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The goal of this paper is to clarify when a semilinear
stochastic partial differential equation driven by Lévy
processes admits an affine realization. Our results are
accompanied by several examples arising in natural
sciences and economics.

1. Introduction

The goal of this paper is to clarify when a semilinear
stochastic partial differential equation (SPDE) of the form

dry = (Ary + a(ry)) dt + o (ri—) dX; 11

and ro =ho (D
in the spirit of Peszat & Zabczyk [1] driven by a
R™-valued Lévy process X (for some positive integer
m € N) admits an affine realization. Affine realizations are
particular types of finite dimensional realizations (FDRs).
Denoting by H the state space of (1.1), which we assume
to be a separable Hilbert space, the idea of an FDR is that
for each starting point hy € H we can express the weak
solution r to (1.1) as

r=e(Y) (12)

for some R%-valued process Y (where d € N is a positive
integer) and a deterministic mapping ¢ : R? — H, which
makes the infinite dimensional SPDE (1.1) more tractable.
If we have a representation of the form (1.2), then
the mapping ¢ is the parametrization of an invariant
submanifold M.

We speak about an affine realization if for each
starting point /i) € H we can express the weak solution
rto (1.1) as

r=¢y+Y (1.3)
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with a deterministic curve ¢ :Ry — H and a stochastic process Y having values in a finite
dimensional subspace V C H. In this case, we also say that the SPDE (1.1) has an affine realization
generated by V, and the invariant manifold (M), is a collection of affine spaces M; =
¥ (t) + V, also called a foliation.

Note that the existence of an affine realization makes the infinite dimensional SPDE (1.1) very
tractable, because then we have a simple structure of the invariant manifolds, which might be
more complicated for a general FDR. Surprisingly, in many cases we can deduce the existence of
an affine realization from the existence of an FDR:

— as shown in [2], the existence of an FDR for the Wiener process-driven HIMM equation
implies the existence of an affine realization. Here we use the name HJMM equation,
as it is the Heath-Jarrow-Morton (HJM) model from [3] with Musiela parametrization
presented in [4];

— as shownin [5], for the general Lévy process-driven SPDE (1.1) the flatness of an invariant
manifold is at least equal to the number of driving sources with small jumps. Thus, if the
SPDE (1.1) has driving Lévy processes with small jumps, then every FDR up to a certain
dimension must be an affine realization.

There is a substantial literature about invariant manifolds and FDRs for SPDEs. Stochastic
invariance of a given finite dimensional submanifold has been studied in [6], and—based on the
support theorem presented in [7]—in [8] for SPDEs driven by Wiener processes, in [9] for SPDEs
driven by Wiener processes and Poisson random measures, and in [5] for SPDEs driven by Lévy
processes. The existence of FDRs for the HIMM equation driven by Wiener processes has been
studied intensively in the literature, and we refer to [2,10-12] and references therein, and to [13]
for a survey. Furthermore, the existence of affine realizations for the HIMM equation has been
studied in [14,15] with a driving Wiener process, and in [16,17] with a driving Lévy process.

The goal of this paper is to clarify when the general SPDE (1.1) driven by Lévy processes
has an affine realization, which has not been treated in the literature so far. Compared to the
aforementioned papers [14-17], we use a slightly different concept of an affine realization:

— we demand that for every starting point /iy € H the weak solution r to (1.1) is of the form
(1.3), whereas in the aforementioned papers this is only demanded for every hy € D(A),
which denotes the domain of the linear operator A : D(A) C H — H appearing in (1.1);

— on the other hand, our definition is more relaxed, because we only demand that the
invariant foliations are C'-foliations, whereas in the aforementioned papers they have
to be C!-foliations.

Now, let us outline the main results of this paper. Concerning the precise assumptions on the
Lévy process X and the parameters (A, «, o) of the SPDE (1.1) we refer to the beginning of §2. We
fix a finite dimensional subspace V C H and agree on the following terminology. We say that the
subspace V is

— A-semi-invariant if A(V N D(A)) CV;
— A-invariant if V.C D(A) and A(V) C V.

Our first main result presents necessary and sufficient conditions for the existence of an affine
realization generated by V in terms of the parameters (A, «, o) of the SPDE (1.1). We will provide
the proof in §5.

Theorem 1.1. Suppose that the subspace V is A-semi-invariant. Then the SPDE (1.1) has an affine
realization generated by V if and only if the following three conditions are fulfilled:

(1) V is A-invariant (or equivalently: V C D(A)).
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or each h € H, the projection I, yyo is constant on h 4 V.
(2) F h h € H, the projecti (o, ) L h+V
3) okH)c V forallk=1,...,m.

Concerning theorem 1.1, let us remark the following two points:

— The assumption that the subspace V is A-semi-invariant does not mean a restriction.
Indeed, we will show that we can always rewrite the SPDE (1.1) equivalently as

dry = (Bry + B(ry)) dt + o (ri—) d X
(1.4)

and ro= hO/
such that the subspace V is B-semi-invariant; see lemmas 2.3 and 2.4.

— In condition (2), we denote by IT(, vy« the projection of the drift o on the first coordinate U
according to some direct sum decomposition H=U @ V of the Hilbert space. Condition
(2) does not depend on the choice of the subspace U appearing in H=U & V, which
follows from lemma 3.1.

Theorem 1.1 has the following immediate consequence:

Corollary 1.2. Suppose that the following three conditions are fulfilled:

(1) Vis A-invariant.
(2) a(H)cC V.
3) oKH)c V forallk=1,...,m.

Then the SPDE (1.1) has an affine realization generated by V.

In applications, one is often interested in linear SPDEs of the type (1.1), which means that
the drift o appearing in (1.1) is constant. We will see that for linear SPDEs we can even skip the
assumption that the subspace V is A-semi-invariant, and obtain our second main result, which
we will also prove in §5.

Theorem 1.3. Suppose that the SPDE (1.1) is linear. Then it has an affine realization generated by V if
and only if the following two conditions are fulfilled:

(1) V is A-invariant.
) oKH)c V forallk=1,...,m.

So far, we have specified a finite dimensional subspace V in advance, and asked for an affine
realization generated by V. If the SPDE (1.1) is linear, then there are two approaches in order to
analyse the existence of an affine realization without specifying a subspace in advance:

— we will present a result (see theorem 5.6) which states that the linear SPDE (1.1) has an
affine realization if and only if the volatility is quasi-exponential;

— another approach is to determine all finite dimensional A-invariant subspaces, and to
apply theorem 1.3. This leads to a generalized eigenvalue problem, which we will
illustrate in §7 by means of several examples.

The remainder of this paper is organized as follows. In §2, we provide the required preliminaries
about SPDEs driven by Lévy processes, and in §3, we provide the required results about direct
sum decompositions of Hilbert spaces. In §4, we present our results about C’-foliations, and in
§5, we provide the proofs of our main results concerning the existence of affine realizations. In §6,
we study the HIMM equation as an example of a nonlinear SPDE, and in §7, we present several
examples of linear SPDEs arising in natural sciences and economics.
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2. Stochastic partial differential equations driven by Lévy processes

In this section, we provide the required preliminaries about SPDEs driven by Lévy processes.
Let (2, F, (Ft)ier, , P) be a filtered probability space satisfying the usual conditions. Let X be a
R™-valued Lévy process for some positive integer m € N such that its components X', ..., X" are
non-trivial square-integrable martingales. Let H be a separable Hilbert space and let A:D(A) C
H — H be the infinitesimal generator of a Cp-semigroup on H. We assume that the generated
semigroup (S¢)=0 is pseudo-contractive; that is, there exists a constant g € R such that

IS¢l <eft forallt>0.
Furthermore, let « : H — H and o : H - H" be Lipschitz continuous mappings.

Remark 2.1. Under the above conditions, for each iy € H the SPDE (1.1) has a unique weak
solution; that is, a H-valued cadlag adapted process r, unique up to indistinguishability, such that
for each &€ € D(A*) we have

t t
(&,1t) = (&, ho) + JO((A*é,Vs) + (&, a(rs))) ds + Jo(éfff(rs—)) dXs, teRy,

where we use the notation
m

t t
| € otnaxa=)" | € ofonaxs, rer,
0

k=10

for the vector Itd integral. We refer the reader, e.g. to [1] for further details.

Definition 2.2. Let B: D(B) C H — H be the infinitesimal generator of a Cyp-semigroup on H,
and let §: H — H be a Lipschitz continuous mapping. Then the SPDEs (1.1) and (1.4) are called
equivalent if for each hy € H the weak solution to (1.1) with rg = /1y coincides with the weak solution
to (1.4) with rg = hg.

Let V C H be a finite dimensional subspace. The following two auxiliary results show that the
assumption from theorem 1.1 that V is A-semi-invariant does not mean a restriction.

Lemma 2.3. There exists a linear operator T € L(H) such that V is B-semi-invariant, where the linear
operator B: D(B) C H— H is given by D(B) :==D(A)and B:=A +T.

Proof. Let H=U @ V be a direct sum decomposition of the Hilbert space H with a closed
subspace U. We denote by I1;;: H— U and Ty : H— V the corresponding projections. There
exists a subspace E C V such that V= (V ND(A)) ® E. Let A € L(V, H) be the linear operator given
by A|VQD(A) = Alvnp(a) and Alg =0. We define the linear operator T € L(H) as T := —MyAMy.
Then, for each v e VN D(A) we have

Bv=Av — [IjAv=ITyAv eV,
showing that V' is B-semi-invariant. |

Lemma 2.4. Let T € L(H) be a linear operator, let the linear operator B:D(B) C H— H be given by
D(B):=D(A)and B:=A+T, and let p: H — H be given by p:=a — T. Then the following statements
are true:

(1) B is the generator of a Co-semigroup on H.
(2) B is Lipschitz continuous.
(3) The SPDEs (1.1) and (1.4) are equivalent.

Proof. The first statement is a consequence of [18, theorem 3.1.1], and the second statement
follows from the Lipschitz continuity of & and T. For the proof of the third statement, let iy € H
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be arbitrary, and let r be the weak solution to (1.4) with rg =hg. Noting that D(A*) =D(B*) and
B* = A* 4+ T*, for each & € D(B*) we obtain

t t
(&, 1) =(§,ho) + JO((B*S,M + (&, B(rs)) ds + Jo o (rs—) dXs
t t
= (&, ho) + L((A*f +T7,15) + (5, a(rs) — Trs)) ds + Jo o (rs-)dXs

t t
= (o) + | (A" )+ et s+ [ otax,, reRy,
showing that r is also a weak solution to (1.1) with rg =hp. An analogous calculation shows that
the weak solution to (1.1) with ry = h is also a weak solution to (1.4) with ry = k. |

3. Direct sum decompositions of Hilbert spaces

In this section, we will provide the required results about direct sum decompositions of Hilbert
spaces. In particular, we will show that condition (2) from theorem 1.1 does not depend on the
choice of the decomposition. For what follows, let H be a Hilbert space.

Lemma 3.1. Let V C H be a finite dimensional subspace, let E C H be a subset, and let : E — H be a
mapping. Then the following statements are equivalent:

(i) There exists a closed subspace U such that H= U @ V and the mapping ITyp is constant on E.
(if) For every closed subspace U with H=U @ V the mapping ITyp is constant on E.

Proof. (i) = (ii): Let U be an arbitrary closed subspace such that H=U @ V. By assumption
there exists 1 € U such that IT;78(h) = u for all h € E. There exist unique i € U and v € V such that
u =1 + v. Therefore, we have

Bh)=1ii+ v+ ITyB(h) forallheE,

and hence ITj;8(h) = u for all h € E, showing that IT;8 is constant on E.
(ii) = (i): This implication follows by choosing U = V*. |

We use the following definition for the formulation of condition (2) from theorem 1.1.

Definition 3.2. Let V C H be a finite dimensional subspace, let E C H be a subset, and let :
E — H be a mapping. We say that I1, 1) f is constant on E if there exists a closed subspace U such
that H=U @ V and the mapping IT;; B is constant on E.

Remark 3.3. By virtue of lemma 3.1, definition 3.2 does not depend on the choice of the
subspace U.

4, Invariant foliations

In this section, we will present the required results about CY-foliations. The general mathematical
framework is that of §2. Let V C H be a finite dimensional subspace. Throughout this section, we
assume that V is A-semi-invariant. Recall that, according to lemmas 2.3 and 2.4, this does not
mean a restriction.

Definition 4.1. Let k € Ny be a non-negative integer. A family (M;);cr, of subsets M; C H,
te Ry is called a Ck—foliation generated by V if there exists a mapping y € CK(R4; H) such that

Mi=y({t)+V forallteRy.
In this case, the mapping v is called a parametrization of the foliation (M)cr, .

For what follows, let (M)ier, be a CO-foliation generated by V. Here is the formal definition
of invariance of the foliation.
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Definition 4.2. The foliation (M)cr, is called invariant for the SPDE (1.1) if for all ty € Ry and
hy € My, we have r, € My, 1o up to an evanescent set!, where r denotes the weak solution to (1.1)
with rg = hy.

In order to prepare the notation for our next result, we define the union M:=J;cg, M.
Furthermore, we fix a direct sum decomposition H= U @ V of the Hilbert space H with a closed
subspace U, and denote by IT; : H— U and ITy : H — V the corresponding projections.

Theorem 4.3. The following statements are equivalent:

(i) The foliation (M})er, is invariant for the SPDE (1.1).
(if) The following conditions are satisfied:

V is A-invariant (or equivalently: V C D(A)), 4.1)
ITyais constant on My,  for each t € Ry (4.2)
and kMycV, k=1,...,m, (4.3)

and the weak solution v : Ry — H to the H-valued PDE

O _ Apw) + muaty )

and ¥ (0) =up,

(4.4)

where ug € U denotes the unique element such that Mo N U = {ug} is a parametrization of the
foliation (M})ter, -

Before we provide the proof, we prepare an auxiliary result.
Lemma 4.4. Suppose that conditions (4.1)—(4.3) are fulfilled, and let y : Ry — H be the weak solution
to the PDE (4.4). Then, for all ty € Ry and all vy € V the following statements are true:
(1) The SDE

dY; =AY + HDya(y(to +t) + Yy)dt + o (¥ (to + 1) + Yi—)dX; @5)
and Y() =10 .

has a unique V-valued strong solution.
(2) The process r:= yr(tg + e) + Y is the weak solution to the SPDE (1.1) with ro = hg, where hy :=
¥ (to) + vo.

Proof. The first statement follows from (4.1) and (4.3). For the proof of the second statement, let
& € D(A*) be arbitrary. Then, by (4.4) and (4.2) we have
& Y(to+1) =&, ¥(to) + (&, ¥+ 1) — ¥ (o)

to+t
— (&, Yt + L (A€, ¥(5)) + (&, Mya(y(s)) ds
t
— (&, (b)) + JO«A*s, Wt +9)) + (&, Mya((to +5) + Yo)ds, teRy.
Furthermore, by (4.5) we have
t
(€, Ye) = (€, v0) + L«A*s, Yo + (€, Mya(y(to +5) + Yo)) ds

t
+ J €00t +9)+ Vo)) dXs, e,
0

1A random set A C 22 x R, is called evanescent if the set {w € 2 : (w,t) € A for some t € R, } is a P-nullset, cf. [19, 1.1.10].
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Therefore, we arrive at

t t
(&,1e) = (€, ho) + JO((A*S.,Vs) + (&, a(rs))) ds + JO(S,G(st)) dXs, teRy,
showing that r is the weak solution to (1.1) with ry = hg. |

Proof of theorem 4.3. (i) = (ii): Let d:=dimV and let ¢:Ry — M be a parametrization of
the foliation (M})er,. According to [14, Lemma 2.10] there exist ¢1,...,¢; € D(A*) and an
isomorphism T : R? — V such that T~1 = (¢, ), where we use the notation

(¢, 1)=&, ), ..., (cah) eR? forheV.

We define the continuous mappings & : R4 x RY - R? and 6 : R4 x RY — (RY)" as
a(t,z):= (A", () + Tz) + (£, a(d(t) + T2)),
a(t,z):=(¢,0(d(t) + Tz)).

Furthermore, for tp € Ry and hg € M;, we define the process

Z = (¢, — dlto + ),

where 7 denotes the weak solution to (1.1) with rg = hg. Now, let tg € Ry, g € My, and v € V be
arbitrary. Then we have

ZIH _ 70 — (o 0T gty + 1) — (2,70 — it + ) = (¢, 0T — )

— (o4 v+ j((A*;, Jokry c,a(rh°*”)>)ds+J (¢, 0 (1) dXs
t
— (¢, ho) — L((A*z,r?% + (¢, () ds — L(c,o(r?_)) dX;
t
— )+ J @t +5,21°"") — (b +5, ) ds
0

t
+J (G (to + 5,27 — Gty +5, 21 ) dX,, teR,. (4.6)
0

Furthermore, since the foliation (M});cg, is invariant for (1.1), we have r'f", r?” Ve M+ up to an

evanescent set, and hence 0tV — po ¢ v up to an evanescent set. Together with (4.6), we obtain

Pty o = T(zh0+“ — Zly
_ ho+v ~ hy
=v+ T(a(to +5,27) —a(to+5s,Z0))ds
+J T(6(ty +5,Z/°") — G(to +5, 2 ))dX,, teR,.
0
Now, let £ € D(A*) be arbitrary. Then we have
t
Ay (e, u) + J (€, T(@(to +5, 2 — lto + 5,21 ) ds
t
| € TG+ 2 <ot sz axs, teR @)
0

On the other hand, since 0 and %7 are weak solutions to (1.1) with ro =hg and rg =hg + v,
we have

<$/ ho+v ho> = (£,0) J (A%, 1" ho+v }}lo+v _ }}1 ) ds

+J €0t — o) dX,, teRy. (48)
0
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Combining (4.7) and (4.8), we obtain
(A%E,v) = (&, T(a(to +s, (¢, ho — ¢(to) + v)) — a(to +5, (¢, ho — ¢(to)))) — (&, ae(ho + v) — a(h)).

This identity shows that & > (A*&,v) is continuous on D(A*), proving v € D(A™*). Since A = A**,

see [20, theorem 13.12], we obtain v € D(A), which yields (4.1). Therefore, we obtain
alhyg +v) — a(hy) = Av — T(d(to + s, (¢, ho — ¢(to) + v)) — d(to +5, (¢, ho — d(to)))) €V,

which shows that
Mya(hy + v) — Mya(hy) =0,

proving (4.2). A similar calculation as in (4.6) and (4.7) shows that

t
(110 — g(to + 1)) = (&, ho — dlio + 1) + L(s, TGt +5, 2 ) ds

t
+ J € TGt +5,2"))dXs, teR,. (4.9)
0

h

On the other hand, since " is a weak solution to (1.1), we have

t
(£,7}° — plto + 1) = (£, ho — $(to + D) + JO((A*SJJSU) + (£,a(2)) ds

t
+ J €, 0(™)dX,, teR,. (4.10)
0

Therefore, we obtain
o (ho) =T(G(to, (¢, ho — $(to)))) € V™,

showing (4.3). The remaining statement is a consequence of lemma 4.4 (applied with ty =0 and
vg = 0) and the uniqueness of weak solutions to (1.1).

(ii) = (i): This implication follows from lemma 4.4 and the uniqueness of weak solutions
to (1.1). |

Remark 4.5. Suppose that the mappings«o : H — H and o : H — H™ are only continuous instead
of being Lipschitz continuous. If we modify definition 4.2 by demanding the existence of an
invariant solution for all typ e Ry and hg € M;,, then we can establish an analogous version of
theorem 4.3:

— the implication (i) = (ii) remains true;
— for the implication (ii) = (i), we additionally assume the existence of weak solutions to
(4.4) and (4.5).

Consequently, analogous versions of theorem 1.1 and its subsequent results also hold true without

Lipschitz conditions—provided that we have existence of weak solutions to equations of the types
(4.4) and (4.5).

The invariance of C!-foliations has been studied in [14,16]. We recall that for a C!-foliation
(Mp)ter, and t € Ry the tangent space is defined as TM; :=(d/dt)y (t) + V, where v denotes a
parametrization of (M)er, -

Theorem 4.6. Suppose that (My)icr, is a Cl-foliation. Then the following statements are equivalent:

(i) The foliation (M})ter, is invariant for the SPDE (1.1).
(i1) We have

M C D(A), (4.11)
Ah+ah)eTM;, heMpandteR, (4.12)
and cFMYcV, k=1,...,m. (4.13)
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If the previous conditions are fulfilled, then for each hy € M the weak solution to (1.1) with ro = hq is also a
strong solution.

Proof. The proof is analogous to that of [14, theorem 2.11], and therefore omitted. [ |

Remark 4.7. Suppose that the foliation (M})ser, is invariant for the SPDE (1.1). According to
theorems 4.3 and 4.6, the following statements are true:

— if (Mp)er, is a Cl-foliation, then we have M c D(A), and for each hy € M the weak
solution to (1.1) with ry = Iy is also a strong solution;

— if (My)ter, isjusta CY-foliation, then we only have V C D(A), and hence, for hg € M the
weak solution to (1.1) with rg = hp does not need to be a strong solution.

The following result shows the relationship between condition (4.2) and the tangential
condition (4.12).

Proposition 4.8. Suppose we have (4.1) and that the PDE (4.4) has a strong solution ¢ € CHR;H)

with ¥ (Ry) C D(A), which is a parametrization of the foliation (My)ier, . Then the following statements
are true:

(1) We have (4.11);
(ii) Conditions (4.2) and (4.12) are equivalent.

Proof. The first statement follows from (4.1) and the relation ¥ (R) C D(A). For the proof of the
second statement, let t € Ry and v € V be arbitrary, and set /i := v (t) + v € M;. By the PDE (4.4)
and condition (4.1), we obtain

Ah+ a(h) =AY () + Av + Hya(P(t) + v) + Hya(y(t) + v)
d
=3 VO — Hue@®) + Av+ Hya(f(®) +v) + Mye(b(t) +v)

= %‘P(f) + Av + Mya(y(t) + v) +(Tua (¥ () + v) — Tye(y (1)),

ETMf

showing that conditions (4.2) and (4.12) are equivalent. |
In order to exemplify our previous results, consider the abstract Cauchy problem

d]’t = Art dt
(4.14)
and ro = ho.

Fix an arbitrary hp € H and let the foliation (M)ier, be given by M; :={Siho}. According to
theorem 4.3, the foliation (M;);cr, is invariant for the abstract Cauchy problem (4.14), and we
can remark the following points:

— if hp € D(A), then (My)ier, is a Cl-foliation, and hence M C D(A);
— if A is the generator of a differentiable semigroup (St)t>o, then the mapping ¢+ Sihg is
continuously differentiable on (0, 00) and we have M; C D(A) for all > 0.

Finally, we present an example showing that the situation M N D(A) =¥ can occur. For this
purpose, we choose the space of forward curves from [21, section 5], which we will use later
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in §6. Let H be the space of all absolutely continuous functions & : Ry — R such that
1/2
= (WOR + [ WeoPuar) <o
Ry

for some non-decreasing Cl-function w:Ry — [1,00) such that w13 e £Y(R,). Then the
translation semigroup (S¢)t>0 is a Co-semigroup on H with generator d/dx on the domain

D(d/dx)={he C{(R.)NH:} € H}.

Example 4.9. Let hp:R; — R be the unique absolutely continuous function with weak
derivative
hb = Z ]l[n,n+2*”w(n)*1]-
neNy
Then we have hg € H, because |hgl|| < oo, but for each t € Ry we have Sthg ¢ D(d/dx), because
Stho ¢ C1(R.), showing that Ml N D(d/dx) = ¢.

5. Existence of affine realizations

In this section, we provide the proofs of our main results concerning the existence of affine
realizations. The general mathematical framework is that of §2. We start with the formal definition
of an affine realization.

Definition 5.1.

(1) Let V CH be a finite dimensional subspace. We say that the SPDE (1.1) has an affine
realization generated by V if for all hy € H there is an invariant foliation (M;);cr, generated
by V such that hy € M.

(2) We say that the SPDE (1.1) has an affine realization if it has an affine realization generated
by some finite dimensional subspace V C H.

With our preparations from §4, we are now ready to provide the proofs of theorems 1.1 and 1.3.

Proof of theorem 1.1. If the SPDE (1.1) has an affine realization, then conditions (1)—(3) follow
from theorem 4.3.

Conversely, suppose that conditions (1)-(3) are fulfilled. Let H=U @ V be a direct sum
decomposition of the Hilbert space H with a closed subspace U. Furthermore, let iy € H be
arbitrary, and let hip =1 + v be its decomposition according to H=U & V. Let ¢ be the weak
solution to the PDE (4.4), and let (M)icr, be the foliation M; := () + V. Then we have kg € My,
and by theorem 4.3 the foliation (M)ser, is invariant for (1.4). [ |

Proof of theorem 1.3. If conditions (1) and (2) are fulfilled, then, according to theorem 1.1, the
linear SPDE (1.1) has an affine realization.

Conversely, suppose that the linear SPDE (1.1) has an affine realization. By lemmas 2.3 and 2.4,
there exists a linear operator T € L(H) such that with the linear operator B: D(B) C H — H given
by D(B) :=D(A) and B:=A + T, and the mapping 8 : H — H given by :=«a — T, the following
conditions are fulfilled:

— V is B-semi-invariant;

— B is the generator of a Cp-semigroup on H;
— B is Lipschitz continuous;

— The SPDEs (1.1) and (1.4) are equivalent.

Let H=U @ V be a direct sum decomposition of the Hilbert space H with a closed subspace U.
According to theorem 1.1, the subspace V is B-invariant, we have that /7; 8 is constant on V, and
wehave oX(H) c Vforallk=1,...,m. Noting that [Ty = ITyya — Iy T, and that o € H is constant,
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we deduce that IT;T is constant on V, which implies V C ker(IT;;T). Therefore, the subspace V is
T-invariant, and hence it is also A-invariant. |

Remark 5.2. Suppose that the SPDE (1.1) has an affine realization generated by some finite
dimensional subspace V.

— We can construct the curve ¢ and the V-valued process Y appearing in (1.3) as follows.
We fix a direct sum decomposition H = U & V, and decompose an arbitrary starting point
ho € H as hg = up + vg according to H = U @ V. Inspecting the proofs of theorems 1.1 and
4.3, we see that ¥ : Ry — H is the weak solution to the H-valued PDE (4.4) and that Y is
the strong solution to the V-valued SDE (4.5) with to =0.

— If «(H) C V (as in the situation of corollary 1.2), then the curve ¥ appearing in (1.3) is
given by ¥ (t) = Sthg for t e Ry

— In any case, we can decompose the weak solution to the H-valued SPDE (1.1) into the
weak solution to the H-valued PDE (4.4) and the strong solution to the V-valued SDE
(4.5).

— Even for hy € D(A) the invariant foliation is generally only a C’-foliation, and hence, due
to remark 4.7, the weak solution to the SPDE (1.1) is generally not a strong solution.

— If Ma(D(A)) C D(A) and Ty« is Lipschitz continuous on D(A) with respect to the graph

norm
Bl pay =/ IBI% + AR, he D(A)

(as, for example, in the situation of corollary 1.2), then, according to [18, theorem 6.1.7],
for each starting point iy € D(A) the PDE (4.4) admits a classical solution, which implies
that the invariant foliation is a C!-foliation and that the weak solution to the SPDE (1.1)
is also a strong solution.

Finally, we will derive a result concerning the existence of affine realizations for linear SPDEs
without specifying a finite dimensional subspace in advance. For this purpose, we require the
concept of quasi-exponential volatilities.

Definition 5.3. We introduce the following notions:

(1) If o*¥(H) c D(A®) for all k=1, ..., m, then we define the subspace A, C H as

m
As =Y (A"0*(h):neNgand heH).
k=1
(2) The volatility o is called A-quasi-exponential, if we have oX(H) c D(A®) forallk=1,...,m
and dim A, < oo.

The following two auxiliary results are immediate consequences of definition 5.3.

Lemma 5.4. Let V be a finite dimensional A-invariant subspace such that o*(H)CV for all
k=1,...,m. Then the volatility o is A-quasi-exponential.

Lemma 5.5. Suppose that the volatility o is A-quasi-exponential, and set V := A,. Then V is a finite
dimensional A-invariant subspace, and we have ak(H) CVforallk=1,...,m.

Now, we are ready to formulate and prove the announced result.

Theorem 5.6. Suppose that the SPDE (1.1) is linear. Then it has an affine realization if and only if the
volatility o is A-quasi-exponential.

Proof. Suppose that the linear SPDE (1.1) has an affine realization. By theorem 1.3, there exists
a finite dimensional subspace V C H such that V is A-invariant and ak(H) cVforallk=1,...,m.
According to lemma 5.4, the volatility o is A-quasi-exponential.
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Conversely, suppose that the volatility o is A-quasi-exponential, and set V:=A,. By
lemma 5.5, the subspace V is a finite dimensional A-invariant subspace, and we have oKH)cV
forallk=1,...,m. Therefore, by theorem 1.3, the linear SPDE (1.1) has an affine realization. =W

6. The HIMM equation

In the section, we treat the HHMM equation as an example of a nonlinear SPDE. More precisely,
we consider the SPDE

d
dry = <f1’¢ + ozH]M(rt)> dt + o (ry) dW;
dx 6.1)

and ro=ho

driven by a R™-valued Wiener processes W. The state space H of (6.1) is the space used in
example 4.9. The weak solutions r to (6.1) are interest rate curves in a market of zero coupon
bonds. In order to ensure that this bond market is free of arbitrage, we assume that the drift term
in (6.1) is given by the HJM drift condition

m
appm(h) =Y o*(h) - To*(h), (6.2)
k=1
where T : H — H denotes the integral operator given by Th := fa h(n) dn for h € H. We refer, e.g. to
[21] for further details concerning the derivation of the HIMM equation (6.1) and the HJM drift
condition (6.2).
Our goal of this section is to provide an alternative and rather short proof of a well-known
result concerning the existence of FDRs for the HIMM equation (6.1), which can, e.g. be found in
[10,11] or [14]. For this purpose, we start with an auxiliary result.

Lemma 6.1. Let V be a finite dimensional (d/dx)-invariant subspace. Then the subspace V + P(V),
where
P(V):=(h-g:heVandgeTV) (6.3)

is finite dimensional and (d/dx)-invariant, too.
Proof. The subspace V + P(V) is finite dimensional, because we have
dim(V + P(V)) < dim V + (dim V)? < oo.

Let heV and g€ TV be arbitrary. Then there exists f € V such that g=Tf. Since V is (d/dx)-
invariant, we obtain f* € V, and hence

Ss= [fa=r=¢ o) +70=[ FOa+FO TV + 1),

0 0

Therefore, and since V is (d/dx)-invariant, we deduce

d d d

showing that V + P(V) is (d/dx)-invariant. [ |

Proposition 6.2. Suppose that the volatility o is (d/dx)-quasi-exponential. Then the HIMM equation
(6.1) has an affine realization.

Proof. For simplicity of notation, we set A:=d/dx. By lemma 5.5, the subspace A, is a finite
dimensional A-invariant subspace, and we have ok (H)C A, forallk=1,...,m. By lemma 6.1, the
subspace V:= A, + P(A,) is finite dimensional and A-invariant, too. Moreover, we have crk(H) -
As CVforallk=1,...,m, and by (6.2) and (6.3) we have agp(H) C V. Therefore, corollary 1.2
concludes the proof. |
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Remark 6.3. Suppose that the volatility o is (d/dx)-quasi-exponential.

— note that the just presented result is more general than [14, proposition 6.2], because here
we obtain a representation of the form (1.3) for every starting point 1y € H, whereas the
aforementioned result only provides such a representation for each starting point /g €
D(d/dx);

— for each hg € H, the curve  appearing in (1.3) is given by ¥ (t) = S¢hg for t € R4, which
follows from remark 5.2. Furthermore, for each hy € D(d/dx) the invariant foliation is a
Cl-foliation and the weak solution to the HIMM equation (6.1) is also a strong solution;

— if we add driving Lévy processes with jumps in the HIMM equation (6.1), then the
statement of proposition 6.2 is no longer true, because the drift condition becomes more
involved. We refer to [16] for details on this subject.

7. Examples of linear stochastic partial differential equations

In this section, we present several examples of linear SPDEs arising in natural sciences and
economics. Our approach in these example is to determine all finite dimensional invariant
subspaces, and to apply theorem 1.3 afterwards. For this procedure, we determine all eigenvalues
A of the generator A, and then we distinguish two cases:

— For a general operator A, we determine all solutions of the generalized eigenvalue
problem. More precisely, let 1 € C be an eigenvalue of A and let n e N be arbitrary. If
A € R, then we determine all solutions of the generalized eigenvalue problem

(A—2)"=0, (7.1)

and in the case 1 € C\ R we determine all solutions of the generalized eigenvalue
problem

(A=A -2 =0. (7.2)

— If A is symmetric?, then every eigenvalue is real, and for an eigenvalue A € R it suffices to
determine all solutions of the eigenvalue problem

A—3=0. (7.3)

Our general mathematical framework in this section is that of §2; in particular, throughout this
section, the driving process X denotes a R"-valued Lévy process for some positive integer m € N.

First, we deal with the HIMM equation, which we have already encountered in §6. Here we
consider the linear HIMM equation

d
dry = < Tt + OtH]M> df + o dX;
dx (7.4)

and 1o =I’l0.

In order to be consistent with the upcoming examples, we consider (7.4) on the state space
L*(Ry, p) for some appropriate measure p. Moreover, in order to ensure the absence of arbitrage,
we assume that the drift term is given by

d
agM = 5‘1’(—"[0),

where ¥ denotes the cumulant generating function of the Lévy process X. We refer, e.g. to [22,
section 2.1] for further details.

2For our purposes, we do not need that the operator A is self-adjoint, because we merely consider its restrictions on finite
dimensional subspaces of H.
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Proposition 7.1. The following statements are equivalent:

(i) The linear HIMM equation (7.4) has an affine realization.
(if) There are finite sets | CR, ] CR x (0, 00), and an integer p € Ny such that

ake@(xH xfexp(kx):jzo,...,p)

rel

@ @ (x> ¥ exp(ux)cos(vx), x> bY exp(ux)sin(vx):j=0,...,p) (7.5)
(v)e]

forallk=1,...,m.

Proof. We set A:=d/dx, and let n € N be arbitrary. For A € R, all solutions to the ODE (7.1) are
given by the linear space

(x> exp(rx):j=0,...,n—1).

Furthermore, for A = u +iv € C \ R with v > 0 all solutions to the ODE (7.2) are given by the linear
space

(x> Y exp(ux) cos(vx), x — P exp(ux)sin(vx):j=0,...,n—1).
Therefore, applying theorem 1.3 completes the proof. [ |

Remark 7.2. We refer to [23, theorem 5] for a closely related result regarding the linear HIMM
equation driven by Wiener processes.

Next, we consider the stochastic transport equation

duy = (v, VYur + o) dt + o (up—) dX;
(7.6)
and ug = hy,

which describes the contaminant of a fluid with velocity v € RY over time. Here the state space is
H=1I12(C, p) with a closed set C c R? and an appropriate measure p. We assume that the closed
set C has the property

C=0CH{tv:teRy},

and that for every y e C there exist unique elements x € 9C and te R} such that y=x+ tv.
The first-order differential operator (v, V) appearing in (7.6) is generated by the translation
semigroup (S¢u)(x) =u(x + tv) for t > 0 and x € C. Here are two examples which are covered by
this framework:

— the HIMM equation (7.4), where we have C=Ry, dC={0}and v=1;
— the SPDE presented in [24], which describes the mortality rates of demographic
evolutions. Here the sets C, 9C C R? are given by

C={Gy)eRxR:y>—s}
and
AC={t0,1):te Ry} UKL, —1):te Ry},

and we have the velocity v = (1, —1).

Proposition 7.3. We suppose there exist functions & : 9C — R™ and h: Ry — R such that
x4+ tv) =&X@) - HE()  forall (x,f) € 0C x Ry and allk=1,...,m,

and W is of the form (7.5) for all k=1, ...,m. Then the stochastic transport equation (7.6) has an affine
realization.
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Proof. Setting A := (v, V), for all x € 9C and all t € Ry we have
Ack(x + o) =EX() - (Y (), k=1,...,m,
and hence, combining theorem 1.3 and proposition 7.1 concludes the proof. u

Now, we consider examples of second-order operators, with corresponding applications
typically arising in natural sciences. Our first such example is the stochastic cable equation
(cf. [25, example 0.8])

1( ,d?
dvyi=— (A UV dt 4+ o dX;
T dx (7.7)

and vy = h() ’

which describes the voltage of an electric cable over time. The constants A, 7 > 0 are physical
constants of the electric cable; 1 is the length constant and 7 is the time constant. Here the state
space is H =12((0,7)) and we can choose the generator A = —d2/dx? on the domain D(A) =
H2((0, 7)) N H})((O,n)). Thus, the electric cable is modelled by the interval [0, 7] and we consider
Dirichlet boundary conditions, which means that there is no voltage at the end points of the cable.

Proposition 7.4. The following statements are equivalent:
(i) The stochastic cable equation (7.7) has an affine realization.
(if) There is a finite index set I C N such that

ke @(XI—) sin(nx)), k=1,...,m.

nel

Proof. The eigenvalues of the Sturm-Liouville eigenvalue problem

U + =0, u(0)=u(r)=0
are given by A, =12, n € N, and the corresponding eigenfunctions are given by
uy(x) =sin(nx), neN.
Therefore, theorem 1.3 completes the proof. |
Next, we consider the stochastic heat equation
duy =aAupdt + o dX;
(7.8)
and ug = ho,

which describes the heat of a medium in a region over time. The constant a> 0 is the heat
conductivity. Here we have the state space H = L2(0), where O € R? denotes the open unit ball

O={xeR*:x3 + x5 <1),

and we can choose the generator A= —A on the domain D(A) = H2(0)Nn Hé(O). Therefore, the
region, in which we measure the temperature, is the closed unit ball O and we consider Dirichlet
boundary conditions, which means that the temperature is zero at the boundary 9O of the ball. In
the upcoming result, we use polar coordinates, and we agree on the following notation:

— for p € Ng, we denote by J, : R — R the Bessel function of the first kind;
— for (p,q) € Ng x N, we denote by 1, > 0 the gth positive zero of the Bessel function J,.

Proposition 7.5. The following statements are equivalent:

(i) The stochastic heat equation (7.8) has an affine realization.
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(if) There is a finite index set I C No x N such that

o e @ ((r,9) = cos(pe)],(pgr), (1, 9) = SINPP)]p (pg))
(pel

forallk=1,...,m.

Proof. The eigenvalues of the Laplace eigenvalue problem

Au+iu=0, u=0 onaO

are given by 22, (p,q) e Ny x N, and the corresponding eigenfunctions are, by using polar
g Y Apgr Pr4 P g elg y g p

coordinates, given by
upg(r, @) = cos(pp)]p(Apgr) and  vp4(r, @) = sin(pe)]p(Apqg?)-
Therefore, theorem 1.3 completes the proof. |

Both, the Hermite semigroup (also called Dunkl-Hermite semigroup or Ornstein-Uhlenbeck
semigroup) and the Laguerre semigroup play a central role in quantum mechanics and
mathematical physics. First, we consider the stochastic Hermite equation

A
duy = (_— + (x, V>> up dt + o (up-) dX;
5 (7.9)
and uo =ho

on the state space H = L2(RY, exp(— ||x||%) dx) for some d € N. If d > 2, then for 8 € Ng we define the

generalized Hermite polynomial Hg as

d
Hp():=][Hp(x), xeR’,
i=1

where the (H;),cn, denote the usual Hermite polynomials.

Proposition 7.6. The following statements are equivalent:

(i) The stochastic Hermite equation (7.9) has an affine realization.
(ii) There is a finite index set I C Nq such that

ok (H) c @D (Hp : B € NG with |B] = n)

nel

forallk=1,...,m.

Proof. The eigenvalue problem

Au
— + (x, Vu) = Au

has the eigenvalues A, =n, n € Ng with corresponding eigenfunctions
{Hp : p € N with | 8| =n).

Therefore, theorem 1.3 completes the proof. [ |
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Next, we consider the stochastic Laguerre equation

dug == ({5,0%) + (1 - x,V)) g dt + o (1) dX;
(7.10)
and up =ho

on the state space H = L2(RY, B(R‘i), exp(—|lx|l1)) for somed € N.If d > 2, then for B € Ng we define
the generalized Laguerre polynomial Lg as

d
Lg(x):= 1_[ Lg(x), xeRY,
i=1
where the (L;);en, denote the usual Laguerre polynomials.
Proposition 7.7. The following statements are equivalent:

(i) The stochastic Laguerre equation (7.10) has an affine realization.
(ii) There is a finite index set I C Ng such that

o (H) c @(Lp : B € N§ with |B| =n)

nel

forallk=1,...,m.

Proof. The eigenvalue problem
(x,9%u) + (1 — x, Vi) + au =0
has the eigenvalues 1, =1, n € Ng with corresponding eigenfunctions
{Lg: B e Nd with |8 =n).
Therefore, theorem 1.3 completes the proof. |

In [26], a model for the term structure of interest rates, which is different from the HHIMM

equation (7.4), was proposed. Namely, it was assumed that the fluctuation process satisfies a
second-order SPDE of the form

2
V= Yy s Yy ) dar s odx,
2 dx? dx (7.11)

and Yo =ho

with a positive constant « > 0 and Dirichlet boundary conditions. Here the state space is H =
L2((0,1), exp(x/k)dx), and we can choose the generator

x d? d

2dx?  dx

on the domain D(A) = H>((0,1)) N HA((0, 1)).

Proposition 7.8. The following statements are equivalent:

(1) The second-order term structure equation (7.11) has an affine realization.
(2) There is a finite index set I C N such that

ok e @ (x > exp (—%) sin(nnx))

nel

forallk=1,...,m.
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Proof. The eigenvalue problem

gu”—f—u/—}-kuzo, u(0)=u(1)=0

has the eigenvalues

1
n=—(1+ nznzxz), nel,
2K

with corresponding eigenfunctions

un(x) = exp (—%) sin(nrx), neN.

Therefore, theorem 1.3 completes the proof. [ |

Remark 7.9. We refer to [23, theorem 6] for a closely related result regarding the second-order

term structure equation (7.11) driven by Wiener processes.
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