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Abstract: In this paper we consider a special class of completely integrable systems that arise as transverse
Hilbert schemes of d points of a complex symplectic surface S projecting onto C via a surjective map p
which is a submersion outside a discrete subset of S. We explicitly endow the transverse Hilbert scheme
Sl[,,d] with a symplectic form and an endomorphism A of its tangent space with 2-dimensional eigenspaces
and such that its characteristic polynomial is the square of its minimum polynomial and show it has the
maximal number of commuting Hamiltonians. We then provide the inverse construction, starting from a 2d-
dimensional holomorphic integrable system W which has an endomorphism A: TW - TW satisfying the
above properties and recover our initial surface S with W = SLd].
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1 Introduction

Asitis well-known (see [7]), a Hamiltonian system is called completely integrable if and only if it possesses the
maximal number of independent Poisson-commuting first integrals of motion. In the present article we shall
work in the holomorphic category and associate to a complex surface endowed with a holomorphic symplec-
tic form and a Hamiltonian function a holomorphic completely integrable system of complex dimension 2d.
Our aim is to describe such a construction and provide a full characterization of the completely integrable
systems that arise from it.

We will proceed according to the following plan.

In section 2 we start from a complex surface S holomorphically projecting onto C via a map p and recall
from [2] the definition of Hilbert scheme of d points transverse to p, which we denote by SE,"”. We also recall
from [3] and [2], [5] that Sl[fl is an open subset of the full Hilbert scheme S'¥ of length d 0-dimensional
subschemes of S, which is smooth and is of complex dimension 2d hence so is Sl[gd]. Next, we show how p
induces a natural endomorphism A of the tangent bundle TSL”” such that at every point of S},d] its characteristic
polynomial is the square of its minimal polynomial and its eigenspaces all have complex dimension 2.

In section 3 (Proposition 3.2) we show how the eigenvalues and eigenspaces of A determine the geometry
of S and Sl[f], meaning that, starting from a manifold W of complex dimension 2d endowed with an
endomorphism A of TW with the above properties, S is recovered as the leaf space of a foliation induced
by A and ‘W is identified with Sl[gd].

Section 4 is finally devoted to the characterization of SLd] as a holomorphic completely integrable
system. Assuming that the surface S carries a holomorphic symplectic 2-form w we recover Beauville’s
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result ([3]) and show that w induces a symplectic structure on Sl[f], for which we point out the existence of

d independent Poisson-commuting Hamiltonians, thus giving SI[,,d] the structure of a completely integrable
system. The remainder of the section is then focused on reversing the construction: we start from a complex
2d-dimensional completely integrable system, endowed with the extra feature of an endomorphism A of its
tangent bundle with the aforementioned properties and show how, under some compatibility assumptions
between the symplectic form and A, W is recovered as the integrable system constructed as the transverse
Hilbert scheme of d points of a surface S with a projection p: S > C.

Remark 1.1. The motivation for this paper comes from the link between the theory of completely integrable
systems and the geometry of manifolds of higher degree curves in twistor spaces. As explained in [4], given a

holomorphic fibration Z —7-19 TP! fl% P! such that Z has a real structure covering the antipodal map of P! and
dim¢ Z = 3, the space M, of real “degree d" curves in Z satisfying appropriate conditions is a hyperkdhler
manifold of real dimension 4d. When one complex structure I, among the S? of possible complex structures is
fixed, there is a finite unramified covering map

pi (Mo L) > (28) (1)

n

CrCy, ©)

where, keeping the notation of [4], (Z[(d]) is the Hilbert scheme of d points in Z; = 7 Y({) transverse to the
projection jt|z, = (11 o 1) |z, and C; = C ng(.

Following the construction of Sections 3 and 4, an endomorphism A can be constructed on T, (Z[(d]) . for
every C € My, which has the mentioned properties on the eigenspaces and characteristic polynomial, fitting the
above scenario to our description.

Examples of such manifolds are the ones obtained by the generalized Legendre transform such as the moduli
space My, of charge k monopoles. As described by Atiyah and Hitchin in [2] we know that, once equipped with
one chosen complex structure, My, is diffeomorphic to the space Ry of based rational maps of degree k, i.e.

Ry = {%| degqg =k,degp = k-1, qis monic and p(zy=0if q(z) = O}

which, in turn, is equivalent to Sl[gk] where S = C x C" and p is the projection onto the first factor.

2 An endomorphism of the tangent space

Let S be a complex surface (for the moment being we do not assume it to be symplectic) with a surjective
holomorphic projection p: S - C which is a submersion outside a discrete subset B C S. We recall from [5]
the following definition of transverse Hilbert scheme of S of d points with respect to the projection p.

Definition 2.1. The length d Hilbert scheme of S transverse to the projection p is the subset Sl[l,d] of the full length
d Hilbert scheme S'9 of S consisting of those 0-dimensional subschemes Z of length d such that p: Z > p(Z) is
an isomorphism onto the scheme-theoretic image.

Remark 2.2. It is clear from the definition that p induces a surjective holomorphic map p'¥: Sl[,d] >~
S4(C), where S(C) stands for the d-th symmetric power of C.

Remark 2.3. A practical interpretation of the transversality condition is the following: taken Z < st ifz e
p(Z) ¢ Cis a point with multiplicity k, then it will correspond via p to a point s € p~1(z) also of multiplicity k.
A scenario with points s1, ..., s; of multiplicity k1, ..., k;, >, k; = k, all lying in p~1(2) is hence excluded.

On the tangent space to S},d] a natural endomorphism is defined as follows. Let g(z) be the monic polynomial
of degree d defining the image p(Z) of Z via p and observe that H(Z, C) ~ C[z]/(g(z)), where the generator
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z stands as a preferred element. Recall now that, for every Z ¢ SE,‘”, onehas T 251[;1] ~ H%(Z, TS |z) duetoa
well-known theorem of Kodaira ([8]). Then we set A to be the map

H°(Z, TS|;) = H°(Z, TS|z)
3
o(2) » f(2)o(2),

where we take f: Z - C to be the function z € H°(Z, C).

Remark 2.4. If 0 € H°(Z, TS|z) and p € S is a point of Z with multiplicity one then (Ac)(p) = z(p)o(p). If,
instead, p has multiplicity k > 1, we recall from [1, Proposition 2.4] that the section o is given as a power series
in (z - z(p)) truncated at order k, that is

) W)
0(2) = 0(e(p) + 0 ez 2(p) + -+ + Toe®D s @
Then Ao will be give the truncated power series of zo(z), that is
(z- 0)(2) = z(p)o(z(p)) + (0(z(p)) + z(p)0 (z(P))(z - z(p)) + ... (5)
(k-1) (k)
4 ko ! (Z(p)) + Z(p)U (Z(p)) (Z _ Z(p))k. (6)

k!

Comparing (5) and (4) we deduce that the eigenspaces of A are of dimension 2. Also, the eigenvalues have even
multiplicity each one equal to the dimension of the relative power expansion space. These two observations
altogether yield, at each point of Sl the Jordan canonical formof A.

Example 2.5 (The space of rational maps). The machinery we have introduced so far allows us to build such
an endomorphism A on the tangent space to the space of based rational maps of degree d. As an example we
compute it for d = 2.

Let us define the complex surface S = C x C" projecting onto C via p which we interpret as the moduli space of
charge 1 monopoles and let SLZ] be its Hilbert scheme of points of length 2 transverse to p. We identify (see [2])
51[1,2] with the space of all based rational maps of degree 2, defined by

={@_ aiz + dog

)" m| p(2) and q(z) have no common roots } . @

Observe that a tangent vector to R, at a point (p(z), q(z)) is given as a couple of degree 1 polynomials
(q'(2), p'(2)) where we write q'(z) = q,z + q, and p'(z) = pz + p,. Applying the previous construction we
get an endomorphism A of the tangent bundle to R, which on the tangent space to R, at each point (p(z), q(z))
operates as multiplication by z modulo q(z). This means that

A, Tg@.pe)R2 =2 T, pe)R2
(412 + qo, P12 + Po) » (4141 + 40)z + 401, (q1P1 + Po)z + goP1)
is represented at (p(z), q(z)) by the block-diagonal matrix
q1 1 00
go0 0 0
A, p2) = €))
00 q1 1
00go0

where each block is the so-called companion matrix of the polynomial q(A).
Let us now focus on the open dense subset of R, consisting of all based degree 2 rational maps with simple
poles. If a map p(z)/q(z) has distinct poles, i.e. the roots of q are distinct, then it can be identified with the
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point X = ((/31, p(B1), (B2, p(Bz))) € SI[,Z], where the B;’s are the roots of q and p(z) is recovered by Lagrange
interpolation as the unique linear polynomial taking the values p(B;) at B;. The projection p: S —> C induces
onevery X SLZ] a function f : X —> C taking (8;, p(B;)) into B; € C. Using the fact that TXSLZ] ~ HO(X, TS|x),
the function f induces an endomorphism H°(X, TS|x) —> H°(X, TS|x) given by o(x) —> f(x)o(x) for x € X.
In the tangent frame provided by these coordinates, A at (B;, p(B;)) is represented by the diagonal matrix
diag(B1, B1, B2, B2)- Since on this open subset qo = —B12, g1 = B1 + B2, a computation shows that this diagonal
matrix actually is the Jordan canonical form of (8).

We observe also that, when q, = 23 and qo = —ﬂz i.e. the rational map has a double pole at z = f3, then the

Jordan form of A is
B100

0800
P )
0081

0008

Example 2.6. Let us consider the double cover of the Atiyah-Hitchin manifold. As described in [2] this is a
surface S C C° defined by S = {(z,x,y)| x* - zy* = 1} . We can therefore consider the Hilbert scheme of d
points of S tranverse to the projection p onto the first coordinate. We recall from [5] that it can be described as
the set of triple of polynomials x(z), y(z), q(z) such that x(z) and y(z) have degree d - 1, q(z) is monic of degree
d and the equation x*(z) - zy?(z) = 1 modulo q(2) is verified.

An alternative description (also explained in [5]), which we will use here, is obtained by considering the
quadratic extension z = u®. In this case the equation x* — zy* = 1 is rewritten as (x + uy)(x - uy) = 1 and we
observe that p(u) = x(u?) +uy(u?) is a polynomial of degree 2d — 1 in u while q(u?) is a polynomial of degree 2d
in u which has no odd terms. The Hilbert scheme SI[[,d] is then described as the set of all couples of polynomials
(p(u), q(u?)) such that p(u)p(-u) = 1 modulo q(u?). Similarly to the previous example, a tangent element in
T(p(u),q(uz))SLd] is given by a couple of polynomials of the form

p'(W) =po+piut -+ pygut? (10)
qW?) =qo+quu +--+qyut? 1)

such that
p' Wp(-u) + p(w)p (~u) = 0 modulo q(u?). (12)

We finally produce the endomorphism A: T(p(u),q(uz»s,[,,dl > Tm(u),q(uz»sg” at every (p(u), q(u?)) € S},d] as
multiplication by u?> modulo q(u?), after observing that it preserves the space of solutions to (12).

We now define the manifold S},d] as thesetofall (z,2) € Cx S},d] such that z is eigenvalue of A; and observe
that it comes with a double projection

Sldi (13)

1

C sl
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where 7 is a branched d : 1 covering of Sg,d]. Also, for every X € SE,d], one can lift A; to an endomorphism
7' T;S¥ — 7" 1,514, Hence we draw the following diagram

0
Ty S|z
z-A
0 —— m' T8¢ T4 7 rysld TS|, 0
TC
0

(14)

Let B be the function defined by the dotted arrow. We see that Im(z — Ay) lies in the kernel of 8. Also, one
has that elements of " TZSI[,,‘” correspond to deformations of Sl[,d] at Z and elements in T;’ EI[D‘” correspond to
deformations fixing the eigenvalue. From this we get that ker § = T, X Sﬁ,d] and Im(z - A) C T,',’ SI[,,d].

Remark 2.7. The holomorphic distribution D := Im(z — A) defined on Sl[pd] is clearly involutive on the dense
subset of B SLd] consisting of all couples (z, Z) € C x SIE,d] with Z a length d 0-dimensional subscheme of S
consisting of points that are all distinct, hence it is involutive on the whole SI[,,d].

Construct now the double fibration

Y (15)

N\

S S

the manifold Y being defined as Y = {(s, Z) e Sx S},d]| seZ } So far we notice that
Stal - {(z, 7) € Cx S| z is eigenvalue ofAZ}
= {(z, Z) € Cx Sllgd]| z = p(x) for some x € Z}
{2 esxsilixez}.

Hence we recover our initial surface as the space of leaves S = Y/D & SLd] /D.
This suggests us the following inverse construction.

3 The inverse construction

Let us start with a complex manifold W of complex dimension 2d endowed with an endomorphism A :
TW - TW of its holomorphic tangent bundle TW with eigenvalues of even multiplicity and such that its
characteristic polynomial is the square of its minimal polynomial. Set now X := C!4 Hilbert scheme of d
points of C and define a map u: W —> X which assigns to each point w € W the minimal polynomial of A at
w which we denote gw(A). Assume now u to be a surjective submersion and define a vector field V € X(W) to
be projectable for u if, for every x € X, duw(Vy) does not depend of the choice of w in u~1(x). If we suppose
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that A preserves the vertical vectors and the projectable vector fields for the projection y, then it descends to
amap A: TX —> TX which makes the following diagram commute

W —4 -~ TW (16)

oo

TXT TX.

Definition 3.1. If an endomorphism A that satisfies the above conditions is such that none of its generalized
eigenspaces is fully contained in ker(du), then we will call it compatible with the projection u defined by its
minimal polynomial.

For q(A) € X let us identify T, X = C[A]/(q(A)) and assume that A is compatible with y. Then A is naturally
given by multiplication by A modulo g(A). Set also W, = {w € W| z € Spec Ay}, i.e. W = 17}(X,) where X; is
the set of all monic polynomials of degree d for which z is a root. With these definitions we see for a tangent
vector V that V € TW, < du(V) € TX,, where the tangent space to X at g(A) can be described as

TyX: = {p(A)| degp(A) =d-1and p(z) =0} . 17)

Take now a polynomial g'(A) € T,nXandz € C: the definition of Aimplies that (z1 -A)(q (1)) is a polynomial
of T, X that vanishes at z that is, by the commutativity of the diagram, Im(z1 - A) ¢ TW..
Define now W = {(Z, w) € C x W] z is an eigenvalue ofAW}, which is a d: 1 covering of W, with two

projections
W
pi \
C

n
W.

(18)

Then A can be lifted to an endomorphism of T(C x W), which we will still denote by A, preserving the
vertical subbundles of p and 7. The previous observations imply that, at every point (z, w), A acts on the
vertical subbundle of 7t as multiplication by z and that it descends to TW. Assuming now that the distribution
Im(z1 - A) is integrable, we see that it defines a subdistribution of the integral distribution ker dp. We can
therefore recover our initial surface S as the leaf space

S: W

T Im(zl - A) (19)

The surface S comes with a natural projection p: S — C defined as p([(z, w)]) = z, which makes the following

diagram commute

s 4 (20)

(v

C

It is now sufficient to define U ¢ S asU = {proj(n~*(w))| w € W} and Z = Z(w) = proj(m~"(w)) € Uin order
to apply the previously exposed construction for getting Ax: TxU — TxU i.e. once more our endomorphism
Aw: TwW —> TywW for every point w of W.

Hence, keeping the conventions that we have introduced so far, we have proven the following.

Proposition 3.2. Let W?9 be a complex manifold of complex dimension 2d with the following properties.

(i) 'W comes with an endomorphism A: TW - TW such that at every point the eigenspaces have complex
dimension 2 and the characteristic polynomial is the square of the minimal polynomial

(i) Assume that A is compatible with the induced projection y: 8 > X := C!9, so that Diagram (16) is defined
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(iii) The distribution D := Im(z — A) is integrable on the incidence manifold W = { (z,w) e CxW|zisan
eigenvalue of Ay }.

Thenp: S = W/D - C is a surface projecting on C for which W is the length d Hilbert scheme of points

transverse to the projection.

4 A symplectic form

This section will be devoted to revising, in both directions, the previously exposed construction when we
assume our surface S to carry a symplectic form w on its tangent bundle. From now on we shall also assume
that the projection p: S - C is submersion outside at most a discrete subset B C S.

As we have already pointed out in the Introduction, the results of Sections 3 and 4 show that the
transverse Hilbert scheme of points S},d] gets the structure of a holomorphic completely integrable system.
The importance of A in distinguished whether a given holomorphic integrable system arises as the Hilbert
scheme of points of a holomorphic symplectic surface is well motivated by the following example.

Example 4.1 (Motivational Example). Let us consider the complex 2d-dimensional manifold C*¢, with coordi-
nates (z;, t;),i =1, ..., d and endowed with the standard symplectic form Qq = >_; dz; A dt;, endowed with he
projection po: C?? > C4 given by po(zi, t;) = (z;). Observe that the coordinates z; are d commuting Hamiltonian
functions. Now, the projection po induces an endomorphism A: TC?? > TC?? given, at every point of C*¢, by
the diagonal matrix diag(zy, z1, . .. , 24, 2q). The eigenspaces of this endomorphism, however, show a jump in
dimension whenever two eigenvalues happen to coincide. As a result of this, although (c2, 04, 24,..., zg)isa
holomorphic completely integrable system, it does not arise via a transverse Hilbert scheme construction as A
does not meet the necessary requirements.

We now consider a different C*9 from the one above, with a different projection. Namely we take the space X 4
of all couples of polynomials (Q(A), P(A)) such that Q is monic of degree d and T has degree d—-1. If we write Q =
A -3 Q,-/V andt=>" T;A then (Q;, T;) are global coordinates and X = C24, Now, on the open dense subset V of
X consisting of couples (Q(A), T(A) such that Q has all distinct roots, we also have coordinates (B;, T(B;)) where
Bi are the roots of Q and T(B;) the values of T on those roots. In these latter coordinates the form >_ df; A T(B;)
is defined and it can uniquely extended to a holomorphic symplectic 2-form Q on the whole of X ;. The functions
Qo, . .., Qq_1 will then be d commuting Hamiltonians with respect to Q: in fact, on the open dense subset V they
are just the elementary symmetric polynomials in the roots ;, hence they commute with each other on 'V, so
on all X,;. We set then the projection p: X; > C%, p(Q;, T) = (Q;) and observe that (X, Q, Qo, ..., Qq1)isa
holomorphic completely integrable system. The projection p defines here an endomorphism A of TX; which is
represented by

Co O
; 1)
0 Cq

where C, is the so-called companion matrix of the polynomial Q(A) and meets our requirements. Therefore,
thanks to our results of sections 3 and 4, we can recover the holomorphic completely integrable system
(X4, Q, Qo, ..., Qq_1) as the Hilbert scheme of d points of the surface C x C transverse to the projection onto
the first coordinate.

In [3, Proposition 5] Beauville proves that the full Hilbert scheme S'% of a complex symplectic surface (S, w)
has a symplectic form induced by w. In the following Lemma we will explicitly recover his result on the
transverse Hilbert scheme of d points Sl[,d] , which we know to be an open subset of the full Hilbert scheme. We
remark that the existence of a symplectic form on the Hilbert scheme of d points in C x C* transverse for the
projection p: Cx C* > C onto the first coordinate was pointed out by Atiyah-Hitchin in [2, Chapter 2], where
an explicit formula is only given on the subset V C (C x (C*)I[[,d] of d-tuples consisting of all distinct points.
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Lemma 4.2. Letp: S - C be a complex surface projecting onto C and assume that p is a submersion outside a
discrete set B C S. Assume also that S possesses a holomorphic symplectic form w Then w induces a symplectic
form Q on the Hilbert scheme Sg,d] of d points in S transverse to p.

Proof. We start by proving the Lemma in the case d = 2.

Fixd = 2 and define M = (S \ B)I[DZ]. LetV C SE,Z] be the set of all 0-dimensional subschemes of S consisting
of two distinct points. For every Z € MN'V, i.e. consisting of two different points p1, p, of S, the isomorphism
T;M = H°(Z, TS|,) easily yields the symplectic form on M N V:the map P:SxS-> SI[DZ] has no ramification
on V henceis a 2 to 1 covering. By breaking the &,-symmetry and choosing a sheet of 1, that is ordering the
couple p1, p», one splits H*(Z, TS|;) = Tp,S @ Ty, S and defines Q; = w,, ® wp,. Since the local coordinates
(z,t) on S\ B induce local coordinates (z1, t1, 22, t2) around each Z in M N V simply by evaluating on the
points p; and p, of Z € M NV, we can locally write Q = dz; A dt; + dzo Adt on M N V.

We now have to extend the form Q to those elements W ¢ M which consist of one point s € S\ B taken
with double multiplicity. In order to do so we adapt a construction by Bielawski, [5], in the following way.

Let W € M be as above and observe that since p is a submersion on M, we can choose local coordinates
(z, t) on a neighbourhood U around s such that the first one is the base coordinate of C. Moreover, we can
choose them in such a way that w = dz A dt: if this was not the case, i.e. w = w(z, t)dz A dt, we could define a
Darboux coordinate chart (z, u) around s simply by choosing a new holomorphic fibre coordinate u such that
ou/ot = w(z, t). Of course such a u can always be found as it amounts to finding a primitive of a holomorphic
function on a simply connected domain. We then describe the open set (u),[,,zl C M as the set of couples of
polynomials (g(z), t(z)) such that g is monic of degree 2 and ¢ is linear, that is g(z) = z> - Q1z - Qo, t(z) =
To + T1z. On (U)LZ] NV, i.e. where q(z) has distinct roots z; and z, the polynomial t(z) can be recovered
by Lagrange interpolation from the values t; = t(z1) and t, = t(z,): this gives an equivalence between the
two sets of coordinates (z1, t1, z2, t2) and (Qo, Q1, To, T1). At this point we observe that the form Q can be
rewritten in the coordinates (Q;, T;) as Q = Q1dT1 A dQ1 + dT1 A dQg + dTy A dQq, which is well defined,
closed and non degenerate on the whole UE]. Since, as we will prove in the next Lemma, this construction
is independent of the choice of local coordinates w induces a holomorphic symplectic form Q on M. As B is
discrete in S then S \ M has codimension at least 2 in S/ therefore Q extends to the whole SI! by Hartog’s
Theorem.

Inthe d > 2 case one proceeds exactly as above to get a form Q defined on the setofall Z € SLd] consisting
either of d distinct points or of (d - 2) distinct points and one point which is taken with double multiplicity.
Since the remaining subset has codimension greater than 2 in SI[,,d] again the form Q extends to the whole S},‘ﬂ
by Hartog’s Theorem. O

We now show that this construction does not depend of the choice of coordinates.

Lemma 4.3. The construction of Lemma 4.2 is independent of the choice of coordinates.

Proof. Again we start from the d = 2 case, keeping the notation of the previous lemma. Let (z, t) and (z, w) be
two sets of Darboux coordinates adapted to the projection p on (S, w). Denote by ¢ the change of coordinates
between (z, t) and (z, w), so that @’ = (¢p™!)"w is defined. The same observation as in Lemma 4.2 yields a
symplectic form Q on M NV and a change of coordinates @ such that Q" = @*Q.

Let now E € M be an element of SI[DZ] consisting of a point s € S taken with double multiplicity and let U’
be a coordinate neighbourhood of s for the coordinates (z, w). The description of (u')}}] is then

W5 = {(g(2), w(2))| degq(z) = 2, degw(z) = 1,
g monic }
where
q(2) = 2> - Q1z- Qo
w(z) = Wiz + Wy.
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Observe that (Q;, W;) are local coordinates on (u’)}}]. By abuse of notation, we keep denoting by @ the change
of coordinates between (Q;, T;) of Lemma 4.2 and (Q;, W;) on the intersection (U)I[f] al (u')}jl. Then (@™ 1) Qs
defined on all (W' N (W) and coincides with Q" on (W) N(W)!Z NV, therefore being its unique holomorphic
extension. We conclude by extending Q" = (@71)"Q to the whole SI[DZ] via Hartog’s Theorem.

The generalization to greater d is again achieved by applying the d = 2 construction to the subset of all
elements in SE,d] consisting of d distinct points or (d — 2) distinct points and one double point and then by
extension via Hartog’s Theorem. O

Corollary 4.4. The endomorphism A and the symplectic form Q satisfy the condition Q(A-, ) = Q(-, A-).

Proof. It suffices to show the claim on the open dense subset V C S},d] of elements consisting of all distinct
points. But there we can use coordinates that are both Darboux for Q and diagonalizing A, so the assertion is
trivially verified. O

Corollary 4.5. The transverse Hilbert scheme of points SLd] is a holomorphic completely integrable system

Proof. This is an immediate consequence of Corollary 4.4: the coefficients Q; of the minimal polynomial of A
are d Poisson-commuting functions for the Poisson structure associated to Q on the dense subset V, hence
on all Sl O

Example 4.6. A basic example summarizing what we have done is given by takingS=CxC,p: CxC > C
defined by (x,y) » z = xy and w = dx A dy. Of course p is a submersion away from the origin and
{(0,0)} is a codimension 2 subset of S. Hence on (C x C)\rq,0; = {x/= 0} U{y/= 0} = U U
we proceed exactly as in Example 2.5 and apply our construction taking coordinate (z, y1) on U; and
(z,x2) on U, where y; = -—log(x) and y» = log(y). Observe that on U; we write w = dz A dy; and
w = dz A dx, on U, and that they agree on the overlap U; N U,. Each patch can be described as the set
{(q(2), p(2))| q is monic of degd, p hasdegd - 1and p(0)/= 0if g(0) = 0}. The construction now yields
the symplectic form Q on (((C x C) \B)LZ] = {E € (Cx (C)I[DZ]\ (0,0) ¢ E}. Since the complementary set to

(Cx0)\ B)I[;] has codimension 2, we get Q on the whole (C x (C)I[JZ] applying Hartog’s Theorem.

In the following proposition we work out the inverse construction in order to recover the holomorphic 2-form
initially given on the surface S starting from the induced completely integrable system.

Proposition 4.7. Let W be a complex manifold of complex dimension 2d endowed with an holomorphic
endomorphism of the tangent space T'W as in Proposition 3.2. Assume also that W possesses a symplectic form
Q such that

1 0(4-,-)=0(,A)

(ii) Each fiber u™t(x),forx € X = C is Lagrangian, i.e. the vertical subbundle ker(du) is maximal Q-isotropic.
Then S = W/D has a symplectic form induced by w

Proof. We will obtain a symplectic form on S = W/D by defining on W a 2-form 7 of the form 7 = p*dz A a
in the notation of Diagram 18, with a, a 1-form on W, = p~1(z) = {w,2) € W] z is eigenvalue of Aw}, such
that (X, Y) = O forevery X € T'Wand Y € D.

By the commutativity of Diagram 18 and the surjectivity of du, ker(z1 — A) maps surjectively onto ker(z1 -
A). At this point we define W, = 71(W,) and we observe that the restriction My, W, > W, is obviously a
diffeomorphism for every z € C therefore W, comes comes with a manifold structure. We can then choose a
vector field v, on X, = u(W;) such that v, € ker(z1 - A) at every point of X, and lift it to a vector V, tangent
to W, with V, € ker(z1 - A). This lift is not uniquely determined: if V, € ker(z1 - A) is a second such lift,
then V, - V,, € ker(z1 - A) N ker du.

Define now the 1-form a. = ty,Q on TW;. This definition does not depend of the choice of V.. In fact, at
every w € W;, one can split the tangent space to W, as
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where L € ker(z1 - A) n ker(du). Now, since Q(4-, ) = Q(-, A-) we have that ker(z1 - A) and Im(z1 - A)
are Q-orthogonal. This implies ’v,—v’zQ(X) = 0 for every X € Im(z1 - A. Also, since ker(du) is Lagrangian by
assumption, we have ty_y Q(L) = 0. Hence ty,_y Q = az - a; = 0 on all W, meaning a; is well defined.
Since 71|y, is a diffeomorphism for every z € C, dm is an isomorphism and we can therefore pull a, back
to W, via 7 and define 7 = p dzAm az. As D = Im(z1 - A) satisfies (-, D) = 0, the form T descends to a form 7
on S = W/D. We now prove that 7 is symplectic. First of all, d7 = 0 as T is a 2-form on a 2-dimensional space.
In order to prove its non-degeneracy we proceed as follows. First we observe that at every point [(z, w)] of S
we have
TieaS = (Y) ® TwW2/D,. (23)

where Y is a vector in T, W such that dp(Y) = 9/9z. Take now W e T, W, such that [W}= 0 in T,,2W./D and
compute

(p"dz A 1T 02z ) (Y, W) = T az(W) = Q((V2)w, dw(W)Y=0 (24)

otherwise we would have (V,), € (TwW.)?, where we denote with the superscript Q the symplectic
orthogonal complement. Now one observes that because both Im(z1 - A) and ker(du) are contained in T,,'W,
then (TwW,)? C ker(zl - A) N ker(du)® = ker(z1 — A) N ker(du) as ker(du) is Lagrangian. By counting
dimensions we actually have (T,W.)? = ker(z1 - A) N ker(dy). But this would imply V, € ker(du) at w,
which is in contrast with the fact that V, was constructed as a lift of a vector field v..

As a last step we prove that when (W, Q) is constructed as the transverse Hilbert scheme of a symplectic
surface (S, w) projecting onto C via p with the symplectic form Q induced by w then, once we recover S as
W/D we also get back the original symplectic form w.

Let us write w = dz A ¢., where ¢, is a 1-form defined on the fibre p~'(z). Then on the usual open
dense subset V C ‘W of all d-tuples of distinct points we have Q = > dz; A @;. Let V = {(z,w) €
W|z has multiplicity exactly 2} and note that V is open and dense in W. Call r: W > S the canonical
projection onto the space of leaves: we have cl(r(V)) = cl(r(cl(V)) = S, where cl stands for the topological
closure. Hence (V) is dense in S. Moreover, as the canonical projection onto the space of leaves of a foliation

is always an open map [6, pag.47, Theorem 1], r(V)is openinS. Sinceon Vwehave V;, = 0/dz;fori=1,...,d,
then 1y, Q = ¢, for every z and it is clear that 7 agrees with w on r(V), hence w and 7 coincide as claimed on
the whole S. O
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