PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: August 11, 2018
ACCEPTED: August 28, 2018
PUBLISHED: August 30, 2018

Deformed N = 8 mechanics of (8, 8,0) multiplets

Evgeny lvanov,® Olaf Lechtenfeld® and Stepan Sidorov®
@ Bogoliubov Laboratory of Theoretical Physics, JINR,
141980 Dubna, Moscow Region, Russia
bInstitut fiir Theoretische Physik and Riemann Center for Geometry and Physics,
Leibniz Universitat Hannover,
Appelstrafie 2, 30167 Hannover, Germany
E-mail: eivanov@theor.jinr.ru, lechtenf@itp.uni-hannover.de,

sidorovstepan880gmail.com

ABSTRACT: We construct new models of “curved” SU(4|1) supersymmetric mechanics
based on two versions of the off-shell multiplet (8, 8,0) which are “mirror” to each other.
The worldline realizations of the supergroup SU(4|1) are treated as a deformation of flat
N =8, d=1 supersymmetry. Using SU(4|1) chiral superfields, we derive invariant actions
for the first-type (8,8, 0) multiplet, which parametrizes special Kahler manifolds. Since we
are not aware of a manifestly SU(4|1) covariant superfield formalism for the second-type
(8,8,0) multiplet, we perform a general construction of SU(4|1) invariant actions for both
multiplet types in terms of SU(2|1) superfields. An important class of such actions enjoys
superconformal OSp(8|2) invariance. We also build off-shell actions for the SU(4|1) mul-
tiplets (6,8,2) and (7,8, 1) through appropriate substitutions for the component fields in
the (8,8,0) actions. The (6,8, 2) actions are shown to respect superconformal SU(4[1,1)
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1 Introduction

In recent years, mainly motivated by the study of higher-dimensional models with “curved”
rigid supersymmetries (see e.g. [1]), there was a growth of activity in supersymmetric me-
chanics (SM) models underlain by some semi-simple superalgebras treated as deformations
of flat one-dimensional supersymmetries with the same number of supercharges. The sim-
plest superalgebra of this kind is su(2|1) (and its central-charge extension su(2|1)), which
is a deformation of rigid A'=4,d =1 supersymmetry by a mass-dimension parameter m.
The first examples with a worldline realization of su(2|1) supersymmetry were considered
more than 10 years ago (prior to [1] and related works) in [2, 3] and in [4] (where it was
named “weak d =1 supersymmetry”). The corresponding worldline su(2|1) multiplets had
d=1 field contents (2,4,2) and (1,4, 3).!

A systematic superfield approach to su(2|1) supersymmetry was worked out in [6-8]
and [9]. The models built on the multiplets (1,4, 3), (2,4,2) and (4,4,0) were studied
at the classical and quantum level. Recently, su(2]1) invariant versions of super Calogero-
Moser systems were constructed and quantized [10-12]. The common notable features of
all these models are:

e Oscillator-type Lagrangians for the bosonic fields, with m? as the oscillator strength,
e Wess-Zumino type terms for the bosonic fields, of the type ~ im(3z — 2Z),

e At the lowest energy levels, wave functions form atypical su(2|1) multiplets, with
unequal numbers of the bosonic and fermionic states.

It was of obvious interest to move one step further and to consider mechanics models
with analogous deformations of A'=8,d=1 supersymmetry. In contrast to N =4 super-
symmetry, in the A'=8 case there exist two different possibilities for deformation due to
the existence of two different superalgebras with eight supercharges: su(2]2) and su(4|1),
with R-symmetry algebra su(2) @ su(2) or su(4) @ u(1), respectively.? The su(2|2) models
have been considered in [13] by analogy with the su(2|1) case, on the basis of the appropri-
ate superfield worldline formalism, as deformations of flat A'=8 SM models [14-18]. They
were built on the off-shell multiplets (3,8,5), (4,8,4) and (5,8,3). One class of (5,8,3)
actions represents a massive deformation for the same multiplet in the flat case [19, 20].
Another class enjoys superconformal OSp(4*|4) invariance. Remarkably, the superconfor-
mal group OSp(4*[4) is a closure of its two different SU(2|2) subgroups, with deformation
parameters m and —m. So any SU(2|2) invariant action involving only even powers of m
is automatically superconformal. Based on this observation, the general SU(2|2) action of
the multiplet (3,8,5) was shown to be superconformal.

'Our notation follows ref. [5]: bold numerals denote, respectively, the number of physical bosonic,
physical fermionic and auxiliary bosonic degrees of freedom in the given supermultiplet.
?In the su(2[2) case one can also add two central charges.



It turns out that some admissible multiplets of flat N'=8 supersymmetry do not have
SU(2|2) analogs, most importantly the so called “root” N =8 multiplet (8,8,0). The
significance of this root multiplet derives from the fact that all other flat A/ =8 multiplets
and their invariant actions can be obtained from the root one and its general actions through
appropriate covariant substitution of the auxiliary fields (or Hamiltonian reductions, in
the Hamiltonian formalism) [17] as a generalization of the phenomenon found in [5] at the
linearized level.® Deforming the flat (8,8,0) multiplet has remained an open problem.

In the present paper we show that the latter becomes possible within the alternative
SU(4]1) deformation. Interestingly, there exist two such root SU(4|1) multiplets, which are
complementary to each other in the sense that the SU(4) assignments of their fermionic
and bosonic components are interchanged. Namely, in one multiplet, the bosonic d=1
fields are in 1 & 1* @ 6 of SU(4) (eight real fields) and the fermionic fields in 4 & 4*
(4 complex fields), while in the other multiplet the bosonic fields are in 4 @ 4* and the
fermionic fields in 1 & 1* ¢ 6. In the “flat” N'=8,d=1 limit they go over to two different
8-dimensional multiplets of the SO(8) R-symmetry related by triality (see, e.g., [22, 23]).
These two multiplets are analogs of the mutually “mirror” N =4 multiplets (4,4,0), for
which bosonic and fermionic components form doublets with respect to different SU(2)
factors of the SO(4) R-symmetry. For this reason it is natural to treat the two root
SU(4/1) (8,8,0) multiplets as “mirror” to each other.

The main incentive of our paper is constructing invariant actions for both types of
the (8, 8,0) multiplets. To this end, we will use a manifestly SU(4|1) covariant superspace
formalism along with the SU(2|1) superfield approach, in which the extra SU(4|1)/SU(2|1)
transformations are realized in a hidden way. In some cases, it is simplest to use the
component approach. The point is that SU(4|1) possesses many non-equivalent worldline
supercosets, including the harmonic ones [24], and it is not easy to decide which superfield
formalism is most adequate for one or another SU(4|1) multiplet. We utilize several versions
of such an extended superfield approach for constructing invariant actions.

The paper is organized as follows. In section 2 we present the superalgebra su(2|1) and
describe the relevant worldline supercosets. In section 3, on the example of flat N’ =8,d=1
supersymmetry, we discuss three possible (8, 8,0) multiplets, which are not equivalent if
the SO(8) R-symmetry is broken, and argue that only two of them can be extended to the
deformed SU(4|1) case. The various superfield and component descriptions of the first ver-
sion of the SU(4|1) (8, 8,0) multiplet are the subject of section 4. We find three different
classes of invariant actions for this multiplet, including an OSp(8|2) invariant one, with an
R-symmetry enhanced to SO(8). The analogous treatment of the second version of the mul-
tiplet (8, 8,0) is given in section 5. We show that its general invariant action is superconfor-
mal and equivalent to the superconformal action of the first version. Summary and outlook
are given in section 6. An appendix A contains details of calculating the invariant actions
in the appropriate harmonic SU(4|1) superspaces, and in appendices B and C the off-
shell actions for the SU(4|1) multiplets (6, 8,2) and (7,8, 1) are presented. The full set of
(anti)commutation relations of the conformal superalgebra osp(8|2) is given in appendix D.

3As an aside, the multiplet (8,8, 0) has a puzzling relationship with the octonion algebra [21].



2 Supergroup SU(4|1) and its worldline realizations

We consider SU(4|1) supersymmetry as a deformation of the standard N'=8, d=1 su-
persymmetry [14-17]. The superalgebra su(4|1) is given by the following non-vanishing

(anti)commutators:
{Q'.Qs} =2m L} + 2513%, (L4, LY] = 6%L] —o1.L%
[4,Q] = 5@ - [ohQN,  [1}.Qu] = 165@ —01Q
[HaQK] = _3Tm QK> [H’QL] = 3TmQL (21)

Here, Lg are the generators of the R-symmetry group SU(4), and the capital indices
I,J,K,L (I=1,2,3,4) refer to the SU(4) fundamental (“quark”) representation and its
conjugate. H is the U(1) generator. In the contraction limit m = 0 the above superalgebra
goes over to the SU(4) covariant form of the flat N'=8, d =1 superalgebra. This limiting
superalgebra actually possesses an enhanced R-symmetry group SO(8) which mixes Q!
with @ (they are joined into SO(8) spinor). In what follows we will not need the explicit
form of these enhanced SO(8)/SU(4) transformations, except for their realizations on the
covariant “flat’ spinor derivatives.
The basic real SU(4|1), d=1 superspace is defined as the coset superspace

su@ll)  {Q%,Qu. LL,H}

~ , 2.2
SU(D) ) (22)

with the coset parameters being the superspace coordinates:
C={t.01,0"}, () =0" (2.3)

One could define these coordinates within the standard exponential parametrization of the
supercoset. However, it will be more convenient to use another parametrization, the one
associated with the purely fermionic coset SU(n|1)/U(n) defined in [30] (see also [31]). We
uplift the U(1) group from the stability subgroup U(4) into the numerator and consider an
extension of the SU(4|1)/U(4) coordinate set by a time coordinate t. Thus this U(1) gen-
erator is associated with the Hamiltonian. Following to [30], one can then write generators
of (2.1) acting on the extended coset (2.2) as

Q= o 2m 019K ajK +i6%0; Qs 0 — +2m 0,0k a.? + 6070,

90, ~ 0
9 0 51 0 0
I _ |prl _ _ 2J [ pK _
Ly = <9 07 ael> 4 <9 ok~ K 60K)

Then, odd transformations corresponding to these supercharges are given by

60 = er + 2m eSOk 0;, 607 =& — 2mex %0, ot =i (€0x +ex0). (2.5)



According to [30], one can define the integration measure as
d¢ == dt d*0d*0 (1+2m 050" . (2.6)

It is easily checked to be invariant under the transformations (2.5).
Note that the Hamiltonian in (2.4) is not a pure time derivative. One could pass to
the new parametrization of superspace as

G, = 0, 3mt/4 ol — §le—3imt/4, t=t, (2.7)

in which the Hamiltonian takes the standard form H = id;. The advantage of the
parametrization (2.3) is the simplest form of the transformations (2.5). So, in what follows
it will be convenient to deal with such a simple parametrization. Due to the non-standard
form of the Hamiltonian in this parametrization, all transformations and #-expansions of
the SU(4[1) superfields will be accompanied by the factors like e*37m4/4,

2.1 Chiral superspaces

The supergroup SU(4|1) admits two mutually conjugated complex supercosets which can
be identified with the left and right chiral subspaces:

L = (tn,0r1), (r = (tr,07). (2.8)
The left coordinate t, is related to the real time coordinate ¢ via
t,=t+ % log (14 2m 0% 0) . (2.9)

Then we check that the left chiral space (7, is closed under the supersymmetry transfor-
mations

00 =€ +2m EKQKGI , oty, = 2’i€K(9K . (2.10)
The invariant left chiral measure is defined as

d(y, = dty, d*o 6731'th7 1) (d{L) =0, /dCL 010,00 edimit — EIJKL - (2.11)

2.2 Reduction to SU(2|1), d =1 superspace

One can consider reduction of the superspace (2.2) to the SU(2|1) superspace. It is per-
formed on the superspace coordinates (2.3) as

{t,0;,0'}, 0;) =0, i=1,2. (2.12)

Limiting to the €; and ey transformations in (2.5), we obtain the reduced SU(2|1) super-
symmetric transformations which coincide with those found in [6]:

80; = € + 2me*0,0;, 607 =& — 2me 0707, St =1 (g’“ek + ekék) . (2.13)



Respectively, the superalgebra (2.1) contains as a subalgebra the extended su(2[1)$® u(1)

superalgebra:
(Q,Q;} =2mTi+ mdiF + 25%H, [1;1, Iﬂ — skrj — s/,
i i L i A LA i
1.Q] = k@ - S a0k, (15, Q) = 5 0100 — 515
3am ~ 3m ~
[%an} = _T Qk, [H’Ql] = TQZ )
1 ~ 1 -
Here, SU(2) generators of SU(2|1) are defined as
i i1y

The combination H + % F' can be identified with the internal U(1) generator of SU(2|1),
while F' becomes an external R-symmetry U(1) generator.

The explicit expressions for the covariant spinor derivatives D*, D¥ corresponding to
the basic real coset of SU(2|1) defined in [8] and parametrized by the coordinates (2.12)
with the transformation properties (2.13) are given by

Di = e3imt/4{ [1 o, — 378”2 ()2 (9)2} aaei - meieja‘zj oo,
— %ézﬁ’ —me (1 — mékek) f;},
D, = e3imt/4{ — |14+ m6%g, — 37;2 (6)? (9‘)2] a‘; + mé’fejazk + 6,0,
+%9j15+m9k (1—mélel> ij’?}, (2.16)
where
iD= 6iD; — LoDy, IiDh = 5Dk s,
FD, = %@l, FDF = —%Dk. (2.17)

In what follows we will avoid using the explicit form of the SU(4|1) counterparts of these
derivatives, though they can be straightforwardly constructed by applying the standard
coset (super)space machinery.

3 SU(4) covariant formulations of (8,8,0) multiplet in flat /=28
supersymmetry

Prior to the discussion of the superfield description of the root (8, 8, 0) multiplets in SU(4|1)
supersymmetry, we will consider SU(4) covariant form of its defining constraints in the
standard flat /' = 8 superspace, bearing in mind that the deformation to SU(4|1) mechanics
must respect R-symmetry SU(4).



Such constraints can be written in the two superfield forms, both preserving not only
SU(4) but also a non-manifest SO(8) R-symmetry.*

In the first formulation one deals with a chiral superfield ® and an antisymmetric
tensor superfield Y/ satisfying the constraints®

_ - _ 1
D;d=0, D'd =0, DIDJ¢:§s,JKLDKDL<1>,
ﬁDIYJK:—EIJKLDL‘i), \@DJYKLZEIJKLDI(I),
1 _
Y1) =Y = 5 EIIKL yEE (@)=, (3.1)
where the flat covariant derivatives are defined as
0 _ _ 0
Dl = — —ip'd Dy =—— +i0;0,. 3.2
96, b P T e TG (3:2)

It is straightforward to check that (3.1) is covariant under the non-manifest SO(8)/SU(4)
symmetry transformations realized as

oD = —V2AYD;+i\D!,  6D;=+v2A; ;D' —iNDy, (3.3)
60 = —AY;; —2i0 D, 00 = —AYr; 4+ 2i0 D,
5}/}J:A[J©+A[J(i, (3.4)

where the antisymmetric complex 4 x 4 matrix

1 _ 1 _
Arg = 5 EIJKL ARE Arg = 5 LKL ARE (3.5)

accommodates just 12 real parameters of the coset SO(8)/U(4) and A is the real
U(1) ~ SO(2) parameter. One can check that indeed

_ 1
<I><I>+§Y”YU:'1nv. (3.6)

Another form of the SU(4) covariant superfield description of the multiplet (8,8, 0)
involves the general superfield V! which is subject to the constraints

1 - i
D'V’ ="Kt DV, DUV =0, D Vi,

0,

] _ _ 1, -
D'Vy = 85D Vi, DV = 05DkVE (V1)

V. (3.7)

The non-manifest SO(8)/SU(4) transformations of V7 leaving covariant the system (3.7)
are written this time as

oV = \@[_\I‘]VJ — A VI, 5‘7] = —\/§A[JVI + A V] . (38)

“In general, flat constraints defining the multiplet (8,8,0) can be given many equivalent forms. For
instance, in [15], they were written in SU(2) x SU(2) x SU(2) x SU(2) covariant form. The common feature
of all these formulations is the hidden covariance of the constraints under the full R-symmetry group of
N =8 superalgebra, the group SO(8).

®For further use, we introduce the antisymmetric tensor e/ 7KL = E[I"KL], such that

1234 I1JKL
€ =€12314 = 1, € erJrL = 24.



These transformations, together with the transformations of the covariant derivatives (3.3),
preserve the constraints (3.7). One can also see that

VIV; = inv. (3.9)

It is rather easy to check that the constraints (3.1) leave in the bosonic sector of ®, Y !/
just the complex bosonic field ¢(t) and tensorial field y!”(¢) which are first components of
these superfields and transform as 1 and 6 of SU(4). The physical fermions are defined
as DI®|g— and transform as 4 of SU(4). In the case of the constraints (3.9) the SU(4)
assignment of the physical fields changes to the opposite: the physical bosons are the first
components of V7 and transform as 4, while fermions are defined as DV 5|g—g, DX Vic|g—0,
DUVly_y and transform as 1 @ 1* @ 6. Thus, two (8, 8,0) multiplets have “inverted”
SU(4) contents: the contents of bosons and fermions of the first version coincide with those
of fermions and bosons in the second one.

In order to better understand the interplay between the two forms of the (8, 8,0) mul-
tiplet, we note that the fermionic superfield D! ® transforms precisely as VI. It is easy
to check that it satisfies the constraints (3.7) as a consequence of (3.1). Analogously, the
fermionic superfields —2v/2 D'V7 and DXV possess the same transformation properties
as Y1/ and ®, respectively. It is also straightforward to check that such fermionic super-
fields satisfy (3.1) as a consequence of (3.7). In other words, by the first multiplet one
can construct the “derivative” fermionic multiplet satisfying the Grassmann-odd version
of the second multiplet constraints (3.7). After establishing this correspondence, we could
consider (3.7) for some new independent Grassmann-even superfield V! and so come to the
system (3.7) as an alternative description of the (8,8,0) multiplet with the same Grass-
mann parities for the component fields as in the first version, but with “inverted” SU(4)
assignments of these components. Its fermionic “derivative” satisfies the constraints (3.1).

This interplay between two (8, 8,0) multiplets resembles a similar feature of “mirror-
ing” of (4,4,0) multiplets in the standard (flat) A'=4 mechanics [25, 26]. The bosonic
and fermionic components of the mutually mirror (4,4, 0) multiplets form doublets with
respect to different SU(2) factors of the full SO(4) R-symmetry group and are equivalent up
to switching the roles of these two commuting SU(2) groups. However, there is an essential
difference. In the N'=4 case the bosonic fields of the mutually mirror (4,4, 0) multiplets
are doublets of different R-symmetry SU(2) groups (the same is true for fermionic fields).
As is seen from (3.6) and (3.9), in the A/'=28 case the relevant fields form 8-dimensional
irreps of the same full R-symmetry SO(8) and differ only in their assignments with respect
to the fixed U(4) € SO(8). So these two descriptions are associated with different embed-
dings of U(4) into SO(8). The first version corresponds to splitting SO(8) — SO(2) x SO(6)
and representing the SO(8)-multiplet of superfields as a sum of SO(2) and SO(6) vectors.
Then SU(4) is identified with SO(6), the additional R-symmetry U(1) with SO(2), while ®
and YIE with the corresponding SO(2) and SO(6) vectors. The second version corresponds
to splitting SO(8) — SO(4) x SO(4)" and representing the relevant SO(8) superfield set
as a sum of two 4-vectors. The diagonal SO(4) is identified with the “minimally embed-
ded” SO(4) C SU(4), and two 4-vectors are joined into a complex fundamental spinor V!
of SU(4).



Actually, the hidden SO(8) symmetry reveals the triality [22] between bosonic fields,
fermionic fields and covariant derivatives. This triality interrelates the three irreducible
fundamental representations of SO(8), wviz. the vector representation and two spinorial
ones. All three representations can be written in the SU(4) x U(1) ~ SO(6) x SO(2)
notation [23] as

vector 1,@&1", 86,
spinor 4,5 @ é*_l/g )
spinor 4 _/, & 4*1/2 ) (3.10)

where the subscript index refers to the U(1) charge. Comparing this with the U(4) as-
signments of the bosonic and fermionic fields of the (8,8,0) multiplets, as well as of the
covariant derivatives, we observe that just these SO(8) representations are realized on the
quantities in question.

Supposing that the roles of two spinor representations can be switched, in flat N' =8,
d =1 supersymmetry we can introduce yet a third multiplet (8,8,0) living on a different
superspace, with the covariant derivatives defined as

- 1 - ~ = ~
Dy = 5 ELIKL DEL, (DIJ) = D", D, D= (D>7 (3.11)

and so belonging to the vector representation. However, an SU(4) covariant formulation of
this third (8, 8, 0) multiplet is beyond our purpose because the SU(4|1) covariant derivatives
are SU(4) spinors by definition. So, this third option does not admit a generalization to
SU(4/|1) supersymmetry, in contrast to the first two.

In the case of the constraints (3.1), the bosonic fields belong to the SO(8) vector
representation, and the fermionic fields form SO(8) spinor. For the multiplet given by (3.7)
the picture is reversed, that is, the bosonic fields form an SO(8) spinor and the fermionic
fields are combined into SO(8) vector. So, from the standpoint of SO(8) R-symmetry, due
to the triality property, both (8, 8,0) multiplets can be considered as equivalent, once the
spinorial representation of the covariant spinor derivatives has been fixed and one deals
with SO(8) invariant actions for these multiplets (for more detail, see section 5.4).

The crucial point of the equivalence just discussed is the hidden SO(8) covariance
of both sets of constraints (3.1) and (3.7). In the case of SU(4|1)-deformed mechanics
there is no SO(8) R-symmetry, only U(4) remains. For this reason one cannot expect
the corresponding counterparts of the two “flat” (8,8,0) multiplets to be equivalent to
one another.”

5To be more exact, the triality property is inherent to the group Spin(8).

"In the flat case the A = 8 supersymmetric Lagrangians are not obliged to simultaneously respect the full
SO(8) symmetry. So for SO(8) non-invariant Lagrangians the equivalency of different (8,8,0) multiplets
may be broken in the flat case too.



4 The SU(4|1) multiplet (8,8,0): first version

The first version of the multiplet (8, 8,0) is defined by the SU(4|1) covariant constraints

_ = R 1
D;d=0, DI =0, DIDJq):EsUKLDKDL@,
V2D YR = KL D & V2D, Yk =cryk D' @,
1 —
Y1) =Y = 5 EIIKL yEE (@) =2, (4.1)

where ® is a chiral superfield and Y7 is an antisymmetric tensor superfield. In the flat
limit, when m — 0, Dy — Dj, D! — D!, this set of constraints becomes the set of
superfield constraints (3.1) defining the standard N'=8, d =1 multiplet (8,8,0) [15], such
that only SU(4) C SO(8) is manifest.

In what follows, we avoid calculation of the deformed covariant derivatives D!, D
(they in general involve complicated U(4) connection terms) and consider the multiplet
(8,8,0) in the chiral superspace description, harmonic superspace description and SU(2|1)
superfield approach.

4.1 Chiral superfield

We consider the chiral superfield ® given by the general #-expansion

) (tLa 91) =+ ﬁ@KXK€3lth/4 + QIQJAIJG&th/Q + \é» QIGJeKé-IJKegzth/4

1 ,
+ Z‘gIJKL GIQJHKHLB 637,th’ AIJ = A[IJ], fIJK = E[IJK]' (42)

The superfield ® transforms as a singlet of the stability subgroup SU(4), i.e. d4,(4)® = 0.
Taking into account (2.10), we can find the transformations of its components under the
odd generators:

5¢ — _\@€KXKe3imt/47
S = V2 (qu) o= 3imt/4 _ \/§€KA1K63imt/4’
SAIT — 9\/2¢l (Z-XJ] I % XJ]) o= 3imt/4 _ \/§6K€IJKe3imt/47

\f seE — o elK (,L-AIJ] 4 % AIJ}) e=3imt/d _ IIKL g 3imt/4

JIKL s 8\3@ L <Z.£'1JK] n 327’§IJK]> o—Bimt/4 (4.3)

The general supersymmetric action can be written as a sum of integrals over chiral sub-
spaces [13, 18] as

Schiral = /dt L hiral = —% [/ d¢L K (@) + /dCRK (‘D)] : (4.4)



where the overall coefficient —1/4 is chosen for further convenience. The component form
of this SU(4/1) invariant is found to be

1 1
Schiral = ~1 /dt {63 oK +eryxr | = XK + 3 A”AKL} (95)° K

3

1
—erarr AT XEXE (04)° K + G EIIKL XXX (95)' K + C-C-} : (4.5)

This invariant does not display the kinetic term of the fields in (4.2) and so must be
treated as a kind of “pre-action” for the (8,8,0) multiplet. The genuine action appears
after imposing some extra SU(4|1) covariant conditions on the components in (4.2). Of
course they should follow from the rest of the superfield constraints (4.1), but it is easier
to guess their form directly at the component level, requiring the final field content to be
(8,8,0) and resorting to the SU(4|1) covariance reasonings.

In this way we find that the components of the chiral superfield (4.2) must be subjected
to the following additional constraints

.. m 1
A =\/2 (zy” - 531”) 5 W) =y = 5 EIIKL ytr,
om _ TN -
¢lIK — _IIKL (ZXL - XL) () = x1,
2 /= -
B=: (¢ n 2imq§) . (4.6)

The odd SU(2|1) transformations are realized on this minimal set of fields as:

5 = _\/§GIX163imt/4’ 56 = V2ex; e—3imt/4,

SylY = —2ellyNe=3imt/4 | JIKL o c3imt/4
Sl = v2d (Wﬁ) e3mt/4 9., <iy” _ % yIJ> e3imt/4.
oxr = —v2er (i6) 26 (igry + Tyry) e (47)

They are consistent with the transformations (4.3) and leave invariant the constraints (4.6).

4.2 The final action

Substituting the constraints (4.6) into the pre-action (4.5), we find the correct component
Lagrangian in the form

om e m?
4 8

LT 1 . . Z kS . _
Lsk = g1 [d>d>+ 5 070+ 5 (X =X X)) = =X = v
= (091 — 0 9501) " im ($9;K — b
¢ 0pg1 — 90391 )y "yrys + 2im (PO K — ¢ Op K

1 1 /.. m _
+ 5 (Zyu - = yu) X'x7 0591 + 7 (zy[ M 5 y' ") X1X7 9391
i/ 1
—3 (cb g1 — ¢5¢91) XTXK — 5 € e TRE XXX K XL 050501

1
— 5 SIIKLX XX 050491 - (4.8)
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We observe that the complex fields ¢ parametrizes a special Kéahler (SK) manifold with
the metric

91 (¢, 0) = 9304 K () + 9305K () - (4.9)
4.3 Supercharges

The matrix models based on the multiplet under consideration, in the case of the simplest
target space metric g = 1 (i.e for the free model), were studied in [28]. Here, we consider a
one-particle model generalized to the general SK metric (4.9) and find the relevant classical
SU(4]1) supercharges. Poisson (Dirac) brackets are written as

) 1

{ops} =1, {opst =1, {v"Fpis} =5 (6707 - 679%),
(X xs}=—-id5(g) ",
6¢91X 3

)_1 9591 X.J - (4.10)

1,
{po:x"} =5 (1) " 0sg1 X", {ps: X'} =

[\D\H[\DM—‘

_ 1 _ _
{po: X} = 5 (91) Y0491 X7 {pg: xs} =

Then the Noether supercharges are given by

, - i i
Q! = ¢3imt/4 { s [pIK 5 m YK — 6\7@ eTKIM g o 3¢g1]

. _ 4 ] _
—V2x! <p¢ —2im Oz K + 1 m Opg1 y™ YKL + B D91 XKXK> } ;

_ o i i
Qj = e~ 3imt/4 { 2x % [pJK T MAYIK ~ o h esxrux xM a¢91]

. i i i
—V2xy <p¢ +2im 05K — 2 m d01y" Pyrcr — 5 0501 XKXK> } : (4.11)

Taking into account the brackets (4.10), these supercharges close on the following bosonic

generators
_ . — 1 i _
Hsk = (g1) 1 <p¢ — 2im a(z;K + 1 m Ogg1 yIJy[J + B Jp91 XKXK)
. i i _
X <p¢ +2im Oy K — 1 m 51 y My — 3 391 XKXK>

1
o

1
o X 0pg1 + 5 e Rk XL %91)}

1
V2 (X
1 1
— | vrv 70z - M Na
X [pu NG (XIXJ 591 + 5 ELJMN XX ¢>91>]

+ g1 sm XXk + m y"yrr| + (yrox"x7 dsg1 — v XX 0501)
4 8 2\[ ’ ’

11
24

, 6! 0 g
Ly =2i <yIKpJK -7 yKLpKL> + g (X]XJ -/ XKXK) : (4.13)

1
et X XXX 050591 (4.12)

47 24

b XiXaxK XL 050501 +
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in full agreement with the superalgebra (2.1). The quantum version of these SU(4|1)
(super)charges can be straightforwardly constructed and will be presented elsewhere.

4.4 Harmonic superspace description

We consider the harmonic coset of SU(4|1) With‘ the harmonic part gem, xSS[{J(é))xU(l)} [32].
The relevant harmonic variables are uff)[, ugﬂl, u(_)a, W where i = 1,2 and a = 1,2

i
are the indices of the fundamental representations of the subgroup SU(2) x SU(2). The
unitarity and unimodularity conditions are written as

ug)lug_)K = 5; , uﬁ(_)au,(f)K =0y, ug_)aug+)l+u(+)iu§_)l =60,
uﬁ(_)aug-_)K = u?)iuéﬂ[{ =0, el KLg,; ug)iu(j)j +2€“bu((l+)lul()+)°7 =0. (4.14)

Defining the harmonic projections of the SU(4|1) Grassmann coordinates as

0" = or (ugﬂl + m§(+)k03+)u§€_)]> , 91(_) =0 ug_)l,
0 =87 (w7 4+ m g e = gyl
ta =t (000057 = 90 ) [1—m (82000 + 00| (415)

one can find that they transform as

50 = e — o [dDFO° 4 I (14 mBO6)] 4O,

5657 = € 4 m el eG4 am e+

607 = e+ 2m |G (14 m ko) 4 el kol g,

Sl AF2)7, ()b 5“5‘7)[ -0,
sulPl = AP O gy g
St = 2i <e§j)§(+>’f + g<—>09§+>) , (4.16)
where
AGDi (6((1+)§(+)i n €(+)i9g+)> m? (6;—)9—@)1@ i g(_)cggﬂ) g,
&) = e €D = DT @D = gy e Z gy e (4.17)

We observe the existence of the analytic subspace closed under the SU(4|1) supersymmetry

Ca = { £, 059,000 O o 7%, Wl Y (4.18)

Its integration measure is given by
d¢CY = dty dud?0™® @20 =
= 5 (dg};‘*)) —2dc(YAO A0 — (e,(;)é(”’“ - g(*ﬁ‘eg*)) . (4.19)
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The only harmonic derivative D[(l+2)i preserving the analytic subspace reads

DD — o (DK 0 _ i — 209

_ 9 0
(Hig) gk 9 _ g0 2
+m o (9 S5~ O e )

m2 . 4 Y, —w O
+ —Yew o) ATy — |,
4 @ ( ) J 8ul()+)K K 8u(+)]
where
4 _ 2 2 _ _
<9<+>) — <9<+>) <9<+>) = gEGD (e,

The remaining harmonic covariant derivatives prove undeformed:

0 0 _ 0 _ 0
DO) _ (D e S T e
K 8ug)k ung)K ¥ 8u](;)K K Bu(f)c
0 - 0
(+) (Hk__ 2
+080 o + I
i, ()i 9 (K 0 H(+)i 0
e T N O L A
4 (H)k (K 0 7(+)k 9
2 ( i ; T R PO g |
“a 5 HE 0 0(+) 0

0
O [ (=)e O (+K 0 (+)_9
— Up W ——— —uy " ——— — 0, .
< oul ) oulHE S

One can check that
Ag+2)i _ D((;FQ)"A(O), 6ab&j D£+2)jAg+2)z' —m2s <9(+))4 7
4 _ _ -
5 (e<+>) =2 (59<+>k) 6L p(HgHe 4 2p(HkgHp(H) (59<+>C) ,

and

AGH)

5’1)((1-1—2)1' _ A((:+2)ipg _ At(z+2)kpi _ D)

4.4.1 Analytic harmonic superfield

The relevant analytic harmonic superfield is defined by the conditions
piiyt2) =0, Dyt =ppyH =,
and it transforms as

5y (+2) — A0y (+2)

,13,

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)



It can be obtained by the “harmonization” of the superfield Y7 satisfying the constraints
DEYDT =0, DYy, =0. (4.27)

These constraints in fact define the multiplet (6,8,2). On the other hand, they are part
of the full set of the constraints (4.1) defining the multiplet (8, 8,0). Indeed, the solution
of (4.25)

- (+)i a,: n(+)kp(+ as(—
Y2 = (F2) 4 9ig(Dig(Hag. — g(+) gl(g Jp(+)p(+)ag(=2)

+§Z(+)ug;r)iXK673imtA/4+§(+)igz(+)9((l+)u( )a (’LX L m XK) o~ 3imta /4

4
Py (DK g gSimta/d 9((l+)9(+)a§(+)iu57)K (ii(K - % )ZK) ehimialt
N \}i (é(+)ié§+)D€73imtA/2 FHgHap e3imtA/2) ’ (4.28)

reveals the field content (6, 8,2), where

2

()1, (=) (-2) _

1 m? 4

Y+ = = gaby (I ( )J Y+ (9(+)) g2
1

Yia = Uq ~UW; ~ YIJ, Y B)

g ugf)lugf)‘]yu . (4.29)

The component fields transform as

6D = —V2¢; (Z’XI - 321)(1) et/ 6D = —V2¢ (ZX[ + 3jlnxj> e~ dimt/4

Syt = el lg=8imt/a y LIKLg, < Simt/4
oy! = V2 Dedmt/t _ o, <1-le _ % yIJ> eBimt/4
5Xr = V2erD ¥/t 1 2! (iny + % yIJ) e~ 3imt/4, (4.30)

The substitution D = i¢ in these transformations gives just the transformations (4.7) of the
multiplet (8,8,0). Thus this substitution ensures the validity of the additional constraints
imposed on the superfield Y//. We conclude that the SU(4|1) multiplet (8,8,0) admits
an alternative description within harmonic SU(4|1) superspace.

4.4.2 Invariant action via harmonic superspace

Introducing the shifted superfield

)

YD) _ y () 4 (+2)
o2 L
2

m? 4 1 .. (71 (-
Eab u(+) ul() )JCIJ + T (9(+)> 0(72)7 6(72) _ 56” UE )Iu§ )JC[J,

a

a

— iEabEij C(_Q) <Dl()+2)jA((1+2)i) s (431)

sy (+2) — A0) ( v (+2) JrC(+2)) +ebey; ACH (DIE“)jc(‘2)>
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we calculate the invariant action (see appendix A) as
1 4
Se82) = 15 / dei VLY,

L(+4) —

(4.32)

y (+2)y (+2) N m72 ( (+))4 1 _ =2y (+2)
(1+e-2ye) (1427 2)’

This action of the multiplet (6,8,2) is in fact superconformal with respect to the super-
group SU(4[1,1) (see appendix B). The relevant metric is SO(6) invariant and given by

1 -2
92 = [2 y”@/u] . (4.33)
Substituting D = i¢, one can finally find the bosonic truncation of the component La-
grangian for the multiplet (8,8,0):

=1y m?
Lios. = g2 <¢¢ t3 9y — 5 Z/”yu) . (4.34)

Calculation of all terms in harmonic superspace is rather complicated. We skip all these
calculations and write the full component Lagrangian (4.50) in the next subsection by
employing SU(2|1) superfields.

4.5 SU(2|1) superfield approach

To simplify the construction of SU(4|1) invariant actions, it will be convenient to em-
ploy SU(2|1) superfield approach elaborated in [6-9]. We split the multiplet (8,8, 0) into
SU(2[1) multiplets as a sum of the conventional multiplet (4,4,0) and the “mirror” mul-
tiplet (4,4,0) [9]. To obtain such a decomposition, we need to single out the ¢; and €9
subvariety of the transformations of (4.7) corresponding to the SU(2|1) superspace trans-
formations (2.13). The SU(2|1) covariant constraints given below involve the covariant
derivatives (2.16).

4.5.1 The standard multiplet (4,4,0)

Introducing the new notations

2=y 212 = 1B g2 24 g2 8
gl = X3, §2 = —X4, gl ::ng 52 = _X47
(20) =emei o’ (€9) =&, (€ =4, (4.35)

we obtain the same deformed transformations as in [9]:
Spit — _ (6i5a63z‘mt/4 i Eigae—?n'mt/él)
- 9

56 = & (2id¢ + maf) e 3mt/4) 56 = e (2z':1':k“ = m:ck“> e/, (4.36)
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The indices i =1,2 and a =1, 2 correspond to the fundamental representations of the sub-
group SU(2) x SU(2) € SU(4).
The corresponding superfield ¢*® obeys the SU(2|1) covariant constraints

D¢ =Dk =0,  Fg* =0,  (¢") = - (4.37)
These constraints are solved by
¢ = [H—ékﬁk— (5)2(9)2] xia+(1+%§k6k> (eigaeSimt/él+§i€ae—3imt/4)
s pkpisa _pig ska) _ sk ifa 3imt/4  pigfa, —3imt/4 L 2\2 2 mia
-H(QHxVﬂ9m7>—w0k@§e —gigae +1(0)* 03", (4.38)

where the following conventions for the Grassmann monomials were employed: (6)% = 6,6,
(8) = ;.

4.5.2 The mirror multiplet (4,4,0)

The “mirror” (4,4,0) multiplet is defined by the transformations

5z = —epapFedmt/A 5z = ey, e Bt/
6y = _fk'l/;k 37’mt/4 5@ — _ekw e*Sth/ll
51/]1 —& (222) —3imt/4 + ¢ ( Zy _ mg) e?nmt/4,
S = —e; (2i2) 3™t 1 & (20 + my) e T34 (4.39)

where
V2z:i=¢,  V2z2:=94, y=y*  gi=yP
=, P? =2, Y1 = X1, Py = Xa2. (4.40)

These transformations differ from those given in [9]. In the present case, Pauli-Giirsey
SU(2) symmetry is broken. For this case the SU(2|1) superfield constraints defining the
mirror (4,4, 0) multiplet are written as

D'Z =D'Y =0, D'Z=DY =0,
D'Z = —DY, DY =D'Z,
FZ=0, FY =Y. (4.41)
Their solution reads
Z—z+@W£WW%MW@z—way—Zy)ﬁmﬂ+0wﬁ<ﬁw—%fw)&mw
1 9V2 (0)2 (5 + 2ims
Z( ) (0)" (2 +2im2),
Y =y + 0 e3mt 1 gig; (zy + y) +i(0)* ze3m2 4 79,0, (mﬁ’ _m W) eBimt/4
2 4
1,2 L 3m?
—1 (9) OF <y +amy + == y> : (4.42)
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4.5.3 SU(2]1) superfield action

The construction of SU(4|1) invariant actions in terms of the SU(2|1) superfields (4.38),
(4.42) goes as follows. The general SU(2|1) superfield action can be written as

S = / dt d?6 d%0 (1 +2m ékak) f(Z,2,YY,q"ga) - (4.43)

The target space metric g is defined according to [17] as

g==0af ==A1if,  f=[(22y0,2" ),  g9=9(27y7 2" ),
Af+Axf=0 = Aig+Ayg=0, (4.44)
where
Dja = /02, Ay =% e9,,0p
0.- 2 9-2 d, 0 y 0 Ao =2(0,0: +0,0).  (4.45)

&7 :873/7 :%7

Since SU(2|1) supersymmetry implies SU(2) x U(1) symmetry, the function f and g are
functions of the following coordinate monomials: z, Z, ¥, £@4.

Requiring SU(4) invariance of the corresponding component action amounts to the
constraints:

m (ng + 20, f + xia&aﬁyf) =0 = m(zi0y —¥0ia)g=0,
m (yg +205f + xi“(‘)ia(‘)gf) =0 = m(ziedy —y0ia)g=0. (4.46)

These constraints admit three different solutions:

1) Special Kéhler manifold metric (4.9)

f= % [20.K (=) + 20:K (2)] — % (210 + 4yg) [0.0.K (=) + 0:0:K (2)] .

2) SO(6)-invariant metric (4.33)

1 . _ .
Jo= 1 (xwxia) ' log (ng + xmxia)a

-2
_ ; -2 1
go = (2yy + xmxia) = gy = [2 y”yu] . (4.48)
3) SO(8)-invariant metric
1 ia -1 5 = ia -1
f3 = —3 (m xia) (222 +2yy +x xia) ,
. _3 _ 1 -3

g3 = (2224 297 +2"2;,) 0 = gz = [gf)gf) +3 y'’ yu] : (4.49)
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The first solution (4.47) reproduces the Lagrangian (4.8) with the metric (4.9). Other
solutions correspond to new SU(4|1) invariant actions.

The second solution (4.48) gives the Lagrangian

2

.= 1 . . 7/ ka B — m — m
Lsoe) = 92 |99 + 3 9" g+ 5 (x"xx — X*xK) — T X" XK — 3 v yr

% S 0rs92 X X — \;5 0" go Xrxs + i (Y 0" g2 — 975 Orrcg2) X' X
— 5 0 g X X (1.50)
where
O =g = LGRS - 5%). O twe) = genmi. (45)

Substitution i¢ = D gives SU(4|1) invariant Lagrangian for the multiplet (6,8, 2), which
is in fact superconformal, with the relevant group SU(4|1,1) (see appendix B).

The third solution (4.49) exhibits an invariance under the maximal R-symmetry group
SO(8) and produces the component Lagrangian

= 1. [ K - m g _ m? 1J
Lsos) = 93 ¢¢+§Z/ yIJ+§(X XK — X XK)+ZX XK =~y " yrs
= 1 o . . _
¢>3U.93 x'x? - 7 0" g3 xrxs + i (Yrx 07 g3 — 97" Oricgs) X X

* 2

Sl-5l-

. m 1 /.. m _
(Z?JIJ - yu) 9593 XIXJ + NG (w” + 5 y”) 0393 X1XJ

L\D\@
A

$0s95 — 6 0393) X\ Xic — 5+ (66— 66) 95
1

o (¢ D93 + ¢ 0593) X" XK — ﬁ (X'x” 0150593 + X1xs 0" 0393) X" Xk
J KL oo = 8.4
2 o (erorr X"x"x"x 3¢3¢93 + e XXk XL 050;395)
-3 31J3KL93 X' xrxe + 3 8¢8¢‘>gs x'xrx’xs - (4.52)

4.6 Superconformal symmetry

Redefining the component fields in (4.52) as

¢ N ¢67imt/27 XI N XI €7imt/4,

Qg N (Eeimt/Q, X1 = X1 eimt/47 (453)
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we eliminate all the deformed terms proportional to m and write the Lagrangian in SO(8)

invariant formulation:
LT 1 . . 1 - . _ m2 - 1
Leont = g3 |90 + 3 9y + 3 (X" —x"xr) - Ve <¢<Z5 t3 y”fﬂ])]
- [ o /. . _
— — 093 X' X’ — 7 0" g3 x1xs + i (Yre 0" g5 — 975 Orrcg3) X xs

. Na e = _
+ (I X' x7 0p93 + 9" 1% 9393) — 3 <</5 0pg3 — ¢3¢393> Y Xk

J. K. L

(ersrr X XXX 050595 + " xuxaxk XL 950593)

(X'x7 0150595 + xrxs 0" 9595) X" Xk

Sl=== S-S

o

o 1 g
10" g3 X X Xk XL + 5 960593 X'xix?x - (4.54)

[N

As a result, we obtain OSp(8]2) superconformal Lagrangian of the trigonometric type® that
contains only m? terms. Since the new Lagrangian (4.54) is an even function of m, it is
invariant under two types of SU(4|1) transformations, with the deformation parameters

m and —m:

5 = —V2erxe™, 8¢ = V2elgre ™,

Syt = —9elyJlg=imt | JJIKL o cimt.

ot =v2e (2¢ + % d)) e~ Mt _9¢; <iy” - %y”) emt,

oX1 = —V2er (255 - % 913) e +2¢ (i?JIJ + % le) e, (4.55)
56 = —Vannle ", 56 = Van'x e,

Syl = —gpllyJlgimt 4 JIKLy o =imt

Sl =v2i! (Zd) _ % ¢> emt _ 9, (iy” i % yIJ> e—imt.

5% = —V2m; <i<§ + % é) emmt 4 277 (iyu - % y1J> eimt, (4.56)

In the closure of these transformations, we obtain superconformal algebra osp(8|2) spanned
by 16 supercharges and 31 bosonic generators (see appendix D), where the conformal
Hamiltonian Hcons is defined as

Hconf =H - % F. (457)

The generators F'// and Fy; produce SO(8)/U(4) transformations realized as

5XI - \/i‘/_XIJXJa 5)2[ - ﬁAIJXJa
6p=—A"y;;, 6p=—A"y;;, Syry = Ao+ Aryo. (4.58)

8Here we follow the terminology suggested in [33].
In the limit m=0 the Lagrangian (4.54) goes into the one invariant under the “parabolic” realization
of OSp(8]2), as it was given in [34].
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5 The SU(4|1) multiplet (8,8,0): second version

The second version of the multiplet (8,8,0) is described by a complex bosonic superfield
V1 satisfying

1 L _
o e T A Dix Vi) =0,

_ 1 _ _ 1 ;=
DIV, = i S DRV Dy;vi= 1 oD VE (V) =V;. (5.1)
In the flat superspace limit m — 0, these constraints go over to the SU(4) covariant
constraints (3.7) specifying another form of the flat /=8, d =1 multiplet (8,8, 0).
To avoid calculation of the deformed covariant derivatives D! and D, we instead
consider harmonization of part of these constraints, viz.

_ _ 1 _
Dk Vi) =0, DIV, = i SiDE Ve | (5.2)
with the rest of constraints being solved at the component level.

5.1 Harmonic superspace

The option for harmonic superspace relevant to the given case uses the harmonic variables

on SU(4)/[SU(3) x U(1)] [32]. The set of these harmonic variables is given by u§+)a, w3
ué_)l
The harmonics satisfy the following unitarity and unimodularity conditions:

; u(lﬂau(ﬁ_)l =03,

, ug_?’) , where the index a = 1,2, 3 refers to the SU(3) fundamental representation.

L L

u§+)au(+3)1 _ ugfi’r)u&—)l —0

uE,Jr)au&_)I + u5_3)u(+3)1 = oL,

5IJKLU§+)QUS+)5U§;F)VU(L*3) — B (5.3)

)

As in the previous case, we define the new coordinates

93 — g, (u(+3)1 i mg<+>a9<+3>ug—>1) 7 0C) =0, u ),
g — g7 <u5+)a n m§(+)a0(+3)uf]—3)> 7 g(-3) — gJuJ—S)’
e A Dan(— . oy Am? s )\ 2
tn = t+iB-DPED) _ jgHag(-) [1 —m ) T (g0 } O Ga)

They transform as
505 = )+ 2m [éﬂﬂe/(;) +e=Dgd) (1 +m é<+>ﬂeg‘))] 6,
5003 — =3) _ 9 eg—)g(ﬂﬁg‘(—?’)’
5003 = (+3) 4 () g(H)ag(+3)
§0(Ha — gH)a 4y e(=3)g(H)ag(+3) _ 9y, e(ﬁ*)g(ﬂﬁg(ﬂa’
Su( I = A(+4)au((;)1 5u§_3) =0,

5u§+)o‘ = —A(+4)°‘u§_3) (5u§3_)1 =0,

Sty = 2i (eHéH)a + e<*3>9<+3>) : (5.5)

«
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€)= erul, D) = UMV e gy he =) _ 2y (53) (5.6)

It is straightforward to see that the analytic subspace
(A= {tA, (+3) g u(ﬁ)“, uH ué—)l, ug—z&)} ’ (5.7)

is closed under the transformations (5.5). Its integration measure

dgé_6) — th du d6(+3) d3é(+) e3’imtA/2 (58)
transforms as
5 (dgf\‘ﬁ)) = mdc{® (eg—>§<+>a —3 g(—3)9<+3)) . (5.9)
The harmonic derivatives are found to be
(+H)a _ g _ gg+ag+d) g, _ M g H)agH+)p0 o 0 gHagd)gs__ 0
D =0 20 ZARREOIN 60 0\ ™)DY +m o AN EYIOER
_ o 0g _ o
Q@ _— H (Ha_ Y B p+)y
D5 =05 +0" oars — 3 0 a0
- 0
0_ 70 (Ha (+3)
D 0"+ 0 50 )a + 36 5009 (5.10)
where
0 0
e _ (9K e 0
8u&_)K K 8u§(_3)
0 _ 0 0f 0 0
92 — o \He _uOE _ B _yEKE :
B K 8u(;)5 B ug—)K 3 K 8ug)7 vy ug—)K
0 0 0 _ 0
80 = ulr —— —(OEZ g (K Y - (5.11)
K 8u§)a u((;)K Qu+HK K 8u§;3)
Note that

DODIA = NGO, A = (g0 - D) (5.12)

The harmonic analytic superfield V{*+3) defined on (5.7) satisfies the harmonic con-
straints

Py =g, Dy =0, POV =3V (5.13)
It can be treated as a harmonization of the superfield V; defined by (5.2), where Grassmann
analyticity constraints are provided by

u(+3)KU(+3)L@(K VL) =Dy — ¢ u§+)au(+3)JDIVJ — pHajy(+3) _ . (5.14)
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The full set of the constraints (5.1) operates with the set of superfields V() V(=3) 1/ (+3)
and V™ living on the full harmonic superspace (5.4). Here we consider just the superfield
V(+3) treated as an unconstrained deformed harmonic superfield satisfying the analyticity
conditions (5.13). The rest of constraints on V(+3) will be imposed below “by hand” at
the component level, like in the previous cases.

The general expansion of V(+3) reads

V) = 2 (HT (/2 (H3)y Bimt/4 4 o g(H)ay, gy (+3)], ()T g=3imt/4
+ 2000990 (i3 + T i) ulOR
+EIJKL §(+)a§(+),BCKU(+3)LU&7)IU£;)Je,gimt/Q
+ €aBy 9_(+)O‘9_(+)59_(+)77r e—9imt/4

_ 2 g(ag(+)Bg(+3) (z’>‘<u L m XU) w7 =sime/d

2
_ %g]JKL g(+H)ag(+)Bg(+)ve(+3) <,L~C«L + 3Tm CL) u((x—)lug—)Ju’(y_)K e_gimt/27
(5.15)
where
X1J = X[1J] - (5.16)

Taking into account the transformation rule

spUda _ (1 ACFDapo 4 A<+4>ﬂz>g> T (g _ 49e) pb
3 6

2
+ % GG, (5.17)
the superfield V(+3) transforms as
SV = AVES) = 2 (g 4 D)) ), (5.18)

This superfield transformation law amounts to the following component transformations

0z = —2K g e 3 _ /¢y eBimt/A,
. 3 ,
oy = \/igK <ZZK + Tm ZK) 6—3zmt/4’
6XIJ = E€I1JKL EKCL e—3i’mt/4 _ 26[[ (ZZJ] _ % 2J]> 63imt/4,

.. m ; _ _3;
sCT = KL, (WKL -5 XKL) 3/t _ gl o=Bimt/4

2 : ,
om =3 ek <¢CK — 377” 0K> e/, (5.19)

From the transformation properties of V(+3) one can draw the conclusion that the construc-
tion of a “pre-action” similar to (4.5) cannot be performed within the analytic harmonic
superspace. We conjecture that such a construction could become possible after taking
account of the additional set of ¢ constraints defining the multiplet (8,8,0). Then the
action can probably be constructed in the full harmonic superspace approach (see [19]).
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At the component level, the rest of the constraints (5.1) impose the relations

S _ 1
(21) = 217 (X) = X? (X[J) = 5 ‘C:IJKLXKL - XIJ7
2 .
CI:MJF%ZI, W:—\g(ix—i—mx). (5.20)
The final form of the deformed transformations is
5ol — 26KXIK imt/4 | \/5512 e—3imt/4’
525 = —2 EKXJK 673imt/4 _ \@GJX 63imt/4’
) 3 ,
5X — \/§€K (iZK + Tm ZK) 6—3zmt/4’
3 .
ox = —V2ex <z'z"K — Tm ZK> eBimt/4
S = 9 el <Z'éJ] 4 % ZJ]) e Bimt/4 _ IJKL (z’éL _ % 5L> 3imt/4 (5.21)
where
S - S 1
(21) = zr, X)) =X, ) =x1s = 5 LKL x5 (5.22)

5.2 SU(2|1) superfield formulation
Once again, we split the given multiplet into SU(2|1) multiplets as (4,4,0) @ (4,4, 0).
The first multiplet is associated with the fields

2=z, =2 & =2, €:=V2x, &L=V2x%, (5.23)

il )

T =2
such that
&EiA — —EifA e3imt/4 . Eig_A e—3imt/4’
sl = 2ek (iah + Tal) e WA 6E =2 (i — T k) eSimA,

662 = 2¢€ (zxz - 377” x%) eI 5Ey = 2 <m’§ + %m x’§> i (5.24)

This first multiplet (4,4,0) is accommodated by a superfield ¢** obeying the SU(2|1)

covariant constraints
. L _ 1 . _
’D(qu)A =0, D(qu)A =0, FqlA =3 (Jg)g q'B . (@) = gia - (5.25)

As distinct from (4.37), Pauli-Giirsey SU(2) symmetry is broken. Taking into account (2.16),
we solve these constraints as

g4 = [1 L kg, — O (6) (9)2] 24 ey, (0—1‘91 4 élez‘) (l-,kA n % (03)4 ka)
— i6"6, (91‘ ‘A Bimt/4 _ éigA e—3imt/4)
i (1 4 % §k9k> (eifA eBimt/4 | pigA 673imt/4>

L 90, (Hié-B (Bimt/4 _ pigB 673imt/4> (Ug)g

4
1 2
4

(0)° (0) <mA 4 im (os)haiB - L ;L«iA> . (5.26)

* 2 16
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The second (mirror) multiplet (4,4, 0) is formed by the fields
yl =2 =23 =, =3, Y= 2™ =2y, (5.27)
with the SU(2|1) transformations
Sy = —epia 3imt/4 55 = —ghia e=3imt/4,
§ipit = 2 (iya + % ya) o 3imt/4 _ o i (@a - % ga) o3imt/4 (5.28)
The superfield SU(2|1) constraints defining the mirror (4, 4, 0) multiplet are written as

DYt =DY*=0, DY®=DY?

Fye — %Y“, Fye — _% v, WO =Y. (5.20)
They are solved by
voo [ a0~ T 0 02 e [0~ 20 0)2 02| -2 0)* 02
i 64 | I 8 | 4
+0,0" (@a_%ga) Bimt/2 | [(1_%§k9k> 9i¢ia+i§k9k0i¢m} Bt/
yo= '1+?ékek—76”f ORORr= _é’“ek—?’;” (0)* 0] —i ONONE

+dkg, (iy“—i—%y“) o simt/2, [(1— ”21 é’f@k) e}wa—iékekéw} e~8imt/4 (5.30)

5.3 Invariant Lagrangian

The general SU(2|1) invariant action is written as
1 _ _ o
S = /dtc = /dt 420 d29 (1 +om ekek) £ (Y0, ¢ gia) - (5.31)

Requiring it to be SU(4) invariant produces the following conditions:

A, = —26"9,0,, Dy = 0/, Dy = 007",
Ay =9eB9,40,5, 4= 0/0x,
G:=Nf=-0Nf = (A +A,)G=0, (5.32)

m (Qaaf + gaG + xiAaiAaaf) =0 = m (gaaiA - xiAaa) G = 0,
m (20af — yoG + 2" 0140.f) =0 = m (yaOia + 240,) G =0. (5.33)

The unique solution of these equations is given by

1 1, -1 L _1 . _1
f=1 (y"%a) ™" (y“ya +5 l’ZAIL‘z‘A) o1 (¥ a) T (2 @) + e (2M2ia) T =
1 -3
=G = <y‘1.@a +3 a:““:cm) : (5.34)
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Here, the terms with the constants ¢; and ¢y do not affect the metric G, since it is a
harmonic function. One can check that these terms drop out of the component Lagrangian,
which is finally written as

2

L= |2+ %X”XU + % (XX = X% — % (721 — ="21) + T xx - 31% e
+1 (ZIOJG — ZjéfG) xixx’ K — % (zlaJG + nglG) i x’ &
+ % (210,G — 210"G) xx + 9,0' G xr X xx + %alélG xre X" xoax™
- \f 105G x X" xExkr — \f '07 G x xrrex X ™F, (5.35)
where
G=(z)". (5.36)

5.4 Superconformal symmetry

By analogy with the section 4.6, one can redefine the component fields as

ZI N Zle—zmt/47

Zr — zp ™Mt x = x em/?, Y= ye 2, (5.37)

after which the Lagrangian (5.35) becomes an even function of m. As a result, we obtain
OSp(8|2) superconformal Lagrangian that is equivalent to (4.54):

. . 2
T . 2 . 1 . . m _ .. -~ 7
Leont = |2 21+ o X" X0+ 5 (XX —xx) — — #'21| G+ (410,G — 2,0'G) xrrx”™

2 2 4
i, . = _ - 1 -
t3 (201G — 210" G) xx + 050" G x1x X" XX + 3 050" G xrr X xLax™
— ? 6]3JGXXIKXJLXKL — ? alaJGXX]KXJLXKL. (5.38)

In the same way, this Lagrangian is invariant under two types of ¢; and n; transformations
which close on the superalgebra osp(8]2) (D.1)—(D.3):

028 = ey !B ™t 4 V2el et 0z; = 28y e — V/2e;x ™,
ox = Vo ek (zZK + % ZK) e~ imt oy = —V2ex (’LZK — % 2K> emt,
Sy = 2! <iz’J] n % zﬂ) eimt _ JIIKL (izL _ % zL) et (5.39)
02" = 2nrx e 4 V2! e, 027 = 20" xuK €™ —V2nyxe ™,
Y S (. S A (N P
o = 277[1 (i,é‘]] — % z‘”) emt — KLy (iéL + % ZL> e~ imt, (5.40)
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We see that the Lagrangians (4.54) and (5.38) have conformally flat metrics g3 and G
which both depend on the quadratic SO(8) invariants of the same power —3. The fields 2!
and Z; can be reexpressed, by a linear transformation, through the bosonic fields y’ J l, 10}
and ¢ of the first multiplet (8,8,0), where I’ and .J' label the fundamental representation
of a different SU(4)" subgroup of the SO(8) symmetry, such that it intersects with the
first SU(4) in a common SU(3) subgroup. After an analogous linear transformation of the
fermionic fields, the Lagrangian (5.38) will coincide with (4.54). So both superconformal
Lagrangians are indeed equivalent. This feature of equivalence of (8, 8,0) multiplets in the
presence of exact SO(8) symmetry was already noted in the end of section 3.

6 Summary and outlook

We have shown the existence of two non-equivalent “root” multiplets (8,8, 0) of deformed
N =8 supersymmetry associated with the supergroup SU(4|1). We described them in mul-
tiple ways with worldline superfields and in components and derived invariant actions for
them. Some of these actions are superconformally OSp(8|2) invariant. For a non-trivially
interacting example we gave the explicit form of the (classical) SU(4|1) supercharges. We
also obtained the SU(4|1) invariant actions for the off-shell multiplets (6, 8,2) and (7,8,1)
(in appendices B and C) from the (8,8,0) actions, reconfirming the root interpretation
of the (8,8,0) multiplets for N'=8 mechanics. The (6,8,2) action was shown to exhibit
superconformal SU(4|1,1) invariance.

As for further applications of these results, the most appropriate arena might be pro-
vided by supersymmetric matrix models (see, e.g., [35-37]). These possess SU(4|2) invari-
ance, hence multi-particle mechanics based on SU(2|2) C SU(4/2) or SU(4|1) C SU(4[2)
may appear as some truncation of such matrix models. The matrix models studied so far
lead to free worldline multiplets and actions. Our approach allows one to generate non-
trivial interactions, which hopefully may be interpreted as effective actions with quantum
corrections taken into account. An important ingredient of matrix models is a gauging
of appropriate isometries by non-propagating gauge multiplets. To promote this to the
SU(4|1) superfield language, one needs to define suitable gauge superfields generalizing
those used in [38, 39] or [10].

Another problem for the future is finding an action including both types of deformed
(8,8,0) multiplets and inquiring the ensuing target-space geometry.
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A Some calculations

Here we collect the necessary identities for calculation of the function L+ in the invariant
action (4.32). We represent it as an infinite series:

LD = 3 () (702 2 (500’ Zb (27" )

All the identities below are given up to terms with a total harmonic derivative Dc(l+2)i. In
addition, one must take into account the definitions (4.31). Each term in the variation

of the series (A.1) also contains transformations compensating the measure transforma-
tions (4.19), i.e

5 (Y(+2)) 7 AN (Y(+2)) 2~|—2A(0)c(+2)f/(+2) +2e%e;; Ag+2)z‘DIg+2)jC(—2)y(+2)

5 ey e V) (DAY (A.2)

1) (c(*Z))n (}7(+2))n+2 _ (n+4)A(0) (0(72))71 (Y(H))HQ
+(n+2) A2 (c(—Q))" (fx(+2))"+1

+(n+2> e%e;; ALHID(T ( (—2)>"+1 (Y(+2))"+1

(n+1)
B (n;r?) s, <D£+2)jAg+z)i) (C(—2)>"+1 (y(ﬂ))”“

— (n+4)A© (c<—2>)” (y<+2>>”+2

A (C<—2>)"‘1 (yf<+2>>"“

B (nizin;‘l) s, (Dl()+2)jA((l+2)i) (C(—2)Y(+2))”+1 (A.3)
A© (CH))" <€ be,; DD (- 2))
g+2)z' (6(72)>” (gabgij Dé+2)jc(*2)>
A (C(_z))”*l <5ab5” Dl()+2)jc(—2)) (Dg+2)ic(_2))

_ AGHE abg Dz()+2)j (C(—2)>”+1
PO (D) (s D) (DD ()

We also use the identity (c!cry = 4)

AO) (2 (+2) 4 ;5 &) (D(+2) (—2)> (D((1+2)z'c(—2)>] _ iCuC” AO Z AO  (A5)
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Thus, the series is invariant when

ap 5! —1)" (n+ 3)!
ap =1, a; = —4aop, 02:%3!, a’n:()n!(?)!)v
(n+2)(n+3)an—1 (=)™ (n+2) (n+3)!

b — - ) A6
" 4dn n!4! (A.6)

Using these relations, the above series can be summed up to the expression

+2) 7 (+2 2 _ =2y (+2

ISR i oLy 7/0%) R el s N

(1 + c(*Q)XA/(+2))4 2 (1 + c(f2)f/(+2))

For calculating the component Lagrangians, we use the following identities (up to total

harmonic derivatives):
1

(=2)5(+2) _ IJ 5
c Yy 12 cC Yy,
(C( )?9(+2)> - (CUZ)IJ)2 — g??”:&u
80 3 ’

N 1 N 3 KL
(C( )y(+2)> 400 |:(CIJyIJ)3 - 5 yKLyKL CIJyIJ:| )

(C(—Q)g(+2)) -~ 12 (2n)! (2n)!
22n (2n + 2) (2n +3)!

= —k+D s 20—
X Z( n_%) ) (yKLyKL)k(C”yIJ)2 %,

(c(*2>g(+2))2n+1 _ 1 (2” + D! @2n+ 1)
22n+1 (2n + 3! (2n +4)!

MO —E+2), ger . kg 1g. \2n—2kil
. A8
XZ k' 2n—2k+1) (@™ “irL)” (i) (A.8)
Using them, one obtains
0” gyt c- (-2),(+2))"
OJHDOIHD | (1 4 -2+ _§(n+l)(n+2)a"<c y )
oy g g\
=211
(1452 52)
RO
- |:2y yIJ:| 9
S 1 oy g\
by (Y +2) —= (1
S ()" = g (1 S )
1 1
=— [2 yuyu] (A.9)

B The multiplet (6,8, 2)

As was already mentioned, the multiplets (6,8,2) and (8, 8,0) are related to each other
by the substitution i¢ = D. The same substitution is admissible in the Lagrangian (4.50).
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Then, the SU(4|1) invariant action (4.32) is given by

r — 1, L Sy o DD M K _miz 1J
(682 = 92 |5Y y1J+2(X XK — X XK)+ L XXKE = Y YL
1 _
+—=Ddrygax'x’ —fDa g2 XiXs + 1 (U1 07 g2 — 975 Oricgo) X' xg
\/ﬁ V2 ( )
1 KL I.J 1, 17
53 707792 XX XK XL 5 g2 = [23/ yIJ] : (B.1)

One can obtain a superconformal Lagrangian by making the following substitutions of the
component fields in (B.1)

D — Deimt/Z’ D — De—imt/2’ X N XI zmt/4 I — X1 e—imt/4_ (B2)

The resulting Lagrangian

1 .,;. v . K _ m?
Lecont = g2 B 9"y + B} (XKXK - XKXK) + DD — Y v yrs
1 - 1 o . . _
% Darsg2 x'x” - 7 DO gaxixg + i (Yrx 075 g2 — 975 Oricg2) X X
1 _
5 Ors0" g X"\ Xk XL (B.3)

is an even function of m and so is superconformal. Its form is typical for Lagrangians with
the trigonometric realizations of superconformal groups.

It can be shown that the superconformal group of (B.3) is SU(4|1,1). On the one
hand, the transformations (4.30) become

6D = —V2¢; (’iXI - mxl) PRLZEN 6D = —V2& (ix; + mxy) e tmt/2,

Syl = —2ell\Hemimt/2  JJIKLe, o gimt/2
o' =v2é B et _ 9., <iy” _ % yIJ> it/
oX1 = \/§EIB eimt/2 +2¢ (iyjj + % yu) 67imt/2, (B.4)

and leave the Lagrangian (B.3) invariant. On the other hand, new SU(4|1) transformations
leaving invariant (B.3) are defined by replacing m — —m in (B.4):

5D = —fm (ix" +mx") e ™2 5D =—V2q" (ix; —mxq) ™/,
[Tl gimt/2 | JIKLy o o=imt/2

oy’ =—2q'y NKXL €
5X — \@ﬁIB 6zmt/2 —2ny (Zy + = 5 IJ) efimt/Z’
— . . m .
5xr = V2nBe ™2 4257 (iyu -5 le) emi/2, (B.5)

Introducing the conformal Hamiltonian as

Hconf H+ F (BG)
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the superconformal algebra su(4|1,1) amounts to the following set of (anti)commutators
{QI7QJ} = 25§Héonf+2mL§_m5§F7
{S1,8;} =260 H. . —2m L +m ) F,

conf
{QI7§J}:25§T,7 {SlvéJ}:25§T/7 (B7)
(L}, L] =05 Li,—o1LY
[T, T'] =2mH s [(Heone, T’ =—mT’, (Heone, T =mT", (B.8)
1 I . _
[L5,Q%]=07Q"=70;Q",  [L},Qu] =707QL—01Qy,
(Lh,8%)=6}s"— 1 6hs", [Lh,81) = 0551015,
1 _ 1 - 1 . 1.
[F7Q1]:§Q17 [FaQJ]:_EQJ7 [F7SI]:§SI7 [F;SJ]:_isJ;
[Honr. Q'] = 5 @', [Heont: Q] =5 Q-
[Heons: '] =5 5", [Hecns:S1] = =5 5.
[T",Qs] =mSy, [T',SI} =mQ!,
[7,5,] =-mQy. [7,Q"] = —ms". (B.9)

Note that the “parabolic” realization of the superconformal group SU(4|1,1) on the unde-
formed multiplet (6, 8,2) was given in [40]. The corresponding superconformal Lagrangian
can be obtained as the m=0 limit of (B.3).

C The multiplet (7,8,1)

The substitution v/2i¢ = C — i@ in (4.7) gives SU(4|1) transformations of the multiplet
(7,8,1):

0C = —¢r <i>'<l _ 3ﬂ XI> edimt/4 _ 2l (ifa + 3ﬂ XI) 6—3imt/47

4 4
§x = epyL3mt/4 _ gl g, o=Bimt/4,
Syl = el Jlg=3imt/4 | JTIKLe, o 3imt/4
ot =é (C—ix) e 3imt/4 _ 9 (inJ _ % yIJ> e3imt/4.
. 1 _ .. m 9
6% = €1 (C + i) 0 4 267 (i + Tyry ) e W, 1)

The same substitution is admissible in the Lagrangian (4.50). In this way we obtain the
SU(4|1) invariant Lagrangian for the multiplet (7,8,1):
.2 ~ 2 2
T 1 7 . C m m
r _ L. Y K: Ko eeem ko Mmooy
(7.8,1) 92[2+2y y1J+2(X XK — X XK)+2 1 X XK 83/ YrJ
C o it _
+ 5 (01902 XX = 0" g xaxs) + 5 (9192 XX + 0" g2 X1x1)

. . 1 o
+i (Jr 0% g — 975 Oricg2) X X — 3 Ors0" g2 x"x Xk XL »

1 —2
92 = {2 yIJZ/IJ} . (C.2)
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The corresponding action is not invariant with respect to the superconformal group F(4)
inherent to the multiplet (7,8,1) [41] because (C.2) cannot be brought to a form in which
it depends only on m?. On the other hand, since F(4) includes SU(4|1) as a subgroup,
we expect the existence of an alternative, F(4) superconformal, action for the SU(4|1)
multiplet (7,8,1). At the component level, such a system has recently been constructed,
without giving an action however [42].

D Superconformal algebra osp(8|2)

Superconformal algebra osp(8|2) is given by the following non-vanishing (anti)commutators:

{le QJ} = 25{]%conf+2mL§+m (5§F
{S1,8;} =26%Heont—2m L —m &' F,

{Q",57} =2mF", {Qr,.S;}=2mFy;,
{Q1,5,} =265, {S7,Qs} =26]T, (D.1)
(L}, LF] =65 L] —o] LY,
[ FKL] 5KFIL+5LFKI 5IFKL
(L), Fk1] = *5JFKL 5t Fyr—01Fr s,
(P! Fgp) = — 01 Lt +07 Lic— 0% LT + (6507 —616% ) F.
[F, FU] = [F.Frj)=—Fy,
[ ] dm Hconf7 [Hconfa T] =—-2mT, [HconfvT] = 2mT> (D2)
1
[ ]:dl](QI_*(S{TQK: [ }Zfé‘JQL 5LQJ)
4
1
(L5, 5] =085 8" =7 058", [L4.50) = ;8615
[F J7QK] :6}(SJ_6LII{S’I7 [FIJ7QL] SI_éLSJ
[Frs, 85| =61 Qs—065Qr, [F17.S,] 25‘]@] 51Q7,
1
[FvQI] = §QI7 [F QJ} = QJ7
[F,8"] = %SI, [F,S;] = SJ,
[HconfaQI] = _lev [ confaQJ] mQJa
[/Hconfysl] :mSIa [ confaSJ] _mSJa
[T QJ]—QmSJ, [T SI]:2mQI
[T,5,]=—-2mQy, [T,Q"] =—2msS". (D.3)

The supercharges Q!, Q together with the generators L5 and H = Heonf + 5 F' form the
subalgebra su(4]1) & u(1) in osp(8]2), with F' being an additional external R-symmetry
U(1) generator. The second set of SU(4|1) supercharges S’, S; extends this subalgebra to
the full superconformal algebra osp(8|2). The latter involves twelve additional R-symmetry
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generators F1/ = FUJ [ ) = F[U] which, together with the U(4) generators L, F, form
the full R-symmetry algebra o(8). Additional conformal generators are T, T', such that
three bosonic generators Heont, 1 and T’ constitute the conformal d=1 subalgebra 0(2,1).

Actually, the parameter m drops out from the superconformal algebra after performing
redefinitions similar to those made in [8] for the case of the N'=4,d=1 superconformal
algebra D(2,1; «).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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