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All digraphs are determined that have the property that when any vertex and any edge
that are not adjacent are deleted, the connectivity number decreases by two.

1. Introduction and notation

Whereas the characterization of all graphs having the property that the deletion of any
two edges decreases the connectivity number by two is rather easy, and well known [6] (see
Section 2), the characterization of all graphs with the analogous property for the deletion
of two vertices instead of two edges seems to be hopeless. So the following idea suggests
itself. A graph or digraph G is called vertex-edge-critically n-connected (abbreviated to
n-ve-critical), if the deletion of any vertex v and any edge e not incident to v decreases the
connectivity number n of G by two (and such v and e exist). If we do not want to specify
the connectivity number, we write vertex-edge-critical or ve-critical. When I determined
the minimum number of 1-factors of a (2/c)-connected graph containing a 1-factor, the
ve-critical graphs played an important role and all ve-critical undirected graphs were
characterized there [2]. It was shown in [2] that every ve-critical undirected graph is
obtained in the following way. For an integer m > 1, take vertex-disjoint circuits of length
m + 2 and vertex-disjoint copies of Km (the complementary graph of the complete graph
Km on m vertices) and take all edges between these vertex-disjoint graphs. We will give
an easier proof of this characterization in Section 3 by using the characterization of all
minimally n-connected graphs with exactly n + 1 vertices of degree n, given in [3]. The
main result of the paper is the characterization of all ve-critical digraphs in Sections 4
and 5: every vertex-edge-critical digraph arises from a vertex-edge-critical undirected graph
by replacing every edge with a pair of oppositely directed edges.

First we will put together our notation and definitions. A (directed) multigraph G =
(V,E) consisting of the vertex set V(G) = V and the edge set £(G) = E may have
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multiple edges, but no loops. A multidigraph is a directed multigraph. The set of edges
between the vertices x and y ( in the directed case, from x to y) in G is denoted by
[x,y]G, and, for X, Y c V(G), [X, Y]G := \Jxex,yeY [x>yh- Distinct edges from [x,y]G are
distinguished by an upper index, for instance [x,y]'. If G is directed and e € [x,y]c then
x is the tail and y is the head of e. The set of edges in G with tail in x (head in x) is
denoted by E+(x;G) (E~(x;G)). A graph has no multiple edges and is undirected and a
directed graph or digraph has no multiple edges of the same direction. For emphasis, we
sometimes say undirected (multi-)graph for (multi-)graph. In a graph or digraph we write
[x,y] for the edge from x to y. An edge [x,y] of a digraph D is symmetric, if [j/,x] e £(D)
also, and asymmetric, otherwise. If every edge of a digraph D is symmetric, we call D
symmetric. In a drawing of a digraph, a pair of symmetric edges is displayed as a line
without an arrow-head. Edges e e [x,y]c and e' € [x',y']G of a directed multigraph G
are consecutive if _y = x' or j / = x holds. For a multigraph G, the directed multigraph G
arises from G by replacing every edge of G with a pair of oppositely directed edges. For
a directed or undirected multigraph G and a positive integer n, G" is constructed from
G by replacing every edge of G with n edges. The dua/ of a digraph D arises from D by
reversing the direction of every edge of D. The vertex number and the edge number of G
are denoted by \G\ and ||G||, respectively. For a vertex set A, we define AnG := AnV(G),
and x € G means x e V(G). For /I £ K(G), the submultigraph of G spanned by A is
G(̂ 4) := G — (V(G) — A). For undirected G and x € G, we use d{x;G) to denote the degree
of x in G, and N(x;G) is the set of neighbours of x in G. For directed G and x e G, we use
d+(x;G) (d~(x;G)) to denote the outdegree (indegree) of x in G, and N+(x;G) (N~(x;G))
is the set of outneighbours (inneighbours) of x in G. For a digraph D and x € D, we
define JV,(x;J>) := N+(x;D) n N~{x;D), A£(x;D) := Ne(x;D)-Ns(x;D) and <£(x;D) :=
|7V^(x;P)| fores {+ , -} , and Aa(D) := max{^(x;D) : x e D and e e {+,-}}. A directed
multigraph D is called n-regular if d+(x;D) = <i~(x;D) = n for every x e £>. If there is
no doubt which graph is meant, we drop it in the above notation. N denotes the set of
positive integers, n is always from N, and Nm := {n e N : n < m) for m > 0.

A path and a circuit in G pass through every vertex of G at most once. If G is
directed, they are continuously directed. For x,y e G, an x,y-path P is a path from
x to y, and for u,v e P such that u is before v on P in the directed case, P[u,v] is
the w,u-path contained in P and P[M,V) := P[u,u] — {v} =: P[u,v] — v. We consider
paths and circuits as subgraphs, but write them as a sequence of their vertices in the
order passed through (for multidigraphs, in the direction of the path or the circuit). We
say that the paths Pi, . . . ,Pn in G cover G if (JI6K,

 V(p>) = K(G) h o l d s - I n a directed
or undirected multigraph G, x, y-paths P, Q are openly disjoint if they are distinct and
V(P) n V(Q) = {x,y} holds. The maximum number of pairwise openly disjoint x,y-
paths in G is denoted by /c(x,j>;G). The connectivity number K(G) of G is defined by
K(G) := min^K^x.^G) for \G\ > 2 and K(G) := \G\ - 1 for \G\ < 1. In an analogous
manner, the edge-connectivity number A(G) is defined by edge-disjoint paths. A directed
or undirected multigraph G is k-minimally n-(edge-Jconnected, for k G N, iff ||G|| > k and,
for all E' £ E(G) with |£' | < k, we have K(G - £') = n - |£'| (/l(G - £') = n - |£'|). For
1-minimally n-connected we say minimally n-connected. Let us make precise the definition
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of ve-criticality: a (di-)graph G is vertex-edge-criticaily n-connected iff K(G) = n > 2, and
for every v € V(G) and e € £(G — v), K(G — v — e) = n — 2 holds.

A s e q u e n c e v{, [vuv\],vi, [i>2,W],i>2, N . ^ I ] , . . - , [vn,vii],thi, [vi,v^] o f ver t ices vi,vf,...,i%
and distinct edges of a digraph D is called an alternating cycle in D. Normally, we
omit the edges in the notation and write vf, JT[, v\, • • •, v^ for an alternating cycle, where
the upper index + at i>,- means that the edges (cyclically) on either side of u, have
their tails in vt. Sometimes we consider an alternating cycle as a subdigraph of D. If
Gi, . . . ,Gn are graphs (digraphs) with K(G;) n V(Gj) = 0 for i =fc j , the graph (digraph)
E"=i G, = Gi + G2 + h Gn is denned as

f n n n (

| J V[Gi), | J £(G,) U (J \[x, y] : x e G, and y e (J K(G,)
l '=1 i=l [ j6N.-{i}

If all Gt are isomorphic, we write nG\ := Y?i=i ^'- ^ Gi, . . . ,Gn are not vertex-disjoint,
we define £" = 1 G, by vertex-disjoint copies of G h . . . , Gn. If G = Hi + H2 and £(Hi) = 0,
we also write G = V(H\) + Hi- For an integer m > 3, Cm denotes an undirected circuit
of length m. For integers m > 3, k > 0, / > 0, the multidigraph D = C^' is denned by
V(D) := N m a n d \[i,i+ l]D\ = k, \[i+l,i]D\ = I for i m o d u l o m.

2. 2-minimally n (-edge )-connected graphs

B. Maurer and P. Slater determined in [6] all 2-minimally ^-connected graphs and all
2-minimally n-edge-connected multigraphs. We give a simpler proof of the latter result,
and show that, in the proof of the former, it is not necessary to use the fact from [1] that
every minimally n-connected graph has at least n + 1 vertices of degree n.

Let G = (V,E).be a 2-minimally n-connected multigraph. Consider any x € V. There
are an e € E incident to x, say, e S [x,_yjG and a system of n openly disjoint x,y-
paths P\,...,Pn. From K(G — e) < n, it easily follows that K(x,y;G) = n by Menger's
Theorem. Hence e G U"=i E(p>)- F o r e v e f y e' e E - {e}, K(G - {e, e'}) = « - 2 holds and
implies K(x,y;G — {e,e'}) = n — 2 by Menger's Theorem. Hence e' e U"=i E(Pi) a n d thus
E = |J"=1 £(P,) and rf(x) = n follow. Hence G is finite and n-regular. If \G\ > 3, there is
a z e F — {x,y}, and z is on exactly one of the paths P\,...,Pn, since £ = U"=i ^(^i)
holds and P\,...,Pn are openly disjoint. Hence £ = (J"=1 £(P,) implies d(z) = 2, and G is
2-regular. So we have somewhat generalized a result from Maurer and Slater.

Theorem 1. [6] The only 2-minimally n-connected multigraphs are K.% and, for n = 2, the
circuits Cm.

Let G = (V,E) now be a 2-minimally n-edge-connected multigraph, and choose x 6 V
and e € [x,y]G as above. Now there are edge-disjoint x,y-paths P\,...,Pn. As above,
£ = U"=1 £(Pj) and d{x) = n follow. Again, G is finite and n-regular. Let us assume
\G\ > 3 and consider z e V — {x,y}. Then every edge incident to z belongs to exactly
one of P\,...,Pn. Hence n is even and exactly n/2 of P\,...,Pn pass through z. Suppose
N(x) = {y,yly...,yk}. Then \G\ > 3 and £ = \JUE(p>) i mP 'y {*,•••,)'*} ^ 0- We
define a directed multigraph D on the vertex set {yi,...,yk}- Every path P, of length
at least 2 generates the following edges of D (and there are no further edges in D):
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if z is the first vertex of Pj after x, then z € {yi,...,y>k} and we add the edges [z,u]>
for all u e (Pj — z)C\ {yi,...,yk}. We prove that D has no circuit. Suppose there is a
circuit in D, and this may have the edges [zi.ui]-",..., [zm,um]im in this cyclic order (hence
u,- = z,+i). By definition of D, j\,...,jm are distinct, since z\,...,zm are. If we replace Py,
with the x,;y-path Pj. := Py,[x,z,-] UP/,_,[Uj_i,y] for i = l , . . . ,m (i modulo m), we get from
P i , . . . , Pn a system P{,..., P'n of edge-disjoint x, y-paths in G. But (JLi E(p!) S U"=i £ ( f . )
holds, contradicting the remarks above. Hence D is acyclic and there is a z e V(D) with
d~(z;D) = 0. This means that all the n/2 paths P, containing z have £(P,) n [x,z]G ^ 0.
But this implies |[x,z]c\ = n/2. Considering an e' € [x,z]c instead of e, we get, in the
same way, a vertex z' ^ z with |[x, z']c| = n/2. Since G is n-regular and finite, we get
G = C?L . The following theorem summarizes what we have proved.

Theorem 2. [6] The only 2-minimally n-edge-connected multigraphs are K.% and, for even

n > 4, also C£/2.

Obviously, the deletion of two consecutive edges of a digraph cannot decrease the
connectivity number or edge-connectivity number by two (cf. [6]). So it is natural to
consider only the deletion of non-consecutive edges in a digraph. Let us call a multidigraph
D weakly 2-minimally n-connected (weakly 2-minimally n-edge-connected), if K(D) — n>2
(X(D) = n > 2), but for all non-consecutive e\ ^ ej from E(D), we have K{D — {ei,ei}) =
n-2(A(D-{eue2}) = n-2).

Let D = (V, E) be a weakly 2-minimally n-connected multigraph. Choosing [x, y]D ^ 0
and openly disjoint x,_y-paths P\,...,Pn, we conclude, as above, E — (£~(x) U E+(y)) £
U"=i ^(-fi)- Hence D is n-regular and finite. Let us assume \D\ > 3. Then D has no multiple
edges, since D is n-regular and K(D) — n > 2. Since only one edge of |J"=1 £(P,) has its
head in z e V — {x,y}, we get n = 2 and [y,z] € E for all z e V — {x,y}. Now D = K 3

follows easily.

Theorem Id. The only weakly 2-minimally n-connected multidigraphs are

K$ and K3 for n = 2.

Let us now consider a weakly 2-minimally n-edge-connected multidigraph D = (V,E).
If [x,y\D + 0 and Pi , . . . ,P n are edge-disjoint x,y-paths, £ - ( £ - ( X ) U £ + ( J 0 ) s ULi E(P,)
follows as above. Hence D is n-regular and finite. Put m := maxx,y6i/ |[x,y]Dl and choose
x,y € V such that m = |[X,)>]D| holds. If N+(x) = {y} holds, then m = n and E — (E~(x)L)
£+(x)) £ [x,_y]D. But this implies D = K^ or D = C"'°. So we assume |N+(x)| > 2.
Let P\,...,Pn be edge-disjoint x,y-paths. As in the proof of Theorem 2, we find a z e
N+(x) - {y} such that z e P,- implies [x,z]D n£(P,) j= 0. Set /c := \{i e N n : z e P,}|. Since
z € N+(x) and d+(x) = n, we have fc = |[x,z]D| > 1. Since £ - ( £ - ( x ) u £ + ( y ) ) £ U"=i E(pt)
and d~(z) = n, we conclude |[y,z]D| = n — k. Since m + fc < d+(x) = n and n — k < m
by choice of m, it follows that n — k = m. Since £ — (£~(x) U £+(z)) is contained in
the n-edge-disjoint x,z-paths of D({x,y,z}), we conclude E~(y) — [x,_y]o = [z,y]o and
£+(y) — LV,Z]D = [y,^]o, hence |[z,.y]Dl = k = \\y,x]D\. Furthermore, \D\ = 3 follows,
since D is n-regular and k > 1. So D = C^k, and we have proved the following theorem.
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Theorem 2d. The only weakly 2-minimally n-edge-connected multidigraphs areK\ and C3'"~
for k G Nn.

3. Vertex-edge-critical undirected graphs

First we will deduce some common properties of undirected and directed ve-critical
graphs. Subsequently, we will determine all ve-critical undirected graphs.

Let G = (V,E) be an n-ve-critical graph or digraph. Consider an edge e = [x,y] e E
and openly disjoint x,y-paths P\,...,Pn in G. For v € V — {x,y), K(G — v — e) = n — 2
by assumption, hence K(X,y,G — v — e) = n — 2 follows easily from Menger's Theorem.
But this implies v e (J"=i v(pi)> hence V = (JjLi V(Pi) and G is finite. On the other hand,
if for every edge [x,y] of a graph or digraph G with K(G) = n > 2, every system of n
openly disjoint x, y-paths covers G, obviously G is n-ve-critical. We state this equivalence
formally.

Lemma I. A graph or digraph G with K(G) = n > 2 is n-ve-critical, iff for every edge [x,y]
of G, every system of openly disjoint x,y-paths P\,...,Pn covers G.

From this, the following property is easily deduced.

Lemma 2. Every n-ve-critical graph or digraph is finite and n-regular.

Proof. It remains to show that an n-ve-critical G is n-regular. Consider an edge [x,y]
of G and openly disjoint x,y-paths Pi,...,Pn in G. Suppose there is an edge [x,z] in G
that is not on any P,-. Since P1,...,Pn cover G by Lemma 1, there is a P, containing z,
say, z € Pn. Then the openly disjoint x,y-paths Pi,...,Pn_i,P,J, where P'n := x,Pn[z,y], do
not cover G, contradicting Lemma 1. Hence d(x) = n or d+(x) = n, respectively, and G is
n-regular. D

If we delete a vertex v from an n-ve-critical graph or digraph G, then G — v is minimally
(n — l)-connected. So one can apply the results on minimally n-connected graphs and
digraphs. By Lemma 2, G — v has exactly n vertices of degree n — 1 or n vertices of
outdegree n — 1 and n vertices of indegree n — 1, respectively. On the other hand, it is well
known [1] that a minimally (n — l)-connected graph has at least n vertices of degree n — 1,
and in [3] even a characterization of all minimally (n — l)-connected graphs containing
exactly n vertices of degree n — 1 was obtained. This permits a straightforward proof of
the characterization theorem on n-ve-critical undirected graphs, which was first proved in
[2] using the fact known from [1] that every circuit in a minimally n-connected graph
contains a vertex of degree n. First, we state the above mentioned result for minimally
n-connected graphs.

Theorem A. [3] For n>2, all minimally n-connected graphs containing exactly n + 1 vertices
of degree n are obtained in the following way.

(a) For an integer m e N n U {0}, let H be an (n — m)-regular, (n — m)-connected graph on
n + 1 vertices. Then Km + H is minimally n-connected, containing exactly n + 1 vertices
of degree n.
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(b) For an integer m with 4 < m < n, let H be an (n—m)-regular, (n—m)-connected graph on
n— 1 vertices, and let P be a path with \P\ =m. Then P + H is minimally n-connected,
containing exactly n + 1 vertices of degree n.

For characterizing all ve-critical graphs, we need a further lemma.

Lemma 3. / / G + H is a non-complete, ve-critical, undirected or directed graph, H is ve-
critical or \\H\\ = 0.

Proof. Set n := K(G + H) and m := n — \G\. Using Lemma 2, we see that H is m-regular
and m-connected. We assume | |H|| > 0. Then tc(H) = m > 0 holds. Suppose m = 1 and
consider an edge [x, y] e E(H) =£ 0. There are n openly disjoint x,y-paths in G+H({x, v}).
This implies \G + H\ = n + l by Lemma 1, hence G + H is complete. This contradiction
shows K(H) > 2. Since for e e E(H), every separating vertex set S of (G + H) — e with
\S\ = n — 1 must contain V(G), it is easy to see that H is ve-critical, since G + H is. •

Without difficulty, we now get the following result.

Theorem 3. [2] The vertex-edge-critical graphs are exactly the graphs Gm^\ := kKm+lCm+2,
where m> \,k,l are non-negative integers such that K(Gm>jy) > 2 holds.

Proof. Suppose G is a ve-critical graph of the form YM=I Km, + Zw=i Cn; with m, e N.
Since G is regular by Lemma 2, we get immediately that m\ = mi = • • • = m^ and
m = m • • • = «/ and «i = mi + 2, if k > 0 and I > 0. This implies G = Gmi)jy. On the
other hand, it is easy to check that the graphs Gm^i with K(Gm^i) > 2 are ve-critical. So it
remains to show that every ve-critical graph has the form J2Kmi + ^2Cnj. We will prove
this by induction on the connectivity number.

Let G be an (n + l)-ve-critical graph. If n = 1, then G is a circuit by Lemma 2. So
suppose n > 2 and choose v G V(G). Then G —1> is minimally n-connected and has
exactly n + l vertices of degree n, namely N(v; G). So G — v has the structure described
in Theorem A. If G — v = Km + H, as in case (a) of Theorem A, then G = Km+\ + H,
where V(Km+i) = V(Km)U {v}. If G is complete or | |H|| = 0, then G has the form wanted.
Otherwise, Lemma 3 implies that H is ve-critical, and hence, by the induction hypothesis,
H has the form Y,Km, + 13 Cnr and hence G does as well. If G — v = P + H, as in case
(b) of Theorem A, then G = C + H, where C is a circuit containing v with the property
C —1> = P. By an application of Lemma 3 and the induction hypothesis as in case (a),
the proof is complete. •

4. Vertex-edge-critical directed graphs: introduction and preliminaries.

Of course, every n-ve-critical graph G provides an n-ve-critical digraph G. The aim of this
paper is to show that we get every ve-critical digraph in this way, i.e., that every ve-critical
digraph is symmetric. With regard to Theorem 3, we will then have proved the following
theorem.

Theorem 4. The vertex-edge-critical digraphs are exactly the digraphs G^,/ with
K(GmXI) > 2.
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The proof of this theorem cannot be based on an analogue of Theorem A: only recently
[5], I have shown that every minimally n-connected digraph has at least n + 1 vertices of
outdegree n (that there are at least n such vertices was known before from [4]), but at the
moment there is no hope to characterize all minimally n-connected digraphs containing
exactly n + 1 vertices of outdegree n and n + 1 vertices of indegree n. However, there is
an analogue in the directed case to the fact that a minimally n-connected graph does not
contain a circuit consisting only of vertices of degree exceeding n, which we will state
now.

Let D = (V, £) be a minimally n-connected digraph. Let Do be the subdigraph of D
given by V(D0) := {v G V : d+{v;D) > n or d.-(v;D) > n) and E(D0) := {[x,y] G E :
d+(x;D) > n and d~(y;D) > n). It was proved in [4] that Do has no alternating cycle.

Theorem B. [4] For every minimally n-connected digraph D, Do does not contain an alter-
nating cycle.

To every digraph D, we let correspond a bipartite undirected graph D as follows: take
vertices x' j= x" for every x e V(D) so that {x',x"} n {/ , / '} = 0 holds for x =£ y, and
define D by V(D) := \JxeD{x',x"} and £(D) := {[x',y"] : [x,y] e £(D)}. The following
equivalence is easily seen and was shown in [4].

Lemma C. [4] A digraph D does not have an alternating cycle iff D is a forest.

In the following, D = (V,E) always denotes an n-ve-critical digraph containing an
asymmetric edge that has a minimum number of vertices. Our aim is to show that
such a digraph cannot exist. By Lemma 2, D is finite and n-regular and |D| > n + 2
holds. Since the dual digraph of a ve-critical digraph is ve-critical again, for every result
on D, there is a dual one, which we will use, but, in general, not state explicitly. For
x e V, H := D — x is minimally (n — l)-connected. So Ho and Ho are defined, and we
set Dx := Ho and Fx := Ho - ( { / ' : y e N+(x)} U {/ : y e N~(x)}). Defining R(x) :=
V-(N+(x)UN-(x)u{x}), we observe Dx = (V-(Ns(x)v{x}), [N+(x)UR(x), R(x)UN;(x)]D),
since D is n-regular. Furthermore, Fx has the partition F'x := {/ : y € iV+(x) U R(x)},
Fx := {y" : y e R(x)L)N~(x)} into independent vertex sets. Since D is n-regular by Lemma
2, we have d+(x) = d~(x) =: da(x), and hence \F'X\ = |F£'|. By Theorem B and Lemma C,
Fx is a forest. Theorem B implies the following important properties of D.

Lemma 4.

(a) If a\,H\,02, ...,ak is an alternating cycle ofD, then for every x e V — {ai,...,ak}, there
is an i € IN* such that [a,-, x] e E or [x, a,] G £ no/ds.

(b) / / z g N+(x)UN+(y)for distinct x,y,z e V, then \N+(z)nN+(x)nN+(y)\ > |JV+(x)D
N+(y)\ - 1.

Proof, (a) If [a,,x] £ £ and [x,5(] £ £ holds for all i e Nfc, then a,",Si,...,a/t is an
alternating cycle in Dx, contradicting Theorem B.

(b) For u ̂  v in N+(x) n N+(y), x+, u, y+, v is an alternating cycle in D. If z ^ N+(x) U
N+0>)u{x,.y}, we get [z,u] G £ or [z,u] e £ by (a). This implies \N+(z)nN+(x)C\N+(y)\ >
\N+(x)nN+(y)\-l. D
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Lemma 5. For all vertices x =f= y of D, the following statements are true:

(a) if [x, y] G E, then \N+(x) n N~(y)\ <n~2;
(b) if [x, y] G E, then \N+(x) n N+(y)\ < n - 2;
(c) N+(x)

Proof, (a) Suppose [x,y] G £ and \N+(x) D N~(y)\ > n - 1. Then there are « openly
disjoint x,y-paths in D(N+(x)U{x}). These paths cover D by Lemma 1, which implies the
contradiction |D| = n + 1.
(b) Suppose [x,y] G £ and \N+(x)C\N+{y)\ > n-\. Let z be the element of N+(y)-N+{x).
Suppose z ^ x, and consider a system of n openly disjoint _y,z-paths in D. Obviously,
these paths cannot contain x. So Lemma 1 implies z = x. But then S := N+(x) — {y} =
N+(y) — {x} with \S\ = n — 1 is separating, since \D\ > n + 2 holds. This contradiction
proves (b).
(c) We suppose there are vertices x ^ y in D with N+(x) = N+(y) =: N. For z G
V - (N U {x,y}), we get |N+(z) n AF| > n - 1 by Lemma 4 (b). Hence (b) implies
[z,x] ^ £ and [z,y] £ E and, therefore, N~(x) — N = N~(y) holds. Suppose there
is an edge [z,z] G E(D — (N U {x,y})) and consider n openly disjoint z,z-paths in D.
Since \N+(z) nN\ > n— I and AT+(x) = N+(y) = N, these paths cannot contain both
the vertices x and y. So Lemma 1 implies ||D — {N U {x,;y})|| = 0. In particular, for
z G V — (N U {x,y}), we get N+(z) = N and so also N~(z) = N. Altogether, we have
shown D = (V-N) + D(N). Hence ||D(A0H = 0 holds or D(N) is ve-critical by Lemma 3.
If 11 D(AT) 11 = 0 holds, D is symmetric, contrary to our assumption. So D(N) is ve-critical.
But then D(N) is symmetric by choice of D as a minimal counterexample, hence D is
symmetric as well. This contradiction proves (c). •

Lemma 5 (a) and (b) mean that for every x G V, the maximum outdegree and maximum
indegree of D(Ar+(x)) are at most n — 2, and, dually, the same holds for D(N~(x)). We
now deduce some properties of Fx from Lemma 5.

Lemma 6.

(a) For every v G Fx, d(v;Fx) > 1 and for every v G Fx-\JyeR{x){y',y"}, d(v;Fx) > 2 holds.
(b) For F = F'xand F = F^, \{v G F : d(v;Fx) = 1}| = c + £ (d(v;Fx) - 2) holds, where

c denotes the number of components of Fx.

Proof, (a) By duality, it suffices to consider a v € F'x. Then there is a z G ./Vj"(x) U R(x)
such that z' = v holds. Since [z,x] £ E, we have d(z';Fx) = n- \N+(z;D) n N+(x;D)\.
So Lemma 5 (c) implies d{z';Fx) > 1. Assume z G N+(x). Then d{z';Fx) > 2 by Lemma
5(b).
(b) Since F^, F" is a bipartition of the forest Fx into independent sets F'x and F" of the
same cardinality, we get

— c =
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This proves assertion (b), since there are no isolated vertices in Fx by (a) and the case
F = F;' is dual. •

Lemma 6 (b) provides at least one vertex z G N+(x) U R(x) ^ 0 with d(z';Fx) = 1,
and by Lemma 6 (a), every such vertex is in R{x). So there is a vertex z G R(x) with
\N+(z) n N+(x)| = n - 1, and we define R+(x) := {z G K(x) : |iV+(z) n N+(x)\ = n - 1}.
K~(x) is defined dually as {z G R(x) : \N~(z)C\N~(x)| = n — 1}. We emphasize once again
that K+(x) =̂ 0 and i T (x) ^ 0.

We need a series of preliminary lemmas. Herein, xo always denotes any vertex of D.

Lemma 7.

(a) Ifxe N+(x0) such that R~(x0) £ N+(x) holds, then \N~(x) n Ar(xo)| = n-2 and
\N-(x)n(N+(xo)UR(xo))\ = l.

(b) For all x G N+(x0) but at most one, \N~(x) n (N+(x0) U R(xo))\ = 1 holds.

Proof, (a) Suppose there is z e R~(xo)—N+(x). Since [x, xo] ^ E, we can apply the dual of
Lemma 4 (b) forx0,z,x, and get |Ar(x)nJ\r(xo)niV-(z) | > \N-(xo)nN-(z)\- 1 = n-2,
by definition of K~(xo). This implies \N~(x)C\N~(xo)\ = n — 2 by the dual of Lemma 5(b),
so |N~(x) n (iV+(x0) U R(xo))\ = n - |N~(x) n N-(xo) | - 1 = 1 follows.

Since for every z € R~(xo), the definition of R~(XQ) implies that \N~(z) n N+(xo)| < 1
holds, (b) follows from (a), since R~(XQ) ^=0. D

Lemma 8.

(a) Ifve R+(x0), x G N+(x0) - N+{v), and y G N~(x) D (N-(x0) U R(x0)), then [v,y] G
E or y G i?+(x0) /IOWS.

(b) lfx € JV+(x0) suc^ f/urt |i?+(x0) - iV-(x)| > 2 lioWs, t/zen N~(x) n N~(x0) = 0.

Proof, (a) Suppose [v, y] £ E. Since [xo,y] £ E also, we can apply Lemma 4 (b) to
xo,v,y and get \N+(y) n N+(x0) n JV+(i;)| > |iV+(x0) n JV+(u)| - 1 = n - 2. This implies
\N+(y) Pi N+(x0) | > n - 1, since x G iV+(>;) - N+(u) holds. Hence, by Lemma 5 (b),
y $ N~(xo) holds, so y G R(XQ) and even y G i?+(xo) by Lemma 5 (c).
(b) Suppose there are v\ ^ vi in /?+(xo) — N~(x) for an x G iV+(xo), and there is a
y G AT(x) n N~(x0). Then (a) implies [y,,y] G E for i = 1,2. Since N+(t>,) n N+(x0) =
N+(xo) — {x} for i = 1,2, we get N+(vi) = N+(v2), which contradicts Lemma 5 (c). D

For every [x,y] G E, we have \N+(x) n N~(_y)| < n — 2 by Lemma 5 (a). Let us assume
equality holds. Then (D — [x,y]) — (N+(x) n iV~(_y)) has exactly one x,y-path, since every
such path does contain V — (N+(x) n N~(y)) by Lemma 1. This path has length at least 3.

Lemma 9. Let [x,y] G E be such that S := N+(x) n N~(y) has exactly n — 2 vertices, and
let P : x,x\,...,Xk,Xk+i be the x,y-path in (D — [x,y]) — S. Then the following statements
are true.

(a) N+(xi) = {x,x2} US and N~(xk) = {xk-lty}uS;
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Proof. Since, by Lemma 1, N+{xi) D {x^,...,Xk+\} = 0 holds, we must have N+(xi) s
V — {xi,...,Xk+i}, hence N+(xi) — {x,X2} US. The other claim in (a) follows by duality.
Now suppose 5 £ N~(x). Then there are n— 1 openly disjoint xi,x-paths in D({xi,x}uS)
by (a). There is a z e N~(x) Pi {xj,...,Xk+\], and by Lemma 1, P[x\,z],x does contain
{x2,...,Xk+\}, which implies z = x^+i = y, and hence (b). •

If we assume that [x,y] € E is asymmetric, and that Aa(D) = 1 holds, then S :=
N+(x) n N~(y) is a subset of N~(x), and Lemma 9 (b) implies \S\ < n — 3. It is possible
to improve this result.

Lemma 10. Let [x,y] e E be asymmetric and assume Aa(D) = 1. Then

(a) \N+(x)nN~(y)\ <n-4, and
(b) \N+(x) n N+(y)\ < n - 3 hold.

Proof, (a) We suppose S := N+(x) n N~(y) has at least n — 3 elements. Since Aa(£>) = 1
holds, [x,y] is the only asymmetric edge with tail in x. Hence, there is exactly one
asymmetric edge in D with head in x, say [y',x]. In particular, we see S c N~(x) and,
dually, 5 £ N+(y)- Then Lemma 9 (b) implies \S\ = n—3, since [x,y] is asymmetric. Hence,
there are two openly disjoint x,y-paths Pi : x,Xi,...,x^.+1 (i = 1,2) in (D — [x,y]) — S.
Furthermore, fc, > 2 holds, and P\,Pi cover D — S by Lemma 1, in particular, y' e
Pi[x\,y) U Pitx^y). First, we prove a few properties.

(1) S U {x;+1} g iV+Cx1!) for i = 1,2 (mod 2).

Suppose Su{xf} s N+(x{). Then Su{x]} s AT+(x{)ni\r(x) holds. Applying Lemma 9
to [xj,x] e £, we get from the second equality in Lemma 9 (a) the contradiction that
[y',x] is symmetric.

(2) For 1 = 1,2 (mod 2), [x',,x2
+1] eE and |NV l )n (Su{x j + 1 } ) | = n - 3 hold.

By (1), there is at least one edge from x1, to P,[x'3,y] U Pi+i[x^l,y] for i = 1,2. By
Lemma 1, this can be only the edge [xi,x2

+1], since /c, > 2. Hence (2) follows.
Dually, we get [4,_1,xj£1

1] € E for i = 1,2 (see Figure 1).

(3) S ^N+(x\) for i = 1,2.

Suppose, for instance, S £ N+(xj), say s e S - N+(xJ). Then S' := (S - {s}) U {x^} £
N+(x\) holds by (2). Set D' := (D - [x},x]) - S'. If / ^ {x^,x^}, we can easily find
openly disjoint x},x-paths Q\ with y' e Q\ and 22 with [y,s] € £(62) in D' such that
Qx n {x^,x^} = 0 and |Q2 n {x^,x^2}| = 1, contradicting Lemma 1. Hence, / e {x^,x^}
holds. Suppose there is a z ± y' in Af-(s) n (Pi[x^,y) uP2[^2>3')). If {/,z} £ ^(^1) and
{/,z} ^ K(P2), using [xpXj] € £, we get, obviously, openly disjoint xj,x-paths 61,62 in
£>' with y £ K(gi)U V(Q2), contradicting Lemma 1. So {y',z} c K(P,) or {y',z} £ K(P2)
holds. Then we find, again, two openly disjoint xj,x-paths in D' — y, namely in the former
case (then x^ = y') the paths xj,P2[x2,x^2_1],/,x and Pi[xJ,z],s,x, and in the latter
case (then x\2 = y') the paths x},P2[x2,z],s,x and P i t x ^ x ^ J ^ ' . x . (Note that k2 > 3
in the former case, since in this case k\ > 3, hence x\ =f= x[x holds, but there is only
the edge [x^x^] from x^ to P\[x\,y] by (2)). This contradiction with Lemma 1 shows
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Figure 1

N~(s) = (S — {s}) U {x,y,y',x\}. Now it is easy to find in D n openly disjoint x,s-paths
not containing {X^.XJ^} — {/}. This contradiction to Lemma 1 proves (3).

We may assume / e P2> hence / e Pi[x\,y). If [x\,x\] e E holds, by using (3) and
(2), it is easy to find n openly disjoint Xj,x-paths in D — y, contradicting Lemma 1.
So [xJ.Xj] e £ is asymmetric. Hence [x^Xj] £ £ is symmetric, since Afl(£>) = 1, that
is [xj.xj] e £ holds. By using (3) and (2) again, we now easily find n openly disjoint
x{,x-paths in D — y. This contradiction to Lemma 1 proves (a).
(b) If |N+(x)niV+(>0| > n - 2 holds, then \N+(x)nN~{y)\ > n - 3 follows, since Aa(D) = 1,
thus at most one of the edges [y,z] for z e N+(x)nN+(y) is asymmetric. Hence (b) follows
from (a). •

Lemma 11. \D\ > n + 4 holds.

Proof. If Aa(D) > 2, we choose an x0 with da{x0) > 2 and get |7V+(x0) U N~(xo)| > n + 2,
hence \D\ > « + 4, since K(x0) =̂ 0. If Aa(D) = 1, we choose an asymmetric edge [x,j>] € £
and get |N+(x) U N+(y)\ > n + 3 by Lemma 10 (b), hence \D\ > n + 4. •

Lemma 12. Ifda(x0) > 0, then
( a ) U e K + ( * o ) W » 2 N + ( x o ) a m /
(b) |i?+(xo)| > 2 hold.

Proof. Since |7V+(t;)nN+(xo)| = n—1 for u e R+(xo), it suffices to prove (a). Suppose there
is an x G N+(x0)-\JveR+(xc) N+(v). There is a u € i?+(x0), and N+(v)-N+{xo) has exactly
one element, say, z. Consider any y e V—(iV+(xo)u{xo,i>,z}) and suppose [y.x] e £. Then
Lemma 8 (a) implies y 6 i?+(x0), contradicting the choice of x. This contradiction shows
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Figure 2

N~(x) <= N+(xo)U{xo,z}, hence \N-(x)nN+{xo)\ = n-2 and [z,x] e E by Lemma 5 (a).
Set S := AT(x) n N+(x0), and let >> be the vertex of N+(x0) - (S u {x}) (see Figure 2).
We apply Lemma 9 (a) to [xo,x] € £ and to the only xo,x-path P : xo,y,...,z,x in
(£> - [xo,x]) - S, and get S £ AT( Z ) a nd [y)X()] e £,[x,z] e £. since [u,z] e £ and
S £ JV+(D) n AT(z), the path w.y.xo.x.z must cover D - S by Lemma 1. But this implies
|D| = n + 3, contradicting Lemma 11. •

5. Proof of Theorem 4

As in section 3, let D = (V,E) be a minimal counterexample to Theorem 4, and n := K(D).
We will show that D cannot have an asymmetric edge. First we prove that D must contain
many symmetric edges.

(1) Aa(D) < 2.

Suppose there is an x0 e V with da(xQ) > 3. Since |K+(x0)| > 2 by Lemma 12 (b), Lemma
7 (b) implies da(x0) = 3 and |/?+(xo)| = 2, since \N+(v) n JV+(u) n iV+(xo)| > da(x0) - 2 for
u ± v in H+(xo). Set W+ = {xi,x2,x3} and choose v e R~(x0) # 0. Then |Ar(u)nN+(xo)| ^
1, say, [x,-, u] ^ £ for i = 1,2. Hence, Lemma 7 (a) implies |AT(xf) Pi AT(xo)| = n - 2 and
thus |iV-(x,) n K+(x0)| = 1 by Lemma 7 (b) (or 12 (a)) for i = 1,2. Therefore, we
have d-(xr,D(N+(xo))) = 0 for / = 1,2. Furthermore, \N~(xt) n R+(x0)\ = 1 for i = 1,2
implies R+{x0) £ N~(x3). Since [x3)xi] £ £, and [x3)x0] ^ £, we get from the dual
of Lemma 4 (b) that |N-(x3) n iV-(x0) n N~(xi)| > |JV~(xo) n N-(xi)| - 1 = n - 3,
so JV~(x3) £ Af-(x0) u {x0} U R+(xQ). Together, we have seen ||D(JV+(xo))|| = 0 and so
dix'tiF^) > 3 for i e N3. But this implies |K+(x0)| > 4 by Lemma 6 (b) and (a). This
contradiction proves (1). •

In the next step we show the following.

(2) Aa(D) = 1.

Suppose Afl(D) > 2, hence Aa(D) = 2 by (1). Let x0 e V with da(x0) = 2, say,
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Figure i

N+(x0) = {xx2} and N~(x0) = {yi,y2}. By Lemma 12 (b), \R+{x0)\ > 2 holds. Consider
any v e R~(x0) + 0. Since |AT(t;)nN+(xo)| <, 1, say, [x2,v] <£ E. Then |N-(x2)nN-(x0)| >
n — 2 by Lemma 4 (b). Since \N~(x2) n iVs(xo)| > n — 2 is not possible by Lemma 9 (b),
AT(x2) fl iV-(x0) =£ 0 follows, say, [j>2,x2] e E. Since |AT(x2) n (N-(x0) U {xo})| > n - 1
and y2 e N~(x2), Lemma 8 (b) implies |i?+(xo)| = 2, say, i?+(xo) = {t>i,u2} and |JV~(x2)n
i?+(xo)| = 1, say, v2 e N~(x2). Hence [vux2] £ E, so N+(v{) n N+(x0) = Ns(x0) U {x,},
and since y2 € N~(x2), we get [fi,y2] G £ from Lemma 8 (a). Hence [i>i,.yi] ^ £, and
Lemma 8 (a) implies [yi,x2] £ E, hence |Af~(x2)n7Vs(xo)| = n—3. Furthermore, [«i,yi] £ E
implies |7V+(yi) n N+(y,) n N+(xo)| > n - 2 by Lemma 4 (b). Since JVs(x0) £ N+(yi)
is not possible by the dual of Lemma 9 (b), the last inequality implies Lvi.xi] e E.
(So far, we have got the edges without or with one arrow-head in Figure 3.) Since
[x,,x2] £ E and |AT(x2) n N~(xo)\ = n - 2, we get |Ar(xt) n N~(x2) n N-(xo)| > « - 3
from Lemma 4 (b). Since {xo,i>i,;vi} S N~(x\), but {xcyi^i} n N~(x2) D N~(x0) = 0,
we conclude [v2, x\] £ E, hence Ns(xo) £ N+(v2). So Lemma 8 (a) implies, as above, that
[v2,yi] e £ and Lv2,xi] ^ £, hence |iV~(xi) n Ns(x0)| =? n - 3.

Since |R~(xo)| = 2 holds by duality, there are only two z e F ^ with diziF^) = 1 by
Lemma 6 (a), and so Lemma 6 (b) implies d^y'/iF^) < 2 for i = 1 or i = 2. Suppose
^W;^xo) ^ 2. This means \N~(y\) n N~(xo)| > n — 2. Now we will point out n openly
disjoint t>i,xi-paths that do not cover D. If z denotes the vertex of 7Vs(xo) — N~{xi), then

2 hold, since N~(yi) n {z,y2} ^ 0- So we get n openly disjoint ui,xi-paths that do not
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contain x2 (and v2). This contradiction to Lemma 1 proves Aa(D) < 1, since the case
diy'^'iFxa) < 2 is analogous. Since D is not symmetric, Aa(D) = 1 follows.

By (2), there is an x0 e V with da(x0) = 1, say, N+{x0) = {x} and JV~(x0) = {y}. For
such an xo, we now prove the following.

(3) R+(x0) = R~(x0) = R{x0), ||£>(R(xo))|| = 0, and R(x0) £ N+(x) n N~(y) hold.

Choose v € R+(x0). If [v,y] £ E, then \N+(y) n N+(xo)| > n - 2 by Lemma 4 (b),
which contradicts Lemma 10 (b). Hence y e N+(v) and N+(v) £ N+(XQ)UN~(X0) follows.
Consider z e R(x0) — {«}. Since z £ Af+(i>), Lemma 4 (b) implies

|N+(z) n AT+(x0) fl AT+(u)| > n - 2. (a)

Let us suppose [z,v] e £. Then [z,v] is an asymmetric edge with \N+(z)nN+(v)\ > n—2,
contradicting Lemma 10 (b). Hence N~(v) £ N+(x0) U N~(xo) follows. This implies
v € R~(xo) and [x, v] € E by Lemma 5 (c). So we have shown /?+(xo) £ K~(xo). Since the
other inclusion is dual, we get R+{xo) = R~(XQ). Furthermore, we have seen

N+(v)UN~(v) £ JV+(x0)UiV-(xo) for all v e R+{x0), (fi)

hence ||£>(K+(x0))|| = 0, and i?+(x0) £ N+{x) n N~(y).
So it only remains to prove R{xo) = R+(xo). Suppose R := R(XQ) — K+(xo) =̂  0. First

we show

N+(zi) n N+(x0) = N+{z2) n N+(x0) for all zuz2eR (y)

We can choose vi =fi v2 from /?+(xo), since |K+(xo)| > 2 by Lemma 12 (b). Since
y e N+(i>i) n N+(v2), Lemma 5 (c) implies N+(v^)nN+(x0) ± N+(v2) n AT+(x0). Using (a)
for t̂ i and v2, we conclude N+(z) n N+(x0) = A^+(yi) n N+(D2) n iV+(x0) for every zg f i ,
since |AT+(z) n iV+(x0)| < n - 2. This implies (y).

Let us now consider D := DXo — R+(xo) and F := F^ — U^R+I^V^V"}. Since |AT+(z)n
iV+(xo)| < n - 2 and |AT(z) n N"(xo)| < n - 2 f o r z e K = i?(x0) - R~(x0), using (/?), we
see d(z;T) > 2 for all z G K(F) - {x',y"}. Since F is a forest with \F\ > 4, it must be an
x',/'-path. There are zuz2e K, such that [x',z;'] € £(F) and [z'2,y"] e £(F) hold. Using
(a) and (y), Lemma 10 (b) implies, that Dxo(/?) is symmetric. This implies zx = z2, since
d+(z;D) = d~(z;D)(= 2) holds for every z € R. Then the undirected graph G with the
property G = D^iR) has one vertex of degree 1, namely z\, and all the other vertices of
degree 2. This contradiction shows R = 0, and (3) is proved.

By Lemma 12 (b) and (3), r := |K(xo)| = |K+(*o)l > 2 holds. Define S := ATO0 n
N+(x0) and T := N+(x0) - S. Since fl(x0) £ N~(y) by (3), JV-(j') = R(x0) U S, hence
\S\ = n-r and |T| = r hold. Since da{y) = 1, and thus N+{y) - N~(y) = {x0}, we
conclude R(y) = T. Since ||D(r)|| = 0 by (3), using Lemma 5 (c), we immediately have
the following.

(4) For every ( 6 T, \N+(t) n (S U R(xo))\ > n - 1 and for all *! ^ t2 from T, S U /?(x0) £
N+{ti)uN+(t2) holds.

Now we will complete the proof of Theorem 4 by constructing for an edge [u, v] in D n
openly disjoint u, y-paths, that do not cover D. This contradicts Lemma 1.
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First, we assume there is a z0 € R(XQ) with N+(zo) ^ S. Then [zo,y] e E by (3).
Since 20 € K+(xo) by (3), there is only one vertex in S — JV+(z0), say SQ, and T £
N+(z0) holds. Then jc(zo,y;Z)({zo,.y} U (S - {s0}))) = n - r holds. By (4), it is easy
to find r disjoint edges in [T,(i?(x0) — {z0}) U {SO}]D,

 s m c e r ^ 2 holds. This implies
K(ZO, y;D({y,so} U R(x0) U T) — [zo,}']) = r. Together, this gives n openly disjoint zo,y-
paths not containing xo. Since the asymmetric edge [y, xo] was arbitrary, this contradiction
establishes our next claim.

(5) For every asymmetric edge [u, v] e E and every t e R(v), N~(u)dN+(v) £ N+(t) holds.

For every z e i?(x0), therefore, S £ JV+(z) and thus /c(z,y;D({z,y}uS)) = n - r + l holds.
Choose z0 € K(x0) and define T' := N+(z0)nT. Then |T' | = r - 1 holds. If r > 3, we get, as
above, r-1 disjoint edges in [T1, ̂ (xo)-{zo}]D, hence K(Z0, y; D{{y}UR{xo)UT')-[z0, y]) =
r — 1, so there are « openly disjoint ZQ, y-paths not containing xo. This contradiction shows
r = 2.

So we have |S| = n — 2, and Lemma 10 (b) shows that N+(y) 3 S is impossible. Hence
there is an asymmetric edge [so,y] e [S, {}>}]D- Since da(y) = 1, all the edges [J?(xo), {y}]o
are symmetric, hence R{xo) S N+(_y) holds by (3). So we have R{XQ) £ N~(SQ) I~I N+(y),
and (5) implies K(xo) £ -/V+(t) for every t e /?(y) = T. So we see K(Z0, y; D — xo) = n, since
K(zo,y;D({y} U R(xo) U T')) = 2. This contradiction to Lemma 1 completes the proof of
Theorem 4.
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