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CrossMark
Abstract
We investigate the nonlinear algebra W3 generated by the 9 functionally
independent permutation-symmetric operators in the three-particle rational
quantum Calogero model. Decoupling the center of mass, we pass to a smaller
algebra W} generated by 7 operators, which fall into a spin-1 and a spin-% rep-
resentation of the conformal s/(2) subalgebra. The commutators of the spin—%
generators with each other are quadratic in the spin-1 generators, with a central
term depending on the Calogero coupling. One expects this algebra to feature
three Casimir operators, and we construct the lowest one explicitly in terms of
Weyl-ordered products of the 7 generators. It is a polynomial of degree 6 in
these generators, with coefficients being up to quartic in & and quadratic poly-
nomials in the Calogero coupling h*>g(g—1). Putting back the center of mass,
our Casimir operator for W3 is a degree-9 polynomial in the 9 generators. The
computations require the evaluation of nested Weyl orderings. The classical
and free-particle limits are also given. Our scheme can be extended to any finite
number N of Calogero particles and the corresponding nonlinear algebras Wy
and Wy,
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1. Introduction and summary

The Calogero model [1, 2] is a workhorse of integrable systems. It is known at least since
1995 [3, 4] that the rational N-particle quantum Calogero model (based on the Ay_; ® A
Coxeter system) features a W) o, algebra of permutation-invariant observables, namely sym-
metric polynomials in the particle coordinates and Dunkl-deformed momenta. For a fixed num-
ber N of particles, however, the polynomials of total degree larger than N can be expressed
nonlinearly through polynomials of lower degree, which turns the linear W, ., algebra into
a nonlinear Wy algebra [5]. Furthermore, even the set of polynomials of total degree up to N
is overcomplete: their lower bound 1(N+1)(N+2) — 1 is larger than the 2N degrees of free-
dom due to coordinates and momenta. Therefore, a number of classical identities relates them
algebraically. In the quantum theory, this redundancy translates to the existence of Casimir
operators for the Wy algebra, one for each identity. Different representations of this quantum
commutator algebra (e.g. in terms for partial differential operators) are obtained for different
values of these Casimirs.

The two simplest invariants are the center-of-mass position and momentum of the N-particle
system. While classically they decouple and may be ignored, in the quantum theory they cannot
be put to zero. However, the Wy algebra can still be decomposed into a center-of-mass part
(a Heisenberg algebra) and ‘relative-motion part’, which we denote by Wy,. Once a suitable
basis for Wy, is found, only invariants of total degree between 2 and N will occur. This does
not change the expected lower bound %N (N—1) of the number of Casimir operators.

For the two-particle case (N = 2) the story is well known: besides the center-of-mass posi-
tion and momentum there are three quadratic invariants, which close to an s/(2) algebra. This
(exceptionally linear) ‘Wj algebra’ is the conformal algebra in 140 dimensions and will occur
as a subalgebra of all higher W}, algebras, which will help us to restrict the structure of the lat-
ter. The single Casimir operator in this case is simply the s/(2) Casimir C,, which is of second
order in the s/(2) generators and separately quadratic in the coordinates and Dunkl momenta,
thus of total degree four. Its eigenvalue, parametrized as h>g(g—1), becomes the Calogero
coupling.

In this work we analyze the situation for three particles, N = 3. After decoupling the center
of mass, we are left with the three generators of s/(2) plus four cubic invariants in a spin-%
representation of s/(2), which together form a W} algebra. Nontrivially, two cubic invariants
commute to something quadratic in the s/(2) generators, a term linear in C,, and a central
extension (of relative order /%). Only the latter feels the Calogero coupling.

We expect precisely three independent Casimir operators for this quadratic algebra. Here,
we identify Cg, which is the lowest one and of degree 6 separately in the particle coordinates and
Dunkl momenta, and also of order up to 6 in the W} generators. The quantum Casimir differs
from the classical one by corrections of order 4> and /*, and only the quantum corrections
explicitly depend on the Calogero parameter g.

The model (and the nonlinear algebra) simplifies in two different limits. Sending the
Calogero coupling to zero produces a system of three non-interacting particles. Although
the (permutation) invariant operators then reduce to homogeneous polynomials in coordin-
ates and momenta, their algebra W} }g:O differs from W} only in the central terms. The latter
are completely eliminated when i — 0. However, the interacting classical limit is one where
the Calogero parameter becomes large, i.e. g =: £ is fixed so that the strength of the Calogero
potential becomes £2. In this limit a complementary part of the central terms is removed, lead-
ing to Wj|

class”
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Casimir operators are used to classify irreducible representations. For s/(2), the well-known
unitary continuous representations are infinite-dimensional with C, > — i K2, thus paramet-
rized by g > % For our nonlinear algebra W}, the eigenvalue of Cs is expected to be given by a
cubic polynomial in h>g(g—1). We have evaluated this polynomial for the differential-operator
realization, p; — Tﬁa,- and found it to be quadratic.

Finally, our methods can directly be used to find the two remaining expected Casimir oper-
ators for Wj. It is only a matter of extending our ansatz below to sufficiently high polynomial
order. Unfortunately, we do not yet have arguments indicating their order or further restricting
them. Also, the methods presented here straightforwardly generalize to a larger number N > 3
of particles, except that multiple s/(2) representations appear at fixed level four and higher [4].
Again, we have no clue about the order of the corresponding Casimir operators. Otherwise,
only the combinatorial complexity of the computations increases, making the use of computer
algebra indispensable.

2. Calogero invariants and their algebra

The quantum phase space of the rational N-particle Calogero model [1], defined by the
Hamiltonian

h*g(g—1
H= 4t IR @

i<j MiTX

is spanned by the particle coordinates x; and their conjugate momenta p;, withi,j = 1,2,...,N,
and the canonical commutator [x;,p;] = ihd;. The particle masses have been scaled to unity,
and the only parameter is the dimensionless Calogero parameter g € R. It is also useful to
introduce the center-of-mass momentum and coordinate,

N 1 N
P:Zpi and XZNZX,-, (2.2)

i=1 i=1

which form a subalgebra, [X, P] = ik, of any Wy algebra.
The standard Liouville constants of motion for any value of g can be constructed from
powers of the Dunkl operators [6, 7]

. hg
T = pi +1(§7é:)xi—xjsij 2.3)

where s;; = s;; are the two-particle permutation operators, satisfying s;ix; = x;jsj, S;jpi = p;Sij
and sl-zj = 1. A set of algebraically independent Liouville integrals is given by

Box = res(Zwl’-‘) for k=1,2,...N, (2.4)

with res(A) denoting the restriction of an operator A to the subspace of states which are totally
symmetric under any particle permutation. Because the Dunkl operators commute, [, 7;] = 0,
it is easy to prove that the By ; commute with one another,

[Box,Boy] = 0. (2.5)
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The first three Liouville integrals read

3 n’g(g—1)
By = P, By, = 2H, Bos = E pi +3 E ( 7 (pitp;)) , (2.6)
i 1<j J

where P and H are given in (2.2) and (2.1), respectively. Since (2.5) contains in particular

[H,By«] = 0, one finds N independent involutive constants of motion. We also note the invari-

ance under the involution g <> 1—g, since the g-dependence comes in the combination g(g—1).
Together with

By = %Z(x,p,-—l—pix,-) =D and Byy = lez =: 2K, 2.7

the Hamiltonian is part of an s/(2) subalgebra,
+[D,H] = 2iH +[D,K] = —2iK, +|[K,H] = iD. (2.8)

This fact allows for the construction of many additional integrals, from which one may choose
N—1 functionally independent ones [8]. One says that the Calogero model is maximally
superintegrable.

Our goal is to investigate further the commutator algebra of permutation-invariant observ-
ables a.k.a. one-particle operators

By = tes (Z weyl (xf‘wf)) (2.9)

where ‘weyl’ stands for Weyl ordering with respect to positions and momenta,
k 14 s k gt
weyl (7)) = 2 86—[32 e tAT a0 & e AT — o B weyl (xFrt)
k,£=0
(2.10)

We may organize this set of observables according to their total degree (in coordinates and
Dunkl momenta) denoted as the ‘level’ k+/¢, and obtain an infinite pyramid

Boo=N
Bio=NX By, =P
By =2K Bi1=D By, =2H
B30 B> B Bo3
Bso B3 B> B3 Bo,a
2.11)
whose rth row (starting from zero) contains the -1 level-r operators B,., ..., By ,.
Packaging these invariants into a generating function
> k ot
B(a,f) = 3 =8B, = res(z eaxf+5”f) for o,B€R, (2.12)
i

k,0=0

4
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the computation of [B(«, 3), B(7, )] requires the Baker—Campbell-Haussdorff formula for the
Sy-extended Heisenberg algebra generated by x; and 7,

1+ hg ) Sik for i=j
L, m] = { 2k

T and others commute . (2.13)
—hgs,;,- for i 7&]

It becomes manageable in the free-particle case g = 0, since for 7; — p; one obtains

Z I:eOéX;"FBPi , e'vxj+6p,-] = 2 sin% (ad—f7) Z e(at+7)xi+(B+d)p; (2.14)

i i
and hence the ‘sine algebra’ [9]
[B(a,8) , B(v,0)] = 2isin% (a6—Bv) B(a+v,5+6)  for g=0, (2.15)

from which we recover the W, ., algebra

% [Bk,Z ) Bm,n] = (kn_gm) Bk+m71,£+n71 + thrc,%;;;i Bk+m7172r,5+n7172r . (216)

r=1
The c-coefficients are read off by matching powers,

2r+1 2VZ+1 (_1)r+s (k)2r+l—s (Z)v (m)\' (n)2r+l—s

e « 22r5! (2r4-1—s)!
S=

with  (x), =x(x—=1)--- (x—g+1) ,

2.17)
which indeed yields c},,,, = kn—¢m and

Ciémn = _ﬁ [(k)3 (€) (m)g (n)3 =3 (k) (£), (m); (n)y +3 (k); (£) (m)y (n); — (k) (€)5 (m)5 (”)o] .
(2.18)

This is all we shall need for the W3 algebra at nonzero g, as we explain shortly.

Three remarks are in order. Firstly, for widely-separated particle configurations,
i.e. |xi—x;| — oo Vi, j, the interaction contributions to By ¢ go to zero, and hence the structure
constants of our algebra cannot depend on the Calogero parameter g. The only exception is the
constant central term By o, which in fact will be deformed by the interaction. More precisely,
for k+m = {4n =: 2541 an odd integer, the r = s contribution in the sum on the right-hand
side of (2.16) gets deformed,

Wi Boo = B (i Boo + Pr(g(g—1))) (2.19)

where Pg is a polynomial of order s (times the identity). Apart from this modification, the
Wit algebra (2.16) computed for the free case is also valid for the Calogero system. In
other words, turning on the coupling g deforms the W, algebra (2.16) with (2.17) only
as indicated in (2.19). Secondly, rows one and two in (2.11) play a distinguished role. Their
commutators with any By ¢ are exactly given by

5



J. Phys. A: Math. Theor. 57 (2024) 085203 F Correa et al

é [B1,07Bm,n] = an,nfl s é [BO,I,Bm,n] = _mBm—l,n )

% [BZ,Ome,n] = 2an+l,nfl 3 % [Bl,lvBm,n] = (n—m) Bm,n 5 % [BO,LBm,n} = _2mBm71,n+l .

(2.20)

This shows that the level-one operators form the center-of-mass Heisenberg algebra,
[B1,0,Bo,1] =1ihBy,0, and that the level-2 operators are level preserving and span the above-
mentioned s/(2) subalgebra, in which B; ; = D is the grading operator (measuring the position
of columns in (2.11)). As a consequence, the rth row in (2.11) furnishes a spin-5 representation
of sl(2), giving us an s/(2) decomposition of the W algebra“. Thirdly, if we fix the particle
number N then all operators By o of level k+¢>N will be algebraically dependent on those
of level k4+¢ < N. For N > 3 however, the commutators of lower-level operators produce such
dependent operators in the algebra. Expressing them in terms of polynomials of lower-level
operators will turn the Wy o, algebra into a nonlinear Wy algebra, which continues to respect
the sI(2) substructure. In this way, the Wy algebra emerges from the Heisenberg algebra of the
constituent particle coordinates and momenta.

3. A W; algebra

As a warm-up, let us recall the two-particle case, N = 2, which is still linear. Its invariants are
given by rows one and two in (2.11). Their span W, is the above-mentioned s/(2) conformal
subalgebra together with a spin-% representation. Yet, inside the universal enveloping algebra
the center-of-mass parts represented by the first row may be decoupled: the combinations

Bﬁ,o:Bz,O*%Bl,oBl,o, B{, =Bi1—5 (B10Bo,1+Bo,1B1y) , 3672230,2*%30,130,1
3.1

continue to form an s/(2) algebra but commute with the center-of-mass parts B; o and By 1,
[Bi0,Biy] =0 = [Boy,Bi,]  for k+{=2, (3.2)

allowing us to decompose W, = W) & W, =sl(2) ®H, where H denotes the Heisenberg
algebra. Such a decoupling will also be achieved for N =3 and brings a significant simpli-
fication, since the center-of-mass operators may be ignored henceforth. Nevertheless, there is
one more invariant operator than phase-space degrees of freedom, hinting at the existence of
a Casimir operator. Clearly, the latter is given by the standard s/(2) Casimir,

C, = 2(K'H'+H'K')—D"* = } (B} (B}, +B},Bs,) —Bi; . (3.3)

Indeed, classically C; =0 (free bosons or fermions) but quantum mechanically one may
parametrize

C, = h’g(g—1) for geR (3.4)

since unitarity demands that C; > — %hz. This value is realized precisely by the Dunkl deform-
ation (2.3), which gives rise to the Calogero potential in the Hamiltonian (2.1)! More generally,
turning on the Calogero coupling in the free theory will deform all invariant operators By , with
k < £ (though not By ;).

4 See also [4, 10].
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Let us now turn to the three-particle system, for which we have seven independent sym-
metric operators,

Bio, Boui; Byo, Bii1, Bop; Bso, B21, Bip, Bos. (3.5)

The r = 3 invariants take the form?

B3p = Zx?, By = Zweyl (x,-zpi) = %Z (X,'Zpi +pix,-2) = inpiXi,
i i i i

1

Rg(g—1 flo(o—1
Bia = Y weyl (xip}) +Z%(Mﬂj) o Bos = op + 32%@#&') :
i i i i

i<j i<j (i =

(3.6)

In search of a Casimir operator we will deal with the universal enveloping algebra U/ (W3) and
thus have to settle on an ordering convention for the generators By . The most natural choice
is Weyl ordering,
) d At tagA
Weyl(AlAqu) = 87(1].“87%60“ 1 Oé/lla:()

= 1> AcAs) Al for Aje{Bi}, (37

oES,

where the sum runs over all permutations ¢ of the symmetric group S,. It is important to
note that this Weyl ordering does not refer to positions and momenta, but only to the operat-
ors By ¢ themselves, so it differs from the one introduced before! To streamline notation, we
abbreviate®

Bie =: (k0) and Weyl (Bi¢Bun-..Bs;) =: (kllmn|...|st). (3.8)

The N = 3 system adds the row r = 3 to the previous algebra, which transforms in a spin-%
representation of the conformal s/(2). The only nontrivial commutators are those of level-3
operators with each other, which we display in table 1. We see that the Calogero coupling
explicitly appears only in the central terms. The level-4 operators are expressed in terms of
lower-level invariants,

(40) = $(30[10) + 1 (20]20) — (20]10[10) + £ (10]10]10/10) ,
(31) = 1(30/01) + (21]10) + § (20]11) — 1 (20/10]01) — 1 (11]10]10) + £ (10[10]1001) ,
(22) = 2(21/01) + £(20[02) + % (12]10) + % (11|11) — £ (20|01|01)

— 2 (11]10]01) — £ (10]10]02) + £ (10]10]01|01) ,
(13) = (12]01) + 1 (11]02) + £(10/03) — 1 (11]01]01) — 1(10/02|01) + L(10[01]01[01) ,
(04) = 3(03]01) + 3(02]02) — (02]01|01) + £(01[01/01]01) . (3.9)

With this input, table 1 becomes the nonlinear commutation relations of a W3 algebra.

5 At the cubic level, all symmetric orderings agree. This no longer holds for quartic invariants.
6 To illustrate this Weyl ordering, (21]10) = %(327131,0 + Bi,0B2,1), for example.

7



J. Phys. A: Math. Theor. 57 (2024) 085203 F Correa et al

Table 1. Nontrivial commutators of Wj.

B, Bua]  (30) @1 (12) (03)

(30) 0 3(40) 6(31) ‘ﬁgzg—(j_’f)(‘m
@1 —~3(40) 0 3_(3222g+(j_hf)(00) 6(13)

(12) —6G1) ;ig?(g_j’;z 00) 3(04)

03) :ggzg)(;gl?z(oo) —6(13) —3(04) 0

Once we have restricted ourselves to the set {(10),(01);(20),(11),(02);(30), (21),(12),
(03)}, it is straightforward to construct unique nonlinear combinations which commute with

{(10),(01)}:

By = (20)" = (20) - §(10[10) ,

B, = (11)) = (11)=1(10/01) ,

B, = (02)" = (02) -z (0101)

B}, = (30)" = (30)— (20|10)+§(10|10|10) (3.10)
B}, = (21)" = (21)—1(20j01) — 2(11]10) + Z (10[10/01) ,

B{, = (12)" = (12) - 2(11]01) — 1 (10/02) + Z (10[01]01) ,

Bj; = (03)" = (03) — (02/01) + 2(01/01]01) .

The decoupled operators {(k¢)'} with k+¢ =2 or 3 span the smaller algebra Wj. Its com-
mutators involving level-2 operators remain unchanged, but the nontrivial level-3 commutat-
ors get modified. This is a nontrivial computation, because resolving (k) in terms of (k¢)’
via (3.10) and inserting this into (3.9) yields Weyl-ordered products as factors inside another
Weyl-ordered product, which then has to be re-expressed in terms of Weyl-ordered products
of the original operators and their iterated commutators. In particular, one has to employ

(al (Ble)) = (alble) + 15 {lla. B] ) + [[a.c] b1}
(alb| (cld)) = (alble|d) + 15 { (a| [[b,c],d]) + (a][ bd}c]) (la,c]|[b,d]) + (a+> D)},
(a] (ble|d)) = (alble|d) + 5 { (b|[la.c],d]) + (b|[[a.d] ,c]) + cyclicin(b,c,d)} ,
((alb) | (cld)) = a|b\c|d + 1 {(a| [[b,c] . d]) + (a| [ bd]c]) (b| lla,c],d))

(blllad),c]) + (550) } + & { ([a.c] | [b.)) + ([a.d][bc]) }
3.11)

where (a <> b) means adding a copy of all previous terms with ¢ and b interchanged, and ‘cyc-
licin (b,c,d)’ instructs to add to each previous term two more obtained by cyclicly permuting

8
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Table 2. Nontrivial commutators of Wj.

3 [BL s Bial (30) (21)’ (12)’ (03)
, , , —3(20102)" 4+ 3(11|11)’
(30) 0 1(20]20) (20]11) +2h2[9g (e—1) 4]

5 1
2(2002)" — L(11]11)’

21y’ —1(2020)" 0 12Bs(e—1)— 3] (11]02)’
_3 11 ’

(12)’ —(20]11)’ +6h(22[§£?—1+)i(%1]1|“) 0 1(02/02)’

(03) 3(20002)" = 3(11[11)” —(11]02)’ —1(02/02)’ 0

—h?[9g(g—1) — 4]

the labels b, ¢ and d. One sees that recasting the iterated Weyl ordering to simple Weyl order-
ing always produces two commutators, i.e. quantum corrections of order #>. After putting
(00) = 3, the result is displayed in table 2, where we use the short-hand (k€|mn|...|st)" :=
Weyl(B{ (B}, ... BL,).

Itis révealing to rewrite the W} algebra in s/(2) covariant notation. To this end, we relabel
the generators such as to bring out their s/(2) transformation properties,

(20)" = V8J_y, an’ =2x, (02)" = V87,
(30)" = 2K_3,,, @2n’ = %K—I/Zv (12)" = %K+1/27 (03) = 2K, 55 .

(3.12)

The spin-1 representation {J;} with i€ {—1,0,1} and the spin-3 one {K,} with a €

3113 :
{—=35,—5.5,5} feature standard descent chains,

%adj,lz J+1 = Jo— J_1 — 0
and K+3/2 — \/%KJrl/z — \@KI/Z — %K73/2 — O, (3.13)

and J has been normalized to obtain its conventional eigenvalues,
FadJo: Ji = iJ;  and K, = oK, . (3.14)
The free system (g(g—1) = 0) also features a symplectic conjugation,
xl-T =p;, p;f:—x,- = B,J;Z:(—I)ZBM, (3.15)
thus
B=—h, Jiy=Jp and Ky ,=FKgp, K ,=+Kzp, (3.16)

which is broken by the interaction.
The part of the W} algebra involving the spin-1 generators is standard,

LUl = f{de  and LUK, = f2Ks, (3.17)
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Table 3. Nontrivial W; commutators in s/(2) covariant notation.

& [Ka,Kp] K3 K/ K_ i) K_ 3

—({41l=1) = (JolJo)

K 0 —V3({ il —V6(J 1|
3/2 (1l +1) (J+110) 1, — 12 2g(g~1)—1]

—(J+1lJ=1) = (Jo)Jo)

Kip V3UaPG) 0 +1C+ R 3g(g—1)~1) ~

V6 (JolJ-1)

(J+1[7=1) + (JolJo)

K_ 1)
—1C —m?[2g(g—1)—1]

V6 (J111J0) —V3({al-)

(J+1[7=1) + (JolJo)

10+ [ 3a(s-1)-1) VO V3UAl) ’

K_3/

where {f;{} are the si(2) structure constants and {flg} give the components of the spin-% rep-

resentation matrices f;. The [K, K] commutators are more interesting. Their left-hand side trans-
forms in an antisymmetric tensor-square of the spin-% representation, while the right-hand side
sits in a symmetric tensor-square of the adjoint (spin-1) representation. Both sides match,

23], =200 = 1a1], (3.18)

and hence the [K,K] commutator provides a spin-2 representation {Ls} with A€
{=2,-1,0,1,2} and a singlet, which must be a linear combination of the s/(2) Casimir C,
and a central term € R. The descent chain for the spin-2 representation reads

%adJ,l :
+1l+1) = 2(J41lo) = 2{(J1lJ=1) + (JolJo)} = 6(JolJ—1) = 6(J1[J-1) = O,
(3.19)
which is orthogonal to the Casimir singlet
Cy = (20[02)" — (11|11)" = 8 (J41|J—1) —4 (Jo|Jo) - (3.20)

Altogether, table 2 is then reassembled in table 3, which nicely demonstrates that the quantum
corrections are s/(2) invariant and spanned by C, and a g-dependent central part. In a nutshell,
the commutator reads

= [Ka,Kg] ch:‘ﬁLA +eap(AC+ 1 [3g(g—1)—1])

= foxg Uili) +€ap (3C2+ 17 [38(s—1) ~1]) (3:21)
where fcf‘ﬁ are the coupling coefficients for % ® % — 2, and fiofﬁ = f4 .fik couples [% ® %] A

directly to the traceless quadratic form [1 ®1— trace] S The singlet % ® % — 0 provides an
antisymmetric metric €,3 = £da+44,0 in the spin-% module.

How rigid is this algebra? One is of course free to an overall rescaling of {J/;} and also
of {K,}, which we have employed to normalize {f} and {f¥}. The matrices (f;)3 are then
fixed by representation theory, as well as the antisymmetric ‘metric’ e,3. Hence, the si(2)
decomposition of our algebra determines almost all structure constants of our algebra. The
only a priori undetermined part is the singlet piece, i.e. the coefficients between the round

10
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brackets in (3.21). Incidentally, both the quantum (%) and the Calogero (g) deformation from
the free classical Poisson algebra, &-[.,.] = {.,.}, appear only in this place.

4. A Casimir operator

The key task of this work is the construction of a Casimir operator for the nonlinear algebra
Wj and thus also for Wj. It is clear that C, cannot do the job since it does not commute with
the level-3 operators. Trial and error shows that the smallest candidate for such a Casimir
operator must be a polynomial in B,; ¢ of degree at least six, with components transforming in
representations of s/(2)-spin up to six or more. Ignoring any quantum corrections, i.e. setting
h = 0 for the moment, the most general ansatz for such a Casimir operator of (minimal) level
12 reads

Cglass — OLTég +5T6/% ij}/Tég1 with Ol,ﬂ,")/ cR y “4.1)

where T[S is a linear combination of Weyl-symmetrized products of six level-2 operators, Ty, is
a linear combination of Weyl-symmetrized products of three level-2 and two level-3 operators,
and T/¢ is a linear combination of Weyl-symmetrized products of four level-3 operators, in such
a way that their first index (k) adds up to 6, as well as their second index (¢). This equality
ensures that the ansatz commutes with (11)’. One may count that 7 is composed of 4 terms,
T/ is made of 16 terms, and T/¢ comprises 5 terms. Because the adjoint action of level-2
operators is level-preserving, commutators with (20)” or (02)’ do not relate the three pieces
in the ansatz (4.1). Therefore, the requirements

[(20)",7¢] = [(02)",T%] =0  for s=6,54 4.2)

can be used to fix the relative coefficients of the various contributions inside each 7¢;. The
solution of this linear problem is unique (up to scale) for s = 6 and s = 4, but leaves a one-
parameter family (plus overall scale) for s = 5. Further conditions from vanishing commutators
with level-3 operators will remove this ambiguity. Anticipating this result, as an intermediate
concretization we obtain

T/ = (20]20]20]02]02(02)" — 3 (20]20]11]11]02]02) + 3 (20]11]11]11]11]02)’
— (111aain’,

Té = (30[30/02]02]02) — 6 (30[21]11]02]02) + 6 (30]20]12[02]02)" — 6 (30/20]11]03/02)
+4(30[11]11]11]03)" — 3 (21]21]20]02]02)" + 12 (21]21]11]11]02)" + 6 (21|20]20]03]02)’
—6(21]20[12|11]02)" — 12 (21]12|11|11]11)" + (20]20]20]03]03)" — 3 (20]20]12|12]02)’

—6(20[20[12[11]03)" + 12 (20]12[12[11|11)"

T{ = (30]30]03]03)" — 6 (30]21]12]03) +4 (3012]12]12) +4 (21|21|21|03)’
—3(21]21]12|112)", (4.3)

where the overall scale of each T7; was fixed such that the first term has weight 1. Of the 16
possible terms for ng only 14 appear, because the vanishing condition for the commutators
with level-3 operators will enforce zero weight for (30/12]11]11]02)” and (21]20]11]11]03)".

1
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Since adding a single level-3 operator suffices to generate the full W} algebra from si(2),
we only need to impose the vanishing of [CZ**, (30)’]. For the classical result, the ordering
inside operator products is irrelevant, and so we may ignore the reordering issues displayed
in (3.11). Employing the classical part of table 2, this commutator generates the following
linear combinations (indicated by ‘&’),

h=0 6

a0 SrE hre.e0] =

4.4

and no terms of the form Té‘s‘. Cancellation of all resulting structures on the right-hand side is
an overdetermined linear problem, which however has a unique (up to scale) solution,

(Oé,ﬁ,’)/) = (6’9a_54) . (4‘5)

The expression C{** in (4.1) hence Poisson-commutes with all generators of W}. We note that
this result does not see the g dependence of table 2 or table 3.

Let us then turn on 7 and take into account the quantum corrections. This is much more
complicated, mostly due to the Weyl reordering a la (3.11). However now we require formula
for (alb| c‘ (dle)) and (a | b| c!d |(elf)), which we refrain from displaying here. Furthermore, the
quantum corrections to the commutators - [T/, (30)'] are g-dependent and of lower degree
in the (k€)’,

L [ng,(30) ’] s TE & TE & BT & BT,

L [ng, (30) } s TR & KBTS & KT (4.6)
Clearly, already the O(/?) contributions cannot cancel between T and 745, making a quantum
deformation of the classical Casimir operator (4.1) unavoidable,

CM™ = QTR+ BT +~Tie+ P Ty + e T3 + Ch* TS (4.7)
in obvious notation and with three more coefficients (J, ¢, {) to be determined. More explicitly,
T;4 = (20[20]02]02)" — 2 (20[11]11]02)" 4 (11]11]11|11)" ,

T4 = (30[12(02)" — (30/11]03)" — (21]21]02)" + (21]20]03)" + (21]12]11)" — (20]12]12)",
T35 = (20(02)" — (11|11)" . (4.8)
Meticulous computations of the commutators - [7%4, (30)] and - [T23,(30)'] produce

7 1,00 — 75, 716,060 — TG & TG &WTE, 5 [T5.00] — T, (4.9)

which can be matched in structure with (4.6). Still, the system of vanishing commutator
equations is overdetermined, but miraculously it admits the solution

(Oéa/Ba%(S»e;():

(6,9, —54,207 — 108g (g—1) , 648 — 324g (g—1) , 709 — 1656g (g—1) + 486> (g—1)*).
(4.10)
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With these coefficient values, the degree-6 polynomial (in B/é,z) given in (4.7) together
with (4.3) and (4.8) commutes with all generators of W} and is thus a first Casimir operator
of that algebra. Combining the previous formule and abbreviating g(g—1) = A, in a single
expression it reads

C&™™ = 6{(20]20[20/02/02]02)" — 3 (20[20|11]11]02/02)" +3 (201 1|11|11]11]02)’
— (11f1nj1nte(1ef11)" } +9{(3030/02/02(02)" — 6 (30[21|11]02/02)’
+ 6 (30]20[12(02/02)" — 6 (30/20/11]03[02)" + 4 (30[11|11|11]03)’
—3(21|21]20]02]02)" + 12 (21]21]11]11]02)" + 6 (21]20]20/03]02)
—6(21]20[12]11]02)" — 12 (21]12[11]11]11)" + (20]20|20[03]03)’
—3(20[20/12(12(02)" — 6 (20[20]12|11]03)" + 12 (20[12[12|11[11)"}
—54{(30/30]03|03)" — 6 (30[21]12|03)" + 4 (30]12|12[12)" + 4 (21|21|21]03)
-3 (21)21]12[12)"}
+9(23—12X) A*{(20[20]02/02)" —2(20[11]11]02) + (11|11[11]11)"}
+324(2—\)R*{(30]12(02)" — (30[11]03)" — (21|21]02)" + (21]20/03)’

+ (21]12]11)" — (20[12]12)"} + (709—1656A+486A%)A*{ (20[02)" — (11[11)"} .
(4.11)

/

In addition, it provides a Casimir operator for the bigger algebra W3 (including the center-
of-mass operators) upon inserting (3.10) and again Weyl reordering. This form was obtained
using Mathematica and is displayed in the appendix below. On the Calogero wave functions,
the operators By o are realized by partial differential operators. In this differential-operator
realization of the W3 algebra, putting p; — Th&, our Casimir operator is proportional to the
identity, taking the following value,

CI™ s (1444216 A — 1215)%) B with — A=g(g—1). (412
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Appendix
Putting back the unprimed operators (3.10) into (4.11) and Weyl-reordering we get
Co"" = 376 — 3756 +9Tgq — 3Tgs +9Tgs — 54T5q
— SRS, + 2TH* TS, — 3K Ty, + S4R*TY,
— Zn'T3, + 8RS, + ROTY, (A1)

The individual contributions are as follows,

T9s = (20]20]20/01|01]01]01]|01]01) — 6 (20]20|11]10]01]01]01]|01[01)
+3(2020{10[10]02|01]01]01/01) 4- 12 (20[11|11]10]10]01]01|01|01)
—12(20/11]10]10/10[02/01]01|01) + 3 (20]10]10|10|10]02|02|01]01)
—8(11]1111]10[10[10[01]01]|01) + 12 (11|11]10[10|10[10]02/01|01)
—6(11]1010]10]10/10]02[02]01) + (10]10|10|10|10]10]02/02[02) , (A.2)

Tss = (30]30]01]01]01]01]01]01) — 6 (30]21]10[01]01]01]01]01) — 6 (30/20|11]01]01|01]01]01)
+6(30/20]10(02]01|01]01]01) + 6 (30]12|10|10]01]01]01|01) 4 12 (30]11|11]10]01]01]0101)
—18(30]11]10]10/02]01]01]01) — 2(30]10]10/10]03]01]|01]01) + 6 (30]10|10|10]02[02]01]01)
+9(21]21]10]10/01|01]01]01) + 6 (21]20[20/01]01|01]01]01) — 6 (21]20|11]10]01]01]01[01)
—6(21]2010]10/02]01]01]01) — 18 (21|12]10]10[10[01]01]01) — 12(21|11|11]10]10[01]01]01)
+30(2111]10]10]10]02]01]01) + 6 (21]10]10|10]10[03]01|01) — 12 (21]10]10|10|10[02]02]01)
+6(20/20]20(02/01|01]01]01) — 12(20]20]12|10]01|01]01|01) — 6 (20|20|11]11]01]01]0101)
—24(20]20]11]10]02]01]01]01) + 6 (20|20]10]10]03]01]01]01) + 12 (20/20]10|10]02|02]01]01)
+30(20/12]11]10[10]01]01]01) — 6(20|12]10]10|10]02|01]01) + 24(20|11|11|11]10]01]01]01)
+12(2011]11]10/10[02]01|01) — 18(20]11]10|10|10]03|01]01) — 24(20|11]10|10]10]02/02|01)
+6(20/10]10]10/10]03]02|01) + 6(20/10]10]10]10]02|02|02) + 9(12|12]10]10|10]10]01]01)
—12(12]1111]10/10/10[01]01) — 6(12|11]10|10]10|10]02]01) — 6(12|10|10|10|10|10]03|01)
+6(12[10]10/10/10]10]02/02) — 24(11|11]11|11]10]10/01]01) +24(11|11|11]10]10]10/02|01)
+12(11|11]10]10]10[10]03|01) — 6(11|11]10]10]10]10/02|02) — 6(11]10|10]10]10]10]03]02)
+(10]10/10/10[10]10/03]03) , (A3)

T4 = 3(30/30/02/01]01]01]01) — 6 (30|21|11]01]01]01]01) — 12(30|21]10/02]01|01]01)
—2(30[20/12(01]01]01]01) — 10(30[20|11]02]01]01]01) + 2 (30/20|10/03|01|01]01)
+10(30]20]10/02]02|01]01) -+ 16 (30]12|11]10]01]01|01) + 4 (30]12]10]10/02|01|01)
+8(30[11]11]11]01]01]01) — 4(30]11|11]10]02/01|01) — 10(30|11|10|10/03|01[01)
—6(30]11]10]10]02|02|01) + 2 (30[10]10]10]03|02|01) + 2 (30| 10]10]10]02|02|02)

14
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Tos =

+5(21]21]20/01]01]01]01) + 8 (21|21|11]10]01]01]01) + 14 (21]21]10]10]02/01|01)
+10(21]20]20/02|01]01]01) — 14 (21]|20|12|10]01]01]01) — 4 (21]20|11|11]01|01|01)
—2(21]20]11]10]02|01]01) + 4 (21]20]10]10]03|01]01) — 14 (21]20]10]10/02|02|01)
—26(21]12]11]10]10[01]01) — 14(21]12]10]10]10]02|01) — 16(21|11]11|11]10/01]01)
+32(21|11]11]10]10]02|01) + 16(21|11]10]10]10]03]01) — 6(21|11]10]10|10]02|02)
—2(21]10/10]10]10]0302) 4 2(20]20|20[03|01]01]01) + 2(20|20]20|02(02]01|01)
—6(20]20/1211]01]01]|01) — 14(20]20]12]10]02[01]01) — 4(20[20]11|11]02]01[01)
—6(20]20]11]10]03]01]01) — 4(20]20]11]10]02]02|01) -+ 10(20]20|10|10|03]02|01)
2(20[20]10]10]02|02|02) + 14(20[12]1210]10]01]01) + 32(20|12|11]11]10]01|01)
—2(20]12|11]10]10]02|01) — 12(20]12|10]10|10]03|01) -+ 10(20]12|10]10|10/02|02)
+2(20[11|11[11]11]01]01) + 8(20]11]11]11]10]02]01) — 4(20|11|11]10]10]03]01)

— 4(20]1111]10]10]02|02) — 10(20]11]10]10|10]03]02) + 3(20]10]10|10|10|03|03)
8(12/12[11]10]10]10/01) + 5(12|12|10]10|10]10]02) — 16(12|11]11]11|10|10]01)
— 4(12|11]11]10]10]10]02) — 6(12]11|10]10]10]10]03) — 4(11|11|11|11]11]10[01)
8(11]11[11]10]10{10[03) +2(11|11|11|11]10]10/02) , (A4)

8(30[30/03]01|01|01) + 21 (30]30]02]02|01]01) — 24 (30[21]12|01|01]01)
— 84(30|21]11]02/01]01) — 24(30|21|10\o3|01 |01) — 42 (30[21]10[02[02[01

)
—24(30]20]12/02|01]01) — 30(30/20[11]03|01]01) — 12(30[20|11]02|02|01)
+54(30/20/10/03]02|01) + 12 (30]20]10]02[02|02) + 48 (30]12|12|10/01/01)
+96(3012|11]11]01]01) + 24 (30| 12]11]10]02|01) — 24 (30/12|10]10]03|01)
+30(30]12]10/10]02(02) + 12 (30| 11]11]11]02|01) — 36/(30/11|11]10]03|01)
—12(30|11]11]10]02|02) — 30(30/11|10]10]03]02) + 8 (30]10|10|10[03|03)
+16(21|21[21]01]01]01) + 66 (21]21]20/02|01]01) — 24 (21]21|12]10]0101)

—12(21[21|11|11]01]01) 4 144(21|21|11]10]02|01) + 48(21|21]10]10]03]01)
—9(21]21]10]10/02]02) + 30(21]20]20/03|01]01) + 12(21]20]2002|02|01)

— 54(21]20]12[11]01]01) — 138(21]20]1210]02[01) + 12(21]20[11]11]02|01)
+24(21]20]11]10]03|01) — 36(21]|20]11]10]02|02) — 24(21|20|10]10]03]02)
—24(21]12|12]10[10]01) — 132(21]12|11]11]10]01) — 54(21]12|11]10]10/02)
— 24(21]12]10]10]10]03) — 24(21|11|11|11]11]01) + 36(21|11|11]11|10/02)
+96(21|11]11]10]10]03) + 12(20/20]20|03]02|01) — 2(20|20[20/02|02|02)
—9(20]20]12[12]01]01) — 36(20]20]12|11]02|01) — 42(20|20]12/10/03|01)
+12(20]20]12]10]02]02) — 12(20]20]11]11]03]01) + 6(20|20|11|11]02|02)
— 12(20[20|11]10]03]02) 4-21(20|20]10|10]03|03) + 144(2012|12|11]10/01)
+66(20]12]12]10]10]02) + 36(20]12|11]11|11]01) + 12(20]12|11]11]10]02)
— 84(20]12]11]10[10]03) — 6(20| 11| 11|11]11]02) + 12(20[11|11]11]10/03)
+16(12]12]12]10]10]10) — 12(12]12|11]11]|10]10) — 24(12[11]11]11|11]10)
+2(11[11[11[11[11]11), (A.5)

—~ o~~~
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T3 = 12(30[30/03]02/01) + (30]30/02|02]02) — 36/(30[21]12/02|01) — 24 (30|21|11]0301)

—6(30[21]11]02|02) — 12(30/21]10]03]02) — 12(30/20]12]03|01) + 6 (30[20]12/02|02)

— 6(30[20]11]03|02) 4 12(30/20/10]03|03) + 48 (30]12[12|11|01) + 24 (30|12]12]10/02)

—24(30[12/11]10[03) 4 4 (30| 11]11]11]03) + 24 (21|21|21]02|01) + 24 (21]21]20/03|01)

—3(21]21]20]02(02) — 24 (21|21]12|11]01) — 12(21|21]12]10[02) + 48 (21]21]11]10/03)

+12(21]21|11]11]02) + 6 (21]20]20/03]02) — 12 (21]20]12|12]01) — 36 (21|20]12]10|03)

— 6(21]20]12[11]02) — 24(21|12]12[11]10) — 12(21]12|11|11]11) + (20|20[20]03|03)

—3(20]20]12[12]02) — 6(20[20]12|11]03) 4 24(20|12|12]12|10) + 12(20{12[12|11|11) ,

(A.6)
Tée = (3030/03]03) — 6(30(21]12]03) + 4 (30]1212[12) + 4 (21[21]21]03) — 3 (21]21]1212) |,
(A7)

79, = (20]20/01]01]01]01) — 4 (20]11]10/01]01]01) -+ 2 (20]10]10/02|01]01)

+4(11]11]10]1001]01) — 4 (11]10]10]10]02]01) + (10]10]10]10]02(02) , (A.8)
73, = (20]20/02|01]01) — (20[11]11]01]01) — 2(20]11]10[02]01) -+ (2010]10]02|02)

+2(11]11{11]10[01) — (11]11]10]10]02) , (A.9)
T4y = 4(17-6)) (30]12]01|01) — 4 (17—6) (30[11]02|01) — 4 (17—6)) (30]10/03|01)

+4(17-6)) (3010]02]02) — 4 (17—6) (21]21|01[01) + 4 (17—6)) (21|20/02/01)

+4(17-6)) (21]12]10]01) + 8 (17—6X) (21| 11]11]01) — 12 (17—6X) (21]11]10/02)

+4(17-6)) (21]10]10]03) + 4 (17—6)) (2020]03]01) — (59 — 24)) (20]20[02]02)

— 12(17—6X)(20[12]11]01) 4+ 4(17—6X)(20]12]10]02) + 2(59—24X)(20[11]11/02)

— 4(17-6X)(20/11]10]03) — 4(17—6X)(12]12[10]10) + 8(17—6X)(12|11]11]10)

— (59— 24\)(11[11]11]11) (A.10)
T3, = (17—6)) (30]12]02) — (17—6)) (30]11]03) — (17—6)) (21|21]02)

+ (17-6) (21]20]03) + (17—6X) (21]12]11) — (17—6)) (20]12]12) |, (A.11)
T3, = (177 — 16X (13—31)) (20/01]01) — 2 (177 — 16X (13—3)) (11]10/01)

+ (177 = 16X (13=31)) (10]10/02) , (A.12)
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72, = (177 — 16X (13—3))) (20[02) — (177 — 16X (13=3X)) (11]11) , (A.13)

Ty =201 8L\ (43—6)) , (A.14)

where the constant last term is of course irrelevant.
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