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Abstract: We show that the regular Slodowy slice to the sum of two semisimple adjoint orbits of GL(n, C) is
isomorphic to the deformation of the D,-singularity if n = 2, the Dancer deformation of the double cover of
the Atiyah-Hitchin manifold if n = 3, and to the Atiyah-Hitchin manifold itself if n = 4. For higher n, such
slices to the sum of two orbits, each having only two distinct eigenvalues, are either empty or biholomorphic
to open subsets of the Hilbert scheme of points on one of the above surfaces. In particular, these open sub-
sets of Hilbert schemes of points carry complete hyperkdhler metrics. In the case of the double cover of the
Atiyah-Hitchin manifold this metric turns out to be the natural L2-metric on a hyperkihler submanifold of
the monopole moduli space.

Let G be a compact Lie group with Lie algebra g and let (e, h, f) be an sI(2, C)-triple in g©. The affine subspace
S(f) = f+C(e) of g©, where C(e) denotes the centraliser of e, is called the Slodowy slice to the nilpotent orbit of
f [28]. It has the remarkable property of being transverse to any adjoint orbits it meets. Let M be a hyperkdhler
manifold with a tri-Hamiltonian action of G and let u: M — (g)" ~ g© be the complex moment map for one
of the complex structures. It has been shown in [4] (extending results of Kronheimer [23] on slices to nilpotent
orhits) that, under mild assumptions on M, u~1(S(f)) carries a natural hyperkihler structure. Moreovet, as
we show in the present paper, the hyperkihler metric on u~1(S(f)) is complete if the original metric on M is
complete.

A remarkable number of hyperkdhler manifolds arise as such Slodowy slices to simpler hyperkdhler man-
ifolds:

- the moduli space of SU(2)-monopoles of charge k is the regular slice to T"GL(k, C) for the U(k) x U(k)-
action [4] ("regular slice" means that the nilpotent orbit of f is regular);

— ALE gravitational instantons are subregular slices to regular semisimple adjoint orbits [4, 6] (this has
been also rediscovered by Manolescu [24] in the case of A,,, ALE spaces and by Jackson [19] for other
ALE spaces of types A and D);

— ALF gravitational instantons of type Dy, k > 3, are regular slices to regular semisimple adjoint orbits of
SL(k, C) for the action of SU(2) x SU(k - 2) c SU(k) [11];

— the D, ALF gravitational instanton is the regular slice to the product of two semisimple adjoint orbits of
SL(2,C) [6].

As seen from these examples, slices to adjoint orbits provide a particularly rich source of hyperkadhler mani-

folds. As far as we know, however, slices to products of two or more orbits have not been investigated, apart

from the last example.

*Corresponding Author: Roger Bielawski: Institut fiir Differentialgeometrie, Universitat Hannover, Welfengarten 1, D-30167
Hannover

[@) Bv-nc-nD [N Roger Bielawski, published by De Gruyter Open. ) ) o
This work is licensed under the Creative Commons Attribution-N6HEgRR=RIG MDA 9 Ie&anformationsbibliothek Hannover
Angemeldet

Heruntergeladen am | 16.01.18 09:17



DE GRUYTER OPEN Slices, Atiyah-Hitchin, and Hilbert schemes of points = 17

Since the complex moment map of an orbit O is the embedding O — gl(n, C), such a slice is the affine
variety

k

{(A]_,...,Ak) € HO,-; Al +"'+Ak ES(f)}
i=1

It makes therefore sense to speak about a slice to the sum of orbits.

In the present paper we make the first step and consider regular Slodowy slices to the sum of two adjoint
semisimple orbits of GL(n, C), each orbit having only two eigenvalues with multiplicities k; and I; (k; +1; = n),
i =1,2.Theyare nonemptyonlyifj = |k; -1 |+|ko - 12| < 2, and in this case we obtain three series of complete
hyperkahler manifolds depending on the value of j = 0, 1, 2. These three series turn out to be related to the
first three ALF gravitational instantons of type Dy, i.e. the Atiyah-Hitchin manifold (Do) if j = 2, Dancer’s
deformation of its double cover (Dq) if j = 1, and Hitchin’s [16] D,-manifold if j = 0. All three are affine
surfaces given by respective equations

x*-zy*+y=0,

xz—zy2—1+ay=0,
x2—2y2+x+ay+ﬁ=0.

We show that these surfaces and their hyperkahler metrics are realised as slices to the sum of two orbits in
GL(4, C) for the Atiyah-Hitchin manifold, in GL(3, C) for its double cover, and in GL(2, C) for the deformation
of the D,-singularity (in the last case, the complex structure, but not the metric, has been identified in [6]).

For higher n we identify the nonempty slices as open subsets of Hilbert schemes of points on these sur-
faces. These open subsets consist of those schemes Z of points for which the projection 77 onto the z-coordinate
in the above equations induces an isomorphism between Z and its scheme-theoretic image 7(Z). We call this
open subset the Hilbert scheme of points transverse to n. The construction of these goes back to Atiyah and
Hitchin [1, Ch. 6], who realised spaces of based rational maps on P! as such transverse Hilbert schemes. As
observed by Atiyah and Hitchin, if we start with a hyperkdhler 4-manifold, then we can apply the transverse
Hilbert scheme construction fibrewise to its twistor space and obtain a new twistor space, which may lead to a
new hyperkihler metric. This does not always work: we show (§6) that if we start with flat C? and 7(x, y) = xy,
then the new twistor space has no twistor lines. It does however work in case of the Dy, D; and D, surfaces
with 71(x, y, z) = z and we show that the hyperkdhler metric on the transverse Hilbert scheme of m points
obtained from the slice construction coincides with the one obtained from the fibrewise twistor construction.
In the case of the double cover of the Atiyah-Hitchin manifold, we can identify this hyperkédhler metric as the
natural metric on certain hyperkéhler submanifold of the moduli space of SU(2)-monopoles of charge 2m.

Incidentally, the transverse Hilbert scheme of points on the ALE surfaces of type Ay (k > 1) and Dy (k >
4) have been identified as slices to single semisimple adjoint orbits by Seidel and Smith [27], Manolescu
[24] and Jackson [19] (the identification is only as complex manifolds but I believe that going through the
identification fibrewise on the twistor space will show that the hyperkdhler metrics are those arising from
the fibrewise Hilbert scheme construction). Hence, there arises the natural question whether the fibrewise
transverse Hilbert scheme construction applied to twistor spaces of arbitrary ALF gravitational instantons
also produces complete hyperkdhler metrics. We show here that this is the case for type Ay, i.e. for the Taub-
NUT metric (§6). Since the ALF gravitational instantons of type Ay, k > 1, arise as a Taub-NUT modification
of the corresponding ALE spaces, we expect that a combination of the construction for the Taub-NUT metric
and for the A, ALE spaces will answer the question positively in this case. For ALF gravitational instantons
of type D, there is a whole unexplored world of possibilities among non-regular slices to sums of two orbits
or regular slices to sums of three or more orbits and slices to orbits in other simple Lie groups.

The article is organised as follows. In the next section we recall the hyperkahler slice construction from
[4]. In section 2 we discuss slices to sums of two orbits, each having only two eigenvalues, identify those
pairs of orbits for which the regular slice is nonempty and define the three series of hyperkédhler manifolds
described above (depending on the value of j € {0, 1, 2}). In sections 3 and 4 we identify the slices in the case
of orbits in GL(2, C), GL(3, C), and GL(4, C), i.e. the initial members of the three series. In sections 5 and
6 we discuss transverse Hilbert schemes of points and show that there exist complete hyperkdhler metrics
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on such Hilbert schemes of points for the Taub-NUT metric. In section 7 we show that nonempty slices to
sums of two orbits (each orbit having only two eigenvalues) in GL(n, C) with n > 4 are transverse Hilbert
schemes of points on the Dy, D1 or D, surface (depending on whether the value of j defined above is 2, 1 or
0). We also show there that the complete hyperkihler metrics on these, which arise from the hyperkéhler slice
construction, have twistor spaces obtained via the fibrewise transverse Hilbert scheme construction. Finally,
in the appendix, we show that a hyperkahler slice to a complete hyperkdhler manifold is again complete.

1 Slodowy slices and hyperkdhler metrics

Let g be a compact Lie algebra and p: su(2) — g a homomorphism of Lie algebras. We extend p to a homo-
morphism of complexified Lie algebras and denote by (e, h, f) the resulting s[(2, C)-triple. The Slodowy slice
[28] corresponding to p is the affine subspace S(p) = f + C(e) of g©, where C(e) denotes the centraliser of e. It
has the remarkable property of being transverse to any adjoint orbits it meets.

As shown in [4], the manifold S (p)xGC, where G is a compact Lie group with Lie algebra g, carries a natural
hyperkahler metric. It is described (see Appendix) as the natural L?-metric on the moduli space of g-valued
solutions to Nahm’s equations on the interval (0, 1] (rescaling the interval corresponds to rescaling the metric)
with simple poles having residues determined by p at t = 0. Two solutions are identified if they differ by a
gauge transformation which is identity at both ¢ = 0 and ¢ = 1. This hyperkahler metric on S(p) x G* admits a
free tri-hamiltonian (in particular isometric) action of G (given by gauge transformations with arbitrary values
at t = 1) and an isometric SO(3)-action rotating the complex structures. In particular, each complex structure
of this hyperkéhler manifold is that of S(p) x GC. The completeness of the hyperkihler metric on S(p) x G©
was not shown in [4] - an omission which we rectify in the appendix to this paper:

Theorem 1.1. The natural hyperkdihler metric on S(p) x G is complete.

Let now M be a hyperkdhler manifold with a tri-Hamiltonian action of G. We can then form the hyperkahler
quotient of M x S(p) x G* by G which is always smooth and, in view of the above theorem, complete, if the
metric on M is complete. Moreover, as shown in [4], the complex structure of this hyperkdhler quotient is,
under mild assumptions, easily identified:

Theorem 1.2. [4] Let (M, g, I1, I, I3) be a hyperkdhler manifold with a tri-hamiltonian action of a compact
Lie group G. Let I be one of the complex structures and yu: M — aC the corresponding I-holomorphic moment
map (i.e. u = yup + i3 if I = I). Assume that the action of G extends to an I-holomorphic action of G® and
that M admits a global Kdhler potential for the Kihler form g(I-, -) which is bounded below on each G®-orbit.
Then the hyperkdhler quotient of M x S(p) x G© by G is biholomorphic, with respect to the complex structure I,

to u~(S(p)). O

We shall refer to the hyperkihler quotient of M x S(p) x G© as a hyperkdhler slice to M. In the current paper
we shall be interested in the case G = U(n), (e, h, f) aregular sl(2, C)-triple and M a product of flat space and
adjoint GL(n, C)-orbits with their Kronheimer-Biquard-Kovalev (KBK) hyperkihler structure [9, 21-23].

In the case of slices to adjoint orbits, we need to be careful the identification of the complex-symplectic
and hyperkahler quotients described in the above theorem, since the Kahler form of the KBK metric does not
need to admit a global Kihler potential® (it may define a nonzero H'*'-cohomology class).

The following proposition allows us to identify the complex structure of slices to arbitrary semisimple
adjoint orbits.

1 KBK-metrics on a given complex adjoint orbit are parameterised by an element 7, of certain abelian subalgebra of g. Only the
KBK-metric with 7; = 0 admits a global Kahler potential.
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Proposition 1.3. Let H and G be two commuting closed subgroups of Sp(n) with G N H = {1} and letv =
(v1,V2,v3) : H" — h @ R? be the hyperkéhler moment map for H. Let M = v~ (1)/H be a hyperkdhler quotient.
Assume that H acts freely on Z; = (v, + iv3)L(1, + iT3) and that the HC-orbits in Z are closed. Then the
hyperkdhler quotient of MxS(p)x G by G is biholomorphic, with respect to the complex structure I, to u™* (S(p)) ,
where u: M — gC is the corresponding I-holomorphic moment map.

Proof. The hyperkihler quotient of MxS(p)xG® by G is isomorphic to the hyperkahler quotient of VxS(p)x G
by G x H. The statement is equivalent to saying that this second hyperkahler quotient is biholomorphic, with
respect to the complex structure I, to the complex-symplectic quotient of V x S(p) x G® by G® x H®. The
assumptions imply that all G x HC orbits in the level set Z of the complex moment map are closed and that
G x H acts freely there. Moreover V has a proper Kahler potential for the complex structure I. It follows, as
in [4, §4], that Z has a global Kihler potential which is proper on each G® x HC-orbit. The arguments in [13,
§6.5.2] imply now that every G© x HC-orbit in Z is stable and hence the hyperkahler and complex-symplectic
quotients coincide.

O

Hyperkdhler metrics on adjoint orbits of GL(n, C) can be obtained, as shown by Nakajima [25] (see also [20]),
as hyperkahler quotients of a quaternionic vector space by a product of unitary groups, and the assumption
about the closedness of HC-orbits is fulfilled in the case of semisimple orbits. The fact that the Nakajima and
the KBK hyperkéhler stuctures coincide in this case is a consequence of the main result of [5].

Thus we conclude the above result holds for any product O; x - - - x O} of semisimple adjoint orbits of
GL(n, C) (it also holds for nilpotent orbits, thanks to Theorem 1.2). This means that the hyperkéhler slice to
this product is biholomorphic to the affine variety

k
{(Al,...,Ak)GHoi; A1+'--+AkES(p)}.

i=1

As mentioned above, we shall only consider the regular slice, i.e. the case where p defines an irreducible
representation of su(2). In this case, the Slodowy slice is isomorphic to the set 8§, of companion matrices

0 ... ... 0 sp
1 . 0 sp
(1.1)
0 ... "= 0 s
o ... ... 1 S1

We shall denote the manifold 8, x GL(n, C) with its natural hyperkéhler metric by N,,. We shall need later
a description of the twistor space of Ny, which has already been found in [7] (see the proof of Proposition 6.1
there). It is given by gluing two copies of C x 8§, x GL(n, C) with coordinates ((, S, g) and (Z ,S,8) via

{=¢1 3=D@)SDEQ)/E, & =gexp(-S/DE), (1.2)
where D({) = diag (¢, {3, ..., ¢ ).

2 Regular slices to sums of two orbits

We consider two semisimple adjoint orbits O1, O, of GL(n, C) both having only two different eigenvalues (i.e.
orbits which are also complex symmetric spaces). After translating by multiples of the identity matrix we can
assume that O; and O, have eigenvalues uq, —p; with multiplicities ki, I; and y;, —u, with multiplicities
k,, I, respectively. Thus A = ;11-2 for A € O; and matrices A satisfying this equation fall into different orbits
according to the value of tr A.
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Letuswrite d; = k; — 1y and d; = k; - 5, so that tr A = dypy, tr B = dyu,. The numbers d; and d;, have
the same parity as n.
The regular Slodowy slice to the sum of these two orbits is the variety

(01+02)N8n={(A,B) € 01 xOy; A+B € 8u}, 1)

where 8 is the set of companion matrices (1.1). As described in the previous section, this variety has a nat-
ural hyperkahler structure and it arises a complex-symplectic quotient by a free action of a Lie group and is
therefore smooth. Moreover, were it nonempty, it would have dimension

2 2
-1k -1)+M*-k3-B)+n-n*=n- (dé) - —(dé) . (2.2)

However:
Proposition 2.1. Suppose that |dy| + |d,| > 2. Then the variety (2.1) is empty.

Proof. We can replace 8n by f + C(e), i.e. by matrices with s;; = 0if i > j+ 1, s4,4; = 1, and s; ;,, depending
only on r. In particular A + B € f + C(e) if an only if (A + al) + (B + bI) € f + C(e) for any a, b € C. Without
loss of generality, we can assume that k; > I;, i = 1, 2. The matrices A — yyI and B — u,I have ranks < 1, < I,
respectively. Since their sum has rank > n - 1, the conclusion follows. O

Remark 2.2. From the point of view of hyperkahler geometry, the fact that (2.1) is empty in the case % + @ <
nand |d;|+|d,| > 2 is interesting. It means that N, x 01 x0O, is an example of a complete hyperkdhler manifold
with a tri-Hamiltonian action of SU(n), such the image W of the hyperkdhler moment map is open, but 0 ¢ W.
[ am not aware of any other examples of this kind.

The variety (2.1) can therefore be nonempty only if |d; | + |d2| < 2. Since changing y; to —y; is equivalent to
replacing d; with —d;, we shall not lose generality in assuming that d; = 0, i = 1, 2. Similarly, we shall not
lose generality in assuming that d; = d,. Furthermore, the d; have the same parity as n, and hence there are
only three possibilities:

- n=2mandd; = d; = 0. We shall denote the corresponding variety by Dy m(u1, p2).

- n=2m+1andd; = d; = 1. The corresponding variety will be denoted by D1, (¢1, 42).

- n=2m+2andd; =2, d, = 0. The corresponding variety will be denoted by Do, m (11, U2).

The reasons for this notation will become apparent. We shall also see that these varieties are nonempty for
each m = 1, and therefore the dimension calculation (2.2) gives 2m as the dimension of each of them. Since
the orbits O and O, involved in the definition of Dy n,(u1, p2) do not change if we change the sign of y; or
of u,, we conclude that D, n(u1, 1) depends only on u? and u3. Similarly Do (i1, U2) = Do,m(M1, —12). We
shall see later that Dy n(u1, p2) depends only on uq — po and Do, m(¢1, 42) is independent (up to an affine
isomorphism) of p; and u5.

2.1 Characteristic polynomial of A + B

If (A, B) belong to the variety (2.1), then S = A + B is a companion matrix (1.1). Recall that the characteristic
polynomial P(z) = det(z - S) of a companion matrix is equal to z" - >"1 s;z" and S is the matrix of the
multiplication by z on C[z]/(P(z)) in the basis 1, z, ..., 2" 1.

We shall need the following algebraic result.

Proposition 2.3. Let A and B be two n x n matrices satisfying A> = u3, B® = u3, trA = dyy1, ttB = dyus,
Ui, U2 #0,d1 2d; 20.IfS = A + Bis aregular element of gl(n, C), then the characteristic polynomial of S has
the form:

(z-(u1 + Hz))p (z—(u1 - Hz))q H(22 - Xi), (23)
i=1

di-dy

q=5%2,andx; € C.

where p = dl%dz,
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Proof. We observe that
ui=A’=(S-B)’>=S*-SB-BS+u3,
which we can write as 1

1
S(58-B)+(5S~B)S = i - 3.

We abbreviate Y = 1S - Band 7 = u? - p3, so that the equation we are concerned with is
SY+YS=r. 2.4)

Lemma 2.4. If A # 0 is an eigenvalue of S and the corresponding eigenvector u satisfies Yu # Jyu, then -1 is
also an eigenvalue of S with the same algebraic multiplicity as A.

Proof. Suppose that Su = Au. Then SYu = -AYu + tu and it follows that if A # 0, then

T T
S (Yu - ﬁ“) =-A (Yu - ﬂu> .
By assumption -A is also an eigenvalue of S with eigenvector Yu - J;u.

Since S is regular, the geometric multiplicities of A and —A are both equal to 1.

Let m be the algebraic multiplicity of A, i.e. there is vector v such that (S - 1)™ v # 0 and (S - )™v = 0.
Denote by E, the kernel of (S-A)™, i.e. the subspace spanned by v, (S-A)v, ..., (S-A)" v. The A-eigenspace is
generated by u = (S-A)™ 'vand the -A-eigenspace by Yu- sy U. Consider first the case 7 = 0. Then Y(S )My
is an —A-eigenvector and, since Y(S - )™ v = (-S — )™ 1Yv, this eigenvector belongs to Im(S + A)™ L. It
follows that the algebraic multiplicity of -1 is at least as large as that of A. By symmetry the two multiplicities
are equal.

If 7 # 0, then using the fact that S> commutes with Y, we have for any k < m

(S+A)ryv = Z (f) siAklyy = Z (f) YES) Ay + 1 Z (Il() Aty
i=1 mod 2
a+)F-(1 —A)kv

=YS+ ) v+t 3

Setting k = m, we obtain, in particular, v € Im(S + A)™. The —-A-eigenvector Y(S - )" v - (S~ ALy
can be then written, thanks to the above formula, as

L+ ™ - (-

-S-V™tyv+ (D)™ 5

_ T (s ymt
1% 2/1(5 D"y,

and so it belongs Im(S + A)™!. Thus the algebraic multiplicities are equal also in this case. O
We now consider the remaining case Yu = J;u.

Lemma 2.5. IfA # 0 and u is a A-eigenvector of S and Yu = 5yu, then u is a common eigenvector of A and B,
and consequently A = +u; + u,.

Proof. From assumption, u is a common eigenvector of S = A+ Band Y = (A - B)/2, i.e. u is a common
eigenvector of A and B, with eigenvalues 3 (A+%) and 1 (A - %), respectively. These must be +p; and +u5,
so that such a A must be equal to one of the four values +uq + y,. O

Finally, for A = 0 we have

Lemma 2.6. Suppose that O is an eigenvalue of S. If T # 0O then its algebraic multiplicity is even. If T = 0, then
A and B have a common eigenvector (with eigenvalues summing up to zero).

Proof. Suppose that T # 0 and a nonzero v satisfies S™v = 0 for an odd m. Then S"Yv = -YS™v + v = 1V,
and so S™Yv # 0 and S™'Yv = 0. Thus the algebraic multiplicity of A = 0 is even. If T = 0 and Su = 0, then
SYu =0, and so Yu = pu for some p, since the geometric multiplicity of each eigenvalue is 1. O
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Taken together, these three lemmata imply that the characteristic polynomial of S has the form
r
(2= 81(u1 + p2))™ (2= 62(u1 — )™ [[ 2% - x0)s
i=1
where §; = 1. The trace of S is then 8;m1 (u1 + u2) + 62ma (41 - p2). On the other hand

trS = dl}ll + dz},lz = dl

d dy-d
; 2 (uy + M) + 1Tz(ul - U2).

According to Proposition 2.1, we have only three possibilities (under the assumption d; > d,): d; = d, =
0,d, =d, =1,o0rd; = 2,d, = 0. Comparing the two formulae for the trace proves the proposition. O

2.2 The varieties Dy m(p1, 12)

We return to the case when (2.1) is nonempty, i.e. to the varieties Dy ,,(u1, 2), k = 0, 1, 2. Their elements can
be alternatively described as pairs of matrices (S, Y), where S is of the form (1.1), satisfying the equations

SY+YS=pd-p3, (V-2 =13, 25)

together with tr S = dypy + dapo, trY = %(dlyl - dyu»), where (dy, dy) = (0,0)if k = 2, (dy, d>) = (1, 1) if
k=1,and (dy,d;) =(2,0)ifk=0.
Proposition 2.3 implies that the characteristic polynomial P(z) of S is of the form

P(z) = (z - p1 - u2) (z - u1 + u2)2Q(2),

where (€1, €;) isequal to (0, 0) if k = 2, to (1, 0) if k = 1, and to (1, 1) if k = 0. The polynomial Q(z) has degree
2m with coefficients of all odd powers of z equal to zero.
If (e1, €3) # (0, 0), we can simplify the form of S and Y:

Proposition 2.7. (i) The affine variety Dy m(u1, Y2) is canonically isomorphic to the variety of pairs of matrices
(S, Y) satisfying equations (2.5) and having the following form:

(s o0 (Yo 0
S_(e H1+H2)’ Y (V (HI_VZ)/2>’ 26)

where Sy is the companion matrix (1.1) to Q(z) (in particular all s,;,1 are equal to zero) and e = (0, ..., 0, 1).

(ii) The affine variety Do m (U1, M2) is canonically isomorphic to the variety of pairs of matrices (S, Y) satis-
fying equations (2.5) and having the following form:

So 0 0 Yo 0 0
S=|e pu+m 0 s Y=|(vi (u-p2)2 0 , @7)
e 0 M1 - M2 V2 0 (M1 +m2)/2

where Sq and e are as in case (i).

Proof. The affine isomorphism is given by the change of basis of C[z]/(P(z)) from 1,z,...,z>™ to
1,...,2°™1 Q(z)incase (i), and from 1, z, ..., 22 to 1,..., 22™ 1, 2uy) Nz — py + 12)Q(2), -2uy) 1z -
U1 — U2)Q(2) in case (ii). Since S corresponds to multiplication by z on C[z]/(P(z)), it has in both cases the
stated form in the new basis. Furthermore, Lemmata 2.5, 2.6, and equations (2.5) imply that Y also has the
stated form. 0

Observe now that the blocks Sy and Yy in the above proposition still satisfy equations (2.5) and tr Sg = tr Y =
0. These blocks are therefore elements of the variety D, (1, 42). Thus (S, Y) — (So, Yo) defines canonical
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holomorphic maps from D1, (1, #2) of Do, m (1, #2) t0 Do, m(p1, U2). Let us write ¢ for this holomorphic map
from Dy p(u1, p2) to Do m(U1, H2). In the case of Dy, ,, we can associate to (S, Y) the minor matrices

N So 0 , Y= Yo 0 ) (2.8)
e i+ U vi (u—u2)/2

Sy = So 0 , Y= Yo 0 , (2.9)
e Ui - vi (U +up)/2

and so obtain canonical holomorphic maps

or

¢1: Do,m(u1, u2) = Diym(p1, 42),  @2: Do,m(pa, M2) = D1ym(ua, —42). (2.10)
We have a commutative diagram:
Dy, m(p1, 42) = Do, m(u1, —12)
/ X
D1 m(u1, u2) D1,m(p1, —p2)
K /
Do,m(p1, M2) = Do,m(u1, —42)

Remark 2.8. Observe that a pair (S, Y) of the form (2.7) satisfies equations (2.5) if and only if both pairs
(S1, Y1) and (S,, Y>) satisfy these equations. Thus Do (U1, §2) is the fibred product Dy, (p1, Y2) XD m(i1,1)
D1, m(p1, —p2).

3 The case m = 1 - complex structures

We are going to identify the surfaces D, 1, D1,; and Dy 1, i.e. we consider the variety (2.1) for n = 2, 3, 4.
n=2. (cf. [6]) In this case tr A = 0 and tr B = 0, so that both S and Y are also traceless.

Write
1 O c -a

The equation SY + YS = 7 reduces to b + cx = 7, and the equation u3 = B> = (Y - S/2)? becomes then

2 1 1 2
a - (x(c+§) —T)(C—§)=]12,
or 1 1
a’ - xc? + Xt (u} - ud)c - E(y% +ud)=o0, (31

which is a deformation of the D,-singularity.
n=3. We can assume that A ~ (i1, 1, —H1) and B ~ (u2, U2, —p2). Proposition 2.7 implies that our variety
is isomorphic to the variety of pairs (S, Y) satisfying (2.5) and of the form

0 x 0 a b 0
S=|1 o0 0 , Y=|c -a 0 . (3.2)
0 1 pp+uy y z (u1-u)/2
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The equation SY + YS = 7 gives again b + cx = T and two more equations:

c+(u+up)y+z=0, (3.3)

—a+(uy+ )z +yx+ (U —uz)/2=0. (3.4)

These allow us to express a, b and c as functions of y and z and substituting into y% =B2=(Y-5/2)?
gives the coordinate ring of the variety (2.1), which is easily seen to be determined by a single equation

1
yix -z + it (u1 —w2)y=0. (3.5)

This is the Dancer deformation of the D;-manifold [12].
n=4, This time A ~ (u1, U1, 41, —p1) and B ~ (ua, Uz, —H2, —U2). Proposition 2.7 implies that our variety
is isomorphic to the variety of pairs (S, Y) satisfying (2.5) and of the form

0 x 0 0
S- 1 O 0 0
0 1 m+p 0 ’
0 1 0 M1- M2
a b 0 0
Y = c -a 0 0
y z (u-m2d/2 0
u v 0 (u1 +m2)/2

By Remark 2.8 (S, Y) satisfies (2.5) if and only if the 3 x 3 minor matrices obtained by removing the 3rd
(resp. the 4th) row and the 3rd (resp. the 4th) column satisfy these equations, i.e. belong to Dy 1 (1, —}2)
(resp. D1,1(u1, +12)). The equation SY + YS = 7 gives equations (3.3)-(3.4) and the following two equations:

c+ (U —pu+v=0, (3.6)

—a+ (U —p2)v+ux+ (U +pu2)/2 =0. (3.7)

The equation (Y - %S)2 = y% for the two minor matrices is equivalent to equation (3.5), i.e.:

0=y*x-2"+ % -y = (x- (-2’ ) Y+ <(u1 —uy+ ;)2 -2, (3.8)
2
0=u’x-v*+ % + (U1 + U2u = (X— (1 +y2)2) u + ((y1 + Uo)u + %) -2, (3.9)
We can combine (3.6)-(3.7) with (3.3)-(3.4) to obtain two equations for u, v, y, z, which we row reduce to
z=v+ 1+ p2)y - (- puu=0, (3.10)
2oV + (X = (U1 + u2) Dy + (=x + i - u3u = pa. (3.11)

Thus both z and v are functions of y and u, and the solutions are:
1

2= 5 ((ul - 1)’ —X) (-w+ -y + %

V=2—}112 ((}11 +Ilz)2—X) y-uw+ +uz)u+%,

Write a: = p; + o and introduce a new variable w = (y — u)/2u;. The last two equations become then
z=(@-X)w+ay+landv=(a?-x)w+au+l.
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Substituting into (3.8)-(3.9) we obtain
(x - a%) (v + aw)’ +w-— sz)) =0,

(x - af) ((u+ aw)? +w— xwz)) =0.

Since p1, p; # 0, it follows that a- # @+ and, consequently, we can eliminate (x - a%) and (x- a%) from these
equations.
We easily check that

(1 + p2)y = (1 - po)u (312)
212
and, therefore, the defining ideal of Do 1(u1, i2) is generated by the single polynomial (y + a-w)? + w — xw?.
Making the final substitution ¢ = y+a-w = u+a.w we obtain the equation of the Atiyah-Hitchin manifold
(also known as the Dy-manifold):

y+ta-w=u+aw=

2 —xw?+w=0. (3.13)

Remark 3.1. If n = 2 or n = 3, then we can extend the above identifications of complex structures to the case
when one or both of u1, u; is equal to zero. Indeed, this means replacing a semisimple orbit with a minimal
nilpotent orbit. Since the elements of the minimal nilpotent orbit still satisfy the quadratic equation A2 = 0,
all the considerations from this and from the previous section remain valid. Observe that for n = 3 we get a
smooth manifold for any value of 1, u5, since, if A + B is a regular element of gl(n, C), then neither A nor B
can be the singular point 0 of the nilpotent variety.

If n = 4, the above identification also extends to the case pu; = 0 or y, = 0, i.e. when one or both orbits
become nilpotent. In this case, however, the canonical form (2.7) is no longer valid: the lower-right 2 x 2-
blocks of S and Y become nilpotent matrices. One needs to repeat the above computation separately for S, Y
of this form.

4 The case m = 1 - the metrics

As discussed in section 1 the manifolds Dy ,,(u1, #2) carry a natural hyperkahler structure arising from their
construction as a moduli space of solutions to Nahm’s equations. In the case of k = 1 there exist of course
well-known hyperkahler metrics on the complex surfaces found in the previous section: the ALF gravitational
instantons [1, 16]. Since our description of these spaces is very different from previously known ones, we are
going to show that the metrics on Dy 4, k = 2, 1, 0, are the standard ones.

The hyperkahler metric on Dy, (11, 42) is obtained as a hyperkéhler quotient of the manifold Ny (n =
2m + 2 — k), described in §1, and a pair of semisimple adjoint orbits with their Kronheimer-Biquard-Kovalev
metrics. Both adjoint orbits admit a family of hyperkahler structures parameterised by real numbers: for any
r1 € R there is a hyperkdhler structures on 0; such that the generic complex structure Iy ({ € P1) is that the
adjoint orbit with eigenvalues +(u1 + 2r1{ - ;¢ 2) with multiplicities k; and I;, and analogously for O,.

The corresponding hyperkéhler metric on Dy (11, 42) can be found by identifying real sections of the
twistor space which is obtained as the fibrewise complex-symplectic quotient of the product of fibred product
of the twistor space of N, and the twistor spaces of the orbits 01, O,. The twistor space of N, was described at
the end of section 1. The sections of the twistor space of the orbits are simply n x n matrices with O(2)-entries
(belonging to the orbit of (y; + 2r;¢ - ;71-(2)1,(1. @ —(uy +2r;¢ - ﬁi(z)lh_ foreach {,i=1,2).

IfX; € 01, X, € Oy and (S, g) € Ny, then the complex moment map equation is X; + X, = gSg~*. In
terms of our original equation A + B=S, A + B = g7'(X; + X,)g, i.e. Y = 3871 (X1 - X,)g. It follows that

§=D)S/EHDE), ¥ = D) exp(S/{)(Y/{?) exp(-S/OD ™. (4.1)

We shall now identify the twistor lines for our surfaces Dy 1 (i1, 42), k = 2,1, 0. We begin with the special
case Dy 1(u/2,u/2) = D3 1(u/2, -pu/2).

Bereitgestellt von | Technische Informationsbibliothek Hannover
Angemeldet
Heruntergeladen am | 16.01.18 09:17



26 —— Roger Bielawski DE GRUYTER OPEN

D51(u/2, u/2).
Aslong as x # 0, we can diagonalise S to diag(A, -A). The corresponding Y (which anticommutes with S)

is of the form 0 g . The relationship between u, v and a, c in §3 is
v

u+v u-v

2 T

To compute the transition functions in (1.2) for diagonal S, we compare the thenew S, gt0 Sgq, 8o1q in (1.2): S =
hSgah™', g = goiqh ™! and similarly S = hD({) ' S,aD(Oh /{2, & = 8aD(O)h™!, where h is the diagonalising
matrix. It follows that S = S/ {?, & = gexp(-S/{) and, consequently, the transition functions in (4.1) are
S$=5/02,Y = exp(S/O)(Y/{?) exp(-S/{). Therefore the transition functions for A, u, vare A = (/‘—2, ii=eMiu

(’2 s
7 =e2M¢ (—Vz, and it follows that in terms of @, ¢ we have:

a= utv _ 1 (acoshz—)l+c/lsinhﬁ),

2 T ¢ ¢
. u-v a 21 2A
¢ = —— = —sinh = + ccosh =-.

24 A ¢ ¢

In particular observe that a — Ac is a section of L?(2), where L? is a line bundle over |9(2)| ~ TP! with
transition function exp(-2A4/{) from { # oo to { # 0. The equation (3.1) can be written as (a + Ac)(a - Ac) =
%(}12 - x), so that twistor sections are given by a section x({) of 9(4) and a section s(¢, 1) of L?(2) over the
elliptic curve A = x({) satisfying s({, A)s({, —A) = +(*({) - x({)) (satisfying the natural reality conditions).
With a bit of extra care (cf. [8, p.308-309]) one can show that 2 zeros of s({, A) occur at the intersection of the
elliptic curve with A = u({) and the two other zeros at the intersection of the the elliptic curve with A = —u({).

D3,1(p1, H2), 1 # M2

Following Hitchin [16], let us first rewrite (3.1). After multiplying it by x (this will not affect the determi-
nation of twistor lines), we can rewrite it as

xa® - (xc - 7/2)* + %(X = (1~ 12)?) (x = (1 + 2)?) =0,

where 7 = p? - u3.

After introducing a new variable w = xc — 7/2 we obtain the equation w? - xa® = 7 (x - (u1 - p2)*) (x -
(1 + p2)?).

We now proceed as in the case py = +5.

This time a point (S, Y) of our variety satisfies SY+YS = T with 7 # 0. If x # 0, we can write Y = 2—178‘1 +Y’
with Y’ anticommuting with S as before. Thus after diagonalising S, Y becomes

1
vV o

_u+v u-v 1

2 T T

and, consequently,

so that
g UtV v
2’ )
The same computation as above shows that the transition functions for a and w are
n+v 1 21 22
ad=——7=—+ acosh—+w/15inh—),
2 ( ¢ ¢
- sl-V . 21 2 2A
w=A = aAsinh =- + wA“ cosh =-.
2 ¢ ¢
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Thus w - Aa is a section s({, A) of L2(4) over the elliptic curve A> = x({) satisfying s({, A)s({, -A) =
() = (u1() = u2()?) (x(Q) = (1 () + u2({))?) (again satisfying the natural reality conditions). Again, the
precise location of the zeros of s({, A) can be determined.

This is Hitchin’s description of the hyperkéhler metric on the deformation of the D,-singularity [16].

D1,1(pu/2, p/2). We proceed similarly. In the basis in which S = diag(A, -A, p), Y is of the form

o < O
o o=
o © O

The transition matrices between this basis and the one in which S and Y have the form (3.2) are easily com-
puted using corresponding bases of C[z]/((z? - A2)(z - u)). They are:

1 1
1 1 0 p ) 0
-1 1 1
v=l1 2 o |, vi=[ L% -4 o
1 p wr-A 1 1 1
2AA-p)  2A(A+p)  pE-A?
We have:
b 0 O u O
c -a ol=v'|lv o o]V,
z O 0O 0 O

and consequently:

y (4.2)

T +w 22—’ T 200+ 20—

The transition functions for A, u, v are the same as in the D,-case and from an analogous calculation we
obtain:

y = (2 (ycosh 2—? - %sinh 2—?) , Z=2zcosh % - yAsinh 2—(/‘

In particular, observe that z + Ay is a section of L. The equation of our D;-manifold can be written as
(z+AY)(z-Ay) = %, so that twistor sections are given by a section x({) of O(4) and a nonvanishing section
s(¢, A) of L? over the elliptic curve A% = x({) satisfying s(¢, 1)s({, -A) = % This is the twistor description
of the Atiyah-Hitchin metric on the D;-manifold (it is easy to see that the reality conditions are the same;
one can also check that the symplectic forms coincide, but already the above information determines the
hypercomplex structure, hence the Levi-Civita connection, hence the metric up to a constant factor).

D1,1(p1, H2), 1 # p2. As in the D;-case we multiply (3.5) by x and rewrite it as

(yx+ (1 - p2)/2)* —x2% = %(Vl - 1)’ (4.3)

With a new variable g = yx + (u1 — #)/2 this becomes g® — xz* = L(u1 - u2)?. Proceeding as in the D,-case
we recover Chalmers’ description [10] of twistor lines for Dancer’s deformation of the Atiyah-Hitchin metric.

Do,1(p1, p2). We first discuss the twistor description of the Atiyah-Hitchin metric. The Atiyah-Hitchin
manifold arises as the quotient of the D;-manifold z? — y?x = 1/4 by the involution (z, y) — (-z, —y). Setting
s =22, t = 4yz, w = —4y?, and substituting s = (1-wx)/4 into t? = —4ws, we obtain t> —xw? + w = 0. Multiply
this last equation by w and rewrite it as (xw — 1/2)? — xt> = 1/4, or (xw — 1/2 + t\/x)(xw — 1/2 - t\/x) = 1/4.
Now observe that

xw—1/2 £ tv/x = =2(z + yv/x)*.

The description of the twistor space of Dy 1 (u, 1) implies that z + y+/x is a nonvanishing section section
of L*?, so that xw — 1/2 + t/x becomes a nonvanishing section of L**. We shall therefore show that the
hyperkdhler metric on Do,1((1, 42) is the Atiyah-Hitchin metric, if we can show that t and w arising via the
calculation in §3 do make xw — 1/2 + t\/x a holomorphic section of L** (or any L*¢, ¢ > 0, which corresponds
to rescaling the metric).
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According to §3, restricting the 4 x 4 matrices S, Y to appropriate 3 x 3 minor matrices produces two
D1 -manifolds with equations

1 1
yix-2+ 2+ (u-p)y =0, wix—v7+ g+ Ui+ pou=0.

We can rewrite these as in (4.3), i.e.:

2

1 1
g’ -xz* = 70 -u)*, pr-xvt= A + U2)?

where g = yx + (U1 — y2)/2 and p = ux + (uq + uz)/2. It follows from the twistor description of D1 1 (p1, u2)
that g + z/x and p + vy/x are sections of L*2(2). Using the definition of t given in (3.12) and w = (y — u)/2u>,
together with (3.10), we obtain

g+zyx-p-vwwx _(g-p)+E-vvx __ .
s = o =xw-1/2-t/x

and
g-zyx-p+vyx _(g-p)-(z-v)Vx xw-1/2+ tVX.
212 212
Thus both xw - 1/2 + ty/x and xw — 1/2 - t/x are meromorphic sections of L% and L2, respectively, with
poles possible only at zeros of u;({). Equation (3.13) and the calculation at the beginning of this subsection
imply, however, that their product is constant (equal to 1/4). Therefore xw — 1/2 + t\/x are holomorphic
sections of L*2 and the metric on Do 1 (i1, i) is the Atiyah-Hitchin metric.

Remark 4.1. Due to general facts about isometries between real-analytic Riemannian manifolds, the natural
maps ¢: Dy m(U1, u2) — Dam(u1, p2) and ¢ : Do, m(u1, #2) — D1,m(u1, U2), described in §2.2, cannot be
(even local) isometries. On the other hand, it appears that the first of these maps is well-defined on each fibre
of the twistor space and maps real sections to real sections. To see that this is not so, observe that computing
v from (4.2) yields v = (A+p)(z +Ay) (and similarly u = (u - A1)(z-Ay)), so that the map ¢ sends a real section of
the twistor space of D1 1(u/2, u/2) to a pair of sections s. of L*2(2) over the elliptic curve A% = x({) such that
all zeros of s, (resp. s-) occur at the intersection points with A = —u({) (resp. A = u({)). This real section does
not arise from the hyperkdhler structure of D, ;(u/2, mu/2) (see the remark at the end of the calculation of
the metric for D, 1 (p/2, p/2))).

The second of these maps, ¢4 : Do, (M1, 42) — D1,m(U1, U2), is well-defined only if p, # 0, which means
that is not well-defined on all fibres of the twistor space.

5 Hilbert schemes of points transverse to a projection

Let X be a complex manifold, C a 1-dimensional complex manifold, and 77: X — C a surjective holomorphic
map. Following Atiyah and Hitchin [1] we define an open subset X,[,"] of the Hilbert scheme X™ of n points in
X as consisting of these 0-dimensional subschemes Z of length n for which .0 is a cyclic O sheaf.

Equivalently, 1: Z — n1(Z) is an isomorphism onto its scheme-theoretic image.

LetZ € X,[T"] and suppose that 7: Z — 71(Z) is an isomorphism, i.e. 7:0 = On2)-

If to is a point in 71(Z) and t is a local coordinate on C, then a neighbourhood of t; is of the form C[t]/ (t’")
for some m < n. Since m: Z — n1(Z) is an isomorphism, there exists a morphism ¢ : C[t]/ (t’") — X, the image
of which is the corresponding open subset of Z. Such a morphism ¢ is an equivalence class of local smooth
sections of 77 truncated up to order m. Globally, Z is an equivalence class of local smooth sections of 7, defined
in a neighbourhood of 77(Z), where the equivalence relation is as above. In other words, if s is a local section
on U c C, then the defining ideal of Zis Is + "I (2)» Where I is the defining ideal of s(U). We can formulate
this as follows:

Proposition 5.1. (cf. [1, Ch.6]) XL"] parameterises 0-dimensional subschemes Z of X of length n such that I, =
Is+ Iy, where T € C!" ~ S"'C, s is a local section of 7t defined in a neigbourhood U of T, and Is is the defining
ideal of s(U).

Bereitgestellt von | Technische Informationsbibliothek Hannover
Angemeldet
Heruntergeladen am | 16.01.18 09:17



DE GRUYTER OPEN Slices, Atiyah-Hitchin, and Hilbert schemes of points = 29

Remark 5.2. 1t follows from the construction that 77 induces a surjective holomorphic map a x ,[f] — ¢l ~
S(0).

We shall call XE,”] Hilbert scheme of n points transverse to i or simply transverse Hilbert scheme.
Suppose now that X c C¥ is an affine variety and 7: X — C is a restriction of a polynomial P: C¥ — C

to X. Without loss of generality we may assume that P(wy, ..., w;) = w. Indeed, if this is not the case, then
we can view X as an affine variety in C¥*! by adding the equation wy,; = P(w1, ..., wy), so that 7 becomes
the projection onto the last coordinate.

Let us therefore assume that (w, ..., wy) = w; and write z = w;.

The ideal of a T € C" ~ S"C is generated by a monic polynomial g(z) € C|z] of degree n.
IfZ e X7[,"] and 1(Z) = T, then q(z) € I;. If q(z) = Hf;l(z - z;)™, then a local section of 77 in a

neighbourhood of z; modulo ¢(2) is of the form (w}(2), ..., w}_;(2), z), where wi(z) is polynomial of de-
gree < m; — 1. These local polynomials can be combined, using Lagrange interpolation, to give polynomials
w1(2), ..., wi_1(2) of degree at most n - 1 satisfying w;(z) = W;:(Z) mod (z — z;)™.

It follows that the defining ideal of a point Z in X£,"] is given by

(4@ fWi @), .., w1 (2), ) 1o

where ¢(z) is a monic polynomial of degree n, I is the defining ideal of X, and w;(2), ..., w;_;(z) are poly-
nomials of degree at most n — 1. Thus XL”] is an affine variety in C¥", with coordinates Dij, g, 1<is<sk-1,
0 <j < n -1 defined by equations

n-1 n-1 n-1
f Zpljz’, e, an_l,jz’, z| =0 mod |2z"- Z q;7 (5.1)
j=0 j=0 j=0

foreveryf € I.

Example 5.3. Let X = C" x C and 7 the projection onto the second coordinate. We can view X as the affine
variety {(x, y, z) € C3; xy = 1} with rr(x, y, z) = z.

According to the above description X,[T"] is the variety of triples of polynomials x(z), y(z), g(z) of degrees
n-1,n-1and n and g monic such that x(z)y(z) = 1 mod ¢(z). In other words x(z) (or y(z)) does not vanish
at any of the roots of g(z) and, consequently, X E?] is isomorphic to the space of based rational maps of degree
n (cf. [1]).

Example 5.4. Let X be the double cover of the Atiyah-Hitchin manifold, i.e. an affine surface in C3 defined
by the equation x? - zy? = 1, n1(x, y, z) = z. Again, X[ is the variety of triples of polynomials x(z), y(z), ¢(z)
of degrees n — 1, n — 1 and n and g monic, such that x(z), y(z), z satisfy the defining equation modulo g(z2).
Alternatively, consider the quadratic extension z = u?, so that the defining equation becomes (x+uy)(x-uy) =
1. If x(2) and y(z) are polynomials of degree n - 1, then x(z) + uy(z) = x(u?) + uy(u?) and q(z) = q(u?). In
other words, g(u?) is a polynomial of degree 2n with all coefficients of odd powers equal to 0 and p(u) =
x(u?) + uy(u?) is a polynomial of degree 2n - 1 satisfying p(u)p(-u) = 1 mod g(u?). Thus X" is the space of
degree 2n based rational maps of the form p(u)/q(u?) with p satisfying the above condition.

5.1 Hyperkdhler metrics

As observed by Atiyah and Hitchin [1], the definition of X Lf] is well-suited to twistorial constructions of new
hyperkahler metrics (or hypercomplex structures) from old ones. Namely, let Z be the twistor space of a
hypercomplex or hyperkdhler manifold. In particular, Z comes equipped with a holomorphic submersion
p: Z — P! and an antiholomorphic involution (real structure) o covering the antipodal map. Suppose that Z
also admits a holomorphic map 7 to the total space of the line bundle ©O(2r) which preserves the fibres over
P! and is compatible with the real structures, where the canonical real structure of O(2r) is

() (e )
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Assuming that 7 is surjective, we can apply the transverse Hilbert scheme construction fibrewise and obtain
a new twistor space Z;,"], which also fibres over P! and has an induced real structure. Moreover, if dim Z = 2
and Z had a fibrewise O(2)-twisted symplectic form, then so does Z;,”] [2].

From the description of X,[,"], given above, it is clear that a section s of p: Z,[f] — P! corresponds to a
degree n curve C in Z such that Tt C — 71(C) is an isomorphism, or, equivalently, a curve of degree n in
the total space of the line bundle O(2r) together with a lift to Z. Moreover, the results of [6] imply that the
normal bundle of s(P?) is the sum of O(1)-s if and only if the normal bundle N of C in Z satisfies the condition

HO(C, N(-2)) = HY(C, N(-2)) = 0.

Example 5.5. Applying this construction to the twistor space of X = C* x C (cf. Example 5.3) produces the nat-
ural complete hyperkéhler metric on the moduli space M, of framed euclidean SU(2)-monopoles of charge
n [1]. On the other hand applying the construction to the double cover of the Atiyah-Hitchin manifold as in
Example 5.4 produces a totally geodesic submanifold of M,,, consisting of monopoles which are symmetric
about the origin (in particular centred) and have total phase equal to 1. This follows easily by considering the
effect of the involution x — —x in R? on the twistor space of monopoles (cf. [17]).

6 Example: hyperkdhler metrics on ((Cz)r]

We consider X = C? and 7ni(x, y) = xy. As described in the previous section, we view X as the variety
{(x,y,2) € C’; xy = z},

and 71(x, y, z) = z. The variety ((Cz)gl] is then a 2n-dimensional affine variety in C>" defined by equations

n-1 ) n-1 } n-1 .
Z x;z! Z yiz | =z mod |z"- Z g7 | . (6.1)
=0 j=0 =0

For example, the defining equations of (C?) 512] are
XoYo +X1Y140 = 0,

X1Yo + XoY1 + x1y1q1 = 1.

We recall Nakajima’s description of the Hilbert scheme of n points in C? [26]: (((32) i isomorphic to the
the quotient by GL(n, C) of triples (B1, B>, i) consisting of commuting n x n matrices B, B, andani € C"
which satisfy the following stability condition: there is no proper subspace V of C" containing i and invariant
under B; and B,. The defining ideal of the corresponding subscheme Z given by

IZ = {fe C[X’y]; f(Bl’BZ) =0}'

The defining ideal of 1(Z) consists of functions g € C[z] such that 7°g = 0, i.e. g(B1B,) = 0. We have an
embedding O,z — 10z, g — g(xy), which is an isomorphism exactly then, when dim O, = n, which
means that BB is a regular element of gl(n, C).

We conclude therefore that ((CZ)ET"] consists of GL(n, C)-orbits of triples (B, B, i) as above and such that
BB, is aregular element of gl(n, C). Using again the isomorphism between Z and 71(Z) we also conclude that
i is a cyclic vector for B1B,. Every conjugacy class of regular matrices contains a unique companion matrix
S, i.e. a matrix of the form (1.1).

If B1B; = S, then we can conjugate B, and B, by an element of the centraliser of S in order to make the
vector i equalto e; = (1,0,...,0)T. The pair (S, e1) has trivial stabiliser and we have thus shown:

Proposition 6.1. The variety ((Cz)g'] is isomorphic to the variety of triples (B1, B;, S) of n x n matrices, such
that S is of the form (1.1), B1,B, commute, and B1B; = S. O

Bereitgestellt von | Technische Informationsbibliothek Hannover
Angemeldet
Heruntergeladen am | 16.01.18 09:17



DE GRUYTER OPEN Slices, Atiyah-Hitchin, and Hilbert schemes of points = 31

To recover the description of ((CZ)ET"] given in (6.1), we observe that both B, and B, commute with the regular
element of gl(n, C) S, i.e. we can uniquely write:

n-1 . n-1 )
B1=in51, B2=Zy,~5’,
i-0 i-0

and since SK = Z;:OI q;S', the equation B1B, = § is equivalent to (6.1).

C? carries at least two complete hyperkihler metrics: the flat one and the Taub-NUT. We can therefore
apply the fibrewise construction described in section 5.1 to both of them and try to obtain new hyperkdhler
metrics in higher dimensions.

The twistor space Z of the flat metric on R* is the total space of O(1) ® O(1) over P'. The map n(x, y) = xy
induces a projection to O(2) given by fibrewise multiplication. As discussed above, a section of p: Z ,[Tk] — P!
would correspond to a degree n curve in |O(2)| which can be lifted to |O(1) & O(1)| ~ P3 \IP’l. A degree n curve
in |0(2)| has genus (n-1)? and its lift would be a degree n curve in P> having such a genus. There are, however,
no such curves owing to a classification result of Hartshorne [14]. Thus we conclude thatp: Z ,[1"] — P! hasno
sections and we do not obtain new hyperkahler metrics.

6.1 Taub-NUT

The twistor space of the Taub-NUT metric is described for example in [3, pp. 393-395]. There is actually a
family of such metrics depending on a positive real parameter ¢ with the twistor space defined as

Ze={x,y) e L°(D@ L™ “(1); xy = z},

where L€ is a line bundle over |O(2)| ~ TP! with transition function exp(-cn/{¢) from { # coto { # 0, and z is
the tautological section of p”(2) over |O(2)|, where p: |9(2)| — P! is the projection.

It follows that a section of p : (ZC)E,"] — P! corresponds to a degree n curve C in |O(2)| which can be lifted
to Zc, i.e. to a pair of sections s; of LC(1)|C and s, of L‘C(1)|C such that (s1) + (s») = (2). It is a priori unclear
that such sections exist for any n and, even if they do, that there is a g-invariant family of them defining
a complete hyperkdhler metric. We shall now show that this is so by giving a construction of a complete
hyperkihler metric on ((CZ)E:I] as a hyperkihler quotient.

We observe namely that Proposition 6.1 is actually a description of ((CZ)ET"] as a complex-symplectic quo-
tient and it suggests what the hyperkahler quotient should be. We begin with the space V of nxn quaternionic
matrices and two copies of N, (defined in §1), but with metric rescaled by c (equivalently: we consider solu-
tions to Nahm’s equations on (0, c¢| rather than on (0, 1]). V has two tri-hamiltonian U(n) actions and N
also has a tri-Hamiltonian action of U(n). The hyperkahler quotient My of V x Ny x Ny by U(n) x U(n) is the
hyperkéhler slice to V as described in section 1. It is therefore a smooth and complete hyperkédhler manifold.
It remains to identify its complex structures. The complex structure of V is that of pairs B;, B, of complex
matrices with the two gl(k, C)-valued moment maps given by B, B, and B, B;. The complex structure of Ny is
that of pairs (S, g), S having the form (1.1) and g € GL(n, C), with the moment map gSg ™. It follows from the
results of [4] (recalled in §1) that M, is biholomorphic to the variety of quadruples (B4, B;, S1, S»), with S1, S
of the form (1.1) and satisfying B; B, = S1, B,B; = S5. Since the characteristic polynomials of B; B, and B, B;
are the same, it follows that S; = S, and By, B, commute. Thus M, as a complex manifold is isomorphic to
@),

We observe thatin case n = 1, V = Hand N; = S! x R? so that the hyperkihler quotient M; is the Taub-
NUT metric on C2. It is straightforward to check, given the description of the twistor space of Ny, in §1, that
the twistor space of My, is isomorphic to (ZC)%"].

Remark 6.2. Just as the Taub-NUT metric itself, the transverse Hilbert scheme of n points on it also admits a
tri-Hamiltonian circle action. In the case n = 2 we can then perform the hyperkdhler quotient by this circle
and obtain again a hyperkdhler 4-manifold. It is easy to compute from equations (7.4) that this is again a
deformation of the D,-singularity.
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7 Hyperkédhler metrics on (D)™,

Recall the varieties Dy (11, #2) defined in section 2.2. These are regular slices to sums of two orbits and
carry, therefore, natural complete hyperkahler metrics. In the case m = 1 we have identified them as the D,
D, and D, ALF gravitational instantons. We are now going to prove that Dy ,,(u1, 42) is the Hilbert scheme
(Dy,1(m1, 12)) ETm] of m points on Dy ; (1, 42) transverse to the projection onto the x-coordinate (in equations
(3.1), (3.5) and (3.13)).

D>, m(p1, H2).

Let (S, Y) be an element of D, ,,, (i1, 42). The characteristic polynomial P(z) of S is, thanks to Proposition
2.3, of the form ]_Hﬁl(z2 - x;). If the x; are distinct, we can conjugate S to a block-diagonal form, with 2 x 2

blocks
0 Xx;
S; = ‘. 71
() .
Viewing S as multiplication by z on C[z]/(P(z)), this corresponds to a change of basis from 1, ..., z>™ ! to
[Tz - %)
f1(2), zf1(2), f2(2), 2f2(2), . .., fm(2), 2fm(2),  fi(2) = =——=. (7.2)
Hj#i(xi - X]')

In this basis Y becomes also block-diagonal with 2x2 blocks Y;. Indeed, the equation SY+YS = 1, implies
that any 2 x2 minor matrix Y¥ of Y of the form [ Y2"1%1 Y2712/ ) qatisfies the equation S; V¥ + Y Sj = 6;T.
Y2i,2j-1 Y2i,2j
Since x; # xj fori # j, YU = 0 fori # j. The diagonal blocks (S;, Y;) belong to D,(u1, u») and, consequently,
the open dense subset D (41, 2)° of Dy (U1, 42), where the x; are distinct is isomorphic to

{(1,...,pm) € D21, u2); pi = (@i, i, X3), VigiXi # X} [Zm. (7.3)

ay T — XiCg
Y, = R
Ck —ay

for some complex numbers a; and c. Let a(x) and c(x) be polynomials of degrees < m—-1 such that a(x;) = a,
c(xy) = ¢, k=1, ..., m. Recalling the equation of D5 ; (i1, i2) from the previous section, we conclude that
the polynomials a(x) and c(x) satisfy the equation

Each Yy, k=1,...,m,is of the form

QG - xc(0? + x + (4 - )00 - 53 +p3) =0 mod qx) (74)

where g(x) = [](x — x;) whenever the x are distinct. Let T be the variety defined by this equation and
let T° be its open subset where the x; are distinct. Thus we have a biholomorphism T° — Dj p(u1, 42)°.
To describe what happens if some x; coalesce, we observe first that the change of basis matrix from

fiseoosfm2fis. e 2fmtol, ..., 22™ 1 is

Vixi, ..., Xm) 0
0 V(Xl,...,Xm)

where V = V(x4, ..., xm) is the Vandermonde matrix, i.e. Vi = x’l:"l. The inverse of the Vandermonde matrix

has entries -
X15enesXjyoonyXm)

[Tk O = x00)
where e; denotes the I-th elementary symmetric polynomial (with e = 1). It follows that the Y corresponding
to the (Y;);=1...._m has entries given by

(V—l)ij _ (_1)m—i em—i(

>

.....

> (VY Vi (7.5)
k=1
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We can compute these entries by observing that, if u;,...,um € C, then the j-th column of
V-1diag(us,...,um)V is given by the coefficients of the polynomial pj(x) of degree < m - 1 satisfying
pi(xi) = ukx’,'(_l. Thus the map T° — D5 (i1, 42)° extends to a biholomorphism T — Dy y(u1, u2) and
conclude that:

Theorem 7.1. The variety Dy (U1, M2) is given by a monic polynomial q(x) of degree m, and two polynomials
a(x), c(x) of degrees at most m — 1, such that (7.4) is satisfied.

Comparing with (5.1) we conclude:

Corollary 7.2. The variety D (41, 1>) is isomorphic to the transverse Hilbert scheme (D3 1 (1, yz))gn] of m
points on the deformation of the D,-singularity defined by the equation
2 2

1 1
a* - xc® + Zx+ (ui - u3)e - 5(ui + p) =0,

with ni(a, c, x) = x.

We can also conclude from the above proof that the hyperkédhler metric on D, ,,(u1, 2) is the one given
by the fibrewise transverse Hilbert scheme construction, described in §5.1, applied to the twistor space of
D3,1(u1, u2). Indeed, in the case p1 = yy, applying the above calculations fibrewise, shows that g(x) defines
a curve C of degree m in the total space of O(4) over P! and a(x) + c(x)v/x defines a section s({, x) of L%(2)
over C such that (s(¢, x)) + (s({, -x)) = (u%({) — x. Comparing with the description of the twistor space of
D5 ,1(u, ), given in §4, proves the claim. Similarly, in the case p; # pa, xc(x) — 7(x)/2 - a(x)\/x defines an
appropriate section of L?(4), and again, the cmparison with §4 shows that both constructions produce the
same hyperkdhler metric.

D1,m(p1, p2) and Do m(p1, p2). We proceed similarly. Let (S, Y) be an element of either of these varieties
in the canonical form described in Proposition 2.7. The characteristic polynomial Q(z) of Sy still has the form
H;’ll(zz - x;) and, if we assume that the x; are distinct, we can pass from the basis of C[z]/(P(z)) described in
the proof of that Proposition to the basis consisting of polynomials

f1(2), 2f1(2), f2(2), 2£2(2); . . ., fn(2), 2fm(2), i) = [[ (2% - x7), (7.6)

Jj#

plus fo;ms1 = Q(2) in the Dy, jp-case (resp. fame1 = p2) " (2= p1+42)Q(2), fomez = ~2p2) " (z-p1-42)Q(2) in
the Do m-case). In this new basis S and Y are still of the form (2.6) or (2.7) with Sy block-diagonal with blocks
(7.1) and the covector e is equal to (0, 1,0, 1, ..., 0, 1). The matrix Y is then, owing to the argument given
above for Dy (U1, M2), also block-diagonal. It follows that the minor matrices consisting of a single block of
So, the corresponding entries of the last row (or the last two rows in the Dy, ,,-case) and the corresponding
entries of the last column (or, again, last two columns in the Dy ,-case), and the analogous minor matrix for
Y are elements of Dy 1 (1, p2) or Do 1 (1, 42). Now, analogously to the D, ,,-case, we change the basis back
to the one given in the proof of Proposition 2.7 and conclude that Dy, (p1, #2) or Do, m (U1, H2) are described
by the same affine equations which define Dy 1(u1, p2) or Do,1(u1, p2) but this time in C[x]/(g(x), where
g(x) = [T%, (x - x;). Comparing with (5.1) and with example 5.4 yields:

Theorem 7.3. The variety Dj,m(yl, M2), j = 0,1, is isomorphic to the transverse Hilbert scheme
(D]-,l(,ul, yz))ETm] of m points on the Dj-surface defined by equation (3.5) or (3.13) with m being the projection
onto the x-coordinate. In particular, D1 n(u, 1) is biholomorphic to the space of rational maps of degree 2m of
the form p(u)/q(u?), degp = 2m - 1, deg g = m, and satisfying p(w)p(-u) = 1 mod q(u?).

Once again, we can go through above calculations fibrewise on the twistor space of the D;- or Dy-surface,
and conclude that the hyperkéhler metric obtained from the slice construction of [4] coincides with the one
obtained from the fibrewise transverse Hilbert scheme construction described in §5.1. In particular, example
5.5 shows:
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Corollary 7.4. The hyperkdhler manifold D1, (u, p) is isometric to a totally geodesic submanifold of the moduli
space of monopoles of charge 2m, consisting of monopoles invariant under the involution x — -x in R> and
with total phase equal to 1.

A Completeness of hyperkdhler slices

Let G be a compact Lie group, g its Lie algebra, and (, ) an invariant scalar product on g. Let p: su(2) — g be
a homomorphism of Lie algebras, and write a;, i = 1, 2, 3 for the images of the standard generators of su(2).
We consider quadruples of g-valued smooth functions T;(t) on (0, 1] which satisfy the Nahm equations,

i.e. Ty +[To, T1] = [T, T3] and two further equations given by cyclic permutations of indices 1, 2, 3. The

group of gauge transformations smooth on (0, 1] acts on the set of solutions. The boundary conditions we

impose at t = 0 are as follows:

(i) Toissmoothatt =0,

(ii) there exists a smooth gauge transformation with g(0) = 1, such that the resulting T, T, T5 have simple
poles with residues a; and T;(t) — a;/t are analytic in powers of t'/2 (powers of ¢ if ad p has only even
weights).

The group G of smooth gauge transformations g: [0, 1] — G, g(0) = g(1) = 1, acts on the set Z(p) of solutions

having the above boundary conditions and the quotient is a finite-dimensional smooth manifold, which we

denote by N(p), and which is diffeomorphic to S(p)x G* (see §1 and [4]). The natural L?-metric (with respect to

{,)) on the infinite-dimensional manifold Z(p) is preserved by the group § and it induces a Riemannian metric

on N(p). This metric is hyperkdhler and it is the one used in the hyperkahler slice construction of Theorem

1.2. There are two tri-hamiltonian group actions on N(p): the group G acts by allowing gauge transformations

with arbitrary values at t = 1; the group H C G, the Lie algebra of which is the centraliser of p(s1(2)), acts by

allowing gauge transformations g(t) with g(0) € H.

We are going to prove:

Theorem A.1. The natural L?-metric on N(p) is complete.

Proof. Our first goal is a suitable description of N(p) as an infinite-dimensional hyperkdhler quotient. We
start with an affine space M(p) of quadruples (Xo, S; + X1, S2 + X5, S3 + X3) of g-valued functions on (0, 1],
where S;(¢) = % and X; € L? ((0, 1), g), j=0,1,2,3.Itis a flat hyperkdhler Hilbert manifold (modelled on
L? ((0, 1), g) ® R*) consisting of g-valued quadruples (To, T1, T», T3) with prescribed boundary behaviour.
The relevant group G’ of gauge transformation has the Lie algebra consisting of maps ¢: [0, 1] — g of class
W2 satisfying ¢(0) = ¢(1) = 0. The corresponding fundamental vector field (;7) is

(-6 +1¢. Tol. 19, T11. (4. T2). 19, T51)

Since ¢ (t) belongs to W2(0, 1), it has the form fot k(t)d for an L?-function . The Hardy inequality implies
then that % is square-integrable, so that the vector field (,7) is indeed in L? ((O, 1), g) ® R*. The action of ¢’
is free, proper, and isometric. These conditions suffice to conclude that the hyperkéhler quotient of M(p) by
the Hilbert Lie group G’ is a hyperkihler manifold. The zero-level set Z(p)’ of the hyperkihler moment map
consists of weak solutions to Nahm’s equations.

We first need to show that the moduli space of weak solutions to Nahm’s equations in M(p) modulo
the group the Hilbert Lie group §’ is isometric to N(p). For this, it suffices to show that every §’-orbit con-
tains a smooth solution (Xo, . . ., X3), and since the Xy-component can be made equal to zero, using a W'-2-
transformation with g(0) = 1, it is enough to show that for any weak solution (0, S; + X1, S» + X5, S3 + X3) to
Nahm’s equations in M, the functions X;(t) have the prescribed regularity on [0, 1].

We can rewrite the Nahm’s equations as an equation on X = (X1, X», X3) of the form

dX

1
qi ?A(X) +Q(X, X), (A)
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where
0 —adas ada; X,
AX)=| adas 0 —ada; | | X5
—-ada, adag 0 X3

and Qis a bilinear operator with constant coefficients. Multiplying both sides by t and writing this equation as
an equation for %, we conclude that the L'-norm of % is bounded. It follows that the C°-norm of tX(¢) is
bounded and equation (A.1) implies, by iteration, that X(t) is smooth on (0, 1]. In order to prove the required
regularity at t = 0, we observe that the smoothness on (0, 1] suffices to conclude that the solution to Nahm’s
equations corresponds to a linear flow of 1-dimensional sheaves on TP! with fixed scheme-theoretic support
(“spectral curve"). This in turn implies as in [18, p. 624—625] that the entries of X are of the form t*w(t), where
A is an eigenvalue of the operator A and w is analytic in t. Since the eigenvalues of A are multiples of 1/2, it
follows that if A < 0 and w(0) # 0, then X is not in L? and we conclude that the X ; must have the regularity
required in N(p).
In order to prove completeness of N(p), we need the following lemma.

Lemma A.2. Any smooth curve v: [0, a) — N(p) can be lifted to a horizontal curve in Z(p)'.

Proof. Since N(p) can be alternatively described as the space of weak solutions to Nahm’s equations mod-
ulo W2 gauge transformations or the space of solutions satisfying the N(p)-regularity conditions mod-
ulo smooth gauge transformations, we can find a lift T: [0,a) — Z(p) of . We seek a smooth map
g:[0,a) — § such that (g(s).T(s))’ is horizontal for each s. This means that T'(s) + (g”1(s)g’(s)J is hori-
zontal for each s, where ¢ denotes the fundamental vector field corresponding to a ¢ € Lie G. If we write
T(s) = (To(t,s), T1(t, s), To(t, s), T3(t, s)) and T'(s) = (to(t, s), t1(t, 8), t2(t, 8), t3(t, s)), then a ¢ such that
T'(s) + cfh is horizontal is a solution of the following linear differential equation

3

3
¢ - 2[9, Tol - [¢, Tol + Y [Ti, [T, ¢l = to + » [T, ],

i=1 i=0

with ¢(0) = ¢(1) = 0 and the dot denoting derivation with respect to t. The solution is a smooth map
¢: [0,1] x [0, a) — g. We can solve for each t the linear equation g"'g’ = ¢ in the Lie group G and this
produces the desired curve g: [0, a) — G. O

To finish the proof of completeness, let m: [0, 1) — N(p) be a smooth curve of finite length and let m(t) be its
horizontal lift to Z(p)'.

This lift also has finite length and therefore there is a sequence of m(t;), t; — 1, converging to a limit T°° in
M(p). This limit is weak solution to Nahm’s equations and hence T*° € Z(p)'. Since Riemannian submersions
between Hilbert manifolds shorten distances, m; converges in N(p) to the equivalence class of T*. O
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