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Inverse methods are applied to the nuclear bound-state 
problem. Considering only the self-interactions of these 
states analytical solutions results for potentials and densi
ties. The simplest possible approximation to the full 
expression yields immediately AR (̂ = <>2 (A,-)) — (r2 (A0)) 
~ — [B (A,) -  B (/4q)] for the differences in the squared 
nuclear radii as functions of the respective binding ener
gies per nucleon, B (A,).

Inverse Methods and Relative Nuclear Radii

1. Motivation
In contrast to their general usage we applied recently [1] 

inverse methods to the nuclear bound-state problem and 
not to scattering problems. Inverse methods solve the

levels to the total density g (x) = X Qi (x) -  X V/ (-Y) 
where the very r.h.s. holds for the real potentials we are 
dealing with (see below). The characteristic feature of the 
individual UNi (and q) is their specific amplitude-argu- 
ment interdependence, i.e. the amplitude UNi (0) (p, (0)) 
appears again in the respective formfactor/ (.xj (g (x)).

The aim of this note is to show that this peculiar be
haviour leads already to some useful predictions related to 
relative nuclear (charge rms) radii.

2. Inverse Methods
Inverse methods have been applied [1] to solve the N 

single-particle Schrödinger equations approximating the 
nuclear many-body problem. To arrive at expressions that 
can be handled analytically, it is sensible to consider for 
.the time being only spherically symmetric systems. Hence, 
the 3D Schrödinger equations may (with the appropriate 
care and boundary conditions, e.g. <p„ (r) = y/n (.x)/.x; .x ^ 0) 
be reduced to the corresponding (radial) 1D Schrödinger 
equations

Mdxx (//„ (A ) + I ( v) y/„ = Eny/„ ; M = h2/2m ; dxx = d 2/dx2; « = 1,2......N: E„ < 0 . (2)
The general solution of this inverse problem can only be obtained numerically. However, if we include only the contribu
tions (self-interactions) of the N occupied ground-state levels in our considerations (i.e. if we suppress completely pos
sible contributions from the continuum), then we arrive at the well-known [1,2] analytical Bargmann potentials (or for
1 D problems: reflectionless potentials):

UN (x) = X Un, (-v) = X h  4 ] /-E iM]gi (x) = £  [- 4 } • v] (x) = -  2 M dxx In (det (F)\
i= 1 /= 1 i= I

Fy-dy+2 ]/// (x)fj (_x)/(]/— E t + y^Ei) ; f, (x) = ■ exp (]/- 2E,/M ■ x ). (3)

Schrödinger problem in an equally respectable way as the 
traditional direct approach. But the required input is now 
given by information related to the energy spectrum of the 
Schrödinger operator from which the respective (scattering 
or) shell-model potential is evaluated.

In previous applications [1] it has been discussed that 
the complete expression for the shell-model potential with 
its N bound states, UN, may formally be written as the sum 
of the contributions from the individual states, the UNi (for 
the interrelation .x r see below):

Cy (.X) = X UNi (x) = X UNi (0) -fix- UNi (0))
/= 1 /= 1
n n

= X «/£?/(*)= X«, 0/(0)0 (.x; 0, (0)).

(1)

The a, are state-dependent weighing coefficients and the 
Q, (.x) are the contributions of the / occupied ground-state
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Inspection of (3) shows that wavefunctions, densities and 
potential are uniquely specified by the N energy eigen
values Ei (which can, at least in principle, be taken from 
experiment). As indicated above, each of the individual 
contributions g, (.x) to the total density q (x) has the 
peculiar property that its amplitude appears again in its 
formfactor. Since this feature seems to carry the signature 
of the complete expression, it is tempting to use it in an 
attempt to approximate a nucleus by C, instead of using 
the more appropriate UN. However, if we do so, then it is 
no longer sensible to use a single energy eigenvalue Ej in 
t/,; we should rather take an "appropriately" weighed 
average over the energy eigenvalues of the respective 
nucleus. In view of the" close relation, B (A) ^  (0.35A4) 
• X between the binding energy per nucleon, B (A), 
of a nucleus containing A nucleons and its energy eigen
values Ei (the ni are the degeneracies: «, = 2/ + !) [3] it 
appears most reasonable to use the binding energies per 
nucleon, B (A), for that purpose. With this substitute for 
E, the respective expression for U= U} reads (suppressing 
the index "1"):
U (x) = -  U0 ■ sech2 (]/U0/2M ■ x)

= 2B (A) ■ sech2 (]/-B(A)/M ■ x) 
= -  4 ]/- B (A) M ■ q0 ■ sech2 (2 q0 x) (4)

with B(A) < 0 and q0 = y~ B(A)/4M. For large (small) 
values of the argument the sech2-formfactor is very close to 
the more familiar Woods-Saxon (Gaussian) one as may be
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verified by the aid of the series expansion of the sech. 
Hence, it does make sense to approximate a complete 
nucleus by (4).

From (4) we readily obtain the half-density at half- 
width radius,
R (B) = (l/2e0) • arccosh (j/5) = 0.4406/po

= 0.4406 ]/-4M/B(A); o„ = ]j~B(A)/4M . (5)
Since M is a constant, see (2), and since the B (A) are 
known to a good accuracy [4], (5) contains no adjustable 
parameters. However, since (5) does in no way account for 
the global changes in the absolute radii, which are well 
known to follows roughly an Au3 law, it can only yield 
estimates related to relative nuclear radii (and not to ab
solute radii). The quantity traditionally [5-7] referred to 
in the discussion of relative nuclear (charge rms) radii is

= [0.7765 M/B (A0) B (A)} ■ [B (A,) -  B (A0)) NB . (6)
where the r.h.s. is due to (5); but for the renormalization 
constant NB which has been added "by hand".

3. Discussion
The constant NB is obviously the only adjustable pa

rameter in (6). Hence, the resulting numbers are predic
tions for the behaviour of relative nuclear radii as func
tions of the mass numbers and/or their binding energies. 
However, even before attempting a comparison of the 
predictions of (6) with experiment, we know that it can not 
be a universal relation:

From the averaged input to be used. i.e. the B (A) in
stead of all the Ej in UN, and from the restriction to 
spherically symmetric problems one realizes immediately 
certain limitations, i.e. (i) the existence of deformed nuclei 
is ignored, (ii) shell-effects and pairing correlations are 
almost completely suppressed, (iii) (6) does not distinguish 
between mass and charge distributions.

Already 15 years ago Gerstenkorn [5] proposed a rela
tion corresponding to (6), but for the denominator 
B (A0) B (A,). Subsequently (see e.g. [6. 7] and references) 
it has been shown to be highly useful even allowing for 
specific predictions [6] which were later on confirmed by 
experiment. But according to [6. 7] there exists up to now 
no theory or model that provides a derivation of this rela
tion. -  For a given isotrope sequence with A0 > 1 we 
have Aq —A,- A0 and therefore B (^0) • B (A,) = B (A0) 
■ (B (Aq) + ei) s  const with e, B (A0) as is readily verified 
by the aid of the tabulated experimental data displayed in 
[4], Hence, application of inverse methods is seen to lead 
almost immediately to a theoretical confirmation of this 
(hitherto heuristic) relation. For applications [5-7] could 
be consulted so that we refrain from giving additional 
examples.

4. Summary
Summarizing, we drew attention to the specific ampli

tude-argument interdependence of the individual contribu
tions Oj of the different states to the total density q. It 
yields immediately a formal justification for the well- 
known empirical linear relation between nuclear radii and 
binding energies. From the way in which (6) has been 
derived, it is obvious that it has to fail whenever deforma
tions and/or shell-effects are important. Further investiga
tions attempting to obtain a more detailed picture are still 
in progress.
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