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We present A/ = 4 supersymmetric mechanics on n-dimensional Riemannian manifolds constructed
within the Hamiltonian approach. The structure functions entering the supercharges and the Hamiltonian
obey modified covariant constancy equations as well as modified Witten—Dijkgraaf—Verlinde—Verlinde
equations specified by the presence of the manifold’s curvature tensor. Solutions of original Witten—
Dijkgraaf—Verlinde—Verlinde equations and related prepotentials defining N = 4 superconformal me-
chanics in flat space can be lifted to so(n)-invariant Riemannian manifolds. For the Hamiltonian this lift
generates an additional potential term which, on spheres and (two-sheeted) hyperboloids, becomes a Higgs-
oscillator potential. In particular, the sum of n copies of one-dimensional conformal mechanics results in a
specific superintegrable deformation of the Higgs oscillator.
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I. INTRODUCTION

The Witten—Dijkgraaf—Verlinde—Verlinde (WDVYV)
equations were introduced a few decades ago in the context
of two-dimensional topological field theories [1]. In their
initial version they read

ljm llm

(1.1)

Clearly, these equations are not covariant with respect to
general coordinate transformations, so their covariantiza-
tion requires introducing additional geometric structures.
Finding solutions to the WDVV equations is a nontrivial
task, which was considered in numerous papers in various
contexts (see, e.g. [2-8] and references in them). The
WDVV equations appear also when constructing N = 4
supersymmetric/superconformal extensions of mechanics
on n-dimensional Euclidean space (see [9-14] and refer-
ences therein). Indeed, as it was firstly demonstrated in [9],
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with  F\) = 9,0,0,FO(x).
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if we insist that the A = 4 supercharges Q¢ and Q, with a,
b =1, 2, in the form

Qa — piwui + in(O)Waz + IFE/IEW l//J lZ/ak and
0. = pary, — Wl +iF iy, (1.2)

obey the N = 4 super Poincaré algebra

(0.0} =35
(1.3)

{0.0"}=0. {0,.0,}=0.

then the totally symmetric structure functions F 55)13 (x)
entering the supercharges (1.2) have to satisfy (1.1), while
the prepotential W(®) is found by solving

8,0,W + FO9 WO =0 and W'

=o,WwO. (1.4)

ijk
We should add that, when evaluating the brackets between
the supercharges in (1.3), the basic variables were taken to
obey the standard Dirac brackets

: : NP B
{*.pj} =08 and {y“.y} = 55;)5]- (1.5)

Exploiting this relation, one can postulate a general
coordinate invariant version of the WDVV equations
simply by constructing N = 4 supersymmetric mechanics

on arbitrary Riemannian spaces. This was achieved in our
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recent paper [15]. To construct such mechanics, one has to
generalize the ansatz for the supercharges (1.2) and the
Poisson brackets (1.5) to be covariant under general
coordinate transformations, and then to check the con-
ditions on the structure functions implied by the N = 4
super-Poincaré algebra relations (1.3) these supercharges
should obey. While [15] accomplished this for the special
case of W; =0—no potential term—its result for the
structure functions F;j remains true in general:

viijm = ijikm and

Fikpgqujmq - ijpgquimq =+ Rijkm =0. (16)
These are the curved WDV'V equations on spaces with a
metric g;;. It was also shown there that solutions of the flat
WDVYV equations (1.1) can be extended to solutions of the
curved WDVV equations (1.6) on isotropic spaces.

The main goal of the present paper is to construct " = 4
supersymmetric mechanics with a nonzero potential on
arbitrary Riemannian spaces. As a first step, in Sec. I we
introduce generalized Poisson brackets which are covariant
with respect to general coordinate transformations. Then
we write down the most general ansatz for the supercharges
(linear and cubic in the fermionic variables, for the case
with and without additional spin variables) and analyze the
conditions on the structure functions. We obtain equations
on the prepotentials which generalize (1.4). In Sec. III we
specialize to isotropic spaces and extend the general
solution found in [15] to include the prepotential W;. In
Sec. IV we present some explicit solutions for the most
interesting spaces—spheres and pseudospheres. Finally, we
conclude with a few comments and remarks.

II. SYMPLECTIC STRUCTURE,
SUPERCHARGES AND HAMILTONIAN

We are going to construct the supercharges Q¢,
Q. (a,b=1,2) forming an N =4, d=1 Poincaré
superalgebra'

{Qa’ Qb} = O’ {Qa’ Qb} = O’ {Qu’ Qb} = %5zH

(2.1)

for n-dimensional systems in which each bosonic degree of
freedom x’(i = 1, ..., n) is accompanied by four fermionic
ones y“, ) = (y"/)". The extended phase space, para-
metrized by the bosonic coordinates x’ and momenta p; and
the fermionic coordinates y®, 1,?/{7, can be equipped by the
symplectic structure

'We use the following convention for raising and lowering
su(2) indices: A, = €, A%, A9 =€ A,, ¢, = €? = 1.

Q=dp; Ndx'+ id(l//i“giij?{; - lf/iagile//{z)
= dpl VAN dxi + iRijkll//ial/_/Ja-dxk AN dxl + 2igile//ia VAN Dli/é,
(2.2)
where Dy = dy'* + T y/*dx*, and T and R’ are the

components of the Levi-Civita connection and curvature of
the metric g;;(x) defined in a standard way as

1
Ff,- = Egkm(aigjm + 0iGim — Ongij), and
Rijkl = 8kF;l — 8,F§k + F;";ank - F;’;Crinl. (2.3)

This symplectic structure is manifestly invariant with respect
to the transformations

Ox’ o0 (x) .

¥=%(x), P

The Poisson brackets between the basic variables can be
immediately extracted from the symplectic structure (2.2):

. . NP
{xl’ p]} = 5;7 {l//alﬁ W{y} = Eébgljv

{pi»pj} = =20y W,

{piy¥} = F{k‘l/ak, {pis ‘I’{t} = F{kl/_/z- (2.5)

To construct the supercharges Q¢ O, we have two

possibilities.

(i) One may construct the standard supercharges in
terms of the variables x', p;, w*, y only, mainly
following to the line of the paper [11].

(i) One may extend the set of the basic variables by the
additional bosonic spin variables {u?, #,la = 1,2}
parametrizing an internal two-sphere and obeying
the brackets

{u®, n,} = —id§. (2.6)
These new variables will appear in the supercharges
only through the su(2) currents [14,16]

Jab :%(uaﬁb + ubﬂa) = {Jab’ch}

= —eacJbd — ehd jac, (2.7)

Let us consider these possibilities separately.

A. Standard supercharges

The most general ansatz for the standard supercharges
reads:
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Oty = py™ + W +iF iy i +1G iy Py
(Ow), = Py —iW gl +iF g Pyl +1G i, w ™.
(2.8)

Here, W;, F;j; and G ;. are arbitrary, for the time being, real
functions depending on n coordinates x'. In addition, we
assume that the functions F;;; and G, are symmetric and
antisymmetric over the first two indices, respectively:

Fijp = Fjig, Gijr = —Gjix (2.9)
The conditions that these supercharges span an N =4
super Poincaré algebra (2.1) result in the following equa-
tions on the functions involved:

Gijx=0, Fi—Fyj=0= F;j s totally symmetric,
(2.10)
ViFjjm =V iFiy =0, (2.11)
FitpGd"F g = Fjp g Fimg + Rijim = 0, (2.12)
and
VW, = V,W,=0= W, =9,W, (2.13)
V.0,W + Fing"0,W =0, (2.14)
where, as usual,
VW, =W, -T5W,,
ViFj = 0iF ji = Ul Fium — U F ji = T3 F - (2.15)

Once the equations (2.10)—(2.14) are satisfied, the
Hamiltonian H acquires the form

Hy = ¢'pip; + g7 0:Wo,W +4V,0,Wy“'yyr/

- 4[vaijk + Rimjk]wdl/_/cmwdjl/_/dk' (216)

B. Supercharges with spin variables

Following [14,16], the spin variables {u“, &,} may be
utilized to slightly modify the prepotential term in the
supercharges to be

=Py + U Py, —iF "y gt Gy,
(00)a=piWi=Ud 0" —iF i Pk +iG i p*.
(2.17)

These supercharges form an A = 4 super Poincaré algebra
if the functions F;j; and G,;; obey the same constraints
(2.10)—(2.12), while the constraints (2.13), (2.14) which
include the prepotential are changed to

When the constraints (2.10)—(2.12) and (2.18), (2.19) are
satisfied, the Hamiltonian reads

g 1 . .
HU = g”p[pj —|—EJ“bJabg’fa,-UﬁjU—4ivi3jUJab1l/my7bJ

+ 4V Fijp = Rily o " (2.20)
As we can see now, the su(2) Casimir element J ,,J%° plays
the role of the coupling constant.

Finally, note that the solutions of the Eqgs. (2.13), (2.14)
and (2.18), (2.19) are related as follows,

W=¢eVY. (2.21)
Thus, any solution of the system (2.13), (2.14) generates a
solution of the system (2.18), (2.19), and vice versa. It
should be stressed, however, that the exact form of the
bosonic potentials and terms quadratic in fermionic vari-
ables are very different in the Hamiltonians Hy, (2.16) and
Hy (2.20).

Equation (2.11) qualifies F;j. as a so-called third-rank
Codazzi tensor [17], while (2.12) is the curved WDVV
equation proposed in [15], for which the Egs. (2.14), (2.19)
are the curved analogs of the flat equations on the
prepotentials discussed in [11,14].

Summarizing, one may conclude that to construct
N = 4 supersymmetric n-dimensional mechanics with a
given bosonic metric g;; one has

(i) To solve the curved WDVV equations (2.11), (2.12)

for the fully symmetric function Fj,

(i) To find admissible prepotentials as solutions of the

Egs. (2.13), (2.14) and/or (2.18), (2.19).
In what follows, we will use this procedure to construct
N = 4 supersymmetric n-dimensional mechanics.

III. ISOTROPIC SPACES

A. Solution of curved WDVYV equation

In [15] alarge class of solutions to the Egs. (2.11), (2.12)
has been constructed on isotropic spaces. Such spaces
admit an so(n)-invariant metric with components

1
I
RGO
I ;
I = 7 (x6} + x/8F = x48;),
r? = §;x'x/. (3.1)

The key point of the analysis performed in [15] is the
following ansatz on the structure function F';:
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Fijp = a(r)x'x/x* + b(r)(8;x" + 6 px' + Syx7)
20
+ F(r)2F
where F ,(;)12 is an arbitrary solution of the flat WDVV
equation, i.e.,

(3.2)

© )
F! )&’qF;mq F ) ) 6PaFy)

=0 with Fuk—aﬁ O F(
(3.3)

One may check that the linear equation (2.11) is satisfied if

r(rf = fla+4f'b+fb' =0 and xFS) = ¢y,

where we fixed the scale of F(°). Here, prime means
differentiation with respect to . Thus, the symmetric tensor
Fij (3.2) with the restrictions (3.3), (3.4) provides a third
rank Codazzi tensor on isotropic spaces (3.1).

The curved WDVV equation (2.12) further imposes the
quadratic conditions

rPf2b?* + 2cb = % <];> )

f2b(r*a+b) +ca=

(3.5)

We note that these equations already imply the condi-

¢ = const, (3.4) tion (3.4).
|
The equations (3.5) may be easily solved as
2/ /EP =[] PV £ (2622 = 3rff + () + PfS")
B r4f3\/c2f2_2rff/+r2(f/)2 ’
+ 2,02 2 / 2( £1\2
y_ S EVES rzf;’ff + () (3.6)
For ¢ = 1, it simplifies to
LA =V EQP =3 A PEP R T =) 57)
- PR = rf) AP ‘

It should be noted that the solution for a in (3.6) becomes
0/0 indeterminate if

fo(r) = pr'=V1=¢ (3.8)

, u = const.
With such a metric the solution of the Egs. (3.4), (3.5) reads

2c c
= —, b=——. 3.9
r4fO rzf% ( )

Another exceptional case corresponds to ¢ = =£1 and the
metric function

fi(r) = pr.

For this case, the function a(r) is not restricted while b(r)
has the form

(3.10)

B. Searching for the prepotentials

Having at hands the solution for the curved WDVV
equations (2.11), (2.12), one may try to solve the equations

for the prepotentials (2.13), (2.14) or (2.18), (2.19),
respectively. It should be noted that even in the flat case,
where a variety of the solutions to the WDV'V equations is
known [3-7], such a task is far from being completely
solved. Nevertheless, many particular solutions are known
for the standard supercharges [11-13] as well as for the
case with spin variables [14,16]. Leaving the full analysis of
the admissible prepotentials for the future, let us demon-
strate that each prepotential found for the flat WDVV
equations can be embedded into isotropic spaces with a
metric (3.1).

1. Lifting a “flat” prepotential W®)

In this case we have to solve the equation (2.13) which
for the metric (3.1) and for the F;j; given in (3.2) acquires
the form

f/

rf
7 .

—|—5U(bf2 f) x"0,,W + af?xix/x"0,,W

a,»ajw+< +bf2>(x8 W+ x/0;W)

+F0 8", W = 0. (3.12)
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Let us also suppose that we know the solution W(® of the
flat equation

0,0,WO + FO 5ma, w0 =0.  (3.13)

All such solutions found in [11-13] obey the additional
condition

— a = const = )c'”F< )k = 5jk,

x' oW pay (3.14)

i.e., the parameter ¢ in (3.6) fixed to be equal to one.
If we now choose the following ansatz for the prepo-
tential W,

W =W(r)+ wO), (3.15)

then the “flat” prepotentiall W will appear in the
Eq. (3.12) only through the constant a, except for the
second term

(§+bﬁ>@@mww+ﬂaww)

To kill this term we have to choose b = f3 This choice

corresponds to the following solution in (3.7)

ff = r(fP = rff" f

a= 337 4 . b=—-—3.

PR =) rf

Finally, it is a matter of straightforward calculations to
check that the prepotential

(3.16)

f/
f=rf
solves the Eq. (3.12). Correspondingly, the bosonic poten-
tial in the Hamiltonian (2.16) reads

W=W(r +wO with W=a (3.17)

/ /
o wo,w = £ |siow00,wo 4 2l CL=11)]
g a,W@W A8 ow a]W +a (f—rf’)

(3.18)

2. Lifting a “flat” prepotential with spin variables

For the supercharges with spin variables the solutions for
the Eq. (2.19) may be found by using the relation (2.21).
However, the additional constraint for the flat prepotential
(3.14) we used above is quite unconventional. Indeed, in [14]
the additional condition on the solution of the flat equation

8,0,U0 —9,u09,U0 + FO5mp, U0 =0 (3.19)

l]k

reads

FOUO = a—1= xF) = a5, (3.20)

J

Therefore, we need to reconsider the solution of (2.19) using
an ansatz

U=0U(r)+ U0, (3.21)

We will use the same ansatz for the F';; (3.2) with the same
conditions on the functions a(r), b(r) (3.5) and the con-
straint (3.20).

Now, it is rather easy to check that the prepotential U
(3.21) obeys the Egs. (2.19) if

_L
f

Therefore, the resulting potential in the Hamiltonian (2.20)

((X - 1) ! 2

U =+ rf2b. (3.22)

1 y
V=_J"%],,f? [5lfaiu<0>8jU<°>

2
(e

with b given in (3.6).

(3.23)

3. Lifting a vanishing “flat” prepotential

This case corresponds to the absence of the “flat”
prepotential, i.e., to the case with w0 =0. To simplify
the analysis we suppose that the prepotential W depends on

r only, while the “flat” WDVV solution F S),z still obeys the
constraint (3.14), i.e.,

MFO) =8y = c= 1. (3.24)

With these assumptions the Eq. (2.13) reads

2f + br?f3 — rf’
rf

+ xixJ AU

5

(=f + (b + ar*)r2f3 +2rf YW

=0.
r3f

(3.25)

To kill the first term in (3.25) we have to choose
b — —2f+rf

Zf’k .
solution in (3.7),

This choice corresponds to the following

—rf' + f(4+ L) 2f 4 rf!
e A

With such functions a, b the equation which defines the
prepotential acquires the form

., 3rf’ r2f// .
rw —l—(—l—l— 7 —l—f_rf,)W =0.

This equation has the general solution

a= . b (3.26)

(3.27)
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2
W = Cq <r—+C2), C1,Cp = const. (328)

f2

The bosonic potential in the Hamiltonian (2.16) now reads

2
.. T

g’faiwajW:4c%F(f—rf’)2. (3.29)

It is interesting that, after passing to the prepotential U =

—log(W) (2.21), the potential term in the Hamiltonian with
spin variables (2.20) acquires the form

2P(f — rf' )

1 .
=J%J ,g70,U0;U = J*J )y —5—55.
D) ab¥9" Ui J ab (rg + C2f2)2

(3.30)

Thus, we see that the constant ¢, entering the solution
(3.28) and having no impact on the Hamiltonian Hyy (3.29)
becomes quite important for the Hamiltonian H; (2.20).

IV. EXAMPLES OF PREPOTENTIALS
ON THE (PSEUDO)SPHERE

A. Supersymmetric black holes

In this section we present some interesting prepotentials
on (pseudo)spheres which admit N = 4 supersymmetry.
As we can see from the previous section, any “flat” system
obeying the constraints (3.14), i.e.,

(4.1)

m

x'9;W = a = const = x’”F(O}k = Ok,

has its image on isotropic spaces with the potential (3.18)

3 3 "2f —rf')

L WAW — 12| 5o w08 wo) 2 Cf=Tf)

V=gloWoW =2 HoWO0W0 el ST
(4.2)

In the case of a (pseudo)sphere with the metric

f=14+er, €= =1, (4.3)

the potential V is simplified to be

2

3 aii 0 0 , (1+err\?
V= (1+e?)279,W09,WO +402¢ 1 . (4.4)
—er

Thus we see that, besides getting multiplied with the
standard factor (1 + er?)?, the “flat” potential is shifted
by the potential of a Higgs oscillator [18],

Voo 1 +er?\?

Higes =\ _¢f2 ) -

This means that even a mutually noninteracting system,
being placed on the (pseudo)sphere, becomes interacting

(4.5)

via the Higgs potential. A prominent example comes from
the sum of several N' = 4 supersymmetric mechanics on
flat space with conformal prepotentials

1<, . .
0) _ i\2 i
F()_EE (x')*log(x").

i

w0 = Z a;log(x"),
(4.6)

With such almost “free” prepotentials we obtain the
following potential for the system on the (pseudo)sphere,

a= ia,- =V =(1+er?) {i (a'l2 +4€(Z? ai)z}.

)2 (1 —er?)?

(4.7)

A system with such a potential was obtained as a reduced
angular (compact) part of conformal mechanics describing
the motion of a particle in a near-horizon Myers—Perry
black-hole background with coinciding rotational param-
eters in [19], and its superintegrability was proven there
as well.

B. (Pseudo)sphere image of a free system

This case is analogous to the one previously considered,
but, unfortunately, we cannot just substitute w© = 0 into
(4.4) because this is in contradiction with the constraint
x‘ﬁ,-W“n = a. Thus, we have to use the general consid-
eration in Sec. III B 3.

For the (pseudo)sphere with metric f = 1 4 er? the
potential in (3.29) reads

(1 —er?)?

Vy = 4c? ——— . 4.8

w Cl (1 + 67'2)4 ( )

At the same time, the potential for the supercharges with

spin variables can be easily obtained by passing to the
prepotential U (2.21),

U = —log(W) = —log [cl <(1+r—;2)2 + c2>] . (4.9)

and by evaluating the potential for the case with spin
variables in the Hamiltonian (2.20) we get

1 N r?(1 —er?)?

Vy ==J%] g7 0;Ud;U = 2J%], .

) vd / PP+ er(1 + er?)?)?

(4.10)
Choosing now

1
=—— 4.11
) de ( )
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we obtain

}"2

VU = 32€2Jah.lah m
— €

(1+ €r2)2
=8eJ] | —s55 -1
¢ ab [(1 —er?)?

= 86JJ [V Higgs — 1] (4.12)

Thus, the Higgs oscillator in the Hamiltonian with spin
variables on the (pseudo)sphere is the image of a com-
pletely free system.

C. (Pseudo)sphere image of the
isotropic harmonic oscillator

Due to the exceptional role the standard harmonic
oscillator plays among integrable systems, it is interesting
to find its image in the case of N =4 supersymmetric
mechanics on the (pseudo)sphere. Unfortunately, in this
case our consideration of the previous sections does not
help too much, because if we choose

WO = mr? with m = const, (4.13)

then the condition x'0,W(®) = a we used previously will
not be valid anymore. However, plugging the expression
(4.13) into (3.13) we will get

© _ _5

aiajw(o) + FO 59, W =0 = x"F ijm ij

ijm

(4.14)

Thus, in the general solution (3.2), (3.6) for the curved
WDVYV equation we have to substitute ¢ = —1. Thus,
everything is simplified, and we have two solutions for
the (pseudo)sphere with f = 1 + er?:
4¢? 2¢
(1- €r2)(1 + €r2)3 ’
4 2

T e N b p—
= (1 —er?)(1 +er?)? 2

a, =

2(24m + M,)*e*r* (1 — er?)?

Now, the basic equation which defines the admissible
prepotentials (3.12) for the prepotentials W = W(r)
acquires the form

W W de+ (2b+ar?)(1+er?) o
0=x'x/|———+ W +2
Y [rz & r(1+er?) (W'2mr)
2¢ -
+5,-jr(1+€r2)2<b—m>(W'+2mr). (417)

Now we see that, to kill the §;; term, we have to choose the
first solution (4.15). Therefore, the equation for the
prepotential W reads

r(1—er?)(1 + erz)VV” — (1 —8er* + 3€2r4)W’

+ 8mer’(2 —er?) =0, (4.18)
with the solution
W 2m(1 + 15er? + 3e*r —21—263r6) +er’M, M,
2e(1 +er?)
(4.19)

where M; and M, are integration constants. Thus, the

(pseudo)sphere image of the oscillator potential w© (4.13)
reads

Vi = f2870,(W + W)0;(W + W)
(1 —er?)?

— (24m + M, 22—
(24m + 1)r(l—i—erz)“

(4.20)

One may see that this potential coincides, modulo redefi-
nition of the coupling constants, with the image of the
“free” system (4.8), despite the fact that the prepotential
(4.19) is different from the one in (3.28). This difference
plays an essential role after passing to the Hamiltonian with
spin variables, in which the corresponding potential
acquires the form

U=—log(W) =V, =J%J, ) 4.21
og(W) v h(2€2(m—€M2)r4+€(28m+M1 —4eMy)r? +2(m — eM,))? ( )
Special cases of this potential are known. For example,
32m+M
My === Vy = JJ 8¢(Vitiggs = 1). (4.22)
1= 2\2
My =" vy = gang L) (423)
€ r
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V. CONCLUSIONS

We constructed n-dimensional A =4 supersymmetric
mechanics on arbitrary spaces with a metric g;;. Besides
reproducing the curved WDVYV equations already found in
[15] for the first prepotential, we obtained the curved version
of the equations defining the second prepotential for the cases
of supercharges with and without spin variables. For any
solution of the curved WDVV equations on so(n)-invariant
conformally flat spaces we constructed admissible prepo-
tentials on these spaces. A nice feature of our construction is
the possibility to lift any “flat” prepotentials to isotropic
spaces. Finally, we provided some interesting potentials for
N = 4 mechanics on the (pseudo)sphere.

A still unsolved task is a superspace description of our
mechanics. To generalize the superspace approach
developed in [20,21] clearly one will have to find new
superspace irreducibility constraints for the (1,4,3) super-
multiplets which are covariant under general coordinate
transformations in the target space. A related task is to

understand how the real target-space Kihler metric which
necessarily appears in the superspace approach [20,21] is
related with our component Hamiltonian description. These
tasks will be considered elsewhere.
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