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Abstract

Given a finite abelian group G and cyclic subgroups A, B, C of G of the same order,
we find necessary and sufficient conditions for A, B, C to admit a common transversal
for the cosets they afford. For an arbitrary number of cyclic subgroups, we give a
sufficient criterion when there exists a common complement. Moreover, in several
cases where a common transversal exists, we provide concrete constructions.

Keywords Finite abelian groups - Transversals - Common complements

Mathematics Subject Classification 05D15 - 05E16 - 20D60

Contents
I Introduction . . . . . .. ... ... 582
2 Reductions . . . . . . . o i 583
3 Common complements . . . . . . . ... e 584
4 Proofof Theorem B . . . . . ... ... . ... 590
5 Some more CONSIrUCtIONS . . . .« v ot v vt vt e e e e e e 592
References . . . . . . . . . . . L e 595
B M. Loukaki

mloukaki@uoc.gr

S. Aivazidis

s.aivazidis @uoc.gr

B. Sambale

sambale @math.uni-hannover.de

Department of Mathematics and Applied Mathematics, University of Crete, Voutes Campus,
70013 Heraklion, Greece

Institut fiir Algebra, Zahlentheorie und Diskrete Mathematik, Leibniz Universitdt Hannover,
Welfengarten 1, 30167 Hannover, Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10801-024-01299-x&domain=pdf
http://orcid.org/0000-0002-3109-5829

582 Journal of Algebraic Combinatorics (2024) 59:581-595

1 Introduction

Suppose that G is a group with subgroups A, B of the same finite index. Then Hall’s
celebrated Marriage Theorem guarantees that we can find a common transversal for
both A, B. That is, there exists a set 7 whose elements comprise a complete and non-
redundant set of coset representatives for both A and B. Furthermore, the total number
of such common transversals has been computed in [1]. If three or more subgroups
are involved, common transversals may not exist. For instance, the three subgroups of
order 2 in the Klein group do not possess such a common transversal.

The recent interest in seeking a common transversal for several subgroups of an
abelian group stems from a question of Steinhaus [7] in the 1950s. Steinhaus asked
if there exists a subset of the plane which can tile the plane when translated by any
one of the lattices that arise by rotating the integer lattice around the origin. In the
language used in this paper, Steinhaus asked if there exists a common transversal of
all lattices RgZ2, where 6 € [0, 2m) and Ry denotes rotation by 6 around the origin.

It was only proved in this century [4] that the answer is indeed affirmative. The
variant of the problem where the subset of the plane is asked to be Lebesgue measurable
(but tiling is only demanded almost everywhere) has sparked much more interest and
is still open. The best results to date for the measurable problem can be found in [6].

Variations of the Steinhaus problem have taken many forms, but the one most
relevant to this paper was first studied in [5]; where the question was posed if we can
find a subset of the plane which is a common transversal for a finite number of lattices
in the plane. Surprisingly this problem has an affirmative solution in the measurable
sense when the duals of the finite set of lattices has a direct product (the dual of
the lattice AZ is the lattice A~ Z¢ ). In [5], the problem was first posed of when a
finite set of subgroups of an abelian group of the same finite index admit a common
transversal and it was proved [5, Thm. 1] that if the subgroups Ay, ..., A, of G are
direct factors in G, then they always admit a common transversal in G.

In this paper, we are interested in tackling specific instances of the general problem
outlined above. Recall that if K < G, with G being arbitrary, then K is said to have
a complement in G (or to be complemented in G) in case there exists a subgroup H
suchthat G = K H and K N H = 1. Observe that such a complement H, if it exists, is
a transversal of K in G that moreover inherits the group structure of the parent group.

The first of our two main theorems reads as follows:

Theorem A Let Ay, ..., A; be complemented isomorphic subgroups of a finite abelian
group G. If the smallest prime divisor of |A1| is at least t, then Ay, ..., A; have a
common complement in G.

Theorem A implies that two isomorphic complemented subgroups in abelian groups
always have a common complement. This is false for non-abelian groups as can be
seen in the dihedral group of order 8. The proof of Theorem A accompanied with more
detailed statements will be given in Sect. 3.

Our second main theorem provides a complete description of the situation as regards
transversals when three cyclic subgroups are involved.
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Theorem B Let G be a finite abelian group with cyclic subgroups A, B, C of the same
order. Then A, B, C do not share a common transversal in G if and only if A (and
thus B and C) has even order and the product Ay B2Co of their Sylow 2-subgroups
satisfies

AraByCor /I = A/l X By/I = Ax/I x Ca/I = By/1 x Ca/1,

where [:=A> N By N Cy.

When it comes to more than three subgroups, larger primes play a role. For instance
the elementary abelian group of order p? is the union of p 4 1 subgroups of order p,
but there cannot be a common transversal.

2 Reductions

We outline below some notational conventions that we will use throughout the paper.

o [n]:={1,2,...,n}.

A cyclic group of order n is denoted by C,, while S, is the symmetric group of
degree n.

G will always denote a finite abelian group.

A group is called homoyclic if it is the direct product of isomorphic cyclic groups.
For a prime p, G, denotes the unique Sylow p-subgroup of G.

If H<Ganda,be Gwewrittea=b (mod H)ifaH = bH.

For an integer n let [',(G):=(g € G : g" = 1). If G is a p-group, we use the
standard notation Q(G):=I",(G).

e For Ay,..., A, < GletTg(Ayq,...,A,) be the set of common transversals of
Ay, ..., A, in G. Similarly, let Xg(Aq, ..., A,) be the set of common comple-
ments of Ay,..., A, inG.

We first observe that some (easy) reductions can be made.

Lemma2.1 Let A < H < G be finite abelian groups. If X € T (A), then X N H €
TH(A).

Proof For any coset 1A of A in H there exists x € X so that xA = hA, since X is a
transversal of A in G and 1 A is a coset of A in G as well. Therefore, x € H and the
lemma follows. O

Lemma 2.2 For subgroups Ay, ..., A, < G we have Tg(Ay, ..., Ay) % O if and
only l'fTAl...A,,(Ah ey An) 75 0.

Proof If TG(Ay, ..., Ay) #0,thenT 4, _a,(A1, ..., Ay) # ¥ by Lemma 2.1.

Conversely, assume that S € T 4,..4,(A1, ..., Ap) with S = {s1, 52,..., 55} and
letT = {t1, 1, ..., ) beatransversal for Ay ... A, in G. Clearly the set ST = {s;1; |
i € [m], j € [k]}isatransversal for Ay, ..., A,inGandthus 7 g(Ay, ..., A,) # 0.
O
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Lemma23 Let Ay,..., Ay < Gand N < Ay N...N A,. Then {g1,...,8nu} €
TG(Ay, ..., Ay) if and only if {gIN,...,guN} € Tg/n(A1/N,..., Ay/N). In

particular, TG (A1, ..., Ay) # @ ifand only if Tg/n(A1/N, ..., Ay/N) # 0.
Proof This follows easily from |G : A;| = |G/N : A;/N| and the equivalence
between g; = g; (mod A) and g;N = g;N (mod A/N). O

The next result shows that to decide whether or not a number of subgroups of an
abelian group possess a common complement in the parent group, it suffices to decide
whether their Sylow p-subgroups are complemented, or equivalently to assume that
G has prime-power order.

Lemma 2.4 Let G be an abelian group of order |G| = p;” - pf and let A be
a subgroup of G that has a complement in G. Then there is a canonical bijection

XG(A) = Xi_ X, (Ap).

Proof To begin with, observe that each subgroup of G (thus also G itself) is the direct
product of its Sylow p-subgroups. Since G is unique for each prime p, we have
A, =ANG, <Gp. Nowlet f: Xg(A) - X|_, X(;pi (Ap,) be given by the rule

X6(A)>Hw— (HNG,,....,.HNGp,).

We will argue that f is 1-1 and onto. To see that it is onto, let (Hy,..., H;) €
X XG,, (Ap,) and put H = [T:_, Hi. Then H € X5 (A) by order considerations
and f(H) = (Hi, ..., Hy). On the other hand, let H, K < X5(A) and suppose that
f(H) = f(K). Then

(HNGp,,....HNG))=(KNGp,,....,KNG,).

By our previous remark each Sylow subgroup of H coincides with the corresponding
Sylow subgroup of K. Since both H and K are the internal direct products of their
Sylow subgroups, it follows that H = K establishing the desired injectivity of f. O

The preceding lemma clearly implies:

Corollary 2.5 Let G be abelian group and Ay, ..., A, < G.Then Ay, ..., A, sharea
common complement in G if and only if their Sylow p-subgroups A; ., Ay share
a common complement in G, for all prime divisors p of |G|.

P> np

3 Common complements

Recall that the fundamental theorem of finite abelian groups asserts that G has a
primary decomposition G = G| X ... x G, where each G; is a cyclic group of prime-
power order. The usual proof is based on the fact that cyclic subgroups of maximal
order have complements. The following consequence of the Krull-Remak—Schmidt
theorem gives an exact criterion.
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Lemma3.1 Let G = G| X...x G, be the primary decomposition of an abelian group
G. Then A < G has a complement in G if and only if there exists a subset I C [n]
such that the projection my : A — X, ; G; is an isomorphism.

Proof Suppose first that 777 is an isomorphism. Let B:= Xiempg Ci-Fora € ANB we
have 77 (a) = 1 and therefore a = 1. Since |AB| = [, |Gil ]_[l-e[n]\l |Gi| = |G|,
B is a complement of A in G.

Now assume conversely that G = A x B. Let

G=A; X...XxA Xx Bl X...X By

be the primary decomposition. By the Krull-Remak—Schmidt theorem (see [3,
Satz 1.12.3]), there exists J C [n]suchthat G = A} x ... x A, X X jes G ;. Clearly,
sy with I:=[n]\J is an isomorphism. O

This is already sufficient to prove Theorem A.

Proof of Theorem A By Corollary 2.5 we may assume that G is a p-group where p > t.
We argue by inductionontherankof A} = ... = A;. Suppose first that A; is not cyclic.
Let A; = Aj1 x Aj be a non-trivial decomposition such that Ay; = ... = A;; for
Jj = 1, 2. By hypothesis, A; has a complement K; in G. It is easy to see that A;» X K;
is a complement of A;; in G. Hence, by induction there exists a common complement
Hof Aiy,...,A;1in G. Let B; := A; N H. Since A;1B; = A;1H N A; = A; and
Aj1NB; < Aj1 N H =1, A; is acomplement of B; in A;. Consequently, A;1 K; is a
complement of B; in G. Finally, A;1 K; N H is a complement of B; in H. Hence, by

induction there exists a common complement K of By, ..., B; in H. Now we have
AiK =A;BBK =A H=Gand AANK=A NHNK =B, NK =1.So K is
also a complement of Ay, ..., A; in G.

For the remainder of the proof, we may assume that Aq, ..., A, are cyclic. Let
G = G X ... x G, be the primary decomposition. By Lemma 3.1, there exist
i1,...,i; € [n] such that the projection Ti; - Aj — Gij is an isomorphism for
J = 1,...,t. In particular, |G;| = ... = |G;,|. Let H:=G;,...G; = Aj for

some s < ¢ (note that the G,-J. are not necessarily distinct). Let G = H x K and let

my : G — H be the projection to H. By construction, the restriction of 7wy to each

A; is injective. Let B;:=my (A;) N Q(H) fori € [¢]. Since |Q2(H)| = p*, Q(H) has

exactly ’;—__11 maximal subgroups. Each B; can only be contained in the preimages of
—1_

the 2 ;_1 L maximal subgroups of (H)/B;. Since
s

l;—l 1 =P 21,
p —

there must be one maximal subgroup of €2 (H) not containing any B;. Consequently,
we find a subgroup L < H such that L = ATI and LNay(A;) =1fori=1,...,¢t
(the case s = 1 with L = 1 is allowed). Suppose that a € A; N (L x K). Then
mg(a) € LNmy(A;) = 1and a = 1 since wy is injective on A;. Moreover,

|AilIL x K| = |A;l’|K| = |HK| = |G|.
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Hence, L x K is a common complement of Ay, ..., A; in G. |

The proof above shows that the following stronger statement holds for cyclic sub-
groups of p-groups.

Corollary 3.2 Let Ay, ..., A; be complemented cyclic subgroups of the same order of a
finite abelian p-group G. If there are at most p distinct subgroups Q (A1), ..., Q(Ay),
then Ay, ..., A; have a common complement in G.

Note that the bound ¢ < p in the preceding corollary is sharp owing to the existence
of the elementary abelian group of order p? and its p + 1 distinct subgroups of order
p.

Our next result addresses the existence of a common transversal.

Corollary 3.3 Let Ay, ..., A; be homocyclic subgroups of the same order of a finite
abelian group G. If the smallest prime divisor of |A1| is at least t, then Ay, ..., A;
have a common transversal in G.

Proof Suppose that K is the subgroup generated by Ay, ..., A;. We will show that
A1, ..., A; admit a common complement in K. First, we argue that each subgroup A;
is complemented in K and we observe that it will suffice to prove the claim for Aj.
Note that since K = A1 ... A; and the A;’s are homocyclic, it follows that exp(K) =
exp(A1). Now we argue by induction on the rank of A, where the base case is true
since then A is cyclic of maximal order. Let C be cyclic of maximal order in A;. Then
C has acomplement, say H,in K and so K = C x H. By Dedekind’s lemma we have
A1 =C x (A1 N H), where A| N H is homocyclic of rank one less than the rank of
Aj. Also, the exponent of A; N H is equal to the exponent of H and so the induction
hypothesis applies to A; N H in H and ensures the existence of a complement for
A1 N H in H, say D. Then it is easy to see that D is a complement for A in K, as

claimed. Now Theorem A applies to the collection Ay, ..., A; in K proving that there
is a common complement. Thus Ay, ..., A; have a common transversal in K and so
by Lemma 2.2 they admit a common transversal in G. O

A direct consequence of the preceding corollary is that three homocyclic subgroups
of the same odd order always admit a common transversal in any parent group.

To obtain more refined results, we now start to count common complements. For
this purpose, the following basic fact is useful.

Lemma 3.4 Suppose that the abelian group G has a complemented subgroup A. Then
the number of complements is

|XG(A)| = |[Hom(G/A, A)| = |Hom(A, G/A)|.

Proof Let T € X (A) be fixed. For every U € X5 (A) and every ¢t € T there exists
a unique element 7y (f) € A such that 7y (¢) =t (mod U). It is easy to see that 7y :
T — A is a homomorphism and U is uniquely determined by 7y. Conversely, every
homomorphism 7 : T — A defines a complement of A as U={t@t)t~' 11 eT}. In
particular, | X5 (A)| = [Hom(T, A)| = |[Hom(G/A, A)|. The last equality is a general
fact from duality. O
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~

Note that there is a natural isomorphism Hom(A x B,C) = Hom(A, C) X
Hom(B, C). In some situations this cardinality simplifies considerably.

Corollary 3.5 Suppose that A = Cy,, x ... x Cy, has a complement in G. Then
|XG (A)| = T, (G/A)]... T (G/A).

Proof Let A = (a;) X ... x {a) with |{a;)| = n; fori = 1,..., k. Then every
homomorphism f : A — G/A is uniquely determined by f(a;) € I'y,(G/A) for
i =1, ...,k and conversely, each such choice leads in fact to a homomorphism. O

Lemma3.6 Let G = Ay X --- X A; X B be an abelian group. Then there are exactly

13
[ [i1so(Ay. Aj)| [Hom(A, . B)|
i=2

common complements for Ay, ..., As in G, where Iso(A1, A;) is the set of isomor-
phisms A1 — Aj;.

Proof If X € Xg(Ay, ..., As),then A} = G/X = A, foreachi > 1. Hence, we may
assume that A = ... = A;. Obviously,

t
T:= X A; xB
i=2

is a complement of A in G. To every complement U of Aj in G there exists the
corresponding homomorphism tyy : T — A such that U = {ry Ot 't e T}, as
in Lemma 3.4. Now fix 2 < i < ¢ and note that U can only be complement of A;
too, if the restriction of 7y to A; is injective, the reason being that Ty Ot~ ! e A
for some t € T if and only if 7y (r) = 1 and ¢t € A;. But then ty(A;) = A; since
A1 = A;. In this case, ty decomposes into a product of isomorphisms A; — A and
a homomorphism B — Aj. Conversely, it can be checked that each such 7 (that is the
product of r — 1 isomomorphisms from A; to A along with a homomorphism from B
to A1) defines a common complement {z ()t~ : 1 € T} of Ay, ..., A;. O

For cyclic groups the above clearly implies:

Corollary 3.7 Let G = A1 x --- X Ay X B with cyclic subgroups Ay, ..., A; of order
n. Then

|XG (A1, ..., Al = o) ' T,(B)I,

where ¢ is the totient function.

Now, we restrict our attention to cyclic subgroups of maximal order (which are
always complemented).
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Proposition 3.8 Ler A, B be cyclic subgroups of maximal order of an abelian p-group
G. Then

\Xo(A. B)| = |G : Al z.fAﬂB>l,
(|G : Al) ifANB=1.

Proof Assume firstthat AN B > 1. Then every complement of A is also a complement
of B and vice versa. To see this, observe that if T is a complement of A but not of
B then T N B # 1 and thus Q(B) < T N B N A, which is clearly a contradiction.
Hence X (A, B) = Xg(A) and Corollary 3.5 implies that X (A) = |G : Al. So the
proposition holds in this case.

Assume now that ANB = 1 andthus AB = A x B = Clzj,, where |A| = p". Since by
hypothesis, p” is the maximal element order in G, it follows easily from Lemma 3.1
that AB has a complement in G say G = A x B x §. We apply Corollary 3.7 to
get exactly @(p")|I"pn(S)| common complements of A and B in G. Observe that
[pn(S) = S and thus

G|

e(PHILpn(S)| = <p(p”)p2,,

=¢(Gl/p") = ¢(G : A].

The proof is complete. O

Corollary 3.9 Let G be an abelian group and let A, B be cyclic subgroups of G of
maximal order and index s in G. Then the proportion of complements of A in G that
are simultaneously complements for B in G is at least ¢(s)/s.

Proof The desired proportion is

|G (A, B)|
| XG(A)]

If we write n,, for the number of common complements of the Sylow p-subgroups
Ap and B), in G, then according to Lemma 2.4 we have

X (A, B)l = [] np-
plIGI
But n, equals |G, : Ap|,if Ay N B, > 1and ¢(|G), : Ap]),if Ay N B, = 1by

Proposition 3.8. Hence in all cases we have n, > ¢(|Gp, : A,|) and thus the number
of common complements of A, B in G is at least

[T ¢0Gy: A =¢( T 16, : Apl) = 001G : AD = ¢().

r11Gl rI1IGl

Similarly for A we get
|X6(A)| = [T)a)(G/A)| = |G/A| =
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complements in G by Corollary 3.7. Therefore, the desired proportionis atleast ¢ (s) /s,
as wanted. O

Notice that for each prime-power index s = p? the proportion of common com-
plements is at least 1 — 1/p > 1/2, but for general n there is no positive lower bound
since

lim inf £

n—00 n

=0
(see for example Theorem 328 in [2] for a more general result).
We can now give a quantitative version of Theorem A.

Theorem 3.10 Let G be a finite abelian p-group and let Ay, ..., A; be cyclic sub-
groups of maximal order and index s in G. Let w be the number of distinct subgroups
Q(A;) where 1 <i <t. Then

|XG (A1, ..., Al >s<1—‘”7_1). (3.1)

Proof We induce on w. If o = 1 then all A; share the same subgroup of order p.
Hence A1 N...N A; > 1 which implies that | X (A1, ..., A;)| = |Xc(A1)| = s and
thus our induction begins.

Assume now that @ > 1 and that the claim holds for smaller values of w. Without
loss of generality let Q(A,) = Q(A,41) = ... = Q(Ay) and Q(A;) # Q(A,) for
i < u. The inductive hypothesis implies

-2
X (AL Au)] > s (1 _ ‘”T)

From Proposition 3.8 we know

|XG (AL, ..., Aum1) UXG (A, ..., A < [XG (A1) U X (A
= |X6(AD| + | X6 (Aw)| — | X6 (A1, Al

=zs_s(1_§)=s(1+;).

By inclusion—exclusion, we conclude

[XG (A1, ..., AD| = X6 (AL, ..., Au_ ) N XG(Ay, ..., Ay
= X6 (A1, ..., Ay + X (AW — | X6 (AL, ..., Ay—1) U X (Ay)]

and the theorem follows. O
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As an immediate corollary we have the following.

Corollary 3.11 Let G be a finite abelian p-group and let Ay, ..., A; be cyclic sub-
groups of maximal order of G then |Xg(Ay, ... A)| > s (1 — %)

4 Proof of Theorem B

We start with the non-existence part of Theorem B.

Lemma4.1 Let A, B, C be cyclic subgroups of the finite abelian group G such that
Gr=Ay xBy=AyxCr =By xCr #1.ThenTg(A, B,C) = 0.

Proof By hypothesis, Q(G3) = {1,a,b,c} wherea € A, b € B and ¢ € C. Every
complement S of A must contain an involution, which lies either in B or in C. Hence,
S cannot be a common complement of A, B, C. |

The next theorem addresses the key configuration of Theorem B.

Theorem 4.2 Let A, B, C be cyclic subgroups of order 2" of the abelian 2-group
G = ABC. Assume further that AN B = ANC = 1 and that |A N BC| = 2™,
|B N C| = 2% for some non-negative integers k, m. In case k > 0, there is a common
complement for the three subgroups, while if k = O we have the following cases:

(i) if m =0, then A, B, C share a common complement,
(ii) if m = n, then there is no common transversal, while
(iii) if0 < m < n, there is no common complement for A, B, C, but there is a common
transversal.

Proof If k > 0, then Q2(B) = (C) and the claim follows from Corollary 3.2. Now
letk =0,thatisANB=ANC=BNC =1.

(i) Here G = A x B x C and it is easy to see that the subgroup H = (ac) x (bc)
is a common complement for A, B, C in G, where A = (a), B = (b), C = (c).

(i) This part follows from Lemma 4.1.

(iii) Finally, let 0 < m < n. We assume that a common complement H for A, B
and C exists and we will derive a contradiction. In this case, G = Cyn x Con X Cor
withr = n—m > 0 and any common complement is a group isomorphic to Co» x Cor.
Thus wehave G = H x A= H x B = H x C and so

BC=BCNG=BCNBH=Bx(BCNH).

As BC = B x C = Cy» x Can, we conclude that BC N H is a cyclic group of order
2". Now note that BC has only three involutions, namely b2, ¢~ and (bc)?"™".
Since H N B = H N C = 1, we see that the only involution in BC N H is (bc)2”71.
Similarly, since AN B = AN C = 1, the unique involution of the non-trivial cyclic
subgroup BC N A is (bc)znfl. We conclude that

be)? e ANBCNH,
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contradicting the fact that AN H = 1.

To conclude the proof, we must show that 7 (A, B, C) is non-empty. Since A N
BC = (a®'), we may assume that a* = (bc)? .

We define the map o : {0,...,2" — 1} — {0,...,2" — 1}, as

i—t
2

o(i)=1t-2"+

where 0 <t < 2" withi =t (mod 2"). We note first that 0 < iz_,' < 2™ and

| — 1
o<a(i)<(2’—1)2m+’2—r<2".

Suppose next that o (i) = o (j) with j = ' (mod 2"). Computing modulo 2, we
obtain i —t = j —t' (mod 2") and hence i — ¢ = j — t’. But then 2™ = ¢'2"
and r = t' as well as i = j. We have shown that o is a permutation. We also have

i—o(i)=—t-2"+ m Furthermore, if i = v (mod 2") then
: . (i —v)2 -1
(l—a(l))—(v—(f(v))=2—, (4.1)

Let X = {b'c°@ |ie{0,...,2" — 1} } and

2r—1
Y = U alcd? X,
j=0

We claim that Y € 7 (A, B, C).
It suffices to show that all the elements of Y are distinct (mod A), (mod B) and
(mod C), as then we would also have that |Y| = 2" - 2".
o Leta/c/?"bic®® and ac*" b?c¢®™®) € ¥ forsome j,u € {0, 1,...,2" — 1} and
i, v € [2"]. Suppose first that a/c/2" b c?D = 2" b?¢®®) (mod B). Then

@it = 2 u=Droe =@  (mod B).

Hence a/~* € ANBC and thus 2" | j —u which in turn implies that j = u. Hence
c®@=20) ¢ B andso o(v) = o (i) (mod 2"). But ¢ € Su, so i is necessarily
equal to v. Thus the elements in Y are distinct (mod B).

e Assume now that a/c¢/2"bic®® = g*c*2" pUc?®) (mod C) which implies that
a’b’ = a*b’ (mod C). Hence a/~* = b*~! (mod C), which in turn yields that
2" | j —u and thus j = u. Therefore »*/ € C ands02" | v —i. Thus v =i and
the elements of Y are distinct (mod C).

e Lastly, assume thata/c/2" b'c®® = a*c*2" b'c®® (mod A).Thenc/?"bic®® =
2" bve® (mod A) and thus ¢"(—W+o@—0@) = pv—i (mod A). So there
exists ¢ € [2™] such that

i—v=r2" (mod2") and 2"(j—u)+o(@)—o(@) =12" (mod?2").
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We conclude that
2"(j—u)=(G{—0@))— (v—0()) (mod?2").
In view of Equation (4.1) we get

_(—w@ -1

2"(j —u) >

(mod 2").
But 2" = 2"* and thus i — v = 0 (mod 2"). Soi = v. Hence 2"*(j —u) = 0
(mod 2") and so 2" | j — u which yields that j = u.

The proof is complete. O

We can now prove that a similar result to that of Corollary 2.5 holds for common
transversals of three cyclic subgroups.

Corollary 4.3 Let A, B, C be cyclic subgroups of G = ABC with ANBNC = 1.
Then A, B, C share a common transversal in G if and only if Ay, B),, C, share a
common transversal in G, for all prime divisors p of |G]|.

Proof Assume first that A p» Bp, Cp share acommon transversal T, in G, for all prime
divisors p of |G|. Then the product T = [] p Tp 1s a common transversal of A, B,
C in G, as we can easily verify. For the other direction, we first note that according
to Theorem A, common transversals always exist for three cyclic subgroups of odd
order in their product group. Hence we assume that G2 # 1 and it suffices to show
that if 7 g, (A2, B2, C2) = @ then 7 (A, B,C) = (. In view of Theorem 4.2 we
have 7 g, (A2, B2, C2) = @ if and only if Ay < B,C, while B, N Cy = 1 (after some
rearrangement of A, B, C). But A,, By, C» are all cyclic groups of the same order
with trivial intersection while their product is G, # 1 and thus G, = Ay X By =
By x C; = Ay x C,. We are therefore in the situation described in 4.1 and thus we
getTGg(A,B,C)=40. O

Theorem B is now an easy consequence of the preceding corollary.

Proof of Theorem B By Lemma 2.2, we may assume that G = ABC. Then A, B and
C are cyclic of maximal order, so they are complemented in A. If |A| is odd, then the
claim follows from Theorem A. We may assume therefore, that |A| is even. In view of
Corollary 4.3, we have that 7 (A, B, C) = ¢ if and only if 7 g, (A2, B2, C2) = 0.
But 7, (A3, B2, C2) is the empty set if and only if T x,;y (A2/Y, B2/Y, C2/Y) =0,
where X = A2B>C> and Y = Ay N By N C,. Appealing to Theorem 4.2 completes
the proof. O

5 Some more constructions
In this section, we will provide some methods to construct a common transversal for
three subgroups A, B, C of G. We start with the following generalization of Theorem

Lin [5].
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Theorem 5.1 Let By, ..., B; be subgroups of G of the same order m. Let X =
I—H:l B;, and assume that T x(By,...,By) # 0. If A < G with |A| = m and
AX = A x X, thenTg(A, By, ..., B;) #0.

Proof Clearly, in view of Lemma 2.2, we may assume that G = AX = A x X. Let
T € Tx(Bi,...,B;). Then |T| = |X|/m, while |G| = m - |X| = m? - |T|. Observe
that for every b € By, the set bT € 7 x(By, ..., By). In addition,

bT NbH'T =, for all distinct b, b’ € By, (5.1)

or else we would get bt; = bty for distinct ¢1, 1, € T, contradicting the fact that T
is a transversal for By. We write B = {by,...,b,} and A = {ay, ..., a,} and we
claim that the set

m
D = U cl,'b,‘T
i=1

is an element of 7 (A, By, ..., B;).
We first show that no two elements in D are in the same A or B;-coset for all i € [7].
Assume first that

a;bit] = ajbjtz (mod A)

for aj,a; € A, bij,b; € By and 1,1 € T. Then b;ty = bjt; (mod A) and so
b,-bj_ltl 1‘2_1 € AN X. As the latter group is trivial, we get b;jty = bz, i = j and
h=10nh by (5.1).

Regarding the cosets of B; fori € [t] we see that if
aibity = ajbjt; (mod B;),

then a,-a._l = bi_ltl_lbjlz € XN A.Soa; = aj,thatis i = j. Hence the last

congruence implies that #{ = #, (mod B;), which means that t{ = 1, since 7 €

TX(B], ceey B[)

Observe that, as no two elements in D are in the same A-coset, they are necessarily

distinct and thus |D| = m|T| = | X| equals the index of A in G, as well as that of B;

in G, for all i € [t]. We conclude that D is a common transversal for A, By, ..., B;
in G, and the theorem follows. O

As we know, if By, B are subgroups of G of the same order, then a common
transversal exists. Hence Theorem 5.1 clearly implies the following.

Corollary 5.2 Let G be an abelian group and A, B, C < G of the same order m.
Assume further that ABC = Ax BC andletT € Tc(B,C). Then D = | J!", aib;T
is a common transversal of A, B, C in ABC, where A = {a,-};":] and B = {b; };":].

The above corollary works for any three subgroups A, B, C of the same order,
without assuming that they are cyclic, but with the extra hypothesis that ABC =
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A x BC. We have not managed to relax this last hypothesis without some restrictions
on the type of A, B, C. For A, B, C cyclic subgroups we are able, in some cases, to
construct the desired common transversal as the next theorem shows.

Theorem 5.3 Let G = ABC with cyclic subgroups A, B, C of order p" where p is
an odd prime. Assume further that AN B =ANC = BNC = 1while AN BC has
order p™. Then for a, b, ¢ generators of A, B, C, respectively, witha?” " = (bc)P""
the set

T = [aibf—ic—f cielptM,je [p”]}
isinTg(A, B, C).

Proof Let A = (a) and r = n — m. Since A N BC = <a”r>, we may assume that
a?" = (bc)?" for appropriate generators b, ¢ of B and C. We argue that the set
T={a'b/~'c™/ :ie[p],jelp"l}isinTg(A, B,C).

Leta'b/=ic™/ a“bV""c™" € T for some i, u € [p"] and j,v € [p"]. Suppose that
a'b/7ic=l = a*b’" "¢V (mod B). Then a'~* = ¢/=% (mod B) and thus ¢’ " €
ANBC.Thus p” dividesi —u andsoi = u as they arein[p"].Soc¢/™" € BNC =1,
which yields that p” divides j — v and thus j = v. We see therefore that each element
in T defines a unique coset of B in G. The proof that each element in 7 defines a
unique coset of C in G is entirely analogous so we omit it and we deal next with
the case of A. The congruence here is b/ ~'¢™/ = b' ¢~ (mod A) and it yields
pU—V==1) = ¢J=¥ (mod A). Thus pU~V=(=c=U=v € AN BC = ((bo)"').
Since B N C = 1, it follows that there exists a ¢ such that

(Gj—v)—(G—u)=tp" (mod p*) and v—j=tp” (mod p").

Thus u — i = 2tp" (mod p"*) and sou —i = 0 (mod p"). It follows that i = u
asi,u € [p"]. Therefore j —v = tp” = v — j (mod p") and so 2(j —v) =0
(mod p™). As p is an odd prime we get p” | j — v forcing j = v, as wanted.

We have therefore shown that all the elements of 7" are in distinct A, B and C cosets.
Hence the elements of T are pairwise distinct while the cardinality |T| = p*'~" is
the correct one and thus 7 € 7 (A, B, C). O
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