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1. Introduction and main results

The Muskat problem is a complex free-boundary model that was proposed by
Muskat [13] to describe the motion of two immiscible fluids with different den-
sities and viscosities in a porous medium with impermeable bottom (such as the
intrusion of water into oil). In the limit of thin fluid layers it was shown in [7] that
the Muskat problem can be approximated by a strongly coupled parabolic system
of equations, which, when neglecting surface tension effects, reads as follows:

Of = 0u(fO.(1+ R)f + Rg»,}

Org = R,0:(90:(f +9g)) (L1a)

for (t,z) € (0,00) x R, and is supplemented with initial conditions

f0)=fo, 9(0)=go, w€R. (1.1b)

The constants R and R,, in (1.1 a), which are assumed in this paper to be positive,
are defined as
Ri=—"* and R, ="=R,
P—— P+ g
(© 2017 The Royal Society of Edinburgh
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with p_ and pu_ (respectively, py and p4 ) denoting the density and viscosity of the
lower fluid (respectively, upper fluid). This reduced model retains only the functions
f=f({t,x) >20and g = g(t,z) > 0 as unknowns, where f is the thickness of the
lower fluid layer and g is the thickness of the upper fluid layer, so that f + ¢ is the
total height of the fluids. When R, = R system (1.1a) is also a particular case of
thin-film models derived in [9] in the context of seawater intrusion.

System (1.1a) is a degenerate parabolic system with a full diffusion matrix, and
can be regarded as a two-phase generalization of the porous medium equation.
Among the salient features of the latter are the finite speed of propagation and
waiting time phenomena. Recall that the former means that the support of solutions
remains compact if it is initially compact, while a waiting time phenomenon refers
to the situation in which the solution vanishes at a point on the boundary of the
support of its initial condition for some time. Since system (1.1a) is degenerate
and somewhat related to the porous medium equation, it is natural to ask whether
these two features also appear in the thin-film Muskat problem. It is the purpose
of this paper to provide an affirmative answer to these questions.

There is a huge literature on the finite speed of propagation for degenerate
parabolic equations, and various methods have been developed to investigate this
issue. In particular, for second-order parabolic equations, e.g. the porous medium
equation or the p-Laplacian equation, for which the comparison principle is avail-
able, this property can be derived by comparison with suitable sub- and super-
solutions (see [16] and the references therein). This approach cannot, however, be
extended to higher-order equations or to systems, and energy methods have been
developed instead (see [2-4,15] and the references therein). These methods were
applied, in particular, to the thin-film equation, which is a fourth-order degenerate
parabolic equation, and they also work for second-order equations. A few appli-
cations to systems of equations can be found in the literature: the finite speed of
propagation and the occurrence of waiting time phenomena are shown in [5] for
the Poisson—Nernst—Planck system, which is of diagonal type with lower-order cou-
pling, and in [8] for the parabolic-elliptic chemotaxis Keller—Segel system, which
one can view as a non-local parabolic equation.

As we shall see below, the energy method is sufficiently flexible to be adapted to
study the strongly coupled degenerate parabolic system (1.1a). Before stating our
result, let us introduce the notion of a weak solution to (1.1) to be used hereafter.
Let K denote the positive cone of the Banach space Li(R, (1 + z?)dx) N La(R)
defined by

K:={uec LR, (1+2?)dz) N L*(R): u > 0}, (1.2)
and set K2 := K x K.

DEFINITION 1.1. Given (fo, go) € K2, a pair (f,9): [0,00) — K? is a weak solution
o (1.1) if

(i) (f,9) € Loo(0,00; La(R;R?)), (f,9) € L2(0,t; H(R; R?)) for all t > 0,

(ii) (f,g9) € C([0,00); H*(R;R?)) with (f, 9)(0) = (fo,90),
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Propagation speed and waiting time for a thin-film Muskat problem 815
and (f,g) solves (1.1a) in the following sense:

/Rf(t)fdx—/Rfogdm+/O /]Rf(a)[(lJrR)azf+R8zg}(o)815dxda:0,

t
[ otear— [ wecar+ R, [ [ a(o)0u8 + 000105 drd =0

(1.3)
for all € € C§°(R) and ¢ > 0.

The existence of weak solutions to (1.1) is shown in [10] by a variational scheme.
The proof relies on the observation that system (1.1a) is a gradient flow with
respect to the 2-Wasserstein metric of the energy functional

&(f0) = g [P+ RO+ do. (1.4)

This approach actually extends to the two-dimensional setting as well as to a related
fourth-order degenerate system that is also a thin-film approximation of the Muskat
problem which additionally incorporates surface tension effects [11]. Note that the
uniqueness of solutions to (1.1) is an open problem.

The main results of this paper are the following.

THEOREM 1.2 (finite speed of propagation). Let (f,g) be a weak solution of (1.1).
If (f, g) satisfies the local energy estimate

[+ R(s -+ g2 s
T
+ / /(fl(l + R).f + RO,g|> + RR,,g|0nf + 02g|*)¢* dadt
0 R
< [ 17200+ R( +92 0% s
R

T
4 / / F((L+ R)f + Rg)® + RRug(f + 9)?)|0uc?dadt  (L5)
0 R

for all ¢ € WE(R) as well as for ¢ =1, then (f,g) has a finite speed of propagation.
More precisely, if a > 0,79 > 0, and supp(fo + go) N (a —rg,a +19) = 0, then there
exists a positive constant Cy, = Cy(R, R,,) such that

supp(f(T) + g(T)) N (a — %To, a+ %To) =0 forallT € (0, C*TS/Q/EI/Q(fO,gO)].

In particular, if supp(fo + go) C [—bo, bo], with by > 0, then there exists a positive
constant C* = C*(Ry, R, fo, g0) such that

supp(f(T) + g(T)) C [~bo — C*TY3 by + C*T3]  for all T > 0.

We note that theorem 1.2 is only valid for weak solutions that also satisfy the
local energy estimate (1.5). Unfortunately, we are as yet unable to derive it for
arbitrary weak solutions, and it is unclear whether it holds in particular for the weak
solutions constructed in [10]. We shall show in §3 that for each initial condition
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there is at least one weak solution to (1.1) satisfying the local estimate (1.5). To
this end we shall adapt an approximation scheme from [6] that allows us to obtain a
weak solution as a limit of classical solutions to a regularized version of the original
system.

Note also that theorem 1.2 gives no clue regarding the finite speed of propagation
for each component when taken separately.

REMARK 1.3.
(a) It is shown in [12] that system (1.1a) has self-similar solutions of the type
[(t,2) = (1+6)"V3(F,G)((1+t)"3z)] fort>0and z €R,

with compactly supported profiles (F,G) € H'(R,R?) N K2. Hence, the esti-
mate on the growth rate of the support obtained in theorem 1.2 matches that
of the self-similar solutions and is likely to be optimal.

(b) The constant C* in the last statement of theorem 1.2 depends only on fy and
go through the energy £(fo, go) and the second moments of fy and go.

Due to [4], a direct consequence of the local energy estimate (1.5) is the occurrence
of waiting time phenomena.

THEOREM 1.4 (waiting time phenomena). Let (f,g) be a weak solution of (1.1)
such that (1.5) holds for all { € WE(R). Let 9 € R\ supp(fo + go) be such that

1 xo+7r
timsup = [ (£ + Rfo + 90)°)do < .
x

r—0 r5 o—"

Then there exists a positive time T, such that xo € R\ supp(f(T) + g(T)) for all
T € (0,Ty).

Let us now describe the content of this paper. Section 2 is devoted to the proof
of the main results. While theorem 1.4 is a straightforward consequence of (1.5)
and [4, theorem 1.2], the proof of theorem 1.2 requires several steps and is inspired
by [3], which deals with the thin-film equation. We note that fewer estimates are
available for (1.1) than for the equation studied in [3]. The last section is devoted to
the existence of weak solutions to (1.1) that satisfy the local energy estimate (1.5).

2. Finite speed of propagation

Throughout this section, (f,g) is a weak solution of (1.1) that satisfies the local
energy estimate (1.5) and

w = [f*+ R(f + ¢)*/*. (2.1)

The function w inherits some regularity properties of (f, g) as shown in the following
result.

LEMMA 2.1. Given non-negative functions u,v € H'(R), let

z:= (u? + Rv?)%/4,
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Propagation speed and waiting time for a thin-film Muskat problem 817
Then z € HY(R) and
udzu + Rvd,v
1{0}(Z) + (u2 + RU2)1/4’

where 15 is the characteristic function of the set E.

3
3;5225

Proof. We choose positive functions u,,v, € C®°(R) N H*(R),n > 1, such that
un — uw and v, — v in H'(R) and set

Zn = (u? 4+ Rv?)3/4,

Obviously, w5 A8 L;(R) and it follows from the Holder continuity of the
function [z + |z|?/4] that

|z — 2|3 < |23/3 — 243 for alln e N.

Hence, z, — z in Ly/3(R). We next note that the sequence (2,), is bounded in
H'(R) so that it has a subsequence which converges weakly in H*(R) towards a
limit coinciding with z almost everywhere. Consequently, z belongs to H'(R) and
the formula for 0,z follows by standard arguments. O

We now derive from (1.5) a local energy estimate for the function w, defined
n (2.1), which is at the heart of our analysis.

LEMMA 2.2. The function w defined in (2.1) satisfies

T
/w4/3(T)§2dz+C’1/ /\8xw|2<2d:cdt
R 0 R
T
</w4/3(0)c2dx+02/ /w2|8mg|2dxdt (2.2)
R 0 R

for all T > 0 and all ( € W}(R). The constants Cy and Co depend only on R
and R,,.

Proof. By lemma 2.1 the function w belongs to H'(R) and

’f [(1+ R)D, f + RI,g) + Rg(D. f + Dug) |
Lioy(w) + (f2+ R(f + g)?)1/*
< 2f
T Loy(w) + (f2 + R(f 4 9)2)1/?
. 2R%g
Loy (w) + (f2+ R(f +9)?)

VR
< 2max {17 R}[f(l + R)0:f + Razg|2 + RRHg|amf + arg|2}' (23>
m

In addition, since w*/® > max {(1 + R)f?, Rg?}, it holds that

fI(1+ R)0, f + Ro.g[?

1/29|6wf + aa:g|2

f(1+R)f + Rg)? + RR,g(f + 9)* < 2max {%, V14 R}w2

Combining these two inequalities with (1.5) gives the claim. O
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We next recall that the Gagliardo—Nirenberg inequality [14, theorem 1] states
that there exists a constant C' > 0 such that

1/5

[v]l2 < Cllazolly (o35

||v||4/3 + C|lvllays forall v e HY((—1,1)).
Using a scaling argument, we deduce from the inequality above that, for r > 0,

1/5

[v]l2 < Clldzolly°llvlly)s

[vlly)s + Cr=*|[vllays  for all v € H'((=r,7)). (2.4)

A consequence of the Gagliardo—Nirenberg inequality (2.4) is the following interpo-
lation inequality in the spirit of [3, lemma 10.1].

LEMMA 2.3. There exists a C5 > 0 such that, given r >0 and v € H ((—r,r)),
[0l3 < Callowolls 121 + Cor™T/2 12 (2:5)

holds, where

L= [ 6=l .

-T

Proof. We pick p € (0,r) arbitrarily and infer from the Holder inequality that

r P
/ |v|4/3dx:/ |v|4/3dx—|—/ |v|*/3 dz
—r —p {p<lzl<r}

1 ? 4/3
<o | =Dl et 2t - p) Ol

-
We now choose p € (0,r) such that

ﬁ /Z(r — &) [o* dz = 2(r — p)"/¥|Jull3"?,
and obtain
lellaja < 4llolls” 1%, (2.6)
Using (2.4) and (2.6) yields
[0l < Cllanl/ *(ol324/5 18/ + Cr= (o] 12/,
and thus
(IwI3)/ < Clal3° 185 + Cr 2 (Jo]]3)5° 1314,
By Young’s inequality we get

I0l13 < Cllapvlls* M I/ + Crmo%/22 (o] 3)%/ 11}/

< Ozl M I8 4 L|w|f3 + Cr 2132,

and the proof is complete. O
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‘We now introduce additional notation. For » > 0 and T > 0 we set

T /rr
up(r,T) = / / 0, w(t, ) *(r — |z)k dedt  for k € {0,1,2},
0 -r

I(r,T):= sup / w4/3(t,x)(7'—\x|)idx,
te(0,T) J —r

where w is defined in (2.1). We first derive from (2.2) an inequality relating I(r,T),
uo(r,T) and ug(r,T) under suitable constraints on r and T'.

LEMMA 2.4. Consider o > 0 such that supp(fo + go) N (—ro,70) = 0. There are
positive constants Cy and Cs such that, if Tog > 0 is such that

CyTo(Lro) 212 (ro, Ty) < 3, (2.7)
then
L1(r,T) + us(r, T) < C5T*°uf/*(r,T) (2.8)
forall%roérgro and 0 < T < Tp.

Proof. Let T € (0,Tp] and r € (0, 79]. Setting ((z) := (r — |z|)+, © € R, we observe
that the assumptions on fy + go guarantee that ¢?(z)w*/3(0,z) = 0 for x € R, and
we infer from (2.2) that

t t r
/w4/3(t)§2d:c+cl/ /|8xw\2g‘2dxds<(§'2/ / w?dxds
R 0 R 0 —7r

for all ¢ € (0,T). Hence, there exists a constant C' > 0 such that

T T
I(r,T) +ue(r,T) < C/ / w? dx ds.
0 —r

Using (2.5) and the Hélder inequality, it follows that

T
I(T, T) + ’UQ(?", T) < CT’F—7/2I3/2(T, T) + 016/11(7”’ T) / Ha:rw(s)HlLt/((lir ) ds
0 )
< CyTr PP, T) + OTY I (r, Tyug M (r, T).

Since I(r,T) is a non-decreasing function in both variables r and T, the property
(2.7), together with Young’s inequality and the above inequality, leads us to

I(r,T) +us(r, T) < 31(r,T) + $1(r,T) + CsT*/5uf/*(r, T)
for all %T‘O <r<rgand 0 <T < Ty. This completes the proof. O
We are now in a position to prove our main results.

Proof of theorem 1.2. Since (1.1) is invariant with respect to translation, we may
assume that a = 0, so that supp(fo + go) N (—=70,70) = . Then w*/3(0,z) = 0 for
x € (—ro,70) and I(rg,t) — 0 as t — 0 by (2.2). Consequently, there exists a Ty > 0
such that the condition (2.7) in lemma 2.4 is satisfied.
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Let T € (0,Tp). In view of

[z = 10zw (-, 2)|1L,0.1)] € L1(R),

we have
Orua (T, T) = 2uy (’I", T)7 Orun (T, T) = uO(T7 T) (29)

for almost every (a.e.) r € (0,7¢), and the Hélder inequality yields
ur(r,T) < ué/z(r, T)u(l)/2(r7 7).

This inequality, together with (2.8), which is valid here due to the choice of Ty,
gives

ur(r,T) < CT2/5ug/5(r, T) = CT?/5(dpuy (r,T))%>  for a.e. r e (370,70).

Equivalently,

1
a1 1) < G T2 0 () for ace. 1€ (70,70). (2.10)

Taking a smaller value of T} if necessary, we further assume that
T, 2wy’ (0, Ty) < $Csro. (2.11)

Let T € (0,Tp] and assume for the following argument by contradiction that
u1 (370, T) > 0. Together with the monotonicity properties of u; this implies that
up(r,T) > 0 for all r € [%TQ,T()]. Due to this positivity property, we infer from
(2.10) that

CeT™ V3 < Or(ui/(a)(r, T) for ae.r € (3r0,70).
After integration we end up with
CeTY3(rg — 1) < ui/G(ro,T) - u}/G(r, T),
or, equivalently,
T30 (r, T) < TY3uy/%(ro, T) — Co(ro — 1), 1 € [Lro, 7). (2.12)
Taking r = $ro in (2.12) gives
0< Tol/?’ui/ﬁ(ro,To) — %067'0,

and contradicts (2.11). Therefore, u1(370,7) = 0 and it follows from (2.9) that
ug(3r0,T) = 0 for all T € (0, Tp). Recalling (2.8), we find that I(3r¢,7) = 0 for all
T € (0,To).

We further note that, in view of theorem 3.1(b) and (2.3),

T
w(rT) <r / 10,w(t) 2t < CrIEforg0) — ET). g(T))] < Cre( o, g0),

I(n,T) <72 sup [lw(t)]y)3 <r® sup E(f(), (1)) < r2E(fo, 90),
te[0,T] te[0,T]
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so that (2.7) and (2.11) are satisfied provided that Ty = C.ri/?/EY2(fo, go) for a
sufficiently small constant C, > 0 depending only on R and R,. This proves the
first claim of theorem 1.2.

Finally, let supp(fo+go) C [—bo, bo], with by > 0, and let T' > 0 be fixed. Choosing
ro = (TEY?(fo,90)/C.)%/®, we have that, for each a > by + (TEY?(fo, go)/Cy)*/®
or a < —bo — (TEY2(fy,90)/C.)*/",

supp(fo + go) N (a —ro,a+1ro) = 0.

We then infer from the first statement of theorem 1.2 that supp(f(T") + g(T)) N
(a— iro,a+ 3ro) =0, from which it follows that

_ T?PEY(fo, go) b+ T2/5E5(fo, go)

202/® 202/°
forall T > 0. (2.13)

supp(f(T) +g(T)) C |—bo

Consequently, (f(T) 4+ ¢g(T)) is compactly supported for each T > 0 and we set

B(T) := max{bo, sup(supp(f(T) + (1))}

It then follows that 8(T) — 3(0) = by as T — 0. Since problem (1.1a) is autono-
mous, the estimate (2.13) yields

(Ty = Th)*/EY5(f(Th), 9(Th))
20?/®

B(Ts) — B(Th) < for all Ty > Tj. (2.14)

Besides, we know from [12, theorem 4.1(iv)] (after rescaling) that

(70,9 < 1407 |enan) + 5 [ (fo+ Foo0 ) s

<Ct™Y3 forallt > 0. (2.15)
Combining (2.14) and (2.15) yields

B(Ty) — B(TY) < C(Ty — TP for all Ty > Ty > 0.

We are now in the position to apply [3, lemma 7.6] to the above functional inequality
and conclude that there exists a positive constant C* depending only on R, R, fo,
and gg such that

B(T) < by + C*TY? forall T > 0,

which is the expected propagation rate. The estimate for the expansion of the left
boundary of the support is derived in a similar way. O

Proof of theorem 1.4. Invoking (2.2), theorem 1.4 is a particular case of the more
general result [4, theorem 1.2], which we apply with k =1, p=2 and ¢ = %. O
3. Weak solutions satisfying the local energy estimate

As mentioned in § 1, we now check that there exists at least a weak solution to (1.1)
satisfying the local energy estimate (1.5).
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THEOREM 3.1 (existence of weak solutions). Given (fo,g0) € K2, where K? is de-
fined in (1.2), there exists at least a weak solution (f,g) to (1.1), satisfying the local
energy estimate (1.5) as well as the following estimates:

(@) [F(D)llx = [lfoll, llg(T)llx = llgoll1,

R

(b) H(f(T),9(T)) + 17 2R

T
/0 / 10a 12 + RIOL(f + )] dz dt < H(fo,go),

T
(c) E(f(T),9(T)) +%/0 /R[f((l + R)0. f + RO.9)* + RR,g(0. f + 029)°] da dt
< E(fo, 90)

for all T € (0,00). The energy functional £ is given by (1.4) and the entropy
functional H is defined as

H(f,9) = /R (flnf + Jfglng> da.

m

The remainder of this section is devoted to the proof of theorem 3.1. We split
the proof of theorem 3.1 into two steps: we first truncate the spatial domain to a
finite interval (—L, L), for some arbitrary L > 0, and then introduce a regularized
system having global classical solutions.

3.1. A regularized problem
To be more precise, given L > 0 and € € (0, 1), we define the Hilbert space
HE :={ue€ H*(~L,L)): O,u(+L) =0}

and we note that the elliptic operator (1 —e292): H3 — Lo((—L, L)) is an isomor-
phism. Setting

Relu] := (1 —e%0?)'uc HE foru € Ly((—L, L)), (3.1)
we consider the following regularized problem:

atfs = (]— + R)am(fsazfs) + Rax((fs - E)amRs[Qs]),}

3.2
019 = Rydu((g: — )R + Ry (9.019.) (3:24)

for (t,2) € (0,00) x (—L, L), supplemented with homogeneous Neumann boundary
conditions
azfe(tv :l:L) = amgs(ta :tL) =0, te (07 OO), (32b)

and with regularized initial data
fe(0) = foe = Re[fol(—L,1)] + ¢, 9:(0) = goc := Relgol(—r,1y] +&.  (3.2¢)
Clearly, the regularized initial data satisfy (foc, goc) € Hg x H and
Joe 2 ¢, Joe Z €. (3.3)

The solvability of problem (3.2) is studied in [6, theorem 2.1] with the help of
the quasilinear parabolic theory developed in [1] and we recall the result now.
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PROPOSITION 3.2. The problem (3.2) has a unique non-negative classical solution
fer 92 € C([0,00); HY (=L, L)) N C((0,00); Hg) N C*((0, 00); L2 ((—L, L))
Moreover, we have
feze, ge=e forall(t,xz)€ (0,00) x (=L, L),
and

If<@lls = | foell = [l fol(—z,p)lls + 2¢L,
llg=(Oll1 = llgoellr = llgoL(—r,z)llx +2¢L

for allt > 0.

The solutions constructed in proposition 3.2 enjoy additional properties (see [6,
lemmas 2.4 and 2.6]).

LEMMA 3.3. Given T € (0,00), the following hold:

(et R 2
’H(fa(T),ge(T))+/o /L< 5+ 1+2R\8$ge\ )dxdt
< H(fg(0)7gg(0)) (3'4)

and

L

T
E(f-(T), g:(T)) + /0 / U+ B+ RO, Gl + RRg.10,(F, +g0)] dal

T L
< & (foergoe) + £Cs / / (00 foI? + |0age[?) dzdt, (3.5
0 —L

with F. := R:[f.], Ge := Relge],

1 L
Eulfns) = 5| U+ RILIE + RlgclB + R [ (g + Gofo) e,

L

H(fege) = [

R
(fa In fe + =9 lnge) dx.
_L Ry

As a consequence of proposition 3.2 and lemma 3.3, the following result is proved
in [6].

PROPOSITION 3.4 (weak solutions on a finite interval). There exist a sequence
ex — 0 and a pair (f,g) satisfying

(i) f>0,g>0in (0,00) x (—L, L),
(ii) f,9 € Lo(0,00; La((—L, L)) N La(0,T; H*((—L, L))) for all T > 0,

(iii) fe, = [, ger = g in L2((0,T) x (=L, L)),
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and
L L T L
[ g - [ hoéde=— /0 [ O+ RS+ ROg)0.Edadt, (36)
L

L T L
| ameas- [“gcte=-n, [ [ gons+orgouands (37)
-L -L 0o J-L
for all ¢ € Wi (=L, L)) and all T > 0. Moreover,

(@) 1Al = [lfoL—z.pyllr, 9(T)llx = llgoL(~r.p)ll1,

T L 2
o) #o@omy+ [ [ o asdr < Ao o),

(c) E(f( / / (1 + R)O, f + RO.9)*> + RR,g(0. f + 0,9)%| dz dt

< E€(fo,90)
for all T € (0, 00).

3.2. A local energy estimate

We now derive a local version of the inequality in proposition 3.4(c).

LEMMA 3.5. Let (f,g) be the limit of (fe,,9e, )k found in proposition 3.4. Then
L
[ 1@+ R+ D¢ s

T oL

[ ] G104 Bous + RO + RE,gl0.5 + 0. da
0o J-L

L

< [ PO+ RO+ 0O

4 / / (L+ R)f + Rg)? + RR,g(f + 9)?)l0.C[2dzdt  (3.8)

for allT >0 and all ¢ € W}((—L, L)).
Proof. We set

Us := \/ f0.[(1 + R) f- + RG], Ve i= /90, [F: + gcl,
and prove first the claim (3.8) for ¢ € C§°((—L, L)). We multiply the first equation
of (3.2a) by ((1+ R)f. + RG.)(? and integrate over (—L, L) to obtain

L
/ Ouf-(1+ R)f. + RG.)C? da
L

- /L VU0 [((1+ R) f- + RG] dx + I . (3.9)
—L
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with .
h@:ﬁ/ 0:G0,[(1 4+ R)f. + RG.)¢?] dz.
—L

Similarly, multiplying the second equation of (3.2 a) by R(F.+g.)¢? and integrating
over (—L, L) give

L L
R [ 0gu(F 906 do = <R, [ VEVOLF 4 9)¢ do+ e (3.10)
—L —L

with I
12,8 = ERRI_L / 8mFsax[(F8 + gE)CQ] dCL'
—L

‘We now observe that

L L
/)@MG+Mk+MM@®%R/ 019e (F. + go)¢% dx
—L —L

_1+Rd Rd

— s+ =— 3 11

with

L
J. = / (G201 fe + F.0:g2)¢* dw
L
d L
=7 (FEGE +5281F56wG5)C2 dx
dt J_;,

L
+2¢? / (Gaawath + F.0,0:G:)(0C dx.
L

Recalling that ¢ € C§°((—L, L)), we have

L
/ (F:G: + 526:6F581G6)C2 dx
L

1 L
T2 / (FGe + 52amFsasz)<2 da

2)r

L
+%/(n@+£mﬂ@@x%x
-L

1

L
:7/(E&—¥@%EK%x
27L

L
+%/(@@—¥ﬂ@@x%x
-L

L L
—8/ Q&E@AM—&/ F.0,G.C0,¢dx
L L

L L
_1 / (Fog + G f) (2 da + & / F.G.0,(C0,C) da,
—L L
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while
L L
/ (G0, 0 Fe + F.0,0,G:)(0,Cdx = —/ (0t F:0,G: + 0, F.0,G:)(0,¢ dx
L -L

L
- / (G.OuF. + F-0,G.)0,(C0,¢) da

—-L
L

=— / (0,F-0,Ge + 0, Fo0,G.)(,C dx
—L
d

L
_ &/_L F.G.0,(C0uC) dx.

We end up with the following formula for J.:

_1d (*F

d L
Jo=55 | FasGpa-25 [ G000

L
- 252 / (6tF88$GE + 6IF€6tG5)C6xC dz.

—L

After integration over (0,T), it follows from (3.9)—(3.11) and the previous identity

that
s(L+ R)|If(T)Cl3 — 31+ R)IIf=(0)¢[I5 + 5 Rllg=(T)¢l53 — 3 Rllg=(0)C |3
L L
+ %R[L(Fsgs + Gefs)(T)<2 dz — %RLL(Fsgs + Gsfs)(o)c2 dx
L L
— Re? / (F.G.)(T)0,(¢0,¢) dz + Re? / (F.G.)(0)0,(¢0,¢) dz
L —L

T L
— 2Re? / / (04 F.0,Ge + 0, F.0,G.)(0,¢ dzds
0 —L
T L T
:f/ / \/JTsUsaz[((lJrR)fs+RGE)§2]dxds+/ L. ds
0 —L 0

T L T
*RR;L/ / VIVe0u[(F. + g2)¢?] dxder/ I ds.
0 —L 0

Using Young’s inequality we get
L
50+ RILATIE + $RIg DI + 3R [ (Pege + Gof (D) da
1 T L
+E(T) + 5 / / [U2 + RR,V2|¢*dzds
0 —L
L
< 3(L+ R)[I£(0)CI3 + 3 Rllge (03 + SR / (Fege G fo)(0)¢* da

T L
+2/ / [£-|(1 + R)f. + RG> + RR,g-|F. + g-|*]|0.¢|* dz ds
0 —L
(3.12)
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with
L L
K.(T) := —Re? / (F-G.)(T)05(¢0,¢) da + Re? / (F.G:)(0)0,(¢0,¢) dx
—L —-L

T L T
— 2R52/ / (0t F.0,Ge + 0, F.0,G.)(0,¢ dxds — / (I1e + I2c)ds.

o J-rL 0

According to [6], the convergences of (f.,)r and (gc, )r towards f and g actually
take place in stronger topologies than stated in proposition 3.4. In fact, for all
T >0,

.fEk —>f7 Fek —>f7 e, — 9, ng, — g in L2(07T7C([_L3L]))7
(3.13)
fsk (0) — an Fsk (0) — f07 Gey, (0) — 4o, Gsk (0) — 9o in LZ((_La L))a (314)

and

U, = U :=/f((1+R)8,f + Rdrg) in Ly((0,T) x (~L, L)), (3.15)
Ve, =V i= /g(0uf + Oug) in Ly((0,T) x (=L, L)). (3.16)

Furthermore, it follows from [6, lemmas 2.3 and 2.5] that

((fers 9ery Frery Ge))ie are bounded in Lo (0, T; Lo(—L, L)) N Lo(0,T; H' (L, L)).
(3.17)
We also infer from (3.13) that

I {[[(Fe = DDz + 1(Fey, = D2 + [1(ger = 9)(Dll2 + [(Gep = 9) (D)2} =0

(3.18)
for almost all ' > 0. We may then take € = ¢, in (3.12) and let k¥ — oo to deduce
from (3.13)—(3.18) that, for almost all T > 0,

L

1+R
A + Rl + R [ (D)6 e
(R 21,2
+§/0 LL[U + RR,V?c? dz ds
R L
<o S + $RloglB + R [ fognc? da
L

T L
Lo / / L+ R)F + Rgl® + RR,glf + gl2)l0.CP deds  (3.19)
0 —L

provided we establish that
lim K., (T)=0. (3.20)
k—o0
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3.2.1. The term K.(T)

It remains to prove (3.20) and actually identify the behaviour of K. (T') as € — 0.
Owing to (3.14) and (3.18), it is clear that

k—o0

L
lim Re? / (Fzy Gey ) (T)0(COC) da
L

L
lim Re? / (F.,G.)(000.(¢0.¢0)dx =0 (3.21)

- k—oo _L

for almost all T > 0. Next, it readily follows from (3.17) that

T T
lim [ I dt=1lm [ I dt=0. (3.22)

e—0 0 e—0 0

Finally, since

Ocfe = ax(\/ftUe - RsaxGe)a
the boundedness (3.17) of (Ug)e in Lo((0,T) x (—L, L)), and the boundedness
of (fo)e in Loo(0,T; La(—L, L)) imply the boundedness of (v/f.U. — Re0,G.).
in Ly(0,7; Lyy3(—L,L)). As a consequence, the sequence (0;f:). is bounded in
Ly(0,T; (WE(=L, L))", and so, by a similar argument, is (9;g:).. Owing to the
properties of (1 —&292)~!, we conclude that

(O+F.)e, (0;G.). are bounded in Lo (0,T; (W,})) (3.23)
(see [6, lemma 3.1] for a similar result). Now, since ¢ € C§°((—L, L)) and W} (—L, L)

is an algebra, we infer from (3.23) that

T L
2 Re> / / (0,F.0,Ge + 0, F.0,G.)(0,( dz ds
0 —L

T
< 052/0 O Fellwiy 102 Gellwy + [10:Gellowy 102 Felwp )[1COxCllwy ds
T 1/2
<@ [ 0.6l + 10 m g as] 324)
0
Now, owing to (3.1), for almost all ¢ € (0,T) the function 0, F.(t) solves
0y F. — %020, F. = 0,f. in (—L,L),  0,F.(xL)=0,
which implies that
102 F 13 + 2|02 FL I3 + |02 e[ < Cl0x f[3-
These estimates, along with the Gagliardo—Nirenberg inequality [14, theorem 1],
give
1/4 3/4 1/4 3/4
< CUNOF] N0 Fe 5™ + 102ELL |02 Fe 15 + |02 Fll2)
< 0575/4”336.]66”2

Haﬂc}’ﬂs‘lwﬁl1
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As a similar estimate is valid for [|0,G:||w; with [[0.gc[]2 instead of [|0; fe|l2, we
deduce from (3.17) and (3.24) that

T L
2Re? / / (04 F.0,Ge + 0, F.0,G.)(0,¢ dx ds
0 —L

/2

T 1
< (. T) [ [ 0.+ |awga||§>ds}

< O(¢, ), (3.25)

Combining (3.21), (3.22) and (3.25) gives the claim (3.20) and completes the proof
of (3.8) for ¢ € C§°(R), its validity for all ' > 0 being obtained by a lower semicon-
tinuity argument. According to the regularity of (f,g), the extension of lemma 3.5
to all functions ¢ € W}((—L, L)) follows by a density argument. O

3.3. The limit L — oo

For each positive L, we denote the couple found in proposition 3.4 by (¥, g).
The family ((f%,g")). satisfies the same bounds as the family ((f-,g:)), so that
taking the limit as L — oo may be done as € — 0, the only difference being the
unboundedness of the domain that one has to cope with. To this end we derive the
following lemma, which controls the behaviour of (f¥, g*) at infinity.

LEMMA 3.6. It holds that

L/2 R L R
/ ( ff gL) (T)a? dz < / (fo + go) o®dz +TE(fo,90)  (3.26)
L2 R, —L Ry

for all T > 0.

Proof. We define the function

—2Laz:—gc2—%L27 —L<z< —%L,
D(x) = { 22, —sL <z < 3L,
2Lgc—ac2—%L27 %Lgng.

We take { = @ in (3.6) and £ = R®/R,, in (3.7). Then, using integration by parts
and the bound &” < 2, we obtain

L R L R
/. (fL*RHgLWT)M‘/L (fO*RﬁO)M
1 (Tt L\2 L L\2\ /7
+§/O [L((f )*+ R(f* +g7)7")9" dv dt

L
< / <f0 + éigo)didx +TE(fo,90)-

—L

In addition,
3321[,L/2,L/2] <P(z) <2® forx e [-L, L],

and the claim follows. O

Downloaded from https://www.cambridge.org/core. Technische Informationsbibliothek, on 05 Feb 2018 at 14:21:05, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/5030821051600038X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S030821051600038X
https://www.cambridge.org/core

830 Ph. Laurencot and B.-V. Matioc

Using lemma 3.6 we may argue as in the proof of proposition 3.4 (see [6]), to
take the limit as L — oo and complete the proof of theorem 3.1. In particular, we
use lemma 3.6 to establish the entropy inequality in theorem 3.1(b) as well as the
conservation of mass in theorem 3.1.
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