Nyquist signaling with the same
pulse shaping and data rate using the Hermite pulse shape

Moreover, simulation results related to the equivalent excess bandwidth factor
and the PAPR gain achieved by FTN signaling for different pulse shapes are sum-
marized in Table 2.1. Here, it can be seen that the excess bandwidth factor β of the
EGF pulse shape increases with the increasing value of α. In addition, these results
indicate that the PAPR gain achieved by FTN signaling increases as the excess band-
width factor of the applied pulse shape rises. Since the PHYDYAS pulse shape has
an equivalent excess bandwidth factor of 0.6 < 0.7, according to statement made
in Fig. 2.4, simulation results confirm that using the PHYDYAS pulse shape cannot
provide a PAPR gain with FTN signaling.
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Figure 2.6: CCDF of PAPR comparison between FTN and the Nyquist signaling with the same
pulse shape and data rate using the EGF pulse shape with α = 3

Pulse Shape Excess Bandwidth PAPR-Gain

rRC 0.7-1 0-1 dB

PHYDYAS 0.6 No

Hermite 1.5 ≈ 2 dB

EGFs

α

0.5 0.3 No

1 0.8 ≈ 0.4 dB

1.5 1.2 ≈ 1.5 dB

2.0 1.5 ≈ 2.0 dB

2.5 1.7 ≈ 2.4 dB

3.0 1.9 ≈ 3.0 dB

3.5 2.0 ≈ 3.2 dB

4.0 2.1 ≈ 3.4 dB

5 2.2 ≈ 3.5 dB

Table 2.1: The excess bandwidth factors of the considered pulse shapes and corresponding
PAPR gains provided by FTN signaling

2.4.2 BER System Performance

Fig. 2.7 shows the BER of an SC-FTN signaling system using the rRC pulse shape
with β = 0.3 and β = 0. These results confirm the Mazo limits reported in [71] and
[66].
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Figure 2.7: (a) BER performance of FTN τ = 0.8 using rRC pulse shape with β = 0

(b) BER performance of FTN τ = 0.7 using rRC pulse shape with β = 0.3

In addition, the 4-QAM FTN system performance in terms of BER for τ = 0.5 is
investigated and compared to that of the 4-QAM and 16-QAM Nyquist signaling
system. Here, the 4-QAM FTN with τ = 0.5 system has double data rate compared
to the 4-QAM Nyquist signaling system. Meanwhile, the 4-QAM FTN with τ = 0.5
and the 16-QAM Nyquist signaling system have the same data rate (4 bits/symbol).
It is assumed that all system use the same pulse shape. The uncoded BER curves
are shown in Fig. 2.8, where the solid curves show the uncoded BER of the Nyquist
signaling systems, remaining curves are for the FTN signaling system using differ-
ent pulse shapes. It can be seen that the BER performance of the 4-QAM FTN system
with τ = 0.5 is worse than that of the 4-QAM Nyquist signaling. Here, the BER in-
creases with decreasing the equivalent excess bandwidth β. However, it is worth
mentioning that the BER curves of the FTN systems using the EGF pulse shape with
{α = 3,β = 1.9} and {α = 2,β = 1.5} are very close to that of the 4-QAM Nyquist
signaling. From SNR value of around 5 dB, the BER of the FTN system using the
EGF pulse shape with {α = 3,β = 1.9} is equal to that of the 4-QAM Nyquist signal-
ing with the advantage that the FTN system has double data rate compared to the
Nyquist signaling system.

Moreover, in Fig. 2.8, it can be seen that in comparison to the 16-QAM Nyquist
signaling system, the 4-QAM FTN with τ = 0.5 system has better BER performance.
Here, the BER gain achieved by FTN signaling rises with the increasing value of
β. As seen in Fig. 2.8, the BER of FTN signaling using the rRC pulse shapes with
β = 0.3 and β = 0 are still better than that of the 16-QAM Nyquist system in the
high SNR regime (from an SNR value of around 10 dB). In the case of using the EGF

pulse shape with {α = 3,β = 1.9} and {α = 2,β = 1.5}, a BER gain of around 3.5 dB
can be achieved at a BER value of 10−4.
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Figure 2.8: The uncoded BER performance comparison between FTN and Nyquist signaling
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Figure 2.9: The coded BER performance comparison between FTN and Nyquist signaling
using convolutional coding with a code rate of 3/4
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Fig. 2.9 shows the coded BER curves of both FTN and Nyquist signaling systems.
To this, the convolutional coding with a code rate of 3/4 is used. Here, all BER

curves have the same behavior as in Fig 2.8. However, in the case of using the
rRC pulse shapes with β = 0 and β = 0.3, the BER of FTN signaling is only close
to the 16-QAM Nyquist signaling for high SNRs. Using the EGF pulse shape with
{α = 3,β = 1.9} a coded BER gain of around 3.0 dB can still be achieved at a BER

value of 10−4 in comparison to the 16-QAM Nyquist signaling with the same pulse
shape.

The benefits of FTN signaling using the EGF pulse shape with different values of
α are summarized in Table 2.2.

Pulse Shape Excess Bandwidth PAPR-Gain BER-Gain

EGFs

α

1 0.8 ≈ 0.4 dB ≈ 2 dB

2.0 1.5 ≈ 2.0 dB ≈ 3.5 dB

3.0 1.9 ≈ 3.0 dB ≈ 3.5 dB

Table 2.2: Benefits of 4-QAM FTN with τ = 0.5 compared to 16-QAM Nyquist signaling sys-
tem with the same data rate and pulse shape

According to simulation results, it can be concluded that FTN has advantages in
terms of BER and PAPR in case of using pulse shape with large excess bandwidth
factor β. In this case, these gains are proportional to β.

2.5 spectral efficiency of FTN signaling

For the SE evaluations, all considered systems use a convolutional coder (177, 131).
Here, the achieved SE is determined by η = (1−BLER)Rc log2M.

2.5.1 FTN Spectral Efficiency in Single User Scenarios

In this subsection, the 4-QAM FTN system performance in terms of SE for τ = 0.5
is investigated and compared to that of the 4-QAM and 16-QAM Nyquist signaling
system given that all systems use the same pulse shape. Fig. 2.10 shows the SE of
all considered coded systems. It can be seen that FTN signaling has higher SE than
Nyquist signaling. From an SNR of around 11 dB, the FTN signaling with τ = 0.5
and the 16-QAM Nyquist signaling have the same SE. However, for SNRs < 11 dB,
the 4-QAM FTN system with τ = 0.5 delivers better SE performance in comparison
to the 16-QAM Nyquist signaling system. At the SE of 2 bits/s/Hz, an SNR gain
of around 3 dB and 3.5 dB can be achieved by using the EGF pulse shapes with
{α = 2,β = 1.5} and {α = 3,β = 1.9}, respectively.

2.5.2 FTN Spectral Efficiency in Coexistence Scenarios

Here, a coexistence scenario is considered, where multiple heterogeneous devices
communicate with the base station, including mobile services and Machine-Type



18 faster-than-nyquist signaling

−2 0 2 4 6 8 10 12 14 16
0

0.5

1

1.5

2

2.5

3

3.5

4

SNR [dB]

nu
m

be
r 

bi
t/s

/H
z

 

 
4QAM, Nyquist
16QAM, Nyquist

rRc β = 0, FTN τ = 0.5

rRc β = 0.3, FTN τ = 0.5

EGF α = 1, FTN τ = 0.5

EGF α = 2, FTN τ = 0.5

EGF α = 3, FTN τ = 0.5

Figure 2.10: The SE comparison for FTN and Nyquist signaling using convolutinal coding
with a code rate of 3/4

Communication (MTC). A certain fraction of the frequency band is allocated to each
user/service. Due to low complexity and low PAPR, the SC technique is a promising
candidate for MTC. As shown in previous subsection, in a single carrier system, FTN

delivers higher bandwidth efficiency in comparison to the Nyquist signaling by
increasing the data rate while keeping the bandwidth constant. In this subsection,
a multiple-access channel is considered, where an SC system based on Nyquist or
FTN signaling is operated in a band adjacent to a multi-carrier system. This leads
to the question whether FTN signaling can improve spectral/bandwidth efficiency,
where a loss in SE is caused by a required guard band needed to keep the co-
channel interference under a predefined level. In other words, the main interest is
here to show whether FTN can compensate the loss of SE caused by guard bands
by adjusting the data rate higher than the rate known from the Nyquist criterion.

The considered coexistence scenario is illustrated in Fig. 2.11, assuming that the
multi-carrier system occupies a frequency band of bandwidth WMC. The remain-
ing frequency band of bandwidth Wsc = B −WMC is allocated for the SC sys-
tem including the Guard Band (GB) between two systems. The available frequency
band B is divided into K virtual sub-carriers with a carrier spacing of ∆f, and Kac
sub-carriers are active for the multi-carrier system. The following scenarios are
considered:

• Scenario 1: the frequency band B is occupied completely by an Offset Quadra-
ture Amplitude Modulation/Orthogonal Frequency-Division Multiplexing
(OQAM/OFDM) system with Kac = K

• Scenario 2: the frequency band B is occupied by an OQAM/OFDM and an SC

Nyquist signaling system

• Scenario 3: the frequency band B is occupied by an OQAM/OFDM and an SC-
FTN signaling system
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Figure 2.11: Multiple-access channel coexistence scenarios

In scenario 1, it is assumed that the multi-carrier system achieves the maximum SE

for a given bandwidth B and it is considered as the reference system. In scenario 2

and 3, a guard band is required between two systems to keep the co-channel inter-
ference below a given threshold. As a result, the SE decreases with the increasing of
the required guard band. The main aim of this subsection is to show whether FTN

can compensate the SE loss, so that scenario 3 achieves the same SE as in scenario
1. In the following, the analysis of the co-channel interference is presented first,
followed by the SE analysis of the considered scenarios.

To evaluate the coexistence performance in terms of co-channel interference and
SE, all simulations are performed for 1000 frames, each consisting of 104 bits, and
different modulation pulse shaping filters are used. For SC systems an oversam-
pling factor of 8 is considered for the used pulse shapes. All pulse shapes have an
overlapping factor of 4. The whole frequency band B is divided into 128 virtual
sub-carriers. It is assumed that the MC and SC systems use the same modulation
scheme, channel coding and pulse shape.

2.5.2.1 Interference of Multi-access Channel Analysis

In OQAM/OFDM systems, the discrete transmit signal s(n) can be expressed as

s(n) =

∞∑
m=−∞

k=K/2−1∑
k=−K/2

jm+kdk,mpk(n−mτ0K), (2.13)

where dk,m is a real valued OQAM/OFDM symbol, which is mapped to the k-th
sub-carrier at the m-th OQAM/OFDM symbol. The parameter K represents the total
number of sub-carriers and pk(n −mτ0K) is the real valued and even transmit
pulse shape modulated to sub-carrier k at them-th symbol. In general, the transmit
pulse shape pk(n) is given by

pk(n) = p(n)e
j2πν0k

n
K . (2.14)

Here, the normalized symbol duration τ0 = 0.5 and the normalized sub-carrier
spacing ν0 = 1 are specified for the OQAM/OFDM system. At the receiver side,



20 faster-than-nyquist signaling

after applying the modulated receiver pulse shape q
k̃
(n) = p∗

k̃
(−n), the estimated

real-valued OQAM symbol d̂
k̃,m̃ can be calculated using

d̂
k̃,m̃ = <

{
j−(k̃+m̃)r(n) ∗ q

k̃
(n)

∣∣∣∣∣
n=m̃τ0K

}
, (2.15)

where r(n) is the received signal. In the coexistence scenarios 2 and 3, the received
signal at the OQAM/OFDM receiver for the ideal transmission is given by

rmc(n) = smc(n) + ssc(n) +w(n), (2.16)

where smc(n) and ssc(n) are the OQAM/OFDM and SC transmit signals given
by (2.13) and (2.17), respectively. The signal w(n) stands for the noise at the
OQAM/OFDM receiver. In order to determine the required guard band between MC

and SC systems, it is of interest to investigate the interference caused from the
SC system to the edge sub-carrier of the OQAM/OFDM system, which is denoted
as the neighbor sub-carrier of the SC system. Assuming that fsc is the center
frequency of the SC system and that it corresponds to the l-th sub-carrier in the
virtual sub-carrier grid of K carriers and k̃ is the neighbor sub-carrier of the SC

system, the transmit signal of the SC system can be expressed as

ssc(n) = sftn(n)e
j2πn l

K , (2.17)

where the signal sftn(n) is given by (2.1). Inserting (2.13) and (2.17) into (2.16)
results in the following general expression for the estimation of the received
OQAM/OFDM symbol d

k̃,m̃

d̂
k̃,m̃ = <

{
j−(k̃+m̃)rmc(n) ∗ qk̃(n)

∣∣∣∣∣
n=m̃τ0K

}
. (2.18)

Consequently, the interference power caused by the SC system to the estimated
real-valued OQAM/OFDM symbol d̂

k̃,m̃ is determined using

Ire(m̃, k̃) =

∣∣∣∣∣<
{
j−(k̃+m̃)ssc(n) ∗ qk̃(n)

∣∣∣∣∣
n=m̃τ0K

}∣∣∣∣∣
2

, (2.19)

Inserting (2.1) and (2.17) into (2.19) results in

Ire(m̃), k̃ =

∣∣∣∣∣<
{
j−(k̃+m̃)

∞∑
n=−∞

∑
m

dmp(n− µ)q(n)e−j2πn
ν
K

}∣∣∣∣∣
2

, (2.20)

where µ = mτP − m̃τ0K represents the time or symbol offset between the two
systems. ν = l − k̃ is the sub-carrier offset, which corresponds to the frequency
distance between the two coexisting systems. Assuming E{|dm|

2
} = 1 and utilizing

the cross-ambiguity function A(µ,ν) given by

A(µ,ν) =
∞∑

n=−∞p(n− µ)q∗(n)e−j2πn
ν
K , (2.21)
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equation (2.20) can be rewritten as

Ire(m̃) =
∣∣∣<
{
j−(k̃+m̃)A(µ,ν)

}∣∣∣2 . (2.22)

Since transmitted symbols of the SC system are complex and the transmitted Pulse-
Amplitude Modulation (PAM) symbol of the OQAM/OFDM system is either in-phase
(real part) or the quadrature (imaginary part) components of complex QAM sym-
bols, the interference power is calculated using

I(m̃, k̃) = max {Ire(m̃), Iim(m̃)} , (2.23)

where Iim(m̃, k̃) =
∣∣∣=
{
j−(k̃+m̃)A(µ,ν)

}∣∣∣2.
As mentioned above, the interference from the SC Nyquist signaling system to

the edge sub-carrier of OQAM/OFDM system depending on the frequency distance
ν is investigated. Fig. 2.12 depicts the coexistence performance in terms of interfer-
ence leakage for different pulse shapes, where the frequency distance ν is counted
in number of virtual subcarriers. It can be seen that the frequency distance and the
required guard band between two systems scale with the excess bandwidth β of
the applied pulse shape.
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Figure 2.12: Interference power versus frequency distance

The frequency distance between the MC and SC systems for an interference value
of around -22 dB is given in Table 2.3. This Table shows that at this interference
level for all pulse shapes, the frequency distance ν is equivalent to (1+β)K

2P [number
of subcarrier]. In general, Wsc in Fig. 2.11 is defined as

Wsc =Wpuls + GB, (2.24)

where Wpuls is the bandwidth of the pulse shape used in SC system and it is given
by

Wpuls =
1+β

P
. (2.25)
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Here, the equivalent subcarrier allocated to the SC system can be determined by

Wpuls =
(1+β)K

P
[number of subcarrier]. (2.26)

According to (2.26), we have ν = Wpuls. This mean that in this case, GB = 0 and
the loss in the SE only caused by the excess bandwidth of the pulse shape used in
SC system.

Pulse shape Frequency distance

(Eq. number of subcarriers)

rRC β = 0 ≈ 8

rRC β = 0.5 ≈ 12

rRC β = 1 ≈ 16

PHYDYYAS β = 0.6 ≈ 13

EGF, β = 0.8 ≈ 15

EGF, β = 1.5 ≈ 20

EGF, β = 1.9 ≈ 23

Table 2.3: The frequency distance between MC and SC systems at an interference level of
around -22 dB for different pulse shapes

2.5.2.2 Spectral Efficiency Analysis

For a given allocated bandwidth [−W,W], the optimal Nyquist pulse shape is a
sinc pulse shape with a symbol duration of T = 1

2W . However, a sinc pulse shape is
impractical, and thus a typically rRC pulse shape with the excess bandwidth factor
β is used. If a rRC pulse occupies the same bandwidth [−W,W], a symbol duration
of T = 1+β

2W can be chosen for having ISI-free transmission. Thus, in comparison to
the sinc pulse, a rRC pulse suffers a loss in SE of 1

1+β . In FTN signaling, by setting

τT < 1+β
2W the loss can be reduced. For a given bandwidth B, the achieved SE (the

normalized data rate) η, at high SNRs is calculated according to

η =
R

B
=
Rc log2M

TB
, (2.27)

where R stands for the achieved sum rate and Rc represents the channel code
rate. The parameters M and T are the modulation order and symbol duration,
respectively. In scenario 1, where only an OQAM/OFDM system operates in the
whole frequency band B, the SE of this scenario is given as

η1 =
KRc log2M
ToqamB

. (2.28)

Here, Toqam is the OQAM/OFDM symbol duration. Assuming that B = K
Toqam

and

∆f = B
K results in

η1 = Rc log2M. (2.29)
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In the coexistence scenario 2 and 3, it is assumed that both MC and SC systems
have the same code rate and modulation order, the achieved sum rate at high SNRs

is calculated using

R =

(
K− KWsc

B

)
Rc log2M

Toqam︸ ︷︷ ︸
Rate of OQAM/OFDM system

+
Rc log2M
τTsc︸ ︷︷ ︸

Rate of SC system

. (2.30)

where Wsc = B−WMC is the allocated bandwidth for the SC system including
the required guard band, and Tsc is the Nyquist symbol duration of the SC system.
Inserting (2.30) into (2.27) with B = Fs and Tsc = PFs results in

ηC =

(
1−

Wsc

B
+
1

τP

)
Rc log2M, (2.31)

where ηC with τ = 1 and τ < 1 stands for the SE of scenario 2 and 3, respectively.
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Figure 2.13: SE of three considered scenarios at an interference power of -22 dB with a code
rate of 1/2

According to (2.31), it can be seen that in the considered multiple-access channel
a loss in SE is incurred due to the guard band between two systems. In scenario
2, the loss in SE increases with the increasing of the guard band. Furthermore,
in the SC system the excess bandwidth of used pulse shape also results in a SE

loss. In scenario 3, by choosing an appropriate FTN factor τ, the loss in SE can be
compensated.
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Here, in order to assess the FTN system performance in terms of SE, a single user
OQAM/OFDM system is considered as the reference system (scenario 1). Assuming
that in scenario 1, the OQAM/OFDM system achieves the maximum SE. Note that for
any WSC, in order to compensate the SE loss in coexistence scenarios 2 and 3, we
have to adjust the FTN factor τ according to (2.31). To keep the interference power
below -22 dB and to recover the SE loss we have to set the FTN factor τ = 0.7692 ≈
0.75 and τ = 0.5 for the case of using an rRC pulse shape with β = 0.3 and β = 1,
respectively.

Fig. 2.13 illustrates the SE for the cases that both MC and SC systems use a rRC

pulse shape of β = 0.3 and β = 1. Here, a code rate of 1/2 is used. Fig. 2.13

indicates that SE of coexistence scenario 2 is smaller than that of scenario 1. Fur-
thermore, in scenario 3, FTN signaling can recover completely the loss in SE at high
SNRs. An interesting observation is that FTN signaling can start to recover the SE loss
from an SNR value of 6 dB and 7 dB for the case of β = 0.3 and β = 1, respectively.
For large SNR values, the SE loss is completely recovered. It can be seen, that in the
case of β = 0.3, due to small guard band the SE curve of scenario 3 is very close to
that of scenario 1, and from an SNR value of 7 dB, where the OQAM/OFDM system
starts to achieve the maximum SE (operational SNR), the loss is already recovered.

The SE loss and the corresponding equivalent guard band at an SNR value of (6
and 7 dB) and (7 and 8 dB) for the case of β = 0.3 and β = 1 are given in Table 2.4,
respectively. Here, in case of β = 1, at an SNR value of 7 dB only 1% SE loss can
be recovered using FTN. This can be explained by the large guard band and excess
bandwidth. For a large guard band/excess bandwidth, in order to recover the SE

loss we have to set a smaller value for τ, which leads to a poor BLER performance
of the system due to high ISI in FTN system.

Pulse shape Performance Scenario 2 Scenario 3

rRC SNR 6 dB 7 dB 6 dB 7 dB

β = 0.3 SE loss ≈ 4% 4% 0% 0%

Eq.Guard band (nCarr) ≈ 6 ≈ 6 0 0

rRC SNR 7 dB 8 dB 7 dB 8 dB

β = 1 SE loss 13% 12.5% 12% 0.6%

Eq.Guard band (nCarr) ≈ 17 ≈ 16 ≈ 15 ≈ 1

Table 2.4: SE loss and related equivalent guard band of coexistence scenarios

For a small guard band, the SE performance at an interference power of -15 dB is
considered. At this interference level, the frequency distance ν is about 13 virtual
subcarriers (see Fig. 2.12) corresponding to Wsc ≈ 29 sub-carriers. According to
(2.31), in order to recover the SE loss we have to set the FTN signaling factor τ =

0.552 ≈ 0.6. The SE for this case is shown in Fig. 2.14. It can be seen that due to
the smaller guard band correspondingly a larger τ is needed, thus the SE curve of
scenario 3 is close to that of scenario 1. However, due to the rounding applied for
factor τ = 0.6 > 0.552, FTN does not fully achieve the maximum SE .
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Figure 2.14: SE of three considered scenarios at an interference power of -15 dB using a rRC

pulse shape β = 1 with a code rate of 2/3

2.6 summary

As mentioned above, FTN signaling can improve the bandwidth efficiency by in-
creasing the data rate over the Nyquist rate while keeping the bandwidth constant.
However, the cost for this is high receiver complexity due to ISI caused by FTN

signaling. In this chapter, the practical benefits of FTN signaling is investigated and
discussed. To this, an introduction to FTN signaling is given in Sections 2.1 and 2.2.
An overview of the considered pulse shapes is presented in Section 2.3.

In Section 2.4, the SC-FTN system performance in terms of BER, PAPR and SE is
investigated and compared to that of the SC Nyquist signaling given that both
systems use the same pulse shape. In the case that both systems have the same
modulation scheme, simulation results confirm that the BER and PAPR of FTN sig-
naling increase with the decreasing value of τ. However, in this case, FTN has an
advantage of higher data rate in comparison to the Nyquist signaling. In addition,
it is shown that FTN provides benefits in terms of SE, BER and PAPR in comparison to
the Nyquist signaling with the same data rate by using a pulse shape with a large
excess bandwidth factor. In this case, the gains achieved by FTN increase with the
rising of the excess bandwidth factor β.

In Section 2.5, the SE of two coexistence scenarios is evaluated and discussed,
where a single-carrier system using the Nyquist or FTN signaling shares spectrum
with a multi-carrier system. The simulation results show that FTN signaling can
recover completely the loss of SE due to guard bands between systems and excess
bandwidth of the applied pulse shape at high SNRs. For any other operational SNR,
the SE loss can be regained by choosing an appropriate FTN rate. In coexistence
scenarios with small guard band and excess bandwidth, by using FTN signaling
the SE curve is close to that of the single-user reference system. This leads to the
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conclusion that FTN signaling technique is able to improve the SE in wireless com-
munication systems.



3
M I M O - O F D M T E C H N I Q U E S

3.1 introduction to MIMO technique

In the chapter 2, we discussed about the FTN signaling, which can increase the data
rate by reducing the symbol period T below the Nyquist criterion. This approach
seems to be simple but suffers disadvantage of very high system complexity as
a result of the associated ISI. In general, the data rate can also be boosted by in-
creasing the bandwidth or the SNR power. However, increasing the signal power
leads to another problem such as decreasing the battery lifetime and requiring a
expensive Radio Frequency (RF) amplifier. In addition, it is difficult to increase the
bandwidth in practice due to the fact that frequency resource is expensive and
almost always bound to certain applications. To overcome these problems, MIMO

transmission technique is employed. It is a well-known fact that using MIMO tech-
nology, SE is much higher than that of the conventional Single-Input and Single-
Output (SISO) transmission scheme. Nowadays, MIMO systems are already widely
implemented in several modern wireless standards such as IEEE 802.11n, LTE and
mobile Worldwide Interoperability for Microwave Access (WiMAX). The particular
benefits of MIMO technology are boosting the system capacity without increasing
the bandwidth and the signal power, robustness and enhancing the reliability of
the communication link.

TX
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s2

...
sm

x1

x2

xNt

...
RX

y1

y2

yNr

...

ŝ1

ŝ2

...

ŝm

H

MIMO Channel

Figure 3.1: General block diagram of a MIMO system

A MIMO system with Nt transmit and Nr receive antennas is depicted in Fig. 3.1,
where xk and yl are the transmitted and received signal at the k-th transmit and
l-th receive antenna, respectively. Assuming a flat fading MIMO channel results in

y = Hx + n, (3.1)

27
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where H stands for a Nt ×Nr complex channel matrix and given by

H =




h11 h12 · · · h1Nt

h21 h22 · · · h2Nt
...

...
. . .

...

hNr1 hNr2 · · · hNrNr




. (3.2)

Here, hlk ∀l,k represents the complex channel coefficients from transmit antenna
k to receive antenna l. x = [x1, x2, · · · xNt ]T and y = [y1,y2, · · ·yNr ]T are the Nt× 1
complex transmitted and Nr × 1 received signal vector, respectively. The additive
noise vector is denoted by n = [n1,n2, · · ·nNr ]T with Rnn = E[nknHk ] = σ2nINr ,
where INr is an Nr ×Nr identity matrix. Considering a time-invariant flat fading
MIMO channel with perfect CSI, the MIMO channel capacity can be expressed as
below [32]:

C = max
Qx: Tr{Q}6P0

E

{
log2 det

(
INr +

1

σ2n
HQxHH

)}
(3.3)

with Qx = E
{

xxH
}

the covariance matrix of x. Here det(.) stands for the determi-
nant operation. The transmit power constraints is denoted by Tr {Qx} 6 P0, where
P0 is the maximum transmit power. If no CSI is available at the transmitter side,
the MIMO channel capacity can be expressed as [32]

Cno−CSI = E

{
log2 det

(
INr +

P0
Ntσ2n

HHH
)}

. (3.4)

Here, it is assumed that all transmit antennas have the same transmit power and
it leads to

Qx =
P0
Nt

INt . (3.5)

In comparison to the conventional SISO systems, MIMO systems provide a number
of advantages such as array gain, spatial diversity gain and spatial multiplexing
gain as well as interference reduction.

The array gain is an SNR improvement at the receiver, which can be achieved in a
Single-Input and Multiple-Output (SIMO), Multiple-Input and Single-Output (MISO)
as well as in a MIMO system. In a system with multiple receive antennas, the receive
signal power is enhanced through a coherent combining of the received signals,
which results in an increase of SNR. In a system with multiple transmit antennas,
if Channel State Information at Transmitter (CSIT) is available, the array gain can
be obtained by using beamforming technique. This means that the transmitter will
weight its transmission with different factors depending on the channel quality. In
general, the array gain depends on the number of transmit and receive antennas.

The spatial multiplexing gain denotes an improvement of the data rate in a
MIMO system with the same bandwidth and transmit power as in a SISO system.
In this case, the spatial diversity gain is achieved by transmitting multiple parallel
independent data streams over the same time-frequency resources. This also leads
to an enhancement of the channel capacity.
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Through providing multiple independent copies of the same transmitted signal
at the receiver, the MIMO technique delivers spatial diversity, which is used to com-
bat the effects of a multi-path fading channel. In this way, the probability that all
signals fade simultaneously is reduced resulting in a significant improvement of
the quality and reliability of reception. The full spatial diversity gain can only be
achieved if the antenna spacing is large enough (more than 10λ) to ensure the sta-
tistical independence of different fading channels. A MIMO system with Nt and
Nr transmit and receive antennas offers a spatial diversity order (maximum diver-
sity) of (NtNr) due to having (NtNr) independent fading channels [14]. Generally,
the space diversity is divided into two groups: transmit and receive diversity. The
receive diversity is obtained by combining the received signals from different re-
ceive antennas. The existing combining techniques reported in literature are selec-
tion combining, Maximal Ratio Combining (MRC) and Equal Gain Combing (EGC).
Transmit diversity can be provided by beamforming in case of having CSIT or by
Space-time Block Coding (STBC) if channel knowledge is not available at the trans-
mitter side.

Interference in wireless communication networks is normally resulted by over-
lapping of multiple different transmitted signals in time and frequency dimen-
sions. Interference can be mitigated using the MIMO technique by exploiting space
dimensions to separate the signals. In this case, the array gain can improve the
Signal-to-Interference-plus-Noise Ratio (SINR) by increasing the tolerance to noise
and interference power. In addition, the space dimension can help to forward the
signal energy to the desired receiver and minimize the interference to other re-
ceivers. This leads to an improvement in terms of SE and coverage.

3.1.1 Space-Time Block Code

STBC is a simple transmit diversity technique in MIMO systems provided by map-
ping input symbols across time and space. This approach can maximize the trans-
mitted information rate and minimize the error probability by adding proper re-
dundancy in both spatial and time domains, which introduces correlation into the
transmitted signal.

The first studied STBC scheme is the Alamouti code scheme, which was devel-
oped by Alamouti in [4] and is a complex orthogonal space-time code specified
for a system with two transmit antennas. The first investigation of the Alamouti
scheme was for a 2× 1 MISO system. In this case, the encoder takes a block of two
complex modulated symbols x1 and x2 to generate a code matrix A with

A =


x1 −x∗2

x2 x∗1


 . (3.6)

The first and second columns of A represent the first and second transmission pe-
riod, respectively. Here, the first row of A corresponds to the symbols transmitted
from the first antenna. The second row stands for the symbols transmitted from
the second antenna. In other words, at a given symbol period symbols x1 and
x2 are simultaneously transmitted from the first and second antenna, respectively.
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During the next symbol period, the first antenna transmits symbol −x∗2 and the
second antenna transmits symbol x∗1, where x∗1 and x∗2 are the complex conjugate
of x1 and x2, respectively. This leads to

A1 = [x1,−x∗2]

A2 = [x2, x∗1] , (3.7)

where A1 and A2 are the information sequences from antenna 1 and 2, respectively.
It can be seen that the symbol sequences A1 and A2 are orthogonal to each other.
It is assumed that the channel coefficients are constant within two consecutive
symbol transmission periods, which means that

hi (t) = hi (t+ T) = hi, ∀i = 1, 2. (3.8)

Here T is the symbol duration and hi is the channel coefficient between receive
and transmit antenna i. Accordingly, the received signals for both time slots are
given by

y(t) = y1 = h1x1 + h2x2 +n1

y(t+ T) = y2 = −h1x
∗
2 + h2x

∗
1 +n2, (3.9)

where y1 and y2 are the received signals at time t and t+ T , respectively and n1,
n2 are additive white Gaussian noise. Assuming perfect knowledge of the channel
information at the receiver side, the received signals can be combined as follows

x̃1 = h
∗
1y1 + h2y

∗
2

x̃2 = h
∗
2y1 − h1y

∗
2. (3.10)

Substituting (3.9) into (3.10) results in

x̃1 =
(
|h1|

2 + |h2|
2
)
x1 + h

∗
1n1 + h2n

∗
2

x̃2 =
(
|h1|

2 + |h2|
2
)
x2 + h

∗
2n1 − h1n

∗
2 (3.11)

In (3.11), it can be seen that transmitted symbol x1, x2 can be estimated from the
combined signal x̃1 and x̃2 using the maximum likelihood detector.

The Alamouti principle can also be applied for a 2× 2 MIMO system. The concept
of the Alamouti scheme has been extended for an arbitrary number of transmit
antennas. The objective of this orthogonal space-time coding scheme is to achieve
the full diversity order of NtNr and minimize the BER of the transmission. The
general concept of STBC is illustrated in Fig. 3.2, where N is number of symbol in
each STBC block, and L stands for the length of a STBC block. In this regard, the
encoder matrix A has a dimension of Nt × L. Here, the code rate is defined as
R = N

L . For the cases of having Nt = 3 and Nt = 4 and R = 1/2, the corresponding
code matrices A3 and A4 are given as below [105]:

A3 =




x1 −x2 −x3 −x4 x∗1 −x∗2 −x∗3 −x∗4

x2 x1 x4 −x3 x∗2 x∗1 x∗4 −x∗3

x3 −x4 x1 x2 x∗3 −x∗4 x∗1 x∗2


 , (3.12)
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A4 =




x1 −x2 −x3 −x4 x∗1 −x∗2 −x∗3 −x∗4

x2 x1 x4 −x3 x∗2 x∗1 x∗4 −x∗3

x3 −x4 x1 x2 x∗3 −x∗4 x∗1 x∗2

x4 −x3 −x2 x1 x∗4 x∗3 −x∗2 x∗1




. (3.13)

STBC
EncoderdN · · · d3d2d1

Symbol stream

xL
1 · · ·x2
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· · ·x2
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Nt

Figure 3.2: Block diagram of a STBC encoder in a MIMO system

3.1.2 Linear Pre-coding

Linear pre-coding is a beamforming technique applied in MIMO systems, which
exploits the CSI to improve the system performance by splitting the transmitted
signal into orthogonal spatial eigen-beams. These beams are assigned with differ-
ent power, namely; high power for the beams where the channel is strong and low
or no power for the beams with the weak channels. At the transmitter side, the CSI

can be available partially, completely, perfect or imperfect. Therefore, there are var-
ious pre-coding design methods proposed in literature depending on the type of
CSI and the system performance criterion. In the framework of this thesis, different
linear pre-coding schemes are considered under the assumption of having differ-
ent CSI conditions. In the following, an overview about the methods to acquire CSI

at the transmitter and the existing pre-coding techniques applied in MIMO systems
is given.

3.1.2.1 Channel Acquisition Methods

In wireless communication systems, by using pilot technique the channel can be
estimated at the receiver side. Then, the transmitter can acquire the information
about the channel by using either the reciprocity principle of the network or feed-
back from the receiver. The reciprocity principle is that the channel from antenna
A to antenna B is identical to the transpose of the channel from antenna B to an-
tenna A, i.e. HA→B = HTB→A. This reciprocity relation can only be achieved if both
forward and reverse links operate at the same time in the same frequency band
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and with the same antenna locations, which do not hold in most practical systems.
In practice, the channel acquisition based on reciprocity is also known as the open-
loop method and it is usually applied in Time-Division Duplex (TDD) systems. In
TDD systems, although forward and reverse links use the same frequency band
and antennas, the reciprocity can only be achieved when the time lag between the
forward and reverse link is much smaller than the channel coherence time. Con-
sequently, this method requires transmit-receive chain calibration due to the fact
that transmitter and receiver have different radio frequency hardware chains [14].

Another approach to obtain CSIT is by using feedback from the receiver to the
transmitter. This means that first the receiver measures channels, and then sends
these channel measurements on the reverse link back to the transmitter. This ap-
proach is normally referred to as the closed-loop method and it is often used in
Frequency-Division Duplex (FDD) systems [14]. Although this channel acquisition
method does not require any hardware calibration, it introduces limited feedback
problem such as feedback delay and feedback overhead. Therefore, the methods
such as quantizing feedback information is very important and necessary in wire-
less communication systems to overcome these problems. In practice, the following
CSI feedback approaches are considered [32];

1. Direct CSI feedback: in this case, the receiver quantizes all elements in a mea-
sured channel matrix and then sends them back to the transmitter, [35] [32].
As an alternative, the receiver can analogously modulate all elements in a
channel matrix and then sends them back to the transmitter. Furthermore,
the study in [88] reports that the receiver can also apply the vector quantiza-
tion technique on the channel matrix column by column and then sends the
indication of the vector back to the transmitter. As a result, the transmitter
can reconstruct the channel matrix from the quantized CSI feedback. This CSI

feedback method delivers the best performance, but it is difficult to realize
in practical systems due to very high feedback overhead [88].

2. Statistical CSI feedback: in some applications, a full CSI is not required at the
transmitter, but some statistical CSI is sufficient to manage the interference. In
this case, the receiver extracts some statistical information from the channel
such as covariance matrix, quantizes these parameters and then sends them
back to the transmitter [32].

3. Feedback of transmission based on codebook searching [37], [82]: in some
applications, a finite set of transmission recommendations is predefined by a
codebook, which is available at both transmitter and receiver sides. Normally,
codebook contains information such as channel Rank Indicator (RI), Pre-
coding Matrix Indicator (PMI) and Channel Quality Indicator (CQI) . While RI

indicates the number of parallel sub-channels for a single or multiple stream
transmission, PMI carries the spatial domain transmission information, and
CQI measures the channel quality in terms of achievable payload size. In this
case, depending on the information needed at the transmitter, the receiver
searches corresponding information in codebook and sends the correspond-
ing content back to the transmitter. This CSI feedback has numerous advan-
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tages, for example low feedback overhead, simple implementation and low
complexity (the CSI can be typically quantized within a few bits) [32].

3.1.2.2 Pre-coding with Perfect CSI

Given perfect CSIT, the channel matrix H of a single user Nr ×Nt MIMO system
can be disassembled into m independent parallel sub-channels determined by the
Singular Value Decomposition (SVD) of H with

m = rank (H) 6 min (Nt,Nr) . (3.14)

Consequently, the SVD of H results in

H = UHΛVHH , (3.15)

where UH and VH are a (Nr ×Nr) and (Nt ×Nt) unitary matrix, respectively. Λ
is a (Nr ×Nt) diagonal matrix and its diagonal elements represent the singular
values of matrix H being square roots of eigenvalues of HHH.
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Figure 3.3: Block diagram of the pre-coding approach based on SVD for a MIMO system

The block diagram of the pre-coding approach based on SVD is depicted in Fig.
3.3, where m orthogonal sub-channels (SISO channels) are resulted by multiply-
ing the transmitted signal with pre-coding matrix VH and the received signal
with post-processing matrix UHH . By doing so, the received signal after the post-
processing matrix can be expressed as follow:

ŝ = UHH HVHs + UHH n

= Λs + UHH n (3.16)
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with

ŝi =

{
λisi + ñi 1 6 i 6 m

0 m < i 6 Nr
(3.17)

where λ2i ∀i = 1, 2, · · · ,m denotes the i-th eigenvalue of HHH. Using this approach,
the MIMO channel capacity in (3.3) can be reformulated as [32]

C =

m∑
i=1

log2

(
1+

λ2iPi

σ2n

)
with respect to

m∑
i=1

Pi = P. (3.18)

Here, Pi stands for the transmit power allocated on the i-th sub-channel. Using the
pre-coding based on SVD, the same transmit power is assigned into all sub-channels
independent on the quality of each sub-channel. In this case, the maximum channel
capacity can only be reached in high SNRs. To overcome this problem, the power
allocation scheme based on the WF approach has been proposed in literature [55].
Using this approach, the optimal power allocation is guaranteed and the maximal
channel capacity can be achieved. The concept of the WF principle is that higher
power is allocated to the strong sub-channel and low or no power to the weak
sub-channels. More detail about the WF approach will be given in chapter 5.

Besides the above-mentioned methods, different sub-optimal pre-coding meth-
ods can also be employed, whereby the pre-coding and post-processing filter ma-
trices, V and U are optimized based on different optimization criterion such as the
ZF, MMSE, maximum information rate, Quality of Service (QoS) or the maximum
SNR.The pre-coding techniques applied in a single user MIMO system can also be
extended to a multi-user MIMO system.

3.1.3 Multi-user MIMO Systems

As already mentioned above, the MIMO technique is one of the key solutions to
achieve high SE, enhanced coverage and link reliability of a wireless communica-
tion system in fading environments. An extended concept to enhance the bene-
fits of the MIMO technique, particularly SE, is the overlapping of Multi-user (MU)-
MIMO transmission in both time and frequency resources. In contrast to a single-
user MIMO system, a MU-MIMO system suffers not only the co-channel interfer-
ence incurred by the MIMO technique, but also the MUI, which is a major problem
in MU networks. To deal with this problem, several interference mitigation ap-
proaches have been proposed in literature [48], [103] [26],[102], [25]. Most of these
approaches are based on beamforming or pre-coding techniques, which require
the channel knowledge at both transmit and receiver sides. The typical MU-MIMO

system scenarios are depicted in Fig. 3.4. In Fig. 3.4-a, a Base Station (BS) in a cel-
lular network communicates simultaneously with multiple mobile stations (users).
This communication can be established in both uplink and downlink channels. In
this case, each user can be equipped with a single or multiple antennas. With as-
sumption of no coordination among the users the MUI can normally be mitigated
at the BS. In the uplink, where users transmit the signals to the same BS at the
same time and in the same frequency, the signals are usually detected at the BS by
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Figure 3.4: Single cell MU-MIMO scenarios

using multi-user detection methods. In the downlink, where the BS transmits the
signal to the users simultaneously over the same channel, the interference can be
mitigated either at each user or at the BS. However, the multi-user detection at the
User Equipment (UE) is often costly for users. Thus, if the CSI is available at the BS,
the interference has to be mitigated at the BS using the beamforming or pre-coding
technique such as the channel inversion, block diagonalization and Dirty Paper
Code (DPC), [25].

Channel inversion is a simple way to mitigate the MUI in downlink transmission
schemes. In this case, the transmitted data streams are first pre-processed with
the pseudo-inverse of the channel matrix H. By doing this, an interference-free
transmission is guaranteed. However, this approach is a good solution only for the
MISO case at high SNRs. The drawbacks of this approach is that the channel matrix
is not always invertible and the SNR at the receiver has to be reduced due to power
constraints. Although, the channel inversion approach can also be extended to
the case of having multiple receiver antennas, it is not an efficient solution due to
large channel matrix. For this case, block diagonalization method can be employed,
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which can be seen as a channel inversion scheme for MU-MIMO broadcast channels
[25].

Unlike the conventional channel inversion method, by using the Block Diagonal-
ization (BD) method MUI can be eliminated by the decomposition of a MU-MIMO

broadcast channel into multiple single-user MIMO channels. In this case, the inter-
channel interference for each MIMO user has to be mitigated using signal detection
methods. Using the BD method, the received signal at user k can be expressed as
follows [25]

yk = HkWksk + Hk
K∑

l=1,l 6=k
Wlsl + nk, (3.19)

where Hk is the channel matrix between the BS and the k-th user and Wk stands
for the pre-coding matrix for user k. The matrix Wl∀l = 1, · · ·K has to be designed
so that HkWl = 0 for l 6= k. For this purpose, Wl must lie in the null-space of the
matrix

Hkblock =
[
(H1)H · · · (Hl−1)HHl+1 · · · (HK)H

]H

[25]. By doing so, (3.19) can be reformulated as [25]
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H1W1 0 · · · 0

0 H2W2 · · · 0
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0 0 · · · HKWK







s1
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sK




+




n1
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nK




. (3.20)

(3.20) indicates that, by using the BD approach, parallel transmission of indepen-
dent streams can be achieved. However, the eigenvalue decomposition of MU-MIMO

broadcast channel requires high computational effort [56].
DPC technique is a pre-coding method that can cancel the MUI at the transmitter

before transmission. The idea of the DPC technique is that due to having CSIT, the
BS knows the interference introduced to user k. Thus, the transmitted signal for
user k can be determined as follows [25]

sDPCk = sk − Ik, (3.21)

where Ik is interference caused by other users to user k. The best-known DPC

method for downlink communication system is based on RQ decomposition of the
channel matrix H [103]. In this case, the channel matrix H can be RQ-decomposed
as [25]

H =




l11 0 · · · 0

l21 l22 · · · 0
...

...
. . .

...

lK1 lK2 · · · lKK




︸ ︷︷ ︸
L




q1

q2
...

qK




︸ ︷︷ ︸
Q

(3.22)

Multiplication of the transmitted signal with matrix QH results in

y = HQHs + n (3.23)
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=




l11 0 · · · 0

l21 l22 · · · 0
...

...
. . .

...

lK1 lK2 · · · lKK







s1

s2
...

sK




+




n1

n2
...

nK




.

It can be seen that after pre-coding, the first user does not suffer any interference
from others users and the particular user suffers interference only from previous
users. However, these interferences are known at the BS, thus this interference can
be canceled for user k. In this regard, cancellation of all interferences (3.23) can be
reformulated as [25]

y =




l11 0 · · · 0

l21 l22 · · · 0
...

...
. . .

...

lK1 lK2 · · · lKK







1 0 · · · 0
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+
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(3.24)

=




l11 0 · · · 0

0 l22 · · · 0
...

...
. . .

...

0 0 · · · lKK







s1

s2
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sK




+
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...

nK




(3.24) indicates that by using the DPC technique, the interference-free detection is
guaranteed for each user. DPC provides the maximum channel capacity, but suffers
very high complexity of the transmitter [25], [62].

MU-MIMO systems have been also successfully applied in wireless communica-
tion networks including multi-cell networks. In this case, the edge cell users suffer
more co-channel interference from adjacent cells. In order to improve the system
performance for the edge-cell users, Coordinated Multi-Point (CoMP) transmission
can be employed by exploiting the coordination among basis station. In this con-
text, using CoMP joint transmission approach, where the edge-cell users are served
by multi-basis station, the inter-cell interference can be mitigated. Besides CoMP,
others interference mitigation approach such as IA can be employed. Using the IA

technique, all interferences are aligned with the same direction in a subspace, and
thus the interference signal dimension observed at user is reduced. Consequently,
a simple signal detection can be used at user. IA can be applied in single, multi-cell
multi-user MIMO systems or in MU-MIMO point-to-point communication systems
(see Fig. 3.4-b). Due to having many benefits as opposed to other MUI mitigation
methods, IA is chosen as the main research topic in this thesis.

3.2 principle of OFDM technique

It is very difficult to handle the effects of a multi-path fading channel in SC systems.
In this case, in order to combat the multi-path fading problem, a broadband equal-
ization approach can be used in SC system, but then the receiver becomes more
complex. To overcome this problem, a multi-carrier transmission scheme called
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OFDM is employed. In contrast to an SC modulation scheme, in the OFDM tech-
nique, the available frequency band is divided into multiple orthogonal narrow-
band sub-channels, in which the channel is considered as flat fading. As a result,
a simple equalizer can be applied in each sub-channel to remove the effects of the
multi-path fading channel. Furthermore, OFDM allows overlapping in spectrum of
multiple sub-carrier signal leading to high spectral efficiency. In OFDM, an ICI and
ISI- free transmission is guaranteed due to the orthogonality among sub-carriers
and the insertion of a guard interval called Cyclic Prefix (CP) between OFDM sym-
bols, respectively. CP is the copy of the last few samples of an OFDM symbol, which
is inserted into its front and is normally longer than or equal to the maximum
delay of the multi-path fading channel. The CP is directly removed at the receiver
side after the time synchronization and before the demodulation procedure. By do-
ing so, the ISI can be eliminated and the orthogonality of all sub-carrier signals is
maintained. The rectangular pulse shape is used in an OFDM system, and thus the
OFDM modulation and demodulation can be easy implemented using Inverse Fast
Fourier Transformation (IFFT) and Fast Fourier Transformation (FFT) techniques, re-
spectively. Accordingly, a general block diagram of an OFDM system is illustrated
in Fig. 3.5.

Symbol

Demapper

Channel

P/SAdd
CP

IFFT
Symbol
MapperS/P

Bits

S/P
Re-

CP
FFT move

Frequency
domain

Equalizer
P/S

Figure 3.5: General block diagram of an OFDM system

The advantages of the OFDM technology described so far can be summarized as
follows:

• High spectral efficiency,

• Low receiver complexity,

• Simple implementation by using IFFT and FFT,

• Robustness for high data rate transmission over multi-path channel,

• High flexibility in terms of link adaptation.
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Because of these advantages, OFDM is a promising technique for wireless commu-
nication systems and has been employed in several wireless standard technolo-
gies such as Wireless Local Area Network (WLAN), Digital Video Broadcasting-
Terrestrial (DVB-T), WiMAX, LTE.

3.3 MIMO-OFDM system

MIMO in combination with the OFDM technology is a promising solution for wire-
less communication systems related to high data rate, high SE and link reliability
improvement. In MIMO-OFDM systems, parallel transmission is performed in both
space and frequency domains, leading to an enhancement of data rate and SE.
Literature shows that a data rate up to several hundreds of Mbits/s and an spec-
tral efficiencies of several tens of bits/Hz/s can be achieved for indoor wireless
MIMO-OFDM communication systems [47]. The main advantage of a MIMO-OFDM

system is that OFDM splits frequency-selective MIMO channel into a set of paral-
lel frequency-flat MIMO channels, and thus all MIMO process can be performed in
each sub-channel. This leads to a reduction of the system complexity and all gain
provided by the MIMO technique can be achieved in a MIMO-OFDM system. The
MIMO-OFDM technique has been adopted in several of wireless standard such as
IEEE 802.11n for WLAN, IEEE 802.16a for WiMAX, LTE/LTE-Advanced for high data
rate transmission technologies. The IEEE 802.11n standards for WLAN including
the MIMO-OFDM technology can provide a throughput of up to 600 Mbps [54]. In a
WiMAX system, a combination of the OFDM and MIMO can offer a data rate of more
than 155 Mbps. The MIMO technique has been also successfully employed in OFDM

based- LTE/LTE-Advanced systems. A 2× 2 MIMO LTE-Advandced system (category
6) can achieve a peak data rate of 300 Mbps for downlink and 51 Mbps for uplink
communication [107]. In an 8× 8 MIMO LTE-Advandced system (category 8), a data
rate up to 3 Gbps in downlink and 1.5 Gbps in uplink communication can be
obtained [107].



4
I N T E R F E R E N C E A L I G N M E N T F O R M U - M I M O S Y S T E M S

4.1 introduction

Frequency reuse is an effective approach to improve the system capacity and
the Spectral Efficiency (SE) in wireless communication systems. However, this ap-
proach requires an efficient interference management scheme, mostly due to the
fact that the interference is caused by overlapping of multi-user transmissions. In
this context, the interference can be classified into Multi-Access Interference (MAI),
Co- or Adjacent Channel Interference (CCI, ACI) and MUI. Depending on the inter-
ference type, different interference management techniques can be applied. Power
control is one of the promising interference management approaches used in wire-
less communication networks. Here, the interference power is controlled so that
the interference lies within the noise floor and can be treated as noise. Thus, a
normal single user encoding/decoding strategy can be used, [95, 6]. Due to the
implementation simplicity, this approach is of wide-spread use in practice. If the
interference power is higher than both noise floor and desired signal power, it is
possible to decode the desired signal using the Successive Interference Cancella-
tion (SIC) technique. Using this approach, the interference is first decoded, and
then it is subtracted from the received signal. The SIC method is mostly used in ap-
plications, where the receiver is of high signal processing capability, for example
a BS in cellular networks. However, due to high complexity of the multi-user de-
tection process this method is generally not used frequently in practice, [89, 106].
One common approach to deal with strong interferences is to orthogonalize the
channels. Using this interference management scheme, the transmitted signals are
chosen to be non-overlapping in the time, frequency or space domain, which corre-
sponds to the Frequency-Division Multiple Access (FDMA), Time-Division Multiple
Access (TDMA) or Space-Division Multiple Access (SDMA) transmission scheme, re-
spectively. Although these orthogonalization approaches can effectively eliminate
the MUI in wireless communication networks, these orthogonalities may not be
given in some cases due to practical issues such as synchronization errors, RF cir-
cuitry non-idealities and the effects of wireless propagation channel. Furthermore,
using the traditional orthogonal transmission schemes leads to inefficient spec-
trum utilization, and thus the maximum SE can be not achieved. For example, in
FDMA-based wireless communication systems, an SE loss is incurred due to guard
bands between systems, which is normally required to eliminate the adjacent band
interferences.

40
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Another approach of the frequency reuse techniques proposed to significantly
improve the spectrum usage is overlapping of multi-user in both time and fre-
quency dimensions. This frequency reuse method can be used in both uplink and
downlink channels, in multi-user point-to-point coexistence scenarios and in cog-
nitive radio, as well as in multi-tier heterogeneous networks.

In cellular networks, if the base station has a sufficient number of antennas, the
multi-user transmission can be separated at the BS in spatial domain using beam-
forming techniques for both uplink and dowlink communications [31, 93]. In MU

downlink channels, where the BS sends signals to several users on the same time
and frequency band, by exploiting the knowledge of CSIT the transmission can be
pre-coded at the BS, so that interference can be eliminated at each user [114]. For
this purpose, the pre-coding technique based on DPC is known as the best solution
when the perfect CSI is available at the BS. The DPC technique uses the successive in-
terference cancellation method at the BS, which employs again a complex encoding
structure. Even though DPC provides advantages in terms of SE and high network
capacity, this method is of high complexity and requires perfect or nearly perfect
channel knowledge and the full information about the transmitted signals. As a
result, this method is still far from practical applications, as discussed in Section
3.1.3. Moreover, low-complexity linear pre-coding schemes such as Zero-Forcing
Beamforming (ZF-BF) [31], BD [102] were proposed for a MU Broadcast Channel (BC)
scenario, where the UE is equipped with single and multiple antenna, respectively.
Using ZF-BF and BD precoding techniques, each user signal is transmitted in the
null space spanned by other user channel matrix, so that the multi-user interfer-
ence can be completely mitigated. However, as discussed in Section 3.1.3, these
pre-coding techniques suffer several disadvantages such as poor system perfor-
mance in low SNRs and high computationally effort. To overcome this problem,
an interference management approach based on linear pre-coding technique, so-
called Interference Alignment (IA) is seen as a promising solution to deal with
the MUI problem in a multi-user system. In this way, the fairness among users is
guaranted and the maximum spatial diversity gain is achieved, provided perfect
CSI is available at the transmitters. The IA technique can also be applied in cellular
wireless communication networks, in multi-user CR systems and ad-hoc networks.

An overview about the IA technique is given in this chapter. First, the principles
of the IA technique and the maximum diversity gain are introduced in 4.2 and 4.3,
respectively. Three existing IA approaches under the assumption of having perfect
CSIT are presented in 4.4. In 4.5, a novel IA approach to deal with the imperfection
of CSI in multi-user point-to-point communication systems is proposed. Finally,
simulation results are given in 4.6.

4.2 principle of interference alignment technique

The first concept of the IA technique is proposed by Cadambe and Jafar in [17,
16], whereas the Degree of Freedom (DoF) or the maximum spatial multiplexing
gain for a K-user interference channel was analyzed. These studies show that us-
ing the IA technique the full multiplexing gain in a K-multi-user MIMO system
can be achieved at high SNRs. The main idea here is to design a linear pre-coding
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filter at each transmitter, so that each receiver can align all interference from unde-
sired transmitters in the interference subspace by exploiting knowledge of CSI of
all transmission links. In other words, this approach guarantees that the received
signal at each receiver is divided only in two orthogonal subspaces, namely de-
sired and interference signal subspaces. This enables an interference-free decoding
of the desired signal.

The principle of the IA technique for three users MIMO system is illustrated in
Fig. 4.1, where V1, V2 and V3 represent the IA pre-coding filters for user 1, 2 and
3, respectively. In this considered scenario, it can be seen that each receiver ob-
serves a desired signal and two interference signals, each of which is represented
as a vector in three-dimensional space. For example, if the first transmission pair
(black) is considered, the blue and orange signal are interfering signals for user 1.
Similarly, the black and blue, black and orange signals are interfering signals for
user 2 and 3, respectively. Since two interference signals will occupy two difference
signal dimensions at each receiver, without the IA technique, it is difficult to suc-
cessfully decode the desired signal. In contrast to that, by using the IA technique
the pre-coding filters matrix V = [V1, V2, V3]

T is determined, so that after the pre-
coding process the interference signals are overlapped and aligned to the same
direction also in the interference subspace, and hence the desired signal is placed
undisturbed in the another subspace. As a result, each receiver can suppress all
interferences by projecting the interference signal onto the orthogonal space of the
desired signal subspace.
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Figure 4.1: The IA concept

Fig. 4.2 shows a K-user MIMO system using the IA technique, where each trans-
mitter and receiver are equipped with Nt and Nr antennas, respectively. Here, the
matrix Vk describes the pre-coding filter at transmitter k and Uk stands for the in-
terference suppression/post-processing filter at receiver k. dTX represents the dis-
tance between two transmit antennas and dRX denotes the distance between two
receive antennas at each user. In the considered system, it is assumed that each
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user sends d independent data streams, sk = [sk1, sk2, · · · , skd]T . The received
signal at receiver k can be expressed as

yk = Hkkxk +
K∑

l=1,l 6=k
Hklxl + nk, (4.1)

where xk = Vksk is the Nt× 1 transmitted signal vector and nk is the Nr× 1 noise
signal vector at receiver k. The additive noise nk is assumed to be white Gaussian

with covariance matrix Rnn = E

[
nknHk

]
= σ2nINr , where σ2n is the noise power.

The channel matrix Hkl contains the channel coefficients from the l-th transmitter
to the k-th receiver. At the receiver side, the received signal is linearly processed by
the receive filter Uk to reconstruct d desired transmitted data streams. As a result,
the estimated data streams ŝk at receiver k can be defined as

ŝk = UHk yk

= UHk HkkVksk︸ ︷︷ ︸
Desired signal

+

K∑
l=1,l 6=k

UHk HklVlsl︸ ︷︷ ︸
Interference signals

+UHk nk︸ ︷︷ ︸
Noise

. (4.2)

In this work, it is assumed that each transmitter sends independent data streams,

i.e. E

[
sksTl

]
= 0 for k 6= l. In addition, all transmitted data streams and noise

are statistically independent, E
{

sknTl
}

= 0, ∀(k, l) ∈ {1, 2, . . . ,K}. As aforemen-
tioned, IA is a simple linear pre-coding technique for a multi-user system, and it
guarantees that after applying a simple linear receiver Uk all interferences can be
completely canceled at receiver k. This leads to the following condition, which has
to be fulfilled by determining the IA filters

rank
(
UHk HkVk

)
= d, ∀k = 1, · · ·K (4.3)

K∑
l=1,l 6=k

UHk HkVl = 0 ∀l,k = 1, · · ·K, l 6= k, (4.4)
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where d 6 min (Nt,Nr). The condition in (4.3) states that the desired signal space
has dimension of d, while (4.4) implies that after applying the receiver filter Uk, all
interference signals at receiver k lie in the subspace orthogonal to the desired sig-
nal subspace. In other words, the conditions in (4.3) and (4.4) guarantee that each
transmitter k can use a linear pre-coding strategy to transmit d interference-free in-
dependent data streams to receiver k. Additionally, early works on IA showed that
in order to ensure an IA solution, beside the IA conditions in (4.3) and (4.4) certain
dimensionality constraints need to be satisfied [117]. For example, IA will only be
feasible for a given number of users if there is a sufficient number of transmit and
receive antennas. In other words, the flexibility in a IA system increases with the
increasing of the number of coding dimensions. The feasibility of the IA technique
has been studied extensively in [15, 33, 76, 74, 117]. According to these studies, the
following feasibility conditions have to be fulfilled

Nt +Nr > (K+ 1)d

(Nt − d) > [Kd−Nr]+

[2d−Nr]+ 6 [Nt −Nr]+

d 6 min(Nr,Nt)

d > (K− 1)[2d−Nr],

(4.5)

with [x]+ = max(0, x). The first condition in (4.5) indicates that in order to achieve
d DoF at each user, the total number of transmit and receive antennas for each user
has to be greater than or equal to (K + 1)d [117]. The second condition in (4.5)
shows that a solution for the IA problem will be feasible only if the total number of
variables is larger than or equal to the total number of constraints that needs to be
fulfilled [76, 74]. The third condition describes the lower and upper bound of the
number of streams at each transmitter, which can be aligned by each transmitter to
its orthogonal complement of the interference channel matrix. In the IA technique,
the total number of streams that each transmitter can align, needs to be bounded
by the rank of its pre-coding matrix. This is shown in the last condition in (4.5),
[76, 74]. The derivation for these conditions is given in Appendix A.1.

After the interference suppression process, the effective channel Hkk for user k
can be expressed as

Hkk = UHk HkkVk. (4.6)

For a perfect IA solution at receiver k, all other effective interference channels
should be zero, i.e. Hkl = 0 for ∀l 6= k. To diagonalize the effective channel Hkk
the SVD is applied as follows

Hkk = ZDWH, (4.7)

where Z and W are unitary matrices and D is a diagonal matrix which contains
the d non-zero singular values, λ1, λ2, · · · , λd. Thus, the pre-coding matrix Vk and
the interference suppression matrix Uk is determined as follows

Vopt
k = VkWD−1

Uopt
k = UkZD−1.

(4.8)
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4.3 degrees of freedom and maximum capacity

The DoF is an important parameter in wireless communication systems, which is
usually used to demonstrate the advantages of a MIMO system in comparison to a
SISO system. In this case, the DoF is normally used to approximate the maximum
MIMO channel capacity. Furthermore, the DoF can be considered as the number of
independent signal space dimensions, and thus is also known as the maximum
spatial multiplexing gain provided by a MIMO system at high SNRs [52].

A single user SISO system has 1 DoF and its system capacity with a bandwidth
B = 1 is expressed by

C = log2 (1+ SNR) . (4.9)

At high SNRs, the system capacity of a SISO system can be approximated as

C = log2 (SNR) . (4.10)

In a K-user SISO system, where an orthogonal multiple access scheme is used, the
1 DoF is divided to K users, so that each user gets 1/K DoF. In this case, each SISO

system has the capacity of C = 1
K log2 (SNR).

With assumption of equal power at each transmit antenna, the channel capacity
of a single user MIMO system with Nt transmit and Nr receiver antennas is given
by [32, 111]

CMIMO = E

{
log2 det

(
INr +

P0
Ntσ2n

HHH
)}

(4.11)

= E

{
m∑
i=1

log2

(
1+

SNR

Nt
λ2i

)}
. (4.12)

Here SNR = P0/σ
2
n is the SNR at each receive antenna. λi stands for singular

values of H and m = min(Nr,Nt) is the number of non-zero singular values.
Using Jensen’s inequality condition results in

m∑
i=1

log2

(
1+

SNR

Nt
λ2i

)
6 m log2

(
1+

SNR

Nt

1

m

m∑
i=1

λ2i

)
. (4.13)

According to (4.11) and (4.13), in very high SNRs we obtain [111]

CMIMO 6 m log2

(
1+

SNR

Nt

1

m

m∑
i=1

E
{
λ2i
})

(4.14)

6 m log2
SNR

Nt
(4.15)

It is shown in [111, 52] that in the very high SNR regime, for the case of Nt and
Nr smaller than 8, the maximum MIMO capacity scales with m log2(SNR).

The DoF d can be defined as below [53]:

d = lim
SNR→∞ CMIMO

log2 (SNR)
. (4.16)
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In other words, the DoF corresponds to the parallel channels that can be isolated
using the SVD technique, which means

d = m = min (Nt,Nr). (4.17)

Consequently, the maximum MIMO capacity in (4.14) can be expressed as

CMIMO ≈ d log2 (SNR). (4.18)

In [17], Cadambe proved that using the IA technique the channel capacity can
reach the maximum capacity at high SNRs. Here, a K-user SISO system with symbol
extension was considered. For this system, Cadambe and Jafar showed in [17] that
the system capacity using the IA technique at high SNRs grows linearly with K and
is given by

C =
K

2
log2 (SNR) + O

(
log2 (SNR)

)
. (4.19)

This can be mainly explained by functionality of the IA-based pre-coding method.
In the IA technique, each receiver is able to divide its observed signal space into
two subspaces of equal size namely: desired and interference signal spaces. Thus,
each user can achieve approximately one half of the interference-free capacity. In
this regard, the system has totally K

2 DoF. It can be seen that in contrast to the
conventional interference mitigation approaches, by using the IA technique the
system capacity is increased with the increasing of number of active user pairs.
In addition, [17] shows that a K-user MIMO system, where each node is equipped
with N antennas, has a DoF of KN2 . If user k has Nt,k transmitter and Nr,k receiver
antennas, the total number of DoF is given by

d =

K∑
k=1

dk >
1

2

K∑
k=1

min(Nt,k,Nr,k). (4.20)

This implies that in a K-user MIMO system by using the IA pre-coding technique
not more than half of the DoF is lost.

4.4 interference alignment approaches with perfect CSI

4.4.1 Closed-form Solution for Interference Alignment

The IA approach with a closed-form expression for the pre-coding filter matrix
Vk is presented in [17, 16]. In this case, at each receiver the interference can be
perfectly aligned into the interference subspace, which is orthogonal to the desired
signal subspace by applying pre-coding filters at each transmitter. Therefore, it is
simple to decode the desired signal at the receiver side. Unfortunately, this closed-
form solution for IA exists only for the case of three users. As shown in Fig. 4.1, the
k-th transmitter encodes its signal sk using the pre-coding vector Vk, ∀k = {1, 2, 3}.
It should be noted that

• The interference from transmitter 2 and 3 to receiver 1 can be perfectly
aligned in the same direction if

span(H12V2) = span(H13V3) (4.21)
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• This also applies true for receiver 2 and 3 as below:

span(H21V1) = span(H23V3), (4.22)

span(H31V1) = span(H32V2). (4.23)

It means that for three users case, to align all interferences into the interference
subspace at each receiver each pre-coder has to be designed to fulfilled the condi-
tions given in (4.21), (4.22) and (4.23), where span(X) denotes the space spanned
by the column vectors of the matrix X. As reported in [16], we have

span(H13H−1
23H21V1) = span(H12H−1

32H31V1). (4.24)

By solving this equation, V1 can be determined using

V1 = eig((H31)−1H32(H12)−1H21(H23)−1H31), (4.25)

where eig(X) denotes the operation to get the eigenvector of the matrix X. Con-
sequently, to satisfy above conditions the pre-coding vectors V2 and V3 can be
chosen as follows:

V2 = (H32)−1H31V1, (4.26)

V3 = (H23)−1H21V1. (4.27)

It should be mentioned that the closed-form solution is easy to implement and
requires less computational effort. However, this method requires global CSI at the
transmitter side, which is impractical. Furthermore, this solution is only optimal
in high SNR regime. Thus, this IA approach is not considered in this thesis.

4.4.2 Interference Alignment via Reciprocity

The IA closed-form solution presented in Subsection 4.4.1 suffers from many draw-
backs. One of them is the requirement of global channel knowledge at each node,
which is not practicable. To overcome this problem, [42] proposed an iterative IA

approach to design IA filters requiring only local channel knowledge at each node.
Furthermore, this approach deals with arbitrary number of users. In other words,
using this approach the number of users is not limited to three. However, for a
given number of users, the number of antennas at each node has to fulfill the con-
ditions in (4.5). The idea of this approach is to exploit the duality relationships
enabled by the reciprocity of the propagation channel to adjust the IA filter co-
efficients. In principle, the reciprocity property of a channel can be obtained in
two-way communication networks based on TDD. In this context, [118] shows that
the capacity remains constant if: i) in both links the transmitter and receiver are
interchangeable, ii) the channel matrix is transposable, and iii) the same transmit
power constraint is used to the reciprocal network.

Recent literature shows that in TDD-based systems, where transmissions on both
links overlap in frequency and are minimally separated in time, the propagation
channel in both directions can be considered as being identical [8]. In this case,
the channels are said to be reciprocal and this enables the build up of a dual
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network. In a dual network for a multi-user MIMO system with linear beamformers,
the same SINR performance for each user can be achieved in both original and
reciprocal links if the total transmit power is equal in both links. Accordingly, this
dual network can be employed to solve the MUI problem [101, 111]. In this regard,
the following rules are applied for a multi-user MIMO system in a dual network

• reverse the communication direction of all links

• replace any MIMO complex channel matrix Hkl by its conjugate transpose
HHkl

• use precoding vectors as post-processing vectors and vice versa.
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Figure 4.3: The concept of the IA approach via reciprocity

[42] proposed a distributed IA approach based on the reciprocity. In that study,
the pre-coding and post-processing filter matrix is optimized based on the mini-
mization of the interference leakage in both forward and reverse links. The main
concept of this IA approach is illustrated in Fig. 4.3. In the forward/original link,
the estimated signal at user k is given by

ŝk = UHk HkkVksk︸ ︷︷ ︸
Desired Signal

+

K∑
l=1,l 6=k

UHk HklVlsl︸ ︷︷ ︸
Interference Signal

+UHk nk︸ ︷︷ ︸
Noise

. (4.28)

Because of the reversal role between a transmitter and a receiver in the recipro-
cal/reverse link), the estimated signal of the k-th user in reverse link can be deter-
mined as follows

ŝk = UHk HkkVksk︸ ︷︷ ︸
Desired Signal

+

K∑
l=1,l 6=k

UHk HklVlsl︸ ︷︷ ︸
Interference Signal

+UHk nk︸ ︷︷ ︸
Noise

, (4.29)

where the transmit and receive filter matrices Vl, Uk as well as the channel matrix
Hkl from the k-th receiver to the l-th transmitter in the reciprocal link are defined
as

Uk = Vk, (4.30)
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Vl = Ul (4.31)

Hkl = HHkl. (4.32)

Note that the IA conditions are equal for both links. As a result, the interference re-
ceived at a user in the forward link is the same as that caused by this user to other
users in the reverse link. Therefore, the total interference leakage is unchanged in
both links. Consequently, the pre-coding and interference suppression filter matri-
ces can be optimized by minimizing the interference leakage in both links [42]. In
forward link, the total interference leakage at the k-th receiver is determined as
follows:

Ik = Tr
(
UHk QkUk

)
, (4.33)

where Qk =
K∑

l=1,l 6=k
HklVlVHl HHkl represents the interference covariance matrix at

receiver k. Similarly, Il and Ql are the total interference leakage and interference
covariance matrix at user l in the reciprocal link, respectively. This results in

Il = Tr
(

UHl QlUl
)

, (4.34)

with Ql =
K∑

k=1,k6=l
HlkVkVHk HHlk.

As presented in [42], this IA approach is performed iteratively, so that within
each link the interference suppression filter coefficients are updated to minimize
their total interference, i.e.

UZFk = argmin
Uk

{Ik} ,

UZFl = argmin
Ul

{
Il
}

.
(4.35)

At the k-th receiver, the received signal subspace with the least interference is the
space spanned by the eigenvectors, which correspond to the dk smallest eigenval-
ues of the interference covariance matrix Qk. Thus, the dk columns of UZFk are
given by

UZFk,dk = νd(Qk), d = 1, 2, · · · ,dk, (4.36)

where νd(Qk) is the eigenvector corresponding to the d-th smallest eigenvalue of
Qk. Similarly, in the reciprocal link it results in

UZFk,d = νd(Qk), d = 1, 2, · · · ,dk. (4.37)

Due to the reciprocal relationship, the pre-coding filter matrix in the forward link is
updated in the reverse link with VZFk = UZFk . In this context, the iterative procedure
for solving the minimization problem consists of following steps:

• Step 1: arbitrarily initialize the pre-coding matrices Vk,∀k = 1, 2, · · ·K.

• Step 2: compute the interference covariance matrix Qk at the receivers in the
forward link.
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• Step 3: compute post-processing matrix Uk at each receiver according to
equation (4.36) in the forward link.

• Step 4: reverse the communication direction and set Vk = Uk.

• Step 5: compute the interference covariance matrix Qk at the new k-th re-
ceiver in the reverse link.

• Step 6: compute post-processing matrix Uk at each new receiver according to
equation (4.37) in the reverse link.

• Step 7: reverse the communication direction and set Vk = Uk.

• Step 8: repeat from step 2 until convergence.

The general frame work of this IA approach via reciprocity can be summarized as
follow:

• In the forward link: first arbitrary pre-coding filters V1, V2, · · · , VK are initial-
ized. Transmitters send pre-coded pilot symbols using a set of above initial
pre-coding filters. Receivers estimate the channel parameters and compute
the post-processing filter coefficients.

• In the reverse link: Receivers send pre-coded pilot symbols using the post-
processing filter from above step as transmit pre-coders (Uk = Vk). Trans-
mitters in turn optimize the pre-coders with Vk = Uk and initiate a second
training phase with the updated pre-coders.

• Communication pairs iterate the previous step until convergence.

The convergence of the proposed IA scheme is confirmed in [42].

4.4.3 MMSE-Based Interference Alignment

The iterative IA algorithms based on the reciprocity alleviates the problem of the
IA approach-based closed-form solution in terms of the global knowledge of CSI

problem and the limitation of the user number. However, the proposed scheme has
some drawbacks due to exploiting the reciprocal network to solve the IA problem.
In practice, due the fact of pilot overhead and calibration of Radio Frequency (RF)
devices, it is difficult to achieve the reciprocal channel. Furthermore, by using the
IA approaches presented in Subsections 4.4.1 and 4.4.2, all IA filters are designed
without concerning the noise. As a result, both approaches are only optimal in the
high SNR regime. In order to avoid this disadvantage, [90] proposed a MMSE-based
IA approach, which requires no additional requirements, e.g. the reciprocal channel
or global channel knowledge at each node. Moreover, by using this IA approach,
the system performance can be improved in the low and moderate SNR regimes by
considering noise to adjust the IA filter coefficients.

In the described multi-user system with time invariant channels as shown in Fig.
4.2, the Mean-Squared Error (MSE) at receiver k is defined as

εk = E
[
‖ŝk − sk‖2

]
(4.38)
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=
∥∥UHk HkkVk − Id

∥∥2 +
K∑

l=1,l6=k

∥∥UHk HklVl
∥∥2 (4.39)

+
∥∥UHk

∥∥2Rnn.

Using the IA approach proposed in [90], the pre-coding filter Vk and the inter-
ference suppression filter matrix Uk can be optimized with respect to the mini-
mization of the total MSE subject to the transmit power constraints. Therefore, the
optimization problem can be formulated as follows

UMMSEk , VMMSEk = argmin
Uk,Vk

K∑
k=1

εk, subject to ‖Vl‖2 6 Pl, (4.40)

where Pl is the transmit power at transmitter l. This optimization problem can be
solved by using the Karush-Kuhn-Tucker (KKT) conditions at each step [90]. In this
context, the Lagrange function can be defined as below:

LMMSE (λl, Uk, Vl) = εk + λl(Tr(VlVHl ) − Pl), (4.41)

where λl is the Lagrange multiplier, which is chosen to meet the transmit power
constraints ‖Vl‖2 6 Pl. The KKT conditions are specified by

∇VlL
MMSE = 0,

∇UkL
MMSE = 0,

λl(Tr
(
VHl Vl

)
− 1) = 0, ∀k,

Tr
(
VHl Vl

)
6 Pl ∀k.

(4.42)

In this case, the optimal interference suppression filter matrix UMMSEk can be
found by solving the equation ∇UkL

MMSE = 0 for fixed Vl and λl as follows:

UMMSEk =

(
K∑
l=1

HklVlVHl HHkl + σ
2
nINr

)−1

HkkVk. (4.43)

Similarly, the optimal pre-coding filter matrix VMMSEl is obtained by solving the
equation ∇VlL

MMSE = 0 for fixed Uk according to

VMMSEl =

(
K∑
k=1

HklUkUHk Hkl + λlINt

)−1

HHllUl. (4.44)

An iterative procedure to solve the equation in (4.40) was proposed in [90] and is
performed in the following steps:

• Step 1: initialize arbitrarily the pre-coding filter matrices Vk,∀k = 1, 2, · · ·K,
so that Tr(VlVHl ) 6 Pl

• Step 2: optimize the interference suppression filter matrix Uk for a fixed pre-
coding filter matrix Vl according to equation (4.43),
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• Step 3: optimize the pre-coding filter matrix Vl for a fixed interference sup-
pression filter matrix Uk according to equation (4.44),

• Step 4: repeat from step 2 until convergence.

Convergence of this approach has been proven in [90, 79].

4.5 AS-MMSE-based IA with imperfect csi

As mentioned, the IA technique provides the maximum spatial multiplexing gain
and high system performance in terms of the average sum-rate. However, this
technique requires perfect knowledge of the CSI at both transmitter and receiver
sides. Furthermore, as shown in our study [60], the IA system performance is de-
graded with the increasing of the correlation between the channels. In practice, the
problem of the channel correlation can be solved by antenna design, antenna posi-
tioning and antenna selection. The main problem of IA lies mostly in the accuracy
of CSIT. Since it is very difficult to have perfect CSI at the transmitter, developing
a robust IA approach to deal with the imperfection of CSI plays an important role
in realization of the IA technique in practical applications. Based on the methods
to acquire the CSI, the CSI error is often caused by the channel estimation error,
feedback delay and the channel quantization error. In fact, the receiver has a bet-
ter knowledge of the CSI compared to the transmitter. Thus, it is more practical
when all IA filters are determined at the receiver side and then receiver sends the
pre-coding filters back to the transmitter.

In this section, the CSI error caused by the channel estimation error is considered.
For this case, the actual channel matrix Hkl can be modeled as

Hkl = Ĥkl + Ekl, ∀k, l = 1, 2, · · ·K (4.45)

where Ekl is the channel estimation error and the estimated channel is denoted by
Ĥkl, which is available at both receiver and transmitter sides. In this CSI model, the
channel estimation error matrix is assumed to be complex Gaussian distributed
with zero mean and E

{
vec (Ekl)vec (Ekl)

H
}

= σ2EklI. Here, vec (X) represents
the vectorization of matrix X. Based on this assumption, a robust IA approach
based on the Average-Sum Minimum Mean Squared Error (AS-MMSE) is proposed
to determine the IA filters in the case of having imperfect CSI

Inserting (4.45) into (4.38), the expected value of the sum MSE can be formulated
as

ε {Uk, Vl} = E {ε} = E

{
K∑
k=1

K∑
l=1

Tr
(

UHk
(

Ĥkl + Ekl
)

VlVHl
(

Ĥ
H

kl + EHkl
)

Uk
)}

− E

{
K∑
k=1

Tr
(

UHk
(

Ĥkk + Ekk
)

Vk + VHk
(

Ĥkk + Ekk
)H

Uk

)}

+ d+ E

{
K∑
k=1

∥∥UHk
∥∥2Rnn

}
(4.46)
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Using the property of the Tr(.) operation Tr (AB) = Tr (BA) and E {Ekl} = 0 ∀k, l,
we obtain

ε {Uk, Vl} =
1

K

K∑
k=1

K∑
l=1

Tr
(

UHk ĤklVlVHl Ĥ
H

klUk
)

+
1

K

K∑
k=1

K∑
l=1

Tr
(
UHk EklVlVHl EHklUk

)

−
1

K

K∑
k=1

Tr
(

UHk ĤkkVk + VHk Ĥ
H

kkUk
)
+ d+

1

K

K∑
k=1

σ2Tr
(
UkUHk

)

(4.47)

Lemma I: Let X be L×L random matrix, then Tr{XAXHB} = vec(X)H(BT ⊗A)vec(X).
Proof : Using the following properties of vec(.) and Tr(.) operations for any ma-

trices A, B and C

1. Tr(AB) = vec
(
AH
)H

vec (B)

2. vec (ABC) =
(

CT ⊗A
)

vec (B),

we obtain

Tr
(

XAXHB
)
= Tr

(
XHBXA

)

= vec (X)H vec (BXA)

= vec (X)H
(
AT ⊗B

)
vec (X) .

Lemma II: Let X be n × n random matrix with E
{

vec(X)Hvec(X)
}

= σ2XI, then

E
{

Tr{XHBXA}
}
= σ2XTr(A)Tr(B).

Proof : Utilizing Lemma I and the following properties of Tr(.) operations for
both matrices A and B

1. Tr(A⊗B) = Tr(A)Tr(B)

2. Tr(AT ) = Tr(A),

result in

E
{

Tr
(

XHBXA
)}

= E
{

vec (X)H
(
AT ⊗B

)
vec (X)

}
= Tr

(
AT ⊗B

)
E
{

vec (X)H vec (X)
}

= σ2XTr (A)Tr (B)

Appling Lemma II with E
{

vec (Ekl)vec (Ek ′l ′)
H
}
= 0 ∀k 6= k ′, l 6= l ′ to (4.46), this

equation can be rewritten as

ε {Uk, Vl} =
1

K

K∑
k=1

K∑
l=1

Tr
(

UHk ĤklVlVHl Ĥ
H

klUk
)

+
1

K

K∑
k=1

K∑
l=1

σ2EklTr
(
VHl Vl

)
Tr
(
UkUHk

)

−
1

K

K∑
k=1

Tr
(

UHk ĤkkVk + VHk Ĥ
H

kkUk
)
+ d+

1

K

K∑
k=1

σ2nTr
(
UkUHk

)
.

(4.48)
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Consequently, the optimization problem described in (4.40) can be reformulated as

UASMSEk , VASMSEl = argmin
Uk,Vl

(ε {Uk, Vl}) , subject to ‖Vl‖2 6 Pl, (4.49)

As discussed in Subsection 4.4.3 the optimization problem in (4.49) can be solved
by using the Lagrange duality and the KKT method, where the Lagrange function
is given by

LASMSE (λl, Uk, Vl) = ε {Uk, Vl} ,+λl(Tr(VlVHl ) − Pl)

=
1

K

K∑
k=1

K∑
l=1

Tr
(

UHk ĤklVlVHl Ĥ
H

klUk
)

+
1

K

K∑
k=1

K∑
l=1

σ2EklTr
(
VHl Vl

)
Tr
(
UkUHk

)

−
1

K

K∑
k=1

Tr
(

UHk ĤkkVk + VHk Ĥ
H

kkUk
)

+ d+
1

K

K∑
k=1

σ2nTr
(
UkUHk

)
+ λl(Tr(VlVHl ) − Pl)

Using the KKT conditions described in (4.42), for a fixed pre-coding filter ma-
trix Vl, post-processing filter matrix Uk can be determined by solving equation
∇UHk

LASMSE = 0. This leads to

UASMSEk =

(
K∑
l=1

ĤklVlVHl Ĥ
H

kl +

K∑
l=1

σ2EklTr
(
VlVHl

)
INr + σ

2
nINr

)−1

ĤkkVk.

(4.50)

Similarly, for a fixed pre-coding filter matrix Uk, by solving equation
∇VHl

LASMSE = 0, we get

VASMSEl =

(
K∑
k=1

ĤklUkUHk Ĥ
H

kl +

K∑
l=1

σ2EklTr
(
UkUHk

)
INt + λlINt

)−1

Ĥ
H

llUl.

(4.51)

The proposed robust IA aproach can be summarized as follows

1. initialize the pre-coding and post-processing filters Vl, ∀l = 1, · · · ,K, so that
Tr(VlVHl ) 6 Pl.

2. determine the post-processing filter matrix Uk according to (4.50) for a given
pre-coding filter matrix Vl.

3. optimize the pre-coding filter matrix Vl according to (4.51) for a given post-
processing filter matrix Uk.

4. repeat from step 2 until convergence.
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4.6 simulation results

In this subsection, the system performance of above considered IA approaches in
terms of the average sum-rate and BER is evaluated for a multi-user MIMO OFDM

system. For a given set of {K,d}, the number of transmit and receive antennas is
determined according to (4.5). All simulations were conducted using the 4-QAM

modulation scheme and a statistical multi-path fading channel model. The noise
is assumed to be statistically independent, zero-mean complex Gaussian random
variables. Furthermore, each transmitter has the same transmission power P, i.e.
Pl = P for {∀l = 1, 2, · · · ,K}, which is further equally divided among the Nt trans-
mit antennas. The average sum-rate and BER performance are averaged over 100

channel realizations.
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Figure 4.4: The average sum-rate comparison for 3 users 6× 6 MIMO OFDM system

First, the system capacity achieved by three existing IA approaches is compared
to that using the OFDMA technique for the case of {K = 3,Nr = Nt = 4,d = 2}.
Fig. 4.4 shows that the IA schemes outperforms the OFDMA scheme. It can be ex-
plained that by using the OFDMA technique, the total bandwidth is equally divided
over K users, i.e. each user has less bandwidth. Consequently, the OFDMA approach
achieves inferior capacity in comparison to the considered IA approaches. Further-
more, simulation results confirm that, due to IA filters optimization by taking the
noise into consideration, the MMSE-based IA approach delivers the best system per-
formance in term of the average sum-rate. Moreover, it can be seen that using
the ZF- and closed form-based IA approaches, the pre-coding filter Vl and post-
processing filter Uk are optimized based on the ZF criterion, and thus both IA

approaches deliver the same average sum-rate. However, the closed-form based IA

approach works only for the case of three users.
Subsequently, the system performance of the ZF- and MMSE-based IA approaches

is investigated for different number of users. For the case {d = 2,Nr = Nt = 7},
according to the conditions in (4.5) this configuration can only support from 3 up
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to 5 users. As seen in Fig. 4.5, the average sum-rate is increased with the increasing
of number of users.
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Figure 4.5: average sum-rate comparison for different number of users
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Figure 4.6: The comparison of BER performance using different IA approaches

Fig. 4.6 illustrates the BER performance vs. SNR of the three existing IA ap-
proaches for the case of {K = 3,Nr = Nt = 4,d = 2}. This Figure indicates that
the MMSE-based IA scheme provides superior BER performance compared to the
closed-form-based IA scheme over all SNR regimes.

In the case of imperfect CSI, the AS-MMSE-based IA system performance in terms
of MSE is investigated with different values of CSI errors. Here, the system per-
formance of the conventional MMSE-based IA approach serves as the reference
system. For this purpose, the average MSE as a function of SNR for the case of
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{K = 3,Nt = Nr = 6,d = 2} is depicted in Fig. 4.7. It can be seen that the
MSE of the MMSE-based IA approach decreases with the increasing of the inaccu-
racy of CSI. However, by concerning the CSI error to determine the IA filters, the
AS-MMSE-based IA approach delivers better performance compared to the conven-
tional MMSE-based approach. Using this IA approach the MSE is significantly re-
duced.
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Figure 4.7: MSE performance comparison between perfect and imperfect CSI

4.7 summary

In this chapter, an overview about the IA technique is given. Here, three conven-
tional IA approaches having perfect CSI are introduced. In addition, a novel IA

approach based on the AS-MMSE optimization criterion is proposed to deal with
the imperfection of CSI.

First, the motivation for using the IA technique to deal with the MUI problem in a
multi-user MIMO system is illustrated in Section 4.1. It is explained that IA is one of
the most promising frequency reuse techniques used in wireless communication
systems to achieve an SE improvement. Using the IA technique, the maximum spa-
tial diversity can be achieved. Moreover, the concept and the system model of IA

are described in Section 4.2. In case of having perfect CSI, three conventional IA ap-
proaches are introduced in Section 4.4. The first approach is the IA approach based
on the closed-form solution. The second approach is the ZF-based IA approach
using the reciprocity of the propagation channel. Using these approaches the IA

problem is solved by minimizing the total interference leakage at each receiver
without considering the noise. Thus, the main drawback of the first and second IA

approach is that both approaches are only optimal in the high SNR regime. There-
fore, the MMSE-based IA approach is proposed to improve the system performance
in the low and moderate SNR regimes. In order to overcome the imperfection of CSI
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problem caused by the channel estimation error, a novel IA approach based on the AS-MMSE

criterion is proposed and evaluated in Section 4.5. Simulation results in Section 4.5
show that three conventional IA approaches provide better average sum-rate com-
pared to the OFDMA scheme. Furthermore, simulation results confirm that due to
IA filters optimization by taking the noise into consideration, the MMSE based IA

approach delivers the best system performance in term of the average sum-rate
and BER. In the case of imperfect CSI, it is shown that the IA system performance in
terms of MSE decreases with the increasing of the inaccuracy of CSI. In this case, by
using the novel IA approach based on the AS-MMSE criterion the MSE is significantly
reduced.

In the next chapters, the IA approaches based on the ZF, MMSE and AS-MMSE are
extended for the cases of a multi-user underlay CR and a multi-user relay MIMO

system.



5
I A I N C O G N I T I V E R A D I O N E T W O R K

5.1 introduction

The Cognitive Radio (CR) technology provides various options for unlicensed wire-
less communication devices to adapt their spectrum use in response to their oper-
ating environment. This technology is known as one of the most promising tech-
niques for an improvement of the spectrum efficiency in wireless communication
networks [41, 73, 50]. Depending on how the spectrum reutilization being carried
out, different CR strategies have been defined, e.g. interweave, underlay and over-
lay CR. The most common CR technique used in practice is the interweave CR,
where unlicensed user (i.e. Secondary User (SU)) is allowed to access the radio
spectrum if it is not occupied by a licensed user (i.e. Primary User (PU)) [2]. For
this technique, a Spectrum Sensing (SS) process is required for the SUs to detect the
spectrum holes and to acquire the radio environment knowledge before they ac-
cess the licensed radio spectrum [119, 121]. In practice, this process can be complex
and expensive, and has some disadvantages related to the PU detection. Interweave
CR has been widely studied and is recommended to use in practical applications.
Meanwhile, underlay CR, which provides higher SE in comparison to interweave
CR, still poses a challenge that deserves to be studied. More specifically, there is
an obvious room for improvement regarding the data transmission efficiency and
coexistence of multiple SUs in underlay CR.

In underlay CR, a SU can use the same spectrum simultaneously with a PU as long
as the QoS of the PU remains unaffected. Condition thereon is that the interference
caused from a SU to the PU should not exceed the maximum tolerable level of the
PU receiver [57, 61]. In this case, a spectrum sensing process is not required for the
SU, but the SU transmit power has to be controlled steadily to guarantee a given
QoS of the PU. The main drawback of this approach is that the throughput of the SU

is limited and it is very difficult to detect the SU signal at the SU receiver in some
application scenarios when its transmit power is extremely low. In addition, this CR

technique requires the knowledge of the maximum "tolerable level" of interference
at the PU for SU transmissions and also the effects of the SU transmissions have
to be known at the PU receiver. Consequently, underlay CR has so far not been
widely used in practice. Moreover, the traditional underlay CR might not work in
case of multiple SUs, where the interference at the primary receiver is the sum of
all interferences from all SUs (i.e. the transmit power of the SU must be extremely
low) and the SUs cause interference to each other.

59
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In order to remove the constraints on the SU transmit power and to make the
underlay CR technique more applicable and more efficient in using the licensed
frequency bands, additional signal processing techniques such as interference mit-
igation techniques and beamforming have been proposed in literature to be ap-
plied at the SUs [116]. Moreover, exploiting the MIMO technique at both transmit-
ter and receiver sides in both links can also support the secondary transmissions
without affecting the performance of the PU system. In other words, the use of
the MIMO technique at both primary and secondary links allows multiple SUs to
transmit their signals into the orthogonal complement of the PU transmission. In
the primary link, assuming perfect CSI at both transmitter and receiver sides, the
maximum capacity can be achieved by using the WF power allocation scheme over
the spatial directions [29, 27, 108, 55]. Using the WF approach, the primary MIMO

channel is divided into several parallel sub-channels so-called eigenmodes. It can
be noted that even if the PU achieves the maximum transmission rate, some of
its spatial directions (eigenmodes) may be unused due to a power limitation on
each eigenmode. Therefore, these unused eigenmodes can be reused by another
SU operating in the same frequency band and at the same time in an opportunistic
way.

It has to be mentioned that in CR, the PU has generally high priority to access the
licensed radio band, and hence the primary system must operate free of any ad-
ditional interference caused by the secondary systems. Since the PU has normally
no information about the SUs and does not care about the presence of the SUs or
quality of the secondary transmissions, any additional signal processing at the PU

regarding interference rejection is not required. In this context, a secondary trans-
mitter is therefore allowed to send its own data to its respective receiver without
any power constraints on the SUs by processing its signal in such a way that the sec-
ondary transmission is aligned to unused spatial dimensions of the primary link.
As a result of this, the SU does not cause any interference to the PU. Nevertheless,
the conventional WF pre-coding cannot guarantee any secondary transmission at
high SNRs, as the number of unused primary eigenmodes is limited [58, 55]. In this
case, an efficient pre-coding technique namely modified WF has been proposed in
[58] for the uplink, so that even the QoS of the primary link is guaranteed, some
primary eigenmodes are always available for the secondary transmissions. In that
work, a coexistence scenario consisting of three nodes: one primary transmitter,
one SU and one receiver, has been considered, where the secondary pre-coding ma-
trix was designed to align the secondary transmission to the unused eigenmodes of
the PU. It seems that this pre-coding approach delivers good system performance,
but it cannot deal with the MAI in the secondary link, which is the major problem
of a multi-user MIMO system in underlay CR networks.

In multiple SUs scenarios, the radio spectrum is used more efficiently due to the
fact that multiple SUs can access the licensed radio spectrum at the same time with
the PU. However, this coexistence requires an efficient interference management
technique in the secondary link to deal with all generated interferences. A com-
bination of the WF and IA approaches has been proposed in [5], which can guar-
antee a perfect coexistence of multiple SUs with a PU without laying constraints
on the transmit power of the SUs. This method has been implemented using the
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MIMO technique at both links. However, the assumption of at least one free primary
eigenmode for the secondary transmission by utilizing the conventional WF does
not hold, and thus is not realistic. This remains an open issue for practical realiza-
tion of multiple SUs transmission to improve the spectrum efficiency in underlay
CR, and thus, it is the scope of the investigations in this chapter.

In this chapter, a novel adaptive transmission is proposed for a multi-user underlay CR

system, where multiple SUs try to coexist with each others and with one PU. Based on the
number of unused eigenmodes of the primary link, the SUs can adapt their transmission to
achieve higher data rates. Applying the modified WF algorithm at the primary link ensures
that at least one primary eigenmode free for the secondary transmission for all cases. In the
cognitive link, transmit and receive filters are jointly designed based on IA and the modified
WF approach, so that the secondary transmissions are aligned to the unused eigenmodes
of the primary link. By doing so, each SU does not receive any interference from the PU

transmission and from the other SUs.
The proposed transmission scheme is discussed in detail in the rest of this chap-

ter. The practical application scenarios and the general system model for a multi-
user MIMO broadcast channel in underlay CR are described in section 5.2. In section
5.3 and 5.4, the modified WF algorithms applied in the primary network and the
linear precoding based on the IA used in the secondary network are briefly de-
rived, respectively. In section 5.5, the simulation results are presented and finally a
conclusion is drawn in section 5.6.

5.2 application scenarios and system model

5.2.1 Macro-Small Cell Coexistences

One approach to boost the throughput and to improve the coverage in wireless
cellular networks is the deployment of Smallcell Base Station (SBS) in cellular net-
works. Using this approach, the user density can be improved by increasing the
base station density. Thereby, the distance between users and their serving base sta-
tions is reduced, and hence the capacity of wireless communication systems can
be significantly increased [78, 120, 96, 115]. In this context, the small cells can be
developed in both indoor and outdoor scenarios such as in houses, shopping malls,
airports or in any public place, where the small base stations have normally low
costs and low-power consumption. In heterogeneous networks, there are several
kinds of small cells such as picocells, microcells, metrocells and femtocells as well
as relay nodes (see Fig. 5.1). Although the deployment of small cells provides an
enhancement in terms of energy efficiency and data rate for short-range commu-
nication, additional spectrum is required for high user density networks. Due to
the limited spectrum availability and the expensive spectrum resource, small cell
users have to share the existing frequency resource or to coexist with macro cell
users in some applications. Even though this coexistence approach yields higher
SE, it requires an efficient interference management scheme due to the interfer-
ences caused by co-channel base stations. In such coexistence of two-tier networks,
it is possible that a macro cell user coexists with one or multiple small cell users,
where the SBS uses the spectrum assigned to the macro cell base station to com-
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Figure 5.1: Heterogeneous networks-coexistence of macro and small cells

municate with its users in an efficient way such as by using the CR technique [22].
In case of using the CR technique, the communication between the macro base sta-
tion and its users is referred as the primary link and the communications in small
cells correspond to the cognitive links. In this context, researchers have recently
proposed some approaches such as dynamic spectrum access [68, 45], interference
coordination and power control [21, 109, 64] to deal with the cross-tier and co-tier
interference. Additionally, IA can be efficiently used to guarantee an interference-
free transmission in multi-tier heterogeneous networks by using linear pre-coding
technique and by exploiting the advance of the MIMO technique [44].

5.2.2 Macrocell-Femtocell Coexistences

As mentioned in the previous subsections, a small cell in cellular networks is called
femtocell, which typically has a coverage of 10− 50m and is served by a Femtocell
Access Point (FAP) to support stationary or low-mobility users in indoor scenar-
ios [9]. A FAP, the so-called home base station has low power, low cost, and it
can be considered as a short range, small and inexpensive cellular BS deployed in
home area or small office. In practice, the femtocell base station is normally user-
installed and it is connected to the cellular operator network through a backhaul
provided by a broadband access network such as Digital Subscriber Line (DSL) or



5.2 application scenarios and system model 63

cable modem [9]. Femtocells are usually deployed in unplanned way in cellular
networks. They can be moved or switched on/off at any time, and hence it is dif-
ficult to control either the number or the location of femtocells. As a result, an
optimal network planning can not be achieved. This leads to other problems such
as resource allocation and interference management techniques for femtocells in
multi-tier heterogeneous networks. In practice, the traditional frequency allocation
technique OFDMA can be used for femtocells in two-tier networks to minimize the
cross-tier interference [20, 69, 104, 97]. However, the OFDMA technique has low fre-
quency reuse efficiency. Another approach of the frequency resource allocation for
femtocells is by sharing the spectrum with a macro cell user, and it is known as
underlay femtocells. Using this method, multiple femtocell users can use the same
frequency band allocated to a macro cell user at the same time with the macro cell
user, leading to an increase in SE [1]. The unplanned nature of femtocells develop-
ment motivates researchers to develop efficient decentralized interference manage-
ment techniques, which can independently be used in each small cell by using only
local information if these small cells coexist with each other and with the macro
cell. Base on this idea, IA can be used to handle the interference in femtocell and
macro cell coexistence scenarios.

MBS

Femtocell Femtocell

Macrocell user Macrocell user

Femtocell user Femtocell user

Open Access 
Closed Access 

Desired signal Interference

Figure 5.2: Open vs. Closed Access of femtocell in two-tier networks

Normally, a femtocell can choose the set of users allowed to access the femtocell
base station. In practice, the femtocell access can be classified into two schemes:
closed or open access (see Fig. 5.2) [7]. In open access scheme, any users closed to
the femtocell are allowed to use this femtocell. In contrast, in closed access scheme
only registered users can use the femtocell. In this chapter, the open access scheme
is considered.

It is assumed that for a given time slot the macro cell and femtocell base stations
transmit their signals simultaneously over a common set of frequencies to their
users. In this case, the Macro-cell Base Station (MBS) uses its assigned frequency
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band to support only one macro cell user, which is located close to the femtocell,
and the Femtocell Base station (FBS) reuses this frequency band to support mul-
tiple femtocell users. In this coexistence scenario, the macro cell system acts as a
single user primary system and the femtocell system is considered as a multiple
secondary user system. The macro cell system operates in the licensed radio fre-
quency band without information about femtocell users and the FBS is allowed to
transmit its data over this radio frequency band if the interference caused by the
FBS can be avoided at the macro user without additional signal processing in the
primary link. In order to handle the interference between femtocell and macro cell
users, the FBS does not need to have knowledge of the primary transmission but
the CSI is required to be available at both transmitter and receiver sides in the fem-
tocell network. The CSI can be obtained through the backhaul connection between
the FAP and its associative MBS. By exploiting the CSI, a joint pre-coding technique
based on IA can be applied in the femtocell network to guarantee an underlay CR

coexistence.

5.2.3 System Model

The system model illustrated in Fig. 5.3 describes the coexistence scenario pro-
posed in Fig. 5.2 for the open access scheme, where the macro cell system is de-
noted by index 0. In the primary link, the licensed MBS (PU transmitter) communi-
cates directly with a macro cell user (PU receiver). The PU does not care about the
presence and the system performance of a Femtocell User (FU). In the secondary
link, the FBS (secondary transmitter) accesses the spectrum which is licensed to the
PU to support K femtocell users (secondary receiver or SUs).
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Figure 5.3: General system model of multi-user MIMO broadcast channel in underlay CR

In this system model, the MBS and the PU receiver are equipped with Nt,0 and
Nr,0 antennas. Denote that Nt and Nr,k are the number of antennas at the FBS and
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the k-th femtocell SU, respectively. It is assumed that the FBS sends dk indepen-
dent data streams, i.e. sk = [sk,1, sk,2, · · · , sk,dk ]

T to the k-th femtocell user. Thus,

the total data streams to be supported by the FBS is d =
K∑
k=1

dk. The number of

independent transmitted data streams dk supported by user k is also known as
the achieved degree of freedom for user k. In Fig. 5.3, yk represents the Nr,k × 1
received signal vector at the k-th femtocell user, which is expressed as

yk = Hk1x + Hk0x0 + nk, (5.1)

where x = Vs is the Nt× 1 transmitted signal vector at the FBS and nk is the Nr,k×
1 noise signal vector at the k-th femtocell user. Additionally, s = [sT1 , sT2 , · · · , sTk ]

T

and the block diagonal matrix V = diag{V1, V2, · · · , Vk} stand for the transmitted
data symbol vector and the pre-coding matrix at the FBS, respectively. The pre-
coding matrix for the k-th femtocell user is represented as Vk. The additive noise
nk is assumed to be a zero mean circularly symmetric AWGN vector with covari-
ance matrix Rnn = E{nknHk } = σ2nI, where σ2n is the covariance of the noise or
the noise power. The Nr,k ×Nt channel matrix Hk1 and the Nk0 ×Nr,k channel
matrix Hk0 contain the channel coefficients from the FBS and the MBS to the k-th
femtocell user, respectively. Here, it is assumed that the macro cell user has no in-
formation about the femtocell users, i.e. for the pre-coding in the primary network
only knowledge on the channel matrix H00 is required. In the secondary network,
the local CSI is available at the FBS and at each femtocell user, i.e. each node has
perfect knowledge of local channel coefficients. The received signal at femtocell
user k is linearly processed by the receive filter Uk to reconstruct dk transmitted
streams. The estimated data streams ŝk ∀k ∈

{
1, · · ·K

}
at the k-th femtocell user

are given by

ŝk=UHk Hk1Vksk︸ ︷︷ ︸
Desired signal

+

K∑
l=1,l 6=k

UHk Hk1Vlsl︸ ︷︷ ︸
Interference from other SUs

+ UHk Hk0x0︸ ︷︷ ︸
Interference from PU

+UHk nk︸ ︷︷ ︸
Noise

. (5.2)

Similarly, the estimated data streams s0 at the macro cell user can be expressed as
follows:

ŝ0 = UH0 H00V0s0︸ ︷︷ ︸
Desired signal

+ UH0 H01Vs︸ ︷︷ ︸
Interference from SUs

+UH0 n0︸ ︷︷ ︸
Noise

, (5.3)

where V0, H01 and UH0 are the Nt,0 × d0 pre-coding matrix at the MBS, the Nr,0 ×
Nt channel matrix from the FBS to the macro cell user and the Nr,0 × d0 post-
processing matrix at the macro cell user, respectively. In this work, it is assumed
that the transmitters send independent data streams, e.g. E{sksTl } = 0 for k 6= l.
In addition, all transmitted data streams and noise are statistically independent
having E[sknTl ] = 0, for ∀(k, l) ∈ {1, 2, . . . ,K}. As discussed before, the SUs are
allowed to transmit their data, only if they do not cause any interference to the PU.
Hence, each secondary transmitter has to adjust the pre-coding filter Vk, in order
to satisfy the condition

UH0 H01V = 0. (5.4)
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Furthermore, each femtocell user shall not receive any interference from the MBS

and from other femtocell users. Thus, each femtocell user has to suppress all in-
terferences by multiplying the received signal with a post-processing filter Uk. For
this, the following conditions have to be fulfilled

rank
(
UHk Hk1Vk

)
= dk,

UHk Hk0V0 = 0,
K∑

l=1,l6=k
UHk Hk1Vl = 0 ∀l,k = 1, · · ·K, l 6= k.

(5.5)

Since a secondary transmission is only ensured if at least one unused primary
eigenmode is available, the number of independent transmitted data streams dk
for the k-th femtocell user has to fulfill the following condition

dk 6 min((Nt − d0)
+, (Nr,k − d0)

+), (5.6)

where (Nt − d0)
+ and (Nr,k − d0)

+ are known as equivalent transmit and receive
antennas at the FBS and the k-th SU in the presence of the PU, respectively.

Here, the transmit/receive filters V and U are jointly designed to satisfy the
conditions given in (5.4), (5.5) and (5.6).

5.3 modified WF algorithm in primary network

As mentioned above, the primary network tries to maximize its capacity using the
WF approach based on the SVD technique, irrespective of whether the SUs use or do
not use the radio frequency band allocated to the PU. In this section, it is assumed
that the MIMO channel is a time-invariant channel. Using the WF approach, the pri-
mary transmitter sends parallel independent data streams along the eigenmodes
(sub-channels) of the MIMO channel. The main purpose of the WF approach is to
allocate different power to the sub-channels depending on the quality of each sub-
channel, in order to achieve the maximal channel capacity. According to the WF

approach, more power is allocated to ”better” sub-channels having greater gain,
and less or no power to ”worse” sub-channels having more attenuation. In this
case, the ”worse” sub-channels are not used for the primary transmission, and
thus can be reused by the secondary transmissions without interference to the PU.
In the following, the fundamentals necessary to understand the concept of the WF

technique will be explained.
The maximum spatial multiplexing gain or the number of eigenmodes of the

primary MIMO channels is given as d0 = min(Nr,0,Nt,0). The aim of this section is
to design the pre-coding filter V0 and post-processing filter U0 by exploiting the
CSI in the primary link, so that maximum capacity can be achieved. Using the SVD

technique, the channel matrix H00 and the desired pre-coding matrix V0 can be
factorized into

H00 = UH00ΣH00V
H
H00 ,

V0 = UV0ΣV0V
H
V0 ,

(5.7)
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where the matrices UH00 and VH00 have dimensions of Nr,0×Nr,0 and Nt,0×Nt,0,
respectively, and they are unitary matrix. The matrix ΣH00 is a Nr,0×Nt,0 diagonal
matrix of diagonal elements λH00,i being the singular values of the matrix H00, i.e.
ΣH00 = diag{λH0,1, · · · , λH00,d0}. Here, λ2H00,i is the i-th diagonal element of the
matrix T with T = H00HH00 (for Nt > Nr) or T = HH00H00 (for Nt < Nr). Since the
CSI is available at the PU transmitter, the system capacity of the primary link can
be determined as [14, 28]

C = max
Q00: Tr(Q00)6P0

E
{

log2 det
(
INr + ρH00Q00HH00

)}
, (5.8)

where ρ = 1/σ2n with σ2n being the covariance of the noise. The matrix Q00 stands
for the covariance matrix of the transmitted signal x0 and is given by

Q00 = E
{

V0s0(V0s0)H
}

,

= V0VH0 . (5.9)

Inserting V0 in (5.7) into (5.9), we obtain

Q00 =
(
UV0ΣV0V

H
V0

) (
UV0ΣV0V

H
V0

)H
,

= Σ2V0 . (5.10)

The diagonal elements of Σ2V0 are the square of the singular values of V0, which are
denoted by λ2V0,i. Here, the parameter λ2V0,i corresponds to the allocated power to
the i-th sub-channel and it is determined by using the WF technique. Accordingly,
the capacity in (5.8) can be reformulated as [32]

C =

m∑
i=1

E
{

log2
(
1+ piλ

2
H00,i

)}
(5.11)

with pi = λ2V0,i. Using the WF technique, the optimal power allocated to the i-th
eigenmode is defined as [32]

pi =

[
ζ−

σ2n
λ2H00,i

]

+

, (5.12)

with σ2n the noise power. The parameter ζ is the water level, which is chosen in
order to satisfy the following power constraints

m∑
i=1

pi = P0, (5.13)

where P0 represents the total transmit power of the PU, and it is here assumed to
be 1.

In a MIMO system, the ”better” and ”worse” sub-channels correspond to the
eigenmodes with greater and smaller singular values, respectively. Therefore, the
value of σ2n/λ2H00,i can be considered as the channel attenuation for the i-th sub-
channel, which denotes as the sub-channel damping in Fig. 5.4. This figure il-
lustrates the principle of the WF technique described in (5.12). Furthermore, it is
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assumed that the eigenvalues of the MIMO channel H00, λ2H00,i, are ordered in de-
creasing order of magnitude. It can be seen that in each sub-channel with σ2n/λ2H00,i
smaller than ζ, the ”pool” is filled up to the water level ζ and the ”water” between
the ”water surface” and the water level determines the power that is assigned to
this sub-channel. The sub-channel, for which the channel attenuation is greater
than the water level ζ, i.e. σ2n/λ2H00,i > ζ, receives no power allocation and it is
unoccupied for the primary transmission. As a result, this unused eigenmode can
be reused for the secondary transmissions. However, in high SNR regime, where all
sub-channel attenuations are smaller than the water level, the primary link releases
no eigenmode for the secondary transmission. In this case, if any secondary user
wants to access the spectrum simultaneously with the primary link, the SUs have
to limit its transmitted power.

To overcome aforementioned problem in underlay CR using the conventional
WF approach, the modified WF approach has been proposed in [58]. Employing
the modified WF approach in the primary link enables the PU to release some
eigenmodes for the secondary transmission for all SNR values. Using the modified
WF approach, the power allocation to each sub-channel is performed as follow

pi =


(ζ− σ2n

λ2H00 ,i
) if (ζ− σ2n

λ2H00 ,i
) > δ, i = 1, 2, ...,ms

0 elsewhere,
(5.14)

wherems is the number of active primary eigenmodes. The parameter δ is denoted
as the power level, and in case of δ = 0 the modified WF corresponds to the conven-
tional WF approach. The study in [58] shows that in contrast to the conventional
WF approach, the modified WF approach allows the PU to flexibly control the trans-
mitted power allocated at each eigenmode. Based on the system parameter δ the
primary link can release some sub-channels without having any substantial loss
in performance in terms of QoS. More specifically, a parameter δ with δ = P0/m

ensures that at least one eigenmode is always available for the secondary transmis-
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sion at the high SNR regime. In order to maximize the system capacity, the solution
for the pre-coding matrix V0 can be defined as follows:

UV0 = VH00 . (5.15)

On the other hand, according to (5.8) and (5.10), it can be seen that the matrix
VV0 does not affect the channel capacity. Thus, we can choose any unitary matrix
as VV0 = I. Consequently, the pre-coding matrix V0 can be simplified as V0 =

VH00ΣV0I. If we sort the squares of singular values of H00 in descending order, i.e.
λ2H00,1 > λ

2
H00,2 > · · · > λ2H00,m, we obtain

λ2V0,i = (ζ−
σ2n
λ2H00,i

), i = 1, 2, · · · ,ms

λ2V0,i = 0 i = ms + 1, · · · ,m

(5.16)

Thus, the water level ζ can then be specified as

ζ =
1

ms

(
P0 + σ

2
n

ms∑
i=1

1

λ2H00,i

)
. (5.17)

The post-processing filter matrix U0 is determined as the left-singular vectors of
H00 according to (5.7), also U0 = UH00 .

5.4 linear pre-coding based on IA in secondary network

As mentioned in subsection 5.2.1, each secondary receiver suffers not only the inter-
ferences from another secondary users, but also the interference from the primary
transmitter. In order to ensure an interference-free coexistence between one PU and
multiple SUs, the pre-coding technique based on the IA and null-steering technique
is proposed for the secondary link. IA ensures that all secondary multi-user inter-
ferences are suppressed at each SU. By employing the nullsteering approach, the
secondary transmissions are aligned to the unused primary eigenmodes, so that
the PU and the SUs do not interfere with each other. In the following, the proposed
schemes are described in depth.

5.4.1 Beamforming for Coexistence Between PU and SUs

In this work, it is assumed that multiple SUs coexist with only one PU, which sends
d0 independent streams. Since the PU has priority to use the licensed frequency
band and has no information about the SUs, the SBS has to transmit its signal within
the null space of the primary receiver by premultiplying the transmitted signal
with a transmit beamformer matrix G. Due to a lack of information on the primary
transmission, the SUs cannot decode the primary signal. As a result, the k-th SU

tries to nullify the primary transmission by multiplying the received signal with a
receive beamformer matrix Bk. As a result of this, the following condition needs
to be fulfilled:

UH0 H01G = 0,
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BHk Hk0V0 = 0, (5.18)

where G and Bk span the null space of the matrix UH0 H0k and VH0 HHk0, respec-
tively. By doing this, on the one hand, the SUs do not receive any interference from
the primary transmission; on the other hand, the primary transmission does not in-
terfere with the secondary transmissions. This approach is called the null-steering
method. The study in [5] shows that the matrix dimensions of G and Bk can be
chosen as Nt × (Nt − d0) and Nr,k × (Nr,k − d0) respectively, so that we can con-
vert the considered cognitive system into two equivalent interference-free parallel
systems, which are depicted in Fig. 5.5.

V0

s0,1

s0,d0

... ... UH
0
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ṼK

Figure 5.5: Equivalent two interference-free systems

The first system is a single user MIMO channel with d0 transmit and receive
antennas. The second system is a K-user broadcast channel having Nt − d0 trans-
mit and Nr,k − d0 receive antennas. A combiner pre-coding based on IA and the
null-steering method results in a definition of the pre-coding and post-processing
filter in the secondary link to guarantee a coexistence in underlay CR as: Vl = GṼl
and Ul = BlŨl. Here, Ṽl and Ũl are the pre-coding and post-processing matrix,
respectively, which are determined by using the IA technique to mitigate the inter-
ference caused by the SUs in the secondary network. In other words, after applying
the null-steering method the equivalent channel between the BS and the k-th SU is
given by

H̃k1 = BHk Hk1G. (5.19)



5.4 linear pre-coding based on IA in secondary network 71

In this context, the condition in (5.5) is reformulated as:

rank
(

Ũ
H

k BHk Hk1GṼk
)
= dk

K∑
l=1,l 6=k

Ũ
H

k BHk Hk1GṼl = 0 ∀l,k = 1, · · · , l 6= k.
(5.20)

(5.20) can be considered as a standard condition for the conventional IA problem.
In the presence of the PU, the matrices Ṽk and Ũk in the secondary network have
new dimensions of (Nt − d0)× dk and (Nr − d0)× dk, respectively. This means
that some antennas from both the transmitter and the receiver of the SU are used
to eliminate the co-channel interference between the primary and secondary links,
and the remaining antennas are used for the secondary transmissions. This is
equivalent to a K-user MIMO broadcast channel system depicted in Fig. 5.5, where
the equivalent channel from the SBS to the k-th SU is given by BHk Hk1G.

5.4.2 Beamforming for Coexistence Between SUs

Here, only the secondary link is considered. For this, in order to cancel all interfer-
ences between the SUs, the IA filters can be determined based on the ZF or MMSE

optimization problems, which are described in subsections 4.4.2 and 4.4.3, respec-
tively. In this chapter, a dual network for a multi-user MIMO broadcast channel
having the reciprocity principle is considered to solve the MUI problem. Therefore,
the IA filter matrices Ṽl and Ũl are determined by using the IA approach described
in subsection 4.4.2. In this regard, in the downlink/original link the estimated sig-
nal at user k is given by:

̂̃sk = Ũ
H

k H̃k1Ṽks̃k+
K∑

l=1,l 6=k
Ũ
H

k H̃k1Ṽls̃l + Ũ
H

k ñk, (5.21)

where H̃k1 is the equivalent channel matrix between the SBS and the k-th SU, and
it is given by (5.19). The matrices Ṽk and Ũk represent the IA transmit and receiver
filters, respectively. Due to the role reversal between the transmitters and receivers
in the reciprocal link, the estimated signal for the k-th user at the SBS can be defined
as follows:

ŝk = UHk H1kVksk+
K∑

l=1,l 6=k
UHk H1kVlsl + UHk nk, (5.22)

where U = Ṽ, V = Ũ and H1k = H̃
H

k1 are the transmit and receive filter matrices as
well as the channel matrix from the k-th user to the BS in the virtual uplink/reverse
link, respectively. The transmitted signal for the k-th user in the reverse link is
denoted by sk. Note that the IA conditions are equal for both links. Due to the
reciprocity principle in the uplink, the pre-coding filter in the downlink is updated
in the uplink with Ṽk = Uk. The iterative procedure for solving the optimization
problem of the considered system model by exploiting the duality relationships
enabled by the reciprocity of the propagation channel is described in subsection
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4.4.2. Here, the filters Ṽl and Ũk are determined by minimizing the interference
leakage in the reciprocal and the orgininal link, respectively. According to this, the
IA filters are optimized using following steps:

1. initialize arbitrarily the pre-coding filter matrices Ṽ1, Ṽ2, · · · , ṼK

2. compute the interference suppression filter matrix Ũk at each receiver k in
the original link

3. reverse the communication direction and set Vk = Ũk

4. compute the interference suppression matrix Ul at each receiver l in the
reciprocal link

5. reverse the communication direction and set Ṽl = Ul

6. repeat from step 2 until convergence.

5.4.3 Feasibility of IA Condition for Multi-user Broadcast Channel in Underlay CR

The feasibility of IA condition for a multi-user MIMO system in the absence of the
PU is already reported in [117, 76]. In underlay CR radio, due to the presence of
PU, the DoF of the k-th user cannot exceed the maximum DoF, which is achieved
in a conventional K secondary user MIMO system when PU is absent. However, the
study in [5] shows that we can remove the effect of PU with d0 DoF by removing
d0 antennas from both transmitter and receiver sides of the SU system. As a result,
the considered underlay CR system can be converted into two parallel systems,
which do not cause interference to each other. In this case, a K user cognitive MIMO

system with Nt and Nr,k at the transmitter and the receiver side can be considered
as a standard K user MIMO system with Nt − d0 transmit antennas and Nr − d0
receive antennas. In addition, we assume that the SUs have the same number of
receive antennas Nr and DoF d̃, i.e. Nr,k = Nr and dk = d̃. As a consequence, the
following IA conditions are obtained for a multi-user MIMO broadcast channel in
underlay CR:

Nt +Nr − 2d0 > (K+ 1)dk

(Nt − d0 − dk) > [Kd−Nr + d0]+

Nt > Kdk

dk 6 min(Nr − d0,Nt − d0)

d0 6 min(Nr0,Nt0).

(5.23)

5.5 simulation results

To evaluate the system performance of the proposed transmission scheme, a multi-
user MIMO broadcast channel in underlay CR is considered, where the primary
transmitter and receiver are equipped with the same number of antennas. In the
secondary link, the FBS supports two SUs and each receiver has the same number of
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Figure 5.6: The capacity of the primary link with different number of antennas versus SNR

by employing WF technique

antennas. All simulations were conducted using the 4- QAM modulation scheme
and a statistical multi-path fading channel model.

For the primary link, the WF technique is employed to maximize the primary
link capacity. The average sum-rate of the primary link is calculated according to
(5.8). Fig. 5.6 shows the primary link capacity versus SNR for different numbers of
antennas using the WF approaches (with δ = 0 and δ = p0/m). The uniform power
allocation using the SVD method is used as the reference. Using the uniform power
allocation, all sub-channels are allocated with the same power independent on the
quality of each sub-channel. In this case, the primary link releases no eigenmode
free for the secondary transmissions. Consequently, the uniform power allocation
method does not allow any secondary transmission without constraints on the sec-
ondary transmit power. However, it supports multiple data streams transmission
at the primary link and by using this method, the maximum spatial diversity can
be achieved. In Fig. 5.6, it can be seen that the conventional WF approach with δ = 0
provides better capacity than the uniform power allocation for low SNRs due to the
flexibility to allocate the transmit power based on the quality of each sub-channel.
However, the capacity offered by both approaches is equal at high SNRs, where the
allocated power is the same for all sub-channels. In addition, from low to interme-
diate SNRs, the modified WF δ = p0/m offers the same capacity than the conven-
tional WF δ = 0. In high SNR regime, due to the release of some eigenmodes for the
secondary transmissions, the system performance of the primary link in terms of
capacity is deteriorated by using the modified WF approach. As was proven in [58],
this performance degradation does not affect the primary system performance in
terms of QoS. However, it can be seen that the system performance degradation
decreases with increasing number of antennas.

The system performance of the secondary link is investigated for the case that
the PU has three antennas at both transmitter and receiver sides and each sec-
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ondary node is equipped with five antennas. Fig 5.7 and 5.8 show the number of
DoF at the primary and secondary link depending on the quality of the primary
channel by using the conventional and modified WF approach. The number of DoF

at the primary link is the number of used eigenmodes, which corresponds to the
eigenmodes with non-zero allocated power. It can be seen that at low SNRs (SNR

< 7 dB) all sub-channels have large attenuation, and hence only one eigenmode is
used for the primary transmission. The number of used eigenmodes increases with
improvement of the channel quality. From an SNR value of around 15 dB, the con-
ventional WF approach assigns uniformly the transmit power on the sub-channels.
Thus, all eigenmodes are used for the primary transmission. In the presence of the
PU, the DoF for the secondary link is determined according to (5.23). The results
confirm that by using the conventional WF, the primary link releases no eigen-
mode for the secondary transmission at high SNR. In contrast to the conventional
WF, using the modified WF approach with δ = p0/m guarantees that at least one
eigenmode is available for the secondary transmission for all SNR values. It can be
concluded that based on the number of unused primary eigenmodes, the number
of independent transmitted data streams supported by the SUs can be adjusted to
improve the secondary data transmission rate.
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Figure 5.7: The DoF of the primary and secondary link versus SNR using the conventional
WF for a 3× 3 MIMO PU system.

As mentioned in subsection 5.4.1, the secondary link can be considered as a
standard K-user IA scheme with Nt − d0 and Nr − d0 antennas at the transmitter
and receiver sides, respectively. As a result, the maximum average sum-rate/sum-
rate of the k-th SU can be determined according to [80]

RIA,k = E

{
log2 det

(
Idk +

Pk
dk

HkkHHkk

)}
, (5.24)
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Figure 5.8: The DoF of the primary and secondary link versus SNR using the modified WF

for a 3× 3 MIMO PU system.

where Pk is the transmit power of user k. The effective channel Hkk is defined as
follows

Hkk = Ũ
H

k BHk HkGṼk. (5.25)

Fig. 5.9 illustrates the sum-rate/average sum-rate of the secondary link. Results
show that by employing the conventional WF approach, the pre-coding technique
based on IA and the null-steering method at the secondary link provides a positive
cognitive rate at low SNRs. More specifically, the sum-rate achieves the maximum
value at the SNR value of around 8 dB. At high SNRs where the primary sub-channel
is good, the conventional WF approach spreads the transmit power symmetrically
along the eigenmodes. Therefore, the cognitive sum-rate converges to zero, as no
eigenmode is available for the secondary link. On the contrary, by employing the
modified WF approach the cognitive rate does not converge to zero for high SNRs,
but also increases with the increasing of SNR. Furthermore, it can be seen that
at SNR values of 10− 16 dB where the primary performance is not affected, that
even though there is one available unused eigenmode for both cases of WF (with
δ = 0 and δ = p0/m), the cognitive rate significantly increases using the modified
WF approach compared to the case using the conventional WF method. The sys-
tem performance of the proposed approaches in terms of BER is depicted in Fig.
5.10, where the modified WF approach is employed at the primary link to ensure a
secondary transmission for all SNR values. Here, the number of independent trans-
mitted data streams is adaptive based on the quality of the sub-channels. It can be
seen that since the PU does not care for the presence of the SUs, the modified WF

supports multiple stream transmission and provides very good BER performance.
The power level δ should not affect the BER performance. In the secondary link,
the pre-coding technique based on IA and the null-steering method guarantees the
coexistence in a multi-user underlay CR system. Although the BER performance of
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Figure 5.9: The sum-rate of the secondary link versus SNR using the conventional and mod-
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the secondary link is inferior to that of the primary link due to the interference
from the PU and from other SUs, the proposed pre-coding technique still provides
a good BER performance.

5.6 summary

In this chapter, an open issue concerning the transmission efficiency and
interference-free coexistence in a multi-tier heterogeneous cellular network using
the underlay CR technique is addressed. Here, a novel adaptive transmission
scheme based on IA for a multi-user underlay CR system was proposed and
discussed.

Section 5.1 illustrates the motivation of developing a new efficient transmission
scheme to deal with the interference in a multi-user underlay CR system. In ad-
dition, an overview about related works is presented. It is shown that the main
disadvantage of the conventional underlay CR technique is the limitation of the SU

transmit power. In other words, using the conventional underlay CR technique, the
SU has to control its transmit power, so that the interference caused from the SU

to the PU lies in the noise floor of the PU. To overcome this problem, an additional
signal processing issue such as interference mitigation technique can be applied in
the secondary systems.

In section 5.2, a practical application scenario and the general system model for a
multi-user MIMO broadcast channel in underlay CR are described. Literatures show
that employing small base station in wireless cellular networks brings advantages
regarding high network capacity and coverage improvement. However, the coex-
istence of two-tier networks (small and macro cells) represents a major challenge
in regard to the network architecture, resource allocation and interference manage-
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ment. In order to improve SE in multi-tier heterogeneous networks, the underlay
CR technique has been intensively discussed. Here, the communication between
the macro base station and its users is considered as the primary link and the
communications in small cells is referred as the cognitive links.

In sections 5.3 and 5.4, a novel pre-coding approach based on IA and the WF technique
is proposed to deal with the MUI problem and to boost data rate as well as to improve
SE. Using the proposed approach, on the one hand the power constraints on the SU is
not required, and on the other hand, multiple SUs and one PU can access simultaneously
the frequency band allocated to the PU. This leads to an increase of the data rate and the
network capacity. The proposed scheme applies the modified WF approach in the primary
link to ensure a steady transmission for the SUs and a pre-coding approach based on IA and
the null-steering method in the secondary link to enable an interference-free coexistence
between users.

In section 5.5, the results are presented and discussed. Simulation results show
that utilizing this scheme both primary and secondary links can adapt their trans-
mission to improve the spectral efficiency. Although this comes at the cost of ca-
pacity loss in the primary link at high SNRs, it is tolerable as long as a given quality
of service for the primary link remains unaffected. A further achievement is that
the proposed pre-coding technique provides a good performance in terms of BER.



6
I A I N M U - M I M O R E L AY N E T W O R K S

6.1 introduction

High throughput together with the energy efficiency and optimum coverage as
well as SE is expected to be provided by the 5G of wireless communication networks.
Recent studies have shown that HetNets offer promising solution to cope with this
challenge. In this context, the concept by Relay Node (RN) densification within
macro cells is seen as a reasonable candidate network architecture to improve the
spectral and energy efficiency, due to the fact that the edge or indoor users can
transmit at higher rate with lower transmission power, saving energy at the BS and
battery life at the users. This in turn inspires new challenges particularly in terms
of resource allocation, network architecture and interference mitigation technique,
etc. For the resource allocation in HetNets, the traditional orthogonal scheme such
as FDMA or TDMA and CR as well as the multi-user MIMO techniques have been
discussed in literature [65]. Multi-user CR seems to be a promising solution for an
SE improvement. This frequency reuse technique has been discussed in depth in
chapter 5.

In this chapter, it is assumed that due to the limitation and cost of radio fre-
quency resources multiple relays have to share the available radio frequency band
to support their users. In this case, interference management issues become more
challenging. Therefore, two novel IA approaches based on both ZF and MMSE criteria are
proposed to deal with co-tier interference in a multi-tier HetNets under different conditions
of CSI.

This chapter is structured as follows: Section 6.2 briefly introduces the applica-
tion scenarios. Here, the mathematical description of the considered system model
is presented, followed by a review on a multi-user relay system. In Section 6.3 and
6.4, two novel IA schemes namely a non-robust and a robust IA approach dealing
with perfect and imperfect CSI are derived. The conditions required for the feasibil-
ity of the proposed IA approaches are presented in Section 6.5. Simulation results
are discussed in Section 6.6 and finally a conclusion is presented in Section 6.7.

6.2 application scenarios and system model

6.2.1 Relays in Wireless Communication Networks

Relaying to assist the data transmission in wireless communication systems has
found widespread use for many decades. Oftentimes, due to the distance based at-

78
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tenuation, shadowing, channel fading, etc., the link quality between a source and
a destination in wireless networks is adversely deteriorated. A common approach
to tackle this problem is the application of a RN between the source and the des-
tination. It has been widely reported in literature that relay networks provide a
major enhancement in coverage, reliability and throughput as well as an efficient
utilization of the radio frequency bands in wireless communication networks [100,
12, 91, 92, 13]. By applying relay nodes in cellular wireless communication net-
works, not only the macro cell users at the edge cell can communicate well with
the MBS without high transmit power at the MBS, but also the indoor coverage can
be improved by the development of a femtorelay in an indoor environment [3]. In
the femtorelay concept described in [3], a FAP located in the indoor serves not only
as a FBS but also as an RN to support both femtocell and macro cell users within its
coverage area.

Based on the signal processing operations, relays can mostly be classified in
two groups: AF and Decode-and-Forward (DF) [63, 86]. In AF relay systems, the
received signal at the relay is merely amplified, and then passed on to the desti-
nation without decoding. Whereas, in DF relay systems, the received signal is first
decoded and then re-encoded before being forwarded to the destination [13]. In
other words, a DF relay forwards only the desired signal while a AF relay amplifies
both the desired signal and the interference plus noise. Thus, DF relays normally
deliver better system performance compared to AF relays [63], [13]. However, the
implementation cost and the complexity of a DF relay is significantly higher than
that of an AF relay system. Generally, due to the requirement of full processing
capability at the RN, a DF relay can be considered nearly as a complex basis station.
In contrast, due to easy use and low implementation cost, the AF relay scheme is
particularly popular and often preferred in practical applications.

Moreover, relays can generally operate in two different modes: (i) Time-Division-
Transmit and Receive (TTR), and (ii) Simultaneous Transmit and Receive (STR). The
description of both relay operating modes for the downlink is shown in Fig. 6.1.
In TTR mode, both transmissions from the MBS to the RN and from the RN to its
user will take place in different time t1 and t2 using the same frequency resource
f1. Whereas in STR mode, the MBS transmits data to the RN and the RN retransmit
its received signal to its supported user at the same time slots t1, but in different
frequency resources f1 and f2. By doing this, the transmission in both hops (MBS

−→ RN and RN −→ UE) do not interfere with each other. These relay schemes are
known as half- and full-duplex relay, respectively.

In HetNets with the high user density, due to the limited available and costly fre-
quency resource, in some applications multiple RNs have to share the available ra-
dio frequency band to receive the signal from the MBSs and to transmit its received
signal to its indicated destinations. This results in the MUI or cross-tier interference
problem in multi-tier HetNets. A such multi-user relay system can be applied in
cellular network as depicted in Fig. 6.2.

A HetNets architecture as illustrated in Fig. 6.2 is considered in this chapter, where
the UEs at the edge of a macro cell are connected to an RN in the access link. The
RNs are mainly utilized to extend the coverage of the MBS or to increase the user
throughput in areas with high mobile traffic. It’s often the case that the users are
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Figure 6.2: Relay based HetNets architecture.

in the edge or overlap area of the RNs and thus subject to interferences from neigh-
boring users. As a result, the throughput decreases severely, unless an efficient
interference management technique is deployed. In this regard, when each node is
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equipped with multiple antenna, Interference Alignment (IA) can be deployed to
overcome the MUI problem in multi-user MIMO relay networks.

6.2.2 Related Works and Motivation

As aforementioned, applying relays can increase the SE in a such manner that
multiple relays share the available radio frequency band to support their users
and to boost the network capacity. To this, interference management is one of the
major issues and it has been investigated in numerous studies.

In many applications, the CSI is available at both transmitter and receiver sides.
By exploiting the CSI, a relay beamforming technique can be applied at the RNs

to establish the communication between the sources and their destinations and
to suppress the interference at the receivers [49, 36]. In this regard, [36] extended
the beamforming approach proposed in [49] for a multi-user SISO relay system.
In [36], assuming that the second-order statistics of the channel coefficients are
available at the RNs, the relay matrix is determined by minimizing the total relay
transmit power while keeping the SINR at each destination above a certain pre-
defined threshold. Compared to a single-antenna relay system, multiple antennas
at the relay introduces additional DoF, which can be used to improve the system
performance [81]. The study in [40] showed that, in comparison to a conventional
K-users interference channel with the help of an RN having sufficient number of
antennas, the multiplexing gain and the system capacity can be increased. There-
fore, multiple antennas relay systems are mainly considered in literature. In [11,
43], a scenario of one source, one destination and multiple relay nodes, with each
node having multiple antennas is considered. [11] proposed a relay beamforming
approach based on the maximum of the transmission rate to determine the relay
matrix. In [43], the relay matrix can be optimized by minimizing the MSE, so that
the requirements on the QoS in terms of a given target SNR are fulfilled.

A multi-user MIMO AF half-duplex relay system is considered in [38, 77, 70, 110,
24]. In [77], assuming that relay nodes have a sufficient antennas, a transceive ZF

can be performed at the relays in order to spatial separate the signal at each relay
and to eliminate the interference at the destinations. Thus, all interferences can be
suppressed at each destination node. In case that each relay node has not enough
antennas to suppress the interference at the destinations, [38] proposed a subopti-
mal cooperative ZF approach to jointly determine the relay and pre-coding matrix.
In this case, the sources cooperate with the relays in determining the pre-coding
matrix and helping the relay to suppress the interference at the destinations. In con-
trast to that, in [70], the pre-coding, relay and post-processing matrices are jointly
determined by minimizing the total MSE at the receivers under transmit power
constraint at the sources and relays. In that study, the relay and post-processing
matrices are determined using the KKT conditions while the optimal pre-coding
matrix can be found by using numerical optimization tools such as CVX. In [110],
three suboptimal solution approaches for optimization of the pre-coding, relay and
post-processing matrices are proposed. The first approach is based on the total in-
terference leakage minimization, where the receiver and transmit filters as well as
the relay matrix are iteratively determined with the objective of minimizing the



82 ia in mu-mimo relay networks

total interference leakage under transmit power constraint at the source and relay
nodes. The other two proposed approaches; one with and the other one without
power control are based on the weighted MSE optimization problem. Using these
approaches, the post-processing matrix is firstly determined, and then the weight
matrix is chosen using a linear MMSE receiver. After having the post-processing
and the optimal weight matrix, new cost functions regarding the objective of mini-
mizing the weighted sum mean squared are defined to optimize the transmit and
relay matrix. It has to be mentioned that there is no closed form solution for the
transmit filter and relay matrix in [110]. They are optimized using the convex opti-
mization toolbox CVX. In [24], the distributed IA approach proposed in [42] for a
K-user MIMO interference channel is extended to a multi-user MIMO AF half-duplex
relay system. Here, the reciprocity network is used to solve the IA problem and all
filters are determined based on the minimization of the total interference leakage
at users (ZF criterion).

In all these aforementioned works, the related matrices are determined under
assumption that perfect CSI is available at each node, which does not hold in prac-
tice. In case of having imperfect CSI, the optimization of all filters should explicitly
concern the CSI errors, leading to develop robust design approaches against the
CSI errors. In such a relay network, relays first need to estimate the channels from
sources to relays, which is usually done using pilot symbols. Next, the relays have
to acquire the CSI of the channels from relay to destination either via feedback
channels in FDD systems or using previous received signal by means of the chan-
nel reciprocity in TDD systems. Depending on the CSI acquisition method, the CSI

error can be caused by different reasons such as the channel estimation and quan-
tization errors as well as feedback delay etc. In this context, robust approaches to
determine the relay matrix for AF-MIMO relay systems have been reported in [83,
113, 19, 18, 112]. In [83, 113], a relay system with one source, multiple relay nodes
and one destination and each node equipped with single antenna is considered.
For this, [113] proposed a robust distributed relay beamforming approach based
on the minimization of the total transmit power at each relay under SNR constraints.
Also in [113], a convex optimization problem is presented which can be solved ef-
ficiently using interior-point methods. Meanwhile, in [83], the optimization prob-
lems are formulated as a second-order cone program and a semi-definite program
for the noncoherent and coherent AF relay networks, respectively. Furthermore, in
[19, 18, 112], an AF relay system, where K single-antenna sources communicate
with K single-antenna destinations via a multiple antennas relay node is consid-
ered. [19] proposed robust pre-coding concepts to handle the imperfection of CSI

due to the channel estimation errors. In a later work, the study in [18] proposed
robust pre-coding design approaches that are based on the assumption of having
the knowledge of channel covariance matrices at the RNs and CSI errors caused by
the feedback communication and the quantization of covariance estimation. Ad-
ditionally, in [18], it was adopted that the uncertainty on the covariance matrices
of channels from sources to relays is negligible, as the level of uncertainty on the
covariance matrices of the channels from the relays to the destinations is higher
than that of channels from sources to relays. In [112], a robust pre-coding concept
is introduced for two kinds of the CSI errors, one is based on the stochastic error
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model, where the imperfect CSI is mainly caused by the channel estimation errors,
while the other is supported by the norm-bounded error model, where the CSI

error is dominated by quantization errors. In that work, the relay matrices are de-
termined by minimizing the sum of relay power, while requirements on the SINR

for all destinations are met. However, the investigations in [83, 113, 19, 112] are
limited to design of either a single source and destination or a single MIMO relay.
Furthermore, all these studies have considered the scenarios, in which each source
or destination is equipped only with a single-antenna and the related robust pre-
coding algorithms are developed merely for frequency flat fading channels.

In this chapter, a multiple user half-duplex AF-MIMO relay system is considered, where
the MBS communicates to the edge users through multiple relays and each node has multi-
ple antennas. Due to the long distance from the MBS to the allocated edge users, the
direct link between the MBS and the user is usually negligible. As previously men-
tioned, the major problem of such a transmission scheme is the MUI problem, thus
the relay matrix has to be determined not only to maintain the communication
link, but also to help the receivers by eliminating the MUI. In this context, two novel
non-robust and robust IA schemes are proposed, for which a hybrid optimization approach
based on the ZF and MMSE optimization criteria is developed to deal with the MUI under
consideration of perfect and imperfect CSI. The main idea of the proposed approaches is that,
first, the relay matrix is determined by minimizing the total interference leakage at the
destinations, and then the pre-coder and post-processing matrices are optimized based on
the MMSE criterion under the transmit power constraints at the sources. Here, the noises
at the relay and destination nodes are considered in determining the pre-coding and post-
processing matrix. This makes the proposed approach different from the existing approaches
and efficient in terms of the system performance improvement in low to moderate SNRs. The
proposed optimization approach is initially developed for the case of perfect CSI, and then is
extended to the case of having CSI errors. For the performance evaluation, the system per-
formance achieved by using the proposed approach is compared to that provided by the IA

approach given in [24] in the case of having perfect CSI. For all investigations, a frequency
selective channel is considered. In regard to the imperfect CSI, it is assumed that the CSI

error is only caused by the channel estimation errors.

6.2.3 System Model

The system model considered for the above-mentioned HetNets architecture is illus-
trated in Fig. 6.3, where the MBS supports K dedicated edge users through M AF

RNs. In a special case with M = 1, it corresponds to a scenario, in which one relay
is used to support multi-users in the edge cell. Here, a two-hop transmission via
half duplex relays is considered. In the first hop, the MBS sends signals to the relays,
and in the second hop the relays forward the received signals to the users. It is con-
sidered that the MBS transmits signals to the associated edge users via relays to all
users in the same frequency band and at the same time, and thus high efficiency in
terms of spectrum usage can be achieved. It is assumed that the MBS and the k-th
user are equipped with Nt and Nr,k antennas, respectively, while each relay has
Nre antennas. The channel coefficient matrix from the MBS to relay m and from
relay m to user k are denoted by Fm and Gkm, respectively. It is supposed that the
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Figure 6.3: Multi-user relay MIMO system

MBS sends dk independent data stream, sk = [sk,1, sk,2, · · · , sk,dk ]
T to the k-th user.

Thus, the total number of data stream to be supported by the MBS is d =
K∑
k=1

dk.

The number of independent data streams dk that can be transmitted to user k is
also known as the achieved DoF for this user. For the maximum DoF of user k the
following condition has to be fulfilled

dk 6 min(Nt,Nr,k). (6.1)

As mentioned, the MBS broadcasts signals to the relays in the first hop, and thus
the received signal at the m-th relay can be given by

zm =

K∑
k=1

FmVksk + nm, (6.2)

where Vk ∈ CNt×dm denotes the linear pre-coding matrix at the MBS for user k
and nm is the additive noise at relay m. The pre-coding V at the MBS is defined
as V = diag {V1, V2 · · · , VK}. In the second hop, each relay amplifies the received
signal with a matrix factor Wm ∈ CNre×Nre , and then forwards it to the users.
Therefore, the received signal at the k-th user can be expressed as

yk =

M∑
m=1

GkmWmzm + nk, (6.3)

where nk is the noise vector at user k. The additive noise is statistically inde-
pendent and assumed to be white Gaussian with covariance matrix Rnknk =

E[nknHk ] = σ
2
nI. By inserting (6.2) into (6.3), we obtain

yk =

M∑
m=1

GkmWmFmVksk +
K∑

l=1,l6=k

M∑
m=1

GkmWmFmVlsl
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+

M∑
m=1

GkmWmnm + nk

= HkVksk︸ ︷︷ ︸
Desired signal

+

K∑
l=1,l 6=k

HkVlsl︸ ︷︷ ︸
Interference

+

M∑
m=1

GkmWmnm + nk︸ ︷︷ ︸
Noise

, (6.4)

where Hk is the equivalent channel matrix from the MBS to user k and is defined
as

Hk =

M∑
m=1

GkmWmFm. (6.5)

Denote the post-processing matrix at user k by Uk ∈ CNr×d, the estimated data
streams ŝk at the k-th user can be given as below:

ŝk = UHk HkVksk︸ ︷︷ ︸
Desired signal

+

K∑
l=1,l 6=k

UHk HkVlsl︸ ︷︷ ︸
Interfering signals

+

M∑
m=1

UHk GkmWmnm + UHk nk︸ ︷︷ ︸
Noise

. (6.6)

With reagard to the IA technique, the MBS and each user k have to adjust the
pre-coder filter Vk and post-processing filter Uk, so that the following conditions
are satisfied:

K∑
l=1,l 6=k

UHk HkVl = 0, ∀l,k = 1, · · ·K, l 6= k, (6.7)

rank
(
UHk HkVk

)
= dk, ∀k. (6.8)

The condition in (6.7) guarantees that all interference signals at user k are aligned
in an interference subspace ofNr−dk dimension, and can be forced to have a value
of zero by multiplying with the post-processing filter matrix Uk. The condition in
(6.8) ensures that after the post-processing at the receiver, the remaining signal
space at user k has a space dimension of dk. The maximum DoF can be achieved,
if all these conditions are satisfied.

The IA approaches reported so far in the literature are based on the assumption
of having perfect CSI knowledge at both transmitter and receiver sides. However,
this assumption does not hold in practical applications, because of issues raised
by the channel estimation and quantization errors and feedback delay, etc. This
results in a deterioration of the IA system performance, which creates a need for
developing robust IA approaches applicable to real systems. In the scope of this
dissertation, the imperfect CSI due to the channel estimation error is taken into
account. In this context, the actual channel matrices Fm and Gkm can be modeled
as

Fm = F̂m + EF
m, ∀m = 1, · · ·M, (6.9)
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Gkm = Ĝkm + EG
km, ∀k,m, (6.10)

where F̂m, Ĝkm are the estimated channel matrices available at the relay and
transmitter nodes, respectively. The matrices EF

m and EG
km are the additive

estimation error matrices in the CSI imperfect model. Under the assumption
that the channel estimation error matrices can be modeled as complex Gaussian
distributed with zero mean and E

{
vec

(
EF
m

)
vec

(
EF
m

)H}
= σ2EF

m
INreNt , and

E
{

vec
(
EG
km

)
vec

(
EG
km

)H}
= σ2

EG
km

INreNr,k . In this case, the CSI at the transmitters
and the RNs consists of the estimated channel and the related error covariance
matrices. For the case of having perfect CSI, we have σ2

EG
km

= 0 and σ2EF
m
= 0, ∀k,m.

6.3 joint estimation for perfect CSI

This section describes in detail the method proposed to jointly design the pre-
coding filter matrix Vl, the relay matrix Wm and the post-processing filter matrix
Uk. The idea here is to jointly determine all matrices Vl, Wm and Uk, so that
not only the total interference leakage, but also the mean square error are mini-
mized for all users. Subsequently, the IA optimization problem is formulated, and
followed by the description of the non-robust IA approach.

6.3.1 Optimization Problem

Because of neighboring transmitters, the total interference leakage at user k is
defined as

Ik = Tr
(
UHk QkUk

)
, (6.11)

where Qk stands for the interference convariance matrix at user k and is given by

Qk =

K∑
l=1,l 6=k

1

dl
HkVlVHl HHk . (6.12)

Note that if the total interference leakage is equal to zero, the conditions (6.7) is
satisfied and the desired signal subspace is interference-free. In order to achieve
this, one solution approach reported in [24] is applied to find a group of Vl, Wm

and Uk to achieve a total interference leakage of zero at all users. However, by
using this scheme, the aforementioned IA conditions can be achieved only at high
SNRs. This solution method offers a simple realization but delivers inferior system
performance in terms of throughput and BER in the low to moderate SNR regime.
The reason for this is that the noise at the relay and the receiver nodes were not
taken into account in design of the IA filters. To resolve this shortcoming, we propose
a method to determine the Vl, Uk and Wm matrices, so that not only the total interfer-
ence leakage amounts to zero at high SNRs, but also the system performance is improved
for low to moderate SNRs by minimizing both total interference leakage and MSE at each
receiver. By doing so, the condition in (6.7) is also fulfilled. It should be noted that
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the condition in (6.8) has no direct connection to the optimization problem and it
solely defines the maximal multiplexing gain (degree of freedom) achieved by us-
ing the IA technique. However, this condition can be achieved if the desired signal
subspace is interference free. In general, dk depends on K, M and the number of
transmit and receive as well as relay antennas. As it is rather complicated to obtain
a closed form solution for the IA problem, a suboptimal solution approach based
on an iterative algorithm is proposed. The objective of an iterative algorithm is the
instantaneous minimization of the cost function with respect to a certain variable
group.

In the non-robust IA approach, the relay matrix Wm at relay m is firstly opti-
mized based on the zero-forcing optimization approach. In this context, the zero-
forcing optimization problem to determine the relay matrix Wm for a given set of
{Vl, Uk} can be formulated as

Wopt
m = argmin

Wm

K∑
k=1

Ik,

subject to: wHw = 1. (6.13)

Here w =
[
vec{W1}

T , · · ·vec{WM}T
]T , whereby vec{.} indicates the vectorization

of a matrix. Subsequently, provided that the relay matrix Wm is determined by
solving the optimization problem in (6.13), the pre-coding Vl and post-processing
Uk filters can be determined by minimizing the MSE at each receiver. For a given
relay matrix Wm, ∀m = 1, 2, · · ·M, the MMSE optimization problem with respect
to the transmit power constraints at the MBS can be described as follows:

Voptl , Uoptk = argmin
Vl,Uk

ε, (6.14)

subject to: Tr
(
VlVHl

)
6 P0, (6.15)

where P0 is the transmit power. The cost function ε (Vl, Uk, Wm) represents the
sum MSE over all users and can be expressed by

ε =

K∑
k=1

εk =

K∑
k=1

E
{
‖ŝk − sk‖2

}
. (6.16)

with ‖X‖2 the Frobeninus norm of X and ‖X‖2 = Tr
(

XXH
)

. It has to be mentioned
that the expectation (E) is with respect to the distribution of the transmit and noise
signals s and n. Here, εk is the MSE at user k and is defined as (see A.17 for the
derivation)

εk =
∥∥UHk HkVk − Idk

∥∥2 +
K∑

l=1,l 6=k

∥∥UHk HkVl
∥∥2

+ Tr
(
UHk RωωUk

)
, (6.17)

whereas Rωω = E
{
ωkω

H
k

}
is the covariance matrix of the total effective noise ωk

at user k, which is given as follows:

ωk =

M∑
m=1

GkmWmnm + nk. (6.18)
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Due to the noise vectors independency, it results in E
{
nmn

H
k

}
= 0 and

Rωω =

M∑
m=1

GkmWmWH
mGHkmσ

2
mINr,k + σ

2
kINr,k , (6.19)

with E
{
nmn

H
m

}
= σ2mINre , E

{
nkn

H
k

}
= σ2kINr,k . It has to be mentioned that the IA

conditions in (6.7) and (6.8) can only be achieved at high SNRs or without noise. In
the proposed approaches, the pre-coding and post-processing filters Vl, Uk are de-
fined according to the IA concept and they are optimized using the MMSE criterion.
This means, each user tries to minimize the MSE, which is defined in (6.17). Since
each term in (6.17) is positive, minimizing εk means that each term in (6.17) is
minimized. Using the MMSE criterion, at the optimum point εk is very small (close

to zero), leading to UHk HkVk ≈ Idk ,
K∑

l=1,l 6=k

∥∥UHk HkVl
∥∥2 ≈ 0, UHk RωωUk ≈ 0.

Consequently, it is to note that the first term in (6.17) implies that the MMSE cri-
terion enforces condition (6.8). The second term in (6.17) indicates that multi-user
interference is minimized, leading to the fulfilment of the IA condition in (6.7). The
third term in (6.17) shows that MMSE criterion nulls out the noise. In other words,
using the MMSE approach, the interference is aligned and minimized, and if the
MSE in (6.17) is minimized that means the IA conditions are also fulfilled. To solve
the optimization problem in (6.14) the method of Lagrange duality and the KKT is
used, which is formulated as

Lnon-robust (λl, Uk, Vl) = ε+ λl
[
Tr(VlVHl ) − P0

]
, (6.20)

where the Lagrange multiplier λl > 0 is chosen so that the condition in terms of
power constraints ‖Vl‖2 6 P0 is fulfilled. Inserting (6.17) into (6.20) results in the
Lagrange function as follows:

Lnon-robust (λl, Uk, Vl) =
K∑
k=1

Tr
((

UHk HkVk − Idk
) (

UHk HkVk − Idk
)H)

+

K∑
k=1

Tr




K∑
l=1,l 6=k

UHk HkVlVHl HHk Uk




+

K∑
k=1

Tr
(
UHk RωωUk

)
+ λl

[
Tr(VlVHl ) − P0

]
. (6.21)

According to the Lagrange and KKT method, the following KKT conditions are
necessary and sufficient for solving the optimization problem described in (6.14):

∇UkL
non-robust (λl, Uk, Vl) = 0, (6.22)

∇VlL
non-robust (λl, Uk, Vl) = 0, (6.23)

λl > 0; Tr(VlVHl ) − P0 6 0, (6.24)

λl
[
Tr(VlVHl ) − P0

]
= 0. (6.25)

In fact, an end-to-end system performance is of importance. In this regard, the
aim of the design of the pre-coding and post-processing filters based on the MMSE
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criterion has a two-aspects: a) to provide that the IA conditions are satisfied at
the optimum point, specifically in the high SNR regime, b) to improve the system
performance in the low to moderate SNR regimes.

6.3.2 Non-Robust IA Approach

6.3.2.1 Design of Relay Matrices based on the ZF Criteria

The sum interference leakage I of all users is given by

I =
K∑
k=1

Ik =

K∑
k=1

K∑
l=1,l 6=k

Tr
{

UHk HkVlVHl HHk Uk
}

. (6.26)

Lemma I: Let X be L×L random matrix, then Tr{XAXHB} = vec(X)H(BT ⊗A)vec(X),
where ⊗ denotes the Kronecker product of matrix A and B. Using the following
properties of vec(.) and Tr(.) operations for matrices A, B and C

1. Tr(AB) = vec
(
AH
)H

vec (B) ,

2. vec (ABC) =
(

CT ⊗A
)

vec (B),

it results in

Tr
(

XAXHB
)
= Tr

(
XHBXA

)

= vec (X)H vec (BXA)

= vec (X)H
(
AT ⊗B

)
vec (X) .

Inserting Hk =
K∑
m=1

GkmWmFm into (6.26) and applying Lemma I leads to the

following expression (see A.3.1 for the derivation):

I = wHÃw (6.27)

with

Ã =

K∑
k=1

K∑
l=1,l 6=k

Akl (6.28)

and the matrix Akl is given in (6.29).

Akl =




(
F∗1V∗lV

T
l FT1

)
⊗
(

GHk1UkUHk Gk1
)

· · ·
(
F∗1V∗lV

T
l FTM

)
⊗
(

GHk1UkUHk GkM
)

...
. . .

...(
F∗MV∗lV

T
l FT1

)
⊗
(

GHkMUkUHk Gk1
)
· · ·

(
F∗MV∗lV

T
l FTM

)
⊗
(

GHkMUkUHk GkM
)


 (6.29)

For given set of {Uk, Vl}, the optimization problem in (6.13) can be reformulated
as

Wnon-robust
m = argmin

Wm

{
wHÃw

}
,
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subject to: wHw = 1. (6.30)

It can be seen that the relay matrix Wnon-robust
m can be determined by subtract-

ing Nre ×Nre coefficients of the optimal matrix w starting from the index ((m−

1)Nre×Nre). Furthermore, the optimal w corresponds to the least dominant eigen-
vector of Ã and the sum interference leakage is equal to the least dominant eigen-
value of Ã.

6.3.2.2 Design of Post-processing and Pre-coding Matrices based on the MMSE Criteria

According to literature, to evaluate the derivation of the Lagrange function given in
(6.22) and (6.23) matrices Uk and UHk are treated as independent variable. This also
applies to VHl and Vl. Furthermore, using the mathematical properties ∂Tr(AXB)

∂X =

BA and ∂Tr(AXHB)
∂X = 0 for a complex-valued matrix X [87], the optimal post-

processing filter for user k, UK, can be obtained as follow:

Unon-robust
k =

[
K∑
l=1

HkVlVHl HHk + Rωω

]−1
HkVk. (6.31)

Optimizing the pre-coding filters via the derivation in (6.23) and concerning the
transmit power constraints in (6.24) and (6.25) results in

Vnon-robust
l =

[
K∑
k=1

HHk UkUHk Hk + λlINt

]−1
HHl Ul. (6.32)

Note that for a given set of Uk,∀k = 1, 2, · · ·K and Wm,∀m = 1, 2, · · ·M, the
pre-coding filter of the particular user k does not depend on that of other users.
Therefore, a close expression for λl cannot be given. An efficient approach to solve
the Lagrange multiplier is based on the Newton approach [90].

The iterative procedure of the proposed algorithm, referred to as the non-robust
IA approach, is summarized below:

Algorithm 1: Non-robust IA based on both MMSE and ZF criteria

1) initialize arbitrarily the filters {Uk} and {Vl}

2) compute the relay matrix Wm according to the optimal matrix w.

3) update the equivalent channel Hk.

4) compute the post-processing filter matrix Uk at each user according

to (6.31).

5) compute the pre-coding filter matrix Vl at the MBS for each user

according to (6.32).

6) repeat from step 2 until convergence
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6.4 joint estimation for imperfect CSI

In this section, the above non-robust IA approach is extended for the case of having
imperfect CSI. In this work, a stochastic model of the CSI error is considered. The
proposed robust design approach is based on minimizing the expected values of
the cost functions with respect to the estimated channels and CSI errors.

6.4.1 Optimization Problem

In this subsection, the optimization problem of the considered system model in
the case of imperfect CSI is described. Assuming that the estimated channels F̂m
and Ĝkm are available at the RNs, the actual channels Fm and Gkm are modeled
according to (6.9) and (6.10). In addition, the CSI error covariance σ2EF

m
and σ2

EG
km

are
also assumed to be available at the RNs. In the case of perfect CSI, the covariances
of the channel estimation error amount zero. In this case, the pre-coding, relay and
post-processing filter matrices are determined according to (6.31), (6.30) and (6.32),
respectively, by using the non-robust IA approach.

For imperfect of CSI, a robust design of the relay matrix Wm, pre-coding filter
matrix Vl and post-processing filter matrix Uk is proposed by minimizing the
expectation of the sum cost functions under constraints made on the MBS transmit
powers with respect to the channel estimation errors. The relay matrix Wm,∀m =

1, 2 · · · ,M is determined based on the ZF criterion using the estimated channels
F̂ml and Ĝkm as well as the CSI error covariances. Here, the noise at the RNs and
the receivers are not taken into account in determining the relay matrix. In this
case, the estimated equivalent channel Ĥk is given by

Ĥk =

M∑
m=1

ĜkmWmF̂m. (6.33)

Accordingly, the optimization problem in (6.13) can be reformulated as

Wopt
m = argmin

Wm

E {I} . (6.34)

subject to: wHw = 1, (6.35)

For a given relay filter Wm, the robust design approach of Vl and Uk is based on
the minimizing of the Mean Sum-of-Mean-Squared Error (MS-MSE) with respect to
the channel estimated errors and the estimated channels. This leads to

Voptl , Uoptk = argmin
Vl,Uk

E {ε} , (6.36)

subject to: Tr
(
VlVHl

)
6 P0.

Lemma II: Let X be n×n a random matrix with E
{

vec(X)Hvec(X)
}
= σ2XInn, then

E
{

Tr{XHBXA}
}
= σ2XTr(A)Tr(B). Utilizing Lemma I and the following properties

of Tr(.) operations for both matrices A and B

• Tr(A⊗B) = Tr(A)Tr(B),
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• Tr(AT ) = Tr(A),

result in

E
{

Tr
(

XHBXA
)}

= E
{

vec (X)H
(
AT ⊗B

)
vec (X)

}
= Tr

(
AT ⊗B

)
E
{

vec (X)H vec (X)
}

= σ2XTr (A)Tr (B) .

Utilizing the CSI error channel model in (6.9) and (6.10), and inserting (6.11) and
(6.12) into (6.26) results in

E {I} = E

Tr




K∑
k=1

K∑
l=1,l 6=k

UHk HkVlVHl HHk Uk



 , (6.37)

with

Hk =

M∑
m=1

(
Ĝkm + EG

km

)
Wm

(
F̂m + EF

m

)
. (6.38)

Here, the expectation (E) is with respect to the distribution of the channel estima-
tion errors. Applying Lemma I and Lemma II and the following properties

• E
{

vec
(
EG
km

)
vec

(
EG
k ′m ′

)H}
= 0, ∀k 6= k ′,m 6= m ′,

• E
{

vec
(
EF
m

)
vec

(
EF
m ′
)H}

= 0, ∀m 6= m ′,

• E
{

vec
(
EG
km

)
vec

(
EF
m ′
)H}

= 0,

• σ2
EG
km

= σ2
EG ∀k,m,

• σ2EF
m
= σ2EF ∀m,

to (6.37), leads to the following expression for the expected value of the sum inter-
ference leakage:

I = wHΘw, (6.39)

with

Θ =

K∑
k=1

K∑
l=1
l 6=k

(
Âkl + σ2EGσ

2
EFTr(VlVHl )Tr(UkUHk )IMNreNt

)

+

K∑
k=1

K∑
l=1
l 6=k

(
σ2EGTr(UkUHk )Bkl + σ

2
EFTr

(
VlVHl

)
Ckl

)
, (6.40)

where Âkl is given in (6.41). The matrices Bkl and Ckl are
(
MNreNt ×MNreNt

)

block diagonal matrix, and their main diagonal block matrix Bkl,m and Ckl,m are
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(F̂
∗
mV∗lV

T
l F̂
T

m)⊗ INre)IM and (INr,k ⊗ Ĝ
H

kmUkUHk Ĝkm)IM, ∀m = 1, · · · ,M, respec-
tively (see A.3.2 for the derivation).

Âkl =




(
F̂
∗
1V∗lV

T
l F̂
T

1

)
⊗
(

Ĝ
H

k1UkUHk Ĝk1
)

· · ·
(

F̂
∗
1V∗lV

T
l F̂
T

M

)
⊗
(

Ĝ
H

k1UkUHk ĜkM
)

...
. . .

...(
F̂
∗
MV∗lV

T
l F̂
T

1

)
⊗
(

Ĝ
H

kMUkUHk Ĝk1
)
· · ·

(
F̂
∗
MV∗lV

T
l F̂
T

M

)
⊗
(

Ĝ
H

kMUkUHk ĜkM
)


 (6.41)

Similarly, inserting (6.38) into (6.17) and applying Lemma I and II to (6.17), we
obtain the following expression for the expected value of the sum MSE

ε =

K∑
k=1

∥∥∥UHk ĤkVk − Idk
∥∥∥
2
+

K∑
k=1

K∑
l=1,l6=k

Tr
(

UHk ĤkVlVHl Ĥ
H

k Uk
)

+ σ2EF

K∑
k=1

K∑
l=1

Tr
(
VlVHl

) M∑
m=1

Tr
(

UHk ĜkmWmWH
mĜ

H

kmUk
)

+ σ2EFσ
2
EG

K∑
k=1

Tr
(
UkUHk

) M∑
m=1

Tr
(
WmWH

m

) K∑
l=1

Tr
(
VlVHl

)

+ σ2EG

K∑
k=1

Tr
(
UkUHk

) M∑
m=1

K∑
l=1

Tr
(

WmF̂mVlVHl F̂
H

mWH
m

)

+ σ2m

K∑
k=1

M∑
m=1

Tr
(

UHk ĜkmWmWH
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(
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, (6.42)

where Ĥkl is given according to (6.33).
As already mentioned, the optimization problem in (6.36) can be solved by using

the Lagrange duality and KKT method as

Lrobust (λl, Uk, Vl) = ε+ λl
[
Tr(VlVHl ) − p0

]
. (6.43)

6.4.2 Robust IA Approach

6.4.2.1 Robust Design of Relay Matrix

The optimization problem in (6.39) can be reformulated as

Wrobust
m = argmin

Wm

wHΘw,

subject to: wHw = 1. (6.44)

Similar to subsection 6.3.2.1, the optimal relay matrix Wrobust
m can be determined

by subtracting Nre ×Nre coefficients of the matrix w starting from the row index
(m− 1)Nre. Here, the expected value of the sum interference leakage is equal to
the least dominant eigenvalue of Θ. Consequently, the optimal w corresponds to
the least dominant eigenvector of Θ.
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6.4.2.2 Robust Design of Post-processing and Pre-coding Matrices based on the MS-MSE

Criteria

For a given set of {Vl, Wm}, applying KKT conditions given in (6.22), (6.23), (6.24)
and (6.25) to the Lagrange function Lrobust in (6.43) results in the following optimal
post-processing filter for user k (see A.4 for the derivation)

Urobust
k = Υ−1ĤkVk, (6.45)

where Υ is given by

Υ =

K∑
l=1

ĤkVlVHl Ĥ
H

k

+ σ2EF

K∑
l=1

Tr
(
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) M∑
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km

)
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Tr
(
WmWH
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Tr
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WmF̂mVlVHl F̂
H

mWH
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M∑
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+ σ2EGσ
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m
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Tr
(
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)
INr,k + σ

2
kINr,k . (6.46)

Similarly, solving the optimization problem in (6.36) with the help of the Lagrange
function leads to the following optimal pre-coding filter matrix as (see A.4 and A.5
for the derivation)

Vrobust
l = [Γ + λlINt ]

−1 Ĥ
H

l Ul, (6.47)

where Γ is defined by

Γ =

K∑
k=1

Ĥ
H

k UkUHk Ĥk

+ σ2EF

K∑
k=1
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Tr
(

UHk ĜkmWmWH
mĜ
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Tr
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)
INt

+ σ2EG

K∑
k=1

Tr
(
UkUHk

) M∑
m=1

F̂
H

mWH
mWmFm (6.48)

The iterative procedure of the proposed algorithm, referred to as Robust IA, is
summarized below:
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Algorithm 2: Robust IA based on the MMSE and ZF criteria

1) initialize arbitrarily the filters {Uk} and {Vl}

2) compute the relay matrix Wm according to the optimal matrix w

in (6.44).

3) update the estimated equivalent channel Ĥk according to (6.33).

4) compute the post-processing filter matrix Uk at each user according

to (6.45).

5) compute the pre-coding filter matrix Vl at the MBS for each user

according to (6.47).

6) repeat from step 2 until convergence.

6.5 ia feasibility conditions

The feasibility of a IA solution for a K×M×K two-hop MIMO interference channel,
where K sources communicate with the K dedicated destinations through M AF

RNs, is investigated in[23], [24] and [59]. According to these studies, the IA solu-
tions for the system model described in subsection 6.2.3 is feasible if the following
conditions are fulfilled:

K∑
k=1

K∑
l=1
l 6=k

dkdl 6
K∑
k=1

dk (Nr,k+Nt−2dk) +

(
M∑
m=1

N2re,m−1

)
, (6.49)

K∑
k=1

dk 6
M∑
m=1

Nre,m, (6.50)

dk 6 min {Nt,Nr,k}, ∀k, (6.51)

Nt >
K∑
k=1

dk, ∀k, (6.52)

where the left term in (6.49) represents the number of equations and the right term
stands for the number of variables. The condition in (6.50) states that the sum DoF

should not exceed the number of antenna over all RNs, whereas (6.51) implies that
the DoF of each user is not transcend the maximum DoF of the MIMO channels.
Based on these conditions, the required number of relays and relay antennas can
be specified for the system configuration.

6.5.1 Required Number of Relay Nodes

The minimum required number of relays for a given set of {Nr,k,Nt,dk,Nre,m} can
be obtained by combining the conditions (6.49) and (6.50). Assuming that all relay
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has the same number of antennas, i.e. Nre,m = Nre ∀k, the required number of
relays is given by (6.53).

M > max


d2K(K− 1) +

K∑
k=1

dk (Nr,k+Nt−2dk) + 1

N2re
,
Kd

Nre

 (6.53)

Specifically, for the case that dk = Nr,k = Nre,m and Nt = d, ∀k = 1, · · · ,K and
∀m = 1 · · · ,M, (6.53) can be simplified as

M > K(K− 1) + 1. (6.54)

Accordingly, it can be concluded that to achieve maximum DoF for each user, the
considered system requires at least K(K− 1) + 1 relays.

6.5.2 Required Number of Relay Antennas

Similar to subsection 6.5.1, for a given set of
{
Nr,k,Nt,dk,K,M

}
the required

number of antennas at each relay can be determined from (6.49) and (6.50). More
specifically, for the case dk = Nr,k and Kdk = Nt, ∀k = 1, · · · ,K and M = 1, we
obtain the following simplified formulation for the number of relay antennas.

Nrelay,m = max
{
KM,

√
K(K− 1)M2 + 1

}
= KM (6.55)

Moreover, (6.55) indicates that in areas of dense mobile traffic we can utilize a
single relay with multiple antennas instead of deploying multiple relays, when
Nre=Nr,k=dk and Nt = Kdk.

6.6 simulation results

This section provides numerical results to verify the analysis of the proposed IA

approaches. To evaluate the system performance of two proposed IA approaches, a
multi-user half-duplex AF MIMO relay system is considered, where the number of
transmit and receive antennas are fixed, while the number of relay nodes and the
number of antennas at each RN are varied. For a given set of {K,Nt,Nr,k}, the re-
quired number of relay nodes and the number of relay antennas can be determined
to meet the conditions in (6.53) and (6.55). All simulations were conducted using
the 4-QAM modulation scheme and a statistical multi-path fading channel model.
The noise at each relay and receive node is assumed to be statistically indepen-
dent, zero-mean complex Gaussian random variables. Moreover, the noise power
and the CSI error are assumed to be the same for all nodes and hops, respectively.

First, the system performance of the proposed non-robust IA approach is com-
pared with that of the reference approach introduced in [24] for the case of perfect
CSI. In [24], all filter matrices are determined based on the minimization of the total
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interference leakage at the receivers. In that study, the total interference leakage at
receiver k is given by

Ik = Tr
{

UTkQkU∗k
}

, (6.56)

where Qk is the interference covariance matrix at user k. It should be mentioned
that in [24] the noise at relays and receivers are not considered in determining
the IA filters. Using an iterative approach, in which the cost function is minimized
with respect to one variable while keeping other fixed, the filters Uk, Vl and Wm

can be optimized. By doing so, the zero-forcing post-processing filter matrix Uk
is determined according to the dk least dominant eigenvectors of Qk. Here, the
reciprocity principle of the channel is used to find the pre-coding filter Vl, which
is difficult to obtained in practice. Because of the role reversal between transmitters
and receivers in the reciprocal link, the interference, which a user receives from
other users in original link, is the same as that caused by this user to other users
in the reciprocal link. Therefore, the interference leakage is unchanged in both
links. As a result, the pre-coding filter Vl is the post-processing filter determined
in the reciprocal link. Further on, the relay matrix is optimized having fixing both
pre-coding and post-processing filter matrices.

Subsequently, the end-to-end system performance of the proposed robust IA ap-
proach is compared with that of the non-robust IA method. To assess the efficiency
of the proposed IA approaches the system performance in terms of average sum-
rate, BER and MSE is considered.

The end-to-end signal-to-interference-plus-noise ratio (SINR) at user k is deter-
mined by

SINRk =
‖Hkk‖2

K∑
l=1
l 6=k

‖Hkl‖2 +
M∑
m=1

σ2m
∥∥UHk GkmWm

∥∥2 + σ2k ‖Uk‖
2

, (6.57)

where the effective channel Hkl is given as follows:

Hkl = UHk
M∑
m=1

GkmWmFmVl. (6.58)

6.6.1 Convergence Analysis

Both iterative algorithms proposed above are based on the alternating minimiza-
tion solution, i.e. the relay matrices are depending on the optimal pre-coder and
post-processing filter matrix of all users, and vice versa. Although, Wm and Vl, Uk
are determined based on two different object functions, we show that using our ap-
proach, reducing the interference leakage leads to the decreasing of MSE, and vice
versa (see A.6 for the derivation). Alternating minimization solution used in this
paper (first fixed {Vl}, {Uk} to find Wm then calculating {Vl}, {Uk} for fixed {Wm})
reduces not only the MSE, but also the interference leakage at each step of the itera-
tion. Since the MMSE is lower bounded for the fixed transmit power constraint, the
iterative algorithm based on the MMSE optimization problem is always convergent,
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as shown in [94] and [75]. The convergence behavior with regard to both the MSE

and interference leakage are shown via simulation results. However, it should be
mentioned that due to the non-convex optimization problem of the cost function in
(6.14) and (6.13), the convergence to a global minimum cannot be always ensured,
and multiple local minima could be provided. However, the global minimum can
be achieved by choosing an appropriate initialization as follow:
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Figure 6.4: Convergence behavior of the non-robust IA approach for {K×Nt×Nre×Nr} =
{3× 6× 6× 2}.

V0 =

√
1

dk
INt×dk , (6.59)

U0 =

√
1

dk
INr,k×dk ,

W0 =
√
dkINre×Nre .

Fig. 6.4 illustrates the convergence analysis for the interference leakage and the
MSE of the proposed method with the perfect CSI condition. It can be seen that in
this case, both power of the interference leakage and the MSE are non-increasing
functions over iteration. This is also valid for the case of imperfect CSI.

6.6.2 System Performance of the Non-Robust IA Approach

First of all, the system performance of the non-robust IA approach presented in
6.3.2 concerning perfect CSI is evaluated, where the estimated channels available
at relay and transmitter nodes equal to the actual channels, i.e. F̂m = Fm and
Ĝkl = Gkl, ∀k, l = 1, · · · ,K and ∀m = 1, · · · ,M. In order to evaluate the system
performance, two scenarios are considered. The first one is a single cell scenario,
where the MBS communicates with 3 users (K = 3) at the edge cell via one RN



6.6 simulation results 99

(M = 1). In the second scenario (multi-cell scenario), where the MBS communicates
with 3 users via 3 RNs (M = 3). Here, the MBS and each user node are equipped
with 6 transmit and 2 receive antennas (Nt = 6,Nr,k = 2), respectively. In this case,
each relay has 6 transmit and 6 receive antennas (Nre = 6). Here, the pre-coding
and post-processing matrices Vl, Uk and the relay matrix Wm are determined
according to the algorithm 1. The system performance of two considered scenarios
in terms of the effective SINR and the average sum-rate as a function of 1/σ2n was
evaluated and shown in Fig. 6.5 and 6.6, respectively. To this, σ2n stands for the
noise power at each user.
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Figure 6.5: The effective end-to-end SINR for both single and multi-cell coexistence scenar-
ios

Fig. 6.5 indicates that considering noise in IA filters design improves significantly
the end-to-end effective SINR for all users. In this regard, an SINR gain of more
than 5 dB can be achieved. Furthermore, it is seen in Fig. 6.6 that by using the
proposed non-robust IA method, the average sum-rate is substantially higher than
that achieved by the reference method.

Similarly, the system performance in terms of BER in Fig. 6.7 shows that by tak-
ing the total noise into consideration at the receiver to determine IA filters, the
proposed IA approach provides better BER performance than that achieved by the
reference method, (ZF-approach in [24]). In this regard, an SNR gain of about 4 dB
can be achieved in the low and moderate SNR regimes. For high SNRs, both meth-
ods deliver the same BER performance. Moreover, the simulation results in Fig. 6.5,
6.6 and 6.7 confirm that the effective SINR and average sum-rate of the single cell
scenario is higher than that of the multi-cell scenario.

In the next step, the system performance in terms of average sum-rate is inves-
tigated for the single cell scenario with different number of users and. Fig. 6.8
indicates that by increasing the number of user, the average sum-rate is raised
significantly.
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Figure 6.6: The average sum-rate for both single and multi-cell coexistence scenarios
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Figure 6.7: The BER performance comparison for both single and multi-cell coexistence
scenarios

6.6.3 System Performance of the Robust IA Approach

This subsection covers the system performance of the robust IA approach presented
in 6.4.2 for the imperfect CSI case. Here, the system performance of the non-robust
IA design method serves as the reference system, where the IA and relay filters are
determined using F = F̂ + EF, G = Ĝ + EG with σ2

EF
= 0, σ2

EG
= 0. In order to

compare the efficiency of both proposed methods, the average MSE is investigated
in the present of CSI error with different values of σ2

EF
and σ2

EG
. For this purpose,
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Figure 6.8: The average sum-rate of the non-robust IA design approach for different num-
ber of user in a single cell scenario

the average MSE as a function of 1/σ2n for a multi-cell scenario is illustrated in Fig.
6.9. According to simulation results, it can be seen that the non-robust IA perfor-
mance is deteriorated due to the inaccuracy of CSI. This degradation is increased
with the increasing of the CSI error. However, simulation results indicate that by
concerning the CSI error to optimize all filters, the robust IA approach delivers bet-
ter performance in comparison to the non-robust IA design approach. Here, the
MSE is significantly reduced.

6.7 summary

In this chapter, a multi-user half-duplex AF MIMO relay system is considered, where
a MBS communicates with edge cell users via relays and each node has multiple
antennas. To improve the spectral efficiency, it is assumed that the MBS transmits
signals to the associated users at the same time and in the same frequency band.
In this regard, two novel IA approaches are proposed to deal with the MUI problem
under different conditions of CSI. To this, a hybrid optimization approach based
on both MMSE and ZF criteria to determine the IA filters was developed. This op-
timization approach was firstly developed for the case of having perfect CSI, and
then was extended for the case of imperfect CSI.

In Section 6.2, a short introduction to the relay technique and the considered sce-
nario are given. Furthermore, this section illustrates the motivation of our works.
In addition, the mathematical description of a multi-user half-duplex AF MIMO

relay system model is derived in Section 6.2.
In Section 6.3, the non-robust IA approach is proposed and analyzed in case of

having perfect CSI. It is showed that the optimization problem can be solved using
the method of Lagrange duality and the KKT conditions. Using the proposed non-
robust IA approach, the relay matrix is firstly determined by minimizing the total
interference leakage at the receivers. After that the pre-coding and post-processing
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Figure 6.9: MSE performance comparison for a multi-cell scenario with (Nt = 6,Nr =

2,Nre = 6 and d = 2)

matrix are determined, so that the total MSE at the receivers is minimized. Here,
the noises at the relay nodes and the receivers are considered in determining the
pre-coding and post-processing matrix. This makes our approach different from
the existing methods and efficient in low and moderate SNRs.

The proposed robust-IA approach is described and discussed in Section 6.4 for
the case of imperfect CSI. Here, it is assumed that the CSI error is caused only by
channel estimation error. To this, the expected values of the related cost functions
dependent on the estimated channel are defined and used to optimize the IA filters.

Simulation results are shown in Section 6.6. Here, the system performance in
terms of the effective SINR, the average sum-rate and BER was investigated. Simula-
tion results indicate that, by considering the noises at the relays and the receivers
in determining the IA filters, this approach delivers better performance in low to
moderate SNR regimes compared to that achieved by the reference approach. For
the case of having imperfect CSI, simulation results confirm that due to the inaccu-
racy of CSI using the non-robust IA, the system performance is deteriorated. This
degradation is increased with with the increasing of CSI error. However, in this
case, by using the robust IA approach, a significant performance improvement in
terms of MSE can be achieved.
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7.1 conclusions

The raised question in this thesis was how the Spectral Efficiency (SE) can be im-
proved for 5G/future wireless communication networks, particularly for massive
device connectivity cases. To answer this question, novel approaches were devel-
oped and investigated.

First, the Faster-than Nyquist (FTN) signaling transmission scheme was investi-
gated in Chapter 2 in order to achieve a SE improvement in a single user single
carrier system. Using FTN, the data rate is significantly increased by reducing the
symbol period below the Nyquist criteria. This results in Inter-symbol Interfer-
ence (ISI). We showed that the FTN signaling delivers higher SE compared to the
Nyquist signaling given that both systems have the same pulse shape and data
rate. The reason for this is that the FTN signaling can also recover the loss of SE

caused by the excess bandwidth of the used pulse shape by adjusting the symbol
period and tolerating ISI. Furthermore, simulation results indicate that FTN allows
for lower BER and PAPR compared to the Nyquist signaling, since a lower modu-
lation order can be used in FTN signaling to achieve the same rate as the Nyquist
signaling. In addition, a multiple-access channel, where a single-carrier system us-
ing the Nyquist or FTN signaling shares spectrum with a multi-carrier system was
considered. The evaluation of the SE showed that FTN signaling can recover the loss
of SE due to guard bands between these two systems by adjusting the FTN rate. The
SE loss can completely regained in high SNRs. For any other operational SNR, the
spectral efficiency loss can be regained by choosing an appropriate FTN rate.

Subsequently, for an SE enhancement in multi-tier heterogeneous networks,
multi-user cognitive radio and multi-user relay systems were studied. Here, the
Interference Alignment (IA) technique was investigate to handle the multi-user
interference problem. In Chapter 4, we proposed a novel IA scheme based on
the average-sum minimum mean squared error to deal with the inaccuracy of
the channel state information. We showed that using our approach the system
performance in terms of MSE is significantly reduced compared to the MMSE-based
IA approach in the presence of the channel state information error.

For multi-user underlay cognitive radio MIMO systems, where a macro cell user
(licensed user-Primary Users (PUs)) coexists with multiple small cell/femtocell
users (unlicensed users-Secondary Users (SUs)), an improvement of spectral effi-
ciency is achieved not only through the high flexibility of frequency use for the
SUs, but also by overlapping of multiple the SUs in both time and frequency dimen-
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sions. A novel adaptive transmission scheme based on the Water-Filling (WF) and
IA method was proposed in Chapter 5. Applying the modified Water-Filling (WF)
algorithm at the primary link ensures the maximum capacity for the PU and at
least one free primary eigenmode for secondary transmissions in all cases. In the
secondary link, a linear pre-coding technique based on IA and null-steering algo-
rithms is employed to align all secondary transmission into unused eigenmode
of the PU and deal with Multi-user Interference (MUI). Simulation results indicated
that by utilizing the proposed scheme, both primary and secondary links can adapt
their transmission to improve the spectrum efficiency. Another advantage of this
scheme is ensuring an interference free coexistence of users without having a need
for sensing process and the SU transmit power constraints .

For a multi-user half-duplex Amplify-and-Forward (AF)-MIMO relay system, two
novel IA approaches with a hybrid optimization approach based on both ZF and
MMSE optimization criteria was employed in Chapter 6 to deal with the multi-user
interference for both perfect and imperfect CSI cases. Here, the relay matrix was
firstly determined by minimizing the total interference leakage at users, and then
the pre-coder and post-processing filters were optimized based on the MMSE cri-
terion. In addition, the noise at the relay and destination nodes were taken into
account in determining the pre-coding and post-processing matrix. This makes
the proposed approach efficient in term the system performance improvement in
low to moderate SNRs. The proposed IA approach was initially developed for the
case of having perfect CSI, and then was extended to the case of having CSI errors.
Simulation results showed that under consideration of the noise at the relay and
destination nodes the non-robust IA approach delivers better BER performance in
the low to moderate SNR regimes compared to the reference approach. Addition-
ally, the system performance in terms of the average sum-rate and effective SINR

can be significantly improved. For the case of having imperfect CSI, the system per-
formance in terms of MSE is significantly reduced by using the robust IA approach.

7.2 future works

Extension of the proposed transmission scheme in multi-user underlay cognitive
radio systems for the case of imperfect CSI can be a subject for future studies. Here,
the IA approach based on the MMSE criterion could be investigated to solve the
CSI error problem and improve the system performance in low and moderate SNRs.
Another research issue could be the mathematical analysis to specify the system
parameter δ for the modified WF approach. Moreover, the overall efficiency of the
proposed transmission scheme needs to be verified.

A further research topic with future potential is to extend the hybrid optimiza-
tion approach in Chapter 6, so that the noise at the relay and receiver nodes is also
considered in determining the relay matrix. By doing so, the system performance
could be improved.
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a.1 feasibility conditions for the IA technique

Note that dk and dl are the number of independent data streams for user k and
l, respectively. According to (4.3), the total number of equations in the system is
given by

Ne =

K∑
l,k=1,k6=l

dkdl (A.1)

[117] shows that the number of variables to be determined for the pre-coding filter
Vk and post-processing filter Uk for user k are dk

(
Nt − dk

)
and dk

(
Nr − dk

)
,

respectively. Therefore, the total variables of the system can be expressed as below

Nv =

K∑
k=1

dk (Nt +Nr − 2dk) (A.2)

To guarantee an IA solution, the following condition has to be satisfied

Ne > Nv. (A.3)

With assumption of dl = dk = d results in

Nt +Nr > (K+ 1)d (A.4)

In IA technique, the interference at receiver k is grouped into a
(
Nr ×

K∑
l=1,l 6=k

dl
)

matrix Hk,INT with

Hk,INT =
[
Hk1V1, · · · , Hk(k−1)V(k−1), H(k+1)(k+1)V(k+1), · · ·HkKVK

]
. (A.5)

This interference lies in
(
Nr − dk

)
interference subspace of receiver k. This leads

to

rank (Hk,INT ) = rk 6 Nr − dk (A.6)

It is assumed that the columns of the
(
Nr ×

K∑
l=1,l6=k

dl
)

matrix Hk,INT are parti-

tioned into Hk,INT =
[
H(1)
k,INT ; H(2)

k,INT

]
, where H(1)

k,INT is a Nr× rk matrix and has
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a rank of rk. This mean that H(2)
k,INT shares the same column space as H(1)

k,INT [74].

The orthogonal complement of H(1)
k,INT , has a dimension of

(
Nr ×

( ∑
l=1,l 6=k

dl −

rk
))

with H1
⊥
k,INTH(2)

k,INT = 0. Since H(2)
k,INT has a dimension of

(
Nr ×

(
Nt − rk

))
,

the number of constraints needed for having rank
(
Hk,INT

)
= rk is given by

Nconst = (Nr − rk)


 ∑
l=1,l 6=kdl

−rk


 (A.7)

As reported in [74], we have

rk = min

(
K∑
k=1

dk,Nr − dk

)
(A.8)

Inserting (A.8) into (A.7), we obtain

Nconst = dk

[
K∑
l=1

dk −Nr

]

+

(A.9)

An IA solution is only possible if

dk (Nt − dk) > dk



[
K∑
l=1

dk −Nr

]

+


 . (A.10)

With dk = dl = d, (A.10) can be reformulated as

(Nt − d) > [Kd−Nr]+ (A.11)

Now, the interference caused from transmitter l to receiver k is considered, which
lies in an interference subspace rkl with

rank (HklVl) = rkl 6 (Nr − dl) . (A.12)

In this case, rkl = 0 when the signal from transmitter l is aligned to the orthogonal
complement of the space spanned by Hkl. rkl = dl when none of signal from
transmitter l is aligned to the orthogonal complement of Hkl. Assuming that αkl
is the number of signal aligned to the orthogonal complement of Hkl, results in
rkl = dl −αkl and 0 6 αkl 6

[
Nt −Nr

]
+

. Consequently, we obtain

[dl + dk −Nr] 6 αkl 6 [Nt −Nr]+ , ∀k 6= l. (A.13)

(A.13) can be reformulated as

[dl + dk −Nr] 6 [Nt −Nr]+ , ∀k 6= l. (A.14)

Since the total number of signal aligned by transmitter l at all receiver k 6= l has to
be bounded by

∑
k=1,k6=l

αkl 6 dl. This leads to

K∑
k=1,k6=l

[dl + dk −Nr] 6 dl, ∀l (A.15)
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a.2 derivation of the MSE at user k

Using (6.6), (6.16) can be reformulated as follows

εk = E

{
Tr

{(
Ask +

K∑
l=1,l 6=k

Bsl +
M∑
m=1

Cnm + UHk nk − sk

)

(
Ask +

K∑
l=1,l 6=k

Bsl +
M∑
m=1

Cnm + UHk nk − sk

)H}} (A.16)

with

A = UHk HkVk
B = UHk HkVl
C = UHk GkmWm.

Applying the following conditions

E
{

sksHk
}
= INt

E
{

sksHl
}
= 0, ∀k 6= l

E
{

nknHm
}
= 0, ∀k 6= m

E
{

sknHm
}
= 0, ∀k,m

E
{

nknHk
}
= σ2nINr,k , ∀k

we obtain

εk = E

{
Tr

{
AIdkAH − AIdk +

K∑
l=1,l 6=k

BIdkBH
}

−

M∑
m=1

Cσ2mCH +UHk σ
2
kUk − IdkA + Idk

}}

= E

{
Tr

{(
AIdkAH − AIdk −IdkA + Idk

)
+

K∑
l=1,l 6=k

BIdkBH + UHk RωωUk

}

= E

{∥∥∥∥A − Idk

∥∥∥∥
2
}

+ E

{
K∑

l=1,l 6=k

∥∥∥∥B
∥∥∥∥
2
}

+ E

{
UHk RωωUk

}

= E

{∥∥∥∥UHk HkVk − Idk

∥∥∥∥
2
}
+E

{
K∑

l=1,l 6=k

∥∥∥∥UHk HkVl

∥∥∥∥
2
}
+E

{
UHk RωωUk

}
(A.17)

with Rωω =
M∑
m=1

GkmWmWH
mGHkmσ2mINr + σ

2
nIdk .
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a.3 the sum-interference leakage

a.3.1 Perfect CSI

Inserting (6.5) into (6.26) results in

I =
K∑
k=1

K∑
l=1
l 6=k

Tr

{
UHk

M∑
m=1

GkmWmFmVlVHl
M∑
m=1

FHmWH
mGHkmUk

}
. (A.18)

Using the property of Tr (AB) = Tr (BA), we obtain

I =
K∑
k=1

K∑
l=1
l 6=k

M∑
m=1

M∑
m=1

Tr
{

WH
mGHkmUkUHk GkmWmFmVlVHl FHm

}
. (A.19)

With amm =
K∑
k=1

GHkmUkUHk Gkm and bmm=
K∑
l=1
l 6=k

FmVlVHl FHm, A.19 can be reformu-

lated as

I = Tr

{
M∑
m=1

M∑
m=1

WH
mammWmbmm

}
. (A.20)

Applying Lemma I, we obtain

I =
M∑
m=1

M∑
m=1

vec (Wm)H
(

bTmm ⊗ amm
)

vec (Wm) . (A.21)

Equation (A.21) can be written using matrix notation as bellows:

I = wH




K∑
k=1

K∑
l=1,l 6=k

Akl


w, (A.22)

where w =
[
vec{W1}

T , · · ·vec{WM}T
]T and matrix Akl is given by (6.29).

a.3.2 Imperfect CSI

(6.37) can be reformulated as

E {I} =
K∑
k=1

K∑
l=1
l 6=k

Tr

{
UHk

M∑
m=1

ĜkmWmF̂mVlVHl
M∑
m=1

F̂
H

mWH
mĜ

H

kmUk

}

+E


K∑
k=1

K∑
l=1
l 6=k

Tr

{
UHk

M∑
m=1

ĜkmWmEFmVlVHl
M∑
m=1

(
EFm
)H

WH
mĜ

H

kmUk

}
+ E


K∑
k=1

K∑
l=1
l 6=k

Tr

{
UHk

M∑
m=1

EGkmWmF̂mVlVHl
M∑
m=1

F̂
H

mWH
m

(
EGkm

)H
Uk

}
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+ E


K∑
k=1

K∑
l=1
l 6=k

Tr

{
UHk

M∑
m=1

EGkmWmEFmVlVHl
M∑
m=1

(
EFm
)H

WH
m

(
EGm
)H

Uk

}
(A.23)

Using Lemma II and results in A.3.1 , we obtain

E {I} = wH


K∑
k=1

K∑
l=1
l 6=k

(Âkl + σ2EGσ
2
EFTr(VlVHl )Tr(UkUHk )IMNtNre

+ σ2EFTr
(
VlVHl

)
Ckl + σ2EGTr(UkUHk )Bkl)

w, (A.24)

where Bkl and Ckl are
(
MNtNre × MNtNre

)
block diagonal matrices

with the main diagonal block matrix of ((F̂
∗
mV∗lV

T
l F̂
T

m) ⊗ INre)IM and

(INt ⊗ Ĝ
H

kmUkUHk Ĝkm)IM, ∀m = 1, · · · ,M, respectively.

a.4 derivation of the post-processing filter for user k

(6.42) can be rewritten as

ε =

K∑
k=1

K∑
l=1

Tr

(
UHk ĤkVlVHl Ĥ

H

k Uk

)
−

K∑
k=1

Tr
(
UHk ĤkVk

)
−

K∑
k=1

Tr
(
VHk Ĥ

H

k Uk

)

+

K∑
k=1

Tr
(

Idk

)
+ σ2EF

K∑
k=1

K∑
l=1

Tr
(

VlVHl

) M∑
m=1

Tr
(

UHk ĜkmWmWH
mĜ

H

kmUk

)

+ σ2EFσ
2
EG

K∑
k=1

Tr
(

UkUHk

) M∑
m=1

Tr
(

WmWH
m

) K∑
l=1

Tr
(

VlVHl

)

+ σ2EG

K∑
k=1

Tr
(

UkUHk

) M∑
m=1

K∑
l=1

Tr
(

WmF̂mVlVHl F̂
H

mWH
m

)

+ σ2m

K∑
k=1

M∑
m=1

Tr
(

UHk ĜkmWmWH
mĜ

H

kmUk

)

+ σ2EGσ
2
m

K∑
k=1

M∑
m=1

Tr
(

WmWH
m

)
Tr
(

UkUHk

)

+ σ2k

K∑
k=1

Tr
(

UkUHk

)
. (A.25)

Applying the mathematical properties of ∂Tr(AXB)
∂X = BA and ∂Tr(AXHB)

∂X = 0 [87],
we obtain

∇UkL (λl, Uk, Vl) =
K∑
l=1

ĤkVlVHl Ĥ
H

k Uk − ĤkVk
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+ σ2EF

K∑
l=1

Tr
(

VlVHl

) M∑
m=1

ĜkmWmWH
mĜ

H

kmUk

σ2EFσ
2
EG

M∑
m=1

Tr
(

WmWH
m

) K∑
l=1

Tr
(

VlVHl

)
IdkUk

+ σ2EG

M∑
m=1

K∑
l=1

Tr
(

WmF̂mVlVHl F̂
H

mWH
m

)
IdkUk

+ σ2m

M∑
m=1

ĜkmWmWH
mĜ

H

kmUk

+ σ2EGσ
2
m

M∑
m=1

Tr
(

WmWH
m

)
IdkUk + σ2kIdkUk. (A.26)

Consequently, the KKT condition in (6.22) can be expressed by

ΥUk − ĤkVk = 0, (A.27)

with Υ given in (6.46). This leads to Uk = Υ−1ĤkVk

a.5 derivation of the pre-coding filter for user l

Similar to A.4, the KKT condition in 6.23 for user l can be formulated as follows

K∑
k=1

Ĥ
H

k UkUHk ĤkVl + σ2EF

K∑
k=1

M∑
m=1

Tr
(

UHk ĜkmWmWH
mĜ

H

kmVl

+ σ2EFσ
2
EG

K∑
k=1

Tr
(

UkUHk

) M∑
m=1

Tr
(

WmWH
m

)
IdkVl

+ σ2EG

H∑
l=1

Tr
(

UkUHk

) M∑
m=1

F̂
H

mWH
mWmF̂mVl + λlINtVl − Ĥ

H

l Uk = 0, (A.28)

which results in

ΓVl + λlINtVl = Ĥ
H

l Ul (A.29)

Accordingly, we obtain Vl =
(
Γ + λlINt

)−1

Ĥ
H

l Ul

a.6 relation between MMSE and the total interference leakage

It has to be noted that the relation between the total interference leakage and the
MMSE is the same for both perfect and imperfect CSI cases. For the case of having
perfect CSI, the relay matrix Wm is optimized based on the minimization of the
total interference leakage given by (6.26) and is determined according to (6.30).
The pre-coder Vl and post-processing Uk filters are optimized using the MMSE

criterion and KKT conditions and the filters can iteratively be adjusted according
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to (6.31) and (6.32). According to (6.31), the covariance matrix of the total noise at
user k can be expressed as follows:

Rωω = (HkVkUk)
−1 −

K∑
l=1

HkVlVHl HHk . (A.30)

Inserting Rωω into (6.17) results in

εk = Tr
(
Idk − VHk HHk Uk

)
. (A.31)

Inserting (6.32) into (A.31), we obtain

εk = Tr


Idk −

HHk UkUHk Hk

HHk UkUHk Hk +
K∑

l=1,l6=k
HHl UlUHl Hl + λINt


 . (A.32)

It is seen that by considering a dual network the term
K∑

l=1,l 6=k
HHl UlUHl Hl is the

MUI in the reverse link and it is the same as the interference leakage at user k
in the forward link. According to (A.32), it can be concluded that reducing the
interference leakage leads to decreasing the MSE at user k and vice versa.
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