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Heat flow, weighted Bergman spaces,
and real analytic Lipschitz approximation

By Wolfram Bauer at Hannover and Lewis A. Coburn at Buffalo

Abstract. We show that, for f any uniformly continuous (UC) complex-valued
function on real Euclidean n-space R”, the heat flow f ® s Lipschitz for all # > 0 and f ®
converges uniformly to f ast — 0. Analogously, let 2 be any irreducible bounded symmetric
(Cartan) domain in complex n-space C” and consider the Bergman metric 8(-,-) on 2. For f
any fB-uniformly continuous function on €2, we show that there is a Berezin—Harish-Chandra
flow of real analytic functions B f which is S-Lipschitz for each A > p (p, the genus of Q)
and B} f converges uniformly to f as A — oo. For a certain subspace of UC we obtain stronger
approximation results and we study the asymptotic behaviour of the Lipschitz constants.

1. Introduction

The problem of Lipschitz approximation to uniformly continuous complex-valued func-
tions on metric spaces X is an old one, going back — at least — to Lebesgue. It is known [5] that,
for “metrically convex” X (including complete Riemannian manifolds), Lipschitz functions are
uniformly dense in the uniformly continuous functions. The standard density construction guar-
antees no particular smoothness of the Lipschitz approximants, instead resembling piecewise
linear approximation on the reals.

In this paper, we consider the subspaces Q2 of complex n-space C”, where Q = C”" or Q
is an irreducible bounded symmetric domain (BSD) in C” with Bergman metric S(-,-). We
obtain real-analytic Lipschitz approximants to arbitrary B-uniformly continuous functions f
by using the heat-flow for C” and the Berezin—Harish-Chandra flow when € is an arbitrary
irreducible BSD. For the heat flow f @) it is reasonable to expect that f ®) > £ uniformly
ast — 0. It is less clear that the f @ are Lipschitz. The Berezin—Harish-Chandra flows for f
B-uniformly continuous on BSD €2, discussed in Section 4, are natural analogs of the heat flow.

Bounded symmetric domains (BSDs) are Hermitian symmetric spaces of non-compact
type [4,7,9,10]. There is a standard classification of BSDs going back to H. Cartan. We work in
the Harish-Chandra realization of BSDs as bounded convex domains €2 containing the origin O
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226 Bauer and Coburn, Heat flow and Lipschitz approximation

of C”" and invariant under the map z — Az for A in C and |A| = 1. The group Aut(2) of
biholomorphic automorphisms of €2 is transitive. In particular, for each w in €2, there is an
automorphism ¢y, so that ¢y, o ¢y, = identity and @, (0) = w.

Here, we consider BSDs 2 with normalized Lebesgue measure dv(z), in C"*, or Q = C”
with normalized Gaussian measure dji(z) = exp[—|z|?]7 "dv(z). It is well known that, for
any bounded domain €2 in C”, the space of complex analytic functions in L2(2, dv), denoted
L2 (R, dv), is a Bergman space: for every w in § there is a function K(-, w) in L2 (R, dv)
so that, for all f in L2 (2, dv) (@ is the complex conjugate of a),

fw) = [ FEORE W) = (LK w)
The corresponding formula holds for (C", du) and f entire in L2(C", du) where we say f

isin H2(C",d). It is standard that K(w, z) = K(z, w). For @ = D, the open unit disc in C
with normalized Lebesgue measure, we have

K(z,w) = (1 —zw) 2.
For Q = C” with normalized Gaussian measure dj(z), we have
K(z,w) =exp(z-w) (2 -w=2z1W1 + 22W2 + *++ + ZpWy).

For  a BSD in C” with normalized Lebesgue measure dv, or 2 = C” with normal-

ized Gaussian measure du, K(z,0) = 1 and K(z,z) > 1 for all z in 2. Moreover, we have
lim,;—5q K(z,z) = oco. The functions K(z, z) determine a complete Riemannian metric on €2
by the formula )
0z;0Z;
In the case that €2 is the open unit ball, the Bergman metric is the usual hyperbolic metric, when
Q = C", the Bergman metric is the usual Euclidean metric. The Bergman metric induces a dis-
tance function B(-,-) on Q. For BSD 2, [4, Theorem E], the function (0, -) isin L? (2, dv)
for all p > 0. The corresponding result holds for (C”, du) by direct calculation. For Q = D,
the open unit disc in C, it is standard that

1 1+ |Z|)
0,z) = —1o
po.9 = eI
while for Q@ = C”, (0,z) = |z| and ¢y, (z) = w — z. For all BSDs 2 and for C”,

gij(z) = log K(z,z), zeQ.

Blowz, pwy) = B(z,y)
for all z, y in Q and each w in 2. Note that, for 02 the boundary of €2,

li 0,z) = co.
i P0.2) = o0

The B-metric topology on BSD  is equivalent to the usual Euclidean topology inherited
from C”. In particular, the closed metric balls £(0, R) = {z € Q : $(0,z) < R} are compact.
A function f from 2 to C is Lipschitz (Lip) if there is a constant D¢ so that for all z, w
in £,
/@) = fw)| < Dyp(z.w).
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Bauer and Coburn, Heat flow and Lipschitz approximation 227

The function f is uniformly continuous (UC) if, for each ¢ > 0, there is a § = §(f,&) > 0 so
that, for any z, w in 2, | f(z) — f(w)| < & whenever B(z, w) < §. A continuous function f is
of bounded oscillation (BO) if there is a C > 0 so that, for all z, w in €2,

(LD |f(2) = f(w)] = C + CP(z,w).
As usual, we denote the bounded functions in UC(2) by BUC(£2). The relation
Lip(2) C UC(R2)

is standard.
The functions .
2

are unit vectors in L2 (2, dv) and H?(C",du). For BSDs Q, the functions {ky(-)} are
bounded for each w in 2. For (C", du), the ky, are linear exponentials. We define the Berezin
transform of f by

(12) ) = [ fopm@dve) = [ fOkn@P d)
with the analogous definition for & = C”. This definition makes sense for f and | f|?> when f
is in L2(S2, dv) for BSD  and for f and | f|? on C" for f in
T(C"y ={f : fky € L2(C",du) forall w € C"}.

Note that |ff\|12 (w) > | f (w)|? by an easy application of the Cauchy—Schwarz inequality.
Following [4], we say that f has bounded mean oscillation on BSD  ( f is in BMO?(2))
if the continuous function

MO(fw) = |f P(w) — | F ) = {1/ (-) = F )}~ (w)

is bounded on  and we define a semi-norm on BMO?(£2) by
1
I/ lemo := sup MO(f, 2)=.
zeQ

Again, there is a completely analogous definition in [1] for Q = C”.

For a BSD 2, we say that f has vanishing mean oscillation at the boundary 02 (f is
in VMO?(Q)) if limy, _.30 MO( f, w) = 0. Analogously, for (C", du), we say f has vanishing
mean oscillation at oo (f is in VMO?(C?) ) if lim|y, | 00 MO( f, w) = 0. Note that, trivially,
all bounded measurable functions are in BMO? ().

It is known ([4, Theorem 13], [1, Lemma 3.5]) that for 2 any BSD or 2 = C”, we have

BO(Q) c BMO?(Q).

It is also known that, for f in BMO?(Q), f is Lipschitz. In fact, there is a decomposition of
spaces

(1.3) BMO?(Q2) = BO(2) + F(Q)
for all BSDs 2, where
F(Q) = {f € L2(Q,dv) : | f]? is bounded}

and analogously for @ = C”".
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228 Bauer and Coburn, Heat flow and Lipschitz approximation

In Section 2 we show that UC(2) is in BO(L2), and therefore in BMO?(R2) for € any
BSD or Q2 = C". We consider the class of “generalized polynomials” in 8(0, - ) and determine
which of these functions are in BMO?(2). In Section 3, we show that, for any uniformly
continuous f on R”, the heat transform f @ s Lipschitz for all # > 0 and f @) converges
uniformly to f as ¢ — 0. In Section 4, we prove the analogous result for f € UC(£2) when 2
is any BSD. In Section 5, we give sharper variants of the results in Sections 3 and 4, under
a natural restriction. In Sections 3 and 4 we also provide estimates on the Lipschitz constants
which allow us to study their asymptotic behaviour. In particular, these estimates can be written
in a more explicit form under the stronger assumptions of Section 5.

2. Uniform continuity and BMO
We prove two lemmas and a theorem which provide some new perspective on UC(£2).

Lemma 2.1. The class UC(R) is contained in BO(S2) and in BMO?(R2) for a BSD Q
or Q2 =C".

Proof. We use the completeness of the Bergman metric in a standard way to show
that UC(€2) is contained in BO(£2). The rest follows from the decomposition (1.3) which can
be found in [1,4]. It follows from the completeness of the Bergman metric [9] that for any z, w
in 2, there is a geodesic segment y in Q of Bergman arclength 8(z, w) joining z to w. For f
in UC(S2), there is a 6( f, 1) > 0 so that for a,b in Q with B(a,b) < §(f, 1) we must have
| f(a) — f(b)| < 1.Let N be the greatest integer in 8(z, w)§~!(£. 1) and divide y into N + 1
segments of equal Bergman arclength. An easy application of the triangle inequality shows that

1) = fw) <N +1=<Bzw)d (£ +1.
Hence, f € BO(Q) and so f € BMO?(Q). o
Remark 2.2. Lemma 2.1 provides a large number of examples of unbounded functions
in BMO?(2) and seems not to have been noted earlier. In particular, if f is any function

in UC(R2) and g is any uniformly continuous function from range( /) into C, then g o f is
in UC(€2). This shows, for example, that

£ =V VBO.2) + (0.2)

is in UC(L2).

For real @ > 0, we now give some useful estimates on the Berezin transform of (0, z)%.
We write “ f .-+ dv” but understand that, for @ = C”, we integrate “du”.

Lemma 2.3. For BSD (2,dv) or (C"*,duw), real @ > 0 and fo(z) = B(0, z)%, we have

JBO.0) — K@) = fulw) = 24(B(0.0)% + K(@),

where

K(a) := /Q B(0,2)% dv(z) = fu(0).
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Bauer and Coburn, Heat flow and Lipschitz approximation 229

Proof. 'We use the elementary inequality
(s + )% < {2max(s,1)}* <2%(* +1%)

fors, ¢, > 0. By the invariance of B( -, - ) under the involutive automorphisms ¢,,, we see that

Fulw) = fQ BO. puw2)* dv(z) = /Q Bw.2)* dv(2).
Now, we estimate

B(w, 2)* < (B(w,0) + B(0,2))* <2%(B(w,0)* + B(0,2)%)
and
Bw,0)* < (B(w,2) + B(z,0)* <2%(B(w,2)* + B(z,0)%).

Integrating both inequalities with respect to dv(z) or du(z) gives the desired result. |

We can now give a complete analysis of membership in BMO?(2) for generalized poly-
nomials in 8(0, z). Related results for polynomials on C” were obtained in [1].

Theorem 2.4. On BSDs Q2 or Q = C" (with measure dj) consider all generalized
polynomials in (0, z) of the form

m
@)=Y b B0.2)*,
k=0
with by in C, by, # 0, ay real, 0 < ay < ag,1. The function f is in BMO?*(Q) for o < 1
and not in BMO?(Q) for a, > 1.

Proof. First, using the standard inequality (s+¢)% < s*+¢* fors,t > 0and0 <« < 1,

we see that
B(w.0)* < (B(w,z) + B(z.0)* = B(w,2)* + B(z,0)*
so that, by symmetry,
B(w,2)* = |B(0, w)* — B(0,2)“|

and (0, )% is UC(Q) for all 0 < o < 1. It follows from Lemma 2.1 that f(z) is in BMO?(Q)
for oy, < 1.

For a,,, > 1, we recall that for f to be in BMO?(2), f must be Lipschitz [1,4]. It follows
easily that, for some C > 0, we must have C + CB(0, w) > |f(w)|. For f,(z) = (0, z)% as
in Lemma 2.3, we have

m—1
F W) = b fo (W) = Y (=bg) oy (w).

k=0

Thus, using the triangle inequality and Lemma 2.3, we have

m—1
| S )| = [bm| fa (W) = > 1bic] foy (w)

k=0

m—1
> |bm|(2aimfam (w) - K(am)) =S B2 (fug () + K.

k=0
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230 Bauer and Coburn, Heat flow and Lipschitz approximation

It follows that

m—1

() €+ CAW) + b K@)+ 3 52 (fu, (W) + K(eg)) = Wimwmvam (w).
k=0

Now choose ¢ > 0 so that @, — & > max(a,,,—1, 1). Dividing both sides of (x) by 8(0, w)*m—¢
and taking B(0, w) large shows that f cannot be in BMO?(Q) for o, > 1. |

Remark 2.5. It is not hard to check that, for 0 <« < 1, 5(0, - )% is, in fact, in VMO? (2).

3. Real analytic Lipschitz approximation on Euclidean space

Consider the complex n-space C” equipped with the Gaussian measure d . We general-
ize our notion of the Berezin transform in (1.2) by inserting a positive parameter ¢
1
(4me)n
Note that for each ¢ > 0 (cf. [2,6]) the integral transform (3.1) in fact is the Berezin transform
of f with respect to the new Gaussian measure

(3.1) FOw) = [C Fw— z)e—% dv(z).

(3.2) dpe(z) =

exp{—ﬁ} dv(z).

(4me)n 4¢

Moreover, note that with our former notation we have djt = dp1/4 and f = f (). The family
{f ® }¢=o0 frequently is called the heat transform of f and due to its relation to the heat operator
on C" = R?" it fulfills the semi-group property

{f(S)T(t) _ f(s+t)
whenever s, ¢ > 0 are sufficiently small (see [2, §] for more details). It easily can be checked
that for all f € UC(C") the heat transforms f @ (z) exist for all 7 > 0 and define a semi-

group of real analytic functions on C”. As for the next result, we also refer to the recent book
[16, Theorem 3.35, p. 127].

Proposition 3.1. For all t > 0 and with f € UC(C") we have f(’) € Lip(C™) and
7 — f® e BUC(CH).

Proof. Let f € BMO?(C"). Then the following Lipschitz estimate has been shown
in [1, Corollary 2.7] for all z, w € C",

(3.3) 17 @) = Fw) = /D) — 7D W) < 2]/ Ismolz — wl.

By a change of variables one can check that the heat transforms f @) (z) for different values
of ¢t and with z € C" are simply related by

(3.4) {f VD) = FO V).
Let f € UC(C"). Then we have for all # > 0,
F(- /1) € UC(C™) C BMO?(C™).
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Bauer and Coburn, Heat flow and Lipschitz approximation 231
Combining (3.3) and (3.4) gives

FO () FO ()] = -
7O = FOw)| = ‘{f( zf)}( f) e M)}( J)‘
< 529D v |7 — wl.

Hence, we have shown that f ® ¢ Lip(C") forall r > 0.

It is clear that g; := f — f (*) ¢ UC(C") and it remains to show the boundedness of g;.
Since UC(C™) ¢ BO(C™), we can find C > O with | f(z)— f(w)| < C(1+|z—w]). It follows
for w € C" that

o) = t),,,[ @)= fw =2l o)
< (4m)n /Cn(l +lzhe™ 5 dv(z) < .
Hence we have proved the proposition. |

With f € UC(C"™) we consider the limit behaviour of f ® as t — 0. A corresponding
result in the case of a general bounded symmetric domain €2 in C” can be found in Proposi-
tion 4.4 below.

Proposition 3.2. Let f € UC(C"). Then lim;_ f ® = f uniformly on C™.
Proof. Since UC(C") C BO(C"), we have | f(z) — f(w)| < K¢ (1 + |z — w]) for all

z,w € C" and with a constant Ky > 0. Moreover, for any & > 0, thereis a § = (e, f) > 0so
that | f(z) — f(w)| < 5 whenever |z — w| < §. Now consider

fOw) = fw) =
and let a = z/(2+/t) so that
f(t)(w)—f(w) = nlnf [f(w—2at)— f(w)]e —lal? dv(a).

For |a| < §/(24/t) we have | f(w) — f(w —2a+/1)| < 5 so that

_lz1?
G Jo =2 = e ¥ o)

g K
FOw) - fw)l <5+ =L (1 + 2lalvDe e dv(a)
2 {a:lal=8/2v0)}
e
==+ — I t
S 0]
One observes that lim;—¢ /(¢) = 0. Flnally, by choosing sufficiently small ¢ > 0, we see that
| f®Ow) — f(w)| <eforallw e C™. .

The proofs of Propositions 3.1 and 3.2 “descend” from = C” to real n-space R”.
If f € UC(R") and ¢t > 0, then similarly to (3.1) we define

OV
ST (4rt)z Jr

where now dv means the usual Lebesgue measure on R”.

f(u —Xx)e” 4t dv(x),
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232 Bauer and Coburn, Heat flow and Lipschitz approximation

Corollary 3.3. For f in UC(R") and allt > 0, we have f(t) € Lip(R"*) and f — f(t)
is in BUC(R"). Moreover, with u € R" it holds

(35 lim [O ) = /()
t—0
and the convergence is uniform on R”".

Proof. For z = (x,y) with x,y in R”, define F(x,y) = f(x). We see that F is
in UC(C™) and can now apply Proposition 3.1. Note that

_xP+iy2

F<f>(u,0)=(4m)—”/ / Fu—x,—y)e” 4 dv(x)dv(y)
R” JR?

= (4nt)_g/ fu— x)e_l)ftlt2 dv(x)
R”
— f(t)(u),

so @ isin Lip(R"). Moreover, F(u,0) — F ® (u,0) is bounded, so f — f@ isin BUC(R").
We immediately conclude from Proposition 3.2 that

lim fO@w) = lim FO,0) = F(u,0) = f(u)
t—0 t—0
and the convergence is uniform on R”. |

Now we sum up our previous results:

Theorem 3.4. Let f € UC(C™). Then the heat transforms { f ©},~¢ define a flow of
real analytic functions in Lip(C™") with

lim F® —
tgrg)f f

uniformly on C". The Lipschitz constant of f(t) is dominated by C; := 1> | £(-2+/1)|BMO.
In particular, the inclusion Lip(C™) C UC(C™") is dense.

Remark 3.5. We point out that the density with respect to the uniform topology of the
inclusion Lip(C") C UC(C") had been known before and can be proven in a more abstract
framework, cf. [5]. However, Theorem 3.4 provides a very natural approximation of uniformly
continuous functions by real analytic Lipschitz functions via the heat flow and with an explicit
control of the Lipschitz constants.

Remark 3.6. Proposition 3.1 is not obvious. It gives an explicit additive decomposition
UC(C™) = Lip(C™) + BUC(C")

and shows that for f unbounded in UC, f is also unbounded.

Remark 3.7. There are many interesting examples of Lipschitz functions on BSD .
In particular, by [14], if f is in the Bloch space of analytic functions on €2, then f is Lipschitz.
However, as pointed out in [1], the only entire functions in BMO? (C") are linear functions.
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Bauer and Coburn, Heat flow and Lipschitz approximation 233

4. Real analytic Lipschitz approximation on BSDs

Let 2 C C” be an irreducible bounded symmetric domain (BSD) of type (r,a, b) and
genus p = (r — 1)a + b + 2 in the Harish-Chandra realization (cf. [8,9]). Let dv be the usual
Lebesgue measure on C” = R?” restricted to 2. Recall that to such a domain € one can assign
the so-called Jordan triple determinant h = h(z, w) on C" x C" which is a polynomial with
respect to the variables z and w (see [8, 11, 15] for details). Moreover, & satisfies

(1) h(z,0) =1and h(z,w) = h(w, z) forall z,w € C".
(ii) h(z,z) > Oforall z € Q and h(z,z) = 0 for all z € 092.

With a given weight parameter A > p — 1 we write Lazn, (82, dv) for the Hilbert space
of holomorphic functions f on €2 such that

113 = C,x/ |/ @Rz, 2)* 7P dv(z) < oc.
Q

The constant ¢j, > 0 is chosen with ||e||;, = 1 where e = 1. It has the explicit form (cf. [8])

1 Tqe®)

4.1 . A
4.1 ) 7 Ta(h— 1)’

where I'q (1) denotes the Gindikin Gamma function

r(r—1)

rg(x):=(zn)'T]_[r(x—(j—1)%) with ny = ———a+r.

J=1

We call Lin’ (82, dv) the standard weighted Bergman space over 2. As is well known [8], the
reproducing kernel K : Q x Q — C of L2, (2, dv) is related to & via

(4.2) K (z,w) = h(z,w) .

For a given function g € L1(2, dv) and with A > p consider the integral transform

“3) Ba(9)w) = ¢; /Q ¢ 0 0w (h(z. 2P du(2).

On the right-hand side we write ¢y, for the (unique up to unitary multiples) automorphism of €2
with ¢y, o ¢y, = id and ¢y, (0) = w. We will show below that the integral (4.3) exists. Note that
according to (1.1) and with B(-,0) € L?(2,dv) for all p > 1 we have

UC(Q) c BO(Q) c LY(Q, dv).

In particular, the integral transform B} (g) is well defined for all g € UC(2).

We give another expression for B)(g)(w). Let Jcgy, denote the complex Jacobian
of ¢y (z) for fixed w € Q. From the well-known transformation rule of the (unweighted)
Bergman kernel together with (4.2) we obtain

(44) h(Zl,Zz)_p = Kp(Zl,Zz)

= Kp(pwz1. pwz2)Jcpw(21) Jopw(z2)
= h(pwz1, ewz2) P Jeow (21) Jeow (22).
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234 Bauer and Coburn, Heat flow and Lipschitz approximation

In particular, if we chose w = z5 and w = z1 = z3, then the last equation and the property (i)
of h imply the identities
h(z1,w)™F = Jepw(21) Jopw (W),
h(w, w)™? = |JepwW)[>.
We find
Jeow(z1) = h(z1.w) P Icew W)t = ey - h(z1, w) Ph(w, w)?2
with some constant e,, € C depending only on w € Q and with |e,,| = 1. Using this relation
in formula (4.4) with z; = z, = z € 2 shows that
h(z,z)h(w, w)

4.5 h , =
(4.5) (Pwz,pwz) h(z, )2
Now, using the transformation rule of the integral in (4.3) gives
(+6) Bu()w) = ci [ epu (@ Pepnz, puz? 7 du:)

h(z, —2A 3
:Cl/;g(Z)%h(z’z)k PdU(Z)-

In particular, it follows from the boundedness of 4 ( -, w)_)t forall w € Q2 (cf. [8, Theorem 3.8])
that B; (g)(w) is well-defined for all g € L1 (2, dv) and A > p.

Consider now the normalized reproducing kernel k,)}) of the weighted Bergman space
Lazn,)t (22, dv) given by

Ky(z,w)  h(z, w)~*

kk(z):z = ., zZ,w € Q.
v ”K/l("w)”)t h(w,w)_%
Then we can rewrite (4.6) in the form
@7 Bu©)(w) = ca [ gIGEIPAG M7 dv(a),

Lemmad4.l. Letg e L'(Q,dv) and A > p. Then B (g) is real analytic on .

Proof. Letv € Q. Then it is sufficient to show that the function
G) = [ g@In(z 0Pz, do)
Q

is real analytic in a neighbourhood U C € of v such that U C 2, where U denotes the closure
of U. Note that G is the restriction to A := {(v,v) C Q2 : v € Q} of the function

(4.8) Gv,w):= /Q g()h(z, W) h(v, 2) *h(z,2)* 7P dv(z).

We show that G is holomorphic in the neighbourhood U:= {(v1,02) € Q% 1 vy, v3 € U},
which will prove the lemma. Consider the standard expansion of the reproducing kernel

(4.9) hzw)™ =Y MmK™(z,w),
meM
where M denotes the set of all tuples m = (my,...,m;) € Nj withmy > --- > m, > 0 and

(A)m is the generalized Pochhammer symbol in [8].
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Bauer and Coburn, Heat flow and Lipschitz approximation 235

For fixed w € C”" the functions K™(z,w) are certain complex analytic polynomials
homogeneous of degree |m| = mq + -+ + m, in z € C" and it holds K™(z, w) = K™(w, z).
It is known (cf. [8, Theorem 3.8]) that the convergence in (4.9) is uniform and absolute on
compact subsets of Q x Q. Hence we can interchange integration and summation in (4.8).
With (v, w) € U we have

Gow) = Y (A)m(x)q/ g(2)K™(z, w)KY(v, 2)h* P (z,2) dv(z).

m,qe M 2

Since A > p, the integrals on the right-hand side exist and for all m, q € M they define holo-
morphic polynomials in (v, w) homogeneous of degree |m| + |q|. It follows that G (v, w) is
holomorphic in U. o

In the next example, we calculate B in the case of a rank one domain more explicitly.
Example 4.2. Let Q@ = B” be the Euclidean unit ball in C”. Then we have r = 1

and p = n + 1. In this case, the Gindikin Gamma function I'q (A1) coincides with the usual
Gamma function I'(4). Thus (4.3) with A := n 4+ 1 4+ « and & > 0 takes the form

1T 1
Busira(@)w) = ot [ g0 g - 2 vt
_UTGike) [ (P e
o Tt Jp £ |1 -z w2etite) e

where g € L1(B", dv). Recall that in the literature the expression By, 1 1.4¢(g) is also called
the o-Berezin transform of g (cf. [12,13]).

Let Autg(£2) denote the connected component of the automorphism group of € char-
acterized by Id € Autg(€2). We write K C Autg(€2) for the sub-group of all automorphisms
leaving the origin 0 € Q invariant. As is well known, there is a set {eq, ..., e, } C C” of R-linear
independent vectors (Jordan frame) such that each z € C” has a polar decomposition of the
form

.
(4.10) z=kY tiej with keK, f1,....tr €R.
j=1
Moreover, z € Q if and only if |¢;| < 1forall j =1,...,r.

Lemma 4.3. Assume that g € LY (2, dv) identically vanishes in an open ball By C
of radius § > 0 and centered at the origin. Then

lim CA/ g(2)h(z,2)*7P dv(z) = 0.
A—00 Q

Proof. If z € Q is expressed in the polar decomposition (4.10), then the Jordan triple
determinant restricted to the diagonal can be written as

r

h(z.z) =[] -H.

j=1
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236 Bauer and Coburn, Heat flow and Lipschitz approximation

In particular, we see that i(z,z) < l and i(z,z) = lifandonlyifz = 0 € Q.Pick0 < p < 1
with 0 < h(z,z) < pforall z € © \ BY. Then we obtain for z € €2 \ By and with a sufficiently
large weight parameter A > p,

prP  Ta@)

h , A_P< .
cah(z.z) -~ a* T —n/r)
A=p L T(A—(j — 1%
A A( G-bg)
T j=1F( —(1—1)5—7
A_p r . s a
Sy SRACEIVARNE
o AT = (= D§ —n)
A—p r n
P . a
= 01 (CEENER
j=1k=1
A—p
<

The right-hand side tends to zero as A — oo and the assertion easily follows from the assump-
tion on g and the estimate

A=p
_ p
o [ £@hE PP v < L A gl ., .

As before, we write (-, -) for the Bergman metric on 2. Recall that due to Lemma 2.1
the space UC(2) is contained in BO(£2). Hence for any f € UC(S2) there is a C¢ > 0 such
that for all z, w € ,

4.11) | f(2) = f(w)] = C[1 + B(z, w)].
Now, we can prove a result analogous to the statement of Proposition 3.2:

Proposition 4.4. Let f € UC(QQ). Then limy_,o, By (f) = [ uniformly on Q.

Proof. Let ¢ > 0 and choose § > 0 such that | f(z) — f(w)| < & whenever z,w € Q
with f(z, w) < §. Since the B-topology is equivalent to the Euclidean topology on Q2 (see [9]),
we can pick §’ with0 <& < 1sothat{z € Q:|z]| <8’} C{z e Q:8(z,0) <5} If weQ
and A > p, then we have

B, (fH(w) = fw)] = CA/Q |f 00w (@) = f 0w (O)|h(z, )77 du(2)

o — o A-p
ol L+ e ronone i)
= (%)

Note that in the case where |z| < §’ we also have B(¢wz, ¢y, 0) = B(z,0) < § and therefore it
follows from the uniform continuity of f that

|f opuw(z) — f opw(0)] <e.
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Bauer and Coburn, Heat flow and Lipschitz approximation 237

Hence, using this estimate together with (4.11) shows
(¥) <e+c;C [1 + B(z.0)]h(z, 2)* P dv(z).
lz|=8

It is known (see [4, Theorem E]) that the function (-, 0) defines an element in L1 (2, dv).
Hence we conclude from Lemma 4.3 that

lim c; /l |>8’[1 + B(z.0)h(z.2)* P dv(z) = 0

A—00
and the proposition is proven. |

In the case of the Euclidean unit ball 2 = B” in C” the following Lipschitz estimate for
the «-Berezin transform has been proven in [13, Theorem 2.11] or [12, Lemma 2.14].

Proposition 4.5. Let  be a measure on B" such that ||| is Carleson. Then there is
a constant C > 0 such that

|Bn+1+a(0)(2) — But1+a()(w)| < Cl|Ty,|B(z, w).

Here T}, denotes the Toeplitz operator with (measure) symbol |1 acting on Lazn, 2B, dv).

For our purpose in the present paper we need a different Lipschitz estimate for the integral
transforms B (g) which is valid for arbitrary BSDs and also applies to functions g € UC(2)
(in which case the Toeplitz operator Ty might be unbounded even in ball case).

For the rest of the section we have to introduce some new notation.

Definition 4.6. LetA > pand f € L?(Q2, dv), where Q is any BSD. Then the “A-mean
oscillation” MO* (f.z) of f is defined by

(4.12) MO*(f,2) := BA(|fP)(2) — | BA(/) ).

We say that f is of “bounded A-mean oscillation” on 2 if MO* (f.-) defines a bounded
function on 2. Let BMO?L (£2) be the space of all functions of bounded A-mean oscillation.

Note that BO(£2) is contained in BMO?L (2) for all A > p by a minor modification of the
proof of [4, Theorem 13]. By a straightforward calculation one can check that

(4.13) MO*(f,z) = By(lf — Bi(/)(2)H)(z2)

and since B} has a non-negative integral kernel, according to (4.7) we conclude that Mo* (f+)
is a non-negative function. Let S be any subset of 2. Then we write

1
I £ Mo, (s) = sup MO*(f,2)2 and || f|lsmo, = I f Moy ()-
ze

Note that || - [|mo, defines a semi-norm on BMO3 ().
For any given w € Q let P,ﬁ denote the rank-one orthogonal projection onto the linear

span of the normalized kernel function k7 in Lz 5(Q2.dv).

The following result generalizes [4, Theorem F] to the case of weighted Bergman spaces.
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238 Bauer and Coburn, Heat flow and Lipschitz approximation

Proposition 47. LetA>pandy : 1 :=[0,1] — Q be a smooth curve. For any func-
tion g € BMO? 3 (8) we have

d
@14 B oy}

d
=< 2ligllBmos (v (1) H[l —P;f(t)](d kl(t))

Proof. We express By (g) in the form (4.7) and differentiate under the integral sign to
obtain

d d
@19 StBa@ 00} =2 [ erre (4

d,ké(t)(z))k;}(t)(z)}h(z, 2P du(z)
= (.

Another differentiation of the identity (k?

th y@) k;,k(t)) » = 1 with respect to the 7-variable shows
at

d
Re< i ky(z)’ky(z)> =0

: A _ A A
Therefore we obtain from Py(t)f =(f, ky(t)h . ky(t) that

d d
Re{ y(r)(d y(r))(z)km)(z)} {<E"fm’ y(t)> |ky(z)(z)|2} =

From (4.15) we see that

(=201 [ eIRe{r = Pl k0 |y @) iz, 27 duce,

In particular, if we choose g = 1, then we have B (g) o y(¢) = 1 and therefore the last identity
gives

d
/Q Re{[l P;(,)]( y(t)(z)) y(t)(z)}h(z 2)* 7P dv(z) = 0.

Now we combine the last two equations to the relation

(=201 [ 160)= Br@ oy OIRe{ 11 = i) K0 ) i )1z, 277 v,

An application of the Cauchy—Schwarz inequality gives

° J/(l)}'

d
<26, [ 186) = Bag) o vk ) '[1 - Pﬁ(,)](d—k*(t)@)) 'h(z, 2V dv(z)

d
<2{ck | 16G) = Bate) o vOP Ik PGz 2 Pdv(z)} HU ym](dz%) H

= 2\/B,x(|g — Ba(g)oy(®)P) oy(t)- “ [l - Pf(;)](d y(t)) H

Finally, using (4.13) shows the assertion. ]
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Bauer and Coburn, Heat flow and Lipschitz approximation 239

Now we relate the second term on the right-hand side of (4.14) to the Bergman metric
B(-.-) on Q. As before, we write K, (z, w) = h(z, w)™* with z, w €  for the reproducing
kernel function of Lam 1 (82, dv). The infinitesimal Bergman metric on €2 with respect to the
parameter A > p — 1 is given by

02 02
A A
b= (gl (az,-az—,- og K» (2 Z)),-,,- (a o loehCz, Z))l,,-
It follows that
A
(4.16) G} =Z.6GP,
p
where G? is the infinitesimal Bergman metric corresponding to f (the unweighted case).
Lety = (y1,...,yn) : I =10,1] = @ be a smooth curve with arc length s; = 5, (¢)
with respect to G2. Put s = s,. Then we have
ds; \? " 2 o
(4.17) —) = 2 &, Oy,

i,j=1

The following result is analogous to [4, Lemma 1].

Proposition 4.8. For any smooth curve y as above and A > p — 1 we have

d
A
- Py(,))(d y(r)) H

Proof. By a direct calculation using (0/0z;) K, (-, z) = (0/0z;) K, (-, z) one has

ds,
dr

2 2
logK;(z,z) = log(K(-,2), K (-,
52z e Ki2) = S Tog(Ka (- 2). Ka-2)
_1/ @ 0
= Ku(z.2)7! = K25 KA( Z)
Zj
0 0
Ky <—1<A( 2k <k* =Ka(2)
According to our previous notation we can rewrite this identity in the form
2 0
—log K;(z.2) = Ki(z.2)"{(I = P *)—KA( 2 g Kaa)
0z;0Z;
Inserting the expression on the right into (4.17) gives
4 2
SA
(W) — K.y | y(,pZy,(z) K
A

Now we use the relations

ai_kA —k*{lg(z z)zilq(z z)” z} + K, 2(z Z)—KA( ,2)
j

for j = 1,...,n which imply that
ds), 2

4.18 — ] =
@.18) (%)

2

n
— 0
A A
(I = Pip) 3105k =
Jj=1 A
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240 Bauer and Coburn, Heat flow and Lipschitz approximation

Since the derivatives

0 10
a—Zikj = k?{K,\(z,z)Za—ZiK;L(z,z)}

define elements in the one-dimensional space span{k’x} cL? an, (82, dv) and with the total
derivative

d[ Y(t) Z Vi (t) Z lz=y) + Z y] (I)_ Z | z=y@)’

i=1

it follows that

n
S
_ A A
(- y(z>)( y(t)) = =Py ) O3z 2 ey
j=1

which together with (4.18) implies the assertion. |

Let g € BMOi(Q). By combining the results of Proposition 4.7 and Proposition 4.8 we
obtain

(4.19)

d dSA

B el <2 — .
im@eorn >}’ < 2elovo, (52 )
Now we get a Lipschitz estimate for B (g) which holds for all g € BMO/Z1 (2):

Theorem 4.9. Let g € BMOi (2) and A > p. Then we have for all z,w € <,

A
(4.20) |Ba(g)(w) — Ba(g)(2)] = 2\/;' lgllBmo, B(z, w).
In the case where g € UC(R2), we have g — B3 (g) € BUC(Q2).

Proof. Let y be a geodesic joining z and w with respect to the Bergman metric corre-
sponding to the weighted kernel K. Let 8, (-, ) denote the Bergman distance function. Note

that according to (4.16) we have
A
Bz, w) = > Bz, w).

The estimate (4.20) follows from this observation and by integrating (4.19). If g € UC(R2),
then it follows from Lip(2) C UC(L2) that g — B (g) € UC(R2) for all A > p. It remains to
show the boundedness of ¢ — B, (g). From

g(w) — By(g)(w) = cy /Q[g(w) —gogu()Nh(z.2)*77 dv(z)
we obtain the estimate

lg(w) — Br(g)(w)] = CA/Q 18 © 9w (0) — g 0 pu (2)|1(z, )77 dv(z).
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Bauer and Coburn, Heat flow and Lipschitz approximation 241
Since g € BO(2) and B(¢w0, ¢yz) = B(0, z), we see from (1.1) and with C > 0 that
|g(w) — B(g)(w)] = ¢, C /Q[l + B(0.2)]h(z.2)* 7P dv(2)
< C /9[1 + B(0, 2)] dv(z) < 0.

In the last line we have used A > p and 0 < h(z,z) < 1 for all z € Q together with the well-
known fact (cf. [4]) that B(0,-) € L1(Q, dv). ]

We collect the previous results to obtain a statement which is completely analogous to
Theorem 3.4 (see also the Remark 3.5).

Theorem 4.10. Let Q@ C C" be a BSD of genus p equipped with the Bergman metric
and let [ € UC(R2). Then the integral transforms {B)(f )}, p in (4.3) define a flow of real
analytic functions in Lip(2) with

Algrgo By(f)=f

uniformly on Q. The Lipschitz constant of B (f) is dominated by C; := 2/A/p| f |lBm0,-
In particular, the inclusion Lip(2) C UC(R2) is dense.

Remark 4.11. 1In the case where = B”, it has been shown in [17] that the spaces
BMO}L (B™) in fact are independent of the weight parameter A > n.

Remark 4.12. In our results, we have assumed that 2 C C” is an irreducible BSD.
However, they remain valid for arbitrary reducible BSDs by reasonably clear modifications of
the proofs for the irreducible case.

5. Real analytic Lipschitz approximation and the Berezin measure

Let Q2 C C” be a domain equipped with a finite positive Borel measure v normalized to
one, i.e. v(2) = 1. We write # (£2) for the Fréchet space of all holomorphic functions on €.
Assume that the v-Bergman space

L2(Q,v) = H(Q) N L3, v)

is a Hilbert subspace of L?(Q,v) with a reproducing kernel K : Q x Q — C such that K is
non-vanishing on the diagonal, i.e. one has K(z,z) > 0 for all z € Q. We define the Berezin
measure dV,, on Q by

6D dVy(z) := K(z,z)dv(2).
Moreover, for a given bounded function f € L% (€2, v) and with z € Q we write

(fK(-.2),K(-,2))
K(z,z)

(5.2) B, (f)(2) ==
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242 Bauer and Coburn, Heat flow and Lipschitz approximation

for the Berezin transform of f with respect to L2 (2, v), where (-, - ) denotes the inner product
of L2(2,v). With the normalized reproducing kernels
K(u,z)

ko(u) := ——"— € L2(Q,v),
IK(-,2)]2

where z, u € Q, we can rewrite the Berezin transform (5.2) of f as

By(f)(2) = (fkz kz) = /Q S @) lkez )| dv(u).

In the next example we express these objects more explicitly in the case where 2 = C” or
is a BSD.

Example 5.1. LetQ2 = C” be equipped with the Gaussian measure /4 in formula (3.2),
where ¢ > 0. Then we have B, (f) = FO for f e LO°(C™") and

(5.3) AV, (z) = dv(z).

@y "
Consider now a BSD Q C C”" of genus p which carries the standard weighted measure

dv)(2) := c3h(z, z)*7P dv(z) (see the notation in Section 4) with A > p — 1. Then one sees

from (4.7) that By, (f) = B, (f) forall f € L°°(2). The Berezin measure takes the form

5.4) dVy, (z) = K (z,2)dvy(z) = cph(z,z)"P dvu(z).

In the last equality we have used the relation (4.2) between the weight function and the repro-
ducing kernel of L2 ; (Q2.dv).

Note that none of the measures (5.3) and (5.4) is finite which is a typical phenomenon
in the case when L2 (R, v) is infinite dimensional. Moreover, one observes that the spaces
L?(C",V,,) and L*($2, V},) are independent of the weight parameter ¢ and A, respectively.
All corresponding norms are equivalent.

As was noted earlier, the families of Berezin transforms above can be extended from

bounded functions to the spaces UC(C") (and UC(2)), respectively, whenever A > p.

With the definition (5.1) consider now the L2?-space L?($2,V},). Then we have the fol-
lowing (cf. [3, Example 3.1]):

Lemma 5.2. The Berezin transform is linear and well-defined on L*(2, V,,) and leaves
this space invariant. More precisely, it defines a contraction on L?(2, Vy,).

Proof. Let f € L?*(2,V,). One can check that

/ 1 |ku(w)|2 |kw(y)|2
o3 K(y,y) Ku,u) K(w,w)

dVy(y)dVy(w)dVy(u) = v(R2) = L.

Hence we conclude from Tonelli’s theorem that the function
1
K(y,y)

L(u.y) = [Q lew (1) Pllew ()2 d ()
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Bauer and Coburn, Heat flow and Lipschitz approximation 243

is finite for a.e. (u, y) € Q2 with respect to the product measure d V,, ® d V, and non-negative.
By using the identity |ky (1)|?> = K(u, u) K~ (w, w)|ky (w)|? one finds that

fL(u,y)dVv(u)=/ LGt y)dVy(y) = 1.
Q Q

Hence the two functions Fi(u, y) := f(u) and F>(u, y) := f(y) are both elements of the
L?-space L?(2 x Q, L(-,-)dV, ® dV,) with the norm

(5.5) /Qlej(u,y)lzL(u,y)dVv®dVv(u,y)=||f||i2(9,m, j =12

Finally, Fubini’s theorem and (5.5) together with the Cauchy—Schwarz inequality shows that
1By (N 22y = /Q @ TOew (0) ko (I d ) dv(y) d Vo (w)
= /93 F ) F ) ku (W) lkw (1) dv(w) d Vs () dv(y)

=/QZ Fi(u,y)Fa(u, y)L(u, y)dV, & dVy(u,y)

<1/ 1220 v09-

This proves the lemma. ]

If we restrict our analysis to certain subspaces of UC(C") and UC(€2), respectively, then
we can sharpen the statements of both Theorems 3.4 and 4.10.

Theorem 5.3. Let f € UC(C") N L%(C",dv). Then the heat transforms {];(t)}t>0
define a flow of real analytic functions in Lip(C™) N L?(C", dv) with

fi 7= 1
uniformly on C". The Lipschitz constant of ]; © is dominated by
Dy = (4m) T2 (e dvy-
Proof.  According to Theorem 3.4, Lemma 5.2 and the first part of Example 5.1 we have
FO ¢ Lip(C™) N L3(C", dv)

for f € UC(C™) N L?(C",dv) and all t > 0. Let K denote the reproducing kernel of the
space H2(C™,du). Then we obtain from |K(u,w)|?> < K(u,u)K(w,w) for all u,w € C"
that

IMO(/) )| < |/ P
= [ 1Pl dutw)
< [, 1F)PK . w) dutw

= ”f”iz«(jn’yu)-
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From the last estimate we conclude that || f [smo =< [| f I2(c7,v,,)- In particular, we have for
allt > 0,
1/C2vDlRmo = 1/C2VDI32cn vy

_ 1 2
= G L, L7 eviOR v

— 2
- W”f”LZ((C",dU)‘

A second application of Theo]rem 3.4 shows now that the Lipschitz constant of f @) is domi-
nated by Dy := (4m)™"t7" 72 || f || L2(cn.av)- o

Let @ C C” be a bounded irreducible domain of genus p. For any A > p — 1 consider
the Berezin measure d V), (z) = ¢ dw(z) on  in (5.4). Note that the measure

dw(z) == h(z,z) P dv(z)
is independent of the weight parameter A. Then we have:

Theorem 5.4. Let f € UC(Q) N L%(Q, w). Then the integral transforms { B}, (N asp
in (4.3) define a flow of real analytic functions in Lip(Q) N L?(Q2, ) with

Jlim B,(f) =/

uniformly on Q. The Lipschitz constant of By (f) is dominated by

_ A I'a(A)
(5.6) M, = 2\/m” ToO—0) 1/l 222.0):

where I'q (L) denotes the Gindikin Gamma function and r is the rank of Q.

Proof. By the same argument as in the proof of Theorem 5.3 we conclude that

£ lBmos = verllf L2 @.o)-

Hence the upper bound M, for the Lipschitz constant of By ( f') is obtained from Theorem 4.10
and the definition (4.1) of ¢} . O

We close the section with some remarks on the relation between the spaces BMO?(2)
and L2(Q2, V) in the case where Q = C” with the Gaussian measure dj or 2 is a bounded
symmetric domain of genus p equipped with the measure dv,.

In the general framework (as it was described at the beginning of this section) we denote
by P the orthogonal projection of L2(€2, v) onto L2 (R, v). With a (suitable) complex-valued
symbol f the Hankel operator Hy is defined by

Hy = (I — P)My : L2(Q,v) — L2(Q,v)’ C L*(Q,v),
where My denotes the multiplication by f. The following result was shown in [3, Proposi-
tion 4.1].
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Lemma 5.5. Let f € L%(2,V,). Then the Hankel operator Hy is of Hilbert—Schmidt
type.

Assume that 2 = C”" or Q is a BSD of genus p equipped with the measure dy and dvp,
respectively. We say that f is of vanishing mean oscillation (f is in VMO?(Q) C BMO?(R2))
if one of the following holds:

(1) Q =C"and lim;—oc MO(f,z) = 0,
(i) € C™ aBSD and lim;_, 30 MO?(f,z) = 0.

In both cases it is known that the simultaneous compactness of the Hankel operators Hy and

H 7 implies that / € VMO?(R) (see [1,4]). Hence Lemma 5.5 shows:

Corollary 5.6. Let Q2 be a BSD. Then
L*(Q.,w) C VMO?*(Q) C BMO?*(Q).
The analogous result holds for Q@ = C".

Remark 5.7. By a direct calculation it even can be shown that for a BSD €2 of genus p
and f € L?(Q, ) one has lim,_,530 MOP(| £|?)(z) = 0. This convergence implies that My P
is compact on L2(Q2, dv) forall f € L?(Q, w). We omit the proofs here. The analogous results
are true for Q@ = C” equipped with a Gaussian measure and f € L?(C", dv).
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