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A B S T R A C T

This thesis contributes to the field of collective effects in atomic ensembles.
We explore synchronization of superradiant lasers in different coupling
configurations and study superradiance in off-resonantly probed atomic
ensembles, where we take into account the complete level structure of
alkali metal atoms. In the first part we introduce the superradiant laser
and extend the discussion of synchronization of symmetrically coupled
superradiant lasers to unidirectional coupled superradiant lasers. We
show that synchronization is also present when we replace the superradi-
ant laser couplings with classical channels, meaning the synchronization
can be considered a classical effect.

In the second part we generalize a widely used approximation method
taking into account lower order atom-atom correlations — the cumulant
expansion method — to a basis independent formalism. We implement
this formalism in a Python program allowing us to numerically calculate
the n-atom reduced density matrix and two-time correlation functions
for ensembles of multi-level atoms. This method allows us to study the
stationary state of an ensemble of off-resonantly probed alkali metal
atoms with a ground-state manifold consisting of many hyperfine levels.
We show that collective effects in light-matter interaction depends on the
tensor-polarizability of atoms and therefore cannot be explained on the
basis of two-level-approximations.

keywords: collective effects, atomic ensembles, superradiant lasers,
synchronization, unidirectional coupled superradiant lasers, atom-atom
correlation, cumulant expansion method, two-time correlation functions,
light-matter interaction, tensor-polarizability
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Z U S A M M E N FA S S U N G

Diese Arbeit leistet einen Beitrag zum Verständnis von kollektiven Effek-
ten in atomaren Ensembles. Wir untersuchen die Synchronisation von
superradianten Lasern in verschiedenen Kopplungskonfigurationen und
das Verhalten von einem off-resonant getriebenen atomaren Ensemble
bei dem wir alle Niveaus der Alkalimetallatome berücksichtigen. In dem
ersten Teil der Arbeit geben wir eine Einführung zu dem superradianten
Laser und erweitern die Diskussion der Synchronisation von symmetrisch
gekoppelten superradianten Lasern auf Synchronisation mit gerichteter
Kopplung. Wir können zeigen, dass die Synchronisation als klassische
Synchronisation betrachtet werden kann, da diese bei beiden Konfigura-
tionen ebenfalls mit Kopplung durch einen klassischen Kanal vorhanden
ist.

Im zweiten Teil der Arbeit verallgemeinern wir die bekannte Ku-
mulanten Approximationsmethode, welche niedrige Ordnungen von
Atom-Atom Korrelationen berücksichtigt, zu einem basis-unabhängigem
Formalismus. Durch eine eigens programmierte Implementierung in
Python können wir mit diesem Formalismus die n-atom reduzierte Dich-
tematrix numerisch evolvieren und sogar Zweizeitenkorrelationsfunktio-
nen von Ensembles mit Mehrniveau-Atomen berechnen. Diese Methode
wenden wir an um den stationären Zustand eines Ensembles aus off-
resonant getriebenen Alkalimetallatomen mit mehreren Grundzustands-
Hyperfineniveaus zu untersuchen. Wir zeigen dass die kollektiven Effekte
der Atom-Licht-Wechselwirkung von der Tensorpolarisierbarkeit der Ato-
me abhängt und deshalb nicht anhand von Zweiniveauapproximationen
erklärt werden kann.

Schlagworte: kollektive Effekte, atomare Ensembles, superradianter
Laser, Kumulanten Approximationsmethode, Atom-Atom Korrelationen,
Zweizeitenkorrelationsfunktionen, Tensorpolarisierbarkeit, Mehrniveau-
Atome, Synchronisation
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I N T R O D U C T I O N

The laws of quantum mechanics govern all known physical systems.
While quantum mechanics fundamentally prevents certain operations,
such as precise simultaneous measurements of non-commuting operators,
it allows preparing states and performing measurements not possible in
classical mechanics. The field of quantum metrology aims to use exactly
this fact to enhance technically feasible measurement precisions up to the
absolute limit dictated by quamtum mechanics. Besides quantum metrol-
ogy theoretical and experimental efforts are also pushing the boundary
of what is technically possible in quantum computation and quantum
communication.

Quantum computation promises polynomial and even exponential
speed-up of certain algorithms, most famously the polynomial time fac-
torization algorithm by Shor [1]. The challenges in quantum computation
are to find a physical system that (1) can address many qubits individu-
ally, (2) allows controlled and coherent interactions between qubits, (3)
minimizes decoherent effects on the qubits, and (4) is theoretically and
technically scalable to microscopic lengths. Fulfilling all these criteria is an
ongoing effort with many different candidates such as superconducting
qubits [2, 3] or trapped ions [4, 5].

Quantum communication aims to create a worldwide network of quan-
tum teleportation stations [6], allowing to communicate using quantum
mechanical states, analogous to what the world wide web has done for
classical information. While this quantum internet [7] would be crucial
to link future quantum computers to a network, the first – more modest –
goal is to use entanglement to facilitate the creation of secret keys between
two parties with security guaranteed by quantum mechanics. These secret
keys can then be used to encrypt classical information and communicate
securely via the world wide web. The fundamental problem of quantum
communication lies in the technical problem of exponential amplitude
damping of light in glass fibers, the best known method for earthbound
long-distance light communication. A whole class of protocols, called
quantum repeaters [8], deals with overcoming this exponential loss and
distributing entanglement between distant teleportation stations. Many
repeater protocols use on the one hand light to bridge the long distances
between stations and on the other hand non-moving quantum systems
serving as quantum memories, such as ions [9], atoms [10], or atomic
ensembles [11–13]. Using quantum memories at repeater stations allows
overcoming the exponential scaling with distance and turns it into a
polynomial scaling. The quantum memory-light interaction is therefore a
crucial part of quantum repeaters.

The first protocols for quantum repeaters, such as the DLCZ protocol
[11], were based on probabilistic events, such as a photodetection. Re-
cently however there has been interest in dissipative protocols allowing
a deterministic quantum state engineering [14] and even full quantum
computation [15]. Dissipative protocols have the advantage that the de-
sired state — engineered to be the steady state — is created without any
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2 contents

measurements lowering the technical requirements. It is therefore natural
to consider dissipative protocols involving atomic ground states, such as
hyperfine states, as a quantum memory. The atoms can either interact
with the light strongly, in a cavity with high quality factor, or weakly as
a dense atomic ensemble in a low quality factor cavity or even in free
space. For strong coupling the atoms and cavity form together a joint
quantum system, that behaves significantly different than the individual
components. For the full understanding of such a system a diagonaliza-
tion is very helpful, but not always feasible. For weak coupling the atoms
and cavity evolve dominantly independently with the interaction being a
weak disturbance. This weak interaction between light, which typically
has a short coherence time compared to the atomic ground states, and
atoms can create significant correlations between the atoms themselves,
giving rise to collective effects such as superradiance.

In this thesis we focus on the description of identical atoms coupling
weakly and identically to light. The identical coupling of each atom to the
light mode(s) therefore associates a creation or destruction of a photon
to a collective atomic jump. In the simplest possible case of N excited
two-level atoms and collective decay, one can observe superradiance [16,
17]. Dicke described it as: “For want of a better term, a gas which is radiating
strongly because of coherence will be called superradiant.” The pure states of
collective excitation the two-level atoms takes on are called Dicke states.
Recently superradiance has received renewed interest, because of the
theoretical prediction of a new kind of laser – the superradiant laser
[18]. While its power output is just enough to be technically usable, it
makes up with its supernarrow linewidth of the order of mHz. In the
superradiant laser each atom is continuously repumped with the same
rate as the collectively enhanced decay. The laser operates in a regime
where the repumping continuously destroys — and the collective decay
continuously creates — atom-atom correlations. This laser operated in
steady state, with its frequency identical to the atomic frequency, can
serve as a new kind of atomic clock, also called an active atomic clock.
Steady-state superradiance however is a collective phenomenon not only
relevant for atomic clocks, but for all weakly coupled systems having a
competition between local and collective evolution.

This thesis contributes to collective effects due to superradiance in
atomic ensembles and focuses on two different topics: Synchronization of
superradiant lasers in Chapter 2 and steady-state superradiance in multi-
level atoms as relevant for quantum communication protocols in Chapter
4. Master equations governing ensembles of multi-level atoms are how-
ever not feasible to solve with the previously used analytical methods.
To be able to make predictions for these ensembles we generalized the
analytical basis-dependent approximation method to a basis-independent
formalism in Chapter 3, allowing us to not only take into account the
multiple levels, but also increase precision arbitrarily high. We apply this
method in Chapter 4 to an off-resonantly probed ensemble of Caesium
atoms to study the collective effects and dependence on various parame-
ters. In the following we give a short overview over the thesis structure.
All Chapters were created by me, Alexander Roth, under the supervision
of Klemens Hammerer. Kirill Tikhonov developed the analytical formulas
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of the generalized superradiant laser in Section 4.2 together with me and
Klemens Hammerer. Kirill also created the Figures 1.2, 1.3, 4.2, 4.3, 4.4,
and 4.5. All other figures were created by me.

chapter 1 briefly reviews the superradiant laser developed in [18].
We introduce the master equation with atom-cavity interaction
and adiabatically eliminate the cavity mode using the projector
method, which is used multiple times throughout the thesis. From
the resulting atom-only master equation we derive the differential
equation system of moments up to second order and apply the
moment factorization [19] based on approximately vanishing cumu-
lants. This equation system can be solved analytically for the steady
state, resulting in the solutions of the polarization and atom-atom
correlations.

chapter 2 develops the synchronization behavior of superradiant lasers
in different configurations. This is very important for future applica-
tions of the superradiant laser as atomic clocks, where one can link
many superradiant lasers together to a network for greater stability
against local disturbances. For the simplest configuration of two
frequency detuned ensembles in a single cavity Xu et al. showed
that frequency synchronization occurs over a large detuning regime
[19]. We analyze the situation for unidirectional quantum-coupling,
i.e., the output of one superradiant laser is fed into another, for
classical unidirectional coupling involving a measurement, and for
classical bi-directional coupling involving two measurements. We
show synchronization appears for all of these cases, even though
each configuration has its own subtleties. The unidirectional quan-
tum and classical coupling synchronize also in a large parameter
regime, however the behavior in the parameter regime outside
complete synchronization is fundamentally different than in the
symmetric coupling. The fact that synchronization appears for the
unidirectional and for the symmetric classical coupling shows that
the synchronization of superradiant lasers can be regarded as a
classical phenomenon.

The contents of this have been published in [20].

chapter 3 develops a general method to decompose the density matrix
into orders of atom-atom correlations, which we name density
matrix cumulants. Density matrix cumulants of order k contain
all k-order cumulants capturing all correlations of k subsystems.
This novel formalism to capture cumulants in a basis independent
fashion allows to derive a general approximation method for a
large class of permutation-invariant master equations with unitary
interactions of up to two atoms and collective decay. This method
we implement in a comprehensive and flexible Python program,
which can integrate all master equations of this class for arbitrary
parameters. We demonstrate at the example of the superradiant
laser, that we can include correlations up to sixth order, meaning
correlations involving up to six atoms. We also demonstrate that
we can get not only the steady state, but the full time-evolution
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and show the superradiant burst exists even in the presence of
significant dephasing.

The contents of this chapter are going to be published in [21].

chapter 4 is separated into three sections for better readability: Section
4.2 is introducing an ensemble of two-level systems with contin-
uous single-atom jumps and collective jumps, both from excited
to ground state (down) and from ground to excited state (up) –
which we name the generalized superradiant laser. When this gen-
eralized superradiant laser operates in the superradiant regime
the spectrum shows two ultranarrow Lorentz peaks. Their ampli-
tude and width depends on the rate imbalance of collective down
and up jumps. In Sec. 4.3 we introduce an off-resonantly probed
atom with a three levels in the ground-state manifold, serving as
a simple, yet powerful model system, to understand the behavior
of Caesium atoms. We show that the angle of linear polarization
of the probe laser controls the rate imbalance of collective down
and up jumps of the two transitions. In Sec. 4.4 we derive the mas-
ter equation governing the evolution of the off-resonantly probed
room-temperature Caesium gas, inspired by the experiments of
Eugene Polzik [12, 22–24]. The off-resonant probe laser induces
coherent and incoherent two-photon transitions in the ground-state
manifold, both dependent on the angle of linear polarization of
the probe laser. With the implementation of the density matrix
cumulants and approximation method in Chapter 3 we integrate
this master equation numerically until a steady state is reached.

The contents of this chapter are going to be published in [25].



1S U P E R R A D I A N T L A S E R

1.1 introduction and setup

Atomic clocks based on optical transitions already achieve record preci-
sions with fractional uncertainties of 10−18 [26] and offer great potential
for further improvements [27]. Notably, current optical clocks are limited
in precision by the instability of the laser used for interrogating the atomic
reference system rather than by the linewidth of the clock transition [28].
In order to overcome this limitation the concept of an active atomic clock
– also called superradiant laser has been suggested where a lattice of
cold atoms with ultra-narrow clock transition itself serves as a laser gain
medium resulting in radiation with extremely narrow linewidth in the
mHz regime [18, 29–32]. This would remedy the need to reference an
external laser to an atomic clock transition.

An active clock laser operates in a regime with inverted timescales as
compared to a normal laser [18]: In the usual case atoms are pumped
incoherently faster than the laser cavity decays. The cavity amplitude
then amplifies through stimulated emission only those frequencies which
fit within the cavity linewidth. In an active clock laser the atoms are
pumped incoherently much slower than the cavity decays. Due to the
long lifetime of atomic coherences, correlations between the atoms build
up leading to a collectively enhanced, superradiant emission into the
cavity. The correlations between the atoms result in a linewidth of the
output light which is on the order of the one of the atomic transition
itself.

In this Chapter we want to introduce a brief theoretical description
and most important theoretical predictions of the superradiant laser. The
setup (see Fig. 1.1) consists of N two-level atoms placed in a cavity with
linewidth κ. Each atom has the two states |g〉, |e〉 with the transition
frequency ν. The transition |g〉 ↔ |e〉 couples to the cavity mode â with
a single photon Rabi frequency Ω/2. The cavity frequency is set to be
resonant with the atom transition frequency ν. Atoms also decay from |e〉

âν

Pumping
w

κ

e

g

Figure 1.1: An ensemble of two level systems couped to a cavity mode with
annihilation operator â. The frequency ν is the transition frequency
between the states |e〉 and |g〉. The atoms are pumped incoherently
from |g〉 to |e〉 via a third fast decaying level (not shown in level
scheme) at rate w and decay from |e〉 to |g〉 predominantly through
the cavity. The cavity decays at rate κ.

5



6 superradiant laser

to |g〉 into free space with rate γs and are incoherently repumped from
|g〉 to |e〉 with the rate w through an already eliminated third level (not
shown in Fig. 1.1). In a frame rotating at the cavity frequency the system
is described by the Lindblad master equation

ρ̇ =
Ω
2i

[
â† Ĵ− + â Ĵ+, ρ

]
+ κD [â] ρ +

N

∑
j=1

(
γsD

[
σ̂−j
]
+ wD

[
σ̂+

j

] )
ρ

(1.1)

where σ̂z
j = |e〉 〈e|j− |g〉 〈g|j, σ̂+

j = |e〉 〈g|j, and σ̂−j = |g〉 〈e|j for atom j ∈
{1, . . . , N}. We used the definitions of the collective spin operators Ĵ± :=
∑N

i=1 σ̂±i , Ĵz := 1
2 ∑N

i=1 σ̂z
i , and the Lindblad superoperator D [A] ρ :=

AρA† − 1
2 [A

† A, ρ]+ where [., .]+ denotes the anti-commutator.

1.2 adiabatic elimination

The cavity is assumed to decay fast, meaning κ � w, Ω/2, which allows
for an adiabatic elimination of the cavity mode â. While there are several
methods for adiabatic elimination in Schrödinger and in Heisenberg pic-
ture, we briefly introduce a very general method in Schrödinger picture,
which we will use countless times throughout the thesis.

1.2.1 Projector method

The projector method [33] is a formalism to eliminate a system B (in our
case it will mostly be a cavity mode) of a master equation of the form

ρ̇AB = (LA + LB + LAB) ρAB

where LA is a superoperator acting on system A, LB is a superoperator
acting on system B, and LAB is a superoperator acting on both systems.
We start with defining the projector P defined by

PρAB(t) = TrB [ρAB(t)]⊗ ρss
B (t)

and the complement Q = 1− P. Crucial in the adiabatic elimination is the
weak coupling assumption, meaning the evolution of LAB is much slower
than the evolution LB of system B. Additional to the weak coupling
assumption, one requires to assume (i) that there is one unique steady
state of the system B fulfilling LBρss

B (t) = 0, and (ii) the interaction term
fulfills PLABP = 0.

After an instructive calculation (see appendix A.1) we derive the evolu-
tion of system A only

ρ̇A(t) = LAρA(t)

+ TrB

[
LAB

∞∫

0

dτ e(LA+LB)τQLABe−LAτρA(t)⊗ ρss
B (t)

]
.

(1.2)

We want to point out that this equation, though an evolution equation
of ρA, is not always corresponding to a completely positive map, and



1.2 adiabatic elimination 7

therefore can lead to unphysical states ρA after integration. In general
one has to be able to either make a Rotating Wave Approximation, or LA
has to vanish [34, p. 132,133].

1.2.2 Application of the projector method

We can now directly apply equation (1.2) to the situation of the super-
radiant laser, because (i) LB(ρ) = κD [â] ρ has a unique steady state (the
vacuum state), (ii) the interaction fulfills PLABP = 0, and the systems
couple weakly, meaning κ � Ω/2. In the first step we can approximate
the integrand

e(LA+LB)τQLABe−LAτρA(t)⊗ ρss
B (t) ≈ eLBτQLABρA(t)⊗ ρss

B (t).

This is a good approximation because the fast decay rate κ implies that
the integrand only contributes significantly for τ < 1/κ. For these short
times τ < 1/κ the term e−LA/κ is approximately the identity because LA
evolves on the much slower timescale w� κ. This gives

ρ̇A(t)− LAρA(t)

≈ TrB

[
LAB

∞∫

0

dτ eLBτQLABρA(t)⊗ ρss
B (t)

]

=
Ω
2i

TrB

[
LAB

∞∫

0

dτ eLBτ
(

Ĵ−ρA(t)⊗ â†ρss
B − h.c.

) ]

=
Ω
2i

TrB

[
LAB

∞∫

0

dτ Ĵ−ρA(t)⊗ eLBτ â†ρss
B − h.c.

]

= −Ω2

4
[

Ĵ+, Ĵ−ρA(t)
] ∞∫

0

dτ e−
κ
2 τ + h.c.

= −Ω2

2κ

[
Ĵ+, Ĵ−ρA(t)

]
+ h.c.

= γD
[

Ĵ−
]

ρA(t)

where we defined γ = Ω2/κ. The adiabatic elimination translated the
Lindblad term of the cavity decay κD [â] ρ to a collective decay of the
atoms γD[ Ĵ−]ρ with the effective atomic decay rate γ. The decay into
the cavity mode is enhanced by a factor of N and dominates the decay
process [29], i.e., γN � γs giving the master equation

ρ̇ = γD
[

Ĵ−
]

ρ +
N

∑
j=1

wD
[
σ̂+

j

]
ρ. (1.3)

This adiabatic elimination with the projector method above is effectively
equivalent to a much simpler adiabatic elimination method using operator
relation

â ' − iΩ
κ

Ĵ−, (1.4)
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which can be derived from the Quantum Langevin equation of the cavity
mode â and removing quantum fluctuations. The projector method is
however more useful for us, since it allows to handle also very compli-
cated situations, as occurring in the later chapters, in a straight forward
and mathematical rigorous manner.

1.3 approximation methods

The dimensionality of the density matrix in master equation (1.3) is
daunting: 4N for N atoms where N in experiments where superradiant
effects are involved is e.g. 106 [30], 108 [22], and 1016 [35]. The dimension-
ality of the density matrix alone is far beyond anything a computer can
handle and it is therefore necessary to approximate the exact evolution
(1.3). Depending on the relation of both parameters γ and w different
approximation methods apply:

w� Nγ: The incoherent pumping term dominates even collectively
enhanced decay. The steady state will be necessarily close to a
product state of N atoms. If the initial condition is not a strongly
correlated state, we can approximate that the density matrix can
be written as ρN =

⊗N
j=1 ρj, where ρj is the reduced density matrix

of atom j. One can then derive a nonlinear mean-field evolution
equation. While the mean-field, meaning expectation values of
single atom-operators are taken into account, this method neglects
all atom-atom correlations in the state and evolution.

w� γ: The collective term dominates even without any correlations
in the initial state. This is the case if we do not have continu-
ous processes, but for example polarize the atoms first with a
strong pumping only and then switch on the collective interac-
tion without any pumping. We can then do a Holstein–Primakoff
transformation to b̂ := (N/2 + Jz)−1/2 J+ and approximation b̂ ≈
(N/2 + 〈Jz〉)−1/2 J+ for highly polarized atoms giving a nonlinear
evolution equation of the mode b̂. This nonlinearity can however be
removed if the spins are so highly polarized that one can assume
〈Jz〉 ≈ N/2.

w > γ: Pumping and collective decay are of similar order of magnitude
and we cannot neglect either term. The steady state is assumed to
have up to k-atom correlations with k� N with relevant dynamics
for the lower-order moments. This is the regime where the cumulant
expansion and approximation can be applied and which we will
introduce in the following section.

1.4 cumulant expansion

The cumulant expansion effectively labels the basis vectors of the operator
space by their correlations. This has the advantage, that one can truncate
the basis at a certain number atoms involved in correlations. This trunca-
tion is of course only a good approximation if the state one wants to work
with, such as the steady state of (1.3), has only insignificant amplitudes
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Figure 1.2: The polarization 〈σz
1〉, and atom-atom correlation 〈σ+

1 σ−2 〉 versus the
single-atom pump rate w. The plot shows the characteristic linearly
increasing polarization and inverted parabola for the correlations.

of truncated basis vectors. In fact in Chapter 3 we will develop a method
to do this labeling according to correlations in a basis independent way.
For now however we will present the cumulant expansion method in a
certain basis as it was used in the derivation of the superradiant laser [18,
19].

Using the master equation (1.3) we calculate the moment dynamics

d
dt
〈σ̂z

1〉 = − 〈σ̂z
1〉 (γ + w)− 2γ (N − 1)

〈
σ̂+

1 σ̂−2
〉
− γ + w

d
dt
〈
σ̂+

1 σ̂−2
〉
= −

(〈
σ̂+

1 σ̂−2
〉
(γ + w)− γ

〈
σ̂+

1 σ̂−2 σ̂z
3
〉
(N − 2)

)

+
γ

2
(〈σ̂z

1 σ̂z
2〉+ 〈σ̂z

1〉) (1.5)

where we used the permutation invariance to relabel atoms, e.g., 〈σ̂z
1 σ̂z

2〉 =
〈σ̂z

i σ̂z
j 〉 for i 6= j. While the differential equation system (1.5) is linear, it is

not closed. In fact moments of order k will couple to moments of order
k + 1, creating a hierarchy of moments. The number of equations in this
hierarchy scales exponentially in N for inhomogeneous systems and is
still scaling polynomially in N for symmetric systems. This exponential
improvement is possible due to the Schur basis [36] labeling the basis
elements with their respective Young tableau [37] symmetry properties.
One can then pick out the fully symmetric basis elements to describe
the symmetric states. While this is an exponential improvement, the
polynomially large basis of (N3 + 6N2 + 11N + g)/6 elements [38] is still
intractable for realistic atom numbers, e.g., N = 108, and the scaling gets
worse for more than two-level atoms.

To truncate this hierarchy we are in need to approximate the moments
〈σ̂z

1 σ̂z
2〉 and 〈σ̂+

1 σ̂−2 σ̂z
3〉. As mentioned above we expect the steady state

to be in some sense close to a product state, meaning the higher order
correlations are insignificant. Quantum and classical correlations between
subsystems, such as atoms, are captured in joint cumulants, which we
will just call cumulants. It is therefore natural to assume the cumulants of
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the moments 〈σ̂z
1 σ̂z

2〉 and 〈σ̂+
1 σ̂−2 σ̂z

3〉 vanish approximately [19, 29] giving
the relations

0 ≈ 〈σ̂z
1 σ̂z

2〉c = 〈σ̂z
1 σ̂z

2〉 − 〈σ̂z
1〉 〈σ̂z

2〉 ,

0 ≈
〈
σ̂+

1 σ̂−2 σ̂z
3
〉

c =
〈
σ̂+

1 σ̂−2 σ̂z
3
〉
−
〈
σ̂+

1 σ̂−2
〉
〈σ̂z

3〉

where we used the Jz symmetry of the master equation, resulting in
〈σ̂±i 〉 = 0 for the steady state and every atom i. This approximation allows
to close (1.5) resulting in the nonlinear differential equation system

d
dt
〈σ̂z

1〉 = − 〈σ̂z
1〉 (γ + w)− 2γ (N − 1)

〈
σ̂+

1 σ̂−2
〉
− γ + w

d
dt
〈
σ̂+

1 σ̂−2
〉
= −

〈
σ̂+

1 σ̂−2
〉
(γ + w− γ 〈σ̂z

1〉 (N − 2))

+
γ

2
〈σ̂z

1〉 (〈σ̂z
1〉+ 1) . (1.6)

In the steady state, meaning all time derivatives of moments vanish, we
can analytically solve this equation system giving a quadratic equation.
The solution of the polarization and atom-atom correlations are plotted
in Fig. 1.2.

Correlations can build up only in the superradiant regime

γ < w < Nγ. (1.7)

At the lower boundary the pumping w overcomes the single atom decay
rate γ, creating a population inversion, and at the upper boundary the
pumping w overcomes even the collectively enhanced decay rate Nγ [19,
29].

1.5 spectrum

The spectrum S(ω) can be related to the atomic operators

S(ω)

=
κ

2π

∫
dτ e−iωτ

〈
â†(τ)â(0)

〉

≈ NΩ2

2πκ

∫
dτ e−iωτ

{
(N − 1)

〈
σ̂+

1 (τ)σ̂−2 (0)
〉
+
〈
σ̂+

1 (τ)σ̂−1 (0)
〉}

(1.8)

where we consider vacuum cavity input and used the operator relation
(1.4) of the adiabatic elimination. The spectrum (1.8) is written without
the shot noise contribution following [39, (2.4-5)]. The atomic two-time
correlations functions can be derived by applying the Quantum Regres-
sion Theorem [40, Sec. 3.2] on the moment evolution

d
dt
〈
σ̂+

1
〉
= −1

2
(γ + w)

〈
σ̂+

1
〉
+

γ

2
(N − 1)

〈
σ̂+

1 σ̂z
2
〉

(1.9)

for the steady state t = 0 and an arbitrary atom j resulting in

d
dτ

〈
σ̂+

1 (τ)σ̂−j (0)
〉
= −Γ

2

〈
σ̂+

1 (τ)σ̂−j (0)
〉

, (1.10)
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Figure 1.3: Linewidth Γ of the emitted light of the cavity versus the pumping
strength w. In most of the superradiant regime and especially at the
optimal pumping strength w = Nγ/2 is the linewidth of the order
of the effective atomic decay rate γ itself.

for the linewidth Γ = γ + w− γ(N − 1)〈σ̂z
1〉. We factorized the two-time

correlation function 〈
(
σ̂+

1 σ̂z
2
)
(τ)σ̂−j (0)〉 ≈ 〈σ̂+

1 (τ)σ̂−j (0)〉〈σ̂z
1〉 according

to [19] and will explain this factorization in a general and systematic way
in Sec. 3.4. The linewidth Γ, plotted in Fig. 1.3, can be approximated to
leading order 1/N as

Γ
γ
≈ 1

W (1−W)
+

W
1−W

−W − 1
W

where we defined the dimensionless pumping rate W := w/Nγ. For
low pumping rates w � Nγ the linewidth can be approximated as
Γ/γ = 1 + w/Nγ. The Fourier transform in the Spectrum (1.8) converts
the exponential solution of (1.10) into two Lorentz peaks. The dominant
Lorentz peak will be the one created by the first term, as long as the
steady state has correlations 〈σ̂+

1 σ̂−2 〉 � 1/N. The remarkable property is
that the linewidth Γ is of the order of the effective atomic decay rate γ of
the atoms themselves (see Fig. 1.3), which can in principle be ultra-narrow
as in alkaline-earth-metal atoms [41].





2S Y N C H R O N I Z AT I O N O F S U P E R R A D I A N T L A S E R S

2.1 introduction

The superradiant laser, introduced in the previous Chapter, has an addi-
tional remarkable property: Recently it was shown by Xu et al. [19] and
experimentally demonstrated by Weiner et al. [42] that two frequency-
detuned atomic ensembles coupling to the same cavity mode operated
in the superradiant regime synchronize in a large detuning range; they
radiate at the mean frequency while preserving the narrow linewidth.
For larger detuning the ensembles will cross through a phase transi-
tion separating the synchronized from the unsynchronized phase and
then behave like two independent superradiant lasers at their natural
frequency. The synchronization dynamics of superradiant lasers serving
as active atomic clocks receives particular importance in the perspective
of quantum networks of atomic clocks as envisioned in [43] for enhanced
positioning, navigation and geodesy. However, the results of [19, 42]
cannot be directly applied to the context of synchronization of remote
atomic clocks as the two atomic ensembles are coupled to a common
cavity mode.

In this Chapter we extend the analysis of [19] and consider two remote
superradiant lasers coupled through an optical channel in the cascaded
configuration of a master and a slave laser. We determine the phase
diagram of synchronization and determine the parallels and differences
to the case of a setup with symmetric coupling studied in [19, 42].

Additionally we consider the question whether the synchronization
in the symmetric and cascaded configuration are due to classical syn-
chronization or quantum synchronization. There has not yet been a clear
measure to distinguish both, even though synchronization of quantum
system has been the topic of several papers [44–48]. We will test both
configurations by replacing the quantum channel (the light mode) with
an idealized classical channel (measurement and feedback by a laser)
and will find that in both cases that the classical channel only introduces
noise, but does not inhibit synchronization, such that it can be regarded
as classical synchronization.

The Chapter is organized as indicated in the following table:

Symmetric coupling Cascaded setup

Quantum channel Review of [19], Sec. 2.2.1 Sec. 2.2.2

Classical channel Sec. 2.3.2 Sec. 2.3.1

13
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Figure 2.1: Two ensembles of two level systems (A and B) coupling to the
same cavity mode â, as considered in [19]. The frequencies of the
transitions |g〉 ↔ |e〉 are detuned by ±δ/2 from the cavity resonance
at frequency ν for ensemble A and B respectively. Atoms are pumped
incoherently from |g〉 to |e〉 via a third fast decaying level (not shown
in level scheme) at rate w and decay from |e〉 to |g〉 predominantly
through the cavity. The cavity decays at rate κ.

2.2 synchronization through quantum channels

2.2.1 Synchronization of two atomic ensembles in a common cavity

In this section we will briefly review the setup, methods, and results of
Xu et al. [19]. We aim to present a sufficient level of detail in order to
provide a self-contained derivation of the results going beyond the work
of Xu et al. in the later sections. The setup in Fig. 2.1 consists of two
ensembles of atoms A and B, each containing N atoms, placed in the
same cavity. Atoms are assumed to have two relevant internal levels |g〉
and |e〉. The transition frequencies of atoms in ensemble A and B have a
relative frequency detuning of δ while all atoms within each ensemble
are assumed to be frequency degenerate. The transition |g〉 ↔ |e〉 couples
to the cavity mode â with a single photon Rabi frequency Ω/2. Ensemble
A is detuned from the cavity resonance by δ/2 and ensemble B by −δ/2.
The cavity linewidth is κ, and we will ultimately assume the bad cavity
limit such that the assumptions regarding the detuning of atoms from
cavity resonance are insignificant. Atoms decay from |e〉 to |g〉 into free
space with rate γs and dephase with rate T−1

2 , and at the same time they
are incoherently repumped from |g〉 to |e〉 with the rate w (e.g. through an
already eliminated third level). In a rotating frame at the cavity frequency
the system is described by the Lindblad master equation

ρ̇ = −i
[

δ

2
(

Ĵz
A − Ĵz

B
)
+

Ω
2

(
â†( Ĵ−A + Ĵ−B ) + h.c.

)
, ρ

]

+ κD [â] ρ + ∑
T=A,B
j=1...N

(
γsD

[
σ̂−T,j

]
+ wD

[
σ̂+

T,j

] )
ρ. (2.1)

where we remind that σ̂z
T,j and σ̂±T,j are the usual Pauli matrices for the

|g〉 ↔ |e〉 transition for atom j ∈ {1 . . . N} in ensemble T ∈ {A, B}. We
also use the collective spin operators Ĵ±T := ∑N

i=1 σ̂±T,i, Ĵz
T := 1

2 ∑N
i=1 σ̂z

T,i,
and the Lindblad superoperator D [A] ρ := AρA† − 1

2
[
A† A, ρ

]
+. Steady

state superradiance is achieved with a dominating cavity decay κ � w,
which is inverted compared to an ordinary laser where the pumping
dominates w� κ. The fast decay of the cavity with rate κ compared to
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Figure 2.2: Effective detuning ∆ between the spectral peaks of light emerging
from the laser cavity versus detuning δ between the bare transition
frequencies of the two ensembles. For δ < w, the rate of incoherent
pumping of atoms, the two peaks coalesce signifying synchronization
of atoms. The dashed line is ∆ = δ and is approached asymptotically
for δ� w.

all other timescales in the system allows for an adiabatic elimination of
the cavity mode

â ' − iΩ
κ + iδ

Ĵ−A −
iΩ

κ − iδ
Ĵ−B ≈ −

iΩ
κ
( Ĵ−A + Ĵ−B ), (2.2)

where we used the approximation that the detuning δ� κ is small
compared to the cavity linewidth. After adiabatic elimination the decay
of the cavity κD [â] ρ translates to a collective decay of the atoms γD[ Ĵ−]ρ
at rate γ = Ω2/κ. The decay into the cavity mode is enhanced by a factor
of N and dominates the decay process [29], i.e. γN � γs, T−1

2 , allowing
us to drop the emission into free space and the dephasing

ρ̇ = − iδ
2
[

Ĵz
A − Ĵz

B, ρ
]
+ γD

[
Ĵ−A + J−B

]
ρ + ∑

T=A,B
j=1...N

wD
[
σ̂+

T,j

]
ρ. (2.3)

We can use the permutation symmetry of the master equation to drop un-
necessary indices 〈σ̂±,z〉 = 〈σ̂±,z

A,i 〉, 〈σ̂+
1 σ̂−2 〉 = 〈σ̂+

A,iσ̂
−
A,j〉 = 〈σ̂+

B,iσ̂
−
B,j〉 ∀i 6= j

and 〈σ̂+
A σ̂−B 〉 = 〈σ̂+

A,nσ̂−B,m〉 ∀n, m and solve the dynamics analogous to
Chapter 1. As in Chapter 1 holds 〈σ̂±T,i〉 = 0 for T ∈ {A, B} and we
proceed with the approximation 〈σ̂z

A,1σ̂z
A,2〉 ≈ 〈σ̂z〉2, which holds true

outside of the regime of very weak pumping w < γ, T−1
2 , γs [19]. The

mean polarization in stationary state in leading order 1/N is found to be

〈σ̂z〉 =





min
(

w2 + δ2

2wNγ
, 1
)

, 0 ≤ δ < w

min
(

w
Nγ

, 1
)

, δ ≥ w
. (2.4)

The synchronization of the two ensembles is witnessed by the spectrum
of light emitted from the cavity which is given by the Fourier transform
of the two-time correlation function 〈â†(τ)â(0)〉 of the intra-cavity field.
In view of Eq. (2.2) this requires evaluation of the two-time correlations
of atomic dipoles, which can be done by means of the quantum regres-
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Figure 2.3: (a) Non-vanishing inter-ensemble correlations Re
[〈

σ̂+
A σ̂−B

〉]
outline

the synchronized parameter regime. The dashed line w = δ separates
the synchronized from the unsynchronized superradiant regime.
(b) shows the intra-ensemble correlations 〈σ̂+

1 σ̂−2 〉 equal for both
ensembles. For detuning smaller than the incoherent pumping rate
δ < w both ensembles are synchronized and the critical pumping
rate is moved from w = Nγ for δ > wξ to w = 2Nγ for δ = 0. Both
plots use Nγ = 106Hz.

sion theorem. For later reference we explicitly state the corresponding
equations of motion for atomic two-time correlation functions,

d
dτ

(
〈σ̂+

A (τ)σ̂−B (0)〉
〈σ̂+

1 (τ)σ̂−2 (0)〉
)
=

1
2

(
X Y
Y X∗

)(
〈σ̂+

A (τ)σ̂−B (0)〉
〈σ̂+

1 (τ)σ̂−2 (0)〉
)

(2.5)

where X = γ(N − 1)〈σ̂z〉 − γ− w + iδ, and Y = Nγ〈σ̂z〉, cf. Eq. (8) in
[19]. The two-time correlation functions, the solution of (2.5), consist of
linear combinations of exp (− (Γ0 ± x0) τ/2), where Γ0 := w − γ(N −
1)〈σ̂z〉+ γ, and x0 :=

√
(Nγ〈σ̂z〉)2 − δ2. For δ � w this corresponds to

two components oscillating at frequencies ±δ/2 and decaying at rate Γ0.
The spectrum thus consists of two separate peaks of width Γ0 at the bare
transitions frequency ν± δ/2 of each ensemble. For smaller detuning
δ the coupled dynamics of the two ensembles of atoms first exhibits
frequency pulling giving rise to an effective detuning ∆ < δ between
the two peaks as long as δ > w, cf. Fig. 2.2. For δ < w the two peaks
merge and the two ensembles radiate at the same frequency signifying
synchronization. The corresponding widths are given by

Γ/γ =





w2 + δ2

2wNγ
+ 1, 0 ≤ δ < w

w
Nγ

+ 1, δ ≥ w
(2.6)

for small pumping w inside the superradiant regime, which is upper
bounded by 〈σ̂z〉 < 1 using (2.4).

Synchronization of the two active atomic clocks physically means that
the collective atomic dipoles oscillate in phase. This corresponds to a
large non-zero average value of 〈~σ⊥A ·~σ⊥B 〉 where σ⊥A(B) denotes the spin
component transverse to the mean polarization along z for ensemble
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A(B) (each of which is zero on average in steady state, 〈σ⊥A(B)〉 = 0). It is

straight forward to check that 〈~σ⊥A ·~σ⊥B 〉 = 4 Re
[
〈σ̂+

A σ̂−B 〉
]

such that these
inter-ensemble correlations can also be directly used as a measure for
synchronization [49]. It is instructive to directly look at this quantity in
its dependence on the pumping w and the bare detuning δ, see Fig. 2.3a.
The regime of synchronization is clearly visible as the regime of non-
vanishing inter-ensemble correlations. This regime is bounded by w = δ
and the quarter circle (w− Nγ)2 + δ2 = (Nγ)2, which can be derived
from (2.4). The synchronization can be understood as nothing else but
the transition from two independent superradiant ensembles δ� w to
one superradiant ensemble with 2N particles for δ = 0. For δ � w the
superradiance is visible in non-vanishing intra-ensemble correlations
〈~σ⊥1 ·~σ⊥2 〉 = 4〈σ̂+

1 σ̂−2 〉 (see Fig. 2.3b) and their independence in vanishing
inter-ensemble correlations. Decreasing δ into the synchronized regime
inter-ensemble correlations build up, approaching the intra-ensemble
correlations, until δ = 0 where there is no difference between both ensem-
bles and 〈σ̂+

A σ̂−B 〉 = 〈σ̂+
1 σ̂−2 〉. The additional inter-ensemble correlations

in the synchronized regime make the collective spin ~JA +~JB more robust
against noise and move the critical pumping rate for the phase transition
between superradiant emission and chaotic light to w = 2Nγ for δ = 0.

The overall photon flux emerging from the cavity is, for large N,
〈

â†
out âout

〉
≈ 2γN2 (〈σ̂+

1 σ̂−2
〉
+ Re

[〈
σ̂+

A σ̂−B
〉])

,

which follows from Eq. (2.2) and the input-output relation âout = âin +√
κâ [33]. For δ = 0 the photon flux scales proportional to (2N)2, as one

would expect of one ensemble with 2N atoms, and scales with 2N2 for
two independent ensembles each with N atoms.

2.2.2 Two atomic ensembles in separate cascaded cavities

Next we are going to consider an alternative setup where the two atomic
ensembles are kept in separate cavities which are coupled unidirection-
ally: Light emerging from the cavity containing ensemble A is channeled
to the second cavity containing ensemble B, but no light of the latter cav-
ity reaches the first one, cf. Fig. 2.4. This setup is inherently different from
the symmetric configuration in the previous section, and it is unclear if
or which synchronization behavior still occurs. What is clear is that the
properties of light emitted by ensemble A will be completely unaffected
by ensemble B downstream. It is therefore advantageous to assume that
the transition frequency of atoms in ensemble A is ν and the one of atoms
in ensemble B is ν− δ as indicated in Fig. 2.4. The cavity frequencies are
assumed to be equal to ν, but this assumption is insignificant in the bad
cavity limit.

The dynamics in this setup is described by means of a cascaded systems
master equation [33]. In a rotating frame it is given by

ρ̇ = −i
[

Ω
2

(
J+A â + J−A â† + J+B b̂ + J−B b̂†

)
− δJz

B, ρ

]

+ w ∑
T=A,B
i=1...N

D
[
σ̂+

T,i

]
ρ+

κ

2

[
â† b̂− b̂† â, ρ

]
+ κD

[
â + b̂

]
ρ, (2.7)
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The atomic ensembles A and B are coupled to their respective cavity
modes â and b̂ with single-photon Rabi frequency Ω/2, and are pumped
incoherently at the rate w to their excited states |e〉. We dropped already
the spontaneous emission into free space and the dephasing, knowing
the enhanced decay into the cavity modes â and b̂ dominate the decay
processes, as in the previous section. The last two terms describe the
cascaded, unidirectional coupling and decay of the cavity modes at rate
κ, cf. [33].

As in section 2.2.1 the cavity decay is assumed to be the fastest timescale
in the system κ � Ω, w, allowing us to adiabatically eliminate the cavity
fields which yields here

â ' Ω
iκ

J−A , b̂ ' Ω
iκ
(

J−B − 2J−A
)

. (2.8)

The effective master equation for atoms is

ρ̇ = iδ [Jz
B, ρ] + w ∑

T,j
D
[
σ̂+

T,i

]
ρ

− γ

2
[

J+A J−B − J+B J−A , ρ
]
+ γD

[
J−A − J−B

]
ρ (2.9)

with γ = Ω2/κ. Comparing this equation to (2.3) in the previous section
we see that the decay of the two ensembles still happens collectively,
despite the relative sign. The additional effective Hamiltonian term de-
scribes unidirectional character of the coupling as in Eq. (2.7).

The master equation implies the following equations of motion for the
expectation values

∂t 〈σ̂z
A〉 = − 〈σ̂z

A〉 (γ + w)− 2γ (N − 1)
〈
σ̂+

A σ̂−A
〉
− γ + w

∂t
〈
σ̂+

A σ̂−A
〉
= −

〈
σ̂+

A σ̂−A
〉
(γ + w− γ 〈σ̂z

A〉 (N − 2))

+
γ

2
〈σ̂z

A〉 (〈σ̂z
A〉+ 1)

∂t 〈σ̂z
B〉 = − 〈σ̂z

B〉 (γ + w)− 2γ (N − 1)
〈
σ̂+

B σ̂−B
〉

− γ + w + 4γN Re
[〈

σ̂+
A σ̂−B

〉]

∂t
〈
σ̂+

B σ̂−B
〉
= −

〈
σ̂+

B σ̂−B
〉
(γ + w− γ 〈σ̂z

B〉 (N − 2))

+
γ

2
〈σ̂z

B〉 (〈σ̂z
B〉+ 1)− 2γN 〈σ̂z

B〉 Re
[〈

σ̂+
A σ̂−B

〉]

∂t
〈
σ̂+

A σ̂−B
〉
=
〈
σ̂+

A σ̂−B
〉

γ (N − 1) (〈σ̂z
A〉+ 〈σ̂z

B〉) /2

+
〈
σ̂+

A σ̂−B
〉
(iδ− γ− w)− γ

2
〈σ̂z

B〉 〈σ̂z
A〉

− γ

2
〈σ̂z

B〉
(
2
〈
σ̂+

A σ̂−A
〉
(N − 1) + 1

)
, (2.10)

where we used the symmetry of (2.9) to introduce the abbreviations
〈σ̂z

A〉 := 〈σ̂z
A,i〉, 〈σ̂z

B〉 := 〈σ̂z
B,i〉, 〈σ̂+

A σ̂−A 〉 = 〈σ̂+
A,iσ̂

−
A,j〉, 〈σ̂+

B σ̂−B 〉 = 〈σ̂+
B,iσ̂
−
B,j〉

for i 6= j, and 〈σ̂+
A σ̂−B 〉 = 〈σ̂+

A,mσ̂−B,n〉. Note that the symmetry between
A and B is broken in the cascaded setup. In (2.10) we also factorized
occurrences of the mean field 〈σ̂z

A(B)〉, which we validated using small
system numerical solutions of (2.7) using QuTiP [50]. The steady state
solution can be obtained by setting all time-derivatives on the left hand
sides equal to zero and solving the algebraic equations. The first two
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Figure 2.4: Two ensembles of two level systems (A and B) coupling to the cavity
modes â, b̂ respectively. The transition frequencies |g〉 ↔ |e〉 of en-
semble A and the cavity frequencies â, b̂ are ν, while ensemble B’s
transition frequency is detuned by −δ. Atoms are pumped incoher-
ently from |g〉 to |e〉 via a third fast decaying level (not shown in level
scheme) at rate w and decay from |e〉 to |g〉 predominantly through
the cavity. The cavities decay with rate κ and the output of cavity â is
directly injected into cavity b̂. The output of cavity b̂ is diverted into
a spectrometer and not into cavity â using a lossless Faraday rotator.

Figure 2.5: (Main plot): Snorm(ω = ν) is the photon flux at the resonance fre-
quency ν of ensemble A. Since ensemble A is independent of δ any
change with δ comes from ensemble B also at frequency ν. For de-
creasing δ ensemble B radiates stronger on the injected frequency
ν and less at it’s resonance frequency ν− δ. For δ < w ensemble B
radiates dominantly on the injected frequency ν and decreasing δ
further does not change this, resulting in the plateau of Snorm(ω = ν).
(Inset): The normalized spectrum Snorm(ω) for multiple detunings
δ/Nγ = 1.5, 1, 0.5, 0 shows a suppression of the peak at ν− δ for de-
creasing detuning δ, while the Lorentz peak at ν rises until ensemble
B is radiating dominantly at ν. Both plots use for the parameters
Nγ = 10 kHz and w = 0.5Nγ.

equations involving only ensemble A can be solved independently of
ensemble B, as expected in view of the cascaded setup. The remaining
equations can be reduced to a polynomial equation of fourth order, which
can be solved exactly and used for analytical results up to leading order
in 1/N. In order to obtain numerical results it is easier and faster to solve
the system (2.10) numerically and select the stable solution by linearizing
(2.10) around each solution.
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The spectrum follows again from the Fourier transform of the two-time
correlation functions which we calculate using the quantum regression
theorem,

d
dτ

(
〈σ̂+

A (τ)σ̂−T (0)〉
〈σ̂+

B (τ)σ̂−T (0)〉
)
=

1
2

(
X 0

Y X′

)(
〈σ̂+

A (τ)σ̂−T (0)〉
〈σ̂+

B (τ)σ̂−T (0)〉
)

(2.11)

with T = A, B and

X = γ(N − 1) 〈σ̂z
A〉 − γ− w

X′ = γ(N − 1) 〈σ̂z
B〉 − γ− w− 2iδ

Y = −2Nγ 〈σ̂z
B〉 .

The normalized spectrum of the field emerging from cavity b̂ is

Snorm(ω) :=
1

2π I

∫
dτ exp (−iωτ)

〈
b̂†

out(τ)b̂out(0)
〉

which can be evaluated using the input-output relation for cascaded
systems [33]

b̂out = âin +
√

κ(â + b̂). (2.12)

and Eq. (2.8) . The normalization factor is I = 〈b̂†
outb̂out〉. The peaks in

Snorm(ω) are always located at the bare transition frequencies ν and ν− δ
of ensemble A and B respectively which does not hint at synchronization
effects. Synchronization becomes visible in the regime δ < w < Nγ via
a change of relative peak heights, as illustrated in Fig. 2.5 Inset, which
is qualitatively different from the frequency pulling in section 2.2.1. For
fixed pumping w in the superradiant regime [18] γ < w < Nγ we can
distinguish different regimes for δ

δ� w Ensembles A and B radiate only at their own resonance frequency
ν, ν− δ respectively with equal intensity.

δ ≥ w Ensemble A is unaffected by any change in δ and radiates at ν,
but ensemble B radiates at two frequencies ν and ν− δ. This leads
to an increasing total intensity at frequency ν, cf. Fig. 2.5.

δ < w Ensemble A still radiates with the same intensity at frequency
ν and ensemble B now also dominantly radiates at frequency ν,
while radiation at its own resonance frequency becomes negligible
(for large N). Ensemble B is synchronized to ensemble A resulting
in a plateau of Snorm(ν), cf. Fig. 2.5.

While the peak value of the normalized spectrum at frequency ν shows
a plateau in the synchronized regime δ < w, the integrated unnormalized
spectrum, that is the total power output is still increasing for smaller
detuning, similar to the finding in section 2.2.1. In leading order in N2

the total photon flux is given by

〈
b̂†

outb̂out

〉
≈ γN2

(
∑

T=A,B

〈
σ̂+

T,1σ̂−T,2

〉
+ 2 Re

[
−
〈
σ̂+

A σ̂−B
〉]
)

.
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Figure 2.6: (a) Non-vanishing inter-ensemble correlations Re
[
−〈σ̂+

A σ̂−B 〉
]

outline
the synchronized parameter regime. The dashed line w = δ separates
the synchronized from the unsynchronized superradiant regime. (b)
shows the intra-ensemble correlations 〈σ̂+

B σ̂−B 〉 of the slave ensemble
B. For detuning smaller than the incoherent pumping rate δ < w the
slave ensemble B is synchronized to the master ensemble A. Here
Nγ = 106Hz.

The photon flux increases for smaller detuning δ due to increasing corre-
lations Re

[
−〈σ̂+

A σ̂−B 〉
]

between the two ensembles as shown in Fig. 2.6a.
In Sec. 2.2.1 the synchronized regime stretched out beyond w = Nγ up to
w = 2Nγ for vanishing detunings, cf. Fig. 2.3 due to the fact that the two
ensembles radiate in this regime as one ensemble containing 2N atoms.
This is not the case in the cascaded system, see Fig. 2.6. For w > Nγ en-
semble A (containing N atoms) will stop emitting superradiantly and for
w� Nγ will radiate chaotic light [29]. The correlations 〈σ̂+

B σ̂−B 〉 shown in
Fig. 2.6b indicate that if the first cavity would still radiate superradiantly
(e.g. N larger in the first cavity), then the synchronized regime could also
stretch beyond w = Nγ.

Analyzing the Lorentz peaks in the spectrum reveals that the peaks at
ν and ν− δ have a width

Γν

γ
=

w
Nγ

+ 1, (2.13)

Γν−δ

γ
=





O(N), δ ≤ w

w
Nγ

+ 1, δ > w
, (2.14)

which is valid up to order 1/N for small pumping w inside the super-
radiant regime. Most significantly we see that the linewidth at ν − δ
for δ ≤ w scales with N and as a result the peak effectively vanishes
for large N. This shows that ensemble B cannot sustain radiating at its
resonance frequency and radiates instead at the frequency of ensemble A.
The independence of Γν of δ is also significant, since it means that in the
synchronized regime ensemble B is amplifying the input signal without
increasing the linewidth.
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2.3 synchronization through classical channels

2.3.1 Unidirectional synchronization

One can ask the question whether the synchronization in Sec. 2.2.2 is
dominated by quantum mechanics and requires a quantum channel in
between both cavities or whether the same or a similar result can be
achieved by synchronizing the two clocks through a classical channel.
Synchronization or locking of the two superradiant laser through a classi-
cal channel means that classical information is transmitted between the
two systems, rather than quantum states of light as was considered in
the previous section.

In this section we are going to answer this questions for a highly ideal-
ized classical channel: We will consider phase sensitive measurements
(heterodyne detection) of the output field of one laser cavity, transmission
of the classical measurement result (the photocurrent), and injection of
an appropriate coherent field to the second cavity. Thus, we assume a
continuous-time feedback strategy where the measured amplitude and
phase of the field of the first cavity is recreated with appropriate feedback
gains as a seed for the second cavity as illustrated in Fig. 2.7. This mea-
sure and prepare strategy simulates the direct injection of Sec. 2.2.2. Both
heterodyne measurement and laser are idealizations adding no technical
noise, but will add quantum noise due to the gain of classical informa-
tion. From a quantum information point of view we have replaced the
quantum channel between both cavities by a classical channel and local
operations. We will show that this introduces a certain level of additional
noise due to the measurement, but will not change the synchronization
behavior.

This result has to be understood as an upper bound to the quality of
classical synchronization achievable through a classical channel. Any real
classical procedure will actually perform worse, as it will add technical
noise in phase sensitive detection and feedback. This will be especially
relevant when attempting to synchronize superradiant lasers exhibiting
unprecedentedly low linewidths.

To describe the system we use an unconditional feedback master equa-
tion using continuous-time heterodyne measurements developed in [51,
52]

ρ̇ = −i [H, ρ]− i
4
[(

F̂+ + iF̂−
)

ŝ + h.c., ρ
]

+
1
2
D
[
ŝ− iF̂+

]
ρ +

1
2
D
[
ŝ− F̂−

]
ρ. (2.15)

The operator ŝ describes the type of measurement being performed
which, for the case of a heterodyne detection, is given by ŝ =

√
κâ. The

heterodyne detection provides two photocurrents I± for the phase and
the amplitude quadrature which can be used for the feedback operation.
We consider Markovian and linear feedback, that is, the photocurrents
are each multiplied by suitable gains and, in the case considered here, fed
back as a coherent driving field to the second cavity. The feedback due to
the two photocurrents I± is described by Hermitian operators F̂± which
are given by F̂± = g±b̂ + g∗±b̂† with gain coefficients g+ = −i

√
κ and
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Figure 2.7: Two ensembles of two level systems (A and B) coupling to the cavity
modes â, b̂ respectively. The transition frequencies |g〉 ↔ |e〉 of en-
semble A and the cavity frequencies â, b̂ are ν, while ensemble B’s
transition frequency is detuned by −δ. Atoms are pumped incoher-
ently from |g〉 to |e〉 via a third fast decaying level (not shown in level
scheme) at rate w and decay from |e〉 to |g〉 predominantly through
the cavity. The cavities decay with rate κ and the output of cavity â
is measured via an ideal heterodyne detection and then recreated
with an ideal laser with a certain gain and fed into cavity b̂. The
measurement and feedback via the laser are a classical simulation of
the direct injection in Sec. 2.2.2.

g− = −√κ. We choose this particular feedback strategy as it reproduces
an unidirectional coupling identical to the one found in Eq. (2.7) when
inserted to the feedback master equation in (2.15),

ρ̇ = −i
[

Ω
2

(
J+A â + J−A â† + J+B b̂ + J−B b̂†

)
− δJz

B, ρ

]

+ w ∑
T=A,B
i=1...N

D
[
σ̂+

T,i

]
ρ +

κ

2

[
â† b̂− h.c., ρ

]
+ κD

[
â + b̂

]
ρ

+ κD
[
b̂
]

ρ + κD
[
b̂†
]

ρ.

We added the incoherent atom pumping with rate w and the decay of
cavity field b̂ with rate κ. The coherent dynamics is given by the atom-
cavity interaction at rate Ω/2, and the detuning of the atomic transitions
−δ, as in the previous section. The only difference to (2.7) are the last
to cooling and heating terms indicating additional noise due to the
measurement.

The cavity fields can again be adiabatically eliminated considering the
subtlety that cavity b̂ is now driven with rate κ by the Lindblad terms to
a thermal state with 1 mean photon. The adiabatic elimination translates
the decays of the cavity modes to a collective decay of the atoms at rate
γ = Ω2/κ

ρ̇ = iδ [Jz
B, ρ] + γD

[
J−A − J−B

]
ρ +

γ

2
[

J+B J−A − h.c., ρ
]

+ w ∑
T=A,B
i=1...N

D
[
σ̂+

T,i

]
ρ + γD

[
J−B
]

ρ + γD
[

J+B
]

ρ.
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The corresponding dynamics of the expectation values is

∂t 〈σ̂z
A〉 = − 〈σ̂z

A〉 (γ + w)− 2γ (N − 1)
〈
σ̂+

A σ̂−A
〉
− γ + w

∂t
〈
σ̂+

A σ̂−A
〉
= −

〈
σ̂+

A σ̂−A
〉
(γ + w− γ 〈σ̂z

A〉 (N − 2))

+
γ

2
〈σ̂z

A〉 (〈σ̂z
A〉+ 1)

∂t 〈σ̂z
B〉 = − 〈σ̂z

B〉 (γu + w)− 2γ (N − 1)
〈
σ̂+

B σ̂−B
〉

− γ + w + 4γN Re
[〈

σ̂+
A σ̂−B

〉]

∂t
〈
σ̂+

B σ̂−B
〉
= −

〈
σ̂+

B σ̂−B
〉
(uγ + w− γ 〈σ̂z

B〉 (N − 2))

+
γ

2
〈σ̂z

B〉 (u 〈σ̂z
B〉+ 1)− 2γN 〈σ̂z

B〉 Re
[〈

σ̂+
A σ̂−B

〉]

∂t
〈
σ̂+

A σ̂−B
〉
=
〈
σ̂+

A σ̂−B
〉

γ (N − 1) (〈σ̂z
A〉+ 〈σ̂z

B〉) /2

+
〈
σ̂+

A σ̂−B
〉
(iδ− vγ− w)− γ

2
〈σ̂z

B〉 〈σ̂z
A〉

− γ

2
〈σ̂z

B〉
(
2
〈
σ̂+

A σ̂−A
〉
(N − 1) + 1

)
, (2.16)

where u = 3 and v = 2. This is almost identical to the dynamics found
for the cascaded system considered in the previous section, Eqs. (2.10)
and (2.11), which are identical the set of equations in (2.16) when the
parameters u and v are set to u = 1 and v = 1. Importantly, u and v never
occur multiplied with N, w, δ and therefore do not contribute significantly
to the dynamics in the limit of large N. This is also visible in the steady
state results in Figs. 2.8 and showing no visible difference to Fig. 2.6.

To evaluate whether ensemble B synchronizes with ensemble A, just
like in Sec. 2.2.2, we extract from the two-time correlation functions
the components exp (−Γντ/2) and exp (− (Γν−δ/2 + iδ) τ). Using the
solutions for 〈σ̂z

A〉 and 〈σ̂z
B〉, which are identical to Sec. 2.2.2 up to leading

order in 1/N, we calculate the width of these Lorentzian peaks, giving
for small pumping w inside the superradiant regime

Γν

γ
=

w
Nγ

+ 1,
Γν−δ

γ
=





O(N), δ ≤ w
w

Nγ
+ 3, δ > w

.

Just as in Sec. 2.2.2 we see that the peak at ν− δ for δ ≤ w gets extremely
broad for large N and thus effectively vanishes. Again this means that
the resonance frequency of ensemble B is suppressed and ensemble B
synchronizes to the frequency of ensemble A. Remarkable is that even
though there is now a classical channel between both cavities, ensemble B
amplifies the input signal in the synchronized regime without increasing
the linewidth Γν. In the unsynchronized regime δ > w the linewidth Γν−δ

is larger than in the quantum coupled setup (2.14). Due to the chosen
gain in the feedback operators F̂± = g±b̂ + g∗±b̂† the output spectrum
of cavity b̂ has now a larger Lorentz peak at ν than at ν − δ for large
detuning δ � w. This stronger feedback gain is necessary to simulate
the same amplitude of cavity field â being injected into cavity b̂ as in
Sec. 2.2.2.

From the dynamics of the expectation values (2.16) and from the
correlation functions in the steady state Fig. 2.8 we see that there is no
significant difference in the synchronization between the quantum and
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Figure 2.8: (a) Non-vanishing inter-ensemble correlations Re
[
−〈σ̂+

A σ̂−B 〉
]

outline
the synchronized parameter regime. The dashed line w = δ separates
the synchronized from the unsynchronized superradiant regime and
is identical to Sec. 2.2.2. (b) shows the intra-ensemble correlations
〈σ̂+

B σ̂−B 〉 of the slave ensemble B. Here Nγ = 106Hz.

the classically coupled setups considered in the previous and this section,
respectively. This holds in the limit of large N, that is far above threshold
of the superradiant laser where the emitted field is essentially classical.
However, it is important to remember that our analysis is based on an
ideal heterodyne detection and feedback operations, and that any realistic
classical synchronization will perform worse.

2.3.2 Bidirectional synchronization

In view of the results of the previous section it is worthwhile considering
the question whether the synchronization in Sec. 2.2.1 was dependent
on the coupling to the same quantum mechanical cavity mode, or if this
synchronization also occurs when we replace this quantum coupling with
a classical, bidirectional coupling. In order to address this question we
consider the setup in Fig. 2.9. Both cavity fields decay with rate κ̃ and
are measured with ideal heterodyne measurements. The measurement
results are then used by an ideal lasers to recreate the measured coherent
state with a certain gain, giving rise to a symmetric coupling between
both cavities using classical channels. Just like in the previous section
the heterodyne measurements and lasers are idealizations adding no
technical noise and the continuous-time feedback is instantaneous – i.e.
Markovian. This setup is a strategy to simulate the coupling to the same
cavity mode in Sec. 2.2.1 with a classical (but not necessarily technically
feasible) bi-directional coupling. In this section we will leave out some
details and refer to appendix B.1 for the complete derivation.

To describe this system we use the same unconditional feedback master
equation (2.15) twice. Once with the measurement operator ŝâ =

√
κ̃â and

feedback operators F̂b̂
± = g±b̂ + g∗±b̂† acting on field b̂, and then with the

measurement operator ŝb̂ =
√

κ̃b̂ and feedback operator F̂â
± = g± â+ g∗± â†

acting on field â, where g+ := g−/i. Without loss of generality we can
introduce the feedback strength ξ with g− := −ξ

√
κ̃ and restrict the
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Figure 2.9: Two ensembles of two level systems (A and B) coupling to the cavity
modes â, b̂ respectively. The frequencies of the transitions |g〉 ↔ |e〉
are detuned by ±δ/2 from the cavity resonance at frequency ν for
ensemble A and B respectively. Atoms are pumped incoherently from
|g〉 to |e〉 via a third fast decaying level (not shown in level scheme)
at rate w and decay from |e〉 to |g〉 predominantly through the cavity.
The cavities decay with rate κ̃ and the output of both cavities is
measured via an ideal heterodyne detection and then recreated with
an ideal laser with a certain gain and fed into the opposite cavity. The
measurements and feedbacks via the lasers are symmetric such that
this simulates the coupling to the same cavity mode as in Sec. 2.2.1.
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Figure 2.10: (a) Non-vanishing inter-ensemble correlations Re
[
〈σ̂+

A σ̂−B 〉
]

out-
line the synchronized parameter regime. This regime is reduced
compared to Fig. 2.3, and the dashed line wξ = δ separates the syn-
chronized from the unsynchronized superradiant regime. (b) shows
the intra-ensemble correlations 〈σ̂+

1 σ̂−2 〉 equal for both ensembles.
For detuning smaller than the incoherent pumping rate times the
feedback strength δ < wξ both ensembles are synchronized and
the critical pumping rate is moved from w = Nγ for δ > wξ to
w = (1 + ξ)Nγ for δ = 0. Both plots use Nγ = 106Hz.

feedback strength to ξ ∈ [0, 1), such that the resulting equations form
a stable system for the cavity fields. If ξ would be allowed to be equal
to unity or larger, the measurement & feedback would increase the
amplitude of the cavity fields and there would be no steady state with
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finite amplitudes. We can proceed with adiabatically eliminating the
cavity fields, which gives the master equation for the atoms only

ρ̇ =
δ

2i
[Jz

A − Jz
B, ρ] + ∑

T∈{A,B}
i∈{1..N}

wD
[
σ̂+

T,i

]
ρ + ∑

s=±

Ω2

2κs
×

×
(
(1 + n̄s)D

[
J−A − sJ−B

]
+ n̄sD

[
J+A − sJ+B

] )
ρ, (2.17)

where κ± := κ̃ (1± ξ) and n̄± := ξ2/ (4(1± ξ)).
For ξ = 0 the second Lindblad terms drop out and the first Lindblad

terms can be transformed to show independent decay for both ensembles.
For ξ 6= 0 the Lindblad terms cannot be separated for both ensembles
and for increasing ξ both ensembles couple more and more strongly.
Comparing the dynamics of 〈σ̂+

A 〉 with the completely uncoupled case
and the completely coupled case in Sec. 2.2.1 we choose the cavity decays
κ̃ dependent on the feedback strength ξ such that both cases are simulated
best:

κ̃(ξ) :=
κ

(1− ξ)(1 + ξ)
. (2.18)

From master equation (2.17) with the parameterization (2.18) we can
calculate the dynamics of the expectation values

∂t 〈σ̂z〉 = w (1− 〈σ̂z〉)− γ− 〈σ̂z〉 γζ

− 2γ
(〈

σ̂+
1 σ̂−2

〉
(N − 1) + ξN Re

[〈
σ̂+

A σ̂−B
〉])

∂t
〈
σ̂+

1 σ̂−2
〉
=
〈
σ̂+

1 σ̂−2
〉
(−w + γ (N − 2) 〈σ̂z〉 − γζ)

+
γ

2
〈σ̂z〉

(
1 + ζ 〈σ̂z〉+ 2Nξ Re

[〈
σ̂+

A σ̂−B
〉])

∂t
〈
σ̂+

A σ̂−B
〉
=
〈
σ̂+

A σ̂−B
〉
(γ (N − 1) 〈σ̂z〉 − γζ − w + iδ)

+
γ

2
ξ 〈σ̂z〉

(
2 〈σ̂z〉 ζ

(
ξ4 − ξ2 + 2

)−1
+ 1
)

+ γξ 〈σ̂z〉
〈
σ̂+

1 σ̂−2
〉
(N − 1) (2.19)

with ζ :=
(
ξ4 − ξ2 + 2

)
/
(
2
(
1− ξ2)) and factorized 〈σ̂z〉 from all occur-

ring correlation functions, giving a closed system of equations. We could
use the same short notation for the expectation values as in Sec. 2.2.1,
since the effective coupling in (2.17) is symmetric for both ensembles
and even recover the equations of [19], when disregarding the relation
between ζ and ξ and setting ζ = ξ = 1. The steady state can now simply
be calculated setting all time-derivatives equal to zero. These algebraic
equations can be solved numerically or analytically, while filtering out
the stable solution. Fig. 2.10 show the expectation values responsible
for inter- and intra- ensemble correlations in the steady state and they
are very similar to Fig. 2.3 in Sec. 2.2.1. The only difference is a by ξ
reduced synchronization regime, visible in non-vanishing inter-ensemble
correlations 〈σ̂+

A σ̂−B 〉. The synchronized regime for leading order in 1/N
is bounded by wξ = δ and the quarter circle (w− Nγ)2 + δ2 = (ξNγ)2

(see Fig. 2.10a).
Analog to Sec. 2.2.1 we can extract the half-width Γ/2 of the Lorentz

peaks in the spectrum from the two-time correlation functions and use
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Figure 2.11: The dimensionless linewidth Γ/γ for quantum (a) Eq. (2.6) and
classical (b) Eq. (2.20) coupling with ξ = 0.6 for leading order in
1/N. The linewidth for classical coupling (b) is always larger than
the quantum coupling, due to noise term ζ increasing with coupling
strength ξ. In the regime far above a critical pumping the atoms
radiate chaotically [29] with a linewidth scaling with O(N), which
is not plotted here and typically many orders of magnitude larger
than the linewidth in the superradiant regime.
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Figure 2.12: Pole distance ∆ of the output spectrum versus the detuning δ with
the critical detuning at wξ, and the parameters Nγ = 106Hz, w =
0.5Nγ, and ξ = 0.9. The dashed line is ∆ = δ.

the analytical solution for 〈σ̂z〉 (see (B.6)) up to leading order in 1/N to
derive

Γ/γ = ζ +





w−
√

w2ξ2−δ2(1−ξ2)

Nγ(1−ξ2)
, 0 ≤ δ < wξ

w
Nγ , δ ≥ wξ

, (2.20)

which is valid for small pumping w inside the superradiant regime.
This linewidth is plotted in Fig. 2.11b and compared with (2.6) from
Sec. 2.2.1 plotted in Fig. 2.11a. The linewidth using the classical coupling
is larger than the linewidth using the quantum coupled setup, due to the
measurement induced noise term ζ. This noise term ζ also prevents one
to take the limit ξ → 1 to approach the same synchronization regime as
in Sec. 2.2.1, since ζ diverges in this limit.

The striking feature of the setup in Sec. 2.2.1 was clear synchronization
visible in the distance of the Lorentzian peaks ∆ plotted versus the bare
detuning δ, which is also reproduced here with a smaller critical detuning
wξ (see Fig. 2.12).
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The results presented here show that the synchronization of superradi-
ant lasers [19, 42] is not dominated by quantum effects, but a classical
synchronization of quantum systems. However this classical coupling
setup has a reduced synchronization regime and an increased linewidth,
even with the ideal measurements and lasers assumed for the feedback.
For any experimental realization the lasers for the feedback would need
an even lower linewidth than the superradiant lasers. This setup is there-
fore of more theoretical interest to help defining the border between
synchronization of quantum systems using classical channels and quan-
tum systems using quantum channels.

2.4 summary

We discussed if and how synchronization occurs in a cascaded setup of
master & slave superradiant atomic ensembles, or active atomic clocks.
Additionally we simulated the symmetric coupling and the cascaded
coupling with idealized classical coupling channels.

The cascaded setup in Sec. 2.2.2 shows synchronization of the slave
ensemble to the injected frequency. The main difference to Sec. 2.2.1 is
that the synchronization is not apparent in the distance ∆ of the Lorentz
peaks, but in the Lorentz peak heights. In the synchronized regime the
slave ensemble radiates only at the injected frequency, while it’s Lorentz
peak at the resonance frequency effectively vanishes.

In Sec. 2.3.1 we replaced the direct injection of the light with a mea-
surement and feedback, introducing a classical channel in between both
cavities. The resulting steady state equations reveal only minor changes,
which do not scale with the system size, resulting in basically identi-
cal steady state results and the same synchronization far above laser
threshold.





3n - T H O R D E R C O R R E L AT I O N S I N S Y M M E T R I C
S Y S T E M S

3.1 introduction

In the previous two Chapters we extracted the essential information from
a master equation of N subsystem using the cumulant expansion method
involving the following steps:

(i) Deriving the moment system from a master equation.

(ii) Setting the cumulants of order n + 1 to zero, which effectively
factorizes the n + 1 order moments to moments of order ≤ n.

(iii) Solving the nonlinear moment differential equation system analyti-
cally or numerically.

(iv) Applying the Quantum Regression Theorem to the moment system
and factorizing the two-time correlations to calculate the spectrum.

The crucial part is the cumulant expansion [53–55] in step (ii). To use
the cumulant expansion, one needs to derive the evolution equations
of the moments, which grow exponentially with truncation order, yet
there is in principle no more information in the moment system, than in
the master equation itself. This method has the additional disadvantage
that it is only feasible for small subsystem dimension, as for example
two-level systems, because the required moments grow polynomially fast
with subsystem dimension. Nonetheless it is a widely used method and
carries names like: Expectation value based cluster expansion [56, 57],
Cluster Variation Method [58, 59], cluster expansion [60], Bogoliubov-
Born-Green-Kirkwood-Yvon trajectories [61, 62], or mean-field method
including pair-correlations [63].

In this Chapter we generalize the cumulant expansion method such
that we only need the following steps for N subsystems, e.g., atoms, with
d levels:

(i) Defining a cutoff order n + 1.

(ii) Solving a nonlinear density matrix evolution equation numerically

(iii) Numerically calculating a matrix of dimension d8 and doing a
matrix inverse repeatedly to calculate the spectrum.

Contrary to the basis dependent method in the previous Chapters, the
formalism introduced in this Chapter is feasible for

• arbitrary subsystem algebras of finite dimension and

• arbitrary cutoff order

31
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such that the reduced density matrix of dimensionality d2n in sparse
format fits into the available memory.

The Chapter is structured the following way:

sec . 3 .2 We define the symmetric master equation and motivate the
nonlinear approximation as a use case for the density matrix cumu-
lants.

sec . 3 .3 We define density matrix cumulants.

sec . 3 .4 We show how two-time correlations and the spectrum can be
derived.

sec . 3 .5 We demonstrated the method for example systems.

sec . 3 .6 We point out fundamental problems inherent in the cumulant
expansion.

3.2 symmetric master equation

We consider a system composed of N identical subsystems whose Hilbert
space is HN = H⊗N

1 where H1 denotes the Hilbert space of one sub-
system. In the following we restrict the discussion to finite dimensional
Hilbert spaces dim(H1) = d, though most conclusions will hold also
for infinite dimensional spaces. The state of the compound system is
described by the N-particle density matrix ρN whose dynamics is, by
assumption, governed by a symmetric Lindblad Master equation of the
form (h̄ = 1)

ρ̇N =
1
i

N

∑
i=1

[Hi, ρN ] +
N

∑
i=1
D [Oi] ρN

+
1
i

N

∑
i,j=1

[
W†

i Wj, ρN

]
+D

[
N

∑
i=1

Vi

]
ρN

=: LN (ρN) . (3.1)

Here operators Hi, Oi, Wi, Vi are arbitrary single particle operators act-
ing on the i-th subsystem. We make the crucial assumption that these
operators act identically on their respective system, that is, for all per-
mutation operators Pij we have Hi = PijHjPij and equivalent relations for
Oi, Wi, Vi. Lindblad superoperators describing incoherent dynamics are
defined by D [A] ρ := AρA† − 1

2
[
A† A, ρ

]
+ = − 1

2
[
A†, Aρ

]
+ h.c. where

A is referred to as jump operator. Thus, the master equation comprises
local Hamiltonians (Hi), pair interactions (W†

i Wj), and decay channels
with both local (Oi) and collective (∑i Vi) jump operators. While we as-
sume here a single type of pair interaction, local and collective decay,
the formalism is easily generalized to more general models. The overall
N-particle Liouvillian LN is symmetric under particle exchange, that
is LN

(
PijρN Pij

)
= PijLN (ρN) Pij. We also assume that the state of the

compound system is symmetric, PijρN Pij = ρN .
Despite the high degree of symmetry integration of the Master equation

becomes unfeasible for a large number N of subsystems. However, in
many cases the relevant physical quantities are n-particle correlations
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of the form
〈

Aα1
1 ⊗ · · · ⊗ Aαn

n
〉

where n < N and observables Aα
i refer to

subsystem i. Later on we will use that
{

Aα
i
}D

α=1 represents a basis in the
space of linear operators B (H1)

1. Any such correlations follows from
the reduced density matrix ρn for n-subsystems,

〈
n⊗

i=1

Aαi
i

〉
= TrN

[
ρN

n⊗

i=1

Aαi
i

]
= Trn

[
ρn

n⊗

i=1

Aαi
i

]
(3.2)

where

ρn = Tr{n+1,...,N} [ρN ] ,

and Tr{n+1,...,N} denotes the partial trace over the set of subsystems
indicated in the subscript. The trace over all up to the n-th subsystem is
denoted by Trn = Tr{1,...,n}. Note that the correlations considered in (3.2)
are not necessarily symmetric, but that due to the assumed symmetry
of the state it is irrelevant which subset of N − n particles is traced out.
Without loss of generality we chose to track the state ρn of the first n
subsystems.

Taking the partial trace Tr{n+1,...,N} of the Master equation (3.1) and
exploiting the symmetry of the state ρN one arrives at the equation of
motion for the reduced density matrix

ρ̇n = Ln (ρn) + (N − n)
n

∑
i=1

{
1
i

[
W†

i , Tr{n+1} [Wn+1ρn+1]
]

− 1
2

[
V†

i , Tr{n+1} [Vn+1ρn+1]
]
+ h.c.

}
(3.3)

=: Ln(ρn+1) (3.4)

The first term on the right hand side describes the evolution of the first
n subsystems as defined by Eq. (3.1), and the second term describes
the coupling to the N − n other subsystems. Due to the permutation
invariance this coupling can be fully described by the reduced density
matrix ρn+1 for the first n + 1 subsystems. Thus, the master equation for
ρn is not closed, because the ρn+1 contains more information than ρn –
namely information on correlations involving n + 1 subsystem – and can
therefore not be derived from ρn.

The core idea in the cumulant expansion, explained in the next section,
is to systematically neglect only the n + 1-particle correlations in the
density matrix ρn+1 in such a way that the approximate, truncated n + 1-
particle density matrix ρtrunc

n+1 can be determined from the n-particle state
ρn. We will see that this systematic approximation yields ρtrunc

n+1 (ρn) as a,
in general, highly nonlinear function of ρn giving a closed, but nonlinear
differential equation

ρ̇n = Ln (ρn) + (N − n)
n

∑
i=1

{
1
i

[
W†

i , Tr{n+1}
[
Wn+1ρtrunc

n+1 (ρn)
]]

− 1
2

[
V†

i , Tr{n+1}
[
Vn+1ρtrunc

n+1 (ρn)
]]

+ h.c.

}
. (3.5)

1 For a d-dimensional Hilbert space H1 we have D = d2
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3.3 density matrix cumulants

We start by recalling the formal definition of cumulants and collecting
some properties (see [64, 65] and [66, p. 2.290]) which are of importance in
the present context. While we are ultimately interested in moments of the
form (3.2) with respect to symmetric states ρN , we are taking a slightly
more general approach in this section and consider general moments of
the form

〈⊗
i∈A Aαi

i
〉

for any subset A ⊆ {1, . . . , N} without making any
assumption regarding the symmetry of the state.

The moment generating function

χ
(
{rα

j }
)

:= Tr
[
e∑j,α rα

j Aα
j ρN

]
(3.6)

where rα
j ∈ R (j = 1, · · · , N, α = 1, . . . , D) can be used to calculate

correlations by taking derivatives and evaluating at rα
j = 0. Slightly

more general, for any subset A ⊆ {1, . . . , N} of systems the means of
|A| −particle correlations follow from

〈
⊗

i∈A

Aαi
i

〉
=

(
∏
i∈A

∂

∂rαi
i

)
χ
(
{rα

j }
) ∣∣∣

rα
j =0

.

Note that we can restrict the derivatives to involve at most one of the pa-
rameters {rα

j }D
α=1 per particle since we assumed the {Aα

j }D
α=1 to constitute

an operator basis.
The cumulant generating function is ln χ

(
{rα

j }
)

and the cumulants of
|A|-particle correlations are

〈
⊗

i∈A

Aαi
i

〉

c

=

(
∏
i∈A

∂

∂rαi
i

)
ln χ

(
{rα

j }
) ∣∣∣

rα
j =0

. (3.7)

For illustration and later use we write out explicitly the lowest cumulants
in terms of moments, that is

〈
Aα1

1
〉

c =
〈

Aα1
1
〉

〈
Aα1

1 Aα2
2
〉

c =
〈

Aα1
1 Aα2

2
〉
−
〈

Aα1
1
〉 〈

Aα2
2
〉

〈
Aα1

1 Aα2
2 Aα3

3
〉

c =
〈

Aα1
1 Aα2

2 Aα3
3
〉
−
〈

Aα1
1 Aα2

2
〉 〈

Aα3
3
〉

−
〈

Aα1
1 Aα3

3
〉 〈

Aα2
2
〉
−
〈

Aα2
2 Aα3

3
〉 〈

Aα1
1
〉

+ 2
〈

Aα1
1
〉 〈

Aα2
2
〉 〈

Aα3
3
〉

for, respectively, A = {1}, A = {1, 2}, and A = {1, 2, 3}. In the general
case the connection between cumulants and moments (see [67, (2.9)]) is
given by

〈
⊗

i∈A

Aαi
i

〉

c

= ∑
π∈πA

f (|π|) ∏
B∈π

〈
⊗

i∈B

Aαi
i

〉
(3.8)

where

f (|π|) := (|π| − 1)!(−1)|π|−1,
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|π| denotes the cardinality of the set π, and πA denotes the set of
all possible partitions of A . E.g. for A = {1, 2, 3} the set πA is com-
posed of the elements {1, 2, 3}, {{1, 2}, {3}}, {{1}, {2, 3}}, {{1, 3}, {2}},
{{1}, {2}, {3}}.

We now define τA as the operator on the space of particles in A from
which |A|−particle cumulants can be calculated simply by taking the
trace, that is

〈
⊗

i∈A

Aαi
i

〉

c

= TrA

[
τA

⊗

i∈A

Aαi
i

]
. (3.9)

We will refer to τA as the density matrix cumulant for the ensemble of
subsystems in A. From Eq. (3.8) one can read off that this operator is
given by

τA := ∑
π∈πA

f (|π|)
⊗

B∈π

ρB (3.10)

where ρB denotes the reduced density operator for the subsystems con-
tained in B. It is straight forward to check that inserting (3.10) in (3.9)
yields (3.8). For illustration we write down again the lowest orders, that
is,

τ{1} = ρ{1},

τ{1,2} = ρ{1,2} − ρ{1} ⊗ ρ{2},

τ{1,2,3} = ρ{1,2,3} − ρ{1,2} ⊗ ρ{3} − ρ{1,3} ⊗ ρ{2}
− ρ{1} ⊗ ρ{2,3} + 2ρ{1} ⊗ ρ{2} ⊗ ρ{3}. (3.11)

The connection to the lowest order cumulants is obvious.
The density matrix ρA can be reconstructed from the density ma-

trix cumulants in the same way as moments can be expressed through
cumulants. The inverse relation to (3.8) is

〈
⊗

i∈A

Aαi
i

〉
= ∑

π∈πA

∏
B∈π

〈
⊗

i∈B

Aαi
i

〉

c

. (3.12)

from which we conclude

ρA = ∑
π∈πA

⊗

B∈π

τB. (3.13)

For the lowest orders this is

ρ{1} = τ{1}
ρ{1,2} = τ{1,2} + τ{1} ⊗ τ{2}

ρ{1,2,3} = τ{1,2,3} + τ{1,2} ⊗ τ{3} + τ{1,3} ⊗ τ{2}
+ τ{1} ⊗ τ{2,3} + τ{1} ⊗ τ{2} ⊗ τ{3}.

We collect a number of properties of density matrix cumulants:

(i) Density matrix cumulants are Hermitean.
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(ii) Operators τA for |A| = 1 correspond to single particle reduced
density operators, that is

τ{i} = ρ{i} ∀ i.

(iii) Operators τA for |A| > 1 are traceless and (partial-trace)-less, that
is

TrB [τA] = 0 ∀B ⊆ A, B 6= ∅. (3.14)

Cumulants of second and higher order are invariant under affine
transformations (see [67, p. 2.4]). This implies in particular that〈⊗

i∈A Aαi
i
〉

c is not changed when we replace any of the opera-
tors by Aαi

i + 1i, which directly entails (3.14). For example, the
cumulant is unchanged in the replacement Aα1

1 → Aα1
1 + 11, that is,

〈⊗
i∈A Aαi

i
〉

c =
〈
(Aα1

1 + 11)
⊗

i∈A\{1} Aαi
i

〉
c
, which implies

0 =

〈
⊗

i∈A\{1}
Aαi

i

〉

c

= TrA




 ⊗

i∈A\{1}
Aαi

i


 τA




= TrA\{1}




 ⊗

i∈A\{1}
Aαi

i


Tr1 [τA]


 ∀ Aα

i .

Therefore Tr1 [τA] = 0. The restriction |A| > 1 is due to the fact
that affine transformations do change first order cumulants.

(iv) For A ⊇ B ⊇ C the density matrix cumulants τC constructed from
ρA are the same as those constructed form the reduced density
matrix ρB. This follows directly from the definition (3.10) of den-
sity matrix cumulants through tensor products of reduced density
operators.

3.3.1 Symmetric density matrices and their truncation

The concept of density matrix cumulants is general and applies to all
density matrices irrespective of their symmetry. Here we will pick up
the discussion of Sec. 3.2 and consider the important special case of
symmetric (permutation invariant) density matrices ρN of N systems. We
remind the reader that we denote by ρn the reduced density operator for
the first n subsystems. Similarly we will use τn for the density matrix
cumulant of n-th order refering to the first n subsystems. By πn we denote
the set of partitions of {1, . . . , n}. We also note that for symmetric states
both the reduced density matrix ρA and the density matrix cumulants τA

for |A| < N can be constructed from, respectively, ρn and τn for n = |A|
by relabeling subsytems.

We now come back to the equation of motion for the reduced density
operator ρn in Eq. (3.4). The challenge is to turn this equation into a
closed equation of motion for ρn using a suitable approximation for ρn+1.
The n-th order cumulant expansion consists in removing n + 1-th order
cumulants from the state ρn+1 maintaining only cumulants of lower order
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which, as discussed above, are fully determined by the reduced density
operator ρn. Accordingly, we define the truncated density operator for n + 1
subsystems

ρtrunc
n+1 := ρn+1 − τn+1

= ∑
π∈πn+1

⊗

B∈π

τB − τn+1

= ∑
π∈πn+1
|π|>1

⊗

B∈π

τB (3.15)

By construction the truncated operator involves only density matrix
cumulants τB with |B| ≤ n and therefore, is fully determined by ρn.
Since the density matrix cumulants in general depend in a nonlinear way
on the density matrix the same is true for the truncated density operator
ρtrunc

n+1 (ρn) in (3.15). We note that the construction of ρtrunc
n+1 can be seen

alternatively as an extension of ρn to n + 1 subsystems in a symmetric
fashion, fulfilling ρn = Tr{k}

[
ρtrunc

n+1
]

for all k ∈ {1, . . . , n + 1}.
For example, the truncated density matrices for n = 1 and n = 2 are

given by, respectively,

ρtrunc
2 = ρ1 ⊗ ρ2

ρtrunc
3 = τ{1,2} ⊗ τ{3} + τ{1,3} ⊗ τ{2} + τ{1} ⊗ τ{2,3}

+ τ{1} ⊗ τ{2} ⊗ τ{3}
= ρ{1,2} ⊗ ρ{3} + ρ{1,3} ⊗ ρ{2} + ρ{1} ⊗ ρ{2,3}
− 2ρ{1} ⊗ ρ{2} ⊗ ρ{3}

where we reinserted the definition of density matrix cumulants (3.10).
Inserting (3.15) in (3.5) yields a closed nonlinear master equation for

the reduced n-particle density operator ρn in n-th order cumulant expan-
sion. The master equation can be integrated in time with suitable initial
conditions or can be solved for the steady state, as will be illustrated in
Sec. 3.5 at the example of superradiant systems. The time evolution and
stationary values of correlation functions of the form (3.2) involving up
to n particles follow from ρn.

We emphasize that the master equation (3.5) and the truncated density
operator (3.15) are given in a basis independent form which makes
it straight forward to derive the corresponding (nonlinear) system of
differential equations for moments up to a desired order n and local
dimension d. In particular, it is thus a suitable starting point for systematic
investigations regarding convergence of cluster expansions for growing
truncation order n.

3.4 two-time correlation functions in cumulant expan-
sion

The previous section presented an approach for determining n-particle
single-time correlation functions as given in Eq. (3.2) in a cumulant ex-
pansion of the density matrix which systematically truncated cumulants
involving n + 1 or more particles. In this section we will extend this
approach to two-time correlation functions.
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As a motivation we consider the example of cavity QED where a
collective decay with jump operator ∑N

i=1 Vi as in (3.1) is due to collective
emission of photons leaking through the cavity. The first order coherence
function of emitted light, and per Fourier transform its spectrum, then
follow from the two-time correlation function of the collective jump
operator

N

∑
i,j=1
〈Vi(t + τ)Vj(t)〉

= N(N − 1)〈V2(t + τ)V1(t)〉+ N〈V1(t + τ)V1(t)〉.
In this section we will show how the cumulant expansion on the level
of the density matrix can be adapted and used to derive systematic
approximations to two-time correlation functions of this type. While
we concentrate here to the most relevant case of two-time 2-particle
correlation functions we emphasize that it is straight forward to extend
the approach developed in the following to higher order correlation
functions.

Thanks to the permutation symmetry it is sufficient to consider 1- and
2-particle correlation functions of the form 〈Aα

i (τ)Aβ
1 〉 for i = 1, 2. We

follow the notation introduced in the previous section, and denote by
{Aα

i } a basis in the space of linear operators B (H1) of the i-th subsystem.
Formally the two-time 2-particle correlation function is given by

〈
Aα

i (t + τ)Aβ
1 (t)

〉
= TrN

[
Aα

i eLNτ
(

Aβ
1 ρN(t)

)]
(3.16)

where ρN(t) solves the master equation (3.1) and LN is the full N-particle
Liouvillian. Stationary correlation functions are attained in the long time
limit with respect to t when ρN(t) is effectively replaced by the steady
state of the master equation (3.1). In the following we will suppress the
argument t keeping in mind that all quantities have an implicit time
dependence on t via ρN .

Two time correlation functions of the form (3.16) can be calculated in
principle without approximation using the quantum regression theorem.
In a form suitable for our purpose this theorem states the following: For
fixed Aβ

1 and arbitrary Aα
i two time correlations follow from the operator

ωN(τ) := eLNτ
(

Aβ
1 ρN

)
, (3.17)

as is clear from Eq. (3.16). In order to determine ωN(τ) one has to solve
the same N-particle master equation (3.1) as for the density matrix ρN(t),

d
dτ

ωN(τ) = LN(ωN(τ)), (3.18)

as follows from the definition (3.17). Eq. (3.18) has to be solved using the
initial condition

ωN(0) = Aβ
1 ρN . (3.19)

Thus, determining ωN(τ) has the same computational complexity as
solving Eq. (3.1) for the state ρN . This is also due to the fact that ωN(τ)
captures general two time correlation functions of the form

〈(
⊗

i∈A

Aαi
i

)
(τ)Aβ

1

〉
= TrN

[
ωN(τ)

⊗

i∈A

Aαi
i

]
(3.20)



3.4 two-time correlation functions in cumulant expansion 39

for all A ⊆ {1, . . . , N} involving up to N-particle correlations.
In order to arrive at an approximate description for two-time correla-

tions involving up to some number n of particles we note first that for a
given subset A with 1 ∈ A we have

〈(
⊗

i∈A

Aαi
i

)
(τ)Aβ

1

〉
= TrA

[
ωA(τ)

⊗

i∈A

Aαi
i

]

where the reduced operators is

ωA(τ) := Tr{1,...,N}\A
[
eLNτ

(
Aβ

1 ρN

)]
. (3.21)

For example, 2-particle two-time correlation functions as in (3.16) follow
from

〈
Aα

i (τ)Aβ
1

〉
= Tr{1,2}

[
Aα

i ω{1,2}(τ)
]

(3.22)

where

ω{1,2}(τ) := Tr{3,...,N}
[
eLNτ

(
Aβ

1 ρN

)]
. (3.23)

We note that ωA(τ) is permutation symmetric with respect to exchange
of any pair of particles i, j ∈ A for i, j 6= 1. In analogy to the notation
for permutation symmetric reduced density matrices used in the previ-
ous section we define ωn(τ) as referring to the first n subsystems, e.g.
ω2(τ) = ω{1,2}(τ). Any operator ωA(τ) for |A| = n can be constructed
from ωn(τ) by relabeling.

Taking the derivative of (3.21) with respect to τ gives the equation of
motion

d
dτ

ωn(τ) = Tr{n+1,...,N} [LNωN(τ)]

= Ln (ωn+1(τ)) (3.24)

where Ln is identical to the operator defined in the equation of motion
(3.4) for the reduced density operator for n particles. This clearly follows
from the fact that ωN(τ) and ρN(t) obey the same equation of motion.
Thus, as before we have to find a suitable approximation for ωn+1(τ)
relating it to operators of lower order ωn(τ) in order to close the equation
of motion (3.24).

3.4.1 Generating function of two-time correlations

The first step is to generalize the moment generating function in Eq. (3.6)
to a moment generating function for two-time correlations

χ
(

τ, {rα
j }, {s

β
l }
)

:= Tr
[

e∑j,α rα
j Aα

j eLτ

(
e∑l,β sβ

l Aβ
l ρN

)]

where rα
j , sβ

l ∈ R. All moments of two time correlations can derived from
this generating function. For example, two-time 2-particle correlations of
the type given in Eq. (3.16) are

〈
Aαi

i (t + τ)Aβk
k (t)

〉
=

∂2

∂rαi
i ∂sβk

k

χ
(

τ, {rα
j }, {s

β
l }
) ∣∣∣

rα
j =sβ

k =0
.



40 n-th order correlations in symmetric systems

More generally, for A, B ⊆ {1, . . . , N}
〈(

⊗

i∈A

Aαi
i

)
(τ)

(
⊗

k∈B

Aβk
k

)〉

=

(
∏
i∈A

∂

∂rαi
i

)(
∏
k∈B

∂

∂sβk
k

)
χ
(

τ, {rα
j }, {s

β
l }
) ∣∣∣

rα
j =sβ

k =0
.

The corresponding two time cumulants follow from their generating
function in the same way as in Eq. (3.7)

〈(
⊗

i∈A

Aαi
i

)
(τ)

(
⊗

k∈B

Aβk
k

)〉

c

=

(
∏
i∈A

∂

∂rαi
i

)(
∏
k∈B

∂

∂sβk
k

)
ln χ

(
τ, {rα

j }, {s
β
l }
) ∣∣∣

rα
j =sβ

k =0
. (3.25)

As a particular case of special importance we consider two-time 3-particle
cumulants for which one finds

〈
Aα1

1 Aα2
2 Aα3

3 )(τ)Aβ
1

〉
c

= Tr{1,2,3}

[
Aα1

1 Aα2
2 Aα3

3

{
ω{1,2,3}(τ) + 2ρ{3} ⊗ ρ{2} ⊗ω{1}(τ)

− ρ{2,3} ⊗ω{1} −ω{1,3}(τ)⊗ ρ{2} −ω{1,2}(τ)⊗ ρ{3}

}]
(3.26)

The expression in curly brackets generalizes the third order density
matrix cumulant τ3 in Eq. (3.11) to the context of two-time correlations.

3.4.2 Truncation of two-time correlations at second order

In order to evaluate 2-particle two time correlations we truncate ω3(τ)
by setting two-time 3-particle cumulants (3.26) to zero. This is achieved
by replacing ω3(τ) = ω{1,2,3}(τ) by its truncated version

ωtrunc
3 (τ) := −2ρ{3} ⊗ ρ{2} ⊗ω{1} + ρ{2,3} ⊗ω{1}

+ ω{1,3}(τ)⊗ ρ{2} + ω{1,2}(τ)⊗ ρ{3} (3.27)

where ω{1,3} follows from ω2 = ω{1,2} by relabeling, and ω{1} = Tr2[ω{1,2}].
It is important to note that the truncation (3.27) is linear in ω2(τ), in con-
trast to the nonlinear truncation of the density matrix in Sec. 3.3.1. Using
Eq. (3.27) we can now replace ω3(τ) with ωtrunc

3 (τ) in equation sys-
tem (3.24) and get a closed and linear differential equation system for
2-particle two time correlation

d
dτ

ω2(τ) ≈ L2
(
ωtrunc

3 (τ)
)

(3.28)

According to Eq. (3.19) this has to be solved under the initial condition
ω2(0) = Aβ

1 ρ2 where ρ2 solves Eq. (3.5).
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We conclude this section by indicating how this result generalizes to
two-time correlation functions of higher order. In the context of cavity
QED the evaluation of the second order coherence function would require
to determine two-time correlation functions of the form

〈V2(t)V4(t + τ)V3(t + τ)V1(t)〉 = TrN

[
V4V3eLNτ (V1ρNV2)

]

= Tr4 [V4V3v4(τ)]

From the discussion above it will be clear that these follow from solving
the four-particle master equation

d
dτ

v4(τ) = L4(v5(τ))

using the initial condition v4(τ) = V1ρ4V2 along with a truncation of
v5(τ) at forth order. Eq. (3.25) implies that the truncation will give rise
to a linear equation of motion in v4(τ) with inhomogeneities which
depend nonlinearly on ω4(τ), that is, on two-time correlations of lower
order (as defined in Eq. (3.21)). Analogous statements hold for two-time
correlations of arbitrary order.

3.5 examples

In this section we will provide brief illustrations of the technique devel-
oped above. In particular, we will discuss the treatment of a superradiant
laser in terms of cumulant expansions up to sixth order (Sec. 3.5.1), and
the time evolution of a superradiant spin ensemble under inhomogeneous
dephasing as observed recently by Angerer et al. (Sec. 3.5.2).
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w/Nγ
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0.2
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Steady State Expectation Values over pumping w

z
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|| 2||2

Figure 3.1: Polarization
〈
σz

1
〉

and norm of the two-atom density matrix cumu-
lants ‖τ2‖2 versus the pumping rate w. The calculation was done with
n = 6 atom correlations assuming vanishing 7th order cumulants
and N = 108.
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Figure 3.2: Norms of the density matrix cumulants of order 2, 4, and 6. The odd
orders 3 and 5 are positive and smaller than 3 · 10−7, and therefore of
the same order of magnitude as the numerical precision. Truncation
order and N are identical to the ones used in Fig. 3.1.

3.5.1 Steady state

We state the master equation (1.3) of the superradiant laser, introduced
in Chapter 1 again

ρ̇ = w
N

∑
i=1
D
[
σ̂+

i
]

ρ + γD
[

N

∑
i=1

σ̂−i

]
ρ. (3.29)

Applying the density matrix cumulant method with truncation of 7-
atom cumulants gives a nonlinear differential matrix equation (3.5). We
integrate this equation numerically until the state is close to the steady
state, meaning ‖ρ̇‖ ≤ ε/ s with an ε � 1. The polarization and atom-
atom correlations, i.e., the norm of τ2 in the steady state are plotted
Fig. 3.1 confirming the analytical results plotted in Fig. 1.2 of Chapter 1.

The analytic formulas were derived by approximating that the third
order cumulants vanish [19]. Due to the combined following facts approx-
imating vanishing third-order cumulants, as done in [19], is an extremely
good approximation:

(i) ‖τ3‖2 and ‖τ5‖2 are several orders of magnitude smaller than the
norms of the even order density matrix cumulants (see Fig. 3.2).

(ii) Moments of order k couple to moments of maximum order k + 1,
due to the fact that the collective jump operator in equation (3.1) is
in essence a two-subsystem interaction term.

The norms of the odd-order density matrix cumulants must however not
be small in general, where it is then crucial to take higher order density
matrix cumulants into account.

3.5.2 Time evolution

Another application for the presented approximation method is to resolve
the time evolution of a system with non-negligible subsystem correlations.
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Figure 3.3: Photon flux Φ(t) = κ〈â†(t)â(t)〉 = ΓP ∑N
i,j=1〈σ+

i (t)σ−j (t)〉 versus

time t scaled to its maximum Φmax = maxt,γ⊥ Φ(t) ≈ 1.24 · 1023 Hz
with parameters γ⊥ = 2π · 2.7 MHz, ΓP = 4g2/κ = 2π · 7.5 ·
10−10 Hz ≈ 5 · 10−9 Hz, g = 2π · 72 mHz, κ = 2π · 13.8 MHz. The
initial state at t = 0 is chosen such that it is close to the fully in-
verted state with small correlations to shorten the delay time until a
superradiant burst forms.

Angerer et al. studied a dense ensemble of approximately N = 1016 NV-
centers coupled to a fast decaying cavity [35]. Taking in account only the
dominant single NV-center dephasing and collective decay we can write
the evolution after eliminating the cavity mode â ≈ 2g

κ ∑N
i=1 σ−i as

ρ̇ = γ⊥
N

∑
i=1
D [σz

i ] ρ + ΓPD
[

N

∑
i=1

σ−i

]
ρ.

Similar to the superradiant laser the system has two competing terms:
The dephasing term with rate γ⊥ destroying correlations between NV-
centers and the collective decay term with rate ΓP building up correlations.
The correlations between NV-centers enhance the decay rate by a factor
∝ N resulting in a strong but quickly subsiding superradiant burst.
We numerically integrate this evolution using the presented method
of density matrix cumulant expansion and truncation assuming third
order cumulants vanish. We plot the resulting photon flux in Fig. 3.3
and observe that the dephasing delays and reduces the intensity of the
superradiant burst.

This is also visible in Fig. 3.4 showing maximal photon flux versus
dephasing rate γ⊥. The maximal photon flux decreases faster-than ex-
ponential with increasing dephasing γ⊥ until the maximal atom-atom
correlations associated with a superradiant burst would be smaller than
the correlations of the initial state.

For analytical results we derive the moment system

d
dt
〈σz

1〉 = −ΓP
(
1 + 〈σz

1〉+ 2(N − 1)
〈
σ+

1 σ−2
〉)

d
dt
〈
σ+

1 σ−2
〉
=

1
2

ΓP (1 + 〈σz
1〉) 〈σz

1〉
+ (− (4γ⊥ + ΓP) + (N − 2)ΓP 〈σz

1〉)
〈
σ+

1 σ−2
〉
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Figure 3.4: Maximal Photon flux Φ(t) versus the dephasing rate γ⊥. Increasing
γ⊥ beyond the upper bound γc = (N − 2)ΓP/4 fails to create a
superradiant burst and just reduces the initial correlations, which
correspond to a photon flux Φ(0) ≈ 10−6Φmax. All parameters are
chosen identical to the ones in Fig. 3.3.

where we assumed vanishing
〈
σz

1 σz
2
〉

c and third order cumulants, giving
a closed nonlinear equation system. For NΓP, γ⊥ � ΓP we simplify the
second order correlation evolution

d
dt
〈
σ+

1 σ−2
〉
≈ (−4γ⊥ + (N − 2)ΓP 〈σz

1〉)
〈
σ+

1 σ−2
〉

showing that the correlations will never increase to form a superradiant
burst unless

(N − 2)ΓP 〈σz
1〉 > 4γ⊥. (3.30)

This gives an upper dephasing bound γ⊥ < γc = (N − 2)ΓP/4, which is
clearly visible in the numerical results in Fig. 3.4.

3.6 fundamental problems

Our method also allows us clearly identity certain problems and limita-
tions of the widely used cumulant expansion approximation.

3.6.1 Estimation of approximation errors

Replacing ρn+1 in (3.4) with ρtrunc
n+1 in (3.5) is an approximation, based

on the assumption that the density matrix cumulant τn+1 is does not
change the dynamics significantly because it is in some sense small. This
assumption can be checked systematically by increasing the truncation
order as far as possible, say 1 ≤ n ≤ n′ and verifying that

(i) ‖τm‖2 is getting smaller for increasing 1 ≤ m ≤ n′.

(ii) the expectation values converge to a certain value for increasing
1 ≤ m ≤ n′. Since the density matrix is nothing but a collection of
expectation values we can define the density matrix distance

dm :=
∥∥∥ρn − Tr{n+1,...,m} [ρm]

∥∥∥
2

(3.31)

which has to converge for increasing m.
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Both methods are not fail-safe – one can think of the steady state ρN being
a purely N-subsystem entangled state without any lower k-subsystem
correlations. However in the presence of single subsystem jump operators
Oi with a comparable rate to the collective processes we expect this
problem not to occur.

3.6.2 Problems

While we introduced the formalism with density matrix cumulants and
the truncation of the density matrix, they map 1:1 to cumulants and to
the cumulant truncation widely used in various problems. Therefore all
problems below also occur in other cumulant truncations, even when it
is harder to spot them there.

initial state dependence Given that (3.1) has one unique steady
state, it is not clear that this is also the case for (3.5), because
ρtrunc

n+1 depends on ρn nonlinearly and (3.5) is therefore a nonlinear
differential equation. For specific systems one could compare the
steady states of multiple integrations with varying initial states, to
gain more confidence about the uniqueness of the steady state.

integration positivity While integration of the full linear differen-
tial equation (3.1) guarantees, due to the complete positivity of the
Liouvillian, that an initial density matrix will stay a density matrix,
this is not the case for the approximated nonlinear differential equa-
tion (3.5). At least in the presented formalism, we have access to the
density matrix ρn and can simply check for positivity. If one does
only a cumulant expansion for a subset of operators, one cannot
check positivity of the density matrix.

truncation positivity Given a symmetric density matrix ρn+1, it is
not clear that ρtrunc

n+1 is positive.

quantum marginal problem Given a symmetric density matrix ρn,
it is not clear if there exists a symmetric ρN , such that ρn =
Tr{n+1,...,N} [ρN ]. One counter example is ρ2 being a symmetric
maximally entangled state. This is a special case of the Quantum
Marginal Problem [68], which is QMA-complete [69] (QMA is the
quantum analogue of NP).

For the mean-field case, i.e. n = 1, the problems “Truncation positivity”
and “Quantum Marginal Problem” do not occur, due to lack of any
correlations.

3.7 summary

We presented how a symmetric – meaning subsystem permutation in-
variant – master equation with a maximum of two-subsystem interaction
Hamiltonian and collective jumps of local operators can be approximately
integrated for a small ensemble of n subsystems keeping up to n-order
correlations. For this we decompose a density matrix into density matrix
cumulants, see Sec. 3.3 allowing us to systematically truncate the density
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matrix of n + 1 subsystems and closing the evolution equation for n
subsystems.

Furthermore we showed in Sec. 3.4 how to derive two-time correlation
functions, from which one immediately gets the spectrum via Fourier
transform, using the same formalism and a generalized truncation.

The presented method works for any subsystem algebra, e.g. higher
spins, and arbitrary correlation order n without any analytical effort. It
only requires numerically integrating a complex nonlinear matrix differ-
ential equation, which we implemented using freely available software
(python, QuTiP [50], SciPy [70], NumPy, and matplotlib [71]). We demon-
strated the method for examples requiring the full time evolution in Sec.
3.5.2 and the steady state properties in Sec. 3.5.1.



4C O L L E C T I V E E F F E C T S I N AT O M I C E N S E M B L E S
I N T E R A C T I N G W I T H L I G H T

4.1 introduction

We investigate if and how superradiance appears in an ensemble of alkali
metal atoms being continuously probed by an off-resonant laser. It was
demonstrated that entanglement between two atomic ensembles of alkali
metal atoms in steady state can be achieved [24, 72]. These ensembles can
also be used for magnetometry [73] using Faraday rotation. The work
in this chapter is centered around the experiments in Eugene Polzik’s
lab at the Niels Bohr Institute [12, 22–24, 74, 75]. The setup contains
a continuously and off-resonantly probed ensemble of Caesium atoms,
each with nine relevant ground-state hyperfine levels. Orthogonal to the
probe propagation direction is a magnetic field energetically splitting
the hyperfine levels. A pumping laser polarizes the atoms along the axis
of the magnetic field. We will break the topic down into three sections
introducing different aspects of the system:

sec . 4 .2 We define the generalized superradiant laser, consisting of an
ensemble of two-level atoms, which additional to the collective
down jumps and single-atom up jumps of the superradiant laser
has collective up jumps and single-atom down jumps. Its behavior,
when varying the four rates, is the key to understand the behavior
of more complicated multi-level atoms.

sec . 4 .3 Before we consider the nine-levels of the Caesium F = 4 ground
state manifold, we introduce a simplified model with three-level
F = 1 atoms. The jump operators between these three levels are
designed such, that (1) it captures the most essential features of
the Caesium atoms, e.g., the angle of linear polarization of the
probe laser and ground-state Zeeman splitting, and (2) it is simple
enough to understand it in terms of the generalized superradiant
laser. We can numerically and approximately integrate this master
equation until a steady state is reached and calculate properties
like the polarization, population, and atom-atom correlations. This
integration is achieved by means of the cumulant expansion method
developed in Chapter 3 and its implementation in our Python
program. In addition to the steady state we can also calculate the
spectrum and distinguish which transition is superradiant using
nonlinear level splitting.

sec . 4 .4 In this section we start from the free-space, off-resonant atom-
light interaction and derive the master equation of ground-state lev-
els only, which include probe-induced collective and non-collective
jumps. We show that the master equation contains collective jump
operators of similar structure as the ones considered in Sec. 4.3 and
then use the cumulant expansion method developed in Chapter

47
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Figure 4.1: The figure shows the level scheme of an atom with a two-level ground
state manifold consisting of states g and e. Off-resonant probing leads
to the following coherent processes: (i) the creation of a red sideband
photon with atomic transition g→ e with rate Ω+ and (2) the creation
of a blue sideband photon with atomic transition e→ g with rate Ω−.
Additionally, the incoherent processes are driving the population
with rate w+ to state e and with rate w− to state g.

3 to numerically integrate the evolution. The results, e.g., polar-
ization and atom-atom correlation, involving all nine levels, are
remarkably similar to the ones in Sec. 4.3 showing that we captured
the essential features in the three-level model.

4.2 generalized superradiant laser

We consider an ensemble of two-level systems coupling to a cavity mode â.
The two levels have an energetic difference of h̄ν and the transitions g− e
and e− g couple to the cavity mode with single photon Rabi frequencies
Ω+/2 and Ω−/2, respectively (see Fig. 4.1). Each two-level system is also
subject to incoherent jumps from g → e with rate w+ and from e → g
with rate w−. The combined atom-cavity system can be described by the
master equation

ρ̇ =
ν

i
[Jz, ρ] +

1
i

[(
Ω−

2
J− +

Ω+

2
J+
)

â† + h.c., ρ

]

+ w+

N

∑
i=1
D
[
σ+

i
]

ρ + w−
N

∑
i=1
D
[
σ−i
]

ρ + κD [â] ρ

using the collective atomic operators J± = ∑N
i=1 σ±i and Jz = 1

2 ∑N
i=1 σz

i .
For a fast decaying cavity we can adiabatically eliminate the cavity mode
â, meaning â ' −i(Ω− J−e−iνt + Ω+ J+eiνt)/κ, giving the permutation
invariant master equation in the frame rotating at frequency ν

ρ̇ = w+

N

∑
i=1
D
[
σ+

i
]

ρ + γ−D
[

N

∑
i=1

σ−i

]
ρ

+ w−
N

∑
i=1
D
[
σ−i
]

ρ + γ+D
[

N

∑
i=1

σ+
i

]
ρ (4.1)

with the rates γ± = Ω2
±/κ. We already applied the Rotating Wave Ap-

proximation splitting the Lindblad term and removing the fast oscillating
terms with frequencies ±2ν compared to the coupling rate γ±. The first
two terms are identical to a superradiant laser [18, 19], while the third
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and fourth can be regarded as a superradiant laser with interchanged
levels. Switching the first and second term off, of course results in a
trivial variation of the superradiant laser. However all four terms in com-
bination give new behavior, e.g., a second Lorentz peak in the spectrum,
and a more general condition for superradiance. From (4.1) we derive the
evolution of the expectation values

d
dt
〈σz

1〉 = w+ (1− 〈σz
1〉)− w− (1 + 〈σz

1〉)
− 2(N − 1) (γ− − γ+)

〈
σ+

1 σ−2
〉

d
dt
〈
σ+

1 σ−2
〉
= ((N − 2) (γ− − γ+) 〈σz

1〉 − (w+ + w− + γ− + γ+))×

×
〈
σ+

1 σ−2
〉
+

1
2
((γ− − γ+) + (γ− + γ+) 〈σz

1〉) 〈σz
1〉
(4.2)

where we factorized
〈
σz

1 σz
2
〉
≈
〈
σz

1
〉2 and

〈
σ+

1 σ−2 σz
3
〉
≈
〈
σ+

1 σ−2
〉 〈

σz
1
〉

as in
[19] assuming negligible cumulants

〈
σz

1 σz
2
〉

c and
〈
σ+

1 σ−2 σz
3
〉

c.

4.2.1 Steady State

The steady state expectation values can be obtained by setting the left
hand sides of equations (4.2) to zero and solving the resulting quadratic
equation. The steady state solution of 〈σ+

1 σ−2 〉 shows that correlations
corresponding to the superradiant laser regime can only exist if the
single-atom up jump rate w+ fulfills the inequalities

w− < w+ < N (γ− − γ+)
w+ − w−
w+ + w−

(4.3)

where we assumed large atom numbers N � 1, w+ � γ± and a domi-
nant single-atom up jump rate w+ > w−. The opposite case w− � γ±
and w+ < w− is a trivial variation by interchanging the role of upper
and lower levels, which we will not discuss further.

We show the steady state polarization 〈σz
1〉 and atom-atom correlation

〈σ+
1 σ−2 〉 in the contour plots in Fig. 4.2. Plots a), b), c) have no single-atom

down jumps, i.e., w− = 0 and plots d), e), f) have a single-atom down
jump rate w− = Nγ−/60 leading to a smaller superradiant regime.

Cuts through the contour plots at fixed γ+ give a relatively simple
behavior: the polarization is piecewise linear and the correlations have, at
least for w− = 0, the shape of an inverted parabola as plotted in Fig. 4.3.
However cuts through the contour plot at fixed w+ have a significantly
more difficult behavior as can be seen in Fig. 4.4. These cuts are however
the important ones for our discussion, as in the later sections about
alkali metal atoms we show how geometrical aspects of the light-matter
interactions determine the ratio of the rates Ω± and with it the ratio of
γ±. The nonlinear behavior when varying the collective up jump rate γ+

can also be seen for the maximal atom-atom correlations

max
w+

〈
σ+

1 σ−2
〉
=

1
8
− w−

N (γ− − γ+)

at the optimal pumping strength w+,opt = −w− + N (γ− − γ+) /2.
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Figure 4.2: The polarization 〈σz
1〉, atom-atom correlation 〈σ+

1 σ−2 〉, and full-width
at half maximum of the Lorentz peak Γ varied over the collective
up rate γ+ and single-atom pump rate w+. The single-atom down
jump rate is w− = 0 in a), b), c) and w− = Nγ−/60 in d), e), f). The
dashed lines are at the parameter w+ = Nγ−/10 plotted again in
Fig. 4.4.

4.2.2 Spectrum

The striking feature of the superradiant laser is its linewidth of the order
of the atomic linewidth γ−, even though the ensemble is incoherently
pumped with a much stronger rate w+. We will now show that in the
generalized superradiant laser (4.1) for γ− > γ+ we essentially get two
superradiant lasers each for γ− and γ+ radiating at the same time, both
with identical linewidth of the order of γ− but different amplitudes.
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Figure 4.3: The polarization 〈σz
1〉, and atom-atom correlation 〈σ+

1 σ−2 〉 varied
over the single-atom pump rate w+ and for vanishing collective up
jump rate γ+ = 0. The plot shows the known dependence for the
single-atom down jump rate w− = 0. For w− = Nγ−/60 the plot
shows a flattening of the polarization already for 〈σz

1〉 < 1 due to the
reduced superradiant regime.

Figure 4.4: The polarization 〈σz
1〉, and atom-atom correlation 〈σ+

1 σ−2 〉 varied
over the collective up jump rate γ+. The single-atom up jump rate
w+ = Nγ−/10 is a special case of Fig. 4.2 (indicated by the dashed
line). Varying γ+ allows to scan through the superradiant regime. For
γ+ close below the upper threshold of the superradiant regime (4.3),
the polarization and atom-atom correlation are strongly dependent
on γ+, and therefore very sensitive to small changes.

The spectrum of the output light of the cavity is given by the Fourier
transformed two-time correlation function

S(ω) = F
[〈

â†(t)â(0)
〉]

(ω)

≈ Ω2

κ2 F
[〈

J+(t)J−(0)
〉
+
〈

J−(t)J+(0)
〉]

(ω) (4.4)

where F [ f (t)] (ω) = 1√
2π

∫ ∞
−∞ dt e−itω f (t) is the Fourier transform of a

function f . The terms 〈J±(t)J±(0)〉 are not appearing in the spectrum
(4.4), because their initial value in the steady state 〈J±(0)J±(0)〉 vanishes
due to the Jz symmetry of the master equation (4.1). Using the evolution
of the expectation value

d
dt
〈

J−
〉
= −

(
iν +

Γ
2

) 〈
J−
〉
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Figure 4.5: Spectrum S(ω) of the generalized superradiant laser with w− = 0,
γ+ = γ−/2, ν = 5γ− , and w+ = Nγ−/10. We see two Lorentz
peaks at ω/γ− = ±5 with identical width Γ, but different maxima
A±. The maxima ratio A+/A− is approximately the ratio of collective
up jumps and collective down jumps γ+/γ−.

with the linewidth Γ = γ− + γ+ + w+ + w− − (N − 1) (γ− − γ+)
〈
σz

1
〉

and the Quantum Regression Theorem [33], we derive the analog equation
for the two-time collective atomic spin correlation functions

d
dt
〈

J−(t)J+(0)
〉
=

(
−iν− Γ

2

) 〈
J−(t)J+(0)

〉

d
dt
〈

J+(t)J−(0)
〉
=

(
iν− Γ

2

) 〈
J+(t)J−(0)

〉
. (4.5)

These two equations can be readily solved, each giving an exponential
function, such that the spectrum (4.4) is given by two Lorentz functions.
While the position of the peaks is at ±ν, their width Γ is identical (see
Fig. 4.5). One should note that the peak at −ν coming from the collective
up jump can only exist because the collective down jump is dominant.
Reducing γ− below γ+ will not allow any superradiance (see equation
(4.1)) and both peaks will vanish.

The linewidth Γ for w+ > w− to leading order 1/N is

Γ
γ−
≈
(

1
W− (1−W+)

+
W+

1−W+
−W+ −

1
W−

)(
1− γ+

γ−

)

where we defined the dimensionless variables

W± := (w+ ± w−)
w+ + w−

N (γ− − γ+) (w+ − w−)

scaling with the upper superradiant boundary (4.3). The linewidth Γ is
plotted in Figs. 4.2 c), f). We see that the generalized superradiant laser
preserves the remarkable feature of the superradiant laser – the linewidth
of the order of the effective atomic decay rate γ− – even for non-vanishing
γ+. And even with additional additional single-atom down jump rate
w− the linewidth increases only slightly (see Fig. 4.2 f)).

In the spectrum of the emitted light of the cavity (see Fig. 4.5) we
can see that the maximum of the peak corresponding to collective down
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Figure 4.6: An atomic ensemble, being continuously probed by a linearly po-
larized laser and optically pumped by a circularly polarized laser.
The probe is aligned with the z-axis and the polarization direction is
tilted by the angle θ against the magnetic field B. The off-resonant
two-photon transitions induced by the probe laser creates photons
with orthogonal polarization, which can be extracted by a polarizing
beamsplitter (PBS). The circularly polarized pump laser is parallel to
the magnetic field B and polarizes the atoms orthogonal to the probe
laser.

jumps at ω = ν is significantly higher. We can calculate the Lorentz peak
maxima ratio

A+

A−
=

γ+

γ−
1

1− 〈Jz〉
〈J+ J−〉

≈ γ+

γ−
(4.6)

for N � 1 in the superradiant regime, which is simply the ratio of
collective jump rates. We want to point out that equal Lorentz peak
height is not possible, because the superradiant condition (4.3) can not
be fulfilled for γ+ = γ−.

4.3 three-level atom

The ensemble of two-level systems in Sec. 4.2 even including the single-
atom down jump and collective up jump is in most cases an idealization,
because almost all physical systems have more than two levels and in
many cases more than two play a relevant part in the dynamics. One
of those cases are alkali metal atoms. In Sec. 4.4 we consider e.g. the
Caesium F = 4 ground state with nine levels combined with complicated
single-atom and collective jump terms. While the two-level system in
Sec. 4.2 made it possible to understand the fundamental behavior of
the generalized superradiant laser, we will now progress to understand
the next more complicated system: a three-level system. The advantage
is that one can understand the three-level system as two stacked two-
level systems, of which the behavior is known. The three-level system
we are considering is the minimal idealized version of the setup in Sec.
4.4. It consists of an ensemble of alkali metal atoms being continuously
probed by an off-resonant laser in z direction and being optically pumped
anlong the x direction using a circularly polarized laser (see Fig. 4.6).
The linear polarization of the probe laser is rotated compared to the
quantization axis x by an angle θ. Photons created during the atom-light
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Figure 4.7: The figure shows the level scheme of the alkali metal atoms with
quantization axis x parallel to the magnetic field B, creating a Zee-
man splitting (not visible in figure). The transitions are two-photon
Raman transitions due to the off-resonant laser: A laser photon with
frequency ωL (black) with vertical polarization is absorbed, indicated
by the virtual level (dashed). Then there are two possible transitions:
(1) emission of a horizontal polarized blue-detuned photon to a m− 1
level, (2) emission of a horizontal polarized red-detuned photon to a
m + 1 level.

interaction with orthogonal linear polarization to the probe laser, which
are associated with a change of magnetic quantum number m, can be
extracted via a polarizing beamsplitter. Each atom has three levels in
the ground state manifold and five in the excited state manifold (see
Fig. 4.7). The probe laser frequency ωL is far detuned from the resonance
frequency ωF′ −ωF, inducing two-photon butterfly-transitions. The levels
of the ground state manifold are non-degenerate due to a magnetic field
B in x direction, leading to distinct red and blue sidebands around the
laser frequency, associated with distinguishable atomic up and down
jumps, respectively. The simplified version of the dynamics of the ground
state density matrix is

ρ̇ =
1
i

N

∑
i=1

[
1

∑
m=−1

ωm |m〉 〈m|i , ρ

]

+ w+

N

∑
i=1
D
[
F+

i
]

ρ + γD
[
V−(θ)

]
ρ

+ w−
N

∑
i=1
D
[
F−i
]

ρ + γD
[
V+(θ)

]
ρ (4.7)

where F±i := (∓Fz
i + iFy

i )/
√

2 and F0
i := Fx

i are the angular momentum
operators in the spherical basis with quantization axis x of atom i. The
angular momentum vector Fi = (Fx

i Fy
i Fz

i
)t in Cartesian basis fulfills

Fi × Fi := iFi. We choose a simplified version of the collective jump
operators V±(θ) := ∑N

i=1 V±i (θ) and the single-atom jump operators

V±i (θ) =
(

1 + ε cos(2θ)
(
∓F0

i + 1/2
))

F±i (4.8)

depending on the linear polarization angle θ ∈ [0, 2π) for the small pa-
rameter 0 ≤ ε < 1. The dynamics of master equation (4.7) can also be
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Figure 4.8: Transition rates γm,n between the different ground state levels m of
the alkali metal atom for angles θ = 0°, 45°, 90°. The thickness of the
line represents a measure for the transition strength. Transition with
superradiant lasing are shown in red.
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Figure 4.9: Transition rates γm,n over the angle θ, for ε = 0.1. One can see that
the rates of opposite direction and involving different levels are
identical, i.e., γ0,1 = γ0,−1 and γ−1,0 = γ1,0.

analyzed for higher spins, but for simplicity we restrict (4.7) to spin-1
atoms (F = 1) with three angular momentum levels m ∈ {−1, 0, 1}, i.e.,
(Fi)

2 |1, m〉i = F(F + 1) |1, m〉i = 2 |1, m〉i. As in the case of the general-
ized superradiant laser in Sec. 4.2 we restrict the analysis to w+ > w−,
because w+ < w− corresponds to a trivial interchange of the upper and
lower levels.

The collective jump operators V±(θ) capture the most essential feature
of the much more complicated jump operators in Sec. 4.4, meaning the
angle θ tunes the imbalance of the collective up and down rates

γm,n := γ
∣∣〈1, m|Vm−n

i (θ) |1, n〉
∣∣2

= γ (1 + ε cos(2θ) (∓m + 1/2))2 (4.9)

of the jump operator V±i (θ) where m− n = ±1 and m, n ∈ {−1, 0, 1}.
Their schematic θ and level dependence is shown in the level scheme
in Fig. 4.8, and their exact θ dependence in Fig. 4.9. This imbalance is
additionally level dependent, such that the imbalance γ0,1/γ1,0 of the
upper transition is exactly the inverse of the imbalance γ−1,0/γ0,−1 of
the lower transition.

4.3.1 Steady state expectation values

Using the numerical approximation method developed in Chapter 3 we
can integrate the dynamics (4.7) and extract both the reduced density
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Figure 4.10: Polarization 〈F0
i 〉/F, and norm of second order density matrix cu-

mulant ||τ2||2 over the angle θ. The parameters are chosen the
following way: For a fixed Nγ− we need a small single-atom down
jump rate w− = Nγ/1000 to be in a regime of significant collective
effects. The single-atom up jump rate follows as w+ = 5w− to create
a significant population inversion.
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Figure 4.11: The population of the levels |m〉 〈m| indicates which transition is
lasing because it shifts the population compared to the non-lasing
behavior at θ = 45°. The parameters are the same as in Fig. 4.10

matrix for two atoms and the two-time correlation functions in the steady
state. From the steady state reduced density matrix we can calculate
expectation values such as the polarization 〈F0

i 〉/F (see Fig. 4.10) and
the population of different levels |m〉 〈m| (see Fig. 4.11) depending on
the angle θ. The polarization 〈F0

i 〉/F strongly depends on the parameter
θ caused by the collective jump operators V±i (θ). We can understand
this behavior by considering each transition in Fig. 4.8 involving only
two levels and comparing it with the superradiant condition (4.3) of the
generalized superradiant laser. For the upper transition m = 1↔ m = 0
and θ = 0 the collective down jump is dominant, due to γ0,1/γ1,0 =

((2 + ε)/(2− ε))2 > 1, while the single-atom up jumps are dominant,
i.e., w+ > w−. This allows superradiance, meaning correlations between
atoms build up and the atoms emit collectively such that the emitted
intensity scales with N2. For θ ≥ 45° the collective up jumps are dominant,
due to γ0,1/γ1,0 ≤ 1, meaning the superradiant condition (4.3) cannot
be fulfilled. Tuning θ between 0° and 45° gives a polarization curve
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in Fig. 4.10 similar to Fig. 4.4. This similarity is even more impressive,
because in Fig. 4.10 both rates γ0,1, γ1,0 are nonlinearly dependent on θ,
while in Fig. 4.4 only γ1,0 is changed linearly.

The lower transition can fulfill the superradiant condition (4.3) only
for θ > 45°, with a maximum dominant collective down rate γ−1,0 for
θ = 90°, resulting in polarization curve similar to Fig. 4.4 with inverted
x-Axis.

Superradiance implies an enhanced collective jump rate proportional
to N, necessarily decreasing the polarization 〈F0

i 〉/F.

• The superradiant transition for θ < 45° shifts much of the pop-
ulation from |1〉 〈1| to |0〉 〈0| (see Fig. 4.11). The small change in
population of |−1〉 〈−1| is a result of the single-atom down jumps
with rate w− shifting the population of |0〉 〈0| downwards.

• The superradiant transition for θ > 45° shifts the population from
|0〉 〈0| to |−1〉 〈−1|. The change in population of |1〉 〈1| is a result of
the single-atom down jumps with rate w− shifting the population
of |1〉 〈1| downwards.

The two dips in polarization in Fig. 4.10 have different depth due to the
difference in available population of the involved levels (see Fig. 4.11). For
example, the collective jumps for θ = 90° involve fewer atoms than for
θ = 0°, because there are fewer atoms in the state |0〉 〈0| than in |1〉 〈1|,
due to the dominant single-atom up jump rate w+. One can estimate that
due to the ratio of level population 〈0| ρi |0〉 / 〈1| ρi |1〉 ≈ 0.2 of atom i in
the uncorrelated steady state (θ = 45°) the intensity ratio of the two peaks
should be approximately (0.2)2 = 0.04, due to the quadratic intensity
dependence on available atoms N in the superradiant regime. This fits
well with the approximate ratio 0.03 of the maximum of the Lorentz
peaks of the spectrum (see the color legends of Fig. 4.12).

4.3.2 Spectrum

We consider equation (4.7) as the dynamics of atoms identically coupling
to a fast decaying cavity, where the cavity mode was adiabatically elim-
inated (compare with Sec. 4.2). The spectrum of the light leaving the
cavity in the steady state can be calculated via the Fourier transition of
atomic two-time correlation functions

N

∑
i,j=1

〈
Vi(t + τ)Vj(t)

〉

= N(N − 1) 〈V2(t + τ)V1(t)〉+ N 〈V1(t + τ)V1(t)〉 .

where we defined Vi := V+
i (θ) + V−i (θ). These correlation functions

allow calculating the spectrum S(ω) ∝ ∑N
i,j=1 F

[〈
Vi(τ)Vj(0)

〉]
(ω) where

t = 0 refers to the steady state and are accessible using the numerical
approximation method introduced in Chapter 3 and.

To be able to distinguish upper and lower transitions in the spectrum
we assume a nonlinear splitting Zeeman states and set

ω−1 = 0, ω0 = 10γ, ω1 = 30γ
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Figure 4.12: The Spectrum S(ω) plotted as color over the frequency ω on the
x-axis and angle θ on the y-axis (separated in two plots due to
different color scales). The lower plot shows the two Lorentz peaks
at ω = ±20γ associated with a superradiant transition on the upper
levels, while the upper plot has the Lorentz peaks at ω = ±10γ
associated with a superradiant transition of the lower levels. One
also can see the left and right Lorentz peaks at ω = ±20γ and
ω = ±10γ are imbalanced, having an approximate ratio of maxima
identical to the collective up and down ratios as in the generalized
superradiant laser (see equation (4.6)). The maximum intensity of
the upper plot reaches only about 0.03S0 of the maximum intensity
S0 = maxω S(ω) in the lower plot. The parameters are identical to
Fig. 4.10.

such that the lower transition m = 0 ↔ m = −1 has the difference
ω0 − ω−1 = 10γ and the upper transition m = 1 ↔ m = 0 has the
difference ω1 − ω0 = 20γ. The spectrum in Fig. 4.12 reveals clearly
that for 0° ≤ θ < 45° only the upper transition is superradiant and for
45° ≤ θ ≤ 90° only the lower transition as expected from the superradiant
condition (4.3).

Additionally we can extract the full-width at half maximum Γ of the
dominant Lorentz peak and plot it in Fig. 4.13. The width Γ is in the
superradiant regions on the left and right of 45° of the same order of
magnitude as the collective jump rate γ, while in the non-superradiant
regime around 45° the linewidth increases three orders of magnitude.
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Figure 4.13: Full-width at half maximum – also called linewidth – Γ plotted
versus the angle θ. The superradiant regimes for θ . 45° and
θ & 50° have a linewidth of the order of the collective jump rate γ,
while in the uncorrelated regime in between the linewidth increases
three orders of magnitude. The parameters are identical to Fig. 4.10.

4.4 alkali metal atoms with off-resonant probe beam

4.4.1 Introduction and definitions

This section contains the derivation of the dynamics of the Caesium
atoms being probed and optically pumped continuously and in orthog-
onal directions. The addressed transition involves nine non-degenerate
hyperfine levels in ground-state manifold and multiple excited-state man-
ifolds. There has been previous work about this kind of off-resonant
probing focusing on different aspects, e.g., the polarizability tensor [76],
pulsed schemes [75, 77], and two ground-state levels [72]. We derive the
ground-state only master equation

• for arbitrary spins of the ground state manifold of alkali-metal
atoms with the example of Caesium (spin four)

• for large hyperfine splitting in the ground state manifold

• including probe induced single atom-decay

• arbitrary angle of linear polarization of the probe laser

4.4.1.1 Atomic ensemble

We consider an ensemble of N alkali metal atoms in a box see Fig. 4.6. The
atoms are continuously probed by an off-resonant laser of wavelength λc
propagating in z direction. Its linear polarization is rotated by an angle θ
relative to the x-axis. The atoms have an optical transition with central
wavelength λa = 2πc/(ωF′ − ωF) between the excited state manifolds
with average energy h̄ωF′ and the ground state manifold with energy
h̄ωF (see Fig. 4.14). The magnetic field B in x direction leads to a Zeeman
splitting ΩZ of the hyperfine levels of the atoms. At the same time the
atoms are being continuously optically pumped by a circularly polarized
pump laser in the x direction. If the collective atomic spin would be
aligned with the laser propagation direction we would expect a Faraday
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Figure 4.14: The figure shows the level scheme with quantization axis x parallel
to the magnetic field B. The levels in the ground state manifold are
different angular momentum states |F, m〉, in the x-quantization axis,
spitted by the Zeeman frequency ΩZ. The transitions are two-photon
Raman transitions due to the off-resonant laser: A laser photon with
vertical polarization is (virtually) absorbed, indicated by the virtual
level (dashed). Then there are three possible transitions: (1) emission
of a vertical polarized photon back to the same level, (2) emission
of a blue-detuned horizontal polarized photon to a m − 1 level,
(3) emission of a red-detuned horizontal polarized photon to a
m + 1 level. The strength of the transitions is given by the Clebsch-
Gordon coefficients, and the rate depends additionally on the mean
populations of the different levels. The single-atom up jump rate
w+ shifts the population (indicated by gray spheres) up to m = F,
increasing the intensity of the blue-detuned Lorentz peak.

rotation of the light polarization – which corresponds to a transfer of
angular momentum of the atoms to the light mode. Here, however, the
collective spin is polarized in x direction orthogonal to the light propagat-
ing in z direction, meaning the Faraday rotation is due to the fluctuations
of the collective atomic spin in the z direction. The fluctuations in the z
direction result in simultaneous clockwise and anti-clockwise Faraday
rotation with vanishing average. Both rotations can be resolved not only
due to orthogonal polarization compared to the probe laser, but also
due to the Zeeman splitting of the hyperfine levels, leading to clearly
distinguishable sidebands around the laser frequency ωL.

Another picture to explain the behavior is to set the quantization axis
of the atomic hyperfine levels in the x direction along the magnetic
field B (see Fig. 4.14). Here we can interpret the interaction of atom
i with the probe laser as up and down jumps between total angular
momentum states |F, m〉i. The linear polarization of the emitted photons
when ∆m = ±1 is orthogonal to the quantization direction x, and parallel
when ∆m = 0.

Even though the atoms are thermal in the setup [22] they can emit col-
lectively into the forward scattered mode, but dominantly non-collectively
in all other directions, due to motional averaging [78]. We will not go
into the details of this but merely mention that a two-photon process
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with emission in any but the forward direction – the probe laser direc-
tion z – contains a phase based on the quickly changing position of the
atoms. This position dependence leads to a dominantly non-collective
decay into all but the forward direction where the interaction is position
independent. Additionally one could enhance the direction of collective
emission by shaping the optical density of the atomic ensemble in the
forward direction.

4.4.1.2 Relevant transitions

The relevant optical transition (see Fig. 4.14) is due to a change of orbital
angular momentum of the single electron in the outer-most shell of the
alkali metal atom. In the single-electron model of all alkali metal atoms
we have three angular momentum operators coupling together resulting
in the hyperfine structure [79]: the electron spin S, the orbital angular
momentum L of the electron, and the total nuclear angular momentum I.
While the electron spin S = 1/2 and the core spin I = 7/2 for Caesium
are fixed, The angular momentum quantum number changes between
the ground state L = 0 and the excited state L = 1 resulting in an energy
splitting with optical frequency. Considering the atom as one object, the
three angular momenta couple together to the total angular momentum
F = S + L + I. To understand the states involved we couple first the
spin and orbital angular momentum J = S + L giving the ground state
J = 1/2, also called 62S1/2. For the excited state we can have J = 1/2 and
J = 3/2, also called 62P1/2 and 62P3/2 respectively. From both excited
states there are two optical transitions to the ground state, also called
D1 : 62P1/2 → 62S1/2 and D2 : 62P3/2 → 62S1/2 line, of which only the
D2 line is addressed by the probe laser. One can further couple the total
nuclear angular momentum I to the spin-orbit angular momentum J,
giving the total angular momentum F = J + I. For the ground state
one gets F ∈ {3, 4}, of which only F = 4 is relevant for our discussion
(in reality one needs to repump F = 3 to F = 4). For the excited state
involved in the D2 transition, i.e., J = 3/2, we get F′ ∈ F′ := {2, 3, 4, 5},
which we denote with a prime to indicate the excited state. In Fig. 4.14

are the ground state levels depicted, while we only indicate the excited
state manifolds F′ by their average frequency ωF′ .

4.4.1.3 Angular momentum operators

We already mentioned that the vectors F, S, L, I, each composed of three
linear operators, e.g., F = (Fx Fy Fz)

t in the Cartesian basis, are angular
momentum operators [80, Sec. 18.1], meaning they fulfill the angular
momentum algebra

[Fm, Fn] = i ∑
k

εmnkFk (4.10)

for m, n, k ∈ {x, y, z}. Using the Casimir operator F2 and choosing the
quantization axis F0 = Fx we can define the eigenbasis |F, mF〉x fulfilling
the eigenvalue equations

F2 |F, mF〉x = F(F + 1) |F, mF〉x , (4.11)

F0 |F, mF〉x = mF |F, mF〉x (4.12)



62 collective effects in atomic ensembles interacting with light

corresponding to the angular momentum quantum number F and the mag-
netic quantum number mF ∈ {−F,−F + 1, . . . , F}. Unless otherwise stated
we always use the quantization axis x and just write |F, mF〉 or even
shorter |F, m〉. The Hilbert space Hi of atom i can be spanned by the
eigenbasis |F, mF〉 associated with angular momentum operator Fi ∈ O3

i
where Oi := B (Hi) is the space of linear operators on the single atom
Hilbert space.

4.4.1.4 Dipole operator

To write the atom-light interaction in the master equation we require the
dipole operator di of the D2 transition of atom i (see [79, 81]). We can split
up the dipole operator di = d+

i,F′F + d−i,F′F into an up jump and down
jump

d+
i,F′F := πF′

i diπ
F
i , d−i,F′F :=

(
d+

i,F′F

)†
, (4.13)

respectively using the projection πF
i := ∑F

mF=−F |F, mF〉 〈F, mF|i,x. We also
define dimensionless transition operators

σ+
i,F′F :=

d+
i,F′F
dF′

, σ−i,F′F :=
(

σ+
i,F′F

)†
(4.14)

using the Reduced Matrix Element dF′ :=
〈

F′
∥∥d+

i

∥∥F
〉

in the convention
of Brink et al. [82].

4.4.1.5 Notation

A vector operator, such as the angular momentum operator, O ∈ Oi
3

has an outer three-dimensional vector structure and an inner operator
structure. We need to clarify that the transposition of the inner operator
structure of an operator O ∈ Oi is denoted with a capital T, such that
the transposition and conjugation can be written as O† = (O∗)T. The
transposition of the outer vector structure Ot ≡ (Ox Oy Oz) is denoted

by a small t. For a matrix of operators M ∈ Oi
3×3 we define the symbol

+h.c. by an outer transposition t, an operator transposition T, and a
complex conjugation ∗, i.e., M + h.c. := M +

(
M†)t, which allows us to

write

vtMv† + h.c. = vt (M + h.c.) v† ∈ Oi

for v ∈ O3
i . Furthermore we define a simplified summation notation

∑mF := ∑F
mF=−F for a sum over the entire manifold F, analog for F′, and

denote by ∑i := ∑N
i=1 a sum over all atoms i.

4.4.2 Full atom-light interaction

As mentioned, the atoms couple only to the forward scattered light mode
collectively such that we can split the wave vectors k into a forward set
b =

{
k : (1− ktkc/k2

c) < ϑ
}

and its complement b̄. In total we consider
three electrical fields at the positions ri of atom i:
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• The probe laser E = E− + h.c. as a classical field with wave vector
kc and linear polarization vector ec = (cos θ sin θ 0)t being tilted
by θ with respect to the x axis. We define

E−(ri, t) = ρc

√
Nph

T
u(ri)e

−i(kt
cri−ωLt)ec (4.15)

where A is the beam cross section, Nph/T the photonflux, ρc =√
h̄ωL

2ε0cA the electrical field per photon, ωL the angular frequency,
and u(ri) = 1 inside the area A perpendicular to the propagation
direction and vanishes otherwise.

• The forward scattered electrical field Efwd = E−fwd + h.c. we model
as a quantum field, containing only the forward scattered wave
vectors k ∈ b with

E−fwd(ri) = ∑
λ

∫

b
dk ρω â†

k,λe−iktri ek,λ (4.16)

where λ is labels the polarization direction, ρω =
√

h̄ω
2ε0(2π)3 , and

[âk,λ, â†
k′,λ′ ] = δ (k− k′) δλ,λ′ .

• The electrical field Ese = E−se + h.c. in all other directions k ∈ b̄,
resulting from spontaneous emission of the atoms with

E−se(ri) = ∑
λ

∫

b̄
dk ρω â†

k,λe−iktri ek,λ. (4.17)

We write down the master equation for the light-atom interaction in the
dipole approximation (See [39, (10.10-1) to (10.10-4)], and [81, (4.4.15),
(4.8.30)])

ρ̇ =
1
ih̄

[HA + Hâ + HAâ, ρ] (4.18)

HA = h̄
N

∑
i=1

{
∑

F′∈F′
mF′

ω′F′,mF′

∣∣F′, mF′
〉 〈

F′, mF′
∣∣
i

+ ∑
mF

ωF,mF |F, mF〉 〈F, mF|i
}

Hâ = h̄ ∑
λ

∫
dk ωk â†

k,λ âk,λ

HAâ =
N

∑
i=1

(
E−(ri, t) + E−fwd(ri) + E−se(ri)

)t ∑
F′∈F′

d−i,FF′ + h.c.,

define the detuning of the laser frequency ωL to the atom transition
frequency ω′F′,mF′

−ωF,mF as

∆F′,mF′ ,mF
:= ω′F′,mF′

−ωF,mF −ωL, (4.19)

and the detuning between the maximal levels (see Fig. 4.14) as ∆ := ∆5,5,4.
In the following subsections we will reduce the complexity of this

master equation step by step using adiabatic eliminations of



64 collective effects in atomic ensembles interacting with light

• the incoherently scattered light in Sec. 4.4.3,

• the excited atomic states in Sec. 4.4.5,

• and the forward scattered light field in Sec. 4.4.6.

4.4.2.1 Rotating frame

The optical frequency of the electric fields and the atomic transition
frequencies are many orders of magnitude larger than other frequencies
in the master equation (4.18), e.g., ∆ and ΩZ. It is therefore convenient to
transform the master equation into the interaction picture – also called
rotating frame – with respect to the Hamiltonian

H0 := h̄ωL

N

∑
i=1

∑
F′∈F′
mF′

∣∣F′, mF′
〉 〈

F′, mF′
∣∣
i . (4.20)

This results in the transformed Hamiltonians

HA = h̄
N

∑
i=1

{
∑

F′∈F′
mF′

(
ω′F′,mF′

−ωL

) ∣∣F′, mF′
〉 〈

F′, mF′
∣∣
i

+ ∑
mF

ωF,mF |F, mF〉 〈F, mF|i
}

HAâ =
N

∑
i=1

(
Ẽ−(ri, t) + Ẽ−fwd(ri, t) + Ẽ−se(ri, t)

)t
∑

F′∈F′
d−i,FF′ + h.c.

(4.21)

containing no optical frequencies but only the slowly varying probe field
Ẽ−(ri, t) := E−e−iωLt, forward scattered mode Ẽ−fwd := E−fwde−iωLt, and
spontaneous emission mode Ẽ−se := E−see−iωLt.

4.4.3 Elimination of the spontaneous emission modes

We now adiabatically eliminate the spontaneous emission field Ẽse lead-
ing to non-collective atomic jumps analogous to the derivation in [75].
The evolution of the light modes with wave vector k ∈ b̄ is given by the
Heisenberg equation of motion

d
dt

âk,λ(t) =
i
h̄
[Hâ + HAâ, âk,λ]

= −iωk âk,λ −
i
h̄

ρω

N

∑
i=1

e−i(ktri+ωLt)et
k,λ ∑

F′∈F′
d−i,FF′(t)

with the formal solution for t0 = 0:

âk,λ(t) = e−iωkt âk,λ(0)

−
N

∑
i=1

e−i(ktri+ωkt) i
h̄

ρω

t∫

0

dτ ei(ωk−ωL)τet
k,λ ∑

F′∈F′
d−i,FF′(τ).

(4.22)
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We can insert this formal solution into the spontaneous emission mode
Ẽ−se(rj, t) evaluated for atom j, apply a standard Markov approxima-
tion (see appendix C.1) and we get the approximate evolution of the
spontaneous emission mode

Ẽ−se(rj, t) = Ẽ−se, f ree(rj, t) + ih̄γ′ ∑
F′∈F′

d+
j,F′F(t)

where we used the definitions γ′ := ω3
L

6πh̄ε0c3 and the freely evolving
vacuum field

Ẽ−se, f ree(rj, t) := ∑
λ

∫

b̄
dk ρωe−i(ktrj+(ωL−ωk)t)ek,λ â†

k,λ(0)

at atom position rj with vanishing mean 〈Ẽ−se, f ree(rj, t)〉 = 0.

4.4.3.1 Evolution of the atomic operators

The expectation value of an arbitrary atomic operator Aj of atom j related
to the interaction with the spontaneous emission mode Ẽse is given by:

Tr
[
Ajρ̇
]

=
i
h̄ ∑

F′∈F′

〈
Ẽ−se(ri, t)t

[
d−j,FF′ , Aj

]〉
+ h.c.

= − ∑
F′,G′∈F′

γ′
〈(

d+
j,G′F(t)

)t [
d−j,FF′ , Aj

]〉
+ h.c.

= Tr

[
Aj

3

∑
k=1
D
[

LA,j,k

]
ρ

]

with the jump operators

LA,j,k :=
√

γ′ ∑
F′∈F′

(
d−j,FF′

)
k

for k ∈ {x, y, z} and element wise evaluated commutator. Since this
equation holds for arbitrary operators Aj of atom j we get the operator

identity for the evolution of the density matrix ρ̇ = ∑3
k=1D

[
LA,j,k

]
ρ.

Repeating this procedure for every atom j gives the Lindblad term

[ρ̇]se =
N

∑
i=1

3

∑
k=1
D [LA,i,k] ρ (4.23)

in the master equation.

4.4.4 Replacing free space by a single mode cavity

Keeping in mind that we later have to adiabatically eliminate the excited
levels and the forward scattered light mode, we want to first simplify
the forward scattered mode as much as possible. For this purpose we
replace the free multimode field with a fast decaying cavity mode â [81,
(5.1.1)] with frequency ωâ. Of the forward scattered light mode only
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the linear polarization vector eq = (− sin θ cos θ 0)t orthogonal to the
probe laser eq ⊥ ec is of interest for us, because (i) this polarization can
be extracted via a polarizing beamsplitter from the probe laser and (ii) all
two-photon transitions involving the probe-laser polarization vector twice
are dominated by the probe laser, which is included in our description.
We can therefore define the forward scattered light mode as

Ẽ−fwd(z, t) = ρfwd â†e−i(kωâ z+ωât)eq (4.24)

where we normalized the electric field per cavity photon ρfwd =
√

κρc/2
such that the decaying cavity emits into the free space modes, just as if
the atoms would interact directly with the free space modes (we derive
this in appendix C.2). Additional terms in the master equation are the
Hamiltonian

Hâ = h̄ωâ â† â

and the cavity decay Lindblad term

[ρ̇]â = κD [â] ρ (4.25)

where we chose the cavity decay rate κ much larger than any other rate
in the master equation (the exact value is irrelevant and will cancel in all
results). From now on we restrict the atom positions and also the probe
field to the z axis Ẽ−(r, t) = Ẽ−(z, t).

4.4.5 Elimination of the excited atom levels

We assume the probe laser is far detuned from any resonance between
the F and F′ ∈ F′ manifolds. More precisely we assume

∆� Ω, (4.26)

meaning the detuning ∆ is large compared to Rabi frequency Ω =
dF′=5 ‖E‖ /h̄ where the Rabi frequency is a measure for the atom-light
interaction strength. This assumption means that the excited manifolds
are weakly coupled to the ground manifold. We can therefore adia-
batically eliminate the excited state manifolds using the powerful and
elegant method for an off-resonant drive developed in [83, Sec. IV. A.].
The method allows for non-perturbative ground-state coupling, such as
significant ground-state splitting in HA and incoherent jump operators
associated with the spontaneous emission (4.23). To apply the method
directly we define single-atom Hamiltonians

HAg,i := h̄ ∑
mF

ωF,mF |F, mF〉 〈F, mF|i

HAe,i := h̄ ∑
F′∈F′
mF′

(
ω′F′,mF′

−ωL

) ∣∣F′, mF′
〉 〈

F′, mF′
∣∣
i

and jump operators

V−i :=
(
Ẽ−(z) + Ẽ−fwd(z, t)

)t
∑

F′∈F′
d−i,FF′

V+
i :=

(
V−i
)†
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resulting in the rewritten master equation

ρ̇ =
1
ih̄

[
N

∑
i=1

(
HAg,i + HAe,i + V−i + V+

i
)
+ Hâ, ρ

]

+
N

∑
i=1

3

∑
k=1
D [LA,i,k] ρ + κD [â] ρ.

The effective ground-state evolution [83, Eq. (63)] after the adiabatic
elimination is:

ρ̇ =
1
ih̄

[
N

∑
i=1

Heff,tot
Ag,i + Hâ, ρ

]
+

N

∑
i=1

3

∑
k=1
D
[

Leff
A,i,k

]
ρ + κD [â] ρ

(4.27)

Heff,tot
Ag,i := HAg,i −

1
2

(
V−i ∑

mF

(
HmF

NH,i

)−1
V+

i |F, mF〉 〈F, mF|i + h.c.

)

HmF
NH,i := HAe,i −

i
2

3

∑
k=1

L†
A,i,kLA,i,k − h̄ωF,mF1

Leff
A,i,k := LA,i,k ∑

mF

(
HmF

NH,i

)−1
V+

i |F, mF〉 〈F, mF|i

While this is of course a quite complicated formula, we can see the same
structure in the Hamiltonian Heff,tot

Ag,i and also the jump operators Leff
A,i,k:

(i) The input state is spanned by the eigenstates |F, mF〉i of HAg,i.

(ii) The jump operator V+
i excites the eigenstate |F, mF〉i to the upper

manifold

(iii) The state evolves according to
(

HmF
NH,i

)−1
, which includes the

Hamiltonian of the upper manifolds HAe,i

After this evolution the state is either deexcited with V−i or LA,i,k corre-
sponding to the coherent or incoherent evolution, respectively.

The non-hermitian Hamiltonian HmF
NH,i contains also the term L†

A,i,kLA,i,k
describing a jump to the lower manifold and up again. The rate of this
term depends on the population in the excited manifold. We can esti-
mate the population difference between ground and excited state man-
ifolds by considering a two-level system. The optical Bloch equations
show that the population difference between ground and excited state
wss =

(
ρgg − ρee

)
/2 = S/2(S + 1) is close to 1/2 for small saturation

S = Ω2/∆2 � 1, due to large detuning ∆. The low population in the
excited state means that the coherences of the excited state manifold
||γ′

(
d+

i,F′F

)t
d−i,FF′ || is negligible compared to the frequency differences

∆F′,mF′ ,mF
due to the ground state splitting. This assumption is equiv-

alent to assumption (4.34), which we will introduce in Sec. 4.4.6. This
approximation allows us to write the non-hermitian Hamiltonian

HmF
NH,i = HAe,i −

i
2 ∑

F′∈F′
γ′
(

d+
i,F′F

)t
d−i,FF′ − h̄ωF,mF1

≈ ∑
F′∈F′
mF′

(
h̄∆F′,mF′ ,mF

) ∣∣F′, mF′
〉 〈

F′, mF′
∣∣
i (4.28)
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in diagonal form, important for its analytic inverse. The effective ground
state evolution Heff,tot

Ag,i contains both the electrical fields and atomic oper-
ators. We restructure this Hamiltonian by grouping the atomic operators
into the polarizability tensor

←→α i := ∑
F′∈F′

|dF′ |2 σ−i,FF′ ∑
mFmF′

(
h̄∆F′,mF′ ,mF

)−1
×

×
∣∣F′, mF′

〉 〈
F′, mF′

∣∣
i

(
σ+

i,F′F

)t
|F, mF〉 〈F, mF|i

(i)≈ ∑
F′∈F′

|dF′ |2 σ−i,FF′

(
σ+

i,F′F

)t
∑
mF

|F, mF〉 〈F, mF|i
h̄∆F′,F′,mF

(ii)≈ ∑
F′∈F′

|dF′ |2
h̄∆F′,F′,F

σ−i,FF′

(
σ+

i,F′F

)t
. (4.29)

Both approximation steps (i) |ω′F′,mF′
− ω′F′,F′ | � ∆ and (ii) |ωF,mF −

ωF,F| � ∆ are based on the fact that the detuning of the probe laser to
the excited state manifold is large compared to hyperfine splittings. To
separate the units out we also define the dimensionless polarizability
tensor

Ti :=
h̄∆

|d5|2
←→α i. (4.30)

The polarizability tensor allows for a compact expression of the effective
ground state evolution

Heff,tot
Ag,i ≈ −

((
Ẽ−fwd

)t←→α iẼ
+
+ h.c.

)
+ Hstark,i + HAg,i

where we used (←→α i)
†t = ←→α i, defined the Hamiltonian Hstark,i = −(Ẽ−)t←→α iẼ

+

creating the Stark shift, and neglected the terms describing an emission
and reabsorption of a photon, due to the dominance of the probe laser
compared to the emitted light. The effective spontaneous emission jump
operators (also neglecting forward scattered light) can similarly be de-
scribed with the polarizability tensor as

Leff
A,i,k =

√
γ′
(
←→α i

(
Ẽ+ + Ẽ+

fwd

))
k

≈
√

γ′
(
←→α iẼ

+
)

k
.

4.4.5.1 Rotation of the effective spontaneous emission operators

The effective spontaneous emission operators Leff
A,i,k are indexed by k ∈

{x, y, z} denoting a direction in the Cartesian coordinate system. The
effective Hamiltonian Heff,tot

Ag,i contains however terms relative to the fields

Ẽ−fwd and Ẽ−, which are in the rotated coordinate system with basis
vectors eq, and ec respectively. It is therefore helpful to apply a rotation
matrix

R =




cos θ − sin θ 0

sin θ cos θ 0

0 0 1
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to the three effective spontaneous emission operators of atom i

Leff
A,i,k →∑

k′
Rt

kk′L
eff
A,i,k′

leaving the sum of Lindblad operators invariant

3

∑
k=1
D
[

Leff
A,i,k

]
ρ =

3

∑
k=1
D
[
∑
k′

Rt
kk′L

eff
A,i,k′

]
ρ

= γ′
3

∑
k=1
D
[
∑
k′

Rt
kk′e

t
k′
←→α iẼ

+
(z)

]
ρ

= γeff ∑
k∈{c,q,z}

D
[
Vk

i

]
ρ

where we used the effective spontaneous emission rate

γeff := γ′
Nph

T

(
|d5|2
h̄∆

ρc

)2

and the dimensionless jump operators

Vk
i := et

kTiec (4.31)

for the rotated coordinates k ∈ {c, q, z}. The Hamiltonian terms can also
be simplified using the dimensionless jump operators. Additionally we
go into rotating frame with respect to the Hamiltonian Hâ and set cavity
frequency ωâ to be identical to the coherent laser drive ωL and obtain the
master equation

ρ̇ =
1
ih̄

N

∑
i=1

[
Heff

â,A,i + Heff
Ag,i, ρ

]
+ γeff

N

∑
i=1

∑
k∈{c,q,z}

D
[
Vk

i

]
ρ

+ κD [â] ρ (4.32)

Heff
â,A,i ≈ h̄Ωeff â†Vq

i + h.c.

Heff
Ag,i = h̄ ∑

mF

ωF,mF |F, mF〉 〈F, mF|i + h̄ΩstarkVc
i

with the effective coherent ground state coupling and Stark rates:

Ωeff := −ρfwdρc

√
Nph

T
|d5|2
h̄2∆

, Ωstark := −ρ2
c

Nph

T
|d5|2
h̄2∆

.

The structure of the master equation becomes now very simple: Coher-
ent and incoherent atom-light interaction all involve the atomic jump
operators Vk

i , which are nothing else than different components of the
polarizability tensor.

4.4.6 Elimination of the cavity mode

The decay rate κ of the “virtual” cavity mode â is much larger than
any other rate in our master equation, which allows us to adiabatically
eliminate it too. To apply the adiabatic elimination formula (1.2) to
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master equation (4.32) we first restructure it into system A (the atoms)
and system B (the cavity mode) giving

LAρ =
1
ih̄

[
Heff

Ag, ρ
]
+ γeff

N

∑
i=1

∑
k∈{c,q,z}

D
[
Vk

i

]
ρ

LBρ = κD [â] ρ

LABρ =
1
i

Ωeff

[
â†Vq + h.c., ρ

]

ρ̇ = LAρ + LBρ + LABρ

where we defined Vq := ∑i Vq
i and Heff

Ag = ∑i Heff
Ag,i. The incoherent

dynamics of system A does not contribute, due to the fast cavity decay,
leaving a unitary evolution

e∓LAτρ(t) ≈ e±
i
h̄ Heff

Agτ
ρ(t)e∓

i
h̄ Heff

Agτ

of system A. Plugging this into the adiabatic elimination formula (1.2)
and suppressing the time-dependence of the density matrix gives

ρ̇A − LAρA

=
Ωeff

i
TrB

[
LAB

∞∫

0

dτ eLBτ

(
e−

i
h̄ Heff

AgτVqe
i
h̄ Heff

Agτ
ρA ⊗ â†ρss

B − h.c.
)]

=
Ωeff

i
TrB

[
LAB

∞∫

0

dτ

(
e−

i
h̄ Heff

AgτVqe
i
h̄ Heff

Agτ
ρA ⊗ eLBτ â†ρss

B − h.c.
)]

= −Ω2
eff

∞∫

0

dτ

[
e−

κ
2 τ (Vq)† , e−

i
h̄ Heff

AgτVqe
i
h̄ Heff

Agτ
ρA

]
+ h.c.. (4.33)

We are interested in the case where the free evolution Hamiltonian

Heff
Ag,i = ∑

E∈E

E |E〉 〈E|i

with eigenstates |E〉i and eigenvalues E, has eigenenergy differences that
are large compared to the effective spontaneous emission rate and the
effective coupling rate, i.e.,

min
E 6=E′

(
E− E′

)
� h̄γeff,

min
E 6=E′

(
E− E′

)
� h̄

Ω2
eff
κ

. (4.34)

Physically this means that the emitted photons allow distinguishing
atomic jumps, implying that the transitions with different energies ef-
fectively couple to different baths. This treatment is consistent with the
non-perturbative treatment of the ground-state manifold in the adiabatic
elimination of the excited levels (see Sec. 4.4.5). One way to realize the
condition (4.34) is the Zeeman effect splitting the eigenenergies large
enough to fulfill both conditions

min
mF 6=m′F

∣∣∣ωF,mF −ωF,m′F

∣∣∣� γeff,

min
mF 6=m′F

∣∣∣ωF,mF −ωF,m′F

∣∣∣� h̄
Ω2

eff
κ

, (4.35)
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such that the Stark shift can be neglected. Independent of how the energy
splitting is realized we define the components

Vk
i (ω) = ∑

E−E′=h̄ω

|E〉 〈E|Vk
i
∣∣E′
〉 〈

E′
∣∣ (4.36)

of jump operator Vk
i = ∑ω Vk

i (ω) of atom i for k ∈ {c, q, z} associated
with the energy difference h̄ω. They are eigenoperators of Heff

Ag,i, meaning

they fulfill [Heff
Ag,i, Vk

i (ω)] = h̄ωVk
i (ω). The components

Vk(ω) = ∑
i

Vk
i (ω)

of the collective jump operators Vk = ∑ω Vk(ω) associated with the
energy difference h̄ω are eigenoperators of the summed up Hamiltonian
Heff

Ag = ∑i Heff
Ag,i allowing us to express the unitary evolution of the

components as:

e−
i
h̄ Heff

AgτVq(ω)e
i
h̄ Heff

Agτ
= e−iωτVq(ω).

We plug this expression into (4.33) giving

ρ̇A(t) =
1
ih̄

[
Heff

Ag, ρ
]
+ γeff

N

∑
i=1

∑
k∈{c,q,z}

D
[
Vk

i

]
ρ−Ω2

eff

∞∫

0

dτ ×

× ∑
ω,ω′

([
e−

κ
2 τ (Vq)† (ω′), e−iωτVq(ω)ρA(t)

]
+ h.c.

)

= ∑
ω,ω′

ei(ω′−ω)t

{
− γeff

2

N

∑
i=1

∑
k∈{c,q,z}

[(
Vk

i

)†
(ω′), Vk

i (ω)ρ

]

− Ω2
eff
κ

[
κ

κ
2 + iω

(Vq)† (ω′), Vq(ω)ρA(t)
]}

+ h.c. (4.37)

where we evaluated the integral and transformed into rotating frame
according to Hamiltonian Heff

Ag in the last step. Due to the assumption
(4.34) of large ground state splitting compared to the evolution rate
Ω2

eff/κ and the effective decay rate γeff, vanish the fast oscillating terms
with ω′ −ω 6= 0 leaving only the equal frequency terms

ρ̇A(t) ≈∑
ω

{
− γeff

2

N

∑
i=1

∑
k∈{c,q,z}

[(
Vk

i

)†
(ω), Vk

i (ω)ρ

]

−Ω2
eff

1
κ
2 + iω

[
(Vq)† (ω), Vq(ω)ρA(t)

]}
+ h.c.

Removing the fast oscillating terms is also called Rotating Wave Approx-
imation (for the second term this is a necessary procedure to ensure a
completely positive map [34, p. 132]).

Going back into non-rotating frame with respect to Heff
Ag and adding

incoherent optical pumping term ∑N
i=1D

[
F+

i
]

ρ with rate w using the
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angular momentum ladder operators F±i := (∓Fz
i + iFy

i )/
√

2 gives the
master equation

ρ̇ = w
N

∑
i=1
D
[
F+

i
]

ρ +
1
ih̄

[
Heff

Ag, ρ
]

+ ∑
ω

{
γeff

N

∑
i=1

∑
k∈{c,q,z}

D
[
Vk

i (ω)
]

ρ

+
γIm,ω

i

[
Vq(ω)†Vq(ω), ρ

]
+ γRe,ωD [Vq(ω)] ρ

}
(4.38)

where we defined the rates

γIm,ω := Ω2
eff Im

[
1

κ
2 + iω

]
, γRe,ω := Ω2

eff
κ

∣∣ κ
2 + iω

∣∣2 , (4.39)

governing the two-atom interaction Hamiltonian and collective jumps
respectively.

4.4.7 Analysis

Master equation (4.38) is the end result of the long derivation, which
started in Sec. 4.4. It is important to recognize the structure of the mas-
ter equation: (i) it is permutation invariant, (ii) it has up to two-atom
interaction Hamiltonians, and (iii) it has single-atom and collective jump
operators. It therefore belongs to the class of master equations (3.1) and
can be approximately integrated using the cumulant expansion developed
in Chapter 3.

We additionally want to point out that the spontaneous emission jump
operators, the two-atom interaction Hamiltonian, and the collective jump
operators are composed out of operators Vk

i (ω), where k = q for the
two-atom interaction Hamiltonian and the collective jump operators and
k ∈ {c, q, z} for the spontaneous emission jump operators. The operators
Vk

i (ω) are all dependent on the angle of linear polarization of the probe
laser θ (see equation (4.31)) and in the following discussion we will
mostly discuss how this θ dependence influences the collective effects
dominantly created by the collective jump operators. However depending
on the parameter regime the single-atom jump operators can be the
dominant contribution to an observed θ dependence.

In the following we discuss more properties of this master equation
and also how it relates to the three-level atom model of Sec. 4.3 before
we will show numerical results in Sec. 4.4.8.

4.4.7.1 Symmetries

We assume the ground-state Hamiltonian Heff
Ag,i is, that the Stark shift can

be neglected compared to the ground state splittings ωF,mF , leaving only
the bare detunings of the ground state levels

Heff
Ag,i ≈ h̄ ∑

mF

ωF,mF |F, mF〉 〈F, mF|i (4.40)
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In this case the optical pumping jump operator F+
i is also an eigenopera-

tor of the ground-state Hamiltonian Heff
Ag,i fulfilling

[
HAg,i, F+

i
]
= h̄ΩZ

[
F0

i , F+
i

]
= h̄ΩZF+

i , (4.41)

meaning the entire master equation (4.38) consists of eigenoperators of
Heff

Ag. This allows to easily go into a rotating frame with regard to Heff
Ag

giving the master equation

ρ̇ = w
N

∑
i=1
D
[
F+

i
]

ρ + ∑
ω

{
γeff

N

∑
i=1

∑
k∈{c,q,z}

D
[
Vk

i (ω)
]

ρ

+
γIm,ω

i

[
Vq(ω)†Vq(ω), ρ

]
+ γRe,ωD [Vq(ω)] ρ

}
. (4.42)

4.4.7.2 Steady state properties

Another consequence of the master equation (4.42) being entirely com-
posed of eigenoperators of Heff

Ag is that U = exp(i τ
h̄ Heff

Ag) is a symmetry,

meaning L(UρU†) = UL(ρ)U† for the superoperator L summarizing the
right hand side of (4.42). It follows for the steady state that the expecta-
tion values 〈Vk

i (ω)〉 = 0 vanish for all ω 6= 0, because the steady state
ρss must also fulfill Lρss = 0 for L summarizing also the right hand side
of (4.38) (see [84, 85]). This implies, that any collective effects beyond
the possibly non-vanishing mean field 〈Vk

i (0)〉 are encoded in second or
higher order correlation functions such as 〈Vk

i (ω)Vk′
j (ω′)〉.

4.4.7.3 Tensor decomposition

The dimensionless polarizability tensor defined in (4.30) needs in princi-
ple no further explanation. However it is instructive to split the dyadic
product σ−i,FF′(σ

+
i,F′F)

t into Irreducible Tensors Operators T̂(k)
i of the an-

gular momentum vector Fi. As was shown in [76, 86] (see also [80, 82])
we get the decomposition

Ti =
2

∑
k=0

skT̂(k)
i (4.43)

where we defined

sk := ∑
F′∈F′

∆
∆F′,F′,F

|dF′ |2

|d5|2
aF′

k ,

aF′
k :=

(2F′ + 1)
√

2k + 1(−)−F′−F−3k

√
2F + 1

〈
F
∥∥∥T̂(k)

i

∥∥∥F
〉

{
F k F
1 F′ 1

}

6j
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and used the Reduced Matrix Element 〈F‖T̂(k)
i ‖F〉 in the convention of

[82, (4.15)]. We can express the Irreducible Tensors Operators in a basis
independent form

T̂(0)
i = − 1√

3
1i

T̂(1)
i =

i√
2

Fi× .

T̂(2)
i =

1
−2

(
−2Fi ⊗ Fi − iFi× . +

2
3
(Fi)

2
)

and clearly see that the Irreducible Tensors Operators are associated with
the number of occurring angular momentum vectors Fi. We call T̂(1)

i

the vector component and T̂(2)
i the tensor component. The relative strength

of the vector to tensor component varies with the quotients ∆/∆F′,F′,F
for F′ ∈ F′, that is the laser detuning to the F′ = 5 manifold as com-
pared to the laser detuning to the other F′ manifolds. For the detuning
regime considered in the Caesium experiment [22] the tensor component
prefactor s2 is approximately one order of magnitude smaller than s1 of
the vector component. In the limit of infinite detuning compared to the
splitting of the upper manifolds ∆/ maxF′,G′∈F′

∣∣∆F′,F′,F − ∆G′,G′,F
∣∣→ ∞

the tensor component prefactor s2 vanishes [75]. Even though the tensor
component prefactor s2 is an order of magnitude smaller than s1 is cannot
be neglected and is crucial in the superradiant effects we will show in
the following sections.

4.4.7.4 Representation of the Irreducible Tensors Operators

While the basis independent representations of the Irreducible Tensors
Operators are very elegant and compact, to use them one first needs
to derive the representations of the identity 1i, the vector product ×
and the tensor product ⊗ in the desired basis. We will now express the
Irreducible Tensors Operators in terms of the often used Cartesian and
spherical basis.

Let us first consider a real vector A, given in Cartesian coordinate
representation A = ∑k∈{x,y,z} ek Ak with coefficients Ak ∈ R. It can also
represented in the spherical basis representation A = ∑q∈{−1,0,1} e∗q Aq
with coefficients Aq ∈ C. The unitary transformation U, defined by




A−
A0

A+




sph

=




0 i√
2

1√
2

1 0 0

0 i√
2
− 1√

2




︸ ︷︷ ︸
=U




Ax

Ay

Az




Cart

maps the Cartesian coefficients Ak to the spherical coefficients Aq for
quantization axis x. While we can represent any vector through linear
combinations of the basis vectors e∗q , we can also represent any tensor A

through the decomposition A = ∑∞
k=0 ∑k

q=−k T(k)
q Ak

q into the Irreducible

Tensors Operator T(k)
q – we call this the kq basis – with coefficients Ak

q.
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There does not seem to be a widely used convention of the Irreducible
Tensors Operator T(k)

q , leading us to the recursive definition of Irreducible
Tensors Operator

T(k)
q = ∑

q1,q2

T(1)
q1 T(k−1)

q2 〈1 q1, k− 1 q2|k q〉 ,

for all orders k using the angular momentum coupling and the initial def-
initions T̂(0) = −1/

√
3 and T̂(1) = i/

√
2F× .. In this definition we used

the Clebsch-Gordon coefficients 〈1 q1, k− 1 q2|k q〉 [82] and sums without
limits denote the sum over all values with non-vanishing Clebsch-Gordon
coefficient. We also state the spherical basis and Cartesian (shown as a
matrix) representations of the first three Irreducible Tensors Operators

T̂(0) = ∑
q,q′

〈
1 q, 1 q′

∣∣0 0
〉

e∗q e∗tq′ = −
1√
3




1 0 0

0 1 0

0 0 1




T̂(1) = ∑
q,q′,Q

〈
1 q, 1 q′

∣∣1 Q
〉

FQe∗q e∗tq′ =
i√
2




0 −Fz Fy

Fz 0 −Fx

−Fy Fx 0




T̂(2) = ∑
q,q′,Q

〈
1 q, 1 q′

∣∣2 Q
〉

∑
q1,q2

Fq1 Fq2 〈1 q1, 1 q2|2 Q〉 e∗q e∗tq′

=
1
2




2 (Fx)2 − 2
3 (F)2 2FxFy − iFz 2FxFz + iFy

2FyFx + iFz 2 (Fy)2 − 2
3 (F)2 2FyFz − iFx

2FzFx − iFy 2FzFy + iFx 2 (Fz)2 − 2
3 (F)2


 .

4.4.7.5 Comparison to three levels system

Using the dimensionless polarizability tensor in (4.30), its decomposition
into Irreducible Tensors Operators in (4.43), and the Cartesian represen-
tations in the previous subsection we can calculate the exact form of the
jump operators in (4.31) for the linear probe polarization vector

Vq
i = et

qTiec

= et
q ∑

k
skT̂(k)

i ec

= i
s1

2
(

F−i − F+
i
)
− s2

(
i cos(2θ)√

2
W1 +

sin(2θ)

4
W2

)
, (4.44)

where we defined the operators

W1 :=
(

F0
i +

1
2

)
F−i +

(
F0

i −
1
2

)
F+

i ,

W2 := 3
(

F0
i

)2
− (Fi)

2 +
(

F−i
)2

+
(

F+
i
)2,

grouping the number of up or down jumps induced by the ladder op-
erators F±i . The operator W1 contains terms with one up or down jump,
and W2 contains zero or two up or down jumps. The jump operators in
(4.8) of the system containing three-level atoms in Sec. 4.3 have identical



76 collective effects in atomic ensembles interacting with light

0 20 40 60 80
θ [◦]

0.3

0.4

0.5

0.6

0.7

P
ol

ar
iz

at
io

n
〈 F

0 i

〉 /
F

F 0
i /F

|| 2||2

0

0.01

0.02

0.03

0.04

0.05

C
or

re
la

ti
on

s
||τ

2
|| 2

Steady State Expectation Values

Figure 4.15: Polarization 〈F0
i 〉/F, and norm of second order density matrix cu-

mulant ||τ2||2 versus the angle θ for F = 4, i.e., a nine-level ground
state manifold. The parameters are N = 109 atoms, the collective
jump rate γre/γeff ≈ 1.9 · 10−6, a pump rate w/γeff ≈ 5.8 · 10−3

, and a vanishing collective Hamiltonian γim = 0. These rates
correspond to a laser power h̄ωLNph/T = 6 mW, probe beam
area A = (300 µm)2, laser wavelength λL = 852 nm, a detuning
∆ = 2π · 3 GHz, and pump rate w = 1 kHz.

structure to Vq
i capturing all single up or down jumps, after removing

the higher terms W2 and defining ε =
√

2s2/s1. The θ-dependence in the
term proportional to s2 is the effect of the tensor component T̂(2) in the
polarizability tensor.

4.4.8 Results

The master equation (4.42) can be integrated using the numerical ap-
proximation method developed in Chapter 3 for Caesium with F = 4,
meaning 9 hyperfine levels. The resulting reduced steady state density
matrix of two atoms gives access to expectation values, e.g., polarization
and atom-atom correlations, measurable by the norm of the second-order
density matrix cumulant. One can immediately see that the behavior in
the Caesium system with 9 levels shown in Fig. 4.15 is very similar to
Fig. 4.10 the three level model in Sec. 4.3. The main reason for the good
agreement is of course the choice of the simplified jump operators (4.8),
which capture the dominant θ dependence of the full jump operators
(4.44). The simplified three level system model in Sec. 4.3 lacks the fol-
lowing properties of the full master equation (4.42) resulting in the small
differences:

(i) The effective spontaneous emission rate γeff ∑ω ∑N
i=1D

[
Vz

i (ω)
]

ρ
is θ dependent, because the jump operators Vz

i (ω) are θ dependent.
Since the norm of Vz

i (−Ωz) is decreasing for increasing θ from 0°
to 90°, the polarization will increase, as one can see in the rage of
non-correlated atoms for the approximate range of 45° to 50° in
Fig. 4.15.

(ii) The jump operators Vz
i (ω) contain in general non-zero elements for

all ω/ΩZ ∈ {−2,−1, 0, 1, 2}. However the jumps ω/ΩZ = ±1 are
dominant because of the small prefactor of the tensor polarizability
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Figure 4.16: Transition rates γn±1,n = 〈n± 1|Vq
i (±ΩZ) |n〉 versus the angle θ

for F = 4 with the parameters given in Fig. 4.15. The rates show
a similar θ dependence as in the simplified three level model in
Fig. 4.9, but their absolute value is also dependent on the hyperfine
level m.

(see Sec. 4.4.7.3) and explain the good agreement with the three
level system model in Sec. 4.3.

(iii) The jump operators Vq
i (∓ΩZ) induce transitions between neighbor-

ing hyperfine levels and have θ dependent transition strengths
γm,n = 〈m|Vq

i (±ΩZ) |n〉, see Fig. 4.16. Each neighboring level
pair n − 1, n has a structurally identical θ dependence as in the
simplified model, see Fig. 4.8. However the transition rates for
different transitions γn−1,n, γn,n+1 and even the up-down ratios
γn−1,n/γn,n−1, γn,n+1/γn+1,n are not equal. Because they all have a
similar θ dependence, multiple transitions can fulfill the superradi-
ant condition (4.3) and we expect multiple transitions contribute
to the superradiance at the same time. An independent indica-
tion of which transitions are involved in the superradiance is the
population distribution over the different hyperfine levels plotted
in Fig. 4.17. For uncorrelated atoms around θ ≈ 45° the single-
atom up jumps dominate, due to the pumping rate w, giving an
exponential population distribution. For θ = 0° Fig. 4.17 shows
the approximately flat distribution for m ≥ 0, indicating that all
upper transitions have net collective down jumps balancing the
single-atom up jumps dominantly created by the pumping rate w.
This implies that all transitions between levels m ≥ 0 are radiating
collectively enhanced, i.e., are superradiant. For θ = 90° one has
an inverted behavior: The population of the upper levels is almost
exponential, while the lower levels m ≤ 0 show a flat distribution.
In the lower levels the collective down jumps are balancing the
single-atom up jumps, meaning the transitions between the levels
m ≤ 0 are radiating superradiantly.
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Figure 4.17: Population distribution for different angles θ = 0°, 45.8°, 90° versus
the hyperfine levels m with the parameters given in Fig. 4.15. The
lines connecting the dots are meant as a guide for the eye. The
uncorrelated atoms at θ = 45.8° show an exponential distribution
of the levels, consistent with up and down rates independent on
the level m. For θ = 0° the upper transitions become superradiant,
meaning also the collective down jump rate shifts the population
to lower levels canceling the single-atom up jumps and resulting in
an almost flat population distribution for m ≥ 0. For θ = 90° the
lower transitions are superradiant competing with the single-atom
up jumps, giving an almost flat distribution for m ≤ 0.

4.5 summary

Our goal was to understand collective effects – namely superradiance
– in an ensemble of alkali metal atoms being probed and pumped con-
tinuously and orthogonally. While it was clear from [18, 41] how to
theoretically build a superradiant laser, it does not show how superradi-
ance, wanted or unwanted, changes the behavior of ensembles of atoms
with more than two levels. To understand the behavior of commonly used
atoms – alkali metal atoms – we introduced the generalized superradiant
laser in Sec. 4.2, and the idealized alkali metal atom with three levels and
simplified dynamics in Sec. 4.3.

The generalized superradiant laser in Sec. 4.2 gives a condition for the
superradiant regime (4.2) and makes it clear, that there are two Lorentz
peaks with identical linewidth in the spectrum (see Fig. 4.5) while their
amplitude depends on the rate ratio of collective down and up jumps. It
also allowed us to vary the collective up jump rate giving a polarization
and correlation dependence in Fig. 4.4, which agrees qualitatively well
with the numerical results between 0° and 45° of the Caesium ensemble
in Fig. 4.15.

A more complete picture gives the idealized alkali metal atom with
three levels in Sec. 4.3. It captures the most important parts of master
equation (4.42) and made it clear that the angle θ of the linear polarization
of the probe laser tunes the collective jump operators, such that the
superradiant condition is only satisfiable on the upper transition for 0° ≤
45°, and only for the lower transition for 45° ≤ 90°. The angle θ therefore
allows to control which transition is superradiant. The numerical results
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of polarization and atom-atom correlation in Fig. 4.10 agree very well
with the ones of the Caesium ensemble in Fig. 4.15.

To analyze the behavior of the Caesium ensemble we derived master
equation (4.42) involving several adiabatic eliminations. We could nu-
merically integrate the resulting symmetric atom-only master equation
including low order atom-atom correlations using the cumulant expan-
sion method derived in Chapter 3. The population of the different levels
in Fig. 4.17 show that, due to the abundance of levels with similar rates,
multiple transitions are contributing to the superradiant emission at the
same time.
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In Chapter 2 we studied the synchronization behavior of the superradiant
laser in different configurations. We have learned that synchronization of
superradiant lasers can be achieved also unidirectionally and is funda-
mentally a classical effect. Both will be very relevant for a future network
of active atomic clocks — being nothing else than superradiant lasers —
with the capability of surpassing traditional atomic clocks based on a
reference laser probing atoms with the Ramsey protocol. The obvious
step to generalize our findings is to consider not only two frequency
detuned ensembles, but atomic ensembles with Gaussian distributions of
frequencies. So far unclear but very relevant is amplitude damping loss
between two active atomic clocks. In a network with closed cycles delay
times and stability in time are difficult but necessary to take into account.

In Chapter 4 we discussed how superradiance plays an important role
in off-resonantly probed atomic ensembles in steady state. This included
the full level-scheme of alkali metal atoms and atom-atom correlations
responsible for the observed collective effects. Contrary to previous work
in the field of off-resonantly probed atomic ensembles creating entangle-
ment [72], which could be used in repeaters, we treat collective effects
in a self-consistent manner having an effect on the emitted light and the
atomic state. This is especially relevant if the collective effects are strong,
as one desires for entanglement creation. Based on the findings in this
part of the thesis one could extend the discussion to a repeater setup with,
e.g., two atomic ensembles with energetically inverted hyperfine levels
or a hybrid setup consisting of an atomic ensemble and a mechanical
oscillator.

The intermediate Chapter 3 is doubtlessly the one which could signifi-
cantly ease future theoretical analysis of collective effects in a wide variety
of systems. We cast the known cumulant expansion and approximation
method into a new formalism — a basis independent form — which
allows deriving an approximate evolution equation and two-time correla-
tion functions for a whole class of master equations. The discussed class
of symmetric master equations with up to two-subsystem Hamiltonians,
and local and collective jump operators encompasses many relevant sys-
tems, which were explored only to very low atom numbers due to the
polynomially increasing dimensionality of the total Hilbert space, and the
complicated basis-dependent cumulant expansion and approximation.
There are so many exciting possibilities to extend our discussion, it is
difficult to judge which of the following ones are most important.

• If the truncation order needs to be & 10 the presented formalism
requires a density matrix of dimension d20, which is challenging for
a common desktop PC even for two-level systems, where d = 2. If
higher correlations are needed even computer clusters will quickly
become insufficient due to the exponential scaling of the reduced
density matrix dimension with the cutoff order. However the re-

81



82 conclusion and outlook

duced density matrix contains only the information of a symmetric
system and can therefore be reduced to parameters scaling poly-
nomially in cutoff order. A scheme combining efficient polynomial
scaling and the basis-independent cumulant approximation would
significantly improve the power of the presented method.

• In our discussion we explicitly derived two-time correlation func-
tions and only outlined how to get arbitrary multi-time correlation
functions. This generalization can be done in a straightforward
manner, but requires some combinatorial effort to express the hier-
archy of evolution equations of objects ρtrunc

n , ωtrunc
n (τ) and higher

orders involving multiple times in a unified framework.

• The expansion of density matrices into density matrix cumulants
works for all density matrices regardless of symmetry and even for
non-identical subsystems. We applied this expansion to symmetric
systems, which allowed us to approximate the density matrix of
n + 1 subsystems by the density matrix of n subsystems. One could
apply the expansion also to another important class of master
equations: translation invariant master equations.

• One can extend the formalism for symmetric systems to treat an
even larger class of symmetric master equations. One way to relax
the requirements is to allow 2k subsystem interaction Hamiltonians
and allow quasi-local collective jump operators ∑p∈S(N)

⊗k
i=1 Vp(i)

involving clusters of k atoms. We restricted our discussion to k = 1.

• The presented formalism could be generalized to encompass com-
posite systems, each with their own symmetry, e.g., the composite
system of two symmetric systems or the composite of one symmet-
ric system and one system with no symmetry. This would allow
to apply the method to the important case of repeater-type setups,
e.g., [72].

Atomic ensembles interacting with light are a powerful tool for future
technology, such as quantum repeaters, active atomic clocks, and magne-
tometers. Using not only the single-atom but the collective properties of
the ensemble in the steady state can lead to fascinating new possibilities,
as was demonstrated for the superradiant laser. This thesis contributes to
the understanding of synchronization of superradiant lasers, to superra-
diance in ensembles of multi-level atoms, and especially to the theoretical
description of correlations by introducing the basis-independent density
matrix cumulants and their application to approximate the evolution of
symmetric systems.
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AS U P E R R A D I A N T L A S E R

a.1 the projector method

The projector method [33, 5.1.2] is such a crucial method used throughout
this thesis that we will go through its derivation step by step. We start
from a master equation of the form

ρ̇AB(t) = (LA + LB + LAB) ρAB(t)

where LA, LB, and LAB are time-independent superoperators acting on
systems A, B, and both, respectively. Our goal is to derive an evolution
equation for the reduced density matrix

ρA(t) = TrB [ρAB(t)]

of system A. We assume

(i) there exists a unique state ρss
B fulfilling LBρss

B = 0.

(ii) the interaction term is such that PLABP = 0 holds.

The crucial assumption throughout this method is that the evolution
of LAB is much slower than the evolution LB, which is also called weak
coupling assumption. We can now define the projector

P := lim
t→∞

eLBt

projecting any state ρAB such, that system B is in the steady state. In the
following discussion we will not consider infinite long times, but times t
long compared to the evolution of LB allowing us to approximate

P ≈ eLBt.

In the case of a tensor structure between systems A and B the action of
the projector can be written as

v(t) := PρAB(t) = TrB [ρAB(t)]⊗ ρss
B .

We also define the complement projection Q := 1− P with w(t) :=
QρAB(t), which allows to write the complete density matrix of systems
A and B as

ρAB(t) = v(t) + w(t).

The following properties (some of them trivial) are handy in the fol-
lowing calculation:

(i) [P, LA] = 0

(ii) [Q, LA] = [1− P, LA] = [P, LA] = 0

(iii) PLB = LBP = 0

(iv) QLB = LBQ = LB, that means also [Q, LB] = 0

(v) PQ = QP = 0

(vi) P2 = P and Q2 = Q
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a.1.0.1 Integration

The evolution equations for v and w are

v̇(t) = P (LA + LB + LAB) (P + Q)ρAB(t)
= LAv(t) + PLABw(t) (A.1)

ẇ(t) = Q (LA + LB + LAB) (P + Q)ρAB(t)
= QLABv(t) + (LA + LB + QLAB)w(t). (A.2)

We formally solve the second equation

w(t) = e(LA+LB+QLAB)t


w(0) +

t∫

0

dτ e−(LA+LB+QLAB)τQLABv(τ)




≈ e(LA+LB+QLAB)t
t∫

0

dτ e−(LA+LB+QLAB)τQLABv(τ)

=

t∫

0

dτ e(LA+LB+QLAB)(t−τ)QLABv(τ)

=

t∫

0

dt′ e(LA+LB+QLAB)t′QLABv(t− t′) (A.3)

where we approximated

e(LA+QLAB+LB)tw(0) ≈ e(LA+LB)tw(0)

= eLAteLBtw(0)

≈ eLAtPw(0)

= 0,

due to the fast evolution of LB compared to LAB. We plug (A.3) into (A.1)
giving

v̇(t) = LAv(t) + PLAB

t∫

0

dt′ e(LA+LB+QLAB)t′QLABv(t− t′). (A.4)

a.1.0.2 Weak coupling Approximation

We assumed that the system B is weakly coupled to A meaning the
superoperators LAB contains a parameter ε � 1, such that for ε → 0
the coupling of both systems vanishes. To demonstrate the following
approximation we replace LAB by εLAB and keep only the leading order
ε2 significantly simplifying (A.4)

v̇(t) = LAv(t) + ε2PLAB

t∫

0

dt′ e(LA+LB+εQLAB)t′QLABv(t− t′)

≈ LAv(t) + ε2PLAB

t∫

0

dt′ e(LA+LB)t′QLABv(t− t′) (A.5)
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a.1.0.3 Extending the integral limit

The damping rate κ in LB exponentially supresses any contribution of the
integrand for times t > 1/κ, such that we can extend the integral limit to
infinity

v̇(t) = LAv(t) + PLAB

∞∫

0

dt′ e(LA+LB)t′QLAB(t− t′)v(t− t′) (A.6)

where we absorbed ε again in LAB.

a.1.0.4 Markov approximation

We can integrate (A.6) in lowest order, meaning no coupling,

v(t− t′) = e−t′LA v(t)

which removes the dependence of v̇(t) on previous times when plugged
back into (A.6)

v̇(t) = LAv(t) + PLAB

∞∫

0

dt′ e(LA+LB)t′QLABe−LAt′v(t).

We can consider this removal of the “memory” as a Markov approxima-
tion, which is in this case derived from the weak coupling approximation.

a.1.0.5 Final equation

We can now trace out system B and get a compact evolution equation of
system A.

ρ̇A(t) = LAρA(t) + TrB

[
LAB

∞∫

0

dτ e(LA+LB)τQLABe−LAτρA(t)⊗ ρss
B

]

(A.7)

A subtle but important point is that this equation in general does not
give a physical evolution of system A. For non-vanishing LA one has to
be able to apply the Rotating Wave Approximation to guarantee (A.7) is
a master equation [34, p. 132,133].





BS Y N C H R O N I Z AT I O N O F S U P E R R A D I A N T L A S E R S

b.1 complete derivation for the bidirectional synchro-
nization using a classical channel

In this section we give a complete derivation of the results presented
in Section 2.3.2. The system (see Fig. 2.9) is comprised out of two one-
sided cavities, with decay rate κ̃ and are measured with ideal heterodyne
measurements. The measurement results are then used by ideal lasers
to recreate the measured coherent state with a certain gain. This can
then be injected through the fully reflecting mirror by considering the
limit of vanishing transmission and infinitely large laser gain result-
ing in a constant amplitude of the injected signal. Since measurement
and feedback are symmetric, they realize a symmetric classical coupling
channel between both cavities. To describe the system we use the uncondi-
tional feedback master equation (2.15) twice. Once with the measurement
operator ŝâ =

√
κ̃â with cavity decay rate κ̃ and feedback operators

F̂b̂
± = g±b̂ + g∗±b̂†, and then with the measurement operator ŝb̂ =

√
κ̃b̂

and feedback operator F̂â
± = g± â + g∗± â†, where g+ := g−/i. Without

loss of generality we can define the feedback strength as g− := −ξ
√

κ̃
with ξ ∈ [0, ∞) giving the master equation in a rotating frame:

ρ̇ = −i
[

Ω
2

(
J+A â + J+B b̂ + h.c.

)
+

δ

2
(Jz

A − Jz
B) , ρ

]

+ w ∑
T∈{A,B}
i∈{1..N}

D
[
σ̂+

T,i

]
ρ + κ̃D

[
â + ξ b̂

]
ρ + ξ2κ̃D

[
b̂†
]

ρ

+ κ̃D
[
b̂ + ξ â

]
ρ + ξ2κ̃D

[
â†
]

ρ.

b.1.0.1 Stability

First it is important to recognize the stability regime of this feedback
for the parameters κ̃ and ξ. One might think of the case where the
feedback is effectively larger than the measurement result, giving in a net
amplification and diverging amplitudes of the cavity fields. The dynamics
of the expectation values

d
dt


 〈â〉〈

b̂
〉

 = − κ̃

2

(
1 ξ

ξ 1

)
 〈â〉〈

b̂
〉

 (B.1)

including only the fields is a stable system, if and only if all eigenvalues
− 1

2 κ̃ (1± ξ) are negative. This gives the stability condition ξ < 1. Further-
more (B.1) shows that for ξ = 0 the fields â, b̂ are completely decoupled,
while for ξ . 1 the fields couple strongly.
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b.1.0.2 Adiabatic elimination

Using the reparameterization ĉ+ := (b̂− â)/
√

2 and ĉ− := (b̂ + â)/
√

2
the Lindblad operators decouple and drive the fields ĉ± into a thermal
product state. Following the adiabatic elimination in this reparameteriza-
tion we get the master equation for the atoms only

ρ̇ =
δ

2i
[Jz

A − Jz
B, ρ] + ∑

T∈{A,B}
i∈{1..N}

wD
[
σ̂+

T,i

]
ρ + ∑

s=±

Ω2

2κs
×

×
(
(1 + n̄s)D

[
J−A − sJ−B

]
+ n̄sD

[
J+A − sJ+B

] )
ρ, (B.2)

where κ± := κ̃ (1± ξ) and n̄± := ξ2/ (4(1± ξ)).

b.1.0.3 Coupling parameterization

Two free parameters κ̃ and ξ remain in (B.2). We would like however to
have one free parameter tuning between decoupled cavities and strongly
coupled cavities simulating the setup in section 2.2.1. We can fix the
remaining free parameter κ̃ using the dynamics of the expectation value

d
dt
〈
σ̂+

A
〉
=
〈
σ̂+

A
〉
∑

s=±

Ω2

4κs
((N − 1) 〈σ̂z〉 − 1− 2n̄s)

+
〈
σ̂+

A
〉 iδ− w

2
−
〈
σ̂+

B
〉
〈σ̂z〉N ∑

s=±

sΩ2

4κs
, (B.3)

where we factorized the mean field 〈σ̂z〉, and compare it to the dynamics
for uncoupled cavities and strongly coupled cavities as in Section 2.2.1.

uncoupled, ξ = 0 (B.3) simplifies to:

d
dt
〈
σ̂+

A
〉
=
〈
σ̂+

A
〉 (Ω2

κ̃
((N − 1) 〈σ̂z

A〉 − 1)− w + iδ
)

/2

This can be compared to the top left matrix element of (2.11)
in Sec. 2.2.2, since (2.11) is was derived using the quantum re-
gression theorem and holds identically also for the dynamics of
(
〈
σ̂+

A
〉

,
〈
σ̂+

B
〉
)T. Considering a shifted frequency detuning ±δ/2

restricts κ̃(ξ = 0) = κ.

strongly coupled, ξ → 1 The coefficients in (B.3) should be identical
to the top left matrix element of (2.5) in Sec. 2.2.1 for all variables
scaling with the system size N. This gives the restriction for ξ → 1:

κ̃(ξ) =
κ

2(1− ξ)
.

For ξ very close to unity the term not scaling with system size,

〈
σ̂+

A
〉

∑
s=±

Ω2

4κs
(−1− 2n̄s) ,

diverges and becomes dominant. This noise term grows ∝ (1− ξ)−1

when ξ approaches the stability border and is negligible for com-
pletely decoupled systems and large N.
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medium coupling Satisfying both extreme cases discussed before we
can choose in between:

κ̃(ξ) :=
κ

(1− ξ)(1 + ξ)
. (B.4)

b.1.0.4 Steady state

From master equation (B.2) with the parameterization (B.4) we can calcu-
late the dynamics of the expectation values of 〈σ̂z〉 ,

〈
σ̂+

1 σ̂−2
〉

,
〈
σ̂+

A σ̂−B
〉

∂t 〈σ̂z〉 = w (1− 〈σ̂z〉)− γ− 〈σ̂z〉 γζ

− 2γ
(〈

σ̂+
1 σ̂−2

〉
(N − 1) + ξN Re

[〈
σ̂+

A σ̂−B
〉])

∂t
〈
σ̂+

1 σ̂−2
〉
=
〈
σ̂+

1 σ̂−2
〉
(−w + γ (N − 2) 〈σ̂z〉 − γζ)

+
γ

2
〈σ̂z〉

(
1 + ζ 〈σ̂z〉+ 2Nξ Re

[〈
σ̂+

A σ̂−B
〉])

∂t
〈
σ̂+

A σ̂−B
〉
=
〈
σ̂+

A σ̂−B
〉
(γ (N − 1) 〈σ̂z〉 − γζ − w + iδ)

+
γ

2
ξ 〈σ̂z〉

(
2 〈σ̂z〉 ζ

(
ξ4 − ξ2 + 2

)−1
+ 1
)

+ γξ 〈σ̂z〉
〈
σ̂+

1 σ̂−2
〉
(N − 1) (B.5)

with ζ :=
(
ξ4 − ξ2 + 2

)
/
(
2
(
1− ξ2)) and factorized 〈σ̂z〉 from all oc-

curring correlation functions, giving a closed system of equations. The
steady state can now simply be calculated setting all time-derivatives
equal to zero. These algebraic equations can be solved numerically or
analytically, while filtering out the stable solution. One might try the
limit ξ → 1 to approach the coupling in Section 2.2.1, only to discover
that the term ζ, playing the role of a noise term, diverges. One recovers
the equations of [19], when disregarding the relation between ζ and ξ
and setting ζ = ξ = 1, which shows that the quantum coupling has no
inherent coupling noise.

b.1.0.5 Analysis and comparison of the Lorentz peak width

Analog to Section 2.2.1 we can extract the information of the Lorentz
peaks from the two-time correlation functions. They can be obtained by
using (B.3) and the quantum regression theorem giving a differential
equation system similar to (2.5), which can be easily solved. The two-time
correlation functions consist out of linear combinations of exponential
functions exp

(
− 1

2 (Γ1 ± x1) τ
)

with x1 =
√
(γNξ 〈σ̂z〉)2 − δ2 and Γ1 =

w− γ (N − 1) 〈σ̂z〉+ γζ. The width of the Lorentz curve is nothing else
but the real part Γ = Re [Γ1 ± x1]. To analyze the linewidth Γ we solve
the system (B.5) up to leading order in 1/N giving:

〈σ̂z〉 =





Min
(

1, w−
√

w2ξ2−δ2(1−ξ2)

Nγ(1−ξ2)

)
, 0 ≤ δ < wξ

Min
(

1, w
Nγ

)
, δ ≥ wξ

. (B.6)

Plugging (B.6) back into Γ = Re [Γ1 ± x1] gives

Γ/γ = ζ +





w−
√

w2ξ2−δ2(1−ξ2)

Nγ(1−ξ2)
, 0 ≤ δ < wξ

w
Nγ , δ ≥ wξ

,
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which is valid in the superradiant regime, i.e. upper bounded by 〈σ̂z〉 < 1
using (B.6).

For the plots of the relevant functions and their analysis we refer to
Section 2.3.2.



CC O L L E C T I V E E F F E C T S I N AT O M I C E N S E M B L E S
I N T E R A C T I N G W I T H L I G H T

c.1 scattering elimination relations

In the calculation of Sec. 4.4.3 we insert the formal solution of âk,λ(t)
(4.22) into the spontaneous emission mode Ẽ−se(rj, t) (4.17) and apply the
Markov approximation, which is based on the atomic operators varying
slowly compared to optical frequencies. This gives

Ẽ−se(rj, t)− Ẽ−se, f ree(rj, t)

=
i
h̄ ∑

λ

∫

b̄
dk ρ2

ωek,λ

N

∑
i=1

eik(ri−rj)×

×
t∫

0

dτ ei(ωk−ωL)(t−τ)et
k,λ ∑

F′∈F′
d+

i,F′F(τ)

(i)≈ i
h̄ ∑

λ

∫

b̄
dk ρωek,λet

k,λρω

t∫

0

dτ ei(ωk−ωL)(t−τ) ∑
F′∈F′

d+
j,F′F(τ)

(ii)≈ iρ2
ωL

ω2
L

h̄c3 ∑
λ

∫

b̄
dΩ ekL,λet

kL,λ×

×
t∫

0

dτ
∫ ∞

0
dω ei(ω−ωL)(t−τ) ∑

F′∈F′
d+

j,F′F(τ)

(iii)≈ iρ2
ωL

ω2
L

h̄c3
8π2

3 ∑
F′∈F′

d+
j,F′F(t)

= ih̄γ′ ∑
F′∈F′

d+
j,F′F(t)

where we used in step (i) that the phases eik(ri−rj) are rapidly oscillating
and vanish on average due the low density of atoms, i.e., nλ3

a � 1. In
step (ii) we assumed that the emitted frequency ω is close to the probe
laser frequency ω ≈ ωL with a frequency-independent coupling. In step
(iii) we used the relations

∑
λ

∫

b̄
dΩ ekL,λet

kL,λ ≈
8π

3
1, (C.1)
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for cutout cone with infinitesimal opening angle ϑ� 1, and

t∫

0

dτ
∫ ∞

0
dω ei(ω−ωL)(t−τ) ∑

F′∈F′
d+

j,F′F(τ)

≈ 2π

t∫

0

dτ δ (t− τ) ∑
F′∈F′

d+
j,F′F(τ)

= π ∑
F′∈F′

d+
j,F′F(t) (C.2)

where we assumed d+
j,F′F(τ) varies slowly on the optical timescale 1/ωL.

c.2 gauging the electric field of the cavity

In Sec. 4.4.4 we replaced the forward scattering mode Ẽ−fwd(ri, t) com-
posed of the continuum of free space modes â†

k,λ with wave vectors k
included in the cone-like set b with a fast decaying cavity mode â. To be
an equivalent description we have to gauge the electric field per cavity
photon ρfwd (see (4.24)) such that the atom-bath coupling strength is
identical to the previous free-space case (see (4.21)). For this we will
proceed with the following steps:

sec . C.2 .1 Derive the formal solution for the free space modes.

sec . C.2 .2 Derive the formal solution for the bath modes to which the
cavity couples.

sec . C.2 .3 Compare both solutions fixing the electrical field per cavity
photon ρ f wd.

Having eliminated the spontaneous emission modes in Sec. 4.4.3 we start
from the master equation

ρ̇ =
1
ih̄

[HA + Hâ + HAâ, ρ] +
3

∑
k=1
D [LA,i,k] ρ (C.3)

HAâ =
N

∑
i=1

(
Ẽ−(ri, t) + Ẽ−f wd(ri, t)

)t
∑

F′∈F′
d−i,FF′ + h.c.

c.2.1 Free space

In the following thesis we will only consider identical atom-light coupling
such that it is sufficient to formally place all atoms at r = 0 and describe
the forward scattered light mode

Ẽ−f wd(z = 0, t) =
∫

b
dω

√
h̄ω

4πε0cA
â†

ωe−iωteq

≈ ρ1deq

∫

b
dω â†

ωe−iωLt

with a one-dimensional continuum of modes â†
ω, where [âω, â†

ω′ ] = δ(ω−
ω′) [33, (5.3.2)], and we approximated ω ≈ ωL due to the integration
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over the narrow frequency band b around ωL, and the flat coupling√
h̄ω

4πε0cA ≈
ρc√
2π

=: ρ1d. According to master equation (C.3) the free
space mode with annihilation operators âω evolves as

d
dt

âω =
i
h̄
[Hâ + HAâ, âω]

= −iωâω −
i
h̄

N

∑
i=1

ρ1de−iωLtet
q ∑

F′∈F′
d−i,FF′(t)

with the formal solution

âω(t) = e−iωt âω(0)− e−iωt i
h̄

ρ1d

t∫

0

dτ ei(ω−ωL)τet
q ∑

i
∑

F′∈F′
d−i,FF′(τ).

(C.4)

The second term contains the coupling strength given by ρ1d.

c.2.2 Cavity

To describe the evolution of the free space bath modes b̂ω we start from a
coherent cavity bath coupling [33, p. 5.3.1]

ρ̇ =
1
ih̄

[
HA + Htemp

sys + Htemp
bath + Htemp

int , ρ
]
+

3

∑
k=1
D [LA,i,k] ρ

+ κD [â] ρ (C.5)

with

Htemp
sys = h̄ωâ â† â + HAâ

Htemp
bath = h̄

∫
dω ωb̂†

ω b̂ω

Htemp
int = ih̄

∫
dω κ(ω)

(
b̂†

ω â− b̂ω â†
)

Ẽ−f wd(z = 0, t) = ρ f wd â†e−iωâteq,

where [b̂(ω), b̂†(ω′)] = δ(ω − ω′) and we approximate a frequency

independent coupling κ(ω) ≈
√

κ
2π . The cavity mode decays much faster

than the evolution of the atomic dipole operator d−i,FF′ . The relevant
timescale is however the atomic evolution such that we consider only
times t fulfilling

tκ � 1. (C.6)

We formally solve for the bath modes

b̂ω(t) = e−iωt b̂ω(0) + κ(ω)
∫ t

0
dτ e−iω(t−τ) â(τ) (C.7)
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which, plugged into the evolution of the cavity mode â, give the quantum
Langevin equation [33, (5.3.26)]

d
dt

â(t) = −κ

2
â(t) +

i
h̄

[
Htemp

sys , â(t)
]
−
√

κb̂in(t)

= −
(κ

2
+ iωâ

)
â(t)−

√
κb̂in(t)

− i
h̄

ρ f wde−iωât ∑
i

∑
F′∈F′

et
qd−i,FF′(t)

where b̂in(t) = 1√
2π

∫
dω e−iωt b̂ω(0) and [b̂in(t), b̂†

in(t
′)] = δ(t− t′). We

can integrate this differential equation

â(t) = e−(
κ
2+iωâ)t â(0)−

t∫

0

ds

{
√

κe−(
κ
2+iωâ)s b̂in(t− s)

+ e−
κ
2 s−iωât i

h̄
ρ f wd ∑

i
∑

F′∈F′
et

qd−i,FF′(t− s)

}

(i)
≈ −

(
√

κb̂in(t) + e−iωât i
h̄

ρ f wd ∑
i

∑
F′∈F′

et
qd−i,FF′(t)

) t∫

0

ds e−
κ
2 s

(ii)
≈ −2

κ

(
√

κb̂in(t) + e−iωâtρ f wd
i
h̄ ∑

i
∑

F′∈F′
et

qd−i,FF′(t)

)
(C.8)

where we used assumption (C.6) repeatedly. In (i) we neglected the initial
state â(0) because of the exponential decay exp

(
− κ

2 t
)

and approximated
the atomic evolution to be constant d−i,FF′(t− s) = d−i,FF′(t) in the kernel
of the integral. This is valid because only times s fulfilling s . 1/κ can
contribute significantly to the integral, because the exponential decay
suppresses the rest. The same argument holds for the slow evolution of
the input signal b̂in which we approximated as b̂in(t− s) ≈ b̂in(t). In (ii)
we evaluated the integral

∫ t
0 ds exp

(
− κ

2 s
)
≈ − 2

κ also using assumption
(C.6).

We can now plug the cavity evolution (C.8) into the formal solution of
the bath modes (C.7) giving us the solution of the bath modes coupling
directly to the atoms

b̂ω(t) = e−iωt b̂ω(0)− κ(ω)
∫ t

0
dτ e−iω(t−τ) 2

κ
×

×
(

e−iωâτρ f wd
i
h̄ ∑

i
∑

F′∈F′
et

qd−i,FF′(τ) +
√

κb̂in(τ)

)

= −e−iωt b̂ω(0)−
√

2
κπ

e−iωtρ f wd
i
h̄
×

×
∫ t

0
dτ ei(ω−ωâ)τ ∑

i
∑

F′∈F′
et

qd−i,FF′(τ) (C.9)
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c.2.3 Comparison

We compare the coupling strength of (C.4) and (C.9), which fixes ρ f wd to

ρ f wd =

√
κπ

2
ρ1d =

√
κ

2
ρc. (C.10)
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