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Abstract
We investigate the nonlinear algebra W3 generated by the 9 functionally
independent permutation-symmetric operators in the three-particle rational
quantum Calogero model. Decoupling the center of mass, we pass to a smaller
algebraW ′

3 generated by 7 operators, which fall into a spin-1 and a spin- 32 rep-
resentation of the conformal sl(2) subalgebra. The commutators of the spin- 32
generators with each other are quadratic in the spin-1 generators, with a central
term depending on the Calogero coupling. One expects this algebra to feature
three Casimir operators, and we construct the lowest one explicitly in terms of
Weyl-ordered products of the 7 generators. It is a polynomial of degree 6 in
these generators, with coefficients being up to quartic in ℏ and quadratic poly-
nomials in the Calogero coupling ℏ2g(g−1). Putting back the center of mass,
our Casimir operator for W3 is a degree-9 polynomial in the 9 generators. The
computations require the evaluation of nested Weyl orderings. The classical
and free-particle limits are also given. Our scheme can be extended to any finite
number N of Calogero particles and the corresponding nonlinear algebras WN

and W ′
N.
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1. Introduction and summary

The Calogero model [1, 2] is a workhorse of integrable systems. It is known at least since
1995 [3, 4] that the rational N-particle quantum Calogero model (based on the AN−1 ⊕A1

Coxeter system) features aW1+∞ algebra of permutation-invariant observables, namely sym-
metric polynomials in the particle coordinates andDunkl-deformedmomenta. For a fixed num-
ber N of particles, however, the polynomials of total degree larger than N can be expressed
nonlinearly through polynomials of lower degree, which turns the linear W1+∞ algebra into
a nonlinear WN algebra [5]. Furthermore, even the set of polynomials of total degree up to N
is overcomplete: their lower bound 1

2 (N+1)(N+2)− 1 is larger than the 2N degrees of free-
dom due to coordinates and momenta. Therefore, a number of classical identities relates them
algebraically. In the quantum theory, this redundancy translates to the existence of Casimir
operators for the WN algebra, one for each identity. Different representations of this quantum
commutator algebra (e.g. in terms for partial differential operators) are obtained for different
values of these Casimirs.

The two simplest invariants are the center-of-mass position andmomentum of theN-particle
system.While classically they decouple andmay be ignored, in the quantum theory they cannot
be put to zero. However, the WN algebra can still be decomposed into a center-of-mass part
(a Heisenberg algebra) and ‘relative-motion part’, which we denote by W ′

N. Once a suitable
basis for W ′

N is found, only invariants of total degree between 2 and N will occur. This does
not change the expected lower bound 1

2N(N−1) of the number of Casimir operators.
For the two-particle case (N= 2) the story is well known: besides the center-of-mass posi-

tion and momentum there are three quadratic invariants, which close to an sl(2) algebra. This
(exceptionally linear) ‘W ′

2 algebra’ is the conformal algebra in 1+0 dimensions and will occur
as a subalgebra of all higherW ′

N algebras, which will help us to restrict the structure of the lat-
ter. The single Casimir operator in this case is simply the sl(2) Casimir C2, which is of second
order in the sl(2) generators and separately quadratic in the coordinates and Dunkl momenta,
thus of total degree four. Its eigenvalue, parametrized as ℏ2g(g−1), becomes the Calogero
coupling.

In this work we analyze the situation for three particles, N= 3. After decoupling the center
of mass, we are left with the three generators of sl(2) plus four cubic invariants in a spin- 32
representation of sl(2), which together form a W ′

3 algebra. Nontrivially, two cubic invariants
commute to something quadratic in the sl(2) generators, a term linear in C2, and a central
extension (of relative order ℏ2). Only the latter feels the Calogero coupling.

We expect precisely three independent Casimir operators for this quadratic algebra. Here,
we identify C6, which is the lowest one and of degree 6 separately in the particle coordinates and
Dunkl momenta, and also of order up to 6 in the W ′

3 generators. The quantum Casimir differs
from the classical one by corrections of order ℏ2 and ℏ4, and only the quantum corrections
explicitly depend on the Calogero parameter g.

The model (and the nonlinear algebra) simplifies in two different limits. Sending the
Calogero coupling to zero produces a system of three non-interacting particles. Although
the (permutation) invariant operators then reduce to homogeneous polynomials in coordin-
ates and momenta, their algebra W ′

3

∣∣
g=0

differs from W ′
3 only in the central terms. The latter

are completely eliminated when ℏ→ 0. However, the interacting classical limit is one where
the Calogero parameter becomes large, i.e. ℏg=: ℓ is fixed so that the strength of the Calogero
potential becomes ℓ2. In this limit a complementary part of the central terms is removed, lead-
ing to W ′

3

∣∣
class

.
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Casimir operators are used to classify irreducible representations. For sl(2), the well-known
unitary continuous representations are infinite-dimensional with C2 ⩾− 1

4ℏ
2, thus paramet-

rized by g⩾ 1
2 . For our nonlinear algebraW

′
3, the eigenvalue of C6 is expected to be given by a

cubic polynomial in ℏ2g(g−1). We have evaluated this polynomial for the differential-operator
realization, pi 7→ ℏ

i ∂i and found it to be quadratic.
Finally, our methods can directly be used to find the two remaining expected Casimir oper-

ators forW ′
3. It is only a matter of extending our ansatz below to sufficiently high polynomial

order. Unfortunately, we do not yet have arguments indicating their order or further restricting
them. Also, the methods presented here straightforwardly generalize to a larger number N> 3
of particles, except that multiple sl(2) representations appear at fixed level four and higher [4].
Again, we have no clue about the order of the corresponding Casimir operators. Otherwise,
only the combinatorial complexity of the computations increases, making the use of computer
algebra indispensable.

2. Calogero invariants and their algebra

The quantum phase space of the rational N-particle Calogero model [1], defined by the
Hamiltonian

H = 1
2

∑
i

p2i +
∑
i<j

ℏ2g(g−1)

(xi−xj)2
, (2.1)

is spanned by the particle coordinates xi and their conjugate momenta pj, with i, j = 1,2, . . . ,N,
and the canonical commutator [xi,pj] = iℏδij. The particle masses have been scaled to unity,
and the only parameter is the dimensionless Calogero parameter g ∈ R. It is also useful to
introduce the center-of-mass momentum and coordinate,

P =
N∑
i=1

pi and X =
1
N

N∑
i=1

xi , (2.2)

which form a subalgebra, [X,P] = iℏ, of any WN algebra.
The standard Liouville constants of motion for any value of g can be constructed from

powers of the Dunkl operators [6, 7]

πi = pi + i
∑
j( ̸=i)

ℏg
xi−xj

sij (2.3)

where sij = sji are the two-particle permutation operators, satisfying sijxi = xjsij, sijpi = pjsij
and s2ij = 1. A set of algebraically independent Liouville integrals is given by

B0,k = res
(∑

i

πki

)
for k= 1,2, . . . ,N , (2.4)

with res(A) denoting the restriction of an operator A to the subspace of states which are totally
symmetric under any particle permutation. Because the Dunkl operators commute, [πi,πj] = 0,
it is easy to prove that the B0,k commute with one another,

[B0,k,B0,ℓ] = 0 . (2.5)

3
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The first three Liouville integrals read

B0,1 = P , B0,2 = 2H , B0,3 =
∑
i

p3i + 3
∑
i<j

ℏ2g(g−1)

(xi−xj)2
(pi+pj) , (2.6)

where P and H are given in (2.2) and (2.1), respectively. Since (2.5) contains in particular
[H,B0,k] = 0, one finds N independent involutive constants of motion. We also note the invari-
ance under the involution g↔ 1−g, since the g-dependence comes in the combination g(g−1).

Together with

B1,1 = 1
2

∑
i

(xipi+ pixi) =: D and B2,0 =
∑
i

x2i =: 2K , (2.7)

the Hamiltonian is part of an sl(2) subalgebra,

1
ℏ [D,H] = 2iH , 1

ℏ [D,K] = −2iK , 1
ℏ [K,H] = iD . (2.8)

This fact allows for the construction of many additional integrals, from which one may choose
N−1 functionally independent ones [8]. One says that the Calogero model is maximally
superintegrable.

Our goal is to investigate further the commutator algebra of permutation-invariant observ-
ables a.k.a. one-particle operators

Bk,ℓ = res
(∑

i

weyl
(
xkiπ

ℓ
i

))
(2.9)

where ‘weyl’ stands for Weyl ordering with respect to positions and momenta,

weyl
(
xkπℓ

)
= ∂k

∂αk
∂ℓ

∂βℓ e
αx+βπ

∣∣
α=β=0

⇔ eαx+βπ =
∞∑

k,ℓ=0

αk

k!
βℓ

ℓ! weyl
(
xkπℓ

)
.

(2.10)

We may organize this set of observables according to their total degree (in coordinates and
Dunkl momenta) denoted as the ‘level’ k+ℓ, and obtain an infinite pyramid

B0,0 = N

B1,0 = NX B0,1 = P

B2,0 = 2K B1,1 = D B0,2 = 2H

B3,0 B2,1 B1,2 B0,3

B4,0 B3,1 B2,2 B1,3 B0,4

· · · · · · · · · · · · · · · · · ·
(2.11)

whose rth row (starting from zero) contains the r+1 level-r operators Br,0, . . . ,B0,r.
Packaging these invariants into a generating function

B(α,β) =
∞∑

k,ℓ=0

αk

k!
βℓ

ℓ! Bk,ℓ = res
(∑

i

eαxi+βπi
)

for α,β ∈ R , (2.12)

4
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the computation of [B(α,β),B(γ,δ)] requires the Baker–Campbell–Haussdorff formula for the
SN-extended Heisenberg algebra generated by xi and πj,

1
iℏ [xi,πj] =

{
1+ ℏg

∑
k( ̸=i) sik for i = j

−ℏgsij for i 6= j

}
and others commute . (2.13)

It becomes manageable in the free-particle case g= 0, since for πi → pi one obtains∑
i,j

[
eαxi+βpi , eγxj+δpj

]
= 2i sin ℏ

2 (αδ−βγ)
∑
i

e(α+γ)xi+(β+δ)pi (2.14)

and hence the ‘sine algebra’ [9]

[B(α,β) , B(γ,δ)] = 2i sin ℏ
2 (αδ−βγ) B(α+γ,β+δ) for g= 0 , (2.15)

from which we recover the W1+∞ algebra

1
iℏ [Bk,ℓ , Bm,n] = (kn−ℓm) Bk+m−1,ℓ+n−1 +

∞∑
r=1

ℏ2rc2r+1
kℓmn Bk+m−1−2r,ℓ+n−1−2r . (2.16)

The c-coefficients are read off by matching powers,

c2r+1
kℓmn =

2r+1∑
s=0

(−1)r+s
(k)2r+1−s (ℓ)s (m)s (n)2r+1−s

22rs! (2r+1−s)!
with (x)q = x(x−1) · · ·(x−q+1) ,

(2.17)

which indeed yields c1kℓmn = kn−ℓm and

c3kℓmn =− 1
24

[
(k)3 (ℓ)0 (m)0 (n)3−3(k)2 (ℓ)1 (m)1 (n)2+3(k)1 (ℓ)2 (m)2 (n)1−(k)0 (ℓ)3 (m)3 (n)0

]
.

(2.18)

This is all we shall need for the W3 algebra at nonzero g, as we explain shortly.
Three remarks are in order. Firstly, for widely-separated particle configurations,

i.e. |xi−xj| →∞ ∀i, j, the interaction contributions to Bk,ℓ go to zero, and hence the structure
constants of our algebra cannot depend on the Calogero parameter g. The only exception is the
constant central term B0,0, which in fact will be deformed by the interaction. More precisely,
for k+m= ℓ+n=: 2s+1 an odd integer, the r= s contribution in the sum on the right-hand
side of (2.16) gets deformed,

ℏ2sc2s+1
kℓmn B0,0 ⇒ ℏ2s

(
c2s+1
kℓmn B0,0 +Pr (g(g−1))

)
(2.19)

where Ps is a polynomial of order s (times the identity). Apart from this modification, the
W1+∞ algebra (2.16) computed for the free case is also valid for the Calogero system. In
other words, turning on the coupling g deforms the W1+∞ algebra (2.16) with (2.17) only
as indicated in (2.19). Secondly, rows one and two in (2.11) play a distinguished role. Their
commutators with any Bk,ℓ are exactly given by

5
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1
iℏ [B1,0,Bm,n] = nBm,n−1 ,

1
iℏ [B0,1,Bm,n] =−mBm−1,n ,

1
iℏ [B2,0,Bm,n] = 2nBm+1,n−1 ,

1
iℏ [B1,1,Bm,n] = (n−m) Bm,n , 1

iℏ [B0,2,Bm,n] =−2mBm−1,n+1 .

(2.20)

This shows that the level-one operators form the center-of-mass Heisenberg algebra,
[B1,0,B0,1] = iℏB0,0, and that the level-2 operators are level preserving and span the above-
mentioned sl(2) subalgebra, in which B1,1 = D is the grading operator (measuring the position
of columns in (2.11)). As a consequence, the rth row in (2.11) furnishes a spin- r2 representation
of sl(2), giving us an sl(2) decomposition of theW1+∞ algebra4. Thirdly, if we fix the particle
number N then all operators Bk,ℓ of level k+ℓ>N will be algebraically dependent on those
of level k+ℓ≤ N. For N⩾ 3 however, the commutators of lower-level operators produce such
dependent operators in the algebra. Expressing them in terms of polynomials of lower-level
operators will turn theW1+∞ algebra into a nonlinearWN algebra, which continues to respect
the sl(2) substructure. In this way, theWN algebra emerges from the Heisenberg algebra of the
constituent particle coordinates and momenta.

3. A W3 algebra

As a warm-up, let us recall the two-particle case, N= 2, which is still linear. Its invariants are
given by rows one and two in (2.11). Their span W2 is the above-mentioned sl(2) conformal
subalgebra together with a spin- 12 representation. Yet, inside the universal enveloping algebra
the center-of-mass parts represented by the first row may be decoupled: the combinations

B ′
2,0 = B2,0− 1

2B1,0B1,0 , B ′
1,1 = B1,1− 1

4 (B1,0B0,1+B0,1B1,0) , B ′
0,2 = B0,2− 1

2B0,1B0,1

(3.1)

continue to form an sl(2) algebra but commute with the center-of-mass parts B1,0 and B0,1,[
B1,0,B

′
k,ℓ

]
= 0 =

[
B0,1,B

′
k,ℓ

]
for k+ℓ= 2 , (3.2)

allowing us to decompose W2 =W ′
2 ⊕W1 = sl(2)⊕H, where H denotes the Heisenberg

algebra. Such a decoupling will also be achieved for N= 3 and brings a significant simpli-
fication, since the center-of-mass operators may be ignored henceforth. Nevertheless, there is
one more invariant operator than phase-space degrees of freedom, hinting at the existence of
a Casimir operator. Clearly, the latter is given by the standard sl(2) Casimir,

C2 = 2(K ′H ′ +H ′K ′)−D ′2 = 1
2

(
B ′
2,0B

′
0,2 +B ′

0,2B
′
2,0

)
−B ′2

1,1 . (3.3)

Indeed, classically C2 = 0 (free bosons or fermions) but quantum mechanically one may
parametrize

C2 = ℏ2g(g−1) for g ∈ R (3.4)

since unitarity demands that C2 ⩾− 1
4ℏ

2. This value is realized precisely by the Dunkl deform-
ation (2.3), which gives rise to the Calogero potential in the Hamiltonian (2.1)!More generally,
turning on the Calogero coupling in the free theory will deform all invariant operators Bk,ℓ with
k≤ ℓ (though not B1,1).

4 See also [4, 10].
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Let us now turn to the three-particle system, for which we have seven independent sym-
metric operators,

B1,0 , B0,1 ; B2,0 , B1,1 , B0,2 ; B3,0 , B2,1 , B1,2 , B0,3 . (3.5)

The r= 3 invariants take the form5

B3,0 =
∑
i

x3i , B2,1 =
∑
i

weyl
(
x2i pi

)
= 1

2

∑
i

(
x2i pi + pi x

2
i

)
=

∑
i

xi pi xi ,

B1,2 =
∑
i

weyl
(
xi p

2
i

)
+
∑
i<j

ℏ2g(g−1)

(xi−xj)2
(xi+xj) , B0,3 =

∑
i

p3i + 3
∑
i<j

ℏ2g(g−1)

(xi−xj)2
(pi+pj) .

(3.6)

In search of a Casimir operator we will deal with the universal enveloping algebra U(W3) and
thus have to settle on an ordering convention for the generators Bk,ℓ. The most natural choice
is Weyl ordering,

Weyl(A1A2 · · ·Aq) := ∂
∂α1

· · · ∂
∂αq

eα1A1+...+αqAq
∣∣
α⃗=0

= 1
q!

∑
σ∈Sq

Aσ(1)Aσ(2) · · ·Aσ(q) for As ∈ {Bk,ℓ} , (3.7)

where the sum runs over all permutations σ of the symmetric group Sq. It is important to
note that this Weyl ordering does not refer to positions and momenta, but only to the operat-
ors Bk,ℓ themselves, so it differs from the one introduced before! To streamline notation, we
abbreviate6

Bk,ℓ =: (kℓ) and Weyl(Bk,ℓBm,n . . .Bs,t) =: (kℓ|mn| . . . |st) . (3.8)

The N= 3 system adds the row r= 3 to the previous algebra, which transforms in a spin- 32
representation of the conformal sl(2). The only nontrivial commutators are those of level-3
operators with each other, which we display in table 1. We see that the Calogero coupling
explicitly appears only in the central terms. The level-4 operators are expressed in terms of
lower-level invariants,

(40) = 4
3 (30|10)+

1
2 (20|20)− (20|10|10)+ 1

6 (10|10|10|10) ,

(31) = 1
3 (30|01)+ (21|10)+ 1

2 (20|11)−
1
2 (20|10|01)−

1
2 (11|10|10)+

1
6 (10|10|10|01) ,

(22) = 2
3 (21|01)+

1
6 (20|02)+

2
3 (12|10)+

1
3 (11|11)−

1
6 (20|01|01)

− 2
3 (11|10|01)−

1
6 (10|10|02)+

1
6 (10|10|01|01) ,

(13) = (12|01)+ 1
2 (11|02)+

1
3 (10|03)−

1
2 (11|01|01)−

1
2 (10|02|01)+

1
6 (10|01|01|01) ,

(04) = 4
3 (03|01)+

1
2 (02|02)− (02|01|01)+ 1

6 (01|01|01|01) . (3.9)

With this input, table 1 becomes the nonlinear commutation relations of a W3 algebra.

5 At the cubic level, all symmetric orderings agree. This no longer holds for quartic invariants.
6 To illustrate this Weyl ordering, (21|10) = 1

2
(B2,1B1,0 +B1,0B2,1), for example.
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Table 1. Nontrivial commutators of W3.

1
iℏ [Bk,ℓ,Bm,n] (30) (21) (12) (03)

(30) 0 3(40) 6(31)
9(22)− 3

2ℏ
2(00)

+9ℏ2g(g−1)

(21) −3(40) 0
3(22)+ 1

2ℏ
2(00)

6(13)−3ℏ2g(g−1)

(12)
−6(31) −3(22)− 1

2ℏ
2(00)

0 3(04)
+3ℏ2g(g−1)

(03)
−9(22)+ 3

2ℏ
2(00) −6(13) −3(04) 0−9ℏ2g(g−1)

Once we have restricted ourselves to the set {(10),(01); (20),(11),(02); (30),(21),(12),
(03)}, it is straightforward to construct unique nonlinear combinations which commute with
{(10),(01)}:

B ′
2,0 ≡ (20) ′ = (20)− 1

3 (10|10) ,
B ′
1,1 ≡ (11) ′ = (11)− 1

3 (10|01) ,
B ′
0,2 ≡ (02) ′ = (02)− 1

3 (01|01) ,
B ′
3,0 ≡ (30) ′ = (30)− (20|10)+ 2

9 (10|10|10) ,

B ′
2,1 ≡ (21) ′ = (21)− 1

3 (20|01)−
2
3 (11|10)+

2
9 (10|10|01) ,

B ′
1,2 ≡ (12) ′ = (12)− 2

3 (11|01)−
1
3 (10|02)+

2
9 (10|01|01) ,

B ′
0,3 ≡ (03) ′ = (03)− (02|01)+ 2

9 (01|01|01) .

(3.10)

The decoupled operators {(kℓ) ′} with k+ℓ= 2 or 3 span the smaller algebra W ′
3. Its com-

mutators involving level-2 operators remain unchanged, but the nontrivial level-3 commutat-
ors get modified. This is a nontrivial computation, because resolving (kℓ) in terms of (kℓ) ′

via (3.10) and inserting this into (3.9) yields Weyl-ordered products as factors inside another
Weyl-ordered product, which then has to be re-expressed in terms of Weyl-ordered products
of the original operators and their iterated commutators. In particular, one has to employ(

a
∣∣(b|c)) = (a|b|c)+ 1

12 {[[a,b] ,c] + [[a,c] ,b]} ,(
a
∣∣b∣∣(c|d)) = (a|b|c|d)+ 1

12

{(
a
∣∣ [[b,c] ,d])+ (

a
∣∣ [[b,d] ,c])+ (

[a,c]
∣∣ [b,d])+ (a↔ b)

}
,(

a
∣∣(b|c|d)) = (a|b|c|d)+ 1

12

{(
b
∣∣ [[a,c] ,d])+ (

b
∣∣ [[a,d] ,c])+ cyclic in(b,c,d)

}
,(

(a|b)
∣∣(c|d)) = (a|b|c|d)+ 1

12

{(
a
∣∣ [[b,c] ,d])+ (

a
∣∣ [[b,d] ,c])+ (

b
∣∣ [[a,c] ,d])

+
(
b
∣∣ [[a,d] ,c])+ ( a↔c

b↔d

)}
+ 1

4

{(
[a,c]

∣∣ [b,d])+ (
[a,d]

∣∣[b,c])} ,

(3.11)

where (a↔b)means adding a copy of all previous terms with a and b interchanged, and ‘cyc-
lic in (b,c,d)’ instructs to add to each previous term two more obtained by cyclicly permuting

8
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Table 2. Nontrivial commutators of W ′
3.

1
iℏ [B ′

k,ℓ,B
′
m,n] (30) ′ (21) ′ (12) ′ (03) ′

(30) ′ 0 1
2 (20|20)

′ (20|11) ′ − 3
2 (20|02)

′ + 3(11|11) ′
+ℏ2[9g(g−1)− 4]

(21) ′ − 1
2 (20|20)

′ 0
5
6 (20|02)

′ − 1
3 (11|11)

′
(11|02) ′−ℏ2[3g(g−1)− 4

3 ]

(12) ′ −(20|11) ′ − 5
6 (20|02)

′ + 1
3 (11|11)

′
0 1

2 (02|02)
′

+ℏ2[3g(g−1)− 4
3 ]

(03) ′
3
2 (20|02)

′ − 3(11|11) ′ −(11|02) ′ − 1
2 (02|02)

′ 0−ℏ2[9g(g−1)− 4]

the labels b, c and d. One sees that recasting the iterated Weyl ordering to simple Weyl order-
ing always produces two commutators, i.e. quantum corrections of order ℏ2. After putting
(00) = 3, the result is displayed in table 2, where we use the short-hand (kℓ|mn| . . . |st) ′ :=
Weyl(B ′

k,ℓB
′
m,n . . .B

′
s,t).

It is revealing to rewrite the W ′
3 algebra in sl(2) covariant notation. To this end, we relabel

the generators such as to bring out their sl(2) transformation properties,

(20) ′ =
√
8J−1 , (11) ′ = 2J0 , (02) ′ =

√
8J+1 ,

(30) ′ = 2K−3/2 , (21) ′ = 2√
3
K−1/2 , (12) ′ = 2√

3
K+1/2 , (03) ′ = 2K+3/2 .

(3.12)

The spin-1 representation {Ji} with i ∈ {−1,0,1} and the spin- 32 one {Kα} with α ∈
{− 3

2 ,−
1
2 .

1
2 ,

3
2} feature standard descent chains,

1
iℏadJ−1 : J+1 7→ J0 7→ J−1 7→ 0

and K+3/2 7→
√

3
2 K+1/2 7→

√
3K1/2 7→ 3√

2
K−3/2 7→ 0 , (3.13)

and J0 has been normalized to obtain its conventional eigenvalues,

1
iℏadJ0 : Ji 7→ i Ji and Kα 7→ αKα . (3.14)

The free system (g(g−1) = 0) also features a symplectic conjugation,

x†i = pi , p†i =−xi ⇒ B†
k,ℓ = (−1)ℓBℓ,k , (3.15)

thus

J†0 =−J0 , J†±1 = J∓1 and K†
±3/2 =∓K∓3/2 , K†

±1/2 =±K∓1/2 , (3.16)

which is broken by the interaction.
The part of the W ′

3 algebra involving the spin-1 generators is standard,

1
iℏ [Ji,Jk] = f ℓik Jℓ and 1

iℏ [Ji,Kα] = f βiαKβ , (3.17)

9
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Table 3. NontrivialW ′
3 commutators in sl(2) covariant notation.

1
iℏ [Kα,Kβ ] K3/2 K1/2 K−1/2 K−3/2

K3/2 0 −
√
3(J+1|J+1) −

√
6(J+1|J0)

−(J+1|J−1)− (J0|J0)
− 1

2C2 − ℏ2[ 94g(g−1)−1]

K1/2

√
3(J+1|J+1) 0

−(J+1|J−1)− (J0|J0) −
√
6(J0|J−1)+ 1

2C2 + ℏ2[ 94g(g−1)−1]

K−1/2
√
6(J+1|J0)

(J+1|J−1)+ (J0|J0) 0 −
√
3(J−1|J−1)− 1

2C2 − ℏ2[ 94g(g−1)−1]

K−3/2
(J+1|J−1)+ (J0|J0) √

6(J0|J−1)
√
3(J−1|J−1) 0

+ 1
2C2 + ℏ2[ 94g(g−1)−1]

where {f ℓik} are the sl(2) structure constants and {f βiα} give the components of the spin- 32 rep-
resentationmatrices fi. The [K,K] commutators are more interesting. Their left-hand side trans-
forms in an antisymmetric tensor-square of the spin- 32 representation, while the right-hand side
sits in a symmetric tensor-square of the adjoint (spin-1) representation. Both sides match,[

3
2 ⊗

3
2

]
A

= 2⊕ 0 = [1⊗ 1]S , (3.18)

and hence the [K,K] commutator provides a spin-2 representation {LA} with A ∈
{−2,−1,0,1,2} and a singlet, which must be a linear combination of the sl(2) Casimir C2

and a central term ∈ R. The descent chain for the spin-2 representation reads

1
iℏadJ−1 :

(J+1|J+1) 7→ 2(J+1|J0) 7→ 2{(J+1|J−1)+ (J0|J0)} 7→ 6(J0|J−1) 7→ 6(J−1|J−1) 7→ 0 ,
(3.19)

which is orthogonal to the Casimir singlet

C2 = (20|02) ′ − (11|11) ′ = 8
(
J+1

∣∣J−1
)
− 4

(
J0
∣∣J0) . (3.20)

Altogether, table 2 is then reassembled in table 3, which nicely demonstrates that the quantum
corrections are sl(2) invariant and spanned by C2 and a g-dependent central part. In a nutshell,
the commutator reads

1
iℏ [Kα,Kβ ] = f Aαβ LA+ ϵαβ

(
1
2 C2 + ℏ2

[
9
4g(g−1)−1

])
= fi kαβ (Ji|Jk)+ ϵαβ

(
1
2 C2 + ℏ2

[
9
4g(g−1)−1

])
, (3.21)

where f Aαβ are the coupling coefficients for 3
2 ⊗

3
2 7→ 2, and f i kαβ = fAαβ f

i k
A couples

[
3
2 ⊗

3
2

]
A

directly to the traceless quadratic form
[
1⊗ 1− trace

]
S
. The singlet 3

2 ⊗
3
2 7→ 0 provides an

antisymmetric metric ϵαβ =±δα+β,0 in the spin- 32 module.
How rigid is this algebra? One is of course free to an overall rescaling of {Ji} and also

of {Kα}, which we have employed to normalize {f ℓik} and {fi kαβ}. The matrices ( fi)
β
α are then

fixed by representation theory, as well as the antisymmetric ‘metric’ ϵαβ . Hence, the sl(2)
decomposition of our algebra determines almost all structure constants of our algebra. The
only a priori undetermined part is the singlet piece, i.e. the coefficients between the round

10
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brackets in (3.21). Incidentally, both the quantum (ℏ) and the Calogero (g) deformation from
the free classical Poisson algebra, 1

iℏ [., .]→{., .}, appear only in this place.

4. A Casimir operator

The key task of this work is the construction of a Casimir operator for the nonlinear algebra
W ′

3 and thus also for W3. It is clear that C2 cannot do the job since it does not commute with
the level-3 operators. Trial and error shows that the smallest candidate for such a Casimir
operator must be a polynomial in B ′

k,ℓ of degree at least six, with components transforming in
representations of sl(2)-spin up to six or more. Ignoring any quantum corrections, i.e. setting
ℏ= 0 for the moment, the most general ansatz for such a Casimir operator of (minimal) level
12 reads

Cclass
6 := αT ′6

66 +βT ′5
66 + γT ′4

66 with α,β,γ ∈ R , (4.1)

where T ′6
66 is a linear combination ofWeyl-symmetrized products of six level-2 operators, T ′5

66 is
a linear combination ofWeyl-symmetrized products of three level-2 and two level-3 operators,
and T ′4

66 is a linear combination ofWeyl-symmetrized products of four level-3 operators, in such
a way that their first index (k) adds up to 6, as well as their second index (ℓ). This equality
ensures that the ansatz commutes with (11) ′. One may count that T ′6

66 is composed of 4 terms,
T ′5
66 is made of 16 terms, and T ′4

66 comprises 5 terms. Because the adjoint action of level-2
operators is level-preserving, commutators with (20) ′ or (02) ′ do not relate the three pieces
in the ansatz (4.1). Therefore, the requirements[

(20) ′ ,T ′s
66

]
=

[
(02) ′ ,T ′s

66

]
= 0 for s= 6,5,4 (4.2)

can be used to fix the relative coefficients of the various contributions inside each T ′s
66. The

solution of this linear problem is unique (up to scale) for s= 6 and s= 4, but leaves a one-
parameter family (plus overall scale) for s= 5. Further conditions from vanishing commutators
with level-3 operators will remove this ambiguity. Anticipating this result, as an intermediate
concretization we obtain

T ′6
66 = (20|20|20|02|02|02) ′ − 3 (20|20|11|11|02|02) ′ + 3 (20|11|11|11|11|02) ′

− (11|11|11|11|11|11) ′ ,

T ′5
66 = (30|30|02|02|02) ′ − 6 (30|21|11|02|02) ′ + 6 (30|20|12|02|02) ′ − 6 (30|20|11|03|02) ′

+ 4 (30|11|11|11|03) ′ − 3 (21|21|20|02|02) ′ + 12 (21|21|11|11|02) ′ + 6 (21|20|20|03|02) ′

− 6 (21|20|12|11|02) ′ − 12 (21|12|11|11|11) ′ +(20|20|20|03|03) ′ − 3 (20|20|12|12|02) ′

− 6 (20|20|12|11|03) ′ + 12 (20|12|12|11|11) ′ ,

T ′4
66 = (30|30|03|03) ′ − 6 (30|21|12|03) ′ + 4 (30|12|12|12) ′ + 4 (21|21|21|03) ′

− 3 (21|21|12|12) ′ , (4.3)

where the overall scale of each T ′s
66 was fixed such that the first term has weight 1. Of the 16

possible terms for T ′5
66 only 14 appear, because the vanishing condition for the commutators

with level-3 operators will enforce zero weight for (30|12|11|11|02) ′ and (21|20|11|11|03) ′.

11
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Since adding a single level-3 operator suffices to generate the full W ′
3 algebra from sl(2),

we only need to impose the vanishing of [Cclass
6 ,(30) ′]. For the classical result, the ordering

inside operator products is irrelevant, and so we may ignore the reordering issues displayed
in (3.11). Employing the classical part of table 2, this commutator generates the following
linear combinations (indicated by ‘&’),

1
iℏ
[
T ′6
66,(30)

′] ℏ=0−→ T ′6
85 ,

1
iℏ
[
T ′5
66,(30)

′] ℏ=0−→ T ′5
85 & T ′6

85 ,
1
iℏ
[
T ′4
66,(30)

′] ℏ=0−→ T ′5
85 ,

(4.4)

and no terms of the form T ′4
85. Cancellation of all resulting structures on the right-hand side is

an overdetermined linear problem, which however has a unique (up to scale) solution,

(α,β,γ) = (6,9,−54) . (4.5)

The expression Cclass
6 in (4.1) hence Poisson-commutes with all generators ofW ′

3. We note that
this result does not see the g dependence of table 2 or table 3.

Let us then turn on ℏ and take into account the quantum corrections. This is much more
complicated, mostly due to the Weyl reordering à la (3.11). However now we require formulæ
for

(
a
∣∣b∣∣c∣∣(d|e)) and (a∣∣b∣∣c∣∣d∣∣(e|f)), which we refrain from displaying here. Furthermore, the

quantum corrections to the commutators 1
iℏ
[
T ′s
66,(30)

′] are g-dependent and of lower degree
in the (kℓ) ′,

1
iℏ

[
T ′5
66,(30)

′
]
−→ T ′5

85 & T ′6
85 & ℏ2T ′4

63 & ℏ4T ′2
41 ,

1
iℏ

[
T ′4
66,(30)

′
]
−→ T ′5

85 & ℏ2T ′3
63 & ℏ4T ′2

41. (4.6)

Clearly, already theO(ℏ2) contributions cannot cancel between T ′5
66 and T

′6
66, making a quantum

deformation of the classical Casimir operator (4.1) unavoidable,

Cquant
6 := αT ′6

66 +βT ′5
66 + γT ′4

66 + δℏ2T ′4
44 + ϵℏ2T ′3

44 + ζ ℏ4T ′2
22 , (4.7)

in obvious notation andwith threemore coefficients (δ,ϵ,ζ) to be determined.More explicitly,

T ′4
44 = (20|20|02|02) ′ − 2 (20|11|11|02) ′ +(11|11|11|11) ′ ,

T ′3
44 = (30|12|02) ′ − (30|11|03) ′ − (21|21|02) ′ +(21|20|03) ′ +(21|12|11) ′ − (20|12|12) ′,

T ′2
22 = (20|02) ′ − (11|11) ′ . (4.8)

Meticulous computations of the commutators 1
iℏ
[
T ′s
44,(30)

′] and 1
iℏ
[
T ′2
22,(30)

′] produce
1
iℏ

[
T ′4
44,(30)

′] −→ T ′4
63 , 1

iℏ
[
T ′3
44,(30)

′] −→ T ′4
63 & T ′3

63 & ℏ2T ′2
41 , 1

iℏ
[
T ′2
22,(30)

′] −→ T ′2
41 , (4.9)

which can be matched in structure with (4.6). Still, the system of vanishing commutator
equations is overdetermined, but miraculously it admits the solution(

α,β,γ,δ,ϵ,ζ
)
=(

6 , 9 ,−54 , 207− 108g(g−1) , 648− 324g(g−1) , 709− 1656g(g−1)+ 486g2(g−1)2
)
.

(4.10)

12
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With these coefficient values, the degree-6 polynomial (in B ′
k,ℓ) given in (4.7) together

with (4.3) and (4.8) commutes with all generators of W ′
3 and is thus a first Casimir operator

of that algebra. Combining the previous formulæ and abbreviating g(g−1) = λ, in a single
expression it reads

Cquant
6 = 6

{
(20|20|20|02|02|02) ′ − 3 (20|20|11|11|02|02) ′ + 3 (20|11|11|11|11|02) ′

− (11|11|11|11|11|11) ′
}
+ 9

{
(30|30|02|02|02) ′ − 6 (30|21|11|02|02) ′

+ 6 (30|20|12|02|02) ′ − 6 (30|20|11|03|02) ′ + 4 (30|11|11|11|03) ′

− 3 (21|21|20|02|02) ′ + 12 (21|21|11|11|02) ′ + 6 (21|20|20|03|02) ′

− 6 (21|20|12|11|02) ′ − 12 (21|12|11|11|11) ′ +(20|20|20|03|03) ′

− 3 (20|20|12|12|02) ′ − 6 (20|20|12|11|03) ′ + 12 (20|12|12|11|11) ′
}

− 54
{
(30|30|03|03) ′ − 6 (30|21|12|03) ′ + 4 (30|12|12|12) ′ + 4 (21|21|21|03) ′

− 3 (21|21|12|12) ′
}

+ 9(23−12λ)ℏ2
{
(20|20|02|02) ′ − 2(20|11|11|02) ′ +(11|11|11|11) ′

}
+ 324(2−λ)ℏ2

{
(30|12|02) ′ − (30|11|03) ′ − (21|21|02) ′ +(21|20|03) ′

+(21|12|11) ′ − (20|12|12) ′
}
+(709−1656λ+486λ2)ℏ4

{
(20|02) ′ − (11|11) ′

}
.

(4.11)

In addition, it provides a Casimir operator for the bigger algebraW3 (including the center-
of-mass operators) upon inserting (3.10) and again Weyl reordering. This form was obtained
using Mathematica and is displayed in the appendix below. On the Calogero wave functions,
the operators Bk,ℓ are realized by partial differential operators. In this differential-operator
realization of the W3 algebra, putting pi 7→ ℏ

i ∂i, our Casimir operator is proportional to the
identity, taking the following value,

Cquant
6 7→

(
144+ 216λ− 1215λ2

)
ℏ6 with λ= g(g−1) . (4.12)
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Appendix

Putting back the unprimed operators (3.10) into (4.11) and Weyl-reordering we get

Cquant
6 = 3T9

66 − 3T8
66 + 9T7

66 − 3T6
66 + 9T5

66 − 54T4
66

− 9
2ℏ

2T6
44 + 27ℏ2T5

44 − 9
2ℏ

2T4
44 + 54ℏ2T3

44

− 27
8 ℏ

4T3
22 +

81
8 ℏ

4T2
22 + ℏ6T0

00 . (A.1)

The individual contributions are as follows,

T9
66 = (20|20|20|01|01|01|01|01|01)− 6(20|20|11|10|01|01|01|01|01)

+ 3(20|20|10|10|02|01|01|01|01)+ 12(20|11|11|10|10|01|01|01|01)
− 12(20|11|10|10|10|02|01|01|01)+ 3(20|10|10|10|10|02|02|01|01)
− 8(11|11|11|10|10|10|01|01|01)+ 12(11|11|10|10|10|10|02|01|01)
− 6(11|10|10|10|10|10|02|02|01)+ (10|10|10|10|10|10|02|02|02) , (A.2)

T8
66 = (30|30|01|01|01|01|01|01)− 6(30|21|10|01|01|01|01|01)− 6(30|20|11|01|01|01|01|01)

+ 6(30|20|10|02|01|01|01|01)+ 6(30|12|10|10|01|01|01|01)+ 12(30|11|11|10|01|01|01|01)
− 18(30|11|10|10|02|01|01|01)− 2(30|10|10|10|03|01|01|01)+ 6(30|10|10|10|02|02|01|01)
+ 9(21|21|10|10|01|01|01|01)+ 6(21|20|20|01|01|01|01|01)− 6(21|20|11|10|01|01|01|01)
− 6(21|20|10|10|02|01|01|01)− 18(21|12|10|10|10|01|01|01)− 12(21|11|11|10|10|01|01|01)
+ 30(21|11|10|10|10|02|01|01)+ 6(21|10|10|10|10|03|01|01)− 12(21|10|10|10|10|02|02|01)
+ 6(20|20|20|02|01|01|01|01)− 12(20|20|12|10|01|01|01|01)− 6(20|20|11|11|01|01|01|01)
− 24(20|20|11|10|02|01|01|01)+ 6(20|20|10|10|03|01|01|01)+ 12(20|20|10|10|02|02|01|01)
+ 30(20|12|11|10|10|01|01|01)− 6(20|12|10|10|10|02|01|01)+ 24(20|11|11|11|10|01|01|01)
+ 12(20|11|11|10|10|02|01|01)− 18(20|11|10|10|10|03|01|01)− 24(20|11|10|10|10|02|02|01)
+ 6(20|10|10|10|10|03|02|01)+ 6(20|10|10|10|10|02|02|02)+ 9(12|12|10|10|10|10|01|01)
− 12(12|11|11|10|10|10|01|01)− 6(12|11|10|10|10|10|02|01)− 6(12|10|10|10|10|10|03|01)
+ 6(12|10|10|10|10|10|02|02)− 24(11|11|11|11|10|10|01|01)+ 24(11|11|11|10|10|10|02|01)
+ 12(11|11|10|10|10|10|03|01)− 6(11|11|10|10|10|10|02|02)− 6(11|10|10|10|10|10|03|02)
+ (10|10|10|10|10|10|03|03) , (A.3)

T7
66 = 3(30|30|02|01|01|01|01)− 6(30|21|11|01|01|01|01)− 12(30|21|10|02|01|01|01)

− 2(30|20|12|01|01|01|01)− 10(30|20|11|02|01|01|01)+ 2(30|20|10|03|01|01|01)
+ 10(30|20|10|02|02|01|01)+ 16(30|12|11|10|01|01|01)+ 4(30|12|10|10|02|01|01)
+ 8(30|11|11|11|01|01|01)− 4(30|11|11|10|02|01|01)− 10(30|11|10|10|03|01|01)
− 6(30|11|10|10|02|02|01)+ 2(30|10|10|10|03|02|01)+ 2(30|10|10|10|02|02|02)
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+ 5(21|21|20|01|01|01|01)+ 8(21|21|11|10|01|01|01)+ 14(21|21|10|10|02|01|01)
+ 10(21|20|20|02|01|01|01)− 14(21|20|12|10|01|01|01)− 4(21|20|11|11|01|01|01)
− 2(21|20|11|10|02|01|01)+ 4(21|20|10|10|03|01|01)− 14(21|20|10|10|02|02|01)
− 26(21|12|11|10|10|01|01)− 14(21|12|10|10|10|02|01)− 16(21|11|11|11|10|01|01)
+ 32(21|11|11|10|10|02|01)+ 16(21|11|10|10|10|03|01)− 6(21|11|10|10|10|02|02)
− 2(21|10|10|10|10|03|02)+ 2(20|20|20|03|01|01|01)+ 2(20|20|20|02|02|01|01)
− 6(20|20|12|11|01|01|01)− 14(20|20|12|10|02|01|01)− 4(20|20|11|11|02|01|01)
− 6(20|20|11|10|03|01|01)− 4(20|20|11|10|02|02|01)+ 10(20|20|10|10|03|02|01)
+ 2(20|20|10|10|02|02|02)+ 14(20|12|12|10|10|01|01)+ 32(20|12|11|11|10|01|01)
− 2(20|12|11|10|10|02|01)− 12(20|12|10|10|10|03|01)+ 10(20|12|10|10|10|02|02)
+ 2(20|11|11|11|11|01|01)+ 8(20|11|11|11|10|02|01)− 4(20|11|11|10|10|03|01)
− 4(20|11|11|10|10|02|02)− 10(20|11|10|10|10|03|02)+ 3(20|10|10|10|10|03|03)
+ 8(12|12|11|10|10|10|01)+ 5(12|12|10|10|10|10|02)− 16(12|11|11|11|10|10|01)
− 4(12|11|11|10|10|10|02)− 6(12|11|10|10|10|10|03)− 4(11|11|11|11|11|10|01)
+ 8(11|11|11|10|10|10|03)+ 2(11|11|11|11|10|10|02) , (A.4)

T6
66 = 8(30|30|03|01|01|01)+ 21(30|30|02|02|01|01)− 24(30|21|12|01|01|01)

− 84(30|21|11|02|01|01)− 24(30|21|10|03|01|01)− 42(30|21|10|02|02|01)
− 24(30|20|12|02|01|01)− 30(30|20|11|03|01|01)− 12(30|20|11|02|02|01)
+ 54(30|20|10|03|02|01)+ 12(30|20|10|02|02|02)+ 48(30|12|12|10|01|01)
+ 96(30|12|11|11|01|01)+ 24(30|12|11|10|02|01)− 24(30|12|10|10|03|01)
+ 30(30|12|10|10|02|02)+ 12(30|11|11|11|02|01)− 36(30|11|11|10|03|01)
− 12(30|11|11|10|02|02)− 30(30|11|10|10|03|02)+ 8(30|10|10|10|03|03)
+ 16(21|21|21|01|01|01)+ 66(21|21|20|02|01|01)− 24(21|21|12|10|01|01)
− 12(21|21|11|11|01|01)+ 144(21|21|11|10|02|01)+ 48(21|21|10|10|03|01)
− 9(21|21|10|10|02|02)+ 30(21|20|20|03|01|01)+ 12(21|20|20|02|02|01)
− 54(21|20|12|11|01|01)− 138(21|20|12|10|02|01)+ 12(21|20|11|11|02|01)
+ 24(21|20|11|10|03|01)− 36(21|20|11|10|02|02)− 24(21|20|10|10|03|02)
− 24(21|12|12|10|10|01)− 132(21|12|11|11|10|01)− 54(21|12|11|10|10|02)
− 24(21|12|10|10|10|03)− 24(21|11|11|11|11|01)+ 36(21|11|11|11|10|02)
+ 96(21|11|11|10|10|03)+ 12(20|20|20|03|02|01)− 2(20|20|20|02|02|02)
− 9(20|20|12|12|01|01)− 36(20|20|12|11|02|01)− 42(20|20|12|10|03|01)
+ 12(20|20|12|10|02|02)− 12(20|20|11|11|03|01)+ 6(20|20|11|11|02|02)
− 12(20|20|11|10|03|02)+ 21(20|20|10|10|03|03)+ 144(20|12|12|11|10|01)
+ 66(20|12|12|10|10|02)+ 36(20|12|11|11|11|01)+ 12(20|12|11|11|10|02)
− 84(20|12|11|10|10|03)− 6(20|11|11|11|11|02)+ 12(20|11|11|11|10|03)
+ 16(12|12|12|10|10|10)− 12(12|12|11|11|10|10)− 24(12|11|11|11|11|10)
+ 2(11|11|11|11|11|11) , (A.5)
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T566 = 12(30|30|03|02|01)+ (30|30|02|02|02)− 36(30|21|12|02|01)− 24(30|21|11|03|01)
− 6(30|21|11|02|02)− 12(30|21|10|03|02)− 12(30|20|12|03|01)+ 6(30|20|12|02|02)
− 6(30|20|11|03|02)+ 12(30|20|10|03|03)+ 48(30|12|12|11|01)+ 24(30|12|12|10|02)
− 24(30|12|11|10|03)+ 4(30|11|11|11|03)+ 24(21|21|21|02|01)+ 24(21|21|20|03|01)
− 3(21|21|20|02|02)− 24(21|21|12|11|01)− 12(21|21|12|10|02)+ 48(21|21|11|10|03)
+ 12(21|21|11|11|02)+ 6(21|20|20|03|02)− 12(21|20|12|12|01)− 36(21|20|12|10|03)
− 6(21|20|12|11|02)− 24(21|12|12|11|10)− 12(21|12|11|11|11)+ (20|20|20|03|03)
− 3(20|20|12|12|02)− 6(20|20|12|11|03)+ 24(20|12|12|12|10)+ 12(20|12|12|11|11) ,

(A.6)

T466 = (30|30|03|03)− 6(30|21|12|03)+ 4(30|12|12|12)+ 4(21|21|21|03)− 3(21|21|12|12) ,

(A.7)

T644 = (20|20|01|01|01|01)− 4(20|11|10|01|01|01)+ 2(20|10|10|02|01|01)
+ 4(11|11|10|10|01|01)− 4(11|10|10|10|02|01)+ (10|10|10|10|02|02) , (A.8)

T544 = (20|20|02|01|01)− (20|11|11|01|01)− 2(20|11|10|02|01)+ (20|10|10|02|02)
+ 2(11|11|11|10|01)− (11|11|10|10|02) , (A.9)

T444 = 4(17−6λ)(30|12|01|01)− 4(17−6λ)(30|11|02|01)− 4(17−6λ)(30|10|03|01)
+ 4(17−6λ)(30|10|02|02)− 4(17−6λ)(21|21|01|01)+ 4(17−6λ)(21|20|02|01)
+ 4(17−6λ)(21|12|10|01)+ 8(17−6λ)(21|11|11|01)− 12(17−6λ)(21|11|10|02)
+ 4(17−6λ)(21|10|10|03)+ 4(17−6λ)(20|20|03|01)− (59− 24λ)(20|20|02|02)
− 12(17−6λ)(20|12|11|01)+ 4(17−6λ)(20|12|10|02)+ 2(59−24λ)(20|11|11|02)
− 4(17−6λ)(20|11|10|03)− 4(17−6λ)(12|12|10|10)+ 8(17−6λ)(12|11|11|10)
− (59− 24λ)(11|11|11|11) , (A.10)

T344 = (17−6λ)(30|12|02)− (17−6λ)(30|11|03)− (17−6λ)(21|21|02)
+ (17−6λ)(21|20|03)+ (17−6λ)(21|12|11)− (17−6λ)(20|12|12) , (A.11)

T322 = (177− 16λ(13−3λ))(20|01|01)− 2(177− 16λ(13−3λ))(11|10|01)
+ (177− 16λ(13−3λ))(10|10|02) , (A.12)
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T2
22 = (177− 16λ(13−3λ))(20|02)− (177− 16λ(13−3λ))(11|11) , (A.13)

T0
00 =

17001
32 − 81

4 λ(43−6λ) , (A.14)

where the constant last term is of course irrelevant.
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