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Abstract. We survey a new approach to the duality-invariant systems of nonlinear
electrodynamics, based on introducing auxiliary bi-spinor fields. In this approach, the entire
information about the given self-dual system is encoded in the U(1) invariant interaction of
the auxiliary fields, while the standard self-dual Lagrangians appear on shell as a result of
eliminating auxiliary fields by their equations of motion. Starting from the simplest U(1) duality,
we show how this approach can be generalized to the U(N) duality (with N independent Maxwell
field strengths), as well as to self-dual systems of A/ = 1 supersymmetric electrodynamics. Also,
it works perfectly for self-dual systems with higher derivatives in the action.

1. Motivations

U(N) duality invariance is on-shell symmetry of a wide class of the nonlinear electrodynamics
models including the renowned Born-Infeld theory [1]-[6]. It is a generalization of the well known
O(2) symmetry between the free Maxwell equations of motion (EOM) and Bianchi identities for
Fon = OmAn — On A, Frun = lemnqupq:

2
EOM : 0" Fpp =0 — Bianchi : 0™ Fp, =0, (1)
8 Fn = —wFpn, 8 Fyn = wFpn - (2)

In the nonlinear case with the general Lagrangian L(F') the dual field strength is defined as

OL(F
Pon = _281.7‘(771737

and egs. (1), (2) generalize to

EOM : 0™P,,, =0 — Bianchi : ™ Fy,, =0, (3)
0Pmn = _Wany 5an =wPpyy. (4)

Since P, is a function of F,,, the self-consistency condition (the so called self-duality condition
[1, 2]) should be also imposed: } .
PP+ FF=0. (5)

In the case of N Maxwell strengths the O(2) (U(1)) duality group is enhanced to U(N).
Recently, there was a rebirth of interest in the duality-invariant theories and their
superextensions [7]-[12], mainly due to the hypothesis that the generalized duality symmetries at
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quantum level can play the decisive role in proving the conjectured UV finiteness of N' = 8,4D
supergravity. Keeping this in mind, new efficient general methods for treating duality invariant
theories and their supersymmetric extensions are urgently needed.

A decade ago, two of us proposed a new general formulation of the duality invariant theories
which exploits the tensorial (bispinor) auxiliary fields [13]-[15]. In this approach, the U(N)
duality is realized as the linear off-shell symmetry of the nonlinear interaction constructed out
of the auxiliary fields. The self-duality constraint (5) is also linearized. In the U(1) case the
problem of restoring the nonlinear electrodynamics action by the auxiliary interaction is reduced
to solving some algebraic equations. On the contrary, in the standard approach, while restoring
the Lagrangian as a solution of the constraint (5), one needs to solve differential equations.

We realized that some methods recently invented for the systematic construction of various
duality invariant systems in [9]-[11] are in fact completely equivalent to our 10-years old ap-
proach just mentioned. This motivated us to return to the original formulation in order to see
how the latest developments in the duality area can be ascribed into its framework [16, 17].
Supersymmetrization of the approach with auxiliary bispinor fields was undertaken in [18, 19].

The present talk is a brief comprehensive review of all these issues.

2. The standard setting
We will make use of the bispinor formalism:

Fon = (Fap, Fu), 0=F¥F.g, ¢:=F"YF,,
_ 1 _ ; _
L(g, ) = —5(p + ) + L™ (0, ¢) (6)

In this notation, the EOM and Bianchi identities read:

. - . OL
OO, 5(F) — 03 Pap(F) =0, O5F,;—0Fag =0, Pag= ol (7)
The O(2) duality transformations are realized as
duFop = wPyg, dwPap = —wF,3. (8)

The self-consistency constraint and the Gaillard-Zumino (GZ) representation for L are:
FopF? + PygP®P —cc=0 & ¢—¢—4[p(Ly)* — @(Ly)?* =0,
L = S(PF ~ PF) +1(p,¢), d.1(p.%) =0. (9)
The GZ representation (9) does not give any explicit recipe how to determine the unknown U (1)

duality-invariant function I(p, ¢) and so how to restore the whole lagrangian L*?. Our approach
with the auxiliary tensorial fields provides an answer to this key question.

3. Formulation with bispinor auxiliary fields

We introduce the auxiliary unconstrained fields V, 3 and Va 3 and write the extended Lagrangian
in the (F,V)-representation as

L(V,F) = Lo(V. F) + E(w,5), LoV, F) = %(<p+s5) bvbT—2(V-F4+V-F),  (10)
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where v = V2, 7 = V2. Here Lo(V, F) is the bilinear part only through which the Maxwell
field strength enters the action and F(v,7) is the nonlinear interaction involving only auxiliary
fields.

Dynamical equations of motion

5P, 5(V.F) — 04 Pag(V,F) =0, Pag(F,V) = i(w = i(Fag —2Vag),  (11)
together with Bianchi identity, are covariant under O(2) transformations
Wap = —iwVyg, 0Fu3 = iw(Fog — 2Vap), 0V = —2iwv. (12)
The algebraic equation of motion for Vg,
Fog=Vag + %% =Vas(1+E,), (13)
is O(2) covariant if and only if the proper constraint holds:
vE,—VvE; =0 = E@rv)=E&), a:=vv. (14)

The meaning of this constraint is that E(v,7) should be O(2) invariant function of the
auxiliary tensor variables:

0wE = 2iw(vE; —vE,) =0. (15)
This is none other than the self-duality constraint in the new setting:
F’4+P?-F?-P’=0 & vE,—vE,=0. (16)

The auxiliary equation can be now written as
Faﬁ - Vaﬁ = Vaﬁﬂgl. (17)
It serves to express Vg, Va 3 in terms of Fg, Fa e

Vas(F) = FasGl, @), Glg,9) = 5~ Ly = (14 7€) (13)

After substituting these expressions back into £ we obtain the corresponding self-dual
Lagrangian L*(p, @)
1 (¢ + @)(1 —a&2) + 8aE3

LSd((pv@) = E(V(F)aF) = D) 1+ a&2 + g(a)v (19)

where a is related to ¢, @ by the algebraic equation
(1+a€3)’pp = al(p + @)€a + (1 — all)? . (20)

The invariant GZ function is now represented as I(¢, ¢) = £(a) — 2a&,, a = v(p, @)v(p, ).

To summarize, all O(2) duality-symmetric systems of nonlinear electrodynamics without
derivatives on the field strengths are parametrized by the O(2) invariant off-shell interaction
E(a) which is a function of the real quartic combination of the auxiliary fields. This universality
is the basic advantage of the approach with tensorial auxiliary fields. The problem of construct-
ing O(2) duality-symmetric systems is reduced to choosing one or another specific £(a). As
distinct from other existing approaches to solving the self-duality constraint, our approach uses
the algebraic equations instead of the differential ones and automatically yields the Lagrangians
L*(p, @) which are analytic at ¢ = @ = 0.

After passing to the tensorial notation, our basic auxiliary field equation (proposed ten years
ago) precisely coincides with what was recently called “nonlinear twisted self-duality constraint”
[9]-[11], and £(a) with what is called there “duality invariant source of deformation”.
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4. Alternative auxiliary field representation

One of the advantages of our approach is the possibility to choose some other auxiliary field
formulations which sometimes prove to be simpler technically. It is convenient, e.g., to deal with
the auxiliary complex variables p and [ related to v and v by Legendre transformation

p:=~E, E-vE,—vE;, :=H(up), v=-H, FE=H—puH,— iHy. (21)
Under the O(2) duality d,pu = 2iw p, dpfi = —2iw i, SO
H(p, jp) = I(b), b= pp.

The basic relations of this formalism are

S — 1 _ 1_b
Ld(Wp)=—§(so+so+4blb)m+f(b),

(b+1)>0p =blp+¢— L(b—1)’]. (22)

These relations can be reproduced by eliminating 1 and f as independent scalar auxiliary fields
from the off-shell Lagrangian

; on=1) | o(a-1)
2

Yet there even exists a combined tensor - scalar auxiliary field “master” formulation which
enables to establish relations between different equivalent off-shell descriptions of the same
duality-invariant system:

L(F,V,p) = %(FQ +F?) = 2(VF) = (VF) + V*(1 4 p) + (L + p)V? + I(ufa) (24)
5. Examples

I. Born - Infeld. This model has a simpler description in the p (or b) representation:

A

(b-1)2
The equation for computing b becomes quadratic:
ol + 1200 — (p+ 9 +2))b+pp=0 =

b= [2(1 +C;l)¢_f¢+¢]2 , Qlp) = \/1 +o+o+(1/4)(p—p)2. (26)

After substituting this solution into the general formula for L*%(¢, ) the standard BI Lagrangian
is recovered

LA p,@) =11+ o+ o+ (1/4)(p—p)2. (27)

IT. The simplest interaction (SI) model. This model is the simplest example of the auxiliary
interaction generating the non-polynomial self-dual electromagnetic Lagrangian. The relevant
interaction in both v and p representations are linear functions

1
—a, ISI(b):—Qb, a=vv, b=pun. (28)

gS’I(a) — 5
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Despite such a simple off-shell form of the auxiliary interaction, it is difficult to find a closed
on-shell form of the nonlinear Lagrangian L' (¢, ), since the algebraic equations relating a (or
b) to ¢, ¢ are of the 5-th order. E.g.,

(b+1)°pp=blp+@+2(b—1)*]*.

Nevertheless, it is straightforward to solve these equations as infinite series in b or a and then
to restore L3 (p, @) to any order. Up to 10-th order in F, F:

B 1 _ _ B B _ _
L (p,p) = —5 (P +@) +e108 — el (P*F + 9@%) + el (9*F + 93")
+4e30° @ — el ('@ + p@") — 10e1(V*@* + *@%) + O(F'?). (29)

Here ¢; = %

6. Systems with higher derivatives
The nonlinear electromagnetic Lagrangians with higher derivatives are functions of the variables

F, OnF, 0mO,F, 0nono.F ...

and their complex conjugates. The higher-derivative Lagrangians in the explicit form involve
various scalar combinations of these variables, e.g.,

F2%, (0™FO,F), (0™F%,,F%, (FOVF),....

It is known that the higher-derivative generalizations of the duality-invariant Lagrangians
contain all orders of derivatives of Foz and F 4 [9].
In our formulation the generalized self-dual Lagrangian is

L(F,V,0V)=Ly+E(V,0V), (30)

where Lo is the same “free” bilinear part as before and £(V,0V) is the O(2) invariant self-
interaction which can now involve any Lorentz invariant combinations of the tensorial auxiliary
fields and their derivatives. In order to avoid non-localities and ghosts, it is reasonable to assume
that £(V,0V) contains no terms bilinear in V, V, i.e. that the extra derivatives appear only at
the interaction level.

The equations of motion for this Lagrangian contain the Lagrange derivative of £

1 A€

O(F = 2V)ag + 05 (F = 2V);5 =0, Fap=Vas+ 5 577as (31)

This set of equations together with the Bianchi identity for F, F is covariant under the O(2)
duality transformations, provided that £(V,0V) is O(2) invariant,

5. E(V,0V) = 0.

An analog of the condition (5) is the vanishing of the integral

AE

/d4x[P2(F, V)+ F? = PF,V)=F* =0, Pag =i

and this again amounts to the O(2) invariance of £(V,0V).
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Due to the property that the derivatives appear only in the interaction, one can solve the
auxiliary field equations for Vg,V 3 by recursions, like in the case without derivatives, and to

finally obtain L*¢(F,0F) as a series expansion to any order in derivatives and the field strengths.

Some examples. As the first example we consider

Lo om o A |
Ep) = 37 + OO, N 2Vop[l + 37 cOv). (33)

The auxiliary field equation is:
1_ _
Fop =Vop(1+ o7~ cdp). (34)

Its perturbative solution is given by:

1

Vogﬂ) = Fap,
1_ N

UAZE ap(50 = Jp),

(5) 1 1 _ 1 _ 1 B
Vag = Fasl5o(50 — o) + (50 — p) — c(Up) (50 — Lp)

~2lp(ge - )}, ete,
N 1 I S BV o
L(F,0"F) = —5(90+s0)+§w—1<p iaa + 0" PO @
+ cp@[(Op) + (Op)] — *e(0p)* — @(0p)* + O(F*). (35)

This model can be regarded as the “minimal” higher-derivative deformation of the SI model
(the latter is recovered at ¢ = 0).
As the second example, we consider

Ey =7(0"VI"V) (O VOV, (36)

where 7 is a coupling constant and brackets denote traces with respect to the SL(2,C) indices.
The auxiliary field equation reads:

Fog = Vg — 10" [0"Vas (0mV - 0,7 . (37)
The perturbative solution is given by:

VY = Fus, V) =10™ [0"Fap(0nF - 0 F)],  etc.

The Lagrangian in the F-representation involves higher derivatives, starting from the sixth order
in fields

LO = (vOVE)) — oy (VB0 F) (0 FO,F) + (VO™ F)0™ (0, FORF)] + c.c..  (38)
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7. U(N) case
The standard setting. The starting point is the nonlinear Lagrangian with N abelian gauge
field strengths

_ 1 _ - .
L(F", F') = =S [(F*F*) + (F*F)] + L™ (oM, ¢1), (39)
oMl = oIk = (FRply | gkl = (FRfL)
It is chosen to be invariant off shell under O(N) transformations
k kl gl mk kl ik kl lk
delag =& P, 55Fa/j’:§ Flo, &0 =-¢7, (40)
where ¢% = —¢Fl are the corresponding group parameters. The nonlinear equations of motion

5 . 0L
Egd = 3gP§B(F) - agpolfﬁ(F) =0, Poljﬁ(F) = Zapkaﬁ )

together with the Bianchi identities
k 3 ik k
Bl = 00FY, — 05Fa5 =0,
are on-shell covariant under the U(N) duality transformations
OnFap =n"Pag, SnFag=-—n"Fog, ' =", (41)

where ¥l = n’* are $N(N + 1) real parameters completing O(N) to U(N), provided that the
appropriate generalized self-duality consistency conditions hold:

(PEPY + (FFFY —cc. =0, (FFPY — (F'P*) —c.c. =0. (42)

The (F,V) representation. An U(N) analog of the Lagrangian (10) is [17]

LFF VR = Lo(FF VR + BOM M), oM = (vRvY oM = (VR0 (43)
LaFHVE) = SIFRFY) + (P = 2(FAVY) 4 (F79)
+ (VEVE) £ (VFVE). (44)

The U(N)/O(N) duality transformations are implemented as
OnFhg =" Pag = if" (F' =2V ag,  6,Phs = —n"Fog. (45)

For the whole set of equations of motion to be U(NN) duality invariant, the interaction E(v*!, 7*)
should be U(N) invariant:

EWr oY) = £(Ay,..., Ay), Ay =Mk (46)
The algebraic equations of the U(/N) duality-invariant models are
= — Skl o€
k k kly /1 k k kly/l kl

These equations of motion are equivalent to the general “nonlinear twisted self-duality
constraints”. Solving them, e.g., by recursions, we can restore the whole nonlinear U(N) duality
invariant action by the invariant interaction £(Aq,... , Ax). The duality invariant actions with
higher derivatives can be constructed by the U (V) invariant interaction involving derivatives of
the auxiliary tensorial fields, like in the U(1) case.
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8. Auxiliary superfields in N'=1 electrodynamics
The superfield action of nonlinear N' = 1 electrodynamics can be written as:

1 R | _
S(W) = 4/d6g“w2 + 4/d6CW2 - 4/d82 W2W2A(w, @,9,9) (48)
w = éDQV_V2 , W= éDQW2 , y = DW, = DyW*.

Here, W, (z, 0., ég) = %(Umﬁn)ganeﬁ—GaD—k. .. ,is the spinor chiral N' = 1 Maxwell superfield
strength (DgW, = 0, DW,, = DyW?).

The on-shell U(1) duality rotations and the A/ = 1 analog of the self-duality constraint read
3]

5S
Y Sl
Yswe

Im / ¢ W+ M*) =0. (50)

Wy = wM,(W, W), My =—wWs M, := (49)

The N = 1, U(1) duality is the symmetry between the superfield equations of motion and
Bianchi identity [3]:

DMy, — DsM®* =0 & D°W,—DgW®=0. (51)

How to supersymmetrize the bispinor formulation? The basic idea [18, 19] is to embed
tensorial auxiliary fields into chiral auxiliary superfields

Vas(z) = Ua(2,0,0) = va(z) + 0°Vos(z) + ..., DiUd(x,0,0) =0 (52)

(similarly, for the NV = 2 case).
We make the substitution S(W) — S(W,U), with [19]

1 1
S(W,U) = /dﬁg <UW — 5U2 — 4W2> +c.c.

1 _
+4/d82 UU%E(u,,9,7), (53)
j - 1
u= gD2U2, o= §D2U2, g = DU, .

The duality-invariant N' = 1 systems amount to the special choice of the interaction in (53) as
U(1) invariant one

Einy = F(B,A,C)+ F(B,A,C), A:=uu, C:=gg, B:=ug*, B:=1ug?. (54)

One can also define the M -representation of the self-dual A/ = 1 systems as a generalization
of the u representation of the bosonic systems. The corresponding superfield action is as follows

1 1
S(W,U,M) = /dﬁg (UW — 5U2 — 4W2> + c.c. + Sie (W, U, M), (55)

Sint(W,U, M) = i / 4z (UM + U*M) + MM J (m,m)] . (56)
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Here m = %DQM, m = %DQM and M is a complex general scalar N' = 1 superfield. The
duality transformations are realized as

oM = 2iwM , 6M = —2iwM, 6&m=2iwm, om = 2iwm. (57)
The duality invariant systems correspond to the choice

J(m,m) = Jimo(B), B :=mim.

Example [19]. N' =1 Born-Infeld theory:

(BD(p) = 2 (58)

J, 51

inv
This should be compared with the standard W, W representation of the same theory [20]

Br 1 - - 1o 1
St = 3 /dg"’ WA (w, @), w=D*W?, &= SD*W?,
-1

APBD (w, w) = 1+;(w+w)+\/1+(w+u‘;)+(w—w)2

9. Summary and outlook
e All duality invariant systems of nonlinear electrodynamics (including those with higher
derivatives) admit an off-shell formulation with the auxiliary bispinor (tensorial) fields.
These fields are fully unconstrained off shell, there is no need to express them through any
secondary gauge potentials, etc.

e The full information about the given duality invariant system is encoded in the O(2)
invariant interaction function which depends only on the auxiliary fields (or also on their
derivatives) and can be chosen at will. In many cases it looks much simpler compared to
the final action written in terms of the Maxwell field strengths.

e The renowned nonlinear self-duality constraint is linearized in the new formulation and
becomes just the requirement of O(2) invariance of the auxiliary interaction. The O(2)
(and, in fact, U(N) [17]) duality transformations are linearly realized off shell.

e The basic algebraic equations eliminating the auxiliary tensor fields are equivalent to the
recently employed “nonlinear twisted self-duality constraints”. In our approach this sort
of conditions appear as equations of motion corresponding to the well defined off-shell
Lagrangian.

10. Some further lines of development
e (a) The full construction and exploration of extensions to N' = 1, N/ = 2, ... supersymmetric
duality systems, including the most interesting supersymmetric Born-Infeld theories, in both
flat and supergravity backgrounds, as a further development of the study in [18, 19].

e (b) Adding, in a self-consistent way, scalar and other fields into the auxiliary tensorial
field formulation: U(1) duality group = SL(2,R) [2]. One adds two scalar fields, axion
and dilaton & and Sa, which support a nonlinear realization of SL(2, R), and properly
generalizes the self-dual Lagrangian in the (F,V)-representation. The corresponding
equations of motion together with Bianchi identity exhibit SL(2, R) duality invariance.
Similarly, U(N) duality can be extended to Sp(2N,R) via coupling to the coset
Sp(2N, R)/U(N) fields. Supersymmetric versions of this new setting for generalized self-
duality can also be constructed.
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e (c) The formulation presented suggests a new look at the duality invariant systems: in both
the classical and the quantum cases not to eliminate the tensorial auxiliary fields by their
equations of motion, but to deal with the off-shell actions at all intermediate steps. In
many cases, the interaction looks much simpler when the auxiliary fields are retained in
the action. In this connection, recall the off-shell superfield approach in supersymmetric
theories, which in many cases radically facilitates the quantum calculations and unveils the
intrinsic geometric properties of the corresponding theories without any need to pass on
shell by eliminating the auxiliary fields (at least until the final step of calculating S matrix,
etc). It is worth recalling that the tensorial auxiliary fields have originally appeared just
within an off-shell superfield formulation, that of N' = 3 supersymmetric Born-Infeld theory
[13].

Acknowledgments
We acknowledge a support from a grant of the Heisenberg-Landau Program, from the RFBR
grants Nr. 12-02-00517, Nr. 13-02-91330 and the grant DFG LE 838/12-1. E.I. thanks
the organizers of the conference ISQS’2013 for inviting him to present this talk and for kind
hospitality in Prague.

References
[1] Gaillard M K and Zumino B 1981 Nucl. Phys. B 193 221
] Gibbons G W and Rasheed D A 1995 Nucl. Phys. B 454 185 ( Preprint hep-th/9506035)
| Kuzenko S M and Theisen S 2001 Fortsch. Phys. 49 273 (Preprint hep-th/0007231)
] Hatsuda M et al 1999 Nucl. Phys. B 561 341 (Preprint hep-th/9906103)
[5] Bekaert X and Cucu S 2001 Nucl. Phys. B 610 433 (Preprint hep-th/0104048)
| Aschieri P et al 2008 Riv. Nuovo Cim. 31 625 (Preprint arXiv:0807.4039 [hep-th])
] Bossard G et al 2010 JHEP 1012 052 (Preprint arXiv:1007.5472 [hep-th])
] Kallosh R 2012 JHEP 1203 083 (Preprint arXiv:1103.4115 [hep-th])
Kallosh R 2011 JHEP 1106 073 (Preprint arXiv:1104.5480 [hep-th])
[9] Bossard G and Nicolai H 2011 JHEP 1108 074 (Preprint arXiv:1105.1273 [hep-th])
0] Carrasco J J M et al 2012 Phys. Rev. D 85 025007 (Preprint arXiv:1108.4390 [hep-th])
1] Chemissany W et al 2012 Phys. Rev. D 85 046002 (Preprint arXiv:1112.0332 [hep-th])
2] Aschieri P and Ferrara S 2013 JHEP 1305 087 (Preprint arXiv:1302.4737 [hep-th])
3] Ivanov E A and Zupnik B M 2001 Nucl. Phys. B 618 3 (Preprint hep-th/0110074)
4] Ivanov E A and Zupnik B M 2002 New representation for Lagrangians of self-dual nonlinear electrodynamics
(Preprint hep-th/0202203)
[15] Ivanov E A and Zupnik B M 2004 Yadern. Fiz. 67 2212 [Phys. Atom. Nucl. 67 2188] (Preprint hep-
th/0303192)
[16] Ivanov E A and Zupnik B M 2013 Phys. Rev. D 87 065023 (Preprint arXiv:1212.6637 [hep-th])
[17] Ivanov E A and Zupnik B M 2013 Bispinor auxiliary fields in duality-invariant electrodynamics revisited:
The U(N) case (Preprint arXiv:1304.1366 [hep-th])
[18] Kuzenko S M 2013 JHEP 1303 153 (Preprint arXiv:1301.5194 [hep-th])
[19] Ivanov E et al 2013 JHEP 1305 133 (Preprint arXiv:1303.5962 [hep-th])
[20] Cecotti S and Ferrara S 1987 Phys. Lett. B 187 335
Bagger J and Galperin A 1997 Phys. Rev. D 55 1091 (Preprint hep-th/9608177)





