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1 | INTRODUCTION

Let K be a field of characteristic 0 and let g(x) = x4 4+ O(x%*1) € K[x] with d > 2. Then there is
a unique Bottcher coordinate ¢(x) = x + O(x?) € K [[x]] satisfying ¢(g(x)) = ¢(x)". It can be seen
that

$(x) = lim ¢"()!/ ",

where the root is chosen such that ¢"(x)/4" = x + O(x?) € K[x].

Although the Béttcher coordinate over K = C has become a fundamental tool in the area
of complex dynamics (see, e.g., [6, chapter 9] for more details), its analogue over K = C, has
only been studied from the last decade. Ingram [4] used p-adic Bottcher coordinates to study
arboreal Galois representations. DeMarco et al. [1] used p-adic Bottcher coordinates to prove
a theorem of unlikely intersections. Salerno and Silverman [7] studied the integrality proper-
ties of some p-adic Bottcher coordinates. In particular, they proposed the following conjecture
[7, Conjecture 27].
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2 | FU and NIE

Conjecture 1.1 (Salerno and Silverman). Let p be a prime number, let

g(x) = xp2 + pr+2xp2+1

withr € Z,, and let §(x) = x + O(x?) be the Bittcher coordinate satisfying ¢(g(x)) = ¢(x)1’2. Then
the radius of convergence of $~'(x) in C,, is p~P /(D)

In this article, we will prove a generalization of Conjecture 1.1. Before stating our main results,
we first briefly explain how we approach the solution of this problem.
Let f.(z) = z4 — ¢ for some ¢ € C, and let

B [se] an
p.(2) = z(l + E —an> (1.1)
satisfy the functional equation

Felpe(2) = (2. 1.2)

Note that here ¢.(z) is the inverse of the Bottcher coordinate, not the Béttcher coordinate itself.
Let x = z~¢, then (1.2) can be simplified as

(S d (9
<1 + Z anx”> =14+cx+ Z a,x". 1.3)
n=1

n=1

Let g.(x) = x4 + cx4*! for some ¢ € C,, and let

P.(x) = x<1 + Z bnx”>

n=1

satisfy the Bottcher equation

$e(9:(0) = p.(x).

Then it can be simplified as

(o] d o0
<1 + Z bnx”> =1+cx+ Z b, x™(1 + cx)™*. 1.4)
n=1

n=1

Instead of working on g(x) and ¢(x) directly, we will work on their generalizations g,(x) and
¢.(x). Therefore, we need to study (1.4) and, in particular, the properties of vp(bn), where vp is
the p-adic valuation in C,. The key idea of our proofs is to consider (1.4) as a perturbation of
(1.3). First we show that under some conditions on d and c, the values of vp(an) can be explic-
itly obtained. Then we show that under the same conditions, the perturbation is small enough

so that v,(b,) = v,(a,), which enables us to determine the radii of convergence of ¢.(x) and

¢ ().
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The conditions mentioned above can be summarized as follows. The parameters p, N, d, and
¢ will be used repeatedly throughout the whole article.

Condition A. Assume that p is a prime number, N = 0, d is a multiple of p, and

v,((d -1
0(€) < vp(d) + F———. (1.5)
Condition B. Assume that p is a prime number, N > 1 is an integer, d is a power of p, and
0,((d = 1)) 0,((d = 1))

Now we are ready to give the main theorems of this article.

Theorem 1.2. Let p, N, d, and c satisfy Condition A or B. Then the maximal convergent open disks
of p.(z) and goc_l(z) are both D(co, rll\]/d) ={ze C, tlzl, > r]l\]/d}, where

N
>1/d

ry = (lc/dN+1|p pl/ =D >1. 1.7)

Moreover, ¢.(z) gives a bijective isometry from D(co, rllv/d) onto itself.

Theorem 1.3. Let p, N, d, and c satisfy Condition A or B. Then the maximal convergent open disks
of ¢.(x) and ¢ (x) are both D(0,ry') = {x € C, : |x|, <ry'}, where ry is the same value given
by (1.7). Moreover, ¢.(x) gives a bijective isometry from D(0, r&l) onto itself.

In Conjecture 1.1, we have d = p? and ¢ = p"*? with r € Z, so we can take N = [(r +1)/2]
to satisfy Condition A or B. Then by Theorem 1.3, the radius of convergence of ¢~!(x) is

rot = <|C/dN+1| pl/(p—1)>_1/dN =p P /D
N p )
as conjectured by Salerno and Silverman.
Corollary 1.4. Conjecture 1.1 is true.
‘We remark that the technical Conditions A and B are crucial for Theorems 1.2 and 1.3.

Remark 1.5. If p = d = ¢ = 2, then f,(z) = z?> — 2 is a Chebyshev map. Now ¢,(z) = z + z~! and

[e5]

B c, (2n - 2)!
o7\ (2) = Z<1 - Z ZTn)’ where C,, = =Dl

n=1

are known as the Catalan numbers. Their maximal convergent open disks are D(c0,0) and
D(o0, 1), respectively. On the other hand, the maximal convergent open disks of ¢.(z) and qoc‘l(z)
in Theorem 1.2 are always identical.
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4| FU and NIE

Remark 1.6. If d = p and c is a multiple of p, then by [7, Theorem 4], both ¢.(x) and ¢C_1(x) have
integral coefficients so that they are convergent on the open unit disk D(0, 1). On the other hand,
D(0, r;,l) in Theorem 1.3 is always strictly smaller than D(0, 1).

Theorem 1.2 can also be interpreted in a different way. For any ¢ € C,), let

B(e)={zeC,: fJ'(z) —» oo asn — oo}

be the basin of infinity of f.(z). We say that B(c,) and B(c,) are analytically conjugate if there is a
bijective analytic map @, . : B(c;) - B(c,) whose inverse is also analytic such that

Fo,@,0,(2) = @, (e, (2): 1.8)
We know that f.(z) has good reduction if and only if
vp(c) > 0< B(c) = D(00,1) © 0 & B(c),

so Theorem 1.2 tells us ¢,.(z) does not give an analytic conjugacy between B(0) and B(c). Indeed,
we are able to prove the following more general result.

Theorem 1.7. Let p, N, d, and ¢ = c, satisfy Condition A or B. Let c, satisfy vp(cl) > 0and

d—1 _ d-1y _ d—1
vp(c1 - )—Up(C2 ). (1.9)

Then B(c;) and B(c,) are not analytically conjugate.

We remark that Theorem 1.7 is inspired by the work of DeMarco and Pilgrim [2],
although in this article we only consider the most basic cases. A discussion for the ana-
lytic conjugacy between the basins of infinity of two tame polynomials can be found
in [5].

The structure of this article is as follows: In Section 2, we prove some preliminary lemmas that
will be needed later. In Sections 3, 4, and 5, we prove Theorems 1.2, 1.3, and 1.7, respectively.

2 | SOME PRELIMINARY LEMMAS
In this section, we prove some preliminary lemmas that will be needed later.
Lemma 2.1. We have (d — 1)!"”k(dk!)”knk! divides (dkn)! forany d,k > 1 and n; > 0.

Proof. We have

(d — D™ (dktyeny ! = [Jdk)d — Dk — 1)

i=1
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BOTTCHER COORDINATES AT WILD SUPERATTRACTING FIXED POINTS 5

divides

Ny idk—1
H((idk) I1 j>=(dknk)!.

i=1 Jj=(i—1)dk+1

Lemma 2.2 (Legendre). Let s,,(n) be the sum of the digits in the base-p expansion of n. Then

n-— sp(n)

vp(n!) = 3

Lemma 2.3. Let p be a prime number and let d be a power of p. If ny + n;d = m, + m;d for some
0< ny <dandn;,my,m; >0, then

mylm,!
Uy 0L < (n — ml)vp(d!)-
ny'n,!

Proof. By Lemma 2.2, we have

(my —ny +my —ny) = (s,(mg) — 5,(np) +5,(my) —5,(n,))

p—1

Left-hand side =

and

(ny —md-1) _Mo—notm —m

Right-hand side =
p—1 p—1

As d is a power of p, the base-p and base-d expansions are compatible. Hence,
(p — 1)(Right-hand side — Left-hand side) = s,(m,) — s,(ng) + 5,(m;) — s,(ny)
= sp(my — ng) + s,(my) — s,(ny)
= 8,((n; —my)d) + s5,(my) — s,(ny)
=s,(ny —my) +s5,(my) — sp(ny) > 0.
O

Lemma 2.4. Let p be a prime number, let d be a power of p, and let N be a nonnegative integer. If
n > 1 can be decomposed as

N
n= andkwith0<nk <dforany0 <k <Nandny >0,
k=0

UORIPUCD PUB UL L 3439 *[7202/70/EZ] UO ARIGITSUIIUO AB1IM SRUIOIIGIGSUO LI | U9SIULO L AQ TZOET SWIG/ZTTT OT/I0PALCD" A3 1M ARIGIRUIUO'O0SUIWLO//SARY WO14 POpeojumoa ‘0 ‘02TZ69yT

ol KRIqIpL

B5UB01 7 SUOWILOD) aAI1a.D) 3 (et (dde ay) Ag pausenoh ake ol WO ‘8sn JO Sa|nJ J0) ARiq1T aulUO AS|IM LO (SUOTIPUOD-PLE



6 | FU and NIE

then
N
vy(n!) = 2 vp(dk!"knk!).
k=0

Proof. As d is a power of p, the base-p and base-d expansions are compatible. Hence, by
Lemma 2.2, we have

Sp(n) N ondk— sp(nkdk)

v,(n) = n;_l = 2

k=0 p-1
and
N N k N k
n(d* —1)+n, —s,(ny) nkd —s,(n, d*)
k _ p p
kz v, (d“1"%n, 1) = Z o1 Z —T
=0 k=0 =
which are equal. ]

Lemma 2.5. Letd € Z\{0} and let

n=1

F(z)= z(l +

> %)

be a formal power series. Then

where

_ 1 I’ld - 1 zyklzl mk > - amk
B nd_lzz Z <<2Z=1mk> <m1,...,mn g P

—1 kmy=n

Proof. Let [z"]F~1(z) be the coefficient of z" in F~!(z). By the Lagrange-Biirmann formula,

B :[z—nd+1]F—1(Z) [—nd]< 4 >—l’ld+1
" d +1 F(z)

© nd—1
— —nd ﬂ
B nd—l[ ]< +sz> ’

k=1
Then we expand this power series to get the result. I
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3 | PROOF OF THEOREM 1.2

In this section, we focus on the properties of a,, and give the proof of Theorem 1.2. First we show

that we can compute a,, inductively from (1.3).

Proposition 3.1. The sequence a,, satisfies the following inductive relations.

(1) Forany1 < n <d,wehavea, = (1/d)c where

<1 /d> CM5a/d- )

n n!

(2) Foranyd' < n < d*! withi > 1, we have

a, = 2 a(ng, ny, ..., Ngi_1),
ng+d 2221 kng=n

where the summation is taken over all nonnegative di—tuples (ng, Ny, ...

ngi_y) such that

di-1
ny+d Z kn,=n (€AY
k=1
and
-1 ank Zk —o M1
(g, My, e s Rgig) = d"on ' H Ten H 1 —ja).
Proof. Let
o d
<1 + Z a;lx”) =1+cx, (3.2)
n=1
then

1+ Za;x” =(1+cx)/d=1+ Z <1£d>c”x"
n=1

n=1

and a/, = (151 d) " for any n > 1. Considering the difference of (1.3) and (3.2), we get

0 d-1 0 i oo d-1-i o0
(Z(an - aé)x”) Z (1 + Z anx”> <1 + Z a;x"> = z a,x".
n=1 n=1 n=1 n=1

i=0
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8 | FU and NIE

Comparing the degrees on both sides, we get a,, = a/, = (12 d)c" for any 1 < n < d. Moreover, let

d di_l
<1+2a" ") =1+4+cx+ Zanx”d

n=1
then

J

) 0 1/d di-1
1+Za,’1’x”=1+z< _)cx+2anx”d
n=1 =1\ J n=1

By the same reasoning as above, for any d' < n < d'*!, we have

di_l di—l
a, =ad' = Z 1./d k=0 "k clo H a’’k
n = 4y di-1 Mg Ty oy g k

n - Ngig ~
n0+dz 1kn =n k=0 "k k=1

”k Zkonk 1

-1
Z dn()n | H dnkl’lk H (l_jd) . 0

i7 —_
ng+d Zz=11 kng=n

An immediate corollary of Proposition 3.1is that a,, can be considered as a polynomial of degree
nin c. This corollary, however, will not be used in the sequel. More results of this type can be found
in [3, section 2.4.1].

Corollary 3.2. Foranyn > 1, we have a,, € Z[c/d] with the leading term (1/d)

Proof. By Proposition 3.1, the assertion is true for any 1 < n < d. Now we assume that it is true
for any 1 < n < d' and use induction to show that it is also true for any d' < n < d'*!. For each
(ng,ny, ..., ngi_y) such that (3.1) holds and n;, # n, we have

di-1

deg.a(ng, ny, ..., ngi_1) = ng + Z kn, < n.
k=1

Hence, the leading term of a,, is given by a(n, 0, ..., 0) = (12 d)c”. Also, by the induction hypothesis,
we know that

di-1
1
a(ng,ny, ..., Ng4i_1) € Z[c/d]
011> e Mgy O!E(dk,)nk /d]
K=
gn—H dk ol Z[c/d] by Lemma 2.1,
—Z[c/d] by (3.1).
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This completes the proof. ]

The following proposition is the most important step of this article. It shows that under
Condition A or B, we are able to obtain all values of v,(a,) simultaneously rather than
successively.

Proposition 3.3. Let p, N, d, and c satisfy Condition A or B. Then

(1) forany 0 < k < N, we have

c
vp(age) = v, ( Tt >

(2) ifn > 1 can be decomposed as

N
n= nkdk with0 < ny < d forany0 < k < Nandny >0, (3.3)
k=0

then

N aZi}:
vpla,) = Z Up<n_k!)

k=0

(3) consequently, for any n > 1, we have

n N
vp(a,) = vp<ﬁ> - Z <(d - 1)vp<%> —v,((d - 1)1)) [%J .

k=1

Proof. By Proposition 3.1, the assertions are true for any 1 < n < d. Now we assume that they are
true for any 1 < n < d’ and use induction to show that they are also true for any d! < n < d'*1.
We know that each partition o of n with a particular form gives a summand a(o) of a,,. We call
(3.3) the canonical partition o, of n. We claim that v,(a(c)) > v,(a(0,,)) unless o = o,y
Let o be an arbitrary partition n = my +d 27;_11 Jjm; and, for each j, let j = ijzo m j)kdk be
the canonical partition of j. Then we can produce another partition o, that is given by

di-1 di-1 / N
n=my+d Z jmj=my+d 2 <Z mj,kdk)mj
j=1 Jj=1 \k=0

N di-1 N
=m, +d2 d* Z mim; | =my +d2dkMdk,
k=0 j=1 k=0
where
di-1
Mdk = Z mjmj,k. (34)
j=1
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10 | FU and NIE
Now
c"o a1 a’
v, (a(o)) = H aspld
p Pl dmom..\ Mjm | ’
d"omy! jo dtimy!
) m
cMo = < adkj d™im ) | by inducti
=0, (e ) + mjzup ~— —v,(d"im;!) | by induction,
0 j=1 k=0 J*k'
N N di- di-1
cMo M ] dmj '
=0 oy ) 2 02y >—22vp<mjk )= 2 vpd™imyh
0* k=0 k=0 j=1 J=1
and

vplalog)) =v <dmO > Z vp( @y — Z v, (dMak Myel).

If o # 0,, then there is some j & {d* : 0 < k < N} such that m j # 0. Therefore,

N di- di-1
0p(a(0)) = vy(@(0g)) = 2 0p(adMe M) = ZO 2 0 (m; ,1"™) = 2 vp(d™im;!)
J=
N N di-1 di-1 N di-1
> 2, u(d d"Mdk'>—Z Z om0 = Z v W”‘”-Z Z op(m; 1)
k=0 k=0 j=1 =0 j=1
m; k70

d-1 /N dio1
- (Z Mjj = ) p(d) + Z p(Mdk') - Z UP(m]k' Jm )]

Jk¢0

d-1 /N
> Z (Z mjp — 1>mjvp(d) by Lemma 2.1 and (3.4),
j=1

>0as o # 0.
Next, foreach1 < j < N,weleto i be the partition
j-1 N
n=Y md +N;d + ) Myd*.
— k=i
We also let Ny = m; and ag-1 = c.Forany 1< j <N, ifo;_; # 0}, then we have

Nj—l +Mdj—1d = nj_l +de (35)
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11

and
N, M i1 n_ N;
a djj—; a dj‘f’l adj_; ad}?_l
0,(a(0;_1) — v, (@(0)) = v, — — ~ V| T
diNG_ydMat My d=tn; ;! dViN;!

diWNi-t (c/diyMaimt diy i1 (c/diyNi

v, (c/d))" (;’4/ . ) v, (c/d/)" (Cz/v ) by induction,
Nj_1! d dJ_lMdj—l! nj_l! d jN]'

Nj_l!Mdj—I!

. IN !
nj_,!IN;!

= () = My)((@d =D, () +v,@) - vp< ) by (3.5),

N]_I!Md]—ll

n N > by the left-hand side of (1.6) and o;_; # 0},
j-1!N;!

> (Nj - Mdj—l)vp(d!) - Up<
> 0 by Lemma 2.3. (Here we need the condition d is a power of p.)

Next, if o)y # 0.4, then by the same reasoning as above, we have

Ny!M n!
0,((0x)) = Up(@(Tan)) = ~Mg ((d - 1)%#) + vp(d)) —v, <%>
ny! ) .
> vp(W) by (1.5), the right-hand side of (1.6), and oy # 0an»

> 0 by Lemma 2.1.

We have shown that vp(oc(o)) > vp(oc(oo)) > .. > vp(oc(aN) > vp(oc(ocan)), )

1o N anllf
c k1
v (a)=uv (o =0 T2V ’
p( W) p( (Ocan)) p(d”OI’lO!) kgl p(d”knk!>

which implies parts (1) and (2) immediately. Part (3) is a corollary of parts (1) and (2) because

N a"}lz N c N
d
vy(a,) = Z Up<_n : ) = Z nkvp<—dk+1> - Z v, (n!)
k=0 k* k=0 k=0

N N
= Z nv, <kL+1> + Z nkvp(dk!) — vp(n!) by Lemma 2.4,

k=0 d k=0

n cd®! n cdN!
[ a)en(55) # oo (555 ) -0
N N
ch n cd®! n cdk=11

) B 51l

I
= z
I} |
[=) —
VR
—
e
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12 FU and NIE

() 2L (- (5) - ()
- <d"n'> élikJ ((d—l)vp<ﬁ>—vp((d—1)!)>-

This completes the proof. ]

From Proposition 3.3, we can deduce that the sequence v,(a,)/n has a negative limit.

Proposition 3.4. Let p, N, d, and c satisfy Condition A or B. Then the sequence v,(a,,) is subadditive
and

v (a,) v,(a ) v,(c/dN*h)
lim 2 — inf Opin s / 1 <0
n—c n non dN (p —1)dN

Proof. The subadditivity of v,(a,) can be easily seen from Proposition 3.3. Therefore, by Fekete’s
lemma, the limit of v,(a,)/n exists and is equal to the infimum of v,(a,)/n. By Proposition 3.3
and Lemma 2.2,

L Uplay) n—s,(n) 1 «
g 1€ mf( W(5) - T~ 2 2 (@0, (3) o) | % J)
c 1 <
=”p(a>‘ﬁ‘k=1<(d‘” () - wta-0)

vp(agn) 1 v,(c/dN+1) 1

d  (p—1Dd¥  dv  (p-1aV’

Moreover, the limit is negative because

0,(e/d¥) vy =Db

aN (d —1)dN
_@-D-s,d-1) .

(P-Dd-Dd" ~ (p—Dd"

by (1.5) and the right-hand side of (1.6),

by Lemma 2.2.

This completes the proof. O
The last ingredient needed for the proof of Theorem 1.2 is the following inequality.

Proposition 3.5. Let p, N, d, and c satisfy Condition A or B. If n = ZZ=1 km,, where m;. > 0 for

any1l < k < n, then
n mk
vp(a,) < Z ( )
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BOTTCHER COORDINATES AT WILD SUPERATTRACTING FIXED POINTS 13

Proof. Let

N
e(n) = kz_:l <(d -1, (ﬁ) ~v,((d - 1)!)) l%J : (3.6)
It is clear that the sequence e(n) is superadditive. Then

n my n ey n n
Z (mk > Z <2kmk ) — Z vp(k!’”k my!) — Z mye(k) by Proposition 3.3,

k=1 k=1 k=1

n
>0, <2_n> —vp(n!) — e(n) by Lemma 2.1,

= v,(a,) by Proposition 3.3.

Now we are ready to give the proof of Theorem 1.2.
Proof of Theorem 1.2. By (1.1) and Proposition 3.4, ¢.(z) is convergent when

d . 1/n . -
z lim = lim
| |P > n—oo |an|p n—>oop

By Lemma 2.5,

?;'(@) = z<1 £y a—d>

n=1

N

where

Zk 1 My

d=- % [T wa-nfli)

Yo, kmyg=n\ Jj=2

By Proposition 3.5, vp(a;l) > vp(an) for any n > 1. Now we want to show that vp(a;l) = vp(an) for
infinitely many n, which will then imply

v,(a)) v,(a,)
lim 1nf = liminf 22
n—oo n n—oo n

and the maximal convergent open disks of ¢.(z) and goc‘l(z) are the same. We claim thatifnisa
power of p and m,, = 0, then

Zk 1 Mk

H (nd — »H y >vp(an>.
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14 | FU and NIE

Suppose not, then by Propositions 3.3 and 3.5,
Zk 1 Mk

1'[ (nd — J)H —vp<an>

Zk 1mk

Z vp(nd — j) + (vp(n') — Z v (k'mkmk')> (e(n) - Z mke(k)>,
k=1

where e(n) is given by (3.6). Therefore, we have

=(p-— 1)<vp(n!) - vp(k!mkmk!))
k=1

n

n—s,(n)— kz (my(k = s,(k)) + my —s,(my)) by Lemma 2.2,
-1

n
2 (my(s,(k) = 1) + 5,(my)) — 1 as n is a power of p.
k=1

It follows that there is exactly one my, # 0 and n = komy . If m,, = 0, then my, > p and

ZZ:I my

Y vynd = j) > vy(nd —my ) > 0.
j=2

This is a contradiction, from which we conclude that Up(a;l) = vp(a,) if n is a power of p. Thus,
the first assertion is proved. For the second assertion, we note that

9.(2) — po(w) "G
YV —w 1- Z wnd "

n=1 i=1

If z,w € D(c0, rll\]/d), then by Proposition 3.4, we have

a, |an |p p_vp(an)/” "
- - < = <1
Ziynd—i ’p r]’\l] limn—mo p—Up(an)/”

Therefore, |¢.(2) — ¢.(w)|, = |z — w|, on D(co, 7). 0

4 | PROOF OF THEOREM 1.3

In this section, we focus on the properties of b,, and give the proof of Theorem 1.3. In addition to
Proposition 3.5, we need two more inequalities.
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BOTTCHER COORDINATES AT WILD SUPERATTRACTING FIXED POINTS 15

Proposition 4.1. Let p, N, d, and c satisfy Condition A or B. Then

(1) ifd | n, thenv,(da,) < v,(a,/q);
(2) ifigi<n/d, then vp(dan) < Up(aicn—id).

Proof. 1fd | n, we let
N N-2
n/d= Z mkdk and n= Z mkkorl +(my_; + mNd)dN

k=0

be the canonical partitions (3.3) of n/d and n. Then we have

+ vap(a d)— vap(d!) by Lemmas 2.1 and 2.4,

N-2 a;’:{lil ;"]\1]\1 1+myd N
p(dan) = vp(d) + Z vp< m ) +v, m by Proposition 3.3,
N apal
=vp(d) + Z UP(dmk - ) Op| T 1(‘inN 1d+ — by Proposition 3.3,
il (my_, + myd)!
=Up(d)+1§)l) (dmkm ')+mNUp(a d)—l) <W>

N
<o+ 2, v,

N
= 0, (@y0) + (1 - I;)mk>vp(d) +my((d =Dy (77 ) = vp(@ = 1D)

vp(a,/q) by (1.5) and the right-hand side of (1.6).
If1<i<n/d, then
V(") > vp(da;ge" ) by part (1),

=vp(d)+v > — e(id) by Proposition 3.3 and (3.6),

(#
P did(id)!

n
>vp(d) + Up<ﬁ> —e(n)asid <n,

= v,(da,) by Proposition 3.3.
Ol

As mentioned in the introduction, we can consider (1.4) as a perturbation of the sim-
pler Equation (1.3). Now we show that the perturbation is insignificant in the following
sense.
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Proposition 4.2. Let p, N, d, and c satisfy Condition A or B. Then vp(bn) = vp(an) foranyn > 1.

Proof. We use induction to show that v,(a, —b,) > v,(a,), which will then imply v,(b,) =

vp(a,). Considering the degree n terms of (1.3) and (1.4), we have

-1 .
da,+ ) < i )" g = J e AR,
n Mo, My, My ) 20K 0, ifd { n,

n-1_ _
k=0 mk =d

iz kmy=n
and

-1
d nl o
dbn + Z <m0,m1,...,mn_1> gbkk o Z q(n,l)bl.cn i ,

:;(1) my=d id<n

Zﬁ;(l) kmy=n
where q(n,i) € Z and q(n,n/d) = 1ifd | n. Therefore,

n

n—1 -1
d m m
d -b I | k _ b k
(an n) + 2 <m0, mq,..., mn—1> <k=1 ak k=1 k )

Sz mi=d

Yo kmy=n
_ J g —bnja = Tiacn 9. Db, ifd | n,
— Yiden q(n, Db, ifd 4 n.

By the induction hypothesis and Proposition 4.1, we have
Up(ay/q = byya) > vp(ayq) 2 v,(day,)
and
vp(q(n, i)b;c" ) > vp(aic”'id) > v,(day,).

By the induction hypothesis and Proposition 3.5, we have

d n—1 n—1
o ( )( e - TTee
Mo, My, s My 1 )\ oy e

n-1 n-1
_ d e o
= UP((mo,ml,...,mn_1)<g " g(ak (ar — by)) >>

d n—1 dl n—1 amk
oy ( Mo ) = oo 2 Tl ) > oot
Mo, My, oo s My g ) 03 m m!

* =

Combining these inequalities together, we get v, (a, — b,) > v,(a,) and v,(b,) = v,(a,).

(4.)

4.2)

O
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A consequence of Proposition 4.2 is that Propositions 3.3, 3.4, and 3.5 remain true if we
replace a,, by b,. Therefore, the proof of Theorem 1.3 is essentially the same as the proof of
Theorem 1.2.

5 | PROOF OF THEOREM 1.7

In this section, we give the proof of Theorem 1.7.
If vp(cl) Oand ® : B(c;) = D(o0,1) — B(c,) exists, then @

1,6y must be of the form

1,6

< !
D, 0, 0(2) = wz(l + Z ﬁ)

n=1
for some w with @¢~! = 1. Let x = z~¢, then (1.8) can be simplified as

nd

d
o0
t,x
<1+Ztnxn) =1+ (0w~ CZ—CI)X+ZW
-4

n=1

=1+ (v~ Cz—Cl)x+Z Zq(n D™ idyn

n=d id<n

where ¢'(n,i) € Z and ¢’(n,n/d) = 1ifd | n. We can imitate the proof of Proposition 4.2 to prove
the following proposition.

Proposition 5.1. Let p, N, d, andc = w‘1c2 — c; satisfy Condition A or B. Let ¢, satisfy vp(cl) >0
and vy,(cy) > vp(c), then

(1) we have up(t )= vp(an)for anyn > 1

1/d

(2) the maximal convergent open disks of CDC 2 w(2)and @71 (z)areboth D(eo,ry ), moreover,

C1,Cp,0
D, ., (2) gives a bijective isometry from D(co, rllv/ ) onto itself;
3) CDCPCZ,CO(Z) does not give an analytic conjugacy between B(c,) and B(c,).

Proof. The proof of part (1) is essentially the same as the proof of Proposition 4.2, except that we
need to replace b, by t,,, replace (4.1) by

n—1
¢ Mk = 0 i\ on—id
ot Z <mo,m1,...,mn_1> Htk = Z q (n, ;e ™,

2=(1) my=d k=1 id<n
n—1
ko kmy=n

and replace (4.2) by
vp(q' (. D) > vy(aic™™) > v, (day).

The proof of part (2) is essentially the same as the proof of Theorem 1.2. Part (3) follows because
D(co, rjlv/d) is strictly smaller than B(c;) = D(c0, 1). O
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Now we are ready to give the proof of Theorem 1.7.

Proof of Theorem 1.7. By (1.9), we have v,,(c,) > v,(c,) = v,(w "¢, — ¢;) for any w with ! = 1.
By Proposition 5.1, none of @, ., ,(z) gives an analytic conjugacy between B(c;) and B(c,). [
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