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We present N ¼ 4 supersymmetric mechanics on n-dimensional Riemannian manifolds constructed
within the Hamiltonian approach. The structure functions entering the supercharges and the Hamiltonian
obey modified covariant constancy equations as well as modified Witten–Dijkgraaf–Verlinde–Verlinde
equations specified by the presence of the manifold’s curvature tensor. Solutions of original Witten–
Dijkgraaf–Verlinde–Verlinde equations and related prepotentials defining N ¼ 4 superconformal me-
chanics in flat space can be lifted to soðnÞ-invariant Riemannian manifolds. For the Hamiltonian this lift
generates an additional potential term which, on spheres and (two-sheeted) hyperboloids, becomes a Higgs-
oscillator potential. In particular, the sum of n copies of one-dimensional conformal mechanics results in a
specific superintegrable deformation of the Higgs oscillator.

DOI: 10.1103/PhysRevD.97.085015

I. INTRODUCTION

The Witten–Dijkgraaf–Verlinde–Verlinde (WDVV)
equations were introduced a few decades ago in the context
of two-dimensional topological field theories [1]. In their
initial version they read

Fð0Þ
ijmδ

nmFð0Þ
kln ¼ Fð0Þ

ilmδ
mnFð0Þ

kjn with Fð0Þ
ijk ¼ ∂i∂j∂kFð0ÞðxÞ:

ð1:1Þ

Clearly, these equations are not covariant with respect to
general coordinate transformations, so their covariantiza-
tion requires introducing additional geometric structures.
Finding solutions to the WDVV equations is a nontrivial
task, which was considered in numerous papers in various
contexts (see, e.g. [2–8] and references in them). The
WDVV equations appear also when constructing N ¼ 4
supersymmetric/superconformal extensions of mechanics
on n-dimensional Euclidean space (see [9–14] and refer-
ences therein). Indeed, as it was firstly demonstrated in [9],

if we insist that theN ¼ 4 superchargesQa and Q̄b with a,
b ¼ 1, 2, in the form

Qa ¼ piψ
ai þ iWð0Þ

i ψai þ iFð0Þ
ijkψ

biψ j
bψ̄

ak and

Q̄a ¼ piψ̄
i
a − iWð0Þ

i ψ̄ i
a þ iFð0Þ

ijkψ̄
i
bψ̄

bjψk
a; ð1:2Þ

obey the N ¼ 4 super Poincaré algebra

fQa;Qbg¼ 0; fQ̄a;Q̄bg¼ 0; fQa;Q̄bg¼
i
2
δabH;

ð1:3Þ

then the totally symmetric structure functions Fð0Þ
ijkðxÞ

entering the supercharges (1.2) have to satisfy (1.1), while
the prepotential Wð0Þ is found by solving

∂i∂jWð0Þ þFð0Þ
ijk∂kWð0Þ ¼ 0 and Wð0Þ

i ¼ ∂iWð0Þ: ð1:4Þ

We should add that, when evaluating the brackets between
the supercharges in (1.3), the basic variables were taken to
obey the standard Dirac brackets

fxi; pjg ¼ δij and fψai; ψ̄ j
bg ¼ i

2
δabδ

ij: ð1:5Þ

Exploiting this relation, one can postulate a general
coordinate invariant version of the WDVV equations
simply by constructing N ¼ 4 supersymmetric mechanics
on arbitrary Riemannian spaces. This was achieved in our
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recent paper [15]. To construct such mechanics, one has to
generalize the ansatz for the supercharges (1.2) and the
Poisson brackets (1.5) to be covariant under general
coordinate transformations, and then to check the con-
ditions on the structure functions implied by the N ¼ 4
super-Poincaré algebra relations (1.3) these supercharges
should obey. While [15] accomplished this for the special
case of Wi ¼ 0—no potential term—its result for the
structure functions Fijk remains true in general:

∇iFjkm ¼ ∇jFikm and

FikpgpqFjmq − FjkpgpqFimq þ Rijkm ¼ 0: ð1:6Þ

These are the curved WDVV equations on spaces with a
metric gij. It was also shown there that solutions of the flat
WDVVequations (1.1) can be extended to solutions of the
curved WDVV equations (1.6) on isotropic spaces.
The main goal of the present paper is to constructN ¼ 4

supersymmetric mechanics with a nonzero potential on
arbitrary Riemannian spaces. As a first step, in Sec. II we
introduce generalized Poisson brackets which are covariant
with respect to general coordinate transformations. Then
we write down the most general ansatz for the supercharges
(linear and cubic in the fermionic variables, for the case
with and without additional spin variables) and analyze the
conditions on the structure functions. We obtain equations
on the prepotentials which generalize (1.4). In Sec. III we
specialize to isotropic spaces and extend the general
solution found in [15] to include the prepotential Wi. In
Sec. IV we present some explicit solutions for the most
interesting spaces—spheres and pseudospheres. Finally, we
conclude with a few comments and remarks.

II. SYMPLECTIC STRUCTURE,
SUPERCHARGES AND HAMILTONIAN

We are going to construct the supercharges Qa,
Q̄b; ða; b ¼ 1; 2Þ forming an N ¼ 4, d ¼ 1 Poincaré
superalgebra1

fQa;Qbg ¼ 0; fQ̄a; Q̄bg ¼ 0; fQa; Q̄bg ¼
i
2
δabH

ð2:1Þ

for n-dimensional systems in which each bosonic degree of
freedom xiði ¼ 1;…; nÞ is accompanied by four fermionic
ones ψai, ψ̄ j

b ¼ ðψbjÞ†. The extended phase space, para-
metrized by the bosonic coordinates xi and momenta pi and
the fermionic coordinates ψai, ψ̄ j

b, can be equipped by the
symplectic structure

Ω¼ dpi ∧ dxiþ idðψ iagijDψ̄ j
a− ψ̄ iagijDψ j

aÞ
¼ dpi ∧ dxiþ iRijklψ

iaψ̄ j
adxk ∧dxlþ2igijDψ ia ∧Dψ̄ j

a;

ð2:2Þ

where Dψ ia ≡ dψ ia þ Γi
jkψ

jadxk, and Γi
jk and Ri

jkl are the
components of the Levi-Civita connection and curvature of
the metric gijðxÞ defined in a standard way as

Γk
ij ¼

1

2
gkmð∂igjm þ ∂jgim − ∂mgijÞ; and

Ri
jkl ¼ ∂kΓi

jl − ∂lΓi
jk þ Γm

jlΓi
mk − Γm

jkΓi
ml: ð2:3Þ

This symplectic structure is manifestly invariant with respect
to the transformations

x̃i¼ x̃iðxÞ; p̃i¼
∂xj
∂x̃i pj; ψ̃ ia ¼ ∂x̃iðxÞ

∂xj ψ ja: ð2:4Þ

The Poisson brackets between the basic variables can be
immediately extracted from the symplectic structure (2.2):

fxi; pjg ¼ δij; fψai; ψ̄ j
bg ¼ i

2
δabg

ij;

fpi; pjg ¼ −2iRijkmψ
akψ̄m

a ;

fpi;ψajg ¼ Γj
ikψ

ak; fpi; ψ̄
j
ag ¼ Γj

ikψ̄
k
a: ð2:5Þ

To construct the supercharges Qa, Q̄b we have two
possibilities.

(i) One may construct the standard supercharges in
terms of the variables xi, pj, ψai, ψ̄ j

b only, mainly
following to the line of the paper [11].

(ii) One may extend the set of the basic variables by the
additional bosonic spin variables fua; ūaja ¼ 1; 2g
parametrizing an internal two-sphere and obeying
the brackets

fua; ūbg ¼ −iδab: ð2:6Þ

These new variables will appear in the supercharges
only through the suð2Þ currents [14,16]

Jab ¼ i
2
ðuaūb þ ubūaÞ ⇒ fJab; Jcdg

¼ −ϵacJbd − ϵbdJac: ð2:7Þ

Let us consider these possibilities separately.

A. Standard supercharges

The most general ansatz for the standard supercharges
reads:

1We use the following convention for raising and lowering
suð2Þ indices: Aa ¼ ϵabAb, Aa ¼ ϵabAb, ϵ12 ¼ ϵ21 ¼ 1.
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Qa
W ¼piψ

aiþ iWiψ
aiþ iFijkψ

biψ j
bψ̄

akþ iGijkψ
aiψbjψ̄k

b;

ðQ̄WÞa¼piψ̄
i
a− iWiψ̄

i
aþ iFijkψ̄

i
bψ̄

bjψk
aþ iGijkψ̄

i
aψ̄

j
bψ

bk:

ð2:8Þ

Here,Wi, Fijk andGijk are arbitrary, for the time being, real
functions depending on n coordinates xi. In addition, we
assume that the functions Fijk and Gijk are symmetric and
antisymmetric over the first two indices, respectively:

Fijk ¼ Fjik; Gijk ¼ −Gjik: ð2:9Þ
The conditions that these supercharges span an N ¼ 4
super Poincaré algebra (2.1) result in the following equa-
tions on the functions involved:

Gijk ¼ 0; Fijk−Fikj ¼ 0⇒Fijk is totally symmetric;

ð2:10Þ

∇iFjkm −∇jFikm ¼ 0; ð2:11Þ
FikpgpqFjmq − FjkpgpqFimq þ Rijkm ¼ 0; ð2:12Þ

and

∇iWj −∇jWi ¼ 0 ⇒ Wi ¼ ∂iW; ð2:13Þ
∇i∂jW þ Fijkgkm∂mW ¼ 0; ð2:14Þ

where, as usual,

∇iWj ¼ ∂iWj − Γk
ijWk;

∇iFjkl ¼ ∂iFjkl − Γm
ijFklm − Γm

ikFjlm − Γm
ilFjkm: ð2:15Þ

Once the equations (2.10)–(2.14) are satisfied, the
Hamiltonian H acquires the form

HW ¼ gijpipj þ gij∂iW∂jW þ 4∇i∂jWψciψ̄c
j

− 4½∇mFijk þ Rimjk�ψciψ̄c
mψdjψ̄d

k: ð2:16Þ

B. Supercharges with spin variables

Following [14,16], the spin variables fua; ūag may be
utilized to slightly modify the prepotential term in the
supercharges to be

Qa
U¼piψ

iaþUiJabψ i
b−iFijkψ

biψ j
bψ̄

akþiGijkψ
aiψbjψ̄k

b;

ðQ̄UÞa¼piψ̄
i
a−UiJabψ̄bi−iFijkψ̄

i
bψ̄

bjψk
aþiGijkψ̄

i
aψ̄

j
bψ

bk:

ð2:17Þ

These supercharges form anN ¼ 4 super Poincaré algebra
if the functions Fijk and Gijk obey the same constraints
(2.10)–(2.12), while the constraints (2.13), (2.14) which
include the prepotential are changed to

∇iUj −∇jUi ¼ 0 ⇒ Ui ¼ ∂iU; ð2:18Þ

∇i∂jU − ∂iU∂jU þ Fijkgkm∂mU ¼ 0: ð2:19Þ

When the constraints (2.10)–(2.12) and (2.18), (2.19) are
satisfied, the Hamiltonian reads

HU ¼ gijpipj þ
1

2
JabJabgij∂iU∂jU − 4i∇i∂jUJabψaiψ̄bj

þ 4½∇mFijk − Rimjk�ψciψ̄c
mψdjψ̄d

k: ð2:20Þ

As we can see now, the suð2Þ Casimir element JabJab plays
the role of the coupling constant.
Finally, note that the solutions of the Eqs. (2.13), (2.14)

and (2.18), (2.19) are related as follows,

W ¼ e−U: ð2:21Þ
Thus, any solution of the system (2.13), (2.14) generates a
solution of the system (2.18), (2.19), and vice versa. It
should be stressed, however, that the exact form of the
bosonic potentials and terms quadratic in fermionic vari-
ables are very different in the Hamiltonians HW (2.16) and
HU (2.20).
Equation (2.11) qualifies Fijk as a so-called third-rank

Codazzi tensor [17], while (2.12) is the curved WDVV
equation proposed in [15], for which the Eqs. (2.14), (2.19)
are the curved analogs of the flat equations on the
prepotentials discussed in [11,14].
Summarizing, one may conclude that to construct

N ¼ 4 supersymmetric n-dimensional mechanics with a
given bosonic metric gij one has

(i) To solve the curved WDVVequations (2.11), (2.12)
for the fully symmetric function Fijk,

(ii) To find admissible prepotentials as solutions of the
Eqs. (2.13), (2.14) and/or (2.18), (2.19).

In what follows, we will use this procedure to construct
N ¼ 4 supersymmetric n-dimensional mechanics.

III. ISOTROPIC SPACES

A. Solution of curved WDVV equation

In [15] a large class of solutions to the Eqs. (2.11), (2.12)
has been constructed on isotropic spaces. Such spaces
admit an soðnÞ-invariant metric with components

gij ¼
1

fðrÞ2 δij;

Γk
ij ¼ −

f0

rf
ðxiδkj þ xjδki − xkδijÞ;

r2 ¼ δijxixj: ð3:1Þ

The key point of the analysis performed in [15] is the
following ansatz on the structure function Fijk:
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Fijk ¼ aðrÞxixjxk þ bðrÞðδijxk þ δjkxi þ δikxjÞ
þ fðrÞ−2Fð0Þ

ijk; ð3:2Þ

where Fð0Þ
ijk is an arbitrary solution of the flat WDVV

equation, i.e.,

Fð0Þ
ikpδ

pqFð0Þ
jmq−Fð0Þ

jkpδ
pqFð0Þ

imq¼ 0 with Fð0Þ
ijk ¼ ∂i∂j∂kFð0Þ:

ð3:3Þ

One may check that the linear equation (2.11) is satisfied if

rðrf0 − fÞaþ 4f0bþ fb0 ¼ 0 and xiFð0Þ
ijk ¼ cδjk;

c ¼ const; ð3:4Þ

where we fixed the scale of Fð0Þ. Here, prime means
differentiation with respect to r. Thus, the symmetric tensor
Fijk (3.2) with the restrictions (3.3), (3.4) provides a third
rank Codazzi tensor on isotropic spaces (3.1).
The curved WDVV equation (2.12) further imposes the

quadratic conditions

f2bðr2aþ bÞ þ ca ¼ −
1

rf3

�
f0

r

�0
and

r2f2b2 þ 2cb ¼ r2f0

f4

�
f
r2

�0
: ð3:5Þ

We note that these equations already imply the condi-
tion (3.4).

The equations (3.5) may be easily solved as

a ¼ 2cf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2f2 − 2rff0 þ r2ðf0Þ2

p
� ð2c2f2 − 3rff0 þ r2ðf0Þ2 þ r2ff00Þ

r4f3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2f2 − 2rff0 þ r2ðf0Þ2

p ;

b ¼ −
cf �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2f2 − 2rff0 þ r2ðf0Þ2

p
r2f3

: ð3:6Þ

For c ¼ 1, it simplifies to

a ¼ 2fðf − rf0Þ � ð2f2 − 3rff0 þ r2ðf0Þ2 þ r2ff00Þ
r4f3ðf − rf0Þ and b ¼ −

f � ðf − rf0Þ
r2f3

: ð3:7Þ

It should be noted that the solution for a in (3.6) becomes
0=0 indeterminate if

f0ðrÞ ¼ μr1�
ffiffiffiffiffiffiffiffi
1−c2

p
; μ ¼ const: ð3:8Þ

With such a metric the solution of the Eqs. (3.4), (3.5) reads

a ¼ 2c
r4f20

; b ¼ −
c

r2f20
: ð3:9Þ

Another exceptional case corresponds to c ¼ �1 and the
metric function

f1ðrÞ ¼ μr: ð3:10Þ

For this case, the function aðrÞ is not restricted while bðrÞ
has the form

b ¼ −
c

μ2r4
: ð3:11Þ

B. Searching for the prepotentials

Having at hands the solution for the curved WDVV
equations (2.11), (2.12), one may try to solve the equations

for the prepotentials (2.13), (2.14) or (2.18), (2.19),
respectively. It should be noted that even in the flat case,
where a variety of the solutions to the WDVV equations is
known [3–7], such a task is far from being completely
solved. Nevertheless, many particular solutions are known
for the standard supercharges [11–13] as well as for the
case with spin variables [14,16]. Leaving the full analysis of
the admissible prepotentials for the future, let us demon-
strate that each prepotential found for the flat WDVV
equations can be embedded into isotropic spaces with a
metric (3.1).

1. Lifting a “flat” prepotential Wð0Þ

In this case we have to solve the equation (2.13) which
for the metric (3.1) and for the Fijk given in (3.2) acquires
the form

∂i∂jW þ
�
f0

rf
þ bf2

�
ðxi∂jW þ xj∂iWÞ

þ δij

�
bf2 −

f0

rf

�
xm∂mW þ af2xixjxm∂mW

þ Fð0Þ
ijmδ

mn∂nW ¼ 0: ð3:12Þ
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Let us also suppose that we know the solution Wð0Þ of the
flat equation

∂i∂jWð0Þ þ Fð0Þ
ijmδ

mn∂nWð0Þ ¼ 0: ð3:13Þ
All such solutions found in [11–13] obey the additional
condition

xi∂iWð0Þ ¼ α ¼ const ⇒ xmFð0Þ
mjk ¼ δjk; ð3:14Þ

i.e., the parameter c in (3.6) fixed to be equal to one.
If we now choose the following ansatz for the prepo-

tential W,

W ¼ W̃ðrÞ þWð0Þ; ð3:15Þ
then the “flat” prepotential Wð0Þ will appear in the
Eq. (3.12) only through the constant α, except for the
second term

∼
�
f0

rf
þ bf2

�
ðxi∂jWð0Þ þ xj∂iWð0ÞÞ:

To kill this term we have to choose b ¼ − f0
rf3. This choice

corresponds to the following solution in (3.7)

a ¼ ff0 − rðf0Þ2 − rff00

r3f3ðf − rf0Þ ; b ¼ −
f0

rf3
: ð3:16Þ

Finally, it is a matter of straightforward calculations to
check that the prepotential

W ¼ W̃ðrÞ þWð0Þ with W̃0 ¼ α
f0

f − rf0
ð3:17Þ

solves the Eq. (3.12). Correspondingly, the bosonic poten-
tial in the Hamiltonian (2.16) reads

gij∂iW∂jW ¼ f2
�
δij∂iWð0Þ∂jWð0Þ þ α2

f0ð2f − rf0Þ
rðf − rf0Þ2

�
:

ð3:18Þ

2. Lifting a “flat” prepotential with spin variables

For the supercharges with spin variables the solutions for
the Eq. (2.19) may be found by using the relation (2.21).
However, the additional constraint for the flat prepotential
(3.14) we used above is quite unconventional. Indeed, in [14]
the additional condition on the solution of the flat equation

∂i∂jUð0Þ − ∂iUð0Þ∂jUð0Þ þ Fð0Þ
ijkδ

km∂mUð0Þ ¼ 0 ð3:19Þ
reads

xk∂kUð0Þ ¼ α − 1 ⇒ xkFð0Þ
ijk ¼ αδij: ð3:20Þ

Therefore, we need to reconsider the solution of (2.19) using
an ansatz

U ¼ ŨðrÞ þ Uð0Þ: ð3:21Þ

We will use the same ansatz for the Fijk (3.2) with the same
conditions on the functions aðrÞ, bðrÞ (3.5) and the con-
straint (3.20).
Now, it is rather easy to check that the prepotential U

(3.21) obeys the Eqs. (2.19) if

Ũ0 ¼ f0

f
þ rf2b: ð3:22Þ

Therefore, the resulting potential in the Hamiltonian (2.20)
reads

V ¼ 1

2
JabJabf2

�
δij∂iUð0Þ∂jUð0Þ þ 2ðα − 1Þ

r

�
f0

f
þ rf2b

�

þ
�
f0

f
þ rf2b

�
2
�
; ð3:23Þ

with b given in (3.6).

3. Lifting a vanishing “flat” prepotential

This case corresponds to the absence of the “flat”
prepotential, i.e., to the case with Wð0Þ ¼ 0. To simplify
the analysis we suppose that the prepotentialW depends on

r only, while the “flat” WDVV solution Fð0Þ
ijk still obeys the

constraint (3.14), i.e.,

xiFð0Þ
ijk ¼ δjk ⇒ c ¼ 1: ð3:24Þ

With these assumptions the Eq. (2.13) reads

δij
2f þ br2f3 − rf0

rf
W0

þ xixj
rfW00 þ ð−f þ ð2bþ ar2Þr2f3 þ 2rf0ÞW0

r3f
¼ 0:

ð3:25Þ

To kill the first term in (3.25) we have to choose
b ¼ −2fþrf0

r2f3 . This choice corresponds to the following

solution in (3.7),

a ¼
−rf0 þ fð4þ r2f00

f−rf0Þ
r4f3

; b ¼ −2f þ rf0

r2f3
: ð3:26Þ

With such functions a, b the equation which defines the
prepotential acquires the form

rW00 þ
�
−1þ 3rf0

f
þ r2f00

f − rf0

�
W0 ¼ 0: ð3:27Þ

This equation has the general solution
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W ¼ c1

�
r2

f2
þ c2

�
; c1; c2 ¼ const: ð3:28Þ

The bosonic potential in the Hamiltonian (2.16) now reads

gij∂iW∂jW ¼ 4c21
r2

f4
ðf − rf0Þ2: ð3:29Þ

It is interesting that, after passing to the prepotentialU ¼
− logðWÞ (2.21), the potential term in the Hamiltonian with
spin variables (2.20) acquires the form

1

2
JabJabgij∂iU∂jU ¼ JabJab

2r2ðf − rf0Þ2
ðr2 þ c2f2Þ2

: ð3:30Þ

Thus, we see that the constant c2 entering the solution
(3.28) and having no impact on the Hamiltonian HW (3.29)
becomes quite important for the Hamiltonian HU (2.20).

IV. EXAMPLES OF PREPOTENTIALS
ON THE (PSEUDO)SPHERE

A. Supersymmetric black holes

In this section we present some interesting prepotentials
on (pseudo)spheres which admit N ¼ 4 supersymmetry.
As we can see from the previous section, any “flat” system
obeying the constraints (3.14), i.e.,

xi∂iWð0Þ ¼ α ¼ const ⇒ xmFð0Þ
mjk ¼ δjk; ð4:1Þ

has its image on isotropic spaces with the potential (3.18)

V¼ gij∂iW∂jW¼ f2
�
δij∂iWð0Þ∂jWð0Þ þα2

f0ð2f− rf0Þ
rðf− rf0Þ2

�
:

ð4:2Þ

In the case of a (pseudo)sphere with the metric

f ¼ 1þ ϵr2; ϵ ¼ �1; ð4:3Þ

the potential V is simplified to be

V ¼ ð1þ ϵr2Þ2δij∂iWð0Þ∂jWð0Þ þ 4α2ϵ

�
1þ ϵr2

1 − ϵr2

�
2

: ð4:4Þ

Thus we see that, besides getting multiplied with the
standard factor ð1þ ϵr2Þ2, the “flat” potential is shifted
by the potential of a Higgs oscillator [18],

VHiggs ≡
�
1þ ϵr2

1 − ϵr2

�
2

: ð4:5Þ

This means that even a mutually noninteracting system,
being placed on the (pseudo)sphere, becomes interacting

via the Higgs potential. A prominent example comes from
the sum of several N ¼ 4 supersymmetric mechanics on
flat space with conformal prepotentials

Wð0Þ ¼
Xn
i

ai logðxiÞ; Fð0Þ ¼ 1

2

Xn
i

ðxiÞ2 logðxiÞ:

ð4:6Þ

With such almost “free” prepotentials we obtain the
following potential for the system on the (pseudo)sphere,

α ¼
Xn
i

ai ⇒ V1 ¼ ð1þ ϵr2Þ2
�Xn

i

a2i
ðxiÞ2 þ

4ϵðPn
i aiÞ2

ð1 − ϵr2Þ2
�
:

ð4:7Þ

A system with such a potential was obtained as a reduced
angular (compact) part of conformal mechanics describing
the motion of a particle in a near-horizon Myers–Perry
black-hole background with coinciding rotational param-
eters in [19], and its superintegrability was proven there
as well.

B. (Pseudo)sphere image of a free system

This case is analogous to the one previously considered,
but, unfortunately, we cannot just substitute Wð0Þ ¼ 0 into
(4.4) because this is in contradiction with the constraint
xi∂iWð0Þ ¼ α. Thus, we have to use the general consid-
eration in Sec. III B 3.
For the (pseudo)sphere with metric f ¼ 1þ ϵr2 the

potential in (3.29) reads

VW ¼ 4c21
r2ð1 − ϵr2Þ2
ð1þ ϵr2Þ4 : ð4:8Þ

At the same time, the potential for the supercharges with
spin variables can be easily obtained by passing to the
prepotential U (2.21),

U ¼ − logðWÞ ¼ − log

�
c1

�
r2

ð1þ ϵr2Þ2 þ c2

��
; ð4:9Þ

and by evaluating the potential for the case with spin
variables in the Hamiltonian (2.20) we get

VU ¼ 1

2
JabJabgij∂iU∂jU ¼ 2JabJab

r2ð1 − ϵr2Þ2
ðr2 þ c2ð1þ ϵr2Þ2Þ2 :

ð4:10Þ

Choosing now

c2 ¼ −
1

4ϵ
ð4:11Þ

NIKOLAY KOZYREV et al. PHYS. REV. D 97, 085015 (2018)

085015-6



we obtain

VU ¼ 32ϵ2JabJab
r2

ð1 − ϵr2Þ2

¼ 8ϵJabJab

�ð1þ ϵr2Þ2
ð1 − ϵr2Þ2 − 1

�

≡ 8ϵJabJab½VHiggs − 1�: ð4:12Þ
Thus, the Higgs oscillator in the Hamiltonian with spin
variables on the (pseudo)sphere is the image of a com-
pletely free system.

C. (Pseudo)sphere image of the
isotropic harmonic oscillator

Due to the exceptional role the standard harmonic
oscillator plays among integrable systems, it is interesting
to find its image in the case of N ¼ 4 supersymmetric
mechanics on the (pseudo)sphere. Unfortunately, in this
case our consideration of the previous sections does not
help too much, because if we choose

Wð0Þ ¼ mr2 with m ¼ const; ð4:13Þ
then the condition xi∂iWð0Þ ¼ α we used previously will
not be valid anymore. However, plugging the expression
(4.13) into (3.13) we will get

∂i∂jWð0Þ þ Fð0Þ
ijmδ

mn∂nWð0Þ ¼ 0 ⇒ xmFð0Þ
ijm ¼ −δij:

ð4:14Þ
Thus, in the general solution (3.2), (3.6) for the curved
WDVV equation we have to substitute c ¼ −1. Thus,
everything is simplified, and we have two solutions for
the (pseudo)sphere with f ¼ 1þ ϵr2:

a1 ¼
4ϵ2

ð1 − ϵr2Þð1þ ϵr2Þ3 ; b1 ¼
2ϵ

ð1þ ϵr2Þ3 ; ð4:15Þ

a2 ¼ −
4

r4ð1 − ϵr2Þð1þ ϵr2Þ3 ; b2 ¼
2

r2ð1þ ϵr2Þ3 :

ð4:16Þ

Now, the basic equation which defines the admissible
prepotentials (3.12) for the prepotentials W̃ ¼ W̃ðrÞ
acquires the form

0¼ xixj
�
W̃00

r2
−
W̃0

r3
þ4ϵþð2bþar2Þð1þ ϵr2Þ3

rð1þ ϵr2Þ ðW̃0 þ2mrÞ
�

þδijrð1þ ϵr2Þ2
�
b−

2ϵ

ð1þ ϵr2Þ3
�
ðW̃0 þ2mrÞ: ð4:17Þ

Now we see that, to kill the δij term, we have to choose the
first solution (4.15). Therefore, the equation for the
prepotential W̃ reads

rð1 − ϵr2Þð1þ ϵr2ÞW̃00 − ð1 − 8ϵr2 þ 3ϵ2r4ÞW̃0

þ 8mϵr3ð2 − ϵr2Þ ¼ 0; ð4:18Þ

with the solution

W̃ ¼ −
2mð1þ 15ϵr2 þ 3ϵ2r4 þ ϵ3r6Þ þ ϵr2M1

2ϵð1þ ϵr2Þ2 þM2;

ð4:19Þ

where M1 and M2 are integration constants. Thus, the
(pseudo)sphere image of the oscillator potentialWð0Þ (4.13)
reads

VW ¼ f2δij∂iðW̃ þWð0ÞÞ∂jðW̃ þWð0ÞÞ

¼ ð24mþM1Þ2r2
ð1 − ϵr2Þ2
ð1þ ϵr2Þ4 : ð4:20Þ

One may see that this potential coincides, modulo redefi-
nition of the coupling constants, with the image of the
“free” system (4.8), despite the fact that the prepotential
(4.19) is different from the one in (3.28). This difference
plays an essential role after passing to the Hamiltonian with
spin variables, in which the corresponding potential
acquires the form

U ¼ − logðWÞ ⇒ VU ¼ JabJab
2ð24mþM1Þ2ϵ2r2ð1 − ϵr2Þ2

ð2ϵ2ðm − ϵM2Þr4 þ ϵð28mþM1 − 4ϵM2Þr2 þ 2ðm − ϵM2ÞÞ2
: ð4:21Þ

Special cases of this potential are known. For example,

M2 ¼
32mþM1

8ϵ
⇒ VU ¼ JabJab8ϵðVHiggs − 1Þ; ð4:22Þ

M2 ¼
m
ϵ
⇒ VU ¼ JabJab2

ð1 − ϵr2Þ2
r2

: ð4:23Þ
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V. CONCLUSIONS

We constructed n-dimensional N ¼ 4 supersymmetric
mechanics on arbitrary spaces with a metric gij. Besides
reproducing the curved WDVV equations already found in
[15] for the first prepotential, we obtained the curved version
of the equations defining the secondprepotential for the cases
of supercharges with and without spin variables. For any
solution of the curved WDVVequations on soðnÞ-invariant
conformally flat spaces we constructed admissible prepo-
tentials on these spaces. A nice feature of our construction is
the possibility to lift any “flat” prepotentials to isotropic
spaces. Finally, we provided some interesting potentials for
N ¼ 4 mechanics on the (pseudo)sphere.
A still unsolved task is a superspace description of our

mechanics. To generalize the superspace approach
developed in [20,21] clearly one will have to find new
superspace irreducibility constraints for the (1,4,3) super-
multiplets which are covariant under general coordinate
transformations in the target space. A related task is to

understand how the real target-space Kähler metric which
necessarily appears in the superspace approach [20,21] is
related with our component Hamiltonian description. These
tasks will be considered elsewhere.
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