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Abstract 

The quantitative description of the transport mechanisms in solid oxide fuel cells 
(SOFCs) is relevant for cell development and the optimization of operating strategies. 
These mechanisms have an intrinsic multi-causality as given by Non-Equilibrium 
Thermodynamics (NET), which is not necessarily considered by empirical classical 
transport equations. If, e.g., additional heat is transported due to a potential gradient 
across the SOFC, this effect may have to be considered for the design of heating or 
cooling strategies. 

The main focus of this thesis is the description of the transport mechanisms in the 
electrolyte of a SOFC. The electrolyte is an essential part of the cell and should be highly 
ionic conductive, gas-tight and an electronic insulator. The electrolyte materials 
analyzed are zirconium dioxide ZrO2 co-doped with yttrium(III) oxide Y2O3 (YSZ) and 
ZrO2 co-doped with 10 mol% scandium(III) oxide Sc2O3 and 1 mol% cerium dioxide 
CeO2 (10Sc1CeSZ). 

This work comprises three molecular dynamics (MD) studies, which provide data for 
the phenomenological coefficients based on NET for different YSZ compositions, as 
well as the ionic conductivity and different diffusion coefficients for 10Sc1CeSZ. The 
numerical data for the ionic conductivity of 10Sc1CeSZ agrees with experimental 
studies. Furthermore, the dependency of each transport mechanism on the Y2O3 
concentration in YSZ is explained by linear response theory. A theoretical framework 
is proposed to give the electrostatic potential thermodynamic consistency and to relate 
it to the Coulomb contribution of other thermodynamic quantities. 

Finally, simulations of a planar SOFC with an YSZ electrolyte are carried out using a 
validated one-dimensional(1D) NET model and the phenomenological coefficients 
from the MD simulations. If the coupled mechanisms are neglected, the temperature 
profile, the heat flux and the entropy production may not be correctly predicted. 

The methodologies and results from this work can be used in future studies to describe 
more accurately the transport mechanisms in SOFCs with electrolytes based on ZrO2 
metal oxides or even other electrolyte technologies like proton conducting perovskites. 
Moreover, they can also be used to effectively predict the thermal behavior of SOFCs 
and, thus, they provide a contribution to the optimization of thermal strategies in 
SOFCs.  

Keywords: SOFC; YSZ; 10Sc1CeSZ; Molecular Dynamics, Non-Equilibrium 
Thermodynamics 
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Kurzfassung 

Titel: Modellierung und Simulation der Transportmechanismen in Festoxid-Brennstoffzellen 

mittels Molekulardynamik und Thermodynamik irreversibler Prozesse 

Die quantitative Beschreibung der Transportmechanismen in Festoxidbrennstoffzellen 
(SOFCs) ist relevant zur Zellentwicklung und Optimierung von Betriebsstrategien. 
Laut der Thermodynamik irreversibler Prozesse (TiP) weisen diese Mechanismen eine 
intrinsische mehrfache Kausalität auf, die in aller Regel nicht durch klassische 
empirische Transportansätze berücksichtigt wird. Wenn, z. B., zusätzliche Wärme 
aufgrund eines elektrischen Potentialgradienten durch die SOFC transportiert wird, 
sollte dieser Effekt bei der Entwicklung von Aufheiz- und Kühlstrategien 
berücksichtigt werden. 

Der Schwerpunkt dieser Arbeit ist die Beschreibung der Transportmechanismen im 
Elektrolyten einer SOFC. Der Elektrolyt ist ein wesentliches Element der Zelle und 
muss hoch ionenleitfähig, gasdicht und isolierend für Elektronen sein. Die analysierten 
Materialien sind mit Yttrium(III)oxid(Y2O3) stabilisiertes Zirconiumdioxid ZrO2 (YSZ) 
und mit 10 mol%  Scandium(III)oxid Sc2O3 und 1 mol%  Ceriumdioxid CeO2 
stabilisiertes ZrO2 (10Sc1CeSZ). 

Die Arbeit umfasst drei Molekulardynamik(MD)-Studien, die numerische Werte für 
die auf dem TiP-Ansatz basierenden phänomenologischen Koeffizienten für 
unterschiedliche YSZ Zusammensetzungen sowie der ionischen Leitfähigkeit und 
unterschiedlicher Diffusionskoeffizienten für 10Sc1CeSZ liefern. Die berechneten 
Werte für die ionische Leitfähigkeit von 10Sc1CeSZ stimmen mit experimentellen 
Daten überein. Ferner wird die Abhängigkeit der Transportmechanismen von der 
Y2O3-Konzentration in YSZ mittels der Linearen-Antwort-Theorie untersucht. 
Weiterhin wird eine Theorie aufgestellt, um dem elektrostatischen Potential 
thermodynamische Konsistenz zuzuweisen sowie den Coulomb-Anteil anderer 
thermodynamischer Größen aus dieser Größe abzuleiten. 

Schließlich werden Simulationen einer planaren SOFC mit einem YSZ Elektrolyten 
mittels eines validierten eindimensionalen(1D) TiP-Models und der phänomenologi-
schen Koeffizienten aus den MD Simulationen durchgeführt. Die Vernachlässigung 
der gekoppelten Mechanismen kann in falschen Temperatur-, Wärmefluss- und 
Entropieproduktionsverläufen resultieren. 

Die Methoden und Ergebnisse aus dieser Arbeit können in zukünftigen Studien 
verwendet werden, um die Transportmechanismen in SOFCs mit auf ZrO2 basierten 
Elektrolytmaterialien oder sogar mit anderen Technologien, wie protonenleitenden 
Elektrolyten, besser zu beschreiben. Außerdem können sie auch verwendet werden, 
um das thermische Verhalten von SOFCs aussagekräftiger vorherzusagen und liefern 
somit einen Beitrag zur Optimierung thermischer Betriebsstrategien von SOFCs. 

Stichwörter: SOFC; YSZ; 10Sc1CeSZ; Molekulardynamik, Thermodynamik irreversibler 
Prozesse  
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1. Introduction 

In Figure 1-1, (a) the carbon dioxide CO2 concentration in the atmosphere 
measured on Hawaii and at the South Pole, (b) the ratio of atmospheric oxygen 
O2 to nitrogen N2 and (c) the 13C isotope concentration in atmospheric CO2 (c) are 
depicted over the time. Following the discussion of R. J. Salawitch et al. (2016), it 
can be concluded that the appreciable differences in the progression of the 
atmospheric CO2 concentration between the northern hemisphere and the 
southern hemisphere can be attributed to human activity, since it occurs mostly 
in the northern hemisphere. Furthermore, the decreasing O2 to N2 ratio may be 
explained by the combustion of fossil fuels, where atmospheric O2 is converted 
into CO2. This would not happen if CO2 were a product of volcanic activity, 
because the combustion occurs with O2 from the Earth’s crust. Finally, volcanic 
activity produces heavier CO2, contrary to the depicted decreasing trend of the 
13C amount in atmospheric CO2. This also indicates that human activity is the 
main cause of the CO2 emissions. Analogous discussions can be conducted for 
the greenhouse gases (GHGs) methane CH4 and nitrous oxide N2O. 

 

 
Figure 1-1. (a) atmospheric CO2 concentration measured by the Mauna Loa 
Observatory on Hawaii and at the South Pole , (b) O2 to N2 ratio in the atmosphere 
measured in Hawaii and (c) amount of 13C in atmospheric CO2 measured on Hawaii 
relative to a standard. All quantities are depicted over time. The image was taken 
from R. J. Salawitch et al. (2016) (© by the Editors and authors; CC by 4.0). 

The vibrational frequencies of GHGs correspond to the specific frequency of 
the infrared radiation coming from the earth’s surface, meaning they can absorb 
this infrared radiation. After this absorption, the molecules may transfer the 
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energy to other molecules via collisions or emit infrared radiation in all 
directions (Bell, 2018). The change of the radiative forcing 𝛥𝑅𝐹  describes the 
differences in the energy flow due to sunlight and infrared radiation at the 
tropopause relative to a start date, and it can be used to characterize the radiation 
sent back to the surface due to this GH effect (Salawitch, 2016). The change of the 
radiative forcing as a function of different factors is depicted in Figure 1-2, as well 
as a comparison to the global mean surface temperature difference, both relative 
to the year 1765. The influence of GHGs on the radiative forcing is evident from 
Figure 1-2, but, as stated by R. J. Salawitch et al. (2016), the correlation between 
the temperature increase and the increase of the 𝛥𝑅𝐹  progression cannot be 
taken as evidence for causation. However, the authors show that a quantitative 
consistency exists between the temperature rise expected from the radiative 
forcing and the global temperature rise. 
 

 
Figure 1-2. (a) Different contributions to the difference of the radiative forcing ΔRF 
and (b) temperature difference compared to the difference of the radiative forcing. 
All quantities are given over time and relative to the year 1765. The image was 
taken from R. J. Salawitch et al. (2016) ( © by the Editors and authors; CC by 4.0). 

Nevertheless, while the correlation between the population and the 
atmospheric GHGs N2O, CH4 and CO2 is clear, the reconstruction of the mean 
temperature progression from the study of E. M. Mann et al. (1999), which 
resulted in the well-known Hockey Stick, remains controversial. The United 
States National Academy of Sciences (see (Salawitch, 2016)) argues that the study 
may be considered plausible, but that it is not possible to assure that the current 
period is the warmest one, due to the uncertainties in the temperature 
reconstruction. The existing scientific evidence, like that discussed above using 
the 𝛥𝑅𝐹, shows that the rising global temperature may be caused due to the 
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inherent GHGs from human activity. However, the study of E. M. Mann et al. 
(1999) needs a further revision. 

Assuming the GHGs contribute significantly to the temperature rise and 
following the studies of H. D. Matthews and K. Caldeira (2008), as well as the 
work of R. Knutti and J. Rogelj (2016), all strategies to reduce global warming 
should focus on climate-neutrality, i.e., on the reduction of the CO2 emissions, so 
that they become in net zero. In December 2015, the Paris Climate Agreement 
was adopted to limit the current global temperature increase to 2 °C above pre-
industrial levels and to meet the requirements to expand this goal to 1.5 °C. The 
countries taking part in this agreement submit Intended Nationally Determined 
Contributions (INDCs), whose effect is well summarized by J. Rogelj et al. (2016). 
In this study, the authors point out that the INDCs do not cover policies to reduce 
global emissions due to aviation or maritime transport, despite the fact that these 
transport emissions contribute up to 23 %  of the total emissions (Cruz-
Champion, 2017). A possibility to cover this lack is the use of fuel cells (FCs) 
instead of common heat engines. 

In a FC, the electrochemical reaction of hydrogen and oxygen into water 
results in electrical energy and heat. In comparison to a common heat engine, the 
conversion from chemical energy into electrical energy does not need any 
intermediate steps and is not limited by the Carnot efficiency. The most 
promising fuel cell technologies are the low temperature proton-exchange 
membrane fuel cell (PEMFC) and the high temperature solid oxide fuel cell 
(SOFC). In their recent work, H. Cruz-Champion and S. Kabelac (2017) present a 
detailed discussion of PEMFC systems to be used as an auxiliary power unit 
(APU) for civil aircrafts. The PEMFC advances in aviation made by the German 
Aerospace Center (DLR), like the aircraft HY4 for 4 passengers driven mainly by 
this technology (Flade, 2016), as well as the PEMFC system already implemented 
for propulsion of German navy submarines (Sharaf, 2014) are other examples of 
PEMFC applications in aviation or maritime transport. One disadvantage of 
PEMFCs is their low fuel flexibility, as the system’s overall efficiency may be 
affected by the required hydrogen purification process (Weng, 2013). This 
drawback is significant, since, e.g., the sustainable energy security package of the 
European Commission (EC) from February 2016 (see (Aguilo-Rullan, 2017)) 
considers natural gas as an energy source up to the year 2030, when the EC aims 
for a transition to a low carbon energy system. However, even reformate of 
natural gas cannot be used directly to drive PEMFCs because it contains CO, 
which deactivates the anode catalytic sites. Further, 10 ppm CO are enough to 
strongly accelerate the cell aging parameters (Profatilova, 2018). On the contrary, 
SOFC systems can be used up to 2030 and beyond, since they can be driven by 
natural gas (Eisavi, 2018) or even gases from the reformation of common fuels 
(Leites, 2012). Additionally, they can be easily adapted to operate in a future 
hydrogen infrastructure. Therefore, SOFCs can be considered a key technology 
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during and after the energy transition period. Despite all these advantages and 
due to the weight and size of SOFC systems, this technology seems to be 
predestined for stationary decentralized energy supply, e.g., in households. As 
reported by the case study of L. Barelli et al. (2011), micro combined heat and 
power (µCHP) plants based on SOFCs may have a 10 %  higher efficiency 
(~40 %) than plants based on PEMFCs. The already completed project SOFT-
PACT financed by the European Fuel Cell and Hydrogen Joint Undertaking 
Program for the demonstration of such plants based on SOFCs (Aquilo-
Rullan, 2017) and the national subsidies of the Japanese government to promote 
SOFC technologies for stationary energy supply (Horiuchi, 2013) are further 
examples to support the above statement. Nevertheless, SOFC systems can also 
be used for maritime applications, as is the aim of the ongoing SchIBZ project 
(see (Nehter, 2017) and publication VI not included in this thesis). The 50 kW 
on-land prototype SOFC system consists of two SOFC modules and is operated 
with anode off-gas recirculation and pre-reforming of road diesel fuel. To the 
date, this prototype operates successfully at partial load. 

Through active involvement in the project and considering the discussion 
above, the candidate realizes the importance of SOFCs for the energy transition 
and that there are still open questions regarding basic FC and SOFC research 
beyond the topics of the project. The background behind these further questions 
is given by the theory of Non-Equilibrium Thermodynamics (NET). This theory 
introduces phenomenological equations based on an intrinsic multi-causality of 
the transport mechanisms, which is not explicitly given or is even neglected by 
classical transport equations. If all phenomenological coefficients 𝐿𝑖𝑗  (also 
known as conductivities due to their physical nature) are given, the 
phenomenological equations for a system can be solved and the entropy 
production can be directly calculated, providing the second law of 
thermodynamics a fundamental role in the prediction of the system’s behavior. 
Despite the numerous numerical and experimental studies on SOFCs (see, e.g., 
(Ghorbani, 2018; Prokop, 2018; Tanveer, 2018; Yahya, 2018)), only few of them 
are directly based on this theoretical framework (see (Kjelstrup, 1997)). 

The main objective of this doctoral thesis is to provide values for the 
phenomenological coefficients of different SOFC electrolyte materials and to 
develop a one-dimensional (1D) NET model using these coefficients to study the 
influence of the coupled transport mechanism for the prediction of SOFCs’ 
behavior. For the estimation of the conductivities, the author chooses equilibrium 
molecular dynamics (MD) and the Green-Kubo approach. With these methods, 
the phenomenological coefficients can be directly calculated without any 
assumptions or transformations. The estimation of these coefficients is limited to 
the electrolyte, since the highest losses of an electrolyte-supported SOFC occur 
across this layer. 
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To fulfill the main objective, the following questions should be answered in 
this work: 
• In the literature, some studies (see (Fèvre, 2005; Schelling, 2001)) give 

experimentally and numerically the effective transport coefficients of the 
state of the art electrolyte material zirconium dioxide ZrO2 co-doped with 
yttrium(III)oxide Y2O3 (YSZ). However, there is no study providing data for 
the conductivities 𝐿𝑖𝑗  for this material. This work aims at providing values 
for the conductivities for different YSZ configurations at 1300 K, which is hot 
enough for the activation of anion diffusion. The Y2O3 concentration is chosen 
as variable because the ionic conductivity in YSZ experiences an 
experimental maximum for 8 mol% Y2O3. This work should also provide an 
explanation of this peculiarity using linear response theory. 

• The force driving the ionic conduction is the electrochemical potential. In 
NET, both the fluxes and the forces play an important role. In this work, the 
classical definition of the electrochemical potential will be discussed and, 
especially, the theory given by Guggenheim regarding electrostatics will be 
revisited. In this theory, classical electrostatics are not compatible with 
thermodynamics and, thus, the electrostatic potential may not describe a 
thermodynamically consistent quantity. This study intends to give this 
quantity in a thermodynamically consistent way. 

• Analogous to the discussion of L. Xu et al. (2011), different diffusion 
coefficients in metal oxides may arise: the Brownian diffusion coefficient, the 
tracer diffusion coefficient, the Nernst-Planck diffusion coefficient and the 
Fick diffusion coefficient. The assumption of the ionic conductivity being 
proportional to the diffusion coefficient from the mean square displacement 
(MSD) of the ions in some studies (see, e.g., (Yamamura, 1999)) is not 
necessarily true, as can be seen from NET. Only the Nernst-Planck diffusion 
coefficient may be proportional to the ionic conductivity under certain 
conditions. This study provides an extensive diffusivity study of zirconium 
dioxide ZrO2 co-doped with 10 mol% scandium(III)oxide Sc3O2 and 1 mol% 
cerium dioxide CeO2 (10Sc1CesZ) between 1100 K  and 1500 K . This 
material is chosen because no values for the different diffusion coefficients 
are available in the literature. 

• It has been shown several times that it is necessary to explicitly or implicitly 
account for NET to describe the behavior of PEMFCs effectively (see 
(Bednarek, 2017) and publication V not included in this thesis). Is the NET 
approach also relevant for the description of SOFCs? To answer this last 
question, a 1D NET model of an electrolyte supported planar SOFC is 
developed using the MD-results from this study. With this SOFC model, 
simulations are carried out to compare the results of calculations accounting 
for multi-causal transport mechanisms with those neglecting them. The 
simulations’ results may provide an answer to this last question. 
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In chapter 2 of this study, a short theoretical background is provided to 
complement the one provided in the four papers included in this thesis. A 
literature survey summarizing recent experimental and numerical studies about 
the electrolyte materials YSZ and 10Sc1CeSZ, as well as about numerical 
modelling on SOFCs, is also included in this chapter. Chapter 3 covers details of 
the simulation not mentioned in the papers. This comprises sample data, data to 
prove that the simulations for YSZ reached equilibrium, and a discussion of the 
capability of the proposed force field to describe other properties in 10Sc1CeSZ. 
A short discussion about the numerical algorithm behind the SOFC 1D model is 
also described in this chapter. Chapter 4 includes the summary of the papers and 
a further discussion of the results. In the last chapter, conclusions and 
perspectives are summarized. 
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2. Theoretical Background and Literature Survey 

2.1 Thermodynamics of Galvanic Cells 

This section is based on the work of P. Atkins and J. de Paula (Atkins, 2006). 
An electrochemical cell consists of two electrodes (an anode and a cathode) 
joined by an electrolyte. The electrolyte is an ionic conductor and electronic 
insulator. A galvanic cell is an electrochemical cell, which provides electricity due 
to the spontaneous redox reaction occurring in it. At the anode, the oxidation half 
reaction Red1 → Ox1 + 𝜈𝑒𝑒−  occurs and the free electrons travel through an 
external circuit to the cathode, where the reduction half reaction Ox2 + 𝑣𝑒𝑒− →
Red2 takes place. Here, Ox is the oxidized species, Red the reduced species and 𝜈𝑒 > 0 the stoichiometric number of the electrons. Electrodes of inert metals like 
platinum (Pt) or gold (Au) act as a source or a sink of electrons and as a catalyst 
for the electrochemical reactions, since they do not take part in them. While the 
oxidation reaction provides electrons, they are consumed in the reduction 
reaction. The electron transfer and the spatial separation of both half-reactions 
by the electrolyte result in an electrical field and in a lower electric potential at 
the anode compared to the cathode (Baehr, 2016). This electric potential 
difference is called the electromotive force (EMF) of the cell. A high EMF of 4.3 V 
is theoretically achievable by hybrid Li-air batteries, as reported by A. 
Manthiram and L. Li (2015), where the Li anode with a standard potential of −3.05 V works against a H2,O2 cathode with a standard potential of 1.23 V. Both 
potentials are defined relative to the standard hydrogen potential. The standard 
EMFs of other electrochemical cells, like H2,O2 fuel cells (1.23 V) or Li batteries 
(3.05 V) are lower than this EMF. 

 

 
Figure 2-1. Progression of the molar Gibbs energy 𝐺𝑚  near equilibrium as a 
function of the extent of reaction 𝜉  and for different molar Gibbs energies of 
reaction Δ𝑅𝐺𝑚 and EMFs 𝐸0. This figure is a facsimile of figure 7.14 from P. Atkins 
and J. de Paula (2006) under permission of Wiley-VCH. 

𝐺𝑚 in J/mol

𝜉

Δ𝑅𝐺𝑚  0𝐸0 > 0 Δ𝑅𝐺𝑚 > 0𝐸0  0

Δ𝑅𝐺𝑚  0𝐸0  0
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From an energy balance, the maximum work per mole aside from expansion 
work that can be provided by a system at constant pressure 𝑝 and temperature 𝑇 is given by the change in the molar Gibbs energy: 𝛿𝑊𝑚,𝑚𝑎𝑥  𝑑𝐺𝑚. If only one 
spontaneous reaction occurs within the system, we can write  𝑑𝐺𝑚  Δ𝑅𝐺𝑚(𝑝, 𝑇, 𝑥𝑖)𝑑𝜉, (2-1) 

where ΔR𝐺𝑚(𝑝, 𝑇, 𝑥𝑖) is the molar Gibbs energy of reaction, 𝑥𝑖 the molar fraction 
of species 𝑖 and 𝜉 is the extent of reaction. Furthermore, the charge transported 
is given by the Faraday’s law −𝜈𝑒𝑒𝑁𝐴𝑑𝜉  −𝜈𝑒𝐹𝑑𝜉, where 𝑒 is the elementary 
charge (1.602176 ∙ 10−19 C), 𝑁𝐴  the Avogadro constant (6.02214 ∙ 1023 mol−1 ) 
and 𝐹  the Faraday constant ( 96485.3 C/mol ). The product of the charge 
transported and the EMF 𝐸0 results in the electrical work 𝑊𝑚, so that it follows 
from Eq. (2-1): Δ𝑅𝐺𝑚  −𝜈𝑒𝐹𝐸0. (2-2) 

Physically, if an electrochemical cell is not in equilibrium, a spontaneous 
reaction may occur and a potential difference, i.e., the EMF 𝐸0, can be measured. 
This potential difference along with Δ𝑅𝐺𝑚 becomes zero if the electrochemical 
cell reaches equilibrium, as given by Eq. (2-1) (see Figure 2-1). We can use the so-
called Nernst equation (Baehr, 2016; O’Hayre, 2016) for the calculation of the 
EMF 𝐸0: 

𝐸0  −Δ𝑅𝐺𝑚𝑜 (𝑇)𝜈𝑒𝐹 − 𝑅𝑇𝜈𝑒𝐹 ln(∏𝑎𝑖𝑣𝑖𝑁
𝑖=1 ), (2-3) 

where the superscript 𝑜  denotes standard conditions, 𝑅  is the universal gas 
constant ( 8.31447 J/(molK) ), 𝑎𝑖  is the activity and 𝜈𝑖  is the stoichiometric 
coefficient of the reactant 𝑖  ( 𝜈𝑖 > 0  for products, 𝜈𝑖  0  for educts). This 
potential difference 𝐸0 describes the open circuit voltage (OCV) measured in a 
galvanic cell, where the consumed educts for the reaction are constantly 
compensated with new fresh educts. This OCV can also be defined separately for 
each half-cell reaction (see Paper IV). Moreover, the activity of the ions 𝑎𝑖 acts 
as a corrected mole fraction to account for the real behavior relative to an ideal 
mixture. To calculate it, the electrochemical potential �̃�𝑖  𝜇𝑖𝑜 + 𝑅𝑇 ln 𝑎𝑖 + 𝑧𝑖𝐹𝛷 
(expressed with the symbol 𝜂  in Paper I, II and III) is used instead of the 
chemical potential 𝜇𝑖. The electrochemical potential also considers the charge of 
the ions and the resulting electric field with the term 𝑧𝑖𝐹𝛷 (written as 𝑧𝑖𝐹𝜙 in 
Paper I, II and III), where 𝑧𝑖  is the valence of the ions species 𝑖  and 𝛷  is 
assumed to be the local electrostatic potential. 
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2.1.1 Electrostatic Potential 

Let us analyze a system with infinite point charges 𝑞𝑖 in vacuum having the 
distance 𝑟𝑖𝑗 to each other. The potential energy 𝑈𝐶 of the system is given by: 

𝑈𝐶  12∑𝑞𝑖∞
𝑖=1 ∑ 𝑞𝑗4𝜋𝜀0𝑟𝑖𝑗∞

𝑗≠𝑖  (2-4) 

in the unit J or by 𝑈𝐶∗  𝑈𝐶 ∙ 4𝜋𝜀0𝑒2  12∑𝑧𝑖∞
𝑖=1 ∑ 𝑧𝑗𝑟𝑖𝑗∞

𝑗≠𝑖  (2-5) 

in the unit m−1  (Patterson, 2010). Here, 𝜀0  denotes the vacuum permittivity 
(8.85419 ∙ 10−12 F/m). The electrostatic potential 𝜑𝑖  of the point charge 𝑞𝑖  is 
classically defined as 𝜑𝑖  ∑ 𝑞𝑗4𝜋𝜀0𝑟𝑖𝑗∞

𝑗≠𝑖  (2-6) 

in the unit V or as 𝜑𝑖∗  𝜑𝑖 ∙ 4𝜋𝜀0𝑒  ∑ 𝑧𝑗𝑟𝑖𝑗∞
𝑗≠𝑖 . (2-7) 

in the unit m−1. It describes the influence of the Coulomb-forces on the point 
charge due to a conservative electric field. The definitions in Eq. (2-5) and in Eq. 
(2-7) will be used later. 

For the potential energy, the following relationship can be written (see 
(Heyes, 1991)): 𝑈𝐶  12∑𝑞𝑖∞

𝑖=1 𝜑𝑖 . (2-8) 

Only the half of the sum is considered because of the symmetry 𝑞𝑖𝜑𝑗  𝑞𝑗𝜑𝑖. If 
the charges are not point charges but instead follow a charge distribution 𝜌𝑞,𝑖, 
the electrostatic potential is given by Poisson’s equation ∇2𝜑𝑖  −𝜌𝑞,𝑖/𝜀0. In this 
work, the calculation of the Coulomb forces is limited to the classical assumption 
that ions in a crystal system can be seen as point charges. The so-defined 
electrostatic potential 𝜑𝑖  is a property specific for each charge point and, 
therefore, it should differ from the field property 𝛷, appearing in the definition 
of the electrochemical potential (see last section). One of the aims of this work is 
to analyze this discrepancy. 
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2.1.2 Galvanic Cells Under Load 

If a galvanic cell is operated under load, i.e., for a given current 𝐼 > 0, the 
measured potential difference 𝐸 is lower than the OCV value 𝐸0 and becomes 
a function of the current. This function is the voltage(𝐸),current(𝐼)-characteristic 
specific for each galvanic cell. In Figure 2-2, the typical progression of a 𝐸,𝐼-
characteristic is depicted. The electrical power 𝑃 for a given operational point 
results from the product of the potential difference 𝐸 and the current 𝐼. 

 

 
Figure 2-2. Typical progression of a voltage( 𝐸 ),current( 𝐼 )-characteristic of a 
galvanic cell. 𝐸0  describes the open circuit voltage (OCV) and 𝑃  the electrical 
power. 

The lower potential difference 𝐸 under load results from the combination of 
different losses. These potential losses are primarily activation losses due to the 
reactions at the electrodes and losses due to the transport mechanisms in the bulk 
phases, like the ionic transport in the electrolyte or the electronic transport in the 
electrodes. As discussed in more detail in Paper IV, the activation losses can be 
described using the Butler-Volmer ansatz, which assumes these losses act as 
some kind of potential barrier for the rate of the reduction and oxidation half 
reactions at each electrode within an Arrhenius type formalism (Atkins, 2006). 
The losses due to the transport mechanisms in the bulk phases can be described 
using NET, as will be discussed in more detail in the next section. 

𝐸 in V𝐸0

𝐼 in A
𝑃 /𝐼
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2.2 Non-Equilibrium Thermodynamics (NET) 

The core of NET is the relationship between the entropy production rate �̇�∗ 
and the transport mechanisms, which is given in Eq. (2) of Paper I and IV (or in 
the Supporting Information (SI) of Paper III). It states that the entropy production 
rate �̇� per unit volume is the summation of the scalar products between the 
generalized fluxes 𝐉𝑖  of thermodynamic extensive properties with their 
corresponding generalized forces 𝐗𝑖, i.e., gradients of thermodynamic intensive 
properties (Kjelstrup, 2017). Exemplarily in a galvanic cell, the corresponding 
force of, e.g., the ionic flux in the electrolyte is the gradient of the electrochemical 
potential expressed with the gradient of the electric potential. 

We define the extensive variable 𝜎∗  𝑆 − 𝑆0 as the difference between the 
entropy of a system 𝑆 and the entropy of this system in equilibrium 𝑆0. The 
entropy of a system depends on the thermodynamic properties 𝑍𝑖, which can be 
expressed with the deviation 𝛼𝑖  𝑍𝑖 − 𝑍𝑖,0  from equilibrium, so that we can 
write 𝜎∗(𝛼1, 𝛼2…). The so-defined entropy function 𝜎∗ is always negative or 
equal to zero, because in equilibrium the entropy is at its maximum. We can 
expand this function near equilibrium as follows: 

𝜎∗ ≈ 12∑∑( 𝜕2𝜎∗𝜕𝛼𝑖𝜕𝛼𝑗)0 𝛼𝑖𝛼𝑗𝑀
𝑗=1

𝑁
𝑖=1 . (2-9) 

Here, we neglect the derivatives of third or higher order, because only small 
changes near equilibrium are considered, i.e., we assume that the fundamental 
Gibbs equation of state 𝑑𝐺  −𝑆𝑑𝑇 + 𝑉𝑑𝑝 +∑𝜇𝑖𝑑𝑛𝑖 (2-10) 

holds for these cases. Here, 𝑉 is the volume of the system and 𝑛𝑖 is the amount 
of substance of species 𝑖. Furthermore, not only 𝜎0∗ and 𝛼𝑖,0 are zero, but also 
the derivatives (𝜕𝜎∗/𝜕𝛼𝑖)0 , since 𝜎∗  has a maximum at equilibrium. 
Differentiating Eq. (2-9) with respect to time results in the following expression 
for the entropy production rate �̇�∗: 

�̇�∗ ≈ 12∑∑( 𝜕2𝜎∗𝜕𝛼𝑖𝜕𝛼𝑗)0 (𝛼𝑖�̇�𝑗 + �̇�𝑖𝛼𝑗)𝑀
𝑗=1

𝑁
𝑖=1  ∑∑( 𝜕2𝜎∗𝜕𝛼𝑖𝜕𝛼𝑗)0 𝛼𝑖�̇�𝑗𝑀

𝑗=1
𝑁
𝑖=1 . (2-11) 

𝑋𝑖  describes the thermodynamic forces driving the system to equilibrium 
and, thus, 𝑋𝑖  𝜕𝜎∗/𝜕𝛼𝑖 as a consequence of the fundamental equation of state 
(2-10). From a second Taylor expansion around equilibrium, but this time for the 
derivatives 𝜕𝜎∗/𝜕𝛼𝑖 and neglecting all terms of second or higher order, we get: 

𝑋𝑖  𝜕𝜎∗𝜕𝛼𝑖 ≈∑( 𝜕2𝜎∗𝜕𝛼𝑖𝜕𝛼𝑗)0 𝛼𝑖𝑀
𝑗=1 . (2-12) 



G. Valadez Huerta, Doctoral Thesis, 2018 12 

 

As a consequence of Eq. (2-12), only the entropy function 𝜎∗ is needed to 
calculate all forces in the system. If we choose the time derivatives of the 
deviations as the fluxes, i.e., 𝐽𝑖  �̇�𝑖, another consequence of this equation is that 
the force 𝑋𝑖 not only depends on its corresponding flux 𝐽𝑖, but also on all fluxes 
in the system and vice versa, i.e., 𝐽𝑖  𝐽𝑖(𝑋1, 𝑋2, … ). From a Taylor expansion and 
neglecting all terms of second or higher order, we finally get the 
phenomenological equations: 

𝐽𝑖  �̇�𝑖 ≈∑(𝜕𝐽𝑖𝜕𝑋𝑗)0 𝑋𝑗𝑁
𝑗=1  ∑𝐿𝑖𝑗𝑋𝑗𝑁

𝑗=1 , (2-13) 

with the conductivities 𝐿𝑖𝑗 . These phenomenological coefficients are the 
transport coefficients that describe the relaxation of a system from a non-
equilibrium state to the equilibrium state. 

If we consider an infinitesimally small volume element and define the 
entropy production rate per unit volume, i.e., �̇�  𝑑�̇�∗/𝑑𝑉, the fluxes 𝐽𝑖 are then 
expressed by their flux densities, i.e., the generalized fluxes 𝐉𝑖, and the forces 𝑋𝑖 
by their spatial gradients ∇𝑋𝑖 , i.e., the generalized forces 𝐗𝑖 . With this 
transformation in the Euclidean vector space, one can write the 
phenomenological equations given in Eq. (1) of Paper I and IV. Here, it is 
assumed that the phenomenological coefficients are independent of the spatial 
coordinate; otherwise, the conductivities may be expressed with a rank-2 tensor 
(Mauri, 2013; Benfenati, 2018). 

2.2.1 Phenomenological Coefficients and Linear Response Theory 

If the auto correlation function (ACF) of the fluxes 〈𝐉𝑖(0)𝐉𝑖(𝑡)〉 and the cross 
correlation function (CCF) between different fluxes 〈𝐉𝑖(0)𝐉𝑗(𝑡)〉 are known, the 
phenomenological coefficients can be calculated. To demonstrate this, we can 
define the average of the CCF 〈𝛼𝑘(0)𝛼𝑖(𝑡)〉 of the deviation 𝛼𝑖(0) at time 𝑡  0 
up to the deviation 𝛼𝑘 at time 𝑡 > 0 for a stationary process. This describes the 
progression of the information contained in the deviation 𝛼𝑖  regarding the 
initial value of 𝛼𝑘 over time. 

Microscopic reversibility states that the equations of motion are invariant 
under time reversal. As a consequence, if the deviations of the variables 𝛼𝑖 are 
only dependent on the momenta and positions of the particles, the conditional 
probability Π(𝛼𝑖(𝑡), 𝑡|𝛼𝑘(0), 0)  that 𝛼𝑖  assumes the value 𝛼𝑖(𝑡)  at time 𝑡 
provided that 𝛼𝑘 assumes the value 𝛼𝑘(0) should be equal to the probability Π(𝛼𝑖(−𝑡), −𝑡|𝛼𝑘(0), 0) . Thus, it follows that 〈𝛼𝑘(0)𝛼𝑖(𝑡)〉  〈𝛼𝑘(𝑡)𝛼𝑖(0)〉 . The 
values 𝛼𝑖(0) and 𝛼𝑘(0) are constant over time and, therefore, we can write for 
the time derivatives 〈𝛼𝑘(0)�̇�𝑖(𝑡)〉  〈�̇�𝑘(𝑡)𝛼𝑖(0)〉. With this last equation and the 
phenomenological equations (2-13), we get: 
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∑𝐿𝑖𝑗𝑁
𝑗=1 〈𝛼𝑘(0)𝑋𝑗〉  ∑𝐿𝑘𝑗𝑁

𝑗=1 〈𝛼𝑖(0)𝑋𝑗〉. (2-14) 

It can be shown that 〈𝛼𝑖(0)𝑋𝑗(𝑡)〉|𝑡=0  −𝛿𝑖𝑗𝑘𝐵 if the probability distribution 
function Π of the fluctuations is Boltzmann distributed with respect to 𝜎, i.e., 𝜎  −𝑘𝐵 ln Π (Mauri, 2013; Höpfner, 1977). With Eq. (2-14), this results in the 
Onsager reciprocity relations 𝐿𝑖𝑗  𝐿𝑗𝑖. 

Analogously, we can define the following averages: 

〈𝛼𝑘(0)�̇�𝑖(𝑡)〉|𝑡=0  ∑𝐿𝑖𝑗𝑁
𝑗=1 〈𝛼𝑘(0)𝑋𝑗〉|𝑡=0  −𝑘𝐵𝐿𝑖𝑘 . (2-15) 

The variable 𝛼𝑘(0) may result from the integration of its velocity �̇�𝑘(𝑡) over 
time. If we choose the equilibrium state as the integration boundary, we get for 
long periods of time: 

𝛼𝑘,0  0  lim𝑡→∞∫𝛼𝑘(𝜏)𝑑𝜏𝑡
0 + 𝛼𝑘(0)  →  𝛼𝑘(0)  − lim𝑡→∞∫𝛼𝑘(𝜏)𝑑𝜏𝑡

0 . (2-16) 

Integrating Eq. (2-16) in this way results in the Green-Kubo relations: 

𝑘𝐵𝐿𝑖𝑘  lim𝑡→∞∫〈�̇�𝑖(0)�̇�𝑘(𝜏)〉𝑑𝜏𝑡
0  lim𝑡→∞∫〈𝐽𝑖(0)𝐽𝑘(𝜏)〉𝑑𝜏𝑡

0 , (2-17) 

where �̇�𝑖(0)  𝐽𝑖(0) is defined at 𝑡  0 because the condition 𝑡  0 given in 
Eq. (2-15). Mathematically, the coefficients 𝐿𝑖𝑗  are proportional to the area under 
the curve of the CCFs. These equations can be also expressed with the flux 
densities 𝐉𝑖  (see Eq. (4) of Paper I) and can be derived in a more general 
framework from the perturbation of the Hamiltonian (Kubo, 1957; 
Zwanzig, 1965). 

The progression of the auto correlation function (ACF) of a flux 𝐉𝑖, i.e, Eq. (4) 
of Paper I with 𝑗  𝑖, is given in Figure 2-3. For a gas, it simply decays from the 
initial value 〈𝐉𝑖(0)𝐉𝑖(0)〉 to the abscissa. Here, the particles do not stay in their 
initial position long and gradually lose the information about their initial value, 
resulting in the exponential decay. For a liquid, the particles may be trapped due 
to the higher particle density and bounce in this limited environment, resulting 
in a change of sign in the ACF. However, after a certain time the particles are able 
to leave their initial position and gradually lose the information about their initial 
value. The further maxima and minima in the progression correspond to new 
environments, where the particles may become trapped again. This trap effect is 
outstanding in the progression of the ACF for solids, since the particles do not 
necessarily leave their position in the crystal framework. This discussion can be 
extended for the description of CCFs. 
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Figure 2-3. General behavior of the auto correlation function (ACF) for different 
systems. In blue, for a gas; in green, for a liquid; in red, for a solid. 

At this point, particle diffusion should be discussed in more detail. 
Analogous to Eq. (14) of Paper I, the micro flux 𝐉𝑘 of the particles of species 𝑘 
in a mixture is given by: 

𝐉𝑘  1𝑉∑𝐯𝑖𝑁𝑘
𝑖=1 , (2-18) 

where 𝐯𝑖  is the velocity vector for a particle. We can write the following 
expression for the conductivity 𝐿𝑘𝑘: 

𝐿𝑘𝑘  13𝑘𝐵𝑉 lim𝑡→∞ [∫ 〈∑𝐯𝑖𝑁𝑘
𝑖=1 (0)𝐯𝑖(𝜏)〉 𝑑𝜏𝑡

0 +∫ 〈∑𝐯𝑖𝑁𝑘
𝑖=1 (0)∑𝐯𝑗𝑁𝑘

𝑗≠𝑖 (𝜏)〉 𝑑𝜏𝑡
0 ], (2-19) 

which describes the diffusion of the particles of species 𝑘  due solely to its 
(electro)chemical potential gradient. Here, the integral is divided into two terms: 
the first describes the sum of the velocity auto correlation functions (VACFs), and 
the second describes the sum of the velocity cross correlation functions (VCCFs). 
We can define the following diffusion coefficient using the term describing the 
VACFs and the conversion rule 𝐷  𝐿𝑘𝑘𝑘𝐵𝑉/𝑁, analogous to Eq. (7) of Paper III: 

𝐷𝑉𝐴𝐶𝐹  13 lim𝑡→∞ 1𝑁𝑘∫ 〈∑𝐯𝑖𝑁𝑘
𝑖=1 (0)𝐯𝑖(𝜏)〉 𝑑𝜏𝑡

0 . (2-20) 

solid

liquid

gas𝐉 𝑖(0)𝐉 𝑖(
𝑡)

𝑡
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In this equation, the sum is averaged with the number of particles 𝑁. In the linear 
domain, the average of the VACF is equal to the mean squared displacement 
(MSD) and we get 𝐷𝑉𝐴𝐶𝐹  𝐷𝑀𝑆𝐷  13 lim𝑡→∞ 〈[𝑟(𝑡) − 𝑟(0)]2〉2𝑡 , (2-21) 

resulting in the MSD diffusion coefficient 𝐷𝑘𝑘𝑀𝑆𝐷. This diffusion coefficient only 
describes the Brownian motion of the particles, i.e., the equilibrium state. The 
coefficient 𝐿𝑘𝑘  in Eq. (2-19) describes the case of a gradient in the 
(electro)chemical potential, accounting for the influence of other particles of the 
same species in the system. A more detailed discussion of binary and ternary 
systems can be found in the work of X. Liu et al. (2011). 

2.3 Classical Molecular Dynamics 

Classical MD provides a way to calculate the electrostatic potential of the ions 
or the micro fluxes needed for the analysis of the transport phenomena in 
electrolytes in this work. This ansatz is based on the calculation of the system 
trajectory from the solution of the classical equations of motion at the molecular 
scale over time. From a given start configuration, other configurations can be 
generated. Under the assumption of the Quasi-Ergodic hypothesis that the time 
averages can be taken as the ensemble averages, each of the generated 
configurations describes a micro-state of a statistical ensemble (Leach, 2001). 

The equations of motion are based on the Hamiltonian of the system 

ℋ(𝐫, 𝐩)  ∑ �̇�𝑘 ∙ 𝐩𝑘𝑁
𝑘=1 − ℒ(𝐫, �̇�)  𝑈, (2-22) 

which describes the internal energy 𝑈  of the system and depends on the 
positions 𝐫  of all 𝑁  particles and their momenta 𝐩 . This function is the 
Legendre transformed Lagrangian ℒ  of the system and, thus, it contains the 
same information (Scheck, 2007). The Hamiltonian of a conservative system is 
equal to its total energy if the transformation does not depend explicitly on time 
(see (Goldstein, 2000; Lüdde 2008)). In this case, the potential energy given by the 
Hamiltonian becomes independent of time due to this transformation, meaning 
that only a time independent force field (FF), like the well-known Lennard-
Jones(LJ)-FF, and the initial conditions are necessary to calculate the equations of 
motion of the system. 

To solve the equations of motion, the force upon each particle is calculated 
using a start configuration and the interatomic FF. From the force, the 
acceleration for each particle can be calculated using Newton’s second law. The 
new velocities and the positions of the atoms at time step 𝑡 + 𝛿𝑡 result from a 
discrete integration with a finite-difference method (FDM), like the Leapfrog or 
the Velocity-Verlet algorithm (Leach, 2001). 
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The solution of the equations of motion as described above would result in 
simulations in the micro canonical (NVE) ensemble, i.e., at constant energy, 
volume and particle number. Unfortunately, experimentation occurs at other 
boundary conditions such as constant temperature, pressure and particle 
number. To keep the temperature constant for simulations in the canonical (NVT) 
ensemble, methods like velocity scaling can be used (Allen, 2017). However, such 
velocity scaling can affect the dynamics of the system. A better method is 
applying thermostats, like using the Nosé-Hoover algorithm (Hoover, 1985). This 
algorithm is based on the coupling of the system to an external heat bath. 
However, this algorithm is not ergodic (Shinoda, 2004). G. J. Martyna et al. (1994) 
and M. E. Tuckerman et al. (2001) extended this algorithm to ensure that the 
dynamics of the system is correctly calculated. Analogously, this algorithm can 
be extended for simulations in the NpT ensemble using volume fluctuations to 
keep the average pressure constant. 

Paper I includes a short description of the calculation procedure for the 
transport coefficients with non-equilibrium MD (NEMD). Paper I and III present 
in detail the methodologies for calculating transport coefficients using 
equilibrium MD (EMD). Therefore, the MD methods for the calculation of 
transport coefficients will be not repeated here. However, a short discussion 
about the calculation of the electrostatic potential using the Ewald Sum to 
complement the background of Paper II will be given in the next subsection. 

2.3.1 Ewald Sum 

This chapter is based on the works of L. V. Woodcock and K. Singer (1971), 
S. de Leeuw et al. (1980) and D. M. Heyes (1981). The Ewald sum is a method for 
the calculation of the Coulomb energy in Eq. (2-5) in systems with periodic 
boundary conditions. It guarantees the convergence of this equation (Frenkel, 
2002). The basic idea is to calculate the Coulomb energy of the system as the sum 
of two contributions, i.e., 𝑈𝐶∗  𝑈𝐶𝑅,∗ + 𝑈𝐶𝐾,∗, where 𝑈𝑐𝑅,∗ describes the short-range 
contribution and 𝑈𝐶𝐾,∗  the long-range contribution. Using the complementary 
error function erfc(𝑥) as a window function, we can write: 𝑈𝐶𝑅,∗  𝑈𝐶∗ ∙ erfc(𝛽𝐶 ∙ 𝑟𝑖𝑗) (2-23) 

and 

𝜑𝑖𝑅,∗  ∑ 𝑧𝑗𝑟𝑖𝑗𝑁
𝑗≠𝑖 erfc(𝛽𝐶 ∙ 𝑟𝑖𝑗). (2-24) 

Eq. (2-23) means that the Coulomb energy is completely given by the short-
rage contribution 𝑈𝐶𝑅,∗ for 𝑟𝑖𝑗  0. This contribution is damped as 𝑟𝑖𝑗  becomes 
higher, where the long-range contributions become the main contribution. 
Furthermore, the term 𝑈𝐶𝐾,∗ becomes the only contribution for 𝑟𝑖𝑗 → ∞, as given 
by: 
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𝑈𝐶𝐾,∗  𝑈𝐶∗ ∙ [1 − erfc(𝛽𝐶 ∙ 𝑟𝑖𝑗)]  𝑈𝐶∗ ∙ erf (𝛽𝐶 ∙ 𝑟𝑖𝑗). (2-25) 

The Ewald parameter 𝛽𝐶  is the damping factor for Eq. (2-23) and Eq. (2-25). 
A high Ewald parameter results in a fast decaying progression of the short-range 
contribution, while a small Ewald parameter leads to a slowly increasing 
progression of the long-range contribution. The short-range term and the long-
range term contribute equally to the Coulomb energy at a distance 𝑟𝑖𝑗  1/(2𝛽𝐶).  

In Eq. (2-25), 𝑈𝐶∗ is defined as 

𝑈𝐶∗  12 ∑ ∑ 𝑧𝑗𝑟𝑖𝑗 + 𝑛𝐿𝑀
𝑛=1

𝑁
𝑖=1,𝑗=1  (2-26) 

to account for the periodic 𝑀  images of the system. 𝑈𝐶𝐾,∗  can be Fourier 
transformed to: 

�̂�𝐶𝐾,∗  12𝐿3∑4𝜋𝑘2 𝑒− 𝑘24𝛽𝐶2𝐾
𝑘≠0 |∑𝑧𝑖 ∙ 𝑒−𝚤𝐤∙𝐫𝑖∞

𝑖=1 |, (2-27) 

where 𝚤  is the imaginary unit and 𝑘  |𝐤| . The vector 𝐤 is the wave vector 
describing the lattice in reciprocal space. This vector describes waves that 
propagate in a lattice with the lattice vector 𝐑  𝑛1𝐚1 + 𝑛2𝐚2 + 𝑛3𝐚3 given by the 
basis vectors 𝐚𝑖 and 𝑛𝑖 ϵ ℤ. These waves have a wavelength that corresponds to 
the lattice constant, so that all lattice points have the same wave phase, i.e., 𝑒𝚤𝐤∙(𝐫+𝐑)  𝑒𝚤𝐤∙𝐫, (2-28) 

where 𝐤 ∙ 𝐑  2𝜋𝑚  with 𝑚 ϵ ℤ . As a consequence, the 𝐤-vector contains the 
same information as the lattice vector 𝐑. The sum over different wave vectors in 
Eq. (2-27) results in an overlapping of the different waves and in peaks of the 
function at the atom positions and, thus, is convergent at the limits 𝑁,𝑀 → ∞. 
This behavior mathematically resembles the behavior of the wave function in 
quantum mechanics, where the particle position cannot be determined if the 
particle momentum is given. After the overlapping of waves with different 
momenta, it is possible to determine the exact position of a particle at the expense 
of losing information about the momentum, resulting in Heisenberg’s 
uncertainty principle. 

The electrostatic potential in 𝐤-space is given by 

�̂�𝑘𝐾,∗  4𝜋𝑘2∑𝑧𝑖 ∙ 𝑒− 𝑘24𝛽𝐶2𝑁
𝑖=1 ∙ 𝑒−𝚤𝐤∙𝐫𝑖 (2-29) 

and its reverse transformation, i.e., the electrostatic potential for the long-range 
contributions in real space is 
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𝜑𝐾,∗  ∑(�̂�𝑘𝐾,∗)‡ ∙ �̂�𝑘𝐾,∗𝐾
𝑘≠0 , (2-30) 

where the ‡ denotes the complex conjugate. In Eq. (2-29), the series considers all 
atoms including the point charge 𝑖. This is not in accordance with the definition 
of 𝜑𝑖 in Eq. (2-7). For this reason, a correction term 𝜑𝑖𝑆,∗ should be substracted 
from Eq. (2-30) to calculate 𝜑𝑖𝐾,∗ as follows: 𝜑𝑖𝐾,∗  𝜑𝐾,∗ − 𝜑𝑖𝑆,∗  𝜑𝐾,∗ − 2 ∙ 𝑧𝑖 ∙ 𝛽𝐶√𝜋. (2-31) 

Similarly, the correction term 

𝑈𝐶𝑆,∗  ∑2 ∙ 𝑧𝑖 ∙ 𝛽𝐶√𝜋𝑁
𝑖=1  (2-32) 

should be subtracted from the Fourier reverse transformation of �̂�𝐶𝐾,∗  to 
calculate 𝑈𝐶𝐾,∗ . Clearly, a correction for the dipole moments should also be 
considered. In this work, polarization and dipole effects are assumed to be 
negligible and, thus, such corrections are not implemented in the calculations, 
but the reader is referred to (Heyes, 1981) for a more detailed discussion. 

2.3.2 Molecular Simulation Studies on Transport Mechanisms 

This section is limited to recent molecular studies regarding advances on the 
calculation of transport coefficients. H. Dong et al. (2018) show in their recent 
study about MD calculations for the thermal conductivity that the EMD and 
NEMD methods should provide equivalent results, if they are correctly 
implemented and evaluated. This contradicts the frequently reported differences 
between the results from both methods (see, e.g., (He, 2012)). The discrepancies 
may lie in the linear extrapolation to “infinite” sizes needed when the thermal 
conductivity is calculated with the NEMD method, or result from incorrect 
implementation of the calculation of the micro heat fluxes, especially for many-
body potentials (Fan, 2015). O.N. Bedoya-Martínez and J.-L. Barrat (2019) 
compare classical and quantum molecular methods for the calculation of the 
thermal conductivity, concluding that these methods may not be appropriate for 
the calculation of this transport coefficient for solids below the Debye 
temperature. Since the most accurate method using quantum perturbation 
theory is computationally inefficient, as stated by the authors of that study, the 
efficient and accurate calculation of the thermal conductivity below the Debye 
temperature is still a challenge. 

The study of X. Liu et al. (2011) is an example of recent advances in 
computational methods for the calculation of diffusion coefficients in mixtures. 
In that study, the authors present a method to calculate the Fick diffusion 
coefficients from EMD. The thermodynamic factor is calculated using the radial 
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distribution function and the Kirkwood-Buff integrals (Schnell, 2011). The 
calculated Maxwell-Stefan (MS) diffusivities are then corrected to predict the 
Fick diffusivities. Here, the MS diffusivities are calculated using linear response 
theory, analogous to the phenomenological coefficients appearing in NET. Their 
results show a good agreement with experimental data and, thus, a NEMD 
calculation for the direct calculation of the Fick diffusion coefficients from an 
imposed concentration gradient or an extra grand-canonical Monte Carlo (µVT-
MC) simulation for the calculation of the thermodynamic factor can be avoided. 
Furthermore, the novel study of G. Pranami and M. H. Lamm (2015) discusses 
the statistics of the calculation of Brownian diffusivities from the MSD of the 
particles. From their conclusions, the error of calculated Brownian diffusion 
coefficients from a single simulation cannot be estimated, emphasizing that in 
this case multiple independent simulations are unavoidable in order to obtain 
reliable statistics. Since the diffusion coefficient of ions and the ionic conductivity 
are related, the above discussion applies also to the ionic conduction. Moreover, 
the electronic conduction can be calculated from ab initio calculations using the 
Kubo-Greenwood formula, where the ACF is defined by the electronic density 
function (Dufty, 2018). 

Despite the many recent MD studies of the calculation of thermal diffusion 
coefficients (see (Lecce, 2018; Shimizu, 2017; Hafskjold, 2017)), the calculation of 
the Seebeck or Peltier coefficient using classical EMD or NEMD simulation is not 
common. This is because classical MD does not consider electrons or holes, which 
play an important role in describing thermoelectric generators (TEG) based on 
the thermoelectric effect. For that reason, most of the numerical studies 
investigating the Seebeck or the Peltier coefficient are based on ab initio 
calculations (Ahmad, 2018; Joshi, 2017). In those studies, the Seebeck coefficient 
is calculated with the well-known Mott formula, which is based on the 
Sommerfeld expansion and, thus, relates the Seebeck coefficient to the Fermi-
Dirac distribution function (Jonson, 1980). Using this formula and ab initio 
calculations, M. Bilal et al. (2015) calculate the Seebeck coefficient of SnCCo3 at 
room temperature with a deviation of 5.7 % from the experimental value, and 
they use their validated methods to predict Seebeck coefficients for further 
metallic antiperovskites. 

Furthermore, dynamical NEMD is a new approach that provides the 
possibility of following the transient progression from the equilibrated system to 
the steady state in non-equilibrium (Hafskjold, 2017; Bonella, 2017). With this 
method, it is possible to gain some insight into the transport phenomena during 
transient changes, e.g., the time at which the temperature, mass density or 
concentration profile begins to relax into the steady state and the duration of this 
relaxation. In this way, it is possible to calculate the time scales for the dynamics 
of coupled transport mechanisms. 
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2.4 Fuel Cells 

The bonding configuration of water molecules is energetically lower than 
that of hydrogen or oxygen. Therefore, the oxidation of hydrogen in an adiabatic 
combustion chamber, given by the overall reaction 

H2(g) + 0.5 ∙O2(g) ⇄ H2O, (2-33) 

results in heat (Baehr, 2016). Depending on the temperature, water can be liquid 
( Δ𝑓𝐻𝑚,𝐻2𝑂(𝑙)𝑜 (298 K)  −285.83 kJ/mol ) or gaseous ( Δ𝑓𝐻𝑚,𝐻2𝑂(𝑔)𝑜 (298 K)  −241.82 kJ/mol) (Atkins, 2006). A heat engine could partially convert the heat 
from this combustion reaction into mechanical energy. This mechanical energy 
can be used in a generator to supply electrical energy. This kind of process is 
thermodynamically limited by the Carnot-Factor and, due to this limitation and 
the many intermediate steps, it is not efficient (O’Hayre, 2016). On the contrary, 
the chemical energy can be converted directly into electrical energy in a FC. FCs 
are galvanic cells that usually operate with a continuous hydrogen flow. In this 
case, the reactants flow into different compartments and the combustion reaction 
is split into an oxidation half reaction and a reduction half reaction. If only O2—

ions are transported in the FC’s electrolyte, the reduction reaction 0.5 ∙O2 +2𝑒− → O2- occurs at the cathode while the oxidation reaction H2 +O2- → H2O+2𝑒− takes place at the anode. As discussed below, other fuels can also be used, 
depending on the FC type. 

Following the discussion of J. Larmine and A. Dicks (2009), the most 
remarkable advantages of fuel cells are the high efficiency, lack of moving parts, 
low emissions, silence and scalability. The efficiency advantage can be argued 
following the discussion above, as the Carnot efficiency is not a limit anymore. 
The lack of moving parts results in systems with high reliability and long life 
regarding the components. If the fuel cells are driven with pure hydrogen 
produced, e.g., via electrolysis and renewable energy sources, the CO2 emissions 
become zero. Nevertheless, even SOFCs operating with CH4 or CO do not emit 
other environmentally harmful gases like NOx and SOx. The advantage of being 
a silent technology concerns the environmental noise, which is also a kind of 
pollution. Finally, FCs can be scaled without a considerable loss in performance 
in comparison to other power supply systems, like batteries (O’Hayre, 2016). 

One disadvantage of FCs is the fuel itself, due to the currently unavailable 
hydrogen infrastructure and the CO2 emissions inherent to the present hydrogen 
production processes (Larmine, 2009). Furthermore, the gravimetric power 
density of hydrogen (between 2 MJ/kg to 10 MJ/kg depending on the storage 
technology) is much lower than the one of, e.g., gasoline of ~44 MJ/kg. Other 
disadvantages are the costs and some operational drawbacks, like their 
vulnerability to environmental poisoning and poor endurance under start-stop 
cycling, which are difficult to overcome. Due to technological efforts, the 
gravimetric power density of FCs, ~500 W/kg, is closer to that of an internal 
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combustion engine, but further improvements are still needed in this area 
(O’Hayre,2016). 

Table 2-1. Some features, including the operational temperature 𝜗𝑜𝑝  and the 
system efficiency 𝜂𝑠𝑦𝑠, of the alkaline fuel cell (AFC), the direct methanol fuel cell 
(DMFC), the polymer electrolyte membrane fuel cell (PEMFC), the high 
temperature(HT)-PEMFC, the phosphoric acid fuel cell (PAFC), the molten 
carbonate fuel cell (MCFC) and the solid oxide fuel cell (SOFC). Data from (Baehr, 
2016; O’Hayre, 2016; Larmine, 2009; Rechberger, 2018). 

Parameter AFC DMFC PEMFC HT-PEMFC 𝜗𝑜𝑝 in °C 60-80 80 60-85 120-200 
Electrolyte KOH(aq) PEM PEM PEM 

Fuel H2 CH4O H2 H2 
Charge carrier OH- H+ H+ H+ 𝜂𝑠𝑦𝑠 ~50 30-40 45-55 40-45 

Application Spacecraft 

Portable energy 

supply 

Electronics 

Battery charger 

Automotive 

Submarines 

Aircraft 

Rail transport 

Stationary power supply 

APU 

Back-up power 

Parameter PAFC MCFC SOFC  𝜗𝑜𝑝 in °C 160-220 600-650 600-1000  

Electrolyte H3PO4(aq) 
Molten 

carbonate 
Co-doped ZrO2  

Fuel H2 H2,CH4 H2,CH4,CO  
Charge carrier H+ CO3

2- O2-  𝜂𝑠𝑦𝑠 40-45 40-45 45-60  

Application Stationary power supply 

APU 

Range extender 

Stationary power supply 

 

 
The most important FC technologies and some of their features are 

summarized in Table 2-1. These technologies are the alkaline fuel cell (AFC), the 
direct-methanol fuel cell (DMFC), the PEMFC, the high temperature PEMFC, the 
phosphoric acid fuel cell (PAFC), the molten carbonate fuel cell (MCFC) and the 
SOFC. Most of the fuel cells operate at temperatures below 230 °C and the ionic 
transport occurs in the aqueous phase, except in the MCFC and the SOFC, where 
the ionic transport occurs through a molten salt and co-doped ZrO2, respectively. 
The crystal framework in co-doped ZrO2 that allows for vacancy diffusion is 
described in Paper I and Paper III. The most promising systems are the DMFC, 
the PEMFC and the SOFC due to their present and possible wide application 
ranges. SOFC systems show the highest efficiency and fuel flexibility. 
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Figure 2-4. Typical progression of the voltage(𝐸 ),current( 𝐼 )-characteristic for 
different fuel cell technologies, as well as curves of constant power density |𝑃𝐹𝐶|/𝐴  𝐸 ∙ 𝑗 . 𝐴  is the cell active area and 𝑗  the current density. The circles 
denote operational points with maximum power density. The image is taken from 
(Baehr, 2016) under permission of Springer Vieweg and the authors. The 
nomenclature is adapted to the nomenclature of this work. 

Finally, Figure 2-4 displays the 𝐸 , 𝑗 -characteristics for the different FC 
technologies, where 𝑗 is the area specific current density 𝐼/𝐴 and 𝐴 is the cell 
active area. The OCV is lowest for a DMFC followed by the OCV for a SOFC. 
However, the voltage 𝐸 for a SOFC is the highest under load in comparison to 
the voltage for the other technologies. This results from the high temperature and 
may explain the high efficiency of SOFC systems. However, a comparison 
between FC technologies using solely the 𝐸,𝑗-characteristics is not conclusive. 
Factors such as the performance at the desired operational point, costs and 
suitability for the chosen application should also be considered. 

2.5 Solid Oxide Fuel Cells (SOFCs) 

This work is limited to the study of single planar SOFCs. The representation 
of a SOFC design similar to the one used in the Forschungszentrum Jülich (Blum, 
2011) is exemplarily depicted in Figure 2-5. For other cell designs, the reader is 
referred to the reviews of B. Timurkutluk et al. (2016) and M. Irshad et al. (2016). 

 



G. Valadez Huerta, Doctoral Thesis, 2018 23 

 

 
Figure 2-5. Exemplary representation of a planar SOFC based on the design used 
by the Forschungszentrum Jülich. (see (Blum, 2011)). For simplicity, the substrate that 
supports the cell is not depicted.  

The basic layers of a SOFC are the porous anode layer, the porous cathode 
layer and the electrolyte. The anode and the cathode layers are porous gas 
diffusion layers (GDL), generally made of an inert metal or a metal-electrolyte 
mixture. Other combinations are possible, as discussed below. At the active sites 
of these layers, where the gas, the solid electrolyte and the metal phase meet at 
the well-known triple phase boundary, the anode and the cathode half reactions 
occur. The GDLs have the task of distributing the gases from the gas channels to 
these active sites. For mechanical stability, one of the two GDLs or the electrolyte 
is manufactured wider than the other layers (Droushiotis, 2014). The electrolyte 
not only provides the anionic transport from the cathode to the anode, but also 
hinders electron transport in order to avoid an electrical shortcut. Cells consisting 
of these basic layers are embedded between two interconnects, which contain gas 
channels. The gas channels ensure a homogenous gas distribution along the 
anode and cathode side. If the cell is driven with CH4 or CO as part of the fuel 
gas mixture, the following reforming reaction, water-shift gas reaction and 
Boudouard reaction may take place at the anode side: 

CH4 +H2O ⇄ 3H2 + CO, (2-34) 

CO+H2O ⇄ H2 + CO2, (2-35) 

2CO ⇄ CO2 + C, (2-36) 

where the needed water vapor is available as part of the fuel mixture or as a 
product of the hydrogen oxidation. The carbon deposition given by the reaction 
(2-36) occurs only within a certain temperature range, which is determined by 
the gas composition (Sasaki, 2003). 
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anode

electrolyte

cathode
anode contact layer

cathode contact layer

sealing



G. Valadez Huerta, Doctoral Thesis, 2018 24 

 

2.5.1 Materials for SOFCs 

SOFC materials for the anode GDL, the cathode GDL and the electrolyte have 
some common requirements (Mahato, 2015). Due to the high operational 
temperature, all materials should be thermally stable. Since the materials are 
interconnected, they should be chemically stable with the materials of the 
adjacent components and, additionally for the anode and the cathode materials, 
with the working gases (Jiang, 2004). Furthermore, the coefficient of thermal 
expansion (CTE) of the materials should be similar, as a different CTE may affect 
the interfaces during thermal expansion (Mahato, 2015). Mechanical strength is 
also an important requirement because of the stress resulting from the cell 
manufacturing or the cell operational conditions, like the pressure on a cell 
embedded in a stack or a thermal gradient (Laurencin, 2008). Additionally, 
anode and cathode materials require a high electronic conductivity (≥ 100 S/cm) 
to reduce the potential losses and a high catalytic activity to minimize activation 
losses. Furthermore, since oxygen diffusion is slow, cathode materials must 
provide enough porosity to allow the motion of the oxygen molecules. 
Electrolyte materials require a high ionic conductivity (~0.1 S/cm ) and an 
electronic transference number lower than 10−3 (Mahato,2015). 

The state of the art material for the anode is the ceramic-metallic composite 
or cermet Ni-YSZ. This material fulfills almost all requirements mentioned 
above, and the nickel serves as catalyst for fuel reforming (Akdeniz, 2016). 
Nevertheless, this material is vulnerable to carbon deposition and sulfur 
poisoning (Mahato, 2015). F. Wang et al. (2014) and X. Song et al. (2016) proposed 
adding Al2O3 to Ni-YSZ cermets to improve the material’s stability against 
carbon deposition and to enhance its electronic conductivity. 

The state of the art material for the cathode GDL is the perovskite 
La1-xSrxMnO3--δ combined with YSZ (LSM/YSZ) (Yang, 2017). The current issues 
with this material are the reactivity of LSM with YSZ at high temperatures 
(higher than 1100 °C ) and the low catalytic activity for intermediate 
temperatures lower than 700 °C  (da Silva, 2017). Another commonly used 
perovskite for the cathode GDL is La1-xSrxCoO3-δ (Yang, 2017). La2-xNiO4±δ is a 
novel material with a low activation energy and, thus, can be used for 
temperatures lower than 700 °C. However, this material reacts with YSZ at a 
lower temperature (900 °C) than LSM (Ferkhi, 2016). 

The state of the art electrolyte material is YSZ (see Paper I). The co-doping of 
Y2O3 in ZrO2 not only results in a high ionic conductivity due to the crystal 
defects, but also stabilizes ZrO2 in the cubic fluorite structure (see next section). 
Another relevant oxide is ScSZ (Xue, 2017). This material has a higher ionic 
conductivity than YSZ, but it lacks stability due to phase transitions at a 
temperature of ~600 °C (Terner, 2014). Since CeO2 is stable in the cubic phase 
from room temperature to ~2400 °C (Mahato, 2015), the co-doping of CeO2 in 
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ScSZ to form ScCeSZ, especially with the configuration 10Sc1CeSZ, has proven 
to be stable for a wide temperature range, while conserving the high ionic 
conduction properties. 

Other materials like the perovskites Ln2/3-xTiO3-3x/2 for the anode (Lepe, 2005), 
Pr2CuO4 (PCO) for the cathode (Li, 2016) (both materials showing an enhanced 
electronic conductivity) or δ-Bi2O3 based materials (Jiang, 1999), as well as 
perovskites based on LaMO3 for the electrolyte (Hayashi, 1999) are a few 
examples of the many different SOFC materials discussed in the literature. The 
reader is referred to the reviews of F. S. da Silva and T. M. de Souza (2017), N. 
Mahato et al. (2015) and M. Irshad et al. (2016), the latter two reviews also 
providing information about materials for the interconnects. 

2.5.2 Phase Diagrams, Structural Properties and Heat Capacities of YSZ 
and 10Sc1CeSZ 

The phase diagram for YSZ is given in Figure 2-6. The data from X. Ren and 
W. Pan (2014), as well as the data from O. Fabrichnaya et al. (2005) are used. From 
the phase diagram, we can differentiate the following phases: a fluorite cubic 
phase (f, space group F3-3m (225)), a tetragonal phase (t, space group (P42/nmc 
(137)), a monoclinic phase (m, space group P21/C(14)) (Viazzi, 2008), a cubic 
bixbyite phase (c, Ia3̅ (206)) (Gajović, 2008) and a trigonal δ-phase corresponding 
to the intermediate compound Y4Zr3O12 (space group R3 (148)) (Gallardo-López, 
2001). 

Pure ZrO2 presents a monoclinic phase at temperatures lower than 1478 K, a 
tetragonal phase for higher temperatures and a melting point of 2988 K . 
Moreover, the stabilization of the cubic fluorite structure due to the co-doping of 
Y2O3 is evident. For a mole fraction between ~20 mol% YO1.5 and ~42 mol% 
YO1.5, YSZ is cubic from room temperature up until the melting point. This range 
becomes wider for higher temperatures. For example, the cubic fluorite structure 
is fully stabilized for 0.15 ≥ 𝑥𝑌𝑂1.5 ≥ 0.48  at 1100 K  to 1300 K . The melting 
point is ~3050 K  for YSZ with 8 mol%  YO1.5 and ~2800 K  for YSZ with 60 mol% YO1.5. For higher Y2O3 concentrations, but for temperatures lower than 
~1500 K, a δ-phase arises. Pure Y2O3 is stabile in the cubic bixbyite phase, having 
a melting point at 2698 K. As discussed by A. Krogstad et al. (2011), metastable 
solid solutions are possible, like in systems at 1200 K with cubic f-phases and 
mole fractions lower than 15 mol% YO1.5, which corresponds to YSZ08 (YSZ 
with 8 mol% Y2O3). 

Several studies regarding thermodynamic properties and transport 
coefficients in YSZ are available in the literature. A. Krogstad et al. (2011) give 
the following correlation for the lattice constant 𝑎 of the cubic fluorite phase in 
YSZ: 𝑎  5.11742 + 3.118 ∙ 𝑥𝑌2𝑂3 . (2-37) 
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That study and the study of C. Viazzi et al. (2008) include correlations for the 
measured lattice constants 𝑎  and 𝑐  of the tetragonal phase. H. Hayashi 
et al. (2005) report experimental values for the CTE for different YSZ 
compositions. Their measured values show a linear dependency on the Y2O3 
composition ranging from 10.2 ∙ 10−6 K−1 for YSZ03 to 9 ∙ 10−6 K−1 for YSZ10. 
T. Tojo et al. (1999) give experimental data for the isobaric molar heat capacity 𝐶𝑝,𝑚  for YSZ08 and YSZ10 for different temperatures. At room temperature 
( 298.15 K ), the resulting interpolated mean values are 60.198 J/(molK)  for 
YSZ08 and 61.648 J/(molK)  for YSZ10. This study also reports the Debye 
characteristics. 

 

 
Figure 2-6. Phase diagram for YSZ. The data is taken from the studies of X. Ren and 
W. Pan. (2014), as well as O. Fabrichnaya et al. (2005). (f) fluorite phase (F3-3m), (t) 
tetragonal phase (P42/nmc), (m) monoclinic phase (P21/C), (c) bixbyite phase (Ia3̅) 
and (δ) trigonal δ-phase (R3). 

To the knowledge of the candidate, there is no phase diagram for ScCeSZ 
available in the literature. This is also true for the heat capacity of 10Sc1CeSZ. 
Experimental data from the literature for the lattice constant and the CTE is 
available in Paper III, along with a short, but informative review of the 
experimental studies for this material. 

2.5.3 Transport Coefficients for YSZ and 10Sc1CeSZ 

Since this thesis focuses on the transport coefficients of YSZ and 10Sc1CeSZ, 
a short description of the methods to measure empirical transport coefficients in 
metal oxides should be given here. As discussed in Paper I, III and IV, the 
empirical classical transport coefficients necessary to describe the kinetics in a 
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metal oxide are the ionic conductivity 𝜅 (expressed with the symbol 𝜎 in Paper 
II and III), the thermal conductivity 𝜆  and the Seebeck coefficient �̌�𝜙1 
(appearing respectively as 𝜅 and 𝑆 in Paper I). From these classical transport 
coefficients, the conductivities 𝐿𝑖𝑗  given by NET (see Paper IV) can be estimated 
to some extent and vice versa (see Paper I and III). Different diffusion coefficients 
describing the O2--anion diffusion are also related to the ionic conductivity 𝜅, i.e., 
to the corresponding conductivity 𝐿𝑂𝑂.  

The ionic conductivity 𝜅  of such oxides is measured with impedance 
spectroscopy or with the well-known four-terminal(4T)-sensing method. The 
samples usually have a cylindrical shape with a diameter between 8 and 20 mm 
and a height of 100 μm to 10 mm (Laguna-Becero, 2009). The electrical contact 
is done using platinum paste (Wang, 2005). The impedance is potentiostatically 
measured with a frequency ranging from 0.1 Hz  to 1 MHz  and amplitudes 
ranging from 10 mV to 100 mV (Liu, 2014; Grosso, 2013). In some studies, the 
frequency range is wider, with frequencies reaching more than 10 MHz (Kumar, 
2016). In the impedance spectrum, two semicircles arise. For most cases, the 
semicircle at high frequencies corresponds to the bulk impedance, while the 
semicircle at low frequencies to the grain boundary impedance (Grosso, 2013). 
This differentiation is not possible with the 4T-sensing method, where only the 
total conductivity can be measured (Dasari, 2014). 

The thermal conductivity 𝜆  is indirectly measured using the thermal 
diffusivity 𝑎𝑇  and its definition 𝑎𝑇 ≔ 𝜆/(𝜌𝑐), where 𝜌 is the mass density of 
the sample and 𝑐  the specific heat capacity (Hongsong, 2015). The thermal 
diffusivity is measured using laser flash analysis, and the mass density with the 
Archimedes method (Jiang, 2017). If no experimental data for the heat capacity is 
available, it can be estimated using the Neuman-Kopp method (Leitner, 2010). 

The method of measuring the Seebeck coefficient is well described in the 
works of S. Kjelstrup et al. (1991) and Z.-I. Takehara et al. (1989) for YSZ. Here, 
electrochemical cells with platinum electrodes and an YSZ electrolyte are 
measured in different gas atmospheres. One side of the cell is heated up, while 
the temperature at the other side is kept constant. The cell voltage 𝐸  is then 
measured for various temperature differences. From the slope of the curve and 
the relationship: 𝐹 (𝑑𝐸𝑑𝑇)  14 [𝑆𝑂2(𝑇) − 𝑅𝑇 ln (𝑝𝑂2𝑝 )] − 𝑆𝑃𝑡(𝑇) − 12 𝑆𝑂2−(𝑇), (2-38) 

the Peltier coefficient 𝜋 can be calculated using the transported entropy of the 
ions 𝑆𝑂−2 with �̆�𝜙  −0.5 ∙ 𝑆𝑂−2(𝑇)/𝐹. Here, 𝑆𝑖 is the entropy of species 𝑖 and 

                                                 
1 The Seebeck �̌�𝜙 coefficient and the Peltier coefficient 𝜋 are related as follows 𝜋  𝑇�̌�𝜙 and, despite that 

they describe formally different effects, they are equivalent. 
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𝑝𝑂2 the oxygen partial pressure in the gas atmosphere. This equation results from 
the NET approach. 

Experimental values for the transport coefficient of YSZ along with the 
corresponding references are given in Table 6 of Paper I. To the best of the 
candidate’s knowledge, no experimental data for the thermal conductivity or the 
Seebeck coefficient of 10Sc1CeSZ are available in the literature. Studies with 
experimental data for the ionic conductivity are mentioned in Paper III, and 
experimental values for the ionic conductivity from the literature for different 
temperatures are given also in this paper. 

2.5.4 SOFC Modelling and Molecular Simulation for SOFCs 

There are several numerical studies of SOFCs at different scales, ranging 
from the molecular level to the system level. First, studies regarding the SOFC 
and stack levels will be summarized, with the focus on the modelling methods 
and the assumptions for each SOFC layer. Second, literature studies at the 
molecular level concerning the SOFC materials YSZ and 10Sc1CeSZ will be 
reviewed. 

Recent studies regarding stacks are given, e.g., by T. Parhizkar and S. 
Hafeznazami (2018), by R. T. Nishida et al. (2018) or by M. Peksen (2018), and 
regarding SOFC-systems, e.g., by A. Chitsaz et al. (2018), M. M. Whiston 
et al. (2017), and the publication VI not included in this thesis.  

SOFC models are usually divided into the following domains: the fuel and 
air channels, the inert anode and cathode GDLs, the electrolyte, and two reactive 
catalyst layers (CLs) representing the reactive sites of the porous electrode layers 
(see (Hajimolana, 2011)). The division of the electrode porous layers into a 
reactive CL and non-reactive GDL is done for simplification purposes.  

For the modelling of the fuel and air channels, the component balance, the 
energy balance and the momentum balance are solved (Menon, 2015). Usually, 
only convective mass transfer and a flux term coupling the gas channels with the 
GDLs are taken into account in the component balance, while diffusive mass 
transfer is neglected (Khazaee, 2017). The velocity needed to describe the 
convective term results from the momentum balance. The energy balances 
accounts for convective heat transfer, where the Nusselt number is calculated 
with empirical formulae (Ma, 2018). P. Pianko-Oprych et al. (2014) point out that 
radiative heat transfer has to be taken into account to describe the heat transfer 
between the SOFC components. This is especially true for reforming fuel 
mixtures including CO2 and H2O, because of their high absorption of infrared 
radiation and radiance at high temperatures (Nam, 2014). Other recent SOFC 
models considering the fuel gas channel and the air gas channel are the 3D 
models of J. Moreno-Blanco et al. (2018), M. Fardadi et al. (2016) and T. 
Choudhary and Sanjay (Choudhary, 2016). As it can be taken from the results of 
V. Menon et al. (2015), the calculation of the temperature profile along the fuel 
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channel may vary strongly if the cell is driven by internal reforming and, thus, a 
detailed modelling of the gas channels cannot be avoided. This is also true for 
SOFCs operated at high current densities, as can be seen from the simulation data 
resulting from calculations with the 3D model of J. M. Park et al. (2018). 

For the description of the porous media, i.e., the anode and cathode GDLs, 
the component balance is described with a diffusion term and, if needed for the 
calculation of fuel reforming, with a reaction term (Menon, 2015). The diffusion 
may be described with the Fick or the Maxwell-Stefan ansatz and effective 
diffusion coefficients (Costamagna, 2004). Y. Fu et al. (2015) use the proportion 
of porosity to tortuosity of the porous medium to define new effective binary 
diffusion coefficients from the binary diffusion coefficients in the gas mixture. 
W. Kong et al. (2015) provide a novel ansatz to describe the tortuosity and the 
effective diffusion coefficient depending solely on the porosity. The Dusty Gas 
model (DGM) is a more sophisticated approach for the description of the mass 
transport mechanisms in porous media, which accounts for chemical and 
Knudsen diffusion, as well as for advection. A. Bertei and C. Nicolella (2015) 
revisited this sophisticated ansatz for SOFC modelling application, concluding 
that the assumption of uniform pressure may lead to Graham’s law of effusion, 
which is not compatible with reaction stoichiometry and, thus, inconsistencies 
between the mole fractions and the component fluxes may arise. F. Yang 
et al. (2016) analyze the impact of neglecting Knudsen diffusion in the GDL 
modelling. The authors conclude that neglecting Knudsen diffusion would lead 
to misleading predictions if GDLs showing pore size smaller than 250 nm are 
studied. Finally, the viscous flux is described, e.g., by a pressure gradient 
assuming an empirical equation for the description of the permeability of the 
medium (Menon, 2015). Especially for SOFCs operating with internal reforming, 
L. van Biert et al. (2017) calculate the reaction rates with empirical equations of 
the Arrhenius type, while P. Costamagna et al. (2015) assume chemical 
equilibrium for the chemical reactions. In the energy balance, the heat transfer is 
described by heat conduction in the solid phase and a heat term accounting for 
the heat transported in the gas phase (Aydın, 2016). The effective thermal 
conductivity can be approximated as a superposition of the effective thermal 
conductivity of the gas and of the solid phase with the porosity as a weighting 
factor (Menon, 2015). Clearly, a term accounting for the electrical power is also 
considered in the energy balance of the GDLs. 

The starting point for the description of the CLs is the OCV given by the 
Nernst equation for the overall cell reaction, which results from Eq. (2-3) (Beale, 
2016). The activation losses are commonly described with the Butler-Volmer 
equation. Analytical approximations to solve the Butler-Volmer equation for the 
activation overpotential are given by P. Vijay et al. (2017). H. R. Amedi (2015) 
and P. Costamagna (2004) apply a concentration-dependent Arrhenius type 
relation for the description of the exchange current density. The research group 
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of K. Sasaki (Hosoi, 2015; Takino, 2017) provides more sophisticated approaches 
for the Arrhenius equation of the exchange current density in dependency of 
different step reaction mechanisms. 

The energy balance of the electrolyte is calculated analogously to the energy 
balance of the GDLs (Menon, 2015). Here, the potential losses are usually 
considered using an effective ionic conductivity, which also follows an Arrhenius 
ansatz (Khazaee, 2017; Ma, 2018). The models based on these assumptions are 
able to reproduce the experimental 𝐸,𝐼-characteristics of SOFCs (Costamagna, 
2015). Another way to describe the transport mechanisms in the electrolyte is 
using the Nernst-Planck equation, which is implemented, e.g., in the models of 
S. Shen et al. (2018) and X. Jin et al. (2016). This approach is advantageous to 
analyze electronic leakage currents across the electrolyte. 

Transient SOFC modelling (Ma, 2018; Bae, 2018), as well as modelling on 
degradation (Parhizkar, 2018; Chatzichristodoulou, 2016) are current research 
topics. S. A. Hajimolana et al. (2011) and C. Bao et al. (2018) present detailed 
reviews on SOFC modelling. SOFC NET models and numerical studies on the 
calculation of the entropy production rate in SOFCs available in the literature are 
summarized in Paper IV. 

In the literature, there are many molecular dynamics studies and ab initio 
calculations concerning phenomena occurring in the anode, the cathode and the 
electrolyte of SOFCs. Exemplarily, H. Lu et al. (2018) investigate the adsorption 
mechanism of methane, methanol and ethanol in a Ni-anode using a reactive 
force field (ReaxFF). They conclude that first the methane molecules are 
chemisorbed in the Nickel surface, followed by the diffusion of the carbon atoms 
into the Ni-matrix. After the driving force for carbon diffusion, the chemical 
potential, is balanced, Ni-C bonds tend to break and form highly stable C-C 
clusters. Due to the formation of this new phase, a new driving force for carbon 
migration arises. S. Sugiura et al. (2016) investigate using ab initio MD methods 
the influence of vacancies on oxygen dissociation at the NiO cathode. They 
conclude that vacancies favor the oxygen dissociation, since Ni atoms near 
vacancies are more prone to donate their electrons than Ni atoms near oxygen 
atoms. The study of M. Razmkhah et al. (2016) presents numerical data for the 
CTE, the heat capacity and the ionic conductivity for different electrolyte 
materials based on zirconium dioxide to conduct a comparison between them. 
Another topic of recent research on SOFCs is the mechanisms and properties at 
the interfaces between the different layers. As an example, the research group of 
M. Koyama develops a ReaxFF to analyze a Ni/ZrO2 interface (Saha, 2015). The 
simulations using the developed ReaxFF suggest that the interface 
Ni(220)/ZrO2(220) has the highest stability in comparison to other crystal plane 
combinations. 

For the numerical investigation of YSZ, several interatomic FFs are available 
in the literature. Parameterizations for the Born-Mayer-Huggins Coulomb 
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(BMHC) FF, also called the Buckingham FF, are given by P. K. Schelling and S. 
R. Phillpot (2001), as well as by H. W. Brinkman et al. (1995). The parameteriza-
tion of such two-body potentials results from a fitting to the cohesive energy, 
elastic constants, and structural and electrical properties (Lewis, 1985). While 
simulations conducted with the FF developed by P. K. Schelling and S. R. 
Phillpot (2001) are available to quantitatively predict the transition from the 
cubic to the tetragonal phase, simulations with the FF parameterization of H. W. 
Brinkman et al. (1995) can effectively predict experimental data for the heat 
capacity of YSZ (Tojo, 1999). Due to their simple form, simulations with such FFs 
are computationally advantageous. However, they do not account for effects like 
covalence or polarization, which may be necessary for a more accurate prediction 
of, e.g., the phase transition. T. Arima et al. (2006) propose a BHMC-FF together 
with a partial ionic model (PIM). They show that simulations with this FF are 
able to predict the lattice constant, but they overestimate the thermal 
conductivity of YSZ. To mention a final example, A. C. van Duin et al. (2008) give 
the parameterization for a ReaxFF. The fitting methodology of a ReaxFF 
parameterization is based only on the ground equation of state for the different 
crystal phases from ab initio calculation and, as stated by the authors, simulations 
with such potentials may provide results with the accuracy of quantum chemical 
calculations. The simulation results for the Brownian diffusion coefficient in the 
study of A. C. van Duin et al. (2008) agree well with experimental data. 

Simulation results on the transport coefficients of YSZ are well summarized 
in Table 6 of Paper I with their corresponding sources. Ab initio studies for the 
Coulomb energy of YSZ are mentioned and discussed in Paper II. To the 
knowledge of the candidate, there are no numerical studies on 10Sc1CeSZ, but 
numerical studies regarding ScSZ are mentioned in Paper III.  
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3. Simulation Methods 

3.1 Molecular Dynamics Simulation 

3.1.1 System, Interatomic Potential and Thermodynamic State for YSZ 

The main goal of the study in Paper I is to analyze the transport mechanisms 
in YSZ using NET and linear response theory. One of the special features of this 
material is the maximum of the ionic conductivity at a certain Y2O3 concentration. 
Therefore, a single temperature is considered with different YSZ compositions. 
These YSZ compositions are marked in the relevant section of the phase diagram 
of YSZ in Figure 3-1. At first glance, one might think that the conversion rule 
between the mole fractions 𝑥𝑌2𝑂3  and 𝑥𝑌𝑂1.5  follows the equality 2𝑥𝑌2𝑂3  𝑥𝑌𝑂1.5, since Y2O3 ⟷ 2 ∙YO1.5. This is not true because for the definition of the mole 
fractions 𝑥𝑌2𝑂3  and 𝑥𝑌𝑂1.5 , we have 𝑁𝑍𝑟 + 𝑁𝑌/2  and 𝑁𝑍𝑟 + 𝑁𝑌  as the total 
number of molecules, respectively. Both mole fractions reach the limit of 1, but 
with a different rate. This explains why the marked points are not equally 
distributed along the abscissa, and the corresponding conversions from 𝑥𝑌2𝑂3 to 𝑥𝑌𝑂1.5 are provided in Table 3-1 for the relevant cases in this work. 

The LAMMPS (Plimpton, 1995) routine for the creation of the start 
configurations is given in the Appendix. Here, it is assumed that all 
configurations are in the cubic fluorite phase, despite the fact that YSZ04 (𝑥𝑌𝑂1.5  0.08) also has a tetragonal phase. The aim of doping ZrO2 with Y2O3 is to stabilize 
the cubic phase and, therefore, it is favorable to analyze the dependency of YSZ’s 
properties on the composition or the temperature in this particular phase. 
Furthermore, YSZ ceramics with metastable fluorite phases for 𝑥𝑌2𝑂3  0.08 can 
be experimentally prepared, as mentioned in chapter 2.5.2. 

 

 
Figure 3-1. Section of the phase diagram of YSZ that is relevant for this study. The 
points mark the analyzed system compositions: The systems studied in Paper I are 
in orange, the systems studied in Paper IV are in dark orange and the systems 
studied in Paper II are in green, orange and dark orange. 
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The BMH-FF is chosen because simulations using this FF are computationally 
efficient due to its simplicity in comparison to complex FFs, like the ReaxFF 
reported by A. C. van Duin. et al (2008). Furthermore, following the discussion 
of V. V. Sizov et al. (2014), simulations with this FF parameterized with the 
parameters of P. K. Schelling and S. R. Phillpot (2001) (SP-FF) are able to 
qualitatively reproduce the behavior of the tracer diffusion in YSZ, showing a 
maximum of ca. 0.03 ∙ 10−  cm2/s  for YSZ05 at 1300 K . While the relative 
deviation of the simulated values for the tracer diffusion coefficient for YSZ10 is ~11 % at temperatures between 1000 K and 1200 K with the SP-FF, the results 
of simulations for the same YSZ composition with the FF of H. W. Brinkman et 
al. (1995) (BK-FF) deviate~70 %. Furthermore, the reported activation energy of 
the tracer diffusion coefficient for YSZ08 calculated with the SP-FF, 0.67 eV , 
deviates only 4.2 %  from the experimental value of 0.7 eV . The simulations 
using the BK-FF result in a lower activation energy of 0.47 eV. Moreover, the 
qualitative behavior of the thermal conductivity is also given by the simulation 
results reported by P. K. Schelling and S. R. Phillpot (2001). For these reasons, the 
YSZ simulations are carried out using this FF parameterization. 

Table 3-1. Conversion from 𝑥𝑌2𝑂3 into 𝑥𝑌𝑂1.5 for the YSZ compositions relevant in 
this study. 

YSZ YSZ04 YSZ08 YSZ12 YSZ16 𝑥𝑌2𝑂3 0.04 0.08 0.12 0.16 𝑥𝑌𝑂1.5 0.08 0.15 0.22 0.28 
 YSZ20 YSZ24 YSZ28 Y2O3 𝑥𝑌2𝑂3 0.20 0.24 0.28 1.0 𝑥𝑌𝑂1.5 0.33 0.39 0.44 1.0 

 
The aim of the study in Paper II is to analyze the electrostatic potential of the 

cubic phase for the systems marked in Figure 3-1. For this aim, the FF must 
effectively reproduce the experimental lattice constant 𝑎 , since it defines the 
positions of the atoms in the crystal framework and, thus, the electrostatic 
potential (see Eq. (2-6)). K. C. Lau and B. I. Dunlap (2011) report an agreement 
with experimental data for the calculated lattice constant of cubic ZrO2 at 0 K 
using the SP-FF, with a relative deviation of 0.19 %. Further, W. Araki and Y. 
Arai (2010) also report agreement for the calculated lattice constant of YSZ08 at 2000 K using this FF with experimental data measured using high-temperature 
X-ray diffraction (see (Terblanche,1989)). 

3.1.2 Interatomic Potential for 10Sc1CeSZ 

The diffusivity study in Paper III concerns the material 10Sc1CeSZ. The 
system is well described in the paper and the LAMMPS (Plimpton, 1995) routine 
for the calculation of the 10Sc1CeSZ configuration is similar to the one for YSZ 
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given in the Appendix. However, the paper lacks justification for the chosen 
potential. This lack will be filled here. In Table 3-2, four parameterizations of the 
BMH-FF using values from the literature are presented. Only these 
parameterizations are included, since other combinations between them do not 
result in the required stabilized cubic 10Sc1CeSZ system. 

Table 3-2. Different FFs’ parameterizations for 10Sc1CeSZ. The values marked with 
(a) are from (Dwivedi, 1990), the values marked with (b) from (Lewis, 1985), the 
values marked with (c) from (Schelling, 2001), the values marked with (d) from 
(Minervi, 1999), the values marked with (e) from (Gotte, 2007) and the values 
marked with (f) from (Lau, 2011). 

 DLC-FF (Paper III) SPM-FF 

 𝑨𝒊𝒋 in 𝐞𝐕 𝝆𝒊𝒋 in Å 𝑪𝒊𝒋 in eVÅ𝟔 𝑨𝒊𝒋 in 𝐞𝐕 𝝆𝒊𝒋 in Å 𝑪𝒊𝒋 in eVÅ𝟔 

Zr4+-O2- 985.869a 0.3760 a 0a 1502.11c 0.3450c 5.1c 

Ce4+-O2- 1013.60b 0.3949b 0b 1809.68d 0.3457d 20.4d 

Sc3+-O2- 1299.40b 0.3312b 0b 1575.85d 0.3211d 0d 

O2--O2- 22764.30a 0.1490 a 27.89a 9547.96c 0.2240c 0c 

 GSM-FF LDM-FF 
 𝑨𝒊𝒋 in 𝐞𝐕 𝝆𝒊𝒋 in Å 𝑪𝒊𝒋 in eVÅ𝟔 𝑨𝒊𝒋 in 𝐞𝐕 𝝆𝒊𝒋 in Å 𝑪𝒊𝒋 in eVÅ𝟔 

Zr4+-O2- 1502.11c 0.3450c 5.1c 1292.85f 0.3584f 19.36f 

Ce4+-O2- 755.1311e 0.4290e 0e 1809.68d 0.3547d 20.40d 

Sc3+-O2- 1575.85d 0.3211d 0d 1575.85d 0.3211d 0d 

O2--O2- 9533.42e 0.2340e 224.88e 13089.90f 0.2197f 49.30f 

 
A. Dwivedi and A. N. Comarck (1990) parameterized the BMH-FF for ZrO2 

using the structural parameters of the tetragonal phase and the dielectric 
constants. The parameterization of A. Dwivedi and A. N. Comarck (1990) can 
predict the lattice constant for cubic ZrO2 with a relative deviation of 0.93 % and 
the dielectric constant with a relative deviation of 10 %. It reproduces the exact 
value for the oxygen parameter, i.e., the bond length between Zr and O. The 
features of the parameterization of P. K. Schelling and S. R. Phillpot (2001) for the 
description of ZrO2 have already been described. The FF of K. C. Lau and B. I. 
Dunlap (2011) is parameterized using also structural properties, dielectric 
constants and phonon frequencies of cubic and tetragonal and ZrO2, and Y2O3.  
Simulations using this FF produce results for the structural properties 
comparable to those from simulations with the SP-FF. 

The parameterization for CeO2 from G. V. Lewis and C. R. A. Catlow (1985) 
results from an extensive study of metal oxides, in which the parameters for this 
compound are derived from the extrapolation of property data of other metal 
oxides. Despite the relative antiquity of this parameterization, it is still used in 
recent MD studies, such as the one by X. Yang et al. (2018). One of the features of 
this study is that the parameterization for the O2--O2- interactions is the same for 
all the FFs provided by the authors and, thus, this parameterization can be used 
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for other potentials. Using this FF parameterization, the elastic constants are 
effectively described for CeO2. The deviations from the experimental value for 
the elastic constants 𝑐1̌1 , 𝑐1̌2  and 𝑐4̌4 are 16 %, 0.95 % and 7 % (see (Lewis, 
1985; Minervi, 1999)). Moreover, the calculated cohesive energy of this 
compound deviate 1.2 % from the experimental value. The FF of L. Minervi et 
al. (1999) effectively describes the cohesive energy for CeO2 with a relative 
deviation of 1.6%, but the elastic constants calculated with this FF have higher 
relative deviations than those obtained with the FF of G. V. Lewis and C. R. A. 
Catlow (1985). Unlike the study of G. V. Lewis and C. R. A. Catlow (1985), where 
the results for the structural properties of CeO2 are in some way predictive, A. 
Gotte et al. (2007) use the cohesive energy, the elastic constants, the bulk modulus 
and the lattice constants of the perfect lattice to fit their parameterization. This 
procedure results in the best approach to describing these properties for CeO2. 
However, the bulk modulus is yet overestimated with 236 GPa in comparison 
to the experimental value of 203.5 GPa. 

In their extensive numerical study of metal oxides, G. V. Lewis and C. R. A. 
Catlow (1985) report a FF parameterization for ScO. The calculated cohesive 
energy for this compound deviates 0.1 % from the experimental value. Minervi 
et al. (1999) also give a parameterization for ScO. However, the authors do not 
report any results using it. 

Preliminary simulations are conducted for 10Sc1CeSZ using the NpT-Nosé-
Hoover thermostat at 1100 K, 1300 K and 1500 K with the FFs summarized in 
Table 3-3. The simulation and data evaluation methodologies are given in 
Paper III. Only one configuration is used, and one simulation is conducted for 
each FF. The results for the lattice constant are given in Table 3-3 alongside the 
extrapolated data from experiments taken from the SI of Paper III. The error bars 
are calculated with the well-known block average method (Allen, 2017). 

Table 3-3. Calculated lattice constant 𝑎  for 10Sc1CeSZ from a single MD 
simulation in the NpT ensemble using different FFs. The parameterizations for the 
FFs are given in Table 3-2. 

 𝑻 in 𝐊 

DLC-FF 𝒂 in Å 

SPM-FF 𝒂 in Å 

GSM-FF 𝒂 in Å 

LDM-FF 𝒂 in Å 

Exp. 𝒂 in Å 1100 5.115580(97) 5.12009(15) 4.818032(27) 5.108415(94) 5.1266 1300 5.124165(95) 5.127431(82) 4.82206(15) 5.115948(89) 5.1384 1500 5.13263(11) 5.13503(10) 4.826278(73) 5.123558(79) 5.1503 
 
As can be seen in Table 3-3, the DLC-FF and the SPM-FF parameterizations 

give the best approach for the description of the absolute values of the lattice 
constant of 10Sc1CeSZ. Here, the maximum relative deviation from the 
experimental values for 1300 K is 0.34 % for the simulation values using the 
DLC-FF and 0.30 % using the SPM-FF. The best prediction using the DLC-FF 
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and with the SPM-FF is given for the values at 1100 K with a relative deviation 
of 0.21 % and 0.13 %, respectively. The CTE 𝛼𝐿  1𝑎 (𝜕𝑎𝜕𝑇)𝑝 (3-1) 

is further calculated from a linear regression resulting in 8.32 ∙ 10−6 K−1 for the 
DLC-FF simulation and 7.28 ∙ 10−6 K−1  for the SPM-FF simulation. In both 
cases, the experimental value of 12.5 ∙ 10−6 K−1  is underestimated, but the 
deviation resulting from the simulation value using the DLC-FF is smaller. For 
that reason, and due to the transferability character of the FF parameters taken 
from G. V. Lewis and C. R. A. Catlow (1985) discussed above, this FF is chosen 
for the calculations in Paper III. 

Finally, the capability of the selected potential to reproduce caloric properties 
is analyzed. Following the methodology described below, an isobaric heat 
capacity of 26.423(98) J/(molK)  is calculated for 10Sc1CeSZ from a linear 
regression of the average energy of the system in dependence on the studied 
temperatures. The values for the heat capacity at 298.15 K are 61.53 J/(molK) 
for CeO2, 93.94 J/(molK) for Sc2O3 and 56.21 J/(molK) for ZrO2, as is estimated 
by J. Leitner et al. (2002) using the Neumann-Kopp rule. Applying this rule, the 
heat capacity of 10Sc1CeSZ is estimated to be 60.036 J/(molK) at 298.15 K. This 
value is three times higher than the value calculated with the MD simulations, 
and it is expected that it will increase with higher temperatures. Since the heat 
capacity is related to the thermal conductivity, as discussed in chapter 2.5.3, there 
is a high probability that the transport coefficients related to this value will not 
be well described using this FF. For that reason, Paper III is limited to the 
calculation of the structural parameters, the anionic conductivity and the 
different anion diffusivities for 10Sc1CeSZ. 

3.1.3 Computational Details 

The computational details for the different MD simulations can be found in 
Paper I, II and III. The LAMMPS (Plimpton, 1995) routines for the NpT and NVT 
simulations, e.g., for the calculation of the phenomenological coefficients for YSZ, 
are provided in the Appendix. Unlike in these examples, the heat flux is not 
computed in the NVT simulations for 10Sc1CeSZ and, thus, no simulation reruns 
are conducted. In the NVT simulations for the electrostatic potential 𝜑𝑖, neither 
simulation reruns nor fluxes are computed. It should be noted that for the NpT 
calculations to determine the lattice constant, an internal LAMMPS procedure is 
applied to couple the three diagonal components of the stress tensor during the 
computation of the pressure. In this way, a cubic simulation box is always 
ensured. The numerical methods used in this thesis are validated in Paper I. 

Figure 3-2 shows the calculated internal energy 𝑈  of a YSZ04 system 
configuration and a YSZ28 system configuration over the last 0.5 ns  of the 
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equilibration time at 1300 K for NpT and NVT simulations. It also shows the 
calculated internal energy 𝑈  of a YSZ16 system configuration at different 
temperatures for NpT and NVT simulations. The progression of the internal 
energy supports the assumption of equilibrium after 1 ns . These curves are 
representative of all independent simulations in Paper I and Paper II. An analysis 
of the 10Sc1CeSZ simulations is given in the SI of Paper III. 

 

 
Figure 3-2. Calculated internal energy 𝑈  of YSZ04, YSZ28 and YSZ16 system 
configurations over the last 0.5 ns of the equilibration time for NpT and NVT 
simulations, as well as for different temperatures for YSZ16. 

In Table 3-4, some sample data is given for the lattice constant as well as for 
the phenomenological coefficients. The errors of the calculated values lie in the 
same order of magnitude, which confirms the repeatability of the simulations. 
The high errors for the values of the conductivities 𝐿𝑂𝑂  and 𝐿𝑂𝑞  can be 
explained by the strong fluctuations of the ACF and the CCF, respectively. 
However, the error for 𝐿𝑂𝑂 is similar to the error reported in the sample data of 
Paper III (see the corresponding SI). This means that the resulting fluctuations of 
the ACF for metal oxides with a fluorite type structure and oxygen vacancy may 
not depend on the system configuration, but further simulations with other metal 
oxides are needed to support this statement. 

Table 3-4. Calculated values for the lattice constant 𝑎 and the phenomenological 
coefficients 𝐿𝑖𝑗 for YSZ04 and YSZ20, and three of the 15 independent simulations. 

YSZ Sim. 
𝒂 Å 

𝑳𝒒𝒒 𝟏𝟎𝟔 𝐖𝐊/𝐦 

𝑳𝑶𝑶 𝟏𝟎−𝟔 𝐦𝐨𝐥𝟐𝐊(𝐉𝐬𝐦)−𝟏 
𝑳𝑶𝒒 𝐦𝐨𝐥𝐊(𝐦𝐬)−𝟏 

YSZ04 1 5.148878(76) 6.81(30) 0.85(47) −0.04(21) 
 2 5.148736(78) 7.33(25) 0.80(63) −0.06(16) 
 3 5.148756(76) 7.16(26) 0.72(52) −0.18(21) 

YSZ20 1 5.18731(15) 4.31(79) 0.20(51) −0.05(38) 
 2 5.18697(18) 4.87(52) 0.23(57) −0.10(37) 
 3 5.18728(17) 4.30(88) 0.15(58) −0.04(26) 
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The calculated values for each independent simulation show high errors. 

However, this does not mean that a mean value cannot be built with reliable 
statistics. To demonstrate this, the two-sided null hypothesis, 𝐻01: 𝑋  𝑋0  vs. 𝐻11: 𝑋 ≠ 𝑋0 at the significance level 𝛼  0.05 and type 2 error 𝛽  0.1 for 𝑋  𝑎, 𝐿𝑖𝑗, is tested by calculating the sample size with the procedure described in the 
SI of Paper III. This results in a sample size larger than 9 independent 
simulations. Therefore, the hypothesis 𝐻01 cannot be rejected, and despite, e.g., 
the differences in the calculated values for 𝐿𝑂𝑞 between the single simulations, 
one may regard the calculated means from 15 independent simulations for 𝑎 
and 𝐿𝑖𝑗  as estimates for the averages of these quantities. 

3.1.4 Calculation of the Electrostatic Potential 

As it is stated in Paper II, the MD open source package LAMMPS (Plimpton, 
1995) calculates the Coulomb energy of the system avoiding the explicit 
calculation of the electrostatic potential for each ion with the Ewald sum because 
this would be computationally expensive. Therefore, the Fortran 95 algorithms 
given by M. P. Allen and D. J. Tildesley (Allen, 2017) are extended for the 
calculation of the electrostatic potential from the simulated system’s trajectory. 
The resulting algorithms can be found in the Appendix. Since algorithms for the 
calculation of the Coulomb energy via the Ewald sum are standard, this 
discussion is limited to specific iterations describing the particularities regarding 
the calculation of 𝜑𝑅,∗ and 𝜑𝐾,∗. 

 

 
Figure 3-3. (left) Nassi-Schneidermann diagram (NSD) for the main do-loops in the 
calculation of the short-range contribution of the electrostatic potential 𝜑𝑖𝑅,∗ using 
the phiR subroutine (see Appendix). (right) Graphical representation of the 
calculation steps corresponding to the NSD. 

The Fortran 95 subroutine phiR is used for the calculation of the short-range 
contribution of the electrostatic potential 𝜑𝑅,∗ (see Eq. (2-24)). In the subroutine, 
the positions of the point charges are normalized with the length of the 

 𝑗 𝑖     

 -    

  -   

   -  

    - 

     - 𝜑1  𝜑2  𝜑3  𝜑4  𝜑 

do 𝑖 from 1 to 𝑁 − 1
do 𝑗 from 𝑖 + 1 to 𝑁𝐫𝑖𝑗  𝐫𝑖 −  𝑗𝐫𝑖𝑗  𝐫𝑖𝑗 − anin (𝐫𝑖𝑗)𝑟𝑖𝑗  |𝐫𝑖𝑗|𝜑𝑖𝑅,∗ + 𝑧𝑗𝑟𝑖𝑗  erfc 𝛽𝐶  𝑟𝑖𝑗𝜑𝑗𝑅,∗ + 𝑧𝑖𝑟𝑖𝑗  erfc 𝛽𝐶  𝑟𝑖𝑗
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simulation box, resulting in a dimensionless position ranging from 0 to 1. Aside 
from the point charge position vector 𝐫 and the valence 𝑧, the Ewald parameter 𝛽𝐶  is also necessary for the calculation. The main calculation of the short-range 
electrostatic potential comprises two do-loops given in the subroutine between 
line 32 and line 55 and in the Nassi-Schneiderman diagram (NSD) in Figure 3-3 
(left). The first do-loop runs from point charge 𝑖  1 up to point charge 𝑁 − 1, 
while the second loop runs from point charge 𝑗  𝑖 + 1 up to point charge 𝑁. In 
the second loop, the distance vector 𝐫𝑖𝑗  between the point charges 𝑖 and 𝑗 is 
calculated. The vector 𝐫𝑖𝑗 is then corrected accounting for the minimum particle 
image convention using the Fortran 95 function 𝑎𝑛𝑖𝑛𝑡(), which rounds a number 
to the next highest integer. Afterwards, the Euclidean length 𝑟𝑖𝑗  of the distance 
vector 𝐫𝑖𝑗 is calculated. Finally, the sum in Eq. (2-24) is done for 𝜑𝑖𝑅,∗ and for 𝜑𝑗𝑅,∗. The graphical representation of the calculation using these two do-loops is 
given in Figure 3-3 (right) for the case of five point charges. In this way, the 
double calculation of the contributions is avoided and the calculation method is 
faster than a brute force alternative. 

 

 
Figure 3-4. Nassi-Schneidermann diagram (NSD) for the calculation of the long-
range contribution of the electrostatic potential 𝜑𝑖𝐾,∗. 
In Figure 3-4, the NSD diagram for the calculation of Eq. (2-29) and Eq. (2-30) 

in the subroutine phiK (from line 81 to line 105) is depicted. Here, the necessary 
input parameters are the position and the valence of the point charges, as well as 
the Ewald parameter 𝛽𝐶  and the maximum number of 𝐤-vectors. The variables 𝑛1, 𝑛2 and 𝑛3 run along the three coordinates of the 𝐤-vectors. Together with 
the variable 𝑘, they have the task of calculating the outer sum in Eq. (2-29). The 
assignment of the 𝐤 -vectors in a previous subroutine kVector explains the 
differentiation in these two variables: the terms depending on the pre-defined 
vectors run over the variable 𝑘 and the terms first appearing in the subroutine 
phiK run over the variable 𝑛𝑖. The inner sum in Eq. (2-29) is calculated within the 

do 𝑛1, 𝑛2, 𝑛3 from −𝑛𝑚𝑎𝑥 to 𝑛𝑚𝑎𝑥
𝑘  𝑘 + 1�̂�𝑘𝐾,∗  0.0

 2  𝑛𝑚𝑎𝑥 2      2 ≠ 0 
YES            NO

do 𝑖 from 1 to 𝑁�̂�𝑘𝐾,∗ + 𝑧𝑖  4𝜋  𝐤𝑘 −2  𝑒− 14𝛽𝐶2 𝐤𝑘 2  𝑒− 𝐤  𝐫𝑖
do 𝑖 from 1 to 𝑁𝜑𝑖𝐾,∗ + con g �̂�𝑘𝐾,∗  �̂�𝑘𝐾,∗

%

  (𝑛1, 𝑛2, 𝑛3)
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second do-loop and the reverse Fourier transformation in Eq. (2-30) is calculated 
within the third do-loop. 

The validation of the developed algorithms is given in Paper II. As discussed 
therein, the Ewald parameter 𝛽𝐶  and the maximum number of 𝐤-vectors are 
estimated for a given relative accuracy via a computational optimization 
procedure implemented in LAMMPS (see (Isele-Holder, 2012)). To be consistent 
with the simulation conducted using this package, the same values are used for 
the calculation of the electrostatic potential from the system trajectory. 

Finally, Table 3-5 contains sample data from single simulations for the 
calculated electrostatic potential of the ions in YSZ04 and YSZ20 at different 
temperatures. These values are representative for all other calculated values. The 
similar order of magnitude of the errors proves the repeatability of the 
simulations. Here, the hypothesis 𝐻02: 𝑋  𝑋0  vs 𝐻12: 𝑋 ≠ 𝑋0  is tested at the 
significance level 𝛼  0.05 and type 2 error 𝛽  0.1 for 𝑋  𝜑𝑖, resulting in a 
sample size larger than six simulations. Therefore, our assumption that the mean 
electrostatic potential 𝜑𝑖 from ten independent simulations can be used as an 
estimate of 𝜑𝑖 cannot be rejected. 

Table 3-5. Calculated electrostatic potential 𝜑𝑖 for O-2, Zr4+ and Y3+ for three of the 
ten independent simulations for YSZ04 and YSZ20 at 1100 K and 1500 K. 

  𝑻  𝟏𝟏𝟎𝟎 𝐊 𝑻  𝟏𝟓𝟎𝟎 𝐊 𝒊 Sim. 𝝋𝒊𝒀𝑺𝒁𝟎𝟒in 𝐞𝐕 𝝋𝒊𝒀𝑺𝒁𝟐𝟎in 𝐞𝐕 𝝋𝒊𝒀𝑺𝒁𝟎𝟒in 𝐞𝐕 𝝋𝒊𝒀𝑺𝒁𝟐𝟎in 𝐞𝐕 

O2- 1 23.2829(27) 23.3175(17) 23.3276(22) 23.3374(24) 
 2 23.2775(24) 23.2866(22) 23.3252(26) 23.3279(30) 
 3 23.2807(21) 23.3030(23) 23.3289(31) 23.3334(21) 

Zr4+ 1 −42.4890(26) −42.4241(18) −42.3721(22) −42.3050(25) 
 2 −42.4930(22) −42.4202(19) −42.3716(28) −42.2907(31) 
 3 −42.4953(20) −42.4183(35) −42.3711(30) −42.2939(25) 

Y3+ 1 −32.0861(43) −32.5254(24) −31.9956(47) −31.4106(57) 
 2 −32.0992(47) −31.5651(22) −32.0078(42) −31.4546(38) 
 3 −32.0648(47) −31.5478(24) −31.9616(43) −31.4311(25) 

 

3.2 SOFC 1D NET Model 

The equations and assumptions describing the SOFC NET model are given 
in detail in Paper IV. In this study, the SOFC is modelled only in the spatial 
dimension 𝑦, which is defined perpendicular to the active area of the SOFC from 
the anode to the cathode. The Matlab® routine along with all necessary functions 
can be found in the Appendix. Figure 3-5 contains its NSD. This routine does not 
include the calculation of the entropy production, which is calculated in a post-
processing procedure using modified functions to recalculate and separately 
record the thermodynamic forces. 
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Figure 3-5. NSD diagram of the Matlab® model presented in Paper IV. The 
quantities labeled with the index 0 are defined at 𝑦  0 and the quantities labeled 
with the index with 𝑐 at 𝑦𝑐  𝛥𝑦𝑎 + 𝛥𝑦𝑒 + 𝛥𝑦𝑐. 
The algorithm centers on the implemented Newton-Raphson iteration. The 

main goal is to find the heat flux 𝐽𝑞0  at 𝑦  0  (see Figure 3-6) so that the 
temperature 𝑇𝑐  𝑇(𝑦𝑐)  at 𝑦𝑐  Δ𝑦𝑎 + Δ𝑦𝑒 + Δ𝑦𝑐  is equal to the target 
temperature 𝑇𝑐,𝑡, i.e., to find the solution for equation 𝑇𝑐,𝑡  𝑇𝑐(𝐽𝑞0). 

Since the Newton-Raphson method solves for the root of a function, it is 
suitable to define the absolute deviation function as 𝑓  𝑇𝑐 − 𝑇𝑐,1  𝑓(𝐽𝑞0) and 
use the iteration method on this function. Solutions for this problem result from 
the well-known iteration given by 𝐽𝑞0𝑛+1  𝐽𝑞0𝑛 − 𝑓(𝐽𝑞0𝑛 )𝑓′(𝐽𝑞0𝑛 ) (3-2) 

until 𝑓 ≈ 0 . While 𝑓(𝐽𝑞,0𝑛 )  can be calculated from the temperature 𝑇0 , the 
potential 𝜙0  and an initial (random) value 𝐽𝑞,0𝑛  at 𝑦  0 , the value 𝑓′(𝐽𝑞,0𝑛 ) 
remains yet unknown. To solve this issue, the definition of the derivative 𝑓′(𝐽𝑞0)  lim𝐽𝑞0,2𝑛 −𝐽𝑞0𝑛 𝑓(𝐽𝑞0,2𝑛 ) − 𝑓(𝐽𝑞0𝑛 )𝐽𝑞0,2𝑛 − 𝐽𝑞0𝑛  (3-3) 

is used with a difference Δ𝐽𝑞,0𝑛  𝐽𝑞,02𝑛 − 𝐽𝑞,0𝑛  small enough to approximate the 
limit. Using this value, the solution of the problem for 𝐽𝑞,02𝑛 , i.e., the value 𝑓(𝐽𝑞0,2𝑛 ), and with it the derivative in Eq. (3-3) can be estimated to calculate the 
value 𝐽𝑞0𝑛+1 from Eq. (3-2) for the next Newton-Raphson iteration. 

The results of the SOFC 1D NET model are given in detail in section 3 of 
Paper IV. The interaction of the papers and the overall picture of these 
contributions is shown and discussed in the next chapter. 

for 𝑛 from 1 to 2000
𝑓1  10−34

YES NOΔ𝐽𝑞0  a s 𝐽𝑞0  10−3𝐽𝑞0,2  𝐽𝑞0 + Δ𝐽𝑞0
Problem solution for 𝑇0,𝜙0 and 𝐽𝑞0,2𝑓2  𝑇𝑐,2 − 𝑇𝑐,𝑡Δ𝑓  𝑓2 − 𝑓1𝐽𝑞0 − 𝑓1  Δ𝑓/Δ𝐽𝑞0

Problem solution for 𝑇0,𝜙0 and 𝐽𝑞0𝑓1  𝑇𝑐,1 − 𝑇𝑐,𝑡

break
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Figure 3-6. Simplified representation of the SOFC model. In this representation, the 
heat flux 𝐽𝑞 as well as the initial and boundary conditions for the temperature 𝑇𝑐  𝑇(𝑦𝑐)  and 𝑇0  𝑇(𝑦  0)  are included. A more detailed representation of the 
SOFC model can be found in Figure 2 of Paper IV. 
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4. Summary and Interaction of Publications 

4.1 Paper I 

Paper I is entitled A phenomenological study of yttria-stabilized zirconia at 1300 K 

with the Green-Kubo formulation and equilibrium molecular dynamics. Its main goal is 
the study of the heat and ionic transport in YSZ at 1300 K and zero pressure 
using NET and linear response theory. For this aim, the ACFs and CCFs of the 
fluxes are analyzed and phenomenological coefficients are calculated as a 
function of the Y2O3 concentration. 

4.1.1 Author Contributions 

The candidate conceived the idea and the theoretical background. He 
developed the LAMMPS (Plimpton,1995) routines and conducted the MD 
simulations and the validation. Two independent evaluations of the 
computational data were carried out: one using Fortran 95 and one using 
Matlab®. The candidate performed the Fortran 95 data evaluation and A. Kelle 
performed the Matlab® data evaluation under his supervision. The candidate 
wrote and revised the paper. He made the figures together with A. Kelle. Prof. S. 
Kabelac supervised the work and all authors approved the last version of the 
paper. 

4.1.2 Summary 

In metal oxides, only heat transport, ionic transport and electronic transport 
are present. Especially for YSZ, only anion diffusion occurs at 1300 K, so that 
only the descriptions of the heat flux and of the anion flux are of relevance when 
additional effects like polarization are neglected. Under these assumptions, only 
three independent phenomenological coefficients 𝐿𝑞𝑞, 𝐿𝑂𝑂 and 𝐿𝑞𝑂 are needed 
to describe the kinetics of the system. While the time integration of the ACF of 
the micro heat flux 𝐉𝑞 and of the micro anion flux 𝐉𝑂 provides the values for the 
conductivities 𝐿𝑞𝑞 and 𝐿𝑂𝑂, respectively, the integration over time of the CCF 
between both micro fluxes provides a value for the conductivity 𝐿𝑞𝑂. The micro 
fluxes are calculated using the system trajectory from EMD simulations in the 
NVT ensemble with the density at zero pressure. 

The integral of the total ACF for the estimation of 𝐿𝑞𝑞 is averaged in a time 
interval to assure reliable statistics. The average values of 𝐿𝑞𝑞 calculated with 
this method show a decreasing progression of this conductivity as the Y2O3 
concentration increases. This behavior results from the longer relaxation time of 
the ACF for higher vacancy concentrations due to the larger range of motion of 
the anions. Furthermore, while the Coulomb contribution of the ACF of the heat 
flux is the highest, the kinetic contribution is negligibly small. The Coulomb and 
virial contributions each surpass the total ACF in size, but they flow in opposite 
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directions and, thus, the partial CCFs of both contributions result in the lower 
values for the total ACF. 

The values for the conductivity 𝐿𝑂𝑂 calculated with the method proposed 
above display a maximum between YSZ04 and YSZ08 if a negligible conductivity 
of ZrO2 is assumed. This maximum results from the ACF progression, which 
adapts to an optimum of the positive area under the curve. A high number of 
vacancies result in a high mobility of the anions, but the collective motion is 
affected due to the decreased number of anions. Therefore, the activation energy 
necessary to avoid a back-jump to their initial position is not provided. The 
combination of both mechanisms results in this characteristic maximum of the 
conductivity 𝐿𝑂𝑂. 

To calculate values for the conductivity 𝐿𝑂𝑞, the time integral of the CCF of 
the micro heat flux and the micro anion flux is averaged with the method 
proposed above. The progression of the CCF mainly shows a Dufour-type 
behavior, but a Soret-type mechanism is also noticeable for lower Y2O3 
concentrations. The calculated values for 𝐿𝑂𝑞 experience a minimum between 
YSZ08 and YSZ12. This minimum results from the combination of the heat 
transported with anions jumping back to their initial position and the heat 
transported with the anions diffusing to adjacent vacancies. The heat flux due to 
the Coulomb contribution is the highest and flows opposite to the micro anion 
flux, whereas the heat flux due to the virial contribution flows in the same 
direction. Due to this interplay between the heat flux and the anion flux, the 
minimum of 𝐿𝑂𝑞 does not arise at the same concentration as the maximum of 𝐿𝑂𝑂. 

Empirical coefficients are estimated using the calculated phenomenological 
coefficients. The EMD results from this study overestimate the experimental 
thermal conductivity 𝜆, but the discrepancies to NEMD results from literature 
studies with the same FF are lower than 0.35 mW/(mK) . These latter 
discrepancies can be accounted for by the partial enthalpies of the anions, as 
these are not considered in the calculation of 𝜆. Due to the application of a simple 
conversion rule, the diffusion coefficient from the EMD calculations cannot be 
compared with experimental data or with the MSD diffusion coefficient reported 
in the literature. Finally, the calculated values for the Seebeck-coefficient agree 
well with the experimental values reported in the literature for a mole fraction 𝑥𝑌2𝑂3 of up to 0.08. 

To the knowledge of the candidate, this is the first work reporting such an 
extensive phenomenological study for different YSZ compositions and 
explaining the transport mechanisms for this compound using linear response 
theory. 
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4.1.3 Additional Discussion 

In Paper I, the errors of the calculated lattice constant and phenomenological 
coefficients in YSZ are estimated with the corrected sample standard deviation. 
A better way to estimate the error is described in Paper III, where the errors are 
estimated assuming a one-sided Student’s distribution given by a 95 % 
confidence interval. The results provided with the error from the new estimation 
are summarized in Table A1 of the Appendix. The errors calculated in this 
manner are lower than the errors calculated with the corrected sample standard 
deviation. With this new error estimation, it can be said with a 95 % confidence, 
e.g., that the coefficient 𝐿𝑂𝑞 is negative for the studied YSZ compositions. Such 
a statement is not possible using the results reported in Paper I, because, e.g., for 
the YSZ16 and YSZ24, the estimated errors are higher than the mean values of 𝐿𝑂𝑞 . Further, the Nernst-Planck diffusion coefficient can be calculated as 
described in the SI of Paper III. These further results for the Nernst-Planck 
diffusion coefficient are given in Table 4-1 for different YSZ compositions at 1300 K. 

Table 4-1. Calculated Nernst-Planck diffusion coefficients for different YSZ 
compositions at 1300 K. 

YSZ YSZ04 YSZ08 YSZ12 YSZ16 YSZ20 YSZ24 𝑫𝑶 in 𝟏𝟎−𝟏𝟏 𝐦𝟐/𝐬 6.47(38) 5.56(39) 3.75(29) 2.66(19) 1.85(31) 1.38(21) 

4.2 Paper II 

Paper II has the title Approach to the Coulomb Contribution of Thermodynamic 

Properties from the Mean Electrostatic Potential of the Ions in (ZrO2)1-x(Y2O3)x. Its aim 
is to provide a thermodynamic framework to the electrostatic potential by 
defining it using state variables of the electroneutral compounds in the mixture 
and relating it to the Coulomb contribution of other thermodynamic quantities. 

4.2.1 Author Contributions 

The candidate conceived the idea and the theoretical background. He 
developed the MD LAMMPS (Plimpton,1995) routines and conducted the MD 
simulations. The Fortran 95 algorithms for the electrostatic potential and the 
numerical validation were done with the kind help of M. Siemen under the 
supervision of the candidate. Again, two independent equivalent evaluations of 
the computational data were carried out: one using Fortran 95 and one using 
Matlab®. The candidate performed the Fortran 95 data evaluation and M. Siemen 
performed the Matlab® data evaluation. The candidate wrote the paper. He made 
all figures, except for figure 4, which was done together with M. Siemen. The 
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candidate revised the paper. Prof. S. Kabelac supervised the work and all authors 
approved its last version. 

4.2.2 Summary 

The electric contribution 𝑧𝑖𝑒𝛷 appearing in the electrochemical potential is 
often assumed to be the electrostatic potential. However, electrostatics may not 
be compatible with classical thermodynamics. Therefore, a new quantity 𝜓𝑗 is 
introduced and used instead of 𝛷 to cover this lack. 

The classical Coulomb energy 𝑈𝐶 calculated from the electrostatic potential 𝜑𝑖 of the ions in a mixture can be seen as an extensive thermodynamic property, 
since it is a first order homogeneous function of other extensive properties and it 
is additive. However, systems consisting solely of ions of a single species are not 
thermodynamically stable. Therefore, the Coulomb energy in mixtures cannot be 
defined as a generalization of pure (instable) ionic systems without any 
thermodynamic inconsistency. The proposed quantity 𝜓𝑗  is defined for 
electroneutral compounds in the mixture. Pure systems consisting of each of 
these electroneutral molecules may be stable. This so-defined quantity 𝜓𝑗 should 
be equal to the partial molecular Coulomb Gibbs energy of the system, as can be 
derived from the fundamental equation of state. It is not necessarily equal to the 
electrostatic potential 𝜑𝑗  of the molecules, since this latter quantity is given by the 
partial molecular Coulomb internal energy. From a MC simulation in the µVT-
ensemble, the quantities 𝜓𝑗 can be calculated and, applying a Maxwell relation, 
can be related to other thermodynamic Coulomb properties like the Coulomb 
entropy. In YSZ, the quantities 𝜓𝑌2𝑂3  and 𝜓𝑍𝑟𝑂2  can be defined. Since these 
quantities cannot be easily calculated from EMD, the electrostatic potentials 𝜑𝑌2𝑂3  and 𝜑𝑍𝑟𝑂2 , i.e., the partial molecular Coulomb energies, are calculated 
instead. 

For this aim, the electrostatic potentials of the single ions 𝜑𝑂, 𝜑𝑍𝑟 and 𝜑𝑌 
are calculated for different YSZ compositions at 1100 K, 1300 K and 1500 K. 
The calculated electrostatic potential of the anions has a maximum for YSZ12; the 
electrostatic potential of the cations increases with the Y2O3 concentration. This 
behavior results from the combined effect of the number of anions, their local 
density, the lattice constant, the number of Y3+-cations and the temperature. The 
calculated Coulomb energy from an ab initio study from the literature agrees well 
with this study’s extrapolated value for YSZ14, which corroborates that 
neglecting the polarization and multipole interactions in the calculation is valid. 

The Coulomb internal energy per molecule shows a quantifiable excess part. 
This real behavior results from the high mobility of the ions in the system due to 
an increasing vacancy concentration. Therefore, it is possible to calculate the 
electrostatic potentials 𝜑𝑍𝑟𝑂2 and 𝜑𝑌2𝑂3 from a tangent construction using the 
values of the Coulomb internal energy per molecule. Furthermore, mixing rules 
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for the calculation of these quantities from the potential of the single ions 𝜑𝑂, 𝜑𝑍𝑟  and 𝜑𝑌  are provided, which show equivalent results to the values 
calculated from the tangent construction. From a similar study, but for the 
quantities 𝜓𝑍𝑟𝑂2  and 𝜓𝑌2𝑂3  estimated using MC calculations in the µVT-
ensemble, it may be possible to calculate other thermodynamic properties in YSZ, 
such as the Coulomb entropy 𝑆𝐶 , directly from the electrostatic potential of the 
ions. 

Using the electrostatic potential of the molecules, the anionic conduction in 
YSZ can be expressed with the molecular conductivities 𝜅𝑍𝑟𝑂2 and 𝜅𝑌2𝑂3, which 
describe the anion distribution to form electroneutral molecules in the system. 
Since the quantities 𝜓𝑗 are thermodynamically consistent, a direct approach to 
the thermodynamic factor and, thus, to the Fick conductivities is possible in this 
novel framework. 

4.2.3 Additional Discussion 

Analogous to the further discussion of the results of Paper I (see above), a 
new estimation for the error of the electrostatic potential of the ions 𝜑𝑖  is 
conducted using the methodology given in Paper III. The results provided with 
the errors from this new estimation are given in Table A2 in the Appendix. 

In Paper II it is stated: “The values of 𝜑𝑂 for Y2O3 can even be considered as 
temperature-independent within the uncertainty range”. To statistically prove 
that this assumption may not be rejected, the hypothesis 𝐻03: �̅�𝑂|1100 K1 00 K  𝜑𝑂(𝑇) 
is tested against the hypothesis 𝐻13: �̅�𝑂|1100 K1 00 K ≠ 𝜑𝑂(𝑇). The detailed test can be 
found in the Appendix, where it is concluded that the hypothesis 𝐻03 cannot be 
rejected.  

Furthermore, Paper II lacks some physical background regarding the new 
mixing rules developed by the candidate in Eq. (24) and Eq. (25) of this paper. 
This chapter is dedicated to filling this gap. The starting point is the comparison 
of the Coulomb internal energy given in Paper II by Eq. (18) written as 2𝑒−1 ∙  𝑈𝐶  𝑁𝑍𝑟𝑧𝑍𝑟𝜑𝑍𝑟 +𝑁𝑌𝑧𝑌𝜑𝑌 + 𝑁𝑂𝑧𝑂𝜑𝑂 (4-1) 

and by Eq. (19) written as 2𝑒−1 ∙ 𝑈𝐶  𝑁𝑍𝑟(𝑧𝜑)𝑍𝑟𝑂2 + 12𝑁𝑌(𝑧𝜑)𝑌2𝑂3 (4-2) 

with the equalities 𝑁𝑌2𝑂3  𝑁𝑌/2  and 𝑁𝑍𝑟𝑂2  𝑁𝑍𝑟 . The contributions of the 
electrostatic potential of the molecules (𝑧𝜑)𝑍𝑟𝑂2 and (𝑧𝜑)𝑌2𝑂3 to the Coulomb 
internal energy may be given by the superposition of the electrostatic potentials 
of their constituents 𝑁𝑍𝑟(𝑧𝜑)𝑍𝑟𝑂2  𝑁𝑍𝑟𝑧𝑍𝑟𝜑𝑍𝑟 + 𝛾𝑁𝑂𝑧𝑂𝜑𝑂 , (4-3) 
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12𝑁𝑌(𝑧𝜑)𝑌2𝑂3  𝑁𝑌𝑧𝑌𝜑𝑌 + (1 − 𝛾)𝑁𝑂𝑧𝑂𝜑𝑂 , (4-4) 

where 𝛾 ∈ [0,1] describes the contribution of the electrostatic potential 𝜑𝑂  to 
the electrostatic potential (𝑧𝜑)𝑍𝑟𝑂2. Clearly, the contribution of 𝜑𝑂 to (𝑧𝜑)𝑌2𝑂3 
should be equal to 1 − 𝛾 . This definition also considers that the addition of 
Eq. (4-3) and Eq. (4-4) results in Eq. (4-1) and Eq. (4-2). 

The proportion 𝛾 should be given by the probability of finding an anion in an 

oxygen site in YSZ together with a ZrO2 molecule in YSZ, i.e., by the joint 
probability 𝛾  Π(O ∩ ZrO2) . This probability is given as the product of the 
conditional probability Π(O|ZrO2) of finding an oxygen anion in an oxygen site in 

YSZ under the condition of previously finding a ZrO2 molecule in YSZ and the 
probability Π(O) of finding an oxygen anion in an oxygen site in YSZ: Π(O ∩ ZrO2)  Π(O|ZrO2) ∙ Π(O). (4-5) 

The probability Π(O) is given by Π(O)  𝑁𝑂𝑁𝑂 + 𝑁𝑉 , (4-6) 

where the maximum number of possible oxygen sites in the YSZ crystal 
framework is given by the number of oxygen atoms 𝑁𝑂  and the number of 
vacancies 𝑁𝑉. This sum is constant and equal to the number of anions in pure 
ZrO2, i.e., 𝑁𝑂 + 𝑁𝑉  𝑁𝑂(ZrO2). Moreover, the probability Π(ZrO2) of finding a 

ZrO2 molecule in YSZ is given by Π(ZrO2)  𝑁𝑍𝑟𝑁𝑍𝑟 + 𝑁𝑌/2  𝑁𝑍𝑟𝑁𝑌𝑆𝑍 , (4-7) 

where the definition for 𝑁𝑌𝑆𝑍  given in Paper II is used. Applying the Gibb’s 
phase rule to the YSZ system results in four degrees of freedom. The values in 
Eq. (4-3) and Eq. (4-4) are defined for a constant pressure and a constant 
temperature, so that only two degrees of freedom remain. This means that the 
number of Zr4+ cations 𝑁𝑍𝑟 and the number of O2- anions 𝑁𝑂 are theoretically 
independent of each other. The probability Π(ZrO2) is defined with 𝑁𝑍𝑟 in Eq. 
(4-7). Therefore, the conditional probability Π(O|ZrO2) should be equal to the 
probability Π(ZrO2) (see, e.g., (Hartung,2005)). It follows for the proportion 𝛾: γ  Π(O ∩ ZrO2)  Π(ZrO2)Π(O)  𝑁𝑍𝑟𝑁𝑌𝑆𝑍 ∙ 𝑁𝑂𝑁𝑂(ZrO2). (4-8) 

If this proportion is combined with Eq. (4-3) and Eq. (4-4), it results in Eq. (24) 
and Eq. (25) of Paper II, respectively. The term 1 − 𝛾  1 − Π(O ∩ ZrO2) may be 
expressed with the probability Π(O ∩ Y2O3) of finding an oxygen anion in YSZ 

together with an Y2O3 molecule: 
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Π(O ∩ Y2O3)  12 𝑁𝑌𝑁𝑌𝑆𝑍 ∙ 𝑁𝑂𝑁𝑂(ZrO2). (4-9) 

To show that such an expression is possible, the element balance 𝑁𝑌𝑆𝑍  𝑁𝑍𝑟 + 𝑁𝑌/2 is implemented in Eq. (4-8) to calculate 1 − 𝛾: 1 − γ  1 − (1 − 12 𝑁𝑌𝑁𝑌𝑆𝑍) ∙ Π(O)  1 − Π(O) + Π(Y2O3)Π(O), (4-10) 

where Π(Y2O3)  𝑁𝑌/(2𝑁𝑌𝑆𝑍),  analogous to the definition of Π(ZrO2). 
Following the discussion above, the number of Y3+-cations and O2--anions are 
independent of each other and, thus, the joint probability Π(O ∩ Y2O3) should 
be equal to Π(Y2O3)Π( ). Moreover, the probability of finding an oxygen vacancy 

in an oxygen site in YSZ is given by Π(VO) and should be equal to 1 − Π(O). It 
follows: 1 − 𝛾  Π(VO) + Π(O ∩ Y2O3). (4-11) 

What does the sum of these probabilities mean? To give Eq. (4-11) a more 
physical background, we can define the probability Π(VO ∪ (O ∩ Y2O3)  of 
finding a vacancy in YSZ or of finding an oxygen anion together with a Y2O3 molecule 

in YSZ as follows: Π(VO ∪ (O ∩ Y2O3)  Π(VO) + Π(O ∩ Y2O3) − Π(VO ∩ (O ∩ Y2O3). (4-12) 

This probability is equal to the sum in Eq. (4-11), because the joint probability Π(VO ∩ (O ∩ Y2O3) is zero due to the mutual exclusion of Π(O) and Π(VO) . 
Therefore, it follows: 1 − 𝛾  Π(VO ∪ (O ∩ Y2O3)  𝑁𝑉𝑁𝑂(ZrO2) + 12 𝑁𝑌𝑁𝑌𝑆𝑍 𝑁𝑂𝑁𝑂(ZrO2). (4-13) 

The probability Π(VO ∪ (O ∩ Y2O3) is 1 for pure Y2O3, meaning that in this 
system only vacancies or oxygen atoms belonging to Y2O3 molecules can be 
found. For lower Y2O3 concentrations, the oxygen anions corresponding to ZrO2 
reduce this probability. For completeness, the mixing rules given in Eq. (24) and 
in Eq. (25) of Paper II are written here again using the defined probabilities: (𝑧𝜑)𝑍𝑟𝑂2  𝑧𝑍𝑟𝜑𝑍𝑟 + Π(O ∩ ZrO2) 𝑁𝑂𝑁𝑍𝑟 𝑧𝑂𝜑𝑂 , (4-14) 

(𝑧𝜑)𝑌2𝑂3  2 [𝑧𝑍𝑟𝜑𝑍𝑟 + Π(VO ∪ (O ∩ Y2O3)𝑁𝑂𝑁𝑌 𝑧𝑂𝜑𝑂], (4-15) 

with 1  Π(O ∩ ZrO2) + Π(VO ∪ (O ∩ Y2O3) . This latter condition has the 
character of a Gibbs-Duhem equation because it couples the probabilities Π(ZrO2) and Π(Y2O3), thereby reducing the degrees of freedom of the system. 
While the contribution of 𝜑𝑂  to (𝑧𝜑)𝑍𝑟𝑂2  is solely given by the probability Π(O ∩ ZrO2) , the contribution 𝜑𝑂  in (𝑧𝜑)𝑌2𝑂3  is not only given by Π(O ∩
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Y2O3), but also by the probability Π(VO) of finding a vacancy in an oxygen site in 

YSZ. 

4.3 Paper III 

Paper III has the title A Diffusivity Study of (Sc2O3)0.1(CeO2)0.01(ZrO2)0.89 between 

1100 and 1500 K at Zero Pressure with Molecular Dynamics. Its goal is to provide, to 
the best of the candidate’s knowledge, for the first time numerical data for 
structural properties and different ionic conduction transport coefficients for the 
relevant SOFC electrolyte compound 10Sc1CeSZ. 

4.3.1 Author Contributions 

The candidate conceived the idea and the theoretical background. He 
developed the MD LAMMPS (Plimpton,1995) routines and conducted the MD 
simulations. Two independent evaluations of the computational data were 
carried out too: one using Fortran 95 and one using Matlab®. The candidate 
performed the Fortran 95 data evaluation and L. Reus performed the Matlab® 
data evaluation under his supervision. The candidate wrote the paper, revised it 
and made the figures. Prof. S. Kabelac supervised the work and all authors 
approved the last version of the paper. 

4.3.2 Summary 

Experimental data regarding the structural, electrical and mechanical 
properties of the material 10Sc1CeSZ and its aging behavior can be found in the 
literature. However, to the knowledge of the candidate, no computational studies 
of this compound are available. 

In this study, the lattice constant is calculated for this material at different 
temperatures using EMD. The results agree well with data obtained from 
experiments, despite the relative deviation of the CTE at 1100 K. The radial 
distribution functions (RDFs) for the ion pairs Ce-O, Sc-O, Zr-O and O-O are 
calculated. From the results, the doping of cerium is seen to create a shifting of 
the oxygen anions from their tetrahedral site. Moreover, the coordination 
number for Ce-O is the largest in comparison to the coordination numbers of 
Zr-O and Sc-O, due to the larger ionic radius of Ce. Despite the different 
progressions of the RDFs for Sc-O and Zr-O, the coordination numbers are 
similar. Moreover, all coordination numbers decrease for higher temperatures. 

The Brownian diffusion coefficient 𝐷𝑂𝑀𝑆𝐷 is calculated from the MSD of the 
anions. These calculated values are transformed to determine the Brownian 
diffusion coefficient of the vacancies 𝐷𝑉𝑀𝑆𝐷. The tracer diffusion coefficient 𝐷𝑂∗  is 
also calculated from these values and the geometrical correlation factor. The 
resulting activation energy is equal for all MSD diffusivities. To the best of the 
candidate’s knowledge, no experimental data for these diffusivities is available 
in the literature. 
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The average of the integral of the ACF of the micro anion flux using the 
method reported in Paper I provides values for the ionic conductivity, as well as 
values for the Nernst-Planck diffusivities for different temperatures. The 
simulated activation energies for both quantities are almost equal and agree well 
with the experimental value for the activation energy of the bulk ionic 
conductivity from the literature. The calculated values of the ionic conductivity 
are higher than the experimental data reported in the literature. However, the 
relative deviation between the different experimental values is similar to the 
relative deviation between them and the calculated values, so that the approach 
may be considered as effective as the experimental measurement. Since the MSD 
of the anions is proportional to their VACF and the VACF is part of the micro 
anion flux (see section 2.2.1), there is a high probability that the MSD diffusivities 
calculated in this study predict the ionic transport as effectively as the ionic 
conductivities do. 

4.4 Paper IV 

Paper IV has the title Impact of Multi-Causal Transport Mechanisms in an 

Electrolyte Supported Planar SOFC with (ZrO2)x-1(Y2O3)x Electrolyte. Its aim is to 
show the relevance of considered multi-causal transport mechanisms in the 
electrolyte for the prediction of the temperature and the electric potential profile, 
as well as the heat flux and the entropy production across an SOFC. 

4.4.1 Author Contributions 

The author contributions are well described in the paper itself. Here, to be 
more precise, a clarification has to be made. The candidate did the calculation of 
the activation energy and the pre-exponential factor from the Arrhenius plot of 
the experimental data for the exchange current density and for the specific 
electrolyte resistance. Aside from this, the experimental work was done by T. 
Marquardt and P. Radici. Therefore, this experimental work may not be 
considered to be part of this thesis and, thus, more details or discussion about 
the experiments or their background beyond what is described in Paper IV will 
not be provided here. 

4.4.2 Summary 

The transport mechanisms across an electrolyte supported planar SOFC are 
simulated with a 1D NET model. This model is divided into five domains: three 
bulk layers (an inert anode GDL, an inert cathode GDL and the electrolyte) and 
two interfaces (the anode and cathode CLs). The spatial coordinate for the 1D 
calculation is defined perpendicular to the cell active area from the anode GDL 
to the cathode GDL. The transport mechanisms in the GDLs are calculated 
accounting for thermal conduction, a Peltier mechanism and gas diffusion. The 
CLs are threatened as a separate layer from the GDL for each electrode. They are 
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calculated isothermally with the Nernst equation and the Butler-Volmer 
approach. The Arrhenius equation for the exchange current density is 
parameterized with this study’s experimental data. The transport in the 
electrolyte is calculated using the phenomenological coefficients from Paper I, 
and the SOFC is modelled on the basis of the phenomenological equations as 
given by NET, which is one of the novelties of this study. 

The model is successfully validated with experimental data for the 𝐸 ,𝑗 -
characteristic, meaning that the parameterization of the Butler-Volmer kinetics 
used for the description of the CLs is well implemented in the model. Despite the 
relative deviation of ~10 %  between the resistance calculated from the 
conductivity 𝐿𝑂𝑂  and the value calculated using the experimental Arrhenius 
equation, the model predicts the voltage with a relative deviation of ~1 % from 
the value determined from the curve based on experimental data at 8000 A/m3. 

The calculated temperature decreases across the GDLs and increases across 
the electrolyte, experiencing a minimum at the anode and a maximum at the 
cathode. If the coupled mechanism between anion diffusion and thermal 
conduction is neglected, the absolute values of the temperature and of the 
temperature gradients decrease. Furthermore, the temperature gradient is 
positive across the anode GDL, and the temperature progression shows a 
maximum across the electrolyte, e.g., for YSZ20. The pronounced temperature 
gradients for the case where all mechanisms are considered can be explained 
with a Seebeck contribution, which counters the Ohmic contribution to assure a 
constant ionic flux. 

The electric potentials at the electrodes are given by the equilibrium potential 
jumps and the activation losses. While the potential gradient across the GDLs is 
mainly given by the coupled mechanisms, this is not the case for the electrolyte. 
Since the potential differences across the GDLs are negligibly small, the potential 
profile is, on the whole, not substantially influenced by the coupled mechanisms. 

In agreement with the behavior reported in the literature, the heat flux has a 
negative jump at the anode CL due to the endothermic reaction and a positive 
jump at the cathode CL due to the exothermic reaction. For electrolytes with a 
Y2O3 mole fraction higher than 8 mol%, the heat flows across the electrolyte from 
a lower to a higher temperature in a non-Fourier conduction behavior. This 
behavior results from the Seebeck-contribution and is not seen if the coupled 
mechanisms within the NET approach are neglected. In this latter case, the 
direction of the net heat flux may not be correctly predicted. 

The heat flux contribution of the entropy production �̇�𝑄  across the bulk 
phases is higher for higher Y2O3 concentrations and higher current densities, 
being the highest for the GDLs. It is negative across the electrolyte for YSZ08 due 
to the Peltier effect. While simulations neglecting the coupled mechanisms 
predict a reduction of �̇�𝑄 across the electrolyte to 30 % of the initial value at the 
anode CL, an increase to 150 % of this initial value is predicted if the coupled 
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mechanisms are taken into account. The potential contribution of the entropy 
production �̇�𝜙 in the bulk phases becomes higher for higher current densities 
and higher vacancy concentrations in the electrolyte. While neglecting the 
coupled mechanisms results in smaller values for �̇�𝜙 across the GDLs, this is not 
relevant for the values of �̇�𝜙  across the electrolyte. Finally, the diffusion 
contribution �̇�𝐶 only depends on the current density and not on the electrolyte 
composition. For this quantity, there are no appreciable differences between the 
values from the calculations considering or neglecting the coupled mechanisms. 

Finally, the calculated jumps in the entropy production rate only depend on 
the current density. Accounting for all losses, it is determined that 3 % of the 
losses in an electrolyte supported SOFC may originate in the GDLs, 73 % in the 
electrolyte and 24 % in the CLs. 

This study is, to the knowledge of the candidate, the first providing a 
discussion about the relevance and consequences of simulating SOFCs bulk 
phases, especially the electrolyte, using the NET approach. 

4.5 Interaction of the Publications 

Finally, the interactions of the papers and their contributions to this thesis are 
to be discussed at this point. In Figure 4-1, a representation of these interactions 
is depicted. This study has different levels and modelling scales. While the 
modelling and simulation of the MD studies in Paper I, Paper II and Paper III 
occur at the nanoscale with systems of ~1500  atoms, the SOFC layers are 
modelled at the microscale in Paper IV. Moreover, YSZ as a material or an 
electrolyte is analyzed in Paper I, Paper II and Paper IV; 10Sc1CeSZ is only 
analyzed in Paper III. The MD methodology of Paper I is used for the MD 
calculation in Paper II and Paper III. Furthermore, for the calculation of the 
molecular conductivities 𝜅𝑍𝑟𝑂2  and 𝜅𝑌2𝑂3  in Paper II, the phenomenological 
coefficients from Paper I are used. 

Moreover and as stated in Paper I, it is difficult to compare the diffusion 
coefficients for YSZ calculated from the conductivities 𝐿𝑂𝑂  with other values 
from the literature, due to the conversion rule applied. However, from this 
phenomenological coefficient, the ionic conductivity can be directly calculated. 
The results are given in Paper II and a successful validation of the calculated 
conductivity is done in Paper IV with experimental data for YSZ08. 

The connection between Paper I and Paper IV is clear, since the transport 
mechanisms in the YSZ electrolyte are calculated in the SOFC-model of Paper IV 
using the phenomenological coefficients from the MD study in Paper I. 
Moreover, the information given in Paper II and Paper III is used to build the 
theoretical background of this model. Here, the phenomenological equations in 
Eq. (40) and Eq. (41) needed to describe the kinetics in the YSZ electrolyte are 
derived from a more general framework in Eq. (34) to Eq. (36) of Paper IV, 
respectively. The core of the derivation is based on the assumptions of neglecting 
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cation diffusion and polarization effects. While the assumption of neglecting 
cation diffusion can be supported by results reported in the literature, as is 
mentioned in Paper I, this is not the case for neglecting polarization effects. 
However, the comparison given in Paper II of the results with density functional 
theory (DFT) calculations supports this latter assumption. Furthermore, Eq. (14) 
of the Arrhenius type in Paper IV is not typical at the first glance. The derivation 
given in Paper III for the ionic conductivity for 10Sc1CeSZ under the point of 
view of NET provides the theoretical background for this equation. Finally, part 
of the additional discussion of the results given above concerns the statistical 
methods appearing in Paper III, but applied in the results of Paper I and Paper II. 

 

 
Figure 4-1. Representation of the interaction of the papers and the thesis. The given 
scale considers only the modelling and simulation of each paper. The direction of 
the arrows represents the direction of the information flux. E.g., Paper I provides 
the results for the lattice constant 𝑎 and the phenomenological coefficients 𝐿𝑖𝑗 in 
cubic YSZ, but a new uncertainty analysis of the results is first provided in this 
thesis using the statistical methods given in Paper III, and so on.    

The results in Paper I, II, III and IV as well as the detailed discussion in each 
paper and the additional discussions above are the main content of this doctoral 
thesis. 
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5. Conclusions and Perspectives 

The aim of this doctoral thesis is to present a detailed analysis of the transport 
mechanisms in two electrolyte materials, YSZ and 10Sc1CeSZ, using the general 
NET approach in order to show the relevance of this ansatz for the modelling of 
SOFCs. 

In the first part of this thesis, MD data for the phenomenological coefficients 𝐿𝑖𝑗  is provided for different YSZ compositions at 1300 K . The experimental 
maximum of the ionic conductivity given by the coefficient 𝐿𝑂𝑂 is qualitatively 
predicted, as is a minimum in the coefficient 𝐿𝑂𝑞, which describes the coupled 
mechanism between the anion flux and the heat flux. The maximum of 𝐿𝑂𝑂 is 
explained by the combined effect of the high mobility of the anions and the 
reduced collective motion, both due to a higher vacancy concentration. The 
minimum of 𝐿𝑂𝑞 results from the heat transported along with anions jumping 
back to their initial lattice site and with anions hopping to adjacent oxygen sites. 
Both mechanisms are explained in this work using linear response theory. 

The thermodynamic framework provided in the second study gives 
thermodynamic consistency to the electric contribution of the electrochemical 
potential in ionic systems, which is not given if this quantity is assumed to be an 
electrostatic potential. This framework is based on the definition of electroneutral 
compounds in ionic systems, and the resulting quantities can be calculated from 
MC calculations in the µVT-ensemble. A mixing rule, which relates the 
electrostatic potential of the ions to these new quantities, is developed and tested. 

The third study in this thesis also provides calculated values for the ionic 
conductivity in 10Sc1CeSZ that agree well with experimental data. For the first 
time, MD data for the Nernst-Planck diffusion coefficient, the tracer diffusion 
coefficient and the Brownian diffusion coefficient of the anions in this material 
are reported. A validation of this numerical data is not possible because no 
experimental data is available. The reliability of the results may be similar to the 
one reported for the calculated ionic conductivity. 

As can be interpreted from the simulation results using the SOFC 1D NET 
model presented in the last study of this thesis, the temperature, the heat flux 
and the entropy production may not be well predicted if the coupled 
mechanisms are neglected. Interestingly, the potential profile, i.e., the 𝐸 - 𝑗 -
characteristic, is not substantially affected by these coupled transport 
mechanisms. One can therefore argue that accounting for coupled transport 
mechanisms is not necessary at all. However, since the thermal processes are 
strongly influenced by such transport mechanisms, a validation of a SOFC 
numerical model using solely the 𝐸-𝑗-characteristic, as is usually done in the 
literature, may be risky and insufficient. To assume that simulation results using 
such standard SOFC models are reliable enough may lead to wrong decisions 
when planning heating or cooling strategies of SOFCs. 
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Despite the questions answered in this thesis, some issues are still open 
regarding each of the studies presented in this work. The study in Paper I could 
be repeated in simulations with a more accurate FF like the ReaxFF developed 
by A. C. van Duin et al (2008). Further DFT studies to analyze the electronic 
transport using the Kubo-Greenwood approach and the coupled mechanism 
between the electronic and the ionic transport in YSZ could be also conducted. 
Furthermore, a method for the calculation of the electronic transport in this 
compound using classical MD and polarizable FFs may be also possible. The 
methodologies proposed can also be used in the bulk phases of other 
electrochemical systems, e.g., for the calculation of the transport mechanisms in 
other solid electrolytes, such as proton conducting perovskites. Such an extensive 
phenomenological study can be applied to the analysis of the transport 
mechanisms in electrochemical interfaces, which are part of current research due 
to the difficulty of examining them experimentally in high detail. Here, not only 
the coupled mechanisms between heat and ionic transport but also the coupled 
mechanisms between different electrochemical reactions and reaction steps can 
be clarified using linear response theory. Dynamical NEMD simulations are also 
an option to analyze the time at which each transport mechanism begins to relax 
into the non-equilibrium steady state. 

The developed thermodynamic framework given in Paper II can be tested on 
other binary or ternary metal oxides. Furthermore, MC calculations in the µVT-
ensemble can be done to calculate the electronic contributions of the 
electrochemical potential and, e.g., the partial molecular Coulomb entropies. 
Under the assumption that the mixing rules provided have a general character, 
it is possible to determine different quantities beyond Coulomb contributions. 
For example, the partial molecular entropies can be calculated for a binary metal 
oxide by performing a thermodynamic integration. From the coefficient 𝐿𝑞𝑂, the 
transported entropy of the anions could be calculated. With this knowledge and 
by applying the mixing rules, the entropy of the cations can be determined. Other 
possibilities are also open. This framework can also be tested for the description 
of other electrochemical systems like ionic liquids. 

Since Paper III contains, to the best of the candidate’s knowledge, the first 
numerical study of 10Sc1CeSZ, more numerical studies for this material can be 
done to answer the questions that are still open. In this case, a more accurate 
potential for the description of the properties in this compound, like a ReaxFF or 
a polarizable potential, is still desirable. Furthermore, if such a potential were 
available, a more extensive phenomenological study could be done. Here, the 
calculation of the Fick-diffusion coefficient of the anions can be calculated in 
addition to the diffusivities presented in Paper III. In this case, the chemical 
potential of the oxygen anions could be calculated, e.g., using the 
thermodynamic framework described in Paper II. Since experimental data is only 
available in the literature for the ionic conductivity and the lattice constant, 
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future numerical studies may provide valuable estimates for other transport 
coefficients or other thermodynamic properties. 

The model presented in Paper IV can be extended with new experimental or 
numerical data for the transport mechanisms in each layer. Here, 
thermodiffusion in the GDLs or coupled reaction mechanisms in the CLs are 
examples of effects not considered in the model presented in this study, which 
should be considered in future SOFC models. Furthermore, the dimensionality 
of the model can be also extended. Here, a computer fluid dynamics (CFD) SOFC 
model based on NET for the simultaneous description of the gas flow in the gas 
channels and the transport mechanisms across the cell is a novel possibility. 
Furthermore, a NET SOFC stack can also be modelled to account for a more 
realistic temperature field and the resulting thermomechanical stress of the 
interconnects. While simple NET models could be used for an exergy analysis of 
SOFC or solid oxide electrolysis cell (SOEC) systems, dynamical NET SOFC 
models may be used for the calculation of the heating and cooling procedures of 
SOFCs or SOECs. 
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Appendix 

To Chapter 3.1.1 System, Force Field and Thermodynamic State 

Routine A1. LAMMPS routine for the generation of YSZ configurations 

  1 # LAMMPS input script to create YSZ configurations 
  2 # Definition of the variables 
  3  
  4 variable    setupNo index 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 
  5 label     loop_s 
  6 clear 
  7 
  8 variable    T equal 70 
  9 variable    dt equal 4.0 
 10 variable    x_Y2O3_soll equal 0.8 
 11 variable    PrztY2O3 string 08 
 12 variable    Nlx equal 5 
 13 variable    Nly equal 5 
 14 variable    Nlz equal 5 
 15 
 16 # Setup problem and periodic boundary conditions 
 17  
 18 units     metal 
 19 dimension   3 
 20 boundary    p p p 
 21 
 22 # Zirconium dioxide lattice setup  
 23 
 24 lattice    custom 5.0 a1 1.0 0.0 0.0 a2 0.0 1.0 0.0 a3 0.0 0.0 1.0 basis 0.0 0.0 0.0 &  
     basis 0.5 0.5 0.0 basis 0.5 0.0 0.5 basis 0.0 0.5 0.5 basis 0.25 0.25 0.25 & 
     basis 0.25 0.75 0.25 basis 0.75 0.25 0.25 basis 0.75 0.75 0.25 & 
     basis 0.25 0.25 0.75 basis 0.25 0.75 0.75 basis 0.75 0.25 0.75 basis 0.75 0.75 0.75 
 25 region    box block 0 ${Nlx} 0 ${Nly} 0 ${Nlz} 
 26 create_box   3 box 
 27 create_atoms   2 region box basis 1 1 basis 2 1 basis 3 1 basis 4 1 basis 5 2 basis 6 2 & 
     basis 7 2 basis 8 2 basis 9 2 basis 10 2 basis 11 2 basis 12 2   
 28 group    zrc type 1 
 29 group    oxy type 2 
 30 
 31 # Loop for the random substitution of zirconium by yttrium 
 32  
 33 label     loop_y 
 34 variable    index loop 200000 
 35 variable    ytt_id equal round(random(1,count(all),8${setupNo}034002)) 
 36 group    ytr_all id ${ytt_id} 
 37 group    ytr intersect ytr_all zrc 
 38 group    zrc delete 
 39 group    zrc type 1 
 40 variable    NZr equal count(zrc) 
 41 variable    NY equal count(ytr) 
 42 variable    x_Y2O3 equal (${NY}/2)/(${NY}/2+${NZr}) 
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 43 set     group ytr type 3 
 44 if     "${x_Y2O3} >= ${x_Y2O3_soll}" then "jump in.YSZ_setup break_y" 
 45 next     index 
 46 jump     in.YSZ_setup loop_y 
 47 label     break_y 
 48 variable    x_Y2O3_soll delete 
 49 variable    index delete 
 50 
 51 # Loop for the random creation of vacancies 
 52  
 53 label     loop_v 
 54 variable    index loop 2000 
 55 variable    vac_id equal round(random(1,count(all),1437${setupNo}435)) 
 56 group    vacancy_all id ${vac_id} 
 57 group    vacancy intersect vacancy_all oxy 
 58 variable    Nv equal count(vacancy) 
 59 variable    Nv_hilfe equal ${NY}/2 
 60 if     "${Nv} >= ${Nv_hilfe}" then "jump in.YSZ_setup break_v" 
 61 next     index 
 62 jump     in.YSZ_setup loop_v 
 63 label     break_v 
 64 delete_atoms   group vacancy 
 65 variable    vac_id delete 
 66 variable    Nv_hilfe delete 
 67 variable    Nv delete 
 68 variable    index delete 
 69 
 70 group    ytr delete 
 71 group    zrc delete 
 72 group    oxy delete 
 73 variable    NY delete 
 74 variable    NZr delete 
 75 
 76 # Calculating resulting Y2O3 concentration 
 77  
 78 group    zrc type 1 
 79 group    oxy type 2 
 80 group    ytr type 3 
 81  
 82 variable    NZr equal count(zrc) 
 83 variable    NOx equal count(oxy) 
 84 variable    NY equal count(ytr) 
 85 variable    neut equal 4*${NZr}+3*${NY}-2*${NOx} 
 86 variable    x_Y2O3 equal (${NY}/2)/(${NY}/2+${NZr}) 
 87  
 88 print     "${x_Y2O3}" 
 89 print     "${neut}" append log.proof 
 90 
 91 # Potential parameterization for a random simulation of one single step 
 92  
 93 mass     1 1.0 
 94 mass     2 1.0 
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 95 mass     3 1.0 
 96 pair_style    lj/cut 13.0 
 97 pair_coeff    * * 0.0 0.0 
 98 timestep    ${dt} 
 99  
100 # Saving start configuration at t=0 with a random simulation of one single step 
101 
102 velocity    all create $T 102486 mom yes rot yes dist gaussian 
103 fix     NVT all nvt temp $T $T 10 drag 0.2 
104 dump    myDump all atom 100 &  
     dump.YSZ${PrztY2O3}_setup${setupNo} 
105 run     1 
106 next     setupNo 
107 jump     in.YSZ_setup loop_s 

 
To Chapter 3.1.2 Computational Details 

Routine A2. LAMMPS routine for the NpT simulations for YSZ 

  1 # LAMMPS input script for the calculation of the lattice constant in YSZ (NpT ensemble) 
  2 # Units and declaration of the variables 
  3  
  4 units     metal 
  5 
  6 variable    T equal 1300 
  7 variable    PrztY2O3 string 08 
  8 variable    setupNo index 01 02 03 04 05 06 07 08 09 10 13 14 15 
  9 
 10 variable    Nlx index 5 
 11 variable    Nly index 5 
 12 variable    Nlz index 5 
 13 variable    aLat equal 5.136*(1+10^-5*($T-300)) # from Sizov et al. 
 14 variable    aBox_x equal ${Nlx}*${aLat} 
 15 variable    aBox_y equal ${Nly}*${aLat} 
 16 variable    aBox_z equal ${Nlz}*${aLat} 
 17 variable    ax equal lx/${Nlx} 
 18 variable    ay equal ly/${Nly} 
 19 variable    az equal lz/${Nlz} 
 20 
 21 variable    dt equal 0.5e-3 
 22 
 23 variable    tequil equal 2000000 
 24 variable    tdump equal 200 
 25 variable    tdump_run equal 1 
 26 variable    dthermo_eq equal 10 
 27 
 28 variable    trun equal 1000000 
 29 variable    dthermo_run equal 1 
 30 
 31 # Setup problem and periodic boundary conditions 
 32 
 33 dimension   3 



G. Valadez Huerta, Doctoral Thesis, 2018 IV 

 

 34 boundary    p p p 
 35 
 36 kspace_style   ewald 1.0e-4 
 37 atom_style   charge 
 38 atom_modify   map array sort 0 0.0 
 39 region    box block 0 ${Nlx} 0 ${Nly} 0  ${Nlz} 
 40 create_box   3 box 
 41 label     loop 
 42 read_dump   ../YSZ_setup/dump.YSZ${PrztY2O3}_setup${setupNo} 0 x y z &  
     box yes add yes 
 43 change_box    all x final 0.0 ${aBox_x} y final 0.0 ${aBox_y} &  
      z final 0.0 ${aBox_z} remap units lattice 
 44 timestep    ${dt} 
 45 thermo    ${dthermo_eq} 
 46 
 47 # Charge assignation 
 48 
 49 group zrc    type 1 
 50 group oxy   type 2 
 51 group ytr    type 3 
 52 set     group zrc charge 4 
 53 set     group oxy charge -2 
 54 set     group ytr charge 3 
 55 
 56 # Parameterization of the Force Field (Schelling, 2001) 
 57 
 58 mass     1 91.224 
 59 mass     2 15.999 
 60 mass     3 88.9058 
 61 
 62 pair_style    buck/coul/long 10.0 
 63 
 64 pair_coeff    1 2 1502.11 0.345 5.1   
 65 pair_coeff    2 3 1366.35 0.348 19.6    
 66 pair_coeff    2 2 9547.96 0.224 32.0  
 67 
 68 pair_coeff    1 1 0.0 1.0 0.0  
 69 pair_coeff    3 3 0.0 1.0 0.0  
 70 pair_coeff    1 3 0.0 1.0 0.0 
 71 
 72 # Equilibration and Thermalization  
 73  
 74 log     log.YSZ_equil${setupNo} 
 75 reset_timestep 0 
 76 dump    myDump all atom ${tdump} dump.YSZ${PrztY2O3}_setup${setupNo} 
 77 velocity    all create $T 856${setupNo}44 mom yes rot yes dist gaussian 
 78 fix     NPT all npt temp $T $T 0.1 iso 0.0 0.0 1 
 79 thermo_style   custom step time temp press etotal v_ax 
 80 run     ${tequil} 
 81 undump    myDump 
 82 write_restart   restart.equil${setupNo} 
 83 
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 84 # Production run 
 85  
 86 log     log.YSZ_run${setupNo} 
 87 dump    myDump all custom ${tdump_r} dump.YSZ${PrztY2O3}_run & 
     id type x y z vx vy vz 
 88 thermo    ${dthermo_run} 
 89 run     ${trun} 
 90 undump    myDump 
 91 unfix     NPT 
 92 write_restart   restart.run${setupNo} 
 93 delete_atoms   group all 
 94 next     setupNo 
 95 jump     in.YSZ loop 

Routine A3. LAMMPS routine for the NVT simulations for YSZ 

  1 # LAMMPS input script for the simulation of the phenomenological coefficients in YSZ 
  2 # Declaration of the variables 
  3 
  4 variable    T equal 1300 
  5 variable    PrztY2O3 string 08 
  6 variable    setupNo index 01 02 03 04 05 06 07 08 09 10 13 14 15 
  7  
  8 variable    dt equal 0.5e-3 
  9 variable    tequil equal 2000000 
 10 variable    trun equal 1000000 
 11 variable    dthermo_equil equal 10 
 12 variable    dthermo_run equal 1 
 13 variable    tdump equal 500 
 14 variable    tdumpr equal 1 
 15  
 16 # Physical constants 
 17  
 18 variable    NA equal 6.022140857e23 
 19 variable    e equal 1.60217662e-19 
 20 
 21 # Lattice constant from the NpT simulations 
 22 
 23 variable    Nlx index 5 
 24 variable    Nly index 5 
 25 variable    Nlz index 5 
 26 variable    aLat index 5.14888 5.14874 5.14868 5.14881 5.14876 5.14881 5.14880 & 
     5.14883 5.14886 5.14885 5.14890 5.14900 5.14876 5.14873 5.14889 
 27  
 28 # Units and setup problem 
 29  
 30 label     loop 
 31 clear 
 32  
 33 units     metal 
 34 variable    aBox_x equal ${Nlx}*${aLat} 
 35 variable    aBox_y equal ${Nly}*${aLat} 
 36 variable    aBox_z equal ${Nlz}*${aLat} 
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 37 variable    V equal ${aBox_x}*${aBox_y}*${aBox_z}*1e-30 
 38  
 39 dimension   3 
 40 boundary    p p p 
 41 
 42 kspace_style   ewald 1.0e-4 
 43 atom_style   charge 
 44 
 45 read_restart   aLat/restart.run${setupNo} 
 46 group    zrc type 1 
 47 group    oxy type 2 
 48 group    ytr type 3 
 49 change_box   all x final 0.0 ${aBox_x} y final 0.0 ${aBox_y} z final 0.0 & 
     ${aBox_z} remap units lattice 
 50 
 51 timestep    ${dt} 
 52 
 53 # Equilibration and thermalization  
 54  
 55 log     log.YSZ_equil${setupNo} 
 56 thermo    ${dthermo_equil} 
 57 reset_timestep   0 
 58 dump    myDump all atom ${tdump} 
     & dump.YSZ${PrztY2O3}equil_setup${setupNo} 
 59 fix     NVT all nvt temp $T $T 0.5 
 60 thermo_style   custom step time temp press etotal 
 61 run     ${tequil} 
 62 undump    myDump 
 63 write_restart   restart.equil${setupNo} 
 64 reset_timestep   0 
 65 
 66 # Production run and calculation of the micro fluxes 
 67 
 68 log     log.YSZ_run${setupNo} 
 69 thermo    ${dthermo_run} 
 70 dump    myDump all custom ${tdumpr} & 
      dump.YSZ${PrztY2O3}run_setup${setupNo} & 
      id type x y z vx vy vz 
 71 
 72 # Calculation of the micro molar flux of the anions 
 73 
 74 compute    w all property/atom vx vy vz 
 75 compute    wSum oxy reduce sum c_w[1] c_w[2] c_w[3] 
 76 variable    wSumX equal c_wSum[1]*100/($V*${NA}) 
 77 variable    wSumY equal c_wSum[2]*100/($V*${NA}) 
 78 variable    wSumZ equal c_wSum[3]*100/($V*${NA}) 
 79 
 80 # Calculation of the micro heat flux 
 81  
 82 compute    ekin all ke/atom 
 83 compute    epot all pe/atom 
 84 compute    eB all pe/atom bond 
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 85 compute    stress all stress/atom NULL virial 
 86 compute    Jq all heat/flux ekin epot stress 
 87 compute    JqK all heat/flux ekin eB stress 
 88 variable    JqX equal c_Jq[1]*100*$e/$V 
 89 variable    JqY equal c_Jq[2]*100*$e/$V 
 90 variable    JqZ equal c_Jq[3]*100*$e/$V 
 91 variable    JqKX equal c_JqK[4]*100*$e/$V 
 92 variable    JqKY equal c_JqK[5]*100*$e/$V 
 93 variable    JqKZ equal c_JqK[6]*100*$e/$V 
 94 variable    JqPX equal (c_Jq[1]-c_JqK[4])*100*$e/$V 
 95 variable    JqPY equal (c_Jq[2]-c_JqK[4])*100*$e/$V 
 96 variable    JqPZ equal (c_Jq[3]-c_JqK[4])*100*$e/$V 
 97 print     "$V" 
 98 
 99 # Production run 
100  
101 thermo_style   custom step temp press etotal pe ke v_wSumX v_wSumY & 
     v_wSumZ v_JqX v_JqY v_JqZ v_JqKX v_JqKY & 
      v_JqKZ v_JqPX v_JqPY v_JqPZ 
102 run     ${trun} 
103 undump    myDump 
104 unfix     NVT 
105 write_restart   restart.run${setupNo} 
106 
107 # Setup problem for rerun 
108 
109 clear 
110 log     log.YSZ_rerun${setupNo} 
111 
112 clear 
113  
114 units     metal 
115 variable    aBox_x equal ${Nlx}*${aLat} 
116 variable    aBox_y equal ${Nly}*${aLat} 
117 variable    aBox_z equal ${Nlz}*${aLat} 
118 variable    V equal ${aBox_x}*${aBox_y}*${aBox_z}*1e-30 
119 
120 dimension   3 
121 boundary    p p p 
122  
123 kspace_style   ewald 1.0e-4 
124 atom_style   charge 
125 
126 read_restart   aLat/restart.run${setupNo} 
127 group    zrc type 1 
128 group    oxy type 2 
129 group    ytr type 3 
130 change_box    all x final 0.0 ${aBox_x} y final 0.0 ${aBox_y} z final 0.0 ${aBox_z} & 
     remap units lattice 
131 
132 set     atom * charge 0.0 
133 
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134 timestep    ${dt} 
135 
136 # Recalculation of the micro heat flux 
137 
138 compute    ekin all ke/atom 
139 compute    epot all pe/atom 
140 compute    eB all pe/atom bond 
141 compute    stress all stress/atom NULL virial 
142 compute    Jq all heat/flux ekin epot stress 
143 compute    JqK all heat/flux ekin eB stress 
144 print     "$V" 
145 
146 # Production run 
147 
148 thermo    ${dthermo_run} 
149 thermo_style   custom step temp press etotal pe ke v_JqX v_JqY v_JqZ v_JqKX & 
     v_JqKY v_JqKZ v_JqPX v_JqPY v_JqPZ 
150 rerun    dump.YSZ${PrztY2O3}run_setup${setupNo} dump x y z vx vy vz 
151 next     setupNo 
152 next     aLat 
153 jump     in.YSZ loop 

 
To Chapter 3.1.4 Calculation of the Electrostatic Potential 

 

The following Fortran 95 subroutines are based on the algorithms of M. P. 
Allen and D. J. Tidesley (2017), but modified for the calculation of 𝜑𝑖. 

Subroutine A1. Fortran 95 subroutine for the calculation of 𝜑𝑖𝑅,∗ with Eq. (2-24). 

  1 subroutine phiR ( phi, beta, ri, N ) 
  2  
  3 ! Fortran 95 subroutine for the calculation of the short-range contribution phiR 
  4 ! ri is a N x 4 matrix that the position vectors (rxi, ryi, rzi) and the valences zi 
  5 ! Declaration of the variables 
  6  
  7   integer, intent(in):: N 
  8   integer index1, index2 
  9  
 10   double precision, intent(in) :: beta 
 11   double precision rxi, ryi, rzi 
 12   double precision rxij, ryij, rzij 
 13   double precision rij, krij 
 14   double precision erfc 
 15   double precision, dimension(N) :: phi 
 16   double precision, dimension(N,4) :: ri 
 17 
 18 ! Initialization of the variables 
 19  
 20   rxi  = 0.0 
 21   ryi  = 0.0 
 22   rzi  = 0.0 
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 23   rxij = 0.0 
 24   ryij = 0.0 
 25   rzij = 0.0 
 26   rij  = 0.0 
 27   krij = 0.0 
 28   phi  = 0.0 
 29 
 30 ! Loop for the calculation of phiR 
 31 
 32   do index1 = 1, N - 1 
 33 
 34      rxi = ri(index1,1) 
 35      ryi = ri(index1,2) 
 36      rzi = ri(index1,3) 
 37 
 38      do index2 = index1 + 1, N 
 39 
 40         rxij = rxi - ri(index2,1) 
 41         ryij = ryi - ri(index2,2) 
 42         rzij = rzi - ri(index2,3) 
 43 
 44         rxij = rxij - anint ( rxij ) 
 45         ryij = ryij - anint ( ryij ) 
 46         rzij = rzij - anint ( rzij ) 
 47 
 48         rij = rxij**2.0 + ryij**2.0 + rzij**2.0 
 49         rij   = sqrt ( rij ) 
 50         krij  = beta * rij 
 51 
 52         phi(index1)  = ri(index2,4) * erfc ( krij ) / rij + phi(index1) 
 53         phi(index2)  = ri(index1,4) * erfc ( krij ) / rij + phi(index2) 
 54      end do 
 55   end do 
 56  
 57 end subroutine phiR 

Subroutine A2. Fortran 95 subroutine for the initialization of the 𝐤-vectors 

  1 subroutine kVec (k , beta, maxk, kmax)  
  2  
  3 ! Fortran 95 subroutine for the definition of the k-vector 
  4 ! Declaration of the variables 
  5  
  6   implicit none 
  7 
  8   integer, intent(in) :: maxk, kmax 
  9   integer totk 
 10   integer ksqmax, ksq 
 11   integer kx, ky, kz 
 12 
 13   double precision, intent(in) :: beta 
 14   double precision rkx, rky, rkz, rksq 
 15   double precision pi, b 
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 16   double precision, dimension(maxk) :: k 
 17 
 18 ! Initialization and definition of the variables 
 19 
 20   ksqmax = kmax**2 + 2 
 21   pi = 3.1415926 
 22   b = 1.0/(4.0*beta**2.0) 
 23 
 24   kx = 0 
 25   ky = 0 
 26   kz = 0 
 27   rkx = 0.0 
 28   rky = 0.0 
 29   rkz = 0.0 
 30   rksq = 0.0 
 31   
 32   totk = 0 
 33  
 34 ! Loop for the definition of the k-vector 
 35 
 36   do kx = 0, kmax 
 37      rkx = 2.0 * pi * kx 
 38      do ky = -kmax, kmax 
 39         rky = 2.0 * pi * ky 
 40         do kz = -kmax, kmax 
 41            rkz = 2.0 * pi * kz 
 42            ksq = kx * kx + ky * ky + kz * kz 
 43            if ( ( ksq < ksqmax ) .and. ( ksq /= 0 ) ) then 
 44              totk = totk + 1 
 45              if ( totk > maxk ) stop 'KVEC IS TOO SMALL' 
 46                rksq = rkx**2.0 + rky**2.0 + rkz**2.0 
 47                k(totk) = 2.0*pi * exp ( -b * rksq ) / rksq 
 48            end if 
 49         end do 
 50      end do 
 51   end do 
 52  
 53 end subroutine kVec 

Subroutine A3. Fortran 95 subroutine for the calculation of 𝜑𝐾,∗ in Eq. (2-30). 

  1 subroutine phiK (phi, kvec, beta, ri, N, Nk, kmax ) 
  2 
  3! Fortran 95 subroutine for the calculation of phiK with the Ewald sum 
  4 ! ri is a N x 4 matrix that includes the position vectors (rxi, ryi, rzi) and the valences zi 
  5 ! Declaration of the variables 
  6  
  7   implicit none 
  8 
  9   integer, intent(in) :: N, Nk 
 10   integer kmax, ksqmax 
 11   integer kx, ky, kz, ksq 
 12   integer totk 
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 13   integer index 
 14   integer factor 
 15  
 16   double precision, dimension(Nk), intent(in) :: kvec 
 17   double precision, dimension(N,4), intent(in) :: ri 
 18   double precision, intent(in) :: beta 
 19   double precision, dimension(N) :: phi 
 20   double precision pi, rsqpi 
 21  
 22   complex, dimension(Nk) :: phiD 
 23   complex, dimension(N) :: eikr 
 24   complex, dimension(1:N,0:kmax) ::  eikx 
 25   complex, dimension(1:N,-kmax:kmax) :: eiky 
 26   complex, dimension(1:N,-kmax:kmax) :: eikz 
 27    
 28 ! Initialization and definition of the variables 
 29  
 30   pi = 3.1415926 
 31   factor = 0 
 32   kx = 0 
 33   ky = 0 
 34   kz = 0 
 35   phi = 0.0 
 36   rsqpi = 1 / pi**0.5 
 37   ksqmax = kmax**2 + 2 
 38    
 39  
 40 ! Calculation of e^(ikri) 
 41  
 42   do index = 1, N 
 43  
 44      eikx(index, 0) = (1.0, 0.0) 
 45      eiky(index, 0) = (1.0, 0.0) 
 46      eikz(index, 0) = (1.0, 0.0) 
 47  
 48      eikx(index, 1) = cmplx ( cos( 2.0*pi*ri(index,1) ), sin( 2.0*pi*ri(index,1) ) ) 
 49      eiky(index, 1) = cmplx ( cos( 2.0*pi*ri(index,2) ), sin( 2.0*pi*ri(index,2) ) )  
 50      eikz(index, 1) = cmplx ( cos( 2.0*pi*ri(index,3) ), sin( 2.0*pi*ri(index,3) ) ) 
 51 
 52      eiky(index, -1) = conjg ( eiky(index, 1) ) 
 53      eikz(index, -1) = conjg ( eikz(index, 1) ) 
 54  
 55   end do 
 56  
 57   do kx = 2, kmax 
 58      do index = 1, N 
 59         eikx(index, kx) = eikx(index, kx-1) * eikx(index, 1) 
 60      end do 
 61   end do 
 62  
 63   do ky = 2, kmax 
 64      do index = 1, N 
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 65         eiky(index,  ky) = eiky(index, ky-1) * eiky(index, 1) 
 66         eiky(index, -ky) = conjg ( eiky(index, ky) ) 
 67      end do 
 68   end do 
 69 
 70   do kz = 2, kmax 
 71      do index = 1, N 
 72         eikz(index,  kz) = eikz(index, kz-1) * eikz(index, 1) 
 73         eikz(index, -kz) = conjg ( eikz(index, kz) ) 
 74      end do 
 75   end do 
 76  
 77 ! Main loop for the calculation of phiK 
 78  
 79   totk = 0 
 80  
 81   do kx = 0, kmax 
 82      if ( kx == 0 ) then 
 83        factor = 1.0 
 84      else 
 85        factor = 2.0 
 86      end if 
 87 
 88      do ky = -kmax, kmax 
 89         do kz = -kmax, kmax 
 90            ksq = kx**2 + ky**2 + kz**2 
 91            if ( ( ksq < ksqmax ) .and. ( ksq /= 0 ) ) then 
 92              totk = totk + 1 
 93              phiD(:)  = (0.0, 0.0)                     
 94              do index = 1, N 
 95                 eikr(index) = eikx(index,kx) * eiky(index,ky) *  eikz(index,kz) 
 96                 phiD(totk) = ri(index,4) * factor * kvec(totk) * eikr(index) + phiD(totk) 
 97              end do 
 98  
 99              do index = 1, N 
100                 phi(index) = conjg(phiD(totk)) * phiD(totk) + phi(index) 
101              end do 
102            end if 
103         end do 
104      end do 
105   end do 
106  
107 end subroutine phiK 

 

Subroutine A4. Fortran 95 subroutine for the calculation 𝜑𝑖𝑆,∗ in Eq. (2-32). 

  1 subroutine phiS(phi, beta, q, N) 
  2  
  3 ! Fortran 95 Subroutine for the calculation of phiS 
  4 ! Declaration of the variables 
  5  
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  6    implicit none 
  7  
  8   integer, intent(in) :: N 
  9   integer index 
 10  
 11   double precision, intent(in) :: beta 
 12   double precision pi, rsqpi 
 13   double precision, dimension(N), intent (in) :: q 
 14   double precision, dimension (N) :: phi 
 15  
 16 ! Definition and initialization of the variables 
 17  
 18   pi = 3.1415926 
 19   rsqpi = 1 / pi**0.5 
 20   phi = 0.0 
 21  
 22 ! Loop for the calculation of phiS 
 23  
 24   do index = 1, N 
 25      phi(index) = 2* q(index) * beta * rsqpi 
 26   end do 
 27    
 28 end subroutine phiS 

 
To Chapter 3.2 SOFC 1D NET Model 

Routine A4. MATLAB® SOFC 1D NET model  

  1 % MATLAB script for the calculation of a planar SOFC based on NET 
  2  
  3 clc; 
  4 close all; 
  5 
  6 % Physical constants 
  7   
  8 global F R NA 
  9  
 10 F = 96485.3329;        % Faraday constant in C/mol 
 11 R = 8.31446;        % gas constant in J/molK 
 12 NA = 6.022e23;        % Avogadro constant in 1/mol 
 13   
 14 % Initial and boundary conditions 
 15  
 16 x0 = 0;     
 17 p0 = 1e5;         % Druck in Pa 
 18 T0 = 1300;         % Temperatur at x=0 in K 
 19 phi0 = 0;         % Potential at x=0 in V 
 20 Jq0 = 8000;        % Initial value in W/m² for Newton iteration 
 21 j = 8000;         % Current density in A/m² 
 22   
 23 %% Parameters for the anode GDL 
 24  
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 25 xa = 40e-6;        % Thickness in m 
 26 lambda_a = 2;        % Thermal conductivity in W/mK 
 27 pelt_a = -5.4e-4*T0;       % Peltier coefficient in J/C 
 28 r0a = 1/95e6;        % electr. Resistance in Ohm*m 
 29 EA_ra = 1150*R;       % Activ. Energy in J/mol 
 30 D_a = 2.1e-5;        % Diffusion coeff. in m²/s 
 31   
 32 % Parameters for the electrolyte 
 33   
 34 YSZ = 8; 
 35 
 36 z = -2;  
 37 Jo = j/z/F;         % Anion flux density in mol/m²s 
 38  
 39 xe = 160e-6;        % Thickness in m 
 40   
 41 Lqq_vec = [7.21;6.21;5.37;4.85;4.54;4.17]*1e6; 
 42 Lqo_vec = [-0.70;-0.81;-0.77;-0.55;-0.48;-0.34]/R; 
 43 Loo_vec = [4.47;3.75;2.47;1.72;1.17;0.86]*1e17/NA; 
 44  
 45 Lqq = Lqq_vec(YSZ/4);      % Conductivity Lqq in WK/m 
 46 Lqo = Lqo_vec(YSZ/4);      % Conductivity Lqo in molK/ms 
 47 Loq = Lqo;        % Conductivity Loq in molK/ms 
 48 Loo = Loo_vec(YSZ/4);      % Conductivity Loo in mol²K/Jms 
 49  
 50 % Parameters for the cathode GDL 
 51  
 52 xc = 40e-6;         % Thickness in m  
 53 Tend = T0;        % Temperature in K at y=ya+ye+yc 
 54 lambda_c = lambda_a;      % Thermal conductivity in W/mK 
 55 pelt_c = -6.2e-4*T0;       % Peltier coefficient in J/C 
 56 r0c = 1/42e6;        % electr. Resistance in Ohm*m 
 57 EA_rc = 1200*R;       % Aktiv. energy in J/mol 
 59 D_c = 5.4e-6;        % Diffusion coeff. in m²/s 
 59  
 60 % Parameters for the anode CL 
 61  
 62 alpha_a = 0.5;        % Symmetriefaktor Anode 
 63  
 64 gamma_a = 24208247.87;      % exp. Faktor in A/m² 
 65 EA_a = 72751.3496;       % Aktivierungsenergie in J/mol 
 66 
 67 m_H2 = 0.41;        % Exponent 
 68 m_H2O = 0.4;        % Exponent 
 69  
 70 % Parameters for the cathode GDL 
 71  
 72 alpha_c = 0.3;        % Charge transfer coefficient 
 73  
 74 gamma_c = 181733792067.07;     % exp. factor  in A/m² 
 75 EA_c = 156398.2586;      % Act. energy in J/mol 
 76  
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 77 m_O2 = 0.3;        % Exponent 
 78 
 79 % Molar enthalpy of reaction & Gibbs energies 
 80 
 81 nu_H2 = -1; 
 82 nu_O2 = -0.5; 
 83 nu_H2O = 1; 
 84 nu_O_Ion = 1;        % Relative to the cathode half reaction 
 85 nu_El = -2;        % Relative to the cathode half reaction 
 86   
 87 Cp_O2 = kablc('Cp','T',T0,'p',p0,'O2'); 
 88 Cp_H2 = kablc('Cp','T',T0,'p',p0,'H2'); 
 89 Cp_H2O = kablc('Cp','T',T0,'p',p0,'H2O'); 
 90  
 91 H_O2 = kablc('H','T',T0,'p',p0,'O2'); 
 92 H_H2 = kablc('H','T',T0,'p',p0,'H2'); 
 93 H_H2O = kablc('H','T',T0,'p',p0,'H2O'); 
 94  
 95 G_O2 = kablc('G','T',T0,'p',p0,'O2'); 
 96 G_H2 = kablc('G','T',T0,'p',p0,'H2'); 
 97 G_H2O = kablc('G','T',T0,'p',p0,'H2O'); 
 98  
 99 S_O2 = kablc('S','T',T0,'p',p0,'O2'); 
100 S_H2 = kablc('S','T',T0,'p',p0,'H2'); 
101 S_H2O = kablc('S','T',T0,'p',p0,'H2O'); 
102 S_O_Ion = 42;        % Entropy of O2- ions in J/molK 
103 S_El = -1;         % Entropy of the electrons in J/molK 
104  
105 DrH_Cath = 40.25e3;      %Enthalpy of reaction at the cathode in J/mol 
106 G_O_Ion = DrH_Cath+0.5*H_O2-T0*S_O_Ion; 
107 G_O_Ion = 0.0; 
108  
109 DrS = nu_H2O*S_H2O+nu_H2*S_H2+nu_O2*S_O2; 
110 DrS_Cath = nu_O_Ion*S_O_Ion+nu_O2*S_O2+nu_El*S_El; 
111 DrS_An = nu_H2O*S_H2O-nu_El*S_El+nu_H2*S_H2-nu_O_Ion*S_O_Ion; 
112  
113 % Nernst equation 
114  
115 x_H2O = 0.5;        % Mole fraction H2O 
116 x_H2 = 0.5;         % Mole fraction H2 
117 x_O2 = 0.21;         % Mole fraction O2 
118  
119 c_H2_0 = x_H2*p0/R/T0;      % Concentration H2 
120 c_H2O_0 = x_H2O*p0/R/T0;      % Concentration H2O 
121 c_O2_0 = x_O2*p0/R/T0;      % Concentration O2 
122  
123 DrG = nu_H2O*G_H2O+nu_H2*G_H2+nu_O2*G_O2; 
124 Q = (x_H2O)^nu_H2O*(x_H2)^nu_H2*(x_O2)^nu_O2; 
125  
126 dphi0 = -1/(2*F)*(DrG+R*T0*log(Q)); 
127 dphi0A = -1/2/F*(-nu_H2O*G_H2O-nu_H2*G_H2+… 
   nu_O_Ion*G_O_Ion)+R*T0/2/F*log(x_H2O/x_H2); 



G. Valadez Huerta, Doctoral Thesis, 2018 XVI 

 

128 dphi0C = -1/2/F*(nu_O2*G_O2+nu_O_Ion*G_O_Ion)+R*T0/2/F*log(x_O2^0.5); 
129 
130 diff = dphi0-(dphi0C-dphi0A);     % As proof 
131  
132 % Initial conditions and parameters for differential equations 
133  
134 xspan_a = [x0 ; xa]; 
135 xspan_e = [xa ; xa+xe];  
136 xspan_c = [xa+xe ; xa+xe+xc]; 
137  
138 % Solution for temperature y(1), potential y(2) and heat flux y(3) 
139  
140 for n=1:1:1000 
141     
142 % Anode GDL 
143  
144 y0a = [T0, phi0, Jq0];       % Initial conditions 
145  
146 [x1,y] = ode45(@TphiJBulkAnArtikel,… 
   xspan_a,y0a,[],j,lambda_a,pelt_a,r0a,EA_ra,Cp_H2,Cp_H2O); 
147  
148 Tma = y(end,1); 
149 phima = y(end,2); 
150 Jqma = y(end,3); 
151   
152 % Anode CL  
153  
154 Tsa = Tma; 
155 Tea = Tsa; 
156  
157 etha_ap = -R*Tsa/2/F*log((1-j*xa/(c_H2_0*2*2*F*D_a))/(1+j*xa/(c_H2O_0*2*2*F*D_a))); 
158 etha_aa = ButVol(j,alpha_a,gamma_a,EA_a,2,Tsa,x_H2,x_H2O,m_H2,m_H2O); 
159  
160 Sigma_sa = etha_aa*j/Tsa; 
161   
162 Jqea = Jqma-Tsa*DrS_An*j/2/F+sigma_sa*Tsa; 
163  
164 % Electrolyte 
165  
166 phi0e = phima-etha_aa-etha_ap-dphi0A; 
167  
168 y0e = [Tea, phi0e, Jqea]; 
169  
170 [x2,y2] = ode45(@TphiJElektrolyt,xspan_e,y0e,[],z,Jo,Lqq,Lqo,Loq,Loo); 
171  
172 Tec = y2(end,1); 
173 phiec = y2(end,2); 
174 Jqec = y2(end,3); 
175  
176 % Cathode CL 
177   
178 Tsc = Tec; 
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179 Tmc = Tsc; 
180   
181 etha_cp = R*Tsc/2/2/F*log(1-j*xc/c_O2_0/2/2/F/D_c); 
182 etha_ca = -ButVol(j,alpha_c,gamma_c,EA_c,2,Tsc,x_O2,1,m_O2,1); 
183  
184 sigma_sc = -etha_ca*j/Tsc; 
185  
186 Jqmc = Jqec-Tsc*DrS_Cath*j/4/F+sigma_sc*Tsc; 
187  
188 % Cathode GDL 
189 
190 phi0c = phiec+etha_ca+etha_cp+dphi0C; 
191   
192 y0c = [Tmc, phi0c, Jqmc]; 
193   
194 [x3,y4] = ode45(@TphiJBulkCathArtikel,xspan_c,y0c,[],j,lambda_c,pelt_c,r0c,EA_rc,Cp_O2); 
195   
196 Tc = y4(end,1); 
197 phic = y4(end,2); 
198 Jqc = y4(end,3); 
199   
200 % Newton iteration 
201  
202 f1 = Tend-Tc; 
203  
204 if abs(f1) < 1e-34; break; 
205 end 

206  
207 % 2nd iteration 
208  
209 % Anode GDL 
210  
211 dJq0 = abs(Jq0)*0.0001; 
212 Jq02 = Jq0 + dJq0; 
213  
214 y0a = [T0, phi0, Jq02]; 
215  
216 [x1,y1] = ode45(@TphiJBulkAnArtikel,… 
   xspan_a,y0a,[],j,lambda_a,pelt_a,r0a,EA_ra,Cp_H2,Cp_H2O); 
217 
218 Tma = y1(end,1); 
219 phima = y1(end,2); 
220 Jqma = y1(end,3); 
221  
222 %% Anode CL  
223  
224 Tsa = Tma; 
225 Tea = Tsa; 
226  
227 etha_ap = -R*Tsa/2/F*log((1-j*xa/(c_H2_0*2*2*F*D_a))/(1+j*xa/(c_H2O_0*2*2*F*D_a))); 
228 etha_aa = ButVol(j,alpha_a,gamma_a,EA_a,2,Tsa,x_H2,x_H2O,m_H2,m_H2O); 
229  
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230 sigma_sa = etha_aa*j/Tsa; 
231  
232 Jqea = Jqma-Tsa*DrS_An*j/2/F+sigma_sa*Tsa; 
233  
234 % Elektrolyte 
235  
236 phi0e = phima-etha_aa-etha_ap-dphi0A; 
237  
238 y0e = [Tea, phi0e, Jqea]; 
239  
240 [x2,y3] = ode45(@TphiJElektrolyt,xspan_e,y0e,[],z,Jo,Lqq,Lqo,Loq,Loo); 
241  
242 Tec = y3(end,1); 
243 phiec = y3(end,2); 
244 Jqec = y3(end,3); 
245  
246 % Cathode CL 
247  
248 Tsc = Tec; 
249 Tmc = Tsc; 
250  
251 etha_cp = R*Tsc/2/2/F*log(1-j*xc/c_O2_0/2/2/F/D_c); 
252 etha_ca = -ButVol(j,alpha_c,gamma_c,EA_c,2,Tsc,x_O2,1,m_O2,1); 
253  
254 sigma_sc = -etha_ca*j/Tsc; 
255 
256 Jqmc = Jqec-Tsc*DrS_Cath*j/4/F+sigma_sc*Tsc; 
257  
258 % Cathode GDL 
259  
260 phi0c = phiec+etha_ca+etha_cp+dphi0C; 
261  
262 y0c = [Tmc, phi0c, Jqmc]; 
263  
264 [x3,y5] = ode45(@TphiJBulkCathArtikel,xspan_c,y0c,[],j,lambda_c,pelt_c,r0c,EA_rc,Cp_O2); 
265 
266 Tc = y5(end,1); 
267 phic = y5(end,2); 
268 Jqc = y5(end,3); 
269   
270 f2 = Tend - Tc; 
271 df = f2 - f1; 
272 dfdJq0 = df/dJq0; 
273 Jq0 = Jq0 - f1/dfdJq0; 
274  
275 end 

Function A1. MATLAB® function for the calculation of the anode GDL 

  1 function [dydx] = TphiJBulkAnArtikel(x,y,j,lambda,pelt,r0,EA,Cp1,Cp2) 
  2  
  3 % Matlab® function for the calculation of the anode GDL 
  4 % y(1)=T, y(2)=phi, y(3)=Jq 
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  5  
  6 global R F 
  7  
  8 % Transport equations 
  9  
 10 dydx(1,1) = (pelt*j-y(3))/lambda; 
 11 r = r0*exp(EA/R/y(1));                                  
 12 dydx(2,1) = -pelt/y(1)*dydx(1,1)-r*j; 
 13 
 14 % Energy balance 
 15 
 16 dydx(3,1) = -j*(dydx(2,1)+1/2/F*(Cp1+Cp2)*dydx(1,1)); 
 17  
 18 end 

Function A2. MATLAB® function for the calculation of the cathode GDL 

  1 function [dydx] = TphiJBulkCathArtikel(x,y,j,lambda,pelt,r0,EA,Cp1) 
  2  
  3 % Matlab® function for the calculation of the cathode GDL 
  4 % y(1)=T, y(2)=phi, y(3)=Jq 
  5 
  6 global R F 
  7  
  8 % Transport equations 
  9 
 10 dydx(1,1) = (pelt*j-y(3))/lambda; 
 11 r = r0*exp(EA/R/y(1)); 
 12 dydx(2,1) = -pelt/y(1)*dydx(1,1)-r*j; 
 13 
 14 % Energy balance 
 15 
 16 dydx(3,1) = -j*(dydx(2,1)-1/4/F*Cp1*dydx(1,1)); 
 17  
 18 end 

Function A3. MATLAB® function for the calculation of the electrolyte 

  1 function [dydx] = TphiJElektrolyt(~,y,z,Jo,Lqq,Lqo,Loq,Loo) 
  2  
  3 % Matlab® function for the calculation of the electrolyte 
  4 % y(1)=T, y(2)=phi, y(3)=Jq 
  5 
  6 global F 
  7  
  8 % Transport equations 
  9 
 10 dydx(1,1) = (y(3)-Lqo/Loo*Jo)/(-Lqq+Lqo*Loq/Loo)*(y(1)^2); 
 11 dydx(2,1) = (Jo+Loq/(y(1)^2)*dydx(1,1))/(-Loo*z*F/y(1)); 
 12 
 13 % Energy balance 
 14 
 15 dydx(3,1) = -dydx(2,1)*Jo*z*F; 
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 16  
 17 end 

Function A4. MATLAB® function for the calculation of the CLs 

  1 function [etha] = ButVol(i, alpha, gamma, EA, z, T, x1, x2, m1, m2) 
  2  
  3 % Matlab® function for the calculation of the CLs 
  4 
  5 global R F 
  6  
  7 % Calculation of Butler-Volmer Kinetics for different overpotentials (-1 to 1) and interpolation 
  8 
  9 i0 =x1^m1*x2^m2*gamma*exp(-EA/R/T); 
 10 ethaall = (-1:0.0001:1); 
 11 iall = i0*(exp((1-alpha).*ethaall.*z*F/R/T)-exp(-alpha.*ethaall.*z*F/R/T)); 
 12 etha = interp1(iall,ethaall,i); 
 13   
 14 end 

 
To Chapter 4.5. Interaction of the Publications 

 
In Table A1, the calculated values for the lattice constant 𝑎  and the 

phenomenological coefficients 𝐿𝑂𝑂 of the ions are summarized for different YSZ 
compositions at 1300 K. The mean values are taken from the data presented in 
Paper I, but the error is estimated using the methodology reported in Paper III. 

Table A1. Calculated lattice constant 𝑎  and phenomenlogical coefficients 𝐿𝑞𝑞 , 𝐿𝑂𝑂  and 𝐿𝑂𝑞  from Paper I, but with a new error estimation following the 
methodology given in Paper III. 

YSZ 
𝒂 Å 

𝑳𝒒𝒒 𝐖𝐊/𝛍𝐦 
𝑵𝑨𝑳𝑶𝑶 𝐦𝐨𝐥 ∙ 𝐊(𝐉 ∙ 𝐜𝐦 ∙ 𝐟𝐬)−𝟏 

𝑹𝑳𝑶𝒒 𝐖/𝐦 
YSZ04 5.148820(44) 7.21(24) 4.47(26) −0.70(35) 
YSZ08 5.160489(81) 6.21(14) 3.75(26) −0.81(38) 
YSZ12 5.17073(15) 5.37(27) 2.47(19) −0.77(42) 
YSZ16 5.17935(15) 4.85(34) 1.72(12) −0.55(31) 
YSZ20 5.18714(24) 4.54(16) 1.17(18) −0.48(20) 
YSZ24 5.19494(34) 4.17(17) 0.86(13) −0.34(22) 

 
In Table A2, the calculated values for the electrostatic potential 𝜑𝑖 of the ions 

are summarized for different YSZ compositions at 1100 K, 1300 K and 1500 K. 
The mean values are taken from the data presented in Paper II, but the error is 
estimated using the methodology reported in Paper III. 

For the test of the hypothesis 𝐻03: �̅�𝑂|1100 K1 00 K  𝜑𝑂(𝑇)  against 𝐻03: �̅�𝑂|1100 K1 00 K  ≠ 𝜑𝑂(𝑇), the value 
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𝑧𝑋  �̅� − 𝑋(𝑇)𝜎𝑋 √𝑛𝑋 (A-1) 

is calculated following the methodology given in the SI of Paper III, where 𝜎𝑋 is 
the corrected standard deviation, 𝑛𝑋 the number of samples and 𝑋  𝜑𝑂(Y2O3). 
We reject the hypothesis 𝐻03 if |𝑧𝑋| > 𝑢0.97  1.96. The calculated values for |𝑧𝜑𝑂(Y2O3)| of 1.30 at 1100 K, 0.67 at 1300 K and 1.96 at 1500 K do not meet 
the mentioned condition and, thus, the hypothesis cannot be rejected within the 
studied temperature range. 

Table A2. Calculated electrostatic potential 𝜑𝑖  of the ions in YSZ at 1100 K , 1300 K  and 1500 K  and for different Y2O3 concentrations. While the average 
values are taken from Paper II, the error estimation is done using the methodology 
reported in Paper III. 𝝋𝑶 in 𝐞𝐕 YSZ04 YSZ08 YSZ12 YSZ16 1100 K 23.2790(13) 23.3047(18) 23.3194(31) 23.3163(36) 1300 K 23.30310(95) 23.3347(12) 23.3349(20) 23.3315(21) 1500 K 23.32750(92) 23.3441(12) 23.3532(13) 23.3458(21) 𝝋𝑶 in 𝐞𝐕 YSZ20 YSZ24 YSZ28 Y2O3 1100 K 23.3057(66) 23.2851(46) 23.2595(31) 22.3869(36) 1300 K 23.3180(41) 23.2972(61) 23.2706(54) 22.3880(43) 1500 K 23.3307(45) 23.3085(31) 23.27980(92) 22.3927(37) 𝝋𝒁  in 𝐞𝐕 YSZ04 YSZ08 YSZ12 YSZ16 1100 K −42.4934(17) −42.4527(35) −42.4279(45) −42.4095(70) 1300 K −42.4330(16) −42.3904(31) −42.3676(39) −42.3487(69) 1500 K −42.3714(11) −42.3283(32) −42.3048(32) −42.2867(57) 𝝋𝒁  in 𝐞𝐕 YSZ20 YSZ24 YSZ28 Y2O3 1100 K −42.406(12) −42.4151(74) −42.4209(96) - 1300 K −42.3453(93) −42.3533(98) −42.361(11) - 1500 K −42.282(10) −42.291(10) −42.3009(83) - 𝝋𝒀 in 𝐞𝐕 YSZ04 YSZ08 YSZ12 YSZ16 1100 K −32.085(16) −31.885(17) −31.737(14) −31.6476(91) 1300 K −32.041(18) −31.838(19) −31.683(12) −31.594(12) 1500 K −31.993(18) −31.787(19) −31.632(13) −31.541(10) 𝝋𝒀 in 𝐞𝐕 YSZ20 YSZ24 YSZ28 Y2O3 1100 K −31.569(19) −31.489(11) −31.4381(80) −31.3133(35) 1300 K −31.512(17) −31.434(14) −31.381(10) −31.2569(38) 1500 K −31.456(19) −31.382(12) −31.3263(77) −31.2001(39) 

 
 

 



 

 

 

 

 

 

 

 

 

                                                        

  

I 



A phenomenological study of yttria-stabilized zirconia at 1300 K with
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a b s t r a c t

In this study, we analyze the transport mechanisms in different yttria-stabilized zirconia compositions as
an example for an ionic solid at 1300 K and zero pressure with EMD and the Green-Kubo formulation. As
it can be interpreted from the partial and the total correlation functions of the micro fluxes, a certain
amount of anions should be given to activate the diffusion of other anions. An incomplete vacancy diffu-
sion favors the coupled effect of heat and diffusion. The heat conduction decreases for higher concentra-
tion of vacancies and the optimum of the diffusion is reproducible with this method. We predict a
minimum of the thermo-diffusion conductivity at 10 mol% Y2O3. The understanding of the heat and elec-
trical conduction of ionic solids and of the couple effect is essential in systems, where the gradients of
different kind of forces are present.

� 2017 Elsevier B.V. All rights reserved.

1. Introduction

There are many approaches to describe the transport mecha-
nisms in gases, liquids and solids. Usually, these are depicted by
empirical equations and empirical kinetic coefficients, such as
Fourier’s law for thermal conduction, Fick’s law and the Max-
well-Stefan diffusion models (see [1,2]). These types of empirical
equations are part of current research, e.g., in the case of rarefied
gases [3] and nanofluids [4]. This is because of their measurability
and easy handling describing the kinetics of simple or, to a limited
extent, complex systems.

A more general approach is given by the non-equilibrium ther-
modynamics. This theory was developed in the works of Onsager
[5,6] and the later works of Prigogine [7,8]. In this theory the flux
of an extensive thermodynamic state quantity is correlated to all
the thermodynamic forces in the system and not only to a single
force. With Ji as a generalized flux and Xj as a generalized force,
the set of phenomenological equations in a system of K forces is
given by

Ji ¼
X

K

j¼1

LijXj: ð1Þ

Lij are the phenomenological coefficients. Every flux Ji has a con-
jugate force Xi. With the conjugate forces and fluxes it is possible to
calculate the entropy production rate of the system as follows

_r ¼
X

K

i¼1

JiXi: ð2Þ

Thus, the second law of thermodynamics becomes quantifiable
for the analyzed system. A system of K fluxes and K forces produces

a matrix of phenomenological equations with K2 components that
has to be determined. Due to the Onsager relations

Lij ¼ Lji; ð3Þ

the number of independent coefficients reduces to the upper or the
lower triangular matrix elements including the diagonal compo-
nents. It is difficult to determine experimentally the influence of a
single force on the different fluxes, especially when the influence
is small. Nevertheless, these calculations can be done using meth-
ods such as non-equilibrium molecular dynamics (NEMD).

Several works have already described the kinetics of non-ionic
fluids, ionic fluids and solids with NEMD (see, e.g., [9–11]). The
works of Reith et al.[12] and MacGowan et al. [13] concerning Len-
nard-Jones fluids provide examples for the calculation of these
coefficients for non-ionic binary systems. The main idea is to set
a temperature gradient on the system and calculate the heat and
concentration gradient. Due to Eq. (1) and Eq. (3), all four coeffi-
cients can be calculated with the knowledge of these two gradients
and the heat flux, since in a stationary state there is no net mass
flux for a closed system.

By applying this approach in ionic systems, the influence of the
Coulomb interactions in the transport coefficients cannot be clari-
fied or analyzed in detail. However, a better method is to calculate
the coefficients via the Green-Kubo (GK) formula and equilibrium
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molecular dynamics (EMD). In this case the contributions of each
kind of force can be analyzed independently (see, e.g., [14]). Fur-
ther, the phenomenological coefficients can be calculated with
the correlation function of the fluxes as follows

Lij ¼
V

3kB

Z 1

0
hJið0ÞJjðtÞidt ð4Þ

where V is the volume of the system and kB is the Boltzmann con-
stant. The symmetrical character of the coefficients, due to the
Onsager-Relations, is automatically given in this approach. The
works of Arima et al. [15,16] are examples of implementing this
method in ionic solids to calculate the thermal conductivity and
other empirical coefficients based on the phenomenological
coefficients.

In comparison to these works, we calculate the set of phe-
nomenological coefficients using non-equilibrium thermodynam-
ics in order to obtain a better understanding of the kinetics of
the well-known ceramic yttria stabilized zirconia (YSZ). This mate-
rial is chosen because of its significance in electrochemical applica-
tions (see [17,18]). We analyze different configurations at a
temperature of 1300 K, since at this temperature the oxygen anion
diffusion is already activated.

2. Theory

The embedding of yttrium(III) oxide Y2O3 into zirconium diox-
ide ZrO2 to form YSZ results in oxygen vacancies. If we consider
ion diffusion of the ion species O2�, Zr4+ and Y3+, we can write
the following general relation for the entropy production rate:

_r
kB

¼ Jqrbþ
X

3

k¼1

Jkrð�bgkÞ: ð5Þ

The heat flux Jq is the conjugate flux to the reciprocal of the
thermodynamic temperature b ¼ 1=ðkBTÞ. This correspondence is
also the case for the molar ion flux Jk and the force rðbgkÞ. Here,
gk denotes the electrochemical potential of the ion species k given
by the expression:

gk ¼ lk þ zkF/; ð6Þ

where lk is the chemical potential of the species k, zk its valency, F
the Faraday constant and / the local electrical potential in the YSZ
bulk crystal.

At high temperatures (e.g., 1000 �C, see [19]) the oxygen anions
O2� diffuse along the vacancies. The diffusion of the zirconium and
yttrium cations takes place at temperatures higher than 2000 K
[20] and therefore can be neglected. Based on these assumptions
the system can be described by two fluxes (the heat flux Jq and
the anion molar flux JO) and their conjugate forces (rb and
rð�bgOÞ respectively).

The phenomenological equations from Eq. (1) can then be writ-
ten as

Jq
kB

¼ Lqqrbþ LqOrð�bgOÞ; ð7Þ

JO
kB

¼ LOqrbþ LOOrð�bgOÞ; ð8Þ

with the Onsager relation

LqO ¼ LOq: ð9Þ

Finally, the GK formulae can be applied for the calculation of the
phenomenological coefficients:

Lqq ¼
V

3kB

Z 1

0
hJqð0ÞJqðtÞidt; ð10Þ

LOO ¼
V

3kB

Z 1

0
hJOð0ÞJOðtÞidt; ð11Þ

LOq ¼
V

3kB

Z 1

0
hJOð0ÞJqðtÞidt: ð12Þ

In this work we use classical EMD to calculate the microscopic
fluxes. The heat flux can be described by a given interatomic poten-
tial u(rij) as follows

Jq ¼
1
V

1
2

X

N

i¼1

ðmiv
2
i þ

X

N

j–i

uðrijÞÞvi þ
X

N

i¼1

X

N

i–j

rijðf ij � viÞ

" #

: ð13Þ

The first summation includes the contributions of the kinetic
and potential energy to the heat flux. The second summation is
done over the stress tensor. If the Coulomb contributions are inte-
grated, e.g., with the Ewald formulation, the stress tensor may be
calculated as suggested by Heyes [21].

The calculation of the molar oxygen anion flux can be described
with the approach of Vogelsang et al. [22]:

JO ¼
1

NAV

X

NO

i¼1

vi; ð14Þ

where NA is the Avogadro constant.
However, some remarks have to be made at this point. Firstly,

another choice of forces and conjugate fluxes to describe the
entropy production rate is possible (see, e.g., [23]). Secondly, all
the fluxes are defined as per area fluxes. Thirdly, it is known from
other works (see, e.g., [24]) that the partial molar enthalpies of the
components should be subtracted in Eq. (13) to calculate the heat
flux. This is only true, however, if the thermodynamic force of the
electrochemical potential is defined at constant temperature, i.e.,
rTð�bgOÞ: Finally, in comparison to Vogelsang et al. [22], we calcu-
late a molar flux in Eq. (14), not a mass flux.

3. System, interatomic potential and state

Zirconium dioxide ZrO2 has a cubic fluorite structure [25]. This
structure is stabilized with yttrium(III) oxide Y2O3 to form YZS. As a
result of the combination, oxygen vacancies arise [26] (see Fig. 1).

To build the start configuration for our MD simulations, we use
the method presented, e.g., by Sizov et al. [27]. The starting point is

Fig. 1. YSZ cubic structure. In light grey, Zr or Y atoms. In dark grey, O atoms or
vacancies vO. The figure was rendered using the visualization tool OVITO of
Stukowsky [29].
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given through the cubic fluorite structure of zirconium dioxide. We
choose a 5 � 5 � 5 lattice simulation box. Sizov et al. [27] and
Devanathan et al. [28] analyze the finite size effects on the MD
simulation results for YSZ systems concluding this simulation
box size to be appropriate. Primarily, this simulation box consists
of 1000 oxygen anions O2- and 500 zirconium cations Zr4+. Ran-
domly, a zirconium cation is chosen and substituted with a yttrium
cation Y3+, whereby, for every two substitutions, one oxygen anion
is removed until the desired mole fraction xY2O3

of Y2O3 is achieved.
The electro neutrality of the configurations built in this manner is
always checked.

The lattice constant a for each start configuration is considered
to be temperature dependent only with the following relation
given by Li et al. [30]:

a ¼ 5:136Å � ð1þ 10�5ðT=K� 300ÞÞ: ð15Þ

In this work, we analyze systems with different mole fractions
of Y2O3, namely YZ04 (i.e., 4 mol% Y2O3), YSZ08, YSZ12, YSZ16,
YSZ20 and YSZ24. For validation of our model, we use a YSZ10
composition. The mole fraction and the number of ions in each
configuration are summarized in Table 1.

The interatomic interactions are described with the Bucking-
ham-Potential and a Coulomb term:

uðrijÞ ¼ Aije
�

rij
qij �

Cij

r6ij
þ

qiqj

4pe0rij
: ð16Þ

We choose the parameter set of Schelling and Phillpot [31]
given in Table 2.

We analyze a thermodynamic state at a temperature of 1300 K.
The simulations are done in the canonical ensemble with the vol-
ume at zero pressure.

4. Computational details

The calculations are performed using the LAMMPS1 algorithm
[32]. The MD approach in this study is strictly classical. In all simu-
lations periodic boundary conditions apply and the cutoff radius is
set to 10 Å for all interatomic interactions. The equations of motion
are integrated with the standard Verlet algorithm. The long-range
Coulomb interactions are calculated with the Ewald formulation.
The accuracy of the RMS force error in the real space calculation is
set to 10�4 of the force of a single pair interaction, estimated as done
by Petersen [33].

The integration time step is set to 0.5 fs. In all simulations we
assign a Gaussian velocity distribution to all atoms of the start con-
figuration and the system is equilibrated for 1 ns. After this equili-
bration, a production run of 0.5 ns takes place. Velocities and
positions of the atoms are recorded at each time step.

All our calculations are done in the Nosé-Hoover NpT and the
Nosé-Hoover canonical ensemble. For the calculations in the NpT
ensemble the damping parameter for the temperature is set to

0.1 ps and the damping parameter for the pressure to 1.0 ps. For
the calculations in the canonical ensemble the damping parameter
of the temperature is the same as in the NpT ensemble.

The simulations are done for fifteen independent start configu-
rations for each mole fraction (see section III) of Y2O3 at 1300 K and
ten extra configurations of YSZ10 at 1125 K for validation.

For each start configuration we calculate the mean lattice con-
stant at zero pressure with the data of the production run of a sim-
ulation in the NpT ensemble. Thereafter, the system is simulated in
the canonical ensemble. Here, the volume of the simulation box is
scaled, so that the lattice constant a matches the calculated mean
lattice constant. The production run in the canonical ensemble is
used to calculate the radial distribution functions (RDFs) of
YSZ10 and the phenomenological coefficients of the other YSZ
compositions.

In the latter case, we recalculate the interatomic forces with the
protocol of the production run, but assuming non charged atoms.
Hence, the Coulomb contributions are the difference of the poten-
tial forces with and without charges.

The RDFs and the correlation functions of the microscopic fluxes
are calculated with self-developed algorithms. For the calculation
of the RDFs, the configurations at each 5 fs are used with a cutoff
radius of 6 Å discretized into 100 bins. We average the correlation
functions over the whole production time, but the correlation time
for their integration is different in all cases.

To check the repeatability of our simulations, the error was cal-
culated with the standard block averaging method as reported by
Friedberg et al. [34] for properties such as the lattice constant
and with the correlation time as suggested, e.g., by Zwanzig et al.
[35] for the correlation functions. In the case of the phenomenolog-
ical coefficients, we determine the mean value of the fifteen calcu-
lated values for each mole fraction of YSZ and estimate the error
with the corrected sample standard deviation. We do not proceed
with further calculations to estimate an error of the RDFs, because
they are only used for validation.

5. Results and discussion

5.1. Model validation

In Fig. 2 the RDFs of the oxygen anions to the other anions and
to the cations are shown. The results agree very well with the sim-
ulation data reported earlier [28]. Therefore, our assumptions for
the calculation process seem to be appropriate.

5.2. Conductivity Lqq

We calculate the conductivity Lqq by integrating the autocorre-
lation function (ACF) of the microscopic heat flux hJqð0ÞJqðtÞi (see
Eq. (10)). In Fig. 3 the calculated mean ACF of the microscopic heat
flux is shown for various YSZ compositions normalized with
hJqð0ÞJqð0ÞijYSZ24. The transported heat flux is proportional to the

value hJqð0ÞJqð0Þi. Since this value is larger for higher concentra-
tions of Y2O3, the heat flux increases for higher vacancy concentra-
tions. In all cases, the ACF progresses in an oscillatory behavior
typical for solids. Due to the dense state, the ions may be trapped
in a local region and they are forced to bounce in this restricted

Table 1

YSZ configurations.

YSZ xY2O3
� 102 NZr NO NY

YSZ04 3,95 462 981 38
YSZ08 7,99 426 963 74
YSZ10 9,89 410 955 90
YSZ12 12,08 392 946 108
YSZ16 15,97 362 931 138
YSZ20 19,90 334 917 166
YSZ24 24,00 306 903 194

Table 2

Potential parameters.

Aij (eV) qij (Å) Cij (eVÅ
6)

Zr4+-O2- 1502,11 0,345 5,1
Y3+-O2- 1366,35 0,348 19,6
O2+-O2- 9547,96 0,224 32,0

1 http://lammps.sandia.gov.
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environment. In this case, the ACF becomes negative. For higher
vacancy concentrations, the ions have a larger range of motion.
This results in a longer relaxation time.

To analyze this in more detail, we calculate the partial ACFs of
the heat flux of the Columb (/), the virial (V) and the kinetic (K)
terms. In Fig. 4 these partial ACFs and the total ACF of the heat flux
are plotted normalized with the value hJqð0ÞJqð0Þi representative
for the configuration YSZ12. The kinetic contribution is small
enough to be neglected. The biggest contribution to the ACF of
the heat flux is made by the Coulomb forces. The duration of the
negative part of the curve is longer for the Coulomb partial ACF
than for the virial partial ACF. The virial interatomic interactions
are only cation-anion and anion-anion interactions, as determined
by the chosen interatomic potential. In addition to these interac-
tions, Coulomb forces also include cation-cation interactions,
which result in the longer relaxation time.

As the Coulomb partial ACF and the virial partial ACF surpass
the total ACF in size, the heat fluxes of the Coulomb and the virial
terms may flow in opposite directions. That means the contribu-
tion to the total ACF of the mixed term of the Coulomb and the vir-
ial heat fluxes cannot be neglected. Therefore, we plot the cross
correlation function (CCF) hJq;V ð0ÞJq;/ðtÞi in Fig. 4. As expected, the
CCF has a different sign than the ACFs. So, the net transported heat
flux decreases.

In Fig. 5 and in Fig. 6 the Coulomb partial ACF and the virial par-
tial ACF are plotted for various YSZ compositions, respectively. The
initial value hJq;V ð0ÞJq;V ð0Þi, which is proportional to the heat flux
due to the virial contributions, seems not to be affected by the
Y2O3 concentration. However, for the Coulomb part a higher con-
centration of Y2O3 leads to a bigger partial heat flux, which agrees
with the total heat flux.

Fig. 4. Calculated mean partial ACFs of the Coulomb (/) term (solid orange line), the
virial (V) term (solid green line) of the heat flux, partial CCF of both terms (dashed
dark blue line) and total ACF (solid dark blue line) of the heat flux for YSZ12 at
1300 K normalized with the value hJqð0ÞJqð0Þi (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

Fig. 2. Calculated RDF of Zr-O (dark blue line), Y-O (orange line) and O-O (green
line) for YSZ10 at 1125 K in comparison to literature data [28] for Zr-O (squares)
and Y-O (circles) (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Fig. 3. Calculated mean partial ACF of the heat flux for various YSZ compositions at
1300 K normalized with the value hJqð0ÞJqð0ÞijYSZ24

Fig. 5. Calculated mean partial ACF of the Coulomb term (/) of the heat flux for
various YSZ compositions at 1300 K normalized with the value hJqð0ÞJq;/ð0ÞijYSZ24 .
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Fig. 5 shows that the second maximum of the Coulomb partial
ACF decreases as the Y2O3 concentration increases and becomes
negative for the concentrations above YSZ08. The long relaxation
time is characteristic for a liquid behavior with a wider range of
motion of the molecules. However, the local fluctuations indicate
a higher probability of collisions, as is typical in solids.

As shown in Fig. 6, the virial partial ACF is vertically compressed
after the first x-intercept as the vacancy concentration increases.
At higher vacancy concentrations there is a smaller probability of
collisions. Additionally, the cation-cation interactions are not taken
into account. Both factors result in less heat being transferred.

In order to calculate the conductivity Lqq, an arbitrary correla-
tion time should be determined from the mean total ACF. As seen
in Fig. 3 the curve seems to be decayed to zero at around 0.3 ps for
all configurations. However, due to the relatively strong fluctua-
tions after the decay, it is difficult to determine a specific correla-
tion time. Therefore, it is suitable to take the mean value of a
certain interval after 0.3 ps. In addition, the initial value of the
averaging should not lay too close to the decay point of the curve
and it should not be stretched to the last values of the correlation
function, because the last values are averaged over too few time
origins.

The results of the conductivity Lqq and its error are summarized
in Table 3 for two different averaging intervals, i.e., 1–1.5 ps and 1–
2 ps. The calculatedmean value does not seem to be affected by the
time interval we choose. However, in most cases the error of the
results increases slightly for the longer interval. Hence, we use

the mean value ½�Lqq�
1;5ps

1ps for further discussion.

The calculated values of the conductivity Lqq of YSZ are shown
in Fig. 7. A higher conductivity can be seen for smaller Y2O3

concentrations. Despite, the bigger heat flux for higher vacancy
concentrations, i. e., a bigger positive area under the total ACF,
the negative area under the curve is big enough to compensate
the positive area.

5.3. Conductivity LOO

To calculate the conductivity LOO the time integral of the ACF of
the anion molar flux given in Eq. (11) has to be determined. The
mean ACF normalized with the value hJOð0ÞJOð0ÞijYSZ04 is shown

for various YSZ compositions in Fig. 8. The initial value
hJOð0ÞJOð0Þi of the ACF decreases slightly for higher concentrations
of Y2O3. Since the flux is a per area flux and the excess volume of
the mixture of ZrO2 and Y2O3 is positive, the volume increases with
the number of vacancies. As the anion molar flux is calculated in
mol/m2, the volume appears in the denominator of its definition
in Eq. (14).

The second positive area of the ACF of the molar anion flux
decreases for higher vacancy concentrations, similar to the partial

Table 3

Calculated conductivities Lqq for YSZ at 1300 K and two different averaging time
intervals.

YSZ ½�Lqq�
1;5 ps
1 ps (WK/lm) ½�Lqq�

2 ps
1 ps (WK/lm)

YSZ04 7.21 ± 0.44 7.22 ± 0.47
YSZ08 6.21 ± 0.25 6.24 ± 0.29
YSZ12 5.37 ± 0.27 5.35 ± 0.28
YSZ16 4.85 ± 0.34 4.85 ± 0.38
YSZ20 4.54 ± 0.29 4.56 ± 0.36
YSZ24 4.17 ± 0.31 4.18 ± 0.30

Fig. 7. Calculated conductivities Lqq for various YSZ compositions (squares) at
1300 K and trend curve (dashed blue line).

Fig. 8. Calculated mean ACF of the anion molar flux for various YSZ compositions at
1300 K normalized with the value hJqð0ÞJqð0ÞijYSZ04 .

Fig. 6. Calculated mean ACF of the virial (V) term of the heat flux for various YSZ
compositions at 1300 K normalized with the value hJq;V ð0ÞJq;V ð0ÞijYSZ24 .
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ACFs of the heat flux in Figs. 5 and 6. This implicates a better dif-
fusion for the anions. After that, the oscillations become stronger
in a solid like behavior. Additionally, the curve is compressed hor-
izontally starting from the first x-intercept. That means, the anion
diffusion has a shorter life time for higher vacancy concentration.

We calculate the conductivities LOO with the same method we
used for the conductivities Lqq. Additionally, we check the correct-
ness of our results by averaging the conductivities at different time
intervals. The results for an averaging time interval of 1–2 ps are
summarized in Table 4. Assuming a negligible conductivity LOO
for pure ZrO2, a maximum between the conductivities for YSZ04
and YSZ08 should be present, since the progression of the ACF
adapts to an optimum of the positive area under the curve.

Despite the increasing number of vacancies for higher Y2O3 con-
centrations, the oxygen anions jump back into their start position
instead of hopping completely from their lattice site to an adjacent
vacancy. In this case, the higher vacancy concentrations result in
an increased mobility of the oxygen anions. However, the corre-
sponding decrease in anion concentration reduces the collective
motions which provide the necessary activation energy for the
vacancy diffusion and prevent anions from returning to their orig-
inal lattice site. Due to this cooperative mechanism, i. e., high
mobility and a sufficient amount of anions for the collective
motions, there is an optimal configuration with a maximal conduc-
tivity LOO. This maximum has been observed experimentally and
discussed extensively for YSZ where the optimal electrical conduc-
tivity occurs at 8 mol% of Y2O3 [18]. The data obtained using EMD
simulation and the GK formulation supports this statement, how-
ever, our maximum lies at 5 mol% Y2O3.

The simulated data of the conductivity LOO is shown in Fig. 9
with a trend curve assuming a negligible conductivity LOO for
ZrO2, as stated before.

5.4. Conductivity LOq

To calculate the conductivity LOq Eq. (12) has to be solved and
the CCF of the heat flux and the molar anion flux hJOð0ÞJqðtÞi has
to be integrated over the time. The CCF describes a combination
of the transport mechanism of the molar anion flux due to a tem-
perature gradient in a Soret-type behavior and the transport mech-
anism of the heat flux due to a concentration gradient in a Dufour-
type behavior. Fig. 10 shows the mean CCF for various YSZ compo-
sitions normalized with the absolute value jhJOð0ÞJqð0ÞijYSZ24j. The

initial value hJOð0ÞJqð0Þi is negative in all cases. Therefore, the heat
flux and the anion molar flux are transported in opposite
directions.

The duration of the first positive part of the CCF is short for
small vacancy concentrations, whereas the following negative part
decays slowly. For higher vacancy concentrations, the positive part
stretches horizontally. In this case the CCF resembles the heat flux
ACF but with the opposite sign (see Fig. 3). Therefore, the transport
mechanism is similar to a heat transfer and thus has a Dufour-type
behavior. For smaller Y2O3 concentrations, the Soret-type behavior
is noticeable in the overlying oscillations which correspond to the
anion molar flux ACF (see Fig. 8).

In Fig. 11, we plot the total CCF (O, tot.), the Coulomb partial CCF
(O, /) and the virial partial CCF (O,V) normalized with the absolute
value jhJOð0ÞJqð0Þij for YSZ12. The kinetic contribution is too small

to have any mentionable influence and therefore is not taken into
account.

The initial value of the Coulomb partial CCF is negative, whereas
that of the virial partial CCF is positive. The Coulomb heat flux
flows in the opposite direction of the virial heat and the anion
molar flux. Both partial CCFs oscillate relatively strongly around
the x-axis. Their superposition results in a weak oscillating total
CCF. For the most part, this total CCF has the same sign of the
Coloumb partial CCF indicating that the Coulomb contribution to
the total CCF is the most significant.

In Fig. 12, the Coulomb partial CCF is shown normalized with
the value jhJOð0ÞJq;/ð0ÞijYSZ24j for various YSZ compositions. For

Table 4

Calculated conductivities LOO for YSZ at 1300 K.

YSZ
NALOO

1
cm fs

� � J
molK

� ��1

YSZ04 4.47 ± 0.47
YSZ08 3.75 ± 0.47
YSZ12 2.47 ± 0.35
YSZ16 1.72 ± 0.22
YSZ20 1.17 ± 0.35
YSZ24 0.86 ± 0.24

Fig. 9. Calculated conductivities LOO for various YZS compositions (squares) and
trend curve (dashed blue line).

Fig. 10. Calculated mean CCF of the heat flux and the anion molar flux for various
YSZ compositions at 1300 K normalized with the absolute value jhJOð0ÞJqð0ÞijYSZ24 j.
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small vacancy concentrations, the thermo-diffusion through the
Coulomb interactions has a Soret-type behavior. Furthermore, the
progression of the CCF for YSZ04 corresponds to the ACF of the
molar anion flux (see Fig. 8) but with a different sign. However,
the second minimum becomes positive for higher Y2O3 concentra-
tions. This is related to a longer relaxation time of the heat flux in a
Dufour-type effect.

In Fig. 13, we plot the partial virial CCF for different YSZ compo-
sitions normalized with the value hJOð0ÞJq;V ð0ÞijYSZ04. Its progression

is almost equal to the progression of the ACF of the molar anion
flux. Hence, the virial thermo-diffusion has only Soret-type behav-
ior. This is because the chosen interatomic potential does not con-
sider cation-cation interactions.

We calculate the mean conductivity LOq for different averaging
time intervals of the time integral of the total CCF. The values of

the calculated conductivities have an error two to three times lar-
ger than the mean value for all YSZ compositions. This is caused by
the strong statistical fluctuations of the mean CCF after its decay.

To improve the quality of our results, we use the method of
Vogelsang et al. [36] and calculate an artificial CCF. This is done
by subtracting the individual ACFs of the heat flux and the molar
anion flux from the ACF of the sum of the heat and the molar anion
flux as follows:

hJOð0ÞJqðtÞi ¼
1
2

hJOþqð0ÞJOþqðtÞi � hJOð0ÞJOðtÞi � hJqð0ÞJqðtÞi
� �

; ð17Þ

where JO+q(t) is JO(t) + Jq(t). The mean artificial CCF is shown in com-
parison to the directly calculated mean CCF for YSZ08 in Fig. 14.
Since generally the statistical fluctuations of ACFs are smaller than
of directly calculated CCFs, the artificial CCF progresses smoother.
The results of the conductivity LOq calculated with the mean artifi-
cial CCF and an averaging time interval of 1–1.5 ps are given in
Table 5.

Fig. 12. Calculated mean partial CCF of the Coulomb term (/) of the heat flux and
the anion molar flux for various YSZ compositions at 1300 K normalized with the
absolute value jhJOð0ÞJq;/ð0ÞijYSZ24 j.

Fig. 13. Calculated mean partial CCF of the virial term (V) of the heat flux and the
anion molar flux for various YSZ compositions at 1300 K normalized with the value
hJOð0ÞJq;V ð0ÞijYSZ04 .

Fig. 11. Calculated mean partial CCFs of the Coulomb (/) term (orange line), the
virial (V) term (green line) and the total CCF (dark blue line) of the heat flux and the
anion flux for YSZ12 at 1300 K normalized with the absolute value jhJOð0ÞJqð0Þij (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.).

Fig. 14. Calculated artificial CCF in comparison with the mean CCF of the heat flux
and the molar anion flux for YSZ08 at 1300 K normalized with the absolute value
jhJOð0ÞJqð0Þij.
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Since the calculated conductivity LOq is negative, YSZ is a p-type
semiconductor (Fig. 15). Further, the progression has a minimum
for a concentration of around 10 mol% Y2O3. Because the conduc-
tivity LOq describes the amount of heat transported through anion
diffusion, it can be explained as follows: For very small Y2O3

concentrations, the anions do not diffuse at all and the absolute
value of the conductivity LOq decreases. Since the heat flux and
the anion molar flux flow in opposite directions, a long diffusion
process is not the most effective method of heat transportation.
Therefore, the minimum of the conductivity LOq does not corre-
spond with the maximum of the conductivity LOO around 5 mol%
Y2O3. In our proposed microscopic mechanism, the collective
motions of the anions are necessary for the diffusion to adjacent
free lattice sites. If there are insufficient collective motions, the
anions hop back to their start position resulting in an incomplete
vacancy diffusion process. By jumping back, the heat flows with
the anions in the opposite direction of the net anion molar flux.
At around 10 mol% Y2O3, the number of anions transporting heat
while hopping back and the number of anions diffusing into adja-
cent lattice sites result in a minimal conductivity LOq. For higher
vacancy concentrations, the fewer collective motions result in
fewer anions diffusing and a decrease of the absolute value of
the conductivity LOq. Finally, we plot the calculated conductivity
for different YSZ compositions with a trend curve in Fig. 14.

5.5. Comparison with other data

We calculate various empirical coefficients with our results and
compare them with other simulation and experimental data (see
Table 6). We only consider MD calculations with the same inter-
atomic potential. The conversion equations we used for each coef-
ficient can be found in the Appendix A. Our results overestimate
the value of the heat conductivity in comparison with the experi-
mental data of Févre et al. [37]. Further, they are in all cases smal-
ler than the NEMD values of Schelling and Phillpot [31]. The
relatively small discrepancies between our EMD results and the
NEMD results may be related to the partial enthalpies of the ions,
which we are not taking into account. Despite these discrepancies,
our EMD results can still be considered equivalent to the NEMD
results.

Our simulation values for the diffusion coefficient are slightly
larger in comparison with the EMD values of Sizov et al. [27],
which are calculated with the mean square displacement (MSD).
This difference is the largest for YSZ12. We use a simple conversion
rule given in Eq. (19). However, a better conversion rule should be
applied, as stated by Allnatt et al. [38,39]. In this case, a more
extensive study is necessary. In addition, our calculated values

Table 5

Calculated conductivity LOq for YSZ at 1300 K.

YSZ RLOq

W/m
YSZ04 �0.70 ± 0.64
YSZ08 �0.81 ± 0.69
YSZ12 �0.77 ± 0.75
YSZ16 �0.55 ± 0.56
YSZ20 �0.48 ± 0.36
YSZ24 �0.34 ± 0.41

Fig. 15. Calculated conductivities LOq for various YSZ compositions (squares) and
trend curve (dashed blue line).

Table 6

Comparison of the calculated data (EMD-GK) for the heat conductivity r, the diffusion coefficient D and the Seebeck coefficient Swith other calculated (NEMD, EMD-MSD, [27,31])
and experimental data [23,37,40,41] for various YSZ compositions and 1300 K (�1000 �C).

YSZ Method r (W/mK) D (10�7 cm2/s) S (mV/K) Ref.

YSZ04 EMD-GK 4.26 ± 0.26 2.82 ± 0.30 0.45 ± 0.42 This work
YSZ04 EMD-MSD 2.50 [27]
YSZ05 Exp. 2.10 [40,41]
YSZ05 Exp. 0.487 [23]

YSZ08 EMD-GK 3.66 ± 0.15 2.38 ± 0.30 0.63 ± 0.54 This work
YSZ08 NEMD 3.92 [31]
YSZ08 EMD-MSD 2.21 [27]
YSZ08 Exp. 2.00 [37]
YSZ08 Exp. 0.495 [23]
YSZ09 Exp. 4.5 [40,41]

YSZ12 EMD-GK 3.16 ± 0.16 1.58 ± 0.22 0.90 ± 0.89 This work
YSZ12 EMD-MSD 1.00 [27]
YSZ12 Exp. 0.478 [23]

YSZ15 Exp. 1.05 [40,41]
YSZ16 EMD-GK 2.86 ± 0.20 1.10 ± 0.14 0.92 ± 0.95 This work

YSZ20 EMD-GK 2.68 ± 0.17 0.76 ± 0.21 1.17 ± 0.95 This work
YSZ20 NEMD 3.00 [31]
YSZ20 Exp. 1.82 [37]
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overestimate the diffusion coefficient in comparison with the
experimental data of Strickler et al. [40,41] for all YSZ
compositions except YSZ08, where the experimental value is larger
than our calculated diffusion coefficient.

Finally, we do not have any knowledge of MD results for the
Seebeck coefficient S, neither for various YSZ compositions, nor
with the same interatomic potential. However, we can compare
our results with the experimental data of Kjielstrup et al. [20].
Unfortunately, their experiment did not examine mole fractions
larger than 12 mol% Y2O3. Due to the division with the conductivity
LOO, the predicted minimum of the conductivity LOq cannot be
found in the calculated Seebeck coefficient. Nevertheless, our cal-
culated values agree well with the experimental values up to a
mole fraction of 8 mol% Y2O3. For YSZ12 the calculated value
overestimates the Seebeck coefficient. In a future work we will
experimentally determine the Seebeck coefficient for higher YSZ
compositions to prove the increasing trend of our simulated
results.

6. Summary and conclusions

The objective of this contribution is a phenomenological study
of YSZ calculating the conductivities Lij as given by non-equilib-
rium thermodynamics for various compositions at 1300 K using
classical EMD and the GK formulation. We choose the EMD
method, because the different contributions on the conductivities
can be analyzed separately. The calculations are done in the canon-
ical ensemble for systems of around 1500 ions at zero pressure. We
use the potential as given by Schelling and Phillpot [31]. We calcu-
late the mean correlation functions for fifteen independent start
configurations with different YSZ compositions and evaluate them
by averaging the time integrals for a given correlation time
interval.

From these calculations we conclude that the number of vacan-
cies is crucial for the shape of the correlation functions and for the
magnitude of the conductivities for each YSZ composition. The ACF
of the heat flux decays slower for higher vacancy concentrations
due to the larger range of motion of the ions. The biggest contribu-
tion to the total ACF of the heat flux is made by the Coulomb forces.
For higher Y2O3 concentrations, the partial Coulomb ACF of the
heat flux shows a liquid-like behavior with local oscillations and
the negative area under the curve increases. This results in a smal-
ler conductivity Lqq.

The ACF of the anion molar flux oscillates around the x-axis for
all YSZ compositions, as is expected for solids. For higher vacancy
concentrations it tends to behave similarly to the ACF of a liquid
for the first picoseconds, but afterwards it oscillates stronger. Thus,
a cooperative mechanism between high mobility and collective
anion motions results in a maximum positive area under the
ACF, i. e., an optimum for the conductivity LOO at a concentration
of around 5 mol% Y2O3.

The combination of the Soret and the Dufour transport mech-
anisms can be seen in the progression of the CCF of the heat flux
and the anion molar flux. Further, the Coulomb and the virial
partial CCFs progress mainly in a Soret-type behavior. Neverthe-
less, for higher vacancy concentrations the shape of the Coulomb
partial CCF is influenced by the heat flux transport from a
Dufour-type effect. The largest contribution to the total CCF is
made by the Coulomb interactions. Therefore, the calculated
conductivity LOq is negative, indicating that YSZ is a p-type
semiconductor for the analyzed compositions. Since the heat
and the molar anion flux flow in opposite directions, high anion
diffusivity is not an effective way to transport heat. A more
effective way to transport heat is through diffusive processes
moving in the same direction of the heat flux, as is the case

for back-hopping anions. At around 10 mol%. Y2O3 the amount
of heat transported due to back-hopping anions and anions
diffusing to adjacent vacancies is maximal. This results in a
minimum for the conductivity LOq which does not correspond
with the maximum of the conductivity LOO.

Finally, the values calculated with the GK formulation can be
regarded as consistent with NEMD and EMD results from other
studies using the same interatomic potential. Our results overes-
timate the heat conductivities and the diffusion coefficient in
comparison to experimental data. However, for YSZ08, the calcu-
lated value of the diffusion coefficient is two times smaller than
the experimental one. We do not know any MD data of the See-
beck coefficient for YSZ with the same interatomic potential, but
our calculated mean values agree well with the experimental
data of Kjielstrup et al. [23] for YSZ04 and YSZ08. The discrep-
ancy lies at 12 mol% Y2O3, where our calculated value overesti-
mates the Seebeck coefficient. Further experimental studies are
necessary to prove that the Seebeck coefficient increases for
higher concentrations of Y2O3 as predicted from our MD
calculations.
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Appendix A

The simulated lattice constant to calculate the volume for dif-
ferent YSZ compositions at zero pressure and 1300 K can be found
in Table 7.

If we assume steady state, i. e., no net molar anion flux (JO = 0),
we can write the following relation for the heat conductivity rwith
Eqs. (7)–(9) and the Fourier’s law:

j ¼ ðkBbÞ
2

Lqq �
L2Oq
LOO

 !

: ð18Þ

The anion flux is equal to the vacancy flux, but with different
sign, i. e., JO = -JV. Assuming an ideal mixture and no gradients in
the temperature, i.e., rb ¼ 0, the Maxwell-Stefan diffusion coeffi-
cient is equal to the diffusion coefficient of the Fick’s law. We
can directly write for the diffusion coefficient:

D ¼ R
cOcV
c2

1
cV

þ
1
cO

� 	

LOO; ð19Þ

where cO denotes the anion concentration, cV the vacancy concen-
tration and c the concentration of all ions plus the vacancies in YSZ.

Finally, we can calculate the Seebeck coefficient S with follow-
ing relation from Eq. (7) and Eq. (8) for a given constant
temperature:

S ¼ kBb
Jq

�2FJO

� 	

¼ �
kBb

2F
LOq
LOO

: ð20Þ

Table 7

Calculated lattice constant for various YSZ compositions
at 1300 K and zero pressure.

YSZ a (Å)

YSZ04 5.1488 ± 8 � 10�5

YSZ08 5.1605 ± 1 � 10�4

YSZ12 5.1707 ± 3 � 10�4

YSZ16 5.1794 ± 3 � 10�4

YSZ20 5.1871 ± 4 � 10�4

YSZ24 5.1949 ± 6 � 10�4
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ABSTRACT: Metal oxides with oxygen vacancies are widely used in electrochemical
processes at high temperature due to their ionic conductivity. These processes are
strongly influenced by the electrostatic potential of the ions because it is closely related
to the electrochemical potential. We calculate the partial molecular Coulomb internal
energy for different compositions of yttria-stabilized zirconia (YSZ) with molecular
dynamics (MD) at different temperatures and zero pressure. On the basis of
thermodynamic considerations, we assume that these quantities correspond to the
electrostatic potential of ZrO2 and Y2O3. We also calculate the mean electrostatic
potential of the ions and develop a mixing rule between this potential and the
electrostatic potential of the molecules. With this mixing rule and following the
thermodynamic framework proposed in this study, one can calculate the Coulomb
contribution of other thermodynamic properties like the entropy or the Nernst−
Planck diffusivities for YSZ-like metal oxides. Furthermore, the methods proposed here
can be extended for other electrolyte mixtures.

1. INTRODUCTION

Because of their ionic conductivity at high temperatures,
crystalline oxides are important for electrochemical processes.1

These oxides are ionic compounds, which consist of a metal
and an oxygen sublattice. The ion diffusion may occur through
vacancies or interstitials.2 Compounds based on zirconia ZrO2,
like (ZrO2)1−x(Y2O3)x (YSZ) and (ZrO2)1−x(Sc2O3)x (ScSZ), or
based on ceria CeO2, like (CeO2)1−x(Sm2O3)x (SDC) and
(CeO2)1−x(Gd2O3)x (GDC), are examples of oxygen ion
conductors. The codoping of many other metal oxides is a
topic of active research.3,4

The electrochemical potential is the driving force for ion
diffusion and is closely related to the electrostatic potential of
the ions. Therefore, it is important to determine the
electrostatic potential in this kind of compounds. For
electrolyte systems, a quantity ϕ, assumed to be the
electrostatic potential, appears in the common definition of
the electrochemical potential ηi of the ions of species i5

η μ ϕ= + ·z e
i i i (1)

Here, zi is the valency, μi is the chemical potential, and e is the
elementary charge. E. A. Guggenheim6 declared electrostatics
to be “a mathematical theory of an imaginary fluid electricity,
whose equilibrium or motion is determined entirely by the
electric field”. He also determined the equilibrium of ions and
electrons to be of a completely different nature than this
hypothetical fluid electricity because this equilibrium is a
thermodynamic and not an electrostatic one. However, if we
assume the quantity ϕ to be of thermodynamic nature, then it

should be possible to give it a physical significance. In this case
and because of eq 1, ϕ should be an ion-specific
thermodynamic property instead of a global quantity.
In this work, we define a quantity ψj for each molecular

species instead of ϕ. To give the quantity ψj a thermodynamic
significance, we derive it from the fundamental equation of state
for the Coulomb internal energy and relate it to other
thermodynamic properties and to the electrostatic potential φj

of the ions, which should also be different to the quantitiy ϕ

appearing in eq 1. Because of the constraints in the derivatives,
it is not easy to calculate the quantity ψj with classical MD
simulations. However, we check the reliability of our method
calculating a thermodynamically consistent electrostatic poten-
tial (zφ)j for the molecules ZrO2 and Y2O3 in different YSZ
compositions from the partial molecular Coulomb internal
energy. Furthermore, we determined a mixing rule to calculate
(zφ)j with the electrostatic potential φi of the ions in YSZ. This
mixing rule and calculations in the appropriate ensemble should
allow access to other Coulomb thermodynamic properties in
this kind of metal oxides.

2. THEORETICAL METHODS

2.1. Coulomb Internal Energy as a Thermodynamic
Property. The first step in our considerations is to split the
internal energy of an electrolyte system into a non-Coulomb
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internal energy UKW (containing the kinetic (K) and the van
der Waals (W) contributions) and a Coulomb internal energy
UC

= + + = +U U U U U UK W C KW C (2)

The Coulomb internal energy is a function of the temperature
T, pressure p, and the number of atoms Ni for each constituent
i

=U U N N T p( , ..., , , )C C k1 (3)

It is an extensive thermodynamic property and should thus be a
homogeneous function of first order. That means for a given
temperature or pressure it should follow

λ λ λ=U N N U N N( , ..., ) ( , ..., )C k C k1 1 (4)

with λ as an arbitrary factor. The relation 4 is true for a system
with K ions, if the ions are seen as point charges, because UC is
calculable from the sum of the electrostatic potentials

∑ φ=
=

U Ne z
1

2
( )C

i

K

i i

1 (5)

However, a system of only ions of the same type cannot exist in
thermodynamic equilibrium. That means the superposition in
eq 5 works mathematically but is not thermodynamically
consistent.
Nevertheless, we can consider the same system as a mixture

of electroneutral compounds M, which together build a new

electroneutral electrolyte mixture (see Figure 1), and see them
as point charges. In this case, we can rewrite eq 5 as follows

∑ φ=
=

U Ne z
1

2
( )C

j

M

j j

1 (6)

An example of this kind of mixtures are metal oxides like YSZ,
which is conformed of the electroneutral compounds ZrO2 and
Y2O3. This definition is crucial for our further discussion and
can be extended to other kind of electrolyte systems because
the hereafter-called molecules M can just be electroneutral
subsystems. Now, if we consider the Coulomb internal energy
per molecule U̅C of an electrolyte mixture, we can calculate it
from the sum of the Coulomb internal energies per molecule
U̅C,0j of the mixture components M and an excess term ΔEU̅C

∑̅ = ̅ + Δ ̅
=

U U UC

j

M

C j
E

C

1

,0

(7)

Finally, we can express eq 3 in terms of partial molecular
internal energies
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because of eq 4. With eq 6 a relation between the partial
molecular internal energies and the electrostatic potential φj

arises
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2.2. Quantity ψj. Let us consider the fundamental equation
of state for the system described before

∑ η= − +
=

dU TdS pdV dN
j

M

j j

1 (10)

where S is the entropy and V is the volume of the system. In
this case, the definition of the electrochemical potential ηj is as
follows

η =
∂
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If we set eq 2 into eq 11 we get
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If we define ηj as

η μ ψ= + e z( )
j j j (13)

assigning a different ψj to each molecule sort, it follows from eq
12 and eq 13
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and
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Likewise, we get for the relations with the free Coulomb
enthalpy GC

ψ
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e z( )C

j
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That shows the so-defined ψj is not necessarily equal to the
electrostatic potential φj of the molecules in the system,
calculated by classical Coulomb integration, because in eqs 9
and 15 the derivatives have different constraints. Moreover, we
can calculate the Coulomb contribution of other thermody-

Figure 1. Electrolyte system seen as a mixture of ions i and as a
mixture of electroneutral compounds j.
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namic properties from ψj like the Coulomb entropy, for
example, applying the appropriate Maxwell relation

ψ∂

∂
= −
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This is not directly possible with the electrostatic potential. To
calculate the property (zψ)j of the molecules, we may conduct
Monte Carlo (MC) simulations in the grand canonical
ensemble, calculate the resulting Coulomb energy per molecule
in the system for different concentrations, and assume it to be
equal to GC. Despite the required electroneutrality of the
system, MC methods are possible.7,8 Furthermore, if one only
exchanges electroneutral molecules with the reservoir to keep
the chemical potential constant, then the electroneutrality of
the system is not violated. For electrolyte systems like YSZ, this
information is enough to calculate (zψ)j.
2.3. Electrostatic Potential of ZrO2 and Y2O3 in YSZ.

We do not conduct MC calculations in this work, but we use
the framework presented beforehand to calculate a thermody-
namically consistent electrostatic potential of ZrO2 and Y2O3 in
YSZ. This electrolyte system consists of the ions Zr4+, O2−, and
Y3+. In this case, and assuming no electron transport, we can
write for the Coulomb internal energy with eq 5

φ φ φ= + +U e N z N z N z
1

2
( ( ) ( ) ( ) )C Zr Zr O O Y Y (18)

and zZr = 4, zO = −2, and zY = 3. The same Coulomb energy
may be expressed with the electrostatic potential of the
molecules and eq 6

φ φ= +U e N z N z
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2
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or with the partial molecular Coulomb energies
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To calculate (zφ)ZrO2
and (zφ)Y2O3

, we have to calculate the

molecular internal Coulomb energy U̅C = UC/(NZr + NY/2) for
different mole fractions xY2O3

. The electrostatic potentials of the

molecules follow directly from the partial molecular internal
Coulomb energies
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and
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which are the intercepts of the tangent of the curve UC for a
given mole fraction xY2O3

with the lines xY2O3
= 0 and xY2O3

= 1

(see Figure 2).
2.4. Molecular Dynamics Simulations. The description

of the system, the parameters for the interatomic potential, and
the simulation details are reported in our previous work.9 Using
the MD package LAMMPS (http://lammps.sandia.gov),10 we
analyze here the same YSZ compositions in thermodynamic
states of 1100, 1300, and 1500 K, each at zero pressure and in

the canonical ensemble. Unlike our previous study, we use only
10 independent simulations for our calculations and simulate
additionally YSZ28, that is, 28 mol % Y2O3, and pure Y2O3. The
number of ions for each configuration is given in Table 1. The
calculated lattice constants can be found in the Supporting
Information.

Because it is only possible to calculate the Coulomb energy
with LAMMPS, we develop our own algorithm for the
calculation of the electrostatic potential with the Ewald
summation based on standard works from the literature.11−13

In this case, we use a relative precision of 10−4 and set half of
the simulation box length as the cutoff radius. The resulting
Ewald parameter is ∼30% of the simulation box length for all
calculations, and we evaluate the electrostatic potential at each
atom position. We only use the configurations at each 5 fs of
the total 0.5 ns production run. Furthermore, we calculate the
Coulomb energy at each 0.5 fs of the total production run using
LAMMPS. In both cases, we check the repeatability of our
simulations with the error calculated using the well-known
block averaging method.14 The results presented in this work
are the values averaged over all mean values of the 10
independent simulations for each YSZ composition. We use the
corrected sample standard deviation to estimate the error of the
resulting values.
To check the correct implementation of the Ewald

summation, we calculate the electrostatic potential of Na+

and Cl− in the perfect NaCl lattice. We use a lattice constant
of aNaCl = 5.64 Å resulting in φNa = −4.4618 eV and φCl =
4.4618 eV, respectively, which agrees very well with the values
calculated with the Madelung constant given in the literature.15

Finally, we approximate the slope m of the tangent of the U̅C

curve for a certain mole fraction xY2O3
with the slope of a secant

line as follows

Figure 2. Tangent construction for calculation of the electrostatic
potentials φZrO2

and φY2O3
from the molecular Coulomb internal energy

in YSZ at constant pressure and temperature.

Table 1. YSZ Compositions Analyzed in This Work

system xY2O3
× 102 NZr NO NY

YSZ04 3.95 462 981 38

YSZ08 7.99 426 963 74

YSZ12 12.08 492 946 108

YSZ16 15.97 362 931 138

YSZ20 19.90 334 917 166

YSZ24 24.00 306 903 194

YSZ28 28.21 280 890 220

Y2O3 100.0 0 750 500
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For YSZ04, we use the values of the Coulomb internal energy
of ZrO2 and YSZ08. For YSZ08, we use the values of YSZ04
and YSZ12 and so on. We calculate intermediate values, too. In
this case, we estimate the values of the slope for YSZ02, with
the values for ZrO2 and YSZ04, and so on. With this
information, the calculation of the partial molecular Coulomb
energy for different YSZ compositions with the method
discussed before is straightforward. Because we do not calculate
U̅C for ZrO2, we extrapolate it from the values of YSZ08 and
YSZ04.

3. RESULTS AND DISCUSSION

3.1. Electrostatic Potential of Single Ions. In Figure 3,
the simulated values for the electrostatic potential φi of Zr

4+,

O2−, and Y3+ are plotted for different YSZ compositions and
different temperatures. The respective values for Y2O3 are given
in Table 2. As expected, the electrostatic potential of the anions
is positive and the electrostatic potential of the cations is
negative. The progress of the calculated values for the

electrostatic potential φZr for concentrations between 20 and
28 mol % Y2O3 should be the beginning of an inflection point,
because in the limit of the infinite dilution the value
φ φ=∞

→
lim

Zr
x

Zr
1Y O2 3

should be approximately as high as

φY(Y2O3) for pure yttria due to the Coulomb integration.
The electrostatic potential φO should only have a maximum at
12 mol %, because for pure Y2O3 the calculated value φO(Y2O3)
is the lowest for all temperatures. Furthermore, the calculated
electrostatic potential φY of the Y

3+ cations should only increase
for higher Y2O3 concentrations because of φY(Y2O3).
The following parameters have an impact on the evolution of

the electrostatic potential in all cases: the number of vacancies
in the system, the volume of the system, the number of Y3+-
cations, the local density of the anions, and the temperature.
For a higher Y2O3 concentration and constant temperature,

the number of anions decreases. Therefore, the contribution of
the negative charges gets smaller. Furthermore, the nearest-
neighbor ions have a higher contribution in the Coulomb force.
In sum, for fewer anions the electrostatic potential of the
cations and of the remaining anions increases. Nevertheless, an
increasing number of Y3+ cations has the opposite effect.
Despite the electroneutrality of the system, the lower charge
number in Y3+ as compared with Zr4+ and the nearest-neighbor
contributions lead to the decrease in φO and φZr.
Moreover, the simulated lattice constant increases with the

number of vacancies (see the Supporting Information). In this
case, the distance between the ions gets smaller and the
electrostatic potential decreases for the anions and increases for
the cations. This difference may explain the maximum in φO

and the inflection point in φZr over the Y2O3 concentration.
We plot the local density of the oxygen ions in their

tetrahedral site for YSZ04, YSZ12, and YSZ24 at 1300 K in
Figure 4. To build the density plot, we averaged the trajectory
of the production run for all anions in the system in a single
tetrahedral site, such that only 10 000 positions are displayed.
We also color the local density with the average electrostatic
potential of the anions at each position. For smaller vacancies
concentrations, the O2− ions are equally distributed in the
tetrahedral site. For higher vacancies concentrations, they show
a higher mobility in the direction of adjacent free lattice
positions and the distribution becomes wider. This high
mobility does not mean higher vacancy diffusion,9 but the
probability of finding an anion between two oxygen sites is
higher. In this position, the distance between anions and
cations is the smallest. The electrostatic potential increases.
However, because of the discussed effect of the number of
anions and the influence of the Y3+ concentration, for higher
Y2O3 concentrations the electrostatic potential in the core of
the distribution gets smaller. The width in the local density, as
in the distribution of the electrostatic potential, may explain the
higher error for higher concentrations.
Finally, the electrostatic potential of each ion increases with

the temperature independently from the composition. One
would expect a decrease in the electrostatic potential of the
anions because the lattice constant increases with the

Figure 3. Calculated electrostatic potential of the ions Zr4+(blue
symbols), O2− (red symbols), and Y3+ (green symbols) and trend
curves (dashed lines) for different YSZ composition and different
temperatures.

Table 2. Calculated Electrostatic Potential of Ions O−2 and Y3+ for Y2O3 at 1100, 1300, and 1500 K

T (K) 1100 1300 1500

φO (Y2O3) in eV 22.387 ± 5.0 × 10−3 22.388 ± 6.1 × 10−3 22.393 ± 5.7 × 10−3

φY (Y2O3) in eV −31.313 ± 4.8 × 10−3 −31.256 ± 5.3 × 10−3 −31.200 ± 5.5 × 10−3
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temperature, as has been previously discussed. Nevertheless,
the opposite effect may occur due to the high velocity of the
anions. In this case, the local density distribution of the anions
expands and the electrostatic potential φO increases. Moreover,
for the cations the dependency on the temperature is similar for
all concentrations, but the temperature dependence of φO

decreases for higher Y2O3 concentrations. The values of φO

for Y2O3 can even be considered as temperature-independent
within the uncertainty range (see Table 2). That means that the
extra increment for the electrostatic potential φO due to the
high velocities is not given for a high number of vacancies
because the anions already have a broad local density and their

distribution in space may not be substantially affected by the
temperature. However, this effect is not noticeable in the
electrostatic potential of the cations because they are embedded
in the metal sublattice and their distribution in space may not
be considerably influenced by the vacancies.
To our knowledge, there are no ab initio, MD, or

experimental studies that explicitly provide values for the
electrostatic potential of the ions in YSZ. Nevertheless, we can
expect quantitative differences with values calculated within
density functional theory (DFT). Bogicevic and Wolverton16

compare in their study the results of the electronic (unrelaxed)
part of the energy in YSZ calculated with a full quantum-

Figure 4. Calculated positions of the O2− ions in the oxygen tetrahedral site for YSZ04, YSZ12, and YSZ24 at 1300 K. The 10 000 positions in each
plot represent the average position of the ions for all 10 independent simulations for each YSZ composition. The positions are in reduced units with
a as the lattice constant. The distribution of the electrostatic potential φO is also plotted, and the colors represent the mean value for each ion
position in the tetrahedral site.

Figure 5. Left: Calculated Coulomb energy per molecule U̅C for various YSZ compositions (circles), trend curve (dashed blue line), and Coulomb
energy per molecule for the ideal mixture (red solid line). Right: Calculated excess Coulomb energy per molecule ΔEU̅C for various YSZ
compositions (circles) and trend curve (dashed blue line). All plotted values correspond to a simulation temperature of 1300 K.
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mechanical approach with the results from classical electro-
statics computed with the Ewald summation. They conclude
that the main contribution to the electronic part of the energy
in YSZ is due to electrostatics and that the effect of ionic
polarization, multipole interactions, and so on is negligible.
Stapper et al.17 calculate the Coulomb energy per atom at 0 K
and zero pressure with ab initio methods for different unrelaxed
structures of YSZ14. For this purpose, they assign the yttrium
ions a charge of −1e and the vacancies a charge of +2e. The
mean value of their calculations is (−42.167 ± 0.043) eV,
which is in the same magnitude as the interpolated value
(−41.476 ± 0.003) eV for YSZ14, for example, at 1300 K in
this study. This means our approach seems to be consistent
with ab initio calculations.
3.2. Electrostatic Potential of ZrO2 and Y2O3 in YSZ.

We show in Figure 5 the calculated Coulomb energy per
molecule U̅C (left diagram) and the calculated excess Coulomb
energy per molecule ΔEU̅C (right diagram) exemplary for
1300 K and for different YSZ compositions, respectively. The
Coulomb energy shows a real part. Despite the relatively small
difference between the real part and the ideal mixture, this
difference is smaller than the calculated error for all YSZ
compositions. Therefore, in this case the real part is
quantifiable. This also leads to a quantifiable excess Coulomb
energy, whose error bars are smaller in comparison with the
absolute values. Because the Coulomb energy and the excess
Coulomb energy are negative, the Coulomb interactions in the
mixture are higher than in the ideal case, despite the higher
volume and the lower number of ions in the system. That
means that the determining effect for a real behavior of the
Coulomb energy is the mobility of the ions in the system.
Given this, it is possible to calculate partial molecular

Coulomb energies, that is, the electrostatic potential of the

molecules ZrO2 and Y2O3 with the geometrical method
proposed in this work. We plot the results in Figure 6 for
different temperatures. As expected, the electrostatic potential
of ZrO2 decreases and the electrostatic potential of Y2O3

increases for higher Y2O3 concentrations in all cases. The
error of the calculated values increases according to the
discussion of the error of the calculated electrostatic potential
of the single ions. Furthermore, the electrostatic potential of the
molecules does not show any substantial dependency on the
temperature, as is the case for the electrostatic potential of the
single ions.
We found the following relationships between the electro-

static potential of the molecules and the electrostatic potential
of the ions

φ φ φ= +z z
N
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with

= +N N N( /2)YSZ Zr Y

We also plot in Figure 6 the values calculated using this mixing
rule and the values of the electrostatic potential for the single
ions. Despite some discrepancies in the calculated values for
(zφ)Y2O3

at small Y2O3 concentrations, most of the values are

equivalent within the statistical accuracy of the results. The
discrepancy may be given by the odd approximation of the
tangents with secants. Nevertheless, the superposition of the

Figure 6. Calculated electrostatic potential of the molecules j = ZrO2 and j = Y2O3 for different YSZ compositions estimated with the tangent
construction (ZrO2: dark blue circles, Y2O3: red circles) and directly calculated with the electrostatic potential of the ions φi (ZrO2: blue triangles,
Y2O3: dark cyan triangles) at different temperatures: (a) 1100, (b) 1300, and (c) 1500 K.

The Journal of Physical Chemistry C Article

DOI: 10.1021/acs.jpcc.7b08710
J. Phys. Chem. C 2018, 122, 62−70

67



electrostatic potential of the ions leads to a thermodynamically
plausible advance of the electrostatic potential of the molecules.
That means it is possible to express the electrostatic potential of
the molecules with the electrostatic potential of the ions for this
kind of binary metal oxide mixtures. It may also be possible to
determine similar mixing rules for mixtures of higher order.
If such mixing rules are known, then a single computation is

needed to calculate the partial molecular Coulomb energies of
the system at a given thermodynamic state. With this
information, the following procedure can be used to calculate,
for example, the Coulomb entropy SC for a binary metal oxide:

(a) Calculation of the electrostatic potential of the ions in
the system in the Grand canonical ensemble, for
example, with Monte Carlo methods, at different
temperatures and the same pressure.

(b) Calculation of the quantities (zψ)j, that is, of the partial
molecular Coulomb free enthalpies, with the mixing rules
proposed here.

(c) Evaluation of the Maxwell relation in eq 17 to calculate
the partial molecular entropies

(d) The addition of these values multiplied with the mole
fraction of the respective molecule results into the
molecular Coulomb entropy S ̅C, which can be easily
transformed in a per ion quantity if desired.

3.3. Nernst−Planck Equations for YSZ. With the new
quantities (zψ)j defined in this study, we can write the following
set of Nernst−Planck equations to describe the ionic transport
in the system

σ
ψ= ∇ − + ∇ −D c zJ ( )
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It can be shown that the conductivities σZrO2
and σY2O3

are

related to the anion conductivity σO as follows (see the
Supporting Information)
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We use the simulated phenomenological coefficients LOO from
our previous work9 to calculate the conductivities σO, σZrO2

, and

σY2O3
for different YSZ compositions at 1300 K and plot them in

Figure 7. The molecular conductivities σZrO2
and σY2O3

are lower

than the ionic conductivity σO, with σY2O3
being the lowest in all

cases. This is reasonable because the single contribution from
the molecules should not surpass the net ionic conductivity.
However, the conductivities are not additive. Because the
cations do not diffuse at all, the molecular conductivities may
describe the distribution of the anions to form electroneutral
molecules in the system, and this distribution is not necessarily
in accordance with the net anionic flux. Furthermore, the
zirconia conductivity is almost equal to the oxygen conductivity
for YSZ04, but the gap between the zirconia and the oxygen
conductivity increases for higher Y2O3 concentrations, resulting
in a smaller gap between the molecular conductivities. The low

Y2O3 conductivity means a higher resistance so that the ions
prefer to flow through the ZrO2 molecules rather than through
the Y2O3 molecules. A higher concentration of Y2O3 affects the
ZrO2 conductivity, too, due to the increased probability of
finding Zr−Y ion pairs. This may explain the progression of the
curves. These findings are also in accordance with the study of
Kilo et al.,18 in which the authors show the yttrium cations to
have a blocking effect on the vacancy diffusion.
Mathematically, we did a coordinate transformation defining

two different conductivities instead of a solely one. Despite the
plausibility of the results, it may not appear to have any
practical use at first glance. However, the Fick diffusion
coefficients Dj can be calculated with the conductivities σj and
with the thermodynamic factor Γj (see the Supporting
Information)
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with cj as the molecular concentration. The thermodynamic
factor is well-defined in our thermodynamically consistent
framework: If the electrochemical potential of the molecules is
known, for example, from thermodynamic integration, and the
quantities (zψ)j are given, for example, from MC simulation,
then the chemical potential of the molecules μj can be
calculated from eq 13 for different compositions and, as a direct
consequence, so can the thermodynamic factor. With the Fick
diffusion coefficient and the molecular conductivities, the
Nernst−Planck eqs 26 and 27 can be then used to describe the
transport mechanism in metal oxide systems in a thermody-
namically consistent manner.

4. CONCLUSIONS

We calculate a thermodynamically consistent electrostatic
potential of ZrO2 and Y2O3 in YSZ with classical MD
simulations. If we consider the internal Coulomb energy as a
thermodynamic property, it follows from electrostatics that the
internal partial Coulomb energy of a mixture is proportional to
the electrostatic potential of the molecules in an electrolyte
mixture. In this framework, we understand as an electrolyte
mixture a mixture of electroneutral components, which

Figure 7. Ionic conductivity σO and molecular conductivities σZrO2
and

σY2O3
for different YSZ compositions at 1300 K and zero pressure.
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together build a new electroneutral system. If we analyze the
internal Coulomb energy from the point of view of the
fundamental equation of state, then a quantity ψj arises, which
is related to the electrochemical potential of the molecules in
the system. Such a quantity may be calculated with, for
example, MC methods. For a metal oxide like YSZ, the
electrostatic potential of the molecules can be estimated from
the Coulomb internal energy and a tangent construction. To
calculate the Coulomb internal energy in YSZ for different
compositions at different temperatures, that is, 1100, 1300 and
1500 K, and zero pressure, we conduct MD simulations with
LAMMPS and the methodology reported in our previous
work.9 Furthermore, we calculate the electrostatic potential of
the ions with algorithms we developed.
The calculated electrostatic potential of oxygen anions has a

maximum at 12 mol % Y2O3, the calculated electrostatic
potential of the zirconium cations has an inflection point at
∼24 mol % Y2O3, and the electrostatic potential of the yttrium
cations increases for higher Y2O3. The electrostatic potential for
all ion species increases for higher temperatures due to the
increment in the anion velocities, which influences the local
anion density. This temperature dependency is not noticeable
for φO (Y2O3) because of the broad local density of the anions
due to the high number of free lattice sites in the oxygen
sublattice. For a higher Y2O3 concentration in YSZ, that is, a
higher number of vacancies, and a given temperature, the
electrostatic potential of all ion species increases due to the
decreasing number of anions and nearest-neighbor contribu-
tions. The opposite effect results from a high number of Y3+ and
a large volume. From the local density of the anions and the
local distribution of the electrostatic potential, we notice that a
high mobility of the anions results in a higher value for φO and
a smaller value for φZr and φY.
The relatively strong temperature dependency of the

electrostatic potentials of the ions and the particular
progression of their curves over the Y2O3 concentration are
not present in the progression of the electrostatic potential of
the molecules. In contrast, the electrostatic potential of ZrO2

decreases and that of Y2O3 increases, as is expected of partial
molecular Coulomb energies in binary mixtures. The partial
molecular Coulomb internal energies for YSZ-like metal oxides
can be estimated with the mixing rule proposed in this work,
which only considers the electrostatic potential of the ions and
the composition of the system. With this knowledge, one can
estimate the Coulomb contribution for other thermodynamic
properties if the simulations are done in the appropriate
ensemble.
Finally, we calculate the molecular conductivities σZrO2

and

σY2O3
using the mixing rules and the values for the

phenomenological coefficient LOO from our previous work.9

We do this to give Nernst−Planck kinetics consistent with the
suggested thermodynamic framework. The results for the
molecular conductivities are reasonable because they reproduce
the blocking effect of the yttrium cations on the anions during
vacancy diffusion reported in the literature.17 Moreover, a direct
approach to the Fick diffusivities may be possible with the
knowledge of the quantities (zψ)j, the electrochemical potential
ηj, and the molecular conductivities calculated in this study.
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ABSTRACT: Zirconium dioxide (ZrO2) codoped with 10 mol %
scandium(III) oxide Sc2O3 and 1 mol % cerium dioxide CeO2

(10Sc1CeSZ) is a relevant electrolyte material for high temperature
fuel or electrolysis cells, due to its high ionic conductivity and its
stability in the cubic phase in comparison to other metal oxides.
Despite the many experimental studies for 10Sc1CeSZ, there are to
our knowledge no computational studies of this material. In this
paper, we calculate the diffusivities and ionic conductivity of
10Sc1CeSZ using classical molecular dynamics for different
temperatures and the density at zero pressure in the canonical
ensemble. Our results for the ionic conductivity are comparable
with experimental data for temperatures equal to or above 1200 K.
This may hopefully also be the case for the Brownian diffusion
coefficient and the tracer diffusion coefficient calculated in this work, for which no literature values are available. The values given
in this paper can be used in future studies describing transport phenomena in fuel or electrolysis cells with 10Sc1CeSZ
electrolytes.

1. INTRODUCTION

In a fuel cell, hydrogen and oxygen react electrochemically,
producing water, electrical power, and heat. In a solid oxide fuel
cell (SOFC), oxygen anions are transported through the
electrolyte from the cathode to the anode.1 The electrolyte is a
metal oxide with crystal defects in the oxygen sublattice, so that
the anion transport occurs through vacancy diffusion.2

The standard material for SOFC electrolytes is yttrium(III)
oxide-stabilized zirconium dioxide with 8 mol % Y2O3 (YSZ08).
This concentration is used because it results in the maximum
conductivity of this material.3 Nevertheless, stabilized zirconia
with a concentration of 10 mol % scandium(III) oxide Sc2O3

and 1 mol % cerium dioxide CeO2 (10Sc1CeSZ) has an even
higher ionic conductivity.4 For this reason, there are several
experimental studies of 10Sc1CeSZ in the literature. In these
experimental studies, only the structural,5−8 electrical,9−11 and
mechanical12−14 properties of 10Sc1CeSZ, as well the aging
behavior,15−17 are analyzed, usually in dependence on the
sintering process. Despite the already conducted computational
studies on ScSZ,18−20 to our knowledge, there are no
computational studies for 10Sc1CeSZ.
The purpose of this study is an extensive diffusivity analysis

of this material with classical molecular dynamics (MD)
calculations. For our investigation, we use the Buckingham
potential with Coulomb interactions and a parametrization
based on the works of Dwivedi and Comarck21 and Lewis and
Catlow.22 Finally, the computational results for conductivity are
compared to experimental data from the literature.

2. METHODS

2.1. Theory. As the result of doping of Sc2O3 into ZrO2 in
10Sc1CeSZ, oxygen vacancies VO

•• form in the oxygen sublattice
according to the following defect reaction in Kröger−Vink
notation:

⎯ →⎯⎯⎯ ′ + +••Sc O 2Sc V 3Ox
2 3

ZrO

Zr O O
2

(1)

From reaction 1, it is clear that the electroneutrality
condition is given by ′ = ••[Sc ] 2[V ]Zr O . To describe the vacancy
diffusion, we have to differentiate between Brownian diffusion
and diffusion due to a potential gradient. On one hand, the
Brownian diffusion coefficient DO

MSD is given by the mean
square displacement (MSD) of the anions r2(t)

⟨ ⟩ =t nD tr ( ) 22
O
MSD

(2)

where n is the number of spatial dimensions. This diffusion
coefficient is closely related to the tracer diffusion coefficient
DO* given by23

* =D f D xO O V
MSD

V (3)

Here, f O is the geometrical correlation factor and DV
MSD is the

diffusion coefficient of the vacancies. In this case, we use the
jump balance DOxO = DVxV, where xO is the mole fraction of
the oxygen anions and xV is the mole fraction of the vacancies.
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For simple cubic sublattices, such as the oxygen sublattice in
10Sc1CeSZ, the correlation factor can be calculated as follows24

≈ −f
Z

1
2

O
O (4)

where ZO is the first coordination number, which can be
determined from the radial distribution function (RDF) of the
anions.
On the other hand, the vacancy diffusion of the anions due to

a potential gradient can be described using the non-equilibrium
thermodynamics approach:25

βη β μ ϕ= − ∇ = − ∇ +k L L z FJ / ( ) ( )
O B OO O OO O O (5)

This equation gives the flux density JO of the anions in
mol/(m2 s). Here, LOO is the phenomenological coefficient
describing the anion diffusion, F the Faraday constant, ϕ the
electrostatic potential, kB the Boltzmann constant, and β =
(kBT)

−1 the reciprocal of the thermodynamic temperature.
Additionally, ηO is the electrochemical potential, μO the
chemical potential, and zO the valency of the oxygen anions.
In this case, we assume that there are no temperature gradients
and no cation diffusion; otherwise, additional terms have to be
added in eq 5. We can also describe the kinetics with the
Nernst−Planck equation:

μ
σ

ϕ= ∇ − + ∇ −
c D

RT F
zJ ( ) ( )

O
O O

O
O

O (6)

Here R is the ideal gas constant and cO = [OO
x ] is the

concentration of the oxygen anions. The ionic conductivity σO
and the diffusion coefficient DO are then given by

σ
= =

c D

R

T

F
LO O O

2 OO (7)

The phenomenological coefficient LOO can be calculated
from the anion microflux using the Green−Kubo relation, as
was done in our previous work.26

2.2. System, Force Field, and Thermodynamic State.
To build the start configuration for our MD calculations, we
use a 5 × 5 × 5 lattice simulation box of pure ZrO2. We assume
the lattice to be cubic and of the fluorite type (see Figure 1)
with a lattice constant of 5.0 × 10−10 m, so that the initial box
encloses 1000 oxygen atoms and 500 zirconium atoms.
We randomly swap five zirconium atoms with five cerium

atoms so that xCeO2
≈ 0.01. After that, we randomly swap

zirconium atoms with scandium atoms until xSc2O3
≈ 0.1. To

guarantee the electroneutrality of the system, we randomly
remove one oxygen atom for every two scandium atoms in the
system. The resulting configuration is given in Table 1.
We describe the interaction between the atoms in the system

with the Buckingham potential and a Coulomb term:

πε
= − +ρu r A

C

r

q q

r
( ) e

4
ij ij

r ij

ij

i j

ij

/
6

0

ij ij

(8)

Here, we use values from the literature21,22 for the
coefficients ρij, Cij, and Aij to describe the interactions between
the ions. These values are given in Table 2, where e is the
elementary charge. The ions are seen as point charges with a
valency of +4 for Zr and Ce, respectively, −2 for O, and +3 for
Sc.
We carry out our study in the canonical ensemble with the

density corresponding to a thermodynamic state at zero

pressure and different temperatures (1100 K, 1200 K, ...,
1500 K). We select this temperature range because it is difficult
to measure the ionic conductivity of 10Sc1CeSZ for temper-
atures above 1100 K with, e.g., impedance spectroscopy, and, to
our knowledge, there are no studies of the ionic conductivity
for temperatures above 1300 K.

2.3. Computational Details. All of our calculations are
strictly classical, and we carry them out using LAMMPS.28 We
use the computation methodology described in our previous
works.26,29 For all simulations, periodic boundary conditions
apply. We use a cutoff radius for the non-Coulomb
contributions of 10 × 10−10 m. We integrate the Coulomb
energy with the Ewald sum using an accuracy of 1 × 10−4 for
the root-mean-square force error in the real and K-space,
resulting in an Ewald parameter of approximately 0.3 × 10−10 m
for all simulations. We conduct all simulations with a time step
of 0.5 × 10−15 s. For each simulation, the equilibration run is 1
× 10−9 m long and the production run is 0.5 × 10−9 s long. For
our calculations, we use the position and velocities of the atoms
at each time step of the production run. We apply a cutoff
radius of 10.2 × 10−10 m divided into 150 bins for the
computation of the RDFs.
To calculate the lattice constant a, simulations in the Nose−́

Hoover NpT ensemble are performed. The time span is 0.1 ×

Figure 1. 10Sc1CeSZ cubic structure. In green are the Zr, Ce, or Sc
atoms. O atoms or VO vacancies are in red. The image was generated
using OVITO.27

Table 1. 10Sc1CeSZ Composition Analyzed in This Work

system NZr NCe NSc NO xSc2O3
× 102 xCeO2

× 102

10Sc1CeSZ 403 5 92 954 10.13 1.10

Table 2. Parameters Aij, ρij, and Cij for the Buckingham
Potentiala

Aij (J) ρij (10
−10 m) Cij (10

−60 J m6)

Zr4+−O2− 985.869e 0.376 0

Ce4+−O2− 1013.6e 0.3949 0

Sc3+−O2− 1299.4e 0.3312 0

O2−
−O2− 22764.3e 0.149 27.89e

aThe values for the Zr4+−O2− and O2−
−O2− interactions are taken

from the work of Dwivedi and Cormack.21 The values for the Ce4+−
O2− and Sc3+−O2− interactions are taken from the work of Lewis and
Catlow.22 Here, e is the elementary charge.
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10−12 s for the temperature relaxation and 1 × 10−12 s for the
pressure relaxation. To calculate the RDFs, the MSD of the
anions, and the correlation functions, we conduct simulations in
the Nose−́Hoover NVT ensemble using the last configuration
of the production run from the NpT simulations but adjusting
the density in such a way that it corresponds to the calculated
mean value of the lattice constant a. Here, the time span for the
temperature relaxation is also 0.1 × 10−12 s.
We conduct independent simulations using 10 different

10Sc1CeSZ configurations for each temperature. As an
indicator for the reproducibility of our results, we estimate
the error for each simulation with well-known methods
summarized by Allen and Tildesley.30 The values presented
throughout this paper are the mean values of the 10
independent simulations. Following the discussion of Pranami
and Lamm,31 the uncertainties are calculated on the basis of a
one-sided Student’s distribution given by a 95% confidence
interval. In the Supporting Information, we show that the
simulations reached thermodynamic equilibrium and that the
chosen number of independent simulations is appropriated, and
we also provide simulation sample data.

3. RESULTS AND DISCUSSION

3.1. Structural Properties. We summarize in Table 3 the
calculated lattice constant a and the calculated coefficient of

thermal expansion (CTE) α for different temperatures. The
extrapolated mean value for the lattice constant at 298 K is

= × −a(298 K) 5.10231(31) 10 m10
(9)

and the relative deviation to the experimental value of
5.0956(1) × 10−10 m, taken from the work of Omar et al.,32

is 0.13%, which is small but not within the error bars of the
experimental value.
In the study of Heel et al.,33 experimental values of the CTE

are given for two different temperature ranges: 10.6 × 10−6 K−1

at 473−923 K and 12.5 × 10−6 K−1 at 923−1253 K. Heel et
al.33 also give a mean value for the CTE of 11.4 × 10−6 K−1.
The relative deviation between the simulated CTE and the
experimental value at 1100 K is 48%. We calculate values of the
lattice constant between 1100 and 1500 K using the mean
experimental CTE (see the Supporting Information). The
relative deviation between these values and the simulated lattice
constant is 0.33% at 1100 K and 0.46% at 1500 K. The chosen
parametrization, therefore, gives an acceptable description of
the lattice constant of 10Sc1CeSZ and its temperature
dependency despite the high relative deviation between the
MD results and the experimental values of the CTE.
We plot in Figure 2 the calculated RDF between anions and

between the cations and the anions at 1100 and 1500 K. The
RDFs for Zr−O, Ce−O, and Sc−O are similar, but the distance
from the zirconium and scandium cations to the oxygen anions
is slightly shorter than the distance between the cerium cations
and the oxygen anions. Following the discussion of Shimojo et
al.34 for YSZ, the doping of cerium results in a shifting of the
oxygen anions from their tetrahedral site. We calculate the first
coordination number for Sc−O, Zr−O, and Ce−O considering
only the first peak of the RDFs for the weighted integral (see
Supporting Information). The coordination number for Ce−O
is the highest. This is due to the larger ionic radius of cerium
(185 × 10−12 m) in comparison to that of scandium (88.5 ×

10−12 m) or zirconium (86 × 10−12 m), as discussed by
Norberg et al.35 for this kind of doped zirconias. The peak of

Table 3. Calculated Lattice Constant a and Coefficient of
Thermal Expansion α for 10Sc1CeSZ, as Well as Calculated
Coordination Number ZO and Correlation Factor fO for the
Oxygen Sublattice in 10ScCeSZ, at Different Temperatures
and Zero Pressure

T (K) a (10−10 m) α (10−6 K−1) ZO f O

1100 5.11518(15) 8.444(48) 5.918(45) 0.6621(26)

1200 5.11948(11) 8.437(48) 5.908(38) 0.6615(22)

1300 5.12380(13) 8.430(48) 5.897(41) 0.6608(24)

1400 5.12813(10) 8.423(48) 5.885(37) 0.6602(21)

1500 5.13245(10) 8.416(48) 5.874(33) 0.6595(19)

Figure 2. Calculated RDFs for the ion pairs Zr−O, Sc−O, Ce−O, and O−O in 10Sc1CeSZ at 1100 K (dark blue lines) and 1500 K (light blue lines)
and zero pressure.
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the local maxima for the RDF for Sc−O is smaller than that for
Zr−O. However, the coordination numbers ZSc−O and ZZr−O

are similar within the statistical uncertainty, since the RDFs for
Sc−O are broader than the RDFs for Zr−O. Finally, the peak
of the local maxima for all RDFs decreases at the higher
temperature. This results in a smaller coordination number in
all cases.
The calculated coordination number ZO for the oxygen

sublattice in 10Sc1CeSZ and the corresponding correlation
factor f O calculated with eq 4 are given in Table 3 for different
temperatures. We test the null hypothesis that the values of the
coordination number ZO and of the correlation factor f O do not
differentiate from their mean value at different temperatures,
i.e., that the values can be seen as temperature independent
within the statistical uncertainty despite the appreciable
decreasing tendency of ZO and increasing tendency of f O for
higher temperatures. The detailed results from these tests are
given in the Supporting Information and show that the null
hypothesis has to be rejected, as some values cannot statistically
be taken as temperature independent.
3.2. Diffusivities and Ionic Conductivity. Figure 3 is the

Arrhenius plot for the Brownian diffusion coefficients of the

oxygen anions DO
MSD and the vacancies DV

MSD and for the tracer
Diffusion coefficient D*. As expected from the jump balance,
the Brownian diffusion coefficient of the vacancies is bigger

than the Brownian diffusion coefficient of the oxygen anions.
Furthermore, the progression of the tracer diffusion coefficient
is similar to the progression of the other diffusion coefficients in
the plot. In this case, all three diffusion coefficients can be
described with an activation energy:

=E e0.4281(81) JA
MSD

(10)

To our knowledge, there are no experimental data nor other
calculation results for these quantities in 10Sc1CeSZ, so we
cannot confirm the accuracy of our results.
The autocorrelation function (ACF) of the microflux of the

oxygen anions normalized with the value ⟨JO(0)JO(0)⟩T=1500K is
plotted for 1100 and 1500 K in Figure 4 (left). To evaluate the
integral of the ACF with the Green−Kubo relation, we use the
approach given in our previous work26 with an averaging
interval of 1−2 × 10−12 s. This assumption is adequate, since
the ACF decayed to zero at around 0.4 × 10−12 s in all cases.
The Arrhenius plot of the ionic conductivity σO is given in
Figure 4 (right) in comparison with experimental data of Lee et
al.,36 Liu et al.,7 and Arachi et al.9 To our knowledge, these are
the only studies giving experimental data of the conductivity at
this temperature range. The relative deviation in log scale is
10% for 1100 K, 6% for 1200 K, and 5% for 1300 K in
comparison to the experimental values of Lee et al.36 and Liu et
al.;7 in comparison to the experimental values of Arachi et al.,9

it is 18% for 1100 K and 14% for 1200 K. The relative deviation
of the absolute values should be significantly higher. However,
the experimental values from different studies also show a
similar discrepancy to each other. Therefore, we believe that the
values calculated demonstrate that this approach is acceptable
for the ionic conductivity at temperatures above 1200 K and
that the comparison in the log scale is appropriate. Never-
theless, the calculation with the proposed force field para-
metrization is not suitable for temperatures below 1200 K due
to the high relative deviation.
Taking into account the experimental values above 1200 K

from the work of Lee et al.,36 we calculate a mean activation
energy of 0.51(24)e J. The activation energy calculated in this
work of 0.331(21)e J lies within the error bars of the calculated
value from the experimental data of Lee et al.36 Furthermore,
the relative deviation between our calculated value and the

Figure 3. Brownian diffusion coefficients for the oxygen anions DO
MSD

(blue squares) and for the vacancies DV
MSD (red circles) and tracer

diffusion coefficient D* (green triangles).

Figure 4. (left) Calculated ACF of the microflux of the oxygen anions normalized with the value ⟨JO(0)JO(0)⟩T=1500K. (right) Calculated Arrhenius
plot of the ionic conductivity σ (blue circles) in comparison with experimental data: LEE1 (red squares) and LEE2 (green triangles) from the work
of Lee et al.,36 LIU (orange diamonds) from the work of Liu et al.,7 and AR (violet pentagons) from the work of Arachi et al.9
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experimental value of the activation energy for the grain ionic
conductivity from the work of Wang et al.37 of 0.363e J is only
9%, so our approach provides a good description of the energy
barriers for the ionic conductivity of 10Sc1CeSZ for temper-
atures between 1200 and 1500 K.
To calculate the ionic conductivity, the anion microflux is

defined as the sum of the velocities of all oxygen anions.26 The
ACF of the anion microflux comprises, therefore, a term
corresponding to the velocity auto correlation function
(VACF). In the linear approximation, the diffusivities calculated
from the VACF are equivalent to those calculated from the
MSD. Thus, there is a relative high probability that the
Brownian diffusion coefficients and the tracer diffusion
coefficients calculated from the MSD of the anions in this
study are as effectively described as the calculated ionic
conductivity for temperatures above 1200 K (see Figure 3).
Finally, the calculated Nernst−Planck diffusion coefficient DO

for 10Sc1CeSZ is given in Table 4 for different temperatures.
Here, the activation energy 0.335(21)e J is almost equal to the
activation energy of the ionic conductivity in spite of the
concentration dependency in eq 7.

4. CONCLUSIONS

The main goal of this study is to calculate the diffusivities and
ionic conductivity of the oxygen anions in 10Sc1CeSZ. We
select this material because it has a higher ionic conductivity
than the standard material for SOFC applications, YSZ. We
perform our calculations with the MD package LAMMPS28

using the methodology reported in our previous work.26,29 We
use the Buckingham potential to describe the interatomic
contributions with a parametrization from the works of Dwedi
and Cormack21 for the Zr−O and O−O interactions and a
parametrization from Lewis and Catlow22 for the Sc−O and
Ce−O interactions. The calculated lattice constant is in
agreement with experimental data. For temperatures between
1200 and 1500 K, the calculated conductivity values are
comparable to experimental data from the literature and the
activation energy deviates only 9% from the experimental value
for grain ionic conductivity, meaning that our approach
effectively describes the energy barriers. In this case, there is
quite a high probability that these statements are also true for
the Brownian diffusion coefficient, the tracer diffusion
coefficient, and the Nernst−Planck diffusion coefficient. To
our knowledge, there are no experimental data for these
diffusivities in the literature.
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2.3 Computational Details. We plot in Figure S1 the calculated internal energy 𝑈 of the system 

over the equilibration time for one of the ten independent simulations in the NpT and NVT 

ensemble. From the progression of the internal energy 𝑈, we assume that the system reaches 

thermodynamic equilibrium in all cases. 

For each temperature, we test the two-sided null hypothesis 𝐻01: 𝑋 = 𝑋0 vs. 𝐻11: 𝑋 ≠ 𝑋0 at the 

significance level 𝛼 = 0.05 and type 2 error 𝛽 = 0.1 for 𝑋 = 𝑎, 𝐷𝑂𝑀𝑆𝐷 , 𝐿𝑂𝑂, and we calculate the 

sample size 𝑛𝑋 given by: 

𝑛𝑋 ≥ ((𝑢1−𝛼/2 + 𝑢1−𝛽)𝜎𝑋Δ𝑋 )2. 



 2 

 

Figure S1. Calculated internal energy 𝑈 of one system configuration over the equilibration time 

for a NpT and a NVT simulation, as well as for different temperatures. 

Here, 𝑢1−𝑌 is the Y-quantile of the standard normal distribution, 𝜎𝑋 the standard deviation and Δ𝑋 = 𝑋 − 𝑋0. For Δ𝑋, we use the length of the error bars of the mean value of 𝑋. The resulting 

sample sizes have to be higher than 6 in all cases. Therefore, the hypothesis 𝐻01 cannot be rejected 

if the mean value is calculated from ten independent simulations. 

Table S1. Calculated values for the MSD-Diffusion coefficient 𝐷𝑂𝑀𝑆𝐷 and the phenomenological 

coefficient 𝐿𝑂𝑂 for five of the ten independent simulations at 1100 K and 1500 K. Following the 

discussion of G. Pranami and M. H. Lamm,S1 we do not determine the uncertainty for each 𝐷𝑂𝑀𝑆𝐷, 

since this is only possible for a sample of values obtained from various independent simulations. 

Conf. 𝐷𝑂𝑀𝑆𝐷(1100 K) 𝐷𝑂𝑀𝑆𝐷(1500 K) 𝐿𝑂𝑂 (1100 K) 𝐿𝑂𝑂  (1500 K) 

 10−11
 m2/s 10−6 mol2 ∙ K ∙ (J ∙ s ∙ m)−1 

A 6.248 0.224 1.45(41) 3.85(66) 

B 6.521 0.212 1.37(57) 3.55(90) 

C 6.470 0.210 1.19(68) 3.45(67) 

D 6.958 0.219 1.42(75) 3.12(81) 

E 6.672 0.220 1.37(49) 3.41(67) 
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Finally, we give exemplarily in Table S1 the simulated values of 𝐷𝑂𝑀𝑆𝐷 and 𝐿𝑂𝑂 for five of the ten 

independent simulations at 1100 K and 1500 K, in order to give the readers some information 

about the statistics of the simulations. 

Table S2. Calculated lattice constant of 10Sc1CeSZ using the experimental mean value for the 

CTE of 11.4 ∙ 10−6 K−1 and the experimental value for the lattice constant at room temperature of 5.09 ∙ 10−10 m. Both values taken from Heel et al.S2. 𝑇 in K 𝑎 in 10−10
 m 1100 5.1266 1200 5.1325 1300 5.1384 1400 5.1444 1500 5.1503 

 

3.1 Structural Properties. We summarize in Table S2 the lattice constant of 10Sc1CeSZ calculated 

from the experimental values given by Heel et al.S2 for different temperatures.  

Table S3. Calculated coordination numbers 𝑍𝑍𝑟−𝑂, 𝑍𝐶𝑒−𝑂 and 𝑍𝑆𝑐−𝑂 at different temperatures and 

zero pressure. 𝑇 in K 𝑍𝑍𝑟−𝑂 𝑍𝐶𝑒−𝑂 𝑍𝑆𝑐−𝑂 1100 7.598(84) 7.963(99) 7.70(42) 1200 7.598(71) 7.959(88) 7.69(41) 1300 7.598(78) 7.950(94) 7.68(41) 1400 7.598(69) 7.943(87) 7.67(41) 1500 7.596(63) 7.934(81) 7.66(41) 
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In Table S3, the simulated coordination numbers 𝑍𝑍𝑟−𝑂, 𝑍𝐶𝑒−𝑂 and 𝑍𝑆𝑐−𝑂 are summarized at 

different temperatures. 

We test the null hypothesis 𝐻0𝑖 at a significance level of 𝛼 = 0.05 to see, that the values of the 

coordination number 𝑍𝑂(𝑇) and of the correlation factor 𝑓𝑂(𝑇) do not differentiate from the mean 

values �̅�𝑂 and 𝑓�̅� at different temperatures 𝐻02: �̅�𝑂 = 𝑍𝑂(𝑇) vs 𝐻12: �̅�𝑂 ≠ 𝑍𝑂(𝑇) and 𝐻03: 𝑓�̅� =𝑓𝑂(𝑇) vs 𝐻13: 𝑓�̅� ≠ 𝑓𝑂(𝑇). For this purpose, we calculate the values 

𝑧𝑋 = �̅� − 𝑋(𝑇)𝜎𝑋 √𝑛𝑋 , 
where 𝑋 = 𝑍𝑂 , 𝑓𝑂. The resulting values for 𝑧𝑋 are given in Table S4. We reject the hypothesis 𝐻02 

and 𝐻03, if |𝑧𝑋| > 𝑢0.975 = 1.96.  

Table S4. Calculated values 𝑧𝑍𝑂 and 𝑧𝑓𝑂 for different temperatures. 𝑇 in K 1100 1200 1300 1400 1500 𝑧𝑍𝑂 ≈ 𝑧𝑓𝑂 2.77 1.44 0.07 1.41 2.87 
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Abstract: The calculation of the entropy production rate within an operational high temperature solid

oxide fuel cell (SOFC) is necessary to design and improve heating and cooling strategies. However,

due to a lack of information, most of the studies are limited to empirical relations, which are not in

line with the more general approach given by non-equilibrium thermodynamics (NET). The SOFC

1D-model presented in this study is based on non-equilibrium thermodynamics and we parameterize

it with experimental data and data from molecular dynamics (MD). The validation of the model

shows that it can effectively describe the behavior of a SOFC at 1300 K. Moreover, we show that

the highest entropy production is present in the electrolyte and the catalyst layers, and that the

Peltier heat transfer is considerable for the calculation of the heat flux in the electrolyte and cannot be

neglected. To our knowledge, this is the first validated model of a SOFC based on non-equilibrium

thermodynamics and this study can be extended to analyze SOFCs with other solid oxide electrolytes,

with perovskites electrolytes or even other electrochemical systems like solid oxide electrolysis

cells (SOECs).

Keywords: entropy production; SOFC; electrochemistry; fuel cell; solid-state ionics

1. Introduction

Fuel cells are an alternative technology for power generation [1]. High temperature solid oxide

fuel cells (SOFCs) have high efficiency and are, together with the polymer-electrolyte membrane fuel

cell (PEMFC), the most promising type [2,3]. Some of the main advantages of SOFCs are the high

tolerance to CO and their flexibility with the purity of the H2 needed, in comparison to PEMFCs [4,5].

SOFC systems with pre- or internal reforming can work with common fuels in the actual infrastructure

and also work in a future hydrogen network [6–8]. Depending on the electrolyte material and thickness,

SOFCs are operated at a temperature between 700 ◦C and 1100 ◦C [9,10].

Consistent simulation data is beneficial considering the effort needed to obtain reliable results

for different electrolytes through experimental research [11,12]. Many 2D-models or 3D-models of

SOFCs exist in the literature [13–19], but only few are founded within the theory of non-equilibrium

thermodynamics (NET) [20]. This theory includes possible coupled transport mechanisms driven

by multiple gradients and does not claim mono-causal transport mechanisms as the classical kinetic

equations [21–23]. Coupled transport mechanisms are; e.g., the Peltier effect—where a gradient in the

electric potential drives a heat flux. The classical Fourier equation, used in many simulation models,

only accounts for a heat flux due to a temperature gradient [24,25]. The coupling effects are small in
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many technical systems and neglecting them still gives reliable simulation results [26]. Since most

simulation models have empirical parameters to be fitted to the individual application, a deficit in the

kinetic equation does not become apparent immediately. It results in “effective” transport coefficients.

A well-known case is the simulation of multi-component diffusion with Fick’s law instead of using the

Maxwell–Stefan equations [27,28].

In NET [22,23] the fluxes Ji of extensive thermodynamic properties are assigned to more than one

generalized force Xj [21]. The force Xj is a gradient of an intensive property like temperature, chemical

potential, etc. For the fluxes Ji, we can write the following phenomenological equations:

Ji ≈ ∑
j

LijXj, (1)

where Lij are the phenomenological coefficients, also called Onsager-coefficients or conductivities.

This approximation is the result of a Taylor expansion of the entropy in dependency on the deviations

from equilibrium of all variables and the assumption that all processes occur near equilibrium [29].

Only in this case, the Onsager relations for the phenomenological coefficients Lij = Lji apply [30].

The entropy production rate
.
σ is given by the fluxes and the corresponding forces:

.
σ = ∑

i

JiXi. (2)

This fundamental relationship between the local entropy production rate
.
σ and the fluxes is

extremely valuable for understanding dissipative phenomena and for possibly improving the efficiency

of the cell by lowering the entropy production.

A 1D SOFC-model dealing with the transport mechanisms across the cell and using NET is given

by S. Kjelstrup and D. Bedeaux [20]. In this model, empirical coefficients are used to calculate the

conductivities Lij and to describe the bulk-phases and the catalyst layers CLs. The assumption of

infinite surfaces and a small heat conductivity in their model approach leads to temperature jumps

in the CLs. However, the authors do not calculate the entropy production rate. The studies of A.

Sciacovelly and V. Verda [31,32], as well as the recent studies of J. J. Ramírez-Minguela et al. [33,34],

deal with the 3D calculation of the entropy production rate in a SOFC. They only use empirical

equations and do not conduct any validation. Other studies regarding the entropy production are

limited to the system level [35].

Since the validation of all details in the typical standard simulation approach for a SOFC is not yet

completed [36,37], it is the aim of this paper to compare standard kinetic equations against the more

general NET approach. Especially for electrochemical systems showing increasingly strong gradients

due to very thin functional layers, it seems advisable to check the validity of mono-causal kinetic

equations. In this study, we conduct experiments on a single SOFC and develop a 1D-model of the

cell in steady state. We evaluate the cell experimentally with electrochemical impedance spectroscopy

(EIS) and measure the voltage (E)-current(j)-characteristic. The model is based on NET, except for

the CLs, where we assume them to be isotherm and calculate the reaction rate using Butler–Volmer

kinetics. For an overall simulation model based on the NET-approach all conductivities Lij need

to be known [38]. These coefficients can be estimated from known (effective) standard transport

coefficients [20,39,40], for example:

Lqq =
λ

(kBβ)2
+

κπ2

kBβ
, (3)

where the conductivity Lqq describes the heat transport in a solid conductor, λ the heat conductivity,

κ the electronic conductivity and π the peltier coefficient. Furthermore, β = (kBT)−1 is the reciprocal

of the temperature and kB the Boltzmann constant (1.3806 × 10−23 J/K). As the measured transport

coefficients depend significantly on the exact individual nature of the sample; e.g., the grain size and
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boundaries [41,42]—care must be taken when using relations like Equation (3). To overcome these

problems, the direct calculation of the conductivities can be done using MD [43–45].

We believe that the processes across the cell are the most relevant to give insights of the coupled

mechanisms and, thus, we limit our study to the spatial dimension perpendicular to the cell area.

The coefficients to describe the electrolyte are taken from our previous MD study [40]. These values

agree with the experimental data and are calculated from a single “experiment”. Furthermore, we can

evaluate Equation (1) without any transformation. Unfortunately, the values are given only for 1300 K

and, thus, we limit our study to this temperature.

The novelty of our study lies mostly on the following features:

• We expand the gas diffusion layers’ (GDLs’) NET models of S. Kjelstrup and D. Bedeaux [20]

accounting for diffusion.

• We give a detailed description of the transport mechanisms in YSZ electrolytes based on NET

using the phenomenological coefficients calculated with MD.

• Our NET model is validated with our own experimental data.

• We discuss in detail the influence of the coupled mechanisms and calculate each contribution to

the entropy production rate in each layer.

2. Materials and Methods

2.1. Materials and Experimental Methods

We conduct all measurements with an Evaluator-HT test facility from FuelCon AG, Germany.

We use a SOFC of type KeraCell II manufactured by KERAFOL GmbH, Germany. The KeraCell II is an

electrolyte supported cell (ESC) with an 8YSZ electrolyte and an electrolyte thickness of 1.6 × 10−4 m.

The NiO/GDC anode and the ScSZ/LSM cathode GDLs are 0.4 × 10−4 m thick. We conduct our

measurements after a first commissioning of the cell. Here, the first step is to heat the cell to 1123 K.

The heating process is done with a 1 K/min ramp function in order to achieve a homogenous

temperature field across the cell. After heating, the temperature of the cell is held at 1123 K for

several hours before the anode material is reduced to Ni/GDC.

We conduct our EIS-measurements with a ModuLab XM ECS from the company AMETEK GmbH

at atmospheric pressure and different oven temperatures (1023 K, 1073 K, 1123 K, 1173 K and 1300 K).

The EIS-measurements are galvanostatic with a current amplitude of ±280 × 10−3 A in a frequency

range of 0.1 Hz to 100 kHz. We choose the equivalent circuit given in Figure 1. We use three elements

in series. The first element is a resistance to describe the ohmic losses from the electrolyte. In the

second and the third element, we use a resistance and a constant phase element (CPE) in parallel to

describe the losses in the catalyst layers (CLs). We fit our impedance spectra with the equivalent circuit

using the software XM-studio of the analyzer. From this fitting, we get the electrolyte resistance Re

and the polarization resistances Ri
P.

We conduct an extra measurement of the E-j-characteristic of the cell with an oven temperature of

1300 K. This measurement is galvanostatic in a range of 0 to 8000 A/m2.
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2.2. Theoretical Methods

2.2.1. SOFC-System

We define y as the spatial coordinate perpendicular to the SOFC active area and divide the cell

in the following regions: the anode GDL, the anode CL, the electrolyte, the cathode CL and the

cathode GDL. The anode GDL has a thickness of ∆ya, the electrolyte a thickness of ∆ye and the cathode

diffusion layer a thickness of ∆yc. In Figure 2, the resulting system including all the heat and molar

fluxes is depicted. Since we only consider one spatial direction, the fluxes can be written as scalars and

not as vectors.

The oxygen molar flux Jc
O2

coming from the gas channel flows through the cathode diffusion layer

and into the CL. Here, an oxygen atom reacts with two electrons to build oxygen anions during the

oxygen reduction reaction (ORR):

1/2 O2(g) + 2e− ⇄ O2−. (4)

The oxygen anions are then transported through the solid oxide electrolyte. In this work, we study

only YSZ-electrolytes. The doping of Y2O3 in ZrO2 to form YSZ results in vacancies [46]. This defect

formation can be described by the following reaction in Kröger–Vink notation:

Y2O3
ZrO2
↔ 2Y′ + V••

O + 3Ox
O, (5)

with the electro-neutrality condition [Y′] = 2
[
V••

O

]
. The anion flux Je

O−2 is transported through these

defects in the opposite direction of the electric current density j carrying two negative electric charges.

From the gas channel through the anode GDL, the hydrogen molecules are transported as part of

a molar flux Ja
H2

to the anode CL, where they react with the anions. From this hydrogen oxidation

reaction (HOR), water and two free electrons result:

H2(g) + O2−
⇄ H2O(g) + 2e−. (6)

The electrons flow opposite to j from the anode to the cathode in an external electronic circuit.
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Figure 2. Solid oxide fuel cell (SOFC) including the electric current density j, all heat fluxes Ji
q and all

molar fluxes Ji
k. The spatial coordinate y is defined perpendicular to the cell area.
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We define all heat fluxes in the direction of the spatial coordinate y. The heat flux Ja
q (y) flows

through the anode GDL. At the CL, the heat flux Ja
q (∆ya) is equal to Jd,a

q . Due to the half-cell reaction,

heat may be released at the CL, so that the heat Je,a
q flowing from the anode to the electrolyte is not

necessarily equal to Jd,a
q . From then on, the heat Je

q(y) with Je
q(∆ya) = Jd,a

q flows through the electrolyte

and, at the CL, Je
q(∆ya + ∆ye) is equal to Je,c

q . Again, the heat released from the cathode reaction

results in a non-equality between Je,c
q and Jd,c

q . Finally, the heat flux Jc
q(y) with Jc

q(∆ya + ∆ye) = Jd,c
q is

transported further through the cathode diffusion layer.

We only consider a H2,H2O-ideal gas mixture at the anode side and an O2,N2-ideal gas mixture

at the cathode side. The thermodynamic state point is given by T = 1300 K and p = po = 1 bar, and

we only consider steady state conditions.

2.2.2. Mathematical Description of the GDLs

Our start point is the energy balance for the anode GDL and the cathode GDL:

0 =
dJa

q

dy
+ j

dφ

dy
+ Ja

H2

dHH2

dy
− Ja

H2O

dHH2O

dy
, (7)

0 =
dJc

q

dy
+ j

dφ

dy
− Jc

O2

dHO2

dy
, (8)

where φ describes the electric potential. Heat Ji
q and electric power j·φ are transported through the

GDLs, while the gas components k enter or leave them with the molar enthalpy Hk. The molar

enthalpy of ideal gases is only dependent on the temperature and can be expressed differentially

as dHk = Cp,k(T)dT, where Cp,k(T) is the molar isobaric heat capacity of species k. We define all

molar fluxes relative to the spatial direction (see Figure 2) and, considering the component balances

2Ja
H2

= −2Ja
H2O = j/F and −4Jc

O2
= j/F, we get:

0 =
dJa

q

dy
+ j

[
dφ

dy
+

1

2F

[
Cp,H2

(T) + Cp,H2O(T)
]dT

dy

]
, (9)

0 =
dJc

q

dy
+ j

[
dφ

dy
+

1

4F
Cp,O2

(T)
dT

dy

]
, (10)

where F is the Faraday constant (96, 485 C/mol). All thermodynamic properties for the ideal gases are

calculated with the equations of Kabelac et al. [47]. To describe the fluxes and thermodynamic forces

we use the following kinetics [20]:

Ji
q = −λi dT

dy
+ πi j (11)

j = −
πi

ri

1

T

dT

dy
−

1

ri

dφ

dy
, (12)

Ji
k = −Dk

dck

dy
, (13)

where the upper script i = a, c denotes the anode or the cathode, ri the area specific resistance and

Dk the effective diffusion coefficient of species k. The derivation of Equations (11) and (12) using

non-equilibrium thermodynamics can be found in the work of S. Kjelstrup and D. Bedeux [20].

The area specific resistance ri is described by following the Arrhenius equation:

ri/T = ri
0·e

Ei
A,r
RT . (14)
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Here, Ei
A,r is the activation energy and ri

0 the pre-exponential factor. To give Equation (14)

theoretical support, we firstly assume that all phenomenological coefficients Lij may have an Arrhenius

behavior. The coefficient Lφφ, which describes the electronic transport, is related to the electronic

conductivity κ as follows:

F2Li
ΦΦ = κiT. (15)

Equation (15) can be derived from Equation (1) following the steps given in our previous work [48].

As a consequence, the following Arrhenius equation arises:

κiT = κi
0·e

−
Ei

A,r
RT . (16)

This result is supported by experimental data [49]. The electronic conductivity behaves inversely

proportionally to the area specific resistance; i.e., κ ∼ 1/ri and the proportionality factor is of mere

geometrical nature. Therefore, Equation (14) follows directly from Equation (16) having the same

activation energy, different pre-exponential factor, and inverse temperature dependency.

As can be taken from Equation (11) and from Equation (12), the Peltier coefficient πi not only

describes the heat transported due to charge transport, but also the contribution of a temperature

gradient to the effective electric resistance.

The effective diffusion coefficient in Equation (13) also comprises multicomponent diffusion [24].

The Dusty gas model should give a better approximation than the one implemented in our

model, because it accounts Knudsen diffusion [38]. However, following the discussion of

R. Suwanwarangkul et al. [27], our model may also give satisfactory results within the simulation

conditions (see below). We integrate Equation (13) to describe the concentration profile of hydrogen

cH2
and water cH2O at the anode GDL and oxygen cO2

at the cathode GDL:

cH2
(y) = c0

H2
−

jy

2FDH2

, (17)

cH2O(y) = c0
H2O +

jy

2FDH2O
, (18)

cO2
(y) = c0

O2
−

j

4FDO2

(yc − y). (19)

Here, we use the component balances, the superscript 0 denotes the gas channel and

yc = ∆ya + ∆ye + ∆yc. Finally, we calculate the entropy production rate from Equation (2) as follows:

.
σ

i
= −Ji

q
1

T2

dT

dy
− j

1

T

dφ

dy
− R ∑

k

Ji
k

1

ck

dck

dy
, (20)

where R is the ideal gas constant (8.3144 J/(molK)). From the Equations (13) and (17)–(19),

a concentration dependent term is given for the anode and for the cathode:

∑
k

Ja
k

1

ck

dck

dy
= −

(
j

2F

)2[ 1

cH2
DH2

+
1

cH2ODH2O

]
, (21)

∑
k

Jc
k

1

ck

dck

dy
= −

(
j

4F

)2 1

cO2
DO2

. (22)

2.2.3. Mathematical Description of the CLs

We assume constant temperature at the CL and its surroundings, but with a jump in the electric

potential and the heat flux. To describe the potential jumps we begin by applying the Nernst-Equation
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to calculate the open circuit voltage (OCV) ∆φi
0 for the anode half reaction (4) and for the cathode half

reaction (6):

∆φa
0 =

1

2F

[
Go

H2O(T)− Go
H2
(T) + RT ln

(
xR

H2O

xR
H2

)]
, (23)

∆φc
0 =

1

2F

[
0.5·Go

O2
(T) +

RT

2
ln
(

xR
O2

)]
, (24)

where Go
i describes the standard molar free enthalpy and the superscript R denotes the CLs. These

equations result from the electrochemical equilibrium condition assuming 2F∆φi
0 = µ̃O2− − 2µ̃e− ,

where µ̃k is the electrochemical potential of the charged species k. The mole fractions xR
k are calculated

from Equations (17) to (19) evaluated at yR = ∆ya for H2 and H2O and at yR = ∆ya + ∆yc for O2,

and using the transformation xR
k = ck

(
yR
)

RT/p. We define following Butler–Volmer equations for the

ORR (4) and the HOR (6):
.
ξ

i

r =
ji0
2F

(
e−

αi2F
RT ηi

− e
(1−αi)2F

RT ηi
)

, (25)

The rate of reaction
.
ξ

i

r is imposed by the current density j, which determines the number of

charges to be transferred per time unit. We can define j = 2F
.
ξ

c

ORR and j = −2F
.
ξ

a

HOR from a charge

balance. For each reaction, an anodic and a cathodic barrier must be overcome, which are described by

exponential terms. The charge transfer coefficient αi determines the proportion of anodic or cathodic

losses to the total losses, and the over-voltages ηi play the role of an activation energy. The exchange

current density ji0 describes the current, which in equilibrium flows equally in both directions of the

half reaction. A more detailed discussion, can be found in [50]. We calculate ji0 with an approach from

Yonekura et al. [51]:

ja
0 =

(
xR

H2

)0.41(
xR

H2O

)0.4
γae

Ea
A,j0
RT , (26)

jc
0 =

(
xR

O2

)0.3
γce

Ec
A,j0
RT , (27)

where γi are pre-exponential factors. The exchange current density ji0 is related to the experimentally

measurable polarization resistance Ri
P as follows:

ji0 =
RT

2Ri
PF

. (28)

The potentials at the reaction layers are given by:

φe,a = φd,a
− ∆φa

0 − ηa, (29)

φd,c = φe,c + ∆φc
0 + ηc. (30)

To calculate the heat fluxes, we use the entropy balances for each CL:

Je,a
q = Jd,a

q − T
j

2F

(
SH2O(T)− SH2

(T)− SO2−(T) + 2Se−(T)
)
+ T

.
S

a

irr, (31)

Jd,c
q = Je,c

q − T
j

2F

(
SO2−(T)−

1

2
SO2

(T)− 2Se−(T)

)
+ T

.
S

c

irr. (32)

Here, Sk is the molar entropy of species k, Si
irr the area specific entropy production rate. From the

literature [39], we assume that SO2− = 42 J/(molK) and Se− = 1 J/(molK) . Finally, we can write with

the overvoltage ηi from Equation (25) the following equation:

.
S

i

irr = −ηi
·ξ i

r/T. (33)
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2.2.4. Mathematical Description of the Solid Oxide Electrolyte

To calculate the fluxes, we can write from Equation (1) following set of phenomenological equations:

Je
q/kB = −Lqq

dβ

dy
− ∑

k

Lqk·β·
dµk

dy
− Lqϕ·β·F·

dϕ

dy
, (34)

Je
k/kB = −Lkq

dβ

dy
− ∑

k

Lkk·β·
dµk

dy
− Lkϕ·β·F·

dϕ

dy
, (35)

j/(kBF) = −Lϕq
dβ

dy
− ∑

k

Lϕk·β·
dµk

dy
− Lϕϕ·β·F·

dϕ

dy
, (36)

where ϕ the electrostatic potential in YSZ. The current density j describes the flux of electrons

transported along with the ionic fluxes Je
k with k = Z, Y, O for Zr4+, Y3+ and O2−. The conductivities

Lkk are given by the auto correlation function (ACF) of the micro ionic fluxes [40] and Lϕϕ by the

current ACF [45]. Due to polarization, the micro ionic fluxes may not necessarily be proportional to j,

resulting in coefficients with completely different natures. The coupled effect between the electron

and the ionic transport is then given by the conductivities Lkϕ. For 1300 K, no cation diffusion in YSZ

occurs; i.e., LZZ = LYY = 0 [52]. Furthermore, Valadez Huerta et al. [46] compare their classical MD

calculations of the Coulomb energy in YSZ with ab-initio calculations and do not find any substantial

differences, concluding that polarization effects can be neglected. With these assumptions, we can

write Je
O2− = j/(z∗F) and

Je
q/kB = −Lqq

dβ

dy
− LqO·β·

dµO−2

dy
− Lqϕ·β·F·

dϕ

dy
, (37)

Je
O2−/kB = −LOq

dβ

dy
− LOO·β·

dµO−2

dy
− LOϕ·β·F·

dϕ

dy
, (38)

j/(kBz∗F) = −Lϕq
1

z∗
dβ

dy
− LϕO·

β

z∗
·
dµO−2

dy
− Lϕϕ·

β

z∗
·F

dϕ

dy
(39)

with the valency z∗ = −2. Equations (38) and (39) are equivalent. Equating the coefficients and

using the Onsager relations LOϕ = LϕO and Lqϕ = Lϕq, we get Lϕϕ = (z∗)2LOO, LϕO = z∗LOO and

Lϕq = z∗LOq. As a result, only the conductivities LOO and LOq = LqO are necessary to describe the

anionic conduction and heat transport. Using the definition of the electric potential φ = µ̃O2−/(z∗F)

with µ̃O2− = µO−2 + z∗F·ϕ, two independent phenomenological equations arise:

Je
q = −Lqq

1

T2

dT

dy
− LqO

z∗F

T

dφ

dy
, (40)

Je
O2− = −LOq

1

T2

dT

dy
− LOO

z∗F

T

dφ

dy
. (41)

We can write for the entropy production rate in analogy to Equation (20)

.
σ

e
= −Je

q
1

T2

dT

dy
− Je

O2−

z∗F

T

dφ

dy
(42)

and for the energy balance

0 =
dJe

q

dy
− Je

O2−z∗F
dφ

dy
. (43)
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2.2.5. Computational Details

We conduct our calculation with MatLab® Version R2017a. We solve the equations consecutively

from the anode to the cathode using the Runge–Kutta (4,5) method [53]. We assume as initial conditions

T(0) = 1300 K and φ(0) = 0 V. To reproduce the isothermal operational modus, we iterate numerically

using the Newton–Raphson method. Thereby, the heat flux Jq is a variable with a start value of

1000 W/m2 until the temperature at y = ∆ya + ∆ye + ∆yc reaches T(0) with an accuracy of 10−34 K.

The parameters used to describe the GDLs and the CLs are given in Table 1. The parameters

needed to describe the exchange current density ji0 in Equations (26) und (27) are derived directly from

experiments (see next section). In the case of the electrolyte (∆ye = 160× 10−6 m), we analyze different

YSZ compositions and take the values for the phenomenological coefficients from our previous work

(see Table 2) [40].

Table 1. Parameters used in the simulation for the GDLs and the CLs. Values taken from

Hajimolana et al. [25], Kjelstrup and Bedeaux [20], and Costamagna et al. [24].

Parameter Anode GDL Anode CL Cathode CL Cathode GDL Reference

∆yi in 10−6 m 40 - - 40 -

ri
0 in 10−6 Ωm/K 1/95 - - 1/42 [25]

Ei
A,r/R 1150 - - 1200 [25]

λi in W/mK 2 - - 2 [20]

πi/Tcell in J/(CK) −5.4 × 10−4 - - −6.2 × 10−4 [20]

DH2
= DH2O in m2/s 2.1 × 10−5 - - [24]

DO2
in m2/s - - 5.4 × 10−6 [24]

αi - 0.5 0.3 - [24]

Table 2. Parameters used in the phenomenological equations to describe the electrolyte. The values are

taken from the MD study of Valadez Huerta et al. [40].

YSZ LOO in 10−7mol2K(Jms)−1 Lqq in 106 W/m RLoq in W/m

YSZ08 6.22(79) 6.21(25) −0.81(69)
YSZ12 4.10(57) 5.37(27) −0.77(75)
YSZ16 2.85(36) 4.85(34) −0.55(56)
YSZ20 1.95(55) 4.54(29) −0.48(36)

3. Results and Discussion

3.1. EIS Measurements

We plot exemplarily in Figure 3a the impedance spectrum of the cell at a cell temperature of

1117 K. The measured cell temperature is not equal to the oven temperature due to heat losses.

For the impedance spectrum in Figure 3, we calculate for the CPE at the anode an angle of 60.33◦ and

at the cathode an angle of 83.52◦ despite the apparent circular progression of the curve. Therefore,

our assumption of CPEs instead of perfect capacities is more accurate. In Figure 3b, we plot the

Arrhenius plot for the specific resistance re and the exchange current densities jc,0
0 and ja,0

0 . From these

Arrhenius plots, we get the pre-exponential factors re
0 = 9.28(27)× 10−5 Ωm, γa = 24(37)× 106 A/m2

and γc = 1.82(67)× 1011 A/m2, and the activation energies Ee
A,r = 0.7816(65)e J, Ec

A,j0
= 1.62(10)e J

and Ea
A,j0

0.75(43)e J, where e is the elementary charge (1.6022× 10−19 C). Here, the deviation describes

the error due to the linear regression with a 95% confidence interval. The noise in the current results in

a poorly defined spectrum at low frequencies; i.e., a low linearity and a high error in the values for

the anode CL. The specific resistance re at a cell temperature of 1300 K is 0.0622(40) Ωm. The value

calculated from the coefficient LOO for YSZ08 is 0.0561(71) Ωm. The relative deviation between

both values is only ∼ 10% indicating that our approach effectively describes the electrolyte ionic

conductivity. At this point it should be mentioned that the effective resistance may also include
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a Peltier contribution given by the temperature gradient and the phenomenological coefficient Loq

(see Equation (40)), which is not included in the coefficient LOO. This will be discussed later on in

more detail.
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3.2. Model Validation

In Figure 4, we plot the measured (Exp) and the simulated E-j-characteristic (Sim1) for

Tcell = 1287 K. We use in Sim1 the specific resistance re(1287 K) = 0.0667(44) Ωm calculated from the

experimental Arrhenius curve and assume LOq = LqO = 0. The OCV value of the Sim1 curve deviates

only 1.2% from the experimental value. It can be concluded from Equations (22) and (23) that gas

leakages or uncertainties in the gas mixture concentration during the experiment may explain the

deviation of the OCV to the theoretical value. Furthermore, losses due to a low electronic conductivity

or a thermal gradient across the cell may also contribute to this deviation, since for j = 0 A/m2 our

model does not account such phenomena. We calculate the negative slope for each curve and assume it

as the area specific resistance (ASR). The ASR is 1.5457(98)× 10−5 Ωm2 for the experimental curve and

1.5696(10)× 10−5 Ωm2 for the Sim1 curve. The relative deviation of the ASR between the experimental

curve and Sim1 is only ∼ 1.5%. Not only the losses due to the resistance in the electrolyte contribute

to the ASR, but also the losses in the catalyst layer given by the reaction kinetics, as it can be taken

from Equation (29). The low deviation means a successful implementation of Equations (26) and (27)

using the experimental parameters for γi and Ei
A,0, despite the high error bars in the activation energy

Ea
A,j0

and the pre-exponential factor γa. Furthermore, the relative deviation between the experimental

voltage and the simulated voltage is only of ∼ 1.3% for j = 8000 A/m2. V. Eveloy et al. [54] reported

model predictions within 3% to 6% of the cell voltage from different literature sources and, therefore,

we can say that our simulation model effectively describes the E-j-characteristic for 1287 K.
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We use the value re(1287 K) = 0.0667(44) Ωm in Sim1 and the value re(1300 K) = 0.0622(40) Ωm

in Sim2. Both values are calculated from the experimental Arrhenius curve. In Sim3, we use the

phenomenological coefficients for YSZ08 from Valadez Huerta et al. [40].

To further validation, we calculate the E-j-characteristic using re(1300 K) = 0.0622(40) Ωm (Sim2)

as well as the phenomenological coefficients for YSZ08 (Sim3) at 1300 K respectively and plot the

results in Figure 4. From the discussion above, we can assume that the progression of the Sim2 curve

may provide a satisfactory approach for the progression of the E-j-characteristic at 1300 K, because the

simulation model, which is based on the same assumptions, effectively describes the E-j-progression

for 1287 K. For that reason, we can use the Sim2 curve as a reference to evaluate the progression of

the Sim3 curve. In this case and because of the same model framework, the OCV values are equal.

The calculated ASR is 1.46524(80)× 10−5 Ωm2 for the Sim2 curve and 1.37117(80)× 10−5 Ωm2 for

the Sim3 curve. The discrepancy between both ASRs of ∼ 6.4% is mostly accounted by the relative

deviation between the resistance calculated using LOO and the value from the experimental Arrhenius

curve. Furthermore, the relative deviation of the voltage E between the Sim2 and the Sim3 curves is

only ∼ 1% for a current density of 8 × 103A/m2, meaning our model gives a satisfactory description

of the cell up to this current density.

3.3. Simulation Results

In Figure 5a, the simulated temperature profile across the SOFC at 1300 K is depicted for various

YSZ-electrolytes and j = 1000 A/m2 and 8000 A/m2. The temperature gradient is negative in the

GDLs and positive in the electrolyte. In all cases, the progression of the temperature can be seen as

linear. A higher current density and a higher electrolyte Y2O3 concentration result in higher absolute

values for the temperature gradient in all of the bulk phases. Furthermore, a minimum at the anode

and a maximum at the cathode can be observed. To explain these effects, we plot in Figure 5a the

results of a simulation for YSZ08 and YSZ20 at j = 8000 A/m2, where we neglect all Peltier (coupling)

mechanisms. Here, all absolute values of the temperature gradients are lower than for the original

conditions. In the YSZ20 electrolyte case, the one in the anode is positive and the one in the electrolyte

does not progress linearly, experiencing a maximum at y = 1.8 × 10−4 m. From a comparison with the

previous results, the high absolute values for the temperature gradients may result from a Seebeck

mechanism. While Je
O−2 , LOq and z∗ are negative in Equation (41), LOO is positive. A high potential loss

in the electrolyte results in a high negative value of the potential gradient and the negative Ohmic term
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decreases. To counter this and to assure a constant anion flux, the temperature gradient has to have a

high positive value. This may explain not only the pronounced temperature progression, but also its

dependency on the current density, since a higher anion flux gives a higher counter effect. A calculation

without these coupled mechanisms results in a significantly different temperature progression.
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various YSZ-electrolytes and the current densities j = 1000 A/m2 and j = 8000 A/m2. For the

simulated curves marked with *, we neglect all Peltier type coupled mechanisms.

In Figure 5b, we plot the profile of the electric potential across the cell. In all bulk phases,

the potential decreases. The progression also shows two jumps: a positive at the anode CL and a

negative at the cathode CL. These jumps result from the equilibrium potentials ∆φa
0 = −1.68 V and

∆φc
0 = −0.81 V, and from the activation losses in each electrode. We calculate the over-potentials

ηa = 3.4·10−3 V and ηc = −9.3 × 10−4 V for 1000 A/m2, and ηa = 0.027 V and ηc = −7.3 × 10−3 V

for 8000 A/m2. As expected, ηa is positive, ηc is negative and their magnitude does not depend on

the electrolyte type. The potential losses in the bulk phases increase for a higher current density and

for a higher Y2O3 concentration in the electrolyte. Since the potential losses in the anode GDL and

in the cathode GDL are too small, the progression of the curve is mostly defined by the losses in

the electrolyte. To give a more detailed discussion, Figure 5b also includes results for simulations

neglecting all Peltier mechanisms. The progression of the potential in the electrolyte is not substantially

different from the original results and the losses are mainly Ohmic. However, the potential losses in

the GDLs are mainly given by the temperature gradient rather than by the electric resistance. To justify

this statement, we can argue analogous to the discussion of the pronounced temperature gradient by

using Equation (12). We can calculate the effective specific resistance re(1300 K) ≈ 0.05621 Ωm using

the potential gradient across the electrolyte and the current density. This value deviates only ∼0.2%

from the one calculated with the conductivity LOO. Therefore, the potential losses due to the coupled

effects do not significantly affect the progression of the E-j charactersitic and the direct comparison

between LOO and re in Section 3.1 is appropriate.

We plot in Figure 6 the heat flux Jq across the cell. We only calculate the net heat flux in the

y-direction. It increases in the electrolyte with a slope dJe
q/dy, which becomes higher for higher current

densities and higher potential losses due to energy conservation (see Equation (43)). Furthermore,

it remains almost constant at the GDLs. The heat flux shows a negative jump at the anode CL and

a positive jump at the cathode CL, meaning the anode half reaction is endothermic and the cathode
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half reaction is exothermic. This is in agreement with the study of K. Fischer and J. R. Seume [55].

Both jumps increase for a higher current density due to the higher activation losses, yet they remain

almost the same for the different electrolytes. Independent of the current density, the heat flows

across the anode GDL and across the cathode GDL in y-direction for YSZ08, but across the electrolyte

opposite to this direction. As expected from classical behavior, the heat flows from a higher to a lower

temperature. However, the heat is transported from a low to a high temperature in electrolytes with

a higher Y2O3 concentration, contradicting Fourier conduction behavior. In Figure 6, the heat flux

resulting from a simulation without any coupled effects is given for the cases of an YSZ08 and an YSZ20

electrolyte at 8000 A/m2. Due to energy conservation, the progression of these curves is almost equal

to the progression of the original curves. However, the amount and sign of the heat flux is different.

If the coupled mechanisms are considered, the heat transported is higher in all layers. On one hand,

the higher heat flux at the GDLs results from the higher temperature gradient, since the Peltier-effect

may reduce it (see Equation (11)). On the other hand, the higher heat flux in the electrolyte results from

the potential gradient, since the positive temperature gradient may diminish it (see Equation (40)).

This effect is most pronounced for a higher Y2O3 concentration in the electrolyte and a higher current

density due to the higher potential losses. As it can be seen from the YSZ20 case, if the coupled

mechanisms are neglected, not only the amount of heat transported may be underestimated, but also

the direction of the heat flux. This may lead to the wrong decisions regarding the material design or

heating/cooling strategies of SOFCs, such as which gas inlet flow may be used for cooling the cell to

minimize thermal stress.
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In Figure 7, the heat contribution
.

σQ, the potential contribution
.
σφ and the diffusion contribution

.
σc to the local entropy production rate

.
σ are depicted for each layer for different electrolyte

compositions at 1000 A/m2 and 8000 A/m2.
.

σQ is the term given by the temperature gradient

(see Equations (20) and (42)),
.
σφ the term given by the potential gradient (see Equations (20) and (42)),
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and
.
σc the concentration dependent term (see Equations (20)–(22)). We also plot two simulation results

neglecting all Peltier mechanisms. We normalize all terms with the value
.
σi,0 at the beginning of each

layer, because the magnitude of the values is of a different order for each case (see Table 3) and, thus,

a direct comparison is difficult.Entropy 2018, 20, x FOR PEER REVIEW  14 of 19 
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Figure 7. Simulated local entropy production rate contributions
.
σQ (heat flux contribution),

.
σφ (potential contribution) and

.
σc (diffusion contribution) in the anode GDL, in the cathode

GDL and in the electrolyte. We normalized the values with
.
σi,0 =

.
σi(y = 0) for the anode,

.
σi,0 =

.
σi

(
y = 2 × 10−4 m

)
for the cathode and (c)

.
σi,0 =

.
σi

(
y = 0.4 × 10−4m

)
for the electrolyte (see

Table 3). The curves are given for a SOFC at 1300 K, for various YSZ-electrolytes and two current

densities, j = 1000 A/m2 and j = 8000 A/m2. For the simulated curves marked with *, we neglect all

Peltier type coupled mechanisms.

Table 3. Values of the entropy production rate used for the normalization in Figure 7. For the values

marked with *, we neglect all Peltier type coupled mechanisms.

YSZ|j

Anode GDL
.

œi(y = 0 m)
W/

(
m2K

)

i = Q|Œ|C

Electrolyte
.

œi

(
y = 0.4 × 10−4m

)

W/
(
m2K

)

i = Q|Œ

Cathode GDL
.

œi

(
y = 2 × 10−4m

)

W/
(
m2K

)

i = Q|Œ|C

YSZ08|1000 A/m2 0.03|0.17|4.60 0.007|43.24 0.074|0.25|5.37

YSZ20|1000 A/m2 0.28|0.29|4.60 −0.12|138.6 0.40|0.39|5.37

YSZ08|8000 A/m2 1.02|10.26|294.20 0.70|2767 5.77|16.58|369.73

YSZ12|8000 A/m2 6.11|13.54|294.20 −2.04|4204 14.65|20.91|369.73

YSZ16|8000 A/m2 7.33|14.16|294.20 −2.82|6033 18.27|22.35|369.73

YSZ20|8000 A/m2 13.55|16.84|294.20 −6.64|8871 30.77|26.55|369.73

YSZ08*|8000 A/m2 0.001|0.001|294.20 0.20|2760 0.90|0.003|369.73

YSZ20*|8000 A/m2 0.06|0.001|294.20 0.57|8846 1.86|0.003|369.73

The absolute values for
.
σQ,0 in all layers become higher for increasing current density and

increasing Y2O3 content. Due to the Peltier effect, most of the values are negative across the electrolyte.

These negative contributions are smaller than the potential contribution and a positive local entropy
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production rate is always ensured. The heat flux contributions are only positive for YSZ08 and, clearly,

for the cases assuming no Peltier effect. For these latter cases, the absolute values for
.
σQ,0 are smaller

than for the original cases. The values for
.
σQ,0 are proportional to the temperature gradient (see

Equations (20) and (42)) and, thus, all these dependencies can be explained following the above

discussion. The absolute values for
.
σQ,0 are higher across the GDLs than across the electrolyte in

each case, resembling the results for the heat flux in Figure 6. Looking at Figure 7, the value of the

heat flux contribution
.
σQ in the GDLs increases slightly in the y-direction. If we assume a constant

temperature gradient, the temperature and the heat flux progression may define the progression of
.
σQ.

Here, the dependency on the Y2O3 concentration is not well defined and, thus, we cannot find a direct

correlation to the curves for the temperature or the heat flux. Therefore, the resulting behavior may be

given from a combination of both effects. This may also explain the low changes in the progression of

the curves for lower current densities and for the cases neglecting all coupled mechanisms. However,

these changes are smaller than 0.2% of the initial value. As already discussed, the negative potential

gradient in the electrolyte and a high current density result into an increasing heat flux due to energy

conservation. Together with the increasing temperature appearing in the denominator of the term
.
σQ

in Equation (43), the negative progression of Je
q results in a decreasing progression of

.
σQ for YSZ08.

This trend changes for higher Y2O3 concentrations because the heat flux becomes increasing positive

due to the Peltier effect. This behavior is observed for both current densities studied here. For an

YSZ08 electrolyte, the value can decrease by 30% across the electrolyte and, for higher compositions,

the value can increase by 150% depending on the current density. Additionally, the progression for
.
σQ is not well predicted if the coupled effects are neglected, resulting in a strong decaying tendency

independent of the electrolyte.

The values
.
σφ,0 increase for higher current density and higher Y2O3 composition in all bulk

phases, but its dependency on the electrolyte composition is not given in the GDLs if the Peltier effect is

neglected. The dependency on the current density and on the Y2O3 composition is given by Equation

(20), where
.
σφ,0 is negatively proportional to the product between j and the potential gradient divided

by the temperature. The low values for
.
σφ,0 in the GDLs for the cases assuming no Peltier effect

result from the low potential gradients. As expected from the similar progression of the potential

with and without any Peltier mechanisms, all
.
σφ,0 values in the electrolyte are similar for both cases.

Furthermore, this contribution is the highest across the cell. For all curves in Figure 7, the slightly

increasing or decreasing progression of
.
σφ is given by the temperature. This statement is justified,

since the dependency on the spatial dimension, on the current density, on the Y2O3 composition and

on whether the Peltier mechanisms are taken into account, is in agreement with the results depicted in

Figure 5.

As expected from Equations (21) and (22), the values of
.
σc,0 depend only on the current density

and not on the YSZ composition of the electrolyte. Since the temperature and potential differences

at the GDLs are very low, the diffusion process provides the major contribution to the local entropy

production rate. This contribution is lower at the anode GDL than at the cathode GDL. Here, the losses

due to the oxygen diffusion are higher than the losses due to the diffusion of hydrogen and water at the

anode GDL. The non-linearity of the increasing progression of
.
σc at the anode can be accounted for by

the superposition of a decreasing hydrogen concentration and an increasing water concentration across

the GDL. This effect is not present at the cathode GDL, where the increasing oxygen concentration in

the y-direction results in a decreasing progression of
.
σC.

The jump in the entropy production rate per area at the anode CL is 2.6 × 10−3 W/m2K for

1000 A/m2 and 0.17 W/m2K for 8000 A/m2, and at the cathode CL 7.1× 10−4 W/m2K for 1000 A/m2

and 0.045 W/m2K for 8000 A/m2. These jumps do not depend substantially on the Y2O3 concentration

of the electrolyte. To make a comparison between the entropy production at the CLs and at the

bulk phases, non-specific values are needed. If we consider an YSZ12 cell with a 4 cm × 4 cm

active area working at 8000 A/m2 and use the values given in Table 3 as an estimate for the entropy

production rate contributions, it results in an entropy production rate of 4.60 × 10−5 W/K in the GDLs,
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of 1.08 × 10−3 W/K in the electrolyte, and of 3.44 × 10−4 W/K at the CLs. This means that 3% of

the losses would originate in the GDLs, 73% in the electrolyte, and 24% at the CLs. These values are

expected for an ESC like the one studied here.

4. Summary and Conclusions

The main goal of this study is the 1D-calculation of the local entropy production rate across an

electrolyte supported planar SOFC at 1300 K and atmospheric pressure. We describe all bulk phases

using non-equilibrium thermodynamics. While we use empirical coefficients from the literature to

describe the GDLs, the phenomenological coefficients from our previous MD study [40] are used to

characterize the cell with various electrolytes of different Y2O3 content. We describe the CLs using

the Butler–Volmer ansatz. We conduct EIS measurements in a YSZ08 SOFC to derive the parameters

to describe the exchange current densities ji,00 . Moreover, we measure the E-j-characteristic and use

this data to validate our model. Here, we show that the Butler–Volmer kinetics is well parametrized

and implemented. Furthermore, the relative deviation of ∼ 6.4% between the ASR of both curves is

mainly due to the deviation of the electrolyte resistance calculated with LOO to the experimental value

of ∼10%. For a current density of 8000 A/m2 the relative deviation between both E-j-characteristics is

only ∼1%, so that our approach effectively describes the SOFC. The temperature gradient across each

layer is higher for a higher Y2O3 electrolyte concentration and a higher current density. This effect

results from the coupled mechanisms and, thus, if the Peltier effect is neglected, the temperature

profile across the cell is not properly described. From the potential profile, we conclude that the

highest contribution to the electric potential losses are in the electrolyte. These losses are higher for a

higher Y2O3 concentration and no substantial differences arise, if the simulation does not consider any

coupled effects. Using the entropy balance for the calculation of the heat flux at the CLs, it results in

an endothermic half reaction at the anode and an exothermic half reaction at the cathode. Moreover,

the description of the transport mechanisms across a SOFC using NET cannot be avoided, since the heat

flux in the electrolyte is mainly given by the Peltier effect. If this effect is neglected, the heat flux will

not be properly described. Finally, we calculate the heat flux contribution, the potential contribution,

and the diffusion contribution to the local entropy production rate. The entropy production rate across

the electrolyte is mostly given by the ionic conduction, since the Peltier heat transfer from lower to

higher temperature would reduce the entropy production. While the temperature and the heat flux

define the progression of
.
σQ across the electrolyte, the potential contribution profile is mainly given

by the temperature. Despite the appreciable increasing or decreasing tendency of the contributions

to the entropy production rate, a substantial change along the y-direction can be observed only for

the heat flux contribution in the electrolyte. If we neglect the Peltier effect, the values for the heat

flux and potential contribution are underestimated in the GDLs and a different profile of the heat flux

contribution to the local entropy production rate is predicted across the electrolyte. Finally, the entropy

production rate of a cell is the highest in the electrolyte (73%) followed by the contribution in both

GDLs with (24%).
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