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Abstract
Ever since the proposal of Kitaev for decoherence-free quantum computing based on non-
Abelian anyons physical realizations of these exotic particles have been investigated exten-
sively. Starting from one-dimensional models of interacting fermions with different symme-
tries the emergence and condensation of su(2)Nf , su(3)Nf and so(5)Nf anyons is studied in
the framework of integrable perturbed WZNW models. For sufficiently small temperatures
and fields non-Abelian anyons residing on massive solitonic excitations are identified by their
quantum dimension. By tuning the external fields the density of anyons can be increased
continuously to study the effect of interactions between them. For each model the conformal
field theories describing the various collective states of the interacting anyons are determined
and a phase diagram for the anyonic modes is proposed.
Keywords: Bethe ansatz, anyons, WZNW models, anyon condensation
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Zusammenfassung
Seit dem Vorschlag von Kitaev zu dekohärenzfreien Quantencomputern basierend auf nicht-
abelschen Anyonen wurden physikalische Realisierungen dieser exotischen Teilchen ausgiebig
erforscht. Ausgehend von eindimensionalen Modellen für wechselwirkende Fermionen mit un-
terschiedlichen Symmetrien wird die Entstehung und Kondensation von su(2)Nf , su(3)Nf und
so(5)Nf -Anyonen im Rahmen von integrablen gestörten WZNW-Modellen untersucht. Für
hinreichend kleine Temperaturen und Felder werden nicht-abelsche Anyonen, die an massive
solitonische Anregungen gebunden sind, über ihre Quantendimension identifiziert. Durch Ein-
stellen der externen Felder kann die Dichte der Anyonen erhöht werden, um den Effekt von
Wechselwirkungen zwischen ihnen zu untersuchen. Für jedes Modell werden die konformen
Feldtheorien, welche die verschiedenen kollektiven Zustände der wechselwirkenden Anyonen
beschreiben, bestimmt und ein Phasendiagramm für die anyonischen Moden vorgeschlagen.
Schlagwörter: Bethe-Ansatz, Anyonen, WZNW-Modelle, Anyonen-Kondensation
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Introduction
The standard model of particle physics teaches us that the main building blocks of our uni-
verse consist only of particles with integer spin, called bosons, and half-integer spin, called
fermions. Directly related to the spin of these particles are their exchange statistics: bosons
satisfy the Bose-Einstein statistics while fermions satisfy the Fermi-Dirac statistics [1, 2].
In other words, a wave function describing bosons is unchanged when two particles are ex-
changed while the wave function describing fermions picks up a minus sign. These simple
properties of bosons and fermions lie at the heart of many interesting phenomena ranging
from condensed matter physics to high-energy physics.

However, this understanding turned out to be incomplete. In 1977 it was found by Leinaas
and Myrheim that the allowed exchange statistics of bosons and fermions are in fact a restric-
tion appearing only in a world with at least three spatial dimensions [3]. Hence, the wave
function describing particles in less than three spatial dimensions can in principle pick up
any phase factor when two particles are exchanged. Due to this observation Wilzcek named
particles whose statistics differ from bosonic and fermionic statistics anyons in 1982 [4].

The first evidence that anyons are not just a mathematical curiosity came with the study
of the integer and fractional quantum Hall effect. These effects are based on a setup where
electrons are confined to a two-dimensional plane while a strong magnetic field is applied
perpendicular to it. For sufficiently small temperatures von Klitzing observed in 1980 that
the resistivity of the sample with respect to the magnetic field shows plateaus of value 1/ν
times the constant 2π~/e2 with ν being an integer [5]. The measurement of the integer ν,
called filling factor, to an astonishing accuracy of approximately one part in 109 brought von
Klitzing the Nobel prize in 1985.
Two years after von Klitzings measurement Tsui and Störmer repeated the experiment

with a sample with less disorder. Interestingly, they observed that new plateaus emerge at
fractional values of the filling factor ν [6]. Later Laughlin gave a theoretical explanation
for the appearance of fractional plateaus in terms of quasi-particles with anyonic exchange
statistics [7] by which means Laughlin, Tsui and Störmer received the Nobel prize in 1998.
This was the first evidence that anyons may exist as quasi-particle excitations in a sample
of electrons confined to two spatial dimensions. On top of that, it was realized that the
appearance of anyonic quasi-particles is due to the emergence of a new phase of matter in
the two-dimensional sample, called topological order [8, 9].

Almost at the same time as the fractional quantum Hall effect was observed, Richard Feyn-
man proposed the idea of a quantum mechanical computer, which could efficiently simulate
a quantum system [10]. This idea was pursued by Deutsch, who defined the quantum Turing
machines and quantum circuits in 1985 [11]. Later in 1997 the first concrete evidence that
quantum computers can outperform classical computers in certain tasks was given by Shor
[12]. His proposed quantum algorithm, if implemented on a functioning quantum computer,
can factor integers in polynomial time which is currently impossible on a classical computer.
From the practical point of view Preskill called the era of quantum computing we are

entering in the near future “noisy intermediate-scale quantum” (NISQ) [13]. Intermediate-
scale refers to quantum computers working on 50 to a few hundred quantum bits (qubits),
where 50 qubits is approximately the threshold needed to overcome to demonstrate quantum
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supremacy over classical computers [13].1 However, Preskill also pointed out that the NISQ
technologies are highly limited by noise occurring during computation. This is mainly due
to great challenges of storing and manipulating the fragile quantum states that are easily
corrupted by decoherence, i.e. their coupling with the environment.

To overcome these difficulties Kitaev proposed the usage of topologically ordered systems
for quantum memories as well as quantum computers in 2003 [14]. This idea was based on the
observation that classical information stored on a magnetic media is intrinsically protected
from thermal fluctuations. In other words, physics itself protects the classical information
and no fault-tolerant algorithm is necessary.
For topologically ordered systems Kitaev found that their degenerate ground space is suit-

able for storing quantum information similar to the classical case. This is based on the fact
that the ground space can only be corrupted by a non-local operation caused by anyonic
excitations that are created and annihilated after moving around the entire system. Due to
an energy gap separating the ground space from the excitation spectrum this can be expo-
nentially suppressed for sufficiently small temperatures. See for example [15–17] for further
developments on so-called topological quantum memories.
For quantum computing Kitaev proposed the usage of a certain kind of anyonic quasi-

particle excitation called non-Abelian quasi-particle or simply non-Abelian anyon. In con-
trast to Abelian anyons, whose exchange statistics are determined solely by phase factors
distinct from the bosonic and fermionic cases, non-Abelian anyons are described by a de-
generate state that undergoes a unitary transformation when two non-Abelian anyons are
exchanged. Kitaev proposed to use this degeneracy for storing quantum information as it is
intrinsically protected from local errors caused by decoherence. Only the non-local operation
of exchanging non-Abelian anyons (also called braiding) manipulates the stored information,
i.e. a so-called topological quantum computation is performed. Furthermore, it was found
that for certain models of non-Abelian anyons any quantum computation can be approxi-
mated with arbitrary precision by braiding of the non-Abelian anyons [18, 19].

A challenge of topological quantum computing is to suppress possible interactions between
the non-Abelian anyons. As soon as anyonic quasi-particles approach each other their inter-
actions lift the necessary degeneracy of their states. However, suitable interactions between
anyons may also be useful to realize topological quantum memories that automatically cor-
rect errors caused by decoherence [17]. To obtain a better understanding of the collective
behavior of interacting anyons in general, effective lattice models with interactions based
on the anyonic fusion rules have been studied since 2007 [20–24]. These developments are
also significant to further understand the boundaries between different topological phases
of two-dimensional matter. Here, the anyonic excitations become interacting at the bound-
aries resulting in a collective state described by conformal field theory [25–28]. Despite this
progress the rich structure of interacting anyons or anyonic condensation has not been fully
understood for general anyonic models.

Besides the theoretical study of non-Abelian anyons, Kitaev’s proposal on topological quan-
tum computing has driven the search for physical realizations of these particles. This includes
further developments to make use of the fractional quantum Hall effect: for the filling fac-
tor of ν = 5/2 non-Abelian anyons (more precisely su(2)2 spin-1/2 anyons) described by

1Google and IBM have recently announced 49-qubit and 50-qubit quantum computers, respectively [13].
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the Moore-Read state are expected to emerge [29]. This conjecture has been strengthened
by recent experiments unveiling the non-Abelian nature of the ν = 5/2 quantum Hall state
[30–32]. Another model of non-Abelian anyons (su(2)3 spin-1 anyons), which is universal
for quantum computing, is expected to emerge at filling factor ν = 12/5 described by the
Read-Rezayi state [33]. On top of that, the su(3)2 anyonic model is a potential candidate for
describing the quasi-particle excitations of the non-Abelian spin-singlet state at filling factor
ν = 4/7 [34]. Notice that these developments are not only important for demonstrating the
existence of non-Abelian anyons, but also are steps towards a topological quantum computer
based on the fractional quantum Hall effect [35].
Beyond exploiting the fractional quantum Hall effect for realizing non-Abelian anyons, the

usage of p + ip superconductors [36] as well as various one-dimensional systems have been
proposed [37–39]. In the one-dimensional case non-Abelian anyons were shown to emerge as
localized, topologically protected zero-energy modes bound to quasi-particles or defects. For
the simplest one-dimensional system Kitaev showed in 2001 that Majorana anyons occur as
zero-energy modes localized at the boundaries of the wire [37]. Experimentally, realizations
of Kitaev’s setup in fact showed signatures of Majorana anyons in 2012 [40, 41]. See also
[42] for a current perspective of Majorana anyons as well as [43] for a proposal of topological
quantum computing with Majorana anyons using networks of quantum wires.
However, the usage of Majorana anyons requires additional quantum error correction as

they are not universal for quantum computing. Consequently, extensions of Kitaev’s chain
based on n-state generalizations of the Ising model have been studied. In the presence of
chiral interactions Zn>2 parafermions were shown to emerge as zero-energy modes [44–49].
In contrast to the free Majorana anyons appearing in Kitaev’s chain the generalized Zn>2
parafermions were found to be interacting objects, which is manifested in the fact that their
correlators do not satisfy Wick’s theorem.

A different approach based on interacting fermions with spin and orbital degrees of free-
dom was proposed by Tsvelik in 2014 [39, 50]. The considered model is an integrable model
of fermions consisting of a su(2)Nf Wess-Zumino-Novikov-Witten (WZNW) model with a
marginally relevant SU(2) current-current interaction. We refer to this model as the per-
turbed su(2)Nf WZNW model. From its exact solution Tsvelik concludes that non-Abelian
anyons reside on solitonic ‘kink’ excitations with finite mass. For sufficiently small tempera-
tures the kinks, and therefore also the non-Abelian anyons, form a dilute gas whose Hilbert
space scales as the quantum dimension of su(2)Nf spin-1/2 anyons to the power of the number
of kinks. In other words, the degeneracy of the kink excitations corresponds to the fraction-
alized quantum dimension of su(2)Nf spin-1/2 anyons. For Nf = 3 this includes the so-called
Fibonacci anyons, which are universal for quantum computing.
Additionally, it is possible to control the density of the kink excitations by applying an

external magnetic field in this setup. Using this fact Tsvelik showed that the degeneracy of
the kink excitations is lifted as soon as they become interacting, while the effective integral
equations describing the thermodynamics in this regime coincide with the ones of critical
RSOS models. Therefore, perturbed WZNW models in general could be suitable to study
the transition from free to interacting anyons by changing a control parameter.

Based on this idea the motivation for studying integrable perturbed WZNW models can
be boiled down to Baxter’s reason for studying integrable models in general [51]:
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Basically, I suppose the justification for studying these models is very simple:
they are relevant and they can be solved, so why not do so and see what they tell
us?

In this spirit we have studied integrable perturbed WZNW models with different symmetry
groups finding new insights about the rich structure of non-Abelian quasi-particles in elec-
tronic systems. More precisely, this thesis contains extensions of Tsvelik’s approach [39] based
on our publications about the low-temperature phases of the integrable perturbed su(2)Nf
and su(3)Nf WZNW model [52, 53]. Furthermore, an outlook is presented for the study of
low-temperature phases for the perturbed so(5)Nf WZNW model.

In the case of the perturbed su(2)Nf WZNW model so-called breather excitations are found
to dominate the contribution to the free energy for sufficiently small magnetic fields. From
the computation of their quantum dimension it follows that breathers consist of two su(2)Nf
spin-1/2 anyons. Furthermore, the transition from a low-density phase of free anyons to a
phase with a finite density of anyons that are interacting is analyzed in more detail. Above
a critical value of the magnetic field the kink excitations become massless and are described
by a bosonic mode, while the collective state of the interacting anyonic degrees of freedom
is described by a ZNf parafermion conformal field theory. To summarize the results a phase
diagram for the low-temperature phases is proposed.
The generalization of Tsvelik’s approach to the SU(3) and SO(5) symmetry group of the

perturbed WZNW model enables the study of emerging su(3)Nf and so(5)Nf anyons respec-
tively as well as their transition to a phase of interacting anyons. For the perturbed su(3)Nf
WZNW model it is found that the anyons corresponding to the fundamental representation
and the adjoint representation dominate the free energy for sufficiently small external fields.
In the case when both particle types form a condensate, its collective state is described by
two bosonic modes as well as a Zsu(3)Nf

parafermion conformal field theory (see [54] for gen-
eralized parafermion CFT’s). By a different choice of the external fields only one anyonic
particle type forms a condensate leading to a collective state described by one bosonic mode
and a coset of parafermion conformal field theories, Zsu(3)Nf

/Zsu(2)Nf
. Notice that the study

of one-dimensional models of interacting su(3)Nf anyons is also relevant to the fractional
quantum Hall effect, where su(3)2 anyons described by a non-Abelian spin-singlet state at
filling fraction ν = 4/7 form a one-dimensional chain of interacting anyons at the boundary
[34].

Similarly, the formation of a condensate of so(5)Nf anyons is studied in the perturbed
so(5)Nf WZNW model. It is found that the collective states of interacting anyons depending
on the external fields can be described in terms of Gepner’s generalized parafermion CFT’s
[54] for the so(5) Lie algebra. Our results are summarized in a phase diagram and are found
to be consistent with the results [55] from a study of interacting so(5)2 anyons in an effective
model.

Thesis overview

By trying to keep this thesis self-contained it is split into two parts, where the first part is
dedicated to the preliminaries needed to follow the computations and the interpretation of
the results for the perturbed WZNW models. In the second part the results for the perturbed
su(2)Nf and su(3)Nf WZNW models are presented following our publications [52, 53], while
an outlook is given for the perturbed so(5)Nf WZNW model.
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In the first section of the preliminaries a short review of the quantum inverse scatter-
ing method, which is the mathematical basis of most integrable models, is given and the
thermodynamic Bethe ansatz based on the XXZ spin-S model is introduced. Especially,
the discussion of the thermodynamics of the XXZ spin-S model is relevant for studying
signatures of non-Abelian anyons in the perturbed su(2)Nf WZNW model.

The second section deals with a review of Lie algebras, which determine the underlying
structure of the anyonic models, the WZNW models as well as the generalized parafermion
conformal field theories. It is focused on establishing an understanding of how to extract
weights and roots given a Cartan matrix of a Lie algebra.

The algebraic language of anyonic models based on category theory is discussed in Sec. I 3.
It is shown that a list of particle types, rules for fusing and rules for braiding are sufficient
to describe an anyonic model mathematically. Furthermore, the construction of local Hamil-
tonians that describe short-range interactions between anyons based on their fusion rules
is demonstrated. These concepts will turn out to be essential for interpreting the different
low-temperature phases appearing in the perturbed WZNW models of Part II.
The low-temperature phases for interacting anyons appearing in the perturbed WZNW

models will be described in terms of generalized parafermion conformal field theories. Hence,
a short introduction to conformal field theory is given in Sec. I 4. This chapter is aimed
at introducing the main CFT aspects needed to define the WZNW models as well as their
related parafermion conformal field theories. An extensive discussion of these topics, which
is beyond the scope of this thesis, can for e.g. be found in [56].
In the last part of the preliminaries, Sec. I 5, Abelian and non-Abelian bosonization are

discussed based on [57]. These methods are useful for reducing suitable fermionic models into
simpler bosonic theories and will therefore be used as a starting point for the discussion of
fermionic models with spin and orbital degrees of freedom in Part II.

More precisely, non-Abelian bosonization is used in Sec. II 1.1, to demonstrate that per-
turbed WZNW models appear naturally in the low-energy limit of interacting fermions with
spin and orbital degrees. Furthermore, modifications of the quantum inverse scattering
method of Sec. I 1 for studying the integrable perturbed WZNW models are discussed. In
the remaining sections of Part II the thermodynamic Bethe ansatz is applied directly to the
perturbed su(2)Nf , su(3)Nf and so(5)Nf WZNW model, while the resulting low-temperature
phases are summarized in a phase diagram, respectively.
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Part I

Preliminaries





1. Integrable models
The term integrable exists in various physical and mathematical contexts. For example a
Hamiltonian mechanical system with n degrees of freedom is called completely integrable if
it has n independent integrals of motion, in which case it is completely solvable. Here the
focus is on a class of quantum field-theoretical models in 1 + 1-dimensional spacetime, which
are solvable by means of the quantum inverse scattering method (QISM). Those models were
termed by Faddeev in the early 1980s as integrable models [58]. Later it was shown by Izergin
and Korepin that also their lattice counterparts, which can be interpreted as quantum spin
chains, are integrable, i.e. solvable by the QISM [59]. This relationship will be used extensively
in this thesis as many results of the perturbed WZNW models of Part II are rooted in the
mathematical description of related quantum spin chains.
The main aspects of the QISM as well as the algebraic Bethe ansatz are discussed in

Sec. I 1.1 in the framework of quantum spin chains. The latter is a method used to determine
eigenvalues and eigenstates of the Hamiltonian given the operators and commutation relations
of the QISM. Sec. I 1.2 is dedicated to the integrableXXZ spin-S model including a discussion
of its quasi-particles and their relation to solutions of its Bethe equations. Based on these
solutions the thermodynamic Bethe ansatz for the XXZ spin S model is given in Sec. I 1.3
enabling the computation of thermodynamic quantities of integrable models.

1.1. Quantum inverse scattering method

Following [60, 61] it is described how the solution of the Yang-Baxter equation leads to a
Hamiltonian description of the corresponding model, where its solutions are given in terms
of consistency equations called Bethe equations. The essence of this procedure is the intro-
duction of an auxiliary space Va, which encodes the interactions of the model and enables a
systematic strategy to solve the model at hand.
Instead of starting with a Hamiltonian describing an integrable quantum field-theory or

a quantum spin chain, the quantum inverse scattering method starts with the Yang-Baxter
equation, whose solutions describe integrable models. The corresponding Hamiltonian de-
scription can be obtained later from the solutions of the Yang-Baxter equation.
Auxilliary spaces are denoted by Va (a = 1, 2, 3) and the R-matrices are denoted by Ra,b(λ)

defining mappings from Va ⊗ Vb to itself

Ra,b(λ) : Va ⊗ Vb → Va ⊗ Vb ,

where λ denotes the spectral parameter. In terms of this notation the R-matrices are specified
by the Yang-Baxter equation (YBE) given by

R1,2(λ− µ)R1,3(λ− ν)R2,3(µ− ν) = R2,3(µ− ν)R1,3(λ− ν)R1,2(λ− µ), (I.1)

where the products are defined in the tensor product space V1 ⊗ V2 ⊗ V3. The YBE is the
central building block of the quantum inverse scattering method as each solution defines an
R-matrix and thereby an integrable model.2 To relate this solution to the physical Hilbert
space the Lax-operator Lj,a(λ) is constructed as a map

Lj,a : Hj ⊗ Va → Hj ⊗ Va ,
2Notice that models described by the QISM method are just one class of quantum integrable models. A
discussion of more general definitions of quantum integrability can be found in [62].
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where Hj denotes the one-particle Hilbert space of site j with the complete N -particle Hilbert
space given by H = ⊗Nj=1Hj . Moreover, the Lax-operator is assumed to be determined by
the fundamental commutation relations (FCR)

Lj,a(λ)Lj,b(µ)Ra,b(µ− λ) = Ra,b(µ− λ)Lj,b(µ)Lj,a(λ) . (I.2)

In fact, the existence and uniqueness of the Lax-operator turns out to be guaranteed as long
as the R-matrices satisfy the YBE (I.1) [63, 64].
The Lax-operator can be expanded to the monodromy operator acting on the complete

Hilbert space by taking the ordered product of Lax operators over all N sites

Ta(λ) ≡ LN,a(λ)LN−1,a(λ) · · · L1,a(λ) . (I.3)

Due to the fact that the monodromy operator is constructed from the Lax operators it also
satisfies the FCR

Ta(λ)Tb(µ)Ra,b(µ− λ) = Ra,b(µ− λ)Tb(µ)Ta(λ) .

In the following discussion we assume that the auxiliary space Va is two-dimensional for
simplicity. In this case the monodromy can be written as a 2× 2 matrix

Ta =
(
A(λ) B(λ)
C(λ) D(λ)

)
,

whose entries act in H. Its trace over the auxiliary space defines the transfer matrix

T(λ) ≡ traTa(λ) = A(λ) +D(λ) ,

which is independent of the auxiliary space and serves as a generating object for physical
observables. Given the special spectral parameter η for which the Lax operator becomes
proportional to a permutation operator, called shift-point, the Hamiltonian H and the mo-
mentum operator P are generated as

H ∝ d
dλ ln T(λ)

∣∣∣∣
λ=η

, P ∝ ln T(λ)|λ=η . (I.4)

Hence, given a solution of the YBE describing an integrable model, the corresponding inte-
grable Hamiltonian is specified by the transfer matrix.

The algebraic Bethe ansatz (ABA) goes one step further and allows for a systematic con-
struction of the eigenvalues and eigenstates of (I.4), which leads to a set of consistency
equations known as the Bethe equations. The starting point of the ABA is a reference state
|0〉 also called pseudo-vacuum, which is defined by

C(λ)|0〉 = 0 ,

i.e. it is annihilated by C(λ). On the other hand, the B(λ) operator acts as a quasi-particle
creation operator so that a state with M quasi-particles becomes

|λ1, . . . , λM 〉 =
M∏
j=1

B(λj)|0〉 . (I.5)
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This state depends on particular spectral parameters λj for which the eigenstate equation

T(λ)|λ1, . . . , λM 〉 = (A(λ) +D(λ))|λ1, . . . , λM 〉 = Λ(λ)|λ1, . . . , λM 〉 (I.6)

is satisfied. Using the FCR for the monodromy, commutation relations for the A,B,C and
D operators can be derived and applied to (I.6) resulting in consistency equations for the
spectral parameters λj called Bethe equations.

To give an explicit example of the QISM operators let us consider the XXX spin-1/2
model. It is the isotropic version of the spin-1/2 Heisenberg model given by

HXXX =
N∑
n=1

(
SxnS

x
n+1 + SynS

y
n+1 + SznS

z
n+1 −

1
4

)
, (I.7)

where Sαn (α = x, y, z) denote the Pauli matrices at site n. In this case the one-particle space
Hn as well as the auxiliary space Va are given by C2. The R-matrix leading to (I.7) was
found to be

Ra,b(λ) = λIa,b + iPa,b, (I.8)

where Pa,b denotes a permutation

Pa,b : Va ⊗ Vb → Vb ⊗ Va, a⊗ b 7→ b⊗ a

and Ia,b is the unit matrix in Va ⊗ Vb. It can easily be shown that the Lax operator

Ln,a(λ) =
(
λ− i

2

)
In,a + iPn,a

satisfies the fundamental commutation relation (I.2). Following the procedure explained
above one can derive the transfer matrix T(λ) and show that the Hamiltonian and the
momentum operator (I.7) can equivalently be written as

HXXX = i
2

d
dλ ln T(λ)

∣∣∣∣
λ=i/2

− N

2 , PXXX = −i ln i−NT(λ)
∣∣∣
λ=i/2

Furthermore, the eigenstate equation (I.6) results in the Bethe equations for the M spectral
parameters λj (

λj + i
λj − i

)N
=

M∏
k 6=j

λj − λk + 2i
λj − λk − 2i . (I.9)

This equation was first derived by Hans Bethe in 1931 using the coordinate Bethe ansatz,
i.e. an ansatz for the eigenstates of the Hamiltonian (I.7) based on superpositions of plane
waves [65]. The spectral parameters λj are also called Bethe roots. Also notice that a set of
Bethe roots {λj} (j = 1, . . . ,M) solving (I.9) describes a particular eigenstate |ψ〉 by (I.5),
which satisfies

HXXX|λ1, . . . , λM 〉 =
M∑
j=1

ε(λj)|λ1, . . . , λM 〉 ,

PXXX|λ1, . . . , λM 〉 =
M∑
j=1

p(λj)|λ1, . . . , λM 〉
(I.10)
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with
ε(λ) = −1

2
1

λ2 + 1/4 , p(λ) = 1
i ln λ+ i/2

λ− i/2 .

Due to (I.10) one can interpret B(λj) as a creation operator for a quasi-particle with en-
ergy ε(λj) and momentum p(λj). This quasi-particle interpretation of solutions λj of Bethe
equations will be used extensively in this thesis.

1.2. The XXZ spin-S model

In the last section we considered the XXX spin-1/2 model (I.7). The anisotropic general-
ization of this model is given by

HXXZ =
N∑
n=1

(
SxnS

x
n+1 + SynS

y
n+1 + ∆SznSzn+1

)
,

where we focus on ∆ ≡ cos γ ≤ 1 denoted as the easy plane XXZ system, which was
originally solved by Bethe [65]. In this case the energy gap above the total spin S = 0 ground
state vanishes.
The generalization of this model to higher spins cannot simply be done by replacing the

Pauli matrices Sα with different representations, since this results in non-integrable models.
However, using the QISM Babujian and Takhtajan succeeded in finding the integrable XXX
spin-S model [66–68] and later Sogo, Kirillov, Reshetikhin and Kulish studied the integrable
XXZ spin-S model [69–73]. The solution of the Yang-Baxter equation (I.1) leading to
the Hamiltonian H

(S)
XXZ of the integrable XXZ spin-S model will not be discussed here.

Instead the Bethe equations are taken as a starting point to show how its solutions lead to
thermodynamic quantities.
The Bethe equations for the integrable XXZ spin-S model are given by(

sinh γ
2 (λj + i2S)

sinh γ
2 (λj − i2S)

)N
=

M∏
k 6=j

sinh γ
2 (λj − λk + 2i)

sinh γ
2 (λj − λk − 2i) . (I.11)

Notice that these equations become the XXX spin-1/2 Bethe equations (I.9) for S = 1/2
and γ → 0. A set of Bethe roots {λj} solving (I.11) describe a state |λ1, . . . , λM 〉, which
satisfies

H
(S)
XXZ|λ1, . . . , λM 〉 =

M∑
j=1

ε(λj)|λ1, . . . , λM 〉 , (I.12)

p|λ1, . . . , λM 〉 =
M∑
j=1

p(λj)|λ1, . . . , λM 〉 (I.13)

with

ε(λ) = − sin(2Sγ)
sinh γ

2 (λ+ 2Si) sinh γ
2 (λ− 2Si) ,

p(λ) = 2 arctan (tanh(γλ/2) cot(γS)) . (I.14)

The eigenvalue of the spin projection Sz = ∑N
n=1 S

z
n of this state is found to be

Sz|λ1, . . . , λM 〉 = (SN −M)|λ1, . . . , λM 〉 (I.15)

12



1.2. The XXZ spin-S model

showing that each B(λj) reduces the spin projection SN of the pseudo-vacuum by one, while
the states |λ1, . . . , λM 〉 are still highest-weight states:

S+|λ1, . . . , λM 〉 =
N∑
j=1

S+
j |λ1, . . . , λM 〉 = 0 .

In order to compute thermodynamic quantities it is necessary to study the solutions of
(I.11) in the thermodynamic limit N → ∞. It is well known that in this limit the Bethe
roots can be described in so-called strings, which denote sets of roots that are evenly spaced
by 2i in the complex plane. A heuristic reason for the forming of strings can be seen from
the Bethe equations (I.11): if the left side vanishes or diverges for N → ∞, then there has
to exist a λk on the right side with λj − λk ≈ ±2i to account for this.
For the Bethe equations of the XXX spin-1/2 model (I.9) this argument holds as well. In

the limit of large N with fixedM/N all Bethe roots are formed by strings {λnα,j}nj=1 of length
n

λnα,j = λnα + i(n+ 1− 2j), with j = 1, . . . , n ,

where λnα ∈ R denotes the center of the string. In fact, all string lengths n appear as solutions
of (I.9) and need to be considered to compute thermodynamic quantities of the XXX model.
For theXXZ spin-S model, on the other hand, it was shown that the allowed string lengths

depend on the anisotropy parameter γ [70, 74]. In the thermodynamic limit N → ∞ with
fixed M/N and 0 ≤M/N < S the Bethe roots are arranged as strings of length n and parity
vn = ±1 of the form

λnα,j = λnα + i
(
n+ 1− 2j + 1

2(1− v2Svn)π
γ

)
with j = 1, . . . , n . (I.16)

Following [52, 70] the admissible strings and parities of the XXZ spin-S model are described
by the numbers pi, bi, yi and mi with i ≤ `− 1:

p0 = π/γ p1 = 1 bi = [pi/pi+1] pi+1 = pi−1 − bi−1pi

y−1 = 0 y0 = 1 y1 = b0 yi+1 = yi−1 + biyi i ≥ 0
m0 = 0 m1 = b0 mi+1 = mi + bi i ≥ 0 ,

where ` is the length of the continued fraction expansion of the rational number p0

p0 = [b0, b1, b2, . . . , b`−1] = b0 + 1
b1 + 1

b2+...
,

pi/pi+1 = [bi, bi+1, . . . , b`−1]

and [x] denotes the integer part of x. In terms of these numbers the strings (I.16) appearing
in the solution of the Bethe equations for the XXZ chain with S = 1/2 have been classified
by Takahashi and Suzuki [74]: their lengths and parities are

nj = yi−1 + (j −mi)yi for mi ≤ j < mi+1 ,

vj ≡ vnj = exp
(

i
[
nj − 1
p0

])
j 6= m1 ,

vm` = (−1)` ,

(I.17)

13



1. Integrable models

for 1 ≤ j < m` and nm` = y`−1, vm` = (−1)`. Provided that 2S + 1 appears in the sequence
of Takahashi numbers nj , i.e.

nσ = 2S + 1 , mr ≤ σ < mr+1 , (I.18)

the same classification holds for the integrable XXZ spin-S chain. The condition that 2S+1
needs to be a Takahashi number is always satisfied if the Hamiltonian H

(S)
XXZ generated by

the QISM is Hermitian [75]. For S > 1/2 this restricts the admissible anisotropy parameter
by 2S < p0 = π

γ .
Considering a root configuration consisting of νj strings of type (nj , vnj ) and using (I.16),

the Bethe equations (I.11) can be rewritten in terms of the real string-centers λ(j)
α ≡ λnjα . In

their logarithmic form they read

Ntj,2S(λ(j)
α ) = 2πI(j)

α +
∑
k≥1

νk∑
β=1

θjk(λ(j)
α − λ

(k)
β ) , (I.19)

where I(j)
α are integers (or half-integers) and we have introduced functions

tj,2S(λ) =
min(nj ,2S)∑

l=1
f(λ, |nj − 2S|+ 2l − 1, vjv2S)

θjk(λ) =f(λ, |nj − nk|, vjvk) + f(λ, nj + nk, vjvk)

+ 2
min(nj ,nk)−1∑

`=1
f(λ, |nj − nk|+ 2`, vjvk)

(I.20)

with

f(λ, n, v) =

2 arctan
(
tan((1+v

4 −
n

2p0
)π) tanh( πλ2p0

)
)

if n
p0
6= integer

0 if n
p0

= integer
.

Hence, it was shown how the Bethe equations of the integrable XXZ spin-S model (I.11)
can be rewritten in terms of equations for the real parts of the strings (I.19) as long as the
admissible string solutions are known. In the next section the equations for the string-centers
(I.19) in the thermodynamic limit N → ∞ are studied leading to a continuous distribution
of the centers.

1.3. Thermodynamic Bethe ansatz

The thermodynamic Bethe ansatz (TBA) developed by Yang and Yang in 1969 [76] enables
the computation of thermodynamic quantities of integrable models. The main idea of the
thermodynamic Bethe ansatz is to introduce densities for the string-centers λ(j)

α of equation
(I.19), which are distributed continuously for N → ∞. Using an expression of the entropy
in terms of these densities, the free energy can be minimized to derive integral equations
describing the thermodynamics. To give an example, this procedure is applied to the XXZ
spin-S model in this section.

The starting point is the definition of the counting function

cj(λ) ≡ (−1)r(j)
2π

tj,2S(λ)− 1
N

∑
k≥1

νk∑
β=1

θjk(λ− λ(k)
β )

 , (I.21)
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1.3. Thermodynamic Bethe ansatz

where r(j) is chosen such that cj(λ) is monotonically increasing:

(−1)r(j) = sign
( d
dλtj,2S(λ)

)
,

see [75] for more details. From (I.19) it is apparent that cj(λ(j)
α ) = I

(j)
α /N . Hence, each set

of centers {λ(j)
α } can alternatively be described by a set of integers (or half-integers) {I(j)

α },
i.e. the I(j)

α are admissible quantum numbers for the states.
In the thermodynamic limit N →∞ the centers are distributed continuously with density

ρj(λ), while the λ’s not appearing in (I.19), called holes, are distributed with the hole density
ρhj (λ). Due to Yang and Yang [76] the densities are defined by

Nρj(λ)dλ = number of λ(j)
α ’s in [λ, λ+ dλ] ,

Nρhj (λ)dλ = number of holes in [λ, λ+ dλ] .
(I.22)

Furthermore, the counting function (I.21) uniquely maps λ’s solving (I.19) as well as holes
to integers (or half-integers) so that it satisfies

Ndcj(λ) = N
dcj
dλ dλ = number of λ’s and holes in [λ, λ+ dλ] . (I.23)

From (I.22) and (I.23) one can conclude
d
dλcj(λ) = ρj(λ) + ρhj (λ) ,

which using (I.21) for N →∞ results in a set of integral equations for the densities

ρhj (λ) = ρ
(0)
j (λ)−

∑
k≥1

(−1)r(j)Ajk ∗ ρk(λ) , (I.24)

where a ∗ b denotes a convolution. The bare densities ρ(0)
j (λ) and the kernels Ajk(λ) of the

integral equations are given by

ρ
(0)
j (λ) = (−1)r(j)aj,2S(λ) , aj,2S(λ) = 1

2π
d

dλ
tj,2S(λ) ,

Ajk(λ) = 1
2π

d

dλ
θjk(λ) + (−1)r(j)δjkδ(λ) .

Each solution of (I.24) describes a particular state of the integrable XXZ spin-S model
for N → ∞. However, to derive the equilibrium state of the model for a given temperature
one has to minimize the free energy. To approach this in full generality a magnetic field H
is introduced that couples to the eigenvalue of the spin projection Sz, i.e. the Hamiltonian is
replaced by

H
(S)
XXZ → H

(S)
XXZ −HS

z.

Consequently, the energy density of a given solution of the integral equations (I.24) follows
from (I.12) and (I.15)

E = E

N
= 1
N

∑
j

νj∑
α=1

(−4p0aj,2S(λ(j)
α ) + njH)− SH

N→∞=
∑
j

∫ ∞
−∞

dλε0,j(λ)ρj(λ)− SH , (I.25)
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1. Integrable models

where the bare energy
ε0,j(λ) = −4p0aj,2S(λ) + njH

is introduced. The entropy dS in the interval [λ, λ + dλ] is defined as the logarithm of the
number of possible states in this interval, which follows from (I.22)

dS = ln
∏
k

[N(ρk(λ) + ρhk(λ))dλ]!
[Nρk(λ)dλ]! [Nρhk(λ)dλ]!

.

Hence, using Stirling’s formula lnn! = n lnn−n+O(lnn) the total entropy density S becomes

S = 1
N

∫
dS =

∑
j≥1

∫ +∞

−∞
dλ

[
(ρj + ρhj ) ln(ρj + ρhj )− ρj ln ρj − ρhj ln ρhj

]
in the thermodynamic limit. The equilibrium state at finite temperature is found by mini-
mizing the free energy density F with temperature T

F = E − TS .

This results in a set of integral equations

T ln(1 + eεj/T ) = ε0,j(λ) +
∑
j≥1

(−1)r(k)Ajk ∗ T ln(1 + e−εj/T ) (I.26)

for the dressed energies εj(λ) defined by e−εj/T = ρj/ρ
h
j . Given a solution of the integral

equations (I.26) for a temperature T and magnetic fieldH one can compute the corresponding
densities describing the equilibrium state from (I.24). In terms of the dressed energies εj(λ)
the free energy density becomes

F = −
∑
j

∫ ∞
∞

ρ0,j(λ)T ln(1 + e−εj(λ)/T ) . (I.27)

The equations (I.26) and (I.27) are sufficient to compute thermodynamic quantities of the
integrable XXZ spin-S model for different fields H and temperatures T . In fact, many
results for the perturbed su(2)Nf WZNW model discussed in Part II of this thesis will be
based on the thermodynamic Bethe ansatz for its lattice counterpart, i.e. the integrable XXZ
spin-Nf/2 chain.
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2. Simple Lie algebras
The goal of this section is to introduce the main concepts of simple Lie algebras needed to
discuss the anyonic models, the Wess-Zumino-Novikov-Witten (WZNW) models as well as
the parafermion conformal field theories of the subsequent sections. WZNW models turn
out to be uniquely determined by a Lie algebra and a level k, while their action is invariant
under transformations of the corresponding Lie group. The spectrum, however, is generated
by conserved currents defining an affine Lie algebra, which is an extension of a simple Lie
algebra. For the purpose of this thesis it is sufficient to focus on the representation theory
of simple Lie algebras, while mentioning the differences in the representation theory of affine
Lie algebras whenever necessary. Similarly, the su(2)k, su(3)k and so(5)k anyonic models
are defined using the representation theory of simple Lie algebras while applying simple
modifications to it coming from their affine Lie algebraic structure. A complete introduction
to simple Lie algebras and affine Lie algebras can be found in [56].

Following [56] roots, weights, Cartan matrices as well as the Weyl group for simple Lie
algebras are discussed. The section is ended by showing how the representation theory is
encoded in a Cartan matrix and can be reproduced from it, giving explicit examples for the
su(2) and su(3) Lie algebra.

2.1. The Cartan-Weyl basis

A Lie algebra g is a vector space over a field F with a binary operation [., .] : g×g→ g called
a commutator that satisfies

• bilinearity:

[aX + bY, Z] = a[X,Z] + b[Y,Z] , [Z, aX + bY ] = a[Z,X] + b[Z, Y ] ,

• anticommutativity:
[X,Y ] = −[Y,X] ,

• Jacobi identity:
[X, [Y, Z]] + [Z, [X,Y ]] + [Y, [Z,X]] = 0

for scalars a, b ∈ F and X,Y, Z ∈ g. The relationship to the corresponding Lie group G is
given by the exponential: elements X ∈ g are mapped to the connected component of G
containing its unit element by eiaX , where a ∈ F .

Instead of working with the abstract algebraic structure of a Lie algebra, one can study
representations of it, which are mappings that make the elements of a Lie algebra more
concrete by associating them with matrices. More precisely, a representation φ is a linear
map φ : g→ gl(V ) that satisfies

φ([X,Y ]) = φ(X)φ(Y )− φ(Y )φ(X) ,

where gl(V ), defined as the space of linear maps V → V , is a Lie algebra with the commutator
[X,Y ] = XY − Y X for X,Y ∈ gl(V ). The dimension of a representation is defined as the
dimension of the vector space V . Furthermore, a subspace W ⊆ V is called invariant if
φ(X)w ∈ W for all w ∈ W and X ∈ g. If an invariant subspace W 6= V, {0} exists, the
representation φ is called reducible, otherwise it is termed irreducible.



2. Simple Lie algebras

Given these definitions it is possible to define simple Lie algebras as well as describe them
in terms of the Cartan-Weyl basis. The generators of a Lie algebra g are denoted by {Ja}
and satisfy the commutation relations

[Ja, Jb] = i
∑
c

fabc J
c ,

where the constants fabc are called structure constants. Simple Lie algebras are Lie algebras
whose only ideals are {0} and itself, i.e. no subset of generators {La} 6= {Ja}, {0} exists such
that [La, Jb] ∈ {La} for all Jb ∈ {Ja}.
An elegant way of describing a Lie algebra is obtained by writing the generators in terms of

the Cartan-Weyl basis. It is constructed by first finding a maximal set of Hermitian generators
{H i} that are commuting, i.e. satisfy

[H i, Hj ] = 0 . (I.28)
The set {H i} with i = 1, . . . , r generates the Cartan subalgebra h, while r denotes the
rank of the Lie algebra. Due to (I.28) one can diagonalize elements of the Cartan subalgebra
simultaneously and describe states of a representation in terms of its eigenvalues, see Sec. I 2.3.
The missing generators needed to form the complete Lie algebra g are constructed from {Ja}
to satisfy the relation

[H i, Eα] = αiEα , (I.29)
where α = (α1, . . . , αr) denotes a root and ∆ denotes the set of all roots satisfying (I.29).
Notice that the relation (I.29) can also be reinterpreted in the adjoint representation: an
element X ∈ g is represented as ad(X) ∈ gl(g), whose action is defined by

ad(X)Y = [X,Y ] .
Consequently, (I.29) becomes

ad(H i)Eα = αiEα , (I.30)
which leads to the interpretation of roots as linear maps α(H i) → αi, i.e. elements of the
dual space h∗. The action of the generators {Eα} in terms of ladder operators is discussed in
Sec. I 2.3.
The last commutator [Eα, Eβ] needed to obtain the full set of commutation relations follows

from a relation implied by the Jacobi identity and (I.29):
[H i, [Eα, Eβ]] = (αi + βi)[Eα, Eβ] .

By evaluating this equation for the cases α + β ∈ ∆, α + β /∈ ∆ and α = −β the full set of
commutation relations specifying the Cartan-Weyl basis becomes

[H i, Hj ] = 0 ,
[H i, Eα] = αiEα ,

[Eα, Eβ] =


Nα,βE

α+β if α+ β ∈ ∆
2
|α|2α ·H if α = −β
0 otherwise

,

(I.31)

where Nα,β is a constant and

[Eα, E−α] = 2
|α|2

α ·H = 2
|α|2

r∑
i=1

αiH i

was chosen to fix the normalization of the ladder operators.
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2.2. Simple roots

In this section the roots that appeared in the Cartan-Weyl basis are discussed in more detail
and the notion of simple roots is introduced, which leads to the Cartan matrix.
The roots introduced in the previous section label the ladder operators Eα, which are the

missing generators needed to form the complete Lie algebra g. This results in the following
relation

|∆| = dim(g)− r ,

where dim(g) is defined as the number of generators of g. It is sufficient to focus on a linearly
independent subset of ∆ to describe the roots. To obtain this subset a basis {β1, β2, . . . , βr}
in the space dual to the Cartan subalgebra h is fixed and an arbitrary root α ∈ ∆ is written
as

α =
r∑
i=1

niβi .

The set of roots ∆ can now be divided into two classes: the set of positive roots ∆+ and the
set of negative roots ∆−. Let ni be the first nonzero element of the coefficients (n1, n2, . . . , nr)
of a root α. If ni > 0, the root α is positive and belongs to ∆+. Similarly, if ni < 0, α ∈ ∆−
is called negative.
It turns out that there are r simple roots αi, which are positive roots that cannot be further

decomposed into sums of positive roots. The set of simple roots {α1, . . . , αr} will from now
on be used as a convenient basis for the space of roots. In Sec. I 2.4 it is shown how the
complete set of roots ∆ can be reconstructed from the set of simple roots using the Weyl
group.

An elegant way of encoding the information of simple roots is given by the Cartan matrix
Aij . It is defined as

Aij =
(
αi,

2αj
|αj |2

)
.

Equivalently, it can be expressed as

Aij = (αi, α∨j ) , (I.32)

where α∨j = 2αj/|αj |2 denotes the coroot of αj .
In order to fix the normalization of the simple roots it is convenient to define another

quantity called the highest root θ and fix its length by |θ|2 = 2. It is defined as the root
θ = ∑

imiαi ∈ ∆ for which the sum of the coefficients ∑imi is maximized. The expansion
of the highest root in terms of simple roots or coroots is given by

θ =
r∑
i=1

aiαi =
r∑
i=1

a∨i α
∨
i , (I.33)

where ai, a∨i are called marks, comarks.
The comarks also define the dual Coexter number

g =
r∑
i=1

a∨i + 1 , (I.34)

which is used to define the Killing form (I.39) later.

19



2. Simple Lie algebras

2.3. Weights

The Cartan subalgebra consists of the maximal number of commuting generators of a Lie
algebra. Consequently, its elements {H i} can be diagonalized simultaneously and the states
of a vectors space V corresponding to a finite-dimensional representation φ can be specified
by the eigenvalues of {H i}. An eigenstate of H i is a state |λ〉 satisfying

H i|λ〉 = λi|λ〉 ,

where λ = (λ1, . . . , λr) is called a weight. Hence, weights can be interpreted as elements of
the dual space h∗, while roots are elements of h∗ in the adjoint representation.
The reason Eα is called ladder operator is based on the fact that it changes the weight λ

of a state |λ〉 by α:

H iEα|λ〉 = ([H i, Eα] + EαH i)|λ〉 = (λi + αi)Eα|λ〉 ,

⇒ Eα|λ〉 ∝ |λ+ α〉 .

Notice that, just as for the su(2) Lie algebra3, the action of Eα on a state |α〉 can vanish for
certain roots α and weights λ. This can be further specified by looking at the commutators
of {Eα, E−α, α ·H/|α|2} following (I.31)

[Eα, E−α] = 2α ·H
|α|2

,

[
α ·H
|α|2

, E±α
]

= ±E±α .

These are the same commutation relations as satisfied by the generators {J+, J−, J3} of su(2)
and therefore define a su(2) subalgebra of g. Hence, for an arbitrary root α there must be
positive integers p, q such that

(Eα)p+1|λ〉 ∝ Eα|λ+ pα〉 = 0 ,
(E−α)q+1|λ〉 ∝ E−α|λ− qα〉 = 0 .

The states |λ+ pα〉 and |λ− qα〉 satisfy the following eigenvalue equation

α ·H
|α|2

|λ+ pα〉 = (α, λ+ pα)
|α|2

|λ+ pα〉

α ·H
|α|2

|λ− qα〉 = (α, λ− qα)
|α|2

|λ− qα〉 .
(I.35)

Just as for su(2) the eigenvalues appearing in (I.35) have to differ by a sign which results in
the master formula

2(α, λ)
|α|2

= q − p . (I.36)

This relation can be used to compute all the weights of a given representation by starting for
example with the highest weight, i.e. a weight λ with p = 0, and apply ladder operators Eα
to it that are consistent with the q − p values of the master formula.

3su(n) (n ≥ 1) denotes the Lie algebra of the Lie group SU(n) consisting of n × n unitary matrices with
determinant equal to 1. The definition of su(n) for n = 2, 3 in terms of Cartan matrices is given in Sec. I 2.6.
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Up to this point, we have not fixed a basis for the weights. However, it turns out that a
convenient basis for the weights is given by the set of fundamental weights {ωi}, which are
dual to the simple coroot basis {α∨j }, i.e. they are defined by

(ωi, α∨j ) = δij .

In terms of the fundamental weight basis an arbitrary weight λ is written as

λ =
r∑
i=1

λiωi , (I.37)

where the coefficients λi = (λ, α∨i ) are called Dynkin labels. From the master formula (I.36)
it follows that Dynkin labels are always integers. Furthermore, the Dynkin labels (λ1, . . ., λr)
are often used to specify a particular representation by fixing the state λ of (I.37) as the
highest weight state of that representation. Equivalently, Young diagrams can be used to
label a representation: a Young diagram [x1, x2, . . . , xr] consists of xi nodes in the i-th row.
The relation between the number of nodes xi and the Dynkin labels λi is given by

xi − xi+1 = λi for i = 1, 2, . . . , r ,

where xr+1 ≡ 0.
From the definition of the Cartan matrix in terms of the coroots (I.32) it becomes apparent

that the elements of the Cartan matrix Aij are the coefficients of the simple root expanded
in the fundamental weight basis:

αi =
∑
j

Aijωj . (I.38)

Another important operator whose eigenvalues are often used to label a weight or a repre-
sentation is called the quadratic Casimir operator Q. Given a basis of generators {La} it is
defined by

Q =
∑
a,b

[K(La,Lb)]−1LaLb ,

where K denotes the Killing form. For arbitrary X,Y ∈ g the Killing form given by

K(X,Y ) ≡ 1
2gTr(adXadY ) , (I.39)

defines a symmetric bilinear form for the Lie algebra, where g denotes the dual Coexter
number (I.34). Hence, given an orthonormal basis {Ja} with respect to K, i.e. a basis that
satisfies K(Ja, Jb) = δab, the quadratic Casimir operator becomes

Q =
∑
a

JaJa .

In the Cartan-Weyl basis it reads

Q =
∑
i

H iH i +
∑
α∈∆+

|α|2

2 (EαE−α + E−αEα) . (I.40)

The eigenvalue of Q for a state with weight λ can be shown to result in

Q|λ〉 = (λ, λ+ 2ρ)|λ〉 ,

where ρ denotes the Weyl vector
ρ =

∑
i

ωi . (I.41)
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2.4. The Weyl group

As mentioned in Sec. I 2.2 the Weyl group provides a tool to reconstruct the complete set
of roots ∆ from the set of simple roots. This can be understood by studying the su(2)
subalgebra generated by {Eα, E−α, α ·H/|α|2} in the adjoint representation. In this case a
ladder operator Eβ can be interpreted as a state |β〉, which is an eigenstate of ad(α ·H/|α|2):

ad
(
α

|α|2
·H
)
|β〉 = 1

2(α∨, β)|β〉 .

If (α∨, β) 6= 0, there has to exist another eigenstate |β+lα〉 of ad(α ·H/|α|2) whose eigenvalue
satisfies

(α∨, β + lα) != −(α∨, β) ⇔ l = −(α∨, β) .

Hence, β − (α∨, β)α is a root whenever β is a root.
The mapping from β to β − (α∨, β)α can also be written in terms of the operation sα

defined by
sαβ = β − (α∨, β)α .

The set of all operations sα defines a group, called the Weyl group W. As roots are generated
by simple roots the Weyl group is generated by r simple Weyl reflections si

si ≡ sαi .

The action of the simple Weyl reflections on the simple roots can be written in terms of the
Cartan matrix

siαj = αj −Ajiαi .

It turns out that the simple Weyl reflections satisfy the following relations

(sisj)mij = 1, with mij =

 2 if i = j
π

π−θij if i 6= j
, (I.42)

where θij denotes the angle between the simple roots αi and αj

θij = arccos (αi, αj)
|αi||αj |

.

In fact, the relations (I.42) are sufficient to construct every element of the Weyl group, as
will be demonstrated for su(2) and su(3) in Sec. I 2.6.
Given the Weyl groupW it can be shown that the complete set of roots ∆ can be generated

from a set of simple roots as

∆ = {wα|α ∈ {α1, . . . , αr}, w ∈W} .

2.5. The Chevalley basis

In the last sections it was discussed how the roots and weights can be reconstructed from
the Cartan matrix: starting with equation (I.38) one can express the simple roots in the
fundamental weight basis given the Cartan matrix. Consequently, the scalar products of the
simple roots, which are encoded in the Cartan matrix by (I.32), also determine the scalar
products of the fundamental weights. The normalization of the lengths of roots and weights
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is fixed by the condition that the highest root (I.33) satisfies |θ|2 = 2. Using the Weyl group
the complete set of roots ∆ can be constructed. At last, by applying the master formula
(I.36) for different roots of ∆, the complete set of weights of a representation, labeled by
Dynkin labels, can be constructed from the highest weight (I.37).
The Cartan matrix also determines the commutation relations of the generators (I.31).

This turns out to be more apparent in the Chevalley basis, which is based on the following
generators defined for the simple roots

ei = Eαi , f i = E−αi , hi = α∨i ·H . (I.43)

Its commutators are given by

[hi, hj ] = 0 , [ei, f j ] = δijh
j , (I.44)

[hi, ej ] = Ajie
j , [hi, f j ] = −Ajif j ,

while the commutators of the remaining ladder operators are determined by (I.31).

2.6. Examples

Starting from the Cartan matrix it is discussed how to obtain roots, weights as well as the
generators and their commutation relations for the su(2) and su(3) Lie algebra.

2.6.1. The su(2) Lie algebra

The Cartan matrix for the su(2) Lie algebra is given by A = (2). su(2) has rank one and its
only simple root α1 in the fundamental weight basis follows from (I.38)

α1 = 2ω1 .

If all the lengths of the simple roots are equal, the remaining roots have the same length and
the Lie algebra is called simply laced. Consequently, the lengths of α1 and ω1 are fixed by
the length of the highest root θ:

|α1|2 = |θ|2 = 2 ⇒ |ω1|2 = 1
2 .

From (I.42) one can conclude that the simple Weyl reflection s1 satisfies

s2
1 = 1 .

Hence, the complete Weyl group is given by W = {1, s1} and the complete set of roots is
found to be

∆ = {α1, s1α1} = {α1,−α1} .

An arbitrary representation can be labeled by a Dynkin label l. The highest weight of this
representation (I.37) is given by Λ = lω1. Using the master formula (I.36) it is found that
the admissible weights are constructed by applying E−α1 l times to the state |Λ〉:

2(α1, lω1)
|α1|2

= l ⇒ (q, p) = (l, 0) .
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2. Simple Lie algebras

The weights of a representation with Dynkin label l generated hereby become

λl,m = mω1 with m = −l,−l + 2, . . . , l .

The generators of su(2) in the Chevalley basis are determined by its commutation relations
(I.44)

[h, e] = 2e , [h, f ] = −2f [e, f ] = h .

Furthermore, the action of h on a state |λl,m〉 becomes

h|λl,m〉 = m|λl,m〉 .

We finish the discussion of su(2) by giving the generators in the Cartan-Weyl basis

H = h/
√

2 , E+ = e , E− = f

and the spin basis known from quantum mechanics

J3 = h/2 , J+ = e , J− = f .

2.6.2. The su(3) Lie algebra

The Cartan matrix for the su(3) Lie algebra is given by

Aij =
(

2 −1
−1 2

)
.

su(3) has rank 2 and the simple roots α1, α2 in the fundamental weight basis follow from
(I.38)

α1 = 2ω1 − ω2 (I.45)
α2 = −ω1 + 2ω2 .

Due to the fact that the Cartan matrix is symmetric one can conclude from its definition
(I.32) that the lengths of the simple roots are equal, i.e. the Lie algebra is simply laced.
Hence, the scalar products of the simple roots and the fundamental weights follow from the
Cartan matrix and the condition |θ|2 = 2:

(α1, α1) = (α2, α2) = |θ|2 = 2 ⇒ (α1, α2) = −1

⇒ (ω1, ω1) = (ω2, ω2) = 2/3 , (ω1, ω2) = 1/3 .

The angle θ12 between the simple roots α1 and α2 is given by

θ12 = arccos
((α1, α2)
|α1||α2|

)
= 2π

3 ,

which results in a condition for the simple Weyl reflections s1, s2:

(s1s2)3 = 1 ⇒ s1s2s1 = s2s1s2 .
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Consequently, the Weyl group can only consist of the following elements

W = {1, s1, s2, s1s2, s2s1, s1s2s1} ,

which are used to generate the complete set of roots ∆:

∆ = {wα |α ∈ {α1, α2} , w ∈W}
= {α1, α2, α1 + α2,−α1,−α2,−α1 − α2} . (I.46)

The representations for the su(3) Lie algebra can be labeled by Dynkin labels (l1, l2). To
explicitly construct all the weights of a given representation we focus on the case (1, 0). The
highest weight in this representation is given by

Λ(1,0) = ω1 .

By repeatedly applying the master formula it can easily be shown that the multiplet of
weights corresponding to the (1, 0) representation becomes

{ω1,−ω1 + ω2,−ω2} .

Just as for su(2) the generators of su(3) in the Chevalley basis are determined by its
commutation relations (I.44). The action of the elements of the Cartan-subalgebra {h1, h2}
is defined by

hi|λ〉 = λi|λ〉 with λ = λ1ω1 + λ2ω2 .

25





3. Anyons
This section deals with the algebraic theory of anyonic models based on category theory. It
has been developed with the aim to describe general anyonic models using a simple unified
language. Furthermore, it naturally leads to new anyonic models and allows a simple descrip-
tion of their braiding properties. In this section we follow [77] to discuss the main aspects of
anyonic models using the algebraic language. More details on this can be found for e.g. in
the appendix of [78].
Sec. I 3.1 deals with the fusion behavior as well as the Hilbert space of several anyons, while

the braiding or exchange statistics of anyons are discussed in Sec. I 3.2. Both braiding and
fusion processes have to satisfy consistency equations called pentagon and hexagon equations
that are discussed in Sec. I 3.3. Furthermore, differences between free and interacting anyons,
which are relevant to interpret the low-temperature phases of the perturbed WZNW models
in Part II, are pointed out in Sec. I 3.4. Explicitly, this is demonstrated by reference to the
su(2)Nf anyons in Sec. I 3.5.

3.1. Fusion

Following [77] the abstract definition of an anyonic model consists of rules for particle types,
rules for fusing and splitting and rules for braiding. This section deals with particle types
and their fusion and splitting rules.
To label the different anyonic particle types Latin letters {a, b, c, . . . } are used. A label is

also called superselection sector of the theory or topological charge. These terms emphasize
that a label is a physical property of a localized object, which is invariant under any local
physical process. Hence, the topological charges are immune to local interactions with the
environment, namely decoherence.
The special label 1 is reserved for the vacuum and exists in any anyonic model. An anyon a

and its antiparticle labeled by ā can be created out of the vacuum. In this case the combined
topological charge of a and ā is the vacuum labeled by 1.
The process of combining two anyons is also called fusion while the rules describing the

allowed fusion outcomes of two anyons are called fusion rules. In general two anyons a and b
can fuse to an anyon c in N c

ab distinguishable ways, where N c
ab are non-negative integers. A

convenient way of writing the fusion rules is given by

a × b =
∑
c

N c
ab c , (I.47)

where the sum goes over all labels and a, b can fuse into c as long as N c
ab > 0.

Similar relations are known from the fusion of two spin-1/2 particles. Their fusion rule is
given by

1
2 ×

1
2 = 0 + 1 ,

since they can either fuse to a spin-1 particle or a spin-0 particle. However, in this case
the labels specify vector spaces and the fusion rule describes how the tensor product of two
vector spaces is split into a direct sum of vector spaces. For anyons there does not exist a
one-particle Hilbert space corresponding to a label so that the interpretation of fusion rules
in terms of the decomposition of tensor products is not possible. In the anyonic case the
fusion rules are simply understood as abstract relations defining the fusion outcomes of an
anyonic model.



3. Anyons

Figure 1: Graphical notation for the fusion states of V cab showing the fusion of a and b into c (left).
The graphical notation for the basis states of the dual space V abc emphasizes the splitting of c into a
and b (right). Notice that the time axis is going vertically downward in these diagrams.

Nevertheless, it is possible to associate a Hilbert space to the fusion of two anyons a and b
into an anyon c. More precisely, we denote by V c

ab a Hilbert space called fusion space whose
orthonormal basis is given by the N c

ab distinguishable ways the anyons a, b can fuse into c.
The states of V c

ab are called fusion states and its orthonormal basis is denoted by

{|(ab)c, µ〉 |µ = 1, 2, . . . , N c
ab} .

The dual space of V c
ab is denoted by V ab

c and its dual basis is given by

{〈(ab)c, µ| |µ = 1, 2, . . . , N c
ab} .

A graphical notation for the basis states of V c
ab and its dual basis is given in Figure 1.

The full Hilbert space for the fusion of the anyons a, b is given by ⊕cV c
ab. Its basis states

are orthogonal to the corresponding dual basis states

〈(ab)c′ , µ′|(ab)c, µ〉 = δc
′
c δ

µ′
µ

and the completeness relation of the basis is expressed as∑
c,µ

|(ab)c, µ〉〈(ab)c, µ| = Iab ,

where Iab is the projector onto the full Hilbert space ⊕cV c
ab.

It turns out that there is a useful distinction between Abelian anyons and non-Abelian
anyons. An anyonic model consists of Abelian anyons, or is called Abelian, if exchanging two
anyons only results in a phase factor. In terms of the abstract language introduced above an
anyonic model is Abelian as long as

dim
(⊕

c

V c
ab

)
=
∑
c

N c
ab = 1 (I.48)

for any pair a, b of the anyonic model. As the fusion space of a, b is one-dimensional if the
condition (I.48) is satisfied, only phase factors can be obtained when exchanging a and b.
Non-Abelian anyons on the other hand have the property that their exchange can generate
non-Abelian unitary transformations of the fusion space. It was shown in [79] that this occurs
in an anyonic model if and only if the dimension of the fusion space for at least some pair a,
b is larger than two:

dim
(⊕

c

V c
ab

)
=
∑
c

N c
ab ≥ 2 . (I.49)
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3.2. Braiding

Hence, an anyonic model is called non-Abelian if the condition (I.49) is satisfied for at least
one pair of anyons a, b. An important consequence is the fact that quantum information is
encoded non-locally in a pair of non-Abelian anyons that are far apart. This information is
protected from decoherence and can only be corrupted by a non-local process, i.e. exchanging
the anyons of the pair.
Rules for fusing and splitting needed to define an anyonic model also comprise rules for

fusing three anyons. Physically, the overall topological charge of three anyons is independent
of their fusion order. Hence, fusion of three anyons is associative:

(a× b)× c = a× (b× c).

The two different ways of fusing three anyons however results in two distinct decompositions
of the the Hilbert space V d

abc:

V d
abc
∼=
⊕
e

V e
ab ⊗ V d

ec
∼=
⊕
e′

V d
ae′ ⊗ V e′

bc .

Therefore, there are two different sets of basis states for V d
abc. The first one is given by the

basis of ⊕eV e
ab ⊗ V d

ec

|((ab)ec)d, µν〉 ≡ |(ab)e, µ〉 ⊗ |(ec)d, ν〉

and the second one is the basis of ⊕e′V d
ae′ ⊗ V e′

bc

|(a(bc)e′)d, µ′ν ′〉 ≡ |(ae′)d, ν ′〉 ⊗ |(bc)e′ , µ′〉 .

These basis states must be related by a unitary transformation F called F-matrix:

|((ab)ec)d, µν〉 =
∑

e′,µ′,ν′

(
F dabc

)e′µ′ν′
eµν

|(a(bc)e′)d, µ′ν ′〉 . (I.50)

In terms of the graphical notation equation (I.50) is written as

Additionally to the particle types and fusion rules also the F-matrices are necessary to
define an anyonic model. However, in some cases it is possible to uniquely derive the F-
matrices from consistency equations, see Sec. I 3.3.

3.2. Braiding

The remaining part needed to define an anyonic model are its rules for braiding. Due to the
symmetry (a× b = b× a) of the fusion rules (I.47) there exists an isomorphism between the
Hilbert spaces V c

ab and V c
ba. The mapping between them is given by the braid operator R. In
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3. Anyons

terms of the basis states {|(ba)c, µ〉} and {|(ab)c, µ′〉} the braid operator R transforms as a
unitary matrix called R-matrix:

R|(ba)c, µ〉 =
∑
µ′

(Rcab)µ
′

µ |(ab)c, µ
′〉 . (I.51)

Notice that for Abelian anyons the R-matrix is always a phase factor.
In terms of the graphical notation the R-matrix is expressed by braiding the incoming lines

of a and b counterclockwise:

Often the braiding of two anyons of a chain of anyons is needed. For this a chain of n anyons
with total topological charge c is labeled by a1, a2, . . . , an and its Hilbert space V c

a1a2...an is
decomposed by fusing the anyons from the left to the right:

V c
a1a2...an

∼=
⊕

b1,b2,...,bn−2

V b1
a1a2 ⊗ V b2

b1a3
⊗ . . . ⊗ V c

bn−2an .

The dimension of this Hilbert space results in

N c
a1a2...an ≡ dim(V c

a1a2...an) =
∑

b1,b2,...,bn−2

N b1
a1a2N

b2
b1a3

. . . N c
bn−2an . (I.52)

A basis for V c
a1a2...an is again given by the tensor products of basis states of the decomposed

parts V bj
bj−1aj+1

{|(a1a2)b1 , µ1〉|(b1a3)b2 , µ2〉 . . . |(bn−2an)c, µn−1〉} ,

which can also be expressed using the graphical notation

In order to apply the braid operator to two neighboring anyons aj , aj+1 one only needs to
consider the part of the Hilbert space V c

a1a2...an that is affected by the braid operator. Using
the simpler notation bj−2 = b, bj−1 = c and bj = d this part reads

V d
bajaj+1

∼=
⊕
c

V c
baj ⊗ V d

caj+1 .

The exchange of aj and aj+1 can be performed by transforming the states of V d
bajaj+1

with
the F-matrix such that the R-matrix can be applied and then transforming them back with
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3.3. Pentagon and hexagon equations

Figure 2: Sequence of F- and R-matrices defining the braid operator for a chain of anyons. The first
F-move changes the basis such that the R-matrix can be applied to aj and aj+1, while the inverse
F-move transforms back to the original basis.

the inverse F-matrix. See Figure 2 for an illustration of this process. Hence, one can define
a braid operator B as a mapping between V d

bajaj+1
and V d

bajaj+1

B : V d
bajaj+1 → V d

baj+1aj ,

where B is defined as

B|((baj)caj+1)d, µν〉 ≡ F−1RF |((baj)caj+1)d, µν〉 ,

=
∑

g,µ′′′,ν′′

(
Bd
baj+1aj

)gµ′′′µ′′
cµν

|((baj+1)gaj)d, µ′′′, ν ′′〉

(
Bd
baj+1aj

)gµ′′′µ′′
cµν

=
∑

f,µ′,µ′′,ν′

(
(F−1)dbaj+1aj

)gµ′′′ν′′
fµ′′ν′

(
Rfajaj+1

)µ′′
µ′

(
F dbajaj+1

)fµ′ν′
cµν

.

Using the graphical notation this definition becomes

Consequently, the exchange of two anyons of an anyon chain can always be expressed
in terms of F- and R-matrices. Moreover, this shows that an anyonic model is completely
specified by the following objects:

1. a set of labels {a, b, . . . }

2. the fusion rules a× b = ∑
cN

c
ab c

3. the F-matrices

4. the R-matrices

Mathematically, this set of objects defines a unitary braided fusion category [78].

3.3. Pentagon and hexagon equations

From the last section one might get the impression that any fusion rule together with a
F-matrix and a R-matrix defines an admissible anyonic model. However, as will be shown,
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3. Anyons

Figure 3: The figure shows the five different decompositions of V a5
a1a2a3a4

and their relation in terms
of F-moves. Starting from the top left the two sequences of F-moves define the pentagon equations.

the F- and R-matrices have to satisfy consistency conditions called pentagon and hexagon
equations so that only fusion rules with suitable F- and R-matrices define an admissible
anyonic model.
The first set of consistency conditions are obtained by considering the five different pos-

sibilities four anyons of a specified order can be fused. Each possibility corresponds to a
distinct decomposition of the Hilbert space V a5

a1a2a3a4 . As shown in Figure 3 all the decompo-
sitions of V a5

a1a2a3a4 are isomorphic to each other since they are related by a series of F-moves.
Notice that for simplicity the fusion indices are neglected in Figure 3 and the following dis-
cussion. The shape of the diagrams in Figure 3 motivates the name pentagon equations for
the corresponding consistency equations.
If written out explicitly, the top part of Figure 3 results in

|(((a1a2)aa3)ba4)a5〉 =
∑
c,d

(
F a5
a1a2c

)d
a

(
F a5
aa3a4

)c
b
|(a1(a2(a3a4)c)d)a5〉

while the bottom part becomes

|(((a1a2)aa3)ba4)a5〉 =
∑
c,d,e

(
F a5
a2a3a4

)c
e

(
F a5
a1ea4

)d
b

(
F ba1a2a3

)e
a
|(a1(a2(a3a4)c)d)a5〉 .

Hence, the consistency equations of the F-matrices called pentagon equations result in(
F a5
a1a2c

)d
a

(
F a5
aa3a4

)c
b

=
∑
e

(
F a5
a2a3a4

)c
e

(
F a5
a1ea4

)d
b

(
F ba1a2a3

)e
a
. (I.53)

The second set of consistency conditions are obtained by considering the six different
possibilities of fusing three anyons with arbitrary order. Figure 4 shows the combinations of
F- and R-matrices that relate the different decompositions of the Hilbert space. The set of
consistency equations corresponding to Figure 4 are called hexagon equations.
If written out explicitly, the top part of Figure 4 results in

|((a1a2)aa3)a4〉 =
∑
b,c

(
F a4
a2a3a1

)c
b
Ra4
a1b

(
F a4
a1a2a3

)b
a
|(a2(a3a1)c)a4〉
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3.4. Free vs. interacting anyons

Figure 4: The figure shows the six different fusion possibilities of three anyons with arbitrary order
and their relation in terms of F- and R-moves. Starting from the left the two sequences of F- and
R-moves define the hexagon equations.

while the bottom part becomes

|((a1a2)aa3)a4〉 =
∑
c

Rca1a3

(
F a4
a2a1a3

)c
a
Raa1a2 |(a2(a3a1)c)a4〉 .

Hence, the hexagon equations become

Rca1a3

(
F a4
a2a1a3

)c
a
Raa1a2 =

∑
b

(
F a4
a2a3a1

)c
b
Ra4
a1b

(
F a4
a1a2a3

)b
a
.

In category theory the MacLane coherence theorem states that there are no further consis-
tency conditions that need to be satisfied by the F- and R-matrices [80]. In other words, any
two sequences of F- and R-matrices that map one basis of n anyons to another basis describe
the same isomorphism if the pentagon and hexagon equations are satisfied.
Moreover, solving the pentagon and hexagon equations provides a way to compute the F-

and R-matrices given a set of labels and its fusion rules. In fact, each solution of the pentagon
and hexagon equations, if it exists, defines a unique anyonic model.

3.4. Free vs. interacting anyons

So far it was mentioned that quantum information can be encoded non-locally in a pair of non-
Abelian anyons that are far apart. Here far apart meant that the anyons are separated enough
to be considered as free particles. Only in this case there exists a ground space degeneracy in
which quantum information can be encoded non-locally. As soon as the particles are brought
close to each other this degeneracy is lifted, because interactions of the particles may cause
some of the fusion outcomes to be preferred. In the case of spin chains such interactions can
be modeled by local Hamiltonians that prefer ferromagnetic or antiferromagnetic coupling of
the spins. Below this construction is generalized to chains of anyons.
The degeneracy of a non-interacting chain of n anyons of type a with overall topological

charge b is given by the dimension of the Hilbert space V b
aa...a (I.52):

N b
aa...a =

∑
b1,b2,...,bn−2

N b1
aaN

b2
ab1
N b3
ab2

. . . N b
abn−2
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As mentioned before it is not possible to express the Hilbert space V b
aa...a into tensor prod-

ucts of single particle Hilbert spaces. However, for large n it can be shown that the main
contribution to the dimension of V b

aa...a is given by

N b
aa...a = db

D2d
n
a + . . . ,

where da denotes the quantum dimension of anyon a derived from

dadb =
∑
c

N c
abdc (I.54)

and D is the total quantum dimension

D =
√∑

c

d2
c .

Hence, even though there is no single particle Hilbert space of anyon a one can define a quan-
tum dimension da corresponding to it that describes the rate of growth of V b

aa...a for large
n. Notice that it is another characteristic of anyonic models to possess non-integer quantum
dimensions. An example of this will be given in the next section.

In order to define a Hamiltonian modelling short-range interactions of an anyon chain a
procedure similar to the definition of the braid operator is applied. Suppose that we have
a chain of n anyons a with overall topological charge a. The corresponding Hilbert space is
decomposed as before

V a
aa...a

∼=
⊕

b1,b2,...,bn−2

V b1
aa ⊗ V

b2
b1a
⊗ . . . ⊗ V a

bn−2a .

A local Hamiltonian H = ∑
j

∑
b JbH

(b)
j acting on this Hilbert space can be defined by

assigning different energies to the fusion outcomes of neighboring anyons a. For example, if
the fusion rule of a with itself is given by

a× a = b+ . . . ,

we can assign an energy E = −1 for the fusion outcome b and the energy E = 0 for the other
fusion outcomes. In this case the modelled interactions favor the fusion of a with itself to
anyon b. More precisely, H(b)

j acts on the j-th part of Hilbert space given by

V
bj+1
bj−1aa

=
⊕
bj

V
bj
bj−1a

⊗ V bj+1
bja

and the energies are assigned to the fusion outcome of a with itself by applying F-moves as
shown in Figure 5. Written out explicitly the action of H(b)

j turns out to be

H
(b)
j |((bj−1a)bja)bj+1〉 =

∑
c

(
H

(b)
j

)c
bj
|((bj−1a)ca)bj+1〉(

H
(b)
j

)c
bj
≡ −

(
(F−1)bj+1

bj−1aa

)c
b

(
F
bj+1
bj−1aa

)b
bj
.

(I.55)

An example of this construction for su(2)k anyons is given in the next section.

34



3.5. su(2)k anyons

Figure 5: Sequence of F-moves defining a local Hamiltonian with nearest neighbor interactions for a
chain of anyons. After applying the first F-move it is projected onto a state with fusion outcome of
a with itself given by b while assigning the energy E = −1 to this state. Applying F−1 the resulting
state is transformed back to the original basis.

3.5. su(2)k anyons
In this section an important class of anyonic models called su(2)k anyons is defined. For
each integer k, called level, the different anyon types are labeled by the allowed irreducible
representations of the corresponding affine Lie algebra, i.e. su(2)k. In general this coincides
with the irreducible representations of the corresponding Lie algebra, whose highest weights
Λ satisfy the condition

(Λ, θ) ≤ k , (I.56)
where θ is the highest root (see Sec. I 2.2). For su(2)k the highest weights are Λ = lω1 with
integer l and the highest root is θ = 2ω1 such that the condition (I.56) results in

l ≤ k .

However, instead of using the Dynkin labels satisfying l ≤ k to label the anyon types we use
the ‘spin’ s = l/2:

labels =
{

0, 1
2 , 1, . . . , k2

}
,

where 0 denotes the vacuum and not 1. The corresponding fusion rules are the tensor product
decompositions of the su(2) representations

j1 × j2 =
j1+j2∑

j=|j1−j2|
j

with the restriction that the fusion outcome j has to satisfy (I.56), i.e. j ≤ k/2. An example
of this is given for the fusion rules defining the su(2)3 anyons

1
2 ×

1
2 = 0 + 1 , 1

2 × 1 = 1
2 + 3

2 ,
1
2 ×

3
2 = 1 ,

1× 1 = 0 + 1 , 1× 3
2 = 1

2 ,
3
2 ×

3
2 = 0 .

The subset of the su(2)3 anyons with labels 0, 1 and fusion rule 1 × 1 = 0 + 1 defines an
important model called the Fibonacci anyons. Its quantum dimension, following from (I.54),
is given by the golden mean:

d2
1 = 1 + d1 ⇔ d1 = 1

2(1 +
√

5) .
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3. Anyons

By deriving the F- and R-matrices for the Fibonacci anyons from the pentagon and hexagon
equations it can be shown that Fibonacci anyons are universal for quantum computing.
More precisely, given a chain of n Fibonacci anyons a qubit can be encoded into each set of
three anyons and every gate necessary for quantum computation can be approximated with
arbitrary precision by applying braid operations. See for example [81] for the implementation
of gates using F- and R-matrices of the Fibonacci anyons. Furthermore, it can be shown that
the su(2)k anyons with k ≥ 3 and k 6= 4 are computationally universal [18, 19].
For future reference we also give a general formula for the quantum dimension of a su(2)k

anyon with label j [78, 82]

dj =
sin
(

(2j+1)π
k+2

)
sin
(

π
k+2

) . (I.57)

Interacting su(2)k anyons can be modelled by considering a chain of 1/2 anyons with local
Hamiltonian H = J

∑
j H

(1)
j defined by (I.55). For J > 0 this describes an anyonic chain with

ferromagnetic coupling as the spin-1/2 anyons favor fusing to the spin-1 anyon. Interestingly,
this model is described by a Zsu(2)k parafermion conformal field theory (defined in Sec. I 4.7)
with central charge

c = 2k − 1
k + 2 .

For J < 0 the coupling is antiferromagnetic as the anyons 1/2 favor fusing to the 0 anyon.
This model defines a unitary minimal conformal field theory with central charge

c = 1− 6
(k + 1)(k + 2) ,

see for e.g. [20] for more details on the relationship to conformal field theory.
The quantum dimension and the central charge describing the behavior of free and inter-

acting anyons will turn out to be the essential quantities that we compute for the perturbed
WZNWmodels in Part II. The anyons will appear in these models as quasi-particle excitations
for sufficiently small temperatures.
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4. Conformal field theory
The purpose of this section is to define the WZNWmodels as well as their related parafermion
conformal field theories. This however requires many aspects from conformal field theory,
whose detailed introduction is beyond the scope of this thesis. Therefore, only the main
features of conformal field theory that are relevant for a discussion of WZNW models are
briefly reviewed. A complete introduction to conformal field theory and WZNW models can
be found for e.g. in [56].
To give an idea of the main application of conformal field theory the relationship between

critical points of condensed matter systems and conformal symmetry is given in Sec. I 4.1.
In Sec. I 4.2 a CFT is defined as a quantum field theory, whose metric is invariant under
conformal transformations, i.e. transformations of spacetime that preserve the angle. This
invariance of quantum field theories under conformal transformations results in restrictions
of correlation functions, that are discussed in Sec. I 4.3. Other important aspects of CFT
like the operator formalism and the notion of a Hilbert space are introduced in Sec. I 4.4
and Sec. I 4.5. All of this is sufficient to define WZNW models (Sec. I 4.6) and Gepner’s
generalized parafermion CFT’s (Sec. I 4.7).

4.1. Conformal symmetry at the critical point

In condensed matter physics a first- or second-order phase transition appears at a point in
parameter space for which the first or second derivative of the free energy becomes discontin-
uous. The parameter used to characterize the different phases is called order parameter (e.g.
the magnetization for the Ising model). A physical example of first-order phase transitions
are the transitions between the solid, liquid and gas phase of water. The second-order phase
transition for water appears at the end point of the pressure-temperature curve separating
the liquid and the gas phase. This point is also called critical point and always goes along
with a diverging correlation length ξ, which denotes the maximal length of a system at which
degrees of freedom are correlated.
A condensed matter system at the critical point is therefore not changing its behavior when

zooming in or out in spacetime, i.e. it is scale-invariant. Mathematically, this scale invariance
can be studied using the renormalization group: in a lattice system the renormalization
group maps each block of spins into one block spin and thereby rewrites the corresponding
Hamiltonian in terms of the block spins. For a scale-invariant theory this procedure does not
affect the overall form of the Hamiltonian and only maps the coupling constants to a new
set of coupling constants. Hence, by applying the renormalization group several times the
relevant coupling constants for the system at larger length scales become apparent.
Furthermore, the renormalization group motivates the scaling hypothesis of a scale-invariant

theory. Given a temperature Tc at which a second-order phase transition occurs, the scaling
hypothesis states that the free energy density F is a homogeneous function of the reduced
temperature t = T/Tc − 1 and the magnetic field H:

F (λat, λbH) = λF (t,H) ,

where a, b are exponents depending on the described theory. From this one can conclude that
t−1/aF (t,H) is invariant under the scale transformations t→ λat,H → λbH and can therefore
only be given by some function g(y) depending on the scale-invariant variable y = H/tb/a:

t−1/aF (t,H) != g(y) ⇒ F (t,H) = t1/ag(y) . (I.58)



4. Conformal field theory

The behavior of thermodynamic quantities near the critical point is determined solely by
(I.58) following from the scaling hypothesis. For example the magnetization near criticality
becomes

M = − ∂F

∂H

∣∣∣∣
H=0

= t(1−b)/ag′(0) ,

where (1− b)/a is the critical exponent of the magnetization.
Conformal field theories come into play whenever a scale-invariant theory is also invariant

under more general conformal transformations. These are transformations of spacetime that
preserve the angle, but allow scale transformations. In fact, in [83] it is proven, under some
technical assumptions, that scale-invariant quantum field theories in 2D also possess the
enhanced conformal symmetry. Hence, critical points of condensed matter systems seem to
be naturally described by 1 + 1-dimensional conformal field theories.
In the language of conformal field theories the critical exponents turn out to be the con-

formal dimensions of certain fields. Consequently, the main physical aspects describing a
second order phase transition can be extracted from a conformal field theory describing the
condensed matter system.

4.2. Conformal transformations

A quantum field theory is called conformally invariant if and only if its action is invari-
ant under conformal transformations. Conformal transformations consist of any coordinate
transformation that leaves the metric invariant up to a scale factor Λ(x)

g′µν(x′) = Λ(x)gµν(x) , (I.59)

where x→ x′ denotes an invertible mapping. It can be shown that the admissible conformal
transformations are given by translations, dilations, rigid rotations and special conformal
transformations (SCT):

Translation: x′µ = xµ + aµ

Dilation: x′µ = αxµ

Rigid rotation: x′µ = Mµ
νx

ν

SCT: x′µ = xµ − bµx2

1− 2b · x + b2x2 ,

(I.60)

where aµ, α ,Mµ
ν , b

µ ∈ R.
The effect of conformal transformations on fields φ(x) is found by studying representations

of the infinitesimal generators of (I.60). In general a transformation of a field is given by a
coordinate transformation x′ → x and a functional change φ → φ′, which can be written in
terms of a mapping F on φ(x):

x→ x′

φ(x)→ φ′(x′) = φ′(x′(x)) ≡ F(φ(x)) .

Let us consider a spinless field φ, i.e. a field φ for which the matrix representation of the
infinitesimal Lorentz transformation vanishes. In d-dimensional spacetime such a field trans-
forms under a conformal transformation as

φ(x)→ φ′(x′) =
∣∣∣∣∂x′

∂x

∣∣∣∣−∆/d
φ(x) = Λ(x)∆/2φ(x) , (I.61)
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4.2. Conformal transformations

where |∂x′/∂x| denotes the Jacobian of the coordinate transformation and ∆ is called the
scaling dimension of the field φ. In general fields φ that transform under any conformal
transformation as (I.61) are called quasi-primary.
From now on we will focus on a two-dimensional spacetime. This case requires special

attention as there exists an infinite number of coordinate transformations that are locally
conformal instead of the transformations (I.60), which are defined globally. Furthermore, it
will be shown how local invariance of a two-dimensional quantum field theory leads to exact
solutions.
In two-dimensions we denote the coordinates by (z0, z1). From (I.59) one can conclude

that a coordinate transformation zµ → wµ(z0, z1) has to satisfy either the condition of a
holomorphic function

∂w1

∂z0 = −∂w
0

∂z1 and ∂w0

∂z0 = ∂w1

∂z1

or the condition of an antiholomorphic function

∂w1

∂z0 = ∂w0

∂z1 and ∂w0

∂z0 = −∂w
1

∂z1 .

Consequently, it is convenient to work with complex coordinates z and z̄ defined by

z = z0 + iz1 , z0 = 1
2(z + z̄) ,

z̄ = z0 − iz1 , z1 = 1
2i(z − z̄) ,

∂z = 1
2(∂0 − i∂1) , ∂0 = ∂z + ∂z̄ ,

∂z̄ = 1
2(∂0 + i∂1) , ∂1 = i(∂z − ∂z̄) .

(I.62)

The generators of local conformal transformations can be found by studying an arbitrary
holomorphic infinitesimal transformation of a field φ(z, z̄). From complex analysis it is known
that such a coordinate transformation may be expressed as

z′ = z + ε(z) , ε(z) =
∞∑

n=−∞
cnz

n+1 .

which has the following effect on the field

φ′(z′, z̄′) = φ(z, z̄) .

Hence, the infinitesimal transformation of the field δφ becomes

δφ(z, z̄) ≡ φ′(z, z̄)− φ(z, z̄)
= −ε(z)∂zφ(z, z̄)− ε̄(z̄)∂z̄φ(z, z̄)

=
∑
n

(
cnlnφ(z, z̄) + c̄n l̄nφ(z, z̄)

)
,

where ln and l̄n are the generators of the holomorphic and antiholomorphic local conformal
transformations defined by

ln = −zn+1∂z , l̄n = −z̄n+1∂z̄ .

39



4. Conformal field theory

They satisfy the following commutation relations

[ln, lm] = (n−m)ln+m ,

[l̄n, l̄m] = (n−m)l̄n+m , (I.63)
[ln, l̄m] = 0 .

Notice that the elements l−1, l0 and l1 as well as their counterparts generate translations,
rotations or scale transformations and special conformal transformations. Hence, these ele-
ments generate a subalgebra given by the generators of the global conformal transformations.
In two dimensions the definition of quasi-primary fields can be generalized to fields with

spin s by defining the holomorphic conformal dimension h and the antiholomorphic conformal
dimension h̄ as

h = 1
2(∆ + s) , h̄ = 1

2(∆− s) ,

where ∆ denotes the scaling dimension of φ(z, z̄). Hence, a quasi-primary field with conformal
dimensions (h, h̄) transforms under any global conformal transformation z → w(z), z̄ → w̄(z̄)
as

φ′(w, w̄) =
(dw
dz

)−h (dw̄
dz̄

)−h̄
φ(z, z̄) . (I.64)

Moreover, a field transforming under any local conformal transformation as (I.64) is called
primary.

4.3. Correlation functions

Correlation functions are the main objects of interest in a quantum field theory as they can
be related to physical quantities. In this chapter correlation functions are defined using the
path integral formalism and its structure due to conformal invariance is discussed.
Given a bosonic field φ(x) in d dimensions the correlation function of φ(x1) and φ(x2) is

defined as
〈φ(x1)φ(x2)〉 = 〈0|T (φ(x1)φ(x2))|0〉 , (I.65)

where |0〉 denotes the ground state and the time ordering operator T is defined as

T (φ(x1)φ(x2))) =
{
φ(x1)φ(x2) , if x0

1 > x0
2

φ(x2)φ(x1) , if x0
2 > x0

1
.

The time ordering of n bosonic fields is defined analogously, while for fermionic fields a minus
sign is introduced every time two fields are commuted. By using the path integral formalism
the correlation function (I.65) can be written as

〈φ(x1)φ(x2)〉 = lim
ε→0

∫
[dφ]φ(x1)φ(x2) exp iSε(φ)∫

[dφ] exp iSε(φ) ,

where Sε denotes the action S with the replacement x0 ↔ x0(1− iε).
In the Euclidean formalism the time component x0 is replaced by −iτ and the Euclidean

action defined as

iSE(φ(τ, x1, . . . , xn−1)) = S(φ(−iτ, x1, . . . , xn−1)) .
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4.4. Operator product expansion

Hence, in the Euclidean formalism the correlation function (I.65) becomes

〈φ(x1)φ(x2)〉 = 1
Z

∫
[dφ]φ(x1)φ(x2) exp (−SE(φ)) , (I.66)

where Z denotes the partition function

Z =
∫

[dφ] exp (−SE(φ)) .

Equation (I.66) can be used as the starting point for the analysis of correlation functions in
conformal field theory. The correlation function (I.66) is also called two-point function. More
generally the correlation function of n-fields is called n-point function. It can be shown that
global conformal invariance fixes the form of two- and three-point functions up to coefficients.
For the exact computation of all n-point functions in a two-dimensional conformal field theory,
the conformal bootstrap approach can be used, see Sec. I 4.4.

To discuss two- and three-point functions of primary fields the focus is again on two-
dimensional spacetime. The transformation behavior of a general n-point function under
local conformal transformations follows from (I.64) and the fact that the action as well as
the integration measure of the path integral are invariant under those transformations:

〈φ1(w1, w̄1) . . . φn(wn, w̄n)〉 =
n∏
i=1

(dw
dz

)−hi
w=wi

(dw̄
dz̄

)−h̄i
w̄=w̄i

〈φ1(z1, z̄1) . . . φn(zn, z̄n)〉 . (I.67)

By studying (I.67) for global conformal transformations the form of the two-point function
of primary fields is found to be

〈φ1(z1, z̄1)φ2(z2, z̄2)〉 =


C12

(z1−z2)2h1 (z̄1−z̄2)2h̄1
if h1 = h2 , h̄1 = h̄2

0 otherwise
, (I.68)

where (hi, h̄i) denote the conformal dimensions of φi. Similarly, the form of the three-point
function of primary fields becomes

〈φ1(z1, z̄1)φ2(z2, z̄2)φ2(z3, z̄3)〉 = C123
1

zh1+h2−h3
12 zh2+h3−h1

23 zh3+h1−h2
13

× 1
z̄h̄1+h̄2−h̄3

12 z̄h̄2+h̄3−h̄1
23 z̄h̄3+h̄1−h̄2

13
,

(I.69)

where zij ≡ zi − zj . In the next section the ingredients needed to compute all n-point
functions with n > 3 as well as the coefficients for the two-point and three-point functions
are discussed.

4.4. Operator product expansion

Typically, correlation functions like the two- and three-point functions (I.68), (I.69) diverge
as the arguments of the operators are brought close to each other. A representation of this
behavior is given by the operator product expansion (OPE). If an arbitrary field is labeled by
φk, the OPE of two fields fields φi(z) and φj(w) is defined as

φi(z)φj(w) =
∑
k

ckij
φk(w)

(z − w)nijk , (I.70)
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4. Conformal field theory

where ckij ∈ R, nijk ∈ Z are constants and φk(w) is nonsingular at w = z.
Notice that the operator product expansion (I.70) is only defined within correlation func-

tions. However, an operator meaning can be obtained using radial quantization and applying
a radial ordering to the left side of (I.70). In short, this is based on the fact that the coordi-
nates (t, 0) and (t, L) in 1 + 1-dimensional Minkowski space for some length L are identified.
A coordinate (ti, xi) is then mapped to a complex coordinate zi by

zi = exp 2π(ti + ixi)/L (I.71)

so that time ordering t1 > t2 corresponds to radial ordering |z1| > |z2|. Consequently, opera-
tors appearing in operator product expansions are consistent with operators inside correlation
function as long as they are radially ordered.
To give an example of an operator product expansion we consider the correlation function

of the energy-momentum tensor Tµν and a single primary field φ with conformal dimensions
(h, h̄). The energy-momentum tensor is defined as the conserved current associated with
translation invariance by Noether’s theorem. It can be shown that the correlation function
of T (z) ≡ −2πTzz and φ(w,w′) is given by

〈T (z)φ(w,w′)〉 ∼ h

(z − w)2 〈φ(w,w′)〉+ 1
z − w

∂w〈φ(w,w′)〉 ,

where “∼” means equality modulo expressions that are regular as z → w. This expression
and its antiholomorphic counterpart with T̄ (z̄) ≡ −2πTz̄z̄ can be represented as OPE’s by
neglecting the “brackets”:

T (z)φ(w,w′) ∼ h

(z − w)2φ(w,w′) + 1
z − w

∂wφ(w,w′) ,

T̄ (z̄)φ(w,w′) ∼ h̄

(z̄ − w̄)2φ(w,w′) + 1
z̄ − w̄

∂w̄φ(w,w′) .
(I.72)

Another operator product expansion can be found by computing the correlation function of
the energy-momentum tensor with itself:

T (z)T (w) ∼ c/2
(z − w)4 + 2T (w)

(z − w)2 + ∂wT (w)
z − w

, (I.73)

where c denotes the central charge of the conformal field theory.
The central charge is a characteristic quantity of a conformal field theory and appears in

several relations. Often it is understood as the collective degrees of freedom of the system.
This understanding can be motivated from the appearance of the central charge in the low-
temperature behavior of the free energy F or specific heat C per unit length given by

F = F0 −
π

6vF
cT 2 , C ≡ −T ∂

2F

∂T 2 = π

3vF
cT ,

where vF denotes the Fermi velocity. Important examples are the theory of free massless
bosons where the central charge is given by c = 1 and the theory of free massless fermions
with c = 1/2.

Similarly, as for anyons it is possible to introduce fusion rules for the fields. In a conformal
field theory fusion rules can be understood as a representation of the OPE’s (I.70) given by

φi × φj =
∑
k

φk .
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Examples of fusion rules that are also related to non-Abelian anyons will be given for
parafermions in Sec. I 4.7.
At last, we discuss the essential ingredients that are necessary to solve a conformal field

theory, i.e. compute all the correlation functions that in turn are related to physical quantities.
It can be shown that the operator product expansions of all primary fields with each other
(also called operator algebra) can be derived from conformal invariance given that the central
charge c, all the conformal dimensions of the primary fields and the three-point function
coefficients Cpnm are known. The operator algebra can then be used to compute n-point
functions of primary fields by successively reducing the tuples of primary fields. n-point
functions of nonprimary fields can be computed as well, since they can be expressed in terms
of primary field n-point functions, see Sec. I 4.5. Consequently, the essential ingredients of a
conformal field theory from a computational point of view can be summarized as

• the list of primary fields {φj},

• its conformal dimensions {(hj , h̄j)},

• the coefficients Cpnm of primary three-point functions,

• the central charge.

A possible approach to derive the Cpnm coefficients is the conformal bootstrap. It is based
on the reduction of four-point functions to three-point functions using the operator algebra.
This results in consistency conditions of the coefficients Cpnm called crossing symmetry rela-
tions. Examples in which the crossing symmetry relations can be solved completely are the
important class of minimal models, see for e.g. [56].

4.5. The Hilbert space

In this section basic aspects about the Hilbert space structure of a conformal field theory are
discussed. Similarly as for Lie algebras the states of the Hilbert space can be constructed
by applying ladder operators to a highest weight state, which is given by a primary field. In
fact, the fields of a conformal field theory may be grouped in families [φ] consisting of one
primary field φ and descendant fields derived by applying admissible ladder operators to φ.

To obtain the ladder operators one can consider the Laurent series of the energy-momentum
tensor:

T (z) =
∑
n∈Z

z−n−2Ln , Ln = 1
2πi

∮
dz zn+1T (z) ,

T̄ (z̄) =
∑
n∈Z

z̄−n−2L̄n , L̄n = 1
2πi

∮
dz̄ z̄n+1T̄ (z̄) .

(I.74)

It turns out that Ln, L̄n are the generators of local conformal transformations on the
Hilbert space in contrast to the generators ln, l̄n which are generators of local conformal
transformations on the space of functions. The commutation relations satisfied by Ln, L̄n
differ from the commutation relations (I.63) of ln, l̄n by a term proportional to the central
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charge c:

[Ln, Lm] = (n−m)Ln+m + c

12n(n2 − 1)δn+m,0 ,

[L̄n, L̄m] = (n−m)L̄n+m + c

12n(n2 − 1)δn+m,0 , (I.75)

[Ln, L̄m] = 0 .

The algebra defined by (I.75) is called the Virasoro algebra.
The operator L0 + L̄0 is known to generate dilations (z, z̄) → λ(z, z̄), which can be inter-

preted as time dilations in radial quantization. Hence, the Hamiltonian H is found to be
proportional to L0 + L̄0:

H ∝ L0 + L̄0 .

Furthermore, the generators L−1, L0, L1 and their counterparts define a subalgebra generat-
ing global conformal transformations on the Hilbert space.
To start building the Hilbert space restrictions on the vacuum state |0〉 are imposed. It

is assumed that T (z)|0〉 and T̄ (z̄)|0〉 are well-defined for z, z̄ → 0, which corresponds to the
limit t→ −∞ in Minkowski space and results in the conditions

Ln|0〉 = L̄n|0〉 = 0 for n ≥ −1 .

These conditions include the global conformal invariance of the vacuum as well as a vanishing
vacuum expectation value of the energy-momentum tensor

〈0|T (z)|0〉 = 〈0|T̄ (z̄)|0〉 = 0 .

A state of conformal dimension (h, h̄) is obtained by applying the asymptotic primary field
φ(0, 0) to the vacuum:

|h, h̄〉 ≡ φ(0, 0)|0〉 .
To derive the eigenvalues of the Hamiltonian for this state the commutators of Ln, L̄n with
φ(z, z̄) obtained from the OPE (I.72) are needed

[Ln, φ(z, z̄)] = h(n+ 1)znφ(z, z̄) + zn+1∂zφ(z, z̄) ,
[L̄n, φ(z, z̄)] = h̄(n+ 1)z̄nφ(z, z̄) + z̄n+1∂z̄φ(z, z̄) .

Applying these relations to the state |h, h̄〉 for n = 0 results in

L0|h, h̄〉 = h|h, h̄〉 , L̄0|h, h̄〉 = h̄|h, h̄〉 ,

which shows that |h, h̄〉 is an eigenstate of the Hamiltonian. Analogously, we obtain for n > 0

Ln|h, h̄〉 = L̄n|h, h̄〉 = 0 .

From the Virasoro algebra the commutators

[L0, L−m] = mL−m , [L̄0, L̄−m] = mL̄−m , m > 0

can be derived showing that the operators L−m, L̄−m with m > 0 act as ladder operators
and increase the holomorphic, antiholomorphic conformal dimension by m. Hence, a general
descendant state is obtained by successively applying the ladder operator to |h, h̄〉,

|h′, h̄′〉 = L−m1L−m2 . . . L−mN L̄−m̄1L̄−m̄2 . . . L−m̄N̄ |h, h̄〉 ,
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4.6. WZNW models

where mi < mi+1, m̄i < m̄i+1 by convention and h′, h̄′ can be derived by applying L0, L̄0:

h′ = h+
N∑
i=1

mi , h̄′ = h̄+
N̄∑
i=1

m̄i .

At last, let us mention that descendant states can also be derived by applying a descendant
field to the vacuum. For example using (I.74) the descendant state L−n|h, h̄〉 can be written
as

L−n|h, h̄〉 = 1
2πi

∮
dz z1−nT (z)φ(0, 0)|0〉 .

Hence, this expression can be expressed as (L−nφ)(0)|0〉, where (L−nφ)(w) is a descendant
field defined by

(L−nφ)(w) = 1
2πi

∮
w
dz (z − w)1−nT (z)φ(w) .

Given the definition of descendant fields it is possible to express the correlation functions
of descendant fields with a set of primary fields X = φ1(w1) . . . φN (wN ) with conformal
dimensions h1, h2, . . . , hN by

〈L−nφ(w)X〉 = L−n〈φ(w)X〉 ,

where L−n is the differential operator defined by

L−n =
∑
i

( (n− 1)hi
(wi − w)n −

1
(wi − w)n−1∂wi

)
.

Hence, as mentioned in the previous chapter, correlation functions of nonprimary fields can
be related to correlation functions of primary fields.

4.6. WZNW models

The main results of this thesis are based on a low-temperature analysis of perturbed Wess-
Zumino-Novikov-Witten (WZNW) models. In this section we discuss the main conformal
field theoretical aspects of these models, which are based on its Lie algebraic symmetry. In
contrast to the discussion before, WZNWmodels can be defined by an action and its algebraic
properties are extracted from its conserved currents. An alternative definition is then found
in terms of the energy-momentum tensor in Sugawara form, which in turn motivates the
definition of a corresponding Hamiltonian. The spectrum of the Hamiltonian is found to be
generated by elements of the conserved currents, which define an affine Lie algebra.
Given a Lie algebra g the action of the Wess-Zumino-Novikov-Witten model is defined as

SWZNW = k

16π

∫
d2xTr′(∂µg−1∂µg) + kΓ ,

Γ ≡ −i
24π

∫
B
d3y εαβγTr′(g̃−1∂αg̃g̃−1∂β g̃g̃−1∂γ g̃) ,

(I.76)

where g = g(z, z̄) is a field with values in the Lie group G corresponding to the Lie algebra
g. The global symmetry of SWZNW model is given by G×G, while a unitary representation
of G is chosen to obtain a real action. Due to the fact that the normal trace Tr for matrix
representations of g’s generators ta depends on a representation dependant constant xrep
called Dynkin index

Tr(tatb) = 2xrepδab ,
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4. Conformal field theory

the trace Tr′ of the WZNW action (I.76) is defined independently of a particular representa-
tion by

Tr′ = 1
xrep

Tr ⇒ Tr′(tatb) = 2δab .

The second term Γ of the WZNW action is also called Wess-Zumino term. Its integration
goes over a three-dimensional manifold B, where g̃ denotes the extension of g to this manifold.
Due to an ambiguity of this extension it is found that the coupling constant k, called level,
can only be an integer.
By minimizing the variation of the WZNW action the equations of motion are found to be

∂z(g−1∂z̄g) = 0 ⇔ ∂z̄(∂zgg−1) = 0 .

This motivates the definition of two independent conserved currents

Jz = ∂zgg
−1 ⇒ ∂z̄Jz = 0 ,

Jz̄ = g−1∂z̄g ⇒ ∂zJz̄ = 0 . (I.77)

It turns out that the energy-momentum tensor of the WZNW model can be written in terms
of its conserved currents. For this we define rescaled currents by

J(z) ≡ − k√
2
Jz(z) = − k√

2
∂zgg

−1 ,

J̄(z̄) ≡ k√
2
Jz̄(z̄) = k√

2
g−1∂z̄g .

Expanding the currents J(z), J̄(z̄) in terms of the basis {ta} of g its components Ja(z), J̄a(z̄)
are obtained

J(z) =
∑
a

Ja(z)ta , J̄(z̄) =
∑
a

J̄a(z̄)ta ,

which in turn can be expanded using the Laurent expansion

Ja(z) =
∑
n∈Z

z−n−1Jan , J̄a(z̄) =
∑
n∈Z

z̄−n−1J̄an .

It can be shown that the modes Jan, J̄an satisfy the commutation relations of a Kac-Moody
algebra of level k:

[Jan, Jbm] =
∑
c

ifabcJcn+m + kn

2 δabδn+m,0 ,

[J̄an, J̄bm] =
∑
c

ifabcJ̄cn+m + kn

2 δabδn+m,0 ,

[Jan, J̄bm] = 0 .

Notice that these are also the commutation relations defining an affine Lie algebra of level k
giving the currents an equivalent interpretation in terms of generators of an affine Lie algebra.
Moreover, the energy-momentum tensor can be written in terms of the currents, called the

Sugawara form,

T (z) = 1
k + g

∑
a

: JaJa : , T̄ (z̄) = 1
k + g

∑
a

: J̄aJ̄a : ,
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where the dots : indicate a normal ordering. From the operator product expansion of the
energy-momentum tensor with itself the central charge of the WZNW model can be deter-
mined according to (I.73)

c = k dim g

k + g
, (I.78)

where g is the dual Coexter number (I.34) and dim g denotes the number of generators of g.
In order to derive the structure of the Hilbert space the energy-momentum tensor with

components T (z), T̄ (z̄) is expressed in terms of its modes according to (I.74) which results
in an expression for the modes Ln

Ln = 1
k + g

∑
a

 ∑
m≤−1

JamJ
a
n−m +

∑
m≥0

Jan−mJ
a
m


and an analogous expression for L̄n. The modes Ln, L̄n satisfy the usual Virasoro algebra
(I.75), while the commutator with elements of the Kac-Moody algebra are given by

[Ln, Jam] = −mJan+m, [L̄n, J̄am] = −mJ̄an+m .

The Hamiltonian of the WZNW model H[gk], which is proportional to L0 + L̄0, can be
written in terms of the generators of the Kac-Moody algebra as

H[gk] = 2π(L0 + L̄0)

= 2π
k + g

∑
a

Ja0Ja0 + 2
∑
m≥1

Ja−mJ
a
m + J ↔ J̄

 .

Equivalently, the Hamiltonian density in terms of the currents Ja(z), J̄a(z̄) is expressed as

H[gk] = 2π
k + g

∑
a

(: JaJa : + : J̄aJ̄a :) .

This shows that instead of using the elements of the Virasoro algebra one can use the
Kac-Moody algebra as the spectrum-generating algebra showing the importance of affine Lie
algebras for WZNW models. In fact, from now on we will refer to WZNW models with level
k and Lie algebra g as the gk WZNW model.
Let us denote by gΛ, Λ̄ a WZNW primary field transforming in the holomorphic sector

with representation Λ and in the antiholomorphic sector with representation Λ̄, where Λ, Λ̄
denote the highest weight of the corresponding representation. For simplicity the label of the
antiholomorphic sector is neglected and the focus is placed on the holomorphic sector. The
WZNW primary field gΛ can be defined as a field satisfying

Ja0 g
Λ = −ta,ΛgΛ ,

Jang
Λ = 0 for n > 0 ,

(I.79)

where ta,Λ denotes the generator ta in the Λ representation. A state |gΛ〉 corresponding to
the field gΛ is defined by

|gΛ〉 ≡ gΛ(0, 0)|0〉 ,
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which gives an equivalent definition of primary fields in terms of states:

Ja0 |gΛ〉 = −ta,Λ|gΛ〉
Jan|gΛ〉 = 0 for n > 0

Interestingly, WZNW primary fields according to this definition are also Virasoro primary
fields satisfying

L0|gΛ〉 = hΛ|gΛ〉 ,
Ln|gΛ〉 = 0 for n > 0

with the holomorphic conformal dimension

hΛ = (Λ,Λ + 2ρ)
2(k + g) ,

where ρ denotes the Weyl vector (I.41). WZNW descendant fields are constructed analogously
to Virasoro descendant fields using the Kac-Moody generators Ja−n as ladder operators.

4.7. Parafermions

In this section some properties of the generalized parafermion conformal field theories intro-
duced by Gepner [54] are discussed. Given a Lie algebra g and a level k one can define a Zgk

parafermion theory from the gk WZNW model. The reason for this is the observation that
the energy-momentum tensor of the WZNW model T (WZNW) can be split into two parts

T (WZNW) = T (b) + T (p) ,

where T (b) denotes the energy-momentum tensor of a bosonic system and T (p) is referred
to as the parafermionic system. Gepner studied the properties of the parafermionic part for
general Lie algebras g and related the WZNW primary fields discussed in the last section to
parafermionic primary fields.
Equivalently, the parafermionic theory can be defined using a coset construction. The coset

can be understood as a quotient of two conformal field theories with central charges c1, c2,
whose resulting central charge is given by their difference c1 − c2. Hence, the parafermionic
theory can be defined by dividing out the bosonic degrees of freedom of the WZNW model.
More precisely, given a Lie algebra g with rank r a parafermionic theory may be defined as

Zgk = gk
u(1)r ,

where u(1)r denotes the product of r bosonic theories each contributing a central charge
c = 1. Consequently, using (I.78) the central charge of the parafermionic theory Zgk becomes

c = k dim g

k + g
− r . (I.80)

To relate the primary fields of the parafermionic theory to the primary fields of the WZNW
model, Gepner introduced a vector φ consisting of r bosons φ = (φ1, φ2, . . . , φr), where each
boson can be split into a holomorphic and antiholomorphic part φi = φi(z) + φi(z̄). Let
us denote by gΛ,Λ̄

λ,λ̄
a general WZNW primary field with weights λ, λ̄ according to (I.79).
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A corresponding parafermionic primary field φΛ,Λ̄
λ,λ̄

was found to be related to the WZNW
primary field by

gΛ,Λ̄
λ,λ̄

=: e((λ,φ)+(λ̄,φ̄))/
√
k : φΛ,Λ̄

λ,λ̄
.

This relation enabled the computation of all the parafermion correlation functions, fusion
rules and conformal dimensions from the WZNW theory. The holomorphic conformal dimen-
sion of the parafermion primary field results in

hΛ
λ = Λ(Λ + 2ρ)

2(k + g) −
λ2

2k + nΛ
λ ,

where nΛ
λ is an integer that vanishes for weights λ of the representation Λ.

To give an example of a parafermion conformal field theory the g = su(2) case following
[84] is discussed. From Sec. I 2.6 we know that the weights of a representation with Dynkin
label l are given by

λl,m = mω1 with m = −l,−l + 2, . . . , l ,

where Λl ≡ λl,l denotes the highest weight. Hence, the holomorphic conformal dimensions
of the primary fields φlm ≡ φΛl

λl,m
(the antiholomorphic label is neglected for simplicity) are

given by

hl,m = l(l + 2)
4(k + 2) −

m2

4k ,

since ρ = ω1 and g = a∨1 + 1 = 2. As mentioned before the spectrum generating algebra
for WZNW models is given by an affine Lie algebra with level k. From the representation
theory of the affine Lie algebra su(2)k the maximal value of the Dynkin label l is found to be
bounded by the level k, i.e. its allowed values are l = 0, 1, . . . , k. Following [54, 84] the sectors
φlm ≡ φk−lm+k are identified such that the parafermion fields and their conformal dimensions
for i = 0, 1, . . . , k − 1 become

ψi = φ0
2i ≡ φk2i−k , hψi = i(k − i)

k

σi = φii , hσi = i(k − i)
2k(k + 2)

εl/2 = φl0 , hεl/2 = l(l + 2)
2(k + 2) (for even l) .

The fusion rules obtained from the WZNW theory are given by

φlm × φl
′
m′ =

min(l+l′,2k−l−l′)/2⊕
b=|l−l′|/2

φ2b
m+m′ .

For k = 3 the resulting parafermion fields and their conformal dimension become

ψ1 = φ0
2 , ψ2 = φ0

4 , hψi = 2
3

σ1 = φ1
1 , σ2 = φ2

2 hσi = 1
15

ε = φ2
0 , hε = 2

5 ,
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× ψ1 ψ2 σ1 σ2 ε

ψ1 ψ2 1 ε σ1 σ2
ψ2 1 ψ1 σ2 ε σ1
σ1 ε σ2 ψ1 + σ2 1 + ε ψ2 + σ1
σ2 σ1 ε 1 + ε ψ2 + σ1 ψ1 + σ2
ε σ2 σ1 ψ2 + σ1 ψ1 + σ2 1 + ε

Table 1: Fusion rules of the parafermion fields from the parafermion theory Zsu(2)3 .

which satisfy the fusion rules of Table 1.
At last, the central charge of the Zsu(N)k parafermion theory is given for future reference.

It follows from (I.80) using dim su(N) = N2 − 1, l = N − 1 and g = N :

c = N(N − 1)(k − 1)
k +N

. (I.81)

For the example discussed before this implies c = 4/5 with N = 2, k = 3. More details about
the Zsu(2)3 parafermion CFT as well as the Zsu(3)2 parafermion CFT can be found in [84, 85].
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5. Bosonization
In physics it is often the case that the problem at hand simplifies drastically if written in
the right coordinates. The same is true for fermionic systems in one dimension: it was
found that particle-hole excitations near the Fermi point essentially behave as bosons. This
motivated the development of a method called bosonization, which enables the description of
one-dimensional fermionic systems at low temperatures in terms of simpler bosonic theories.
There are two types of bosonization: Abelian and non-Abelian bosonization. Abelian

bosonization is often applied to fermionic theories with a U(1) symmetry. For fermionic
theories with non-Abelian symmetry it is more convenient to use non-Abelian bosonization
as it returns a theory for bosonic fields that have simple transformation rules under the
non-Abelian transformations.
To discuss bosonization we start with a non-interacting fermionic model and derive its low-

energy description close to the Fermi point in Sec. I 5.1. For the Abelian bosonization case
we focus on one fermion species and discuss its low-energy description in terms of current
operators, which turns out to be equivalent to a bosonic theory, see Sec. I 5.2. In Sec. I 5.3 a
fermionic model with non-Abelian symmetry and more than one fermion species is found to
be equivalent to a bosonic theory given by a WZNW model.

5.1. Effective field theory

Let us denote by c†k and ck the fermionic creation and annihilation operator for a fermion
with wavevector k, where indices for spin and orbital degrees of freedom are neglected for the
moment. The operators satisfy the following commutation relations:

{c†k, ck′} = δk,k′ , {c†k, c
†
k′} = {ck, c†k} = 0 ,

where {A,B} = AB + BA denotes the anticommutator. Given a dispersion relation εk the
lattice Hamiltonian may be written as

H =
∑
k

εkc
†
kck . (I.82)

Figure 6 shows a typical dispersion relation in one dimension, where EF denotes the Fermi
energy and kF the Fermi point. To obtain an effective low-energy description of (I.82) only
particle hole excitations near the Fermi points are considered. The dispersion relation lin-
earized at the Fermi points becomes

εk+kF ≈ εkF + vFk + . . .

εk−kF ≈ ε−kF − vFk + . . . ,
(I.83)

where vF ≡ dεk/dk|k=kF denotes the Fermi velocity and εkF = ε−kF = 0. Furthermore,
creation and annihilation operators are split into operators creating and annihilating left-
and right-moving fermions as

cLk = c−kF+k , cL†k = c†−kF+k

cRk = ckF+k , cR†k = c†kF+k .
(I.84)
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0-k
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k
F
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ε
κ

Figure 6: Form of the dispersion relation εk. The dashed line shows the Fermi energy EF , while
−kF , kF are the Fermi points.

Given (I.83), (I.84) the Hamiltonian for the low-energy behavior becomes

H =
Λ∑

k=−Λ
vFk(cR†k cRk − c

L†
k c

L
k ) , (I.85)

where Λ denotes the wavevector cutoff parameter. In the continuum limit (I.85) results in

H =
∫ Λ

−Λ

dk
2πvFk(cR†k cRk − c

L†
k c

L
k ) . (I.86)

An equivalent expression for the low-energy effective Hamiltonian (I.86) can be obtained
in terms of left- and right-moving fermionic fields. For this the fermionic field defined by

ψ(x) =
∫ ∞
∞

dk
2πe

ixkck

is split into left- and right-moving fields as

ψ(x) = eikF xR(x) + e−ikF xL(x) ,

R(x) =
∫ Λ

−Λ

dk
2πe

ixkcRk , L(x) =
∫ Λ

−Λ

dk
2πe

ixkcLk ,
(I.87)

which results in the Hamiltonian

H = −ivF
∫

dx(R†(x)∂xR(x)− L†(x)∂xL(x)) .

Notice that this coincides with the massless Dirac equation for the Dirac spinor

Ψ = (L(x), R(x)) .

The more general case of fermions with spin (α = 1, . . . , Ns) and orbital (j = 1, . . . , Nf )
degrees of freedom is found analogously and results in

H = −ivF
Nf∑
j=1

Ns∑
α=1

∫
dx(R†jα(x)∂xRjα(x)− L†jα(x)∂xLjα(x)) , (I.88)
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where the left- and right-moving fields satisfy the usual fermionic commutation relations

{L†jα(x), Lj′α′(x′)} = δjj′δαα′δ(x− x′) ,

{R†jα(x), Rj′α′(x′)} = δjj′δαα′δ(x− x′) ,

{Ljα(x), R(†)
j′α′(x

′)} = 0 .

The non-interacting Hamiltonian (I.88) will serve as a starting point for the discussion
of Abelian and non-Abelian bosonization in the subsequent sections, while bosonization of
interaction terms is discussed in Part II.

5.2. Abelian bosonization

Following [57] we focus on (I.88) with Ns = 1, Nf = 1 to discuss Abelian bosonization for
free massless fermions with one species. In this case the Hamiltonian density is given by

H = −ivF (R†∂xR− L†∂xL)

and the equations of motion result in

(∂0 + vF∂x)L(x) = 0 (∂0 − vF∂x)R(x) = 0 .

To obtain an equivalent bosonic theory the Hamiltonian is rewritten in terms of the following
current operators

J(x) =: L†(x)L(x) : , J̄(x) =: R†(x)R(x) : ,

which are conserved due to the equations of motion, i.e. ∂+J = ∂−J̄ = 0 with x± = x0±vFx1.
The currents obey the commutation relations

[J(x), J(y)] = i
2πδ

′(x− y) , [J̄(x), J̄(y)] = i
2πδ

′(x− y) ,

where δ′(x) denotes the derivative of the delta function.
It turns out that the Hamiltonian density in terms of the current operators results in

H = πvF (: JJ : + : J̄ J̄ :) . (I.89)

In [57] it was shown that a free massless bosonic theory with Hamiltonian density

H = vF
2 (Π2 − (∂xφ)2) , Π = ∂tφ (I.90)

is equivalent to (I.89). This is due to the fact that the Hamiltonian density can be written
as (I.89) using the currents

J = 1√
4π
∂−φ , J̄ = − 1√

4π
∂+φ ,

which are conserved as well and satisfy the same commutation relations.
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5.3. Non-Abelian bosonization

For non-Abelian bosonization a free fermion theory with arbitrary Nf and Ns = 1 is discussed
at first. Its Hamiltonian density is given by

H = −ivF
Nf∑
j=1

(R†j∂xRj − L
†
j∂xLj) . (I.91)

To generalize the Abelian bosonization rules one could introduce one boson for each fermion
type. However, the resulting bosonized form would have non-trivial transformation proper-
ties under the SU(Nf ) transformations. To reflect the SU(Nf ) symmetry of (I.91) in the
bosonized form it is useful to introduce the following currents

J = L†iLi , J̄ = R†iRi ,

JA = L†i (tA)ijLj , J̄A = R†i (tA)ijRj ,

where tA are the generators of the su(Nf ) Lie algebra normalized so that

trTATB = 1
2δ

ab

holds. The currents can be shown to obey the commutation relations

[J(x), J(y)] = k
2πδ

′(x− y) ,

[JA(x), JB(y)] = ifABCJC(x)δ(x− y) + i
4πδ

ABδ′(x− y) .

where fABC are the structure constants of su(Nf ) and similar relations hold for the right-
moving currents. Hence, the currents JA, J̄A satisfy the Kac-Moody algebra of level one,
that we encountered in Sec. I 4.6 for the components of currents of WZNW models. In fact,
by writing the Hamiltonian density (I.91) in terms of the currents it decouples into a free
massless bosonic theory (I.90) and a su(Nf )1 WZNW model:

H = H[u(1)] +H[su(Nf )1] ,

H[u(1)] = πvF
k

(: JJ : + : J̄ J̄ :) ,

H[su(Nf )1] = 2πvF
k + 1(: JAJA : + : J̄AJ̄A :) .

As before the u(1) currents can be represented in terms of a massless free scalar described
by (I.90)

J =
√
k

4π∂−φ , J̄ = −
√
k

4π∂+φ .

The SU(Nf ) currents on the other hand are described in terms of a WZNW field g

JA = − i
2π tr (∂−g)g†TA , J̄A = i

2π tr g
†∂+gT

A ,

where the matrix-valued field g is determined by the action of the WZNW model (I.76).
Hence, for non-Abelian bosonization the WZNW field plays the role of a bosonic SU(Nf )
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matrix.

At last, let us discuss non-Abelian bosonization of free fermions with arbitrary spin and
orbital degrees of freedom. According to (I.88) their Hamiltonian density is given by

H = −ivF
Nf∑
j=1

Ns∑
α=1

(R†jα∂xRjα − L
†
jα∂xLjα) (I.92)

and the corresponding U(1), SU(Nf ) and SU(Ns) currents are defined by

J = L†iαLiα , J̄ = R†iαRiα ,

JA = L†iα(tA)ijLjα , J̄A = R†iα(tA)ijRjα , (I.93)
Ja = L†iα(ta)ijLjα , J̄a = R†iα(ta)ijRjα ,

where ta are the generators of su(Ns). The commutation relations of the left-moving currents
result in

[J(x), J(y)] = NfNs

2π δ′(x− y) ,

[JA(x), JB(y)] = ifABCJC(x)δ(x− y) + iNs

4π δ
ABδ′(x− y) ,

[Ja(x), Jb(y)] = ifabcJc(x)δ(x− y) + iNf

4π δ
abδ′(x− y) ,

where similar relations hold for the right-moving currents. As before the SU(Nf ) currents
satisfy the commutation relations of a Kac-Moody algebra, but this time with arbitrary level
Ns. Similarly, the SU(Ns) currents satisfy the Kac-Moody algebra with level Nf . By writing
the Hamiltonian density (I.92) in terms of the currents it is found that the Hamiltonian
density splits into a free massless bosonic theory (I.90), a su(Nf )Ns WZNW model and a
su(Ns)Nf WZNW model:

H = H[u(1)] +H[su(Nf )Ns ] +H[su(Ns)Nf ] ,

H[u(1)] = πvF
NfNs

(: JJ : + : J̄ J̄ :) ,

H[su(Nf )Ns ] = 2πvF
Nf +Ns

(: JAJA : + : J̄AJ̄A :) ,

H[su(Ns)Nf ] = 2πvF
Nf +Ns

(: JaJa : + : J̄aJ̄a :)

(I.94)

Hence, using non-Abelian bosonization the relationship between free massless fermions
with spin and orbital degrees of freedom and WZNW models has been shown. Former were
defined in Sec. I 4.6 as abstract conformal field theories with Lie algebraic symmetry, while
non-Abelian bosonization unveils their application to fermionic models. In the next chapter
the WZNW models as well as perturbations of them are discussed as integrable models.
This enables the computation of thermodynamic quantities of perturbed WZNW models and
simultaneously leads to signatures of non-Abelian anyons.
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Perturbed WZNW models





1. Perturbed su(2)Nf
WZNW model

In this section Tsvelik’s study of the integrable su(2)Nf WZNW model with anisotropic
current-current interaction [39] is further extended based on our publication [52]. For suf-
ficiently small temperatures and fields Tsvelik identified spin-1/2 su(2)Nf anyons bound to
massive solitonic kink excitations by their quantum dimension [39]. Here also the contribu-
tion of breather excitations is studied, that are bound states of kinks and antikinks and carry
two spin-1/2 su(2)Nf anyons. Additionally, the entropy with respect to the magnetic field
is computed analytically and numerically to investigate the transition from a dilute gas of
kinks to a phase with a finite density of them in more detail.

To obtain a better understanding of the emergence of perturbed WZNW models in general
non-Abelian bosonization is applied to a model of interacting fermions with spin and orbital
degrees of freedom in Sec. II 1.1. The resulting sectors are integrable perturbed WZNW
models that can be solved exactly by applying small modifications to the QISM discussed for
lattice models in Sec. I 1.1. In Sec. II 1.1 the eigenvalues of the perturbed su(2)Nf WZNW
model depending on the Bethe roots are discussed, which lead to a set of integral equa-
tions describing the thermodynamics for large system sizes, see Sec. II 1.3. After a detailed
study of the low-temperature thermodynamics of the perturbed su(2)Nf WZNW model the
contributions of the anyonic modes are summarized in a phase diagram in Sec. II 1.4.

1.1. Integrable relativistic fermions

Following [86, 87] the emergence of relativistic fermions in a model of one-dimensional
fermions with spin and orbital degrees of freedom is discussed. These additional degrees
of freedom can for example be realized using an ultracold gas of fermionic atoms trapped in
a periodic potential [88, 89]. Interactions of the model involve the Hund’s coupling, which
supports the formation of higher spin states while the hopping terms hinders this.
An exactly solvable model taking these processes into account is given by

H =
∫

dx

 1
2m

∑
f,α

ψ†fα

(
− d2

dx2 − k
2
F

)
ψfα + g

2
∑

f,g,α,β

ψ†fαψfβψ
†
gβψgα

 , (II.1)

where kF denotes the Fermi point, m is the mass and ψfα are fermionic fields with orbital
degrees of freedom f = 1, . . . , Nf and spin degrees of freedom α = 1, . . . , Ns. Notice that the
symmetry group of the Hamiltonian (II.1) is SU(Nf )× SU(Ns).

Using the decomposition into left- and right-moving fields (I.87) the behavior of (II.1)
near the Fermi points can be obtained. The Hamiltonian density of the free part written in
Einstein’s summation convention results in

Hfree = −ivF
(
R†fα∂xRfα − L

†
fα∂xLfα

)
,

where vF = kF /m and terms that are oscillatory (proportional to e±ikF x) as well as second
derivatives of the slow fields R,L are neglected. Written in terms of the corresponding
currents (I.93) the free part results in a sum of one Gaussian model and two WZNW models
(I.94)

Hfree = H[u(1)] +H[su(Nf )Ns ] +H[su(Ns)Nf ] .



1. Perturbed su(2)Nf WZNW model

The interacting part of (II.1) can also be rewritten using the currents. For this we first
write it in terms of left- and right-moving fields

Hint = g

2
∑

f,g,α,β

ψ†fαψfβψ
†
gβψgα

= g

2
∑

f,g,α,β

(
L†fαLfβL

†
gβLgα + L†fαLfβR

†
gβRgα + L†fαRfβR

†
gβLgα + L↔ R

)
,

(II.2)

where oscillatory terms are neglected. Notice that in the case of half-filling 4kF = 2π/a (a
denotes the lattice spacing) such that e±i4kF x = 1, since x is an integer times the lattice
spacing. In this case there are additional terms appearing in (II.2), which may result in a
gap of the charge sector, see Sec. II 1.2.
The first term of (II.2) as well as the corresponding term with right-moving fields will be

neglected below since they only renormalize the Fermi velocities of the WZNW models. The
remaining terms can be further rewritten using the identities

L†fαLfβR
†
gβRgα = 1

2JJ̄ + 2JaJ̄a ,

L†fαRfβR
†
gβLgα = −1

2JJ̄ − 2JAJ̄A ,

which are derived from the definitions of the currents (I.93). Analogous identities are obtained
for L↔ R. Consequently, the Hamiltonian density of the interacting part results in

Hint = −2gJAJ̄A + 2gJaJ̄a (II.3)

showing that the low-energy behavior of (II.1) near the Fermi points is described by three
independent sectors. This observation coincides with Tsvelik’s exact solution of (II.1) in the
relativistic limit, i.e. 0 < g � 1 and T � g1/2εF [86].

Below each sector is discussed in more detail. The charge sector describes the part of the
Hamiltonian density given solely by H[u(1)]:

Hc = πvc
NsNf

(: JJ : + : J̄ J̄ :) ,

where vc is the renormalized Fermi velocity of the charge sector. The orbital and the spin
sector result in

Ho = 2πvo
Ns +Nf

(: JAJA : + : J̄AJ̄A :)− 2gJAJ̄A ,

Hs = 2πvs
Ns +Nf

(: JaJa : + : J̄aJ̄a :) + 2gJaJ̄a ,
(II.4)

where vo and vs are the renormalized Fermi velocities of the corresponding sector. Here the
effect of the interaction terms depends on the sign of their coupling constant. A renormal-
ization group analysis (see for example [87, 90]) as well as Tsvelik’s exact solution [86] show
that the perturbation with negative sign in the orbital sector is marginally irrelevant and
can be neglected. The excitations of this sector correspond to massless excitations. For the
spin sector, on the other hand, the perturbation is marginally relevant resulting in massive
excitations.
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1.2. Integrability study of perturbed su(2)Nf WZNW model

Furthermore, Tsvelik’s analysis unveiled that the spin sector is described by an integrable
model of relativistic fermions that transform with respect to the SU(Ns) irreducible repre-
sentation with highest weight Λ = (Nf , 0, . . . , 0). In general a model of integrable relativistic
fermions can be constructed from any R matrix describing a quantum spin chain [91]: its
Lagrangian density is given by

L = iΨ̄fαγ
µ∂µΨfα + (Ψ̄fα2γµΨfα1)V α2β2

α1β1
(Ψ̄gβ2γ

µΨgβ1) , (II.5)

where γµ (µ = 1, 2) are the gamma matrices, Ψ̄fα = Ψ†fαγ0 and Ψfα = (Lfα, Rfα) is the
Dirac spinor with left- and right-moving fields as its components. The interaction term of
(II.5) is determined by an R-matrix satisfying the Yang-Baxter equation (I.1)

V α2β2
α1β1

= −i
[
ln R(λ)|λ=1/g

]α2β2

α1β1
. (II.6)

The integrable spin sector of (II.5) is described by the transfer matrix

T(λ; {ki}) = Rα
′
1i1
α1α (λ− k1)Rα

′
2i2
α2i1

(λ− k2) . . .Rα
′
Nα
αN iN

(λ− kN ) ,

where ki are parameters. In contrast to the Hamiltonian density of the quantum spin chain
derived from (I.4), the Hamiltonian density for N relativistic fermions in a box of length L
with periodic boundary conditions reads

H = −iN
L

(
ln T(λ; {ki})|λ=0,ki=1/g + ln T(λ; {ki})|λ=0,ki=−1/g

)
. (II.7)

Notice that the Hamiltonian density corresponding to the spin sector of the integrable
relativistic fermions (II.5) coincides with the spin sector (II.4) for vs = 1. This observation
will serve as the starting point for studying emerging zero-energy modes with non-Abelian
statistics in the spin sector (II.4).

1.2. Integrability study of perturbed su(2)Nf WZNW model

As mentioned in the previous section the Hamiltonian (II.1) splits into three independent
parts for low-energies with massive excitations appearing in the spin sector due to a marginal
relevant perturbation. From the point of view of topological quantum computing the spin
sector (II.4) has significant properties as its massive excitations obey non-Abelian statistics
[86]. To demonstrate the emergence of non-Abelian anyons within the spin sector Tsvelik used
its exact solution for fermions with two spin degrees of freedom (Ns = 2) and arbitrary flavor
degrees of freedom Nf [39]. Moreover, choosing an anisotropic current-current interaction
resulted in a finite number of integral equations describing the low-energy excitations. When
exposing the fermions to a magnetic field H coupling to the generator of the su(2) Cartan
subalgebra the Hamiltonian density studied by Tsvelik may be written in terms of the SU(2)
currents (I.93) in the Cartan-Weyl basis:

H =H[su(2)Nf ] +Hint +Hmagnetic

H[su(2)Nf ] = 2π
Nf + 2

(
: JaJa : + : J̄aJ̄a :

)
Hint =λ‖JzJ̄z + 1

2λ⊥
(
J+J̄− + J−J̄+

)
Hmagnetic =−H(Jz + J̄z)

(II.8)
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1. Perturbed su(2)Nf WZNW model

λ‖, λ⊥ are coupling constants becoming g = λ‖ = λ⊥ in the isotropic limit.

Notice that in order to single out the anyonic excitations of (II.8) from the excitations of
the charge and orbital sectors an experiment has to be constructed where the energy scale
of the spin degrees of freedom is the lowest one. The realization of such a scenario is still
an open problem. In fact, in the model of the previous section (II.1) the different signs
of the current-current interactions of the spin and orbital sector (II.4) resulted in massive
excitations in the spin sector, but massless excitations in the orbital sector. Only for the
charge sector a gap may be obtained at half-filling (4kF = 2π/a): in this case there are two
more admissible terms when writing the interacting part of (II.1) into left- and right-movers

Hint = g

2
∑

f,g,α,β

(L†fαRfβL
†
gβRgα +R†fαLfβR

†
gβLgα + . . . ) ,

where the dots are placeholders for the terms in equation (II.2). Similarly as for the Hubbard
model (see e.g. [90]) these extra terms generate a gap in the charge sector. Still the exact solu-
tion of the perturbed su(2)Nf WZNW model (II.8) provides significant insights into emerging
anyonic zero-energy modes in fermionic systems. Especially the transition from free anyons
to interacting anyons, which interferes with possible implementations of quantum gates, can
be studied in great detail using the thermodynamic Bethe ansatz.

The exact spectrum of the fermion model (II.8) can be obtained by means of the Bethe
ansatz using the relationship between relativistic fermions and integrability: the model (II.8)
without magnetic field coincides with the spin sector of (II.5) if the R-matrix of the XXZ
spin-Nf/2 model is used for the interaction term (II.6). Placing the system of N fermions
into a box of length L with periodic boundary conditions the eigenvalues of (II.8) following
from (II.7) become [92–95]

E =
N/2∑
j=1

k
(+)
j −

N/2∑
j=1

k
(−)
j −H

(N
2 −N1

)
,

where k(±)
j are the momenta of the fermions with ± chirality. In a sector with magnetization

Sz = (N/2) − N1, the momenta (II.10) are parametrized by the complex parameters λα,
α = 1, . . . , N1 (Bethe roots), solving the Bethe equations

eik(τ)
j L =

N1∏
α=1

sinh( π
2p0

(λα − τ/g +Nf i))
sinh( π

2p0
(λα − τ/g −Nf i)) ,

∏
τ=±1

sinh
(
π

2p0
(λα + τ/g +Nf i)

)
sinh

(
π

2p0
(λα + τ/g −Nf i)

)
N/2 =

N1∏
β=1

sinh( π
2p0

(λα − λβ + 2i))
sinh( π

2p0
(λα − λβ − 2i)) , (II.9)

where g and p0 are functions of the coupling constants λ‖ and λ⊥. Written in terms of the
Bethe roots the eigenvalues of (II.8) result in

E = N
L

N1∑
α=1

 ∑
τ=±1

τ

2i ln
(

sinh( π
2p0

(λα + τ/g −Nf i))
sinh( π

2p0
(λα + τ/g +Nf i))

)
+H

− N H

2 . (II.10)
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1.2. Integrability study of perturbed su(2)Nf WZNW model

The relativistic invariance of the low-energy spectrum is broken by the boundary conditions
used. It can be restored by considering observables in the scaling limit g � 1 and L,N →∞
such that the mass of the spin excitations is small compared to the particle density N/L.
Due to the fact that the Bethe equations (II.9) coincide with the ones obtained for an

integrable spin S = Nf/2 XXZ chain of N sites with staggered inhomogeneities [70, 96],
the root configurations solving (II.9) in the thermodynamic limit can be classified in terms
of strings, i.e. groups consisting of n Bethe roots

λnα,j = λnα + i

(
n+ 1− 2j + p0

2 (1− v2Svn)
)
, j = 1, . . . , n, (II.11)

where λnα ∈ R is the center of the string and vn ∈ {±1} is called its parity, v2S = vn=2S . The
length and parity (nj , vnj ) of admissible strings depend on the parameter p0 = Nf + 1/ν, see
Sec. I 1.2. To simplify the discussion below we assume ν > 2 to be an integer.4 Considering
a root configuration consisting of νj strings of type (nj , vnj ) and using (II.11) the Bethe
equations (II.9) can be rewritten in terms of the real string-centers λ(j)

α ≡ λ
nj
α . In their

logarithmic form they read

N
2
(
tj,Nf (λ(j)

α + 1/g) + tj,Nf (λ(j)
α − 1/g)

)
= 2πI(j)

α +
∑
k≥1

νk∑
β=1

θjk(λ(j)
α − λ

(k)
β ), (II.12)

where I(j)
α are integers (or half-integers) and we have introduced functions

tj,Nf (λ) =
min(nj ,Nf )∑

l=1
f(λ, |nj −Nf |+ 2l − 1, vjvNf ) ,

θjk(λ) = f(λ, |nj − nk|, vjvk) + f(λ, nj + nk, vjvk) + 2
min(nj ,nk)−1∑

`=1
f(λ, |nj − nk|+ 2`, vjvk)

with

f(λ, n, v) =

2 arctan
(
tan((1+v

4 −
n

2p0
)π) tanh( πλ2p0

)
)

if n
p0
6= integer

0 if n
p0

= integer
.

In the thermodynamic limit, N1,N →∞ with N1/N fixed, the centers λ(j)
α are distributed

continuously with densities ρj(λ) and hole densities ρhj (λ). Within the root density formalism
[76] the densities are defined through the following integral equations

ρ̃
(0)
j (λ) = (−1)r(j)ρhj (λ) +

∑
k≥1

Ajk ∗ ρk(λ) . (II.13)

Here a∗b denotes a convolution and r(j) is determined by mr(j) ≤ j < mr(j)+1, see Sec. I 1.2.
The bare densities ρ̃(0)

j (λ) and the kernels Ajk(λ) of the integral operators are given by

ρ̃
(0)
j (λ) = 1

2
(
aj,Nf (λ+ 1/g) + aj,Nf (λ− 1/g)

)
, aj,Nf (λ) = 1

2π
d

dλ
tj,Nf (λ) ,

Ajk(λ) = 1
2π

d

dλ
θjk(λ) + (−1)r(j)δjkδ(λ) .

4This is a technical assumption which does not limit the applicability of the results given below: the properties
of the model depend smoothly on the parameter p0 in extended intervals around this value [70, 75].
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1. Perturbed su(2)Nf WZNW model

In terms of the solution of (II.13) for the densities of strings the energy density E = E/N is
obtained from (II.10) as

E = 1
N
∑
j≥1

νj∑
α=1

(1
2(tj,Nf (λ(j)

α + 1/g)− tj,Nf (λ(j)
α − 1/g)) + njH

)
− H

2

N→∞=
∑
j≥1

∫ +∞

−∞
dλ ε̃(0)

j (λ)ρj(λ)− H

2 ,
(II.14)

where we introduced the bare energies

ε̃
(0)
j (λ) = 1

2
(
tj,Nf (λ+ 1/g)− tj,Nf (λ− 1/g)

)
+ njH .

In the present context with p0 = Nf + 1/ν with integer ν > 2 there are Nf + ν allowed
string configurations (II.11). The energy (II.14) is minimized by a configuration where only
j0-strings of length nj0 = Nf have a finite density. For small magnetic fields they fill the
entire real axis. Inverting the kernel Aj0j0 in the equation for ρj0 and inserting the result into
the other equations of (II.13) the following set of integral equations arise,

ρj0(λ) = ρ
(0)
j0

(λ)−Bj0j0 ∗ ρhj0(λ)−
∑
k 6=j0

Bj0k ∗ ρk(λ),

ρhj (λ) = ρ
(0)
j (λ)−Bjj0 ∗ ρhj0(λ)−

∑
k 6=j0

Bjk ∗ ρk(λ), j ∈ {j1} ∪ {j2},
(II.15)

where the kernels Bjk(λ) given in Appendix A are introduced. Following [96] holes in the
distribution of j0-strings with density ρhj0(λ) are called kinks, the particle like excitations
corresponding to the ν types of strings with j ∈ {j1 : Nf ≤ j1 < Nf +ν} are called breathers.
In addition there are Nf − 1 auxiliary zero-energy modes (j ∈ {j2} = {1, 2, . . . , Nf − 1}), see
Sec. I 1.2. The bare densities of these modes entering the integral equations (II.15) are (see
Appendix B for details on taking the scaling limit g � 1 for ρ(0)

j (λ))

ρ
(0)
j0

(λ) ≡ 1
Aj0j0

∗ ρ(0)
j0

(λ) g�1= M0
4 cosh(πλ/2)

ρ
(0)
j1

(λ) ≡ Aj1j0
Aj0j0

∗ ρ(0)
j0

(λ)− ρ(0)
j1

(λ) g�1= Mj1

4 cosh(πλ/2)

ρ
(0)
j2

(λ) ≡ ρ(0)
j2

(λ)− Aj2j0
Aj0j0

∗ ρ(0)
j0

(λ) = 0 ,

(II.16)

with masses Mj0 ≡M0 = 2e−
π
2g and

Mj1 ≡
{

2M0 sin
(
(j1 −Nf + 1) π2ν

)
if Nf ≤ j1 < Nf + ν − 1 ,

M0 if j1 = Nf + ν − 1.

In terms of the kink and breather densities the energy density is given by

E = E0 +
∫ ∞
−∞

dλ ε(0)
j0

(λ)ρhj0(λ) +
∑
j1

∫ ∞
−∞

dλ ε(0)
j1

(λ)ρj1(λ) . (II.17)
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1.3. Thermodynamics

Here the new bare energies are

ε
(0)
j0

(λ) ≡ 1
Aj0j0

∗ ε(0)
j0

(λ) g�1= M0 cosh(πλ/2)− zH ,

ε
(0)
j1

(λ) ≡ ε(0)
j1

(λ)− Aj0j1
Aj0j0

∗ ε(0)
j0

(λ) g�1= Mj1 cosh(πλ/2) + zH δj1,j0−1 ,

ε
(0)
j2

(λ) ≡ ε(0)
j2

(λ)− Aj0j2
Aj0j0

∗ ε(0)
j0

(λ) = 0 ,

(II.18)

with z ≡ nj0/Aj0j0(0) = 1
2(1 +Nfν). E0 is the ground state energy density

E0 =
∫ ∞
−∞

dλε(0)
j0

(λ)ρ(0)
j0

(λ)− H

2 .

Note that the breather with j1 = Nf + ν − 1 ≡ j̃0 has the same mass Mj0 as the kink.
Its coupling to the magnetic field, however, is with the opposite sign. Therefore, following
Ref. [94], we denote this breather antikink below.

1.3. Thermodynamics

For the physical properties of the different quasi-particles appearing in the Bethe ansatz
solution of the model (II.8) its thermodynamics are studied. The equilibrium state at finite
temperature is obtained by minimizing the free energy, F/N = E−TS, with the combinatorial
entropy [76]

S =
∑
j≥1

∫ +∞

−∞
dλ

[
(ρj + ρhj ) ln(ρj + ρhj )− ρj ln ρj − ρhj ln ρhj

]
. (II.19)

The resulting thermodynamic Bethe ansatz (TBA) equations read

T ln(1 + eεk/T ) = ε
(0)
k (λ) +

∑
j≥1

Bjk ∗ T ln(1 + e−εj/T ), (II.20)

where the dressed energies εj(λ) are introduced through e−εj/T = ρj/ρ
h
j for breathers and

auxiliary modes j ∈ {j1} ∪ {j2} and e−εj0/T = ρhj0/ρj0 for kinks. In terms of the dressed
energies the free energy per particle is

F

N
= −T

∑
j /∈{j2}

∫ ∞
−∞

dλ ρ(0)
j (λ) ln(1 + e−εj/T )

g�1= −T4
∑

j /∈{j2}
Mj

∫ ∞
−∞

dλ cosh(πλ/2) ln(1 + e−εj/T ) .
(II.21)

Finally, the corresponding integral equations determining the dressed energies εj0 , εj̃0 of the
kink and antikink, εj1 of the breathers (j1 6= j̃0), and εj2 of the auxiliary modes are

εj0(λ) = M0 cosh(πλ/2)− zH +
∑
k≥1

(Bkj0 − δkj0) ∗ T ln(1 + e−εk/T )

εj̃0(λ) = M0 cosh(πλ/2) + zH +
∑
k≥1

(Bkj0 − δkj̃0) ∗ T ln(1 + e−εk/T )

εj1(λ) = Mj1 cosh(πλ/2) +
∑
k≥1

(Bkj1 − δk∈{j1}) ∗ T ln(1 + e−εk/T )

εj2(λ) =
∑
k≥1

(Bkj2 − δk∈{j2}) ∗ T ln(1 + e−εk/T ) .

(II.22)
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1. Perturbed su(2)Nf WZNW model

Solving these equations we obtain the spectrum of the model (II.8) for a given temperature
and magnetic field, see Figure 7 for T = 0.
For magnetic fields zH . M0 the kinks, antikinks and breathers are gapped. As H is

increased the kink gap closes and they condense into a phase where they form a collective
state with finite density.
Now the low-temperature behavior of the free energy as function of the magnetic field can

be discussed.
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Figure 7: The zero temperature spectrum of excitations (and Fermi energy of the kinks for zH > M0,
respectively) εj(0) obtained from the numerical solution of (II.22) as function of the magnetic field
for Nf = 3. The number and masses of the breather modes depend on the value of ν being 3 (top)
and 4 (bottom), respectively. The low-lying modes with energies described by the auxiliary functions
are clearly separated from the spectrum of kinks, antikinks and breathers. Their degeneracy is lifted
as soon as the kink gap closes.

1.3.1. Non-interacting kinks

For magnetic fields zH < M0 temperatures below the gaps of the kink and the lowest energy
breather (j1 = Nf ), i.e. T � min(M0−zH,MNf ) are considered. In this regime the nonlinear
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1.3. Thermodynamics

integral equations (II.22) can be solved asymptotically analytically [39]: the energies of kinks,
antikinks, and breathers, εj0 , εj̃0 and εj1 are well described by their first order approximation
while those of the auxiliary modes can be replaced by the asymptotic solution for |λ| → ∞

1 + eεj2/T =

sin(π(j2+1)
Nf+2 )

sin( π
Nf+2)

2

.

For the other modes we obtain (Q = 2 cos(π/(Nf + 2)))

εj0(λ) = M0 cosh(πλ/2)− zH − T lnQ ,
εj̃0(λ) = M0 cosh(πλ/2) + zH − T lnQ ,
εj1(λ) = Mj1 cosh(πλ/2)− T lnQ2 ,

(II.23)

resulting in the free energy

F

N
=− TQ

∫ dp
2πe

−(M0−zH)/T−p2/2M0T − TQ
∫ dp

2πe
−(M0+zH)/T−p2/2M0T

− TQ2 ∑
j∈{j1}\{j̃0}

∫ dp
2πe

−Mj/T−p2/2MjT .
(II.24)

As observed in Ref. [39] each of the terms appearing in this expression is the free energy of an
ideal gas of particles with the corresponding mass carrying an internal degree of freedom with
non-integer quantum dimension Q for the kinks (and antikinks) and Q2 for the breathers.
Their densities

nj0 = Q

√
M0T

2π e−(M0−zH)/T , nj̃0 = Q

√
M0T

2π e−(M0+zH)/T

nj1 = Q2

√
Mj1T

2π e−Mj1/T , j1 6= j̃0

can be controlled by variation of the temperature and the magnetic field, which acts as a
chemical potential ±zH for kinks and antikinks, respectively.

For zH . M0 the dominant contribution to F is that of the kinks. Their degeneracy Q
coincides with the quantum dimension of anyons satisfying SU(2)Nf fusion rules with spin
j = 1/2 (I.57) [78, 82] 5

dNf (j) = sin
(
π(2j + 1)
Nf + 2

)
/ sin

(
π

Nf + 2

)
. (II.25)

This has been interpreted as a signature for the presence of anyonic zero modes bound to the
kinks [39]. As the field is reduced the gap of the kinks increases and for ν > 3, the lowest
breather, j1 = Nf , dominates the free energy when zH . M0 −MNf . Its degeneracy Q2

can be understood as a consequence of the breather being a bound state of a kink and an
antikink, each contributing a factor Q = dNf (1

2): from the fusion rule for su(2)Nf spin-1
2

anyons, 1
2 ×

1
2 = 0 + 1, the degeneracy of this bound state to be Q2 = dNf (0) + dNf (1) is

obtained.
5These include Ising anyons for Nf = 2 and, due to the automorphism j → Nf/2− j, Fibonacci anyons for
Nf = 3.
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1. Perturbed su(2)Nf WZNW model

1.3.2. Condensate of kinks

Following [71] we observe that in this regime the dressed energies and densities can be related
as

ρj(λ) = (−1)δj∈{j2} 1
2π

dεj(λ)
dλ f

(
εj(λ)
T

)
,

ρhj (λ) = (−1)δj∈{j2} 1
2π

dεj(λ)
dλ

(
1− f

(
εj(λ)
T

))
,

(II.26)

for λ > λδ with exp(πλδ/2) � 1, where f(ε) = (1 + eε)−1 is the Fermi function. Inserting
this into (II.19) with (φj = εj/T )

S =
∑
j

Sj(λδ)−
T

π

∑
j

(−1)δj∈{j2}
∫ φj(∞)

φj(λδ)
dφj [f(φj) ln f(φj) + (1− f(φj)) ln(1− f(φj))] ,

Sj(λδ) ≡
∫ λδ

−λδ
dλ

[
(ρj + ρhj ) ln(ρj + ρhj )− ρj ln ρj − ρhj ln ρhj

]
(II.27)

is obtained. The integrals over φj can be performed giving

S =
∑
j

Sj(λδ)−
2T
π

∑
j

(−1)δj∈{j2} [L(f(φj(∞))− L(f(φj(λδ)))] (II.28)

in terms of the Rogers dilogarithm L(x)

L(x) = −1
2

∫ x

0
dy
( ln y

1− y + ln(1− y)
y

)
.

In the regime considered here, i.e. T � zH −M0 and log(zH/M0) > λδ � 1, from (II.22) it
can be concluded that

f(φj0(λδ)) = 1 , f(φj1(λδ)) = 0 , f(φj2(λδ)) = 0

f(φj0(∞)) = 0, f(φj1(∞)) = 0, f(φj2(∞)) =

 sin( π
Nf+2)

sin(π(j2+1)
Nf+2 )

2

,
(II.29)

and therefore
ρj0(λ) = 0, ρhj1(λ) = 0, ρhj2(λ) = 0 , for |λ| < λδ

giving Sj(λδ) = 0 for all j. Finally, using the identity

n−2∑
k=2

L

(
sin2(π/n)
sin2(πk/n)

)
= 2(n− 3)

n
L(1), L(1) = π2

6 , n ≥ 3 (II.30)

the expression

S = π

3

(
1 + 2Nf − 1

Nf + 2

)
T +O(T 2) = π

3
3Nf

Nf + 2 T +O(T 2) (II.31)

is found for the universal low-T asymptotics of the entropy in the phase with finite kink
density. The low-energy excitations near the Fermi points εj0(±Λ) = 0 of the kink dispersion
propagate with velocity vkink = (∂λεj0)/(2πρhj0)

∣∣∣
Λ
→ 1 for magnetic fields H > Hδ such that
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1.3. Thermodynamics

Λ(Hδ) > λδ. Hence the conformal field theory (CFT) describing the collective low-energy
modes is the SU(2) WZNW model at level Nf or, by conformal embedding [39, 56, 87], a
product of a free U(1) boson and a ZNf -parafermion coset SU(2)Nf /U(1) contributing c = 1
and ((I.81) with N = 2)

c(ZNf ) = 2Nf − 1
Nf + 2 (II.32)

to the central charge, respectively. The latter is the critical theory for the (Nf + 1)-state
restricted solid-on-solid (RSOS) model on one of its critical lines or, equivalently, a quantum
chain of SU(2)Nf spin-1

2 anyons with ferromagnetic pair interaction favouring fusion in the
j = 1 channel [25, 97].

To study the transition from the gas of free anyons to the condensate of kinks described by
the CFT given above we have solved the TBA equations (II.22) numerically by an iterative
method for a given magnetic field H, temperature T and anisotropy parameter p0. Using
(II.21) the entropy can be computed from the numerical data as

S = − d
dT

F

N

=
∑

j /∈{j2}

Mj

4

∫ ∞
−∞

dλ cosh
(
πλ

2

)(
log

(
1 + e−εj/T

)
+
(
εj
T
− d

dT εj
)(

1 + eεj/T
)−1

)
.

(II.33)
For magnetic fields large enough to suppress the contribution of breathers to the entropy,
zH �M0, the entropy is seen to be given by the term j = j0 in (II.33) alone and to converge
to the expected analytical value (II.31). In the intermediate regime, M0 < zH . zHδ, and
temperatures below the smallest of the breather masses T �MNf , the entropy deviates from
this asymptotic expression: in this range of H the auxiliary modes propagate with a velocity
(independent of j2) differing from that of the kinks, vkink, namely

vpf = − ∂λεj2(λ)
2πρhj2(λ)

∣∣∣∣∣
λ→∞

.

As a consequence the bosonic (spinon) and parafermionic degrees of freedom separate and
the low-temperature entropy is

S = π

3

(
1

vkink
+
c(ZNf )
vpf

)
T . (II.34)

Note that both Fermi velocities depend on the magnetic field and approach 1 as H & Hδ, see
Figure 8, giving the entropy (II.31) of the WZNW model. In Figure 9 the computed entropy
(II.33) is shown for various temperatures as a function of the magnetic field together with the
T → 0 behavior (II.34) expected from conformal field theory. Additionally, Figure 9 shows
the decoupling into bosonic and parafermionic modes for zH &M0.6

6For low-temperatures and magnetic fields zH > M0 the contribution of kinks in (II.33) develops a singularity
which prevents reaching the asymptotic regime in the numerical analysis.
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Figure 8: Fermi velocities of kinks and parafermion modes as a function of the magnetic field zH >
M0 for p0 = 2 + 1/3 at zero temperature. For large field, H > Hδ, both Fermi velocities approach 1
leading to the asymptotic result for the low-temperature entropy (II.31).
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Figure 9: Entropy obtained from numerical solution of the TBA equations (II.22) for p0 = 2 + 1/3
(a), p0 = 3 + 1/3 (b) as a function of the magnetic field H for different temperatures. For magnetic
fields large compared to the kink mass, zH � M0, the entropy approaches the expected analytical
value (II.34) for a field theory with a free bosonic and a ZNf

parafermion sector propagating with
velocities vKink and vpf , respectively (full red line). For magnetic fields zH < M0 and temperature
T �M0 the entropy is that of a dilute gas of non-interacting quasi-particles with degenerate internal
degree of freedom due to the anyons (dashed red line).

1.4. Phase diagram

The findings for the contribution of the anyonic degrees of freedom to the low-temperature
thermodynamical properties of the system are summarized in Figure 10: for temperatures
small compared to the smallest breather mass, T �MNf , the coupling to breathers {j1} can
be neglected in the TBA equation (II.22) and signatures of su(2)Nf non-Abelian anyons are
found in thermodynamic quantities. For magnetic fields zH < M0 and temperatures small
compared to the kink mass (T � M0 − zH) the free energy (II.24) coincides with the free
energy of a non-interacting gas of kinks and breathers. It was found that the kinks carry
an internal degree of freedom given by the spin-1

2 su(2)Nf anyons while the breathers carry
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1.4. Phase diagram

the 1
2 ×

1
2 topological charge. For sufficiently small magnetic fields (region I in Figure 10)

the main contribution to the free energy comes from the lowest (j1 = Nf ) breather. Once
the magnetic field is increased such that εj0(0) < εNf (0) the situation changes and kinks
dominate the free energy (region II in Figure 10).
For magnetic fields zH . M0 the kink gap closes and interactions between the anyonic

modes lift the degeneracy (region III in Figure 10). In terms of the TBA equations this hap-
pens for temperatures M0 − zH . T �MNf resulting in corrections of the solutions (II.23).
The formation of a collective state by the anyons with ferromagnetic pair interactions becomes
apparent for magnetic fields zH > M0: here the resulting effective field theory describing the
interacting modes splits into a product of a bosonic theory and a ZNf parafermionic theory
describing the kinks and collective modes of the anyons, respectively. By further increasing
the magnetic field beyond Hδ the Fermi velocities of the bosonic and parafermionic sectors
degenerate giving a central charge that coincides with that of the su(2)Nf WZNW model.

-5 0 5
log[zH/M

0
]

-4

0

4

lo
g
[T

/M
0
]

-2 0
log[zH/M

0
]

-4

0

lo
g

[T
/M

0
]

II u(1)+Z
N

f

su(2)
N

f

I

III

non-interacting anyons

WZNW

I II

III

Figure 10: Phase diagram for the contribution of su(2)Nf
anyons to the low-temperature properties

of the model (II.8) for ν = 3 (inset for ν = 4). For small magnetic fields a gas of non-interacting
quasi-particles with the anyon as an internal zero energy degree of freedom bound to them is realized.
Here the dashed line indicates εj0(0) = εNf

(0), i.e. the location of the crossover between regions where
the lowest energy breathers, j1 = Nf , (region I) or kinks (region II) dominate the free energy. In
region III the presence of thermally activated kinks with a small but finite density lifts the degeneracy
of the zero modes. For fields zH > M0 the kinks condense and the low-energy behavior of the model
is determined by the corresponding U(1) bosonic mode and the ZNf

parafermion collective modes.
For zH � M0 the Fermi velocities of kinks and parafermions degenerate yielding a su(2)Nf

WZNW
model for the effective description of the model.
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2. Perturbed su(3)Nf
WZNW model

Tsvelik’s approach to study non-Abelian anyons within a perturbed su(2)Nf WZNW model
can be generalized to other symmetry groups. Here a system described by fermion fields with
SU(3) (Ns = 3) and SU(Nf ) symmetry is studied. As done before a weak anisotropic current-
current interaction is chosen together with couplings of the fields h1, h2 to the currents of
the su(3) Cartan subalgebra. In the low-energy limit non-Abelian bosonization splits the
Hamiltonian into a sum of three commuting parts describing the fractionalized degrees of
freedom. One of these parts is a perturbed su(3)Nf WZNW model, whose low-temperature
thermodynamics is studied extensively in this section.
In section II 2.1 string solutions of the corresponding Bethe equations are discussed in the

thermodynamic limit. The excitations are found to be solitons carrying quantum numbers
in the fundamental quark and antiquark representations of su(3). Using the thermodynamic
Bethe ansatz signatures of su(3)Nf anyons bound to the solitons are found, see section II 2.2.
As before the fields can be varied to study the transition from free to interacting su(3)Nf
anyons in detail. The findings, including the conformal field theories describing the interacting
regimes, are summarized in a phase diagram in section II 2.3.

2.1. Integrability study of perturbed su(3)Nf WZNW model

The Hamiltonian density describing the perturbed su(3)Nf WZNW model is given by

H =H[su(3)Nf ] +Hint +Hfields ,

H[su(3)Nf ] = 2π
Nf + 3

(
: J · J : + : J̄ · J̄ :

)
,

Hint =λ‖
2∑
i=1

J iJ̄ i + λ⊥
∑
α>0

|α|2

2
(
JαJ̄−α + J−αJ̄α

)
,

Hfields =−
2∑
i=1

hi(J i + J̄ i) ,

(II.35)

where λ‖, λ⊥ are coupling constants. Here J and J̄ are the right- and left-moving su(3)Nf
Kac-Moody currents with components

J i = R†ak(H
i
c)abRbk , Jα = R†ak(E

α)abRbk ,
J̄ i = L†ak(H

i
c)abLbk , J̄α = L†ak(E

α)abLbk ,

where H i
c (i = 1, 2) are the generators of the su(3) Cartan subalgebra and Eα denotes the

ladder operator for the root α in the Cartan-Weyl basis (1 ≤ a, b ≤ 3 and 1 ≤ k ≤ Nf are
color and flavor indices, respectively). Also notice that the form of Hint is directly related to
the Casimir operator in the Cartan-Weyl basis (I.40).
The spectrum of (II.35) can be obtained using Bethe ansatz methods based on the obser-

vation that the underlying structures coincide with those of an integrable deformation of the
SU(3) magnet with Dynkin label (Nf , 0) [98–103]. Specifically, placing N = ∑

Nα fermions
into a box of length L with periodic boundary conditions the energy eigenvalues in the sector
with N1 ≥ N2 ≥ N3 are



2. Perturbed su(3)Nf WZNW model

E =
N/2∑
j=1

k
(+)
j −

N/2∑
j=1

k
(−)
j +N1H1 +N2H2 −

N
3 (2H1 +H2) , (II.36)

where k(±)
j are the momenta of the fermions with ± chirality and N1 = N2 +N3, N2 = N3.

The fields H1, H2 are linear combinations of the previous fields H1 ≡ ~α1 · ~h, H2 ≡ ~α2 · ~h,
where ~α1, ~α2 are the simple roots of su(3) (I.45). The relativistic invariance of the fermion
model is broken by the choice of boundary conditions but will be restored later by considering
observables in the scaling limit L,N → ∞ and g � 1 such that the mass of the elementary
excitations is small compared to the particle density N/L.
The momenta of the energy eigenvalues (II.36) are parametrized by complex parameters

λ
(m)
α with α = 1, . . . , Nm and m = 1, 2 solving the hierarchy of Bethe equations (cf. Refs. [99,

104–106] for the magnet in the fundamental representation, Nf = 1)

eik(τ)
j L =

N1∏
α=1

sinh( π
2p0

(λα − τ/g +Nf i))
sinh( π

2p0
(λα − τ/g −Nf i)) ,

∏
τ=±1

eNf (λ(1)
α + τ/g)N/2 =

N1∏
β 6=α

e2(λ(1)
α − λ

(1)
β )

N2∏
β=1

e−1(λ(1)
α − λ

(2)
β ) , α = 1, . . . N1

N1∏
β=1

e1(λ(2)
α − λ

(1)
β ) =

N2∏
β 6=α

e2(λ(2)
α − λ

(2)
β ) , α = 1, . . . , N2

(II.37)

where ek(x) = sinh
(
π

2p0
(x+ ik)

)
/ sinh

(
π

2p0
(x− ik)

)
and g, p0 are functions of the coupling

constants λ‖, λ⊥. Written in terms of the Bethe roots the energy eigenvalues (II.35) become

E = N
L

N1∑
α=1

∑
τ=±1

τ

2i ln

sinh( π
2p0

(λ(1)
α + τ/g −Nf i))

sinh( π
2p0

(λ(1)
α + τ/g +Nf i))

+N1H1 +N2H2 −
N
3 (2H1 +H2) .

(II.38)
Based on equations (II.37), (II.38) the thermodynamics of the model can be studied pro-

vided that the solutions to the Bethe equations describing the eigenstates in the limit N →∞
are known. Here it is argued that the root configurations corresponding to the ground state
and excitations relevant for the low-temperature behavior of (II.35) can be built based on
the string hypothesis for the Uq(sl(2)) models [74], i.e. that in the thermodynamic limit the
Bethe roots λ(m)

α on both levels m = 1, 2 can be grouped into j-strings of length nj and with
parity vnj ∈ {±1}

λ
(m)
j,α,k = λ

(m)
j,α + i

(
nj + 1− 2k + p0

2 (1− vNf vnj )
)
, k = 1, . . . , nj , m = 1, 2 , (II.39)

with real centers λ(m)
j,α ∈ R. The allowed lengths and parities depend on the parameter p0.

Below the discussion is further simplified by assuming p0 = Nf + 1/ν with integer ν > 2
where the following Nf + ν different string configurations contribute to the low-temperature
thermodynamics:

• j0 = Nf + ν with (nj0 , vnj0 ) = (Nf ,+1),

• j1 ∈ {Nf , Nf + 1, . . . Nf + ν − 1} with (nj1 , vnj1 ) = ((j1 −Nf )Nf + 1, (−1)j1+Nf+1),
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2.1. Integrability study of perturbed su(3)Nf WZNW model

• j2 ∈ {1, 2, . . . , Nf − 1} with (nj2 , vnj2 ) = (j2,+1).

Within the root density approach the Bethe equations are rewritten as coupled integral
equations for the densities of these strings [107]. For vanishing magnetic fields one finds that
the Bethe root configuration corresponding to the lowest energy state is described by finite
densities of j0-strings on both levels m = 1, 2. The elementary excitations above this ground
state are of three types: similar as in the isotropic magnet [108] there are solitons or quarks
and antiquarks corresponding to holes in the distributions of j0-strings on level m = 1, 2.
They carry quantum numbers in the fundamental representations (1, 0) and (0, 1) of SU(3),
respectively (independent of the representation (Nf , 0) used for the construction of the spin
chain). The ν different types of j1-strings are called breathers. Finally, there are auxiliary
modes given by j2-strings. The densities ρ(m)

j (λ) of these excitations (and ρh(m)
j (λ) for the

corresponding vacancies) satisfy the integral equations (a∗b denotes the convolution of a and
b)

ρ
h(m)
k (λ) = ρ

(m)
0,k (λ)−

2∑
`=1

∑
j

(
B

(m,`)
kj ∗ ρ(`)

j

)
(λ) , m = 1, 2 , (II.40)

see Appendix C. As mentioned above relativistic invariance is restored in the scaling limit
g � 1 where the solitons are massive particles with bare densities ρ(m)

0,j0(λ) and bare energies
ε
(m)
0,j0

ρ
(m)
0,j0(λ) g�1

' M0
6 cosh(πλ/3) ,

ε
(m)
0,j0(λ) g�1

' M0 cosh(πλ/3)−
{

(Z1H1 + Z2H2) , m = 1,
(Z2H1 + Z1H2) , m = 2 .

(II.41)

Here M0 ≡ Mj0 = (2N/L) sin(π/3)e−
π
3g is the soliton mass and z ≡ (1 + Nfν), Z1 = 2

3z,
Z2 = 1

3z. Furthermore, the corresponding charges can be read off from (II.41): for a general
excitation with mass M and bare energy ε0(λ) its charges (q1, q2) are defined by

ε0(λ) = M cosh
(
πλ

3

)
− z

(
ω1
ω2

)
·
(
h1
h2

)
= M cosh

(
πλ

3

)
−
(
q1
q2

)
·
(
Z1H1
Z2H2

)
, (II.42)

where ω1, ω2 are the components of a weight in a su(3) representation. Consequently, quarks
of type j0 carry the charge (q1, q2) = (1, 1), while antiquarks of type j0 carry the charge
(q1, q2) = (1/2, 2). These charges correspond to the highest weight states of the quark
and antiquark representation of su(3). All possible charges corresponding to the quark and
antiquark multiplet are shown in Figure 11.

Similarly, breathers have bare densities and energies

ρ
(m)
0,j1(λ) g�1

' Mj1

6 cosh(πλ/3) ,

ε
(m)
0,j1(λ) g�1

' Mj1 cosh(πλ/3)−


(−1)mZ2(H1 −H2) , if j1 = Nf + ν − 1,
(Z2H1 + Z1H2) , if 0 ≤ j1 −Nf < ν − 1 , m = 1,
(Z1H1 + Z2H2) , if 0 ≤ j1 −Nf < ν − 1 , m = 2 ,

(II.43)
with masses

Mj1 ≡
{

2M0 sin
(
(j1 −Nf + 1) π3ν + π

6
)
, if 0 ≤ j1 −Nf < ν − 1 ,

M0 , if j1 = Nf + ν − 1 ≡ j̃0 .
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Figure 11: Relationship between the weights (a) of the quark and antiquark representation of su(3)
and the charges (b) determined by (II.42) with H1 = ~α1 · ~h, H2 = ~α2 · ~h.

Note that the mass of the breathers with j1 = j̃0 coincides with that of the solitons. The
charges (−1/2, 1), (1/2,−1) of this breather for m = 1, 2, however, indicate that they are
descendents of the su(3) highest weight states in the quark and antiquark multiplet. Therefore
excitations of types j0 and j̃0 will both be labelled solitons (or quarks and antiquarks for
solitons on level m = 1 and 2, respectively) below. The masses and su(3) charges of the
auxiliary modes vanish, i.e. ρ(m)

0,j2(λ) = 0 = ε
(m)
0,j2(λ).

The energy density of a macro-state with densities given by (II.40) is

∆E =
2∑

m=1

∑
j

∫ ∞
−∞

dλ ε(m)
0,j (λ)ρ(m)

j (λ) . (II.44)

2.2. Low-temperature thermodynamics

Additional insights into the physical properties of the different quasi-particles appearing in
the Bethe ansatz solution of the model (II.35) can be obtained from its low-temperature
thermodynamics. The equilibrium state at finite temperature is obtained by minimizing the
free energy, F/N = E − TS, with the combinatorial entropy density [76]

S =
2∑

m=1

∑
j

∫
dλ

[
(ρ(m)
j + ρ

h(m)
j ) ln(ρ(m)

j + ρ
h(m)
j )− ρ(m)

j ln ρ(m)
j − ρhj ln ρh(m)

j

]
. (II.45)

The resulting thermodynamic Bethe ansatz (TBA) equations for the dressed energies
ε
(m)
j (λ) = T ln

(
ρ
h(m)
j (λ)/ρ(m)

j (λ)
)
read

T ln(1 + eε
(m)
k

/T ) = ε
(m)
0,k (λ) +

2∑
`=1

∑
j

B
(`,m)
jk ∗ T ln(1 + e−ε

(`)
j /T ). (II.46)
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It is convenient to rewrite the equations for the auxiliary modes j ∈ {j2}

ε
(m)
j2

(λ) =s ∗ T ln(1 + e
ε
(m)
j2+1/T )(1 + e

ε
(m)
j2−1/T )− s ∗ T ln(1 + e

−ε(3−m)
j2

/T ) ,
j2 = 1, . . . , Nf − 2 ,

ε
(m)
Nf−1(λ) =s ∗ T ln(1 + e

ε
(m)
Nf−2/T )− s ∗ T ln(1 + e

−ε(3−m)
Nf−1 /T )

+
∑

j /∈{j2}
C

(m)
j ∗ T ln(1 + e−ε

(m)
j /T ) ,

(II.47)

where ε(m)
0 = −∞, s(λ) = 1

4 coshπλ/2 and the kernels C(m)
j are defined in Appendix C. The

free energy per particle in terms of the solutions to the TBA equations for the solitons and
breathers is

F

N
= −T

2∑
m=1

∑
j /∈{j2}

∫ ∞
−∞

dλ ρ(m)
0,j (λ) ln(1 + e−ε

(m)
j /T )

g�1= −T6

2∑
m=1

∑
j /∈{j2}

Mj

∫ ∞
−∞

dλ cosh(πλ/3) ln(1 + e−ε
(m)
j /T ) .

(II.48)

Solving the TBA equations (II.46) the spectrum of the model (II.35) for given temperature
T and fieldsH1, H2 is obtained. Below the focus is on the regimeH1 ≥ H2 – exchangingH1 ↔
H2 corresponds to interchanging the two levels of the Bethe ansatz. From the expressions
(II.41) and (II.43) for the bare energies of the elementary excitations the qualitative behavior
of these modes can be deduced at low temperatures: As long as Z1H1 +Z2H2 .M0 solitons
and breathers remain gapped. Increasing the fields with H1 > H2 the gap of the quarks
(m = 1 in (II.41)) closes once Z1H1 + Z2H2 ' M0. For larger fields they condense into a
phase with finite density ρ(1)

j0
and the degeneracy of the corresponding zero-energy auxiliary

modes is lifted. At even larger fields the gap of the su(3) highest weight state of the antiquark
will close, too, and the systems enters a collective phase with a finite density of quarks and
antiquarks. In Figure 12 the zero temperature mass spectrum for the model with Nf = 2,
ν = 3 is shown as function of H1 for H2 = 0 and H1 = H2, respectively.7 Note that in the
latter case the spectra of elementary excitations on level 1 and 2 coincide, ε(1)

j ≡ ε
(2)
j for all

j.
Based on this picture the behavior of the free energy as function of the fields at temperatures

small compared to the relevant energy scales is discussed, i.e. the masses or Fermi energies
of the solitons, 0 < T � |Z1H1 + Z2H2 −M0|.

2.2.1. Non-interacting solitons

For fields Z1H1 + Z2H2 . M0 solitons and breathers are gapped. At temperatures small
compared to the gaps of the solitons the nonlinear integral equations (II.46) can be solved
asymptotically by iteration: the energies of the massive excitations are well described by their
first order approximation [39] while those of the auxiliary modes are given by the asymptotic

7We note that the highest energy soliton levels are not captured by the string hypothesis (II.39). However,
since the gaps of these modes grow with the magnetic field they do not contribute to the low-temperature
thermodynamics studied in this paper.
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Figure 12: The zero-temperature energy gap of the elementary excitations (and Fermi energy of
quarks/antiquarks in the condensed phase, respectively) ε(m)

j (0) obtained from the numerical solution
of (II.46) for p0 = 2 + 1/3 as a function of the field H1 with H2 = 0 (a) or H1 ≡ H2 (b) (gaps on level
m = 1 (2) are displayed in black (red)). Note that in (a) the high-energy quark and the low-energy
antiquark levels are twofold degenerate. In (b) the elementary excitations for m = 1 and m = 2 are
degenerate. The gaps of quarks/antiquarks close for Z1H1 = M0 in (a) and for (Z1 + Z2) = M0 in
(b), respectively. In this phase the degeneracy of the auxiliary modes is lifted. Increasing the field to
Z1H1 �M0 the gaps of the antiquarks (ε(2)

j0
(0) and ε(2)

j̃0
(0)) close in (a). For small fields the low-lying

auxiliary modes are clearly separated from the spectrum of solitons and breathers.

solution of (II.47) for |λ| → ∞ [109]

1 + e
ε
(m)
j2

/T =
sin
(

(j2+1)π
Nf+3

)
sin
(

(j2+2)π
Nf+3

)
sin
(

π
Nf+3

)
sin
(

2π
Nf+3

) .

For solitons and breathers this implies (Q ≡ 1 + eε
(1)
1 = sin(3π/(Nf+3))

sin(π/(Nf+3)) )

ε
(m)
j (λ) =

ε
(m)
0,j (λ)− T lnQ j = j0, j̃0

ε
(m)
0,j (λ)− T lnQ2 j ∈ {j1} \ {j̃0}

resulting in the free energy

F

N
=−

2∑
m=1

∑
j=j0,j̃0

TQ

∫ dp
2π e

−
(
ε
(m)
0,j (0)−p2/2M0

)
/T

−
2∑

m=1

∑
j∈{j1}\{j̃0}

TQ2
∫ dp

2πe
−
(
ε
(m)
0,j (0)−p2/2Mj

)
T
.

(II.49)

As observed in Refs. [39, 52] each of the terms appearing in this expression is the free energy
of an ideal gas of particles with the corresponding mass carrying an internal degree of freedom
with non-integer quantum dimension Q for the solitons and Q2 for the breathers (j1 6= j̃0).
Their densities

nj =

Q
√

M0T
2π e−ε

(m)
0,j (0)/T j = j0, j̃0,

Q2
√

MjT
2π e−ε

(m)
0,j (0)/T j ∈ {j1} \ {j̃0}
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2.2. Low-temperature thermodynamics

can be controlled by variation of the temperature and the fields, which act as chemical
potentials.
For the interpretation of this observation, fields H1 > H2 and Z1H1 + Z2H2 . M0 are

considered where the dominant contribution to the free energy is that of the lowest energy
quarks, j = j0, m = 1. Their degeneracy Q coincides with the quantum dimension of anyons
satisfying su(3)Nf fusion rules with topological charge [1, 0]

dNf ([x1, x2]) =
sin
(
π(x1+2)
Nf+3

)
sin
(
π(x2+1)
Nf+3

)
sin
(
π(x1−x2+1)

Nf+3

)
sin
(

π
Nf+3

)
sin
(

π
Nf+3

)
sin
(

2π
Nf+3

) ,

see Ref. [110]. Here [x1, x2] denotes the Young diagram with xi nodes in the i-th row.
Following the discussion in Ref. [39] this is interpreted as a signature for the presence of
su(3)Nf anyonic zero modes bound to the quarks. The degeneracy Q2 of the breather can
be understood as a consequence of the breather being a bound state of two quarks, each
contributing a factor Q to the quantum dimension: from the fusion rule for su(3)Nf [1, 0] and
[1, 1] anyons,

[1, 0]× [1, 0] = [1, 1] + [2, 0] , [1, 1]× [1, 1] = [1, 0] + [2, 2] ,

for Nf > 1, the degeneracy of this bound state is obtained to be Q2 = dNf ([1, 1]) +
dNf ([2, 0]) = dNf ([1, 0]) + dNf ([2, 2]).

2.2.2. Condensate of quarks

For fields Z1H1 & M0 − Z2H2 >
2
3M0 the quarks in the su(3) highest weight state form a

condensate, while the contribution to the free energy of the other solitons and the breathers
can be neglected. For large fields Z1H1 �M0−Z2H2 the low-temperature thermodynamics
in this regime can be studied analytically: following [70] we observe that the dressed energies
and densities can be related as

ρ
(m)
j (λ) = (−1)δj∈{j2} 1

2π
dε(m)
j (λ)
dλ f

ε(m)
j (λ)
T

 ,
ρ
h(m)
j (λ) = (−1)δj∈{j2} 1

2π
dε(m)
j (λ)
dλ

1− f

ε(m)
j (λ)
T

 ,

(II.50)

for λ > λδ with a sufficiently large exp(πλδ/2)� 1. f(ε) = 1/(1 + eε) is the Fermi function.
Inserting this into (II.45) with (φ(m)

j = ε
(m)
j /T ) results in

S =− T

π

∑
m,j

(−1)δj∈{j2}
∫ φ

(m)
j (∞)

φ
(m)
j (λδ)

dφ(m)
j

[
f(φ(m)

j ) ln f(φ(m)
j ) + (1− f(φ(m)

j )) ln(1− f(φ(m)
j ))

]
+
∑
m,j

S(m)
j (λδ) ,

S(m)
j (λδ) ≡

∫ λδ

−λδ
dλ

[
(ρ(m)
j + ρ

h(m)
j ) ln(ρ(m)

j + ρ
h(m)
j )− ρ(m)

j ln ρ(m)
j − ρh(m)

j ln ρh(m)
j

]
.

(II.51)
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2. Perturbed su(3)Nf WZNW model

The integrals over φ(m)
j can be performed giving

S =
∑
m,j

S(m)
j (λδ)−

2T
π

∑
m,j

(−1)δj∈{j2} [L(f(φ(m)
j (∞))− L(f(φ(m)

j (λδ)))] (II.52)

in terms of the Rogers dilogarithm L(x)

L(x) = −1
2

∫ x

0
dy
( ln y

1− y + ln(1− y)
y

)
.

In the regime considered here, i.e. T � Z1H1 + Z2H2 −M0 and log((Z1H1 + Z2H2)/M0) >
λδ � 1, it can be concluded from (II.46),(II.47) that

f(φ(m)
j0

(λδ)) =
{

1 m = 1
0 m = 2

, f(φ(m)
j0

(∞)) = 0,

f(φ(m)
j1

(λδ)) = 0, f(φ(m)
j1

(∞)) = 0,

f(φ(m)
j2

(λδ)) =


0 m = 1(

sin( π
Nf+2 )

sin(π(j2+1)
Nf+2 )

)2

m = 2
, f(φ(m)

j2
(∞)) =

sin( π
Nf+3) sin( 2π

Nf+3)

sin( j2π
Nf+3) sin( (j2+1)π

Nf+3 )
,

(II.53)

and therefore
ρ
h(1)
j0

(λ) = ρ
(2)
j0

(λ) = ρ
(m)
j1

(λ) = ρ
(1)
j2

= 0

for |λ| < λδ. Using ρ(2)
j2

(λ) = e
−ε(2)

j2
/T
ρ
h(2)
j2

(λ) the integral equations (II.40) for ρh(2)
j2

simplify
in this regime to

ρ
h(2)
j2

= −
∑
k2

B
(2,2)
j2k2
∗ e−ε

(2)
k2
/T
ρ
h(2)
k2

for |λ| < λδ,

it can be concluded that ρh(2)
j2
→ 0, ρ(2)

j2
→ 0 such that ρ(2)

j2
/ρ

h(2)
j2

= e
−ε(2)

j2
/T = const for

|λ| < λδ. Consequently, S(m)
j (λδ) = 0 for all j,m is obtained. Using L(1) = π2/6 and the

relation with (N,Nf ≥ 2)

N−1∑
m=1

Nf−1∑
j2=1

L

 sin( (N−m)π
Nf+N ) sin( mπ

Nf+N )

sin( (N+j2−m)π
Nf+N ) sin( (j2+m)π

Nf+N )

 = π2

6

(
Nf (N2 − 1)
Nf +N

− (N − 1)
)

(II.54)

for N = 2, 3 the following low-temperature behavior of the entropy

S = π

3

(
8Nf

Nf + 3 −
3Nf

Nf + 2

)
T (II.55)

arises. This is consistent with an effective description of the low-energy collective modes in
this regime through the coset su(3)Nf /su(2)Nf conformal field theory with central charge

c = 8Nf

Nf + 3 −
3Nf

Nf + 2 .

Using the conformal embedding [111] (see also [112])

su(3)Nf
su(2)Nf

= u(1) +
Zsu(3)Nf
Zsu(2)Nf

, (II.56)
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2.2. Low-temperature thermodynamics

where Zsu(N)Nf
= su(N)Nf /u(1)N denotes generalized parafermions [54], the collective modes

can equivalently be described by a product of a free u(1) boson contributing c = 1 to the
central charge and a parafermion coset Zsu(3)Nf

/Zsu(2)Nf
contributing

c = 8Nf

Nf + 3 −
3Nf

Nf + 2 − 1 = 6(Nf − 1)
Nf + 3 − 2(Nf − 1)

Nf + 2 .

To study the transition from the gas of free anyons to the condensate of quarks described
by the CFT (II.56) at intermediate fields Z1H1 &M0−Z2H2 the TBA equations (II.46) have
been solved numerically. Similar as in Ref. [52] this can be done by choosing suitable initial
distributions and iterating the integral equations for given fields H1, H2, temperature T and
anisotropy parameter p0.
Using (II.48) the entropy can be computed from the numerical data as

S = − d
dT

F

N
. (II.57)

From the numerical solution of the TBA equations one finds that the low-energy behavior is
determined by the quarks and the auxiliary modes on the first level which propagate with
Fermi velocities

v
(1)
quark =

∂λε
(1)
j0

2πρh(1)
j0

∣∣∣∣∣∣
Λ

, v
(1)
pf = −

∂λε
(1)
j2

(λ)
2πρh(1)

j2
(λ)

∣∣∣∣∣∣
λ→∞

,

where Λ is defined by ε(1)
j0

(Λ) = 0. Note that v(1)
pf is the same for all auxiliary modes (j ∈

{j2},m = 1).
The resulting low-temperature entropy is the sum of contributions from a u(1) boson

(quark) and a Zsu(3)Nf
/Zsu(2)Nf

parafermionic coset (from the auxiliary modes)

S = π

3

 1
v

(1)
quark

+ 1
v

(1)
pf

(
6(Nf − 1)
Nf + 3 − 2(Nf − 1)

Nf + 2

)T . (II.58)

This behavior is consistent with the conformal embedding (II.56). Note that both Fermi
velocities depend on the field H1 and approach 1 as H1 & H1,δ such that Λ(H1,δ) > λδ, see
Figure 13 (a).
Therefore, in this limit the entropy (II.55) of the coset su(3)Nf /su(2)Nf is approached. In

Figure 13 (b) the computed entropy (II.57) of the model with Nf = 2, ν = 3 is shown for
T = 0.01M0 as a function of the field H1 together with the T → 0 behavior (II.58) expected
from conformal field theory.

2.2.3. Condensate of quarks and antiquarks

For fields H1 ≥ H2 & M0/(Z1 + Z2) the system forms a collective state of solitons (j =
j0) on both levels, m = 1, 2. Again, the low-temperature thermodynamics can be studied
analytically for H1 ≥ H2 �M0/(Z1 + Z2) . Repeating the analysis of Section 2.2.2 one can
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Figure 13: (a) Fermi velocities of the quarks and first level SU(3) parafermion modes as a function of
the field Z1H1 > M0 for p0 = 2 + 1/3, H2 ≡ 0 at zero temperature. For large fields, H1 > H1,δ, both
Fermi velocities approach 1 leading to the asymptotic result for the low-temperature entropy (II.55).
(b) Entropy obtained from the numerical solution of the TBA equations (II.46) for p0 = 2 + 1/3 and
H2 ≡ 0 as a function of the field (Z1H1/M0 for T = 0.01M0. For fields large compared to the soliton
mass, Z1H1 � M0, the entropy approaches the expected analytical value (II.55) for a field theory
with a free bosonic sector and a Zsu(3)Nf =2/Zsu(2)Nf =2 parafermion sector propagating with velocities
v

(1)
quark and v(1)

pf , respectively (full red line). For magnetic fields Z1H1 < M0 and temperature T �M0
the entropy is that of a dilute gas of non-interacting quasi-particles with degenerate internal degree
of freedom due to the anyons.

conclude from Eqs. (II.46), (II.47) that

f(φ(m)
j0

(λδ)) =
{

1 m = 1,
1 m = 2

, f(φ(m)
j0

(∞)) = 0,

f(φ(m)
j1

(λδ)) = 0, f(φ(m)
j1

(∞)) = 0,

f(φ(m)
j2

(λδ)) =
{

0 m = 1,
0 m = 2

, f(φ(m)
j2

(∞)) =
sin( π

Nf+3) sin( 2π
Nf+3)

sin( j2π
Nf+3) sin( (j2+1)π

Nf+3 )
,

and therefore
ρ
h(m)
j0

(λ) = ρ
(m)
j1

(λ) = ρ
(m)
j2

= 0, for |λ| < λδ ,

giving S(m)
j (λδ) = 0 for all j,m. Using the relation (II.54) the low-temperature behavior of

the entropy is found to be

S = π

3

(
2 + 6(Nf − 1)

Nf + 3

)
T = π

3
8Nf

Nf + 3T (II.59)

in the phase with finite soliton density on both levels. The low-energy excitations near the
Fermi points ε(m)

j0
(±Λm) = 0 of the soliton dispersion propagate with velocities v(m)

quark/antiquark =
(∂λε(1/2)

j0
)/(2πρ(1/2)

j0
)
∣∣∣
Λ1/2
→ 1 for fields Hm > Hm,δ such that Λm(Hm,δ) > λδ. From this we

conclude that the conformal field theory (CFT) describing the collective low-energy modes is
the su(3) WZNW model at level Nf or, by conformal embedding [54], a product of two free
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2.2. Low-temperature thermodynamics

u(1) bosons (contributing c = 2 to the central charge) and the SU(3) parafermionic coset
su(3)Nf /u(1)2 with central charge ((I.81) with N = 3)

c = 6(Nf − 1)
Nf + 3 . (II.60)

For the transition between this regime and the phases where the antiquarks are gapped, see
Section 2.2.2, one has to resort to a numerical analysis of the TBA equations (II.46) again:
in the case of equal fields, H1 ≡ H2, where the corresponding modes on the two levels are
degenerate it is found that the solitons ε(m)

j0
propagate with Fermi velocity vquark while the

auxiliary modes ε(m)
j2

propagate with velocity vpf (independent of j2 = 1, . . . , Nf − 1), see
Figure 14 (a).
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Figure 14: (a) Fermi velocities of solitons and su(3) parafermion modes as a function of the magnetic
field H1 ≡ H2 > M0(Z1 + Z2) for p0 = 2 + 1/3 at zero temperature. For large fields, Hm > Hm,δ,
both Fermi velocities converge to 1. (b) Same as Figure 13 (b) but for H1 ≡ H2. For fields large
compared to the soliton mass, (Z1 + Z2)H1 � M0, the entropy approaches the expected analytical
value (II.59) for a field theory with two free bosonic sectors and a su(3) parafermion sector propagating
with velocities vquark = vantiquark and vpf , respectively (full red line). For magnetic fields zH < M0
and temperature T � M0 the entropy is that of a dilute gas of non-interacting quasi-particles with
degenerate internal degree of freedom due to the su(3)Nf =2 anyons bound to the solitons.

As a consequence the contribution of the bosonic (quark/antiquark) and parafermionic
degrees of freedom to the low-temperature entropy separate into

S = π

3

(
2

vquark
+ 1
vpf

6(Nf − 1)
Nf + 3

)
T . (II.61)

In Figure 14 (b) the computed entropy (II.57) for the su(3)Nf=2 model with ν = 3 is shown
for various temperatures as a function of the fieldsH1 ≡ H2 together with the T → 0 behavior
(II.59) expected from conformal field theory.

Finally, in the regime H1 ≥ H2 &M0/(Z1 +Z2) the remaining degeneracy between the two
levels is lifted. Quarks, antiquarks, and auxiliary modes are propagating with (generically)
different Fermi velocities vquark, vantiquark, v(1)

pf , and v
(2)
pf . The resulting low-temperature
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2. Perturbed su(3)Nf WZNW model

entropy behavior is found to be

S = π

3

 1
vquark

+ 1
vantiquark

+ c1

v
(1)
pf

+ c2

v
(2)
pf

T,
c1 = 6(Nf − 1)

Nf + 3 − 2(Nf − 1)
Nf + 2 , c2 = 2(Nf − 1)

Nf + 2 ,

consistent with the conformal embedding [111]

su(3)Nf = u(1)2 + Zsu(2)Nf
+
Zsu(3)Nf
Zsu(2)Nf

.

Figure 15 shows the transition between the different regimes described above.
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Figure 15: Same as Figure 13, but for fields along the line log(Z2H2/M0) ≡ 0.4 log(Z1H1/M0)−2.58.
Transitions are observed at fields where the quarks and antiquarks condense, i.e. from the low-density
phase of non-interacting anyons into the collective state described by the su(3)Nf =2/su(2)Nf =2 coset
CFT and later into a phase whose low-energy description is in terms of the su(3)Nf =2 WZNW model.
The dashed-dotted lines indicate the corresponding central charges.

2.3. Phase diagram

The findings are summarized in a phase diagram based on the numerical analysis of the TBA
equations (II.46), see Figure 16. For sufficiently small fields there is a dilute gas of anyons
bound to the solitons in the system (regions I,II of Figure 16). By varying the magnetic
fields the condensation of anyons can be driven into various collective states described by
parafermionic cosets: the collective state describing the condensation of [1, 0] or [1, 1] su(3)Nf
anyons is identified as the Zsu(3)Nf

/Zsu(2)Nf
parafermion coset, while the condensation of a

mixture of [1, 0] and [1, 1] su(3)Nf anyons results in a Zsu(3)Nf
parafermionic theory. Other

theories describing the condensation of su(3)Nf anyons are based on conformal embeddings,
see Figure 16.
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Figure 16: Contribution of the su(3)Nf
anyons to the low-temperature properties of the model (II.35):

using the criteria described in the main text the parameter regions are identified using analytical
arguments for T → 0 (the actual location of the boundaries is based on numerical data for p0 = 2+1/3
and T = 0.05/M0). For small fields (regions I,II) a gas of non-interacting quasi-particles with the anyon
as an internal zero-energy degree of freedom bound to them is realized. Here the dashed line (H1 ≡ H2

or ε(1)
j ≡ ε

(2)
j ) indicates the crossover between regions where the quarks (region I) or antiquarks (region

II) dominate the free energy. In region III the presence of thermally activated solitons with a small
but finite density lift the degeneracy of the zero modes. The collective phases formed by condensed
solitons are labelled by the corresponding CFT’s providing the effective description of the low-energy
excitations.
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3. Perturbed so(5)Nf
WZNW model

Following the ideas of the previous section an outlook is given for studying the condensation
of so(5)Nf anyons in the framework of a perturbed so(5)Nf WZNW model. In Sec. II 3.1
the string solutions of the SO(5) Bethe equations are discussed in the thermodynamic limit.
The corresponding quasi-particles are found to carry quantum numbers in the fundamental
representations with Young diagrams [1, 0] and [1, 1], which motivates calling them [1, 0]- and
[1, 1]-solitons. By studying the thermodynamic Bethe ansatz for low-temperatures signatures
of so(5)Nf anyons bound to the [1, 0]- and [1, 1]-solitons are observed. The density of them is
varied by changing the external fields h1, h2 that couple to the currents of the Cartan subal-
gebra of so(5). The findings, including the conformal field theories describing the interacting
regimes, are summarized in a phase diagram in Sec. II 3.3.

3.1. Integrability study of perturbed so(5)Nf WZNW model

Fermionic models with SO(5) symmetry have been investigated before using electronic-ladder
models [113–116] and relativistic fermions [117]. Here an anisotropic generalization of the
model discussed in [117] is studied at finite temperature, which is described by the massive
sector of (II.5). The Hamiltonian density describing the free part can equivalently be written
in terms of left- and right-moving fermion fields:

Hfree = −i
Nf∑
j=1

5∑
α=1

(R†fα∂xRfα − L
†
fα∂xLfα) .

Following [118] the interaction part of (II.5) in the isotropic case results in a current-current
interaction. In the anisotropic case an integrable generalization of this is expected, which is
referred to as Hint. Together with the fields h1 and h2 coupling to the currents of the so(5)
Cartan-subalgebra the remaining terms of the Hamiltonian density become

Hpert. = Hint +Hfields ,

Hfields = −
2∑
i=1

hi(J i + J̄ i) ,
(II.62)

where J i and J̄ i belong to the so(5)Nf Kac-Moody currents given by

J i = R†ak(H
i
c)abRbk , Jα = R†ak(E

α)abRbk ,
J̄ i = L†ak(H

i
c)abLbk , J̄α = L†ak(E

α)abLbk ,
(II.63)

where H i
c (i = 1, 2) are the generators of the so(5) Cartan subalgebra and Eα denotes the

ladder operator for the root α in the Cartan-Weyl basis (1 ≤ a, b ≤ 5 and 1 ≤ k ≤ Nf are
the SO(5) multiplet and flavor indices, respectively). In the previous sections non-Abelian
bosonization was used to obtain the massive sector of the Hamiltonian density

H = Hfree +Hint +Hfields . (II.64)

Unfortunately, similar results are not known for Hfree with SO(5)⊗SU(Nf ) symmetry. Still
it is conjectured that the effective Hamiltonian describing the massive sector of (II.64) is the
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so(5)Nf WZNW model with a perturbation given by (II.62):

Hmassive = H[so(5)Nf ] +Hint +Hfields ,

H[so(5)Nf ] = 2π
Nf + 3

(
: J · J : + : J̄ · J̄ :

)
,

(II.65)

where J, J̄ are currents with the components given by (II.63).
The spectrum of (II.65) can be obtained using Bethe ansatz methods under the assumption

that the underlying structures coincide with those of an integrable anisotropic SO(5) magnet
with Dynkin label (Nf , 0) (cf. [118] for the isotropic case). Specifically, placing N fermions
into a box of length L with periodic boundary conditions the energy eigenvalues in a particular
sector of the Hilbert space specified by N1, N2 are

E =
N/2∑
j=1

k
(+)
j −

N/2∑
j=1

k
(−)
j +N1H1 +N2H2 −N (H1 +H2) , (II.66)

where k(±)
j are the momenta of the fermions with ± chirality. The fields H1, H2 are linear

combinations of the previous fields H1 ≡ ~α1 · ~h, H2 ≡ ~α2 · ~h, where ~α1, ~α2 are the simple
roots of so(5). The relativistic invariance of the fermion model is broken by the choice of
boundary conditions but will be restored later by considering observables in the scaling limit
L,N →∞ and g � 1 such that the mass of the elementary excitations is small compared to
the particle density N/L.
The momenta of the energy eigenvalues (II.66) are parametrized by complex parameters

λ
(m)
α with α = 1, . . . , Nm and m = 1, 2 solving the hierarchy of Bethe equations (cf. Refs.

[117, 119] for the isotropic case)

eik(τ)
j L =

N1∏
α=1

sinh( π
2p0

(λα − τ/g +Nf i))
sinh( π

2p0
(λα − τ/g −Nf i)) ,

∏
τ=±1

eNf (λ(1)
α + τ/g)N/2 =

N1∏
β 6=α

e2(λ(1)
α − λ

(1)
β )

N2∏
β=1

e−1(λ(1)
α − λ

(2)
β ) , α = 1, . . . N1 ,

N1∏
β=1

e1(λ(2)
α − λ

(1)
β ) =

N2∏
β 6=α

e1(λ(2)
α − λ

(2)
β ) , α = 1, . . . , N2 ,

(II.67)

where ek(x) = sinh
(
π

2p0
(x+ ik)

)
/ sinh

(
π

2p0
(x− ik)

)
and g, p0 are functions of the coupling

constants of Hint. Written in terms of the Bethe roots the energy eigenvalues (II.66) become

E = N
L

N1∑
α=1

∑
τ=±1

τ

2i ln

sinh( π
2p0

(λ(1)
α + τ/g −Nf i))

sinh( π
2p0

(λ(1)
α + τ/g +Nf i))

+N1H1 +N2H2 −N (H1 +H2) .

(II.68)
Based on equations (II.67), (II.68) the thermodynamics of the model can be studied pro-

vided that the solutions to the Bethe equations describing the eigenstates in the limit N →∞
are known. Here it is argued that the root configurations corresponding to the ground state
and excitations relevant for the low-temperature behavior of (II.65) can be built based on
the string hypothesis for the Uq(sl(2)) models [74], i.e. that in the thermodynamic limit the
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3.1. Integrability study of perturbed so(5)Nf WZNW model

Bethe roots λ(m)
α on both levels m = 1, 2 can be grouped into j-strings of length nj and with

parity vnj ∈ {±1}

λ
(1)n
α,j = λ(1)n

α + i (n+ 1− 2j) + p0
2 (1− v(1)

Nf
v(1)
n ), j = 1, . . . , n , (II.69)

λ
(2)n
α,j = λ(2)n

α + i

2 (n+ 1− 2j) + p0
2 (1− v(2)

2Nf v
(2)
n ), j = 1, . . . , n (II.70)

with real centers λ(m)
j,α ∈ R. The allowed lengths and parities depend on the parameter p0.

Below the discussion is further simplified by assuming that p0 = Nf + 1/ν with integer ν > 2
where only a few string configurations are relevant for the low-temperature thermodynamics

n
(1)
j2,1

= j2,1 , v
(1)
j2,1

= 1 , 1 ≤ j2,1 ≤ Nf − 1 ,

n
(2)
j2,2

= j2,2 , v
(2)
j2,2

= 1 , 1 ≤ j2,2 ≤ 2Nf − 1 ,

n
(1)
j̃0,1

= Nf (ν − 1) + 1 , v
(1)
j̃0,1

= (−1)ν , j̃0,1 = Nf ,

n
(1)
j0,1

= Nf , v
(1)
j0,1

= 1 , j0,1 = Nf + 1 ,

n
(2)
j0,2

= 2Nf , v
(2)
j0,2

= 1 , j0,2 = 2Nf + 1 ,

together with the string configuration for even ν

n
(2)
j̃0,2

= 2Nf (ν/2− 1) + 1 , v
(2)
j̃0,2

= (−1)ν/2 , j̃0,2 = 2Nf .

Within the root density approach the Bethe equations are rewritten as coupled integral
equations for the densities of these strings [107]. For vanishing external fields one finds that
the Bethe root configuration corresponding to the lowest energy state is described by finite
densities of j0,m-strings on the levels m = 1, 2. The elementary excitations above this ground
state are of three types: similar as for the discussion of the perturbed su(3)Nf WZNW model
the excitations corresponding to holes in the distributions of j0,m-strings on level m = 1, 2
are solitons. From their coupling to the fields it is found that they carry quantum numbers of
the fundamental representations of so(5) with Young diagrams [1, 0] and [1, 1], respectively.
Hence, it will be referred to solitons of the first level as [1, 0]-solitons and to solitons of the
second level as [1, 1]-solitons. The excitations corresponding to j2,m-strings are denoted by
auxiliary modes, while the contributions of breather excitations are assumed to be negligible
for low temperatures.
The densities ρ(m)

j (λ) of these excitations (and ρh(m)
j (λ) for the corresponding holes) satisfy

the integral equations

ρ
h(m)
k (λ) = ρ

(m)
0,k (λ)−

2∑
l=1

∑
j

B
(m,l)
kj ∗ ρ(l)

j m = 1, 2 , (II.71)

see Appendix D. As mentioned above relativistic invariance is restored in the scaling limit
g � 1 where the solitons are massive particles with bare densities ρ(m)

0,j0,m and bare energies
ε
(m)
0,j0,m

ρ
(m)
0,j0,m(λ) g�1=

{2
√

3M0
6 cosh(πλ/3) if m = 1 ,

2M0
6 cosh(πλ/3) if m = 2 ,

(II.72)
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Figure 17: Relationship between the weights (a) of the [1, 0] (Dynkin labels (1, 0)) and [1, 1] (Dynkin
labels (0, 1)) representation of so(5) and the charges (b) determined by (II.74) with H1 = ~α1 · ~h,
H2 = ~α2 · ~h.

ε
(m)
0,j0,m(λ) g�1=

{
2
√

3M0 cosh(πλ/3)− zH1 − zH2 if m = 1 ,
2M0 cosh(πλ/3)− z

2H1 − zH2 if m = 2 ,
(II.73)

where z = (1 + Nfν). The prefactors 2
√

3M0 and 2M0 with M0 ≡ e−π/3g are the masses
of the [1, 0]- and [1, 1]-solitons, respectively. Furthermore, the corresponding charges can be
read off from (II.73): for a general excitation with mass M and bare energy ε0(λ) its charges
(q1, q2) are defined by

ε0(λ) = M cosh
(
πλ

3

)
− z

(
ω1
ω2

)
·
(
h1
h2

)
= M cosh

(
πλ

3

)
− z

(
q1
q2

)
·
(
H1
H2

)
, (II.74)

where ω1, ω2 are the components of a weight in a so(5) representation. Consequently, [1, 0]-
solitons of type j0,1 carry the charge (q1, q2) = (1, 1), while [1, 1]-solitons of type j0,2 carry
the charge (q1, q2) = (1/2, 1). These charges correspond to the highest weight states of the
[1, 0] and [1, 1] representation of so(5). All possible charges of [1, 0]- and [1, 1]-solitons are
shown in Figure 17.
Similarly, the bare densities and energies of the j̃0,m-strings are

ρ
(m)
0,j̃0,m

(λ) g�1=
{2
√

3M0
6 cosh(πλ/3) if m = 1 ,

2M0
6 cosh(πλ/3) if m = 2 ,

(II.75)

ε
(m)
0,j̃0,m

(λ) g�1=
{

2
√

3M0 cosh(πλ/3)− zH2 if m = 1 ,
2M0 cosh(πλ/3)− z

2H1 if m = 2 .
(II.76)

The corresponding masses of these excitations coincide with the masses of the [1, 0]- and
[1, 1]-solitons, respectively. However, they couple to these modes in a different way, i.e. j̃0,1-
strings carry the charge (0, 1) and j̃0,2-strings the charge (1/2, 0). Therefore, the excitations
of type j̃0,1 and j̃0,2 are descendant states of the highest weight states in the [1, 0] and [1, 1]
representation. From now on excitations of type {j0,1, j̃0,1} are labeled as [1, 0]-solitons while
excitations of type {j0,2, j̃0,2} are labeled as [1, 1]-solitons. The masses and so(5) charges of
the auxiliary modes vanish, i.e. ρ

(m)
0,j2(λ) = 0 = ε

(m)
0,j2(λ).
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The energy density of a macro-state with densities given by (II.71) is

∆E =
2∑

m=1

∑
j

∫ ∞
−∞

dλ ε(m)
0,j (λ)ρ(m)

j (λ) . (II.77)

Furthermore, it is convenient to define the masses M (m)
k of the different solitons as

M
(m)
k ≡

{
2
√

3M0 if m = 1, k ∈ {j0,1, j̃0,1} ,
2M0 if m = 2, k ∈ {j0,2, j̃0,2}

.

3.2. Low-temperature thermodynamics

To derive the physical properties of the different quasi-particles appearing in the Bethe ansatz
solution of the model (II.65) its low-temperature thermodynamics is studied. The equilibrium
state at finite temperature is obtained by minimizing the free energy, F/N = E − TS, with
the combinatorial entropy [76]

S =
∑
j≥1

∫ +∞

−∞
dλ

[
(ρj + ρhj ) ln(ρj + ρhj )− ρj ln ρj − ρhj ln ρhj

]
. (II.78)

The resulting thermodynamic Bethe ansatz (TBA) equations read

T ln(1 + eε
(m)
k

/T ) = ε
(m)
0,k (λ) +

2∑
l=1

∑
j≥1

B
(l,m)
jk ∗ T ln(1 + e−ε

(l)
j /T ) , (II.79)

where the dressed energies ε(m)
j (λ) have been introduced through e−ε

(m)
j /T = ρ

(m)
j /ρ

h(m)
j .

For studying the properties of free and interacting solitons it is convenient to rewrite the
integral equations of the auxiliary modes: the auxiliary modes become independent of λ for
ε
(m)
j0,m

(0)/T → ∞ as well as for finite λ with ε(m)
j0,m

(0)/T → ±∞. In these cases the effective
equations describing the auxiliary modes are

ε
(1)
j2,1

=δj2,1,Nf−1T ln
(

1 + e
−ε(1)

j0,1
/T
) 1

2
+ T ln

(
1 + e

ε
(1)
j2,1−1/T

) 1
2
(

1 + e
ε
(1)
j2,1+1/T

) 1
2

− T ln
(

1 + e
−ε(2)

2j2,1−1/T
) 1

2
(

1 + e
−ε(2)

2j2,1
/T
)(

1 + e
−ε(2)

2j2,1+1/T
) 1

2
,

ε
(2)
j2,2

=δj2,2,2Nf−1T ln
(

1 + e
−ε(2)

j0,2
/T
) 1

2
+ T ln

(
1 + e

ε
(2)
j2,2−1/T

) 1
2
(

1 + e
ε
(2)
j2,2+1/T

) 1
2

− T ln
(

1 + e
−ε(1)

j2,2/2
/T
) 1

2

,

(II.80)

where ε(1)
0 = ε

(2)
0 = −∞ and ε

(1)
j2,2/2 = ∞ for odd j2,2. In terms of the dressed energies the

free energy per particle is

F

N
= −T

2∑
m=1

∑
j /∈{j2,m}

∫ ∞
−∞

dλ ρ(m)
0,j (λ) ln(1 + e−ε

(m)
j (λ)/T )

g�1= −T6

2∑
m=1

∑
j /∈{j2,m}

M
(m)
j

∫ ∞
−∞

dλ cosh(πλ/3) ln(1 + e−ε
(m)
j (λ)/T ) .

(II.81)
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3. Perturbed so(5)Nf WZNW model

Solving the equations (II.79) the spectrum of the model (II.65) for a given temperature T
and fields H1, H2 is obtained. From the expressions (II.73) and (II.76) for the bare energies
of the elementary excitations the qualitative behavior of these modes at low temperatures can
be deduced: as long as zH2 < min

(
2
√

3M0 − zH1, 2M0 − zH1/2
)
solitons remain gapped.

By increasing the field H1 (above zH1 ≥ 2
√

3M0 − zH2) for sufficiently small H2 (zH2 <
(4− 2

√
3)M0) the gap of the [1, 0]-solitons closes and they condense into a phase with finite

density. The gap of the [1, 1]-solitons, on the other hand, remains open until zH1 �M0, see
Figure 18 (a) for the T = 0 spectrum with H2 ≡ 0.

Similarly, for sufficiently small H1 (zH1 < 4(
√

3 − 1)M0) increasing the field H2 (above
zH2 ≥ 2M0 − zH1/2) closes the gap of the [1, 1]-solitons, while the gap of the [1, 0]-solitons
remains open until zH2 � M0, see Figure 18 (b) for the T = 0 spectrum with H1 ≡ 0.
Figure 19 shows the case, where the gap of [1, 0]- and [1, 1]-solitons closes simultaneously.
Notice that the string hypothesis (II.69) does not capture all solitons of the [1, 0] and [1, 1]

multiplet that may occur. However, from their coupling to the field the energy gaps of all
[1, 0]- and [1, 1]-solitons can be predicted in the non-interacting regime, see Figures 18,19.
Below the temperature is chosen sufficiently small such that only the solitons corresponding
to the highest weight states of the [1, 0] and [1, 1] multiplet, i.e. excitations of type j0,m,
contribute to the thermodynamics.
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Figure 18: The zero temperature spectrum of elementary excitations (and Fermi energy of solitons
in the condensed phase) ε(m)

j (0) obtained from the numerical solution of (II.79) for p0 = 2 + 1/3 as
a function of the field H1 with fixed H2 = 0 (a) or as a function of H2 with H1 = 0 (b). Once the
gap of [1, 0]-solitons in (a) or [1, 1]-solitons in (b) closes the system forms a collective state of these
objects. In this phase the degeneracy of the auxiliary modes is lifted. In the limit zH1 �M0 the gap
of [1, 1]-solitons (with charges (1/2, 1) and (1/2, 0)) closes as well in (a). Similarly, for zH2 �M0 the
gap of [1, 0]-solitons (with charges (1/2, 1) and (1/2, 0)) closes in (b).

3.2.1. Non-interacting solitons

For fields zH2 < min
(
2
√

3M0 − zH1, 2M0 − zH1/2
)

temperatures below the gaps of the
solitons are considered, i.e. T � min

(
ε
(1)
0,j0,1(0), ε(2)

0,j0,2(0)
)
. Analogously to [39, 52, 53] the

nonlinear integral equations (II.79) can be solved iteratively in this regime: the energies ε(m)
k

of solitons are well described by their first order approximation while those of the auxiliary
modes can be replaced by the asymptotic solution for |λ| → ∞, see Table 2 for 2 ≤ Nf ≤ 5.
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Figure 19: The zero temperature spectrum of excitations (and Fermi energy of [1, 0]- and [1, 1]-
solitons for zH1 >

(
4
√

3− 4
)
M0 ≈ 2.93M0, respectively) ε(m)

j (0) obtained from the numerical solution
of (II.79) as a function of the field H1 for p0 = 2 + 1/3 and fixed zH2/M0 = −0.06 + 0.21zH1/M0.
For zH1 =

(
4
√

3− 4
)
M0 the gaps of the [1, 0]- and [1, 1]-solitons (ε(m)

j0,m
(0)) close and the degeneracy

of the auxiliary modes is lifted.

Nf

{
exp

(
−ε(1)

j2,1
/T
)}Nf−1

j2,1=1

{
exp

(
−ε(2)

j2,2
/T
)}2Nf−1

j2,2=1

2 3 2
3 ,

4
5 ,

2
3

3
√

3,
√

3 1√
3 ,

1
2 ,

1
3 ,

1
2 ,

1√
3

4 1.34601, 0.91557, 1.34601 0.53679, 0.40477, 0.24991, 0.27673, 0.24991,

0.40477, 0.53679

5 1.16591, 0.66818, 0.66818, 1.16591 0.51415, 0.35935, 0.21297, 0.20711, 0.17157,

0.20711, 0.21297, 0.35935, 0.51415

Table 2: Asymptotic solution (|λ| → ∞) of auxiliary modes (ε(m)
j2,m

/T ≡ ε
(m)
j2,m

(λ → ∞)/T ) for 2 ≤
Nf ≤ 5 derived numerically from the equations II.80 with ε(m)

j0,m
/T =∞.

For the other modes
ε
(m)
j (λ) = ε

(m)
0,j (λ)− T lnQ(m)

j

is obtained for m = 1, j ∈ {j0,1, j̃0,1} and m = 2, j ∈ {j0,2, j̃0,2} resulting in the free energy

F

N
= −

2∑
m=1

∑
j /∈{j2,m}

TQ
(m)
j

∫ dp
2πe

−ε(m)
0,j (0)/T−p2/2M(m)

j T , (II.82)

where Q(m)
k (k 6= j2,m) depends on the asymptotic solution of the auxiliary modes

Q
(m)
k =

2∏
i=1

∏
j2,i

(
1 + e

−ε(i)j2,i/T
)−B(i,m)

j2,mk
(0)

. (II.83)
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See Table 3 for explicit values of Q(m)
k for 2 ≤ Nf ≤ 5.

Nf Q(1) Q(2)

2 2
√

5

3 1 +
√

3 1 +
√

3

4 2 + sin
(

3π
14

)
1

2 sin( 3π
14 )−1

5 1 +
√

4 + 2
√

2
√

2 +
√

2 +
√

2

Table 3: Internal degrees of freedom of [1, 0]-solitons (Q(1) ≡ Q(1)
j0,1

) and [1, 1]-solitons (Q(2) ≡ Q(2)
j0,2

)
derived from (II.83) using the asymptotic solutions of the auxiliary modes (see Table 2).

Following [39, 52] each of the terms appearing in II.82 is the free energy of an ideal gas of
particles with the corresponding mass carrying an internal degree of freedom with possibly
non-integer quantum dimension Q(m)

k for the solitons. It is found that solitons of the same
multiplet carry the same quantum dimension, i.e. Q(m) ≡ Q

(m)
j0,m

= Q
(m)
j̃0,m

. The densities of
the solitons

n
(m)
j = Q(m)

√√√√M
(m)
j T

2π e−ε
(m)
0,j (0)/T , (II.84)

derived from the free energy (II.82) for j ∈ {j0,m, j̃0,m}, can be controlled by variation of the
temperature and the fields.
In order to identify the quantum dimensions Q(m)

k with the quantum dimensions of so(5)Nf
anyons the topological charges are written in terms of Young diagrams: given the so(5)
Cartan-Matrix

Aij =
(

2 −2
−1 2

)
and the condition (I.56) it can be shown that irreducible representations of the affine Lie
algebra so(5)Nf , and therefore also the topological charges, can be labeled by Dynkin labels
m1, m2 satisfying

m1 +m2 ≤ Nf .

In terms of Young diagrams this results in the following allowed set of topological charges for
Nf = 2

labels = {[0, 0], [1, 1], [1, 0], [2, 1], [2, 0], [2, 2]} .

The corresponding fusion rules can be found in [120] using the identification

ψ1 = [0, 0], ψ2 = [1, 1], ψ3 = [1, 0], ψ4 = [2, 1], ψ5 = [2, 0], ψ = [2, 2] .

Notice that these fusion rules are consistent with the tensor product reductions of so(5)
irreducible representations with reasonable modifications due to the level Nf = 2 8. The

8An elegant graphical method for deriving tensor product reductions for Lie algebras with rank r ≤ 2 can
be found in [121].
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3.2. Low-temperature thermodynamics

quantum dimensions extracted from the fusion rules for Nf = 2 are given by

d([0, 0]) = d([2, 2]) = 1, d([1, 1]) = d([2, 0]) = 2, d([1, 0]) = d([2, 1]) =
√

5 .

Therefore, the appearance of the internal degrees of freedom, Q(1) andQ(2), can be interpreted
as [1, 1] or [2, 0] anyons being bound to the [1, 0]-solitons and [1, 0] or [2, 1] anyons being bound
to the [1, 1]-solitons.

For Nf > 2 this identification cannot be done, since the fusion rules and quantum dimen-
sions of so(5)Nf>2 anyons have not yet been derived. However, following the results from
the perturbed su(3)Nf WZNW model it is conjectured that the internal degrees of freedom,
Q(1) and Q(2), coincide with the quantum dimensions of [1, 1] and [1, 0] anyons for arbitrary
Nf ≥ 2, respectively.
The densities of [1, 1] and [1, 0] anyons appearing in the one-dimensional model are deter-

mined by the densities of the corresponding solitons (II.84). For fields satisfying

zH1 > (4
√

3− 4)M0 − 2T log
(

31/4Q
(1)

Q(2)

)
the dominant contribution to F is that of the [1, 0]-solitons with [1, 1] anyons being bound to
them. In the remaining region of non-interacting solitons the [1, 1]-solitons with [1, 0] anyons
bound to them are the dominant excitations.

3.2.2. Condensate of [1, 0]-solitons

For fields zH2 < (4 − 2
√

3)M0, zH1 > 2
√

3M0 − zH2 and temperatures T � zH1 + zH2 −
2
√

3M0 the [1, 0]-solitons (of type j0,1) form a condensate, while the contribution to the free
energy of the other quasi-particles can be neglected. Following [71] we observe that the
dressed energies and densities can be related as

ρ
(m)
j (λ) = (−1)δj∈{j2,m} 1

2π
dε(m)
j (λ)
dλ f

ε(m)
j (λ)
T

 ,
ρ
h(m)
j (λ) = (−1)δj∈{j2,m} 1

2π
dε(m)
j (λ)
dλ

1− f

ε(m)
j (λ)
T

 ,

(II.85)

for λ > λδ with exp(πλδ/3) � 1, where f(ε) = (1 + eε)−1 is the Fermi function. Inserting
this into (II.78) we get (φ(m)

j = ε
(m)
j /T )

S =− T

π

∑
m,j

(−1)δj∈{j2,m}
∫ φ

(m)
j (∞)

φ
(m)
j (λδ)

dφ(m)
j

[
f(φ(m)

j ) ln f(φ(m)
j ) + (1− f(φ(m)

j )) ln(1− f(φ(m)
j ))

]
+
∑
m,j

S(m)
j (λδ) ,

S(m)
j (λδ) ≡

∫ λδ

−λδ
dλ

[
(ρ(m)
j + ρ

h(m)
j ) ln(ρ(m)

j + ρ
h(m)
j )− ρ(m)

j ln ρ(m)
j − ρh(m)

j ln ρh(m)
j

]
.

(II.86)
The integrals over φ(m)

j can be performed giving

S =
∑
m,j

S(m)
j (λδ)−

2T
π

∑
m,j

(−1)δj∈{j2,m} [L(f(φ(m)
j (∞))− L(f(φ(m)

j (λδ)))] (II.87)
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in terms of the Rogers dilogarithm L(x)

L(x) = −1
2

∫ x

0
dy
( ln y

1− y + ln(1− y)
y

)
.

For large fields zH1 � 2
√

3M0 − zH2 log((zH1 + zH2)/2
√

3M0) > λδ � 1 holds, which
implies using (II.79), (II.80)

f(φ(m)
j0,m

(λδ)) =
{

1 m = 1 ,
0 m = 2

, f(φ(m)
j0,m

(∞)) = 0 ,

f(φ(m)
j̃0,m

(λδ)) = 0 , f(φ(m)
j̃0,m

(∞)) = 0 ,

f(φ(m)
j2,m

(λδ)) =


0 m = 1 sin

(
π

2Nf+2

)
sin
(
π(j2,2+1)

2Nf+2

)2

m = 2
.

(II.88)

For the remaining term, f(φ(m)
j2,m

(∞)), an analytical expression is not known. However, it
can be computed numerically using the results for the asymptotic behavior of the auxiliary
modes from Table 2. From (II.88) one can further conclude that the densities for |λ| < λδ
are given by

ρ
h(1)
j0,1

(λ) = ρ
(2)
j0,2

(λ) = ρ
(m)
j̃0,m

(λ) = ρ
(1)
j2,1

= 0, ρ
(2)
j2,2

(λ) = e
−ε(2)

j2,2
/T
ρ
h(2)
j2,2

(λ) ,

where e−ε
(2)
j2,2

/T = const. for |λ| < λδ. Since the integral equations (II.71) for ρh(2)
j2,2

simplify in
this regime to

ρ
h(2)
j2,2

= −
∑
k2,2

B
(2,2)
j2,2k2,2

∗ e−ε
(2)
k2,2

/T
ρ
h(2)
k2,2

for |λ| < λδ,

one can conclude that ρh(2)
j2,2
→ 0, ρ(2)

j2,2
→ 0 such that ρ(2)

j2,2
/ρ

h(2)
j2,2

= e
−ε(2)

j2,2
/T = const. Conse-

quently, S(m)
j (λδ) = 0 for all j,m is obtained. Using L(1) = π2/6 and the Rogers dilogarithm

identity (II.30) it is found that

∑
j2,2

L
(
f(φ(2)

j2,2
(λδ))

)
= π2

6

(
3Nf

Nf + 1 − 1
)
.

In general Rogers dilogarithm identities giving the relationship between Lie algebras and
central charges of parafermion conformal field theories have only been proven for the simply
laced case [122]. However, for the non-simply laced Lie algebra so(5) similar relations can be
verified numerically

2∑
m=1

∑
j2,m

L
(
f(φ(m)

j2,m
(∞))

)
= π2

6

(
10Nf

Nf + 3 − 2
)
. (II.89)

Hence, the following low-temperature behavior of the entropy

S = π

3

(
10Nf

Nf + 3 −
3Nf

Nf + 1

)
T (II.90)
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is obtained, which is consistent with a conformal field theory describing the collective modes
given by the coset so(5)Nf /so(3)Nf with central charge

c = 10Nf

Nf + 3 −
3Nf

Nf + 1 .

Using the conformal embedding

so(5)Nf
so(3)Nf

= u(1) +
Zso(5)Nf
Zso(3)Nf

, (II.91)

where Zso(2p+1)Nf
= so(2p+ 1)Nf /u(1)p denotes generalized parafermions [54], the collective

modes can equivalently be described by a product of a free u(1) boson and a parafermion
coset Zso(5)Nf

/Zso(3)Nf
contributing c = 1 and

c = 8Nf − 6
Nf + 3 −

2Nf − 1
Nf + 1 .

Notice that for Nf = 2 the central charge of the coset Zso(5)Nf
/Zso(3)Nf

is c = 1, which is
consistent with the results for interacting chains of [1, 1] so(5)Nf anyons [120].

Following [52] the entropy S = − d
dT

F
N is computed numerically to study the transition

from free anyons to a condensate of anyons. In the region 2
√

3M0 − zH2 . zH1 the entropy
deviates from the asymptotic expression (II.90): in this range of H1 the auxiliary modes
of the first level propagate with a velocity (independent of j2,1) differing from that of the
[1, 0]-solitons, v[1,0], namely

v[1,0] =
∂λε

(1)
j0,1

(λ)

2πρ(1)
j0,1

(λ)

∣∣∣∣∣∣
Λ1

, v
(1)
pf = −

∂λε
(1)
j2,1

(λ)

2πρh(1)
j2,1

(λ)

∣∣∣∣∣∣
λ→∞

,

where Λ1 denotes the Fermi point of [1, 0]-solitons defined by ε
(1)
j0,1

(±Λ1) = 0. Also notice
that Fermi velocities of the second level do not exist in this regime. As a consequence the
bosonic (spinon) and parafermionic degrees of freedom in the first level separate and the
low-temperature entropy is

S = π

3

 1
v[1,0]

+ 1
v

(1)
pf

(
8Nf − 6
Nf + 3 −

2Nf − 1
Nf + 1

)T . (II.92)

This behavior can be explained by the conformal embedding (II.91). Note that both Fermi
velocities depend on the field H1 and approach 1 as H1 & H1,δ such that Λ1(H1,δ) > λδ,
see Figure 20 (a), giving the entropy (II.90) of the coset so(5)Nf /so(3)Nf . In Figure 20 the
computed entropy is shown for T = 0.02M0 as a function of the field H1 together with the
T → 0 behavior (II.92) expected from conformal field theory.9

9Actually, this behavior can only be seen for temperatures T < 0.02M0, which was not accessible by available
numerical methods. To overcome this problem the entropy for T = 0.02M0 was computed, while already
neglecting the contribution of ε(2)

j0,2
in the integral equations (II.79).
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Figure 20: (a) Fermi velocities of the [1, 0]-solitons and first level parafermion modes as a function of
the field zH1/M0 for p0 = 2+1/3, H2 ≡ 0 at zero temperature. For large field, H1 > H1,δ, both Fermi
velocities approach 1 leading to the asymptotic result for the low-temperature entropy (II.90). (b)
Entropy obtained from numerical solution of the TBA equations (II.79) for p0 = 2 + 1/3 and H2 ≡ 0
as a function of the field zH1/M0 for T = 0.02M0. For fields large compared to the [1, 0]-soliton mass,
zH1 � 2

√
3M0, the entropy approaches the expected analytical value (II.90) for a field theory with a

free bosonic sector and a Zso(5)Nf
/Zso(3)Nf

parafermion sector propagating with velocities v[1,0] and
v

(1)
pf , respectively (full red line). For magnetic fields zH1 < 2

√
3M0 and temperature T � 2

√
3M0

the entropy is that of a dilute gas of non-interacting quasi-particles with degenerate internal degree
of freedom due to the anyons.

3.2.3. Condensate of [1, 1]-solitons

For fields zH1 < (4
√

3−4)M0, zH2 > 2M0−zH1/2 and temperatures T � zH1/2+zH2−2M0
the [1, 1]-solitons (of type j0,2) form a condensate, while the contribution to the free energy
of the other quasi-particles can be neglected. For large fields zH2 � 2M0 − zH1/2 � zH2
log((zH1/2 + zH2)/2M0)) > λδ � 1 holds, which implies using (II.79)

f(φ(m)
j0,m

(λδ)) =
{

0 m = 1 ,
1 m = 2

, f(φ(m)
j0,m

(∞)) = 0 ,

f(φ(m)
j̃0,m

(λδ)) = 0 , f(φ(m)
j̃0,m

(∞)) = 0 ,

f(φ(m)
j2,m

(λδ)) =


 sin

(
π

Nf+2

)
sin
(
π(j2,1+1)
Nf+2

)2

m = 1

0 m = 2

(II.93)

together with the numerical expressions for f(φ(m)
j2,m

(∞)) using the asymptotic behavior of the
auxiliary modes from Table 2. The densities for |λ| < λδ following from (II.93) are

ρ
h(2)
j0,2

(λ) = ρ
(1)
j0,1

(λ) = ρ
(m)
j̃0,m

(λ) = ρ
(2)
j2,2

= 0, ρ
(1)
j2,1

(λ) = e
−ε(1)

j2,1
/T
ρ
h(1)
j2,1

(λ) ,

where e−ε
(1)
j2,1

/T = const. for |λ| < λδ. Since the integral equations (II.71) for ρh(1)
j2,1

simplify in
this regime to

ρ
h(1)
j2,1

= −
∑
k2,1

B
(1,1)
j2,1k2,1

∗ e−ε
(1)
k2,1

/T
ρ
h(1)
k2,1

for |λ| < λδ,
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one can conclude that ρh(1)
j2,1
→ 0, ρ(1)

j2,1
→ 0 such that ρ(1)

j2,1
/ρ

h(1)
j2,1

= e
−ε(1)

j2,1
/T = const. Conse-

quently, S(m)
j (λδ) = 0 for all j,m is obtained. Using L(1) = π2/6 and the Rogers dilogarithm

identity (II.30) the relation for Zsu(2)Nf
parafermions is found:

∑
j2,1

L
(
f(φ(1)

j2,1
(λδ))

)
= π2

6

(
3Nf

Nf + 2 − 1
)

Hence, the following low-temperature behavior of the entropy is obtained using (II.89)

S = π

3

(
10Nf

Nf + 3 −
3Nf

Nf + 2

)
T, (II.94)

which is consistent with a conformal field theory describing the collective modes given by the
coset so(5)Nf /su(2)Nf with central charge

c = 10Nf

Nf + 3 −
3Nf

Nf + 2 .

Using the conformal embedding

so(5)Nf
su(2)Nf

= u(1) +
Zso(5)Nf
Zsu(2)Nf

,

where Zsu(N)Nf
= su(N)Nf /u(1)N denotes generalized su(N)Nf parafermions [54], the collec-

tive modes can equivalently be described by a product of a free u(1) boson and a parafermion
coset Zso(5)Nf

/Zsu(2)Nf
contributing c = 1 and

c = 8Nf − 6
Nf + 3 −

2(Nf − 1)
Nf + 2 .

Notice that for Nf = 2 the central charge of the coset Zso(5)Nf
/Zsu(2)Nf

is c = 3/2, which is
consistent with the results for interacting chains of [1, 0] so(5)Nf anyons [55].

Analogously to the regime discussed in 3.2.2, the entropy deviates from the asymptotic
expression in the region 2M0 − zH1 . zH2, since the auxiliary modes of the second level
propagate with a velocity differing from that of the [1, 1]-solitons, v[1,1], namely

v[1,1] =
∂λε

(2)
j0,2

(λ)

2πρ(2)
j0,2

(λ)

∣∣∣∣∣∣
Λ2

, v
(2)
pf = −

∂λε
(2)
j2,2

(λ)

2πρh(2)
j2,2

(λ)

∣∣∣∣∣∣
λ→∞

,

where Λ2 denotes the Fermi point of [1, 1]-solitons defined by ε
(2)
j0,2

(±Λ2) = 0. Also notice
that Fermi velocities of the first level do not exist in this regime. As a consequence the
bosonic (spinon) and parafermionic degrees of freedom in the first level separate and the
low-temperature entropy is

S = π

3

 1
v[1,1]

+ 1
v

(2)
pf

(
8Nf − 6
Nf + 3 −

2(Nf − 1)
Nf + 2

)T . (II.95)

Figure 21 (a) shows how both Fermi velocities depend on the field H2 and approach 1 as
H2 ≥ H2,δ such that Λ2(H2,δ) > λδ. In Figure 21 (b) the computed entropy is shown as
a function of the field H2 together with the T → 0 behavior expected from conformal field
theory.
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Figure 21: (a) Fermi velocities of the [1, 1]-solitons and second level parafermion modes as a function
of the field zH2/M0 for p0 = 2 + 1/3, H1 ≡ 0 at zero temperature. For large fields, H2 > H2,δ,
both Fermi velocities approach 1 leading to the asymptotic result for the low-temperature entropy
(II.94). (b) Entropy obtained from numerical solution of the TBA equations (II.79) for p0 = 2 + 1/3
and H1 ≡ 0 as a function of the field zH2/M0 for T = 0.02M0. For fields large compared to the
[1, 1]-soliton mass, zH2 � 2M0, the entropy approaches the expected analytical value (II.94) for a
field theory with a free bosonic sector and a Zso(5)Nf

/Zsu(2)Nf
parafermion sector propagating with

velocities v[1,1] and v(2)
pf , respectively (full red line). For magnetic fields zH2 < 2M0 and temperature

T � 2M0 the entropy is that of a dilute gas of non-interacting quasi-particles with degenerate internal
degree of freedom due to the anyons.

3.2.4. Condensate of [1, 0]- and [1, 1]-solitons

For fields H1, H2 satisfying zH2 > max(2
√

3M0 − zH1, 2M0 − zH1/2) and temperatures
T � −min

(
ε
(1)
0,j0,1(0), ε(2)

0,j0,2(0)
)
the [1, 0]- and [1, 1]-solitons condense. This results in non-

zero Fermi velocities v[1,0], v[1,1], v
(m)
pf (m = 1, 2) for the solitons and the auxiliary modes.

For large fields zH1 �M0, zH2 �M0 the following relations are found using (II.79)

f(φ(m)
j0,m

(λδ)) = 1, f(φ(m)
j0,m

(∞)) = 0,

f(φ(m)
j̃0,m

(λδ)) = 0, f(φ(m)
j̃0,m

(∞)) = 0,

f(φ(m)
j2,m

(λδ)) = 0

and therefore
ρ
h(m)
j0,m

(λ) = ρ
(m)
j1,m

(λ) = ρ
(m)
j2,m

= 0, for |λ| < λδ ,

giving S(m)
j (λδ) = 0 for all j,m. Using the relation (II.89) the low-temperature behavior of

the entropy becomes

S = π

3
10Nf

Nf + 3T (II.96)

in the phase with finite [1, 0]- and [1, 1]-soliton density. The low-energy excitations near
the Fermi points ε(m)

j0,m
(±Λm) = 0 of the soliton dispersion propagate with velocity v[1,0] =

v[1,1] → 1 for fields Hm > Hm,δ such that Λm(Hm,δ) > λδ. Hence, the conformal field theory
describing the collective low-energy modes is the so(5) WZNW model at level Nf or, by
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conformal embedding [54], a product of two free u(1) bosons and a so(5) parafermionic coset
so(5)Nf /u(1)2 contributing c = 2 and

c = 10Nf

Nf + 3 − 2 = 8Nf − 6
Nf + 3 (II.97)

to the central charge, respectively.
For fields H1, H2 such that v[1,0] = v[1,1] < 1 and v(1)

pf = v
(2)
pf < 1 the degeneracy between

the solitons and the parafermions is lifted resulting in the low-temperature behavior of the
entropy given by

S = π

3

 2
v[1,0]

+ 1
v

(m)
pf

8Nf − 6
Nf + 3

T .
Additionally, the fields can be chosen such that the remaining degeneracies are lifted, i.e. v[1,0] <

v[1,1] and v
(1)
pf < v

(2)
pf . In this case the entropy becomes

S = π

3

 1
v[1,0]

+ 1
v

(1)
pf

2(Nf − 1)
Nf + 2 + 1

v[1,1]
+ 1
v

(2)
pf

(
8Nf − 6
Nf + 3 −

2(Nf − 1)
Nf + 2

)T ,
which is consistent with the conformal embedding

so(5)Nf = u(1) + Zsu(2)Nf
+ u(1) +

Zso(5)Nf
Zsu(2)Nf

,

see Figure 22 (a) for the Fermi velocities and Figure 22 (b) for the entropy in this regime.
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Figure 22: (a) Fermi velocities as a function of the field zH1/M0 for p0 = 2+1/3, zH2 = −0.06M0 +
0.21zH1 at zero temperature. For large fields, H1 > H1,δ, all Fermi velocities approach 1 leading to
the asymptotic result for the low-temperature entropy (II.96). (b) Entropy obtained from numerical
solution of the TBA equations (II.79) as a function of the field zH2/M0 for p0 = 2 + 1/3, fixed
zH2 = −0.06M0 + 0.21zH1 and different temperatures. For fields large compared to the kink mass,
zH1 �M0, the entropy approaches the expected analytical value (II.96) (full red line). For magnetic
fields zH1 < 2(M (1)

j0,1
−M (2)

j0,2
) and temperature T � M0 the entropy is that of a dilute gas of non-

interacting quasi-particles with degenerate internal degree of freedom due to the anyons.
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At last, for Fermi velocities v[1,1] < v[1,0] and v
(2)
pf < v

(1)
pf the entropy results in

S = π

3

 1
v[1,1]

+ 1
v

(2)
pf

2Nf − 1
Nf + 1 + 1

v[1,0]
+ 1
v

(1)
pf

(
8Nf − 6
Nf + 3 −

2Nf − 1
Nf + 1

)T ,
which is consistent with the conformal embedding

so(5)Nf = u(1) + Zso(3)Nf
+ u(1) +

Zso(5)Nf
Zso(3)Nf

.
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Figure 23: Contribution of the so(5)Nf
anyons to the low-temperature properties of the model (II.65):

using the criteria described in the main text the parameter regions are identified using analytical
arguments for T → 0 (the actual location of the boundaries is based on numerical data for p0 = 2+1/3
and T = 0.035M0). For small fields (regions Q(1), Q(2)) a gas of non-interacting quasi-particles which
have anyons with quantum dimension Q(1) or Q(2) as an internal zero-energy degree of freedom bound
to them is realized. In the shaded region the presence of thermally activated solitons with a small
but finite density lifts the degeneracy of the zero modes. All the other phases are labelled by the
corresponding CFT describing it.
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3.3. Phase diagram

The findings are summarized in a phase diagram based on the numerical analysis of the
TBA equations (II.79), see Figure 23. For sufficiently small fields a dilute gas of anyons
with quantum dimension Q(1) or Q(2) is dominating the contribution to the free energy. By
varying the magnetic fields the condensation of anyons can be driven into various collective
states described by parafermionic cosets: the collective state describing the condensation
of [1, 1] so(5)Nf anyons is identified as the Zso(5)Nf

/Zso(3)Nf
parafermion coset, while the

condensation of [1, 0] so(5)Nf anyons results in the Zso(5)Nf
/Zsu(2)Nf

parafermionic theory.
Moreover, the condensation of a mixture of [1, 0] and [1, 1] anyons is studied resulting in
the Zso(5)Nf

parafermion theory describing the collective state. Other theories describing the
condensation of so(5)Nf anyons are based on conformal embeddings, see Figure 23.
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Conclusion
Zero-energy modes with non-Abelian statistics are the fundamental objects needed to be
realized and controlled in a laboratory to implement decoherence-free quantum computing.
While the emergence of Z2 parafermionic zero-energy modes (also called Majorana anyons)
has possibly been observed in experiments [30–32, 40, 41], Zn>2 parafermionic zero-energy
modes, that are universal for quantum computing, are still limited to theoretical studies. To
demonstrate that Zn>2 parafermions also emerge on the boundary between ground states of
different topology, Tsvelik studied an integrable perturbed su(2)Nf WZNW model based on
fermions with spin and orbital degrees of freedom [39]. A striking feature of this model is
that the density of anyon zero-energy modes, that are located on solitons, can be varied con-
tinuously to study the transition from free to interacting anyons. Prior to this, interactions
between anyons were investigated using lattices of anyons with effective short-range interac-
tions based on their fusion rules [20–24]. However, changing the density or average distance
between the anyons using a control parameter was not possible in this approach. Therefore,
perturbed WZNW models in general are useful candidates to obtain a better understanding
of interactions between anyons, which not only limit the working of topological quantum
computing but also may be useful for stabilizing quantum memories [15–17].

In this thesis Tsvelik’s research of the perturbed su(2)Nf WZNW model was extended and
generalized to the SU(3) and SO(5) symmetry groups, while focusing on studying the tran-
sition from free to interacting anyons. On that account the TBA equations of the perturbed
su(2)Nf WZNW model were derived and the low-temperature anyonic modes with respect to
the magnetic field were identified. For magnetic fields below the energy scale of the solitonic
‘kink’ gap also bound states, called breathers, contribute to the free energy. Their degen-
eracy was found to coincide with the quantum dimension of two spin-1/2 su(2)Nf anyons.
For larger magnetic fields the kink gap closes and interactions from the spin-1/2 su(2)Nf
anyons, that are bound to the kinks, lift the degeneracy. It was found by Tsvelik [39] that
the TBA equations in this regime resemble those of critical RSOS models, which describe a
ZNf parafermion CFT in the low-energy limit. To further understand this relationship the
TBA equations for magnetic fields zH > M0 were studied: in this regime the excitations
become massless resulting in an effective field theory of a free boson describing the kinks
and a ZNf parafermion CFT describing the collective state of the anyons with ferromagnetic
pair interaction. The transition from free anyons to a condensate of anyons forming a col-
lective state is clearly visible in the behavior of the entropy with respect to the magnetic
field, that was computed numerically. At the point, where interactions become significant
stronger magnetic fields only increase the Fermi velocities of the kinks and parafermions,
which degenerate in the limit zH � M0. The resulting central charge in this regime coin-
cides with that of the su(2)Nf WZNW model. To summarize the anyonic modes contributing
to the low-temperature phases of the perturbed su(2)Nf WZNW model a phase diagram was
proposed, see Sec. II 1.4.

To generalize Tsvelik’s approach to other symmetry groups we started with a fermionic
model with color SU(3) and flavor SU(Nf ) degrees of freedom. In the low-temperature limit
non-Abelian bosonization is used to obtain the perturbed su(3)Nf WZNW model describing
the non-Abelian fractional degrees of freedom of the fermionic model. Similar to the SU(2)
case the thermodynamic Bethe ansatz is used to study the emergence and condensation of



Conclusion

su(3)Nf anyons in the perturbed su(3)Nf WZNW model. Using the string hypothesis the
low-energy excitations were identified as quark and antiquark solitons with [1, 0] and [1, 1]
su(3)Nf anyons beeing bound to them.
In the non-interacting regime external fields can be used to transition continuously between

the phase dominated by free anyons of type [1, 0] and [1, 1]. Breather excitations also appear
as bound states of quarks and antiquarks, however, their contribution to the low-temperature
phases can be neglected for sufficiently small temperatures.
Another feature of the perturbed su(3)Nf WZNW model is that anyon condensation of

[1, 0] anyons, [1, 1] anyons as well as of a mixture of [1, 0], [1, 1] anyons can be studied. The
[1, 0] anyons or [1, 1] anyons form a condensate as soon as the gap of quarks or antiquarks is
closed, respectively. In both cases the excitations become massless resulting in an effective
field theory of a free boson describing the quarks or antiquarks and a parafermion coset
Zsu(3)Nf

/Zsu(2)Nf
describing the collective state of [1, 0] or [1, 1] anyons. For sufficiently large

fields the Fermi velocities of both sectors degenerate and the resulting central charge coincides
with that of the su(3)Nf /su(2)Nf coset of WZNW models.
For equal fields H1 ≡ H2 there is an equal density of quarks and antiquarks in the system.

The effective field theory specifying the massless phase of this mixture involves a product of
two free bosons describing the quarks and antiquarks and a Zsu(3)Nf

parafermion conformal
field theory describing the collective state of the anyons. Again the Fermi velocities degenerate
for sufficiently large fields and the resulting central charge coincides with that of the su(3)Nf
WZNW model.
The identification of the conformal field theories describing the interacting anyons is, how-

ever, not sufficient to determine the underlying interaction type of the anyons based on its
fusion rules. One possibility to answer this question would be to directly rewrite the Hamil-
tonian of the corresponding RSOS model [123] such that the energetically favored fusion
outcome of two neighboring anyons becomes apparent. With respect to the quantum Hall ef-
fect the identification of the conformal field theories describing the interacting su(3)Nf anyons
may be important to further understand the condensation of su(3)2 anyons at the boundary
of the quantum Hall liquid with filling factor ν = 4/7 [34].

At last, relativistic fermions with SO(5) and SU(Nf ) symmetry were studied. As before
it is argued that in the low-temperature limit the massive sector of this model results in a
perturbed so(5)Nf WZNW model. The analysis of this model is mathematically similar to
the analysis of the perturbed su(3)Nf WZNW model since both so(5) and su(3) Lie algebras
have rank two. However, the effect of low-energy excitations that are not governed by the
string hypothesis is less clear. Still by studying the spectrum of solitons with charges corre-
sponding to the fundamental so(5) multiplets with [1, 0] and [1, 1] Young diagrams, evidence
was given that the low-energy behavior of the model is governed by a few string solutions.
The corresponding low-energy excitations are in agreement with the highest weight states of
the so(5) multiplets with Young diagrams [1, 0] and [1, 1], while their degeneracy for Nf = 2
coincides with the quantum dimension of [1, 1] and [1, 0] so(5)2 anyons, respectively. For
Nf > 2 this identification cannot be done, since the fusion rules and therefore also the
quantum dimensions of so(5)Nf anyons have not been classified so far.

By studying the condensation of [1, 0]-solitonic excitations it was found that the result-
ing effective field theory involves a free boson describing the solitons and a parafermion
coset Zso(5)Nf

/Zso(3)Nf
describing the collective state of the [1, 1] anyons. Similarly, the col-

lective state specifying the interacting [1, 0] anyons was identified as the parafermion coset
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Zso(5)Nf
/Zsu(2)Nf

, while a mixture of interacting [1, 0] and [1, 1] anyons resulted in the Zso(5)Nf
parafermion conformal field theory. For Nf = 2 the results for interacting [1, 0] anyons or
[1, 1] anyons are in agreement with results of corresponding anyonic chains [55, 120]. Inter-
acting chains of alternating [1, 0] and [1, 1] so(5)Nf anyons, however, have not been studied
before.

A limitation of studying the condensation of anyons using perturbed WZNW models is
that only the condensation of anyons with a particular topological charge and coupling can
be studied. In future works possibilities to adjust the interactions of the underlying fermions
to study the condensation of anyons with different interaction types should therefore be
investigated. Apart from that interacting anyonic lattice models need to be further studied
to obtain a general understanding of interacting anyons.
From a practical point of view, it was argued that each perturbed WZNW models studied

in this thesis could be realized as a sector in the low-energy limit in a system of cold atoms
trapped in a periodic potential. However, as discussed in Sec. II 1, a mechanism to single out
the non-Abelian anyons of the perturbed WZNW model from excitations of the other sectors
is currently missing [87, 124]. Nonetheless, there are similar models with Zn>2 parafermionic
zero-energy modes proposed by Tsvelik that may be experimentally feasible [50].
In general, this thesis as well as related developments [39, 50, 87] unveiled new insights

about the rich structure of non-Abelian anyons and demonstrated that fermionic systems
with spin and orbital degrees of freedom are a possible alternative for realizing non-Abelian
quasi-particles in electronic systems.
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A. Kernels of the perturbed su(2)Nf
WZNW model

Following [70] the Fourier transformed kernels Ajk(ω) of the XXZ model are expressed in
terms of the functions aj(ω), Sj(ω) and ζj(ω)

aj(ω) = sinh(qjω)
sinh(p0ω) , Sj(ω) = 1

2 cosh(pjω) ,

ζj(ω) = cosh
[({

nj
p0

}
− 1− (−1)r(j)

2

)
p0ω

]
+
nj−1∑
`=1

cosh
[({

nj − `
p0

}{
`

p0

})
p0ω

] (A.1)

where {x} denotes the fractional part of x. This yields the Fourier-transformed kernels Ajk(ω)
and the Fourier transformed functions aj,Nf (ω)

Akj(ω) = Ajk(ω) = 2ak(ω) ζj(ω)− δk,j0δj,j0−1

aj,Nf (ω) = Aj,σ−1(ω)Sr+1(ω) + 2 cosh(qσω)
r∑
`=1

Aj,m`−1(ω)S`(ω)S`+1(ω).
(A.2)

The Fourier transformed kernels Bjk(ω) used for the integral equations (II.13), (II.20) are
defined by

Bj0j0 = 1
Aj0j0

, Bj0j1 = Aj0j1
Aj0j0

, Bj0j2 = Aj0j2
Aj0j0

,

Bj1k1 = Aj0j1Aj0k1

Aj0j0
−Aj1k1 , Bj1j2 = Aj0j1Aj0j2

Aj0j0
−Aj1j2 , Bj2k2 = Aj2k2 −

Aj0j2Aj0k2

Aj0j0

and the relations
Bjkj0 = −(−1)r(jk)Bj0,jk , k = 1, 2 ,
Bj2j1 = −Bj1j2 .

B. Scaling limit
To give an example of how to perform the scaling limit for perturbed WZNW models in
general the scaling limit g � 1 of ρ(0)

j0
(λ) (II.16) is computed. First the expression is simplified

in Fourier space

ρ
(0)
j0

(ω) = cos(ω/g)
aj0,Nf (ω)
Aj0j0(ω)

= cos(ω/g)
cosh((p0 − 1)ω) + cosh(qσω)

coshω
∑Nf−2
l=0 cosh((Nf − 2l − 1)ω)

2∑Nf−1
`=0 cosh((Nf − 2`)ω) cosh(ω/ν)

= cos(ω/g) 1
2 coshω ,

where the expressions (A.2) and the sequences for p0 = Nf + 1/ν given in Sec. I 1.2 have
been used. After applying the inverse Fourier transformation to ρ(0)

j0
(ω) this results in

ρ
(0)
j0

(λ) = 1
8 cosh

(
π
2 (λ+ 1/g)

) + 1
8 cosh

(
π
2 (λ− 1/g)

)
g�1= M0

4 cosh
(
πλ

2

)
, M0 = 2e−

π
2g .



Appendix

The scaling limit g � 1 for other bare densities and bare energies of the perturbed WZNW
models can be performed in a similar way.

C. TBA of the perturbed su(3)Nf
WZNW model

In order to obtain the integral equations (II.40) one can consider a root configuration con-
sisting of ν(m)

j strings of type (nj , vnj ) on the m-th level and rewrite the Bethe equations
(II.37) in terms of the real string-centers λ(m,j)

α ≡ λ
(m)nj
α using (II.39). In their logarithmic

form they read

∑
τ=±1

N
2 tk,Nf (λ(1,k)

α + τ/g) = 2πI(1,k)
α +

2∑
m=1

∑
j

ν
(m)
j∑
β=1

(−1)m+1θ
(m)
kj (λ(1,k)

α − λ(m,j)
β ) ,

0 = 2πI(2,k)
α +

2∑
m=1

∑
j

ν
(m)
j∑
β=1

(−1)mθ(3−m)
kj (λ(2,k)

α − λ(m,j)
β ) ,

(C.3)

where I(m,k)
α are integers (or half-integers) and the functions

tk,Nf (λ) =
min(nk,Nf )∑

l=1
f(λ, |nk −Nf |+ 2l − 1, vkvNf ) ,

θ
(1)
kj (λ) =f(λ, |nk − nj |, vkvj) + f(λ, nk + nj , vkvj)+

2
min(nk,nj)−1∑

`=1
f(λ, |nk − nj |+ 2`, vkvj) ,

θ
(2)
kj (λ) =

min(nk,nj)∑
l=1

f(λ, |nk − nj |+ 2l − 1, vkvj)

(C.4)

have been introduced with

f(λ, n, v) =

2 arctan
(
tan((1+v

4 −
n

2p0
)π) tanh( πλ2p0

)
)

if n
p0
6= integer

0 if n
p0

= integer
.

In the thermodynamic limit, Nm,N →∞ withNm/N fixed, the centers λ(m,k)
α are distributed

continuously with densities ρ(m)
k (λ) and hole densities ρh(m)

k (λ). Following [76] the densities
are defined through the following integral equations

ρ̃
(1)
0,k(λ) = (−1)r(k)ρ

h(1)
k (λ) +

∑
j

A
(1)
kj ∗ ρ

(1)
j (λ)−

∑
j

A
(2)
kj ∗ ρ

(2)
j (λ) ,

0 = (−1)r(k)ρ
h(2)
k (λ) +

∑
j

A
(1)
kj ∗ ρ

(2)
j (λ)−

∑
j

A
(2)
kj ∗ ρ

(1)
j (λ) ,

(C.5)

where a∗b denotes a convolution and r(j) is defined in Appendix A of [52]. The bare densities
ρ̃

(1)
0,j (λ) and the kernels A(m)

jk (λ) of the integral equations are defined by

ρ̃
(1)
0,j (λ) = 1

2
(
aj,Nf (λ+ 1/g) + aj,Nf (λ− 1/g)

)
, aj,Nf (λ) = 1

2π
d

dλ
tj,Nf (λ)

A
(m)
kj (λ) = 1

2π
d

dλ
θ

(m)
kj (λ) + (−1)r(k)δm1δjkδ(λ) .

(C.6)
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C. TBA of the perturbed su(3)Nf WZNW model

The energy density E = E/N is rewritten using (II.38) and the solutions ρ(m)
k of (C.5) as

E = 1
N
∑
j

ν
(1)
j∑
α=1

 ∑
τ=±1

τ

2 tj,Nf (λ(j,1)
α + τ/g) + njH1

+ 1
N
∑
j

ν
(2)
j∑
α=1

njH2 −
2
3H1 −

1
3H2

N→∞=
2∑

m=1

∑
j≥1

∫ +∞

−∞
dλ ε̃(m)

0,j (λ)ρ(m)
j (λ)− 2

3H1 −
1
3H2 ,

(C.7)

where the bare energies were introduced:

ε̃
(1)
0,j (λ) =

∑
τ=±1

τ

2 tj,Nf (λ+ τ/g) + njH1, ε̃
(2)
0,j (λ) = njH2

It turns out that the energy (C.7) is minimized by a configuration, where only the strings of
length Nf have a finite density. After inverting the kernels A(1)

j0j0
on both levels in equation

(C.5) and inserting the resulting expression for ρ(m)
j0

(λ) into the other equations for k 6= j0

the integral equations (II.40) are obtained, where the densities ρh(m)
j0

↔ ρ
(m)
j0

are redefined
and the kernels B(1,1)

jk = B
(2,2)
jk ≡ B

(1)
jk , B

(1,2)
jk = B

(2,1)
jk ≡ B

(2)
jk are introduced. The Fourier-

transformed kernels B(1)
jk (ω), B(2)

jk (ω) are given by

B
(m)
j0j0

=
A

(m)
j0j0

(A(1)
j0j0

)2 − (A(2)
j0j0

)2
,

B
(m)
kj0

= (−1)r(k)A
(2)
kj0
A

((m mod 2)+1)
j0j0

−A(1)
kj0
A

(m)
j0j0

(A(1)
j0j0

)2 − (A(2)
j0j0

)2
, k 6= j0 ,

B
(m)
j0k

= −(−1)r(k)B
(m)
kj0

, k 6= j0 ,

B
(m)
kj = (−1)r(k)

(
A

(2)
kj0
B

((m mod 2)+1)
j0j

−A(1)
kj0
B

(m)
j0j

+ (−1)m+1A
(m)
kj

)
, k, j 6= j0 .

The inverse of the Fourier transformed kernel B(1)
j2k2

(ω) is given by (see for e.g. [94])

Cj2k2 = δj2k2 − s(δj2k2+1 + δj2k2−1) .

Hence, the Fourier transformed kernels C(m)
j (ω) of equation (II.47) are determined by

∑
j2

Ckj2B
(1)
jj2

= δk,Nf−1C
(m)
j .
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Appendix

D. TBA of the perturbed so(5)Nf
WZNW model

In order to obtain the integral equations (II.71) a root configuration consisting of ν(m)
j strings

of type (n(m)
j , v

(m)
nj ) on the m-th level is considered and the Bethe equations (II.67) are

rewritten in terms of the real string-centers λ(m,j)
α ≡ λ(m)nj

α using (II.69). In their logarithmic
form they read

∑
τ=±1

N

2 tk,Nf (λ(1,k)
α + τ/g) = 2πI(1,k)

α +
2∑

m=1

∑
j

ν
(m)
j∑
β=1

(−1)m+1θ
(1,m)
kj (λ(1,k)

α − λ(m,j)
β ) ,

0 = 2πI(2,k)
α +

2∑
m=1

∑
j

ν
(m)
j∑
β=1

(−1)mθ(2,m)
kj (λ(2,k)

α − λ(m,j)
β ) ,

(D.8)

where I(m,k)
α are integers (or half-integers) and the functions

tk,Nf (λ) =
min(nk,Nf )∑

l=1
f(λ, |nk −Nf |+ 2l − 1, vkvNf ) ,

θ
(m,m)
kj (λ) =f(λ, |n(m)

k − n(m)
j |, v

(m)
k v

(m)
j ) + f(λ, n(m)

k + n
(m)
j , v

(m)
k v

(m)
j )

+ 2
min(n(m)

k
,n

(m)
j )−1∑

`=1
f(λ, |n(m)

k − n(m)
j |+ 2`, v(m)

k v
(m)
j ) with m = 1, 2 ,

θ
(1,2)
kj (λ) =

min(2n(1)
k
,n

(2)
j )∑

l=1
f(λ, |n(2)

j /2− n(1)
k |+ 2l − 1, v(1)

k v
(2)
j ) ,

θ
(2,1)
kj (λ) ≡θ(1,2)

jk (λ)

(D.9)

were introduced with

f(λ, n, v) =

2 arctan
(
tan((1+v

4 −
n

2p0
)π) tanh( πλ2p0

)
)

if n
p0
6= integer

0 if n
p0

= integer
.

In the thermodynamic limit, Nm,N →∞ withNm/N fixed, the centers λ(m,k)
α are distributed

continuously with densities ρ(m)
k (λ) and hole densities ρh(m)

k (λ). Following [125] the densities
are defined through the following integral equations

ρ̃
(1)
0,k(λ) = (−1)r(1)(k)ρ

h(1)
k (λ) +

2∑
m=1

∑
j

(−1)m+1A
(1,m)
kj ∗ ρ(m)

j (λ) with k = 1, . . . , j0,1 ,

0 = (−1)r(2)(k)ρ
h(2)
k (λ) +

2∑
m=1

∑
j

(−1)mA(2,m)
kj ∗ ρ(m)

j (λ) with k = 1, . . . , j0,2 ,

(D.10)
where a ∗ b denotes a convolution and r(m)(j) is given by

r(m)(j2,m) = 0 , r(m)(j̃0,m) = 1 , r(m)(j0,m) = 2 .
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D. TBA of perturbed so(5)Nf WZNW model

The bare densities ρ̃(1)
0,j (λ) and the kernels A(m)

jk (λ) of the integral equations are defined by

ρ̃
(1)
0,j (λ) = 1

2
(
aj,Nf (λ+ 1/g) + aj,Nf (λ− 1/g)

)
, aj,Nf (λ) = 1

2π
d

dλ
tj,Nf (λ) ,

A
(m,l)
kj (λ) = 1

2π
d

dλ
θ

(m,l)
kj (λ) + (−1)r(m)(k)δm,lδjkδ(λ) .

(D.11)

Using (II.68) and the solutions ρ(m)
k of (D.10) the energy density E = E/N is rewritten as

E = 1
N
∑
j

ν
(1)
j∑
α=1

 ∑
τ=±1

τ

2 tj,Nf (λ(j,1)
α + τ/g) + njH1

+ 1
N
∑
j

ν
(2)
j∑
α=1

njH2 −H1 −H2

N→∞=
2∑

m=1

∑
j≥1

∫ +∞

−∞
dλ ε̃(m)

0,j (λ)ρ(m)
j (λ)−H1 −H2 ,

(D.12)

where the bare energies

ε̃
(1)
0,j (λ) =

∑
τ=±1

τ

2 tj,Nf (λ+ τ/g) + njH1, ε̃
(2)
0,j (λ) = njH2

were introduced. It turns out that the energy (D.12) is minimized by a configuration, where
only the strings of length Nf on the first level and strings of length 2Nf on the second level
have a finite density (cf. Ref. [117] for the isotropic case). After inverting the kernels A(1,1)

j0,1j0,1

and A(2,2)
j0,2j0,2

in equation (D.10) and inserting the resulting expression for ρ(1)
j0,1

(λ) and ρ(2)
j0,2

(λ)
into the other equations for k 6= j0,1 on the first level and k 6= j0,2 on the second level the
integral equations (II.71) are found, where the densities ρh(m)

j0,m
↔ ρ

(m)
j0,m

were redefined and the
Fourier-transformed kernels B(l,m)

kj (ω) were introduced:

B
(m,m)
j0,mj0,m

= (−1)r
(m)
j0,mA

(m̃,m̃)
j0,m̃,j0,m̃

/K ,

B
(m,l)
j0,mj0,l

= (−1)r
(l)
j0,lA

(m,l)
j0,mj0,l

/K m 6= l ,

B
(l,m)
j0,lj

= (−1)l+m
(
A

(l,m)
j0,lj

A
(l̃,l̃)
j0,l̃j0,l̃

−A(l,l̃)
j0,lj0,l̃

A
(l̃,m)
j0,l̃j

)
/K j 6= j0,l if l = m,

B
(l,m)
kj0,m

= (−1)r
(l)
k

(
A

(l,l̃)
kj0,l̃

B
(l̃,m)
j0,l̃j0,m

−A(l,l)
kj0,l

B
(l,m)
j0,lj0,m

)
k 6= j0,m if l = m,

B
(l,m)
kj = (−1)r

(l)
k

(
A

(l,l̃)
kj0,l̃

B
(l̃,m)
j0,l̃j

−A(l,l)
kj0,l

B
(l,m)
j0,lj

+ (−1)l+mA(l,m)
kj

)
k 6= j0,l , j 6= j0,m ,

where m̃ = m mod 2 + 1, l̃ = l mod 2 + 1 and

K(ω) = A
(1,1)
j0,1j0,1

(ω)A(2,2)
j0,2j0,2

(ω)−A(2,1)
j0,2j0,1

(ω)A(1,2)
j0,1j0,2

(ω) .

The Fourier-transformed kernels A(m,l)
jk (ω) (m, l ∈ {1, 2}) can be derived using (D.9), (D.11),

while A(1,1)
jk corresponds to Ajk in [52].
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Appendix

The expressions determining the bare densities ρ(m)
0,k (λ) of (II.72), (II.75) and the bare

energies ε(m)
0,k (λ) of (II.73), (II.76) are

ρ
(m)
0,k (λ) = B

(m,1)
kj0,1

∗ ρ̃(1)
0,j0,1(λ) for k = j0,m,

ρ
(m)
0,k (λ) = δm,1ρ̃

(1)
0,k(λ) +B

(m,1)
kj0,1

∗ ρ̃(1)
0,j0,1(λ) for k 6= j0,m ,

ε
(m)
0,k (λ) = −B(1,m)

j0,1k
∗ ε̃(1)

0,j0,1(λ)−B(2,m)
j0,2k

∗ ε̃(2)
0,j0,2(λ) for k = j0,m ,

ε
(m)
0,k (λ) = ε̃

(m)
0,k −B

(1,m)
j0,1k

∗ ε̃(1)
0,j0,1(λ)−B(2,m)

j0,2k
∗ ε̃(2)

0,j0,2(λ) for k 6= j0,m .
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