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A B S T R A C T

The traction in concentrated contacts is governed by the fluid rhe-
ology. While the film formation has been well understood and its
relation to the physical lubricant properties have been shown, the rhe-
ology governing the lubricant behaviour within elastohydrodynamic
lubricated (EHL) contacts still poses numerous challenges.

The limit of the traction transferable through a concentrated con-
tact is governed by the lubricant property limiting shear stress. The
behaviour of the limiting shear stress is evaluated by examining data
from traction experiments. It is found that a linear relationship of
pressure and maximum shear stress exists. The problem of using an
integral contact is addressed by using data gained from a specialised
experiment with homogeneous pressure. This shows the same pres-
sure limiting shear stress relation. Thus the traction experiments are
assumed a valid basis for extracting pressure limiting shear stress
data.

From the observations in the experiments a limiting shear stress
relation is formulated and abstracted for several lubricants. This rela-
tion is subsequently implemented in a computational routine.

The temperature dependence of the limiting shear stress is invest-
igated by measurements of body temperature and by obtaining tem-
perature maps of the contact through thermography. It can be found,
that a small temperature dependence of the limiting shear stress may
be present. However, when including the temperature maps into com-
putations it is shown that the effect of temperature on viscosity out-
weighs possible influences of temperature on the limiting shear stress.
Furthermore, the knowledge of local temperatures makes the solution
of the energy equation for a local temperature calculation unneces-
sary thus allowing for faster computations with the real temperat-
ures.

This is backed further by implementing several different viscosity
models which are all based on identical high pressure viscometry
data. It can be shown that the viscosity model influences the traction
results substantially.

Thus this work aims to achieve the following goals: Shed light on
the true fluid behaviour in the EHL contact, point out the influence
of temperature on the limiting shear stress, and further enhance a
simple numerical model of the limiting shear stress for use in compu-
tations.

i



Z U S A M M E N FA S S U N G

Die Reibung in hochbelasteten elastohydrodynamisch geschmierten
Kontakten (EHD) wird von der Schmierstoffrheologie beherrscht. Wäh-
rend die Mechanismen die zur Schmierfilmbildung führen und die
Zusammenhänge mit physikalischen Schmierstoffeigenschaften be-
reits erforscht und zufriedenstellend geklärt sind, ist das rheologische
Verhalten der Schmierstoffe in den Kontakten weiterhin nicht ausrei-
chend geklärt.

Die maximale Schubspannung/Traktion die durch den Schmier-
film eines hochbelasteten EHD Kontaktes transferiert wird ist eine
Schmierstoffabhängige Größe: Die Grenzschubspannung. Das Verhal-
ten der Grenzschubspannung wurde mithilfe von Traktionsversuchen
untersucht. Ein linearer Zusammenhang zwischen Druck und Grenz-
schubspannung konnte bestätigt werden. Da es sich bei der Trakti-
onsmessung um eine Messung an einem integrierenden EHD Kon-
takt handelt wurden die Ergebnisse mit Versuchen aus einem Experi-
ment mit homogener Druckverteilung abgeglichen. Es konnte gezeigt
werden, dass die Ergebnisse aus Traktionsmessungen und Laborexpe-
riment diesselben Werte liefern. Daraus wurde abgeleitet, dass eine
Nutzung von Traktionsexperimenten zulässig ist um die Grenzschub-
spannung zu ermitteln.

Aus den Messwerten wird eine Druckabhängigkeit der Grenzschub-
spannung abstrahiert und diskutiert. Weiterhin wird diese Relation in
einer Berechungsroutine umgesetzt.

Die Temperaturabhängigkeit der Grenzschubspannung wird mit-
tels Massentemperaturmessungen und flächigen Thermografiemes-
sungen untersucht. Es kann eine kleine Temperaturabhängigkeit der
Grenzschubspannung ermittelt werden. Durch die Thermografiemes-
sungen zeigen sich jedoch die Einflüsse auf Viskosität dominant. Durch
die Kenntnis der lokalen Temperaturen kann eine schnelle Berech-
nungsroutine entwickelt werden, die es ermöglicht zeitsparend mit
den vorliegenden Temperaturen zu rechnen.

Weiterhin wurden weiter Viskositätsmodelle rechnerisch betrach-
tet und stützen die Beobachtung, dass die maximal Schubspannung
im Kontakt vornehmlich durch das Viskositäts Temperatur Verhal-
ten begrenzt werden, die Grenzschubspannung aber davon unberührt
bleibt.

Diese Arbeit bildet einen Beitrag bei der Beantwortung der Frage
wie sich das Fluid im EHD Kontakt verhält, sie zeigt den Einfluss der
Temperatur auf die Grenzschubspannung und entwickelt eine einfa-
che Berechnungsvorschrift zur überschlägigen Traktionsberechnung
weiter.
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All we have to decide is
what to do with the time that is given us.

— Gandalf
— J. R. R. Tolkien,

The Fellowship of the Ring (Tolkien, 1954)
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1
I N T R O D U C T I O N

The use of lubrication makes machinery operate and can lower energy
consumption and reduce wear. Ever since humans have used tech-
nical systems (e. g., during building of the pyramids (Dowson, 1998))
lubrication has been used to reduce friction. However, the study and
understanding of the mechanisms occurring in lubricated contacts
is still a field with a number of unanswered questions. While the
mechanism responsible for the build up of lubricant films in highly
loaded non-conformal contacts (e. g., rolling element bearings, gears)
has only been understood in the midtwentieth century, engineers al-
ways strived towards a reduction of wear and losses in these con-
tacts. This mode of lubrication is called elastohydrodynamic lubrica-
tion (EHL) and is explained in Sec. 1.2.1.

The wear can be greatly reduced by enabling a lubricant film to
form, which is thick enough to separate the rubbing surfaces. The
reduction of the losses (termed friction or traction in elastohydro-
dynamic lubricated contacts) can be influenced by changing the lub-
ricant rheology. However, to enable a prediction of changes and help
understand the expected losses and wear during the design process
models of the behaviour of the lubricated contacts are needed. Fur-
thermore, during an optimisation process the interaction of the mech-
anisms must be understood to allow for a full system optimisation
without causing interference in one direction, e. g., having low fric-
tion through low viscosity lubricants while then causing thin films
leading to excessive wear.

1.1 formulation of problem

One of the most striking features of EHL contacts is that the film
thickness and the traction are independent. The reason being that the
film thickness is governed by the inlet region, whilst the traction is
dominated by the lubricant properties in the middle of the contact.
This leads to the phenomenon that numerous precise models for the
film thickness exist whilst models for traction calculation are still de-
bated.

The calculation of traction in these EHL contacts relies on the rhe-
ological models used. In this work, results from traction experiments,
which form an integration over Hertzian contacts with strongly in-
homogeneous conditions, are presented (Sec. 5.1). They are compared
to data from laboratory measurements with homogeneous conditions
(Sec. 5.2). Due to the fact that the integral data do not directly rep-
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2 introduction

resent local rheological fluid properties, further investigations are
presented. Here, thermographic measurements are used to discern
the contact temperature locally. Furthermore, a model for the max-
imum shear stress depending on pressure is proposed and compared
to existing models. By using these parameters in a simple calculation
routine an influence of the parameters is shown, ultimately enabling
a further insight into the rheological behaviour of the investigated
lubricants.

1.2 concentrated lubricated contacts

In lubricated contacts, the formation of a separating lubricant film is
achieved by hydrodynamic mechanisms (Sec. 2.1). The viscous lubric-
ant is pulled into the contact by the relative movement of the contact
partners. Due to a converging gap a pressure builds up in the film in
the contact, leading to formation of a film carrying parts or all of the
normal load. The lubricating film build-up is influenced substantially
by the macroscopic shape of the contact. In the case of conformal con-
junctions, found for example in journal bearings, the load and contact
shape often do not lead to significant elastic deformation of the con-
tacting bodies, so that the lubricant film formation can be said to be
purely hydrodynamic.

In the case of non-conformal or concentrated contacts, found for
example in rolling element bearing contacts and gear teeth, the load
leads to elastic deformations of the bodies in an order of magnitude
of the resulting lubricant film thickness. Furthermore, the pressures
encountered in these contacts are significantly higher, in the range
of up to 4 GPa. The resulting contact shape is thus governed by the
elastic deformation of the contacting bodies as well as the lubricant
behaviour. This mechanism is termed elastohydrodynamic lubrica-
tion (EHL). The friction in these contacts is the subject of this work.

In the following sections at first the dry contact of non-conformal
bodies without tangential forces is introduced. Subsequently, the mod-
els governing EHL contacts are discussed.

Contact of non-conforming surfaces

When two bodies with non-conforming surfaces are brought into con-
tact they initially touch in a line (e. g., cylinder on a plane or two cyl-
inders with parallel axes) or in a point (e. g., ball on flat or any two
ellipsoids). However, as soon as a load is applied these contact areas
turn into finite contact areas.

A well known analytical solution for the contact problem of two
non-conforming elastic ellipsoid bodies was presented by Hertz (1881).
A great number of solutions for contact problems are still based on
these equations.



1.2 concentrated lubricated contacts 3

When two elastic ellipsoids are pressed together with a normal
force Q an elliptical contact forms. This elliptical contact can be de-
scribed by the major and minor half-width a and b of the ellipse. For
the definition of the coordinate system the following conventions are
used: The x-y plane is the common tangent plane of the two surfaces
and the z axis points into the lower body on the normal of that plane.
This coincides with the load direction. The direction of the x axis
is chosen so that the radii of curvature are maximised as shown in
Fig. 1.2.1, so that:

1
r1y

+
1

r2y
>

1
r1x

+
1

r2x
. (1.1)

Hertz regarded the bodies as elastic half-spaces. He further used
the following simplifications to reach a solution of the problem. The
dimensions of the contact area must be small compared to the dimen-
sions of the bodies and the relative radii of curvature. The second
assumption is based on the necessity of small strains to stay within
the scope of linear elastic behaviour. Furthermore, the surfaces are
assumed to be frictionless and only normal forces are transmitted
between them. The whole system is assumed to be in a state of equi-
librium.

The contacting bodies are assumed as isotropic and homogeneous.
The following equations are from Hamrock and Dowson (1981). The
equivalent elastic modulus E∗ is then defined as:

1
E∗

=
1
2

(
1− ν2

1
E1

+
1− ν2

2
E2

)
, (1.2)

whilst the curvature of the bodies ∑ ρ (which is the reciprocal com-
posite radius R) is defined as:

∑ ρ =
1
R

=
1

Rx
+

1
Ry

=
1

r1x
+

1
r2x

+
1

r1y
+

1
r2y

(1.3)

with convex curvatures defined as negative. The half-widths of the
contact area are then:

a = 3

√
6k2EQ

π ∑ ρE∗
(1.4)

b = 3

√
6EQ

πk ∑ ρE∗
(1.5)

with the elliptic integrals E and F . The ratio of half-widths or ellipti-
city parameter:

k =
a
b

(1.6)



4 introduction

whilst the mutual approach δ is:

δ = F · 3

√
9 ∑ ρ

2E ·
(

Q
πkE∗

)2

. (1.7)

From the contact size the mean contact pressure p0 is:

p0 = p̄ =
Q

AHertz
=

Q
πab

. (1.8)

The pressure distribution is then:

p(x, y) = p0 ·
√

1−
( x

a

)2
−
(y

b

)2
(1.9)

following from this:

pHertz = pmax =
3
2
· p0 . (1.10)

The calculation necessitates solving the complete elliptical integrals
F and E of first and second order.

F =
∫ π/2

0

[
1−

(
1− 1

k2

)
sin2 ϕ

]−1/2

dϕ (1.11)

E =
∫ π/2

0

[
1−

(
1− 1

k2

)
sin2 ϕ

]1/2

dϕ (1.12)

To speed up numerical solution and avoid lengthy calculations sev-
eral methods have been proposed. One of these is the use of val-
ues looked up from tables (e. g. Cooper, 1969; Schmelz and Müller,
2001) making use of parameters dependent on cos(τ):

cos(τ) =

∣∣∣∣∣ r1x − r1y + r2x − r2y

∑ ρ

∣∣∣∣∣. (1.13)

Another approach was taken by several authors who proposed ap-
proximate algebraic expressions in terms of a/b to replace the elliptic
integrals (Dyson, 1965; Brewe and Hamrock, 1977). The method pro-
posed by Brewe and Hamrock is presented. By using the relation
stated by (Harris, 1966):

J(k) =

√
2F − E (1 + Γ)
E (1− Γ)

(1.14)

and through iteration gaining the ellipticity parameter from:

kn+1 = J(kn) (1.15)
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Figure 1.2.1: Contact of two ellipsoids as described by Hertz

with

Γ = R
(

1
Rx
− 1

Ry

)
, (1.16)

using the composite radius defined in Eq. 1.3. The provided fits for
k, E , and F are denoted by k̄, Ē , F̄ :

k̄ = 1.0339 ·
(

Ry

Rx

)0.6360

(1.17)

Ē = 1.0003 +
0.5968
Ry/Rx

(1.18)

F̄ = 1.5277 + 0.6023 · ln Ry

Rx
(1.19)

These fits are often used in calculations where a solution of the
elliptic integrals is deemed too time consuming (e. g. Baly, 2005; Barz,
1996; Wang, 2015).

1.2.1 Fundamentals of EHL Contacts

The lubrication mechanism of contacts in the presence of lubricants
can be described by determining the behaviour of the lubricant viscos-
ity as well as the deformation behaviour of the solid surfaces. These
can be grouped into four regimes (Johnson, 1970):
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• Isoviscous rigid: The pressure in the film (i. e., contact) is insuf-
ficient to cause a notable elastic deformation of the solid. The
pressure furthermore does not change the viscosity of the lub-
ricant notably. Typically this regime is encountered in lightly
loaded contacts operating at high speeds. The solid can thus be
regarded as rigid body.

• Piezoviscous rigid: The pressure in the film increases the viscos-
ity of the lubricant, however it is not sufficient to deform the
solid bodies. This regime is possible with lubricants that vary
viscosity with low pressure changes and relatively high speed
(Bair, 2007).

• Isoviscous elastic: The pressure in the film changes the shape
of the solids, however the viscosity of the lubricant does not
change. This behaviour is encountered if the solids have a low
elastic modulus and is referred to as soft EHL. The pressure thus
changes the shape of the solids but not the viscosity of the lub-
ricant.

• Pieziviscous elastic: The pressure within the film both deforms
solids and changes the viscosity of the liquid. This regime is
called full elastohydrodynamic or EHL respectively EHD. This is
present in most systems with concentrated contacts lubricated
with organic lubricants, e. g., rolling element bearings, traction
drives, and gears. This is the regime forming the focus of this
work.

To divide these regimes Johnson (1970) devised the dimensionless
viscosity and elasticity parameters gV and gE respectively. For line
contacts these are:

g2
V =

8 · π3 · α∗2 · p6
H · R

E′3 · ū · µ0
(1.20)

g2
E =

4 · π2 · p4
H · R

E′3 · ū · µ0
(1.21)

and for point contacts these can be written as:

gV =

(
2
3
· π3

)3

· α∗ · p9
H · R2

E′6 · ū2 · µ2
0

(1.22)

gE =

(
2
3
· π3

) 8
3

· p8
H · R2

E′6 · ū2 · µ2
0

. (1.23)

With the parameters:
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α∗ pressure viscosity coefficient (as defined in Eq. 2.56)

E′ reduced elastic modulus (Eq. 1.2)

ū velocity

µ0 viscosity at ambient pressure µ(p = 0) (see Sec. 2.3)

pH Hertzian pressure (Eq. 1.10)

R the composite radius (Eq. 1.3)
For point contacts, the ellipticity ratio must also be taken into ac-

count as it influences the film formation through flow to the sides of
the contact.

Figure 1.2.2 shows these regimes for the line contact depending on
the parameters. It must be noted that the borders of the regimes are
not strict and thus transition zones between the regimes are indicated.
It is visible that with increasing elasticity parameter gE the behaviour
changes from rigid to elastic. This transition can happen due to rising
Hertzian pressure or decreasing elastic modulus E′. At a rise of the
viscosity parameter gV the behaviour changes towards piezoviscous.
Here not only the Hertzian pressure and the elastic modulus but also
the pressure viscosity coefficient, i. e., viscosity change with pressure,
plays an important role.

The focus of the work presented is on elastohydrodynamicly lub-
ricated contacts between bodies with high elastic modulus and thus
the piezoviscous regime is the centre of the focus in the following
sections.

1.2.2 Film Thickness and contact geometry

The flow of the lubricant in EHL contacts can be described by the
Navier-Stokes equation and the continuity equation. The Navier-
Stokes equations pose a great challenge to solve and analytical solu-
tions do not exist.

Reynolds (1886) deduced from the Navier-Stokes equation a us-
able formulation which could be solved to determine the pressure
profile in the lubricating gap. The Navier-Stokes equations encom-
pass surface, body, and inertia forces (Hamrock, 1991). The surface
forces act on the surface of a fluid element, whilst the body forces res-
ult from external force fields like gravity. The inertia forces are result
of the acceleration of the fluid element.

The flow in an EHL contact can be described as slow viscous mo-
tion for which Reynolds showed that only the pressure and viscous
terms are of importance. Thus the Navier-Stokes equation is simpli-
fied to the Reynolds equation when certain assumptions are valid:

∂

∂x

(
h3 ∂p

∂x

)
+

∂

∂y

(
h3 ∂p

∂y

)
= 6η (u1 + u2)

∂h
∂x

+ 12η
∂h
∂t

. (1.24)

The assumptions limiting the application are:
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Figure 1.2.2: Regimes of lubrication according to Johnson (1970). Left: Diagram for line contacts
from Winer and Cheng (1980) and Bair (2007). The grey arrow (downward pointing)
represents a velocity increase from 0.1 to 10 m/s at pH = 1 GPa. The black arrow
(upward pointing) shows an increase in Hertzian pressure from 0.6 to 1.6 GPa at
1 m/s. Right: Regimes for point contact with ellipticity ratio k = 1 from Hamrock
and Dowson (1983). Lines of identical dimensionless minimum film thickness are
shown.

• constant viscosity and a Newtonian fluid,

• height of the film thin compared to its length,

• homogeneous properties across height of the lubricant,

• the lubricant is incompressible,

• and the flow is laminar.

The left terms of Eq. 1.24 are often referred to as the Poiseuille or
pressure term and the right side is often referred to as Couette term
for the first term of the sum and squeeze term for the second.

Formulations have been proposed to incorporate Non-Newtonian
properties, thermal behaviour, and compressibility (Dowson, 1962;
Peiran and Shizhu, 1990b; Peiran and Shizhu, 1990a), thus over-
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coming Reynold’s limitations. Written according to Peiran and Shizhu
(1990a):

∂

∂x

[(
$

η

)
ey

h3 ∂p
∂x

]
+

∂

∂y

[(
$

η

)
ey

h3 ∂p
∂y

]
= . . .

. . . 12
∂

∂x
($∗xūh) + 12

∂

∂y

(
$∗yūh

)
+ 12

∂

∂t
($eh) .

(1.25)

The local deformations δ(x, y) of the elastic half space can be de-
scribed by the Boussinessq equation depending on the local stress
(Hamrock, 1991):

δ(x, y) =
2

πE′

∫ ∫
S

p (x′, y′)dx′dy′√
(x− x′)2 + (y− y′)2

. (1.26)

The film thickness including deformation is given as (Lugt and Morales-
Espejel, 2011):

h(x, y) = h0 +
x2

2Rx
+

y2

2Ry
+ δ(x, y) (1.27)

where the second and third term are an approximation of the gap
shape and the constant h0 is the mutual distance of approach found
by solving the force balance equation:

m
∂2h0

∂t2 +
∫ ∫

S
p (x, y)dxdy = F(t). (1.28)

To solve the EHL contact problem, i. e., determine p(x, y) and h(x, y),
the Reynolds equation (Ee. 1.25), the deformation equation (Eq. 1.26),
the film shape equation (Eq. 1.27), and the force balance (Eq. 1.28)
need to be solved simultaneously. The solution of the coupled sys-
tem of equations has led to several methods being used. First numer-
ical calculations used Gauss-Seidel iteration schemes (Hamrock and
Dowson, 1976; Chittenden et al., 1985a; Chittenden et al., 1985b).
Subsequent use of the Newton-Rhaphson method saw an increase
in computing speed. Further methods used include multi-grid tech-
niques (Lubrecht, 1987; Venner, 1991) coupled with multilevel integ-
ration (Venner and Lubrecht, 2000). Another way to solve the prob-
lem has been proposed using computational fluid dynamics (CFD)
to solve the Navier-Stokes equations instead of the Reynolds equa-
tion (Hartinger, 2007; Hartinger et al., 2008; Hajishafiee, 2013;
Srirattayawong, 2014). However, these methods require a signific-
ant amount of computing power and time and are thus not useful
for standard applications yet. Due to rising computing power this
method of solving the contact may be applied in greater scale in
future. Further methods include finite element, or finite difference
schemes applied to the coupled equations. Habchi (2008) has applied
a full system finite element approach, which solves the equations in
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Figure 1.2.3: Results of EHL contact solution showing film profile and pres-
sure. From Meyer (2010b)

an iterative loop where the elastic deformation is replaced by a full
body elasticity. Further work presented was focused on the order re-
duction of the finite element problem enabling a more economic com-
putation (Habchi and Issa, 2017).

The solution of the EHL conjunction for a point contact is shown in
Fig. 1.2.3 in the mid-plane of the contact. The characteristic difference
of the EHL pressure distribution when compared to the Hertzian
pressure distribution is the Petrusevich pressure spike caused by
the closing gap at the outlet (Hamrock, 1991). The closing gap res-
ults from the observation that the steep gradient of the pressure spike
would increase flow rate and thus cause continuity problems if the
gap closure was not present. However, the Hertzian pressure distri-
bution is quite similar to the EHL pressure distribution. This can be
taken advantage of when very fast calculations with a focus on qual-
itative behaviour are carried out.

Film Thickness Formulae

A first solution for the central film thickness was presented by Ertel
Grubin (1949).

Dowson and Higginson (1966) used the results obtained from nu-
merical solutions (Dowson and Higginson, 1959) to develop analyt-
ical formulae for the calculation of the central film thickness hc and
the minimum film thickness hmin for line contacts with entrainment
parallel to the minor half-width of the contact. They assumed the
lubricant to be Newtonian and used an equation of state discussed
in Sec. 2.3.1 (Eq. 2.29). Based on this work further analytical formu-
lae have been developed to include point contacts as well as higher
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pressure regimes and thermal effects. The following dimensionless
constants are used. The speed parameter U is:

U =
η0V
E′R

(1.29)

where the speed V is:

V =
√

ū2 + v̄2 ,

and the material parameter G can be written as:

G = αE′ . (1.30)

The load parameter W is for point contacts:

W =
Q

E′R2
x

, and W =
Q

lE′R
(1.31)

for line contacts. The dimensionless pressure Pe is:

Pe =
p
E′

. (1.32)

Thus the dimensionless minimum film thickness Hmin was defined as:

Hmin =
hmin

Rx
= 3.63U0.68G0.49W−0.073

(
1− e−0.68k

)
. (1.33)

With the central film thickness (Hamrock and Dowson, 1981):

Hc = 2.69U0.67G0.53W−0.067
(

1− 0.61e−0.73k
)

. (1.34)

Chittenden et al. (1985a) and Chittenden et al. (1985b) derived a
formula for arbitrary entrainment direction.

Hmin = 3.68 ·U0.68
e · G0.49 ·W−0.073 ·

{
1− exp

[
−0.67 ·

(
Rs

Re

) 2
3
]}

(1.35)

Hcen = 4.31 ·U0.68
e · G0.49 ·W−0.073 ·

{
1− exp

[
−1.23 ·

(
Rs

Re

) 2
3
]}

(1.36)

where

1
Re

=
cos2 θ

Rx
+

sin2 θ

Ry
and

1
Rs

=
sin2 θ

Rx
+

cos2 θ

Ry
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whith the effective entrainment velocity ue

ue =
u

cos θ
=

v
sin θ

and Ue =
η0 · ue

E′ · Re
.

The equations have been compared to interferometric film thick-
ness measurements and show reasonable agreement for most lub-
ricants (Dyson, Naylor and Wilson, 1965; Chaomleffel, Dalmaz
and Vergne, 2007). However, deviations observed showed lower ex-
perimental film thickness than expected for some conditions. This
led to an investigation into the inlet shear heating (Greenwood and
Kauzlarich, 1973). Murch and Wilson (1975) used an equation tak-
ing into account the viscous heating of the inlet zone to develop a
method to corrected the isothermal film thickness using a correction
factor Cth:

h0,th = Cth · h0,isoth (1.37)

hmin,th = Cth · hmin,isoth (1.38)

with the correction factor defined as function of the thermal load
factor Lth from Harris (1991):

Cth =
1

1 + 0.182 · L0.548
th

(1.39)

Murch Wilson give it as

Cth =
3.94

3.94 + L0.62
th

(1.40)

Lth = η0 ·
βth · u2

kth
(1.41)

With βth, kth being the temperature viscosity coefficient and the thermal
conductivity of the lubricant respectively and u denominating the sur-
face velocity.

During the formulation of the models Newtonian fluid behaviour
was assumed. In the inlet the pressures and the shear rates are still
low making this assumption valid for a number of fluids. However,
several lubricants exist that already exhibit shear thinning (see Sec. 2.1.4)
in the inlet. Thus the the film thickness is influenced by the shear thin-
ning. A factor φst similar to the thermal correction factor to consider
the non-Newtonian behaviour was discussed (Bair and Winer, 1997;
Bair and Qureshi, 2003; Bair, 2004a) and finally proposed by Bair
(2005) as:

φst (S, Γ) =
{

1 + 0.79 [(1 + S) Γ]1/(1+0.2S)
}3.6(1−n)1.7

(1.42)
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With Γ the inlet Weissenberg1 number:

Γ =
µ0u
hNG

(1.43)

and n is the power-law exponent for the liquid, hN the film thickness,
S the slide to roll ratio, and G the modulus in Pa. This correction
should work for values of Γ < 25, φst < 8, and 0 < S < 1. The
values of n are restricted as well and can be taken from Bair (2005).
The parameter was determined in an analysis based on the method
of Ertel-Grubin and is thus valid for line contacts. However, based
on solutions of the EHL problem factors have been developed for
point contacts (Kumar and Khonsari, 2008) and second Newtonian
viscosities (Jang, Khonsari and Bair, 2008; Anuradha and Kumar,
2011). From Habchi et al. (2013) the correction factor is given as:

1
φst

=

(
µ2

µ

)a

+

(
1−

(
µ2

µ

)a)
[1 + bΓ]n−1 (1.44)

for point contacts and lubricants exhibiting shear thinning and a
second Newtonian plateau. The parameters a and b were fit to data
from two gear oils, three not nearer described oils, and eight mo-
tor oils allowing the determination of µ2/µ. This lead to a = 0.7589
and b = 1.929 for the central correction factor and a = 0.9069 and
b = 2.189 for minimum correction factor.

Ståhl and Jacobson (2003) numerically analysed the influence of
a variation of the limiting shear stress on the film thickness and found
little influence on the minimum film thickness. The film profile in the
central region was found to change, however, without influencing the
mean central film thickness which agreed with the values predicted
by the equations.

Chaomleffel, Dalmaz and Vergne (2007) compared measurements
with film thickness formulae and found a reasonable agreement for
hc even when using non-Newtonian lubricants and applying the film
thickness equations outside their stated domains. However, the min-
imum film thickness outside the proposed domain of the equations
was greatly influenced and could not be predicted for all conditions.

Several further models taking into account different lubricant rhe-
ology have been proposed and are still being considered (Anuradha
and Kumar, 2013).

Wheeler et al. (2016) compare a number of film thickness equa-
tions to computations solving the Reynolds equation. They state
that the agreement for the central film thickness hc is reasonable
for nearly all investigated film thickness formulations. Some short-
comings for heavily loaded contacts with slow entrainment velocity
(i. e., low film thickness) were found. They recommend the use of

1 Note that the Weissenberg number is similar to the Deborah number and some-
times used to characterise the visco-elastic regime as being predominantly viscous
or elastic.
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the Chittenden formulation for hc and of the Nijenbanning model
for hmin. Although the equations describing the film thickness have
been developed several decades ago their use is still widespread and
reasonable due to the fact that good predictions of film thickness are
possible with negligible computing time.

Typical central film thickness values for EHL contacts are in the
range of 100 nm to 2 µm in hard EHL contacts.



2
F R I C T I O N A N D L U B R I C A N T B E H AV I O U R

2.1 friction in lubricated contacts

The determination of friction forces has been investigated for a long
time. The friction occurring in tribological contacts can be classified
by the contact pairs and mechanisms involved. It is normally divided
into three categories in lubricated systems. Dry friction (direct contact
exists between asperities of the solid bodies in contact), boundary
friction (i. e., friction between boundary layers or ultra thin films of
lubricant) and fluid film lubrication, i. e., friction originates within
a fluid film separating the surfaces of the contact bodies. When the
film separation does not suffice to prevent all asperity contact the
condition is referred to as mixed friction and models often use a sum
of dry and lubricated friction models.
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Figure 2.1.1: The Stribeck curve

The friction coefficient f in the three regimes is usually depicted
dependent of entrainment speed v, viscosity η, and the inverse con-
tact pressure p in the Stribeck curve which is shown in Fig. 2.1.1.
The dimensionless parameter v · η/p is directly related to the hydro-
dynamic film thickness h in the contact provided there is a wedge
shaped geometry. The friction regimes are characterised as follows:

15
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• Boundary friction: The contact takes place between the rough-
ness asperities of the boundary layers. The lubricant has not yet
formed a load carrying hydrodynamic film. The friction is gov-
erned by mechanical interaction between the boundary layers
and possibly the shearing of very thin lubricant films between
asperities.

• Mixed friction: A hydrodynamic film is formed, however, asper-
ity contacts still occur. The load of the contact is shared between
the asperity contacts and the lubricant film. The friction is de-
termined by both shearing losses in the lubricant and mechan-
ical interactions of the asperities.

• Full film or fluid friction: The fluid film supports the contact
load. The friction is only the result of shearing of the lubricant.
No asperity contacts occur.

A special case of friction occurs when absolutely no lubricant is
present. The so called dry friction between the asperities of the sur-
faces is then a result of adhesive forces and deformations.

2.1.1 Lambda ratio

To determine the lubrication regime a lubricated contact is running
in, often the film thickness ratio λ is used. This ratio is defined as the
ratio of the average film thickness ha and the composite root mean
square roughness σ or standard deviation of the roughness profiles
(Zhu and Wang, 2012).

λ =
ha

σ
(2.1)

where

σ =
√

R2
q1 + R2

q2 (2.2)

for statistically independent roughness profiles. It needs to be poin-
ted out that often the hydrodynamic roughness parameter Λ is used
interchangeably:

Λ =
hcs

σ
(2.3)

where hcs is the central film thickness of ideally smooth surfaces,
e.g g., determined from one of the equations in Sec. 1.2.2. Sometimes
the minimal film thickness is used as well (Kreil, 2007; Bartel, 2010;
Mayer, 2013). Several authors also use different definitions of σ using
the arithmetical mean rather than the root mean squared roughness
Ra (Walbeck, 2004; Meyer, 2010a; Mayer, 2013). Even with the dif-
ferent definitions and use of λ and Λ both values are close to each



2.1 friction in lubricated contacts 17

other. Thus the deductions should be comparable independently of
the definition used.

A well accepted definition of full lubrication is Λ > 3 (Johnson,
Greenwood and Poon, 1972; Spikes, 1997; Spikes and Olver, 2003).
This is derived from the observation that at three sigma, 99.3 % of
roughness asperities are not in contact. Spikes (1997) states that at
λ > 5 true full lubrication with no asperity contacts is to be expected
and below 0.5 boundary lubrication with negligible load support by
the lubricant film is present.

Zhu and Wang (2012) argue that from experiments and simula-
tions for Λ = 0.05 . . . 0.1 a considerable portion of the load is still
supported by the lubricant. While for Λ = 0.6 . . . 1.2 no asperity con-
tact is observed any more. Thus already from values greater than 1.2
the regime can be assumed to be fully lubricated. This coincides with
the value of Λ = 1.25 for which most bearing life calculations assume
that no surface distress occurs and life is limited by fatigue.

Cann et al. (1994) point out that not only the macroscopic film
formation needs to be understood, but that the micro EHL at the
asperity level greatly influences the film formation. They point out
that even for values of Λ ≈ 20 occasional metallic contacts have been
observed, while run-in surfaces sometimes show no contact from Λ =

0.3 onwards. Thus for a true understanding the surface structure and
roughness geometry should be considered.

A different approach was followed by Schmidt (1985) who invest-
igated the influence of the roughness form on the EHL film forma-
tion. He came to the conclusion that the surface structure with low
amounts of deep grooves is advantageous for the film thickness, whilst
deep valleys lead to lower films. (Schmidt, 1985) thus introduces
a correction factor CRS based on the surface profile (Schmidt, 1985;
Kuhlmann, 2009):

CRS = 0.8 ·
(

RK

Rz

)0.61

·
(

Rpk

Rvk

)0.25

(2.4)

which incorporates the core roughness Rk, average maximum height
Rz, reduced valley depth Rvk, and reduced peak height Rpk of the
Abbott-Firestone curve. A low value of the parameter CRS is bene-
ficial for the film formation. From twin-disc measurements with dif-
ferent surface structures Schmidt (1985) deduces that the minimum
film thickness where no contacts occur is:

h∗min = Rz · CRS . (2.5)

Kuhlmann (2009) states, that this leads to the necessary minimum
full film lubrication thickness of:

hfull,min ≈ h∗min,1 + h∗min,2 (2.6)

which he states is equivalent to Λ ≈ 3.
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The influence of the roughness structure on the film formation has
been discussed and pointed out, e. g. by Peklenik (1967). However,
apart from formulations like the above the effect has not yet been
incorporated into film thickness equations directly. It is often only
considered in simulations solving the Reynolds equation by introdu-
cing shear and pressure flow factors as proposed by Patir and Cheng
(1978) and Patir and Cheng (1979).

Bartel (2001) uses a different approach, which is based on interac-
tion of roughness and pressure in the lubricant film. In his view, the
criteria are pressure fluctuations in the fluid film caused by rough-
ness. A value of λ > 3 . . . 5 is required to make these fluctuations
vanish. Below, he speaks of mixed lubrication even when no direct
asperity contact exists.

From an engineering point of view, the use of a definition based
on the macroscopic surface parameters (e. g., Rq values) are often the
only viable option due to the information of the surface micro struc-
ture being unavailable.

Being based on the theoretical film thickness (see Sec. 1.2.2), Λ can
be easily used in most practical applications to describe the lubrica-
tion regime. This is also the parameter applied in this thesis, with σ

as defined in Eq. 2.2. While this approach neglects before mentioned
aspects it is found to be a useful method to describe the lubrication
regime.

2.1.2 Losses in elastohydrodynamic contacts

The losses in fully flooded EHL contacts comprise of two mechanisms:
The friction force due to rolling Frol and the friction due to sliding Fsl.
In this context the forces depict the resulting tangential forces in the
contact.

The rolling friction results from the pressure profile of the EHL con-
tact (see Sec. 1.2.2) and compression losses. The asymmetric pressure
profile causes the resulting force to act off contact center, thus causing
a moment around the axis of rotation (Gohar, 1988).

The sliding component causes shearing of the lubricant. Thus, the
losses occurring due to this motion are governed by the rheological
properties of the lubricant. According to Gohar (1988):

Ffric = Frol∓ Fsl =
∫ ∫

Acontact

h
2
· ∂p

∂x
dxdy∓

∫ ∫
Acontact

∆u · η

h
dxdy (2.7)

The plus ’+’ and minus ’−’ describe the upper or lower contact sur-
face. It must be pointed out that even if the sum is zero, i. e., the
tangential friction force is zero, friction is still present and a moment
would be necessary to overcome this friction and keep the system
running at constant velocity. However the extra tangential force in the
contact would have disappeared. This behaviour is somewhat similar
to the effect of the losses due to deformation.
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For the determination of the rolling friction several analytical mod-
els have been proposed (Goksem and Hargreaves, 1978a; Goksem
and Hargreaves, 1978b; Gohar, 1988).

This work focusses on the traction resulting from lubricant shear-
ing. The rolling friction is thus not considered and has been elimin-
ated from measurements where possible.

2.1.3 Dry and Boundary Friction

The Coulomb 1 law of friction for dry friction is characterised by a
friction coefficient µ which links the friction force Ffric to the normal
force FN:

Ffric = µ · FN or Ffric = f · FN. (2.8)

With the friction coefficient µ or f . Typical values for f in dry con-
tacts are between 0.1...1, however, may in the lower range (0.1 . . . 0.3)
be the result of boundary friction2. 3 This model is often also applied
in the calculation of mixed friction. The lubricant friction is calculated
separately and in the areas of direct asperity contact a dry model
is applied (Xi et al., 2016). Complementing explanations of the con-
tribution of the asperities is through very thin films incurring high
local shear rates and high local pressures (see Sec. 2.1.4) in a lubricant
present (e. g. Schipper et al., 1990).

2.1.4 Fluid Friction

The friction in lubricated contacts under full film lubrication is de-
termined by the losses within the lubricant film. A simple shear flow,
with a linear velocity-height profile, is shown in Fig. 2.1.2. The first
models assumed a linear dependence of the shear stress τ on the
shear rate γ̇, i. e., ratio of velocity difference (v1 − v2) to film thick-
ness h, and the dynamic viscosity µ4 indicates the resistance of the
lubricant against shear flow. This rheological behaviour is called New-
tonian. The resulting in the shear stress is thus:

τ = µ · γ̇ (2.9)

1 Coulomb (1821) published work regarding this behaviour founded on experiments.
Leonardo da Vinci also experimented and gave a friction coefficient of 0.25 for
all materials, which might be attributed to boundary friction rather than real dry
friction shown by Pitenis, Dowson and Sawyer (2014).

2 which should yield values of 0.03 . . . 0.1
3 When using Eq. 2.8 to describe friction in fully lubricated contacts values of f of

0.001...0.01 are stated.
4 The low shear viscosity shall be referred to as µ. It is often also referred to as η0

according to German conventions. However, this was may lead to confusion with
the viscosity at ambient pressure. Also, there may be a confusion with the coefficient
of friction which is called µ in German literature. Therefore, f , which is common in
international literature, is to be preferred
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with

γ̇ =
∂v
∂y

.
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v1 τ

∆v = v1 − v2

γ̇ = ∆v/h

v2

η0

Figure 2.1.2: Flow in film of Newtonian fluid under shearing

The equation above can be used to determine the low shear viscos-
ity if shear stress and shear rate can be determined. The viscometers
utilised can be of different types:

• falling body, i. e., a sinker falls in the lubricant and falling time or
velocity of the sinker, slowed by the shear stress resulting from
the fluid flowing past it, are measured.

• Couette, i. e., a cylinder rotates with a defined gap. Rotational
velocity and gap width determine shear rate, while the torque
on the stationary wall is measured to determine the shear stress.

• vibrating quartz type, i. e., an oscillating quarz is excited to vi-
brate and the damping measured.

Furthermore, a standard method to measure the kinematic viscosity ν

using capillary viscometers is well established. The dynamic viscosity
and the kinematic viscosity are linked through the density $:

ν =
η

$
. (2.10)

In lubricated contacts, the temperatures and pressures vary quite
significantly. This causes a change of the physical lubricant properties
discussed in Sec. 2.3.

Under shearing5 most lubricants do not exhibit a linear relation-
ship (as shown in Eq. 2.9) between shear rate and viscosity over an
unlimited range of shear stress respective shear rate. More widely
spread is a lubricant behaviour as depicted in Fig. 2.1.3. Under moder-
ate shear rates the linear, i. e., Newtonian behaviour is visible. From

5 It must be noted that the shear rates in typical EHL contacts, in combination with
rapid pressure and temperature changes, are severe and thus lead to this behaviour.
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a critical shear stress τc
6 –sometimes regarded as equivalent to the

Eyring stress τE– the effective lubricant viscosity decreases, leading
to a degressive slope of the shear stress as well. This behaviour is
called shear thinning.

Furthermore, the fluids may also exhibit a rise in viscosity with
rising shear rate (grey curves in Fig. 2.1.3). The fluids used as lubric-
ants in technical systems however mostly exhibit only shear thinning.

Newtonian
fluid

shear thinning
fluid

τc

τ

γ̇γ̇c

η0

η0

η

γ̇γ̇c

η < η0shear
thickening
fluid

Newtonian fluid

shear thinning fluid

Figure 2.1.3: Shear stress (left) and dynamic viscosity (right) of Newtonian
and Non-Newtonian fluids.

Several models exist to describe shear thinning, which is attributed
to the molecules aligning during shearing thus leading to a drop in
viscosity (Tanner, 2000; Bair, 2007). The viscosity to be applied is
now not the limiting low shear viscosity µ any more but the shear
dependent viscosity η. Thus the shear stress viscosity relation from
Eq. 2.9 needs to be rewritten as:

τ = η(γ̇) · γ̇ (2.11)

or dependent of shear stress (which is physically more sensible)

τ = η(τ) · γ̇ . (2.12)

The onset of the shear thinning at the characteristic shear stress τc

is to be expected when the dimensionless Weissenberg number Wi,
describing the ratio of elastic to viscous forces, reaches unity (Tanner,
2000; Bair, 2007). It is defined as:

Wi = λ · γ̇ . (2.13)

λ here describes the characteristic time a liquid molecule needs to re-
align through the Brownian motion and reach thermodynamic equi-
librium. If Wi is higher than unity the time for realignment is not
sufficient thus leading to a change in fluid structure and a viscosity η

lower than the low shear viscosity µ. Below a Weissenberg number

6 τc is sometimes referred to as τ0 (Gohar, 1988, e. g.) or τE (Houpert, 1980, e. g.) in
literature. The critical shear stress shall always be referred to as τc in this work.
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of one the relaxation time is sufficient for the molecules to realign.
The viscosity thus remains constant at the low shear viscosity µ and
the behaviour of the lubricant is Newtonian. A comparison of the
Weissenberg and Deborah number is given in Sec. 2.3.

Gruntfest (1965) attributed shear thinning to thermal effects. How-
ever, while thermal effects do play a role in traction experiments, non-
thermal shear thinning has been shown to exist in temperature con-
trolled viscometer measurements. However, extreme care needs to be
taken in experiments if a shear thinning behaviour is to be investig-
ated, that the temperature and shear heating are well controlled or
known.

The shear stress in Fig. 2.1.4, which depicts typical behaviour of
shear stress under shearing, reaches a maximum value τlim

7 the lim-
iting shear stress. When the shear rate is increased further thermal
effects lead to a decrease in shear stress. This is attributed to an in-
crease in temperature leading to a decrease in viscosity and possibly
a decrease in limiting shear stress. A more detailed discussion of the
limiting shear stress τlim is presented in Sec. 2.5.3.

Models for the shear rate dependent lubricant behaviour are dis-
cussed in Sec. 2.4 while Sec. 2.3 gives an overview of models of the
physical properties of lubricants.

shear rate γ̇

sh
ea

r
st

re
ss

τ

Newtonian behaviour
linear

critical shear
stress τc

shear thinning
non linear temperature

effects

limiting shear
stress τlim

η = f (p, T)

τ = η · γ̇

η = f (p, T, γ̇)

τ = f (η, γ̇, τlim)

Figure 2.1.4: Fluid model as described e. g. by Bair (2007)

7 τlim is sometimes referred to as τc in literature (Gohar, 1988). However to avoid
confusion this work uses τlim for the limiting shear stress whilst τc is used exclusively
for the critical shear stress.
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It is notable, that this behaviour is found in the lubricant under
steady shear. The shear stress shear rate plot is quite similar to the
plot of a traction curve (either coefficient of friction versus slide to roll
ration or shear stress slide to roll ratio, see e. g., Sec. 4.1). Whilst the be-
haviour of the traction curve is dominated by the lubricant rheology,
the traction curve represents the integral behaviour of the EHL con-
tact. Thus the extraction of physical lubricant properties from traction
measurements has to be viewed with caution. Several methods have
been proposed in literature (Johnson and Cameron, 1967). These
have however also been criticised (Vergne and Bair, 2014).

2.1.5 Elastic slip of solids

The rolling sliding motion occurring in EHL contacts can be described
by the slide to roll ratio SRR or just S:

S =
v1 − v2

0.5 · (v1 + v2)
(2.14)

where v1, v2 are the speeds of body 1 and 2 respectively. From there it
follows that for pure sliding S = 2, e. g., v2 = 0⇒ S = v1/0.5 · v1. In
the EHL contacts of rolling element bearings values of S < 0.02 occur
while worm gears may exhibit values close to 2.

In all contacts between solids friction leads to a tangential elastic
deformation of the solids. Due to this elastic deformation slip occurs
within the contact. This is termed elastic or micro slip of the solids
(Reynolds, 1876; Carter, 1926; Mindlin, 1949; Johnson, 1955; Poll,
1983). This needs to be considered when interpreting traction data
due to the fact that the raw traction data contains fluid behaviour as
well as the elastic slip of the solids (Bair and Kotzalas, 2006; Meyer,
2010b; Wang and Poll, 2013)

Figure 2.1.5 shows the effect of the micro slip. The two rolling ele-
ments are loaded with a normal force and run with the constant
speeds ω1 > ω2. In the contact area the frictional force (acting tan-
gentially) shears the elements A and B of the solid boundary zone.
The element A of the faster body is compressed while the element
B of the slower body is stretched. These deformations cause a shear
stress between the elements. If this shear stress remains below the
static friction in the element’s surface no slip occurs. However, the
strain increases as the elements pass on through the contact. At this
point a speed difference, i. e., slip, is result of solely elastic deform-
ation. The resulting slip is thus Sel,sol. If the shear stress within the
element exceeds the static friction in the element’s surface (in case
of lubricated contacts governed by the lubricant), sliding occurs. This
portion of the slip is Ssl,sol. The total slip Ssol measured in such a
contact is thus

Ssol = Sel,sol + Ssl,sol. (2.15)



24 friction and lubricant behaviour

Figure 2.1.5: Elastic slip of solids as described by (Poll, 1983) from (Meyer,
2010a)

Due to the Hertzian pressure distribution micro slip always occurs
as at the borders of the contact ellipse where the pressure is zero, i. e.,
static friction force transferable is also zero. If the speed difference
is increased the friction force of the contact increases, however the
area encountering sliding increases. If the whole contact area is slid-
ing a further increase in slip will not lead to higher friction forces.
Figure 2.1.6 shows the traction behaviour of the dry contact8.

The behaviour of the dry contact may be calculated using the de-
formation theory by Carter (1926) or finite element models (used
e. g., by Meyer (2010b)).

The slip Ssol is for line contacts (Carter, 1926):

Ssol = 2 · fmax · p̄ ·
1− νpoisson

G
· 4

π
·
(

1−
√

1− f
fmax

)
. (2.16)

The gradient of the curve in Fig. 2.1.6 can be found as:

d f
dS

=
E

2 · pmax ·
(

1− ν2
poisson

) , (2.17)

which can be used to determine the elastic component of the slip of
the solid (Eq. 2.15).

When measuring traction in lubricated contacts the measured slip
Stotal is the result of the slip occurring in the lubricant, i. e., shearing,
and the elastic slip in the solids.

Stotal = Sfluid + Sel,sol (2.18)

Thus, when investigating the lubricant behaviour alone the relation
between lubricant slip Sfluid and traction coefficient f (or shear stress)
is of interest. Thus a correction of the measured slip Stotal is necessary.

Sfluid = Stotal − Sel,sol = Stotal − f ·
2 · pmax ·

(
1− ν2

poisson

)
E

. (2.19)

The gradient can not only be found using deformation theory but
also using finite element modeling or measurements of the behaviour

8 This behaviour is quite similar to the traction behaviour of a lubricated contact
(Fig. 4.1.2).
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of the dry contact. Neubauer (2007) and Meyer (2010b) showed that
all models yield gradients which are in good agreement. Thus the
traction data in this work is corrected by the above mentioned method
which was described by Wang (2015). The method is summarised in
Fig. 2.1.7.
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Figure 2.1.6: Coefficient of friction over slip for a dry contact from (Poll,
1983)
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Figure 2.1.7: Correction of the measured data by elastic slip Meyer, 2010a
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2.2 maxwell model

To model the lubricant behaviour in transient shear the assumption
is made that the lubricant behaves not only viscous but also exhib-
its elastic properties (Tanner, 1960; Hirst and Moore, 1974; John-
son and Roberts, 1974; Tevaarwerk and Johnson, 1975; Hirst and
Moore, 1979; Evans and Johnson, 1986). As was shown in Sec. 2.3
the Deborah number exceeds unity for most highly loaded contacts.
To describe visco-elastic behaviour often mechanical models are used.
These models, consisting of springs and dashpots, represent the shear-
stress strain and strain rate relation. Models used are the Maxwell
(1867), the Kelvin-Voigt –mostly applied to solids–, the Phan-Thien-
Tanner (Phan Thien and Tanner, 1977; Phan Thien, 1978), and the
Oldroyd model (Oldroyd, 1950). In these models, the elastic and vis-
cous strains are summed resulting in the total strain. Akyildiz, Jones
and Walters (1990) point out that some models represent a mech-
anical analogue, however make use of not sound parameters, e. g.,
negative viscosities. If however, the models satisfy the condition that
the work done by deformation is positive they principally correctly
model the overall behaviour.

Figure 2.2.1 visualises a Maxwell model with an added dry slid-
ing element corresponding to the limiting shear stress (see Sec. 2.5.3).
The viscous behaviour is represented by the dashpot and the elastic
component by the spring.

Sometimes elasticity is confused with time dependence of pressure-
viscosity or temperature-viscosity behaviour due to the short times of
passage through an EHL contact. While this has been mentioned as
an explanation of lubricant behaviour under small shear rates, indica-
tions from laboratory measurements exist that for an EHL time scale
these effects should not be noticeable (Bair, 2001; Bair, Jarzynski
and Winer, 2001). While this explanation cannot be ruled out defin-
itely at this time a time dependence is not seen as a likely explanation
of the lubricant behaviour. Thus in this work it is assumed that elastic
fluid behaviour is responsible for the lubricant behaviour under small
strains.

The total shear in the simplified Maxwell model is:

γtotal = γelastic + γviscous (2.20)

differentitation and inserting the terms for the elastic and viscous
part yields the shear rate:

γ̇ =
1
G
· dτ

dt
+

τ

η (p, T, γ̇)
(2.21)

with τ/η signifying the viscous part whilst the second term dτ/Gdt
signifies the elastic behaviour. Bair (1990) points out that the shear
modulus G needs to be taken into the time derivative. This is due to



2.2 maxwell model 27

γelastic γtotal = γelastic + γviscous

γviscous

τ ≤ τL

τ > τL

elasticity viscosity limiting shear stress

γ

γ

γ

Figure 2.2.1: Maxwell model incorporating limiting shear stress. The
spring reperexents the elastic part of the deformation, whilst
the dashpot represents the viscous part. The limiting shear
stress is visualised by the dry sliding element.

the temperature and pressure dependence of G (see Sec. 2.5) which
vary with the position and thus time. Thus more precisely the Max-
well equation should be written as:

γ̇ =
d (τ/G(p, T))

dt
+

τ

η (p, T, γ̇)
. (2.22)

This version of the Maxwell equation is however seldom used in
EHL and the shear modulus is often assumed to be time independent
throughout the contact.

If the Deborah number is less than one, D < 1, elastic properties
may be neglected in a first approximation. Due to the fact that some
EHL contacts exhibit values below unity the elastic portion of the
lubricant behaviour is often omitted (e. g., Mayer, 2013). However,
especially applications with low SRR, e. g., bearings, may necessit-
ate the consideration of the elastic portion of the lubricant behaviour
for a precise traction model. To correctly model the elastic part of
visco-elastic fluid properties the knowledge of the shear modulus G
is needed (see Sec. 2.5.1).
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For the Maxwell equation several alternative formulations have
been proposed. These include the formulation by (Bair and Winer,
1979a):

γ̇ =
1
G

dτ

dt
− τlim

η0
· ln
((

1− τ

τlim

)−1
)

, (2.23)

which is the result of fitting laboratory data and contains the limiting
shear stress. Similarly Gecim and Winer (1980) use:

γ̇ =
1
G

dτ

dt
+

τlim

η0
· tanh−1

(
τ

τlim

)
. (2.24)

A commonly used equation is the use of a Ree-Eyring fluid model
for the viscous flow (e. g., Johnson and Tevaarwerk, 1977):

γ̇ =
1
G

dτ

dt
+

τE

η0
· sinh

(
τ

τE

)
. (2.25)

This model does not incorporate a limiting shear stress and would
yield increasing shear stresses with increasing shear rate. The com-
bination of this model with a low shear viscosity which constitutes
an underestimation of viscosity the calculated stresses can show a
behaviour similar to that of a limiting shear stress.

2.3 modeling physical lubricant properties

Due to the high pressures, high shear rates, and resulting temper-
ature rises the physical properties of the lubricants in EHL contacts
change significantly while passing through the contact. As discussed
in Sec. 1.2, the lubricant viscosity changes several orders of magnitude,
which is called piezoviscosity. A further significant change of fluid
properties is the glass transition. This is a state where the lubricant
stops acting as a liquid and rather shows the characteristics of a solid.
The glass transition can be observed by a change of the gradient of
the change of specific volume with pressure (Alsaad, 1976; Alsaad
et al., 1978; Bair, 1990; Bair, 2007). Above the glass transition super-
Arrhenius piezoviscous behaviour is dominant for glass forming li-
quids at high pressure.(Vergne and Bair, 2014; Bair, Martinie and
Vergne, 2016).

The glass transition also influences the visco-elastic behaviour. It is
an amorphous liquid state which is characterised by very high vis-
cosity usually described as higher than 1012 Pas (Johnson, 1978). The
response of the glassy state is predominantly elastic. The glass trans-
ition can either occur due to low temperature, high pressure, or high
strain rate.
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A form of the Deborah9 Number De = f · η/G∞, which is the
ratio of relaxation time η/G∞ to the time of one shear cycle 1/ f ,
can be used to determine if elastic behaviour dominates. For De > 1
the fluid exhibits visco-elastic behaviour. Rewritten for EHL contacts
(Johnson, 1978) the Deborah number becomes:

De =
η

G

/ a
U

(2.26)

with a the contact half width and U the velocity. Johnson states that
a/U ≈ 10−4 s and G ≈ 109 Pa meaning the Deborah Number D will
be greater than one for viscosities exceeding 105 Pas. It needs to be
pointed out that the Deborah number varies in the contact area due
to the varying viscosity and the varying shear modulus.

Due to the fact that these conditions are present in the EHL con-
tacts investigated (especially for the twin-disc contacts in Sec. 4.1.1)
the lubricant behaviour always needs to be modeled as visco-elastic.

When considering whether the behaviour of a visco-elastic fluid
is more elastic or more viscous both the Weissenberg and Deborah
number are used. As was presented in Eq. 2.13 in Sec. 2.1.4 the Weis-
senberg number is given as product of relaxation time and shear rate
Wi = λ · γ̇ –representing the ratio of elastic to viscous forces– while
the Deborah number is the ratio of relaxation time to characteristic
time T (or process/contact time) De = λ/T. The Weissenberg num-
ber incorporates the rate whilst the Deborah number incorporates
the time. Thus in steady simple shear flows no change in behaviour
is observed and the Deborah number reaches zero whilst the Weis-
senberg number can still be used to quantify elastic effects (Dealy,
2010). Both dimensionless numbers can reach identical values for non-
steady flows where the time of interest and the shear rate are of
same magnitude (Poole, 2012). In EHL contacts they are identical if
1/T = γ̇ or following from T = a/U and γ̇ ≈ ∆U/h it can be derived
that these numbers are nearly identical for low SRR cases, by substi-
tuting U = v1 + v2 and ∆U = v1− v2 identity is given for SRR ≈ h/a
which can be considered to be in the region of 10−3 . . . 10−4.

Models for the density, piezoviscosity, and temperature depend-
ence of viscosity are presented and discussed in the following sec-
tions.

9 The Deborah number was coined by Reiner during work with Bingham. The defin-
ition was De = time of relaxation/time of observation (Reiner, 1964). Common defini-
tions today rather use time scale of the process or fluid residence time instead of the
observation time (Poole, 2012)
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2.3.1 Density

Variation with temperature

The density of lubricants changes with temperature linearly like all
bodies do (Bair, 2007):

$ (p, T)
$ (p, T0)

= 1− α$ (T − T0) . (2.27)

With α$ denoting the density temperature coefficient

α$ = −
(

∂$

∂T

)
p0

and T0 denoting a reference temperature where the density has been
determined. For mineral oils and similar lubricants a fixed parameter
α$ has been suggested in the standard DIN 51757:

$ = $0 · 109 −
(

6, 05 · 1013 · (θ − θ0)
)

. (2.28)

Variation with pressure

The density also varies with pressure. In practical applications the
pressure-density relationship is often described using the model by
Dowson and Higginson (1966):

$(p) = $0
0, 59 · 109 + 1, 34p

0, 59 · 109 + p
(2.29)

where $0 is density at ambient pressure sometimes written as:

$(p) = $0 ·
(

1 +
(

Ca · p
1 + Cb · p

))
(2.30)

using Ca = 0.6 · 10−9 Pa−1 and Cb = 1.7 · 10−9 Pa−1. However, this
model has been shown to be sufficiently accurate only up to 0.35 GPa.
To describe both pressure and temperature dependence of the lubri-
cants equations of state have been proposed.

An isothermal equation of state found to describe density data un-
der high pressures well was proposed by Murnaghan (1951):

V
V0

=

(
1 +

K′0
K0
· p
)(− 1

K′0

)
(2.31)

and K being defined as:

K = K0 + K′0 · p (2.32)
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Figure 2.3.1: Temperature dependent density of several fluids, measured by
ITR from (Brouwer, Bader and Beilicke, 2016)

2.3.2 Temperature dependence of viscosity

The lubricant viscosity varies with temperature and pressure. Due
to the high pressures and temperature increases in EHL contacts the
correct modeling of the viscosity behaviour is essential to traction
calculation. In the following section the temperature and pressure
dependent behaviour of typical lubricants is discussed.

Poiseuille (1840) proposes a variation of viscosity similar to the
temperature dependence of density:

µ =
µ0

1 + α · T + β · T2 (2.33)

where α and β are constant coefficients, T is the temperature in de-
grees Celsius, and µ0 is the absolute viscosity at 0 ◦C. Slotte (1881)
uses three constants:

µ =
c

(a + T)n . (2.34)

While Graetz (1888) proposes similarly:

µ =
A (θ − T)
(T − T1)

, (2.35)

where θ is the critical temperature and T1 a temperature in degree
Celsius below the melting point where viscosity is infinite.
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Figure 2.3.2: Pressure dependent density for FVA 3 measured by ITR from
(Brouwer, Bader and Beilicke, 2016) compared to Tait and
Dowson-Higginson relations

Reynolds (1886) proposes:

µ1 = µ2 · e−α∗(T1−T2) (2.36)

sometimes given as (Seeton, 2006)

µ = R · e−αt

with µ the dynamic viscosity in mPas or cP and t as temperature in
◦C, α10 and R are empirical constants determined from experimental
data. Reynololds presented his work for olive oil and based his ob-
servations on data from 16 to 49 ◦C. This is followed by the model
proposed by Vogel (1921) which is still quite often used to describe
the temperature influence on viscosity:

ηt = η
t−t1
t−t∞
∞ (2.37)

where ηt is the absolute viscosity in mPa s at the temperature t in
◦C. Thus η∞ is the viscosity at t → ∞, t1 the temperature at which
η = 1, and t∞ the temperature at which η → ∞. It was devised from
data obtained for water, mercury, and petroleum oils. The equation

10 For olive oil and the famous experiment of Beauchamp, Reynolds gives a value of
α = 0.123.
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performs well for moderate temperatures. Due to the fact that t1, t∞,
and η∞ need to be known for the fluid it is not easy to generalise its
application. However, an adapted version:

η0(ϑ) = A1 · e

( B1

ϑ− ϑ0

)
(2.38)

according to Tanner (2000) is widely accepted. The coefficients A, B,
and ϑ0 need to be determined from laboratory data. Tanner points
out that a great number of these models have been found using
Newtonian fluids and that some equations need to be improved for
use with non-Newtonian fluids. A different approach was chosen by
Fulcher (1925) stating:

log10 (η) = −A +
B · 103

T − T0
(2.39)

for molten glasses, with A and B being empirical coefficients.
Arrhenius (1889) formulated:

k = k0 · e

− EA

Rg · T


(2.40)

for chemical reaction rates where k0 is the rate constant, T the abso-
lute temperature in K, EA the activation energy, and Rg the universal
gas constant. This was adopted by Guzman and Andrade (1930) and
Andrade (1934) , whose work is more commonly known. They sim-
ilarly proposed:

η = A · e(− B
T ) . (2.41)

Raman (1923) also proposed an Arrhenius law for viscosity by con-
sidering binary encounters between molecules and applying a Boltz-
mann distribution to the different aggregates of the molecules. He
uses viscosity data from Benzene to verify his model.

Ward (1937) also worked on an Arrhenius law formulating:

µ = A · B
Rg · T

(2.42)

and noting that the parameters A and B may be temperature depend-
ent.

Considering the temperature dependence of the kinematic viscosity
Walther (1928) proposed:

log (log (ν)) = −M · t + P (2.43)

M and P are constants. Ubbelohde introduced a similar relation,
which led to this being called the Walther-Ubbelohde relation. Walther
(1931) published an improved version:

log (log (ν + 0.95)) = −m · log
(

T
T0

)
+ log (log (ν0 + 0.95)) (2.44)



34 friction and lubricant behaviour

and this was included in the standard DIN 51563. Geniesse and
Delbridger (1932) presented a similar method included in ASTM
341-93:

log (log (ν + 0.8)) = a− b · log (T) (2.45)

Numerous improved versions of different models have been pro-
posed since then (Barlow, Lamb and Matheson, 1966; Barlow, Lamb
and Matheson, 1966; Crouch and Cameron, 1961).

Wright (1969) discussed the following equation on which the stand-
ard ASTM 341-93 is based:

log10

(
log10 (ν + γ + f (ν))

)
= A− B · log10 (T) (2.46)

with

γ + f (ν) = 0.7 + C− D + E− F + G− H

Where the coefficients are given as:

C = e(−1.14883−2.65868ν) G = e(37.4619−192.643ν)

D = e(−0.00381308−12.5645ν) H = e(80.4945−400.468ν)

Manning (1974) proposed for the use in computational programs:

log10

(
log10 (ν + γ + f (ν))

)
= b0 − b1 · log10 (T) (2.47)

with

γ + f (ν) = 0.7 + e(−1.47−1.84ν−o.51ν2) (2.48)

Seeton (2006) created a function for the viscosity based an extens-
ive literature review, especially from Wright:

loge (ν + λ + f (ν)) = A− B · loge (T) (2.49)

with a modified function of viscosity:

f (ν) = e−ν · K0 (ν + ψ) (2.50)

spelled out as:

loge

(
ν + λ + e−ν · K0 (ν + ψ)

)
= A− B · loge (T) (2.51)

where ν is the absolute viscosity in cSt (mm2/s), λ and ψ are general-
ised constants, A and B are coefficients fit for each fluid, and T is the
absolute temperature in K. Seeton fit the parameters to historic fluid
data (ASME Research Comittee on Lubrication, 1953a) using the
condition:

lim
ν→0

(
ν + λ + e−ν · K0 (ν + ψ)

)
= 1 (2.52)
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leading to:

λ = 0.7→ ψ = 1.244066584703 (2.53)

Of the described models the ones incorporated in standards for de-
termining the temperature dependent kinematic viscosity are widely
used. These are most often given in the literature concerned with
bearing design. Especially the Vogel equation is widely used. These
equations need various input data; some relations are widely applied
(e. g., Eq. 2.44) because, usually not all data are available. However,
the validity of these relations is limited . They fit certain types of flu-
ids with acceptable accuracy within a restricted range of parameters.
Thus, the models need to be carefully chosen to fit the fluid they are
supposed to describe as well as the limits of applicability.

2.3.3 Pressure dependence of viscosity

As shown in Sec. 1.2.1, the lubrication of concentrated contacts relies
on the piezoviscosity of the lubricant. The pressure viscosity coeffi-
cient forms a central part of the EHL film thickness formula (Eq. 1.34).

Barus (1893) studied marine glue and proposed a linear pressure-
viscosity relationship. However, he also mentioned an exponential
version in his paper. The latter is still one of the commonly used
pressure-viscosity relations in EHL, also forming the basis of the
Hamrock-Dowson formulae. It is called the Barus equation:

η = η0 · eα·p (2.54)

where α refers to the pressure viscosity coefficient often also abbrevi-
ated with αp.

For EHL conjunctions, Barus’s viscosity formulation is sometimes
modified to make the pressure viscosity coefficient temperature and
pressure dependent (Johnson, 1978; Brouwer, Bader and Beilicke,
2016)

η = η(p = 1) ∗ e((α0+α1·p)·p) (2.55)

with

α0 = α00 · e(α01·T) and α1 = α10 · e(α11·T).

The coefficients are preferably determined by linear regression of data
from viscometer measurements.

Pressure-viscosity coefficient

Due to the fact that the pressure-viscosity coefficient α is the main in-
fluence on viscosity, and thus should be known precisely, a lot of work
has been conducted to establish methods to find optimal ways to
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determine the pressure viscosity coefficient. Several definitions have
been stated.

Determination always relies on the availability of viscosity meas-
urements under pressure. Hamrock (1991) defined it making use of
all data available:

1
α∗

=
∫ ∞

0

µ(p = 0)
µ(p)

dp (2.56)

Bair, Liu and Wang (2006) presented a number of definitions found
in literature. These are:

α(p) =
1
µ

dµ

dp
(2.57)

α0 =

[
d ln(µ)

dp

]
p=0

(2.58)

which utilises only the tangent to the viscosity at ambient pressure.
Another definition:

αB(p) =
ln [µ(p)/µ(p = 0)]

p
(2.59)

where p must be specified and determines the gradient from the
data in the range 0 . . . p. Widely used is p = 2000 bar (Kuss, 1982;
Walbeck, 2004) from pressure viscosity data up to 2000 bar. To mark
the pressure viscosity coefficient obtained this way it will be denoted
αp,2000 bar.

αp,2000 bar =
ln [η0(2000 bar)]− ln [η0(0 bar)]

p
(2.60)

So and Klaus (1980) developed a simple method to predict New-
tonian pressure-viscosity coefficients for mineral oils, resin and poly-
mer blends, pure hydrocarbons, and non-hydrocarbons in a temper-
ature range of 0 – 135 ◦C. The empirical model requires only atmo-
spheric viscosity and density data as well as the viscosity-temperature
behaviour.

α = 1.216 + 4.143 · (log ν0)
3.0627 + 2.848 · 10−4 ·m5.1903

0 · (log ν0)
1.5976 . . .

· · · − 3.999 (log ν0)
3.0975 · $0.1162

(2.61)

with ν0 the atmospheric kinematic viscosity in cSt at temperature, m0

viscosity-temperature property, i. e., the ASTM viscosity-temperature
slope divided by 0.2, $ atmospheric density in g/mL at temperature
of interest. However, the authors themselves note that at some points
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the equation predicts physically not reasonable values, e. g., decrease
of α with increasing viscosity.

Several authors also presented ways to determine the pressure vis-
cosity coefficient from interferometric film thickness measurements
(for experimental setup see Sec. 4.1.3) (e. g., Yokoyama and Spikes,
2000; Leeuwen, 2009) but this has been shown to be prone to er-
rors especially if the the lubricant exhibits non-Newtonian behaviour
already in the inlet of the contact (Bair, 2000; Bair, 2014). Therefore,
it should only be regarded as an "effective" pressure viscosity coeffi-
cient.

Several variations or slightly different pressure dependent viscosity
formulations have been used to fit viscosity data (e., g. Irving and
Barlow, 1971).

Roelands (1966) presented work on viscosity relationships in 1966
by using own investigations and fitting data available in the ASME
pressure-viscosity report (ASME Research Comittee on Lubrica-
tion, 1953a; ASME Research Comittee on Lubrication, 1953b).
The relations presented are still one of the most widely used viscos-
ity models in EHL (see e. g., Lugt and Morales-Espejel, 2011; Spikes
and Jie, 2014):

log (log (η0 + 4.2)) = −S0 · log
(

1 +
T

135

)
+ log (G0) (2.62)

or

log η + 1.2 =
G(

1 + ϑ
135

)s ·
(

1 +
p

2000

)C·log(1+ ϑ
135 )+D

(2.63)

where C, D, G, and S are fluid specific constants. It should, however,
be noted that the Roelands equation underestimates the viscosity at
higher pressures. Bair (2004b) pointed out that the correctness of the
developed equation is debatable due to the data used during its de-
velopment, i. .e., omission of some available data at higher pressures.

Bode (1989) proposed, based on measurements using a self-designed
oscillatory quartz viscometer (Bode, 1984) and free volume consider-
ations, the following equation of state for the density:

$(p, ϑ) =
$(ϑ)

1− a1 · ln
(

a2+a3·ϑ+a4·ϑ2+a5·ϑ3+p
a2+a3·ϑ+a4·ϑ2+a5·ϑ3

) (2.64)

with

$ϑ) = $s · (1− αs · ϑ)

Viscosity is then merely a function of density $:

η(p, ϑ) = A1 · exp
(

A2 ·$(p,ϑ)
$g(ϑ)−$(p,ϑ)

)
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with

$g(ϑ) = A3 · (1 + A4 · ϑ)

The coefficients a1 . . . a5, A1 . . . A4, αs, and $s are material specific con-
stants obtained by fitting pressure density measurements.

Gold et al. (2001) presented a so called modulus equation based
on the Barus equation, which can be expressed as one of Roelands
viscosity models:

η = K · e

[ B
ϑ + C

]
· e

[ p
a1 + a2 · ϑ + (b1 + b2 · ϑ) · p

]
. (2.65)

The parameters K, B, C, a1, a2, b1, b2 are lubricant specific parameters
found by fitting viscosity data.

A commonly used equation of state, based on free volume theory,
is the Tait-Doolittle relation (Doolittle, 1951a; Doolittle, 1951b;
Doolittle, 1952), consisting of the Tait equation of state

v
v0

= 1− 1
K′0 + 1

· ln
[

1 +
p

K0
·
(
1 + K′0

)]
(2.66)

combined with the Doolittle equation:

µ(p) = µ0 · e

B·
vocc

v0
·


1(

v
v0
− vocc

v0

)− 1(
1− vocc

v0

)



(2.67)

The Doolittle parameter B, the occupied volume fraction at ambi-
ent pressure vocc/v0, the bulk modulus K0 at ambient pressure, and
the rate of change bulk modulus K′0 at ambient pressure can be found
from measured data.

Williams, Landel and Ferry (1955) proposed an equation for
amorphous polymers also found useful for glass-forming lubricants:

log
(

η

ηg

)
=
−C1 ·

(
T − Tg

)
C2 +

(
T − Tg

) (2.68)

They linked the viscosity to the viscosity at glass transition ηg. Tg

describes the glass transition temperature. This equation was modi-
fied by Yasutomi, Bair and Winer (1984a) and Yasutomi, Bair and
Winer (1984b) to read:

log (η(T, p)) = log
(
ηg
)
− C1 ·

(
T − Tg(p)

)
· F(p)

C2 +
(
T − Tg(p)

)
· F(p)

(2.69)

with

Tg(p) = Tg(0) + A1 · ln (1 + A2 · p)
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and

F(p) = 1− B1 · ln (1 + B2 · p) .

This equation is commonly known as the Yasutomi equation. A
further model which is good for temperature extrapolation is the im-
proved Yasutomi model (Bair et al., 2013)

µ = µg · e

−2.303 · C1 ·
(
T − Tg

)
· F

C2 +
(
T − Tg

)
· F


(2.70)

with

Tg = Tg0 + A1 · ln (1 + a2 · p) and F = (1 + b1 · p)b2 .

Where Tg(p) is the glass transition temperature and F(p) the relative
free volume, which is determined according to Paredes et al. (2012).
These are used in a Williams-Landel-Ferry equation. The paramet-
ers are found through a fit to viscosity data. However, this model only
yields a good agreement for the viscosity after the inflection point if a
sufficient amount of data points above inflection are considered (Bair
et al., 2013). The inflection point being the pressure from which the
viscosity increases in a greater than exponential manner. In Fig. 2.3.3
the inflection point can be seen for a pressure of around 800 MPa for
the data measured at 80 ◦C.

For a better extrapolation of the pressure dependence especially
after the inflection point Bair (2015) proposes the hybrid model, in-
corporating temperature, consisting of the McEwen (Bair, 2015) model:

µ = µ0 ·
(

1 +
α0

q

)q

(2.71)

and the Paluch model (Bair, 2015)

µ = µ0 · e

( CF · p
p∞ − p

)
. (2.72)

The hybrid model according to Bair (2015) can thus be written as:

µ = µ0 ·
(

1 +
α̂0

q
· p
)q

(2.73)

with

µ0 = µ0∞ · e

(DF · T∞

T − T∞

)
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and

α̂0 = a2 ·
(

1
T

)2

− a1 ·
(

1
T

)
+ a0

as well as

q = b1 ·
(

1
T

)
+ b0 , p∞ = c1 ·

(
1
T

)
+ c0.

The fragility parameters may be set equal, thus DF = CF, and the
model yields good results even if only data before the inflection point
is available (Schmidt, Bair and Trusler, 2016). Special care must be
taken to avoid singularities in the relation when implementing this
model in numerical calculations.

Figure 2.3.3 shows the results of several models for mineral oil in
comparison to a set of measured data. It is clearly visible that, while
the predictions are sufficient at lower pressures the viscosity models
diverge significantly at higher pressures. The differences of the vis-
cosity can differ by several orders of magnitude. This is especially
important since EHL contacts exhibit these high pressures (Sec. 1.2.1)
and is especially of interest if the traction in the contact is investigated
(Eq. 2.11).

The choice of viscosity model will greatly affect the resulting trac-
tion calculation (see Sec. 7.4). Due to the number of models in exist-
ence for the description of the pressure (and to a certain extent the
temperature) dependence of the viscosity the chosen viscosity model
is often a point of dispute. Whilst some models have clear limits con-
cerning pressure ranges or fluids, other models are seen as universal.
A reliable description of the pressure dependence remains to this day
often problematic, due to the fact that the viscosity model combined
with the available data change the predicted behaviour at EHL pres-
sures. The correct description of the physical properties is then highly
dependent on available viscometer data.

It will further be pointed out that some models may in combination
yield results which satisfactorily describe the traction of the contact,
however are not physically sound in themselves.

In this work care was taken to choose viscosity models which al-
low for sound physical behaviour and are based on viscometry up
to high pressures. Due to the physical basis and the link to the free
volume the Tait-Doolittle equation was used to calculate the pres-
sure dependent density and viscosity in this thesis. In a further step
the Yasutomi and Hybrid model were integrated in the computation
as well for purposes of comparison.
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Figure 2.3.3: Measured pressure dependent viscosity and viscosity models for FVA 3 mineral oil.
Measurements from ITR and GTech.
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2.4 lubricant behaviour under shear and pressure

2.4.1 Viscosity

As discussed in Sec. 2.1.4, the shear rate shear-stress dependence has
been shown not to be strictly linear. Several models of such a non-
Newtonian viscosity behaviour have been proposed. The viscosity in
focus is called high shear viscosity and denoted as η in contrast to the
low shear viscosity η0

11.
Eyring (1936) developed and refined (Ree and Eyring, 1955) a

model to describe shear rate dependent fluid behaviour. It has been
frequently applied to represent non-Newtonian viscosity in EHL (Bell,
1962; Bell, Kannel and Allen, 1964; Johnson, 1970; Johnson, 1978;
Spikes and Jie, 2014). It has been pointed out by Bair, Martinie and
Vergne (2016) and Bair (2017) that Eyring did not model the shear
thinning behaviour considered here but rather a thixotropic fluid.
However, in combination with certain viscosity models (especially
with the viscosity model of Roelands (e. g. Spikes and Jie, 2014))
the Eyring model is still widely used in EHL traction calculation due
to the fact that this combination seems to represent real traction beha-
viour. Furthermore, Guegan et al. (2017) pointed out that the model
developed by Eyring can well be applied to lubricant type molecules.
However, the shortcomings of the Roelands pressure viscosity rela-
tion have been pointed out in Sec. 2.3 and therefore the results of the
combination are questionable.

When considering viscosity relations for EHL application these
problems and discussions need to be kept in mind. Furthermore,
it should be observed that numerous models exist but not all are
based on physically sound observations whilst many have only lim-
ited ranges of validity. It is interesting to note that Tanner (1965) as
early as 1965 pointed out the exact same problem, that the choice of
equation of state for non-Newtonian behaviour is always based on a
compromise between realism and complexity. In the following section
an overview of common models is presented.

Considering the work of Eyring (1936) and Ree and Eyring (1955)
the viscosity can be written as:

η(γ̇) =
τE

γ̇
· sinh−1

(
γ̇ · η0

τE

)
. (2.74)

Or written as shear stress dependent shear rate:

γ̇ =
τE

µ
sinh

(
τ

τE

)
(2.75)

where the Eyring, or critical, stress is found as (Johnson, 1970):

τc =
d ln τ̄

dγ̇
, (2.76)

11 Or µ in English literature.
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where τ̄ is the integral shear stress from traction experiments and
γ̇ the shear rate of the experiment. The critical shear stress τc is the
shear stress describing the onset of shear thinning. To determine the
critical shear stress, a viscometer measurement covering a range of
shear stresses (shear rates) can be used. When intending to apply
the results to EHL contacts, measurements in pressurised viscometers
become a necessity.

Evans and Johnson (1986) pointed out that the Eyring equation
can not be applied when the work by the shear stress for promoting
the flow exceeds the activation energy. The lubricant then exhibits a
limiting shear stress.

Based on molecular network theory, Carreau (1972) developed the
following viscosity-shear relation:

η(γ̇) = µ2 +
µ− µ2[

1 + (λγ̇)2
]1− n

2

(2.77)

where λ is the longest relaxation timeand µ2 the second Newtonian
viscosity. For fluids with only one Newtonian viscosity and by using
the Einstein-Debye relation the Carreau equation can be rewritten
as:

η(γ̇) =
η0[

1 +
(

η0 · γ̇
τc

)2
]1− n

2

(2.78)

Due to the fact that most lubricants are normally not mono molecu-
lar they often exhibit a broad transition from Newtonian behaviour
to power-law response. Therefore the Carreau-Yasuda model was
proposed (Yasuda, Armstrong and Cohen, 1981):

η = µ ·
[

1 +
(

µ · γ̇
τc

)a]n− 1
a (2.79)

for a = 2 this equation is identical to the Carreau equation. When a
decreases the transition range broadens. This model has been shown
to be usable for a great number of lubricants (Bair, 2004b). However,
Cusseau et al. (2017) point out that for lubricants with viscosity index
improvers this model may not be the best choice.

Zhang (2015) proposes from the analysis of the response of a Max-
well model:

η =
η0

1 +
(

η0γ̇

2G

)2 (2.80)

with

G = G0 + βη0|γ̇| (2.81)
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Figure 2.4.1: The shear stress dependent viscosity measured at GTech com-
pared to the modified Carreau model (Eq. 2.82)

with β a dimensionless constant. Cusseau et al. (2017) found that this
relation fits investigated lubricants with viscosity index improvers
well.

A double modified Carreau equation was proposed by Bair (2018)
for liquids exhibiting a double Newtonian plateau:

η

µ
=


µ1

µ
+

(
1− µ1

µ

) [
1 +

( τ

G

)2
]
(

1− 1
n1

)
2


[

1 +
(

τ

G2

)2
]
(

1− 1
n2

)
2

(2.82)

Measured data together with this model is given in Fig. 2.4.1 for
FVA 3 mineral oil. The mineral reference oil shows signs of thixo-
tropic behaviour or wax precipitation making it unclear whether the
second Newtonian really exists or whether it is result of wax form-
ing in the liquid. For the data at 18 ◦C and 550 MPa this is assumed
to be the case. Thus just the data at 50 ◦C and 700 MPa seem usable
to obtain sound the parameters for the model.

The application of different fitting parameters for the data at 50.5 ◦C
and 700 MPa is shown in Fig. 2.4.2. The parameters used for the fit are
given in Tab. 2.4.1. It needs to be noted, that two fits of the data are
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presented. The second fit being proposed by Brouwer with identical
accuracy, i. e., the same goodness of fit meaning the paramter sets
represent the measured data equally well.. Thus even with the same
measurement a different implementation of the least squares curve
fit can yield slightly differing models.

Table 2.4.1: Parameters for the double modified Carreau equation (Eq. 2.82)
and FVA 3

Parameter Fit GTech Fit ITR

i 1 2 1 2

ni 0.1 0.28 0.1 0.4

Gi/kPa 3000 8500 3000 6500

ai 5 6 5 6

µ1/µ 0.53
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Figure 2.4.2: Comparison of different modified Carreau (Eq. 2.82) fits for
FVA 3. Even though identical data are used and the fits are of
equal accuracy they yield slightly different extrapolations. The
resulting viscosities for high shear stresses would diverge sig-
nificantly. Furthermore the single Carreau equation is shown.
What needs to be pointed out is that this lubricants exhibits
wax precipitation which could not be detected in a falling body
viscometer for the pressure and temeperature. However, wax
can lead to behaviour which looks similar to a second New-
tonian.

2.5 parameters for shear strain models

In the following section the parameters used in the shear strain mod-
els introduced are discussed. In the following sections models for the
shear modulus G, the critical shear stress τc, and limiting shear stress
τlim are presented.

2.5.1 Shear modulus

Determination of the shear modulus G is still a challenge. When per-
forming small-strain oscillatory shear measurements it can be shown
that the component of the dynamic shear modulus in phase with the
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shear strain G′′12 at the limiting high-frequency value is equal to the
shear modulus G (Bair, 2007):

G∞ = lim
ω→∞

G′′ (ω) = G . (2.83)

Thus an established way to determine the shear modulus is by
measurement in rheometers using oscillating plates. This however, is
only possible if the liquid can be kept in the gap. This problem often
cannot be easily solved using oils. Some specialised experiments exist
that can be used to measure G under pressure (Bair, 1990). Another
method is the use of transverse ultra-sound waves (Hutton, 1984),
which is also developed by Schirru and Dwyer-Joyce (2016).

Numerous models for the shear modulus have been presented. An
empirical model was proposed by Dyson (1970):

G∞ =
3 · p

2.52 + 0.024 · T . (2.84)

Another empirical formula was developed by Hutton and Phil-
lips (1972) for di(2-ethylhexyl)phthalate:

G∞ =
1.20 · 107

(T − 92.8 K)2 +
1.74 · 105 · p
(T + 16.7 K)

(2.85)

based on high-frequency transverse sound measurements in the tem-
perature range −30 ◦C≤ T ≤ 30 ◦C and pressures up to 0.815 GPa.
T is the temperature in ◦C and p the pressure in MPa. This formula
agrees with the proposed model by Barlow et al. (1967) and Barlow,
Erginsavand and Lamb (1967)

G∞ = 0.5 GPa + 2.45 · p (2.86)

which was obtained at 30 ◦C for pressures up to 1.4 GPa. Bair (2007)
states that both formulations agree well with measurements for min-
eral oil LVI260. However, a comparison of di(2-ethylhexyl)phtalate
flow curves by Bair (2007) showed that the equation would yield a
G∞ value that is two orders of magnitude too large.

Johnson (1978) states two equations for pressure and temperature
dependency of G∞. The pressure dependence is a generalised version
of Barlow’s equation (Evans and Johnson, 1986):

G∞ = A + B · p (2.87)

with A stated as lying between 108 and 109 Pa, whilst B is between 1
and 5, which are in agreement with the values from Eq. 2.86. Temper-
ature dependence is given as:

G∞ =
C

1 + K ·Θ (2.88)

12 The component of the dynamic shear modulus in phase with the shear strain is
called G′′ in english literature. Some rheological communities however call this G′

and use G′′ as loss modulus, describing the viscous component of the shear strain.
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where Θ is the temperature in ◦C and K around 0.01 and C a constant.
Houpert (1980) proposes a formula similar to the viscosity equa-

tions:

G∞ = G0 · e
(

αG ·P+
(

1
T− 1

T0

))
(2.89)

Whilst Bair and Winer (1992) propose:

G∞ = (a− b · T) · P (2.90)

from measurements with a stress-strain-device (Bair, 1990). For 5P4E
the parameters a and b are 4.1 and 0.027 respectively. The temperature
T is to be inserted in ◦C and p in GPa. The authors caution the use
of this relation near pressures of zero as a shear modulus of zero at
p = 0 does not seem reasonable. The same authors also state that for
LVI260 and 5P4E, G = 3p can be used as a good approximation.

The shear modulus is observed to be linked to the shear strength
of the material. This is discussed in detail in Sec. 2.5.3.

2.5.2 Critical shear stress

To describe or determine the onset of shear thinning, i. e., the crit-
ical shear stress τcrit, several models have been proposed over the
years. Viscosity measurements at different shear rates, or better shear
stresses, are necessary. Through the use of master curves measure-
ments at different pressures and temperatures can be superimposed
so that the critical shear stress of a fluid can be determined.

One problem of the use of viscometers is that at the high shear rates
thermal softening can occur if the experiment is not well controlled.
Thus only few specialised experiments exist which can be trusted to
deliver the real viscosity at high shear rates under pressure (see e. g.,
Bair, 2007).

However, a number of models have been proposed to obtain the
critical shear stress from other parameters, e. g., pressure. In the fol-
lowing section some models are presented and discussed.

The Ree-Eyring stress according to Houpert (1980):

τRE = τRE0 · e
(

αRE·P+βRE·
(

1
T− 1

T0

))
(2.91)

is similar to his proposed shear modulus and limiting shear stress
formulation. It is linearised to:

τRE = τRE0 + αRE · P . (2.92)

Bair (2007) tries to model the critical shear stress based on molecu-
lar properties. He states that the rotational relaxation time, which is
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responsible for the onset of shear thinning if the model of molecu-
lar alignment as mechanism is correct, can be formulated using the
Einstein-Debye relation:

λrel ≈
η0 ·M

$ · Rg · θ
(2.93)

At a Weissenberg number of one the critical shear stress, i. e., onset
of shear thinning occurs. Therefore:

γ̇ =
1

λrel
(2.94)

and

τC = η0 · γ̇C (2.95)

and

Wi = λrel · γ̇C = 1 . (2.96)

Thus Bair (2007) deduces for the critical shear stress:

τC =
η0

λrel
≈ $ · Rg · θ

Mmol
(2.97)

which leads to a dependence of the critical shear stress on molecular
mass and temperature.

Hamrock (1991) states from a comparison of the Eyring formula
with other models that the relationship between τc (termed as τE or
Eyring stress) and the limiting shear stress τlim is:

τc =
τlim

3
. (2.98)

The model using the Einstein-Debye relation incorporates a phys-
ically sound mechanism. Whilst the other models may well be useful
they are often based on the fitting of data with arbitrary functions.
The use of Eq. 2.97 however has the shortcoming, that the molecular
weight needs to be known. This is problematic if the formulation of
lubricant is unknown or if the lubricant consists of mixtures. Thus the
use of this relation often makes it necessary to estimate the molecular
weight from models or assumptions.

2.5.3 Limiting shear stress

As described in Sec. 2.4 in most lubricants in EHL a maximum shear
stress cannot be exceeded. The lubricant then behaves similar to a
plastic flow when the yield limit is reached and the shear stress be-
comes shear rate independent. This shear stress was named limiting
shear stress τlim by Smith (1960) and is a material specific fraction of
the pressure averaged over the contact (Bair, 2007).
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Mechanisms

Whilst the limiting shear stress has been observed in various exper-
iments, several mechanisms for this behaviour have been proposed.
Plint (1967) hypothesised that slip planes should occur in the lub-
ricant meaning that localised bands, wherein the slip of the lubric-
ant occurs, should be present. Shear bands were shown by Qureshi
(1992), Bair, Qureshi and Winer (1993) and Bair, Winer and Distin
(1993) for pressures up to 0.3 GPa and by Bair and McCabe (2004)
for higher pressures using an optical cell. Bair and McCabe (2004)
demonstrated that in the lubricant shear bands occurred at an angle
of ≈ 20◦. The behaviour of these slip bands has been compared to the
yield behaviour of polymers (Bair, 2007).

Other explanations are slip of the lubricant at the boundaries, i. e.,
the lubricant flows like a fluid, whilst the shearing is localised at
one of the walls of the contact (Ståhl and Jacobson, 2003). Kaneta,
Nishikawa and Kameishi (1990) and Kaneta et al. (1992) presented
experimental results pointing to a possible wall slip. Guo and Wong
(2005) showed that this phenomenon could be influenced by the sur-
face properties. The mechanism of wall-slip is sometimes applied in
numerical simulations to model the limiting shear stress (Ståhl and
Jacobson, 2003; Kumar and Anuradha, 2014). Šperka, Křupka and
Hartl (2014) show the flow of the lubricant as a plug with the shear
localised in small regions close to or at the boundaries based on ex-
periments and numerical calculations. Tanner (2000), however states
that slip does not occur if the roughness scale of the wall exceeds the
molecular size of the liquid and that elevated pressure should reduce
the tendency for slip.

Thus several mechanisms have so far been proposed and partly
demonstrated in measurements. Chang (2005) summarises that dif-
ferent mechanisms may be responsible for the limiting behaviour, i. e.,
shear bands indicating lubricant rupture and slip at or close to bound-
aries due to temperature increase close to the interfaces when thermal
conductivities are different.

A lowering of traction due to thermal influence of the interfaces
was also found by Habchi (2014) and Habchi (2015) and reported
by Bobach et al. (2015). Both groups stated that lower friction, i. e., a
lower maximum shear stress, can be attained in traction experiments
when the partners or one of the partners are coated, e. g., by a dia-
mond like carbon coating. The reported effect is that the heat transfer
through the coating is reduced leading both to a temperature rise in
the lubricating gap without affecting the inlet significantly. Although
not solely linked to the limiting shear stress as this effect may be ex-
plained by purely viscous effects as well, an increase in temperature
can, if a temperature dependence of the limiting shear stress exists, be
in part also caused by thermal influence on the shear stress. Similarly
Johnson and Greenwood (1980) investigated an Eyring fluid and
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state that the maximum traction coefficient is solely governed by heat-
ing of the lubricant film. However, this contradicts before mentioned
observations of a limiting shear stress in experiments in rheometers.

First steps to understand the physical behaviour of liquid lubric-
ants under high pressure have been undertaken making use of mo-
lecular dynamic simulations (e. g., Gattinoni et al., 2013). These show
promising steps, however still need to overcome several challenges.
Examples are determining the correct lubricant wall interactions. A
wrong choice of boundary conditions can easily lead to a behaviour
which could be interpreted as the limiting shear stress but may be
the result of surface force definitions. Martinie and Vergne (2016)
compare results from molecular dynamics simulations to literature
regarding the limiting shear stress. They come to the conclusion that
the liming shear stress is driven by shear localisation, which in turn
may manifest itself as wall slip, plug flow or shear banding.

It might be that through the insight of molecular dynamics a better
understanding of the effects may be gained on the long term, however
at present the mechanism responsible for the limiting shear stress still
does not seem to be understood well. Moreover, several mechanisms
leading to a limiting shear stress behaviour may be present in lubric-
ated contacts depending on molecular structure as well as properties
of the surfaces of the solids.

Measurement

The experimental determination of the limiting shear stress has been
subject of several studies and different methods have been employed.
The use of traction experiments (Smith, 1960; Johnson, 1970; John-
son and Tevaarwerk, 1977; Meyer, 2010b; Mayer, 2013; Wang, 2015)
are widespread, whilst some researchers have used special experi-
ments with homogeneous conditions making use of a modified Cou-
ette viscometer (Qureshi, 1992; Bair, 1990; Bair, 2007). Other homo-
geneous condition laboratory experiments include a high pressure
chamber (HPC) (Höglund and Jacobson, 1986; Jacobson, 1991; Jac-
obson, 2006) detailed in Sec. 5.2. Other measurements include the use
of EHD model contacts in a bouncing ball apparatus (Wikström and
Höglund, 1994). A comparison of results of different methods is dis-
cussed in Sec. 5.2 especially Fig. 5.2.8.

The limiting shear stress not only governs the maximum traction
transferable through the EHL film but also influences the lubricant
film thickness profile. This has been demonstrated through experi-
ments by Guo and Wong (2005) and numerically by Shieh and Ham-
rock (1991), Zhang and Wen (2002a) and Zhang and Wen (2002b).
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Models

In the following section models to describe the limiting shear stress
are presented. Figure 2.5.1 shows the limiting shear stress for different
pressures measured in laboratory apparatus for two lubricants. The
apparatus is a high strain device derived from a modified pressur-
ised Couette viscometer. The cylinder is turned only one revolution
to avoid thermal softening and the shear force is measured (Bair,
1990). A pressure dependence can be easily identified. However, a
strict temperature dependence is not easily visible.
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Figure 2.5.1: Limiting shear stress for LVI 260 and 5P4E measured by Bair
(1990) under laboratory conditions.

Several models for mathematical description of the limiting shear
stress have been proposed over time. Johnson and Tevaarwerk (1977)
are the first to propose a linear relationship between pressure and lim-
iting shear stress:

τL = τL0 + γ · P (2.99)

with τL0 representing an offset of the shear stress at ambient pres-
sure and γ the pressure gradient of the limiting shear stress.

Bair and Winer (1992) introduce a model with temperature de-
pendence and a linear pressure dependence:

τL = (a− b · T) · P (2.100)

setting a ≈ 0.95 and b ≈ 3.5 · 10−4. The temperature dependence is
not pressure independent in this case.
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Wikström and Höglund (1994) propose a model based on the
Johnson-Tevaarwerk model (Eq. 2.99) but incorporated a temperat-
ure influence by modifying the parameter γ in Eq. 2.99 in the form:

γ = a + b · P + c · T + d · P · T . (2.101)

The proposed values for a are between 0.086 and 0.14, b between -
0.0117 and −27 · 10−5, c between −27 · 10−5 and +48 · 10−5, and d in
the range of −5 · 10−5 and +11 · 10−5. This in turn leads to values for
γ from 0,08 to 0.09 for the conditions investigated.

Houpert (1980) proposes a model, used also by Houpert, Flamand
and Berthe (1981) and Sottomayor (2002), incorporating temperat-
ure which is similar to his model of the Ree-Eyring-Stress and the
shear modulus and which closely resembles pressure viscosity rela-
tionships:

τL = τL0 · e
(

ατ ·p+βτ

(
1
T− 1

T0

))
. (2.102)

Where ατ describes the pressure dependence and βτ the temper-
ature influence. Values proposed for a diester are τL0 ≈ 3 MPa, ατ =
11.47·10−9 /Pa and βτ = 585 K. The reference temperature T0 is chosen
as 313 K.

Houpert, Flamand and Berthe (1981) linearise the term to a form
which is in agreement with the model by Johnson and Tevaarwerk.

τL = (A · p− B) · e
(

βτ

(
1
T− 1

T0

))
(2.103)

The temperature influence is described as minimal by all authors.
Brandão et al. (2011) and Campos, Sottomayor and Seabra (2006)
even set the value for βτ to zero, thus eliminating any temperature
dependence.

In similar fashion Reshtov and Gryazin (1990) propose:

τL = (τ0 + γR · P) · (1− ε · (T − TR)) (2.104)

Hsiao and Hamrock (1992) use an equation with similarities to
the work by Houpert, Flamand and Berthe (1981):

τL = τL0 ·
(

1 + ατL0 ·
p

τL0

)
· e
[

βτL ·
(

1
T−TR

− 1
T0−TR

)]
. (2.105)

With TR the reference temperature −273 ◦C, ατL0 the dimensionless
pressure-limiting-shear-strength proportionality constant, and βτL the
temperature-limiting-shear-strength coefficient in K.

Meyer (2010b) uses a twin-disc test rig to establish a formulation
for the limiting shear stress. He proposes:

τlim( p̄, vw) = (A1 · p̄ + A2) · ln(vw) + (B1 · p̄ + B2) (2.106)
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with p̄ and vw the mean contact pressure in N/mm2 and the entrain-
ment velocity in m/s respectively. Parameters for Santotrac 50 at 60 ◦C
are given as A1 = 0, A2 = −6.15, B1 = 0.1051, and B2 = 1.33. The
data were fitted from measurements in the fully lubricated as well as
the mixed lubrication regime and are only valid for one temperature.
Furthermore, it must be noted that this model is derived from twin-
disc data meaning not lubricant behaviour but integral EHL contact
behaviour is described.

Wang (2015) proposes a bilinear approximation of the assumed
pressure dependence –forming the basis of the calculation model
used later– which allows for easy numerical handling:

τmax =

τcrit for p < p0 +
τcrit

ξ

(p− p0) · ξ for p ≥ p0 +
τcrit

ξ

(2.107)

Here, the critical shear stress τcrit represents the onset of shear thin-
ning, p0 is the pressure offset of the linear approximation, and ξ is
the gradient of the pressure dependence. This model assumes that
the lubricant needs to exhibit shear thinning before a limiting shear
stress is reached. In absence of measured data the maximum shear
stress endurable in the low pressure regime is set to τcrit, sometimes
also called Eyring stress, determining the onset of shear thinning.
To exceed this value, the necessary shear rates in the low pressure
regime would generate so much heat that no substantial further in-
crease of τ is to be expected. The parameters are gained by fitting
twin-disc traction experiments.

Mayer (2013) and Lohner, Michaelis and Stahl (2016) derive a
formulation for the limiting shear stress τlim from twin disc traction
experiments similar to Eq. 2.106 but incorporate temperature. They
separate the formulation into two parts, an experimental or contact
integral part, i. e., traction data fit to τlim|exp, and a contact local lim-
iting shear stress used for TEHL simulations τlim|sim. They formulate
(Lohner, Michaelis and Stahl, 2016):

τlim|exp (pm, vΣ, Tref) = Eγ̇1 · pm +
[

Eγ̇2 + Eγ̇3 · ln
(

vΣ · 1
s
m

)]
+Eγ̇4 ·Tref

(2.108)

With Eγ̇i denoting lubricant specific parameters and pm, vΣ, Tref the
mean pressure, sum velocity (v1 + v2), and the reference temperature
in K respectively. The reference temperature used to fit the data is
the bulk temperature of the discs measured during the experiment.
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From the fit the authors deduce the contact local limiting shear stress
τlim|sim:

τlim|sim (p, vΣ, Tref, T) = . . .

. . .

τlim,m for τlim|sim ≤ τlim,m

4
π · τlim|exp (pm = p, vΣ, Tref) · sinh

(
Tref
T

)
for τlim|sim > τlim,m

(2.109)

with τlim,m, T denoting the minimum limiting shear stress and the
temperature respectively. The value for the minimum limiting shear
stress τlim,m is set to 5 N/mm2. This is done to not run into a physic-
ally unsound negative limiting shear stress, however the value seems
to be chosen arbitrarily. When considering other models it can how-
ever be noted, that Wang (2015) sets this value at the shear stress for
the onset of shear thinning τC which is around the same magnitude
whilst the minimum limiting shear stress given by Houpert (1980)
is around 3 MPa also of similar magnitude. The value of τ0 given by
Jacobson (1991) is around 15 MPa.

Through a study employing traction experiments conducted iso-
thermally Ndiaye et al. (2017) develop a temperature dependence of
the limiting shear stress.

τ̄L = ΛP̄− βT + τL0 (2.110)

where Λ and β are the limiting shear stress pressure and tem-
perature coefficients respectively. This is the only formulation with
a pressure independent temperature effect other than Eq. 2.108. For
benzyl benzoate the coefficients Λ = 0.0811, β = 0.503 MPa/K and
τL0 = 137.1 MPa are given.

Furthermore, Ndiaye (2017) links the limiting shear stress to the on-
set of glass transition in the lubricant through Raman spectroscopy.
While this has been hypothesised already for a long time, previous
data from laboratory measurements could not show a direct link of
limiting shear stress and glass transition (Bair, 1990; Bair, 2007).
More precisely Bair (1990) states that curiously the limiting shear
stress pressure relationship seems untouched by the glass transition.

Equations 2.108 and 2.109 –included in Tab. 6.1.1– yield values that
are quite similar to the results from Meyer (2010b), Wang (2015), or
other authors. The added temperature dependency is given as about
−0.5 MPa/K for a mineral reference oil FVA 3.

Brouwer and Schwarze (2013) present a model for the limiting
shear stress based on the energy barrier of the Lennard-Jones po-
tential. They compare the resulting limiting shear stress with traction
experiments and state acceptable agreement. However, this method
yields lower than expected values for higher pressures (p > 800 MPa).
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Thus discussions are still ongoing to broaden the range of validity of
this model (e. g. Brouwer, Bader and Beilicke, 2016).

Shear modulus dependence of limiting shear stress

As mentioned in Sec. 2.5.1 it is assumed that G ∝ τlim. Whilst most
proposed models base on traction experiments with only few laborat-
ory experiments proposals have been made to link the limiting shear
stress to mechanical fluid properties. From oscillatory measurements
Dyson (1970) proposes the following relation between limiting shear
stress and shear modulus:

τL(G) ≈ 0.25 · G∞ (2.111)

This relation has also been used to estimate the shear modulus (Wang,
2015).

Evans and Johnson (1986) and Tabor state the relation

τlim ≈
G
30

(2.112)

which is the expected value for the ultimate shear strength of a solid
where the intermolecular van der Waals bonds are broken.



3
A I M S A N D S C O P E

The computation of traction in EHL contacts being of great import-
ance when striving to reduce losses, has been an ongoing challenge
for several decades. The accurate prediction of traction is strongly
dependent on the rheological models of the applied lubricants. Sev-
eral models incorporating non-Newtonian behaviour, as well as lim-
iting shear stress, have been proposed (e. g., Jacobson, 1991; Bair,
2007). The fluid behaviour itself is dependent on the shear rate, pres-
sure, and temperature found in the contact. Since the introduction of
EHL theory discussions between researchers have been ongoing, one
fraction advocating traction experiments –which have the disadvant-
age that non homogeneous conditions are the basis of the obtained
fluid parameters– and the other fraction preferring laboratory meas-
urements to gain accurate models and model input data for compu-
tational models of the losses in the contact.

One of the effects governing the traction transferred through an
EHL contact is the limiting shear stress. This work investigates the
maximum shear stress transmitted in an EHL contact using a twin-
disc machine, mini traction machine (MTM), high pressure cham-
ber measurements (HPC), and computations. Due to the fact that
the twin-disc machine (and MTM) only yields integral data from the
whole contact area and can thus not be used to determine true fluid
properties the experiment is coupled with local temperature meas-
urements within the contact during traction experiments, in order to
consider the differing conditions present in the contact.

An existing computational model is adapted to include shear thin-
ning, different pressure viscosity relations, and different limiting shear
stress functions to investigate the influence of temperature on the vis-
cosity and the limiting/maximum shear stress in the contact. Thus a
study of the influence different limiting shear stress models, temper-
ature effects on viscosity, and pressure-viscosity relations on the total
traction of the contact is achieved. Thus contributing to answering
the question whether the traction transferred through the lubricant
film is limited due to a temperature dependence of the limiting shear
stress or whether the dominant effect is the temperature influence on
viscosity.

This work aims to generate a better understanding of the lubricant
behaviour in EHL conditions by based on high pressure viscometer
data, high pressure chamber results, data gained from traction exper-
iments, and the measurement of local temperatures within the EHL
contacts in these traction experiments, thus allowing a better under-
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standing and modeling of the shear stresses occurring in the lubricant
film.



4
E X P E R I M E N T

If it disagrees with experiment
it is wrong.

— Richard P. Feynman

The experiments shown were conducted using a number of lubric-
ants. The properties are listed in Table 4.0.1.

Table 4.0.1: Physical properties of lubricants measured by ITR from
(Brouwer, Bader and Beilicke, 2016)

Lubricant Type
η40 ◦C η100 ◦C $15 ◦C

in mPas in mPas in kg/m3

FVA 3 Mineral reference oil 80.98 9.1 884.8

Brake Polyglycol base 7.08 2.2 1067.2

SRS Calibration fluid 2.6 1.8 827.6

Oil A Engine Oil 24.8 5.2 854.7

Oil B Engine Oil 39.6 6.9 853.4

Oil C 137 20 862

Oil D Hydraulic oil 29.2 4.9 873.9

Santotrac 50∗ Traction fluid 30.5 23.7 845.3
∗ not measured at ITR

4.1 traction experiments

Traction experiments have for a long time been used to investigate
the lubricant behaviour in concentrated contacts (Crook, 1963; Smith,
1960; Bell, Kannel and Allen, 1964; Johnson and Cameron, 1967).
The use of tribometers or traction experiments has the positive effect
that the conditions of the real application can be duplicated. Meth-
ods have been been proposed to extract viscosity data from traction
curves (e. g., Evans and Johnson, 1986), these have also been criti-
cised (Bair, 2000). However, the disadvantage is that the the condi-
tions in the contact are inhomogeneous and thus only a mean value
but not the direct lubricant behaviour can be observed.

Figure 4.1.1 shows the typical characteristics of traction curves meas-
ured with twin-disc machines. Depicted is the traction coefficient
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versus the slide to roll ratio. Furthermore, different regimes are in-
dicated. The behaviour of the traction curves is similar to the beha-
viour of a flow curve measured in a rheometer (Fig.2.1.4), however it
represents the integration across a rolling contact.

Furthermore, the curves in the right can be used to identify the lub-
ricant behaviour, i. e., for regimes with behaviour C and D a Deborah
number D >> 1 is found and visco-elastic lubricant behaviour is ex-
pected.
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Figure 4.1.1: Left: Friction regimes according to Johnson and Tevaarwerk (1977). Note: The axis
have been mislabelled in the original publication see also (Johnson and Cameron,
1967). Right: The effect of viscous and elastic behaviour as well as shear thinning and
limiting shear stress taken from Evans and Johnson (1986). A B C D

Figure 4.1.2 shows the principle behaviour of traction curves with
increasing pressure, decreasing temperature and rolling speed. An
increase in pressure yields higher traction coefficients with a more
clearly marked maximum of the traction curve. The same effect ap-
pears with decreasing temperature and entrainment velocity. The ef-
fects acting here are the increase in viscosity, i. e., shearing losses, and
an increase in mixed friction respectively.

4.1.1 Twin Disc Experiments

Traction measurements were conducted using a twin disc test rig,
shown in Fig. 4.1.3. A crowned disc, with a crowning radius of 50 mm,
is run against a cylindrical disc. Both discs are made of hardened
100Cr6 (AISI 52 100) steel, super finished to a surface roughness of
Ra ≈ 32 nm. Thus, an isotropic surface pattern is achieved. The nor-
mal force is applied by a hydraulic cylinder to the shaft supporting
the cylindrical disc, which in turn is mounted on a linear bearing.
This allows for free movement perpendicular to the shaft’s axis. The
experiments were conducted at mean contact pressures up to 2.7 GPa.
The discs are driven directly by electric motors with defined rota-
tional speeds. One of the electric drives is supported by an aerostatic
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Figure 4.1.2: Behaviour of traction curves dependent on speed, temperature,
and pressure from (Johnson, 1978). Although the behaviour
is labelled for decreasing entrainment velocity in the original
puplication these characteristic curves are only valid for a de-
creasing entrainment velocity whilst maintaining full film lub-
rication. For decreasing rolling speed with the resulting curve
reaching a mixed lubrication regime, the grey curve has been
added.

bearing allowing for the measurement of the reaction torque. Thus,
the force transmitted through the EHL contact can be determined. To
achieve this, the friction of the supporting bearings is first subtrac-
ted. The fluid is supplied to the contact from the top in direction
of entrainment. The fluid is heated to a temperature which is meas-
ured directly before the contact inlet. The experiment is performed
by varying the slide to roll ratio (SRR) from minus 10 % to plus 10 %.
The hydrodynamic velocity is kept constant during the whole experi-
ment, i. e., one disc is accelerated while slowing down the other one
to reach a defined SRR.

The magnitude of the elastic slip was determined and subtracted
from the measured data as shown in Sec. 2.1.5. All shown data is thus
assumed to purely represent the lubricant behaviour.

4.1.2 MTM Experiments

For regimes of lower pressures (0.4 GPa up to 0.8 GPa) traction exper-
iments were performed using a Mini Traction Machine (MTM) from
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Figure 4.1.3: Twin disc traction experiment also used byWang, 2015; Meyer, 2010b

PCS Instruments. The design of the test rig is depicted in Fig. 4.1.4.
Here, a hardened steel ball with 3/4" diameter is run against a flat
disc on a radius of 46 mm. The disc runs in an oil bath which is tem-
perature controlled.

The experiment is started after a stationary temperature distribu-
tion is reached. During this period disc and ball are run in alternating
directions to reach homogeneous conditions in the oil bath.

The experiment is conducted by measuring the resulting traction in
forward and reverse rotation, i. e., positive and negative SRR respect-
ively, at a defined absolute SRR value. The measured values are then
averaged, i. e., each resulting data point is the average of negative and
positive SRR.

The resulting traction curves were analysed in the same manner as
the twin disc results.

4.1.3 EHL Film Thickness Measurements

The film thickness was measured using a PCS Instruments EHL 1
test rig. The test rig was kindly made available by the VW central
laboratory in Wolfsburg. The set-up is depicted in Fig. 4.1.5. The film
thickness measurements are based on interferometry. A Steel ball is
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Figure 4.1.4: Mini Traction Machine (PCS Instruments)

run against a glass disc with a semi reflective layer. The layer itself is
coated by a silica layer. The interference of the light from the semi re-
flective layer and the steel ball is evaluated and thus the film thickness
can be determined. The ball is supported on three bearings leading
to low spin slip in the contact which could otherwise influence film
formation. The parameters for the experiments are given in Tab. 4.1.1.

The measurement of the film thickness was conducted at a single
point on the track and the thickness of the silica layer at that point
was measured using the dry contact. All experiments were conducted
with rising velocity. The temperature was measured in the oil bath
about 1 mm in front of the ball. The temperature was kept stable for
at least 30 minutes prior to each measurement.

Figure 4.1.6 shows the obtained results for FVA 3 oil. The dashed
lines indicate film thickness as calculated by film thickness equations
(Eq. 1.33). The agreement is satisfactory. Based on this, the film thick-
ness values calculated by the formula are used as basis for gap height
calculation in Sec.7.

4.2 experiments to determine temperatures

4.2.1 Local Temperature in EHL Contact

The local temperature and its distribution have been of interest for re-
searchers for a long time with the reason being that this temperature
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Figure 4.1.5: EHL machine (PCS Instruments)

influences the viscosity and thus traction as well as the film thickness
(e. g. Crook, 1958; Crook, 1961a; Crook, 1961b; Crook, 1963). Re-
sponsible for the temperature rise is the friction in the contact. Two
mechanism lead to heating: Compression and shearing. The compres-
sion can be the result of pressure build up or due to the rolling fric-
tion. When running at zero slip the compression is expected to be
solely due to the pressure profile (Gohar, 1988).

Reddyhoff, Spikes and Olver (2009a) studied the temperature with
infra-red measurements finding that an increase due to pressure rise
occurs. At the outlet a drop in temperature, even cooling below the
inlet temperature, occurs due to rapid pressure drop in the lubric-
ant. This even caused phase changes to be suspected to occur for one
lubricant (5P4E).

The shear heating of the lubricant is caused by the rolling friction
as well as the sliding component of friction. The contribution of the
rolling friction is mostly insignificant compared to that of the sliding
friction, provided sliding friction is present (Gohar, 1988).

Crook (1963) states that even with the surfaces showing consider-
able temperature rises (i. e., flash temperatures) the temperature rise
within the lubricant is low (Gohar, 1988).

Numerous numerical investigations based on the solution of the
energy equation have been conducted to gain insight into the tem-
perature within an EHL contact (Kim and Sadeghi, 1992; Kim and
Sadeghi, 1993; Chang and Farnum, 1992).

The Péclet number represents the ratio of convected heat by fluid
motion to the diffused heat into the solids. The energy equation used
for the bounding surfaces is normally only valid at high Péclet num-
bers. Based on the of work by Jaeger (1942) and Carslaw and Jae-
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Table 4.1.1: Parameters of film thickness measurements

Steel ball 100Cr6 (AISI 52100)

Ball radius 19.05 mm

Elastic modulus 207 GPa

Poisson’s ratio 0.3

Disc Quartz glass

Curvature ∞

Track radius 34 . . . 44 mm

Elastic modulus 75 GPa

Poisson’s ratio 0.22

Load 20 N

PHertz/pmean 527 MPa/351 MPa

Velocity 0.2 . . . 4.5 m/s

Temperature 20 . . . 80 ◦C

Measurement uncertainty (acc. PCS) ±1 nm

ger (1959) the solution of the problem has been possible for arbitrary
Péclet numbers (e. g. Bos, 1995; Kim et al., 2001).

Pe =
a cot us

2 · κ (4.1)

according to (Kim et al., 2001) with κ diffusivity, a radius of the
Hertzian contact circle in m or half the maximum length of the heat
source in the direction of the velocity, and us the mean speed of sur-
faces in m/s.

Whilst the use of thermocouples is widespread the challenge is
to gain an insight into the temperature distribution in the contact,
that means obtain a temperature map. Several methods to measure
contact temperature exist. In this work, infra-red thermography is ap-
plied. Early measurements using infra-red thermography date back
to the eighties (Ausherman et al., 1976; Nagaraj, Sanborn and
Winer, 1979). Recent developments in the field of infra-red thermo-
graphic cameras have led to investigations resulting in measurements
of two dimensional temperature distributions even considering as-
perity contacts (Reddyhoff, Spikes and Olver, 2009b; Reddyhoff,
Spikes and Olver, 2009a; Le Rouzic and Reddyhoff, 2013; Yagi,
Kyogoku and Nakahara, 2006). Nearly all experiments measuring
local temperature –i. e., considering temperature distribution perpen-
dicular to the entrainment direction– thus far have been performed
using ball on disc apparatus. However, a number of experiments have
been carried out measuring the temperature within EHL contacts in
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Figure 4.1.6: Film thicknesses measured for FVA 3

twin disc machines, cam followers, and gear test rigs using thin film
sensors (Leeuwen, Meijer and Schouten, 1987; Schmidt, 1985; Bau-
mann, 1987; Peeken et al., 1990; Daubner, 2001).

To determine the temperature in the contact and gain an insight
into the real temperature dependent lubricant behaviour, two experi-
ments were set up.

4.2.2 Body Temperature

In the first experiment, the twin disc traction test was modified by in-
tegrating a thermocouple was introduced into the discs about 1.2 mm
below the contact. The measured temperature thus mainly represents
the temperature of the disc body, due to the slow reaction time of
the measuring system. Non the less, the temperature influence can
be closer investigated with this knowledge. Furthermore, such tem-
peratures may be used as boundary conditions in simulations. The
thermocouples were Ni-CrNi (type K) with the amplifier situated on
the shaft end. From there the signal was transmitted via a slip ring
system (HBM SK12) to the DAQ device. For calibration the disc was
heated to known temperatures. To ensure homogenous temperature
the disc was kept at least 30 minutes at the stabilised temperature.
The use of thermocouples has the disadvantage that the measure-
ment depends on the temperature at the amplifier. Thus the housing
of the amplifier was designed in such a way, that the air flow during
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rotation keeps the housing at ambient temperature. A schematic of
the set-up is depicted in Fig. 4.2.1.

When running an experiment during which the SRR is set to a
fixed value and held for a certain time the temperature behaviour in
Fig. 4.2.2 is observable. It is visible that the bodies start heating up
from heat generated in the contact. At least 100 s are needed to reach
stationary body temperatures. Furthermore, the temperature gradi-
ent is dependent on the SRR –with greater SRR leading to steeper
gradient due to higher temperatures from the contact. It is visible
that a stable body temperature is not attained for less than 100 s. This
in turn means, that during the traction experiments transient condi-
tions, that is changing body temperatures, are present. The influence
of this effect on the maximum shear stress is shown and discussed in
Fig. 6.1.3 in Sec. 6.1.2.

Figure 4.2.1: Set up to determine the body temperature
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Figure 4.2.2: Behaviour of mass temperature during a traction experiment.
It can be understood, that a rise in SRR will lead to a warm up
of the body with a stabilisation time greater than 100 s.

4.2.3 Measurement of Local Temperature in EHL Contact

For the second experiment, an infra-red camera was used and the
twin-disc experiment modified to observe the EHL contact and gain
temperature maps from within the rolling sliding contact.

Infrared thermography

According to Planck the total radiant power into the hemisphere of
a black body of a given Temperature T in the wavelength interval
λ, λ + dλ can be expressed as (Vollmer and Möllmann, 2011):

Mλ (T)dλ =
2πhc2

λ5 ·
(

e
hc

λkT − 1
)−1

dλ (4.2)

h = 6.626 · 10−34 Js
c = 2.998 · 108 m/s Here, h is Planck’s constant, c is the speed of light in vacuum, λ

is the wavelength of the radiation, and T is the absolute Temperature.
Figure 4.2.3 shows the resulting radiant power for different temperat-
ures and the band visible for infrared cameras.

The excitance of black body sources is calculated as:

M (T) =
∫ ∞

0
Mλ (T)dλ =

∫ ∞

0
Mν (T)dν = ςT4 (4.3)
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Figure 4.2.3: Planck’s law and the wavelength measured. Hatched is the
spectral range measured by the used infra-red camera.

With ς denoting the Stefan-Boltzmann constant. As IR imaging ς = 5.67 ·
10−12 W/m2K4only detects a predefined spectral range of 0 → λ the black body

radiation is compared to the total emission.

F(0→λ) =

∫ λ
0 Mλdλ∫ ∞
0 Mλdλ

(4.4)

Figure 4.2.3 also depicts the band described by above equation, shown
hatched for a temperature of 500 ◦C. This can be used to obtain the
portion of black body radiation and excitation for the limited band
detected by the IR sensor.

Due to the fact that technical surfaces do not represent ideal black-
bodies the emissivity ε is defined as the ratio of actually emitted
radiation and the radiation a black body would emit. In a similar
manner a transmissivity τ and a absorptivity α can be defined. From
Kirchhoff’s law it follows that the radiation absorbed is equal to the
radiation emitted.

ε = α (4.5)

Real systems are mostly either grey bodies emitting less radiation
than a black body due to their surface or selective emitters. Possible
radiating bodies are depicted in Fig. 4.2.4. Figure 4.2.5 shows the infra-
red spectrum of FVA 3 mineral oil. The radiation is confined to a band
around 3 µm. The lubricant thus acts as a selective emitter, whilst the
contacting disc can be described as a grey body.
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for black bodies, grey bodies, and selective emitters from
Vollmer and Möllmann (2011)

Any radiation φ0 is either reflected (φR), transmitted (φT), or ab-
sorbed (φA).

φ0 = φR + φT + φA (4.6)

In contrast, metals
with high

reflectivities above
90% will have

emissivities below
0.1. Very well
polished metal

surfaces can have the
lowest possible

emissivities of the
order 0.01, which

practically render IR
imaging impossible.

Thus the following temperature and wavelength dependent coeffi-
cients can be defined

α (λ, T) =
φλ,α

φλ,0
, τ (λ, T) =

φλ,τ

φλ,0
, ρ (λ, T) =

φλ,ρ

φλ,0
. (4.7)

It can be deduced from Eq. 4.6 that

1 = R + t + α (4.8)

which combines the reflected radiation R with transmitted radi-
ation t and absorbed radiation α. For IR intransparent bodies t = 0
and the emissivity can be estimated as

ε = 1− R (4.9)

It is important that the emissivity is directly connected to the reflectiv-
ity. The emissivity depends on material, surface structure, geometry,
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Figure 4.2.5: Infra-red spectrum of FVA 3 mineral reference oil. The band
of lubricant emission around 3 µm is visible. Thus it is obvious
that the lubricant acts as a selective emitter.

viewing angle, wavelength, and temperature. The emissivity is essen-
tial to determine a temperature from the radiation detected by the IR
sensor. Thus a knowledge of the emissivity determines the quality of
the measurement results.

To quantify the temperature from the measured radiation, the ra-
diometric chain needs to be observed. As depicted in Fig. 4.2.6, the
chain consists of the object of interest with a temperature TMO emit-
ting the radiation φMO, reflecting φU,æ, and transmitting φH,T. The
detected radiant power is further influenced by the radiation from
the measuring range φMS. The detected radiant power φdet can thus
be written as:

φdet = τatmεφBB
object

(
Tobject

)
+ τamb (1− ε) φamb (Tamb) + . . .

. . . (1− τatm) φatm (Tatm)
(4.10)

where
εφBB

object

(
Tobject

)
represents the radiant power of the object which is

reduced by the transmittance τatm of the atmosphere,

τamb (1− ε) φamb (Tamb) = rφamb (Tamb) the reflected radiation from
the surroundings, and

(1− τatm) φatm (Tatm) the radiant power emitted by the atmosphere.
The radiant power of the object can thus be determined as

φBB
object

(
Tobject

)
=

φdet

τatmε
− (1− ε)

ε
φamb (Tamb)−

(1− τatm)

τatmε
φatm (Tatm)

(4.11)

Using a camera specific calibration curve φK instead of the black
body radiant power the temperature of the object Tobject can be ob-
tained

Tobject = φ−1
K ε−1

(
φdet − (1− τatm) φatm (Tatm)

τatm
− (1− ε) φamb (Tamb)

)
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(4.12)

However, the knowledge of

ε the emissivity of the object,

Tamb the surrounding temperature,

Tatm the atmospheric/ambient temperature, and

τatm the atmospheric transmittance

are essential to determine the object temperature accurately.
The atmospheric transmittance τatm is calculated in the camera soft-

ware using the LOWTRAN (Kneizys et al., 1988) model based on the
atmospheric temperature Tatm, the relative humidity, and the meas-
urement distance. These values are input into the software and need
to be determined or at least valid assumptions for these values need
to be made.

It must be noted that the the measurement is sensitive to reflec-
tions (e. g. by the camera itself which is called Narcissus effect) and
radiation from surrounding bodies. To avoid reflections from the sur-
roundings the optical path was shielded from the surrounding by
IR-opaque material. Furthermore, parts of the path were encased in
an active cooling system, thus keeping emissions by the shielding on
a constant low level. Furthermore, due to the temperature depend-
ence of these factors, a temperature dependent calibration is neces-
sary. The temperature is measured constantly in the camera itself for
application of the correction factors.

Figure 4.2.7 shows the radiation from an EHL contact. It consists
of the radiation of the surroundings No which is reflected at all inter-
faces. Furthermore, the radiation by the IR-transparent window Ns,
the radiation by the lubricant film Nf, and the radiation of the surface



4.2 experiments to determine temperatures 73

of the solid body Nb. All radiation components are picked up with
some losses; reflections away from the sensor occur as well as detec-
tion of additional reflections from outside. For example, the radiation
from the fluid film is reflected by the solid surface and is then picked
up on top of the radiation directly entering the detector.

To be able to account for the different radiation parts, filters can
used due to the fact that the emitted wavelengths differ. For example,
the lubricant acts as a selective emitter as was shown in Fig. 4.2.5.
Ausherman et al. (1976) already described methods utilising filters.
Reddyhoff, Spikes and Olver (2009a), Reddyhoff, Spikes and Olver
(2009b) and Lu, Reddyhoff and Dini (2017) presented a method util-
ising coatings with different emissivities to distinguish between the
radiation sources. This methodology is depicted in Fig. 4.2.8.

IR microdetector

IR filter

ball

fluid

sapphire

ηb ηf ηs η0 N0N0NsNfNb

Ns

Nf

Nb

Figure 4.2.7: Radiation components in an EHL contact. Graphic reproduced
from Ausherman et al. (1976)

It is not applied in the current work, however, the system has been
prepared to make use of the same technique to determine the temper-
ature of the system elements separately.

Experiment

For the second experiment, the same twin disc test rig as in the trac-
tion experiments (Sec. 4.1.1) was used. One of the steel discs was re-
placed by a sapphire shaft as shown in Fig. 4.2.9. The crowning radius
of the 100Cr6 counter disc was increased to 100 mm to lower con-
tact pressure. The properties necessary to obtain the contact details
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Figure 4.2.8: Division of the radiation parts from Reddyhoff, Spikes and Olver (2009b) and Lu,
Reddyhoff and Dini (2017). Schematic representation of the radiation components
of the system: in a the radiation received by infrared camera is emitted by disc, oil
and ball; in b the radiation from the oil and ball surface is reflected by the chromium
coating (150 nm) so that only the radiation of the disc surface (chromium surface) can
be received by infrared camera; in b.2 the radiation from the bulk sapphrie is received
only; in c the radiation of steel ball and oil can pass through filter A; in d only the
radiation from steel ball can pass through filter B

are given in Tab. 4.2.1. It should be noted that the elastic modulus of
sapphire differs significantly from steel, leading to different contact
pressures and deformations in comparison to the so far investigated
steel-steel contacts. The thermal conductivities of sapphire and steel
however are similar in the temperature ranges of interest, so that the
thermal behaviour of the contact should not be influenced.

The contact was observed using an infra red camera (DCG Systems
InSb 640 SM see Tab. 4.2.2) with a macro lens in combination with
macro rings enabling a lateral resolution of 6 µm. For the determina-
tion of temperature from radiation, the software MPS 5/ETC is used.
It uses Eq. 4.12 to calculate a temperature value for each pixel of the
sensor. Thus, a two dimensional temperature map of the contact was
obtained.

From the test design follows that the influence of the radiation from
the EHL contact the reflectivity and transmittances play a vital role.
For the losses by the mirror Fig. 4.2.10 shows that for the wavelengths
of interest a reflectivity of 0.98 is attained. The sapphire shaft has a
transmittance of 0.88 and functions as a low pass filter with a cut-off
wave length of about 5.5 µm (see Fig. 4.2.11). These losses were taken
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Table 4.2.1: Properties of contact partners

Steel 100Cr6 Sapphire

(AISI 52 100) Al2O3

Thermal conductivity 33 (20 ◦C) 40 (25 ◦C)

in Wm−1K−1 32.2 (350 ◦C) 12 (400 ◦C)

31.4 (700 ◦C) 4 (1200 ◦C)

Young’s modulus in GPa 210 360-450

Transmittance – 200 nm-5.5 µm

Table 4.2.2: Properties of the IR camera system

Camera: DCG Systems InSb 640 SM

Detector material: indium antimonide (InSb)

Spectral range: 1.1 – 5.3 µm

Detector size: 640 x 512 pixel (at full frame rate)

Pixel size: 15 x 15 µm

Detector cooling: active using sterling cooler.

Tdetector = 77 K

Full frame rate: 100 Hz

Objective: MWIR Wechselobjektiv Makro

Depiction scale: 1:1

Aperture: f/4.3

Use of macro rings

into account implicitly during the calibration as the whole chain was
calibrated.

Calibration

To calibrate IR cameras, often technical black bodies are used. These
are systems of a defined and known temperature which have surface
properties yielding high emissivities (usually ε ≈ 0.96). For the cal-
ibration the black body is placed in front of the camera so that the
whole sensor is filled with the black body and a picture is taken. This
is repeated for several temperatures of the black body. Because both
the temperature of the black body and its emissivity are known, the
radiation picked up by each pixel can be transformed into a temper-
ature. This system was applied –using a DCG Systems’ black body
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Figure 4.2.9: Experiment for measuring contact temperatures

BB04– taking into account the whole measurement chain, i. e., the
black body was placed at the position of the steel disc. The result-
ing calibration curves have the shortcoming that the emissivity of
the scene1 is not known, i. e., it must be guessed or determined sep-
arately by a calibration of the temperature measurement, allowing
for the emissivities of the respective components to be determined.
Here the scene itself, i. e., the steel disc is used as calibration source.
The scene is heated to a specific temperature and held there until
stable temperatures are measured for at least 30 min. The resulting
measured emission can be calibrated. Due to the fact that the local
emissivities are variable the emissivity of each pixel is calibrated. This
has the disadvantage, that a movement or adjustment of the camera
is not possible without jeopardising the measurement. Furthermore,
the emissivity of the scene can only be determined while the test rig is
stationary. Thus two effects lead to problems during the test. On the
one hand the moving parts may change the position of the areas of
identical emissivity during the experiment. On the other hand the lub-

1 Scene in this context means the picture viewed by the camera sensor. It consists of
the contact area as well as the metallic surface of the disc which is outside of the
contact.
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Figure 4.2.10: Reflectivity of gold coated mirror at 45◦.
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Figure 4.2.11: Typical transmission spectra for 1 mm thick slabs. Sapphire
(AL2O3). From Vollmer and Möllmann (2011)

ricant film present during an experiment with rotating discs will lead
to a different emissivity behaviour than the stationary disc which is
present during calibration. Lu, Reddyhoff and Dini (2017) point out
that the emissivity of the lubricant is not linear but is film thickness
dependent as well.

The presented results used the calibration conducted using the
black body. However, the second calibration method was chosen to
understand the emissivity influence and changes. Where necessary a
local correction of emissivities was applied.
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E X P E R I M E N TA L R E S U LT S

5.1 data from traction experiments

The traction curves, shown exemplary in Fig. 5.1.1 and Fig. 5.1.2 for
different pressures, exhibit a nearly linear rise of the traction coeffi-
cient up to 0.8 % SRR. In the regions beyond, the traction coefficient
increases non linearly to a maximum before decreasing again with
rising SRR. This decrease is attributed to temperature effects, i. e.,
shear heating, resulting from the higher shear rates (as consequence
of higher SRR). Furthermore, it can be observed that higher contact
pressures lead to higher traction coefficients. The linear part of the
traction curve (SRR between 0 % and 0.8 %) is attributed to elastic
lubricant behaviour and varies only moderately for different contact
pressures. As explained before, the elastic deformation of the solid
bodies was subtracted in advance.
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Figure 5.1.1: Traction curves of twin-disc experiment at different pressures.
The inlet temperature was kept constant during the experiment,
each data point represents the mean values of at least 5 experi-
ments.

Typical traction curves for the MTM experiment are shown in Fig. 5.1.3
for rising entrainment velocities. These curves show that for low en-
trainment velocities the traction coefficient rises up to the end of the
experimental SRR range. However, with a rising entrainment velo-
city, the curves start to exhibit a maximum wit a subsequent decrease.
This is attributed to two effects: The possible presence of mixed fric-
tion at low speeds and a rise in shear heating influencing the traction
at higher SRR and higher velocities, thus causing a decrease of viscos-

79
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Figure 5.1.2: Traction curves of MTM experiment at different pressures. The
oil bath temperature was constant and each data point repres-
ents the mean value of positive and negative SRR.

ity. The same principal behaviour can be observed for the twin-disc
traction experiments.

From the coefficient of friction, the average shear stress τ̄ was cal-
culated by multiplication with the mean contact pressure p̄. The max-
imum average shear stress reached in each experiment was determ-
ined and from these results a pressure dependence of the maximum
average shear stress τ̄max was deduced (Wang, 2015). Thus it can be
written:

τ̄max = max (τ̄) and SRR(τ̄max) < 0.1 (5.1)

Figure 5.1.4 shows the principle of determining the maximum av-
erage shear stress. Thus, for the traction curves from Fig. 5.1.3 was
only possible from 2.4 m/s onwards. τ̄max represents the maximum
average shear stress obtained from integration over a Hertzian con-
tact area exhibiting inhomogeneous local conditions (e. g., pressures).
Figure 5.1.5 shows the pressure dependent maximum average shear
stress determined in this manner. At low pressures, it is possible that
the limiting shear stress does not dominate the maximum of the trac-
tion curve. Thus only traction curves with pressures above 500 MPa
were evaluated.
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Figure 5.1.3: Traction curves from the MTM experiment speed varied.

Apparently, a linear relationship between mean pressure and max-
imum average shear stress exists in the graphs. This is in agreement
with the observations presented in Sec. 2.5.3. Furthermore, the max-
imum average shear stresses reached in the experiment rise with
decreasing hydrodynamic rolling speeds below 5 m/s. Above an en-
trainment speed of 5 m/s, the values for different rolling speeds are
almost identical. This coincides with the film thickness parameter Λ
–defined as ratio of central film thickness hc and root mean squared
roughness Rq– reaching values >> 3, thus showing a clear indica-
tion of full film lubrication. This agrees with observations by Wang
(2015) who showed that the maximum shear stress τ̄max is constant
with increasing speed, when Λ > 1. It can be noted that the rise of
the maximum shear stress at lower speeds is most probably due to
intensified mixed lubrication in the contact. At full film lubrication,
however, the maximum shear stress attained is apparently not sensit-
ive to the entrainment speed.
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5.2 maximum shear stress under homogeneous ehl-like
laboratory conditions

The results gained from traction experiments represent integral val-
ues. Thus, it cannot be assumed that the limiting shear stress of the
fluid was reached in every point of the contact. Due to this, an exper-
iment was sought which places a fluid sample under homogeneous
conditions similar to those in an EHL contact. A useful experiment
was presented by Bair (1990), however this was not available at the
time the experiments were conducted.

Data from experiments performed at the Institute of Tribology and
Energy Conversion Machinery at the Technical University of Clausthal
by Schwarze and Brouwer, using a high pressure chamber designed
by Höglund (1984) and Jacobson (1991) and Jacobson (2006), was
used for comparison. The results are published in Brouwer, Bader
and Beilicke (2016) and Bader et al. (2015). Figure 5.2.1 shows a
schematic of the experiment.

In these experiments, a fluid sample is trapped between two plun-
gers and then compressed to the given pressure. Subsequently, the
wall of the container is moved past the fluid sample and the reaction
forces are measured. These experiments were conducted in pressure
ranges from 0.6 GPa to 1.4 GPa. The resulting shear stresses were cal-
culated by division of the force F by the cylindrical area of the sample.
All experiments were conducted at ambient temperature.

Figure 5.2.1: Schematic of HPC
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Figure 5.2.2: Comparison of HPC (1986) measurement from Höglund and
Jacobson (1986) and calculations from Bair, Martinie and
Vergne (2016)

The HPC experiments represent homogeneous conditions for the
whole sample volume with regard to pressure. Thus, it can be specu-
lated that the maximum shear stress reached may indeed be identical
to the limiting shear stress of the fluid. However, it is not defined
what the velocity profile in the sample volume is. Thus, a definition
of a shear rate is not feasible. Furthermore, it may well be that the
effect leading to the measured friction force is a pure plug flow. Non
the less, the flow profile within a real EHL contact has also been sub-
ject to discussion(Šperka, Křupka and Hartl, 2014; Martinie and
Vergne, 2016). It could thus be, that the same effects govern the lim-
iting shear stress in traction experiments.

Bair (1990) and Bair, Martinie and Vergne (2016) showed for a
similar experiment, that shear rates of around 10 s−1 are to be ex-
pected. The authors further note that the resulting shear stresses are
in agreement for a calculation of the shear stress from standard vis-
cometer measurements without consideration of the limiting shear
stress. The results are shown in Fig. 5.2.2. Thus, it is not clear whether
the results are actually depicting the limiting shear stress or are just
the result of the pressure influence on viscosity at low shear rate.

A comparison of data gained from the HPC and traction experi-
ments is presented in Fig. 5.2.3 for a mineral oil. Both the traction ex-
periments and the HPC experiments yield a linear relation between
shear stress and pressure. Furthermore, it is noticeable that all these
shear stresses are of similar magnitude for a given pressure, with the
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HPC measurements resulting in slightly lower shear stresses. This
may be influenced by temperature differences in the experiments or
possibly be due to the integrating nature of traction measurements.
The conditions in the HPC experiment are homogeneous regarding
the pressure, and temperature –when neglecting the heating in the
film possibly present due to shearing– however the shear profiles may
well be inhomogeneous.
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Figure 5.2.3: Comparison of maximum shear stress reached in MTM, twin-
disc, and HPC experiments with FVA 3 mineral oil

Figure 5.2.4 shows the comparison for a polyglykol. It can be seen,
that in both cases in the regions above 1 GPa a linear relationship
between maximum shear stress and pressure is visible. However, in
this case the gradient of the HPC measurements and the twin-disc
are significantly different. The resulting shear stresses are identical
for around 1.2 GPa. Analyses of the traction curves shown in Fig 5.2.6
and Fig. 5.2.7 show that the traction curves clearly reach a maximum.
Thus the determination of τ̄max according to the criterion in Eq. 5.1 is
possible.

It needs to be considered that the twin-disc experiments are depic-
ted with the mean stress as parameter. Thus, within the contact area
pressures in the range from 0 Pa up to 1.5 times the mean pressure are
encountered. Figure 5.2.5 illustrates the pressure ranges. It appears
that the HPC results coincide within the pressure range covered by
the twin-disc measurements. However, if the HPC results do depict
the true limiting shear stress the values derived from traction exper-
iments should, provided they are dominated by the limiting shear
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Figure 5.2.4: Comparison of maximum shear stress reached in twin-disc,
and HPC experiments for Brake fluid (polyglycol base). The val-
ues for the twin-disc experiment are plotted against the mean
contact pressure. Dotted lines with gradient 0.08.

stress and its pressure dependence reach values just below those of
the HPC, due to the non-uniform pressure distribution in the EHL
contact. This is as opposed to the uniform one in the HPC.

Even with the use of vastly different methods Workel et al. (2000)
showed that the results gained are in good agreement for Santotrac 50,
see Fig. 5.2.8.Resulting CoF values are governed by the limiting shear
stress and show quite good agreement for nearly all types of experi-
ment. Bair and Winer (1979b) measured using a high pressure cell,
i. e., a modified Couette type viscometer. Jacobson (1985) used a
bouncing ball apparatus (1). Similar but modified versions were used
by Workel et al. (2000) (2, 3). Höglund and Jacobson (1986) used
a device similar to the HPC. These are the only data not in line
with the other measurements showing a significantly lower order of
magnitude. Ramesh (1989) used a plate impact experiment based on
the Hopkinson bar. The data Anonymous (1972), Loewenthal and
Rohn (1983), Meyer (2010b), Evans and Johnson (1986), and own
measurements are from twin-disc machines with only longitudinal
sliding used in the values depicted.

It can however be noted that all the different experiments, conduc-
ted at several laboratories, yield very close values for the maximum
coefficient of friction with the exception of the HPC experiment. It can
be noted, that for experiments at pressures from 0.7 . . . 1.5 GPa the res-
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Figure 5.2.5: Comparison of twin-disc results with pressure range in contact
indicated

ults of measurements with twin-disc experiments are slightly lower
than the results from homogeneous conditions (Bair and Winer, 1979b).
This should be explicable due to the pressure distribution and the
fact that certain areas of the contact within the EHL may not yet have
reached the limiting shear stress. Furthermore, the depicted experi-
ments were not conducted using the same fluid batch. Thus a change
of formulation may have occurred.

It is furthermore noteworthy that the linear pressure relationship is
not clearly visible in the results of this fluid. The traction results might
be interpreted to have a linear relation with pressure, however the
homogeneous experiments seem to exhibit a pressure independent
shear stress-pressure (CoF-pressure) relation. This may be due to the
fact, that Santotrac 50 is a designed traction fluid where this property
is paramount to reliable operation and is achieved through the use of
high molecular weight polymers. This might be a further explanation
of the results of the HPC as possibly the experiment only measures
the response of the base oil at low shear rates and thus does not
represent the lubricant response in EHL contacts.

It can thus not be clearly stated that the results of the HPC are truly
the resulting limiting shear stress. Non the less, it is interesting that
the HPC values are very close to the results gained from traction ex-
periments for a number of lubricants as shown in Fig. 5.2.9. The phys-
ical properties are given in Tab. 4.0.1. The different behaviour may be
due to molecular differences and similar observations of models not
fitting polyglycol have been pointed out by Wan and Wong (2010).
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Figure 5.2.6: Traction curves of brake fluid at 10 m/s and 0 ◦C.
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Figure 5.2.7: Traction curves of brake fluid at 15 m/s and 10 ◦C.
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Figure 5.2.8: Comparison of maximum CoF reached in different experiments for Santotrac 50. From
Workel et al. (2000) with data added.
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Figure 5.2.9: Comparison of twin-disc and HPC, all oils
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M O D E L O F L U B R I C A N T

6.1 proposed model for limiting shear stress

Due to the observed good agreement of the results from integral trac-
tion measurements and the results from the HPC, it is assumed that
the approximation of the limiting shear stress by the maximum shear
stress gained from traction tests may yield satisfying results in des-
pite of its integrating nature. At least, this holds true at pressures
in the contact which are high enough to let the limiting shear stress
dominate.

Therefore, the observed linear pressure dependence of the max-
imum shear stress forms the basis for the theoretical model for τlim.

Fit 1 in Figure 6.1.1 shows the model for the locally limiting shear
stress used in the simulations, meaning that the integral maximum
shear stress gained from the traction experiments is used as local
limiting shear stress. This model was used in similar form by Wang
(2015) and Beilicke, Bobach and Bartel (2016). The latter authors
incorporated this model in a TEHL simulation.

6.1.1 Comparison with other models

The previous section showed that the maximum shear stresses from
twin disc, MTM, and HPC experiments all exhibit a linear pressure
dependence. The following section compares the approximation presen-
ted in the last section with results from other authors.

When comparing the data from Fig. 5.2.3 with the proposed mod-
els, the fits presented in Fig. 6.1.1 are obtained. The parameters for the
models are given in Table 6.1.1. The pressure range used was restric-
ted to 500 MPa and beyond, due to the assumption that, in regions of
lower pressure, the maximum shear stress resulting from the traction
curves may rather reflect thermal effects than a maximum governed
by the limiting shear stress. Fit 1 corresponds to the linear region of
the bilinear model proposed by Wang (2015).

The model by Bair and Winer (1992) Eq. 2.100 does not fit well
with the observed relationship, due to the missing onset of the pres-
sure dependence above a pressure threshold. It is depicted as Fit 3 in
Tab. 6.1.1 with the assumption of b = 0. This is valid due to the fact
that the shown fits were obtained for one temperature.

The model by Johnson and Tevaarwerk (1977) Eq. 2.99 in itself
overestimates the real shear stress. Only the choice of –a physically
not reasonable– negative value for τ0 would make this model repres-
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ent the measured data equally well as the model described above. It
is depicted in Fit 1† of Tab. 6.1.1.

It can be concluded that all models fit the measured data reason-
ably well between 1 000 and 2 200 MPa. However,the model according
to Eq. 2.107 provides the best correlation over the complete measured
range for a single temperature (40 ◦C) and speeds where Λ > 3.
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Figure 6.1.1: Comparison of data fit to models of limiting shear stress. Ex-
perimental data from Fig. 5.2.3

Table 6.1.1: Results for fitting the obtained max. shear stresses.

Fit Model Parameters

Fit 1∗ τmax = (p− p0) · ξ p0 = 330 MPa, ξ = 0.08 Eq. 2.107

Fit 1† τL = τ0 + γ · p τ0 = -27 MPa, γ = 0.08 Eq. 2.99

Fit 2 τL = τL0 · e
(

ατ ·p+βτ

(
1
T− 1

T0

))
ατ = 0.001 Mpa−1, τL0 = 21 MPa, βτ = 0‡ Eq. 2.102

Fit 3 τL = (a− b · T) · P a = 0.064, b = 0‡ Eq. 2.100

Fit 4 τL = Eγ̇1 pm + Eγ̇2 + . . . Eγ̇1 = 0.08, Eγ̇2 = 15.67 N/mm,
Eq. 2.108

. . . Eγ̇3 ln
(
vΣ

s
m

)
+ Eγ̇4Tref Eγ̇3 = -12.07 N/mm, Eγ̇4 = -0.53 N/K

∗λ > 1 if λ < 1→ ξ > 0.08

† corresponds to Fit 1∗ but incorporates a –physically not sound– negative starting shear stress

‡ assumption
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6.1.2 Temperature influence – expereimental results

In the previous section, a dominant influence of pressure on the max-
imum shear stress reached in the traction experiments was shown.
This is in good agreement with findings presented by previous re-
searchers. Some of the previously mentioned models (Sec. 2.5.3) also
incorporated a temperature dependence (Houpert, Flamand and
Berthe, 1981; Wikström and Höglund, 1994; Houpert, 1980; Bair
and Winer, 1992). Therefore, it shall be checked in how far temperat-
ure influences the maximum shear stress and in how far this may be
attributed to temperature dependency of the limiting shear stress.

6.1.2.1 Thermocouple results

First, the influence of the oil inlet temperature was investigated and
results are shown in Fig. 6.1.2. It is noticeable that the entrainment
speed does not influence the maximum shear stress reached. This
is due to the fact that all experiments were conducted in the full
film lubrication regime. However, a slight decrease of the maximum
shear stress attained is present with increasing oil inlet temperature.
It is in the range of -0.6 MPa/K and appears to be constant for the
investigated pressures.
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Figure 6.1.2: Observed influence of oil inlet temperature on maximum shear
stress. Each data point represents the mean value of at least 5
experiments with constant inlet temperature.

Here, the effect discussed in Sec. 4.2.2, especially in Fig. 4.2.2 is vis-
ible. A heating up of the discs was in progress at each data point. Due
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to the holding time of 10 s at each SRR value, no stationary temper-
ature for that point was reached. If holding time would have been re-
duced or lengthened the amount of temperature increase would also
differed. This transient experimental procedure was used to keep the
temperature as close to the oil inlet temperature as possible while still
reaching stable speeds and SRR values.

To gain a better understanding, results for the temperature meas-
urements with the thermocouple are presented in Fig. 6.1.3. The up-
per plot shows the results of four traction curves, with the lower
graph showing the temperature of the disc. The experiments were
conducted following each other immediately with no cooling down
time between the traction tests. The first traction experiment was star-
ted when the disc temperature had reached the value of the oil inlet
temperature (with at least 30 min of heating up). The subsequent ex-
periments were started when the SRR of the preceding experiment
had reached 10 %. Thus, a rise of the temperature is visible, with
each experiment starting at a slightly higher temperature. It can be
concluded that during each traction experiment (i. e., upward vari-
ation of SRR from 0 to 10 %) the temperature increases about 40 K.
The decrease of the traction coefficient from 0.06 to ≈ 0.04 in Fig. 6.1.3
corresponds to a decrease in shear stress of about 35 MPa. A similar
decrease is to be expected when assuming the gradient of -0.6 MPa/K
for the maximum shear stress derived from Fig. 6.1.2.
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Figure 6.1.3: Temperature of contact bodies measured via thermocouple
after repeated traction measurements. Each data point was held
for 10 s, p̄ = 1.8 GPa, v = 15 m/s, Toil = 60 ◦C. Measurements
start at lowest temperature and lead to increase with each repe-
tition.

6.1.2.2 Thermography results

In order to investigate temperature effects in detail, experiments with
the thermographic camera were conducted as described in Sec. 4.2.3.
In these experiments, the setup was heated for at least 60 min. Then
the experiment was carried out by running the steel disc against the
sapphire hollow shaft at a defined pressure, speed, and fixed SRR for
a short period of time. The next experiment with different paramet-
ers was performed after a waiting time of at least 60 min. Thus, the
starting conditions for each experiment may be assumed as identical,
which is different from the experiments in Fig. 6.1.3. Figure 6.1.4
shows a temperature map of the contact. The highest temperature
is observed close to the contact centre. Furthermore, it is noticeable
that the temperature behind the contact is higher than the temperat-
ure in the entrainment region. However, at the outlet the temperature
first decreases sharply and subsequently rises again. In the regions
outside the contact the temperature increases only slightly. It must be
noted that the steel disc had a circumferential scratch (defect) which
leads to a slightly asymmetric temperature field in the contact area.
Furthermore, it should be considered that the data present integral
temperatures across the film and have not yet been differentiated in
a manner proposed for example by Reddyhoff, Spikes and Olver
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Figure 6.1.4: Temperature map. v = 7 m/s, p̄ = 900 MPa, SRR = 11 %. Data
represent test with Toil = 50 ◦C. Measurements partly conduc-
ted by Marx (2015)

(2009a) and Reddyhoff, Spikes and Olver (2009b); i. e., the temperat-
ures obtained here are based on the combined emission originating
from the sapphire body, the lubricant, and the steel surface.

A longitudinal temperature profile through the contact centre is
shown in Fig. 6.1.5 for different SRRs. It can be observed that an in-
crease of SRR, that means an increase as well of the heat flow into
the contact, leads to higher temperatures in the contact. Furthermore,
the rapid cooling mentioned before is observable in the outlet re-
gion, which may be attributed to decompression. Behind the contact,
the temperature starts to increase again, leading to a temperature
"tail" behind the contact. This is attributed to heat flowing from the
discs into the lubricant behind the contact. The rise in temperature is
roughly proportional to SRR. The observed trends are in agreement
with literature, e. g. Daubner (2001), who observed local temperature
variations in Hertzian contacts using thin film sensors. Comparisons
with theoretical calculations regarding the expected temperature rises
are still ongoing.
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T R A C T I O N C A L C U L AT I O N

To improve the understanding of the lubricant behaviour in the con-
tact a simple calculation was implemented in Matlab. Although not
an ideal environment for fast calculations, it was chosen for the ease
of implementing different models quickly. In the following sections
a description of the calculation routine is given with a subsequent
discussion of results.

7.1 method

It was attempted to simulate the measured traction curves using an
approach based on the work presented by Poll and Wang (2012),
Wang and Poll (2013) and Wang (2015). A finite difference approach
was chosen to solve the shear stress distribution in the contact region.

For that purpose, the contact region is discretised and subsequently
the equations are solved along parallel paths in the entrainment dir-
ection. The pressure distribution and gap form is calculated using a
multi-grid solution (yielding a realistic EHL film profile) or a sim-
plified Hertzian pressure distribution with a constant film thickness
hcen. The gained pressure and gap height are set as boundary condi-
tions and the local shear rates are calculated for each element.

The fluid was represented by a Maxwell model incorporating elastic,
viscous, and limiting shear stress terms:

γ̇ =
1
G
· dτ

dt
+

τ

η (p, T, γ̇)
. (7.1)

Shear modulus and viscosity are calculated locally for each respect-
ive element. The elastic shear modulus was estimated locally as pro-
posed by Dyson (1970):

G = 4 · τL . (7.2)

For the equation of state the Tait-Doolittle (Eq. 2.67) model was
used, combined with high pressure viscometry data. These data where
measured using high pressure oscillating quartz viscometers at the
Institute of Tribology and Energy Conversion Machinery of the Tech-
nical University of Clausthal. For some lubricants additional meas-
urements with high pressure falling body viscometers from the Cen-
ter for High Pressure Rheology Georgia Institute of Technology were
used. Thus:

η(p, T) = η(p0, T) · e

B·R0·
 1

ρ(p0,T)
ρ(p,T)−R0

− 1
1−R0


. (7.3)
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100 traction calculation

The shear rate dependent viscosity was calculated according to the
Carreau equation (Eq. 2.77), with coefficients from Tab. 7.3.1.

η = η0(p, T) ·
[

1 +
(

η0(p, T) · γ̇
τ0

)2
] n−1

2

(7.4)

For FVA 3 the double modified Carreau equation (Eq. 2.82 and
Fig. 2.4.1) was used combined with data from high pressure Couette
viscometer measurements also done at the Center for High Pressure
Rheology Georgia Institute of Technology.

The critical shear stress τcrit was determined by the Einstein-Debye
relationship Eq. 2.97.

τcrit =
ρ · Rg · T

M
(7.5)

M is the molecular mass, Rg the universal gas constant, and ρ the
density. The molecular mass is determined via an approximation pro-
posed in the ASTM 2502-14 as was done byWang (2015).

Using these values, a local shear stress τloc(x, y) can be calculated.

τloc (i, j) =

1
2 · u

(
γ̇i,j + γ̇i−1,j

)
· ∆x +

2 · τi−1,j

Gi,j + Gi−1,j
− τi−1,j · ∆x(

ηi,j + ηi−1,j
)
· u

2
Gi,j + Gi−1,j

+
∆x(

ηi,j + ηi−1,j
)
· u

(7.6)

With ∆x denoting the grid resolution in entrainment direction and
i, j the grid coordinates in x and y direction respectively. From these
locally calculated values for the shear stress a mean shear stress res-
ulted via integration, which was then compared with the data from
the traction experiment.

The limiting shear stress in the fluid model was calculated accord-
ing to Eq. 2.107 (Wang, 2015), using the data of Fit 1 in Table 6.1.1
to describe the pressure dependence. The values needed for the pres-
sure dependence of τmax were determined by fitting traction experi-
ments (see Fit 1 Tab. 6.1.1 fit from Fig. 5.2.3). The fit was calculated for
each temperature independently. Thus any temperature dependence
present was included indirectly in the data.

In the calculation, the local shear stress is first assumed to result
from the product of shear rate and viscosity and is truncated when
exceeding the value τmax (acc. Eq. 2.107). Thus, τloc is calculated as
follows:

τloc (i, j) =

ηloc(ploc, Tloc, γ̇loc) · γ̇loc if τloc,max (i, j) ≤ τlim(p, T, λ)

τlim,loc (ploc) if τloc,max (i, j) > τlim(p, T, λ)

(7.7)
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The resulting shear stress of the contact is then gained by integra-
tion over all elements:

τglobal =
1

AHertz

∫ ∫
τloc (i, j)djdi =

∑n
i=1 ∑m

j=1 τloc,i,j · ∆x · ∆y

∑n
i=1 ∑m

j=1 ∆x · ∆y
(7.8)

with ∆y being the grid resolution perpendicular to entrainment and
m, n being the number of elements in x, y direction respectively. Hab-
chi et al. (2010) truncate the shear stress in a similar manner, albeit
using a different calculation method and limiting shear stress model.
Due to the numerical truncation a non differentiable shear stress dis-
tribution can lead to poor transitions of the traction from low to high
SRR.

Morgado et al. (2009) use a similar calculation incorporating the
linear limiting shear stress relationship in combination with the Car-
reau viscosity. However, they utilise a pressure-viscosity relationship
according to Barus.

The parameters used to describe the fluid and the models are given
in Tab. 7.3.1.
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7.2 isothermal calculation

In a first step, the calculations where performed assuming an iso-
thermal contact. The oil supply temperature was taken as the tem-
perature used for the calculation of the local viscosities, which corres-
ponds to the data presented by Wang (2015) and Bader et al. (2015).
The results are depicted in Fig. 7.2.1.
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Figure 7.2.1: Comparison of isothermal calculations with experimental data.
The experimental data are the ones presented in Fig. 6.1.3 . Cal-
culated with the values presented in Tab. 6.1.1 as input.

It can be observed that the simulation corresponds well to the ex-
perimental data in the region of low SRR. However, in regions of
higher SRR above > 1.5 %, the calculated shear stress is constant
whilst the experiments show a declining shear stress. This is due to
temperature effects which are not taken into account in the simula-
tion. The calculated traction however, is dominated by the maximum
shear stress τmax in this region. This is visible by noting that the ratio
of contact area reaching τlim, denoted A∗, to total contact area A is
above 90 %, see Fig. 7.2.2.
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Figure 7.2.2: Ratio of area of contact area A to area A∗ reaching maximum
shear stress τmax according to isothermal calculation presented
in Fig. 7.2.1.

7.3 calculation with thermal influence

Subsequently a calculation based on the real local temperatures was
performed. Here, the temperature was incorporated based on the ex-
perimentally gained maps of local temperatures (Fig. 6.1.5). The solu-
tion of the energy equation for the oil and the solids was not used
as no full solution of the EHL problem (i. e., Reynolds equation, de-
formation) was implemented due to the wish for a low calculation
time and that a measured temperature depicts the true temperature.
This corresponds to the methodology used by (e. g., Shirzadegan,
2015; Shirzadegan et al., 2016) for a quick traction estimation rather
than a complete contact solution.

Grieve and Spikes (2002) and Spikes and Jie (2014) make use of a
temperature correction based on work by Archard (1959) and also
used by Evans and Johnson (1986). They correct the traction curves
by calculating a temperature rise in the contact in the form (Spikes
and Jie, 2014):

∆T̄ = ∆T̄surf + ∆T̄oil =
1

(2πKsρc)0.5

(
2b
U

)0.5

τ̄∆u +
h

8Koil
τ̄∆u .

(7.9)

With the first term describing the flash temperature of the solid and
the second the temperature rise of the oil. Using b as half-width of the
contact, Ks, ρ, and c being thermal conductivity, density, and specific
heat of the solid bodies respectively. U, h, and Koil the entrainment
speed, the film thickness, and the thermal conductivity of the oil at
the mean pressure of the contact, respectively. The time taken for the
surfaces to pass through the contact is 2b/U. The heat generated per
unit area in the contact is τ̄∆u. The equation is valid for both solids of
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the same material and travelling at equal velocities to the contact. The
factor 8 is used for the assumption that the heat is generated in the
total film while a value of 4 would mean the heat is only generated
in the central plane (Spikes and Jie, 2014).

The flash temperature concept (Blok, 1955; Archard, 1959; Blok,
1963) was not used in the calculation due to the necessary introduc-
tion of yet another model with uncertain validity or parameters. In-
stead the measured temperatures, representing an integral contact
temperature (i. e., result of oil temperature and solid temperature),
were mapped onto the calculation domain. The resolution of the ther-
mographical image was projected onto the finite difference grid, so
that each element had a unique temperature value. For SRR values
between measured data points, temperatures were interpolated lin-
early. The local viscosities were then calculated based on these local
temperature values.

This method has the drawback that only operating conditions with
a temperature measurement (i. e., a sapphire-steel contact, limited
maximum pressure) can be directly calculated. However, the idea is
to determine the influence of temperature on the maximum and the
limiting shear stress as well as, in a later step validate a temperature
calculation which can then be used to calculate steel-steel contacts.
With the use of a temperature model this would not have been effect-
ive, due to the fact that insight gained into temperature behaviour
would have meant always that this insight would be based on the
temperature model.

Figure 7.3.1 shows results from these calculations. As opposed to
Fig. 6.1.3 and Fig. 7.2.1, the decrease of shear stress at a given SRR
is much less as the temperatures were approximately kept constant
independently of SRR. This was achieved by conducting the meas-
urement of a traction curve in the manner that each SRR value was
acquired starting from the temperature stabilised pure rolling condi-
tion. During traction experiments with the steel-steel contact the SRR
values were reached in consequetive order (see Sec. 6.1.2 especially
Fig. 6.1.3).

In spite of the assumption of a temperature independent τlim, a
temperature influence is visible now in the computed traction-SRR
relationship, which is in decent agreement with the experiments. In
the region of SRR > 2 % the shear stress now decreases due to tem-
perature influence, although τlim is kept constant in the calculation,
i. e., is only dependent on the pressure in the element and temperat-
ure independent. Some discrepancy is still visible when comparing
the simulation to the experimental data above 5 % SRR. Figure 7.3.2
shows the ratio of the contact area where the shear stress is already
truncated to the limiting shear stress, as opposed to Fig. 7.2.1 this
time under the influence of a temperature induced viscosity decrease.
It can be noted that in regions of SRR around 3 % nearly 90 % of the
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Figure 7.3.1: Comparison of thermal calculation with experimental data
from the temperature experiments.

contact area is still reaching the limiting shear stress as for the iso-
thermal calculation in Fig. 7.2.1. A decrease of the traction in both ex-
periment and calculation, however, starts already at around 2 %. This
can be attributed to the decreasing temperature dependent viscous
shear stress in the remaining 10 % of the contact where τlim is not
reached. Beyond 3 % this portion of the contact is rapidly increasing.

From these results it is deduced that the influence of temperature
on the viscosity dominates any possible temperature influence on the
limiting shear stress. The areas with a lower viscosity due to temper-
ature increase do not reach the limiting shear stress any more and
therefore lead to a total reduction of traction.

7.4 influence of viscosity models

As discussed in Sec. 2.3, several models for the physical properties of
the lubricants exist, and these models yield quite notable differences
for the fluid behaviour under EHL conditions. Therefore, a variation
of implemented models was carried out. Furthermore, the observed
effect that the viscosity variation with temperature dominates the
reached traction at high SRR results in this region should heavily
depend on the used lubricant models.
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Figure 7.3.2: Area of contact (A∗) reaching max. shear stress τmax according
to calculation for calculation considering thermal effects.

Table 7.3.1: Parameters used for calculation.

FVA3

Carreau exponent n 0.35

kinematic viscosity ν40 ◦C 95 mm2/s

kinematic viscosity ν100 ◦C 11,1 mm2/s

density at 15 ◦C ρ15 ◦C 896 kg/m3

critical shear stress τcrit 6 MPa

Heat conductivity† (40 ◦C) λ40 ◦C 0.145 W/m· K

Specific heat capacity† (40 ◦C) cp40 ◦C 2258.8 J/kg· K
† data from (Bobach et al., 2015)

7.4.1 Influence of pressure-viscosity model

For one operating condition with the mineral reference oil FVA 3
the traction was calculated varying the viscosity model (Barus, Bode,
Roelands, Yasutomi). The limiting shear stress model was not var-
ied in these calculations. The shear thinning model used was the Car-
reau model. Figure 7.4.1 shows the resulting traction curves with the
parameters for the pressure-viscosity models given in Tab. 7.4.1. Fluid
properties are given in Tab. 7.3.1. It is clearly visible that the traction
level is influenced by the choice of viscosity model.

The reason is that the limiting shear stress is reached in different
portions of the contact depending on the viscosity model. Thus a
model like the Barus equation, which underestimates the viscosity
yields lower total traction as some regions have not reached a viscos-
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Figure 7.4.1: Influence of different pressure-viscosity models

ity which would in combination with the shear rate be greater than
the limiting shear stress for that said pressure. Even the behaviour
in the expected shear thinning area is different with the Roelands
model yielding a shear thinning like behaviour. In conclusion the pre-
cise modeling of the pressure viscosity behaviour is of central import-
ance for the results gained. Thus simulation of fluids is only feasible if
the lubricant behaviour in the high pressure areas can be represented
correctly.
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Figure 7.4.2: Difference of viscosity on contact middle plane using differ-
ent pressure-viscosity models. The shear thinning model is the
Carreau model. Due to the differently calculated low shear
viscosity the presented relations are calculated. Notice the dif-
ferences in viscosity which will, assuming the shear rate to be
constant throughout the contact, lead to different shear stresses.
Thus the area reaching the limiting shear stress varies leading
to the different integral shear stresses, i. e., traction curves.



7.4 influence of viscosity models 109

Table 7.4.1: Parameters of pressure-viscosity relations for FVA 3. Based on
data from ITR or GTech (Bair)

Barus Eq. 2.54

αp = 2 · 10−8 Pa−1

Barus modified Eq. 2.55

α00 = 0.0037 bar−1 α01 = −0.0093 bar◦C

α10 = 5.09 · 10−7 bar2 α11 = −0.027 bar2◦C

Yasutomi Eq. 2.70

µg = 1 · 1012 Pas Tg0 = −89.249 ◦C

A1 = 161.781 ◦C A2 = 0.833 1/GPa

b1 = 10.176 1/Gpa b2 = −0.295

C1 = 16.699 C2 = 35.586 ◦C

Hybrid Eq. 2.73

µ∞ = 0.0472 mPas DF = 5.833

T∞ = 176.368 K e0 = 8.137 1/Gpa

e1 = 318.9 K/Gpa e2 = 1.02 · 106 K2/Gpa

f0 = −13.111 f1 = 6856 K

CF = DF = 5.833 g0 = 7.908 Gpa

g1 = −2021.555 KGpa

Roelands Eq. 2.62

µp = 0.0631 µR = 83.088 mPas

Z = 0.630 S = 1.302

Pp = 196 MPa T∞ = 138

TR = 40 ◦C
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7.5 influence of parameters in the maxwell model

To investigate the influence of the parameters in the Maxwell model
the following variations were done. The elasticity of the fluid was not
considered (i. e., G = ∞). Shear thinning was not considered (η =

f (p, T)) and the limiting shear stress was ignored (τlim = ∞). The
results are shown in Fig. 7.5.1.

It can be observed that neglecting the elasticity causes a very steep
increase of traction coefficient in the areas of low SRR, while a New-
tonian lubricant behaviour leads to unreasonably high traction coef-
ficients.

Neglecting the limiting shear stress yields curves similar to traction
curves measured, however these curves do not reach the maximum
from the experiment but overestimate the friction if temperature is
taken into account. If the calculation is isothermal the traction CoF
does not reach a maximum but increases with increasing SRR.
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Figure 7.5.1: Influence of elasticity and limiting shear stress
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D I S C U S S I O N A N D O U T L O O K

Several experimental results for gaining data associated with the lub-
ricant behaviour were presented. It could be shown that the pres-
sure dependence of the maximum shear stress τ̄max at medium and
high contact pressures from traction experiments and HPC is similar
for most investigated lubricants. Only polyglycol and a low viscosity
diesel calibration fluid showed significantly differing results. How-
ever, the mechanism in the HPC experiments is not yet fully under-
stood and it is unknown whether it is the same mechanism governing
the limiting shear stress in an EHL contact.

Furthermore, a minor temperature influence on the maximum shear
stress τ̄max derived from traction experiments could be detected. This
was independent of speed and pressure.

However, the influence of temperature on viscosity already lowers
the traction in a manner that a decent agreement between simulation
and experiment can be achieved by keeping τlim constant independ-
ent of temperature.

A proposed bilinear approximation of the maximum shear stress
may be used as well in calculations to determine traction curves. How-
ever, other models proposed for the limiting shear stress can be used
and will differ only slightly under the experimental conditions that
provided the parameters.

Therefore, the real behaviour can be explained by maintaining the
assumption of τlim being independent of temperature as already stated
byHabchi, Bair and Vergne (2013).

The extraction of local fluid properties by using integral measure-
ments combined with local information of contact conditions may
well be a step towards a better understanding of lubricant behaviour.
Thus the aim is to understand the lubricant behaviour allowing these
observations to then be applied to traction calculation.

The thermographic system was applied to a twin-disc experiment
allowing simultaneous measurement of traction as well as temperat-
ure distribution in the contact. It is however limited to model sys-
tems using sapphire-steel contacts and cannot directly measure in
steel-steel contacts. It is however useful as well to validate calculation
models which can then be transferred engineering applications.

outlook

Whilst the model of the maximum shear stress, as well as the calcula-
tion, may be used to quantify the losses in EHL contacts, the aim must
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112 discussion and outlook

be to also gain further insight into the fluid behaviour under EHL
conditions. Martinie and Vergne (2016) have noted that currently
no rheometer exists which can accurately be used to gain data under
the pressures, temperatures, timescopes, and shear rates needed to
describe the lubricant behaviour. Thus an extraction of the lubricant
properties, based on knowledge of the local contact conditions (i. e.,
pressure, temperature, shear rate), from traction experiments may be
a feasible step towards a better understanding of the lubricant beha-
viour (Albahrani et al., 2016).

It must be noted that at present the results gathered from the tem-
perature measurements are not yet incorporated into the theoretical
discussion in a satisfactory manner. The aim is to integrate the local
temperature distributions of the contact partners into the determina-
tion of the limiting shear stress. To achieve this, the temperature of
all partners, i. e., fluid and respective surfaces, will have to be determ-
ined based on a method proposed by Reddyhoff, Spikes and Olver
(2009b), Reddyhoff, Spikes and Olver (2009a) and Lu, Reddyhoff
and Dini (2017). This will be the focus of future work. Based on these
results, the calculations will be refined making use, e. g. of methods
proposed by Grieve and Spikes (2002), Cann and Spikes (1989) and
Glovnea and Spikes (1995). The implementation of a full system ap-
proach similar to work presented by Liu et al. (2007) might yield a
further gain in precision of the calculation. It should be noted though,
that the models implemented in this thesis were already chosen for
physical plausibility based on primary laboratory data.

Hopefully, the use of traction experiments combined with local tem-
perature measurements is a step towards a precise knowledge and
identification of the real fluid properties, thus allowing the quantit-
ative calculation of realistic local shear stresses based on temperat-
ure and pressure fields. This may be a move towards a better under-
standing of the real fluid behaviour and the physical mechanism at
work from integral measurements and thus allow a better, physically
sound, modeling of the losses in EHL contacts.

With four parameters I can fit an elephant,
and with five I can make him wiggle his trunk.

— Attributed to von Neumann by Enrico Fermi

as quoted by Freeman Dyson (Dyson, 2004)
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