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Abstract

In this study, we present an adaptive phase field method (APFM) for modeling quasi-static crack propagation in rocks. Crack initi-
ation due to positive strains is considered, and a numerical simulation is implemented using a commercial software, COMSOL Multi-
physics. Two benchmark tests are first examined, namely, a single-edge-notched square plate subjected to respective tension and shear
loadings. The crack propagation in Brazil splitting tests, 2D notched semi-circular bend (NSCB) tests, and 3D NSCB tests are subse-
quently simulated and analyzed. All the numerical examples indicate that the propagation of the cracks is autonomous and external frac-
ture criteria are not required for phase field modeling. Furthermore, the adaptive remeshing scheme reduces unnecessary global mesh
refinement and exhibits good adaptability for fracture modeling. The simulations are in good agreement with the experimental observa-
tions, and thereby indicate the feasibility and practicability of the APFM in rocks (even in 3D cases).
� 2018 Tongji University and Tongji University Press. Production and hosting by Elsevier B.V. on behalf of Owner. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1 Introduction

Fracture mechanics is extensively applied in rock engi-
neering because fracture-induced failure is an important
threat to engineering safety (Anderson, 2005). However,
the prediction of fracture propagation in rocks is challeng-
ing because rock masses correspond to a material that has
several pre-existing flaws such as micro cracks, voids and
soft minerals. A few studies that examined crack propaga-
tion in rocks include Bobet and Einstein (1998); Wong
et al. (2001); Sagong and Bobet (2002); Wong and
Einstein (2009); Park and Bobet (2009, 2010); Lee and
https://doi.org/10.1016/j.undsp.2018.04.006

2467-9674/� 2018 Tongji University and Tongji University Press. Production

This is an open access article under the CC BY-NC-ND license (http://creativec

⇑ Corresponding author at: Department of Geotechnical Engineering,
College of Civil Engineering, Tongji University, Shanghai 200092, PR
China.

E-mail address: zhoushuwei1016@126.com (S. Zhou).
Jeon (2011); and Zhou et al. (2014). All the aforementioned
studies focus on laboratory tests with only simple loads
because it is difficult to implement increasingly complicated
load cases in practical tests. Therefore, numerical methods
are a good alternative to examine fracture problems in
rocks. It is essential to introduce a few cutting-edge numer-
ical technologies in rock mechanics because they are less
expensive than experimental tests and can provide new
physical insights that are difficult to gain through ‘pure’
experimental testing.

Numerical methods for fracture can be classified into
discrete and continuous approaches. Classical representa-
tives of the first approach include efficient remeshing tech-
niques (Areias & Rabczuk, 2017; Areias et al., 2013; Areias
& Rabczuk, 2013), strain-softening elements (Areias et al.,
2014), extended finite element method (Nanthakumar
et al., 2014; Mӧes & Belytschko, 2002), phantom node
and hosting by Elsevier B.V. on behalf of Owner.
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method (Rabczuk, Zi, Gertenberger, et al., 2008; Chau-
Dinh et al., 2012; Vu-Bac et al., 2013), and specific mesh-
free methods (Rabczuk, Areias, et al., 2007; Rabczuk &
Zi, 2007; Rabczuk, Bordas, et al., 2007; Rabczuk, Zi,
Gertenberger, et al., 2008; Rabczuk & Samaniego, 2008;
Rabczuk, Zi, Bordas, et al., 2008; Amiri et al., 2014). Dis-
crete crack approaches include the cracking particles
method (CPM) (Rabczuk & Belytschko, 2004, 2007;
Rabczuk et al., 2010), peridynamics (Rabczuk & Ren,
2017), and dual-horizon peridynamics (Ren et al., 2016,
2017). The aforementioned approaches share the simplicity
of continuous approaches, and they do not require any
explicit representation of the crack surface or any crack
tracking algorithm. In an element-erosion method
(Belytschko & Lin, 1987; Johnson & Stryk, 1987), the stress
in a fractured element is directly set as zero. This treatment
essentially leads to a disadvantage wherein it is not possible
for the element-erosion method to accurately simulate
crack branching (Song et al., 2008). Gradient models
(Thai et al., 2016), nonlocal models (Pijaudier-Cabot
et al., 2004), models based on the screened-Poisson equa-
tion (Areias, Msekh, et al., 2016) and phase field models
are typical continuous approaches to fracture (Hamdia
et al., 2015; Vu-Bac et al., 2016; Areias, Rabczuk, et al.,
2016; Hamdia et al., 2017; Badawy et al., 2017; Msekh
et al., 2017).

In this study, we focus on the phase field model (PFM)
(Bourdin et al., 2008; Miehe, Hofacker, et al., 2010; Miehe,
Welschinger, et al., 2010; Hesch & Weinberg, 2014; Borden
et al., 2012) to model quasi-static crack propagation in
rocks. An original study exploring the PFM was presented
by Bourdin et al. (2008) although the PFM was fully devel-
oped by Miehe, Hofacker, et al. (2010) in a thermodynamic
consistent framework. Continuous attention focuses on
PFMs due to their relatively easy implementation and
extension to multi-physics problems. The PFM does not
model the crack as a sharp discontinuity and instead uses
a scalar field (so-called phase field) to smear the crack over
the calculation domain. Hence, the crack region is similar
to a ’damage-like’ zone. The crack width is controlled by
a length-scale parameter and propagation of the crack is
automatically determined by solving a differential equation
(Borden et al., 2012). As a continuous approach, the PFM
does not require any external fracture criteria or algorithm
to track the fracture surface. This advantage of the PFM
attracts increasing attention in modeling the branching
and merging of multiple cracks when compared with other
numerical approaches.

Conventional phase field methods need an extremely
fine mesh to obtain accurate results. For example, globally
refined meshes involve extensive computational costs.
However, the mesh local-refinement technique requires
the crack path a priori, and this is often unknown. There-
fore, an adaptive mesh refinement method coupled with the
phase field method (the adaptive phase field method) is
applied in the present study to simulate quasi-static crack
propagation. We implement the adaptive phase field
method (APFM) in commercial software, COMSOL
Multiphysics, and test the performance of the APFM in
the following two benchmark tests: a single-edge-notched
square plate subjected to tension and shear loadings. We
subsequently apply the adaptive phase field model and sim-
ulate the quasi-static cracks in three cases of rocks, namely,
Brazilian splitting tests, 2D notched semi-circular bend
(NSCB) tests, and 3D NSCB tests. All the examples tested
exhibit good applicability of the APFM in modeling quasi-
static cracks in rocks.

This paper is outlined as follows. The adaptive phase
field model for quasi-static brittle fractures is presented in
Section 2. The numerical implementation coupled with
COMSOL is presented in Section 3. Subsequently, we test
the adaptive phase field modeling through two classical
benchmark tests in Section 4. Simulations of propagation
of quasi-static cracks in three rock cases are shown in Sec-
tion 5, and Section 6 presents the study conclusions.

2 Adaptive phase field modeling

2.1 Phase field theory of brittle fracture

Griffith’s theory for brittle fracture (Anderson, 2005)
states that the crack propagation occurs when the stored

energy in a body X � Rd (d 2 f1; 2; 3g) exceeds the fracture
resistance of the body. Therefore, for quasi-static prob-
lems, the crack propagation is considered as a process to
minimize free energy L:

L ¼
Z
X
we eð ÞdXþ

Z
C
GcdS �

Z
X
b � udX�

Z
@Xhi

f � udS;

ð1Þ
where weðeÞ denotes the elastic energy, u denotes the dis-
placement at a position x, e denotes the linear strain tensor,
Gc denotes the critical energy release rate, and b and f
denote the body and surface forces acting on the body
weðeÞ, respectively.

/ ¼ 0; if material is intact

1; if materical is cracked:

�
ð2Þ

The phase field method (Miehe, Hofacker, et al., 2010)
indicates that the crack surface density per unit volume
of the solid is given as follows:

cð/;r/Þ ¼ /2

2l0
þ l0

2
jr/j2; ð3Þ

where l0 denotes the length scale parameter that controls
the transition region of the phase field, and thereby reflects
the width of the crack. Thus, the crack region exhibits a
larger width when l0 increases. The fracture energy in the
energy functional is thereby approximated as follows:Z
C
GcdS ¼

Z
X
Gc

/2

2l0
þ l0

2
jr/j2

� �
dX: ð4Þ
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In order to capture cracks only under tension, a com-
plete phase field method (Miehe, Welschinger, et al.,
2010) requires an elastic energy based on strain decompo-
sition as follows:

e� ¼
Xd

a¼1

eah i�na � na; ð5Þ

where eþ and e� denote the respective tensile and compres-
sive strain tensors, ea denotes the principal strain, and na
denotes the direction of the principal strain. The operators
�h i� are defined as follows: �h i� ¼ ð� � j � jÞ=2. Based on the
strain decomposition, the positive and negative elastic
energy densities are expressed as follows:

w�
e ðeÞ ¼

k
2

trðeÞh i2� þ ltr e2�
� �

; ð6Þ

where k > 0 and l > 0 denote the Lamé constants.
We refer to Borden et al. (2012) and assume the phase

field to affect the elastic energy density as follows:

we eð Þ ¼ 1� kð Þ 1� /ð Þ2 þ k
h i

wþ
e eð Þ þ w�

e eð Þ; ð7Þ

where 0 < k � 1 denotes a stability parameter that pre-
vents numerical singularities.

2.2 Governing equations

The energy functional L is re-expressed as follows:

L ¼ R
X ð1� kÞ 1� /ð Þ2 þ k

h i
wþ

e ðeÞ þ w�
e ðeÞ

n o
dXþR

X Gc
/2

2l0
þ l0

2
jr/j2

� �
dX� R

X b � udX� R
@Xhi

f � udS:
ð8Þ

By applying the first variation of the functional dL ¼ 0,
the strong form of the governing equations is given as fol-
lows (Borden et al., 2012):

DivðrÞ þ b ¼ 0

2l0ð1�kÞwþ
e

Gc
þ 1

h i
/� l20r2/ ¼ 2l0ð1�kÞwþ

e
Gc

(
; ð9Þ

where r denotes Cauchy stress tensor r ¼ @ewe.
The irreversibility condition must be satisfied in the

phase field method, and a strain-history field Hðx; tÞ
(Miehe, Hofacker, et al., 2010; Welschinger, et al., 2010)
is introduced to ensure a monotonically increasing phase
field as follows:

Hðx; tÞ ¼ max
x2½0;t�

wþ
e eðx; sÞð Þ: ð10Þ

By replacing wþ
e by Hðx; tÞ in Eq. (9), the strong form is

subsequently re-expressed as follows:

DivðrÞ þ b ¼ 0

2l0ð1�kÞH
Gc

þ 1
h i

/� l20r2/ ¼ 2l0ð1�kÞH
Gc

(
: ð11Þ

The Dirichlet and Neumann boundary conditions to
solve the governing equations are presented as follows:
u ¼ g on@Xgi

r �m ¼ f on@Xhi

r/ �m ¼ 0 on@X

8><
>: : ð12Þ

@Xgi and @Xhi denote the respective Dirichlet and Neu-
mann boundaries of the displacement field, g denotes the
prescribed displacement, and m denotes the outward-
pointing normal vector to the boundaries.
2.3 Adaptive phase field method

The conventional phase field method requires an extre-
mely fine mesh to obtain an accurate solution. For exam-
ple, Miehe, Hofacker, et al. (2010) recommends a mesh
size h < l0. An excessively low l0 produces an excessive
number of meshes. Therefore, globally very fine or globally
refined meshes are observed in most phase field simula-
tions. A high number of meshes can sharply increase com-
putational costs. A good alternative is the pre-refinement
mesh technique. However, this mesh local-refinement tech-
nique requires a crack path as a priori, and in factual engi-
neering most of the crack paths are unknown to
researchers. An adaptive mesh refinement method can be
applied with the phase field method, and this constitutes
the d adaptive phase field method. The adaptive mesh
refinement does not require a priori information for the
crack paths. In order to ensure crack propagation into
the finer meshes, a predictor-corrector scheme for mesh
adaptively should be used (Comsol, 2005). At the first step,
the system is solved to predict the crack path (Badnava
et al., 2018). Subsequently, a pre-specified refinement
threshold is used to determine if the mesh is refined. Thus,
in each element, the refinement flag is activated when the
phase field reaches a predefined threshold (Badnava
et al., 2018). Finally, all the fields are solved again based
on the refined mesh. In each time step, the predictor-
corrector mesh refinement is continuously applied unless
the threshold condition is not satisfied. It should be noted
that both the thresholds for the phase field are 0.85 for the
2D and 3D simulations.
3 COMSOL implementation

We implemented the adaptive phase field method in
COMSOL Multiphysics, software for multi-field modeling.
In the study, three main modules, namely, solid mechanics,
history-strain, and phase field modules, are constructed.
Additionally, a pre-set storage module is employed to eval-
uate and store intermediate field variables in a time step.
The solid mechanics module is established on a linear elas-
tic material library and used for the displacement u. The
stiffness matrix De in the solid mechanics module is
obtained by using the fourth order tensor D ¼ @r=@e.
The phase field module for the phase field / employs a
pre-defined Helmholtz equation governed module. With
respect to the history strain field H , the distributed ‘‘ODEs
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and DAEs” interfaces are used to construct the history-
strain module. The history strain field is not solved directly.
Conversely, we use a ‘‘previous solution‘‘ solver to record
the results in the previous time steps and obtain the field H .

We use a staggered (segregated) scheme to implement
the adaptive phase field method, and the detailed proce-
dure is shown in Fig. 1. The equations of displacement, his-
tory strain, and phase-field are solved independently. With
respect to time integration, an implicit generalized-a
(Comsol, 2005) method is applied. In order to accelerate
the iteration convergence, the Anderson acceleration
(Comsol, 2005) is employed, and the dimension of the iter-
ation space field is set to exceed 50. The flow chart of the
implementation of the adaptive phase field method is
shown in Fig. 2.

4 Benchmark tests

We test the adaptive phase field modeling of fractures in
two 2D benchmark tests in this section.
Fig. 1. Segregated scheme of the

Fig. 2. COMSOL implementation
4.1 Notched square plate subjected to tension

The first benchmark test is a square plate with an initial
notch that is subject to static tension loading. The bench-
mark test is calculated and analyzed by several researchers
(Miehe, Hofacker, et al., 2010; Welschinger, et al., 2010;
Hesch & Weinberg, 2014). The geometry and boundary
condition are shown in Fig. 3. We apply a vertical displace-
ment u on the upper boundary of the plate while ux ¼ 0 is
also applied. The boundary conditions are the same as
those of Hesch and Weinberg (2014). The following mate-
rial parameters are adopted: E = 210 GPa, m = 0.3, and Gc

= 2700 J/m2. We select k ¼ 1	 10�9 to avoid numerical

singularity. The length parameters are l0 ¼ 7:5	 10�3

mm and 1:5	 10�2 mm.
In order to reduce the time involved, we use a displace-

ment increment of Du ¼ 1	 10�5 mm for the first 450 time

steps while Du ¼ 1	 10�6 mm is selected for the remaining
time steps. With respect to the two fixed length scale
adaptive phase field method.

of the phase field modeling.



Fig. 3. Geometry and boundary condition of the single-edge-notched
square plate subjected to tension.
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parameters l0, the crack patterns at different displacements
are shown in Fig. 4. As expected, the cracks propagate
along the horizontal direction, and a decrease in the length
scale parameter leads to a less diffused crack.
Fig. 4. Crack pattern of 2D single-edge-notched square subjected to tension: (
length scale l0 of 7.5 	 10�3 mm.
Figure 5 shows the original and final meshes after the
adaptive phase field method is applied. As shown in the fig-
ure, the mesh density increases around the crack paths. An
obvious mesh refinement is not observed in the left part of
the plate. In order to compare the adaptive phase field
method, we also test the plate subjected to tension by using
conventional phase field method with different meshes and
displacement increments. For example, the mesh size h is

changed to 7:92	 10�3 and 1:98	 10�3 mm, and the dis-

placement increment is changed to Du to 2	 10�6 and

5	 10�7 mm in the remaining time steps. The results show
that mesh size and displacement increment do not affect the
crack pattern. The load–displacement curves for the top
edge of the plate are shown in Fig. 6. A comparison of
the adaptive phase field method (APFM) and conventional
phase field method (PFM) is shown in Fig. 6. As shown in
the figure, increase in the mesh size and displacement incre-
ment increase the peak load. Additionally, a significantly
steeper post-peak stage is observed for a smaller displace-
ment increment.
4.2 Notched square plate subjected to shear loading

The second benchmark test is the 2D notched square
plate subjected to shear loading. We present the geometry
and boundary conditions of the plate subjected to shear
in Fig. 7. In order to reduce the time cost, we consider
a), (b), (c) for a length scale l0 of 1.5 	10�2 mm and (d), (e), and (f) for a



Fig. 5. Meshes of the 2D Single-edge-notched square subjected to tension.

Fig. 6. Load-displacement curves of the 2D single-edge-notched square
subjected to tension.

Fig. 7. Geometry and boundary condition of the single-edge-notched
plate subjected to shear loading.
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the displacement increment Du ¼ 1	 10�4 mm for the first

80 time steps and Du ¼ 1	 10�5 mm for the remaining
steps. Additionally, two length scale parameters are tested

as follows: l0 ¼ 1:5	 10�2 mm and l0 ¼ 7:5	 10�3 mm.
Figure 8 shows the original and final meshes when the

adaptive phase field method is applied. As shown in the fig-
ure, the mesh density increases around the crack paths. The
crack patterns under shear loading for the two length scale
parameters are shown in Fig. 9. As expected, the crack
propagates under the shear loading and the crack exhibits

wider crack width when l0 ¼ 1:5	 10�2 mm.
We also calculate the benchmark test by using different
meshes and displacement increments. The load–displace-
ment curves for the top edge of the plate are depicted in
Fig. 10. We also compare the adaptive phase field method
and conventional phase field method in Fig. 10. The results
of Hesch and Weinberg (2014) are shown in Fig. 10 for bet-
ter comparison and indicate that increases in the mesh size
and displacement increment increase the peak load. Addi-
tionally, the results of the APFM are in good agreement
with those of Hesch and Weinberg (2014), thereby validat-
ing the presented APFM.
5 Simulations of fracture propagation in rocks

5.1 Brazil splitting tests

Researchers commonly use a Brazil splitting test to
determine the tensile strength of a rock in laboratory tests,
and fracture in a Brazil specimen is extensively examined



Fig. 8. Meshes of the 2D Single-edge-notched square subjected to shear loading.

Fig. 9. Crack pattern of 2D Single-edge-notched square subjected to shear loading: (a), (b), (c) for a length scale l0 of 1.5 	 10�2 mm and (d), (e), and (f)
for a length scale l0 of 7.5 	 10�3 mm.
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(Cai, 2013; Zhou & Wang, 2016). A typical Brazilian disc
tests exhibits typical geometry and boundary conditions
as shown in Fig. 11.

The following material parameters are used: q ¼ 2630
kg/m3, E = 90 GPa, and m = 0.3. We use three length scale
parameters, namely l0 = 1, 2, and 3 mm. With respect to
the adaptive phase field method, an original mesh that
consists of 6-node quadratic elements with a maximum
element size of 4 mm is used as shown in Fig. 12.

Specifically, k ¼ 1	 10�9 is selected to avoid numerical sin-
gularity during calculation. Finally, we conduct the simula-
tion by using the following five different Gc: 5, 10, 15, 20,
and 25 J/m2, respectively.

With respect to l0 = 2 mm, the final mesh obtained in
the adaptive phase field method for different Gc is shown
in Fig. 13. After continuous adaptive remeshing, meshes



Fig. 10. Load-displacement curves of the 2D single-edge-notched square
subjected to shear.

Fig. 11. Geometry and boundary condition of a Brazil splitting test.

Fig. 12. Original mesh of the Brazil specimen.
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with a lower size concentrate in the center of the Brazilian
specimen where fractures initiate and propagate. Fig. 14
presents the crack initiation and propagation in the Brazil
splitting test for Gc = 15 J/m2 and l0 = 2 mm. As shown in

the figure, when the displacement u = 1:8	 10�2 mm, the
crack initiates in the center of the disc where the maximum
tensile stress occurs. The aforementioned numerical obser-
vation is in good agreement with extant experimental and
analytical results (Atkinson et al., 1982; Entacher et al.,

2015). When u = 1:802	 10�2 mm, the crack propagates
and its width increases. A continuous crack propagation
is subsequently observed when the crack tips move towards
the upper and bottom ends of the specimen when u reaches

1:804	 10�2 mm. Given the locally compressed area
around the ends of the specimen, it is not possible for the
crack to deeply penetrate into the ends, and we observe

crack branching when u reaches 1:809	 10�2 mm.
Figure 15 presents the curves of the reaction force on the

upper end of the Brazilian disc versus the displacement u
for different Gc values. As shown in the figure, a sudden
drop in the load occurs after the phase field increases to
1. Furthermore, the peak load increases with increases in
Gc. The tensile strength rt of the Brazilian specimen is
given as follows:

rt ¼ 2P peak

pDL
; ð13Þ



Fig. 13. Final mesh under different Gc.

Fig. 14. Crack propagation of the Brazil splitting test at a displacement for Gc = 15 J/m2.
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Fig. 15. Load-displacement curves for the Brazil splitting test under
different Gc.

Fig. 16. Tensile strength by the Brazil splitting tests under different Gc.
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where P peak denotes the peak load, and D and L denote the
diameter and length of the Brazilian specimen. Thus, we
present the tensile strength by the phase field simulation
in Fig. 16. The tensile strength increases at a decreasing
rate with increases in Gc.
Fig. 17. Final mesh of the Brazilia
The final meshes used by the adaptive phase field
method under different l0 values are shown in Fig. 17. A
high mesh density is also observed in the center of the spec-
imen. Fig. 18 shows the final crack pattern under different
l0 values, and similar cracks are obtained with a slight dif-
ference in the width. An increase in the l0 increases the
crack width. The load–displacement curves under different
l0 values are shown in Fig. 19, and the tensile strength of
the specimen under different l0 values are presented in
Fig. 20. The tensile strength decreases with increases in l0.

We subsequently test the influence of the specimen
diameter D. Figs. 21 and 22 present the load–displacement
curves and the tensile strength for Brazil splitting tests
under different specimen diameters, respectively. As shown
in the figure, the peak load of the specimen increases with
increases in diameter D. However, the tensile strength is
slightly affected by the diameter.

We also compare the load–displacement curve obtained
by the APFM with the experimental results in Fig. 23. The
experimental curve was first reported in a study by Erarslan
and Williams (2012). It should be noted that there are a few
adjustments in the parameters as follows: D = 52 mm, E =
31.5 GPa, m = 0.25, a length scale parameter of l0 = 1 mm,
and a maximum element size of h ¼ 0:5 mm. Fig. 23 shows
that the APFM reproduces the experimental results well.
The main reason for the difference in Fig. 23 is the contact
issue in the actual Brazilian test.
5.2 Notched semi-circular bend (NSCB) tests

We consider a rock specimen in a notched semi-circular
bend (NSCB) test, and the crack initiation and propagation
are simulated. Geometry and boundary condition of the
rock specimen are shown in Fig. 24. The mechanical prop-
erties of Laurentian granite (LG) (Gao et al., 2015) are
used. Therefore, the rock density q is 2 630 kg/m3, Young’s
modulus E is 92 GPa, and Poisson’s ratio m is 0.21. We
select Gc = 5.6, 6.6, 7.6, 8.6, and 9.6 J/m2. We also test

the influence of l0, and set l0 ¼ 3	 10�4 m, 4:5	 10�4 m,

and 6	 10�4 m. A vertical displacement on the top of the
n specimen under different l0.



Fig. 18. Final crack pattern of the Brazilian specimen under different l0.

Fig. 19. Load-displacement curves for the Brazil splitting test under
different l0.

Fig. 20. Tensile strength by Brazil splitting tests under different l0.

Fig. 21. Load-displacement curves for the Brazil splitting test under
different specimen diameter.

Fig. 22. Tensile strength by Brazil splitting tests under different specimen
diameter.
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specimen is applied to drive crack propagation from the tip
of the notch, and we apply a displacement increment

Du ¼ 5	 10�7 mm in each time step.
In the original mesh (Fig. 25a), 6-node quadratic

triangular elements are used, and the maximum element
size is 0.0018 m. However, as shown in Fig. 25b, the adap-
tive phase field method refines the mesh around the crack
path in the final time step for Gc ¼ 7:6 J/m2 and

l0 ¼ 4:5	 10�4 m.



Fig. 23. Comparison of the load-displacement curves obtained by the
experimental test and APFM.

Fig. 24. Geometry and boundary condition of the notched semi-circular
bend (NSCB) tests.
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Figure 26 shows the crack initiation and propagation in
the NSCB specimen by using the adaptive phase field

model for Gc ¼ 7:6 J/m2 and l0 ¼ 4:5	 10�4 m. As shown
in the figure, the crack is initiated from the tip of the notch

when the applied displacement u reaches 6:72	 10�3 mm.
Fig. 25. Meshes of
When u reaches 6:74	 10�3 mm and 6:77	 10�3 mm, a
straight crack is observed in the vertical direction. When

the displacement u reaches 6:86	 10�3 mm, the crack
propagates close to the upper end of the NSCB specimen,
and specimen failure is observed. It should be noted that
the crack patterns obtained by the adaptive phase field
method are consistent with the experimental results
indicated by Gao et al. (2015).

Additionally, the adaptive phase field simulations show
that Gc does not significantly affect the crack patterns, and
different Gc exhibit the same crack patterns. Under differ-
ent Gc, the curves of the reaction force on the upper end
of the specimen versus the applied displacement are shown
in Fig. 27. A sudden drop in the load is observed after the
crack initiation due to brittle fracture. The same slope is
also observed for all curves before failure while the peak
load increases when Gc increases.

In order to test the influence of the length scale l0, we
present the final crack patterns under different l0 values
in Fig. 28. The load–displacement curves of the NSCB
specimen under different l0 values are presented in
Fig. 29. As shown in the figure, increases in the l0 values
increase the peak load.
5.3 3D NSCB tests

We consider a 3D NSCB test in the last example. Prop-
agation of a quasi-static crack in a 3D NSCB specimen is
simulated. The geometry and boundary conditions of the
specimen are similar to the 2D tests, and the thickness of
the 3D specimen is 16 mm. Parameters identical to those
in 2D tests are used when Gc ¼ 7:6 J/m2. During the calcu-

lation, the displacement increment Du ¼ 2:5	 10�7 mm is
applied.

The meshes used in the 3D simulation is shown in
Fig. 30. In the original mesh, the maximum element size
is 1.8 mm, and the mesh density increases after the use of
adaptive remeshing technology. Fig. 31 presents the crack

propagation at the displacements u ¼ 7:203	 10�3 mm,

7:230	 10�3 mm, and 7:270	 10�3 mm. The crack pat-
terns are identical to those in the 2D simulation. The sim-
ulated crack pattern is also consistent with the
the NSCB tests.



Fig. 26. Crack propagation of the NSCB tests at a displacement for Gc = 7.6 J/m2.

Fig. 27. Load-displacement curves of the NSCB tests under different Gc.
Fig. 29. Load-displacement curves of the NSCB tests under different l0.
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experimental observations (Gao et al., 2015). The load–dis-
placement curve on the upper end of the specimen is shown
in Fig. 32. The trend of the curve is similar to that in 2D
figures, and a sudden drop in the applied load is observed
due to brittle fracture. The success in the simulation of the
3D NSCB test verifies the ability and practicability of the
Fig. 28. Final crack patterns of the
APFM in modeling quasi-static crack propagation of rocks
in 3D.

Although the APFM exhibits promising advantages for
modeling fractures, it still includes an intrinsic defect for
the application in rocks, and this should be improved in
future studies. Shear cracks cannot be predicted by APFM
NSCB tests under different l0.



Fig. 30. Meshes of the 3D NSCB tests.

(a) u = 7.203  × 10–3 mm (b) u = 7.230  × 10–3  mm (c) u = 7.270  × 10–3 mm

Fig. 31. Crack propagation of the 3D NSCB test at a displacement for Gc = 7.6 J/m2.

Fig. 32. Load-displacement curve of the 3D NSCB test.
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when a rock reaches its shear strength because the shear
strength is not involved in the formulation of the phase
field method. The formulation used in the study only
involves elastic energy that drives crack propagation.
6 Conclusion

We present an adaptive phase field method for modeling
quasi-static crack propagation in rocks. Crack initiation
due to positive strains is considered, and a numerical
scheme is implemented by using commercial software,
COMSOL Multiphysics. Two benchmark tests are first
examined, namely, a single-edge-notched square plate sub-
ject to respective tension and shear loadings. Subsequently,
the crack propagation in Brazil splitting tests, 2D notched
semi-circular bend (NSCB) tests, and 3D NSCB tests is
simulated and analyzed. The simulated results are in good
agreement with the experimental observations, thereby
indicating the feasibility and practicability of the adaptive
phase field method in rocks (even in 3D cases).

All the numerical examples presented in the study indi-
cate that the propagation of the cracks is autonomous and
no external fracture criteria are required for phase field
modeling. Furthermore, the adaptive remeshing scheme
reduces unnecessary globally mesh refinement and exhibits
good adaptability for fracture modeling. Therefore, the
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adaptive phase field modeling will be extended to other
crack problems in rock engineering in a future study.
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