PHYSICAL REVIEW D 92, 084053 (2015)

Hamilton geometry: Phase space geometry from modified
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We describe the Hamilton geometry of the phase space of particles whose motion is characterized by
general dispersion relations. In this framework spacetime and momentum space are naturally curved and
intertwined, allowing for a simultaneous description of both spacetime curvature and nontrivial momentum
space geometry. We consider as explicit examples two models for Planck-scale modified dispersion
relations, inspired from the q–de Sitter and κ-Poincaré quantum groups. In the first case we find the
expressions for the momentum and position dependent curvature of spacetime and momentum space, while
for the second case the manifold is flat and only the momentum space possesses a nonzero, momentum
dependent curvature. In contrast, for a dispersion relation that is induced by a spacetime metric, as in
general relativity, the Hamilton geometry yields a flat momentum space and the usual curved spacetime
geometry with only position dependent geometric objects.
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I. INTRODUCTION
The possibility that particles’ dispersion relations are
modified at the Planck scale is one of the most studied
scenarios in quantum gravity phenomenology research
[1–3]. The main reason is that some astrophysical observations [4,5] are reaching a sensitivity level that allows one
to test the consequences of modified dispersion relations on
the time of propagation of particles [6–8]. Another, more
recent, reason for interest lies in the realization that such
effects are relevant also in the very early universe and could
provide viable alternatives to the inflationary model [9–12].
From a theoretical point of view, modifications of relativistic particle kinematics emerge in several approaches to the
quantum gravity problem [13–18].
It is now well understood that Planck-scale modifications
of dispersion relations can be encoded in nontrivial
geometrical properties of momentum space [19–24].
When considering Planck-scale-modified kinematics on
flat spacetime, one obtains a picture that is somewhat
complementary to the one describing departures from
flat-spacetime dispersion relations induced by spacetime
curvature. In fact, when looking at the modifications of
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particles’ dispersion relation due to curvature of spacetime,1
one will in general introduce some modifications depending on a distance scale which is related to the curvature
itself, see more detailed discussion around Eq. (2) below.
On the other hand, modifications of particles’ dispersion
relations depending on some energy scale (usually assumed
to be the Planck energy), will signal that momentum space
is curved, with the curvature radius related to the energy
scale entering the dispersion relation. So in the first case
spacetime is assumed as a possibly curved base manifold
and momenta belong to its cotangent bundle. In the other
case it has been demonstrated that one can choose
momentum space as the possibly curved base manifold
and then coordinates live on its cotangent bundle [25]. Of
course, when neither spacetime nor momentum space
curvature are present, one reduces to the standard special-relativistic scenario and either spacetime or momentum
space can be chosen as base manifold.
When both spacetime curvature and Planck-scale deformations of momentum space are present, it is expected that
1

We are interested in a regime where quantum effects can be
neglected, so when we talk about particles we are considering
classical objects. Even in this case it is still relevant to look at the
Planck-scale regime, since we are essentially taking a limit where
ℏ → 0 but the Planck energy stays finite [19,25]. Moreover, we
look at dispersion relations written in terms of the physical
energy-momentum quantities, which are in general different from
the conserved charges under spacetime translations.
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the nontrivial geometry of momentum space and spacetime
get intertwined [26], so that giving a geometrical description
of either of them becomes highly nontrivial. This is however
the case mostly of interest for the purpose of phenomenology, since for both the astrophysical observations and, even
more, in the early universe context, curvature of spacetime is
relevant. Until now only some preliminary work has been
done in this direction [27,28]. Reference [28] has the merit
of clearly highlighting the phenomenological significance
of the interplay between spacetime curvature and nontrivial
momentum space effects. However, it does not provide a
general geometrical framework for encoding models where
both spacetime and momentum space are curved. For
example, it does give a receipt for handling cases where
spacetime is not maximally symmetric (meaning that, in the
limit where the momentum space sector of phase space
becomes trivial, spacetime reduces to a manifold whose
metric is not maximally symmetric). Reference [27] does
provide a general action principle to describe motion of
particles with nontrivial features both in the momentum
space and spacetime sectors. However, invariance under
momentum space diffeomorphisms is implemented, which
has no clear physical interpretation.
Here we propose to use the framework of Hamiltonian
geometry of phase space, i.e. the cotangent bundle of
spacetime, which naturally allows for a description where
spacetime and momentum space are curved and intertwined. The starting point is a Hamiltonian describing
the propagation of free particles and one is also required
to fix the symplectic structure. Within this framework
diffeomorphism invariance under general spacetime diffeomorphisms is implemented, while there is no such invariance under general momentum space diffeomorphisms.
Moreover, relativistic symmetries, when present, are simply the symmetries encoded in the Hamiltonian.
To go more into detail, let us start by looking at a classical
particle on a generally curved background. At each point, a
freely falling particle has the dispersion relation2
~ 2 þ m2 :
E2 ¼ p

ð1Þ

~ the spatial momentum an
Here E is the energy and p
observer associates to the particle, while m is the invariant
mass parameter of the particle. With the help of the
spacetime metric g, its inverse g−1 and the four-momentum
p of the particle, the dispersion relation can be written
covariantly in terms of the Hamiltonian H g :
Hg ðx; pÞ ¼ gab ðxÞpa pb ¼ m2 :

ð2Þ

The relation between Eq. (1) and Eq. (2) is given by the
expansion of the latter in an orthonormal frame of the
Here and in the following we set the speed of light c ¼ 1. We
also assume signature ðþ; −; −; −Þ for the metric.
2

metric associated to the observer. In this sense the
dispersion relation is closely intertwined with the geometry
of spacetime, given by the spacetime metric g.
When introducing modifications of the dispersion
relation with nonquadratic terms in energy/momentum
the geometry cannot be metric spacetime geometry anymore. It is however always possible to interpret any
dispersion relation as the level sets of a Hamilton function
H on phase space
Hðx; pÞ ¼ M 2 ;

ð3Þ

where M is a mass scale associated to the particle. The
Hamiltonian determines the motion of free test particles via
the Hamilton equations of motion, and, as we will demonstrate, the geometry of phase space. For the metric
Hamiltonian on the left-hand side of Eq. (2), which
represents the dispersion relation of general relativity, it
turns out that the geometry of phase space can be disentangled into the usual metric spacetime geometry of
position space and a trivial, flat, momentum space geometry. For a general Hamiltonian, i.e. a general dispersion
relation, this disentanglement will no longer be possible
and there will only be an intertwined geometry of position
space and momentum space.
A somewhat similar approach to the analysis of
the geometry of dispersion relations, which has been
followed in some previous papers [29–31], is to perform
a Legendre transform from phase space to position and
velocity space to obtain a length measure for curves on
configuration space defined by a general Finsler function.
Then one obtains the Finsler geometry of spacetime
induced by the dispersion relation which is in general an
intertwined geometry of the position and velocity space of
the particle trajectories. However, this approach faces
basically two drawbacks. On the one hand it is highly
nontrivial to perform the Legendre transform for nonmetric
Hamiltonians explicitly and, on the other hand, the Finsler
geometry of spacetime is not well defined as soon as the
Finsler function possesses nontrivial null vectors and does
not satisfy certain smoothness conditions [32,33]. Most
Finsler functions obtained from suggested modified
dispersion relations do not satisfy the required criteria to
obtain a well-defined Finslerian spacetime geometry. As a
result of all these difficulties, only modifications of the flatspacetime dispersion relations have been considered in this
framework.
In this paper we derive the geometry of phase space from
the Hamiltonian which corresponds to a given dispersion
relation, omitting the problematic step of going from
position and momentum space to position and velocity
space and thus circumventing difficulties which appear
when going to the dual description in the Finsler geometry
approach.
Mathematically, the Hamiltonian is a function on the
cotangent bundle of a spacetime manifold. The geometry of
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Hamilton spaces is a geometry of the cotangent bundle of
spacetime derived solely from the Hamiltonian, in a similar
way as in metric geometry the geometry of a manifold is
derived from a metric [34]. One important result we will
discuss is that the curves on phase space which solve the
Hamilton equations of motion become autoparallels of the
Hamilton geometry of the cotangent bundle, in physics
terminology freely falling, only if the Hamiltonian is
homogeneous with respect to the momenta. In case the
Hamiltonian is not homogeneous the solutions of the
Hamilton’s equations of motion are dragged away from
being autoparallels by a forcelike term. Moreover, we will
demonstrate that the momentum space (seen as a subspace
of phase space) becomes naturally curved in Hamilton
geometry as soon as the third derivative of the Hamiltonian
with respect to the momenta does not vanish.
As we already mentioned, the most prominent advantage
to study modified dispersion relations as Hamiltonians with
Hamiltonian geometry is that the framework naturally
incorporates a nontrivial curved geometry of position
and momentum space consistently at the same time, a
feature that is cumbersome in other approaches that study
modified dispersion relations. To demonstrate the features
of the general framework we will in particular derive the
Hamilton geometry of the cotangent bundle induced by
dispersion relations inspired form the q–de Sitter and
κ-Poincaré quantum groups [22,35–40]. The κ-Poincaré
quantum group is one of the most studied models in
quantum gravity phenomenology encoding departures from
standard relativistic kinematics without spoiling the relativity principle, thanks to modified laws of transformations
between inertial observers. The q–de Sitter quantum group
is somewhat less well known, but it is indeed very
promising as it provides a relativistic generalization of
the de Sitter relativistic group, in the same sense as
κ-Poincaré generalizes the Poincaré group.
We present our results as follows. We begin in Sec. II
with the introduction of Hamilton geometry, the framework
with which we seek to analyze general dispersion relations.
This geometry, built solely on the basis of a Hamilton
function, is based on the definition of Hamilton spaces in
Sec. II and the unique Hamilton nonlinear connection of the
cotangent bundle (of phase space) which we introduce in II
B. It relates the Hamilton equations of motion to autoparallels of the geometry. Moreover the Hamilton nonlinear
connection enables us to define the curvature of phase
space as well as the curvature of momentum and configuration space in Sec. II C. We discuss the symmetry properties of Hamilton spaces in Sec. II D. Having clarified the
mathematical language, we explicitly derive the geometry
induced by modified dispersion relations that are perturbations of the metric dispersion relation in Sec. III. First we
study general cubic perturbations of the quadratic metric
dispersion relations in Sec. III A, then we analyze the q–de
Sitter dispersion relation in Sec. III B, showing the
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κ-Poincaré case as the limit where spacetime curvature
vanishes. As mentioned above, in this paper we focus on
the classical (ℏ → 0) regime (where the limit is taken in
such a way that the Planck energy stays finite). In Sec. IV
we address some issues concerning the extension of our
framework to its quantum version (ℏ ≠ 0). We conclude
and give an outlook in Sec. V.
In this paper Latin indices a; b; …i; … go from 0 to N,
where N þ 1 is the spacetime and momentum space
dimensionality.
II. HAMILTON GEOMETRY
Hamilton geometry is the geometry of phase space
determined solely by a Hamilton function on the phase
space of free particles, similarly as the geometry of
spacetime is derived from a metric in general relativity.
More precisely, the phase space is identified with the
cotangent bundle T  M of a manifold M and is equipped
with a smooth Hamilton function H. The geometry of the
cotangent bundle is derived from this function and its
derivatives. In this section we recall these mathematical
notions and comment on them from the point of view of
what is of interest for the purposes of this paper, but leave
mathematical technicalities mostly aside. A more technical
review on the geometry of the cotangent bundle can be
found in Appendix B.
First we define Hamilton spaces and introduce the
canonical nonlinear connection which defines their geometry. Then we prove that for every Hamiltonian that is
homogeneous with respect to the momenta the Hamilton
equations of motion become the autoparallel equation of
the Hamilton geometry, i.e. for those Hamiltonians test
particles fall freely in the geometry. This is not true
anymore for nonhomogeneous Hamiltonians. With the help
of the fundamental nonlinear connection we can define the
phase space curvature and identify the curvature of position
and momentum space as parts of phase space. Moreover we
discuss the notion of symmetries of Hamilton spaces.
We basically follow the construction of the geometry of
Hamilton spaces from the book [34] with slight modifications and generalizations necessary to include a wide range
of physically interesting Hamiltonians.
A. Hamilton spaces and Hamilton equations
The cotangent bundle T  M of an n-dimensional manifold M is itself the 2n-dimensional manifold built as the
union of all cotangent spaces of M:
T  M ¼ ⋃ T q M:

ð4Þ

q∈M

An element Ω ∈ T  M is a one-form on M and in local
coordinates x in a neighborhood U around a point in
M we can write Ω ¼ pa dxajx ∈ T x M ⊂ T  M. Thus we can
label Ω with coordinates ðx; pÞ. This procedure yields local
coordinates on T  M called manifold induced coordinates
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and have the property that the Poisson bracket between
these momentum coordinates and the manifold coordinates
is the canonical one:
fxa ; pb g ¼

∂ a ∂
∂
∂ a
x
p −
p
x ¼ δab :
∂xq ∂pq b ∂xq b ∂pq

ð5Þ

It is worth pointing out that this choice for the symplectic
structure emerges here as a natural consequence of the form
of Ω. It is possible to map all that will follow in another
symplectic choice, obtaining a far more complicated
description of the geometry of the phase space, still
obtaining the same kinematics [41,42].
A change of coordinates on the base manifold x → x0 ðxÞ
induces a coordinate change of the manifold induced
coordinates on T  M, called manifold induced coordinate
transformations, according to the transformation behavior
of one-forms on M,3


∂xq
ð6Þ
ðxa ; pb Þ → ð~xa ; p~ b Þ ¼ x~ a ðxÞ; pq b :
∂ x~
Seeing T  M as a manifold we immediately obtain the
manifold coordinates induced basis of the tangent and
cotangent space, T ðx;pÞ T  M and T ðx;pÞ T  M, of T  M
denoted by f∂ a ¼ ∂ a ; ∂¯ a ¼ ∂ g and fdxa ; dpa g. Further
∂x

1 ∂ ∂
1
Hðx; pÞ ¼ ∂¯ a ∂¯ b Hðx; pÞ:
2 ∂pa ∂pb
2
ð7Þ

These are minimal assumptions on Hamilton spaces
in order to describe the geometry of the cotangent bundle
in terms of Hamiltonian geometry. In contrast to the
definition in [34] we do not require here that the
Hamilton metric has constant rank and is nondegenerate
everywhere on T  Mnf0g. We should notice at this point
that those metrics should be interpreted as a tool to get
the nonlinear connections and they are not to be confused
3

Hðx; pÞ ¼ Ga1 an ðxÞpa1    pan

Note that the change of coordinates on the base manifold
depends on the base manifold coordinates only.

ð10Þ

into the definition of Hamilton spaces. They are straightforward homogeneous generalizations of the metric
Hamiltonian, which falls into this class for n ¼ 2. It is
known that such Hamiltonians for n ¼ 4 describe the
propagation of light in general linear electrodynamics
[45], for example in nondissipative optical media [46],
they are the duals to Finsler geometries which may be
considered as generalizations of metric spacetime geometry
to explain astrophysical observations [47] and they describe
the geometric optical limit of partial-differential equations
[48]. However for such Hamiltonians the nondegeneracy
requirement is usually not satisfied on all of T  Mnf0g.
Even though we will not discuss those Hamiltonians just
mentioned in this paper, we desire to include such applications into the general formalism.
In this paper, we use nonhomogeneous Hamiltonians to
study Planck-scale-deformed dispersion relations. For
example, the first-order correction to the standard special-relativistic dispersion relation has the general form

∂pa

mathematical details on the cotangent bundle, like the
behavior of these bases under coordinate changes of the
manifold M and their interpretation from the point of view
that T  M is naturally a fiber bundle can be found in
Appendix B 1. Having clarified the notation we can define
Hamilton spaces.
Definition 1.—Hamilton space.—A Hamilton space
ðM; HÞ is an n-dimensional smooth manifold M equipped
with a continuous function H∶ T  M → R on its cotangent
bundle, the Hamiltonian, which satisfies
(i) H is smooth on T  Mnf0g,
(ii) the Hamilton metric gH of H is nondegenerate,
nearly everywhere on T  Mnf0g
gHab ðx; pÞ ¼

with Rainbow metrics [43] nor with momentum-space
metrics [19], already known and widely used in literature.4
One example of Hamiltonians that we can include are
homogeneous Hamiltonians of the form

~ 2 þ lQa1 a2 a3 pa1 pa2 pa3 ;
Hðx; p; lÞ ¼ p20 − p

ð11Þ

where l−1 is the energy/momentum scale and Qa1 a2 a3 a
matrix of numerical coefficients.
The Hamiltonian encodes the dynamics of point particles
via the Hamilton equations of motion,
p_ a þ ∂ a H ¼ 0;
x_ a − ∂¯ a H ¼ 0:
ð12Þ
These equations determine the trajectory of a point particle
in phase space, i.e. in the cotangent bundle T  M of the
spacetime manifold M. They immediately imply that the
Hamiltonian is conserved along curves γ ¼ ðxðtÞ; pðtÞÞ in
T  M which are solutions of the equations
γ_ ðHÞ ¼ x_ a ∂ a H þ p_ a ∂¯ a H ¼ ∂¯ a Hðp_ a þ ∂ a HÞ ¼ 0:

ð13Þ

Rainbow metrics gab
R ðx; pÞ and momentum space metrics
dispersion relations, and so Hamiltonians.
For Rainbow metrics the relation is
4

ζ ab ðx; pÞ both generate

Hðx; pÞ ¼ Cðx; pÞ ¼ gab
R ðx; pÞpa pb ;

ð8Þ

while momentum space metrics, employed in the framework of
relative locality define the invariant mass parameter of a particle
via
Z 1 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ζ mn ðxðτÞ; pðτÞÞλ_ m λ_ n dτ:
ð9Þ
m≡
0

It has been shown that in some cases momentum space metrics
ζ ab ðx; x_ Þ can define an invariant (under l-deformed transformations) spacetime line element [44].
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The second Hamilton equation is just the duality map
which connects the cotangent bundle of a manifold with the
tangent bundle
♯∶ T  M → TM;
ðx; pÞ ↦ ♯ðx; pÞ ¼ ðx; ∂¯ a Hðx; pÞÞ ¼ ðx; yðx; pÞÞ;

ð14Þ

while the first Hamilton equation describes the motion of
the system in momentum space. Next we construct a
connection on the cotangent bundle such that the first
Hamilton equation of motion becomes the autoparallel
equation of this connection with a source term for a general
Hamiltonian.

cotangent bundle for so-called d-tensors. An ðr; sÞ-d-tensor
field on the cotangent bundle is a tensor field which
behaves like an ðr; sÞ-tensor field on the manifold, regarding the transformation behavior and the number of components. The difference to an ðr; sÞ-tensor field on the
manifold is that the components of the d-tensor field
depend on positions and momenta, not only on positions.
Let T a1 ar b1 bs ðx; pÞ be the components of a d-tensor field.
The components of its dynamical covariant derivative are
given by
∇T a1 ar b1 bs ¼ fT a1 ar b1 bs ;Hg þ Qa1 m T ma2 ar b1 bs
þ   þ Qar m T a1 m b1 bs
− Qm b1 T a1 ar mb2 bs −   − Qm bs T a1 ar b1 m ;

B. The Hamilton nonlinear connection
and its autoparallels

ð17Þ

The fundamental object in the description of the intrinsic
geometry of a manifold is a connection which defines
parallel transport and curvature. In metric geometry there
exists a unique torsion-free connection which leaves the
metric covariantly constant, namely the Levi-Cività connection. In Hamilton geometry we employ the so-called
Hamilton nonlinear connection which generalizes the LeviCività connection to the general cotangent bundle setting.
Moreover, the Hamilton nonlinear connection enables us to
study the geometry of momentum space and position space
as subsets of phase space consistently at the same time.
Further mathematical details on connections on the cotangent bundle are explained in Appendix B 2.
An important difference between the case where the
Hamiltonian is homogeneous and the more general case
we are interested in is that solutions of the Hamilton equations
of motions are autoparallels of the connection only for
homogeneous Hamiltonians, while for inhomogeneous
Hamiltonians there is a forcelike term present which prevents
equality to autoparallel motion. In Theorem 2 we derive the
former, which is known in the literature, from the latter.
The definition of the nonlinear connection requires use
of the Poisson bracket of functions F and G on T  M:
fFðx; pÞ; Gðx; pÞg ¼ ∂ a F∂¯ a G − ∂ a G∂¯ a F:

ð15Þ

Then we can display the Hamilton nonlinear connection as
follows.
Definition 2.—The Hamiltonian nonlinear connection.—Let ðM; HÞ be a Hamiltonian geometry. Then
1
H
H
¯i
¯i
N ab ðx; pÞ ¼ ðfgH
ab ; Hg þ gai ∂ b ∂ H þ gbi ∂ a ∂ HÞ
4
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ð16Þ

are called connection coefficients of the Hamilton nonlinear
connection.
This connection is called nonlinear since it may depend
nonlinearly on the momenta. In terms of these connection
coefficients we can define a covariant derivative on the

with Qa b ¼ 2N bq gHqa − ∂ b ∂¯ a H. With help of the dynamical covariant derivative we state the following.
Theorem 1.—The Hamilton nonlinear connection coefficients are the unique connection coefficients which satisfy
N ab ¼ N ba ;

∇gH
ab ¼ 0:

ð18Þ

The symmetry of the connection coefficients is obvious
and related to the compatibility of the connection with the
symplectic structure. The covariant derivative condition
determines the symmetric part of the N ab simply by
expanding the condition using the definition of the dynamical covariant derivative. For a metric Hamiltonian H g , see
Eq. (2), the Hamilton connection coefficients are basically
the Christoffel symbols of the Levi-Cività connection of the
metric with components gab ðxÞ:
N ab ½Hg ðx; pÞ ¼ −pq Γq ab ðxÞ:

ð19Þ

The transformation behavior of the connection coefficients
allows us to introduce special bases of the tangent and
cotangent spaces of the cotangent bundle, the so-called
Berwald or horizontal-vertical bases, which transform like
basis vector and covector fields on the base manifold under
manifold induced coordinate transformations (6):
T ðx;pÞ T  M ¼ spanðδa ¼ ∂ a − N ab ∂¯ b ; ∂¯ a Þ;
T ðx;pÞ T  M ¼ spanðdxa ; δpa ¼ dpa þ N ab dxa Þ:

ð20Þ

The part of T ðx;pÞ T  M which is spanned by the δa is called
the horizontal tangent space and the complement spanned
by ∂¯ a the vertical tangent space. For the dual space
T ðx;pÞ T  M the part which is spanned by the dxa is called
the horizontal cotangent space and the complement
spanned by δpa called the vertical cotangent space:
(i) The vertical spaces represent the tangent respectively cotangent spaces of momentum space,
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(ii) the horizontal spaces represent the tangent respectively cotangent spaces of spacetime,
both as subspaces of the tangent respectively cotangent
spaces of phase space. Observe that the δa and δpa do not
reduce to ∂ a and dpa in general metric geometry but to
δa ¼ ∂ a þ Γq ar pq ∂¯ r and δpa ¼ dpa − ps Γsar dxr , since the
spacetime manifold and the momentum space are seen as
complementary subspaces of phase space and not as
separated spaces on their own. Further mathematical details
of the horizontal-vertical split of the tangent spaces of
cotangent bundle and the dynamical covariant derivative
are discussed in Appendix B 2.
Now there exist special curves ζðtÞ ¼ ðxðtÞ; pðtÞÞ on the
cotangent bundle; namely, those whose tangent is purely
horizontal. The requirement for a purely horizontal tangent is
_ ¼ x_ a ∂ a þ p_ a ∂¯ a ¼ x_ a δa þ ðp_ a þ N ab x_ b Þ∂¯ a ¼! x_ a δa :
ζðtÞ
ð21Þ
Those curves are called autoparallels of the Hamilton
nonlinear connection. From this we find the autoparallel
equation to be
p_ a þ N ab x_ b ¼ 0:

ð22Þ

Comparing this to the Hamilton equations of motion (12)
we find the important result that solutions of the Hamilton
equations of motions are in general autoparallels of the
Hamilton nonlinear connection up to a source term
0 ¼ p_ a þ ∂ a H ¼ p_ a þ N ab ∂¯ b H þ ∂ a H − N ab ∂¯ b H
¼ p_ a þ N ab ∂¯ b H þ δa H:

ð23Þ

The physical interpretation of this result is that for general
Hamiltonians the motion of particles cannot be understood as
free fall motion in a geometry. There is a forcelike term −δa H
present which drags particles away from free fall. However
in the special case where Hamiltonians are homogeneous of
any degree r with respect to the momenta Hðx; λpÞ ¼
λr Hðx; pÞ the following holds, proven in Appendix A.5
Theorem 2.—Let ðM; HÞ be a Hamiltonian manifold
with homogeneous Hamiltonian H, i.e. Hðx; λpÞ ¼
λr Hðx; pÞ, and let N ab the connection coefficients of the
Hamilton nonlinear connection. Then
δa H ¼ ∂ a H − N ab ∂¯ b H ¼ 0:

one homogeneous Hamiltonian can be absorbed into one
phase space geometry in which a test particle is freely
falling. In particular this statement holds for all polynomial
Hamiltonians displayed in Eq. (10), so especially, and not
surprisingly, for the metric Hamiltonian which describes a
test particle on which only the gravitational force acts in
general relativity. There Eq. (23) is equivalent to the usual
geodesic equation on the metric spacetime, as will be seen
explicitly in Sec. III A.
C. The curvature of phase space,
spacetime and momentum space
The curvature of phase space is the curvature of the
Hamilton nonlinear connection on the cotangent bundle. It
measures the integrability of spacetime, i.e. position space,
as a subspace of the cotangent bundle and is defined as the
commutator between the horizontal vector fields, see
Definition 6 in Appendix B 2 for a mathematical definition:
½δa ; δb  ¼ ð−δa N cb þ δb N ca Þ∂¯ c ¼ Rcab ∂¯ c :

ð25Þ

In general this curvature depends on all phase space
coordinates ðx; pÞ. For a metric Hamiltonian Hg , see
Eq. (2), we find that it reduces basically to the well-known
Riemann curvature tensor and is linear in the momenta
Rcab ½Hg ðx; pÞ ¼ pq Rq cab ðxÞ:

ð26Þ

In any case this curvature of the cotangent bundle intertwines position and momentum space, even for metric
phase space geometry.
We have seen in the previous section that the nonlinear
connection yields a split of the directions on the cotangent
bundle into horizontal and vertical directions. We can think
of the vertical directions as directions along momentum
space and the horizontal directions as the complementary
directions along position space in phase space. While the
nonlinear connection defines the geometry for the phase
space itself as a whole it is possible to associate linear
covariant derivatives to the nonlinear connection which
respect the horizontal-vertical split of the directions, i.e. the
split into directions along momentum space and along
spacetime. That means they map horizontal vectors onto
horizontal vectors and vertical vectors onto vertical vectors:

ð24Þ

∇δa δb ¼ Fc ab δc ;

∇δa ∂¯ b ¼ Fb ac ∂¯ c

ð27Þ

Thus for any homogeneous Hamiltonian we have
recovered the statement that particles following the
Hamilton equations of motion fall freely on autoparallels
of the Hamilton geometry of phase space. This means that
all forces acting on a test particle which can be described by

∇∂¯ a δb ¼ Eac b δc ;

∇∂¯ a ∂¯ b ¼ Eab c ∂¯ c :

ð28Þ

5

As mentioned earlier, Planck-scale modified dispersion relations cannot be encoded in homogeneous Hamiltonians.

These covariant derivatives are defined through their
coefficients F and E and define the geometry of momentum
space and spacetime as parts of phase space. Observe that
they could not be defined without fixing the nonlinear
connection in advance since the nonlinear connection
allows us to identify momentum space and spacetime
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directions in a covariant way with respect to diffeomorphisms of the manifold, due to its transformation behavior.
Among all associated covariant derivatives there is a
distinguished one called Cartan-linear covariant derivative
∇CL defined through the coefficients

which makes it so valuable in the description of modified
dispersion relations when both spacetime curvature and
Planck-scale modifications are present.

1
H
H
δa
Fa bc ¼ gHaq ðδb gH
cq þ δc gbq − δq gcb Þ≕Γ bc ;
2
1 ¯ a Hrb
∂ g ≕Cab c :
Eab c ¼ − gH
2 rc

Symmetries of a metric manifold ðM; gÞ are diffeomorphisms of the manifold which leave the metric invariant. In the same spirit we say that a diffeomorphism Φ of
T  M, i.e. of phase space, is a symmetry if it leaves the
Hamiltonian invariant:

ð29Þ

This Cartan-linear covariant derivative is unique in the
sense that its coefficients are both symmetric, which means
torsion free, and leave the Hamilton metric vertically, along
momentum space, and horizontally, along spacetime,
covariantly constant:
Hbc
∇CL
¼ 0;
δa g

∇CL
gHbc ¼ 0:
∂¯ a

ð30Þ

We can now consider the purely horizontal component
Rq abc ðx; pÞ of the curvatures of the Cartan-linear covariant
derivative and the purely vertical one Qq abc ðx; pÞ. These
are the curvatures making parallel transport along spacetime, respectively along momentum space nontrivial:
Hq

R

D. Symmetries

HðΦðx; pÞÞ ¼ Hðx; pÞ:
From the infinitesimal action of the diffeomorphism,
~
Φðx;pÞ ¼ ð~xðx;pÞ; pðx;pÞÞ
¼ ðxa þ ϵξa ðx;pÞ;pa þ ϵξ̄a ðx;pÞÞ þ Oðϵ2 Þ;

Hðϕðx; pÞÞ ¼ Hðxa þ ξa ðx; pÞ; pa þ ξ̄a ðx; pÞÞ
¼ Hðx; pÞ þ ϵðξa ðx; pÞ∂ a Hðx; pÞ
þ ξ̄a ðx; pÞ∂¯ a Hðx; pÞÞ þ Oðϵ2 Þ

ð31Þ

¼ Hðx; pÞ þ ϵZðHÞðx; pÞ þ Oðϵ2 Þ

¼ ðδb Γδq ac − δc Γδq ab þ Γδq bi Γδi ac
− Γδq ci Γδi ab − Ribc Cqi a Þδq ;

¼ ð∂¯ b Cac q − ∂¯ c Cab q þ Cbi q Cac i
− Cci q Cab i Þ∂¯ q :

¼ Hðx; pÞ:

ð32Þ

Qq abc ðx; pÞ∂¯ q
¼ ∇CL
∇CL ∂¯ a − ∇CL
∇CL ∂¯ a
∂¯ b ∂¯ c
∂¯ c ∂¯ b

ð36Þ

one finds the vector field generating the symmetry transformation by asking that the above definition of symmetry,
Eq. (35), holds:

abc ðx; pÞδq

CL
CL CL
CL
¼ ∇CL
δb ∇δc δa − ∇δc ∇δb δa − ∇½δb ;δc  δa

ð35Þ

ð33Þ

ð37Þ

The vector field Z ¼ ξa ðx; pÞ∂ a þ ξ̄a ðx; pÞ∂¯ a on T  M is
then the generator of the diffeomorphism Φ, which has to
satisfy the following condition for Φ being a symmetry
ZðHÞ ¼ 0:

ð34Þ

Our interpretation of the vertical and horizontal curvature
as curvature of momentum and position space is consistent
with what we know from metric geometry. For a metric
Hamiltonian geometry the curvature of momentum space
Q vanishes since the Cab c ½Hg  vanish, and, as can be easily
calculated, the components of the horizontal curvature
tensor become the components of the usual Riemann
curvature tensor of metric spacetime geometry. Conversely, for a Hamiltonian that does not depend on spacetime, the horizontal curvature vanishes since the Γδa bc
vanish, but the vertical curvature does not necessarily
disappear. For a generic Hamiltonian both curvatures depend
on the positions and momenta. Thus Hamiltonian phase
space geometry enables us to study phase spaces with curved
momentum and position space as well as phase spaces where
only one of both spaces is curved or none. This is the
fundamental aspect in Hamiltonian phase space geometry

ð38Þ

Definition 3.—Symmetry generators.—Let ðM; HÞ be a
Hamilton geometry. A generator of a symmetry of ðM; HÞ
is a vector field Z on T  M that satisfies ZðHÞ ¼ 0.
An important class of symmetries which a Hamilton
geometry admits are the symmetries associated to a constant of motion of the Hamilton dynamics, i.e. a quantity
that is conserved along solutions of Hamilton equations
ðxðλÞ; pðλÞÞ:
d
SðxðλÞ; pðλÞÞ ¼ 0:
dλ

ð39Þ

Noting that
d
SðxðλÞ; pðλÞÞ ¼ x_ a ∂ a S þ p_ a ∂¯ a S ¼ fS; Hg;
dλ

ð40Þ

we can equivalently say that a constant of motion is a
function that Poisson commutes with the Hamiltonian.
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The Poisson bracket of any two phase space functions F
and G can be written in terms of a vector field associated to
the functions
fF; Gg ¼ ∂ a F∂¯ a G − ∂¯ a F∂ a G
¼ −ð∂¯ a Fδa − δa F∂¯ a ÞG
¼ ZF ðGÞ ¼ −ZG ðFÞ:

1
p p ∂¯ n ∂¯ m XC ðHÞ ¼ pm pn LX gmn ðxÞ
2 n m
¼ XC ðHÞ ¼ 0 ⇔ LX g ¼ 0:

ð41Þ

So, choosing the Hamiltonian H as one of the functions, we
can write the symmetry condition as
ZS ðHÞ ¼ ð∂¯ a S∂ a − ∂ a S∂¯ a ÞH ¼ 0:

Now for H ¼ gab ðxÞpa pb the Hamilton metric satisfies
gHab ðx; pÞ ¼ gab ðxÞ, thus the momentum derivative acting
on the metric vanishes and we obtain in this case, due to the
homogeneity of Hg ,

ð42Þ

Manifold induced symmetries always lead to a conserved
phase space function. In virtue of Eq. (42) the following
holds:

Thus a constant of motion implies the infinitesimal diffeomorphism that is a symmetry of H:
ΦS ðx; pÞ ¼ ðxa þ ϵ∂¯ a Sðx; pÞ; pa − ϵ∂ a Sðx; pÞÞ:

ð43Þ

Note that this is a special case of (36).
Another distinguished class of symmetries are the socalled manifold induced symmetries. A diffeomorphism of
the base manifold M can be represented infinitesimally by
vector fields X ¼ ξa ðxÞ∂ a on M. It acts as a change of local
coordinates ðxa Þ → ðxa þ ξa Þ. Such a local change of
coordinates on M induces a change of coordinates on
T  M via ðxa ; pa Þ → ðxa þ ξa ; pa − pq ∂ a ξq Þ, see Eq. (6).
Thus a diffeomorphism on M generated by the vector field
X induces a diffeomorphism on T  M generated by the
vector field XC ¼ ξa ∂ a − pq ∂ a ξq ∂¯ a . In the literature XC is
called the complete lift of X from M to T  M.
Definition 4.—Manifold symmetries.—Let ðM; HÞ be a
Hamilton geometry, X ¼ ξa ðxÞ∂ a be a vector field on the
manifold and XC ¼ ξa ∂ a − pq ∂ a ξq ∂¯ a be its complete lift to
T  M. A manifold symmetry of the Hamilton geometry is a
diffeomorphism ϕ of M whose generating vector field X
satisfies
XC ðHÞ ¼ 0:

XC ðHÞ ¼ 0 ⇔ fξa ðxÞpa ; Hg ¼ 0:

1 ¯n ¯m C
1
∂ ∂ X ðHÞ ¼ ðξa ∂ a ∂¯ n ∂¯ m H − ∂ a ξn ∂¯ m ∂¯ a H
2
2
− ∂ a ξm ∂¯ n ∂¯ a H − pq ∂ a ξq ∂¯ n ∂¯ m ∂¯ a HÞ
¼ ξa ∂ a gHmn − ∂ a ξn gHma − ∂ a ξm gHna
− pq ∂ a ξq ∂¯ a gHmn :
ð45Þ

ð47Þ

Examples of generators X for manifold induced symmetries
one may consider are the generators of spherical symmetry
as they are used in Schwarzschild geometry or the
cosmological symmetry generators which generate a homogeneous and isotropic geometry. We like to remark that for
general symmetries Z of the Hamilton geometry it is not
possible to translate them into a condition on the Hamilton
metric as it is possible for manifold symmetries in Eq. (45).
Thus symmetries in a Hamilton geometry are really
characterized by the equation ZðHÞ ¼ 0 and not necessarily by conditions on the Hamilton metric. For the sake of
overview we summarize the results of this symmetry
section by displaying the three kinds of symmetries we
distinguished:
(i) A vector field on phase space generates a symmetry
of H if ZðHÞ ¼ 0
Z ¼ ξa ðx; pÞ∂ a þ ξ̄a ðx; pÞ∂¯ a :

ð48Þ

(ii) Constants of motion Sðx; pÞ satisfy fS; Hg ¼ 0 and
induce symmetries

ð44Þ

Manifold symmetries are of particular interest in Hamilton
geometry since they are the generalization of the usual
symmetries of a manifold in metric geometry. For the
metric Hamiltonian H g , defined in Eq. (2) the symmetry
condition XC ðHÞ ¼ 0 becomes the condition that the Lie
derivative of g with respect to X has to vanish. To see this
observe that for vector fields XC the symmetry condition
(38) can be rewritten in terms of gH :

ð46Þ

ZS ¼ ∂¯ a S∂ a − ∂ a S∂¯ a :

ð49Þ

(iii) Vector fields X ¼ ξa ðxÞ∂ a on spacetime generate
symmetries of H if XC ðHÞ ¼ 0
XC ¼ ξa ∂ a − pq ∂ a ξq ∂¯ a :

ð50Þ

This section on symmetries of Hamilton spaces
concludes our review and physical discussion of the
Hamilton geometry of phase space. Next we study the
geometry of the first order q–de Sitter dispersion relation
and compare it to the geometry of the usual metric
dispersion relation.
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1
gH1 ab ¼ ∂¯ a ∂¯ b H1 ¼ 3Gabc pc ;
2
gH1 ab ¼ gai gbj gH1 ij ¼ 3Gab c pc

III. HAMILTON GEOMETRY OF PLANCK-SCALE
DEFORMED DISPERSION RELATIONS—q–DE
SITTER–INSPIRED EXAMPLE
In this section we are going to show one explicit example
of Hamiltonian geometry defined by a dispersion relation
that describes a relativistic Planck-scale deformation of the
propagation of particles on de Sitter spacetime. We will
demonstrate explicitly how a change in the dispersion
relation of freely falling point particles changes the phase
space geometry and with it the geometry of spacetime.
The model we consider is inspired by the q–de Sitter
Hopf algebra [35–38], which is the only known fully
consistent example of Planck-scale deformations of the
de Sitter relativistic symmetries.6 This example is particularly interesting since the nontrivial interaction between
spacetime curvature and Planck-scale effects is fully
apparent. The quantum deformation parameter q is a
function of the two physical parameters entering the model:
the expansion rate h and the Planck-scale deformation
parameter l that is basically the inverse of the Planck
energy (l ∼ 1=EP ). Different choices are possible for the
actual dependence of q on h and l [26]: we will consider
the case where, in the limit where the spacetime curvature
goes to zero, the model reduces to the much studied κPoincaré Hopf algebra [22,39,40], describing Planck-scale
modifications of the special relativistic Poincaré group. The
momentum space geometry encoded in the κ-Poincaré
group has been shown to be the de Sitter one. Note that
this statement is true when the momentum manifold is seen
as the base manifold. Here, the momentum manifold is a
part of the full phase space. Thus, while still finding that the
momentum space associated to κ-Poincaré is curved, we
should not expect it to have de Sitter curvature.
Before going to the actual example, we will first consider
the general case of a metric Hamiltonian plus a Planckscale perturbation term, and investigate the modifications
of the phase space geometry to first order in the
perturbation.
A. First-order perturbation of metric Hamiltonian
Consider the following modification of the metric
Hamiltonian, governed by the parameter ϵ, with dimensions
of the inverse of an energy:
H ¼ H 0 þ ϵH1 ¼ gab ðxÞpa pb þ ϵGabc ðxÞpa pb pc :

6

In [28] modifications of the de Sitter dispersion relation
were also considered, but only at the single-particle level.
The q–de Sitter Hopf algebra provides also a framework for
describing particle interactions via the coproduct of the translation generators.

ð52Þ

the Hamilton metric, see Eq. (7), and its inverse can be
calculated to first order in ϵ to be
gHab ¼ gab þ ϵgH1 ab ;
H 1 ij ¼ g − ϵgH 1 :
gH
ab
ab ¼ gab − ϵgaj gbi g
ab

ð53Þ

With this notation the Hamilton nonlinear connection
coefficients, which we defined in Eq. (16), become, to
first order in ϵ,
3
N ab ¼ −pq Γq ab þ ϵ pc pd ðgqb ∇a Gqcd þ gqa ∇b Gqcd
4
− 2gma gnb gqc ∇q Gdmn Þ
ð54Þ
¼ −pq Γq ab þ ϵpq pr T qr ab ðxÞ;

ð55Þ

where here ∇ denotes the Levi-Cività covariant derivative
of the metric gab ðxÞ and the last equality defines the tensor
T with components T qr ab ðxÞ. Indeed we find that the
nonlinear connection coefficients are no longer linear in the
momenta, as they are in metric phase space geometry
(ϵ ¼ 0). The phase space curvature, see Eq. (25), which
measures the integrability of spacetime as subspace of
phase space can be calculated to be
Rabc ðx; pÞ ¼ pq Rq abc ðxÞ þ ϵpq pr ð∇c T qr ab ðxÞ
− ∇b T qr ac ðxÞÞ:

ð56Þ

The zeroth order in ϵ is given by the Riemann tensor
Rq abc ðxÞ of the Levi-Cività covariant derivative of the
metric g and the first order correction, quadratic in the
momenta, by the covariant derivatives of the tensor field T.
The curvature of momentum space and spacetime as
subsets of phase space, introduced in Eqs. (32) and (34),
defined by the associated connection coefficients (29)
2
Γδa bc ¼ Γa bc ðxÞ þ ϵ pq gad ð∇d Gbc q − ∇b Gcd q − ∇c Gbd q Þ
3
¼ Γa bc þ ϵpq γ qa bc ;
ð57Þ
3
Cab c ¼ −ϵ Gab c ;
2

ð51Þ

It induces via its level sets a modified dispersion relation.
Introducing
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ð58Þ

become
RHa bcd ðx; pÞ ¼ Ra bcd ðxÞ


3 q
qa
qa
ra
þ ϵpq ∇c γ bd − ∇d γ bc þ R rcd G b
2

084053-9

ð59Þ

LEONARDO BARCAROLI et al.

Qa bcd ðx; pÞ ¼ 0:
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ð60Þ

Observe that the spacetime curvature part is given by the
Riemann tensor and is not dependent on the momenta in
lowest order, while the momentum space curvature is at
least of second order in ϵ. In fact, cubic terms in the
momenta contribute to the curvature in the momentum
space sector only at higher orders in ϵ.
The phase space geometry we derived here is built from
one function on phase space, the Hamiltonian, or equivalently from two tensors g and G on spacetime. Thus, at
first order in the deformation parameter, one can interpret

the Hamilton geometry of phase space as multitensor
geometry, from a spacetime point of view.
As the last part of this section we display the Hamilton
equations of motion for the Hamiltonian above:
p_ a þ ∂ a gcd ðxÞpc pd þ ϵ∂ a Gbcd ðxÞpb pc pd ¼ 0;
x_ a − 2gab ðxÞpb − 3ϵGabc ðxÞpb pc ¼ 0:

ð61Þ

To understand their relation to the autoparallel equation of
the Hamiltonian phase space geometry to first order in ϵ we
write the first one in the form (23)

p_ a þ ð−pm Γm ab þ ϵpq pr T qr ab ðxÞÞð2gbc ðxÞpc þ ϵ3Gbcd ðxÞpc pd Þ ¼ −δa H
p_ a − 2Γm ab pm gbc pc þ ϵpq pr pc ð2T qr ab gbc − 3Γc ab Gbqr Þ ¼ −ϵpq pr pc ð∇a Gqrc − 2T rq ab gbc Þ:

The left-hand side of the last equation above is the term
p_ a þ N ab ∂¯ b H, which, set equal to zero, is the autoparallel
equation of the geometry. Here we have a nonvanishing
right-hand side in the equation which prevents the test
particles from moving along autoparallels of the geometry,
due to the inhomogeneity of the Hamiltonian to first order
in ϵ. In zeroth order we recognize the geodesic equation of
the metric Hamiltonian where the particles indeed propagate along autoparallels of the geometry.
After this general discussion of the modifications of
phase space geometry induced by Planck-scale corrections
to metric dispersion relations, we go on detailing the
explicit example inspired from the q–de Sitter model.

The q–de Sitter Hopf algebra is characterized by a
Casimir which can be encoded in the Hamiltonian7
HqdS ðx;pÞ ¼ H0 þ lH1
¼ p20 − p21 ð1 þ 2hx0 Þ − lp0 p21 ð1 þ 2hx0 Þ;

ð63Þ

where we use l, the inverse of the Planck energy, as
perturbation parameter in the momenta and h is the
expansion rate parameter. We work at first order in l
and h in 1 þ 1 dimensions. Note that H 0 here is the
standard de Sitter Hamiltonian, written in flat slicing
coordinates [26,42]:
H0 ¼ p20 − p21 ð1 þ 2hx0 Þ:
7

For h ¼ 0 the q–de Sitter Hamiltonian reduces to the
κ-Poincaré Hamiltonian, written in the bicrossproduct
basis [22]:
HκP ¼ p20 − p21 − lp0 p21 :

ð64Þ

As mentioned before, we consider a specific realization of the
q–de Sitter model, where the quantum deformation parameter q is
fixed as a function of the two parameters h and l so that the two
limits discussed in the following hold. See [26] for details.

ð65Þ

Thus all results derived in this section immediately translate
to the κ-Poincaré dispersion relation by setting h ¼ 0, or to
the standard de Sitter dispersion relation for l ¼ 0.8
The symmetries of the full Hamiltonian HqdS are induced
by the following phase space functions which are constants
of motion:
P0 ðx; pÞ ¼ p0 þ hx1 p1 ;

B. The q–de Sitter phase space geometry and
its κ-Poincaré limit

ð62Þ

P1 ðx; pÞ ¼ p1 ;

ð66Þ



1
0
2
1
2
Nðx; pÞ ¼ p1 þ p0 þ h p1 ðx Þ þ p1 ðx Þ
2


1
− l x1 p0 2 þ x1 p21
2


3
− hl p21 x0 x1 þ p0 p1 ðx1 Þ2 :
ð67Þ
2
x0

x1

They all Poisson commute with the Hamiltonian (63).
Observe that P1 is also a manifold induced symmetry
according to our definition in Sec. II D, while P0 and N are
not. Of course these symmetries are the same provided
within the q–de Sitter Hopf algebra framework.
We now derive the building blocks of the phase space
geometry for this Hamiltonian. The H-metric can easily be
obtained as
8

The formal similarity between the geometries given by (64)
and (65) have been explored in [42].
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1
gHab ¼ ∂¯ a ∂¯ b HqdS
2


1
−lp1 ð1 þ 2hx0 Þ
; ð68Þ
¼
−lp1 ð1 þ 2hx0 Þ −ð1 þ 2hx0 Þð1 þ lp0 Þ

gH ab ¼

1

−lp1

−lp1

−ð1 − 2hx0 Þð1 − lp0 Þ


:

ð69Þ

x_ 1 þ 2p1 ð1 þ 2hx0 Þ þ 2lp0 p1 ð1 þ 2hx0 Þ ¼ 0;

N ab ¼

hlp21

hp1

hp1

hp0 ð1 − lp0 Þ


:

ð70Þ

Observe that they vanish in the κ-Poincaré limit, since there
h ¼ 0. The same is true for the horizontal connection
coefficients Γδa bc (29). In the q–de Sitter phase space they
are
Γδ0 00 ¼ 0;

Γ

δ1

Γδ0 01 ¼ −hlp1 ;

δ1

00 ¼ −hlp1 ;

Γ

01 ¼ −h;

3
Γ 11 ¼ hlp1 :
2

ð72Þ

Thus the curvature of spacetime as subspace of phase space
contains a momentum dependent part at first order in l as
we anticipated in Eq. (59). In the κ-Poincaré limit the
spacetime curvature vanishes, so the spacetime is flat. The
coefficients for the momentum space curvature are derived
from − 12 ∂¯ a gHcb ¼ Cabc and neither vanish in the q–de
Sitter case nor its κ-Poincaré limit:
C000 ¼ 0;
C011 ¼

C001 ¼ 0;

l
ð1 þ 2hx0 Þ;
2

C111 ¼ 0

ð73Þ

¯ a Hrb ¼ Cab c :
and thus − 12 gH
rc ∂ g
C00 0 ¼ 0;

C00 1 ¼ 0;

l
C01 1 ¼ − ;
2

C01 0 ¼ 0;
C11 0 ¼

C11 1 ¼ 0;

l
ð1 þ 2hx0 Þ:
2

ð74Þ
ð75Þ

The momentum space curvature is, as explained in the
previous section in Eq. (59), of order l2.
The Hamilton equations of motion (12) read9
x_ 0 − 2p0 þ lp21 ð1 þ 2hx0 Þ ¼ 0;
9

ð76Þ

A complete analysis of the kinematics implied by these
equations of motion will appear in [49].

p_ 0 − 2hp21 − 2hlp0 p21 ¼ 0

ð78Þ

p_ 1 ¼ 0:

ð79Þ

p_ 0 − 2hp21 ¼ 2hlp0 p21

ð80Þ

p_ 1 − lhp31 ¼ −hlp31 :

ð81Þ

Due to our previous studies it is no surprise that they are
not autoparallels, what they would be if the left-hand side
of the above equations were zero. There is a forcelike term
which drags the particles away from autoparallel motion
due to the different homogeneities of the different terms H0
and H1 in the Hamiltonian.

Γδ0 11 ¼ −hð1 − 2lp0 Þ ð71Þ

δ1

ð77Þ

As in the previous section we write the last two in the
form (23):

The nonlinear connection coefficients, directly calculated
from their defining Eq. (16) are
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IV. AN OVERVIEW ON THE POSSIBLE
PATHS TO QUANTIZATION
At this point, some remarks might be in order,
concerning the manifestly classical nature of our framework. As mentioned already in the Introduction, we are
here concerned with a regime where ℏ → 0 in such
a way that the Planck energy stays finite. As it stands,
the considered deformations of the classical dispersion
relations can be viewed as capturing in an effective way
some important features of a more complete theory of
quantum gravity. However, for applications to Planck
scale phenomenology it is important to see explicitly
how deep into the quantum regime Hamilton geometry
carries. When ℏ ≠ 0, for both the κ-Poinceré and q–de
Sitter models there exists an associated homogeneous
spacetime (for the κ-Poinceré case this is known as κMinkowski space [50,51]). Most strikingly, in this case
one finds nonvanishing commutation relations between
functions on spacetime—a feature that still awaits
rigorous operational interpretation [50], especially in a
generally covariant approach as ours, where coordinates
should lose any meaning that goes beyond that of being
mere labels of events. The noncommutativity of the
functions of spacetime coordinates is usually encoded in
modified commutation relations between coordinates
operators. This requires a deformed symplectic structures to properly enforce the Jacobi identities. As
pointed out before (see Sec. II A), at the classical level
it is always possible to map a nontrivial symplectic
structure into the canonical one, the Hamiltonian being
mapped accordingly [41,42,52]. At this level the kinematics is equivalent and the symplectic structure is
only a matter of choice. Yet, one would hope that in the
context of Hamilton geometry a generalized procedure
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exists, which in small spacetime regions is able to
reproduce features of κ-Minkowski space. Having this
procedure at hand, one could try to apply a quantization
procedure used in the flat spacetime case.
Literature offers quite a few examples of possible quantized versions of such flat spacetime limit. These can be a
source of inspiration. There are two main attempts to a
quantized theory: one aims to obtain a relativistic quantum
mechanics of the classical theory; another one aims at a
(possibly quantum) field theory on a noncommutative
bundle. The first [50] attempt points towards the construction
of a proper set of states able to represent freely moving
particles, enforcing a κ-Poincaré version of the relativistic
symmetries. The other approach [53] tries to give a path
integral description of a field theory over a noncommutative
spacetime. More in general, the aim is to get the quantum
dynamics of a field over a phase space whose symmetries are
deformed with respect to the special relativistic ones. Since
the same classical model can be obtained as a classical limit
of many different quantized frameworks, one should be very
cautious in choosing one or another approach to quantization, without a serious scrutiny of the physics that those
different frameworks would imply.
V. CONCLUSIONS AND OUTLOOK
With the interpretation of a dispersion relation as a level set
of a Hamilton function on phase space we were able to derive
the Hamilton geometry of phase space directly from the
dispersion relation. We identified the spacetime and the
momentum space as subspaces of phase space and consistently described their geometry. It turned out that for a general
dispersion relation, i.e. a general Hamiltonian, the geometric
objects of spacetime and momentum space, like covariant
derivatives and curvature, depend on positions and momenta.
That means that in general it is not possible to disentangle the
geometry of spacetime and the geometry of momentum
space: they are intertwined as parts of the geometry of phase
space. A disentanglement of the geometries into a geometry
of spacetime that is not momentum dependent and a
geometry of momentum space that is not position dependent,
is only possible for very special dispersion relations: for
Hamiltonians whose third derivative and higher order derivatives with respect to the momenta vanish the momentum
space geometry is flat and the spacetime geometry is the
usual metric spacetime geometry, while for Hamiltonians that
do not depend on the spacetime coordinates we find a flat
spacetime and a possibly curved momentum space.
10

In order to realize such a scenario a possible strategy would
identify vector fields on T  M which are invariant under the
symmetries of the Hamiltonian and induce translations along the
fibers, i.e. translate in momentum space. Those could be regarded
as the natural candidates for position operators in a quantum
theory. A more careful analysis in this direction is left to the
future.

We have observed that Hamilton geometry can be
effective in the description of the phase space geometry
when Planck-scale modifications of particles’ dispersion
relations are introduced. This is especially useful when
modifications are introduced for particles moving in a
curved spacetime, which is a relevant case for phenomenological purposes, but until now has been very difficult to
describe in a coherent framework.
The Hamilton equations of motion, which determine the
trajectories of test particles through phase space, become
the autoparallel equation of the phase space geometry with
a source term, so that the effect of Planck-scale modifications on phase space geometry is to drag particles away
from purely geometric free fall. This is characteristic of
Planck-scale modifications: in Theorem 2 we found that for
all Hamiltonians that are homogeneous with respect to the
momenta these source terms vanish and the test particles
propagate on autoparallels through phase space.
In order to give explicit examples of how phase space
geometry is modified at the Planck-scale, we analyzed, at
the first order in the perturbation parameters, the phase
space geometry associated to the dispersion relation of q–
de Sitter Hopf algebra, which includes as a limit the phase
space geometry of the κ-Poincaré Hopf algebra dispersion
relation. The q–de Sitter phase space geometry yields a
curved spacetime manifold and a curved momentum space.
We showed explicitly that spacetime curvature depends on
both positions and momenta. The momentum space curvature is nonzero, but of second order in the Planck-scale
deformation parameter l, so we did not give an explicit
expression. In the κ-Poincaré limit of the q–de Sitter
Hamiltonian the spacetime becomes flat and the momentum space is curved. Since the q–de Sitter Hamiltonian is
inhomogeneous in the momenta the Hamilton equations of
motions are not the autoparallels of the geometry but
contain a forcelike term. Symmetries in the Hamilton
geometry framework are simply the symmetries of the
Hamiltonian, and we have shown that in the q–de Sitter
case they are the same as the ones described by the Hopf
algebra, at the single particle level.
We have not yet developed a coherent description of
particles’ interactions. This is expected to be nontrivial,
since we know that relativistic compatibility would require
to modify energy-momentum conservation. We learned
from the Hamilton geometry framework that if both
spacetime and momentum space are nontrivially curved
we have to consider tensor fields on phase space to describe
the motion of particles. The challenge is then to identify the
appropriate tensors on phase space which describe the
interaction of point particles. We seek for an appropriate
representation of the momentum of a particle, classically
being a one form on spacetime, and now to be generalized
in terms of a tensor field on phase space. Having clarified
such an identification we will investigate how the interaction of particles can be formulated through these phase
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space tensors. We imagine that a realization of the addition
of momenta in Hamilton phase space geometry could be
possible by parallel transport of the momenta, identified as
tensors on phase space, along autoparallels in momentum
space, similarly to what is done in the relative locality
context, where momentum space is taken as curved base
manifold and spacetime is flat [19,54]. Based on the
foundations laid in this paper we plan to address this issue
soon in a further publication.
Another feature that has to be clarified when dealing
with a nonmetric phase space geometry is the description of
observers. The observer frames used in general relativity
clearly have to be modified since in general there is no
underlying spacetime metric to obtain such frames. It is
necessary to define observers directly from the Hamiltonian
instead. One approach to do so is to use the notion of radar
orthogonality to construct a spacetime split for each
observer worldline, a procedure that has been successfully
applied to Finsler spacetimes in [55]. Another interesting
approach based on the analysis of the geometry of observer
space in terms of Cartan geometry is proposed in [56–58].
Apart from quantum gravity phenomenology general
Hamiltonians appear in the geometric optics limit of the
study of partial differential equations. They determine the
propagation of ray solutions of the partial differential
equation. Here the Hamilton geometry leads directly to a
geometric understanding of the trajectories along which the
ray solutions propagate since the Hamiltonians are homogeneous and thus the rays propagate along autoparallels of
the phase space geometry.
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APPENDIX A: PROOF OF THEOREM 2
In Sec. II B we introduced the Hamilton nonlinear
connection and discussed its properties. For homogeneous
connections we claimed in Theorem 2 that
δa H ¼ ∂ a H − N ab ∂¯ b H ¼ 0:

ðA1Þ

Here we display the proof of the Theorem.
Proof of Theorem 2.—For homogeneous functions
Euler’s theorem holds, see for example [59] for a proof,
pa ∂¯ a H ¼ rH;

ðA2Þ

and thus yields the following relations:
2
;
∂¯ a H ¼ gHaq pq
r−1

H¼

2
gHaq pq pa : ðA3Þ
rðr − 1Þ

Using these we derive



1 ¯b ¯i
2
2r
i H
b
i
Hcb
H
¯
¯
¯
∂ H∂ H∂ i gH
p
∂
−
g
∂
H
∂
g
þ
∂
Hg
∂
H
þ
H
∂
i
ai b
ab
ab
4
r−1 c
r−1 a


1
2
2r
b ¯i
b
i
H
H ¯ i Hcb
H
¯
¯
¯
¼
−∂ i ∂ H ∂ Hgab þ
p ∂ Hg ∂ g
∂ H
þ ∂ Hgai ∂ b ∂ H þ
4
r − 1 c i ab
r−1 a


1 2ðr − 2Þ
2r
¼
∂aH þ
∂ a H ¼ ∂ a H: ▪
4
r−1
r−1

N ab ∂¯ b H ¼

APPENDIX B: THE GEOMETRY OF THE
COTANGENT BUNDLE
The mathematical language we used to derive the
geometry of phase space from a Hamiltonian, respectively
a dispersion relation, in Sec. II is the geometry of the
cotangent bundle. Since we aimed to not overload the main
text of this paper with technical mathematics we add some
details on the general geometry of the cotangent bundle
here. To make this Appendix optimally and self-contained
readable there may appear some repetitions from the main
text. In particular we emphasize the role of the bundle

ðA4Þ

structure of the cotangent bundle i.e. the local split into
fibers and base manifold, physically speaking into momentum and position space. The building block of the
geometry is a general connection that splits the tangent
and cotangent spaces of the bundle into horizontal and
vertical parts; again, in physical words, into tangent spaces
along spacetime and tangent space along momentum
space. This then leads to the notion of curvature and
covariant derivatives. The mathematical concepts we
present here are a particular application of general connections on fiber bundle, see for example [60], to the
cotangent bundle.
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1. The cotangent bundle in manifold
induced coordinates
As we mentioned in the main text in Sec. II A the
cotangent bundle of an n-dimensional manifold M is itself a
2n-dimensional manifold T  M. It is the union of all
cotangent spaces of M:
T  M ¼ ⋃ T q M:

ðB1Þ

q∈M

It carries the natural structure of a fiber bundle with total
space T  M, fiber Rn and projection map π that associates to
each one-form Ω ∈ T q M the point q ∈ M. In a local
coordinate chart ðU; xÞ around q ∈ M we can expand
the one-form Ω in these coordinates as Ω ¼ pa dxajx . The
components pa of Ω with respect to the local coordinate
basis of T q M and the coordinates xa of the base point q ∈
M can now be used as so-called locally manifold induced
coordinates of T  M around T q M ⊂ T  M. In these coordinates we write Ω ¼ pa dxajx ¼ ðx; pÞ ∈ T  M. From now
on we consider the cotangent bundle in manifold induced
coordinates, exceptions are stated explicitly. Changing the
coordinates on the base manifold M from x to x~ ðxÞ induces
a coordinate change of the manifold induced coordinates on
the cotangent bundle according to the transformations of
one-form components on the manifold Ω ¼ pa dxajx ¼
ðxð~xÞÞd~xbjxð~xÞ ¼ p~ b d~xbj~x :
pa ∂x
∂ x~ b
a



∂xb
ðx; pa Þ → ð~xðx; pÞ; p~ a ðx; pÞÞ ¼ x~ ðxÞ; pb a ðxÞ :
∂ x~

ðB2Þ

The manifold induced coordinates lead directly to the
coordinate basis of the tangent T ðx;pÞ T  M and cotangent
T ðx;pÞ T  M spaces of the cotangent bundle. They are
spanned by


∂
∂
T ðx;pÞ T  M ¼
¼ h∂ a ; ∂¯ b i;
;
∂xa ∂pb
T ðx;pÞ T  M

¼ hdx ; dpb i;
a

ðB3Þ

where we introduced the shorthand notations ∂ a for the part
of the coordinate basis of T ðx;pÞ T  M corresponding to the
coordinates xa of the base manifold and ∂¯ a for the part of
the coordinate basis of T ðx;pÞ T  M corresponding to the
coordinates pa . Their transformation behavior under a
change of the manifold induced coordinates yields
a
ð∂ a ; ∂¯ a Þ → ð∂~ a ; ∂¯~ Þ

¼ ð∂~ a xb ∂ b þ ∂~ a pb ∂¯ b ; ∂ b x~ a ∂¯ b Þ

ðB4Þ

ðdxa ; dpa Þ → ðd~xa ; dp~ a Þ
¼ ð∂ b x~ a dxb ; ∂ b p~ a dxb þ ∂¯ b p~ a dpb Þ:

ðB5Þ

Due to the fact that the coordinate transformation is
induced by the coordinate transformation matrix ∂~ a xb on
the base manifold which only depends on the x respectively x~ coordinates we see that the ∂¯ a and dxa transform
just like tensors on the base manifold, while the ∂ a and
the dpa transform in a more complicated way. The ∂¯ a
span the tangent space to the fibers of T  M which
happens to be the kernel of the differential dπ of the fiber
bundled projection π. In fiber bundle language one calls
this set the vertical tangent space V ðx;pÞ T  M of the
cotangent bundle. It is annihilated by the so-called
horizontal cotangent space H ðx;pÞ T  M of the cotangent
bundle which is spanned by the dxa part of the basis of
T ðx;pÞ T  M, i.e. dxa ð∂¯ b Þ ¼ 0. It is possible to obtain a
complete basis of T ðx;pÞ T  M and T ðx;pÞ T  M which transforms under manifold induced coordinate transformations
like tensors on the base manifold by the introduction of a
connection on T  M. Such a connection defines the
geometry of the bundle which respects the bundle
structure.
2. Connections on the cotangent bundle,
curvature and autoparallels
In Sec. II B we introduced a distinguished unique
connection on the cotangent bundle, which enabled us to
study the geometry of momentum and position space as
subspaces of phase space.
A connection on the cotangent bundle is a projection
from the complete tangent space of the cotangent bundle
onto the vertical tangent space, which we just introduced
above.
Definition 5.—A connection one-form ω on the cotangent bundle is a projection, ω∘ω ¼ ω,
ωðx;pÞ ∶ T ðx;pÞ T  M → V ðx;pÞ T  M:

ðB6Þ

Expressed in manifold induced coordinates it takes the
form
ωðx;pÞ ¼ ðdpa þ N ab ðx; pÞdxb Þ ⊗ ∂¯ a :

ðB7Þ

The components N ab ðx; pÞ are called connection coefficients of ω.
A general connection ω is also called a nonlinear
connection to clarify the difference to affine connection
geometry. This means for a general connection the connection coefficients N ab ðx; pÞ may depend quite arbitrarily
on the fiber coordinates pa where in affine connection
geometry they are linear in the pa and can be written as
N ab ðx; pÞ ¼ pc Γc ab ðxÞ. Then the Γa bc ðxÞ are the connection coefficients of an affine connection; for example
they may be the Christoffel symbols of the Levi-Cività
connection used in metric geometry. We calculate the
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change of the connection coefficients under a manifold
induced coordinate transformation by comparing ω ¼
a
~ xb Þ ⊗ ∂~¯ .
ðdpa þ N ab ðx; pÞdxb Þ ⊗ ∂¯ a ¼ ðdp~ a þ N~ ab ð~x; pÞd~
We find
N~ cm ¼ ∂~ c xq ∂~ m pq þ N ab ∂~ m xb ∂~ c xa :

δpb ¼ dpb þ N ba dxa ;

T ðx;pÞ T  M ¼ hdxa ; δpa i:

ðB9Þ

ðB10Þ

In standard fiber bundle language the span of the δa is
called horizontal tangent space H ðx;pÞ T  M of the cotangent bundle and the span of the δpa vertical cotangent
space V ðx;pÞ T  M of the cotangent bundle. Thus a connection on the cotangent bundle enables us to split the
tangent and cotangent spaces of the cotangent bundle in
the vertical and the horizontal part. The vertical space
represents the tangent respectively cotangent space of
the fiber and the horizontal part represents the tangent
respectively cotangent spaces of the base manifold in the
tangent respectively cotangent spaces of the cotangent
bundle.
Recall that an ðn; mÞ d-tensor field T is a tensor
field on the cotangent bundle for which the following
holds:
TðX 1 ; …; Xm ; Λ1 ;…; Λn Þ
¼ TðP1 ðX1 Þ; …;Pm ðXm Þ; P1 ðΛ1 Þ;…; Pn ðΛn ÞÞ;

þ Qa1 c T can b1 bm þ    þ Qan c T a1 c b1 br
− Qc b1 T a1 an cbm −   − Qc bm T a1 an b1 c :
ðB12Þ

where the δa span the kernel of the connection one-form ω
and the δpa annihilate this kernel δpa ðδb Þ ¼ 0, we find the
new complete basis with desired transformation behavior
δa ¼ ∂ a x~ b δ~ b and δpa ¼ ∂~ m xb δpb :
T ðx;pÞ T  M ¼ hδa ; ∂¯ a i;

∇T a1 an b1 bm ¼ ð∂¯ q H∂ q − ∂ p H∂¯ p ÞT a1 an b1 bm

ðB8Þ

This transformation behavior of the connection coefficients enables us to find the complete basis of
T ðx;pÞ T  M and T ðx;pÞ T  M which transforms like tensor
components on the base manifold under manifold induced
coordinate changes. Introducing the linear combinations of
the coordinate bases
δb ¼ ∂ b − N ab ∂¯ a ;
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Observe that the differential operator acting on the components of the d-tensor field is given by the Poisson bracket
between H and the components. Further details on the
dynamical covariant derivative, which is usually introduced
on the tangent bundle of a manifold, can be found in the
book by Bucutaru and Miron [61]. Here we used the
Legendre transform to define a dynamical covariant derivative directly on the cotangent bundle. The Qa b are the
connection coefficients of a nonlinear connection on the
tangent bundle that is dual to the nonlinear connection we
seek to find on the cotangent bundle
Qa b ¼ 2N qb gHqa − ∂¯ a ∂ b H:

The derivation of the Qa b can be found in Appendix C.
The curvature of a connection, introduced for the
Hamilton connection in Eq. (25), is a measure of integrability of the horizontal bundle, which is the union of all
horizontal tangent spaces.
Definition 6.—The curvature of the Hamilton nonlinear
connection.—Let ðM; HÞ be a Hamilton geometry. We call
½δa ; δb  ¼ ð−δa N cb þ δb N ca Þ∂¯ c ¼ Rcab ∂¯ c

ðB14Þ

the curvature of the connection.
By Frobenius’ theorem, see for example [62], this object
indeed measures the integrability of the horizontal bundle.
It is integrable if and only if Rabc ¼ 0. This means the
spacetime manifold M is a submanifold of phase space
T  M if and only if the curvature of the connection ω
vanishes. The curvature of the nonlinear connection does
not require further structures and is completely determined
by the nonlinear connection.
Autoparallels of the connection are curves γ∶ R → T  M
with purely horizontal tangent. Thus γ is an autoparallel if it
satisfies

ðB11Þ

where Pi is a projector on the horizontal or vertical
tangent bundle of the cotangent bundle and Pi is the
projector on the horizontal or vertical cotangent bundle
of the cotangent bundle. For example the components
of the Hamiltonian metric, defined in Eq. (7), define
(0,2) d-tensor fields like gHab ðx; pÞδpa ⊗ δpb or
a
b
gH
ab ðx; pÞdx ⊗ dx . To find the desired unique nonlinear
connection we introduce a so-called dynamical covariant
derivative ∇ that acts on d-tensor fields T with components
T a1 an b1 bm ðx; pÞ as follows:

ðB13Þ

p_ a þ N ab ðx; pÞ_xb ¼ 0;

ðB15Þ

since then its tangent is indeed purely horizontal:
γðtÞ ¼ ðxðtÞ; pðtÞÞ ⇒ γ_ ¼ x_ a ∂ a þ p_ a ∂¯ a
¼ x_ a δa þ ðp_ a þ N ab x_ b Þ∂¯ a
¼ x_ a δa :

ðB16Þ

As final remark of this section we want to mention that a
connection is called compatible with the canonical symplectic structure of the cotangent bundle if it is symmetric,

084053-15

LEONARDO BARCAROLI et al.

PHYSICAL REVIEW D 92, 084053 (2015)

i.e. if N ab ¼ N ba . This condition ensures that the canonical
symplectic form vanishes on Hðx;pÞ T  M. To see this we
write the canonical symplectic form Ω in the horizontalvertical basis of T ðx;yÞ T  M:

where ∂¯ a ¼ ∂=∂ya . Thus the condition that two connections are dual is

Ω ¼ dpa ∧ dxa ¼ δpa ∧ dxa − N ab dxb ∧ dxa :

Recall the definition of ♯ from which we derive the action
of its differential

ðB17Þ

Since δpa ðδb Þ ¼ 0 we have that Ωðδa ; δb Þ ¼ 0 if and only
if N ab − N ba ¼ 0. This is the cotangent bundle version of
the torsion-freeness condition that is employed in metric
geometry and we used to find the Hamilton nonlinear
connection in Definition 2 and Theorem 1.
APPENDIX C: DUAL CONNECTIONS
In Appendix B 2 we discussed that a connection ω on the
cotangent bundle induces a split of the tangent spaces of the
cotangent bundle into horizontal and vertical subspace
T ðx;pÞ T  M ¼ Hðx;pÞ T  M ⊕ V ðx;pÞ T  M
¼ hδa i ⊕ h∂¯ a i:

d♯ðx;pÞ ðδa Þ ¼ δ0aj♯ðx;pÞ :

♯∶ T  M → TM
ðx; pÞ ↦ ♯ðx; pÞ ¼ ðx; ∂¯ a Hðx; pÞÞ
¼ ðx; ya ðx; pÞÞ

ðC4Þ

d♯ðx;pÞ ∶T ðx;pÞ T  M → T ♯ðx;pÞ TM
Z ¼ Za ∂ a þ Z̄a ∂¯ a ↦ d♯ðx;pÞ ðZÞ

ðC1Þ

In Hamilton geometry we introduced the duality map ♯ in
Eq. (14) which maps the cotangent bundle of the manifold
to the tangent bundle. A connection ω on the cotangent
bundle defined through connection coefficients N ab ðx; pÞ
is called dual to a connection ω0 on the tangent bundle
defined through connection coefficients N a b ðx; yÞ if the
duality map maps the horizontal tangent spaces of the
cotangent bundle onto the horizontal tangent spaces of
the tangent bundle. Here ðx; yÞ denote the manifold induced
coordinates of the tangent bundle [34]. The horizontal
tangent spaces of the cotangent and the tangent bundle are
spanned respectively by

ðC3Þ

ðC5Þ

¼ Za d♯ðx;pÞ ð∂ a Þ þ Z̄a d♯ðx;pÞ ð∂¯ a Þ

ðC6Þ

¼ Za ð∂ a þ ∂ a ∂¯ q H∂¯ q Þ
þ Z̄a ∂¯ a ∂¯ q H∂¯ q :

ðC7Þ

Applying this mapping to the horizontal basis vectors in
Hðx;pÞ T  M yields
d♯ðx;pÞ ðδa Þ ¼ d♯ðx;pÞ ð∂ a Þ − d♯ðx;pÞ ðN ab ðx; pÞ∂¯ b Þ
¼ ∂ þ ∂ ∂¯ q H∂¯ − N ∂¯b ∂¯ q H∂¯
a

a

¼ ∂ a − ð2N ab

q

gHbq

ab

− ∂ a ∂¯ q HÞ∂¯ q :

q

ðC8Þ

ðC2Þ

Thus in order to have a dual connection on the tangent
bundle the connection coefficients have to be related to the
connection coefficients of the connection on the cotangent
bundle by N a b ¼ 2N bq gHqa − ∂ b ∂¯ a H. These are, as
claimed, exactly the Qa b which we introduced in
Sec. II B when we defined the dynamical covariant derivative in Eq. (17) and in the previous Appendix B 2.
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