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Abstract

The starting point of this paper is the maximal extension I'} of I';, the subgroup
of Sp,(Q) which is conjugate to the paramodular group. Correspondingly we call the
quotient .o/7 = ['F\H, the minimal Siegel modular threefold. The space .7} and the
intermediate spaces between o7, = I';\H, which is the space of (1, t)-polarized abelian
surfaces and o/} have not yet been studied in any detail. Using the Torelli theorem
we first prove that .o/ can be interpreted as the space of Kummer surfaces of (1,¢)-
polarized abelian surfaces and that a certain degree 2 quotient of .2/, which lies over
o/f is a moduli space of lattice polarized K3 surfaces. Using the action of I'; on the
space of Jacobi forms we show that many spaces between .o/, and 2/} possess a non-
trivial 3-form, i.e. the Kodaira dimension of these spaces is non-negative. It seems
a difficult problem to compute the Kodaira dimension of the spaces .2/} themselves.
As a first necessary step in this direction we determine the divisorial part of the
ramification locus of the finite map o/, — 2/}. This is a union of Humbert surfaces
which can be interpreted as Hilbert modular surfaces.

Introduction

The moduli space o7, of abelian surfaces with a (1,?)-polarization is the quotient
of the Siegel upper half plane H, by a subgroup I'; of Sp,(Q) which is conjugate
to the paramodular group T,. In Section 1 we define an isomorphism between the
symplectic group and the special orthogonal group SO(3, 2) over the integers.

This exhibits I';/{xE,} as a subgroup of the orthogonal group SO(L;) where L,
is the lattice of rank 5 equipped with the form < 2¢ > @2U (here U denotes the
hyperbolic plane). Let L, be the dual lattice of L;. The image of I'; in O(L;) acts
trivially on L;/L;. The orthogonal group O(L;/L,) is isomorphic to (Z/2Z)*® where
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462 V. GRITSENKO AND K. HULEK

v(t) is the number of prime divisors of t. For every d||t (i.e. d|t and (d,t/d) = 1) we
construct an element Vy in Sp,(R). These elements V; define a normal extension I'}
of T, of index 2“®) such that T} /Ty = O(L;/L). It turns out that I' is the maximal
normal extension of I'; as a discrete subgroup of Sp,(R). Hence we can consider the
moduli spaces .o/; = I';\H, as ‘minimal’” Siegel modular threefolds. In Section 1 we
also give a geometric interpretation of the action of V; on the moduli space «7;. In
particular V; identifies a polarized abelian surface with its dual. It turns out that the
space (I';Ul, V;)\H, is isomorphic to the moduli space of lattice polarized K3 surfaces
with a polarization of type < 2t > @ 2Eg(—1). Lattice polarized K3 surfaces have
been studied by Nikulin [N2]. They play a role in mirror symmetry for K3 surfaces
(see Dolgachev [D]). We also prove that the variety .o/} itself is the space of Kummer
surfaces associated to (1,%)-polarized abelian surfaces. (For a precise statement see
Theorem 1-5.) In particular, this implies that a (1,?)-polarized abelian surface and
its dual have isomorphic Kummer surfaces. Surprisingly, this result seems not to
have been noticed before. At this point one can ask the question which of the Siegel
modular varieties lying between ./; and .o/} are moduli spaces of K3 surfaces.

In Section 2 we study the action of the elements V; on the space of Jacobi forms.
It turns out that this gives rise to a decomposition of the space of Jacobi forms
which was originally found by Eichler and Zagier [EZ]. Using lifting results due to
the first author this enables us to prove that many moduli spaces lying between 7,
and the minimal Siegel modular threefold .o/} are not unirational, resp. have non-
negative Kodaira dimension. This method, however, unfortunately does not give us
information about the geometric genus or the Kodaira dimension of .o/ itself. To
determine these seems a fairly hard problem. We hope to come back to it. The general
philosophy behind these considerations is the question where these moduli spaces fit
into the classification theory of algebraic threefolds. Very little is known about this.
For example one can ask, whether the fact that .2/} is minimal (in the sense described
above) for square free ¢ is in any way reflected in terms of the classification theory of
threefolds. To prove results about the Kodaira dimension of the spaces .2/} requires
a good knowledge of the singularities of these spaces which is a hard problem in
itself. Since the singularities of .o/, are known (cf. [B]) the problem is equivalent to
determining the ramification locus of the finite map ./, — /7. As a first step we
compute the divisorial part of this ramification locus for square free ¢ (the general
case can be treated by the same method). This can be shown to be a finite union of
Humbert surfaces. To determine these we reexamine the theory of Humbert surfaces
from the point of view of the orthogonal group, which turns out to be a very useful
way of studying Humbert surfaces. An example, originally due to Brasch, shows that
the ramification locus can also contain curve components. We finally interpret the
Humbert surfaces in the ramification locus as Hilbert modular surfaces.

1. The symplectic and orthogonal groups
The local isomorphism between the symplectic group Sp,(R) and the special or-
thogonal group SO(3,2)r of signature (3, 2) is well known. In this section we define
this isomorphism over Z.
Let us fix a lattice

L=e7Z®eZ @ esZ @ ey.
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Minimal Siegel modular threefolds 463
We identify [ € L with a column-vector in the basis {e;}. L* = L A L is the lattice
of integral bivectors, which is isomorphic to the lattice of integral skew-symmetric
matrices. The bivector e; A e; corresponds to the elementary skew-symmetric ma-
trix E;;, which has only two non-zero elements e;; = 1 and e;; = —1. Any linear
transformation g: L — L induces a linear map A’g: L A L — L A L on the Z-lattice
of bivectors. If g is represented with respect to the basis {e;} by the matrix G,
then

(A’9)(X) = GX'G forany X = zje;Ae; € LAL
i<y

One can define a symmetric bilinear form (X,Y)on L AL

XAY =(X,Y)e; Aes Aeg Aeg € AL,

It is known, that (X, X) = 2 Pf(X), where Pf(X) is the Pfaffian of the matrix X,
and Pf (M X*M) = Pf(X)det M.

Definition. The group
T,={g:L—L| A2g(W,) =W,, where W,=e Aey+tesAes}  (1-1)
is called the integral paramodular group of level t.

The lattice L, = W= consisting of all elements of L A L orthogonal to W; has the
following basis

L= (eg ANes, ea Neg, e ANeg —tea Aey, eg Neyg, eq N\ e3) Z°.

We fix this basis for the rest of the paper. The symmetric bilinear form (-, -) defines a
quadratic form S of signature (3,2) on the lattice L;, which has the following form
in the given basis

0 0 0 0 -1
0 0 0 —1 0
0o 0 2t 0 o0 |. (1-2)
0 -1 0 0 0

-1 0 0 0 0

The group of the real points of the paramodular group is conjugate to Sp,(R).
Thus the determinant of any element of the paramodular group equals one and A%g
keeps the bilinear form on L A L.

This gives us a homomorphism from the symplectic group in the orthogonal group
of the isometries of the lattice L,

A% T, — O(Ly).

The paramodular group I'; is conjugate to a subgroup of the usual rational symplec-
tic group:

* * *  tx
= tx * tx tx
Iy =1, 1FtIt = " " « ¢ € Sp,(Q) o,

where all entries * denote integers and I; = diag (1,1, 1,1).
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464 V. GRITSENKO AND K. HULEK
The quotient space
ofy = T \H,
is the coarse moduli space of abelian surfaces with a polarization of type (1,1).

The composition of the conjugation with the homomorphism A? defines a homo-
morphism

W: T, — O(L;) where Y(g)=A*(I;gI"). (1-3)

One can extend ¥ to the real symplectic group I';(R) = Sp,(R).
Let Ly = {u € Li®Q |V € L; (I,u) € Z} be the dual lattice of L;. The discriminant
group
Ay = Ly/L, = (20)'Z)Z = 7.)2t7

is a finite abelian group equipped with a quadratic form
@ A x Ay — 20)7'Z2Z qu(l,1) = (1,1)z, mod 27
(see [N1] for a general definition). Any g € O(L;) acts on the finite group A,. By
OL) ={geO(Ly)|VeL, gt—lcL)}

we denote the subgroup of the orthogonal group consisting of elements which act
identically on the discriminant group.
One can easily prove the next lemma (see [G1]).

Lemma 1-1. The following relations are valid
1. W(I,) € SO(Ly) = O(Ly) NSO(Ly):
2. Ker¥ = {+E,}.

The finite orthogonal group O(4;) can be described as follows. For every d||t (i.e.
d|t and (d, t/d) = 1) there exists a unique (mod 2t) integer &4 satisfying

4= —1mod2d, &;=1mod2t/d.
All such &; form the group
E(t) = {&mod 2t | € = 1 mod 4t } = (Z/27)"", (1-4)

where v(t) is the number of prime divisors of ¢. It is evident that O(A4;) = E(?).

One can take an element in SO(L;) realising the multiplication by &; on A;. It
gives us an element in Sp, (R) with integral W-image. For example, for every d||t we
can define x,y € Z (which are not uniquely determined) such that

t
xd —yty =1 where tg = 7

The matrix
de —1 0 0
~ -yt d 0 0
Va=| 7
0 0 d gyt
0 0 1 dzx
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Minimal Siegel modular threefolds 46
is an integral symplectic similitude of degree d. We put
1 ~
Va=—Vi € Sp,(R).
d \/d d py(R)
V4 has the following W-image

1 0 0 0 0
0 d =2yt Yty 0O
YVy)=|0 —1 de+tgy —zy 0 ]. (1-5)
0 tg —2tx z2d 0
0 0 0 0 1

We note here that
xd+tqyy = —1mod2d and xzd+tzy = 1 mod 2ty,

thus Vy induces the multiplication by &; on A;.
It is easy to see, that for all V, (d|[t)

Viel, Vu,Vy=T,,

i.e. the V; are involutions modulo I';. Therefore one can define the following normal
extension of the paramodular group I';.

Definition. T} is the group generated by the elements of I'; and Vj for all d||¢.

In accordance with Lemma 1-1 any element in W(V,;I';) defines the same automor-
phism of Ay, thus

/T, = O(Ly/Ly) = E(t) = (Z/27)"". (1-6)

The real orthogonal group Ogr(L;) = O(L; ® R) acts on a domain lying on a pro-
jective quadric, more exactly on

PH; = PH}, = {Z € P(L, ® C)| (Z,2) = 0, (£,7) < 0} = PH; UPH,,
where
PH; = {Z ="((tz} — 2123), 23, 22, 21, 1) 20 € PH} | Im (1) > 0}. (1-7)

This is a classical homogeneous domain of type IV. The condition (Z,Z) < 0 is
equivalent to
yiys — tys >0  where y; = Im (2;).

Taking 2z, = 1 one gets the corresponding cylindric domain in the affine coordinates
(zi)1<i<s

Hy ={Z ="(z3, 22, 21) € C* | yuys — ty5 > 0, 1 =Im (z;) > 0}.
The domain H for ¢ = 1 coincides with the Siegel upper half-plane Hj. For a general
t one can define the following isomorphism of the complex domains

/(pt:HQ;)H: Zbt(ﬂ 7—2>:t<7-3 E; 7'1). (1-8)

To T3 t’ ot

The linear action of the real orthogonal group Ogr(L;) on PH defines ‘fractional-
linear’ transformations on Hy. By Og(L:) we denote the subgroup of index 2 of
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466 V. GRITSENKO AND K. HULEK

the orthogonal group consisting of elements which leave PH; invariant. (This is the
subgroup of the elements with real spin norm equal one.)

ProrositioN 1-2. Let t be square free. Then ¥ defines the following isomorphisms
. Ty /{+E,} — SO (Ly),
where SO™ (Ly) = SO(Ly) N OX(Ly), and
Wi T, /{£E} — S0 (L),
where §6+(Lt) =807 (L) N @(Lt). Moreover the following diagram is commutative

g

H, H,

t//tl ) l//,l

Hf—— H}.

Proof. The diagram is commutative for any g € Sp,(R). To prove this one has to
calculate the images of standard generators of Sp,(R) under V.

It is known that for square free t, the group PI'y = I';/{+E,} is a maximal
discrete subgroup of the group of analytic automorphisms of H, and [} : T;] = 2¢®
(see for example [Al], [Gu]). From the description of the finite orthogonal group
O(A;) given in (1-4) we obtain that [SO™(L;) : S/(\)+(Lt)] = 2" The statement of the
proposition about the isomorphism of the groups follows from the maximality of I'}
and Lemma 1-1. [

The coset V, I’y (in the case d =t we may take x = 0,y = —1) can also be written
in the form
0 vt 0
VvVt o0 0 0
0 0 0
0 0 yt!

According to (1-3) and (1-5) W(V;) defines the multiplication by —1 on Et/Lt, i.e.
V; corresponds to the element & = —1 of E(t) (see 1-4). Therefore

—¥(V,) € O(Ly).

Vi, =

Elements M and —M € O(L;) define the same transformation of the domain H; .
Thus we have

CoroLLARY 1-3. Let t be square free. The groups
WUV and 0%(Ly) = O(L) N O3(Ly)
coincide, if we consider them as groups of analytic transformations of PH .
ProposiTioN 1-4. The quotient
(U v;) \ Hy

s isomorphic to the moduli space of polarized K3 surfaces with a polarization of type
< 2t > @2Eg(—1).
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Minimal Siegel modular threefolds 467

Proof. It is known that a moduli space of polarized K3 surfaces is a quotient
of a 19-dimensional homogeneous domain of type IV by an arithmetic group. In
the proposition we consider polarized K3 surfaces with a condition on the Picard
group or equivalently on the lattice of its transcendental cycles. To formulate these
conditions we need some definitions (see [N2], [D]).

Let X be a K3 surface. Let us take a sublattice D, =< 2t > @ Eg(—1) & Eg(—1) of
the lattice

Lgs=UdUdU® Ey(—1)® Eg(—1) = H* (X, Z),

where < 2¢ > (t € Z) denotes the one-dimensional lattice generated by a vector [
such that [* = 2¢, U is the hyperbolic plane with quadratic form (‘1’ (1)) and Eg(—1)
is the even unimodular lattice of dimension 8 with the negative definite quadratic
form. We note that sign (D;) = (1,16) and Di* @ U & U < —2t >= L, = L,(—1).
(Notation L;(—1) means that we multiply the quadratic form S; on the lattice L; by
—1.) We recall (see [N1]) that the orthogonal group

O(Dy, Lxs) ={9: Lxs — Lk | g|p, = id}
is isomorphic to the group
O ={g: L, > L,|VIeL, gl—leL,}

A marked D;-polarized K3-surface is defined by the following datum (see |[N2]|
and [D] for more details): a surface X, a fundamental domain C(M)* of a group
generated by some 2-reflections of the lattice D; acting on a connected component
V(Dy)* of the cone V(D;) = {v € D; @ R | (v,v) > 0} and an isomorphism of the
lattices ¢: H*(X,7Z) — L3, such that ¢~'(Dy) C Pic (X), ¢~ (V(Dy)*) € V(X)" and
¢~ (C(M)*) contains at least one numerically effective divisor class. By V(X)* one
denotes the connected component of the cone

V(X)={ve Hy'(X)]| (v, v) >0}

containing the cohomology class of a Kéhler form on X.
Let us denote by wx a holomorphic 2-form which generates H*"(X). Its image
under the isometry ¢ belongs to the following domain in the projective space P*

dlwx) € Dy, = {v e P(L; ® C): (v,v) =0, (v,0)>0}.

This domain is an example of the domains of type IV. Its connected components are
isomorphic to the domain H; introduced after (1-7).
The quotient
M(< 2t > B 2Eg(—1)) = O (L)) \ H

is the moduli space of isomorphism classes of < 2t > @ 2Eg(—1)-polarized K3 sur-
faces. In accordance with Corollary 1-3

M(< 2> @2B(~1) = (LUTV) \H.. O

We now want to explain the relationship between the variety /7 = I'; \ Hy and
the space of Kummer surfaces associated to (1,¢)-polarized abelian surfaces. For an
abelian surface A we denote by X = Km (A) its associated Kummer surface.

THrEOREM 1-5. (i) Let A, A" be two (1,t)-polarized abelian surfaces which define the
same point in of. Then their Kummer surfaces X, X' are isomorphic.
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468 V. GRITSENKO AND K. HULEK

(i1) Assume that the Neron-Severi group of A, resp. A’ is generated by the polarization.
Then the converse is true: If A and A" have isomorphic Kummer surfaces, then A and A’
define the same point in o7 .

Proof. We consider the commutative diagram

J - x=Km)

R

A —— Y=A}

where A is the blow-up of A in the 16 points of order 2. By [BPV, p. 246] the map
a=poc*: H(A,Z) — H*(X,Z)

multiplies the intersection form by 2 and hence is in particular a monomorphism. Let
T C H?*(X,Z) be the orthogonal complement of the sublattice of H*(X,Z) generated
by the polarization and the nodal classes. Using |[BPV, corollary VIII-5-6] it follows
that T'= 2U (2)® < —4t >. If A is generic, i.e. the Neron-Severi group is generated
by the polarization, then T is the transcendental lattice of X.

(i) Assume that A and A’ define the same point in .oZf. Then there exists an
element V in I'; which induces an isomorphism of the lattices T and 7" of X and
X' respectively. By the Torelli theorem for Kummer surfaces it now suffices to prove
the

_ Claim. The isomorphism V: T — T’ can be extended to a Hodge isometry
V: H3(X,Z) — H* (X', Z).

Proof of claim. By definition T is a primitive non-degenerate sublattice of the uni-
modular lattice H*(X,Z). Its orthogonal complement T+ in H?*(X,Z) is an even
indefinite lattice of signature (1,16). The discriminant groups Ar and Ap. are
isomorphic and have five generators. By [N1, theorem 1-14-2] the homomorphism
O(T+) — O(Apy,qpr) is surjective. Using [N1, corollary 1-5-2] one can, therefore,
construct an extension of the isomorphism V.

(i) An isomorphism f: X — X’ induces an isomorphism of transcendental lattices.
Under the assumption stated this defines an isometry V: T — T where T' = T" =~
2U(2)®» < —4t >= Ly(—2), which is an element of the group O (Ls(—2)). Since
0% (Ly(—2)) = O*(L,) it follows from Proposition 1-2 that there is an element V € '}
which defines one of the elements V. The element V identifies the points defined
by A and A’ resp. [

Remark. The above theorem justifies it to consider 2/} as the moduli space of
Kummer surfaces associated to abelian surfaces with a (1,¢)-polarization.

Remark. In [D, example 6-5] Dolgachev considered the space of M;-polarized
abelian surfaces where M, is the orthogonal complement of 2U(2)® < —4f > in

L. This leads to a subgroup of finite index of O"(L;) and hence a covering space
of /.

Our next aim is to interpret the involutions V,; geometrically. Because of Proposi-
tion 1-2 the element V; induces a map from .7} to itself.
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Minimal Siegel modular threefolds 469

Let (A, H) be a (1,t)-polarized abelian surface. The polarization H defines an
isogeny
M| A — A=Pic"A
r—TrY QL

where & is a line bundle representing H and T, denotes translation by . The map Ay
only depends on H, not on the line bundle Z. There is a (non-canonical) isomorphism
ker Ay = Z; x Z. For every divisor d of ¢ there is a unique subgroup G(d) C ker Ay
which is isomorphic to Z; X Z4. This subgroup defines a quotient

Ai: A— A/Gd)=A".
If A is given by the period matrix

Q: 1 0 T T2 7 = T To EHZ
O t Ty T3 T2 73

then A’ is given by
Q = d 0 d’Tl T2
0 td T2 Tg/d ’

The abelian surface A’ carries a uniquely determined polarization H' with
dH = \;(H").

The polarization H' is of type e- (1,t/e*) where e = (d, t4). Altogether this shows that
we have a morphism of moduli spaces

O=0(d): A — Ay
(A, H) — (A", H').

If d =t we obtain as a special case the map

Ot): Ay — Ay
(A, H) — (A, H)

which maps an abelian surface to its dual polarized abelian surface.
ProrosiTioN 1-6. Let d be a divisor of t with (d,tq) = 1. Then the map
Od): A — A
18 the map induced by V.

TT T2

T2 T3

B T -1 dry, T r  —ytg
Vd<T>_<ytd d)(TQ 7'3/d><1 d >

Now consider the matrix

Proof. For 7 = ( ) € H, we have the following formula for the action

1 tg O 0

y xd 0 0 y
00 = —yly € SLy(Z).
0o 0 -1 d
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470 V. GRITSENKO AND K. HULEK

This matrix transforms the symplectic form de; A e3 + tges A ey into Wy (see (1.1)).
The claim now follows from the equality

T —1\/d 0 dry m
—ytqg d 0 tqg ™ m/d

Remark. In view of Theorem 1.5 this shows in particular that a (1,?)-polarized
abelian surface and its dual polarized abelian surface have isomorphic Kummer sur-
faces. Surprisingly this seems not to have been noticed before.

1 ty O 0
zd 0 0 (10

o ¢

o
=]
8
[
<
~+
U

Vd<7>). O
0O 0 -1 d

2. Nonunirationality of some quotient spaces
We have already shown that the Siegel modular threefolds .7,/ < V; > and &/}
are moduli spaces of K3 surfaces. There are 2! — 2 other threefolds between .o/,
and o/}. Let us take for example two primes p # g and let ¢ = pq. The involutions V),
and V, give rise to the following moduli spaces

AP = of ) <V, >, %SIq) = py) <Vg>, Ay, = A py) <V, Vg >=T, \H;

pq

resp. a commutative diagram

J%P(I
/

W

N
g
where all maps are 2:1. Using the modular forms constructed in [G1] we can obtain
information about the geometric genus of some of these moduli spaces.
By J ,zll;l) we denote the space of Jacobi cusp forms of weight k and index ¢. In [G1]
a lifting was constructed which associates to a Jacobi form @ € J,:‘:p a cusp form

Iy € %k(ft) of weight k with respect to the group

E 2 *
T = x ox % k! € Sp.(Q
t ¥tk % * Spa(@Q) ¢

tx  tx  tx *

where all entries * denote integers. R
The groups I'; and I'; are conjugate. Indeed if C; = diag (1, t~', 1, t) then I'; =
C'trtCt_l . For
0 vt o0 0
S v vttt 00 0
VisVie= T g V!
0 0 vt 0

it was proved in [G1, formula (2-8)] that
Fo(Z) = (—1)* Fal, Vi(2).
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T T2 iy T
F = F .
¢ (Tz T3> @ (Tz t171>

In this section we describe the behaviour of Fy with respect to the group

Ir=<T,, Vy|d|t>,

or equivalently

where ‘A/d = CtVdCt_].

Eichler and Zagier [EZ, section 5], have constructed a decomposition of the space
of Jacobi forms
=@
€

where € runs over all characters of the group

E(t) = {&mod 2t | €* = Imod 4t } = (Z/27)"")
satisfying e(—1) = (—1)¥. For any d with d||t one can define an operator Wy acting
on Ji+ in the following way [EZ, section 5|. For
D(ry, 1) = Z f(n,Dyexp 2mi(nT +1Im)) € J,Zt]?),

n,lEZ
nt>1*

we put
(@ Wa)(ri,m2) = Y f(n', V) exp 2mi(nm +1m)) € J"Y,

n,lEZ
4nt>1*

where I';n’ are determined by
I'=—Imod2d, I'=Imod2t/d, 4n't—17=4nt— 1>
All Wy are involutions. They form a group isomorphic to E(t). The subspaces Jg ,
are eigenspaces of the operation W, namely
Jie ={Q e J | @[ Wy = e(Wy) @}
Note that if
O(r1,72) = D ul(m)hu(ri, ™) € Jf

©mod 2t
is the standard decomposition of the Jacobi form ® with respect to the theta-
functions 6, (7, 72) then for {; € E(?)
Pean(T1) = €(€a)Ppu(T1)-
TuroREM 2-1. Let @ € Ji , be a Jacobi form and Fo € %k(ﬁ) be its lifting. For any
divisor d of t with (d,ts) = 1 the following equality holds
Folx Va = e(€4)Fo.
Proof. Let us recall the definition of the lifting Fgp in terms of the Fourier expansion
[G2]. If

O(ri,7) = Y f(n,1)exp 2mi(nt +1m)) € J;Y
n,lEZ
ant>1*
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then
Fo(Z) = > b(N)exp (2mi tr(N Z)),

NeA,

where summation is taken over all positive definite symmetric matrices of the fol-

lowing form
_ n /2
NGQIt—{Q/Q mt>>0|n,l,m€Z}

(i )= S ()

al(n,l,m)

and

The action of YA/d on Fy is given by
U — —1 t _(dx —t
(Folp Va)(Z) = Fo(d™ Ay Z *Ag)  where Ay = Cy o d
or

(Fale Va)(Z) = Y b(N)exp (2mi tr(d~' 'AsN AqZ))

New,
= ) b~ tAGN Ag) exp (2ri tr(N Z))
New,
where A, = dA;" = (S dtx> Let N=d'tA,NA, = <l~72 %i) Clearly det N =

det N. Tt is easy to see that the elements n, [, m and i, [, m have the same set of
common divisors. Moreover

-l mod2d

[ =l(yty +dx) + 2(nt + zymt) and [=
[  mod 2t,.

Hence, by the definition of Jg , we have

™ AaNA) = 3 a (T L) = deanv)
al(n,l,m)

which proves the theorem. []

This result has some implications on the Kodaira dimension of Siegel modular
varieties which are quotients of .o;. This question has not yet been studied. We
consider the following results as a first step towards a more systematic study of the
Kodaira dimension of these varieties. Whenever we speak of the Kodaira dimension
of some moduli space .27 we mean the Kodaira dimension of a desingularization of a
projective compactification of 7.

COROLLARY 2:2. Let p & q be primes = 5. Then the Kodaira dimension of at least one
of the spaces &/gg or &/S{I) 1s = 0.
Proof. The Eichler—Zagier decomposition gives a decomposition

— g(+=) (—H)
‘]3,1711 - Jg,pq ® ‘]371311 .

If p,q = 5 then there exists a cusp form in J; ,, and hence in J§+pg) or Jgfp;) By
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|G1], [G2] this can be lifted to a weight 3 cusp form with respect to < I'y, V,, >,
resp. < I'y, V; >. By Freitag’s extension theorem this defines a differential form on
any desingularization of a projective compactification of .o/\?), resp. &/{%). This gives
the result. [

For any integer ¢ let us take a character of the group Z(¢) isomorphic to the
orthogonal group of the discriminant group of L, (see (1-4))

e: B(t) — {£1}.
We define a set U(e) = { Vy € I';| €(§4) = 1 } and a subgroup
Iy=<Ty, &a|&acUle) >C Iy

of I';. Theorem 2-1 and the method of the proof of Corollary 2-2 gives us the next
result.

CoroLLARY 2-3. [f dim (J5,) > 0, then the Kodaira dimension of the quotient space
;=T \Hy
18 nonnegative.
Remark. Corollary 2-3 gives information about 7§ only if V; ¢ Ule). If ¢(V}) =
e(—1) = 1, then dim (J5 ;) = 0.

CoROLLARY 2:4. Let t > 21 (t =+ 24, 30, 36) and let its number of prime divisors
v(t) = 2. Then there exists a finite quotient of </ of degree 2= which is not unira-
tional.

Proof. For any integer ¢ from the corollary the dimension of J;'i" is positive. Thus
there is a character € of E(¢) such that €(§;) = —1 and dim J5 , > 0. E(f) = (Z.)27Z)"®
therefore [T: '] =2v0=1

Using dimension formulae for the spaces Ji , one can obtain more precise results.
It is easy to get an exact dimension formula using the trace formula of the operator
W on the space J,.}" given in [SZ]. By definition of W, we have

tr (Wa, J35") =) (&) dim (J5 ),
where the sum is taken over all characters of Z(t). Therefore
dim (J5 ) = 27703 " e(&a) tr (W, J337).

d||t

For weight 3 the trace formula of Wg on J;"}" (we recall that d|t and (d, t4) = 1, where
tq = t/d) proved in [SZ, theorem 1] can be reduced to the following expression

(W, ) = 4 ST HL(4e) — 37 Hal—4¢) + 3 (HA0) — Hy, (0)
eld e'|tq
4 (Balta) Ha—4) — Sold)Hy, (—4))+ (53(1a) Fa(—3) — Bo(d) He, (~3))
+1 ((Q(ta), 2)Q(d) — (Q(d), 2)Q(ta))-

We denote by Q(n) the greatest integer whose square divides n; 6,(b) = 1 or 0 if a|b
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474 V. GRITSENKO AND K. HULEK

ora ) band H,(A) is a generalization of the Hurwitz—Kronecker class number, i.e
H(0) = —é and H;(A) for A < 0 is the number of equivalence classes with respect
to SLo(Z) of integral, positive definite, binary quadratic forms of discriminant A,
counting forms equivalent to a multiple of x° +y? (vesp. 2 +zy +1?) with multiplicity

% (vesp. ). For n > 2 with (n,A) = a®b and square free b

)
., [(A)a*V? . .
2 202\ i 22
ab(n/a2b>H](A/ab) if a*b*|A

0 otherwise,

H,(A) =

where (%) is the generalized Kronecker symbol.
We note that the trace formula has the simplest form for a square free ¢t coprime
to 6:

(W, T = Z( t:) H(—4 >—Z<_2€>H1<—4e'> s

eld e'|tq

Example 2-5. The calculation gives us only thirteen different threefolds of type
/¢ with t having only two prime divisors (t = p?¢®), whose geometric genus could
be equal to zero. They correspond to the following trivial subspaces of J;llt\' of type

J;paq (this notation means that J; pagp = I3, pag With €(&pe) = —1L and €(£z) = 1):
Ja_; 1 Ja_; 13 Ja_z 17 J;_;.wa J:;Zw J;_;zm
Tsaz Jisaw Jisae Jiso Jise it Jins
We may add to this list twenty threefolds .o/, witht =1, ... ,12, 14, 15, 16, 18, 20, 24,
30, 36 (see [G2]) whose geometric genus could be zero. According to classical results
and new results of M. Gross and S. Popescu (see [GP]) it really is fort = 1,... ,12,
14, 16, 18, 20.

Example 2-6. We have the following quotients of order 4 and 8 which are not
unirational. One has

. cusp _ q- 4+ _
dim Jy 5 =dim J3 55 ;= 1.

Thus for o#/\5% =< V4, V4 > \ 42 we obtain A% (/") > 1.
The geometnc genus of all four threefolds of type < Vo, Vi, Vo >\ 19, where
a, b, c € {2, 3,5, 7} is positive.

3. The Humbert surfaces and the ramification locus

If one wants to compute the Kodaira dimension of the variety o/; = I';\H, it is
essential to know its singularities. Already the singularities of .o/, are very compli-
cated to determine (cf. [B]). In view of this result the corresponding result for .o/}
is essentially equivalent to a description of the ramification locus of the finite map
oy — o7, i.e. the locus where the stabilizer of the finite group I'; /T'; is not trivial.
This, too, turns out to be a difficult question. As a first step we shall determine the
divisorial part of the ramification locus which is a union of a finite number of Hum-
bert surfaces. We shall restrict ourselves to ¢t square free, but our method works in
general. Here we study Humbert surfaces from the point of view of the orthogonal
group, rather than the symplectic group, which turns out to be a very appropriate
approach.
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First we collect some known facts about divisors on the homogeneous domain
PH; . For any v € L; ® R we set

H,={Z cPH] |v.Z =0},

where v.u = (v,u); is the bilinear product corresponding to the quadratic form S;
(see (1-2)).

Lemma 3-1.
L. Ay =g " Hy for any g € Ogx(Ly).
2. Let v % 0, then A, + @ if and only if v* > 0.

2
3. H N A £ D if and only if the matrix <UU’LL Uu2u> 18 positive definite.

Proof. 1. The first property is trivial.

2. The orthogonal group Of(L¢) acts transitively on PH . Thus any Z € PH; can
be reduced to Z; = (1,4,0,4, 1) in the coordinates (z;) from 1-7. If v = (a,b,c,d,€)
and v.Z; =0, then a = —e and b = —d. Thus v> = 2a? + 2b*> + 2tc®> > 0.

Let Ly ® R = Rv @ V with v? > 0. One has sign (V) = (2,2). The group SO" (V) =
SOg(2,2) is locally isomorphic to SLy(R) x SLy(R). Thus

%v;PH-\F/;HI@Hb

where H; is the usual upper half-plane. This proves the second statement.

3. Let us suppose that #°,NA#,, + &. It follows from (zu—wv)* > 0 that the matrix
in 3 is positive definite.

If the symmetric bilinear form on the plane P = Rv @ Ru is positive definite, then
sign (P1) = (1,2). The group SO (P+) = SO (1,2)g is locally isomorphic to SLy(R)
and

H,NAH, =~PH,, ~H,. O

Remark. For | € L, (I* > 0) the group é(\)Jr(lJ') is isomorphic to a subgroup of
SLs(Z) x SLy(Z) or to a subgroup of a Hilbert modular group.

Definition. Let € € L, be a vector in the dual lattice. The Humberl surface Hy is
defined by

where m: PH; — S/(\)+(Lt) \ PH] is the natural projection.

Ay depends only on the one dimensional lattice Z¢, thus we can restrict ourselves
to primitive vectors £ € L,. The primitivity means that £/d ¢ L, for any integerd > 1.
The first statement of Lemma 3-1 says that there is a one to one correspondence
between the S/\O+(Lt)—orbits of primitive vectors £ € L, with positive norm and the
Humbert surfaces.

It is well known that for any even integral lattice L with two hyperbolic planes
(in particular for L;) the é(\)(L)—orbit of any [ € L depends only on the norm of [ and
its canonical image [*: = [/div (I) in the discriminant group L/L, where the divisor
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476 V. GriTsENKO AND K. HULEK
div (I) € N of [ is the positive generator of the ideal {(x,l); |z € L}. As a corollary
we have

LesyaA 3-2. Let £y, £y € Ly be two primitive vectors with the same image in the dis-
criminant group (i.e. by — €y € Ly). If 02 = (3, then Hy, = Hy,.

Proof. T4, — €y € Ly, then div (2t¢,) = div (2t6) and SO (L) € = SO (L) &, [

Definition. Let ¢ be a primitive vector of L;. The integer A(f) = 2t¢* is called the
discriminant of Hy.

From the isomorphism Et/Lt >~ 7./2t7 one gets

COROLLARY 3-3. The number of surfaces Hy with fived discriminant A = 2t0?, which
are not I't-equivalent, is equal to the number of solutions

# {bmod 2t | b* = Amod 4t}.

The standard definition of the Humbert surfaces (see [vdG], [F]) is given in terms
of the moduli space of abelian surfaces with polarization (1,?). Let us compare both
definitions.

According to (1-8) and Proposition 1-2 we may rewrite the definition of J#, with
0= (e,a,—b/2t,c, f) € ft ((e,a,b,c, f) = 1) in coordinates (7;) of Hy:

1 T2

f%ﬂ;c:%_l(%é):{( )€H2 | (Tf—7173)f+073+b72+ta71+te:()},

where x = (te, ta, b, c, f). The number

2t0% = b* — 4 f(te) — 4c(ta) = AA).

T2 T3

is by definition the discriminant of #”,. Let us introduce a lattice
N, ={(e,a,b,c, f) € Z’| e, a = Omod t}.

In accordance with Proposition 1-2 and Lemma 3-1 we have the following decompo-
sition of the usual (in sense of [vdG], [F]) Humbert surface Hy C o/, = 'y \ Ha:

Hy = U 7|z« U U #u]l.
€ Ny¢, primitive 2402=A —
A(z)=A 9€S0 (Ly)

where one takes the summation over representatives £ from the distinct orbits and
m; is the natural projection m;: Hy — .o/;. Thus the surface #, defined above corre-
sponds to an irreducible component of the surface H,. Corollary 3-3 tells us that the
number of the irreducible components of the Hy is equal to

# {bmod 2t | b* = Amod 4t}.

This gives a new proof of Theorem 2-4 in [vdG] (see p. 212).
In Section 1 we fixed a basis of the lattice L; such that

L=U)aU-1)® < 2t>,

-1
where U(—1) is the integral hyperbolic plane with the quadratic form < 0 )
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and < 2t > is the one dimensional Z-lattice with even quadratic form 2¢. By Lf) we
denote the orthogonal component in L; of the first hyperbolic plane

Lff) = (62 Nes, eg Nesg —tes Ney, ey A 61)Z3 C L.
1t is easy to see that in any orbit S/(\)(Lt)ﬂ there is a vector from Lf) and
SO (L¢)¢ = SO(Ly)£. Thus any Humbert surface can be given in the form
Ho={az +bzy +czy3 =0} CPHy, A(A,) = 2t0°
or
H! = {tar; +bry + ey =0} CHy,  A(KHL) = b — dtac = 24

where £ = £(0,a, —b/2t,¢,0) € Ly and z = (ta, b, c) € N,.
For any d||t we define the following subgroup of I'; and the corresponding quotient
space of the moduli space .o,

d d d
Y =r,urnyv, «9=r"\H.
The ramification locus of the map o/, — o/ id) can consist of components of different
dimension. In the next theorem we describe its diwisorial part Did).
THEOREM 3-4. Let t be square free, d > 1 and ty = t/d. Then
d

H,UH if — ] =1
4d d 1 <4td>

d d
H. if — 1 1 — =1
. 1 <4td ) o (td ) ’

where (a/b) is the generalized Kronecker symbol of the quadratic residue.

Dy =

Remarks. 1. Ford =1t

D =

Hth UHt ift =1mod4
Hy otherwise.

In particular Df) is irreducible if £ = 2 or 3mod 4 (see Corollary 3-3).

2. For d = 1 Theorem 3-4 is still true if we denote by D,(fl) the divisorial part of
the branch locus of the covering Hy, — .«/;. We note that Dil) was found in [B] by
another method.

CoROLLARY 3:5. Let t be square free. The divisorial part D} of the ramification locus
of the map oy — L7, where of 7 = T3 \ Hy is the ‘minimal’ Siegel modular threefold
corresponding to polarization of type (1,1), is the union of the following Humbert surfaces

D; = (e1(d)Hia Ues(d)Hy) ,
djt
where e((d) = 1if (d/tq) =1, ea(d) = 1 if d is odd and (d/4ty) = 1 and they equal 0 in

all other cases. Moreover none of the above Humbert surfaces is I'y-equivalent.

Proof of corollary We have to prove only the last statement. If ¢; and ¢, € L, are
two primitive vectors with norms €3 = 2/t,, 03 = 1/(2ta,), then Z + (3, since t is
square free. [
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We break up the proof of Theorem 3-4 into several lemmas.
Let us consider a reflection with respect to a vector v € L; ® R:
2(z,v)

v
(v,v)

oy(T) =2 —

It is known that o, € O%(L;) if and only if v* > 0. (This follows from the definition
of the real spin norm.) If o, € Og (L), then the set Fix py:(0,) of fix points of o, on
PH; is a complex surface #,. The opposite statement is also true.

LemMA 3-6. Let us suppose that the set of fix points of o € SOgx(L;) on PH} is a
complex surface. Then —o is a reflection with respect to a vector v € L, @ R.

Proof. Over R one can reduce the quadratic form S; to S = diag (Es, —FE»). The
maximal compact subgroup Kg of the orthogonal group SOg(S) is isomorphic to
SO(3) x SO(2) consisting of all elements which fix the point Z; = (0,0,0,i, 1) € PH; .
Since the group SOg(S) acts transitively on the homogeneous domain we can suppose
that o = diag (A, B) € K where A € SO(3) and B € SO(2). If B + +FE,, then B
has only one fix point i = (i, 1) on the projective line. If ¢ = diag (A, B) has at least
three fixed points, then B has an eigenvalue A of order two. A and B are orthogonal,
thus all eigenvalues of o are equal to £1.

There are two possibilities for the set of eigenvalues of o

{MNo)}={1,—-1,—1,—1,—1} or {1,1,1,—1,—1}.
In the first case —o is a reflection. In the second case o can be written as a product
of two reflections 0,0, with orthogonal v and v. Thus Fix py; (o) = A, N, and we

have proved the lemma for non-trivial B.
If B = £FE,, then the same arguments show that o is conjugate to

B, 0 0
D=[0 1 o0 B, € 80(2) (3-1)
0 0 =+E

if o has at least two fixed points. If By + £ Fj, then Fix pg: (D) is a subset of %mﬂ%y,
where z and y form an orthogonal basis of the plane of rotation of By € SO(2). [

Liumma 3-7. There is a one to one correspondence between the irreducible components
H of the divisorial part Did) and the surfaces Hy defined by reflections o, € T'tVy.

Proof. By # we denote an irreducible surface in H, whose image is H. Let us
suppose that # = Fixp,(G) with G € I';V,. In accordance with Proposition 1-2 and
Lemma 3-6 W(G) = oy is a reflection. Moreover ¢ (#) = #, C PH; and o, induces
multiplication by &4 on the discriminant group A;.

The reflection

22.0)

(£,0)
depends only on the line < £ > defined by £ € L,. It follows from the definition that o
keeps the lattice L; invariant if and only if £ | 2D where D = div (¢) (see the definition
before Lemma 3-2). The surface H depends only on the class { yGy~' |y € T';} and

YOGy )= BeB =0 (Y ET, B=¥() €S0 (Ly). O

oe(z) =2 —
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Therefore in order to find all Humbert surfaces in the divisorial part we have to
classify the SO(L;)-orbits of vectors £ € L; with the additional condition ¢2| 2div ().

LeMMA 3-8, Let t be an arbitrary positive integer and d||t. There is a one to one
correspondence between the SO(L;)-conjugacy classes of reflections oy in the coset (=1',Vy)
and the orbits of the primitive vectors in Ly, which satisfy the following conditions:

div(6) =2t if (4‘;) =1
d

div(l) =ty if (td) = 1.
d

Proof. One can suppose that £ = *(0,a,b,c,0) € Ly and (a,b,c) = 1. For such ¢ the
matrix of o, has the following form

2=2d and

1 0 0 0 0

0 1+2ca/t®> —4tba/l* 2a* /02 0
or=10  2cb/* 1 —4V*/*  2ab/* 0],

0 2/ —d4tbe/0* 1+ 2ac/l* 0

0 0 0 0 1

where £ = 2tb* — 2ac. —oy € SOy if and only if 2 > 0. On the discriminant group
—oy defines multiplication by

W) = ng —1.

By definition D = div (¢) = (a, 2tb, c), therefore D |2t and D |¢*|2D. We put
2tb
f = t(O, Dal, b, DCl,O) with <a1, 67 Cl) =1.
We have to consider four cases:
=D or (*=2D and D|t or D tt
(1) Let us suppose that D |t (tp =t/D). Then we have

, , t
?=2D <=1 =tpb® — Dajc, <= (D,tp) = 1 & <5) =1,
. —1 mod 2tp
—0p) =2tph®> — 1 = — —0,cV, T
$(=00) b { 1 mod 2D o ot

(see (1-5)). The case £* = D leads trivially to a contradiction.
(2) Let us suppose that D |2t, but t/D & Z. In this case D = 2D,, D|t and tp, is
odd. For such D we have

; ; t
62 =D 1= tleZ —4D1(1101 < (Dl,tDI) = 1&(tD1 Odd)& <4$> = 1,
1

—1 mod QtDl

== —og, €V, T.
1 mod 2D, ¢ ot

g(—O'g) = 2tD1b2 —1= {

The case * = 2D leads to a contradiction to the primitivity of £. []

For square free t the system of the surfaces { Hy-}, where £* = £/(div (¢)) and
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480 V. GRITSENKO AND K. HULEK

¢ satisfies the condition of Lemma 3-8, contains all irreducible components of the
Humbert surfaces from Theorem 3-4. This finishes the proof of Theorem 3-4.
The next corollary follows immediately from the proof of Lemma 3-8.

COROLLARY 3-9. Let t be square free and d||t. If (d/tq) = 1 and (d/4ty) * 1 then there
is, up to conjugation with respect to Ty, exactly one, and if (d/4tq) = 1 then there are
exactly two involutions in TyVy. They are ¥~'(—oy,) (in the both cases), and ¥~ (—oy,)
(in the second case), where

b ~ .
El ="' <07a13 t17cla0> S Lt7 (a17b17cl) = 1a dbf _tdalcl =1
d
_t bs T — 2 —
52 - O,az, g,CQ,O S Lt, (ag,bz,CQ) = 1, dbz — 4tda202 =1.
d

Remarks. 1. 1t is possible to apply Lemma 3-8, which has been proved for any
integer ¢, to classify the divisorial part of the ramification locus of the covering
&/ — o/} for any integer ¢.

2. Using the same method one can construct divisors on a homogeneous domain
of type IV of any dimension n.

The ramification locus can also have components of smaller dimension. The proof
of Lemma 3-6 shows us that the orthogonal group can contain a rotation in the
positive definite subplane of the lattice L;.

FExample (Brasch). The following example is due to Brasch. It shows that in gen-
eral the ramification locus of the map «/; — .o/} contains other components apart
from the divisorial part described above. Let t = 1 mod 4. For an integer f > 0
put

C:_fzt_17 g:fz
Then the matrix
—fvt 1yt 0 vt
N = e/t 0 VvVt Pyt
| eyt 0 fvt  —cyt
0 1/t —1/t 0

is an element of I';. One immediately checks that N* = —F,. The fixed point set
Fix N is a curve (cf. |B, Hilfssatz 2-5-3]). Moreover the curve Fix N is not contained
in the fixed point set Fix I of an involution [ in I';. This would namely imply that
IN = —NI. Now using the explicit form for N which follows from |B, Hilfssatz 2-8],
a lengthy but straightforward calculation shows ¢ = —1, a contradiction.

As a next step we want to interpret the surfaces H;, resp. Hy; as moduli spaces of
abelian surfaces with real multiplication. It is well known that there is a close connec-
tion between Hilbert modular surfaces and Humbert surfaces [F|, [vdG, chapter 1X].
Here we want to determine precisely which Hilbert modular surfaces correspond to
Hy, resp. Hy. Consider the ring o of integers in the number field Q(/t) and recall
that

0=7Z+Zw, w=3i(1+t) ift=1mod4
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Minimal Siegel modular threefolds 481
resp.

0=7Z+7Zw, w=+t ift£1mod4.
The Hilbert modular group SLs(o) acts on H; x H, by

a azy+0 ozt
(21, 22) = )
v 6 Yo+ 6 Yzt
where ’ denotes the Galois automorphism /t — —./t. The quotient space ¥ =

SLa(0)\H; x H; is the standard Hilbert modular surface associated to Q(y/t). Let o
be the involution which interchanges the two factors of H; x Hj, i.e.

0(21, 22) = (22, 21).
Then the symmetric Hilbert modular group is
SLJ (0) = SLy(0) U oSLy(0)

and Y7 = SLJ (0)\H,; x H; is the corresponding symmetric Hilbert modular surface.
We shall first consider the Humbert surface H;. In particular we assume that t =1
mod 4. To every point (z, 2z2) € H; X H,; one can associate the lattice

() ) 22222 (740 -+

where n = /(t)w. The form

(Y T
E((xl,m),(y],yz)):hn( Ly y)

Imz;  Imzs

defines a Riemann form for A;. With respect to the basis given above this is just the
alternating form W;. The torus

A(anz) = (CQ/A(ZuZz)

is hence a (1,t)-polarized abelian surface with real multiplication in o. The Hilbert
modular surface Y is the moduli space of these objects. The 2:1 cover ¥ — Y°
identifies abelian surfaces whose real multiplication differs by the Galois conjugation.
We have a ‘forgetful’ map

D: Y7 — o,

THEOREM 3-10. Assume t = 1 mod4. The Humbert surface Hy is the image of the
symmetric Hilbert modular surface Y under the natural morphism ©: Y7 — of y which
18 of degree 1 onto its vmage.

Before giving the proof we turn to the Humbert surfaces Hy;. Consider the ring
0y = Z + Zn/t.
Note that this is an order in o if ¢t = 1 mod 4, whereas o = 0, if ¢ & 1 mod 4. Let
By = 1Z+ IVtZ, ©;' =27+ 2/tZ.

The group

SLa(0s, ) = {(“ b) | a,d € 0y, bE Dy, c€D,', ad —be = 1}
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482 V. GrRITSENKO AND K. HULEK
acts on H; x H; as well as its symmetric counterpart
SLJ (02, 02) = SLi(02, 02) U 0SLy(0s, B2).
Let
Y = SLy(vs, 52)\H; x Hy, Y7 = SLJ (s, 82)\H, x H,

be the corresponding Hilbert modular surfaces. Again the Riemann form E induces
a (1,t)-polarization on the tori

AZI,Zz C /A (21,22)

where for t = 1 mod 4

=2 (2) 4 (52) 50+ (4

resp. t = 1 mod 4

s (35 (22) () ()

Hence Y, resp. Y are moduli spaces of (1,t)-polarized abelian surfaces with real
multiplication in 0y and as before we have a canonical map

O: Y7 — .

TarOREM 3-11. The Humbert surface Hyy is the image of the symmetric Hilbert mod-
ular surface Y under the natural map O: Y — of, which is of degree 1 onto its
image.

Proof of Theorems 3-10 and 3-11. We shall treat the case of H,; and ¢ = 1mod 4
in detail and then comment on the other cases. The proof is similar to the proofs in
[HL. section 0], cf. also [F, Abschnitt 3]. Let

_ (1 2n
R_<1 2n’>

(/ISZHIXHIHHZ

0
(z1,2) — 'R (f)‘ @) R.

and consider the map

Then
Im® = {—(> — t)r, + 2t — 73 = 0} = A,
and modulo
1 0 0 0
St 10 0
X=1o 01 | €l
0O 0 0 1

this is equivalent to #'y = {t71 — 73 = 0}. Let A@(Zl ) be the abelian surface associ-
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Minimal Siegel modular threefolds 483

(r(o %) = 0)

Then A, .,) and A , are isomorphic as polarized abelian surfaces since

(0 ‘:/’fo )= (R0 0 R(3Y):

Hence @ is a lift of the map ®. Next we consider the homomorphism

W¥: SLy(R) x SLy(R) — Sp,(R)

Wy aq b1 (42 bz _ tR 0 d(al, ag) d(bl, bz) tR 0
Cq d1 ’ Cy dz B 0 R_l d(Cl, CQ) d(dl, dz) 0 R

aq 0
0 a9

ated to the period matrix

where d(a;,as) = ( >, ete. Via the embedding

Q(v/1)) — SLa(R) x SLy(R)

B ()

this also defines a homomorphism

P: SLy(Q(v/1) — Sp, (R).

For J = <O 1) we find that
10
_ (*RJ'R™! 0
5= ( 0 R—lJR> €
Clearly S is an involution. Setting ‘/I\’(o) = S we can extend ¥ to a homomorphism
¥,: SLI(Q(/t)) — Sp,(R)

and one checks easily that D is l/I\’U—equivariant. Let G, resp. Gg be the stabilizer of
Ay in Ty, resp. Spy(R). As in [HL, lemma 0-8], cf. also [F, Korollar 3-2-8] one shows
that Gr is the group generated by the image of ¥ and S. The result follows if we
can prove that G = (I\’O-(SLg(DQ, Dy)). For this it is now enough to prove the following.

LemmaA 3-12. Let (ZZ ZZ) € SLe(R); ¢ = 1,2 and assume that

('R 0 d(ai,as)  d(by,bs) R 0
M= <o R—1> (d(c],c:) d(dj,d;)) ( 0 R) ¢l

Then a1,d1 € Do, bl 6527 Cq 66._)_1 omdagza’l, bgzb/l, Ca :C/], dz :d;

Proof of the lemma. We write M = (é IB;) Straightforward calculation gives
_ 1 277/611 — 2770,2 —ay; T as
A=_——|, ’ ,
2 —n) \4mm'(ar —az) —2na; +2n'ay
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484 V. GrRITSENKO AND K. HULEK
From Ay € Z we find (a; — a2)/(2+/t) EZ, i.e.
as = a; +2n+\/t, n€Z.
Ay € Z gives a;w’ + asw € Z. Hence
ay +2n/tw' = ap(w + W) + 20/t = ajw + aww’ € Z. (3-2)

le ay € Z + Z\/t = ps. We can write a; = a + 3/t with o, 3 € Z. By 3-2 we have
a; +n(y/t+t) € Z and hence 3 = —n. But then a, = a; — 28/t = a— 3/t = a|. Note

z Z). Similarly we obtain

also that for a; € 0y and ay = @} one has A € (tZ 7

_ bl + bQ 277b1 + 277’b2
2nby + 20'by  41by + 41°by )

Since By € Z we find that b, = n — b, for some n € Z. Using this and B, € tZ one
concludes that

t
Hence
!/ !/ ! !/ \/t
by —nw' = bj(w+w) —nw' = bjw — bw E?Z. (3-3)
This shows by, by € By. Writing by = (o + 84/t)/2 with «, 8 € Z one has from (3.3)

t
%—kg\/t—nw/e \/Z

2
i.e. @« = n. Hence by = n — by = (o — B/t)/2 = ). Conversely if b; € by and by = b},
7 itz
then B ¢ (tZ tZ>' For C' one computes

0= 1 Ane; +4ntcs  —2n'ci — 2nes
4t \—21'c; — 2ncy ¢+ ¢ ’

Comparing this with the situation for B one finds that ¢, € 3, "', ¢, = ¢|. Finally
D= 1 (277/611 —2ndy  4nn'(di — d») > '
2(n' —n) —dy +dy —2nd; +21'd,
This case is analogous to A and one obtains d; € 0s, dy = d}. This proves Lemma 3-12.
The case of the Humbert surface H;, t = 1 mod4 can be treated in the same
Lo

1 )
case t = 5 was done. Finally we have to deal with Hy; in case ¢ & 1 mod 4. Here we

1 .
can choose R = < w> ,w = +/t. In this case

manner if we choose R = This is analogous to [HL, section 0] where the

1 W
Im(/l\)z {tTl —7'3:0} :%”

and the above arguments go through essentially unchanged.
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Added in proof. 1. The assumption that ¢ is square free in Proposition 1-2 and
Corollary 1-3 is unnecessary. Using arguments similar to those in [Be] one can show
directly that the paramodular group I'; is isomorphic to the corresponding orthog-
onal group for arbitrary ¢.

2. Theorem 1-5 gives a negative answer to a question raised by Shioda [S, question 5].
If A is a general (1,t)-polarized abelian surface, then A and its dual A’ are not
isomorphic (as projective surfaces), but their Kummer surfaces are isomorphic.
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